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Neutron star structure with hyperons and quarks
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Abstract. The high-density nuclear equation of state within the Brueckner-Hartree-Fock
approach is discussed. Particular attention is paid to the effects of nucleonic three-body forces,
the presence of hyperons, the joining with an eventual quark matter phase, and the extension
to finite temperature. The resulting properties of neutron stars, in particular the mass-radius
relation, are determined. It turns out that in this approach stars heavier than about 1.4 solar
masses contain necessarily quark matter.

1. Introduction

During the last decades the increasing interest for the equation of state (EOS) of nuclear matter
has stimulated a lot of theoretical activity. The properties of nuclear matter at high density
and large isospin asymmetry are relevant for astrophysical objects, i.e., supernovae and neutron
stars (NS). In particular, the structure of a NS is very sensitive to the compressibility and the
symmetry energy. The NS mass, measured in binary systems, has been proposed as a constraint
for the EOS of nuclear matter [1, 2, 3].

One of the most advanced microscopic approaches to the EOS of nuclear matter is the
Brueckner theory. In recent years, it has made solid progress regarding the convergence of
the underlying Brueckner-Bethe-Goldstone (BBG) expansion, the addition of microscopic three-
body forces (TBF), the inclusion of hyperons, and the extension to finite temperature. These
issues are reviewed in this contribution and results for NS structure based on the resulting EOS of
dense hadronic matter are presented. Doing so, it turns out necessary to consider the transition
to quark matter in the interior of sufficiently massive stars, which will also be discussed in detail.

2. Brueckner theory

The nonrelativistic BBG expansion for the energy of nuclear matter E/A can be cast as a
power series in terms of the number of hole lines contained in the corresponding diagrams,
which amounts to a density power expansion [4]. The two hole-line truncation is named the
Brueckner-Hartree-Fock (BHF) approximation. At this order the energy Fjs is very much affected
by the choice of the auxiliary single-particle (s.p.) potential. But, adding the three-hole line
contributions Fj3, the resulting EOS is almost insensitive to the choice of the auxiliary potential,
and very close to the result Ey with the continuous choice of the s.p. potential [5].

In spite of this satisfactory convergence, the saturation density misses the empirical value
po ~ 0.17 fm ™3 extracted from the central density of heavy nuclei. This confirms the belief that
the concept of a many-nucleon system interacting via only two-body forces is not adequate to
describe nuclear matter, especially at high density. To this purpose three-body forces have to
be taken into account.
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3. Three-body forces

The microscopic TBF of Refs. [6] are based on meson-exchange mechanisms accompanied by
the excitation of nucleonic resonances, as represented by the diagram figure 1(a), namely the
excitation of the isobar A(1232) resonance via the exchange of light (m,p) mesons, the lowest
non-isobar nucleon resonance N*(1440) excited mainly by heavy meson (o,w) exchanges, as well
as the generation of a virtual NN pair [diagram (b)]. The meson-exchange parameters of this
model are chosen compatible with the underlying nucleon-nucleon (NN) potential. A second
class of TBF widely used in the literature are the phenomenological Urbana TBF [7], which
consider only A(1232) exchange and add a phenomenological repulsive scalar contribution.

The effect of these TBF is a stiffening of the EOS and a consequent remarkable improvement
of the saturation properties of symmetric nuclear matter [8], as shown in figure 1 (right) for
the EOS bases on different modern NN potentials with (red curves) and without (black curves)
TBF.

4. Neutron star structure

In order to study the effects of different TBF on NS structure, the composition and the EOS of
charge-neutral matter consisting of neutrons, protons, and leptons (e™, p™) in beta equilibrium
are calculated in the following standard way [9]: The Brueckner calculation yields the energy
density of baryon/lepton matter as a function of the different partial densities,

E
€(pns Pps Pes Pu) = (Pnmn + ppmip) + (pn + Pp)z(/)na Pp) +Ec+epu (1)

where €, are the contributions of the non-interacting leptons. The various chemical potentials
(of the species i = n,p, e, u) can then be computed straightforwardly,
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and the equations for beta equilibrium and charge neutrality (b; and ¢; denoting baryon number
and charge of species i),

Wi = biptn — qipte Z piqi =0, (3)

(2

allow to determine the equilibrium composition {p;(p)} at given baryon density p = p, + p, and

finally the EOS,
d e({pi(p)}) _ de
PR d) PH (4)

In order to calculate the mass-radius relation, one has then to solve the well-known Tolman-
Oppenheimer-Volkov equations [9],

p(p)

dp  Gm (e+p)(1+47r3p/m) dm 5
dr — r? 1—2Gm/r ’ W_Lmrg' 5)

The solutions provide information on the interior structure of a star, p;(r), as well as the mass-
radius relation, M(R).

The results obtained with different potentials+compatible TBF are shown in figure 2 (thick
curves). One notices maximum masses ranging from about 1.8 Mg (UIX) up to about 2.5 Mg
(BOB), reflecting the current theoretical uncertainty regarding nuclear TBF. However, these
results should be considered as only provisory, since it is well known that the inclusion of
hyperons or quark matter may strongly affect the structure of the star, in particular reducing
substantially the maximum mass. This is discussed now in more detail.

5. Hyperons in nuclear matter

While at moderate densities p ~ pg the matter inside a NS consists only of nucleons and leptons,
at higher densities several other species of particles, like A, ¥, and Z hyperons, may appear due
to the fast rise of the baryon chemical potentials with density. In the following it is assumed
that a baryonic description of nuclear matter holds up to those densities encountered in the core
of NS, and the hyperon degrees of freedom are included within the BHF approximation [10, 11].
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Figure 3. The composition and EOS of asymmetric and beta-stable hypernuclear matter.

To this purpose, one requires nucleon-hyperon (NY') and hyperon-hyperon (YY) potentials.
In our work the Nijmegen soft-core NY potentials NSC89 [12] or NSC9T7f [13] are used, which
are fitted to the available experimental NY scattering data, together with the nucleonic forces +
TBF introduced before. With the NN and NY potentials, the various G matrices are evaluated
by solving numerically the Bethe-Goldstone equation, written in operatorial form as

Gap [W] =V + Z Z Vac pp/> W#c—l—zs <Pp/‘Gcb [W] ) (6)
c pp ¢

where the indices a, b, ¢ indicate pairs of baryons and the Pauli operator (). and energy FE.
determine the propagation of intermediate baryon pairs. In a given baryon-baryon channel
¢ = (12) one has

Quzy = [1—mni(k)][1 —na(k2)], (7)
Eagy = mi+ma+ei(ky) +ea(ka) (8)

with the s.p. energy e;(k) = k?/2m; + U;(k) and the distribution function n;(k) = G(k:g) — k).
The various s.p. potentials within the continuous choice are given by

Ui (k1) = Re Z Zn2(1€2)<k’1k‘2‘G(12)(12)[E(12)]‘k‘1k2>
2=n,p,A\,> ko

(9)

A Y

where k; generally denote momentum and spin. Once the different s.p. potentials are known,
the total nonrelativistic baryonic energy density, the EOS, and NS structure can be computed
as described before, now making allowance for the species i = n,p, A, X", e, u".

Figure 3 shows the composition of the resulting beta-stable and charge-neutral asymmetric
nuclear matter containing hyperons. One observes rather low 3~ onset densities of about
(2 — 3)po. Also, an almost equal percentage of nucleons and hyperons is present in the stellar
core at high densities, and thus the inclusion of hyperons produces a much softer EOS.

The consequences for the structure of NS are illustrated by the thin curves in figure 2.
One notes that while the purely nucleonic EOSs yielded quite different maximum masses, the
presence of hyperons equalizes in a self-regulating way the results, leading now to maximum
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Figure 4. (Color online) The mass-radius and mass-central density relations for different hybrid
neutron stars.

masses of 1.3-1.4 solar masses for all the nuclear TBF. This surprising result is due to the
strong softening of the baryonic EOS when including hyperons as additional degrees of freedom,
and one does not expect substantial changes when introducing refinements of the theoretical
framework, such as hyperon-hyperon potentials, hyperonic TBF [14], relativistic corrections,
etc.. The only remaining possibility in order to reach larger maximum masses appears the
transition to another phase of dense (quark) matter inside the star [15, 16, 17, 18].

6. Quark matter

Unfortunately, the current theoretical description of quark matter is burdened with large
uncertainties, seriously limiting the predictive power of any theoretical approach at high baryonic
density. For the time being one can therefore only resort to phenomenological models for
the quark matter EOS and try to constrain them as well as possible by the few experimental
information on high-density baryonic matter. One important condition is due to the fact that
certainly in symmetric nuclear matter no phase transition is observed below p & 3pg.

The MIT bag model [19] provides a simple example for the description of the bulk properties
of uniform quark matter, deconfined from the beta-stable hadronic matter mentioned in the
previous section. The energy density of the f = u, d, s quark gas can be expressed as a sum of
the kinetic term and the one-gluon-exchange term [20, 21] proportional to the QCD coupling
constant ag,

Eg = B-i—ZEf, (10)
!
3m4 m? 3
erlpr) = #[(2%}—#@0 yf—arsinhwf] —asﬂ—g[x;le—i(xfyf—arsinhxf)ﬂ7 (11)

where m; is the f current quark mass, vy = k‘g)/mf, and yr = /1 +3:§c = E%f)/mf. The

3
baryon number density of f quarks is p; = k:%f) /372, and B is the energy density difference
between the perturbative vacuum and the true vacuum, i.e., the bag “constant.”
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Figure 5. Left: Bag parameter B versus baryon number density. Right: EOS including
both hadronic and quark components. The mixed phase region of quarks and hadrons (MP) is
bordered by two dots, while HP and QP label the pure hadron and quark phases.

It has been found [15, 22] that within the MIT bag model (without color superconductivity)
with a density-independent bag constant B, the maximum mass of a NS cannot exceed a value
of about 1.6 solar masses. Indeed, the maximum mass increases as the value of B decreases, but
too small values of B are incompatible with a hadron-quark transition density p 2 (2 — 3)pg in
nearly symmetric nuclear matter, as demanded by heavy-ion collision phenomenology.

In order to overcome these restrictions of the model, one can introduce an empirical density-
dependent bag parameter B(p), and this approach was followed in Refs. [15, 16, 17]. This allows
one to lower the value of B at large density, providing a stiffer QM EOS and increasing the
value of the maximum mass, while at the same time still fulfilling the condition of no phase
transition below p ~ 3pg in symmetric nuclear matter. The following results are based on
the MIT model using either a constant value of the bag parameter, B = 100 MeV/fm~3, or a
Gaussian parametrization for the density dependence,

B(p) = Bu + (Bo — Bao) exp [—ﬁ(%ﬂ (12)

with By, = 50 MeV/fm?, By = 400 MeV/fm?, and 8 = 0.17, displayed in figure 5 (left panel).

In the beta-stable pure quark phase, the individual quark chemical potentials are fixed by
Eq. (3) with b, = 1/3, which implies

fis = fd = fhu + 11 - (13)
The charge neutrality condition and the total baryon number conservation read

20u = Pd — Ps = PU » (14)
pu+pd+ps . (15)

p

These equations determine the composition p¢(p) and the pressure of the QM phase,

pa(p) = p° ngp/ P (16)
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which can be used together with the pressure of the hadronic phase to determine the phase
transition using a Maxwell construction (MC), i.e., equating baryon chemical potentials and
pressures of the two phases.

The corresponding results for the structure of hybrid NS are shown in figure 4 (black curves),
displaying mass-radius and mass-central density relations. It is evident that the most striking
effect of the inclusion of quark matter is the increase of the maximum mass relative to the hyperon
star, now reaching about 1.5 Mg with the MIT models with a bag constant B = 100 MeV/fm 3
or with B(p), about 1.6 Mg with the more sophisticated color dielectric model (CDM) [17, 23],
and about 1.8 Mg, in a recent O(a?) calculation [18].

7. Hadron-quark phase transition

A more sophisticated model for the phase transition between hadronic and quark phase inside the
star is the Gibbs (Glendenning) construction [24], which determines a range of baryon density
where both phases coexist as a mixed phase (MP). The essential point of this procedure is that
both the hadron and the quark phase are allowed to be separately charged, still preserving the
total charge neutrality. The chemical potentials of the different species are related to each other
satisfying chemical and beta stability, Eq. (3), while the pressure is the same in the two phases
to ensure mechanical stability,

PH(tes tin) = PQ(Hes n) = Prr (ki) - (17)

The equation for global charge neutrality involving the charge densities ¢y and qq,

0 = xqo+ (1 —x)qu, (18)

determines the additional parameter y, the volume fraction occupied by quark matter in the
MP. From this, the baryon density pa; and the energy density ea; of the MP can be calculated:

o = xpQ+ (1 —x)pw (19)
em = xeQ+ (1—x)em - (20)

The EOS resulting from this procedure is shown in figure 5 (right panel) for the MIT model,
where the pure hadron, mixed, and pure quark matter portions are indicated. The MP begins
actually at a quite low density around pg and persists throughout a wide range of baryon density.

As a further refinement, surface and Coulomb energies in the hadron-quark MP may be
taken into account [25, 26], so that charge and baryon number density are no more uniform,
but the MP can have exotic shapes called pasta structures (for a review, see Ref. [27]). As a
result, the broad density region of the MP in the bulk Gibbs (BG) calculation described before
is considerably reduced and the EOS approaches the one given by the MC [27].

Within a Wigner-Seitz approximation the whole space is divided into equivalent cells with
a given geometrical symmetry, sphere for three dimensions (3D), cylinder for 2D, and slab for
1D. In each cell the quark and hadron phases are spatially separated by a sharp boundary with
surface S and the surface energy is taken into account with a surface tension parameter o (a
typical value is 0 = 40 MeV/fm?). The energy density of the MP is then written as

1

T

; (21)

[Vo(r))?
VHdr eg(r) + Ver eq(r) + /de'r (se(r) + W) +0S

where the volume of the Wigner-Seitz cell is Viy = Vi + V. ¢ is the Coulomb potential and
€H, €Q, and €, are energy densities of hadrons, quarks, and electrons, respectively, which are
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Figure 6. (Color online) Left: The pressure of the MP (thick curves) in comparison
with the pure hadron and quark phases (thin curves), and the MC (black) and BG (gray)
calculations. Right: NS mass-radius relations for different EOS and three different phase
transition constructions. For the hybrid stars (blue and black curves), the dashed lines indicate
the Maxwell (upper curves) or bulk Gibbs (lower curves) constructions and the solid lines the
MP of the full calculation.

functions of local densities of n,p, A,¥7,u,d,s,e. For ey the BHF energy density is used and
for the quark phase the MIT bag model introduced before. For a given baryon density p the
optimum dimensionality of the cell, the cell size Ry, the lump size R, and the density profile of
each component are searched for to minimize the energy density.

Figure 6 (left panel) compares the resulting EOS p(p) with that of the pure hadron and quark
phases. The thick black curve indicates the case of the MC, while the colored lines indicate the
MP in its various geometric realizations, starting with quark droplets and terminating with quark
bubbles. The charge screening effect tends to make matter locally charge neutral to reduce the
Coulomb interaction energy. Combined with the surface tension, it renders the non-uniform
structures mechanically less stable and limits the density region of the MP [27]. The structure
and the composition of the MP are very different from those of the MC. In particular, although
a relevant hyperon (X7) fraction is present in the MC case, it is completely suppressed in the
full calculation, because the hadron phase is allowed to be positively charged in the MP.

Figure 6 (right panel) compares the mass-radius relations obtained with the different models.
The purely nucleonic EOS (thick green curve) yields a maximum NS mass of about 1.82 M),
which is reduced to 1.32 M when allowing the presence of hyperons (thick red curve). The
inclusion of quark matter within the MIT model augments the maximum mass of hybrid stars
to about 1.5 Mg, independently of the phase transition construction that is used: For the B(p)
model the maximum mass is 1.52 My, practically independent of the kind of phase transition,
whereas for the B = 100 MeV/fm~3 model there is a slight variation of M = 1.45,1.45,1.41 M,
for the Maxwell, mixed, and bulk construction.

Whereas the maximum masses are practically independent of the phase transition construc-
tion, there are large differences for the internal composition of the star. This is illustrated in
figure 7, which shows the total energy density, pressure, and particle fractions as a function of
the radial coordinate for a 1.4 M NS. One observes with the BG construction (left panel) a
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Figure 7. (Color online) Internal structure of a 1.4 Mg NS obtained with the BG construction
(left panel), the MP of the full calculation (central panel), and the MC (right panel). The upper
panels show total energy density and pressure and the lower panels the overall particle fractions
as functions of the radial coordinate of the star.

coexistence of hadrons and quarks in a significant range of the star, whereas with the MC (right
panel) an abrupt transition involving a discontinuous jump of energy and baryon density occurs
at a distance r ~ 7.5 km from the center of the star. The MP with the full calculation (central
panel) lies between the two extreme cases, hadrons and quarks coexisting in a smaller range
than in the BG case.

8. EOS at finite temperature: Protoneutron stars

A natural extension of the BHF formalism at zero temperature is the theoretical modeling of
a protoneutron star (PNS), which represents the typical stellar state for some tens of seconds
after supernova collapse, during which the system first deleptonizes and heats up the interior of
the star in the process, before beginning to cool down by further neutrino diffusion [28].

We do not perform dynamical simulations, but focus on the consistent construction of the
temperature-dependent nuclear EOS and the evaluation of its basic consequences during the
prominent PNS stage [29, 30, 31, 32]. We therefore assume strongly idealized, static temperature
and lepton-trapping profiles representing this environment, namely constant lepton fractions
Yo =2z, + 12, =04, Y, =0 and a constant entropy per baryon throughout the star, and
investigate the sensitivity of the results to the chosen value of entropy S/A [33, 34].

The finite-temperature extension of the Bethe-Goldstone equation [4, 35, 36] consists in
replacing the distribution function n;(k) appearing in the Pauli operator Q. in Eq. (7) and
the s.p. potential, Eq. (9), by the Fermi distribution n;(k) = (ele:(®)=al/T 1 1)_1. For given
partial densities p; (i = n,p,A,X) and temperature T, Egs. (6) and (9) have to be solved
self-consistently along with the equations for the auxiliary chemical potentials ji;,

Pi = an(k’) . (22)
k

Once the different s.p. potentials for the species i = n,p, A, ¥~ are known, the free energy
density of hypernuclear matter has the following simplified expression

2
i k !

; (23)
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where

s = — Z (nz(kz) Inn;(k) + [1 —ni(k)]In[l — nz(kz)]> (24)

k

is the entropy density for component i treated as a free gas with s.p. spectrum e;(k) [4, 36]. A
further simplification can be achieved by disregarding the effects of finite temperature on the
s.p. potentials U;, and using the 7" = 0 results in order to speed up the calculations (frozen
correlations approximation) [29, 30, 32].

All thermodynamic quantities of interest can then be computed from the free energy density,
Eq. (23); namely, the ‘true’ chemical potentials p;, pressure p, entropy density s, and internal
energy density € read as

0
o= (25)
p = Pza(({;/{p) :Z,uipi_fa (26)
0
s = o, (27)
e = f+Ts. (28)

As an illustration, figure 8 shows the particle fractions at entropies S/A = 0, 1,2 in beta-stable
trapped matter [32]. One observes the following qualitative features: (i) Finite temperature
removes any particle thresholds, i.e., hyperons and leptons become more and more abundant
at low densities with rising temperature/entropy. (ii) Hyperon fractions are lower in trapped
matter than in untrapped matter, in particular the %~ is strongly suppressed, because due to
the trapping condition it cannot easily replace the electron as is the case in untrapped matter.
These features have direct consequences for the EOS p(g): For purely nucleonic matter the effects
of trapping and temperature are not very large, but both soften the EOS. On the contrary,
hyperons soften the EOS of untrapped matter much more than that of trapped matter, due to
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Figure 9. (Color online) Gravitational mass as a function of radius (left panel) and central
baryon density (right panel) for cold NSs (solid curves) and neutrino-trapped PNSs at entropies
S/A = 1,2 (broken curves). The thick (thin) curves describe configurations with (without)
hyperons.

their higher concentration in the former. Altogether, finite entropy and in particular trapping
affect hyperon-rich matter much more (and in an opposite sense) than nuclear matter.

The relation p(e) as input to Eq. (5) determines directly the mass — radius relations of
(P)NSs shown in figure 9 (left panel). One observes for nucleonic stars a slight reduction of
the maximum mass (from about 1.84 Mg to 1.74 Mg) due to trapping and finite temperature,
while for hyperon stars both trapping and also finite temperature increase notably the maximum
mass (from about 1.31 Mg to 1.58 My). The latter feature would permit a delayed collapse
phenomenon, as is usually found for hyperon stars [28, 33, 34, 37]. However, this conclusion
is rather academic, because the maximum mass of hyperon stars is 1.31 My in this approach,
so that most observed NSs [3] would actually be hybrid stars involving a transition to quark
matter in the interior, as pointed out before. This is also pinpointed by the mass — central density
relations, displayed in figure 9 (right panel), which shows for hyperon stars central densities up
to about 10 pg, where a realistic description of stellar matter should necessarily include quark
matter degrees of freedom.

9. Conclusions

This contribution reported the theoretical description of hypernuclear matter in the BHF
approach and the application to NS structure calculation. The important role of TBF at high
density was pointed out, which is, however, strongly compensated by the inclusion of hyperons.
The resulting hadronic NS have maximum masses of less than about 1.4 My, and the presence
of quark matter inside the star is required in order to reach larger values.

It remains to be seen which values of the maximum mass can be reached with more
sophisticated quark matter models in the future, in particular with respect to the recent claim
of discovery of a two solar mass NS [38].
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