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1. Introduction

No matter we talk about stable BPS or unstable (non-BPS) branes, Dp-branes are supposed to be thought of sources for closed string
Ramond-Ramond (RR) field [1]. It has been proven that making use of RR couplings, one can investigate or try to address various re-
markable issues about string theory, whereas we highlight some of the most crucial ones as follows. The so called brane embeddings [2],
through D-brane language the K-theory [3], also the so called Dielectric effect or Myers effect [4] and in particular the way of looking
for all order &’ higher derivative corrections to BPS or non-BPS branes [5,6] are explored. Note that for the definitions of non-BPS branes,
Dp-branes with p odd (even) in IIA (IIB) are taken in which p stands for the spatial dimension of branes. Based on various symmetries,
a universal conjecture for all order ' higher derivative corrections to both BPS and non-BPS branes was proposed in [7] and naturally it
has been applied at practical levels to various higher point fermionic S-matrices [8] as well.

It was argued in [9] in detail that, to deal with effective theory of unstable branes after integrating out all the massive modes, one is
just left with massless and tachyon states, and also to work out the dynamics of branes not only DBI action but also Wess-Zumino terms
are indeed needed. To obtain effective actions, either Boundary String Field theory (BSFT) [10] or S-matrix formalism should be employed
where the latter has a very strong potential to be taken so that upon applying that, all the coefficients of higher derivative corrections for
all orders in o’ can be found.

The Wess-Zumino effective action has been given in [11] as

Swz =W, / C A Strel2m®'7 (1)
Z(p+1)

with 8’ being normalisation constant and with the so called the curvature of super connection as follows

. (iF—p2T? B'DT
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Now if we expand the exponential, one produces various couplings such as
Qmra’)?
2

Based on the internal Chan-Paton matrix some partial selection rules for superstring amplitudes have been released in [12], and to
make sense of S-matrix computations, one needs to keep track of internal CP matrix of tachyons around unstable point of tachyon DBI
action. The final form of tachyon DBI up to some orders with its all ingredients is demonstrated in [11] to be as follows

SWZ=2/3’,u;,(2na/)Tr<Cp/\DT—i—(Zna/)Cp_z/\DTAF—i— Cp_4/\FAF/\DT> (3)

Spr ~ [ dP+1o STr (V(TIT')\/l + E[T', TJ[T/, Tl])\/— det(ngp + 2o’ Fop + 2na’DaTl(Q1)UDbTJ)) , (4)
with

VTt =e T2 QU =15V — 7! T4, (5)
where i,j=1,2, ie, T! = Toy, T? = To,. The entire information about this effective action is given in [12]. This action (4) is also
consistent with the entire S-matrix calculations of < VcV7VyVy > of [11].

Around the stable point of tachyon potential this action gets reduced to tachyon DBI action [13] with T4V (T?) potential and by taking
the limit of the tachyon to infinity, the term T4V (TT) is sent to zero and this can be well described from condensation of an unstable
brane.

By making use of the S-matrix of < V¢V4V7Vr > in[14] and < Vc V4V V7 > in [15], we have also explored not only the entire form
of D-brane -anti D-brane effective actions but also its all order &’ corrections of two scalar (two gauge field)-two tachyon couplings.

Various applications in the literature in favour of those higher derivative string couplings have been pointed out. For instance, employ-
ing either some new BPS (non-BPS) couplings, their corrections or Myers terms to M-theory [16] one can actually interpret and get to the
phenomenon of N3 entropy growth of M5 branes or discuss various combinations of M2, M5 branes [17]. Evaluating some of (non)-BPS
couplings, one derives (AdS)-dS brane world solutions [18] and could further elaborate on the point that despite the fact that we are

dealing with non-supersymmetric case, as long as the EFT holds, all the large volume scenario minima will become stable [19]. Applying
CFT techniques [20] the tachyonic DBI supersymmetrised action was suggested [21] to be as follows

L= —TpV(T)\/— det(ap + 27T Fap — 2/ W3V + 20/ 20y 43 Wy, 8p W + 27109 T T) (6)

One of the reasons we work with non-BPS branes is due to its direct relationship with realising the properties IIA (IIB) string theory in
almost time-dependent backgrounds [22].

The source of instability in flat empty space is tight to the presence of tachyons and by using their effective action one hopes to get
diverse results, such as the evaluation of these non-BPS branes and indeed tachyonic action can well describe decay properties of unstable
Dp-branes.

The cosmological applications through these effective actions can also be addressed, for example if one considers, the action of D-brane
anti D-brane then one is able to explain inflation through string theory [23] whereas several other applications to non-BPS branes have
also been released [24]. Tachyons and their corrections can also be employed for models such as holographic like QCD [25] and finally
brane anti brane system as a background was used in Sakai-Sugimoto models [26].

The outline of the paper is as follows.

In the next section, we first introduce all the vertex operators with their CP matrix, apply CFT techniques to actually obtain the entire
form of a symmetric RR, a scalar, a gauge and a tachyon of < V-1V 40V 40V -1 > S-matrix in both transverse and world volume directions
of non-BPS branes of IIA(IIB) superstring theory. We then make use of the expansion for non-BPS branes and reveal that apart from an
infinite v’ = u + }1 and (t) channel tachyon (scalar) singularities, this S-matrix clearly does involve an infinite u’, (t) channel singularity
structures in the bulk as well. Indeed we show that A3, A4 of this S-matrix do carry an infinite p.£; singular terms, whose momenta are
located in the bulk directions and from now on due to the presence of p!, we are going to call them bulk singularities and start producing
them in effective field theory (EFT) as well.

We also write down the results for symmetric < Ve1Vyg1VgoVio >, < VeaViygoVy1Vyo > and asymmetric < VeaVgoV g0 Vyo >
S-matrix and start comparing them which leads to finding out various generalised Bianchi Identities in the presence of non-BPS branes.
In section 2 and 3 we produce an infinite number of v’, t channel tachyon, scalar singularities. At the end we apply all order ' higher
derivative corrections properly to Chern-Simons couplings in such a way that even we are able to produce an infinite number of u’/, t
channel bulk singularity structures. This obviously confirms that those bulk singularities are also needed in the entire S-matrix as they
even can be constructed in EFT side as well.

Note that based on various results of this paper, we reveal the important fact as follows. A-priori without knowing any restricted
Bianchi identities on world volume of D-branes for RR, there seems to be no chance to even see all the needed bulk singularity structures
of A3 and A4 of (18) from the other symmetric analysis (unlike asymmetric analysis) as we go through them in detail in the next sections.

1.1. The entire < C"1¢9A°T~1 > S-matrix

Here we would like to explore the entire form of the S-matrix elements (both in transverse and world volume direction) of an RR, a real
massless scalar field, a gauge field and a real tachyon of type IIA (IIB) superstring theory, which is indeed a five point non-BPS S-matrix
from the world sheet point of view. First we are going to explain our notations so that all u,v,... show the entire ten dimensional
space-time, on the other hand all a, b, c, .. and i, j, k, .. are taken to be employed for world volume and transverse directions appropriately.

It is discussed in [11] that in the presence of non-BPS branes one needs to consider the Chan-Paton matrices inside the vertices as
follows
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Note that the CP factors of RR in the presence of DD system for symmetric and asymmetric pictures are o3 and I accordingly. Hence
< C1p0A9T—1 ~ S-matrix shall be taken as follows

_ _ 1 _1
ASCTI0AT T /dxldxzdxgdzdz<v;°>(xl)vgo)(xz)v?”(xﬁv,i{’ (z2,2)), (8)
where we are dealing with the disk level amplitude and mass-shell conditions for k1, k2, p, k3 are

oE ko.&2 =ko.£1 =k1.61 =k3.61 =0 (9)
o

where we set @’ = 2. In order to just use the holomorphic correlators, one needs to keep track of the following notations for projection,
RR field strength and for spinor as well.

1 a
P — 5(1 _ V“)’ H(n) _ n_’:HmmMnym Ly (Pim(n))aﬁ — C“S(P,H(n))aﬁ.

For type IIA (type IB) n=2,4,a,=i (n=1,3,5,a, =1).
We also apply the doubling trick to make use of just holomorphic parts of all the world sheet fields as below

XMz) - DUXV@), ¥H@—Div (@, ¢(3) —¢(@, and S4(2) — My’Sp2),
with the following definitions for the aforementioned matrices
1o, 0 (p%"l)!y“ y2...yie, i, forpeven
D= 0 P 1 . and Mp=4y [ )
p+1 WV“ Y2 .. yPiyne i, forpodd

Having set that, we can now go ahead with the correct form of the correlations for all X*, ¥*, ¢ fields, as follows
a/
(XF@X"(w)) = —?77’“’ log(z —w),

o _
W@y w) ==z -w,
(@9 (w)) =—log(z—w) . (10)
Substituting the above vertex operators into the S-matrix, the amplitude reads off
<C1p0A0T- 1> dx:dx>dxadxad afe. . ~1/4 -1/2
A x1dxadx3dx4dxs (P_H yMp)*P£1i52qX 45" (X34X35)
xX(Ih + Iz + I3 + 1) Tr(A12243) Tr(0301032), (11)
so that one needs to go over the following correlation functions
I] - <: axf(xl)ea’fkl.x(xl) . aXa(Xz)ea’ikz.X(Xz) :eq’ik3.X(X3) :e%/ip.X(x‘;) :e%/ip.D.X(XS) s < Sa(X4) . Sﬁ(XS) >,
Iy = <: 0X (xy)e? X0, o X(0) , ' Ks.X(3) , DX, 5 PDXKS) 1 /iy < Sy (g) 2 Sp(xs) s YO YO (x2) 1>
I = <: ea/ikl.X(xl) . axa(xz)ea'ikz.x(xz) :ea’ik3.X(X3) :e%ip.X()q) :e%ip.D.X(xs) Z>(X/il<]c<: Se(Xa) 5/3(X5) . chi(xl) >
Iy = <: e k1X() , po'ika X(x2) , g0'iks X (x3) oS iPX(a) . g% iPDX(s) .
x (—(@)kickap) <: Se(Xa) : Sp(xs) 1 Y Y (x1) : Y2y (x2) > (12)

Having taken the Wick-theorem and (10), we were able to compute all the correlators of X. However, to get to fermionic correlations,
involving the spin operators, one employs the so called Wick-like rule [27] as follows
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I = < Sq(x4) 1 Sp(xs) : YEY (1) :>= 271 /A (xraxas) THITECT g
19 = <: Sa(xa) : Sp(xs) 1 YPY (x2) 1>= 27 g (Xoax25) T (TP C ) gp, (13)

where Xj; = x; — Xj, X4 = z, X5 = Z. For the calculations of two spin operators and two currents one applies the generalisation of Wick-like
rule [28] to indeed find out the fermionic correlations as follows

1977 = <: Sq(xa) : Sp(xs) 1 Y Y (1) 1 Y PP (xg) >
o Relxaxas]

— {(Fab,ccil)aﬁ +
X12X45

i ~— i~ —2.3/4 _
(P (TUCgp —n*(rC 1>a,s)}2 2x35 " (X14X15X24%05) ! (14)
Considering all the bosonic and fermionic correlators into (11), one reveals the whole closed part of the amplitude as follows
—140 2071 .. —1/4 —
A=CToAT > N/dX1dxde3ClX4dX5(P—lﬂ(n)Mp)aﬁISnEza(21)X45/ (x34x35) " 1/?
X (a"]agx;f/“c;; + o/ikZba"] I%b + a/ikuagléc — (a/)21<1CI<2bIjbic> Tr(A1A2A3)
such that

12 /2 o2 12 a2 o2 o2
I= el 02 g 0 x5 | 7P s [ TR aanas | TP xaaxas| TS P s T PP

i . i X54
a;=ip R
X14X15
. X14 X15 . X43 X53
ag:lkq<—+— + kg +—). (15)
X12X24  X12X25 X23X24  X23X25

One is able now to precisely check out the SL(2,R) invariance of the above S-matrix, and we do gauge fixing by fixing all the positions
of open strings as x; =0, x, = 1, x3 — oo so that at the end, one has to come over the following sort of integration on the upper half
complex plane

fd2z|1 — 212"z - 2"z + 2. (16)
Note that all a, b, c are some combinatoric parts of the defined Mandelstam variables as follows

s=—(ki+k3)?,  t=—(ki+k)?>  u=—(ky+k3)>.

Results of integrations for both d = 0,1 and for d =2 have been appropriately explored in [29,11], so that the compact and ultimate
results for the entire S-matrix in both transverse and world volume directions of brane are discovered as

ASCTIOATT> A b Ay A3+ Ag+ As + As, (17)

where
Ay ~ 2i( — &1i62ak1ckap Tr(P—H iy Mp T %) + £1.p&agkap Tr(hH(n)Mpr“b))L],
. ai 1
Ap ~ 2i&1i&2 Tr(P_H iy Mp T () (u + Z)L3,

As ~ 4iky.£281.p Te(P_H iy Mp) (u + %)L3,
Ay ~ —4ik3.£81.p Tr(P_H ;yMp)(t)L3,
As ~ ks E81ik1c Tr(P_H oy MpT ™) (0) L3,
Ag ~ 4diky & (ke + kac)€1i TE(P_H iy MpT) (u + %)L3, (18)
where
F(~u+ DHr(=s+ Dr(—t+ Hr-t-s—u+1
T(~u—t+ HM(—t—s+ )l (=s—u+1)
I(—u— PT(=s+ DI (O0(—t —s —u)
F(~u—t+ HI(—t—s+ ) (=s—u+1)

L] — (2)—2(t+5+u)7-[

)

L3 — (2)—2(t+s+u)—1 T

This S-matrix does satisfy the Ward identity associated to the gauge field, so that by replacing &, — ka4 the whole S-matrix vanishes.
One can also use (k1 +k2)c = (k3 + p)c in Ag.

Note that, if we just change the picture of scalar field in the presence of a symmetric RR, one ends up having the final form of the
S-matrix of < C~1¢~1A%TC > [12] as follows
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ASCTOTIAT> A Ay A, (19)

where
Ay ~ 281iE2ak3ckag TE(P_H y Mp T ) Ly,

1
Ay~ { ~Te(P_HwMpy &2y £ + ) — 2k3. &2 Tr(P_HanMpy kay £1) }L3 Q1)

1
+ TF(P—H(n)Mp)/-kW-Sl)[Zt(k}éz) +2(—u— Z)k] §) } (—2L3). (20)

If one applies the momentum conservation along the world volume of brane, one then realises the fact that .A; of (20) produces the
first term A of (18). The first term .4, of (20) exactly generates A, of (18), the sum of the second and third term .43 of (20), reconstructs
As of (18) and finally the last term A, of (20) generates Ag of (18). Thus there seems to be no chance to produce all the needed bulk
singularities A3 and A4 of (18). It is also important to stress that the second term .4; of (18) was also overlooked in (20).

Note that since the momentum along the brane is just conserved, from now on instead of Bianchi identities, we use Bianchi identities
restricted on D-brane directions or restricted Bianchi identities on world volume. Consider the following restricted Bianchi identity on
world volume as follows

p'e™ " Hyy..ap — pceao'"“ﬂf‘CHI’JO‘,,GV1 =0 (21)

Note that H in (21) is (p 4+ 1) form field strength of C, form and this is obviously true from the traces of gamma matrices which
appear in all A; terms of (20), basically all the traces for A, terms of (20) are non-zero just for n=p + 1 case.

Upon taking into account the above restricted Bianchi identity and applying momentum conservation along the world volume of brane
(k1 +ko +k3 + p)? =0 to the sum of the 2nd and 3rd term of .A; (and also to the last term of .4) of (20), one is able to actually produce
precisely all infinite u’ (t) channel bulk singularities A4 (and A3) of (18) accordingly.

While a priori without knowing any restricted Bianchi identity on world volume for RR, there seems to be no chance to even see all
the needed bulk singularities of A3 and A4 of (18) from < C~1¢~1A%T? > S-matrix.

Let us see what happens in the other picture of the S-matrix. One reads off the S-matrix < C~1¢9A~1T% > [30] as follows

ASCTIATT g 4 s, (22)

with
Aq ~ <2§1i$2a’<3ck1d TF(P—H(n)Mprcaid) —& ~P(2k3cv§2a)TT(P—H(n)Mme)>L1,
1 ,
A ~ [ffl~P(4’<3~52)TF(PJ77(n>Mp) +4u+ Z)k3c€1iTF(PJﬂ(n)MpFC’)kl §)

. 1 .
— 4tks.E2k1pE1i Tr(P_H myMpT™®) — 2t (u + Z)én‘;‘za Tr(P—H(n)Mme)}IG (23)

By comparisons of the elements of (23) with (18), we are able to produce all the terms inside (18) except its .43. In the other words
again in this < C™1'¢%A~1T? > S-matrix, there seems to be no chance to produce .43 bulk singularities of (18).

Taking into account the above restricted Bianchi identity (21) and applying momentum conservation along the world volume of brane
to the 2nd term A, of (23), one is able to indeed construct exactly all infinite t channel bulk singularities A3 of (18). Meanwhile in this
particular picture of S-matrix (< C"1¢%A~1T% >) one could already see that the infinite u’ channel bulk singularities .44 of (18) have
been shown up in the entire S-matrix.

While a priori without knowing any restricted Bianchi identity for RR, there seems to be no chance to even observe all the needed t
channel bulk singularities A3 of (18) from < C~'¢%A~1T% > S-matrix.

Note that if we would consider the Ward identity associated to the gauge field (&2 — kaq), we would reveal that due to presence of
the 2nd term of A; of (23) and 1st term A, of (23), the S-matrix is not gauge invariant any more. In order to restore gauge invariance,
one needs to consider further remarks. Basically if we replace (&2 — kaq) in all four terms Ay of (23), apply momentum conservation
along the world volume of brane as well as simultaneously consider the restricted Bianchi identity (21), then one observes that all four
terms A of (23) respect Ward identity.

Finally if one replaces (§2¢ — kaq) in all two terms A of (23), apply momentum conservation along the world volume of brane as well
as take into account the following restricted Bianchi identity on world volume directions

Eriksckaq(—pge® -3 H! +ple® 2 g ) =0 (24)

do---ap—3

then one obviously clarifies that all two terms .4y of (23) are also now respecting Ward identity associated to gauge field, therefore based
on applying those restricted Bianchi identities on world volume, now the whole S-matrix respects Ward identity.

Note that the form that appears in (24) is H of (p — 1) form field strength of Cp_» form and this is true from the traces of gamma
matrices which appear in all A terms of (23), basically all the traces for .4; terms of (23) are non-zero just for n 4+ 1 = p case. Hence,
the terms in (21) and (24) do correspond to different RR field couplings.

It is worth mentioning that unlike the symmetric picture, in the asymmetric picture of RR and in the presence of non-BPS branes,
without using any further restricted Bianchi identity the ultimate result of amplitude does satisfy Ward identity associated to the gauge
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field. Eventually one can compute the same S-matrix but in asymmetric picture of RR so that the result of < C 2¢%A%T? > is found in
[30] to be

ASCTOATO> _ A4 Ay 4+ A3+ Ag (25)

where

Ay ~ 232ig13690kackop Ly (prr(Pfsz(n_])MprC“b) - kwTr(h;zm_])Mprmb"d))
Az ~232ig1 . pL3 Tr(P_¢ (n_1)Mp Y ©) <2f’<3-§2[—’<3c — kac] + 2kq.Eu'k3e — ru/szC)

Az ~ 23/21'%'11‘[,3 Tr(P_¢ mn-1)M, Fdd)|: — 2k1.Eu'k3c (kg + kagq) + 2tks.Exkqq(k3c + sz)]

Ag ~ 23P2ig1L3tu &3 Tr(P ¢ (n—1yMpT %) (k3¢ 4 k1c + kac) (26)

As we can see in this asymmetric picture we can precisely produce even all the bulk singularities .A3 and A4 of (18).
Considering all the definitions of H (), Mp, rcedi one knows that the S-matrix is non-zero just for p=n+1 and p + 1 =n cases.
Keeping in mind the momentum conservation along the world volume of brane, one obtains

a 1
S+t+u=-—p p“_Z’ (27)
Standard scattering of RR on BPS branes, with three massless open string states, does not restrict p®p, momentum invariant of the
closed string state to a specific value. Obviously for non-BPS branes due to the presence of the tachyon the kinematic invariants are more
restricted. Indeed for an RR and a tachyon momentum conservation leads to p%p, = k% = %. It is also discussed in [11] that for an RR, two

massless open strings and a tachyon, using the on-shell relations k% = k% =0 and k% = %, we are able to rewrite the momentum expansion
(k1 +k2)*> >0, kiks—0, kzkz—O0, (28)

just in terms of t >0, s— —1, u— —1.In fact the constraint (27) clearly confirms that p®p, must be sent to } or p®p, — 5 and
this just makes sense only for euclidean brane. This is also consistent with the observation that has been pointed out in [31], which
means that on-shell conditions do impose to us the fact that the amplitude must be carried out just for non-BPS SD-branes [32]. The

other point which is worth mentioning is as follows. It is shown in [11] that the constraint p®p, — }1 is valid for all three, four and five

point non-BPS functions and more importantly it is checked that by using the constraint p%p, = }1. one is able to precisely produce all
infinite (t +s+u+ %) tachyon poles of an RR, two scalar fields and a tachyon of [11] as the final form of amplitude clearly involves the
factor '(—t—s—u — %) (for more information see equation (20) and section 4 of [11]).

Now using p%pq — % for non-BPS branes, also taking into account the non-zero vertex operator of two scalars and a gauge field,
one immediately gets to know that t - 0, s — —}1, u— —}1 is the only unique expansion of the S-matrix. Given the facts that

the S-matrix does not include the coefficients of I'(—s — %), MN(~t—-s—u- %), and also < VgoVyoVy-1Vy1 >, < Vo Vyo Va1 Vg1 >
have zero contribution (based on applying CP matrices, as Tr(Io10303) = 0), we understand that, this S-matrix does not have any s’ =
s+1/4,(s'+t+u’) poles at all, thus we are left over with an infinite number of v/, t channel poles.

Let us analyse all infinite tachyon u’ channel poles, then we reconstruct all infinite t-channel scalar poles accordingly. Indeed, by taking
the momentum expansion into considerations, we realise that A1, .4 in (17) are all contact interactions, while A3z, Ag and A4, A5 are
related to all infinite t and u’ singularities of string amplitude appropriately. Also note that A3, A4 do carry p.£&; singular terms, whose
momenta are located in the bulk directions and from now on due to the presence of p!, we are going to call them bulk singularities and
start producing them in effective field theory (EFT) as well.

2. An infinite u’ channel tachyon singularities

In order to deal with all singularities of S-matrix, we first need to have the entire expansion of Gamma functions. The expansion of
tLz around t — 0, s— —}1, u— —% is given by
X

tL3=n3/2<$ Yl + 0™+ Y fp,n,m<u’)P<ts’>"<r+s/>’“), (29)

n=-1 p,n,m=0

with some of the coefficients as

1 1
c.1=1,¢0=0,¢c1 = Eﬂz, fo01= §7T2, f1,01 = fo,02=62(3).

The results for the trace that include 31! can also be true for the following

p >3, Hy = *H19—n,n > 5.

We first extract the trace in .45 and write down all tachyon singularities as follows
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oo
: 1
(TL’B/Z)(M;ﬂ/TC]/Z)Hl 600---ap—1C Z Cn?(s/+t)n+] Tr()\-l)\-z)\B) (30)

Qg --dp—1

16
4ik3.E0)k1cE1j————
(4iks3.52)k1c&1 TR

n=-1

where we used (,u;,ﬂ/nl/z) as normalisation constant to the S-matrix. To reconstruct all infinite tachyon singularities, one has to consider
the following sub amplitude in field theory

A=V%(Cp, d1, T)G*P(T)VA(T, T3, A). (31)

Note that tachyon kinetic term 27w a’'D?TD,T has already been fixed in the DBI action and it has no correction, also Vﬁ(T, T3, Ay)
vertex operator comes from tachyon kinetic term by taking (DT = 8, T —i[A?, T]) so it has no correction either. Both Taylor expansion and
pull-back of Cq,.q,_, are needed. A field strength in the string amplitude Hfzo...ap,] being reproduced by pull-back and Taylor expansion
of the Cqy..a,_,. Consider the following coupling

2ip'w,2ra’)? / Tr(3;Cp A DT¢') (32)
Zp+1

Above coupling is the mixing Chern-Simons and Taylor expansion of scalar field. We need to take into account
Ziﬂ/u;, Qra’)? fzp+1 e%-dp C,‘ao‘,_ap_zDaV](p"DapT coupling as well. If we take integration by parts Dq, , can just act on C-field. Because
of the € tensor it gives zero result if it acts on Dgq,T. Now if we take into account €%-% Oa, 4 Cao._,aple,-q)lDapT where the bracket corre-
sponds to antisymmetrisation of the corresponding world-volume indices and use the definition H{lo'_'ﬂpf1 = p9iCag...ap_1 *+ 9a,_1 Cag...ap_s1is
then we clarify that both terms are needed to reproduce the string amplitude term H(’]o.“ﬂp,1kap€,'

Note that the contributions from Taylor expansion and the other coupling in momentum space would be €%-%p;Cq, q, ka,&' and

(—ef0-p Pa,_; C,’;Umaple@pé") accordingly, thus one obtains the following counterparts for the vertices in EFT

VA(T, T3, A) = 2Tp Qe k3.8 Tr(Aars AP),
@ra)? o i
Ve (Cp 1. T) = 2UpB € Hayay Ky $1i TrO1A%),
—is*h —is*h
Qra)Tpk2+m2)  QRua)Tp,W)’

G (T) = (33)

where k in the above is momentum of off-shell tachyon k = k; + k3 = —(p + k1). Now by replacing (33) inside (31) one obtains

) 16 i vy 1
(4lk3-§2)$limﬂafﬂgﬂ/Héo..,aP,] (P +Kk1)a,€® ap? (34)

where if one uses the identity pg,€®% = 0, then one reveals that the first u’ channel tachyon pole of (30) can be precisely produced.
However, in (30) we do have infinite poles and the only way to regenerate them is to induce the higher derivative corrections as follows

2ip' 14} 2 - 1 i
o @ra)29Cp ATr [ Y cn(@)™ Dy, -+ Dq,,, DTD...D+1¢! (35)

n=-1

One needs to be reminded about the facts that the tachyon propagator and the vertex of two tachyon and one gauge field, do not
receive any correction as they have been derived from the kinetic term of tachyons (as it has been already fixed), that is why we claim
that, taking (35) is the only way of reconstructing all the singularities.

Having set (35), we were able to actually obtain the extension of the vertex operator to all orders as follows

2 Y 2 /2,< A ) [ee]
Hph 21t “Fs“e“O"'anHl > em(@ky )™ Tr (g A%). (36)

Va(cp, T7¢1) = (p)! Gp-+-ap—1

m=—1

Substituting (36) to (31), considering the fixed propagator (the fixed two tachyons, a gauge field vertex operator) and making use of

the following identity Y | cm(a’ky ymt! = > i Cm(t + )™+ one exactly reconstructs all infinite u’ tachyon poles of (30) in the

effective field theory side as well. It is also worth pointing out the fact that by comparisons we get to know that there was no residual
contact interactions to be left over in the EFT. Now we turn to infinite t channel scalar singularities.

T Note that, the derivation of the identity pse%--%-19 =0 can be found from various equations of [30], for instance it is clarified in formula (9) of [30], namely, to actually
obtain the same result for the amplitude of a three point function of one RR and a scalar field in both symmetric and asymmetric S-matrix, this identity pge%--19 =0
should be true. The other example to prove the above identity is as follows. We have just shown it in section 5 of [30], basically to get to the same result for the S-matrix
of a four point function of < C~1T% ' > and < C~2T%? >, that identity should be employed (notice to the footnote 19 of [30]). Finally, we have shown that if and only
if that identity holds, then certainly the S-matrix of <C~1A='TOTO > of [14] does satisfy Ward identity related to the gauge field.
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3. An infinite t channel scalar singularities

Having expanded u’L3 around the same t — 0, s— —%, u— — 411- we get
1 o0 o0
/ _ +3/2( / /\n+1 Dy Ny N
uis=m (tn_zlcn(u +5) +p§_0fp,n,mt W's)"W' +5) > (37)

where the coefficients of ¢y, fp.nm are read.? After extracting the trace in .4 one writes down all scalar t-channel singularities of the
S-matrix as follows

Gupﬁ/ 2 00

4ikq.Exk3cEj————— TR ZC” (s’ +U)n+lHl €90 81 Tr (A Ay A3). (38)
n=

dg---dp—1

Later on we consider the restricted Bianchi identity to actually write down pCHé,Omap_]e“O“‘apflc in terms of PiHa0»<~ap €% % and generate
all the bulk singularities of the S-matrix in EFT as well. To construct all infinite scalar singularities, one must consider the following sub

amplitude in field theory
A=VE(Cp, T3, )G @IV (@, 1, A2). (39)

Note that the scalar kinetic term has already been fixed in the DBI action and it has no correction, also Vf((b,d)], Ay) can be derived

just from scalar kinetic term by extracting the covariant derivative of scalar field (Dq¢' = 83" — i[Aq, $']) so it has no correction either.
One derives the following vertices in EFT

V(9. 01, Ar) = =22 ) Tpkr 281 Tr( 22 AP), (40)
/( T /)2 ap--ap pyi
V (Cp d) T?,)_Z ,3 me Ha() ap k?,a Tr(}\.3A )
—is*Bsii —is*P sl

ap
G,‘j () =

— i 41

Qra’2Tpk?)  Q2ma’)2Tp(t) (41)

where k3 in the above is momentum of on-shell tachyon and we used momentum conservation along the world volume direction as well.

Now by replacing (41) inside (39) one concludes that the first t-channel scalar pole of (38) can be precisely produced. However, as it is

clear in (38) we do have infinite poles and the only way to reproduce them is to propose the higher derivative corrections to the actions.
Taking (35) into account one can get the all order extensions of the vertex operator as

N2 S
V¥(Cp, ¢, T3) =2u;ﬂ’%6“0 “PHE,O ap_ 1k3ap Z cm(a'ks - k)™ Tr(A3A%). (42)
m=-—1

Using momentum conservation, one gets, (a'ks - k) = (u’ +s’). If we substitute (42) inside (39) and keeping fixed all the other vertices,
one clarifies the fact that all the infinite t-channel poles of (38) are precisely gained in the effective field theory side as well, so the higher
derivative corrections of (35) are exact.

To generate all the contact interactions, we just highlight the following references [11,7]. Also notice to the point that for this S-matrix
we do have external gauge field as well as an external scalar and a real tachyon therefore in the action of (32), one needs to first consider
the presence of commutator inside the covariant derivative of tachyon, so that external gauge field shows up and then try to apply higher
derivative corrections properly. Lets turn to the main point of the paper which is indeed dealing with all the bulk singularity structures of
the S-matrix.

4. An infinite u’ bulk singularity structures

Apart from an infinite number of u’ channel tachyon poles, we have an infinite number of bulk singularity structures that can be
accommodated in EFT as well.

Consider the expansion of (29) and do replace it into the entire A4 of (18), extract the related trace as well as normalise this fourth
part of S-matrix so that the whole bulk singularities are now found out as follows

2
16pu,8'7

p.&1 (—4ik3-§2)m

o0
1
Haga, €% > ¢y 7 (s + "1 Tr(A 1 A203) (43)

n=-—1

1 19
€2 =2¢(3), f2,00 = fo,1.0 =2¢(3), f1,00= 67'!2, fr02= %ﬂ‘l,

1 19 1.
= —n? = =_—gx4 = =—7
fo.0.1 3 » fo.03 = f201 % s f11.0=fo11 30
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We call them bulk singularities, because they do involve all the infinite momenta of RR in the bulk directions (due to an infinite
number of p.&; terms). In the other words, we can keep track of these terms that carry the scalar product of momentum of RR in the
bulk and scalar polarisation and claim that these bulk singularities are needed in the entire S-matrix as we are going to reconstruct them
in EFT as well.

To reconstruct all these infinite bulk u’ channel singularities, one has to once more, consider the following sub amplitude in field
theory side

A=V%(Cp, d1, T)G*P(T)VA(T, T3, A). (44)

It is worth highlighting the remark that both tachyon propagator and V#(T, T3, A;) vertex operator, will not receive any correction.
To actually produce p.£; terms in EFT one needs to consider the following integrations

2ip'w,2ra’)? / ( — Tr(dida, Cay...ap_, T$") — Tr(3iCag...ap_, Tda,,¢>i)), (45)
Zp+1

where we suppose all the fields are zero at infinity. We have already taken into account the contribution of the second term of the above
action and were able to produce all infinite u’ channel tachyon singularities, so here we just need to consider the contribution of the first
term of (45) to actually derive the following vertex operator

o / ,(27‘[0{/)2 ap---a o
VE(Cp. 1. T) =2 ' ————=€ P Hay..q, p-E1 TE(A1 A7) (46)
(p+1!
Keeping fixed VA (T, T3, A;) and the tachyon propagator and replacing (46) inside (44) one gets
16M/ 13/7.[2
_A4i _Fpm ap---a
(—4iks.62)p .61 D) Hag..a, €7 Tr(r12223) (47)
One can observe the fact that (47) is indeed the first bulk singularity of the S-matrix (consider n = —1 inside (43)). To actually even
produce all infinite bulk singularities, one needs to apply all higher derivative corrections to the first part of the above action as follows
_Ziﬂ,:u;) "2 oo rn+1 a1 pant i
m(2m ) TrnZ cn(@)" " 3ida, Cag...ap_, Day -+ - Dayyy TDU...D 1) (48)
Zp+1 =

Having set (48), we are able to precisely reconstruct all order extensions of the above vertex operator as follows

2B’ (2ma’)?p. -
Mpﬂ(l(j - 1)? p 51 600"'017 Hao...ap Z Cm(t + S/)ITH'] TI‘(MAQ). (49)

m=-—1

VO((CP’ T7 ¢1) =

Substituting (49) to (44), considering the fixed propagator (and fixed two tachyons, a gauge field vertex operator), one is able to exactly
regenerate all infinite u’ bulk poles of (43) in the effective field theory side as well. Eventually in the next section, we try to produce an
infinite t channel bulk Singularity structures in the effective field theory side too.

5. An infinite t channel bulk singularity structures

Apart from an infinite number of t channel scalar poles, we do have an infinite number of t channel bulk singularity structures that
can be found out in EFT as well.

Consider the expansion of (37) and substitute it into the whole A3 of (18), extract the trace as well as normalise this third part of
S-matrix, to indeed get to the whole bulk t-channel singularities from the string theory point of view as follows

16u),8'?

p.£1(4ik1.52) TFS

o0
1
Hag-ap €% 3 n (8" + U  Tr(hadohs) (50)

n=-1

These are also bulk singularities, because all the infinite singularity terms that involve momentum of RR in the bulk have been embed-
ded into the S-matrix and in below we want to show that they even can be reconstructed in EFT as well. To regenerate all these infinite
bulk t channel scalar singularities, one needs to deal with the following sub amplitude in field theory side

A=V (Cp, T3, )G @V (9, 61, A2, (51)

Note that both scalar propagator and Vf (¢, ¢1, Az) vertex operator, do not get corrected. To actually produce p.£; terms in EFT one should
make use of Taylor expansion and take integration by parts as well. Indeed in (41), we have considered the contribution of the second
term of (45) and precisely produced all infinite ¢t channel scalar singularities of Ag, in the meantime, here we just need to consider the
contribution from the first term of (45) to actually explore
o , o Qrah? a
Vi (Cp, ¢, T3) =—2piu,p mé 0" Hyg..ap TH(A3AT) (52)
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Keeping fixed Vf (¢, ¢1, A2) and the scalar propagator and replacing (52) inside (51) one gains

16u),8'?
t(p+1)!

One can observe the fact that (53) is indeed the first bulk singularity of the S-matrix (consider n = —1 inside (50)). To be able to produce
all infinite bulk singularities, one needs to apply all higher derivative corrections properly. Having set (48), we are able to precisely
reconstruct all order extensions of V¥(C,, ¢, T3) vertex operator as follows

(4ik1.82)p &1 Hay..q, €% Tr(A1A223) (53)

o0
€% Hyo ., Z cm@ + )™ Tr(A3 A%). (54)

m=-—1

,ma’)?

V¥(Cp,¢,T3) = _zpf/’(//pﬂ TES

Substituting (54) to (51), considering the fixed scalar propagator (and the fixed two scalars, a gauge field vertex operator), one is able
to precisely regenerate all infinite t channel bulk singularities of (50) in the effective field theory side as well. Therefore, we were able
to even produce all the infinite bulk singularities u’, t in the EFT and that evidently confirms that the presence of bulk singularities is
needed inside the entire S-matrix. Note that, it also has the important consequences for which one of them is the essential appearances
of new restricted Bianchi identities on world volume directions of D-branes that we got in this particular S-matrix.
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