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Abstract. The symmetry algebra of asymptotically flat spacetimes at null infinity in
four dimensions in the sense of Newman and Unti is revisited. As in the Bondi-Metzner-
Sachs gauge, it is shown to be isomorphic to the direct sum of the abelian algebra of
infinitesimal conformal rescalings with bms,. The latter algebra is the semi-direct sum
of infinitesimal supertranslations with the conformal Killing vectors of the Riemann
sphere. Infinitesimal local conformal transformations can then consistently be included.
We work out the local conformal properties of the relevant Newman-Penrose coefficients,
construct the surface charges and derive their algebra.

1. Introduction

The definitions of asymptotically flat four dimensional space-times at null infinity by
Bondi-Van der Burg-Metzner-Sachs [1, 2] (BMS) and Newman-Unti (NU) [3] in 1962
merely differ by the choice of the radial coordinate. Such a change of gauge should not
affect the asymptotic symmetry algebra if, as we contend, this concept is to have a major
physical significance.

The problem of comparing the symmetry algebra in both cases is that, besides the
difference in gauge, the very definitions of these algebras are not the same. Indeed, NU
allow the leading part of the metric induced on Scri to undergo a conformal rescaling.
When this generalization is considered in the BMS setting, it turns out that the symmetry
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algebra is the direct sum of the BMS algebra bms, [4] with the abelian algebra of
infinitesimal conformal rescalings [5], [6]. There are two novel and independent aspects in
this computation.

e The first concerns the fact that the BMS algebra in 4 dimension involves the

conformal Killing vectors of the unit, or equivalently, the Riemann sphere and
can consistently accommodate infinitesimal local conformal transformations. The
symmetry algebra bmsy then involves two commuting copies of the non centrally
extended Virasoro algebra, called superrotations in [7], and simultaneously the
supertranslations generators are expanded in Laurent series. The standard, globally
well-defined symmetry algebra bmsilOb consists in restricting to the globally well
defined conformal Killing vectors of the sphere which correspond to infinitesimal
Lorentz transformation, while the supertranslation generators are expanded into
spherical harmonics.
This local versus global versions of the symmetry algebra are of course not related
to the BMS gauge choice, but will also occur in alternative characterizations of the
asymptotic symmetry algebra where the conformal Killing vectors of the sphere play a
role. Examples of this are the geometrical approach of Geroch [8] based on Penrose’s
definition of null infinity [9] and also, as we will explicitly discuss in this paper, the
asymptotic symmetries in the NU framework.

e The second aspect is related to the modified Lie bracket that should be used when
the vector fields parametrising infinitesimal diffeomorphisms depend explicitly on
the metric. Indeed, when using the modified Lie bracket, the space-time vectors
realize the asymptotic symmetry algebra everywhere in the bulk and furthermore,
even on Scri, this bracket is needed to disentangle the algebra when conformal
rescalings of the induced metric on Scri are allowed. Similarly, in the context of
the AdS/CFT correspondence, this bracket allows one to realize the asymptotic
symmetry algebra in the bulk and to disentangle the symmetry algebra at infinity
when considering transformations that leave the Fefferman-Graham ansatz invariant
only up to conformal rescaling of the boundary metric [10]. From a mathematical
point of view, the modified Lie bracket is the natural bracket of the Lie algebroid
that is associated to any theory with gauge invariance [11].

What we will do in this paper is to re-derive from scratch the asymptotic symmetry
algebra in the NU framework by focusing on metric aspects and on the two novel features
discussed above. As expected, the symmetry algebra is again the direct sum of bmsy with
the abelian algebra of infinitesimal conformal rescalings of the metric on Scri and thus
coincides, as it should, with the generalized symmetry algebra in the BMS approach. A
related analysis of asymptotic symmetries in the NU context from the point of view of
Scri and emphasizing global issues instead can be found in [12], [13].
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Even though the results presented here are not really surprising in view of those in
the BMS framework and the close relation between the NU and BMS approaches, the
exercise of working out the details is justified because the NU framework is embedded in
the context of the widely used Newman-Penrose formalism [14] so that explicit formulae
in this context are directly relevant in many applications, see e.g. the review article [15].

As a first application, we study the transformation properties of the Newman-Penrose
coefficients parametrizing solution space in the NU approach. Our main focus is on
the inhomogeneous terms in the transformation laws that contain the information on
the central extensions of the theory. We then discuss the associated surface charges by
following the analysis in the BMS gauge [16] and briefly compare with standard expressions
that can be found in the literature. The algebra of these charges is derived and shown to

involve field dependent central charges in the case of bms, which vanish for bmsik)b.

2. NU metric ansatz for asymptotically flat spacetimes

The metric ansatz of NU is based on a family of null hypersurfaces labelled by the first
coordinate, ° = u = const. The second coordinate 2! = r is chosen as an affine parameter
for the null geodesic generators I# of these hypersurfaces, so that [* = —6F. Up to a change
of signature from (+, —, —, —) to (—, +, +, +), a renumbering of the indices and the tetrad
transformation that makes Py real, the line element considered in section 4 of NU [3]
can be written as

ds? = Wdu? — 2drdu + gap(dz® — VAdu)(dz? — VEBdu), (1)
with associated inverse metric

0 -1 0
g =1-1 -w VB[, (2)
0 _VA gAB

where
gapdr?dz® = r?y 4 pda?da® + rCupdatdz® + o(r), (3)
with 44p conformally flat. Below, we will use standard stereographic coordinates
¢ = cot e, (, Japdatda® = e2?d(d(, ¢ = p(u, ).
In addition, the choice of origin for the affine parameter of the null geodesics is fixed

through the requirement that the term proportional to 7~2 in the expansion of the spin
coefficient —p = D,l,mPm” is absent.

When expressed in terms of the metric, one finds

1 1 1 _
p=—739" 948, = =10 Inlg| = =17+ 2CHrT 4 o(r7?), (4)
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where g = det g,, and the index has been raised with the inverse of 44p. The requirement
is thus equivalent to the condition
c4=0. (5)

In the following we denote by Dy the covariant derivative with respect to 45 and by
A the associated Laplacian and by R the scalar curvature. In complex coordinates (,(,
CQE = 0 and we define for later convenience C¢¢ = e*%e, CC_E = ¢2%¢. Finally,

VA =002, W =-2r0,0+ A+ 0(r 1), (6)

where Ag = 4e~2200% with 9 = 0,0 = ¢
The more restrictive fall-off conditions in [3] are relevant for integrating the field
equations but play no role in the discussion of the asymptotic symmetry algebra.

3. Asymptotic symmetries in the NU approach

The infinitesimal NU transformations can be defined as those infinitesimal transformations

that leave the form (2) and the fall-off conditions (3)-(6) invariant, up to a rescaling of
4) 4. In other words, they satisfy

the conformal factor dp(u, ) = @(u,x

E{guu = 0, £§QUA = 0, ﬁggur = 0, (7)

1 Al
0| 0V IsleN)] = o). ®)

Egg”A =0(r 2, £§gAB = —20gP +O(r ),
Leg"™ = 2r0,o + 2008 — AG +O(r ™).
Equations (7) are equivalent to
&"gu =0,

0pE" = g"PO,E" = { 0,&4 = OptigBA, (10)
& = —0y€" — 048 VA,

and are explicitly solved by
£ =7,
A=YA+ 14 M= —0pf [ dr'g"P, (11)
€ =0+ Z+ T J=0af [Cdr'VA,

with 0, f =0 = 9,Y4 = 9,Z. Equation (8) then implies

Z=Af. (12)
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The first equation of (9) requires 9,Y4 = 0, the second that Y4 is a conformal Killing
vector of 445, which amounts to

Ye=Y =Y(), Y =Y=Y(), (13)

in the coordinates ¢, ¢, and also that
. 1~
Ouf = [0u5 + 50 (14)

with ¢» = DY 4, or more explicitly in ¢, coordinates, 1) = Y + Y + 2Y 95 + 2Y 05,
and ¥ = ¢ — 2w. Finally, the last equation of (9) implies

20,2 4+ Z0,P) = YAOUAG + AT + 204 f7POB0G + fAOG — AW, (15)

which is identically satisfied when taking the previous relations into account.

One approach is to consider that (14) fixes w in terms of f and Y, w = %w—i—fau@—ﬁuf.
Consider Scri, the space .# with coordinates u, ¢, and metric

ds?; = 0du® 4 €2Pd¢dc . (16)

The NU algebra is then defined as the commutator algebra of the vector fields

= 0 0
fzf%‘i‘YA&TAa (17)

with f = f(u,z?) arbitrary and Y4(z) conformal Killing vectors of a conformally flat
metric in 2 dimensions, or equivalently, the algebra of conformal vector fields of the
degenerate metric (16).

This is not the symmetry algebra of asymptotically flat spacetimes in the sense of NU
however. Indeed, @ is arbitrary, it can for instance be considered as the finite ambiguity
related to Penrose’s conformal approach [9, 17, 18] to null infinity. One can then interpret
¢ as part of the background structure, or in other words, of the gauge fixing [8], and
compute the asymptotic symmetries for a fixed choice of @, i.e., w = 0 in the formulae
above, or ask the more general question of how the asymptotic symmetries depend on
changes in @ by an arbitrary infinitesimal amount w. In both cases, one has to consider
(14) as a differential equation for f. As we now show, the symmetry algebra will then be
isomorphic to the trivially extended bmsy algebra by the abelian algebra of infinitesimal
conformal rescalings, as it should, and as a consequence, the Poincaré algebra is embedded
therein in a natural way. Furthermore, there is a natural realization of the asymptotic
symmetry algebra on an asymptotically flat 4 dimensional bulk spacetime. Note also
that, for w = 0, equation (14) has been interpreted from the point of view of Penrose’s
conformal approach to null infinity in [12] following [19] and related to the preservation
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of null angles, which is the standard way [9, 17, 20, 21] to recover the BMS algebra from
geometrical data on Scri.

The general solution for (14) reads
1 [u e~ o~
f=cF[Feg [ awe ], T=T(.0). (15)
0

and the general solution to equations (7)-(9) defining the asymptotic symmetries is given
by £° as in (11) where Z,Y 4, f satisfy (12), (13), (18) with @ arbitrary. Asymptotic Killing
vectors thus depend on Y4, T,& and the metric, £ = £[Y, T, @; g].

For such metric dependent vector fields, consider on the one hand the suitably modified
Lie bracket taking the metric dependence of the spacetime vectors into account,

(61, &l = [€1, &) — 6F, &2 + 6L, &1, (19)

where 6?152 denotes the variation in & under the variation of the metric induced by &7,
5219#1/ = ['&g;uw

Consider on the other hand the extended bms, algebra, i.e., the semi-direct sum of
the algebra of conformal Killing vectors of the Riemann sphere with the abelian ideal of
infinitesimal supertranslations, trivially extended by infinitesimal conformal rescalings of

the conformally flat degenerate metric on Scri. More explicitly, the commutation relations
are given by [(Y1,T1,w1), (Ya, To,w2)] = (Y, T, &) where

}EA — YlBaBY2A _ }/QBaBY'lA7
T = YlAaAfQ — YQAGATH + %(flaAYQA — TQ&AYlA)7 (20)
w=0.

It thus follows that

Theorem 3.1. The spacetime vectors £[Y, TV, w; g realize the extended bmsy algebra in the
modified Lie bracket,

€Y1, 71,313 g), €[V2, To, @a; g] v Y, T,a;9), (21)
in the bulk of an asymptotically flat spacetime in the sense of Newman and Unti.

Note in particular that for two different choices of the conformal factor ¢ which is held
fixed, W = 0, the asymptotic symmetry algebras are isomorphic to bmsy, which is thus a
gauge invariant statement.

Proof. The proof follows closely the one in [6] for the BMS gauge. In order to be self-
contained we recall the different steps here. In a first stage, one shows that on ., the
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vectors fields £[Y, T, @; 4] given in (17) with f as in (18) realize the extended bmsy algebra
in terms of the modified Lie bracket. Indeed, this is obvious for the A components which
do not depend on the metric so that the modified bracket reduces to the standard Lie
bracket for these components. For the v component, taking into account that

~ 1 - [ S0 ~ ~
5glf2 =wifo+ 26“"/ du'e”? [~ (1hy — 209) + 2Y2A(9Aw1] ,
0

we have [£1, &Y% |u—0 = eg\uzof Direct computation then shows that 9,([&1, &)%) =
fOup + %D AY 4 with f given by (18) with T,Y,® replaced by their hatted counterparts,
implying the result for the u component.

For the spacetime vectors, direct computation gives [£1, &)Y, = [€1, &)Yy = f Using the
defining property (10), one then finds that 9,([¢1, &)%) = gp”&,f. For the A components
the result then follows from the one on .#, lim,_,~[¢1, 52]1\’4/1 = YA, This is due to the fact
that T4 goes to zero at infinity, that the non-vanishing term at infinity does not involve
the metric and that the correction term in the bracket does not change the asymptotic
behaviour. Finally, for the r component, we still need to check that the r independent
component of [£1, €]}, is given by %Af, which follows by direct computation. O

For completeness, let us also stress here that, if one focuses on local properties and
expands the conformal Killing vectors Y49, and the infinitesimal supertranslations T in
Laurent series,

0 - - 0
= (Tl = il v/ 22
b= - =0T me, (22
fm,n = Cmén} m,n € Za (23)

the commutation relations for the complexified bms, algebra read

[lma ln] = (m - n)lm—i-’m [Zmy Zn] = (m - n)lm+na [lm7 [n] = 07

I+1 . I+1 (24)
[lh Tm,n] = (T - m)Tm—l—l,na [lb Tm,n] = (T - n)Tm,n—H-

The bms, algebra contains as subalgebra the Poincaré algebra, which we identify with the
algebra of exact Killing vectors of the Minkowski metric equipped with the standard Lie
bracket. It is spanned by the generators

I1,los b, 11,00, l, Too, Tho, Toa, Tha - (25)

Non trivial central extensions of the algebra (24) have been studied in [7]: the
computation of H?(bms,) reveals that there are only the standard ones for the Virasoro
algebra extending the first two commutation relations.
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4. Explicit relation between the NU and the BMS gauges

The definition of asymptotically flat space-times in the BMS approach [1], [2], [4] as
reviewed in [5], [6], amounts to replacing g,, = 1/¢"* = —1 by

Guu = 1/g" = —€*P, B =0(r?) (26)
in (1) and (2) while imposing the additional requirement that
det gap = rtdet YAB - (27)

Both definitions then differ just by a choice of radial coordinate. Indeed, replacing
the radial coordinate by a function of the 4 coordinates preserves the zeros in (1) and
(2) (see e.g. the discussion in [22]). Furthermore, to first non trivial order in r, the
determinant condition leads to the same restriction (5) as the choice of the origin of the
affine parameter. It follows that the relation between the two radial coordinates does not
involve constant terms and is of the form

P =r+00 Y. (28)

More explicitly, starting from the NU approach, BMS coordinates are obtained by defining
the new radial coordinates as [23]

det gAB)i ‘

2
detyap (29)

BMS = (
Conversely, starting from the BMS approach with radial coordinate r, NU coordinates are
obtained by changing the radial coordinate to

TN=T1— /OO dr'(e®® —1). (30)

These changes of coordinates only affect lower order terms in the asymptotic expansion
of the metric that play no role in the definition of asymptotic symmetries and explains a
posteriori why the asymptotic symmetry algebras in both approaches are isomorphic.

We will now work out the explicit relation between the free data characterizing
asymptotic solution space in both approaches. The inverse metric in the BMS gauge
(as discussed in [6]) is given by

0 —e 28 0
Jus= |- —e 2L _e2yB | . (31)
0 e 2BA gAB
1 _
948 = 1948 +1Cap + =F4C5CE + O(r™Y), (32)

4



IC-MSQUARE 2012: International Conference on Mathematical Modelling in Physical Sciences IOP Publishing
Journal of Physics: Conference Series 410 (2013) 012142 doi:10.1088/1742-6596/410/1/012142

For simplicity, we assume here that there is no trace-free part D 4p at order 0 and that the
conformal factor is time-independent, 0, = 0, in which case the news tensor is simply
Nap=0,Capand f =T+ %udj with T = e®T. Writing

Cee =e*e, Cgpr=e€e, Ciz=0, (33)
we have
1
B = 717“_265 +0(r ),

2 4z 25~ 2 —AF-7(.2F —4
US = =56 0(e*¢) — 35 | N — dema0(eP0)| + O™, (34)
% = 4¢72°90p +r712M + O(r7?),

which implies in particular that
cc

=+ 067, (35)

™ =71+

The angular momentum and mass aspects N¢ = N¢(u,(, (), M = M(u,(, () satisfy the

evolution equations

1 1o 1. -
0uM =~ N{NX + SAR+ 7 DaDeN, (36)

1 _ 1 1
OuN4 = 04 M + ZCABaBR + 1504 INECS] - ZDAC,gz\ﬂg’
1_ 1 p- o
— ;D5 [CENS — NECS] - D5 [DBDcCS — DaDcCPC). (37)

Consider now the “eth” operators [24] defined here for a field n° of spin weight s
according to the conventions of [25] through

an® = PL9(P*y®),  On®=P"o(Pn"),  P=+V2e?, (38)
where 0,0 raise respectively lower the spin weight by one unit and satisfy
0,9]n° = ;Rns. (39)

The spin weights of the various quantities are summarized in table 1. Note that the P used
here differs from the one used in [3], which we will denote by Py below. It also no longer
denotes the particular function %(1 + ¢(), contrary to the notation used in [6, 16]. In the
current conventions, the particular value of P adapted to the unit sphere is %(1 +¢0).

In order to compare with the notation used in [3], we use ¢ = 2 + iz*. With

_ . ra B
' = U,?“N,I'B,IA and zt = u,r, Cv C) Computlng 9§B($/) = _(%;;u gglﬂ/[s %3;1/ )(x(xl))a
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where the overall minus sign takes the change of signature into account, then gives the
following dictionary by comparing with [3]:

1
V2
W)+ 09 = —2M — 9,(ce), o°=c¢, W =80, (40)

= 1 = = 1<
Py = Ew:§P,Yﬁ:w,/P:—P%amP:§A¢:ffR,
0 0m=0 _ Sa 0-0
V| = —PNg — 0700 —15(00).
For convenience, let us also use
0 0 lsn 0 =0
Vs =—00" — ZESR, U, =—0". (41)
In these terms,
¥ =00], U)=00)+ 0] ) = 90d + 2099 (42)

Indeed, the first equation holds by definition and the assumed time-independence of P.
The evolution equation (36) is equivalent to the real part of the second equation. Taking
into account the on-shell relation of the NU framework,

U) — 0Y = 8% - %6 + %Y — 057, (43)

find
we fin 1

. 1=
M=-9§ - %0 + 56200 — 55260, (44)

in terms of which (36) is fully equivalent to the second equation of (42) and (37) is
equivalent to the last equation of (42), in agreement with [3].

5. Transformation laws of the NU coefficients characterizing asymptotic
solutions

Let Y = P~'Y and J) = P~'Y. The conformal Killing equations and the conformal factor
then become

0y=0=0y, ¢=(0Y+0)). (45)
It follows for instance that
. R 5 an, 1o o 1, - S
00)Y = —537, 0“yY =0°Y — 53}5}2, 00y = —5[5(R3}) +0(RY)]. (46)

Using the notation S = (Y, f,fu), we have —0gyap = 2w¥yap for the background metric
and

[~dg,0|n° = —0on® + sown®, [—ds,0|n° = —0on* — sdwn®. (47)
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To work out the transformation properties of the NU coefficients characterizing
asymptotic solution space, one needs to evaluate the subleading terms in Eggf\‘,ﬁ on-shell.
This can also be done by translating the results from the BMS gauge, which yields

-~ 3 lae -
~050° = [fu+ YO + YO + J0Y — J0Y ~ &lo” ~ 0°F
- _ 1 .~
—056° = [fO, + Y3 + VB + 20Y — 20)6° — 5621/) ,
1 5_ _
0 _ . 253 a~1q0
—0gV —[f8u+y6+y5+25y+25y 3w|vy , (48)
—05UY = [fO, + VO + YD+ 0Y + 20Y — 30|V 4+ 509,
-~ 3 3= ~
—65UY = [fO, + VO + V3 + S0V +50) - 300 + 20 £ Y,
6500 = [fO, + V3 + Y3+ 20Y + 0Y — 30|09 + 3009

Following for instance the terminology in [26] section 3, but now for general infinitesimal
transformations ¢’ = ¢ + €Y (¢), ¢’ = { + €Y () instead of those associated to linear
fractional transformations on the sphere and also considering ¢ as the holomorphic
coordinate instead of (, a field n has spin weight s and conformal weight w if it transforms

as
Sy yn = [YA04+ S(Y —0Y) = Tl (49)

A tensor density of rank s >0 and weight n transforms as

—Oyy Az s = [Y204+ s0Y +n(0Y +0Y)] Az ¢. (50)
while for rank s <0 and weight n, we have

—OyyAc.c = [YA04 — s0Y +n(0Y + 0Y)] Ac..c . (51)

It then follows that a tensor density of weights (s, n) defines a field of weights (s, —(2n+|s|))
and conversely, a field of weights (s,w) defines a tensor density of weights (s, —3(w+|s])).
For s>0, this is done through n = A@HEPZ”“’ and Az ; = PYn. For s<0, we
have n = ACMCPQ”_S and A¢ ¢ = PYn. Note that complex conjugation gives rise to
opposite spin weight and rank but leaves the conformal and density weights unchanged.
Alternatively, (49) can be written as

S+ w
2

__ S —w _
=06y p1n = [375 + Yo+ 5 oy — 5)/] n. (52)

When focusing on 7' = 0 = w at the surface u = 0 and on the homogeneous part
of the transformations, this gives the weights summarized in tables 1, 2. These tables
are extended to the Lie algebra elements, which are passive in all our computations, by
writing [V, T] = —0yy7T and [Y,Y']4 = =6y 3 V"4,
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Table 1. Spin and conformal weights

o | 60 | W) | WY | wh | W) | Y
s| 2|2 |—2]-1[0|1|-1]0
w|l-1]|-2|-3|-3|-3|-3| 1|1

Table 2. Rank and density weights

P10 | P7260 | p39Y | P3G | P3G | PRWY | Y | T
s| 2 2 —2 —1 0 1 [ -1]0
1 1 3 1

6. Surface charge algebra

In this section, w = 0 so that f =T + %uw and we use the notation s = (), Y,T) for
elements of the symmetry algebra, which is given in these terms by [s1, s2] = § where

§=y15y2—(1<—>2), 5723718372—(192),

- o 1 (53)
T = (y16 + yla)TQ — iwlTQ — (1 < 2) .

The translation of the charges, the non-integrable piece due to the news and the central

charges computed in [16] gives here

1 . 1
Qul¥] = —— [ a0 [( FUS +09°) + V(] + 0°95° + 58(c°5"))) + C.c.} ,
056X, X] = % / d*Q? f[6%60° + c.c.], (54)

KsLsQ [X] = 87T1G/d2Q%0 [(iflafgéR -+ %5’0f152ﬂ)2 — (1 < 2)) + C.C.:| .

Note that one could also write the charges Qs[X] by allowing for the additional terms
(%3250 — %3200) in the first parenthesis since these terms cancel with the corresponding
terms in the complex conjugate expression. Note also that not W9 but only ¥9 + ¥ is
free data on-shell because of the relation (43).

We recognize all the ingredients of the surface charges described in [27], which in turn
have been related there to previous expressions in the literature and, in particular, to the
twistorial approach of Penrose [28]. More precisely, up to conventions, Qo o1 agrees with
Geroch’s linear super-momentum (8] Qgn + @,,,, as given in equation (A1.12) of [27]. The
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angular (super-)momentum that we get is

Qyoo = d*Q¥ y[‘l’(f + 0%5% + %5(0060) — gi‘?(\llg + 09 + (%(0060))} . (55)

- 8rG

It differs from @, given in equation (4) of [27] by the explicitly u-dependent term of the
second line. It thus has a similar structure to Penrose’s angular momentum as described in
equations (11), (12), and (17a) of [27] in the sense that it also differs by a specific amount
of linear supermomentum, but the amount is different and explicitly u-dependent,

_ 1
Qy00= Q%00+ 5uQo00y - (56)

The main result derived in [16] states that

e if one is allowed to integrate by parts,
/d2m o l=0= /dQQ“” on', (57)

2 _2d¢AdC
where d“Q¥ = =555,

e if one defines the “Dirac bracket” through

{Qsl ) QS2}*[‘X] = —05,Qs, [X} + Os, [_631X7 X]v (58)

then the charges define a representation of the bms, algebra, up to a field dependent
central extension,

{Q517 QSQ }* = Q[sl,SQ] + K81,527 (59)

where K, ,, satisfies the generalized cocycle condition
K[81,52],83 — 05, K5, 5, + cyclic(1,2,3) = 0. (60)

The representation theorem contained in equations (59) and (60) can be verified directly
in the present context by starting from (54), (43) and using the properties (39), (57) of 0,
the evolution equations (42), the conformal Killing equations (45), the bms, algebra (53)
and the transformation laws (48).

Several remarks are in order:

e Integrations by parts are justified for regular functions on the sphere and thus for

lob . . .
bms$ " and regular solutions. In the case of Laurent series more care is needed, see

e.g. [29]. We will address this question elsewhere.

e For the globally well-defined bmﬁilOb algebra on the sphere, the central charge K, s,

vanishes.
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e The non-conservation of the charges follows by taking so = (0,0,1) and s; = s.
Indeed, since d%QS = %QS — 6(0,0,1)@s, the equality of the right hand sides of (58)
and (59) gives

d 1

. 1. -- 1
- _ 200 [50(_ 0 - - =02
duQS e d“Q) [0‘ (—ds0”) + 45f5R+ 50 0 ¢—|—c.c.] . (61)

For s = (0,0,1), this gives the standard Bondi-Sachs mass loss formula,

d 1 .
— =——— [ d*Q%[6%° +cc]. 62
duQO’O’l e [5°6" + c.c.] (62)
It also follows that the standard bmsil(’b charges are all conserved on the sphere in
the absence of news.

To the best of our knowledge, except for the previous analysis in the BMS gauge,
the above representation result does not exist elsewhere in the literature. A more detailed
discussion of its implications, a detailed comparison with results in the literature as well as
a self-contained derivation of the bmsy transformation laws in the context of the Newman-
Penrose formalism will be given elsewhere.
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