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The energy extraction efficiency is a figure of merit for a free-electron laser (FEL). It can be enhanced by
the technique of undulator tapering, which enables the sustained growth of radiation power beyond the
initial saturation point. In the development of a single-pass x-ray FEL, it is important to exploit the full
potential of this technique and optimize the taper profile awðzÞ. Our approach to the optimization is based
on the theoretical model by Kroll, Morton, and Rosenbluth, whereby the taper profile awðzÞ is not a
predetermined function (such as linear or exponential) but is determined by the physics of a resonant
particle. For further enhancement of the energy extraction efficiency, we propose a modification to the
model, which involves manipulations of the resonant particle’s phase. Using the numerical simulation code
GENESIS, we apply our model-based optimization methods to a case of the future FEL at the MAX IV
Laboratory (Lund, Sweden), as well as a case of the LCLS-II facility (Stanford, USA).
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I. INTRODUCTION

In a free-electron laser (FEL), the technique of tapering
involves the variation of the undulator parameter along the
undulator line, thereby maintaining the resonance condition
as the electrons lose energy to the radiation. This can
increase the output power and the energy extraction effi-
ciency, as it has been demonstrated experimentally [1,2].
The effectiveness of this technique relies on the proper

optimization of the taper profile. One example is the
multidimensional scanning method [3]. Another example
is the GINGER self-design taper algorithm [4], which is
based on the Kroll-Morton-Rosenbluth (KMR) model [5].
In a previous work [6], we briefly presented a method

based on a modification to the KMRmodel, which involves
the manipulation of the resonant particle’s phase. In this
work, we elaborate on this method and examine the
underlying physics in greater detail.
The knowledge about taper optimization is important for

the MAX IV Laboratory in the development of an x-ray
FEL [7], which is part of the laboratory’s long-term
strategic plan. The plan includes an extension of the
MAX IV linear accelerator to 4–6 GeV, to be used as
the driver of the FEL.
Using the numerical simulation code GENESIS [8], we

study our taper optimization methods on a case of the future
MAX IV FEL, where the electron beam energy at the
entrance to the FEL is assumed to be 4 GeV.

To test our methods on a different set of parameters, we
also apply the methods to a case of the LCLS-II. The case is
defined in Jiao et al. [3], based on the design parameters at
the time of its publication. We then benchmark our results
against a taper profile obtained by Jiao et al. [3] from the
GINGER algorithm [4].
In this work, the numerical simulations are performed in

the steady-state mode. This allows us to focus on the effects
of manipulating the resonant particle’s phase. Our imme-
diate objective is to demonstrate that our modification to
the KMRmodel gives rise to an enhanced energy extraction
efficiency. The study of time-dependent effects, such as
side-band growth, is left out from the scope of this work
and is to be addressed in a forthcoming article.

II. THEORY

A. Tapered FELs

The resonance condition on the central axis of a FEL is
given by the equation

λ ¼ λw
2γ2

ð1þ a2wÞ; ð1Þ

where λ is the optical wavelength, λw is the undulator
period, and γ is the electron energy normalized to its rest
energy mec2. The properties of the undulator are charac-
terized by the rms undulator parameter

aw ¼ Kffiffiffi
2

p ≡ eλwBw

2
ffiffiffi
2

p
πmec2

; ð2Þ

where e is the absolute value of the electron charge and Bw
is the undulator field strength.
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During the energy extraction, the electrons lose energy to
the optical field. For a FEL with constant aw, the electron
energy γ quickly ceases to satisfy the resonance condition
and the FEL power saturates. This severely limits the
energy extraction efficiency of the FEL.
To overcome this limit, one can taper the FEL by varying

aw as a function of the axial position z, so as to maintain the
resonance condition continually as the electrons decelerate.
This results in the sustained energy transfer from the
electrons to the optical field beyond the initial satura-
tion point.
The function awðzÞ is the taper profile. Our aim is to

optimize the taper profile, thereby maximizing the energy
extraction efficiency of the tapered FEL. Our approach is to
develop methods for such optimization, based on a theo-
retical model. This model-based approach can shed some
light on the physics behind the optimization.
The FEL cases considered in this article are single-pass

and seeded. Each uses planar undulators with a constant
period λw.

B. The KMR model

The Kroll-Morton-Rosenbluth model [5] is a theoretical
analysis of tapered FELs based on a one-dimensional
relativistic Hamiltonian formulation. It is reviewed in
Refs. [9–11].
In phase space, each particle has coordinates ðψ ; γÞ,

where γ is the energy normalized to the electron rest energy
mec2 and ψ is the phase relative to the ponderomotive
potential. The essence of the KMR model is the consid-
eration of a resonant particle, with phase space coordinates
ðψR; γRÞ subject to certain constraints. At any z position
along the undulator line, the energy of this particle remains
at resonance, given by

γRðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λw
2λ

½1þ a2wðzÞ�
r

: ð3Þ

Meanwhile, the phase of this particle remains constant
along the undulator line, so that

ψRðzÞ ¼ ψRð0Þ ¼ constant: ð4Þ

The actual value of the constant phase is chosen by the FEL
designer.
With the constraints on γR and ψR, the taper profile awðzÞ

is uniquely determined by the equation of motion in the
longitudinal direction, namely

dγR
dz

¼ −
effiffiffi

2
p

mec2
awðzÞfBðzÞE0ðzÞ

γRðzÞ
sin½ψRðzÞ�; ð5Þ

where E0 is the optical field amplitude and

fBðzÞ ¼ J0

�
a2wðzÞ

2þ 2a2wðzÞ
�
− J1

�
a2wðzÞ

2þ 2a2wðzÞ
�

ð6Þ

is the Bessel factor for planar undulators.
For efficient energy transfer to the optical field, γRðzÞ

should be a monotonically decreasing function. Otherwise,
the resonant particle would absorb energy from the optical
field, thus reducing the power of the FEL. In other words,
we need

dγR
dz

< 0 for all z: ð7Þ

This has two main consequences. According to Eq. (3), this
requires awðzÞ to be a monotonically decreasing function as
well. According to Eq. (5), this requires sinψR > 0, thus
leading to the restriction 0 < ψR < π.

C. The ponderomotive bucket

In phase space, the coordinates ðψR; γRÞ of the resonant
particle defines the stable point in the ponderomotive
bucket, which is often known as the centroid. An equation
for the separatrices of the bucket is derived in Ref. [5] and
can be rewritten as

γ�ðψÞ ¼ γR �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eλwawfBE0

2
ffiffiffi
2

p
πmec2

s
½cosψ þ cosψR

− ðπ − ψ − ψRÞ sinψR�1=2: ð8Þ

As γR decreases with z, the ponderomotive bucket moves
together towards smaller γ values. This is known as bucket
deceleration and is a feature of tapered FELs.
Particles within the bucket are said to be trapped. These

particles follow stable orbits around the resonant particle
and decelerate together with the bucket. As they decelerate,
energy is transferred to the optical field. Particles falling out
of the bucket are said to be detrapped. Once detrapped, a
particle quickly moves away from the resonance condition.
It is therefore apparent that the energy extraction in a

tapered FEL relies heavily on the trapping of particles in the
bucket. Meanwhile, the bucket’s capacity to capture par-
ticles depends on its size. Following Ref. [5], we analyze
the factors that influence the bucket size.

1. Bucket width

We first concern ourselves with the width of the bucket.
Let ψ1 and ψ2 be the minimum and maximum ψ values for
the bucket. The bucket width is then given by the difference
ψ2 − ψ1. The value ψ2 can be obtained from the simple
equation

ψ2 ¼ π − ψR; ð9Þ
while the value ψ1 can be obtained from the transcendental
equation
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cosψ1 þ cosψR ¼ ðπ − ψR − ψ1Þ sinψR: ð10Þ

It is apparent that the values ψ1 and ψ2, hence the bucket
width, are solely determined by the resonant particle’s
phase ψR. Over the range 0 < ψR < π=2, the bucket width
ψ2 − ψ1 decreases with ψR. At ψR ¼ π=2, we have
ψ1 ¼ ψ2 ¼ π=2, meaning that the bucket has zero width.

2. Bucket height

The bucket height is given by

γþðψRÞ − γ−ðψRÞ ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
awfBE0

p
ΓðψRÞ; ð11Þ

where

ΓðψRÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosψR −

�
π

2
− ψR

�
sinψR

s
: ð12Þ

Unlike the bucket width, the bucket height depends on
aw and E0 in addition to ψR. The ψR dependence of the
bucket height is governed by the function ΓðψRÞ, which
decreases with ψR for 0 < ψR < π=2 and becomes zero
when ψR ¼ π=2. Γðπ=2 < ψR < πÞ is purely imaginary.

3. Bucket area

The area of the bucket is a combination of the width and
the height. Mathematically, the bucket area can be obtained
by the integral

AΛ¼
Z

ψ2

ψ1

½γþðψÞ−γ−ðψÞ�dψ ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
awfBE0

p
αðψRÞ; ð13Þ

where

αðψRÞ≡
ffiffiffi
2

p

8

Z
ψ2

ψ1

½cosψ þ cosψR

− ðπ − ψ − ψRÞ sinψR�1=2dψ : ð14Þ

It turns out that the bucket area depends on aw and E0 in
the same way as the bucket height does. The ψR depend-
ence of the bucket area is governed by the function αðψRÞ,
which decreases with ψR for 0 < ψR < π=2 and becomes
zero when ψR ¼ π=2.
Choosing ψR ≥ π=2 will result in the disappearance of

the bucket and the total detrapping of particles, thus making
the FEL process impossible. This further restricts the
choice of ψR to the range 0 < ψR < π=2. Within this
range, a larger ψR leads to a smaller bucket area, hence a
smaller trapping fraction.

D. Field equations

During the FEL process, the optical field is amplified
through its interaction with the electrons. The evolution of

the optical field amplitude E0 and phase ϕ are described by
the field equations, of which a derivation is provided
in Ref. [9].
In the resonant particle approximation, we assume that

only trapped particles participate in the interaction with the
optical field and that all trapped particles have the same γ
and ψ as the resonant particle. With this approximation, the
evolution of E0 can be written as

dE0

dz
¼ 1ffiffiffi

2
p

cϵ0
awðzÞfBðzÞJΛðzÞ

sin½ψRðzÞ�
γRðzÞ

; ð15Þ

where ϵ0 is the permittivity of free space,

JΛðzÞ ¼
ecNΛðzÞ
πσ2x;yλ

ð16Þ

is the current density due to the trapped particles, NΛ is the
number of particles trapped, and σx;y is the rms beam
radius. Combining the field equation (15) with the equation
of motion (5), we have

dE0

dz
¼ mec

ϵ0e
1

E0ðzÞ
JΛðzÞ

���� dγRdz

����
∝

1

E0ðzÞ
NΛðzÞ

���� dγRdz

����: ð17Þ

This shows that the growth rate of the optical field is
directly proportional to the number of particles trapped NΛ
and the rate of bucket deceleration jdγR=dzj, but is
inversely proportional to the field amplitude itself.
Therefore, in the optimization of a tapered FEL, particle

trapping is merely one side of the picture. Maximizing the
number of particles trapped is not a sufficient condition for
maximizing the optical field strength. On the other side
of the picture, the bucket also has to decelerate rapidly
enough.
However, there is a conflict between rapid bucket

deceleration and maintaining a large number of trapped
particles. According to Eq. (5), jdγR=dzj increases with ψR
for 0 < ψR < π=2. But according to Eq. (14), the bucket
area decreases with ψR for 0 < ψR < π=2. When choosing
a ψR value, increasing the bucket deceleration rate will
inevitably decrease the number of trapped particles and
vice versa.
The optimization of a tapered FEL requires a good

balance between these two conflicting factors. On one
hand, we can sacrifice the bucket deceleration rate in
exchange of better trapping. On the other hand, we can
also sacrifice trapping in exchange of more rapid bucket
deceleration.
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E. Modification to the KMR model

In the KMR model, the constraint on the phase ψR of
the resonant particle is somewhat arbitrary [9]. As an
attempt to enhance the energy extraction efficiency further,
we propose a modification to the KMR model.
Upon the modification, the resonant particle still main-

tains the resonant energy γR throughout the undulator line
according to Eq. (3). However, its phase ψR is no longer
kept constant. Instead, we now formulate ψR as a function
of z which increases monotonically from zero. While there
are many possible choices of such increasing functions, we
can adopt the simplest function

ψRðzÞ ¼ gz for some constant g > 0: ð18Þ
In other words, ψR increases linearly with z at some
gradient g, which is chosen by the FEL designer.
For any function ψRðzÞ that increases monotonically

from zero, there exists a value z ¼ Ld such that

ψRðLdÞ ¼
π

2
: ð19Þ

This is when the bucket area becomes zero and total
detrapping occurs. We therefore refer to Ld as the detrap-
ping length. Note that it is possible to have Ld > Lw, where
Lw is the total length of the undulator line. With this
definition of Ld, the proportionality constant g in Eq. (18)
can be written as

g ¼ π

2Ld
: ð20Þ

With our modification to the KMR model, ψR is smaller
upstream and larger downstream. For small z, we sacrifice
the bucket deceleration rate for particle trapping. For large
z, we increase the bucket deceleration rate at the cost of
detrapping more particles. We adopt this strategy for two
main reasons as follows.

1. Particle trapping consideration

Particle trapping is more important at the beginning of the
undulator line. The fraction of particles captured by the
bucket at small z sets a limit on the amount of energy that can
be extracted subsequently. With a constant ψR, the bucket
shrinks abruptly from the full width of 2π to a reduced width
of ψ2 − ψ1. This abrupt decrease in bucket width will lead to
the sudden detrapping of a large fraction of particles. In
contrast, if ψRðzÞ increases smoothly from zero, the bucket
will shrink from the full width of 2π in a gradual manner,
which is more favorable for the capturing of particles.

2. Bucket deceleration consideration

Beyond the region of initial particle capturing, it is
important to fully utilize bucket deceleration for energy

extraction. Under the principle of energy conservation, the
energy transferred to the optical field equals the total
energy loss of all particles

W ¼ mec2
XN
i¼1

jγiðLwÞ − γið0Þj; ð21Þ

where N is the total number of particles. With a constant
ψR, the bucket maintains the same width along z and most
of the initially captured particles remain trapped. However,
our goal here is not to trap all these particles up until the very
end of the undulator line, but to make as many particles lose
as much energy as possible. With an increasing ψR, the
bucket will decelerate at an increasing rate, while shrinking
in a gradual manner. With a properly chosen g in Eq. (18),
the bucket centroid will experience a larger decrease in γ
than in the case of a constant ψR over the same undulator
length Lw, thus bringing trapped particles to lower energies.
Even though the shrinking bucket will lead to gradual
detrapping of particles along z, the deceleration of each
particle up until the point of detrapping will contribute to the
sum in Eq. (21). This, together with the more effective
capturing of particles at small z, can result in a larger W.

F. Energy extraction efficiency

It is common to define the energy extraction efficiency of
a tapered FEL as the product of the particle trapping and
bucket deceleration efficiencies [4,11,12]. For instance, the
particle trapping efficiency can be formulated as the
normalized bucket width ðψ2 − ψ1Þ=ð2πÞ and the bucket
deceleration efficiency as sinψR [11].
However, this formulation is not directly applicable to

our modified KMR model, in which ψR, ψ1, and ψ2 are
continuously changing. Furthermore, the particle trapping
efficiency is not only influenced by the bucket width, but
also by the bucket area, which in turn depends on E0ðzÞ and
awðzÞ. Similarly, according to Eq. (5), the bucket deceler-
ation rate jdγR=dzj also depends on E0ðzÞ and awðzÞ.
Within a long undulator line, E0ðzÞ and awðzÞ can vary
significantly and this needs to be taken into account.
We therefore propose a generalized formulation of the

energy extraction efficiency as follows. At any axial
position z along the undulator line, the number of particles
trapped in the bucket is NΛðzÞ. For a small deceleration
dγRðzÞ of the bucket, the amount of energy lost by the
particles is

dWðzÞ ¼ −NΛðzÞmec2dγRðzÞ: ð22Þ

Integrating both sides over the entire undulator line gives
the total amount of energy extracted:

W ¼ −mec2
Z

Lw

0

NΛðzÞ
dγR
dz

dz: ð23Þ
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Meanwhile, the initial energy of the electron beam is
Wbeam ¼ Nγ0mec2. The ratio between W and Wbeam gives
the energy extraction efficiency:

η≡ W
Wbeam

¼ −
1

γ0

Z
Lw

0

fΛðzÞ
dγR
dz

dz: ð24Þ

Here we have defined the trapping fraction fΛðzÞ≡
NΛðzÞ=N. At this point, we can clearly see the dependence
of the energy extraction efficiency on both the trapping
fraction and the bucket deceleration rate. But since they are
functions of z, they have to be integrated over z for the
entire undulator line.
Next, we invoke Eq. (5), followed by Eq. (3), and rewrite

the energy extraction efficiency explicitly as

η ¼ effiffiffi
2

p
γ0mec2

ffiffiffiffiffi
λ

λw

s Z
Lw

0

½E0ðzÞfΛðzÞ

×
awðzÞfBðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2wðzÞ

p sin½ψRðzÞ�dz�: ð25Þ

In the integral, ψRðzÞ is a predefined function, while E0ðzÞ,
fΛðzÞ, and awðzÞ need to be obtained from numerical
simulations. This generalized expression for the energy
extraction efficiency serves as a figure of merit for a
tapered FEL.

III. METHOD

Based on the KMR model and the modified version, we
optimize the taper profile awðzÞ using the numerical
simulation code GENESIS [8] in the steady-state mode.
The principle is to perform iterative simulations along the
entire undulator line, from z ¼ 0 to z ¼ Lw, with some
small step sizeΔz. The required aw value at every stepΔz is
computed according to the model.
In order to compute the aw value, we substitute Eq. (3)

into Eq. (5) and eliminate the variable γR. This yields

daw
dz

¼ −
ffiffiffi
2

p
e

mec2
λ

λw
fBðzÞE0ðzÞ sin½ψRðzÞ�: ð26Þ

If the step size Δz is small enough, we can make the
approximation Δz ≈ dz so that

awðzþ ΔzÞ ¼ awðzÞ −
ffiffiffi
2

p
e

mec2
λ

λw
fBðzÞE0ðzÞ sin½ψRðzÞ�Δz:

ð27Þ

This is the equation used for the iterative simulations. In
particular, ψRðzÞ is a predefined function, for which the
value at every z position is known. With a constant ψR as
defined in Eq. (4), we refer to the method as the ordinary

KMRmethod. With ψRðzÞmodified as in Eq. (18), we refer
to the method as the modified KMR method.
In order to use Eq. (27), we also need the initial values of

the variables. In particular, awð0Þ is chosen to be resonant
with the initial beam energy. E0ð0Þ is the field amplitude of
the seed radiation. In the case of self-amplified spontaneous
emission (SASE), the effective shot noise amplitude could
be used instead. In each step Δz, we obtain the on-axis
E0ðzÞ from the numerical simulation. Equation (27) then
enables us to compute the required aw value at zþ Δz from
the known values of aw, fB, ψR, and E0 at z.

IV. RESULTS AND DISCUSSIONS

A. Application to a MAX IV FEL case

We apply the ordinary KMR method and the modified
KMR method to a case of the future MAX IV FEL, in
which we assume a 4-GeV and 4-kA electron beam. The
main parameters are shown in Table I. A sensitivity study of
these parameters can be found in Ref. [13].
To study the behavior of the electron beam, optical beam,

and taper profile over a long distance, we simulate a
continuous undulator line of length Lw ¼ 200 m. For the
purpose of beam focusing, we superimpose a FODO lattice
on the undulator field. The length of the FODO cell is 5 m.
Each cell contains two quadrupole magnets of length
10 cm, whose centers are separated by a longitudinal
distance of 60 cm. The field strengths of the quadrupole
magnets are adjusted to give the desired average beam size.

1. General results

For the ordinary KMRmethod, simulations reveal that the
FEL power is maximized by choosing ψR ¼ 0.26 rad.
The evolution of various parameters along the undulator
line are shown in Fig. 1. For the modified KMRmethod, the
corresponding results for three selected g values, namely
3 mrad=m, 5 mrad=m, and 7 mrad=m, are shown in the
same figure. These three g-values correspond to detrapping
lengths of 600 m, 300 m, and 220 m, respectively.
As seen in Fig. 1(a), the ordinary KMR method features a

slow, steady growth of FEL power throughout the undulator
line. At z ¼ 200 m, the power reaches 1.5 TW. For the

TABLE I. Main parameters of the MAX IV FEL case used in
our simulation studies.

Parameter Symbol Value

Electron beam energy Wbeam 4 GeV
Energy spread ΔWbeam 40 keV
Beam current I 4 kA
Normalized emittance εx;y 0.2 mm mrad
Average beta β̄x;y 20 m
Undulator period λw 20 mm
Radiation wavelength λ 4 Å
Seed radiation power Pin 0.1 MW
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Modified KMR method with g ¼ 7 mrad=m, the same final
power is attained. However, the power grows much more
rapidly and final saturation is reached long before
z ¼ 200 m. This allows us to obtain the same power while
shortening the undulator line to around 130 m, thus reducing
the construction cost. With g ¼ 3 mrad=m, the power at z ¼
200 m exceeds 3 TW, which is twice that produced by the
ordinary KMR method.
In the modified KMR method, a larger g leads to more

rapid power growth beyond the initial saturation [see
Fig. 1(a)]. However, the final saturation occurs at a lower
power and at a smaller z. In contrast, a smaller g leads to
slower power growth beyond the initial saturation.
However, the final saturation occurs at a higher power
and at a larger z. In other words, g can be regarded as an
independent adjustment knob for the final saturation
power and the final saturation length of a tapered FEL.

The optimal g value depends on the given length of the
undulator line. For instance, if the undulator line is shortened
to 120 m, it is better to use g ¼ 5 mrad=m than to use g ¼ 3
or 7 mrad=m, as it yields the highest final power among the
three cases. By the same token, if the undulator line is
shortened to 80 m, it is better to use g ¼ 7 mrad=m.
Figure 1(b) shows the on-axis optical field amplitude E0

as a function of z. Comparing Figs. 1(a) and 1(b), we see
that for the modified KMR method there exists a range
of z where E0 has ceased to grow while the FEL power
continues to grow. This is precisely the radiation power
growth region described in Ref. [3].
Figure 1(c) shows the four resulting taper profiles. The

taper profiles resulting from the modified KMR method
are more aggressive. The aw parameter decreases so rapidly
that its final value at z ¼ 200 m is less than 20% of its
initial value.

FIG. 1. Evolution of various parameters along the undulator line for the MAX IV FEL case. The parameters are (a) the FEL power,
(b) the on-axis optical field amplitude, (c) the aw parameter normalized to its initial value, (d) the rms radius of the optical beam, (e) the
trapping fraction, and (e) the bunching factor. The four curves shown in each plot are the results of the ordinary KMR method with
ψR ¼ 0.26 rad and the modified KMR method with g ¼ 3, 5 and 7 mrad=m.
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Figure 1(d) shows the rms radius σr of the optical beam
as a function of z. For the modified KMRmethod, there is a
correlation between the g value and the optical beam radius.
In the deep-tapered region, a smaller g value corresponds to
a smaller optical beam radius, which is a manifestation of
stronger optical guiding.
There are two types of optical guiding, namely, gain

guiding and refractive guiding [10,14]. In a tapered FEL,
the latter usually dominates after the initial saturation point
[10]. The effects of refractive guiding can be described by a
complex-valued refractive index n, as defined in Ref. [14].
The strength of refractive guiding is measured by the real
part of n. Under the resonant particle approximation, it can
be written as

Re½nðzÞ� ¼ 1þ
ffiffiffi
2

p
λ

4πϵ0c
awðzÞfBðzÞJΛðzÞ

γRðzÞE0ðzÞ
cos½ψRðzÞ�: ð28Þ

With ψRðzÞ as defined in Eq. (18), the strength of refractive
guiding varies as cosðgzÞ. At the same axial position z, a
smaller g results in a larger cosðgzÞ. This partly explains the
correlation between the g value and the optical beam radius
in Fig. 1(d).
Figure 1(e) shows the trapping fraction fΛ as a function

of z. With the ordinary KMR method, the trapping fraction
soon reaches a plateau, meaning that the number of
particles in the ponderomotive bucket is almost constant.
With the modified KMR method, the trapping fraction is
generally higher at small z, which reflects that the initial
capturing of particles is more effective. However, the
trapping fraction shows a gradual decrease along the
undulator line. The larger is g, the faster is the decrease
in the trapping fraction. Comparing Figs. 1(a) and 1(e),
we see that when the trapping fraction drops to about 0.2,
the FEL power begins to saturate.
Figure 1(f) shows the bunching factor as a function of z.

Here the bunching factor is defined as

b≡ jhe−iψij ¼ 1

N

����XN
j¼1

e−iψ j

����: ð29Þ

With the resonant particle approximation, the contribution
of the detrapped particles to the sum is zero and the sum
over the remaining (trapped) particles becomes

b ¼ 1

N

����X
NΛ

j¼1

e−iψR

���� ¼ NΛ

N
je−iψR j ¼ fΛ: ð30Þ

In other words, under the resonant particle approximation,
the bunching factor equals the trapping fraction. Comparing
Figs. 1(e) and 1(f), the bunching fraction is indeed very
close to the trapping fraction in the deep-tapered region. This
confirms the validity of the resonant particle approximation
in the deep-tapered region.

2. Phase space dynamics

Figure 2 shows the phase space snapshots for the two
methods at four z positions along the undulator line. For the
ordinary KMR method, the width of the ponderomotive
bucket is almost the same at all the four z positions [see
Fig. 2(a)]. For the modified KMRmethod, the bucket width
decreases along the undulator line [see Fig. 2(b)]. This
phenomenon is also reflected by the trapping fraction curve
in Fig. 1(e). As the bucket shrinks in width, particles fall out
of the bucket, thus leading to a decreasing trapping fraction.
With a larger g value, ψR increases more rapidly and the
bucket shrinks more rapidly, thus causing a faster decrease
in trapping fraction.
Figure 3 shows the phase space trajectories of three

representative particles in each of the two methods.
Each trajectory has the shape of a spiral, which is a result
of two combined effects: synchrotron oscillation and
bucket deceleration. In synchrotron oscillation, a trapped
particle orbits around the centroid of the bucket, whose
position is defined by the resonant particle. In bucket
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FIG. 2. The ðψ ; γÞ phase space at four different z positions for
the (a) ordinary KMRmethod (with ψR ¼ 0.26 rad) and (b) modi-
fied KMR method (with g ¼ 5 mrad=m). The separatrices of
the ponderomotive bucket are shown in red.
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deceleration, the bucket centroid itself is moving towards
smaller γ.
In the ordinary KMR method, ψR remains constant at

all z. The trapped particles orbit around a bucket centroid
that remains at the same phase [see Fig. 3(a)]. But in the
modified KMR method, ψR increases with z. The trapped
particles orbit around a bucket centroid that moves gradu-
ally towards larger phase [see Fig. 3(b)].
The spacing between successive turns in the spiral

trajectory is determined by the frequency of the synchro-
tron oscillations and the rate of the bucket deceleration. The
frequency of the synchrotron oscillations is given by [9]

ΩsðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
πe

mec2λw

awðzÞfBðzÞE0ðzÞ
γ2RðzÞ

cos½ψRðzÞ�
s

; ð31Þ

which varies with ψR as
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cosψR

p
. The rate of bucket

deceleration jdγR=dzj, according to Eq. (5), varies with ψR
as sinψR. This explains why the increase in the spacing
between successive turns is more pronounced in the case of
increasing ψR [see Fig. 3(b)] than in the case of constant ψR
[see Fig. 3(a)].
We can also compare the final energy distributions of all

particles in the ordinary KMR method and the modified
KMR method, as in Fig. 4. The quantity γðLwÞ − γð0Þ is a
measure of the energy lost by a particle throughout the
undulator line.
For the ordinary KMRmethod (with ψR ¼ 0.26 rad), the

final energy distribution shows two distinct populations of
particles [see Fig. 4(a)]. The particles around γðLwÞ −
γð0Þ ¼ 0 are those which are not trapped during the initial
capturing at small z. The particles around γðLwÞ − γð0Þ ¼
−2000 are those which remain trapped in the decelerating
bucket up until the end of the undulator line. The former
group constitutes about 60% of all particles, while the latter
group constitutes about 40%.
For the modified KMR method (with g ¼ 3 mrad=m),

the particles around γðLwÞ − γð0Þ ¼ 0 constitute only less
than 40% of all particles [see Fig. 4(b)], which shows that
the initial capturing is more effective than in the ordinary
KMR method. The other particles are distributed in a
wide range of energies. But comparing the two histograms,
the modified KMR method (with g ¼ 3 mrad=m) is more
effective in bringing more particles to lower energies
overall.
In the modified KMR method (with g ¼ 3 mrad=m),

there is a larger fraction of particles with large jγðLwÞ −
γð0Þj [see Fig. 4(b)]. According to Eq. (21), this results in a
larger total energy loss W, hence a larger total energy
transfer to the optical field. This also explains the higher
final FEL power exhibited in Fig. 1(a).

3. Phase manipulations of different orders

In the modified KMR method, we require ψRðzÞ to be a
function that increases monotonically from zero. So far we
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FIG. 3. Particle traces in the ðψ ; γÞ phase space for the
(a) ordinary KMRmethod (with ψR ¼ 0.26 rad) and (b) modified
KMR method (with g ¼ 5 mrad=m). For each of the two
methods, the trajectories of three representative, trapped particles
are shown.
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the end of the undulator line for the (a) ordinary KMR method
(with ψR ¼ 0.26 rad) and (b) modified KMR method (with
g ¼ 3 mrad=m).
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have adopted the linear function given by Eq. (18), which is
the simplest choice. Nonetheless, there are many other
possible choices.
As an attempt to find out the optimal choice of ψRðzÞ, we

explore three additional types of increasing functions,
namely, quadratic (ψR ∝ z2), cubic (ψR ∝ z3), and square
root (ψR ∝ z1=2). For each type of function, we vary the
proportionality constant and examine the final FEL power
at z ¼ Lw ¼ 200 m. The proportionality constant can be
expressed in terms of the detrapping length Ld, which is
defined in Eq. (19).
Figure 5 shows the variation of the final FEL power with

Ld for the four types of functions. In each type of function,
there exists an Ld that maximizes the final FEL power. For
the linear functions, the maximum attainable final power is
3.2 TW, which occurs at Ld ¼ 600 m. For the quadratic
functions, the maximum attainable final power is 2.6 TW,
which occurs at Ld ¼ 300 m. For the cubic functions, the
maximum attainable final power is 2.0 TW, which occurs at
Ld ¼ 250 m. For the square root functions, the maximum
attainable final power is 3.0 TW, which occurs at
Ld ¼ 3900 m.
Comparing the four types of functions in Fig. 5, we see

that the higher is the order of ψRðzÞ, the smaller is the Ld
that maximizes the final power. In terms of maximizing the
final FEL power, a linear increase in ψR with Ld ¼ 600 m
is the most favorable choice among all the scenarios studied
in Fig. 5.
The optimal order of the increasing function ψRðzÞ can

depend on various factors, such as the total length Lw of the
undulator line and the electron beam parameters. It can be a
parameter for further optimization.

4. Energy extraction efficiency

The energy extraction efficiency η, given by Eq. (25), is a
figure of merit for a tapered FEL. Using the results of our
numerical simulations, we can compute η for the ordinary
KMR method and the modified KMR method.
When applying the ordinary KMR method to the MAX

IV FEL case, the final power is maximized by choosing
ψR ¼ 0.26 rad. This yields η ¼ 9.3%.
When applying the modified KMR method, the final

power is maximized by choosing Ld ¼ 600 m, which
corresponds to g ¼ 3 mrad=m. This yields η ¼ 20%.
In other words, our modification to the KMR model

enables us to obtain more than twice the energy extraction
efficiency.

B. Application to an LCLS-II case

We apply the ordinary KMR method and the modified
KMR method also to a case of the LCLS-II facility.
The case is defined in Jiao et al. [3], based on the design
parameters at the time of its publication. As before,
we simulate a 200-m continuous undulator line. For the
ordinary KMR method, simulations reveal that the FEL
power is maximized by choosing ψR ¼ 0.2 rad. For the
modified KMR method, the FEL power is maximized by
choosing the g value 3 mrad=m.
Jiao et al. [3] also shows a taper profile produced by the

GINGER self-design taper algorithm [4]. For the purpose
of comparison, we extract this taper profile and input it
to GENESIS [8] for a steady-state simulation. Since the
precise configuration of the strong-focusing lattice is not
provided in Jiao et al. [3], we have used an ad hoc FODO
lattice for all the three methods here. The FODO lattice is
superimposed on the undulator field and has a cell length of
4.4 m. Each cell contains two quadrupole magnets of length
13 cm, whose centers are separated by a longitudinal
distance of 70 cm. The field strengths of the quadrupole
magnets are adjusted to achieve the average beam radius
of 17.5 μm.
We present the results of these three methods in the same

figure. Figure 6(a) shows the evolution of the FEL power
along the undulator line. Figure 6(b) shows the correspond-
ing evolution of the optical field amplitude on axis.
Figure 6(c) shows the taper profile.
As seen in Fig. 6(a), the final FEL power is 2.7 TW for

the ordinary KMR method, 4.1 TW for the GINGER taper
profile, and 5.8 TW for the modified KMR method. Out of
the three methods, the modified KMR method (with
g ¼ 3 mrad=m) gives the highest final power.
There is a big difference in final FEL power between the

ordinary KMR method and the GINGER algorithm, even
though they are both based on the KMR model with
constant ψR. One explanation for this difference is the
treatments of the resonant particle in the two methods.
The ordinary KMR method relies on Eq. (26). When

implementing the method, we have always taken E0ðzÞ to

FIG. 5. Comparison of the final FEL powers resulting from
different choices of the increasing function ψRðzÞ, namely, linear
(ψR ∝ z), quadratic (ψR ∝ z2), cubic (ψR ∝ z3), and square root
(ψR ∝ z1=2). The final FEL power refers to the power at the end of
the undulator line (z ¼ Lw ¼ 200 m) and is plotted as a function
of the detrapping length Ld. Note that the Ld axis is on a
logarithmic scale.
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be the value on the central axis of the FEL. In other words,
the resonant particle in our ordinary KMR method is
on axis.
But in Jiao et al. [3], the resonant particle used for the

GINGER algorithm is off axis. It is fixed on the edge of the
beam, at a radial position of about 17.5 μm. Using Eq. (26),
we can backcalculate the function ψRðzÞ for an on-axis
resonant particle from the GINGER-produced taper profile
in Fig. 6(c) and the corresponding on-axis E0ðzÞ in
Fig. 6(b). It turns out that ψRðzÞ is not constant, but
generally increasing (data not shown), if the resonant
particle were to be on axis.
Finally, we compute the energy extraction efficiency η

for the three methods according to Eq. (25). In the ordinary

KMR method, the final power is maximized by choosing
ψR ¼ 0.2 rad and this yields η ¼ 9.2%. In the modified
KMR method, the final power is maximized by choosing
g ¼ 3 mrad=m and this yields η ¼ 26%. Meanwhile, the
GINGER taper profile gives η ¼ 19%. In other words, the
modified KMR method gives the highest energy extraction
efficiency among the three methods.

C. Undulator segment length

In both the ordinary KMR method and the modified
KMRmethod, the function awðzÞ is determined by iterative
numerical simulations. The entire undulator line is divided
into segments of length Δz and the required aw value for
each segment is obtained from Eq. (27). In the derivation of
Eq. (27), the segment length Δz is assumed to be small.
This subsection addresses the requirement on the segment
length.
Within each segment Δz, the aw value is constant.

According to Eq. (3), this implies that γR is also constant.
Recall that γR is the γ coordinate of the bucket’s centroid in
the ðψ ; γÞ phase space. With a constant γR, there is no
bucket deceleration.
Meanwhile, the trapped particles continue to undergo

synchrotron oscillations. If the segment Δz is long, the
trapped particles can make multiple orbits within the non-
decelerating bucket. Energy is transferred back and forth
between the particles and the optical field. The FEL power
then fluctuates, instead of growing steadily, along the
undulator line. This can significantly reduce the final power,
and hence the energy extraction efficiency, of the FEL.
To avoid this, the bucket must start decelerating again

before the trapped particles finish one complete orbit. The
distance traveled by a trapped particle down the undulator
line during one complete orbit in phase space is the
synchrotron period, given by

TsðzÞ ¼
2π

ΩsðzÞ
: ð32Þ

Here Ωs is the (angular) frequency of synchrotron oscil-
lations given by Eq. (31). Note that Ts has the unit of
length andΩs has the unit of inverse length. Both Ts andΩs
are functions of z. Assuming that all the undulator segments
have the same length Δz, we need

Δz < min½TsðzÞ�: ð33Þ

For the two FEL cases studied in this article, we have
chosen Δz to be 0.5 m. From the simulation results, we
compute the function TsðzÞ for each case. In the MAX IV
FEL case, min½TsðzÞ� ranges from 2.4 to 2.9 m among the
four instances presented in Fig. 1. In the LCLS-II case (see
Fig. 6), min½TsðzÞ� is 6.0 m for the ordinary KMR method
and 5.6 m for the modified KMR method. Thus, the
requirement (33) is well satisfied.

FIG. 6. Evolution of various parameters along the undulator line
for the LCLS-II case. The parameters are (a) the FEL power, (b) the
on-axis optical field amplitude, and (c) the aw parameter normal-
ized to its initial value. The three curves shown in each plot are the
results of the ordinary KMR method (with ψR ¼ 0.2 rad), the
modified KMR method (with g ¼ 3 mrad=m), and the GINGER
taper profile from Jiao et al. [3].
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V. CONCLUSION

In this work, we have examined the KMR model and
proposed a modification to the model. This leads to the
ordinary KMR method and the modified KMR method,
which are implemented in GENESIS [8] for the purpose of
taper optimization. Our modification to the model involves
the manipulation of the resonant particle’s phase ψR. This is
motivated by considerations of particle trapping and bucket
deceleration. To accommodate our modified KMR model,
we have also proposed a generalized formulation for the
energy extraction efficiency of tapered FELs.
We have applied the ordinary KMR method and the

modified KMR method to two cases, namely, a MAX IV
FEL case and an LCLS-II case. In the latter case, a taper
profile obtained by Jiao et al. [3] from the GINGER self-
design taper algorithm [4] is used as a benchmark. In both
cases, the modified KMR method yields the highest output
power. The results also show that our modification to the
KMR model provides a means to enhance the energy
extraction efficiency even further.
So far we have compared the different optimization

methods by performing numerical simulations in the
steady-state mode. Beyond this work, we will continue
the studies in the time-dependent mode, so as to provide a
better understanding of various time-dependent effects,
such as side-band growth. We anticipate to present the
results in a forthcoming article.
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