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Abstract

One of the most important aspects of cosmology is the theory of structure for-
mation, which describes the transition from the early, homogeneous Universe to
the inhomogeneous Universe we observe today, i.e. the formation of stars, galaxies
and clusters of galaxies. In this thesis, we study structure formation using the
Newtonian theory of gravity within an expanding Friedmann-Robertson-Walker
spacetime. We use this simple framework in order to learn for instance about the
order of structure formation, which is a bottom-up evolution. Further, we intro-
duce relativistic cosmological perturbation theory. We show that the Newtonian
and relativistic descriptions of linear perturbations coincide on scales that are well
inside the horizon. On larger scales however, we find differences between the two
theories, in particular in the obtained linear matter power spectra.

Observations indicate that the Universe is today in a phase of accelerated
expansion. In the standard model of cosmology, the ΛCDM model, the accelerated
expansion is explained by the existence of dark energy in form of a cosmological
constant Λ. Here, we focus on the integrated Sachs-Wolfe effect as a probe of
the dynamical effects of dark energy. In particular, this effect causes an imprint
of the local large-scale structure into the temperature anisotropies of the cosmic
microwave background (CMB). We discuss how this effect arises in theory and
how it can be measured in practice.

The statistical properties of the temperature fluctuations in the CMB can be
remarkably well described within the ΛCDM model. However, on the largest an-
gular scales some features have been found that are difficult to explain within the
standard model, the so-called CMB anomalies. Here, we discuss these anoma-
lies from a statistical point of view. We focus on one particular anomaly, the
hemispherical power asymmetry, and explore its connection to the initial condi-
tions of the Universe. In particular, this asymmetry can be related to primordial
non-Gaussianity in certain inflation models.
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Chapter 1

Introduction

Cosmology is the study of the origin, the structure, and the evolution of the
Universe. Arguably the most important observation in cosmology was made in
1929 by Edwin Hubble: The Universe is expanding. This means that, as we go
back in time, the Universe becomes smaller, leading ultimately to an initial state
which is extremely hot and dense. This is the basic idea of the Big Bang theory.
Today we can still observe, in every direction of the sky, the thermal radiation
left over from the Big Bang, the so-called cosmic microwave background (CMB)
radiation. Measuring and understanding this radiation gives us crucial insight
into the physics of the very early Universe. The most precise measurement of the
temperature anisotropies in the CMB was recently achieved by the Planck satellite.
The statistical properties of these temperature fluctuations can be remarkably well
described within the standard model of cosmology [4].

The small amplitude of the CMB temperature fluctuations, which is of the order
of ∼ 10−5 relative to the average temperature, indicates that the Universe was
extremely close to homogeneous and isotropic after the Big Bang. However, the
structure of the Universe that we observe today is very inhomogeneous: we observe
planets, stars and galaxies. Galaxies themselves form galaxy groups, clusters and
superclusters, arranged in the form of filaments and sheets, separated by voids,
leading to a particularly shaped large-scale structure referred to as the cosmic web
[5]. The theory of structure formation describes the transition from the early,
homogeneous Universe to the inhomogeneous Universe we observe today.

Why was the Universe so extremely close to homogeneous after the Big Bang?
One possible answer to this important question is given within the theory of in-
flation (for a review see [6]): It is assumed that the very early Universe is in a
phase of exponential expansion for a short period of time. This extremely fast
expansion would dilute all the fluctuations in the density field, leaving the Uni-
verse very close to homogeneous. Today there are many different inflation models,
and determining the most convincing one is one of the major goals in modern
cosmology.

Only a small part, about 5%, of the energy density of the Universe today comes
from ordinary, baryonic matter, i.e. matter that exists according to the standard
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2 1 Introduction

model of particle physics. Planets, stars and galaxies, as well as interstellar dust
are all contained in this number. However, a variety of observations indicates
the existence of another type of matter that we cannot see directly, but only
indirectly through its gravitational effects, the so-called dark matter. Evidence for
the existence of dark matter comes from astrophysical observations at the scales
of galaxies and clusters, from CMB data, as well as from cosmological N -body
simulations (for a review, see e.g. [7]). Because dark matter particles do not
interact with light, they are however difficult to detect in a laboratory. Today,
baryonic and dark matter together contribute 32% to the total energy content of
the Universe [4]. But this is not the largest contribution.

A wide range of observations, including for instance the brightness of distant
Type Ia supernovae, as well as the baryon acoustic oscillation scale in galaxy
clustering, indicates that the Universe today is in a state of accelerated expansion
(see [8] for a review). This accelerated expansion is however difficult to explain in
a universe consisting only of matter, and thus leads to the idea that the Universe
contains an additional form of energy with negative pressure, the so-called dark
energy. Today, dark energy contributes 68% to the energy content of the Universe
[4]. We thus live in a universe in which the largest energy contributions come from
dark energy and dark matter, with only a small fraction of ordinary matter. This
model of the Universe has been established as the standard model of cosmology.

The outline of this thesis is as follows. In the remainder of this chapter, we will
introduce the general mathematical description of a homogeneous and isotropic
universe, the basic concept of cosmic inflation, and the cosmic microwave back-
ground. In Chapter 2 we will focus on the topic of structure formation. We will
discuss two different approaches to describe the structure formation process, based
on perturbation theory within the Newtonian and general relativistic description
of gravity. We will also discuss how this mathematical description compares to
observations, i.e. galaxy correlations. In Chapter 3 we will discuss the concept of
dark energy, with focus on a particular effect which causes the local large-scale
structure to get imprinted into the CMB anisotropies, the integrated Sachs-Wolfe
effect. Finally, in Chapter 4 we will discuss an interesting feature observed in
the CMB sky, which might have important theoretical implications regarding the
initial conditions of the Universe: the hemispherical power asymmetry. We will
conclude with a summary in Chapter 5. This thesis is accompanied by three re-
search articles [1-3], in which some aspects introduced in this thesis are discussed
in more detail.
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1.1 Standard cosmology

In this section we review the standard equations used in cosmology (see also e.g.
[9]). Throughout the thesis, we will work in natural units, i.e. ~ = kB = c = 1.

Consider a universe filled with observers that are resting with respect to each
other. We refer to the time that is measured by an observer as cosmic time t,
and the distance measured by an observer as the physical distance rphys. If the
universe is expanding, each observer will see the physical distance between two
object growing with time. The scale factor a(t) relates the physical distance
measured at time t0 to the physical distance at another time t,

rphys(t) = a(t)rphys(t0), (1.1)

with the normalization a(t0) = 1. The comoving distance is defined as

rcom =
rphys

a
, (1.2)

i.e. the comoving distance remains the same at all times. The Hubble parameter,
or Hubble rate, is defined as the relative speed of expansion,

H(t) ≡ ȧ(t)

a(t)
, (1.3)

where a dot denotes a derivative with respect to cosmic time t. Because of the
expansion of space, an observer sees a distant object receding from him, with a
velocity that we call the Hubble velocity vH. Hubble’s law relates this velocity to
the physical distance to the object,

vH = Hrphys, (1.4)

i.e. objects that are further away recede faster.
In our Universe, we measure today a Hubble rate of H0 ' 70 km/s/Mpc, i.e. a

galaxy at a distance of 1 Mpc is receding from us with a velocity of about 70 km/s.
In order to work with a dimensionless quantity, one often uses the reduced Hubble
parameter h, defined through

H = 100h km s−1Mpc−1. (1.5)

Unless otherwise stated, we will work with h = 0.7 throughout the thesis.
As space expands, the wavelength of photons travelling through the Universe

gets stretched. The further away an observed object is, the longer it took its light
to reach us, and the more its light appears redshifted. It is therefore common in
cosmology to measure distances in terms of redshift z, which is defined as

1 + z =
λobs

λemit
, (1.6)

where λobs and λemit are the wavelength of the photon at time of observation and
emission, respectively. Because the wavelength scales proportionally to the scale
factor, the redshift can be related to the scale factor as

1 + z =
a0

a
, (1.7)
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where a0 is the scale factor today, which we will set to 1 from now on.

1.1.1 The Friedmann-Robertson-Walker metric

If we want to describe the Universe within a mathematical model, we first need
to define a measure of distance in its 4-dimensional space-time, i.e. a metric.
The most general homogeneous and isotropic metric is the Friedmann-Robertson-
Walker (FRW) metric [10, 11]. Its line element can be written as

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
, (1.8)

where r is the comoving distance, and k denotes the curvature of space. A universe
with k = 1 is called spatially closed, and the spatial part of the metric corresponds
to a 3-sphere, S3. In a universe with k = −1, a spatially open universe, the spatial
part of the metric corresponds to a 3-hyperboloid, H3. Finally, in a universe with
k = 0, a spatially flat universe, space is described by the Euclidean metric E3.

The defining property of General Relativity is the fundamental connection
between the geometry and the content of the Universe, which is ultimately encoded
in the Einstein equation,

Gµν = 8πGTµν , (1.9)

where Gµν denotes the Einstein tensor and Tµν denotes the energy-momentum
tensor (for a review of General Relativity, see e.g. [11]). For an ideal fluid the
latter is given by Tµν = diag(−ρ, p, p, p), where ρ and p are the energy density and
pressure, respectively, of the fluid.

Using the Einstein tensor derived from the FRW metric and the energy -
momentum tensor for an ideal fluid, the (0, 0)-component and the trace of the
(i, j)-components of the Einstein equation give the Friedmann equations,

H2 =
8πG

3
ρ− k

a2
, (1.10)

ä

a
= −4πG

3
(ρ+ 3p). (1.11)

The first Friedmann equation relates the speed of the expansion of space to the
energy density and curvature, while the second Friedmann equation, also called
acceleration equation or Raychaudhuri equation, relates the acceleration of the
expansion of space to the energy density and pressure.

We define the critical energy density ρcrit ≡ 3H2/(8πG). The relative energy
density is then given in terms of this quantity, Ω ≡ ρ/ρcrit. With this definition
we can rewrite the first Friedmann equation as

1− Ω(t) = − k

a2H2
(1.12)

It is thus clear that a universe is flat if and only if it has critical energy density
(Ω = 1). A universe with overcritical energy density (Ω > 1) is closed, a universe
with undercritical energy density (Ω < 1) on the other hand is open.
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Another important equation is the energy-momentum conservation equation,
or Bianchi identity, ∇µTµν = 0. For an ideal fluid this gives

ρ̇+ 3H(ρ+ p) = 0. (1.13)

The equation of state relates the pressure of a fluid to its energy density,

p = wρ, (1.14)

where w is the equation-of-state parameter. Thus, we can rewrite the energy-
momentum conservation as

ρ̇+ 3H(1 + w)ρ = 0. (1.15)

For a fluid with constant w, this differential equation can be solved, yielding the
scaling law for the energy density,

ρ ∼ a−3(1+w). (1.16)

The simplest non-trivial FRW models are one-component models. Consider the
following examples:

Radiation dominated universe. The number density of photons dilutes as
∼ a−3. At the same time the wavelength of each individual photon gets stretched,
so that its energy decreases as ∼ a−1. The radiation energy density thus dilutes as
∼ a−4, i.e. radiation has the equation-of-state parameter wr = 1/3. A flat universe
universe dominated by radiation (Ω = Ωr = 1) expands thus as a ∼ t1/2.

Matter dominated universe. Matter dilutes as ∼ a−3 and it does not create
any pressure, i.e. its equation-of-state parameter is wm = 0. A flat universe dom-
inated by matter (Ω = Ωm = 1) expands thus as a ∼ t2/3. This model is also
referred to as Einstein-de Sitter model.

Dark energy dominated universe. A cosmological constant Λ is an energy
component whose energy density does not change in time. Such an energy compo-
nent has wΛ = −1, i.e. it creates negative pressure, and represents one particular
dark energy model. A universe dominated by dark energy in form of a cosmologi-
cal constant (Ω = ΩΛ = 1) expands exponentially, a ∼ eHt, with constant Hubble
rate H. This model is also known as the de Sitter model.

1.1.2 The cosmological standard model

Our Universe can be described in terms of a flat FRW model with the following
components [4]:

The Universe contains baryonic matter, i.e. matter that can be explained within
the standard model of particle physics. This includes planets, stars, galaxies, as
well as interstellar dust. However, this type of matter only gives a small contribu-
tion to the total energy content of the Universe, Ωbm = 0.049.
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It has been established that the Universe contains another type of matter that
we cannot see directly, but indirectly through its gravitational effects, the so-called
dark matter. Evidence for the existence of dark matter comes from various astro-
physical observations on different scales, for instance from the rotation curves and
velocity dispersions of galaxies, gravitational lensing from galaxy clusters, and the
so-called Bullet Cluster, but also from CMB data, as well as from cosmological
N -body simulations (for a review, see e.g. [7]). There are many different can-
didates for dark matter particles from different theoretical models. Generally, if
the dark matter particles are non-relativistic then we speak of cold dark matter,
and otherwise of hot dark matter [12]. According to the standard model of cos-
mology, our Universe contains cold dark matter with a relative energy density of
Ωdm = 0.268. The total matter contribution from baryonic and dark matter is
thus Ωm = Ωdm + Ωbm = 0.317.

Our Universe contains relativistic particles, mainly in form of photons in the
CMB radiation. There exists however also a cosmic neutrino background, con-
sisting of relic neutrinos from the Big Bang. The energy density of a relativistic
particle species is generally given by

ρrel(T ) =
π2

30
gT 4, (1.17)

where T is the temperature and g is the effective number of degrees of freedom of
the particle species, for instance gγ = 2 for photons and gν = 2 · 7/8 for neutrinos
(see [6] for more details). Using the current CMB temperature Tγ = 2.725 K [13],
we find the relative energy density of photons

Ωγ =
ρrel(Tγ)

ρc
' 5 · 10−5. (1.18)

Given the temperature of the CMB, the temperature of the cosmic neutrino back-
ground can be estimated as Tν = (4/11)1/3Tγ = 1.95 K [6]. Therefore the neutrino
density is

Ων =
7

8

(
4

11

)4/3

Neff Ωγ , (1.19)

where Neff is the effective number of neutrino species. With the standard value
Neff = 3.046 [4] we find

Ων ' 3.5 · 10−5. (1.20)

Thus, the total radiation density is

Ωr = Ωγ + Ων ∼ 10−4. (1.21)

A wide range of observations, including for instance the brightness of distant
Type Ia supernovae, as well as the baryon acoustic oscillation scale in galaxy
clustering, indicates that the Universe today is in a state of accelerated expansion.
We will discuss these observational aspects in detail in Sec. 3.1, but see also [8]
for a review. The accelerated expansion can be explained by the existence of an
energy component that creates negative pressure, which is generally referred to



1.1 Standard cosmology 7

ρr∼a
−4

ρm∼a
−3

a



today

radiation domination matter domination dark energy domination

ρΛ=const

Figure 1.1: History of the Universe (not to scale). The figure illustrates the
evolution of the energy densities of radiation, matter and a cosmological constant
as a function of the scale factor. Due to their different scaling, there are 3 distinct
eras with one component dominating.

as dark energy. A cosmological constant, usually denoted by Λ, is one particular
form of dark energy whose energy density is a constant, i.e. it does not dilute with
the expansion of the space. According to the standard model of cosmology, dark
energy in form of a cosmological constant gives the largest contribution to the
energy content of the Universe today, ΩΛ = 0.683.

There is no evidence for non-zero spatial curvature. Our Universe is, to an
accuracy of better than a percent, spatially flat. Using Eq. (1.12), it follows that
the Hubble rate at redshift z can be written as

H2(z) = H2
0

[
Ωr(1 + z)4 + Ωm(1 + z)3 + ΩΛ

]
. (1.22)

Because of its main components being cold dark matter and a cosmological con-
stant Λ, the standard model of cosmology is also called the ΛCDM model.

1.1.3 History of the Universe

During the Big Bang, the Universe is extremely hot and dense. Baryonic matter
and radiation are coupled tightly together, forming the primordial plasma. As
the Universe expands, it cools down more and more. At a temperature of around
∼ 3000 K, nuclei and electrons combine into atoms: the Universe becomes neutral.
This process is called recombination or decoupling. The time when a photon scat-
ters off the last free electron is called last scattering, and it happens at a redshift
of z ' 1100. At this point, the Universe is about 380 000 years old. From this time
on, the photons can stream freely through the Universe, giving rise to the cosmic
microwave background.

Because of the different scaling of the energy components of the Universe, the
known history of the Universe can be separated into three eras (see Fig. 1.1).
Radiation dominated the first era of the Universe. But since the energy density of
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radiation scales as ∼ a−4, while that of matter scales as ∼ a−3, the Universe soon
changes to matter domination. At a redshift of z ∼ 3000, radiation and matter
have equally large energy contributions. This is the point of radiation-matter
equality. Matter dominates the energy content of the Universe for most of the
time after that. The next important mark is the time at which matter and dark
energy have equally large energy contributions, which happens at z ∼ 0.3. Thus,
today we live in an era in which dark energy begins to dominate the energy content
of the Universe.

1.1.4 Horizons

Because of the finite speed of light, there exists a finite distance that a particle
could have travelled from the Big Bang until a given time. This distance is usually
called the particle horizon. The particle horizon has thus a clear physical meaning:
Any point in space is causally connected only with the region within its particle
horizon. Another way to think of it is that the particle horizon separates the
observable universe (the region within the particle horizon) from the unobservable
universe (the region outside the particle horizon). The comoving particle horizon
at a time t is given by

dP(t) ≡
∫ t

0

dt′

a(t′)
. (1.23)

Another important quantity in cosmology is the so-called Hubble horizon. The
Hubble horizon is simply given by the Hubble length H−1, which is in our units
the same as the Hubble time. During one Hubble time, which is the typical time
scale of the expansion, light can travel one Hubble length. Throughout the rest of
the thesis, we will refer to

dH(t) ≡ (aH)−1 (1.24)

as the comoving Hubble horizon, or simply the comoving horizon. As we will see
later, this horizon has an important role in the study of cosmological perturbations.

The two horizons can be related to each other. For instance, in a radia-
tion dominated universe we have a ∼ t1/2 and therefore dP = (aH)−1 = dH.
In a matter dominated universe on the other hand we have a ∼ t2/3 and thus
dP = 2(aH)−1 = 2dH. From these cases it can be seen that both horizons are
typically of the same order of magnitude.

1.2 Inflation

1.2.1 Motivations for inflation

There are a few important observations which the standard model of cosmology
alone cannot explain. One such observation is that the primordial Universe is
very close to homogeneous, which we know from the small amplitude of the CMB
temperature anisotropies (of the order ∼ 10−5). This high homogeneity is however
difficult to explain within the Big Bang model because regions of space that were
separated by distances larger than the horizon at last scattering were not in causal
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contact, making a thermalization on these large scales impossible. This problem
is referred to as the horizon problem.

Another observation is that the Universe today appears to be very close to
flat, i.e. Ω ' 1. This is however not a stable state, i.e. if Ω is close to 1 today,
its primordial value must have been much closer to 1 [6]. This is a fine-tuning
problem, the so-called flatness problem.

Some theories predict the creation of topological defects in the early Universe
due to symmetry breaking [14]. In particular, magnetic monopoles can be created,
with an abundance that is higher than observations today allow. This is the so-
called monopole problem.

The solution to all of these problems is given within the theory of inflation. It is
assumed that, before the Big Bang, the Universe underwent a phase of exponential
expansion for a short period of time. Inflation solves the horizon problem, because
all regions of space would be causally connected before the inflationary period, the
flatness problem, because the scale of a possible spatial curvature would become
so large that it is practically not observable today, and the monopole problem,
because all topological defects would get vastly diluted.

1.2.2 Slow-roll inflation

Here we will introduce only the basics of slow-roll inflation. For a more detailed
review, see e.g. [6].

Inflation is a period of exponential expansion, i.e. a(t) ∼ eHt, with an almost
constant Hubble parameter H ' const. Using the reduced Planck mass,

M2
Pl ≡ 1/(8πG), (1.25)

the Friedmann equation (1.10) can be rewritten as

ρ = 3M2
PlH

2. (1.26)

Thus, from near constancy of the Hubble parameter it follows that the energy
density during inflation is nearly constant. From Eq. (1.16) it follows that w ' −1.
All of these argumentation steps are invertible, i.e. inflation happens if and only
if w ' −1.

Inflation can be explained with the existence of a scalar field, the inflaton φ.
Let its Lagrangian be

L = −1

2
φ,µφ,µ − V (φ), (1.27)

with some potential V (φ). The energy density and pressure are then given by

ρ =
1

2
φ̇2 + V (φ), (1.28)

p =
1

2
φ̇2 − V (φ). (1.29)

If the potential energy dominates over the kinetic energy, i.e. 1
2 φ̇

2 � V (φ), it
follows that w = p/ρ ' −1, so that inflation happens. This limit is the slow-roll
approximation, and the type of inflation is called slow-roll inflation.
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Figure 1.2: Schematic evolution of the horizon (not to scale). A given comoving
scale leaves the horizon during inflation and re-enters the horizon much later, when
the Universe is radiation- or matter dominated.

In the context of slow-roll inflation one usually defines the slow-roll parameters,

ε ≡ M2
Pl

2

(
V ′

V

)2

, (1.30)

η ≡ M2
Pl

V ′′

V
, (1.31)

where a prime in this context denotes a derivative with respect to the inflaton
field φ. The parameter ε describes the slope of the potential V , which has to be
small enough so that the kinetic energy of the inflaton is negligible compared to
its potential energy. The parameter η on the other hand describes the curvature
of the potential and thus determines how long slow-roll inflation will last.

1.2.3 Evolution of the horizon

During inflation the Universe is expanding as a ∼ eHt, with a nearly constant
Hubble rate H. The comoving horizon is thus shrinking, dH ∼ e−Ht, i.e. during
inflation all scales leave the horizon. During radiation domination we have

a ∼ t1/2 ⇒ H =
1

2t
⇒ dH ∼ t1/2, (1.32)

and during matter domination

a ∼ t2/3 ⇒ H =
2

3t
⇒ dH ∼ t1/3. (1.33)

Hence, the scales that leave the horizon during inflation will re-enter the horizon
later, during radiation- or matter domination (see Fig. 1.2). Scales leaving the
horizon last will re-enter first, and vice versa.



1.3 The cosmic microwave background 11

1.3 The cosmic microwave background

The cosmic microwave background is created at the time of last scattering, when
photons start propagating freely through the Universe. Due to the redshift, we
measure this radiation today in the microwave range. The CMB radiation has
a black-body spectrum corresponding to a temperature of 2.725 K [13], and is
almost perfectly isotropic, with small temperature anisotropies which are of the
order of ∼ 10−5 relative to the average temperature (see Fig. 1.3). The primary
source of these anisotropies is the existence of small density inhomogeneities in the
primordial Universe: CMB photons that were in a slightly overdense region at the
time of last scattering are slightly colder because they lost some energy climbing
out of the potential well. Similarly, CMB photons from an underdense region are
slightly hotter.

1.3.1 Spherical harmonics expansion

Because the last scattering surface can be considered as the surface of a sphere
surrounding us, the CMB temperature anisotropy δT (n), measured in a direction
n, can be expanded in terms of spherical harmonics Y`m,

δT (n) =
∑
`,m

a`mY`m(n). (1.34)

The spherical harmonics Y`m form an orthonormal basis on the surface of a sphere,∫
dΩY`mY

∗
`′m′ = δ``′δmm′ , (1.35)

and satisfy the following addition theorem:∑
m

Y`m(n)Y ∗`m(n′) =
2`+ 1

4π
P`(n · n′), (1.36)

where P` are the Legendre-polynomials.
The coefficients a`m are random variables drawn from a Gaussian distribu-

tion with zero mean. The coefficients are statistically independent, so that the
correlation of a`m with different ` and m vanishes,

〈a`ma∗`′m′〉 ∼ δ``′δmm′ , (1.37)

where 〈·〉 denotes the ensemble average. Furthermore, inflation predicts the Uni-
verse to be statistically isotropic, so that the constant of proportionality only
depends on `, not m,

〈a`ma∗`′m′〉 = C`δ``′δmm′ , (1.38)

where C` is the angular power at the multipole `.
The two-point correlation function C(θ) is defined as

C(θ) = 〈δT (n)δT ∗(n′)〉 , cos θ = n · n′. (1.39)
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Figure 1.3: Temperature map of the cosmic microwave background, as measured
by the Planck satellite. The color scale ranges from −300µK (blue) to +300µK
(red), relative to the CMB average temperature. (Image credit: ESA/Planck)
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Figure 1.4: Angular power spectrum D` = `(` + 1)C`/(2π) of the CMB, as mea-
sured by the Planck satellite. The red points correspond to the data, while the
green line shows the best-fit ΛCDM model. The shaded green area indicates cos-
mic variance. The `-axis is logarithmic up to ` = 50, and linear from ` = 50
onwards. Plot taken from [15].
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Using Eqs. (1.38) and (1.36), we can derive a relation between the two-point cor-
relation function and the power spectrum,

C(θ) = 〈δT (n)δT ∗(n′)〉 =
∑
`,m

∑
`′,m′

〈a`ma∗`′m′〉Y`m(n)Y ∗`′m′(n′) (1.40)

=
1

4π

∑
`

(2`+ 1)C`P`(cos θ). (1.41)

Thus, the two-point correlation function and the angular power spectrum contain
the same statistical information.

From Eq. (1.38) it follows that the angular power spectrum can be expressed
as C` = 〈|a`m|2〉. In practice, the ensemble average in that equation cannot be
measured, because we only observe one sky, i.e. one realization of the set of a`m
coefficients. The best we can do is to find an estimator Ĉ` for the power spectrum.
For example, we can take the average of all measured a`m in our sky, the sky
average,

Ĉ` =
1

2`+ 1

∑̀
m=−`

|a`m|2. (1.42)

The variance (mean square error) of this estimator is then given by [16]

Var(Ĉ`) =
2

2`+ 1
Ĉ2
` . (1.43)

This error is the cosmic variance. The cosmic variance increases at lower multi-
poles because less statistical information about large-scale correlations is available
from only one sky. The estimation of the angular power with this estimator is thus
much more precise on small angular scales.

1.3.2 The angular power spectrum

In this section we will discuss the most important features in the angular power
spectrum of the measured CMB (see Fig. 1.4). For a more detailed discussion, see
e.g. [16, 6].

A characteristic feature in the CMB power spectrum is the occurrence of several
peaks, at an angular scale of 1◦ and smaller. These are the so-called acoustic
peaks, created as follows. During radiation domination, photon pressure prevents
the gravitational collapse of baryonic matter perturbations, leading to the creation
of longitudinal (acoustic) oscillations in the photon-baryon fluid called the baryon-
acoustic oscillations. After decoupling, these oscillations become imprinted into
the CMB. The physical scale of these oscillations is determined by the distance
that sound waves can travel until the time of last scattering, the so-called sound
horizon. We see the first acoustic peak at an angular scale of ' 1◦ because this is
the angle subtended by the sound horizon. In fact, if the geometry of space was
not flat, then we would see the first acoustic peak at a different angle. Therefore,
the position of the first acoustic peak is evidence that the Universe is flat [16].
The other acoustic peaks at smaller angular scales correspond to higher oscillation
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modes. On much smaller angular scales however, photons can diffuse from hot
regions to cold regions in the photon-baryon plasma. This leads to a damping of
the higher acoustic peaks, the so-called diffusion damping or Silk damping.

The horizon at the time of last scattering corresponds to a multipole of ` ' 70.
Perturbations at multipoles below that are thus super-horizon perturbations at the
time of last scattering. The CMB temperature fluctuations at these multipoles are
directly related to the perturbations in the gravitational field φ,

δT

T
' 1

3
φ. (1.44)

This is the so-called Sachs-Wolfe effect. Scale-invariance of the primordial pertur-
bations causes constancy of `(`+1)C` at the low multipoles, which is referred to as
the Sachs-Wolfe plateau. In order to make the Sachs-Wolfe plateau more visible,
one often plots the angular power in terms of the quantity D` ≡ `(`+ 1)C`/(2π),
with a logarithmic `-axis.

Decay of the gravitational potential φ causes secondary anisotropies in the
CMB, i.e. anisotropies that are not created at the time of last scattering, but
instead during the journey of the CMB photons from the last scattering surface
to us. These secondary anisotropies are referred to as the integrated Sachs-Wolfe
(ISW) effect [17]. The gravitational potential decays during radiation domina-
tion and during dark energy domination. Therefore, the ISW effect occurs twice,
once directly after last scattering, when the Universe is not yet completely matter
dominated, and once in the late Universe, when dark energy begins to dominate.
There is thus an early and a late ISW effect. The late ISW effect causes the slope
in the Sachs-Wolfe plateau at multipoles ` . 10.

Because the late ISW effect reflects the dynamical effects of dark energy, its
detection is important for our understanding of the nature of dark energy, and
can be used to test the ΛCDM model. Unfortunately, the ISW signal cannot be
measured from the CMB angular power spectrum directly because of large cosmic
variance at the low multipoles. It can however be extracted from the CMB using
other methods, as we will describe in detail later, in Sec. 3.3.



Chapter 2

Structure formation

After inflation ends, the Universe is almost perfectly homogeneous, with small
fluctuations in the curvature field of the order of ∼ 10−5. However, the structure of
the Universe we observe today is very inhomogeneous: we observe galaxies, which
themselves form galaxy groups, clusters and superclusters, arranged in form of
filaments and sheets, separated by voids (see Fig. 2.1). This leads to a particularly
shaped large-scale structure of the Universe referred to as the cosmic web [5].

The transition from the early, homogeneous Universe to the inhomogeneous
Universe we observe today is described within the theory of structure formation.
The mathematical framework to describe this process accurately, at least in the
linear regime, is relativistic cosmological perturbation theory, in which we con-
sider perturbations in the FRW metric tensor and the energy-momentum tensor.
Another, much simpler, approach is based on perturbations described within New-
ton’s theory of gravity on top of an expanding, homogenous and isotropic FRW
background. We will study both approaches in detail in the following sections.

2.1 Perturbations in Newtonian cosmology

In the Newtonian description of structure formation we consider the Newtonian
equations of motion within an expanding FRW universe, for which we know the
evolution of the scale factor a and the Hubble parameter H from the Friedmann
equations. In this section we will consider a universe filled only with pressureless
matter, corresponding to cold dark matter, i.e. a universe with Ω = Ωm = 1
(Einstein-de Sitter model). This is a simplification compared to the ΛCDM model,
where we also have to take into account the presence of radiation, baryonic matter
and a cosmological constant. However, it can be justified with the fact that the
Universe was matter dominated during most of the time of the structure formation
process. As will be shown, the effect of the radiation dominated era on structure
formation can be taken into account with the use of transfer functions. For a more
detailed review of cosmological perturbations within Newtonian theory, see also
[18].

In addition to cosmic time t, we introduce conformal time τ , defined through

15
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Figure 2.1: Large scale structure of the Universe. The map shows the distribution
of galaxies around the Milky Way, each dot representing one galaxy. Image credit:
SDSS project.
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dt = adτ . A prime denotes a partial derivative with respect to conformal time.
Further we define, in addition to the Hubble parameter H = ȧ/a, the conformal
Hubble parameter H = a′/a. The absolute velocity u of a particle in an expanding
FRW universe is given by

u =
dr

dt
= Hr + v = vH + v, (2.1)

where vH is the Hubble velocity, and v is the peculiar velocity, which measures
the particle’s velocity relative to the Hubble expansion.

2.1.1 Evolution equations

In order to understand the process of structure formation, we need to know the
time evolution of three fields, the matter density field ρ, the gravitational potential
field Φ, and velocity field u. We approximate these fields as a combination of a
background part and a small perturbation,

ρ = ρ̄+ δρ = ρ̄(1 + δ), (2.2)

Φ = Φ̄ + φ, (2.3)

u = vH + v, (2.4)

where we defined the density contrast δ ≡ δρ/ρ̄. Here, we will consider first order
perturbation theory, i.e. products of two perturbations are considered negligibly
small. Note that, because of spatial symmetry of the FRW background, the back-
ground fields are functions of time only, while the perturbations are functions of
time and space.

The relevant equations are the continuity equation, the Poisson equation, and
the Euler equation. Using comoving coordinates and conformal time, those can be
written as [18]

ρ′ + 3Hρ+∇ · (ρv) = 0, (2.5)

∇2Φ = 4πGa2ρ, (2.6)

H′x + v′ +Hv + v · ∇v = −∇Φ. (2.7)

In the background order, this system of equations reduces to

ρ̄′ + 3Hρ̄ = 0, (2.8)

∇2Φ̄ = 4πGa2ρ̄, (2.9)

H′x = −∇Φ̄. (2.10)

The first two of these equations give the evolution of the background matter den-
sity, ρ̄ ∼ a−3, as well as the background potential at a point x relative to a ref-
erence point x0, Φ̄ = (4/3)πGa2ρ̄(x− x0)2. From the divergence of Eq. (2.10) we
find H′ = − 4

3πGa
2ρ̄, i.e. the Raychaudhuri equation for p = 0.
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In linear order the set of equations reads:

δ′ +∇ · v = 0, (2.11)

∇2φ =
3

2
H2δ, (2.12)

v′ +Hv = −∇φ, (2.13)

where we used the Friedmann equation, H2 = (8/3)πGρ̄a2, in order to replace the
right hand side of the Poisson equation.

Transforming into Fourier (momentum) space, we find:

δ′k + ik · vk = 0, (2.14)

−k2φk =
3

2
H2δk, (2.15)

v′k +Hvk = −ikφk. (2.16)

The growing solutions are then given by:

φk = const, (2.17)

δk = −2

3

k2

H2
φ, (2.18)

vk = −2

3
i
k

Hφ. (2.19)

2.1.2 Statistics of Gaussian perturbations

Before discussing the evolution of perturbations in the Universe, we first need
to understand the statistical properties of Gaussian perturbations. Consider a
perturbation field g(x) with Fourier modes given by

g(k) =

∫
d3x

(2π)3/2
g(x)e−ik·x. (2.20)

A Gaussian perturbation field g(x) is a perturbation with a Gaussian probability
distribution function, i.e. the probability of finding the value g for the field g(x)
is given by

Prob(g)dg =
1√

2πσg
exp(− g2

2σ2
g

)dg, (2.21)

where σ2
g is the variance of the field g(x).

Homogeneity of the field g(x) implies that its Fourier modes are uncorrelated,
i.e.

〈g(k)g∗(k′)〉 ∼ δ(k− k′), (2.22)

where 〈·〉 denotes the ensemble average. If we further assume isotropy, it follows
that the constant of proportionality depends only on the absolute value of k, not
its direction. We can thus write

〈g(k)g∗(k′)〉 = P (k)δ(k− k′), (2.23)
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where we introduced the power spectrum P (k). For Gaussian perturbations, all of
the statistical information is encoded in the power spectrum.

Another important quantity is the two-point correlation function,

ξ(x,x′) ≡ 〈g(x)g∗(x′)〉. (2.24)

It is related to the power spectrum as

〈g(x)g∗(x′)〉 =

∫
d3k

(2π)3/2
eik·x

∫
d3k′

(2π)3/2
eik

′·x′〈g(k)g∗(k′)〉

=

∫ ∞
0

dk

k

sin(kr)

kr

k3

2π2
P (k), (2.25)

where r ≡ |x − x′| is the distance between the two points x and x′. The dimen-
sionless (band) power spectrum is defined as

P(k) ≡ k3

2π2
P (k). (2.26)

Taking the limit r → 0 of Eq. (2.25), we find a relation between the variance of
the field g and the band power,

σ2
g = 〈|g(x)|2〉 =

∫ ∞
0

dk

k
P(k). (2.27)

A power-law spectrum has the form

P(k) = A2

(
k

kpivot

)ns−1

, (2.28)

where A is the power amplitude at the reference scale kpivot, and the spectral index
ns describes the scale-dependence of the power; ns < 1 describes a spectrum with
more power on large scales, ns > 1 a spectrum with more power on small scales.
For ns = 1 the power is the same on all scales. This spectrum is also called the
Harrison-Zel’dovich spectrum.

Note that for a Harrison-Zel’dovich spectrum the variance 〈|g(x)|2〉 is logarith-
mically divergent, both at large scales (k → 0) and at small scales (k →∞). One
therefore usually introduces an infrared-cutoff and an ultraviolet-cutoff in order to
make the integral finite. The ultraviolet divergence can alternatively be removed
by the introduction of a window function W (k,RF), which filters out fluctuations
at scales much smaller than the filter scale RF. The filtered variance is then

σ2
g,RF

=

∫ ∞
0

dk

k
P(k)W 2(k,RF). (2.29)

2.1.3 Matter power spectrum

In the simplest models of inflation, perturbations in the inflaton field, δφ, generate
the primordial curvature perturbations ζ, which are the important seeds for struc-
ture formation. In slow-roll inflation, the curvature perturbation field is predicted
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to be highly Gaussian, with an almost scale-invariant power spectrum [19]. In
particular, the spectral index can be related to the slow-roll parameters (defined
in Sec. 1.2.2) as [6]

ns − 1 = −6ε+ 2η, (2.30)

i.e. the smallness of the slow-roll parameters implies closeness to unity of the
spectral index. In fact, the Planck data gives a spectral index very close to one,
ns = 0.9616± 0.0094. The amplitude is determined to beA2 = (2.23± 0.16) · 10−9

at the reference scale kpivot = 0.05 Mpc−1 [4].
In a matter dominated universe, the metric potential Φ (which can be identified

as the gravitational potential) is related to the curvature perturbation ζ as [20]

Φ = −3

5
ζ. (2.31)

We thus find for the power spectrum of the gravitational potential

Pφ(k) =
9

25
A2

(
k

kpivot

)ns−1

, (2.32)

and, using Eq. (2.18), for the density contrast

Pδ(k) =
4

25
A2 k

4

H4

(
k

kpivot

)ns−1

. (2.33)

This is the linear matter power spectrum in a universe which is always matter
dominated, i.e. an Einstein-de Sitter universe. Our Universe however was not
always matter dominated. We thus have to take into account the effect of the
radiation dominated era on the power spectrum.

2.1.4 Transfer function

During radiation domination, the evolution equations for the perturbations are as
above, Eqs. (2.11)-(2.13), with the only change appearing in form of a pressure
gradient in the Euler equation:

δ′ +∇ · v = 0, (2.34)

∇2φ = 4πGρ̄ma
2δ, (2.35)

v′ +Hv = −∇φ− 1

ρ̄
∇δp. (2.36)

Here, ρ̄ = ρ̄m + ρ̄r is the total energy density from matter and radiation, and δp
is the pressure perturbation. It can be shown that for isentropic perturbations,
i.e. perturbations with vanishing entropy gradient, the pressure gradient can be
transformed into a density gradient, 1

ρ̄∇δp = c2s∇δ, where cs is the speed of sound,

defined as c2s ≡ dp̄/dρ̄ [18].
Taking the time derivate of the continuity equation and the gradient of the

Euler equation, replacing ∇2φ using the Poisson equation, we find the Jeans equa-
tion,

δ′′ +Hδ′ = 4πGρ̄ma
2δ +∇2c2sδ. (2.37)
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In momentum space the Jeans equation reads

δ′′ +Hδ′ = (k2
J − k2)c2sδ, (2.38)

where we have introduced the Jeans wavenumber

kJ ≡ c−1
s

√
4πGρ̄ma2. (2.39)

There is thus a characteristic scale, the Jeans scale k−1
J . On scales much smaller

than the Jeans scale (k � kJ), baryonic matter perturbations are oscillating, with
an oscillation amplitude that is decaying due to Hubble friction. On scales much
larger than the Jeans scale (k � kJ), the baryonic matter perturbations grow as
δ ∼ ln a. For dark matter perturbations, the situation is a bit different because
dark matter particles do not interact with light, i.e. they are not affected by the
photon pressure. Dark matter perturbations grow generally as δ ∼ ln a during
radiation domination. This is however much slower than the growth rate during
matter domination (δ ∼ a). Thus, the growth of perturbations is suppressed
during radiation domination.

One important implication of Eq. (2.33) and ns ' 1 is that the amplitude of the
matter perturbations at horizon entry (k/H = 1) is approximately the same for all
scales. This means that the amplitude of the perturbation today is determined by
the growth during the whole time from horizon entry until today. There is thus an
important difference between scales that enter the horizon before the radiation-
matter equality and after: Perturbations on scales entering before the equality
will experience a suppression in growth, while perturbations on scales entering
after the equality will not. In other words, perturbations on scales k−1 < k−1

eq will
be suppressed, where the equality scale k−1

eq ' 70 Mpc is the scale that enters the
horizon during radiation-matter equality.

The suppression of growth leads to a suppression of power at scales k−1 < k−1
eq ,

which can be absorbed into the matter power spectrum by including a transfer
function T (k). In [21] several analytical expressions for the transfer function were
derived, corresponding to different dark matter models. For cold dark matter
perturbations, the transfer function can be expressed as

T (k) =
ln(1 + 2.34q)

2.34q
[1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4]−1/4, (2.40)

where q ≡ k/(ΓhMpc−1), and Γ is the shape parameter,

Γ ≡ Ωtoth exp(−Ωbm −
√

2h
Ωbm

Ωtot
), (2.41)

where Ωtot and Ωbm are the total and baryonic relative energy densities, respec-
tively, of the Universe today. We will use this transfer function throughout the
rest of this thesis (see Fig. 2.2 for a plot). Including the transfer function, the
power spectrum reads

Pδ(k) =
4

25
A2T 2(k)

k4

H4

(
k

kpivot

)ns−1

. (2.42)
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Figure 2.2: The BBKS transfer function T (k), with parameters Ωtot = 1,
Ωbm = 0.049, and h = 0.7. The transfer function accounts for the suppression
of power at scales k−1 < k−1

eq ' 70 Mpc.

This is our final result for the linear matter power spectrum in Newtonian theory.
Note that after decoupling dark matter perturbations are much larger than

baryonic matter perturbation because dark matter perturbations already start
growing during radiation domination. Consequently, the baryons fall into the dark
matter potential wells, which boosts the growth of their perturbations. Thus, the
presence of dark matter fastens up the structure formation process.

2.1.5 Non-linear regime

Perturbation theory can be applied as long as the perturbations remain small.
From the spherical collapse model we know that linear theory breaks down when
the density contrast reaches unity, i.e. the density becomes locally twice as large as
the background value [6, 22]. At this point the system collapses and viralizes into
a gravitationally bound object, where its kinetic energy prevents further collapse.

The bound structures formed from cold dark matter are the so-called dark
matter halos [23]. Baryonic matter falls into these dark matter halos and cools,
leading to the formation of galaxies in the centres of the dark matter halos, the
so-called central galaxies [24]. With time, dark matter halos can merge and form
bigger halos, containing more galaxies. This leads to the formation of galaxy
groups and clusters.

We can learn about the order of structure formation by analyzing when the
theoretical band power, given in Eq. (2.42), becomes unity on a given scale (see
also Fig. 2.3). For instance, perturbations on galactic scales (∼ 1 Mpc) become
nonlinear at z ∼ 7. This means that we should see the first galaxies roughly at
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Figure 2.3: Dimensionless matter power spectrum P(k) at different redshifts, from
bottom to top, z = 50, 20, 10, 5, 2, 0. Linear theory is valid until P(k) ∼ 1 (dashed
line).

that redshift. In fact, the furthest confirmed galaxy has a redshift of z = 7.51 [25].
Perturbations on cluster scales (∼ 10 Mpc) become nonlinear at redshift z ∼ 0.3.
This is why we can see clusters of galaxies for instance in the SDSS (see Fig. 2.1).
Perturbations on even larger scales are still linear today. In an Einstein-de Sitter
model, perturbations on those scales would become nonlinear some time in the
future. In our Universe however they will never become nonlinear because of the
presence of dark energy, which causes the density contrast to freeze out, as we
will show in Sec. 3.2. To summarize, structures on small scales (e.g. galaxies)
form before structures on large scales (e.g. clusters). This scenario of structure
formation is the so-called bottom-up scenario.

The breakdown of perturbation theory at δ ∼ 1 prevents us from understand-
ing the nonlinear formation of structure analytically. This motivates the use of
cosmological N -body simulations, which work as follows. At an initial redshift
(typically z = 100, where perturbations on all scales are still in the linear regime),
‘particles’ are distributed in a simulation box, each of which represents a heavy
dark matter clump. Then the potential field caused by the current matter distri-
bution is calculated with the Poisson equation, and particles are moved according
to the Euler equation. This process is repeated until z = 0, providing a complete
nonlinear picture of structure formation. Note however that these simulations use
Newtonian equations of motion. We will discuss the validity of the Newtonian
equations later, in Sec. 2.2.3.
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2.1.6 Galaxy power spectra

Most of the matter in the Universe is cold dark matter, and unfortunately we
cannot measure its density distribution directly. What we can measure however
is the distribution of galaxies, which form in dark matter halos. Galaxies are
thus tracers of the underlying dark matter distribution. From the galaxy two-
point correlation function, ξg, we can construct the galaxy power spectrum Pg

and compare it to the theoretical matter power spectrum. What has been found is
that galaxies are more strongly clustered than the underlying matter distribution.
This leads to the concept of the so-called galaxy bias, i.e. galaxies are biased tracers
of the underlying matter density distribution [28].

In bias models, the galaxy density δg is related to the matter density δm by
some function f ,

δg = f(δm). (2.43)

The simplest bias model is the linear bias b,

δg = bδm. (2.44)

Thus, the galaxy power spectrum is related to the matter power spectrum as

Pg = b2Pm. (2.45)

A simple understanding of the bias is given within the peak-background split
[21]. Suppose that the density contrast δ can be separated into a long-wavelength
mode δl and a short-wavelength mode δs,

δ = δl + δs. (2.46)

Dark matter halos, and subsequently galaxies, form at regions where the total
density contrast passes a certain threshold. The peaks in δs pass that threshold
first in the large-scale crests of δl, not in the troughs. This leads to a stronger
clustering of galaxies (see Fig. 2.4).

With the introduction of a bias factor b, it is possible to fit galaxy power
spectra to the matter power spectrum (see Fig. 2.5). It turns out that galaxies at
higher redshift are more strongly biased, as the first galaxies form only in the most
overdense regions of space. It can be shown that with time the bias goes towards
unity, i.e. all galaxies become unbiased tracers of the underlying matter density
field [29]. For a more detailed discussion of the bias, see e.g. [22].

2.2 Relativistic cosmological perturbation theory

In the previous section we have discussed the evolution of cosmological perturba-
tions within the Newtonian theory of gravity. We know however that Newtonian
theory is wrong in that it assumes infinite speed of light and thus instantaneous
gravitational interaction. From this alone it is clear that the Newtonian description
of gravity is inaccurate on scales that are comparable to the horizon and larger.
At these scales we need a general relativistic description of the perturbations.
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Figure 2.4: Illustration of galaxy bias. The density contrast can be separated into
a long-wavelength mode (dashed) and a short-wavelength mode (solid). Galaxies
form at regions where the density contrast passes a certain threshold, as indicated
by the arrows. Figure from [26].

Figure 2.5: Measured galaxy power spectra for SDSS luminous red galaxies (black)
and main galaxies (magenta). The solid red lines correspond to the linear matter
power spectra at z = 0 with bias b = 1.9 (top) and b = 1.1 (bottom). The dashed
red lines indicate the nonlinear correction to the power spectrum. Figure from
[27].
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In this subsection we will introduce relativistic cosmological perturbation the-
ory (see also e.g. [18, 20, 30]). Our conventions are the following: Greek indices
will range from 0 to 3, and Latin indices from 1 to 3, referring only to the spatial
part. We will write the covariant derivative with respect to the perturbed metric
as and index ‘;µ’, and a derivative with respect to the spatial (background) coor-
dinate xi as ∇i or as an index ‘, i’. As before, we consider perturbations in the
Einstein-de Sitter model, i.e. Ω = Ωm = 1.

2.2.1 Metric perturbations

In relativistic cosmological perturbation theory we consider perturbations in the
homogenous and isotropic FRW metric tensor,

gµν = ḡµν + δgµν . (2.47)

In a flat universe, the FRW line element can be written as

ds2 = −dt2 + a2dx2 = a2(−dτ2 + dx2). (2.48)

Thus, the metric tensor is diagonal,

ḡµν = a2

(
−1 0
0 δij

)
. (2.49)

The metric perturbation can be parametrized as

δgµν = a2

(
−2φ wi
wi −2eδij + 2hij

)
. (2.50)

The metric perturbation can be further decomposed into scalar, vector and tensor
parts in the following way. wi can be decomposed as

wi = w,i + w⊥i , (2.51)

where w is a scalar and w⊥i is a vector, i.e. ∇iw⊥i = 0. hij can be decomposed as

hij = Dijh+ h(i,j) + hTT
ij , (2.52)

where Dij = ∇i∇j − (1/3)δij∇2 is the symmetric traceless double-gradient oper-
ator. Here, h is a scalar, hi is a vector (i.e. ∇ihi = 0) and hTT

ij is a transverse

(∇ihTT
ij = 0) and traceless (hTT i

i = 0) tensor.
In first order, we can neglect the couplings of perturbations. Therefore, scalar,

vector and tensor perturbations can be treated independently. Here we will only
focus on the perturbations that are relevant for the formation of structure, i.e.
scalar perturbations. For a discussion of vector perturbations, see e.g. [18]. Tensor
perturbations in the metric give rise to gravitational waves [6].

In terms of only scalar perturbations, the metric perturbation can be written
as

δgµν = a2

(
−2φ w,i
w,i −2ψδij + 2h,ij

)
, (2.53)
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where we have introduced the new variable

ψ ≡ e+
1

3
∇2h. (2.54)

We thus have 4 degrees of freedom in the metric perturbation, corresponding to
the fields φ, ψ, w and h.

2.2.2 Gauges and gauge transformations

. ..P̄
P̃ P̂

xμ

x̃μ

x̂μ

~

^

Figure 2.6: Illustration of two different gauges. The gauge ‘∼’ maps the point P̄
in the background to the point P̃ in the perturbed spacetime, while the gauge ‘∧’
maps it to the point P̂ .

One subtlety in cosmological perturbation theory arises because the splitting
of the metric tensor into background and (linear) perturbations is not unique. In
fact, there are infinitely many ways to perturb the spacetime metric, resulting in
infinitely many ‘versions’ of the perturbed spacetime, which are all close to each
other. This leads to the concept of gauges in cosmological perturbation theory.
Consider a point P̄ with coordinates xµ in the background spacetime. Next, con-
sider two different versions of the perturbed spacetime, with coordinates x̂µ and
x̃µ. Each of these slightly different coordinate choices are what we call a gauge.

Denote the point corresponding to P̄ in the x̃µ-coordinates by P̃ , and the corre-

sponding point in the x̂µ-coordinates by P̂ (see Fig. 2.6). Then, by construction
we have

xµ(P ) = x̂µ(P̂ ) = x̃µ(P̃ ), (2.55)

i.e. the point P̃ has the same coordinates in the x̃-coordinates as the point P̂ in the
x̂-coordinates. The point P̂ however has different coordinates in the x̃-coordinates
than in the x̂-coordinates, and we denote this small difference with the parameter
ξµ:

x̃µ(P̂ ) = x̂µ(P̂ ) + ξµ, (2.56)

This is the basic principle of a gauge transformation, i.e. the transformation of the
spacetime-coordinates of a given point from one gauge into another gauge.
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The gauge field ξµ can be decomposed as

ξµ =

(
ξ0

ξ,i + ξ⊥i

)
, (2.57)

where ξ0 and ξ are scalar fields, and ξ⊥i is a vector field with ∇iξ⊥i = 0. In our
analysis we only consider scalar perturbations. Thus, the field ξµ simplifies to

ξµ =

(
ξ0
ξ,i

)
. (2.58)

There are thus two gauge degrees of freedom, ξ0, which describes the transfor-
mation in the time coordinate, and ξ, which describes the transformation in the
spatial coordinates. These two degrees of freedom are unphysical and need to be
fixed in any analysis of cosmological perturbations. The particular choice of the
fields ξ0 and ξ is equivalent to the choice of the gauge.

Under a gauge transformation, the perturbation of a scalar transforms as

δ̃s = δ̂s− s̄′ξ0, (2.59)

where s̄ is the background (unperturbed) value of the scalar [31]. This means that
a scalar is gauge-invariant if and only if it is constant in the background (s̄′ = 0).
In particular, it follows that the density contrast transforms as

δ̃ =
δ̃ρ

ρ̄
=
δ̂ρ− ρ̄′ξ0

ρ̄
= δ̂ + 3Hξ0. (2.60)

The peculiar velocity vi transforms as

ṽi =
dx̃i

dτ̃
=

d(x̂i + ξi)

d(τ̂ + ξ0)
' v̂i + ξi′. (2.61)

Finally, the metric tensor transforms as [31]

g̃µν = ĝµν − ḡ′µν − ξµ,ν − ξν,µ. (2.62)

From this we find the gauge transformation of the scalar fields in the metric,

φ̃ = φ̂−Hξ0 − ξ0′, (2.63)

ψ̃ = ψ̂ +Hξ0, (2.64)

w̃ = ŵ + ξ0 − ξ′, (2.65)

h̃ = ĥ− ξ. (2.66)

It is possible to define combinations of the perturbation fields that are gauge-
invariant. The most commonly used gauge-invariant variables are the Bardeen
potentials [32],

Φ ≡ φ+
1

a
[(w − h′)a]′, (2.67)

Ψ ≡ ψ −H(w − h′). (2.68)

Another important gauge-invariant quantity is the curvature perturbation,

ζ ≡ 1

3
δ − ψ. (2.69)
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2.2.3 The conformal Newtonian gauge

As a particular example consider the conformal Newtonian gauge, or longitudi-
nal gauge, which we will denote by subscript L. It is defined through the gauge
condition

wL = hL = 0. (2.70)

It follows that the metric potentials φ and ψ are equivalent to the gauge-invariant
Bardeen potentials, φL = Φ and ψL = Ψ. The line element in this gauge takes the
simple form

ds2 = (−1 + 2Φ)dτ2 + (1− 2Ψ)δijdx
idxj . (2.71)

The energy-momentum tensor for a perfect fluid with zero pressure is generally
given by

Tµν ≡ ρuµuν = ρ̄(1 + δ)uµuν . (2.72)

From the normalization of the 4-velocity, gµνu
µuν = −1, it follows that

uµ =
1

a

(
1− Φ
vL,i

)
, uµ = a

(
−1− Φ
vL,i

)
, (2.73)

where we introduced the peculiar velocity potential vL. The peculiar velocity can
be written as a gradient of that potential, vL = ∇vL, because here we only consider
scalar perturbations. Thus, the energy-momentum tensor can be written as

Tµν = ρ̄

(
−(1 + δL) vL,i

−vL,i 0

)
. (2.74)

Evolution equations for the perturbed fields can then be found from the energy-
momentum conservation equation,

Tµν;µ = 0. (2.75)

At the background level, this gives the continuity equation,

ρ̄′ + 3Hρ̄ = 0. (2.76)

At linear order we find two equations, corresponding to the (0,0)-component and
the (0, i)-components,

δ′L +∇2vL − 3Ψ′ = 0, (2.77)

∇v′L +H∇vL = −∇Φ. (2.78)

These equations are remarkably similar to the continuity equation and the Euler
equation in the Newtonian analysis discussed earlier. This is the reason why the
Bardeen potential Φ in relativistic theory can be identified with the Newtonian
gravitational potential. Note however that in the relativistic version of the conti-
nuity equation there appears an additional term −3Ψ′. Thus, only for constant Ψ
we find an exact agreement with the Newtonian equations.
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What is missing now is the relativistic counterpart to the Poisson equation.
For this, consider the Einstein equation,

Gµν = 8πGTµν . (2.79)

The perturbed Einstein tensor can be derived from the metric (see Appendix) and
is given by:

G0
0 = −3a−2H2 + a−2[2∇2Ψ + 6HΨ′ + 6H2Φ],

G0
i = −2a−2(Ψ′ +HΦ),i,

Gi0 = 2a−2(Ψ′ +HΦ),i,

Gij = a−2(−2H′ −H2)δij

+a−2[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δij

+a−2(Ψ− Φ),ij .

In the background order, the (0,0)-component and the trace of the (i, j)-
components of the Einstein equation give the Friedmann equations,

H2 =
8πG

3
ρ̄a2, (2.80)

H′ = −4πG

3
ρ̄a2. (2.81)

In first order, we have in total four equations, corresponding to the (0,0)-
component, the (0,i)-components, and the trace and traceless part of the (i, j)-
components of the Einstein equation:

3H2Φ + 3HΨ′ −∇2Ψ = −3

2
H2δL, (2.82)

Ψ′ +HΦ = −3

2
H2vL, (2.83)

3Ψ′′ + 3H(Φ′ + 2Ψ′) +∇2(Ψ− Φ)

+(2H′ +H2)Φ = 0, (2.84)

(Ψ− Φ),ij = 0. (2.85)

The (0,0)-component is the relativistic counterpart of the Poisson equation. The
other equations however do not have any relation to Newtonian theory.

The solutions to the evolution equations can be easily expressed in momentum
space,

Φ = Ψ = const, (2.86)

δL = −2Φ− 2

3

k2

H2
Φ, (2.87)

vL = −2

3

Φ

H . (2.88)

Thus, if we identify the metric potential Φ with the Newtonian gravitational po-
tential, then the velocity field in this gauge is identical with the velocity field in
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Figure 2.7: Linear matter power spectrum today, according to Newtonian the-
ory (blue) and relativistic cosmological perturbation theory in longitudinal gauge
(red). The black line corresponds to the comoving horizon today. Newtonian and
relativistic theory are in good agreement for scales much smaller than the horizon.

Newtonian theory. The density contrast in this gauge agrees with its Newtonian
counterpart on sub-horizon scales k/H � 1. On super-horizon scales however
(k/H � 1), the density contrast is constant, δL = −2Φ. On these scales, the rela-
tivistic matter power spectrum differs thus from the Newtonian one, see Fig. 2.7.
The agreement between Newtonian and relativistic theory on sub-horizon scales
can be related to the fact that the misconception of Newtonian gravity, instanta-
neous gravitational interaction, is less severe on these small distance scales.

The results here were derived in the longitudinal gauge. There exist however
many other gauges, in which the relativistic-Newtonian correspondence changes. A
comparison between several different gauges is presented in Ref. [1]. For instance,
in the synchronous gauge, which in the case of an Einstein-de Sitter model cor-
responds to the comoving gauge, the relativistic density contrast is identical with
the Newtonian one on all scales. However, in that gauge there are no peculiar ve-
locities. It is also possible to construct a gauge in which both the density contrast
and the peculiar velocities agree with their corresponding Newtonian quantities at
all scales. This is possible because in relativistic cosmological perturbation theory
we have two gauge degrees of freedom. Such a gauge is introduced as the Newto-
nian matter gauge in Ref. [1], and some interesting implications are derived. For
instance, in this gauge there are perturbations in the Hubble rate present, which
do not exist in the Newtonian description. Thus, even though the relativistic-
Newtonian correspondence is given at the level of matter densities and velocities,
the Hubble rate is different.
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Because the relativistic-Newtonian correspondence is not necessarily given at
large scales, care must be taken in the interpretation of cosmological N -body
simulations, which are based on Newtonian equations of motion. Relativistic cor-
rections can however be incorporated into the simulations by solving additional
equations [33, 34]. Efforts towards cosmological N -body simulations based on
general relativistic theory are currently being made [35].

Finally we note that quantities which are based on observations, such as
galaxy correlation functions or galaxy power spectra, should of course be gauge-
independent. In order to compare theory to observations, it is thus important to
derive gauge-invariant expressions for these observable quantities. For instance,
one needs to take into account the fact that we only observe galaxies on our past
lightcone. Furthermore, we do not measure true spatial positions, but positions
in redshift space, where the peculiar velocities of galaxies change the observed
redshift, leading to the so-called redshift space distortions. For a more detailed
discussion of these observational aspects, see e.g. [36, 37, 38, 39].



Chapter 3

Dark Energy and the integrated
Sachs-Wolfe effect

3.1 Dark Energy - models and observations

When Albert Einstein developed his theory of General Relativity in 1917, it was
not yet discovered that the Universe is expanding. In order to construct a static
solution to the Friedmann equation, he introduced a constant Λ into his field
equation, which would counteract the pull of gravity. At the same time, Willem
de Sitter showed that in a universe consisting only of a cosmological constant,
space would be expanding, and in fact with an accelerating rate. We refer to
his model today as the de Sitter model. After Hubble’s observation in 1929 that
space is expanding, Einstein realized that the constant term in his equation was
a mistake. Without it, his field equation would describe correctly the expanding
Universe. Today, observations indicate that the Universe is in fact in a state of
accelerated expansion. Einstein’s constant Λ re-appeared in the equation in order
to explain this accelerated expansion, like in de Sitter’s model.

Historically, the first indications towards a cosmological constant appeared
around 1990, when studies of large-scale galaxy clustering implied a low energy
density of matter, Ωm = 0.15− 0.4 [40, 41]. This is however in contrast to infla-
tionary theories, which predict a spatially flat Universe, i.e. Ωtot ' 1. Therefore
the existence of a further component with an energy density Ω = 1 − Ωm would
be needed. In the middle of the 1990s, there were thus two competing models,
the flat ΛCDM model on the on hand, and the open CDM model on the other
hand. From both models predictions for the large-scale structure of the Universe
could be derived, given the amplitude of the CMB temperature fluctuations; the
predictions from ΛCDM were however in better agreement with observations [42].
Further, the age of some globular clusters seemed to be in contrast with the age
of the Universe in the open CDM model [43, 44]. Therefore, the combination of
data from large-scale structure, CMB anisotropies, Hubble rate, and predictions
from inflation favoured the ΛCDM model.

A promising way to probe cosmic acceleration is to measure the distance to

33
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far objects as a function of their redshift. In astronomy, the distance to an object
is measured in terms of its distance modulus m − M , where m is its apparent
magnitude and M is its absolute magnitude. The distance modulus is related to
the luminosity distance dL (in Mpc) as

m−M = 25 + 5 log10 dL. (3.1)

It would therefore be helpful to have standard candles, i.e. objects with known
absolute magnitude M , so that the luminosity distance for a given redshift can
be determined. Supernovae of Type Ia are considered as standardizable candles
because of the tight correlation between their peak luminosity and the shape of
their light curve. The luminosity distance of these supernovae can therefore be
estimated [45, 46]. In 1998, two teams independently found that supernovae at
high redshift are dimmer than expected in a matter dominated universe [47, 48].
Both teams interpreted their results as evidence for cosmic acceleration caused by
a nonzero cosmological constant. Shortly after the supernovae results, balloon-
borne CMB experiments measured with high precision the angular position of the
first acoustic peak, which implied Ωtot = 1 [49, 50]. Given the low value of Ωm,
this result is a further confirmation for ΛCDM.

Today we have a broad range of different observational probes, including more
supernovae data over a wider redshift range, more precise CMB data, measure-
ments of the baryon acoustic oscillation scale in galaxy clustering, weak gravi-
tational lensing measurements of dark matter clustering, and more precise mea-
surements of H0, which all favour the ΛCDM model (see Fig. 3.1). For a detailed
review, see [8].

Attempts were made to explain the cosmological constant within theoretical
particle physics. It is known that the vacuum energy of a quantum field is usually
nonzero (for a review of quantum field theory, see e.g. [51]). It would thus be
a natural solution if the cosmological constant were simply the vacuum energy
predicted in quantum field theories. However, it turns out that the natural vacuum
energy is much larger, by about 120 orders of magnitude, than the measured value
for the cosmological constant. This is the cosmological constant problem.

There are several alternative explanations to the cosmological constant Λ for
the accelerated expansion. From the Raychaudhuri equation we have

ä

a
= −4πG

3
ρ(1 + 3w). (3.2)

Thus, any energy component with w < −1/3 causes the expansion to accelerate
(ä > 0). Generally, we call such an energy component dark energy. Dark energy
can for example have the form of a light scalar field, characterized by the shape of
its potential. These are the so-called quintessence-models. Models with w < −1
are the so-called phantom models. In phantom models, the dark energy density
increases with time, making the expansion of space so fast that ultimately all
structure is destroyed in the so-called Big Rip [52]. The accelerated expansion can
alternatively be explained within modified gravity models. Yet another approach
is to relax the assumption of homogeneity and explain the apparent accelerated
expansion with an inhomogeneous metric. For a more detailed overview over dark
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Figure 3.1: Constraints on ΩΛ and Ωm. The figure shows the 68%, 95%, and
99.7% C.L. constraints on ΩΛ and Ωm obtained from CMB data (orange), BAO
data (green), and supernovae data (blue). The grey contours show the combined
constraints. All datasets are consistent with a flat universe with Ωm ' 0.3 and
ΩΛ ' 0.7. Image credit: Supernova Cosmology Project.
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energy models, see e.g. [53, 54]. In the following, we will focus only on dark energy
in form of a cosmological constant Λ.

3.2 FRW universe with Λ - background and per-
turbations

In a universe consisting of cold dark matter, described by the energy-momentum
tensor Tµν , and dark energy in form of a cosmological constant Λ, the Einstein
equation can be written as

Gµν + Λgµν = 8πGTµν . (3.3)

Alternatively, the cosmological constant could also be written on the right hand
side of the Einstein equation, as part of the energy-momentum tensor. There is
thus an ambiguity whether the cosmological constant is part of the geometry of
the universe, or part of its content. In any case, the Friedmann equations then
take the form

H2 =
8πG

3
ρ̄m +

Λ

3
, (3.4)

ä

a
=

Λ

3
− 4πG

3
ρ̄m. (3.5)

From the second Friedmann equation we see that a nonzero cosmological constant
allows ä > 0, i.e. accelerated expansion.

A particular solution can be expressed in terms of hyperbolic functions [55],

a(t) =

(
Ωm

1− Ωm

)1/3

sinh2/3

(
t

tΛ

)
, (3.6)

H(t) =
2

3tΛ
coth

(
t

tΛ

)
, (3.7)

ρ̄m(t) =
Λ

8πG
sinh−2

(
t

tΛ

)
, (3.8)

where tΛ = 2/
√

3Λ.
Let us now consider matter perturbations in a universe which contains a cos-

mological constant. If we neglect dark energy perturbations, then the only change
compared to the Einstein-de Sitter model discussed earlier is at the background
level, while the perturbation equations remain the same. In particular, the growth
of the density contrast is still given by the Jeans equation,

δ′′ +Hδ′ = 4πGρ̄ma
2δ. (3.9)

During dark energy domination, the source term in this differential equation is
decaying exponentially, and the dominating solution becomes

δ ∼ const, (3.10)
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Figure 3.2: Evolution of the density contrast (left) and the gravitational potential
(right) as a function of redshift, in the Einstein-de Sitter model (ΩΛ = 0, Ωm = 1)
(blue), and ΛCDM (ΩΛ = 0.7, Ωm = 0.3) (red). The decay of the gravitational
potential in ΛCDM after z ∼ 10 causes the ISW effect.

i.e. the density contrast freezes out. In order to find the time-evolution of the
gravitational potential, consider the Poisson equation,

∇2φ = 4πGa2ρ̄mδ ∼
δ

a
. (3.11)

From this it can be seen that perturbations in the gravitational potential decay as
φ ∼ a−1 (see Fig. 3.2).

3.3 The integrated Sachs-Wolfe effect

3.3.1 Theory of the ISW effect

The decay of the gravitational potential affects the temperature of CMB photons
in the following way. Consider an overdense region, i.e. a potential well, in the local
large-scale structure. When a CMB photon falls into the potential well, it gains
some energy ∆E1. By the time the photon leaves the overdense region, the poten-
tial well has become a bit shallower due to its decay, and the photon loses some
energy ∆E2 < ∆E1. Thus, the photon gains some net energy ∆E1 −∆E2 > 0.
CMB photons passing an overdense region in the local large-scale structure will
thus appear slightly hotter. In the same way, CMB photons passing an underdense
region will appear colder. This effect is called the (late) integrated Sachs-Wolfe
(ISW) effect [17]. As discussed previously, there exists also an early ISW effect,
due to the decay of the gravitational potential for a short period of time after last
scattering, while the Universe was not yet completely matter dominated. However,
here we are only interested in the late ISW effect, as it can be used to probe the
dynamical effects of dark energy.
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The integrated Sachs-Wolfe temperature signal in direction n is given by

∆TISW(n) = 2T̄0

∫ rLS

0

φ̇(r, z,n)adr, (3.12)

where T̄0 is the mean temperature of the CMB, and rLS ' 14 Gpc is the distance to
the last scattering surface. The gravitational potential φ is related to the density
contrast via the Poisson equation,

∇2φ(x, t) = 4πGρ̄m(t)a2δ(x, t). (3.13)

Changing to Fourier space and taking the time derivative gives

φ̇(k, t) =
3

2

(
H0

k

)2

Ωm

[
ȧ

a2
δ(k, t)− δ̇(k, t)

a

]
. (3.14)

In linear approximation we have δ(k, t) = D(t)δ(k, z = 0), where D(t) is the linear
growth factor. Substituting this into Eq. (3.14) yields:

φ̇(k, z) =
3

2

(
H0

k

)2

Ωm
H(z)

a
[1− β(z)]δ(k, z), (3.15)

where β(t) ≡ d lnD/d ln a denotes the linear growth rate. Note that during matter
domination we have D ∼ a, so that β = 1 and thus φ̇ = 0, i.e. the potential is
constant. If we assume spherical symmetry of the structures, Eq. (3.15) may be
rewritten in real space as

φ̇(r, z) =
3

2
ΩmH

2
0G(z)F (r), (3.16)

where G(z) = H(z)(1− β(z))D(z)/a is the ISW linear growth factor and F (r) is
given by

F (r) =

∫ r

0

r′2

r
δ(r′)dr′ +

∫ ∞
r

r′δ(r′)dr′ , (3.17)

with δ(r′) evaluated at z = 0.
The above derivation of the ISW temperature signal holds in the linear regime.

As discussed earlier, nonlinear contributions need to be taken into account as
the density contrast becomes close to unity. The nonlinear contribution to the
density contrast causes a nonlinear contribution to the ISW signal, the so-called
Rees-Sciama contribution [56]. In linear order, the ISW effect occurs because the
growth of the density contrast slows down. The second order contributions to
the density contrast grow faster than the first order contributions. Therefore, the
nonlinear contribution to the ISW effect, the Rees-Sciama effect, has the opposite
sign, i.e. it weakens the ISW signal.

3.3.2 Observation of the ISW effect

At the level of the CMB angular power spectrum, the ISW effect causes a tilt
in the Sachs-Wolfe plateau at multipoles ` < 10, as seen in Fig. 1.4. However,
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Figure 3.3: Simulated ISW temperature map. The map shows the ISW signal
caused by superstructures within a comoving distance from 500 − 1500h−1 Mpc.
It was created by tracing photon paths through an N -body simulation and calcu-
lating the ISW temperature signal from Eq. (3.12) along each photon path. Figure
taken from [57].

due to the large cosmic variance at those angular scales, a statistically significant
detection of the ISW effect from the angular power spectrum alone is not possible.

At the level of the CMB map, the ISW effect causes the appearance of hot
spots and cold spots in the directions of over- and underdense regions in the local
large-scale structure (see Fig. 3.3). Unfortunately however, the amplitude of these
secondary temperature fluctuations is about an order of magnitude smaller than
the amplitude of the primordial CMB temperature fluctuations. This makes a
direct detection of the ISW signal from the CMB temperature map impossible.

In [58] it was pointed out that a measurement of the ISW effect is possible
by cross-correlating the CMB map with tracers of local large-scale structure, e.g.
galaxies. This method is limited due to the dominating primordial CMB temper-
ature anisotropies, but with a full-sky galaxy survey a detection with a statistical
significance of up to 7.6σ is theoretically possible [59]. Several such studies have
been performed in the recent years, with results ranging from 0σ to 4σ (for an
overview see [60]). In [59] the data sets from several galaxy surveys were combined,
yielding a detection of the ISW signal with a combined statistical significance of
4.4σ. The Planck collaboration reports a 3σ detection by cross-correlation of the
CMB with SDSS and NVSS data, and a 2.5σ detection by cross-correlation with
the Planck lensing map [61]. With the next generation of large galaxy surveys,
like the Dark Energy Survey and Euclid, the significance of the detection of the
ISW effect will certainly improve.

The problem with the cross-correlation method is not only the fact that the pri-
mordial CMB temperature fluctuations are dominating, but also the existence of
shot noise in galaxy surveys, which makes it difficult to reconstruct the underlying
matter density field. This motivated the authors of Ref. [62] to perform a different
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type of analysis. Their goal was to detect the ISW signal by stacking patches of the
CMB along the lines of sight of the most extreme superstructures (overdensities
and underdensities) in the local large-scale structure, and applying aperture pho-
tometry to the stacked CMB image. In theory, these overdensities and underdensi-
ties are aligned with hot and cold spots, respectively, in the CMB, which therefore
would lead to a detection of the ISW temperature signal from the CMB stacks.
Using this method, the authors report a detection of the combined ISW temper-
ature signal from overdensities and underdensities of ∆TISW = (9.6± 2.2)µK, i.e.
a statistical significance of 4.4σ.

Unfortunately however, the authors of [62] do not give a theoretical expectation
for the magnitude of the ISW temperature signal so obtained. It was first pointed
out in [63] that the magnitude of this signal is in fact too large and in tension
with its prediction from the ΛCDM model. This study was updated in [64], where
it was shown that the tension with ΛCDM is at the > 3σ level. The theoretical
expectation for the stacked ISW signal in [64] was derived under the assumptions
that all structures are spherical and all perturbations are in the linear regime. It
is therefore important to know how much the ISW signal gets boosted by non-
sphericity of the structures and non-linear contributions. The study in [64] is
updated in Ref. [2] and complemented by the results for the stacked ISW signal
from N -body simulations, in which neither of these assumptions are being made.
The simulations confirm that the signal found in [62] is discrepant with its ΛCDM
prediction at the > 3σ level. In fact, because of the weakness of the ISW effect, one
would not expect to detect any significant signal at all in this kind of measurement.

It is thus not clear what caused the signal found in [62]. One possibility is
of course that it is just a statistical fluke. Note however that a fluke with this
statistical significance is very rare (around one in 100 000, assuming a Gaussian
distribution). On the other hand, if the signal is not just a statistical fluke, it
might be an important hint towards new physics beyond the standard model. For
instance, the signal could be explained in non-Gaussian models, where the most
extreme structures are even more extreme and more abundant, leading to a boost
of the ISW effect. It was shown in [65] that such a boost of the ISW signal
does exist in models with nonzero fNL, however it is very weak: for fNL = ±100,
the authors report a boost of only ∆T < 0.1µK, too little to explain the signal
observed in [62]. A study with nonzero gNL was not performed, and remains a
possibility. Alternatively, the signal might also be explained in modified gravity
models or models in which dark energy has not the form of a cosmological constant.
In any case, exploring the nature of this puzzling signal might give insights about
physics beyond ΛCDM.



Chapter 4

The hemispherical power
asymmetry

4.1 CMB anomalies and statistics

The statistical properties of the measured CMB can be remarkably well described
within the ΛCDM model. From the angular power spectrum alone, no evidence is
found for the existence of e.g. additional matter or radiation species, isocurvature
in the primordial fluctuations, or a primordial power spectrum that is not described
by a power law [4]. However, on the largest angular scales of the CMB, some
features have been found that are unlikely to appear within the ΛCDM model, the
so-called CMB anomalies. Among them are a lack of power in the low multipoles,
an alignment of the quadrupole and octopole with each other and with the ecliptic
plane along the so-called axis of evil, a hemispherical power asymmetry, a parity
asymmetry in the lowest multipoles, and the so-called Cold Spot. Those anomalies
were first found in the WMAP data [66, 67], and later confirmed, with similar
statistical significances, in the new Planck data [68].

Statistical fluctuations are everywhere in the data. An important question in
data analysis is thus whether a feature found in the data is a real, physical signal or
just a statistical fluctuation, a fluke. The answer to this question is usually given
in terms of the p-value, which gives the probability that the observed feature could
have been seen by chance. In practice, the p-value cannot always be calculated
directly. What is therefore often used instead is the statistical significance of
the feature in terms of standard deviations away from the mean. A statistical
significance of zσ means that the measured value lies z standard deviations into
the tail of the probability distribution of possible values. Assuming a Gaussian
probability distribution function, the statistical significance can be translated into
the p-value as

p = 1− erf

(
z√
2

)
. (4.1)

For a conversion between the values of z and the p-value, see Tab. 4.1. In physics,
a feature in the data is conventionally considered as a detection of a physical
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significance p-value

1σ 0.32
2σ 0.046
3σ 0.0027
4σ 6.3 · 10−5

5σ 5.7 · 10−7

Table 4.1: Relation between statistical significance zσ and p-value in a Gaussian
probability distribution function.

signal if its statistical significance is at least 5σ, i.e. the probability of it occurring
by chance is less than one in a million (assuming a Gaussian distribution). For
instance, the announcement of the discovery of the Higgs-boson in 2012 was based
on a 5σ-detection.

The amount of data encoded in the CMB temperature anisotropies is im-
mensely large. For instance, the CMB temperature maps from Planck have a
resolution of around 50 million pixels. There is a huge number of possible sta-
tistical tests that could be applied to that data. It is thus expected that, after
many different statistical tests have been applied, under some of them the data
will show some statistically significant features, even though our understanding of
the underlying physics is correct. This is the so-called look-elsewhere effect. For
example, a feature with a p-value of 0.05, i.e. a statistical significance of ∼ 2σ, is
likely to occur after 20 different statistical tests have been applied. This is par-
ticularly dangerous if we first see the data and then choose a statistical test that
is sensitive to a particular feature seen in the data. This is what we refer to as a
posteriori statistics. Ideally, statistical tests in physics should be chosen a priori,
i.e. prior to seeing the data, based on theoretical considerations alone.

In particle physics, the problem of the look-elsewhere effect can be alleviated
by building different detectors. If a statistically significant feature is observed in
one detector, but not in the other, it is likely to be a statistical fluke. If it however
shows up in both detectors, it is probably a detection. The discovery of the Higgs-
boson was based on a 5σ-detection in both the CMS [69] and ATLAS [70] detector,
which removes the possibility of a look-elsewhere effect. In cosmology however,
the situation is more bleak. We only have one CMB sky, i.e. any statistical test
can only be applied once. There is no easy way of removing the look-elsewhere
effect like in particle physics.

The anomalies found in the CMB data are features with statistical significances
of ∼ 3σ. However, because of the unquantified look-elsewhere effects and possible
a posteriori -statistics in their detection, their interpretation is not clear. They
might point towards new physics, or might just be statistical flukes.

An alternative approach in data analysis is Bayesian statistics. In contrast to
frequentist statistics, where the only quantity of interest is the p-value, Bayesian
statistics is a tool to compare different theoretical models. Given a model M with
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parameters θ, one is primarily interested in the Bayesian evidence for the model
in light of the data d,

E = P (d|M) =

∫
dθP (d|θ,M)P (θ|M), (4.2)

which is simply the average likelihood P (d|θ,M) over the model prior P (θ|M).
Given two models, e.g. a simple model and a more complicated model with ad-
ditional parameter, one can then calculate the evidence log ratio ∆ lnE. The
support for the more complicated model can be categorized as either ‘inconclu-
sive’ (∆ lnE < 1), ‘weak’ (1 ≤ ∆ lnE < 2.5), ‘moderate’ (2.5 ≤ ∆ lnE < 5), or
‘strong’ (∆ lnE ≥ 5) - this is the so-called Jeffrey’s scale [71]. For comparison,
∆ lnE = 5 corresponds to betting odds of 150:1 in favour of the more complicated
model.

The advantage of Bayesian statistics is that it provides a framework in which
a decision for or against a particular model can be made. However, such a model
must exist in the first place, which is for instance not the case for all of the CMB
anomalies. Another problem is that it not always clear how to choose the prior for
a model. The choice of the prior is particularly important in model comparison
because it influences the obtained evidence ratios.

Put in simple terms, the question asked in the two statistical approaches is a
different one. While frequentists ask ‘How likely is the data given the model?’,
Bayesians ask ‘How likely is the model given the data?’. If several models exists,
then the Bayesian approach can tell which one is the best in light of the data.
If only one model exists, then the Bayesian approach is not available. In that
case, the frequentist approach can tell where the model is in tension with the
data. This tension can motivate the construction of new models, which can then
be compared to the original one with a Bayesian analysis. In that sense, Bayesian
and frequentist methods do not have to be regarded as competitive, but rather
as complementary. The use of Bayesian tools in cosmology has increased in the
recent years - for a detailed review, see [72].

4.2 The hemispherical power asymmetry - obser-
vation and theories

In their analysis of the first-year WMAP CMB data, Eriksen et al [74] and Hansen
et al [75] found that the angular power of the CMB appears to be anisotropic (see
Fig. 4.1). In particular, it was shown that the hemisphere centred at Galactic
coordinates (l, b) = (237◦,−20◦) has significantly more power than the opposite
one, in the multipole range ` = 2− 40. The authors report a p-value of ∼ 0.01.

As pointed out in [67], one problem with this initial study is the a posteriori
choice of the maximum multipole range considered. It is therefore important to
investigate whether the asymmetry found in the low multipoles persists also in
higher multipoles. If it does, then this can be considered as further evidence for
a physical cause of the asymmetry, as all multipoles are in principle independent
of each other. Such a study was performed in a follow-up analysis by Hansen
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Figure 4.1: The hemispherical power asymmetry. Each pixel in the map shows the
average power in the multipoles ` = 2− 101, calculated in the hemisphere centred
at that pixel. The color scale ranges from 0.037µK2 (blue) to 0.041µK2 (red).
The asymmetric shape is evident. Figure from [73].

et al [73], and it was shown that the asymmetry persists, in a similar direction,
in the whole multipole range ` = 2 − 600. With the new Planck CMB data, it
is possible to study the hemispherical asymmetry at even higher multipoles. A
detailed analysis of the multipoles ` = 601 − 2048 is presented in Ref. [3]. The
main result is that the asymmetry disappears at these multipoles.

In [76] it was shown that the hemispherical power asymmetry can be described
in terms of a dipolar modulation in the CMB temperature anisotropies. This is a
modulation of the form

δT = δTiso(1 +Ap · n), (4.3)

where n is the direction of observation, p is the direction of the asymmetry axis,
and A is the amplitude of the modulation. Using this parametrization, it is pos-
sible to perform a Bayesian model comparison: ΛCDM versus ΛCDM including
a dipolar modulation with additional parameter A. This was done by Eriksen
et al [77], who report a log evidence ratio of ∆ lnE = 1.8 (‘weak’) for a dipolar
modulation in the multipoles ` ≤ 40. Hoftluft et al [78] consider a larger mul-
tipole range, ` ≤ 64, increasing the evidence for the more complicated model to
∆ lnE = 2.6 (‘moderate’). It is however important to note that these log evidence
ratios depend also on the prior for the more complicated model, which is chosen
to be A ≤ 0.3 by Eriksen et al, and A ≤ 0.15 by Hoftluft et al. Weaker support for
the more complicated model would have been found with a larger prior volume,
as was pointed out in [79].

After the discovery of the hemispherical power asymmetry, several theoretical
models have been proposed in which the creation of this anomaly is explained
within the context of inflation, see e.g. [80, 81, 82, 83]. For example, a dipolar
modulation can be created by a large-amplitude super-horizon perturbation in
the field that generates the primordial curvature perturbations [80] (see Fig. 4.2).
It was found that such a scenario is not possible in standard slow-roll inflation
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H
-1

0

Figure 4.2: Illustration of a super-horizon perturbation, i.e. a perturbation on a
scale k−1 � H−1

0 . In curvaton models, such a perturbation can cause a dipolar
modulation in the primordial curvature perturbation field. Figure from [80].

without violating constraints on the homogeneity of the Universe. It is however
possible in the curvaton model [84, 85, 86]. This is a two-field model of inflation,
in which the inflaton causes exponential expansion of space, while another field,
the curvaton, generates perturbations in the curvature. The authors of [80] also
show that this model for the creation of the hemispherical asymmetry makes cer-
tain predictions for the CMB polarization, which might be testable with future
experiments.

The analysis in [80] was repeated in [83] with current data and fewer constraints
on the shape of the curvaton potential. The author derives a consistency relation
between the dipolar modulation amplitude A and the non-Gaussian parameter
fNL in the curvaton-scenario,

|A(k)| . 0.018|fNL(k)|1/2. (4.4)

From the existence of the hemispherical asymmetry at low multipoles we know
that [68]

A(k) = 0.07± 0.02 at k−1 ∼ 1 Gpc. (4.5)

A small-scale constraint on A(k) comes from the distribution of high-redshift
quasars found in the SDSS [87],

|A(k)| < 0.012 at k−1 ∼ 1 Mpc, (4.6)

at 95% C.L. In Ref. [3], the absence of an asymmetry in the multipoles ` = 601−
2048 is translated into an even tighter constraint on the modulation amplitude,
which is derived under extremely conservative assumptions,

|A(k)| < 0.0045 at k−1 ∼ 10 Mpc, (4.7)

at 95% C.L. We can thus conclude the following: If there is a dipolar modulation,
then its amplitude must be running, i.e. A(k) must be large on large scales and
small on small scales. The consistency relation, Eq. (4.4), then implies that also
fNL must be running in the same way. There exists thus an interesting connection
between the hemispherical power asymmetry and primordial non-Gaussianity.
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To conclude, the hemispherical power asymmetry is certainly an interesting
anomaly in the CMB sky, as it might give insight about inflation and primordial
non-Gaussianity. However, the estimation of the statistical significance of CMB
anomalies is in general problematic because of unquantified look-elsewhere effects
and possible a posteriori statistics. Therefore, any anomaly can only be taken
seriously if it can be explained within a theoretical model. If that model makes
further predictions that can be tested, these can be used as further evidence for
or against the model. For the hemispherical power asymmetry, several theoretical
models do exist which explain its creation in the context of inflation. However,
because no model so far has strong Bayesian support compared to ΛCDM, a final
verdict in favour of this anomaly cannot be made at this point.



Chapter 5

Summary

In this thesis we have discussed some aspects of modern cosmology: the theory
of structure formation, the concept of dark energy with particular focus on the
integrated Sachs-Wolfe effect, and one interesting feature in the CMB sky, the
hemispherical power asymmetry.

The theory of structure formation describes the transition of the early, homoge-
neous Universe to the inhomogeneous Universe we observe today, i.e. the formation
of galaxies, clusters and superclusters. We have introduced a simple framework
for this theory, which is based on perturbations described by Newtonian gravity
on top of an expanding FRW universe. Within this framework, we were able to
learn about the order of structure formation, which is a bottom-up evolution, i.e.
small-scale structures form before large-scale structures. In order to match the
theoretical linear matter power spectrum to observed galaxy power spectra, it is
necessary to introduce a galaxy bias. Understanding the nonlinear formation of
structure remains one of the biggest challenges of modern cosmology. We also
discussed how the formation of structure is described in relativistic cosmological
perturbation theory. We found a remarkable agreement between the Newtonian
and relativistic descriptions on scales that are well within the horizon. However,
on scales close to and larger than the horizon, we found differences between the
two theories, in particular in the obtained linear matter power spectra.

Dark energy is not only the largest component, but certainly also one of the
biggest mysteries of the Universe today. Although a cosmological constant Λ is
the currently favoured explanation of cosmic acceleration, alternatives, such as
quintessence models, modified gravity theories, or models based on an inhomoge-
neous metric, are not ruled out. Here, we have focused on a particular effect that
is predicted by the presence of dark energy and which causes an imprint of the
local large-scale structure into the CMB temperature anisotropies, the integrated
Sachs-Wolfe effect. Due to its small amplitude, the ISW signal cannot be measured
directly in the CMB, but it can be extracted by cross-correlation of the CMB with
tracers of the local large-scale structure, e.g. galaxies. With the next generation of
massive galaxy surveys, e.g. Euclid and the Dark Energy Survey, the significance
of a detection of this effect will certainly improve, giving better constraints on

47



48 5 Summary

dark energy models. We also discussed an alternative approach to measure the
ISW signal, which is based on stacking CMB patches along the lines of sight of
the most extreme superstructures in the local large-scale structure. The result of
such a measurement is however difficult to explain within the ΛCDM model.

The temperature anisotropies in the CMB encode a wealth of cosmological
information. By studying the CMB, we can learn e.g. about inflation, the prop-
erties of the early Universe, as well as dark energy. The measured angular power
spectrum of the CMB can be remarkably well described within the ΛCDM model.
However, on the largest angular scales some features have been found that are un-
likely to appear within the standard model, the CMB anomalies. These anomalies
are certainly interesting as they might hint towards physics beyond the ΛCDM
model, however estimating their statistical significance is difficult because of un-
quantified look-elsewhere effects and possible a posteriori -statistics in their de-
tection. Here, we have focused on one particular anomaly which is based on an
asymmetric distribution of power in the CMB sky, the hemispherical power asym-
metry. This asymmetry is particularly interesting as it might give insight about
the mechanics of cosmic inflation. In particular, it can be related to the existence
of primordial non-Gaussianity in curvaton models.



Appendix

Perturbed Einstein tensor in longitudinal gauge

In the conformal Newtonian gauge, the metric tensor is

gµν = a2

(
−1− 2Φ 0

0 (1− 2Ψ)δij

)
,

and the inverse metric is

gµν = a−2

(
−1 + 2Φ 0

0 (1 + 2Ψ)δij

)
.

Given the metric tensor, we can construct the connection coefficients,

Γµαβ ≡
1

2
gµλ(gλβ,µ + gαλ,β − gαβ,λ).

In particular, we find

Γ0
00 = H+ Φ′, Γ0

0k = Φ,k, Γ0
ij = (H− 2H(Φ + Ψ) + Ψ′)δij ,

Γi00 = Φ,i, Γi0j = (H−Ψ′)δij , Γikl = −(Ψ,lδ
i
k + Ψ,kδ

i
l ) + Ψ,iδkl.

The Ricci tensor is defined as

Rµν ≡ Γαµν,α − Γααµ,ν + ΓααβΓβµν − ΓαβµΓβαν .

The components are:

R00 = −3H′ + 3ψ′′ +∇2Φ + 3H(Φ′ + Ψ′),

R0i = 2(Ψ′ +HΦ),i,

Rij = (H′ + 2H2)δij

+[−Ψ′′ +∇2Ψ−H(Φ′ + 5Ψ)− (2H′ + 4H2)(Φ + Ψ)]δij

+(Ψ− Φ),ij .
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Raising an index we find

R0
0 = 3a−2H′ + a−2[−3ψ′′ −∇2Φ +−3H(Φ′ + Ψ′)− 6H′Φ],

R0
i = −2a−2(Ψ′ +HΦ),i,

Ri0 = 2a−2(Ψ′ +HΦ),i,

Rij = a−2(H′ + 2H2)δij

+a−2[−Ψ′′ +∇2Ψ−H(Φ′ + 5Ψ)− (2H′ + 4H2)(Φ + Ψ)]δij

+a−2(Ψ− Φ),ij .

From this we find the Ricci scalar,

R ≡ R0
0 +Rii

= 6a−2(H′ +H2)

+a−2[−6Ψ′′ + 2∇2(2Ψ− Φ)− 6H(Φ′ + 3Ψ′)− 12(H′ +H2)Φ].

Finally, we can construct the Einstein tensor Gµν ≡ Rµν − 1
2Rδ

µ
ν ,

G0
0 = −3a−2H2 + a−2[2∇2Ψ + 6HΨ′ + 6H2Φ],

G0
i = R0

i = −2a−2(Ψ′ +HΦ),i,

Gi0 = Ri0 = 2a−2(Ψ′ +HΦ),i,

Gij = Rij −
1

2
Rδij

= a−2(−2H′ −H2)δij

+a−2[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δij

+a−2(Ψ− Φ),ij .
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