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Abstract

We discuss various aspects of self-energy corrections to the fermion propa-
gator at finite temperature, Several calculational methods not relying on the
renormalization of the mass or of the wave function are discussed. General ex-
pressions are given. It is shown that, when calculating a physical process, the
thermal mass enters essentially the phase space factor and not the dynamical
part of the process, at least in some limiting cases. Comparison with the renor-
malization approach is discussed and it appears that there are no ambiguities

in the calculation of the self-energy corrections at finite temperature.
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I. Introduction

Over the last few years there has been an increasing interest in applying Per-
turbation Theory at finite temperature [1-3]. A point of particular importance is
the contribution of the self-energy corrections [4,5] and the question of fermion mass
renormalization at firite temperature [6]. A method was proposed some time ago
which dealt with this problem in a way very similar to the T' = 0 case: it involved
the introduction of a non scalar mass counter-term in the Lagrangian as well a wave
function (Z;) renormalization. Special care had to be taken because of the non co-
variance of the expressions at finite temperature (the calculations are usually done in
the plasma rest-frame). This method is rather cumbersome and it was suggested re-
cently that it did not lead to the correct results [7]. Since the temperature dependent
{erms are ultra-violet finite it is not necessary to introduce an explicit renormalization
procedure and the seif-energy corrections can be evaluated directly. We present here
two ways to calculate these contributions which lead to identical results. In sec.2
we state the problem and present our results: they are quite simple in the case of
vanishing fermion masses or when T & Myfmion. In sec.3 we present a method of
calculating the self-energy contribution based on the resummation of the diagrams:
this will help in interpreting the results. In sec.4 we generalize the method of [7]
based on an explicit evaluation of derivatives of & functions. Sec.4 is devoted to a
discussion of the results as well as various subtleties related to the expansion of the

self-energy contribution around the mass-shell condition.
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II. The Results

At T = 0 the self-energy diagrams are ultra-violet divergent. The renormalization
procedure consists in absorbing the divergences in a redefinition of the physical quan-
tities. We assume here that the standard renormalization procedure has been carried
out and we define m as the renormalized fermion mass at zero temperature. In an
adequately defined scheme it is then enough to calculate the lowest order diagrams
with the renormalized mass and ignore the self energy corrections on the external
particles. The renormalized mass appears both in the phase space factor (the exter-
nal momenta satisfy p = m?), and in the matrix element squared (the virtual lines

will involve the spin projection operator (¢ + m)).

At T # 0 the situation is different. It is particularly simple if one starts with
a massless quark or if one can neglect the temperature dependence on the internal
fermion line (' < m). In both cases the result is that the pole in the fermion
propagator is shifted to m%4 = m? 4 ¢g?T?, a well known result. This thermal mass
will appear when taking discontinuities {the propagator pole is then replaced by
§(p* — m)) and therefore will be relevant for the external mass: it consequently
enters the phase space factor. On the other hand, when evaluating the self energy
diagram contribution to a particular process, it turns out that the matrix element
squared is calculated essentially with the T = 0 mass: the temperature dependent
term disappears when doing the relevant traces. This arises because of the peculiar

form of the self energy correction at finite temperature which is of the form (4,5

E(P)lmau—ahcll = 7#1# (2.1)
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that is ¥ is not a scalar but a matrix such that

éma =2 pl
(2.2)
=¢ gZTZ
The fact that Z,.a,,—shen transforms as p means that the mass shift due to J does
not break chiral invariance. To put it differently, one could introduce by analogy
with the T = 0 renormalization procedure, a term ¥/¥ in the Lagrangian and this
counter-term would not change the chiral properties of the original Lagrangian. The

self energy diagrams contribute other terms which are infra-red or mass singular but

it has been shown that they cancel when a physical quantity is considered {8-12].

In the case when the fermion mass cannot be neglected and when the condition

T <« m is not satisfied the situation is more complicated and will be described below.

III. The Summation Method

For definiteness we consider the case of a Higgs particle in an QED plasma. The
application of the cutting rules at finite temperature [13] allows one to calculate the
quantity I' = T'q — T;, namely the difference between the rate of decay (H — ete™)
and the rate of formation (ete~ — H) of the Higgs particle. At lowest order, it isin

n dimensions

10— 3o (e~ 1) [ BB (o) = ne(E0) (208) — mr(E)

x 2mé(p — m?)2x8(p; ~ m*)Tr (1 ~ m)($2 + m)] (27)"6(p1 — P2 — 9)
(3.1)
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where Q is the Higgs mass and F; = |{p?|. After evaluation of the phase space integrals

it comes out

2 m? 3/2 ol c .
oo (- 5)" (o) R

92
= t.—mh(cg/qa“)-é;l_-c,g2 (1 e

where in the last line we have set ¢ = 0. Note that the phase space factor contributes

v = /1 —4m3/Q? while the trace factor gives @*v?. Consider now the self energy

corrections to quark line p; . After cancellation of ill-defined terms, by adding the

contributions of all *cut diagrams’ as required by T’ # 0 field theory one finds [9,10,13]

d"py d”p,
(2m)~ (2m)"

P5E = _(gu)*(e?/T — 1)/ 27 (6(—p2) — nr(Er)) (8(23) — np(Er))

x 8(pz — m*)Re(Tr (41 + m)A1(—TReZ(p1))($1 + m)Ai(F2 + m)])

X (27)"6™(p1 — P2 — q)
(3.3)
with
1
A= ———— 3.4
tpl-mita (34)
The expression for ReX(p,), the temperature dependent part of the self energy loop

will be given later. Turning back to eq.(3.1) , we can use the relation
76(p} — m?) = ReA,,

so that when considering the expression I'® + I'%, there appears the following com-
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bination

(A1 +m)A1 + (b1 + m)As(—7ReZ(p1))(f1 + m)A,. (3.5)
To order €* (ReX(p;:) is proportional to €2} this can be written as

?

s —
(#1) 1 —m — ReZ(p1) + in

(3.6)

Such a result would also have been obtained had we summed the self energy loop to
all orders on the fermion p, propagator. We turn now to the evaluation of eq.(3.6)

for later use in €q.(3.3) . One finds, in the Feynman gauge,

ReZ(p) = 2(en®)’

Tk [ nekE) (g k) - (2 om)

Gt (ot k)t —m2 + i
(3.7)
3 np(k)é(k* —m?) NE (2 — e
(- Ok = 2= 9m)
Introducing the notation
ReX(p) = A(p)p — mB(p) + K(p) (3.8)
we have
A(p) = (1 ~ €)Cx(p) (3.9
B(p} = (2 - €)(Ca(p) — Cr(p))
with c — 3 ey] d*k np(k)s(k?)
5(p) = 2(en”) .[ (2r)-1(p+ k)2 —m? +in
(3.10)
Cr(p) = 2ew' [ s =)
and

R - | e AL o)
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The above integrals are for an off mass-shell fermion. Unlike what is done at zero
temperature, we defer to a later stage the expansion of these expressions around the
mass-shell condition p = m. Introducing now the notation of eq.(3.8} the fermion
propagator at O(e?) can be written

~-isM(p) = #(1 — A(p)) — K(p) + m(1 — B(p))
p*(1 - 24(p)) — 2p.K(p) — m*(1 — 2B(p)) + in

(3.12)

Considering now the denominator of the above equation and using the definitions

eqs.{3.8-3.11), it can be recast in the form
fL — (1 - )(Cs(p) - Cr(p))] [p* — 8m} — m? (1 - 2(C(p) - Cr(p)))]
Here we have introduced the notation
d™k
2 _ o2 2 2 2
§m? = 2 /W (na(k)8(k?) + np(k)S(k? — m?)) (3.13)

We now expand the integrals Cp(p) and Cr(p) for small p? — m? using the relations

pl=m3 )

S(k*) _ 6(k)
(p+k)?—mi+in  (F+kP—m

= — (p* —m*)

5(k%) d(2k.p)
(5 + ) —m)? (1 M

8K —m?) Sk —m?)
(p—KkP+in  (F—k)?

— m?)

8(k* — m?) (1 d(2k.p) | )
((F— k)*)? dp?  |pr=m:

(3.14)
where the vector § = (E,,p), with E, = /p* + m?. The above equations are not
completely defined as we have not specified yet how p° and § depend on p* and
therefore d(k.p)/dp® does not have a precise meaning. The four-vector p is in fact
fully determined by the kinematical constraints of the process under study. In our

case, they are given by the é-functions in eq.(3.1) where the quark line , with the self-

energy insertion, is taken off-shell (m? replaced by p? in the corresponding é-function).
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The 4-vector components are then found to be

2 2
Po — _2‘_+ P ;Qm
(3.15)
B =p" -p’
so that
dp® 1
dp? lpa=ms  2Q
(3.16)
d|p] .
dp? lp2=m 4|p]

which all what is needed to specify the equations above. We dwell in some detail on
this problem because it has sometimes been assumed that |f] could be kept fixed with
the whole off-shellness dependence put into p°. This hypothesis is inconsistent with
the kinematical constraints of the considered process and would lead to the wrong

results as far as finite correction terms are concerned.

Defining in an obvious way

C(p) = C + (p* — m*)C"

d*k  np(k)6(k? — m?)

Cr=2euY | Gy G-y

(3.17)

d*k ng(k) ( 2)
267 | Gy (5t b7 o

d*k  np(k)§(k? — m?) d(2k.p)
Cp = ~2ep)’ @r)t (- kR (1" dp? Lwﬂ)

Note that the derivative term does not contribute in C’b because of the antisymmetry
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property of the integrand under the change ¥ — —%. The previous results can then

be used to express the fermion propagator at O(e?) in the following form

. ~ ~ A — K(p 1+ 20
~i§W(p) = (1 - Cr — 2m*(Cp - Cp)) < ? ’K;(p) +2m( T29) _ (3.8)
p? — ém} — m* (1 + 2Cr) + 17

The pole in the propagator is at

p = Ty
(3.19)
= émi + m*(1 + 2Cr).

In the numerator of eq.(3.18) it is enough to evaluate the integrals at § = p since

terms of O(e?(p? — m?)) are in fact of O(e?) and can therefore safely be neglected.

We are now in a position to evaluate the contribution of the self energy diagrams
to the Higgs process. It is a relatively trivial task now. Comparing the form of the
O(e?) propagator, eq.(3.18) , with that of the lowest order propagator it is enough to

substitute in the lowest order rate, eq.(3.1) , the expression
(1= Cp ~ 2m*(Cp — CF)) [ — K(p) + m(1 +2CF)] 6(p* — m})

to the usual factor
(3 +m)é(p" — m?).

The net result can then be expressed as

v 2q.K(71) — 2q.K (7 P . P S ra
ro o8 = o [y 2O K@) 220K B 845 1 Gh(pa) - i) - O

Qv?
~ Q% +4m?
- 205 ]

(3.20)

The factor

vr = /1 — 4mi./Q? (3.21)
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is the threshold factor appropriate for the O(e?) calculation. Its origin is clear: it
comes from the kinematics of two external particles of mass my. The dynamical part,
related to the trace evaluation, is contained in the expression in square brackets in
€q.(3.20) . One may remark that the mass shift ém% does not appear in this factor
since it cancels in terms such as p* — 2p.K(p) leaving in the final result only pieces
like m?*Cr. At zero temperature the term 2p.K (p) of course does not exist leaving in
the trace factor the full mass shift contribution. Further discussion of this result will

be given in Sec.5.

IV. The Direct Calculation

We now turn back to eq.(3.3) and carry out the integration directly. The basic

step is to recognize that [14]

. a3

Since after performing the p; integration there still remains in the integrand of eq.(3.3)
another § function, whose argument also depends on m?, the usual method of inte-
gration by part is not very useful. We use here the trick of ref.[7] who define in

general

8 a o
[ EpFm) 5580 — m?) = — [ TpF(p,m)s(s" — =)

(4.2)

o~
m=m

Upon using this relation and carrying out the phase space integration on p; in eq.(3.3)

we arrive at the relatively simple formula

F(1—¢) ¢* &
I'(2 — 2¢) 87 Q Om?

Isp = (vp?) (152 e (I3D)nr(1Q — 221)G(p1, )| (4.3)

-~
=T
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The function G(p;, 1) contains all the dynamical part of the process and it is defined

as

G(pr,m) = 2Te((p1 + m)ReX(p1)(F1 + m)(P2 + m)) (4.4)

It explicitly depends on 7 because of the relations

o_g M -m
1™ 2 2Q

- 2
‘1f’1|2 IP? —m?

p
(4.5)

This set of equations is :dentical to the set eq.(3.15) . The derivation on the statistical

factors do not give any contribution so that the final result is simply expressed as

0% = s (- 2960, m) - @2 LR Y

3""‘2

where the first term on the right hand side arises from the derivation of the phase
space factor. The tedious part is now the evaluation of the eq.(4.4) . We shall not

give here the full off-shell expression but only the relevant on-shell results. We find

G(p1,M)|5 ., = —4Q2v2(5m% + 2m26'p-)

(4.7)

9 - _ ~ A -
5 CPn M) aam = 4(20.K(P1) + 2m?Q**(Cp — CF) +(Q* +4m”)Cr)

where the various functions are defined in eq.(3.17) . Combining all these results and
similar ones for the fermion p; we obtain again eq.(3.20) where the phase space factor

vr has now been expanded to O(e?).

As mentioned before, we did not expand the self-energy contribution until late in
the calculation when we had to deal with scalar expressions. This was done in order
to avoid expanding matrix expressions which are more complicated to deal with than

scalar ones. Had we followed the usual approach and expanded ¥ we would have,
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of course, gotten the same result both in the summation method and in the direct
calculation. In order to make the connection with the usual renormalization more

obvious we will come back to this point later.

V. Discussion of the Results

To ease the comparison with previous works we rewrite eq.(3.20) so as to separate

off the explicit dependence on the quark mass m and we obtain

K($,) — 2¢.K(5 -
1'\0 + I\SE — I\O T%‘-[l _ 2q “I{(FI)Q2 q K(P?) _ ZCF

- 2m*(Cp(51) + Cp(52) — Cr(F1) — Cr (7)) (5.1)

_ 4m® 2 K(p) ~ 20.K(5)
Q3v? Q?

+ 45{")

We turn now to special cases. The simplest one is the case of a massless fermion
at T = 0. As is obvious from the above equation, many terms drop out and the

evaluation of the remaining integrals is very simple. In that limit we find

1 —~€

29.K(5) = ~F(e)

sign(;p'[’)-g-Q2 -/:o 21 *(np(3Qz) + nr(3Qz)) dz (5.2)

€

where we have defined

drp?\e (1 —€)
Fle)= ( Q? ) T(1 - 2¢) (5:3)

Introducing a notation reminiscent of the wave function renormalization approach we

write

20.K(5) = Q*(Z;" - 1) (5.4)
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with this definition of Z; identical to that of ref.[9] (see eq.(3.24) in that paper) where
the color factor has been ignored here since we work in QED. We also note that the
function Cr vanishes in the massless fermion limit so that the self-energy correction

takes the very simple form [15]

I+ I%F = Mur(1 —2(Z;' - 1))

(5.5)
4mi.

Qﬂ

. 1/2
= tanh(Q/tlT)g;Qz (1 - ) (1—2(2;" - 1))

The factor v is equal to 1 in the limit we consider. The divergent factor Z;' — 1
compensates with the contribution coming from the emission of a gluon [8-12]. The
behavior in m2 of eq.(5.5) is to be contrasted with the behavior in m? of eq. (3.2):
the dynamically generated mass appears only in the phase space factor.

The next simplest example is with m # 0 but assuming T <« m : all thermal
factors on the internal fermion legs can then be neglected because they are of O(e=™/T)
and therefore the integrals Cr and €4 drop out. We also set € = 0 so that the results

can be compared with those of refs.[7] and [10]. Following the notation and the

normalization conventions of ref.[10] we find in that limit

R . a4 14+»
29.K(p) = mgn(po);r-;ln (1 — v) fwng(w) dw
(5.6)
. 2a
= sign(z") 2 Q17
and . o
Cp = —=—; [ na(w)—
Tm w (5.7)
el
T Trioma

We can now define the wave function renormalization factor from the first line of
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eq.(5.1)

Z7 =1 = (I, —2=) (5.8)

in agreement with ref.[10]. The constant terms cannot be compared since they were
not calculated in the previous work. Needless to say that our result is also in complete

agreement with ref.[7] for Z; as well as for the constant terms.

It is interesting to remark that agreement with ref.[10] is obtained even though
it is chosen there, by convention, to expand around the mass shell condition keeping
ip] fixed, a choice which, we believe, is not appropriate in the case we consider. A
difference would appear, however, in the general case (not restricting T' << m ) when
the thermal factor on the fermion propagator also contributes. It is localized in the
term m3 €4 in eq.(3.20), since C4 depends explicitly , unlike all the other terms,

on the explicit expression of d(k.p)/dp®.

In the methods for calculating the contribution of the self-energy presented in
Sec.3 and Sec.4 the separation between Z; and the rest of the terms appears rather
artificial. We discuss here how to make the connection between the various approaches
clearer and show that all methods give, indeed, the same results. This relies on the
expansion of I(p) around the mass shell condition. For simplicity we again neglect

the terms proportional to np. Following [6] we decompose ReX(p) as

ReZ(p) = Z(alp—m) +7 + (2 — m*)L) (5.9)

where the various pieces are defined by

&k na(k)s(k?)
(2m)»1((p + k)* —m?)?

a €
;EIA = 2m? 2(ep )2.[

(5.10)

= —2m? Gy
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&k np(k)8(k?)

2T = 21— e)(ens)? e

T / (27) (p+ k)2 —m (5.11)
= K(5)

a . o2 d"k np(k)é(k?) d(2k.p)

k=200 ) [ G i F e O

The last expression is a new integral not introduced in the previous sections. The
propagator at O(e?)

1

sM(p) =
(p) p —m — ReX(p) + in
§_ = (5.13)
= ‘&(1+2IA) e _awzl+m
w2 T pt — Z2p.0 — &(p? —m?)2p.L — m?
The integral [ depends on the on-shell vector § and one can expand
dp.
— 95 3 _ 2
2p.f =251+ (p° —m )dp2 s {(5.14)

The first term is related to the mass shift &§m? while the second one compensates

the term in 2p.L in eq.(5.13) . We then find

p- & +m
p? —m? — fmi

SW(p) = i (1+ %IA) (5.15)

which is identical to eq.(3.18) up to terms in Cr and C} which are neglected here. It

also allows, following [6], to calculate Z; which is defined in coordinate space as
SR(z —y) = 27 SW(z — ) (5.16)

and with the procedure of ref.[6] eq.(5.8) is immediately recovered.

Instead of using eq.(5.15) directly in the calculation, Donoghue et al. perform a

finite mass renormalization and introduce a thermal wave function which satisfies

(b= 5F —m) ¥z =0 (5.17)
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and a counter-term 5/ in the Lagrangian. The propagator to O(e?) in the renor-

malized theory is then

R R Y

My (G L —y

F-m-5]
The first term is the renormalized lowest order contribution while the last two pieces

(5.18)

are the O(e?) correction and the counter-term respectively. Expanding the lowest
order propagator in terms of %[/(§ — m) one immediately cancels, to O(e?), the
counter-term. The higher order correction can be evaluated as before and we recover
eq.(5.15) . It has been said that the renormalization approach with a non scalar
counter-term gave the wrong results. The reason for this claim was that the lowest
order contribution was then incorrectly assumed to be i/(p — m — émz) with dmp =
22p.I/2m and the non scalar nature of the thermal contribution to the mass was

consequently not properly taken into account.

On the other hand, following ref.[7], we can adopt émy as defined above as a
counter-term and (p —m — 5 [)¥r = 0 as the Dirac equation at finite temperature.
Then the perturbative series takes the form

1 1 t

+ (—i ReX(p)) ————
;i—m—EmT ﬁ—m'—EmT ™ . }5 m — émr (5.19)
4 —  (ifmg) :

p—m —bémyr p—m— émyr
It is easy to see, expanding the first term in émz/(p — m), that the counter-term is
exactly cancelled leaving us once again with the the result eq.(5.15) . Unlike what

is said in ref.[7] we therefore do not see any ambiguity related to the choice of the

counter-term.
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It is clear, in view of the above discussion, that, for practical calculations the
renormalization approach, besides being unnecessary, is not particularly elegant since
the counter-terms do not have the usual simplicity of the T = 0 calculation. In the
first case it amounts to introduce a chirality preserving but momentum dependent
piece in the Lagrangian. In the second approach, the counter-term breaks chiral
symmetry which is against standard knowledge concerning the high temperature cor-
rections. Futhermore, in the general case when the fermion thermal contribution is
not neglected, it would be émr = 253p.I/2m + mCr/2 which is again momentum

dependent as can be seen from eq.(3.17) .

VI. Conclusions

We have presented several ways to calculate the contribution of the self-energy
diagram to a physical process such as Higgs production in a plasma in equilibrium.
The importance of correctly defining the off-shell behavior of the self-energy correction
was discussed. We have shown that all methods agree and that no ambiguity remains
in the evaluation of this diagram. The dynamically generated fermion mass at finite
temperature cannot be treated simply as a scalar mass term. This has consequences

on the structure of the finite correction terms.
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