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the Seiberg-like duality that changes the sign of the instanton charge.

KEYWORDS: Solitons Monopoles and Instantons, Duality in Gauge Field Theories, Sigma
Models, Supersymmetric gauge theory

ARX1v EPRINT: 1512.07458

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP03(2016)067


mailto:meto@sci.kj.yamagata-u.ac.jp
mailto:nitta@phys-h.keio.ac.jp
http://arxiv.org/abs/1512.07458
http://dx.doi.org/10.1007/JHEP03(2016)067

Contents

1 Introduction 1
2 The model, BPS equations, and solutions 3
2.1 U(Nc) gauge theory and 1/4 BPS equations
2.2 Solving 1/4 BPS equations in terms of the moduli matrix )
3 Semilocal instantons in Abelian gauge theory and the CPN~1 model 6
3.1 Single spherical solution 6
3.2 Multiple instantons 9

4 Semilocal instantons in non-Abelian gauge theory and the Grassmann

sigma model 11
4.1 Single spherical solution 11
4.2 Seiberg-like duality 13
5 Summary and discussion 13
A Topological charges in Seiberg-like duality 15

1 Introduction

Yang-Mills instantons are solutions to self-dual equations of pure Yang-Mills theory in
Euclidean four space, playing crucial roles in non-perturbative dynamics of gauge theories
in four dimensions, in particular in supersymmetric gauge theories [1]. When some scalar
fields are coupled to gauge fields, the gauge symmetry is spontaneously broken in the
Higgs phase, where instantons cannot exist stably in the bulk as a consequence of the
Derrick’s scaling argument [2]. Instead, they can exist stably inside a non-Abelian vortex;
the low-energy effective theory of a non-Abelian vortex in a U(N) gauge theory coupled
with N fundamental scalar fields is the CPY~! model in two dimensions [3-7], in which
instantons in the bulk exist as lumps (or sigma model instantons) [8-10]. Such a composite
configuration is a 1/4 BPS state preserving a quarter supersymmetry in supersymmetric
theories with eight supercharges [9]. Yang-Mills instantons trapped inside a vortex as sigma
model instantons elegantly explain a relation between quantum field theories in two and
four dimensions [8, 11]. Instanton charges also exist at intersections of vortices [12]. More
general BPS composite configurations containing instantons in supersymmetric theories
with eight supercharges were classified in ref. [13].



In two dimensional sigma models, instantons are lumps characterized by the second
homotopy group [14], which is, for the CPN~! model,

SU(N)
SU(N — 1) x U(1)

m(CPN™Y) =7y ( ) ~m (SUN —1) x U(1)) = Z. (1.1)
From the last expression of the homotopy relation, it is found that lumps can be promoted
to vortices in gauge theories, which is, for the case of the CPY~! model, a U(1) gauge theory
coupled to N complex scalar fields. Such vortices are called semilocal vortices [15, 16],
reducing to lumps in strong gauge coupling limit [17]. Lumps in Grassmann sigma models
are promoted to non-Abelian vortices in a non-Abelian gauge theory [8, 18, 19]. Other
than vortices, possible semilocal solitons were classified [20-22], including codimension-
four instantons in quarternionic sigma models [22].

In this paper, we construct BPS instantons of codimension four that solve a set of 1/4
BPS equations in a U(1) or U(N) gauge theory coupled with scalar fields in four dimensions
that reduces to the CPY~! model or Grassmann sigma model. It is a Yang-Mills instanton
in the gauge theory, and reduces to a codimension-four sigma model instanton in the CPN 1
model for which we give an exact solution. It is characterized by the fourth homotopy group

SU(N)
1

m(CPY ) =m, <SU(N “ 1)< U(D)

> ~ 73 (SUN — 1) x U(1)) = Z. (1.2)
The last expression m3[SU(N — 1)] ~ Z denotes the homotopy group for Yang-Mills in-
stantons in gauge fields, in parallel with eq. (1.1) for vortices, and so our solutions may be
called semi-local instantons. Although the energy (action) of our solutions is divergent, this
divergence comes from the vortex energy while the instanton charge itself is finite. Vor-
tices are sheets linearly extending to two directions in Euclidean four dimensions, having
divergent energy R? with the system size R. Our solution is spherical and is accompa-
nied by a cloud of a vortex, giving a divergent energy of the same order. Although the
Derick’s scaling argument implies the instability against shrinkage for scalar-field objects
and gauge-field objects of codimension four, it is not applied to our solutions because of
the divergent energy. We construct exact solutions for the sigma models and numerical
solutions for the gauge theories. The Grassmann manifold

SU(N)
U(N — M) x SU(M) x U(1)

Grv v = S (1.3)
can be reduced from either U(M) gauge theory or U(N — M) gauge theory with N flavors.
The Seiberg-like duality exchanges the gauge groups U(M) and U(N — M) with keeping
the number of flavors N. To find how the Seiberg-like duality acts on our solutions, we
focus on the simplest case of the CP? model; U(1) and U(2) gauge theories reduce to the
same CP? model at strong gauge couplings. Our solutions are fractional instantons having
+1/2 fractional instanton charges with a minus (plus) sign for the (non-)Abelian gauge
theory. We find that the Seiberg-like duality flips the sign of the instanton charge. We
also find that a small instanton singularity in the sigma models is resolved at finite gauge
coupling at least for U(1) gauge theory. Our solution is an instanton for (hyper-)Kéhler



sigma models, while that in ref. [22] is for quarternionic Kéhler sigma models. Another
crucial difference between them is that our solution is BPS.

This paper is organized as follows. In section 2 we give Lagrangian of supersymmetric
U(N) gauge theory, 1/4 BPS equations, and their solution in terms of the moduli matrix.
In section 3, we present semi-local instanton solutions in the Abelian gauge theory and
the CPV~! sigma model. In section 4, we present semi-local instanton solutions in the
non-Abelian gauge theory and the Grassmannian sigma model. Section 5 is devoted to
summary and discussion. In appendix A we describe the transformation of the topological
charge under the Seiberg-like duality.

2 The model, BPS equations, and solutions

2.1 U(Nc) gauge theory and 1/4 BPS equations

In this section, we introduce U(N¢) gauge theory in (4+1)-dimensional spacetime with N
Higgs fields in the fundamental representation. By introducing additional Ny Higgs fields
in the fundamental representation, this theory can also be regarded as the bosonic part of
a five-dimensional A" = 1 supersymmetric U(N¢) gauge theory with Ng hypermultiplets in
the fundamental representation. The fermionic part (and another set of Ny Higgs scalars)
is irrelevant and is omitted in the following discussion. Then the Lagrangian of the theory
takes the form

1 2
L= | =5 s Ful™ + D, H(DMH)' — gZ(HHT —clny)?, (2.1)

where the Higgs fields are expressed as an N¢ x Ny matrix H"™4 (r=1,---,N¢g, A=
1,-++, Ng). The constants g and c are the gauge coupling constant and the Fayet-Iliopoulos
(FI) parameter, respectively. At the vacua (the minima of the potential) of this theory,
the Higgs fields H get the vacuum expectation value (vev) and the U(N) gauge symmetry
is completely broken. Namely the theory has only the Higgs branch due to the nonzero FI
term. The moduli space of the vacua is given by a complex Grassmannian

SU(Nk)
U(N¢) x SU(Ng — N¢) x U(1)°

GTNFJVC = S (2.2)

The Abelian case Nc = 1 corresponds to the projective space CPNr~1 ~ SU(Np)/
[SU(Np — 1) x U(1). In the strong gauge coupling limit ¢ — oo, the model reduces to
the Grassmann sigma model with the target space in eq. (2.2).

Let us introduce the complex coordinates z and w, complexified gauge fields and the
covariant derivatives by
= O —i% 5 183, Ow = 02— i0 5 184, (2.3)
Wi —iWs Wy —iWy D1 —iDs Dy — 1Dy

) ’ Ww 9 ) DZ = T7 Dw = T7 (24)

z=z! 4 iad, w = 2% + izt 0.

W,



respectively. The 1/4 BPS equations that we consider in this paper are of the form [8, 9]

2

Fi3+ Foy = —% (ClNc — HHT) ; Fio = Fyy, Fyy = Fa3, (2.5)

D.H =0, D,H = 0. (2.6)

These equations can be also derived by using the Bogomol’nyi completion of the energy
density:

1 2 2
E= / dio Tr [zngm"an + Dy H(D™H) + gZ (cl No — HH ) ]
1 92 ? 2
= /d433 Tr [92{ <F13 + Foy + 5 (CINC - HHT)) + (Fi2 — F34)
+ (Fia — Fs)? } +4D,H(D,H)! + 4D, H(D,,H)!
+i {Dlﬂ(DSH)T - D3H(D1H)T} +i {DQH(D4H)T D, H(DyH) }
1 .
- (FIS + F24) (ClNc - HHT) + 292anan:|
1 g ? 2
= /d4az Tr[gz{ <F13 + Foy + o (ClNc — HH' ) + (Flg — F34)

+ (F14 - F23)2 } + 4@2H(@ZH)T + 41511)[—1(/1511)]{)]L

1 ~
—c(F13 + Fo4) + ?anF"m + 8me] , (2.7)
where we have defined the current
J1 = iHDsHT, Js = —iHDH',
Jo = iHD,HT, Jy = —iHDyHT, (2.8)

and have used the following identity

Tr [01J1 + 03J3] = iTr[DIHD3H' — DsHD H' — iHH' Fy3),
Tr [0oJo + O4Js] = iTr[DoHD,H' — DyHD,H' — iHH Fy). (2.9)

We thus have found the energy bound from below

E> /dm4 Te(V, 4+ Vi +Z + 0T ), (2.10)
where the bound consists of three parts
1 -
V.= _CTr(Fl?:); Vi = —CTI'(F24), = 72Tr (anan> . (211)
g

It is saturated when the 1/4 BPS equations (2.5) and (2.6) are satisfied. Using the BPS
equations, the current is expressed by

T = %BmTr {HHT} . (2.12)



Under the spacial integrations, we have

/d4x TV, = /d:c2dx4/dx1dx3 (—=cTrFi3) = —2mwck, Sy, (2.13)
/d4a? TV, = /da:lda:S/daﬁzdx4 (—cTrFyy) = —2mcky,S-, (2.14)
where we introduce negative integers
1 1
k, = — [ da'da® TrFys, kw = — [ da?da®* TrFha, (2.15)
27 27

and the infinite areas S, = fd:vldx?’ and S, = fdediLA. We have another topological
number, the instanton charge

g9 4
Furthermore, J,, goes exponentially rapidly to zero at spacial infinity, leading to

[ dz* 8, = 0. In summary, the 1/4 BPS solution has mass

2

E = —2mc(k,Sw + kwS:2) + 4;2[. (2.17)
Note that k., is always negative due to our choice of sign when we performed the Bogo-
mol’nyi completion at eq. (2.7). Therefore, the first two terms, the tension of the vortices,
are positive definite. On the other hand, the instanton number I is not restricted to be
positive or negative. Below, we will show that I is negative in the Abelian gauge theory
while it is positive in the non-Abelian gauge theory. When [ is negative, it may be suitable
that the instanton charge give a sort of binding energy, rather than a particle.

2.2 Solving 1/4 BPS equations in terms of the moduli matrix

Let us solve the BPS equations (2.5) and (2.6). Eq. (2.6) can be easily solved by introducing
the N¢ x Np moduli matrix whose components are holomorphic in both z and w [9, 9]

H = S"'Hy(z,w), W,=-iS710.S, W, =—iS"10,5, (2.18)
where S € GL(N¢,C). The last two equations can be rewritten by
D,S7'=0, D,S7'=o0. (2.19)

The last two equations® in eq. (2.5) are automatically satisfied and insure the integrability
of two operators D, and D,

[D.,Dy] = i [Fio — Fay +i(Flq — Fp3)] = 0. (2.24)
I The following useful indenties hold
[D., D] = i [Fiz — Fys + i(Fua — Fa)], (2.20)
[D.,D.] = %Fm, (2.21)
[Dw,Duw| = %FM, (2.22)
[D.,Dw] = i [Fio + F34 —i(Fia + F23)]. (2.23)



The last unsolved equation is the first one of (2.5). Let us rewrite it by using a gauge
invariant Ng X N¢ hermite matrix

Q=S5s'. (2.25)

By using DS~! = —S7100)Q~ L, D'S™1 = S 1(0'Q)Q~! and the equations (2.20)—(2.23),
the field strength F),, can be expressed in terms of Q) as

Fio+ Fyy — i(Fia + Foz) = 4iS710 [(0')Q 7] S, (2.26)
Fio+ Fyy +i(Fig + Fog) = —4iS719 [(0Q)Q71] S, (2.27)
Fig = 28719 [(09)Q71] S, (2.28)
Py = =259 [(0'Q)Q 1] S, (2.29)

where F34 = Fio, Fy3 = Fy4 from the BPS solution. Then the last of the BPS equation
can be expressed as

9. [(0:97'] + 0 [(0,2)Q7!] = e [1ng — Q271 (2.30)

4
that we call the master equation, with

Q= ¢ ' HoH,. (2.31)

The energy density can be expressed as follows

ty=V.+Vy= §A4 log det 2, (2.32)
1
I = ?Tl“ (FioF34 + FiaFoz — Fi3F5y)
4 = 11 & _ - 1y & _
= ?Tr 9: { (0w} 0y {(0:2)Q71} — 0. {(9:2)27} 00 { (B} |, (2.33)

3 Semilocal instantons in Abelian gauge theory and the CPN~! model

3.1 Single spherical solution

As the minimal model admitting a semi-local instanton, let us consider U(1) gauge theory
with Ny = 3 charged Higgs fields.
The moduli matrix for a spherically symmetric solution in the CP? model is given by

Ho(z,w) = Vc(z, w, a), (3.1)
where a represent size and phase moduli. This yields
Qo = 2 +al?, (3.2)

where we have defined complex coordinates by

Asin €. (3.3)

z=re"cosf, w=re



figure 1. Energy density ¢, of one instanton with a size modulus |a| = 1/2,1,2 at the strong gauge
coupling (sigma model) limit g — oco.

with r € [0,00), £ € [0,7/2], n € [0,27), A € [0,27). Since the source Qg is a function of
r only, the master equation (2.30) can be reduced into the following ordinary differential
equation for Q(r) = (),

!/

3
w2 g’c [1- (r? + |a|2)e_“] =0. (3.4)
,

It is worth to point out that if we replace the coefficient 3 in the second term by 1, we
obtain the master equation for a BPS semi-local vortex in the Abelian-Higgs model with
Np > 2 in 2 + 1 dimensions.

In the sigma model limit ¢ — oo, the energy density coincides with the vortex charge
density, because the contribution to the energy density from the instanton charge density
vanishes. At the same time we have the exact solution Q = Qg to the master equa-
tion (2.30). The energy density is then given by

2¢(r? + 2[al?)

TR (3.5)

59—)00 =ty = = (33 + 387“) log () =
2 T
The energy density t, is shown in figure 1. The integrated energy is quadratically divergent
E=] d*xt, ~ R? with the size R of the system. The quadratic divergence exists when a
vortex is sheet-like, but the same divergence still exists for the spherical configuration that
we have constructed. This may be understood as a cloud of a vortex.

The profile functions of the Higgs fields for the exact solution at g — oo gives a map
from R* to CP?

(3.6)

H(r, &, JA) = ) )
e ﬁ(x/ﬂﬂalz NN

recosé  retsiné a )
9y

where the overall phase is gauged away. Figure 2 shows the map onto the topic diagram
of CP?. At large distance r» — oo, the configuration in eq. (3.6) reduces to

H(r — c0,&,m,A) = ﬁ(ei’] cos&, e siné, 0) ~ ﬁ(ei”_“‘ cosé&, siné&, 0) (3.7)



(0,0, 1

figure 2. The map from R* to CP2. The toric diagram is shown, for which the horizontal and
vertical axes denote |H;|? and |Hz|?, respectively.

where ~ denotes a gauge equivalence. Therefore, the boundary S at the spacial infinity
of R* is mapped to a submanifold CP' ~ S? corresponding to the diagonal edge in fig-
ure 2. Our configuration therefore has additional topological charge, characterized by the
Hopf map?

m3(S%) ~ Z. (3.8)

Although the instanton charge density at ¢ — oo does not contribute to the total
energy density, g°Z has a nonzero support around the origin as is given by
4|al?
9T = —Lg. (3.9)
(r? + lal?)
The instanton charge density is shown in figure 3. The instanton charge of this configuration
is finite and interestingly fractional as

I= 4—; dz ¢*T = —%. (3.10)
Thus, this is a fractional instanton, or a meron.

The solution at ¢ — oo has a small instanton singularity at a = 0 where the energy
density diverges and the instanton charge density becomes a delta function. The small
instanton singularity is resolved for the finite gauge coupling constant g, because the typical
mass scale gy/c turns into the theory. This is a good property for g < oo but we have to
pay the cost that the master equation (3.4) cannot be solved analytically anymore.

Here we numerically solve the master equation for finite gauge couplings. In figure 4,
we show numerical solutions with |a| = 0, 1,2 as examples. Even for a = 0, no singular

2 A soliton in four Euclidean space characterized by the same Hopf map at the boundary S® was studied
before in an SU(2) gauge theory with triplet Higgs field, by which the SU(2) gauge symmetry is sponta-
neously broken to a U(1) subgroup [23]. Our soliton may be understood as a Higgsed version of it.
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figure 3. Instanton charge density g*Z of a single instanton with a size modulus |a| = 4/5,1,2 at
the strong gauge coupling (sigma model) limit g — oo.

— la]=0
—-——- lal=1
-------- la]=2
IIS ZIO
,
figure 4. t, of a single instanton with a size modulus |a] = 0,1,2 at the finite gauge coupling

g’c=1.

behaviors are observed so that the small instanton singularity is resolved. Compared these
with the configurations in figure 1, it is seen that the energy density distributions of the
finite gauge coupling constant tend to be broader and more smeared. We also show the
negative instanton charge densities in figure 5. Compared to the infinite gauge coupling
limit shown in figure 3, the peaks of instanton charge densities become very small; they
are about 1%. Remarkably, the instanton charge contribution to the total energy density
does not vanish even for a = 0. Note that setting a = 0 in eq. (3.1) implies that the third
component of the the Higgs field is 0 everywhere. Namely, the solution for a = 0 remains
a solution for the theory with Ng = 2 for which the moduli space of vacua is CP! ~ §2.

3.2 Multiple instantons

Non-spherical multiple instantons can be constructed in the CP? model by the moduli

matrix of the form of

Hoy=0G"+--,w"+---,a) (3.11)



0,01
~0020 7
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-0.06

figure 6. Sufaces on which t, = 1 for 2 instantons in 2123 space at z* = 0. We take ¢ = 1 and
g — oo.

where - -- denote polynomials with degrees m of z and n of w. This gives
Q=2"+- P+ +--- >+ d° (3.12)
For instance, the configuration given by the moduli matrix
Ho=((z4+1.5)(z — 1.5), w, 1) (3.13)

is shown in figure 6.
If we go to the CP3 model, another spherically symmetric configuration made of four
instantons can be constructed. Let us consider the moduli matrix given by

Hy = (2%, w?, V22w, q). (3.14)
This yields

Q=rt 4. (3.15)

~10 -



The vortex and instanton charge densities are given by

y :47“2(T4—|—3|CL|2) gZI:— 32|a\2p4 (3.16)
Tt aP)? (r* + |af?)®’

respectively. The integrated energy is again quadratically divergent E ~ R? with the
system size R. As before, although the energy is divergent, the total instanton charge
is finite:

9 4
that is four multiple of 1/2 instantons.

4 Semilocal instantons in non-Abelian gauge theory and the Grassmann
sigma model

4.1 Single spherical solution

As the simplest case, we consider U(2) gauge theory with Ngp = 3 flavors. The moduli
space of vacua is

v@ _ SU(3)g
Ne=3 7 SU(2)cqr x U(L)oyr

M ~ CP? (4.1)
which is the same with that of the U(1) gauge theory with Ng = 3 flavors because of the
Seiberg-like duality N <+ Ng — N¢. In the strong gauge coupling limit, these two models
reduce to the same CP? model.

The moduli matrix of a spherically symmetric solution is given by

w

1—0
Ho(z,w) =ve [ a "), (4.2)

0z a

that gives
w2 Z*w
1+ )*
Qo = R a , det Qo =r*+ |al. (4.3)
o |ep

This is similar to 9 which we encountered in the U(1) gauge theory.
In the strong gauge coupling limit, the master equation is again exactly solved by
Q=0 ! The profile functions of the Higgs fields are given by

/ 2 z*w
1 1+ |Z’ — 4| )
g1 VIt (4.4)
2 2 14|22+ w2 |’
V1422 + |w] 0 ’/ﬁT

14]2]2 w _ z*w
H— WP+l O+ AP+ w?) /=R A+ 2+ w?) | (4.5)
0 z 1

VIHE VIR

- 11 -



Consider SU(2)¢ invariant quantities, the determinants of 2 by 2 submatrices taking ¢ and
j-th column from H, are given by

1
det Hyp = : detHog = ——— % detHiz= ——— . (4.6)

) 23 — ) 13 — .
J1F 122+ fwl? VI[P +|w]? V1422 +Hw]?

This is exactly identical to the solution in the Abelian theory given in eq. (3.6). From these

we can calculate the instanton density

4a?
27
gI= (r2 + a2)3’ (4.7)

that coincides with the one of eq. (3.9) with opposite sign. Thus, we have a positive
contribution I to the energy density,

1

I =—
472

dzt ¢°T = . (4.8)

The sign flip between the instanton charges in the original theory with N¢ and the dual
theory Nc = Nrp — N¢ is shown in appendix A.

On the other hand, we numerically solve the master equation for the finite gauge
coupling constant. For simplicity, we will consider the moduli matrix (4.2) with a = 1. In
terms of the complex coordinate coordinates in eq. (3.3), we have

2 + 12 r? —cos2¢ M gin2¢
Qo = 1o+ — , . 4.9
0 y 2t (w“—ﬂ) sin26  cos2¢ (49)
Since €2 should asymptotically close to g, we make an Ansatz for 2
—cos26 MM gin2¢
Q= 1 h . 4.10
f(r)1a + h(r) (e_z()\_n) sin 2¢ cos 26 ) ( )
where we impose
2 2 2
e L U ()} (4.11)

Plugging the above Ansatz into the master equation (2.30), we get the following two ordi-
nary differential equations

3 1 8h? 2 _9hf'W + fH?  cg?
N A /LR
3 1 8fh  hf?—2ff' +hh? cg*  ,
1 e /_ - — g
W'+ —h 2Tk £e +5 (P =2hr) =0 (413)

A numerical solution is shown in figure 7. The profile functions at the finite gauge coupling
are slightly different only near the origin from those at the infinite gauge coupling limit. We
also plot the instant charge density ¢?Z in figure 8. The density ¢?Z with ¢ = 1 becomes
slightly smaller than that with ¢ = oco. The peak of the density with g = 1 is just 1/3
of that with g = oo, which is quite different from the Abelian case seen in the previous
subsection.

- 12 —
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figure 7. Profile functions log f(r) and log h(r) are shown with cg? = 1,00 for a = 1.

4
\
\
3
\
\
~
o 2+
%0 “ — g=1

\

\ —_——— =
1E\L g=x
0-I b 1 1 1 1 1

0 2 4 6 8 10

r

figure 8. Instanton charge densities g27 are shown with cg? = 1,00 for a = 1.

4.2 Seiberg-like duality

In figures 9 and 10, we compare the instanton densities g?Z of the Abelian and non-Abelian
models for the finite gauge coupling ¢ = 1 and g = co. Due to the duality N¢ <> Np — N¢
shown in appendix A, figure 9 clearly shows that the instanton charge densities at the
infinite gauge coupling limit obey the exact relation gZINC:Q’ Np=3 = — gQINC:Z Np=3-

5 Summary and discussion

We have studied 1/4 BPS equations and have constructed semi-local fractional instantons
of codimension four in U(N¢) gauge theories with Np scalar fields in Euclidean four dimen-
sions or the corresponding CPNF~1 and Grassmann sigma models in strong gauge coupling
limit. In the sigma model limit, we have presented exact solutions, and for finite gauge
coupling we have given numerical solutions. They have divergent energy in systems with
infinite volume R — oo as global solitons. We find that they carry fractional instanton
charge (—)1/2 in non-Abelian (Abelian) gauge theories, and that the Seiberg-like duality
changes the sign of the instanton charge.

The topological origin of the fractionality of the topological charge is yet to be clarified.
Only when the spatial boundary is mapped to one point on the target space, the topological

~13 -
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figure 9. Instanton charge densities g>Z with cg? = oo for a = 1.

1.2¢

0.8F

2]

0.4' ——— U(l)
0.2F

figure 10. Instanton charge densities g2Z with cg? =1 for a = 1.

charge is integer. One known origin of the fractional topological charges is due to the
presence of suitable potential term. For instance, a lump (sigma model instanton) in the
CPY~! model characterized by 73 is split into N fractional (1/N) lumps [24-26], and a
Skyrmion in the Skyrme model characterized by 3 is split into two half Skyrmions [27] in
the presence of potential terms. The other known example is given by twisted boundary
conditions along a compactified direction. There appear 1/N fractional lumps (sigma
model instantons) of my in the CPY~! model on R! x S [9, 28-30], fractional Grassmann
lumps [31, 32] on R! x S, fractional instantons of 7y_1 in the O(N) model on RV=2 x
S' [33], and 1/N fractional instantons of 73 in the SU(N) principal chiral model on R? x
S! [34].3 These two cases stabilize fractional charges by either the potential term or the
boundary conditions. Our new solitons are stabilized by different mechanism, namely by
the topological charges of vortices. A common point for these three cases is that fractional
solitons have additional topological charges of one less dimensions. In our case it is the
Hopf charge in eq. (3.8).

A 1/2 BPS non-Abelian vortex in the U(N) gauge theory has the CPY~! moduli
space [3, 4]. In 5+1 dimensions a vortex has 3+1 dimensional world-volume. If we consider

3The latter case is currently extensively studied in application to resurgence of field theory [28-30].
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our instanton solution in the CPN~1 model on the Euclid world-volume of the vortex, we
have an instanton of codimension four inside a vortex of codimension two. This object
of codimension six may be 1/8 BPS state in Euclidean six dimensional theory with eight
supercharges [13].

As the other coset spaces that admits the same semilocal instantons, we may consider
the followings:

7”‘ <sm%v()§%> = 13 (SUN) x U(1)) = Z, (5.1)
(5ol ) = ma(sU) x V) = 2 52)

The nonlinear sigma models with these target spaces can be constructed in supersymmetric
gauge theories with suitable superpotentials in the case of four supercharges [35]. These
sigma model also appear as the effective theory on a non-Abelian vortex in G = SO,USp
gauge theories [36-38].

It is interesting to take quantum effects into account, although, in this paper, we have
focused our attention to the classical aspects of the fractional semilocal instantons. We
have taken the common gauge coupling constant g for the U(1) and SU(N¢) parts for
usefulness. The overall U(1) would be free in the IR for the five dimensions, so we may
need to solve the equations of motion with different gauge couplings for the U(1) and
SU(N¢) parts. It would modify the solutions obtained in this paper but the qualitative
features like topological charges and masses may not be affected.
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A Topological charges in Seiberg-like duality

In this section, we discuss the transformation of the topological charge under the Seiberg-
like duality. We show that the sign of the topological is flipped.

Let us consider the strong gauge coupling limit g> — co. In this case, there is a duality
between the theory with (Np, N¢) and with (N, Ne = Np — N¢). We introduce the dual

~15 —



scalar fields H in the form of an N¢ x N matrix. The scalar fields satisfy the constraints
HH' =cly,, HH'=clg_. (A1)
Then, there is the following relation between the original fields H and the dual field H:
HH =0 or H'H+H'H=cly,. (A.2)
The tension of the instanton is given by
9*Tinstanton = / d'z %Tr (MM Ry FRL) | (A-3)
where the gauge field is expressed as
Wy = zaMHHT, Wy = éaMﬁmT. (A.4)

The field strength is then expressed as

QMWN —aNWM—i-’i[WM,WN] .
- % [aM {6NHHT} N {aMHHTH _ Ciz [aMHHT, E)NHHT}

2 [ 1
— 2 o HOo H + Cﬁ[MHHTaN}HHT]

Fyun

[ 1
= == | O HONH" = ~op HH HaN]HT]

. | -
= = | O Hon H' — ~0 H (clNF - HTH) 8N}HT}
2, otz t
C
2 A
= SonHH N HH'. (A.5)
where we have defined
1
8[MX8N} = 5 [3MX8NY - 8NX8MY] . (A6)
Plugging equation (A.5) into the equation (A.3), we get
4 - . - -
Te (MNKE Py Fic) = —— T [MNKE0y HE o HE oy HE 0y HH|
4 - - - -
= [gMNKLaMHHT onHH 0, HE' aLHHT}
4 - . - -
= [aMNKLaNHHT oxHH Y0, HH' aMHHT}
4 . . - -
- 5T [eMNKLaMHHTaNHHTaKHHTaLHHT}

- Ty (gMNKLFMNFKL) (A7)
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Note that Fiyn is not the electric-magnetic dual of Fisny but is the field strength of Was.
We thus have found the relation

TInstanton + jjInstanton =0 (AS)

implying that the instanton charge is flipped under the duality.
The same relation between the monopole charges in the original and dual theories. In
the dimensional reduction, the instanton charge can be written as

Tr (MVKEFyy Fic) = 4Tx (£ Frpy Fra
s 4Ty (em”kanDkE>
= 8Tr; (FkE) (A.9)

where we have defined the adjoint scalar field Z(2™) = W, and have used the Bianchi

identity. Therefore, we have

TInstanton — TMonopolea (AIO)

and the relation

TMonopole + TMonopole =0. (A'll)
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