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“ The worthwhile problems are the ones you can really solve
or help solve, the ones you can really contribute something
to. A problem is grand in science if it lies before us unsolved

and we see some way for us to make some headway into it.

No problem is too small or too trivial if we can really do some-

thing about it. ”

— Richard P. Feynman to Koichi Mano, February 3, 1966
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Resumo

Apesar dos repetidos sucessos, uma evidéncia clara de que o Modelo Padrdo (MP) ndo ¢é a teoria
final provém da observagdo de oscila¢des de neutrinos, que implicam massas de neutrinos ndo nulas.

Na presente dissertagdo, analisamos extensdes do MP baseadas no mecanismo seesaw, em que as
pequenas massas dos neutrinos surgem naturalmente da troca a nivel arvore de campos pesados, que
podem ser singletos fermionicos, tripletos fermiénicos ou tripletos escalares. De um ponto de vista efe-
tivo a baixas energias, o operador de dimensdo cinco responsavel pelas massas dos neutrinos é comum a
todas as teorias com neutrinos de Majorana. No entanto, existe uma grande variedade de operadores de
dimensdo seis. Nesta tese, obtemos entdao os operadores efetivos de dimensao seis para as trés versdes
do mecanismo de seesaw e verificamos que poderdo existir efeitos observdveis em experiéncias futuras
se os coeficientes dos operadores de dimensdo seis forem desacoplados dos do operador de dimensao
cinco segundo um padrdo comum aos varios modelos.

Exploramos também consequéncias fenomenolégicas, incluindo uma anélise detalhada de processos
violadores do sabor lepténico (LFV). Em particular, obtemos constrangimentos a cada modelo seesaw e
discutimos a possibilidade de observar tais processos em experiéncias atuais e futuras. As predicdes
obtidas para tais processos poderdo constituir uma ferramenta fundamental para discriminar entre os
trés modelos considerados. Para além disto, uma andlise combinada incluindo outros decaimentos
eletrofracos mostra que os desvios a unitariedade nos modelos de seesaw fermidnicos sdo menores que

20.

Palavras-chave:
Fisica de neutrinos; Extensdes do MP; Mecanismos seesaw; Fenomenologia; Decaimentos raros; Violagao

do sabor lepténico.
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Abstract

Despite all its successes, strong evidence that the Standard Model of particle physics is not the ulti-
mate theory comes from neutrino oscillation experiments, which imply nonvanishing neutrino masses
and mixing.

In the present thesis, we analyse seesaw extensions of the SM, which naturally accomodate tiny neu-
trino masses through tree-level exchange of heavy fields, which may be either fermionic singlets/triplets
or scalar triplets. From a low-energy effective viewpoint, neutrino masses are generated by a dimension-
five operator, characteristic of all theories with Majorana neutrinos. However, a plethora of dimension-
six operators exists. In this thesis, we derive the low-energy dimension six operators for the basic seesaw
scenarios, and verify that they may lead to observable effects in the near future if the coefficients of the
dimension five and six operators are decoupled along a pattern common to all models.

The phenomenological consequences are explored as well, including a detailed analysis of charged
lepton flavour violating (CLFV) processes. Our focus relies, mainly, on predictions and constraints set on
each model from muon and tau decays and from muon to electron conversion in nuclei. The possibilities
to observe these processes in present and future experiments are also considered. The analytic results for
the rates of CLFV processes rates might be a decisive tool to discriminate between the three models of
neutrino mass generation. Besides that, a combined analysis including other electroweak decays shows

that departures from unitarity are not larger than 2o in the fermionic seesaw models.

Keywords:
Neutrino Physics; SM extensions; Seesaw mechanisms; Phenomenology; Rare decays; Lepton flavour

violation.
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Introduction and motivation

1.1 Historical introduction

“... a way out for saving the law of conservation of energy. Namely, the possibility that there could
exist in the nuclei electrically neutral particles, that I will call neutrons which have spin 1/2 and follow
the exclusion principle. The continuous (B-spectrum would then be understandable assuming that in
B-decay together with the electron, in all cases, also a neutron is emitted... ”

- Wolfgang Pauli, 1930

Neutrinos are very fascinating particles: they are the only elementary fermions with no electric
charge and their masses are many orders of magnitude below the masses of their charged counter-
parts. As such, studying neutrino properties has been of utmost importance in particle physics for the
last decades. From these studies, clear evidence has been gathered regarding an ultimate relation be-
tween the knowledge of neutrino properties and the understanding of fundamental properties of the
Universe. In view of this, the History of neutrinos is very instructive and it is worth taking a glance at
its highlights [1-3], from the proposal of the neutrino until the confirmation of neutrino oscillations.

The History of neutrinos begins with a famous Pauli letter [4] addressed to the participants of a
nuclear physics conference in Tiibingen, in December 1930. At that time, nuclei were considered to be

bound states of protons and electrons. In that framework, there were two fundamental problems:
1. S-decay exhibited a continuous spectrum;

2. some nuclei had the ‘'wrong’ spin (such as ' N, observed to satisfy the Bose-Einstein statistics but

with a predicted half-integer spin, contradicting the spin-statistics theorem).

From the point of view of this electron-proton model, the -decay of a nucleus (A, Z) consisted in
an electron emitted in the nuclear transition (4,7) — (4,Z + 1) + e~. Applying the law of energy-
momentum conservation to this process, the electrons produced in S-decays should have a fixed kinetic
energy approximately equal to the release energy (). for the reaction.

However, by 1911, L. Meitner and O. Hahn verified that 8-spectra were continuous, with an end-
point energy equal to (). (see Fig. 1.1). This result was subsequently confirmed in the calorimetric
experiment performed by C. Ellis and W. Wooster in 1927 [5]. They found that the energy released
per 3-decay was equal to the average energy over the spectrum, proving that the energy detected was

smaller than the total energy released. Later, Meitner and Orthmann [6] showed that y-rays could not



solve this problem, which led to the idea of explaining the missing energy with the existence of a new

particle.
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Figure 1.1: Continuous /-decay spectrum from radium E, from experiment [5].

As a desperate way out, in 1930, Pauli proposed to the “Radioactive Ladies and Gentlemen” that
the existence of a new weakly interacting neutral particle emitted in -decay could solve the existing
problems [4]. He called this particle a "neutron”, with a mass of "the same order of magnitude as the
electron mass". Pauli further assumed that "neutrons" had spin 1/2 and that, together with protons and
electrons, were constituents of nuclei. This allowed him to solve the spin problem of some nuclei.

Two years later, ]. Chadwick discovered the neutron [7] as we know it today (with a mass approxi-
mately equal to the mass of the proton and spin equal to 1/2) and, soon after, Heisenberg [8], Majorana
[9] and Ivanenko [10] suggested that nuclei were bound states of neutrons and protons. This assump-
tion was the key to explain all nuclear data existing at the time as well as the spin of 3N and other
nuclei. After the discovery of the neutron, E. Fermi renamed the Pauli particle to neutrino, with the first
published reference to it in the Proceedings of the Solvay Conference of October 1933. In that same year,
Fermi [11] and Perrin [12] independently concluded that neutrinos could be massless!

Later on, in 1934, E. Fermi formulated a theory of $-decay [13]. He assumed that nuclei are bound
states of neutrons and protons and that the electron-(anti)neutrino pair was produced in the transition
of a neutron into a proton: n — p + e~ + 7. In analogy with Quantum ElectroDynamics (QED), Fermi

assumed that the neutron decay is governed by the following effective Lagrangian
) = 28 Do ()" h 11
(z) = ﬁ Wp(x)71t¢7z(x)] [¢e(x)7 %(ﬂf)} + h.c., (1.1)

with G ~ 1.1 x 10~° GeV 2 a coupling constant (slightly different from the now known Fermi constant
G, determined from the muon decay) extracted from the neutron decay width.

The simple Fermi theory, however, could not describe all -decay data. Indeed, the largest contribu-
tions to 3-decay come from transitions in which the electron-(anti)neutrino pair is produced in a singlet
state (total spin S = 0). Thus, the observation of 5-decays with electron and (anti)neutrino produced in
a triplet state (S = 1) led to the Gamov-Teller generalisation of the Fermi theory in 1936 [14], where the
Lagrangian included also an axial vector current ¢y, 5%, in such a way that parity was still conserved.
The Fermi-Gamov-Teller interaction turned out to be valid in view of all S-decay data , which was an

indirect evidence of the correctness of the Pauli neutrino hypothesis.



However, a fundamental complication of the Fermi theory arised when calculations beyond the low-
est order in perturbation theory led to infinite results. An additional problem was the loss of unitarity,
with cross sections growing with energy to arbitrarily large values. The solution to the first difficulty
came a few years later by Bethe in 1947 [15] with the concept of renormalisation, i.e. physical quantities
are not the bare parameters of the theory and infinites that arise are absorbed in physical quantities.
This has led to modern QED, formulated by Feynman, Schwinger and Tomonaga in the 1950s [16-18],

whose concepts of gauge symmetry and renormalisability prevailed until today.

The weakly-interacting particle content was then extended with the discovery of the muon (1) in
1937, by E.C. Stevenson and J.C. Street [19] and C.D. Anderson and S.H. Neddermeyer [20]. Observa-
tions of muon decay led B. Pontecorvo to suggest in 1947 [21] the universality of electron and muon
weak interactions with nucleons. Such hypothesis was further discussed by G. Puppi [22], O. Klein [23],
J. Tiomno and J.A. Wheeler [24] and T.D. Lee, M. Rosenbluth and C.N. Yang [25]. This is probably the

origin of the concept now known as generation or family.

The fact that the neutrino in $-decay is produced together with an electron suggested the intro-
duction of some new conserved quantum number, the lepton number L. Its assignments are L = 1 for
particles and L = —1 for the corresponding antiparticles. The existence of a conserved lepton number
predicted that neutrino and antineutrino are different particles: the neutrino has L = +1 while the an-
tineutrino has L = —1. This was confirmed in the reactor experiment of R. Davis in 1955 [26], in which it
was verified that the lepton number violating reaction 7 + 3°Cl — e~ + 37Ar s forbidden. On the other
hand, conservation of lepton number also predicted that in inverse 3-decay there must exist an antineu-
trino in the initial state: 7 + p — et + n. It was precisely in the search for a method to measure inverse
B-decay that F. Reines and C.L. Cowan devised an experiment in 1953 "to detect the free (anti)neutrino"
[27]. Their experiment was the first reactor-neutrino experiment, in which antineutrinos from a nuclear
reactor (produced via 5-decay) could be detected via the observation of inverse 5-decay. The neutrino
was finally discovered in 1956 [28] and, for this discovery, F. Reines was awarded the Nobel prize in

1995.

Contemporary to the Cowan-Reines experiment, and motivated by the § — 7 puzzle [29], T. D. Lee
and C. N. Yang [30] started to question the validity of parity conservation in all weak interactions and
proposed a number of ways to test it. In the same year, W. S. Wu and collaborators [31] investigated
the 3-decay of polarised °Co nuclei and found a large asymmetry in the emission of the electrons with
respect to the nuclei polarisation: electrons were predominantly emitted opposite to the direction of
the nuclei polarisation. This proved that parity is not conserved in $-decays. Later, parity violation
was also observed in other weak processes, such as 7+ — p* + v, and p* — et + v, + 7,,. In order
to explain parity violation in interactions involving neutrinos, A. Salam in 1956 [32], and L. Landau
[33], T. D. Lee and C. N. Yang [34] in 1957 proposed the two-component neutrino theory. Here, the
neutrino is a massless spin-1 particle with only "one spin state", i.e. it has always the same helicity. One
year later, Goldhaber, Grodzins and Sunyar [35] measured the polarisation of the neutrino in electron
capture e~ +'52Eu —152 Sm* + v, followed by the decay '*?Sm* —!52 Sm + ~. By measuring the

circular polarisation of the photon, they found that the neutrino is a particle with negative helicity,



thus supporting the two-component theory. However, these results could not exclude the existence of
extremely light neutrinos. In order to account for parity violation in weak interactions, parity-violating
couplings had to be included in the weak Lagrangian. This was accomplished with the effective V-A
theory formulated in 1958 by R.P. Feynman and M. Gell-Mann [36], E.C.G. Sudarshan and R.E. Marshak

[37] and ].J. Sakurai [38], realised in the leptonic sector by the two-component neutrino theory.

In the late fifties, the concept of lepton number was firmly established. However, if muon and elec-
tron neutrinos were the same particle, muons would also decay through the ;# — ey channel, for which
experimental limits were many orders of magnitude below predictions. This suggested that v, and
v,, were actually different particles. To test this hypothesis, B. Pontecorvo proposed an experiment in
1959 [39], later realised by L. Lederman et al. in Brookhaven (1962) [40]. This was the first accelerator
neutrino experiment, where neutrinos were obtained from decays of pions (produced by the bombard-
ment of a Be target by 15 GeV protons). In these decays, predominantly muon neutrinos are produced

(7t — p" +v,) and if v, and v, were the same particles the two processes

v, +nucleons — 11~ + hadrons , (1.2)

v, +nucleons — e~ + hadrons, (1.3)

would have the same cross section and equal number of electrons and muons would be detected. The
Brookhaven experiment detected 29 muons and only 6 background electrons, thus establishing the ex-
istence of a second neutrino. As a consequence, it was necessary to introduce two conserved quantities,

the electron lepton number L. and the muon lepton number L,,, making p — ey forbidden.

But the sixties were mostly marked by the formulation of the Glashow-Weinberg-Salam Standard
Model (SM) of electroweak interactions in 1967-1968 [41, 42]. The SM is based on the SU(2)xU(1) gauge
group proposed by S.L. Glashow in 1961 [43] which, in addition to the photon, predicted the existence
of weak neutral currents mediated by the Z boson, as well as the W+ charged bosons mediating weak
charged currents. A key ingredient of the SM is the Higgs mechanism or, in a more conciliatory renaming
by P. Higgs, the ABEGHHK'tH mechanism (for Anderson [44], Brout and Englert [45], Guralnik [46],
Hagen, Higgs [47], Kibble [48] and "t Hooft). This mechanism allows the massless gauge bosons that
appear in the gauge model to acquire longitudinal degrees of freedom, making them massive without
explicitly breaking the symmetries of the model. The renormalisability of the theory was proved in 1971
by G."t Hooft and M. Veltman [49, 50], showing the consistency of the model as it allows to calculate
higher order corrections to physical quantitites (contrarily to what happened with the current-current

and intermediate vector boson theories).

The first crucial confirmation of the success of the SM was the discovery of neutral current neutrino
interactions in the bubble chamber "Gargamelle" (1973) [51, 52]. Anoter great triumph of the SM came
one year later, with the discovery of the charm quark in the form of the J /¥ particle (cc) at BNL (J) [53]
and at SLAC () [54], as predicted by the S. Glashow, J. lliopoulos and L. Maiani (GIM) mechanism of
quark mixing [55]. Finally, the subsequent dicovery of the W= [56, 57] and Z° [58, 59] gauge bosons at

CERN firmly established the SM as the model for leptonic and hadronic electroweak interactions.



The remaining building blocks of the SM were then gradually discovered, first with the 7 lepton
discovery by M. Perl in 1975 [60] and with the b quark discovery at Fermilab in 1977 [61]. Through the
analysis of invisible Z decay at LEP in 1989, the number of lepton generations was later fixed to three
[62]. Finally, as predicted by M. Kobayashi and T. Maskawa in 1973 [63], in order to explain CP violation
in K°-decays, the t quark was discovered at Fermilab in 1995 [64, 65]. This confirmed the existence of
three SM generations of leptons and quarks. The only missing piece at the time was the Higgs boson,
the quanta of the Higgs field necessary to break the gauge symmetry spontaneously. Its detection took
almost fifty years to come about but, as a result of an enormous experimental enterprise put up to find
this elusive particle, the observation of a Higgs-like boson with a mass of 125.9+0.4 GeV [66] was finally
announced in 2012 by the ATLAS and CMS collaborations [67, 68].

From all existing data at the time of the SM formulation, it followed that neutrino interactions were
well described by that theory. However, neutrino masses, magnetic moments and other properties were
basically unknown. Measurements of the shape of the high-energy part of the §-decay spectrum of
tritium (method proposed by Fermi [11] and Perrin [12]) indicated that neutrinos are much lighter than
electrons, with an upper bound at about 100 eV when parity violation in -decay was discovered [69].
Together with the success of both the SM and the two-component theory (both based on the assumption

of massless neutrinos), this led to a general belief that neutrinos were actually massless particles.

It was B. Pontecorvo who, in 1957 (even before the formulation of the SM), considered the possibil-
ity of small but nonzero neutrino masses [70]. He noted that, contrary to what happens in QED where
gauge invariance prevents the photon from acquiring a mass, there is no such principle for neutrinos.
Motivated by K° < K° oscillations (M. Gell-Mann and A. Pais [71], 1955), in which the strangeness
quantum number is oscillating, Pontecorvo suggested that lepton number is not conserved and that
neutrino states produced in weak decays are superpositions of states with definite masses. As a result,
neutrino oscillations would take place in neutrino beams propagating in vacuum. A seminal paper on
neutrino oscillations was published by B. Pontecorvo in 1958 [72]. At that time, R. Davis was conduct-
ing an experiment with reactor antineutrinos [73] with the aim of testing lepton number conservation.
Davis searched for the production of 37 Ar in the process . +37Cl — e~ +37 Ar with reactor antineutrinos,
which is forbidden if L is conserved. A rumor that Davis had seen some events reached B. Pontecorvo,
who interpreted that the successful observation could be due to # — v transitions and a subsequent
v +37 Cl — e~ +37 Ar reaction (at the time, only one type of neutrino was known and the possible os-
cillations that he could find were neutrino-antineutrino oscillations ). Later, after the Davis experiment
was finished and no production of 3”Ar was observed, B. Pontecorvo understood that, due to oscilla-
tions, the neutrino (antineutrino) could transform into 7z (vr), particles that do not participate in weak

interactions. It was thus introduced the concept of sterile neutrinos.

A more realistic model of oscillations was discussed at the time of the discovey of the muon neutrino
v, in 1962, when Z. Maki, M. Nakagawa and S. Sakata [74] assumed that v, and v,, are linear orthogonal
combinations of two neutrino mass eigenstates, and pointed out that in such case v. < v, transitions
become possible. The same idea was published by Pontecorvo in 1967 [75], who considered the oscilla-

tions ver, & vurL, Ver, & Ver (sterile), ve 1 < VR (sterile), etc. and applied this idea to solar neutrinos.



At that time, R. Davis and collaborators had started his famous experiment [76] to detect solar neutri-
nos through the reaction v, +3” Cl — e~ 437 Ar. The solar neutrino flux measured by Davis revealed
a deficit of solar neutrinos when compared with the current solar model predictions. This led to the
so-called "solar neutrino problem". It took many years of research to find that the neutrino oscillation
hypothesis was the best candidate to explain the solar neutrino deficit. The development of the theory
of neutrino oscillations was finally achieved in 1975-76 by S. Eliezer and A. Swift [77], H. Fritzsch and P.
Minkowski [78], S. Bilenky and B. Pontecorvo [79].

Despite some plausible arguments given in the seventies for small but nonzero neutrino masses
there was not much interest in neutrino masses and mixings at that time: the two-component theory for
a massless neutrino was still the popular. The interest in massive neutrinos and neutrino oscillations
increased significantly by the end of the seventies with the works by Pati and Salam in 1973 [80] and
Georgi and Glashow in 1974 [81] on grand unified theories (GUTs). Such interest was driven by the fact
that in these models leptons and quarks appear in the same multiplets, and the mass-generation mech-
anism naturally leads to nonzero neutrino masses. A major cornerstone for the theoretical research on
neutrino physics was the formulation of the seesaw mechanism in 1979 [82], in the context of specific
GUT models such as horizontal, left-right and SO(10) symmetric models. The seesaw model could ex-
plain the smallness of neutrino masses with respect to the masses of charged fermions in the SM. In that
same year, a model-independent description of small neutrino masses was written down by S. Wein-
berg [83] and, as an application, a minimal nonsupersymmetric SO(10) model was constructed. From
this early enthusiasm, it became clear that the seesaw mechanism would be a major tool in understand-
ing neutrino masses and mixings if experimental evidence would ever appear. Indeed, this turned out
to be the case and, as a consequence, neutrino masses and mixing started to be considered as a signature
of physics beyond the SM, beginning a new era in neutrino physics.

In the 1980’s, several short-baseline experiments with accelerator and reactor neutrinos were per-
formed but no positive indication of oscillations was found using these artificially produced neutri-
nos . On the other hand, the neutrino oscillation hypothesis to explain the solar neutrino deficit was
strengthened by the Kamiokande experiment [84]. In this water Cherenkov experiment, high-energy
solar neutrinos from the decay B —®Be + e + v, were detected via the observation of recoil electrons
from electron-neutrino scattering v, + ¢ — v, + e. The observed flux of solar neutrinos was about 1/2
of the predictions, and was later confirmed by the results of GALLEX/GNO [85], SAGE [86], Super-
Kamiokande [87] and SNO [88]. Particularly relevant, the results of the SNO experiment allowed to
obtain model-independent evidence of solar v, disappearance. Observations showed that the flux of
ve was three times smaller than the flux of v., v, and v, which was instrumental in solving the solar
neutrino problem in 2002. The solar electron-neutrino deficit was finally found to be due to oscillations
of v. into v, and v, inside the Sun through the Mikheev-Smirnov-Wolfenstein effect [89-91], and the

model proposed by ]. Bahcall and others [92] has become the Standard Solar Model.

Atmospheric neutrinos were first detected by underground experiments located in South Africa

"More recently, the recalculated fluxes of /s from reactors were found to be (3-4)% higher than the old ones,
which is nowadays interpreted as a positive indication of short-baseline neutrino oscillations.



[93] and India [94] and the first measurements of atmospheric neutrino fluxes were performed in the
iron calorimeter experiments NUSEX [95] in 1989 and Fréjus [96] in 1995. The results of these exper-
iments were apparently in agreement with the predicted ratio, but this turned out to be contradicted
by the Kamiokande and IMB experiments, which found a significantly smaller number of v,-induced
events. This effect was called the atmospheric neutrino anomaly and could be explained by transitions of
v, into other neutrino states. But the breakthrough in (atmospheric) neutrino physics happened in 1998,
when the Super-Kamiokande (SK) collaboration proved that the number of observed muon neutrinos
depended on the distance travelled by neutrinos from the production point in the atmosphere to the
detector. This was the first model-independent evidence of neutrino oscillations. One of the most important
results obtained by SK is that the mixing angle 6,3 involved in atmospheric neutrino oscillations is large
(almost maximal), contrarily to what happens in the quark sector where all mixing angles are small.
This was later confirmed by the independent results of the long-baseline K2K [97] and MINOS [98]
accelerator experiments. Another very important experiment was the KamLAND reactor neutrino ex-
periment in Japan [99]. In 2002-2004, KamLAND reported that the total number of 7, events was ~ 60 %
of the number of expected events, providing another model-independent evidence of reactor neutrino
oscillations. Together, the data from SNO, SK and KamLAND experiments established the large mixing
angle pattern as a solution to the solar neutrino problem, with a solar neutrino mass-squared difference
Am? ~ O(10°eV?) and a mixing angle sin? 61, ~ 0.3. Subsequent experiments using reactor and ac-
celarator neutrinos have gradually measured the solar and atmospheric neutrino parameters with a few
to several percent accuracy.

In recent years, the T2K collaboration (in 2011) reported evidence for a non-zero reactor mixing angle
013 [100]. This was subsequently supported by observations from the MINOS [101] and Double Chooz
[102] collaborations, although with smaller statistical significance. Finally, in 2013, the Daya Bay reactor
antineutrino [103] and the RENO experiments [104] both reported results consistent with a nonvanishing

reactor mixing angle 6,3 with rather high precisions of 5.20 and 4.9, respectively.



1.2 Motivation and thesis outline

Despite the precise experimental determination of the parameters responsible for neutrino oscilla-
tions, the most fundamental questions regarding neutrinos are still to be answered. In first place, from
neutrino oscillation experiments, neutrino mass-squared differences and mixing angles are very well
known. However, absolute neutrino masses and their hierarchy are still unknown. Besides probing
the neutrino mass scale and their mass hierarchy, we also need to make clear what is the nature of
neutrinos: are they Dirac or Majorana particles? Secondly, in spite of irrefutable evidence for Lepton
Flavor Violation (LFV) in neutrino oscillations, all searches for LFV in the charged lepton sector (CLFV)
have obtained negative results so far. However, the expected improvement of experimental sensitivities
on CLFV processes by several orders of magnitude justifies the theoretical study of CLFV processes in
models for neutrino masses.

Concerning CLFV, it is well known that a minimal extension of the SM with massive (Dirac) neu-
trinos, in which total lepton number L is conserved, guarantees non-vanishing CLFV, but at a strongly
suppressed level. The predictions of this model obviously satisfy the current experimental limits but
do not give a natural explanation to the huge disparity between the magnitude of neutrino masses and
the masses of charged fermions. This suggests that neutrino masses are related to a new, yet unknown,
physics scale A, i.e. to physics beyond the SM. A natural explanation for tiny neutrino masses is pro-
vided by the seesaw models of neutrino mass generation. In these models, the scale A is set by the scale
of masses of the new degrees of freedom, which can be either fermion singlets (triplets) in the minimal
type I (type III) seesaw scenario or scalar triplets in the type Il seesaw model.

The scale A at which the new physics manifests itself can, in principle, have an arbitrary large value,
up to the GUT scale and even beyond. An interesting possibility, which may even be supported by hier-
archy arguments, is to have A at the TeV scale, i.e. A ~ O(TeV), in a way which naturally accomodates
tiny neutrino masses while allowing for large Yukawa couplings. Such low-energy scenario requires a
common and model-independent pattern, which we discuss [105]. In such scenario, predicted rates of
CLFV processes, such as £, — gy, { — 3¢ and p — e conversion in nuclei, can lie within the reach of
future experimental sensitivities, even when direct detection of the new particles is not achievable at the
LHC [106]. Moreover, an analysis of the behavior of CLFV rates in each type of seesaw could be used to
determine (or exclude) the mechanism responsible for neutrino masses.

The present thesis is organised as follows. In Chapter 2, we review the main aspects of the SM, in
particular of its electroweak sector. Then, in Chapter 3, we discuss how to describe massive neutrinos
in the most general Dirac-Majorana case and review the main features of the three canonical seesaw
scenarios, both their complete and effective description. In the end of the chapter, we also consider the
possibility of a TeV-scale seesaw. In Chapter 4 we analyse phenomenological signals for each seesaw,
such as those associated with non-unitarity. Limits on the parameters of each model are obtained from
present bounds on CLFV processes as well as data on other electroweak decays, and sensitivities of
future experiments are also discussed. Finally, we draw an overall conclusion in Chapter 5. Technical

details, like one-loop calculations, are collected at the end of the thesis.



The Standard Model of
particle physics

“The Standard Model is the ultimate result of a long period of progress in elementary particle physics.
It is a consistent, finite and, within the limitations of our present technical hability, compuTable theory
of fundamental microscopic interactions that sucessfully explains all known phenomena in elementary
particle physics, describing strong, electromagnetic and weak interactions. ”

— G. Altarelli, Encyclopedia of Mathematical Physics

Despite all its successes, the Standard Model (SM) of strong and electroweak interactions contains
some flaws and unexplained phenomena. However, it still constitutes the foundations on which our
quest for new physics must be built. As such, we start the present work by making a brief introduction

to the SM, with particular emphasis to the problem of neutrino masses and mixings.

2.1 Field content and Lagrangian

The SM of particle physics consists in a mathematical description of strong, weak and electromag-
netic interactions. It is a relativistic quantum field theory built by postulating an underlying symmetry

group of local (continuous) transformations

Gem = SUB), ®SUQ), ® U(D)y . @.1)
—_—— —
QCD EW interactions

being thus a so-called gauge theory. The subscripts label new degrees of freedom called colour (c), left-
handed chirality (L) and weak hypercharge (y). The SU(3). factor is the symmetry group responsible for
strong interactions whereas SU(2); ® U(1)y- accounts for electroweak (EW) interactions.

As we will see, the symmetry group Gsy fixes the possible interactions of the theory, i.e. the num-
ber and properties of mediating vector gauge bosons. On the other hand, the number and properties
of fermions and scalar bosons is unconstrained, except for the fact that they must transform under a
definite representation of the symmetry group Gsy, and the fermion content must not lead to quantum
anomalies! [107]. There exist n, = 3 generations of spin 1/2 fermions with identical properties (apart

from their masses), which are the fundamental constituents of visible matter. They are divided in quarks

'Quantum anomalies refer to quantum effects that break the symmetries associated with the classical equations
of motion. In particular, they may occur when the divergences in a theory cannot be regularised consistently with
the original symmetries.



and leptons, as shown in Table 2.1. Quarks are the elementary components of hadrons (but do not exist

as free particles), and participate in all interactions, whereas leptons do not undergo strong interactions.

Table 2.1: Fermionic content of the SM. Electric charges and masses were taken from Ref. [66].

Generations

The next step in the construction of the theory is to choose proper representations for the fermion
fields. This choice has been guided by the wisdom of history, in particular by the V' — A theory of weak
interactions and the two-component theory of the massless neutrinos. These theories are chiral theories,

i.e. they treat differently right- and left-handed components of fermion fields

1~|-’)/5 1

tr =~ = Py, Yr= 50 = Py (22)

where ~; is the chirality matrix and Py, (Pg) is the left (right)-handed chirality operator. The chiral fields
1gr,1, can be described as two-component spinors and are the simplest nontrivial representations of the
Lorentz group [3], i.e. the fields ¢z and v;, transform independently under Lorentz transformations.
In view of this, they must be considered as the fundamental ingredients for the construction of the SM
Lagrangian, which must be a scalar under the Poincaré group. The SM is also a chiral theory with left-
handed chiral components of the fermion fields grouped into weak isospin doublets (two-component
column vectors under SU(2) 1, ) and with right-handed fields being singlets under SU(2),, thus leading to
parity breaking in SU(2) . The fermionic field content of the SM is conveniently summarised in Table 2.2.
It should be noticed that these fields are weak eigenstates, i.e. they have definite gauge transformation
properties and only after spontaneous symmetry breaking (SSB) of the gauge symmetry will these states
become admixtures of mass eigenfields. As can be seen from Table 2.2, there are 2n, = 6 quark flavours
and each carries a colour index m = 1,2, 3, ug’;, p or dy;, p (each quark flavour is thus a three-component
column vector under SU(3).). On the other hand, leptons are colour singlets, i.e. they are invariant under
SU(3).. Leptons are divided into charged components (e, 11, 7) and corresponding neutrinos (v, v, v-),
with electric charges —1 and 0, respectively. Particularly relevant for our later discussion is the fact that,

in the SM, only left-handed neutrinos are introduced (inherited from the two-component neutrino the-

ory). This property will be specially important because it leads to strictly massless neutrinos in the SM.
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Quantum numbers Quantum numbers

Quark fields Lepton fields

(n3, 12, y) (n3, 12, y)
UaL VoL
Q(IL = (31 2/ 1/3) LaL = (1/ 2/ _1)
dOéL EaL
U’ZLR (3/ 1/ 4/3) é(xR (1/ 1/ '2)
drp (3,1,-2/3)

Table 2.2: SM fermionic fields, with the quantum numbers regarding (SU(3),SU(2),U(1)) representation
assignments. The index « runs over three generations (or families) of fermions.

The quantum numbers (n3, n2, ) in Table 2.2 are representation assignments for each fermion. They
are thus related to the transformation properties of the fields under the group Gsy of local transforma-
tions. An element g of Gsy = SU(3), ® SU(2);, ® U(1)y- can be parametrised by 8 4+ 3 + 1 local parame-
ters (O(x), 0(z), n(z)), with O(z) = (©1(z), ..., Os(z)) and 8(z) =(01(z), 02(x), f3(z)), which depend on

space-time coordinates . Thus, under g € Ggy a general field ¢ transforms as
() = Uy(2)h(x) = exp [i0°(2)T* ] exp [i0F (2)I* ] exp [in(z)Y () . (2.3)

The operators T, I}, and Y are the generators of SU(3)., SU(2), and U(1)y, respectively. For a general
SU(N) group there are N? — 1 generators t* obeying the relations

)

1
[t*,t"] = ifupete with Te[t*"] = 55“” a,bc=1,..,N> -1, (2.4)

where fg. are the structure constants of the group, fusc = €qape for SU(2). Hence, there are eight gener-
ators T for SU(3). and three generators I* for SU(2)., and the trace in Eq. (2.4) implies that for each
representation of the gauge groups the scale of the generators is fixed. On the other hand, for U(1)y the
only generator is the hypercharge operator Y, whose action on each representation is fixed after SSB.
As can be seen from Table 2.2, SM fermions are either in a fundamental or in a singlet representation of
SU(3). and SU(2)r,. The corresponding generators for each representation are organised in Table 2.3.

In order to implement local gauge invariance of the Lagrangian under Gy, the usual partial deriva-

tive J,, must be replaced by a covariant one D,, in the kinetic terms of the Lagrangian:
s ok o Y
O, — D, =0, — igsG)Ts — ZgA“Ik —ig BME , (2.5)

where g,, g and ¢’ are coupling constants associated with each invariant subgroup of Ggm. For each
generator of the gauge, local gauge invariance requires the introduction of one vector gauge boson,
which transforms in such a way that the kinetic terms are kept invariant under Ggy. These will give
origin to the vector bosons that mediate strong and EW interactions: eight massless gluons for strong

interactions, the massive Z and W¥ for weak interactions and the photon for electromagnetism.
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Quantum number T, I Y

N

Fundamental representation ng=3/na=2/y#0 %)\s =Tk y

Singlet representation ng=1/ny=1/y=0 0 0 0

Table 2.3: Generators of SU(3)., SU(2); and U(1)y transformations for the fundamental and singlet
representations in the SM. A, are the Gell-Mann matrices in a certain basis and 7, are the Pauli matrices.

At this point, the SM Lagrangian is then the most general renormalisable Lagrangian invariant under

the local symmetry group Gsp and written in terms of fermion and gauge boson fields,
L= Egauge + Ef ; (26)

where the gauge Lagrangian Lg,uge contains the kinetic terms and self-couplings of the gauge bosons:

1 1 1
Egauge = 716’8 GHE — ZAk Alwk - ZB/WBHV . (27)

nv nv

It corresponds to the Proca Lagrangian for massless vector (spin 1) fields with the following definitions

of the field strength tensors for SU(3)., SU(2) and U(1)y , respectively:

G5 = (0uG — 0,G3) + g fsGLGY, | s,j,l=1,..,8, (2.8)
Ar, = (0,45 — 0,AY) + gerji AL AL | k,jl=1,2,3, (2.9)
B, = (8,B, —9,B,,) . (2.10)

On the other hand, the SU(2), and U(1)y fermion representations are chiral and, therefore, no fermion
(Dirac) mass terms of the type mi)y are explicitly allowed because they would break the gauge symme-

try. Therefore, the fermions Lagrangian L consists entirely of gauge invariant kinetic terms,

Lt = (Quail)Qra + UraiPupa + drailldra) + (Lrail) Lra + lrailDlra) - (2.11)

‘Cquarks L leptons

Expanding the first term,

g’

igs 3 = ﬁ
A
6

IBH) Omn — —=Amn - Gul| | __ , (2.12)
2 dr

no

QurilhQur =i (w7 dy) 4 Kauf - oA,

it is clear that the SU(3). and SU(2);, @U(1)y groups commute [108]. Added to the fact that the colour
group SU(3). will remain unbroken, this implies that EW interactions can be studied separately from
strong itneractions. As such, in the following we will simplify the notation by suppressing colour indices

on quark fields and omitting contributions from SU(3). in the covariant derivatives.
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2.2 Higgs mechanism

“If my view is correct, the universe may have a kind of domain structure. In one part of the universe
you may have one preferred direction of the axis; in another part the direction may be different.”

—Y. Nambu

The SM as described is not a realistic theory since bare mass terms for fermions or electroweak gauge
bosons are not allowed in the Lagrangian, contrarily to the experimentally known existence of massive
fermions and vector bosons. However, effective masses may be generated if we give up from an exact

and unbroken gauge symmetry principle by breaking the SM gauge symmetry spontaneously [109, 110]:

Gsv = SU@B), ®SUQR), @ U()y 5 SUB). @ U(l), - (2.13)
The SU(3). symmetry remains unaffected by SSB since it encodes an exact symmetry of nature whereas
the electroweak SU(2), ® U(1)y symmetry is spontaneously broken into an U(1)g symmetry correspond-
ing to electric charge conservation. The gauge symmetry must be spontaneously broken instead of ex-
plicitly to ensure renormalisability [49] and unitarity [111].

The SSB mechanism is implemented by introducing in the theory scalar fields whose vacuum state
|0) is not SU(2), ® U(1)y symmetric, i.e. Ug, |0) # |0). Fermion and vector boson fields cannot be used
for this purpose because their ground state must be zero in order to preserve Lorentz invariance. Also,
charged scalar fields must vanish in the vacuum, to keep it electrically neutral®. Thus, only neutral scalar
fields can have a nonzero value in vacuum, the so-called vacuum expectation value (VEV). Considering
that masses for the Z and W¥ vector bosons must be generated while keeping the photon massless,
we must introduce at least 3 degrees of freedom for the scalar fields, two of which are charged. The
simplest/minimal choice is a complex SU(2);, doublet of scalar fields, the Higgs doublet:

o) = () = L (el T B~ (121, (2.14)

$°z) | V2 \ps(a) +iga(a))

where ¢; are real fields and the signs in superscript will soon be explained. To the SM Lagrangian (2.6)

we then need to add the gauge invariant Lagrangian term for the scalar field:
Litiggs = (D,®)" (D"®) — V(). (2.15)

The term V (®7®) corresponds to the most general renormalisable scalar potential®,

4 4 2
V(®) = 1201® 4+ A (BT0)” = 412 (Z <p§> +A (Z <p3> . (2.16)
1=1 =1

’This is a consequence of the CPT theorem, according to which any Lorentz-invariant gauge quantum field
theory is invariant under a CPT transformation.

*Power counting of divergent diagrams dictates that Lagrangian terms containing products of fields with energy
dimension larger than four are not renormalisable (see, for example, [112]).
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Figure 2.1: Potential V' (v) in Eq. (2.17) for 2 > 0 (solid) and for u? < 0 (dashed).

and is obviously O(4) ~ SU(2) ® SU(2) invariant, which is a clear example of an accidental symmetry.
However, the associated extra generators are explicitly broken by the gauge interactions in Eq. (2.15).
Since our interest lies on the mass spectrum, we must study the theory around the minimum energy
state (lowest-energy classical solution), because particles are the result of oscillations around it. This
state is the ground state value of ®, (0|®|0) = (®). From the Lagrangian (2.15), we see that the lowest-
energy solution is for ¢;(¢,Z) = ‘constant’ since any z-dependence of the ground state would violate

translation invariance. Without loss of generality, we can perform an SU(2);,® U(1)y rotation so that

7}4

(®) = — and (V(®)) = V(v) = %21)2 + , with veR{. (2.17)

N

Thus, the minimisation of V(®) is equivalent to that of a potential V' (v) with a single hermitian scalar
field. One must choose A > 0 so that V(v) is bounded from below. However, the sign of p? is arbitrary
and the shape of V' (v) in Fig. 2.1 must be carefully analysed.

For 2 > 0, there is only one minimum at v = 0 and SU(2),® U(1)y is unbroken, i.e. Ug, (®) = (®).
This case corresponds to the so-called Wigner-Weyl realisation of the symmetry. The other possibility,
p? < 0, corresponds to SSB, also known as the Nambu-Goldstone realisation of the symmetry. In this

case Ugg, (®) # (@) and the SU(2),® U(1)y symmetry is broken with a minimum at

- (2.18)

For the sake of completeness, one must say that for uz = 0 it is not sufficient to consider the classical

theory. In this case, it can be proven that by adding quantum corrections to the potential the symmetry

is again spontaneously broken [113].

Thus, from now on, we will consider the case u? < 0, for which the generators I* and Y are sponta-

neously broken?. Namely, we have

A ™ 1 [0 1 1 (0
1"(®) = 7 #0,k=1,23, Y<¢>>:§-\ﬁ £0. (2.19)
v v

*To see which symmetry groups G are unbroken one simply needs to check if the VEV of the field belongs to the
kernel of the transformations defined by the group generators T, since in this case ¢*” (¢) = (1 +iaT + ...) (¢) =

(@) +iaT () + ... = (¢).
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However, there is still a combination of SU(2);,® U(1)y generators which leaves the vacuum invariant:

Ferlo P 0) -6 ) () e

To this unbroken U(1) symmetry we associate electric charge conservation, and the unbroken generator
Q is interpreted as the electric charge operator, related to the weak isospin generator I and to the

hypercharge operator Y by the Gell-Mann-Nishijima relation [114]:

Q=—-+1. (2.21)
Applying this operator to the Higgs doublet ®, we get

~(E)-6)

showing that ¢ is a singly-charged scalar field whereas ¢° is a neutral scalar field.
In order to derive the physical consequences of SSB, one must quantise the theory around the clas-
sical vaccum state, i.e. write ® = (®) + &', where @’ is a scalar field with zero VEV. At first order, the

Higgs doublet can be written as

¢+
@(.’L‘) = ((1J+H+itpz) ~
V2

with ¢+ =~ % and p, ~ —£3. The L7 are the three broken generators I', I? and I® — Y/2, and H is

o 0
exp (i L7) . j=1,2,3, (2.23)
v+ H

Sl

a real scalar field, the physical Higgs boson obtained by excitations of the neutral Higgs field above the
vacuum. The fields ¢!, €2 and &2 would be the massless pseudoscalar Goldstone bosons if we had been
dealing with a global symmetry [115, 116]. In a gauge theory, these unphysical fields can be gauged away

from the physical spectrum by the following gauge transformation

® — exp (—ig/L7) @ = L 0 , (2.24)
V2 v+ H

which defines the so-called unitary gauge, where only physical degrees of freedom remain. Rewritting

the Higgs Lagrangian (2.15) in the unitary gauge, we then obtain

1
Lriggs = 5 (0uH) (9" H) — P’ H?

T
1 H 2 2 A3 92 —qq' A3
+3 (1 + U) %92 (A A AT A | o g (2.25)
B —99° g B
+ nonbilinear terms .
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Diagonalising the mass (squared) matrix

1 2 e/
M? = 11;2 g 99 : (2.26)
_gg/ g/2
we get two mass eigenstates A4, and Z,, with eigenvalues 0 and % (9% + ¢'*), respectively:
A, = sin Oy A3 + cos by B /
' W VIR tangy = L, 2.27)
9

Z, = cos Oy A% — sin Oy By,
where 6y is the weak mixing angle [41, 43]. Defining the fields W, and W/ through the relations

1 542 1 :42
_ Au —|—ZAH w Au —zAM

W, vl L=t (2.28)

we can finally rewrite the Higgs Lagrangian (2.26) in terms of the new massive fields W,,, Z,, and A4, as

2

1 1 H\? V2 v
woos = — (O, H) (O"H) — p?H?> + = [ 1+ = — @ (WIWH) + —(¢*> + ¢ 2, 2"
e = 5 @) @°1) — 2+ 1 (145 ) {5 VI + 0 + 4702, -

+ nonbilinear terms .

From (2.29), it is clear that we have succeded in our quest to generate three massive vector bosons
(Z and W’s) while keeping one vector boson massless (the photon A,). This mass generation can be
thought as resulting from constant interactions of the W and Z bosons with the condensate of scalar
fields. In the unitary gauge, each gauged away Goldstone boson has reemerged as the longitudinal po-
larisation of a massive vector boson, which is confirmed by counting degrees of freedom (twelve, before
and after SSB). This is the essence of the Higgs mechanism. At tree level, the SM prediction is
9’ +9% _  Mw

, My = = , Msa=0. (2.30)
4 cos Oy

gv
My = |5

and experiments yield the values Mz = 91.1876 +0.0021 GeV and My, = 80.385£0.015 GeV [66]. Thus,
in the SM one expects the below defined p parameter to be unit at tree level:

My

| a— 2.31
MZ cos 0%, (2.31)

p

If we extend the Higgs sector of the SM to include several Higgs multiplets @, there is a deviation from

(2.31), since the new VEVs v, will give additional contributions to the masses of gauge bosons [117]:

. S [Ie(Te + 1) = (I3)?] v? , (2.32)

22/@([/?)21)1%

where I, is the weak isospin of the Higgs multiplet ®; and I} is the third isospin component of the
component of ®; which acquires a VEV. From Eq. (2.32), we see that p = 1 for any number of Higgs
doublets (I}, = 1/2), whereas additional isospin multiplets are severely constrained by the experimental

value pexp. = 1.000470000% [66]. On the other hand, from (2.30), one can also observe that in the limit
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g’ — 0 one has My = M. This is because the global O(4) symmetry of (2.16) is broken to O(3) ~ SU(2)
by SSB and this global symmetry is respected by the gauge interactions in (2.15) for ¢’ = 0. In this limit
the W’s and the Z form a triplet of an unbroken symmetry, and that is why in this limit their masses
is the same. It is this custodial symmetry [118], an accidental approximate symmetry of the SM, what
‘protects’ the p parameter from acquiring large radiative corrections in the SM.

Finally, the second term in the Lagrangian (2.29) represents a (tree level) mass
My =/ —2p2 = vV2\ (2.33)

for the Higgs boson, which experimentally has the value My = 125.7 £ 0.4 GeV [66].

2.3 Fermion masses

Until now, we have described how the W and Z bosons become massive after SSB but, with no
further considerations, the fermions of the theory remain massless. However, by introducing the Higgs

doublet (2.14) with hypercharge y = +1, one can couple it to fermions through the Yukawa Lagrangian
Lyak = = (YosLar®lon + he) = (YisQardusp +he) = (YesQar@dgn +he) ,  (234)

where ® = im,®* 5. The matrices Y'*%“ of Yukawa couplings are completely arbitrary ng X ng matrices.
They introduce most of the free parameters and break almost every U(n,) family symmetry of the SM.
As we will see, this implies that the masses of charged leptons cannot be predicted by the SM.

Fermion masses arise from the Yukawa interactions after electroweak spontaneous symmetry break-

ing (EWSB). To be explicit, after EWSB the Yukawa Lagrangian (2.34) becomes

v+ H — v —
L:Yuk. = - ( \/5 ) (YﬁéﬁgaLgﬁR + YaﬁuaLu[}R + YiﬁdaLdﬁR) +h.c.

= — (Méﬁm@;}z + MgBUQLu/@R + Miﬁdaidﬁ}g) + L{{{lk. ,

(2.35)

where MY = vY"/\/2 is the mass matrix for the fermion fields ¢ and £, contains the trilinear cou-
plings H¢1,¢)r. However, since Y are in general non-diagonal matrices, the weak eigenstate fields do
not have definite masses. In order to identify the physical particle content it is mandatory to diagonalise

the mass matrices M* %%, This can be achieved throught the following biunitary transformations [3]:

VEIMOVE = diag(me, my, my) = DY
VMY VE = diag(m., me, m;) = D", (2.36)

VATMAVE = diag(mg, ms, my) = DY,

Lou,d . . . .
where V"3 are appropriate n, x n, unitary matrices and m; are real and positive masses. A more

The invariance of the second term in the Yukawa Lagrangian (2.34) is ensured by the field 5, which transforms
as (1,2, —1). That is because the 2* representation of SU(2) is equivalent to the 2, i.e. there is a unitary matrix U

k* k
such that —I¥* = UIYU'. In fact, with U = 72 we have I5* = — o= 72%72.
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interesting way of interpreting the bi-diagonalisation defined by (3.3) is to say that one must ‘rotate’ the

weak eigenfields to bring them to a physical basis where fermions have a definite mass:

lar — (Vf)aﬁ lsr lar — (V] ) U8R ,
tar = (VL) ap usL » tuar = (V7)op usr (2.37)
dor — (Vlu,l)aﬂdﬁLa daRg) (Vg)a,@dﬁR'

Thus, one sees that the EWSB mechanism allowed not only the generation of masses for vector
bosons but also of Dirac masses for SM fermions. On the other hand, since neutrino fields are left-
handed in the SM, the appearance in the SM Lagrangian of a Dirac mass term for them upon EWSB, as

in the case of other fermion fields, is not possible. Hence,

neutrinos are strictly massless particles in the SM.

2.4 Electroweak currents and fermion mixing

We are now in position to derive the interactions between the fermion fields ¢ and the physical
vector bosons W’s, Z and A. The first step is to rewrite the covariant derivative (2.5) in terms of the

physical vector bosons defined through Egs. (2.27) and (2.28):

- 9 ot . g s - 9Zu (T3
D,y = [8M — ZEWIIT+ — ZEWHT —igsinfyw QA, — b s ;W (5 — stGWQ)} P, (2.38)
where we have used the usual definitions 7+ = (7! + i72)/2 and 7= = (7! — i7?)/2. The interaction
terms in the fermions Lagrangian (2.11) can then be written as
g
Lint — [g sin Oy Jh Ay + —— SH ———JLZ ] + Wi (JhyW, +he), (2.39)
Neutral currents Charged currents

where Jf,, J and Jj, represent the electromagnetic (EM) vector current, weak neutral currents (NC)

and the weak charged currents (CC), respectively. In a flavour basis, their definitions are:

— 2 1— _
J]fZLM = Z Qfd’ﬂ“wf = nguua - gdoﬁ’“da - goﬁ“fa ) (240)
Jz = Zwﬂﬂ I}Pp — Qpsin®Ow] vy = foi/)fm Vrp — sin*fw Jhy (2.41)
f
Ty = ZEV“VQL +dary UL (2.42)
f

where the sums ), extend over fermion fields and 1 f is the third isospin component for the fermion

field f (+1/2 for the up-fields, —1/2 for the down-fields and 0 for SU(2), singlets).
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Figure 2.2: Tree-level diagram for muon decay (left) and its low-energy approximation (right).

If we want the first term in the interaction Lagrangian (2.39) to be the usual EM vector current in

QED, eJfy;A,., then the positron electric charge e must be identified with

e=gsinfy =g cosby = ¢*+g%=¢%, (2.43)

which gives us an important relation among the coupling constants g and ¢’ and the electric charge e.
As expected, neutrinos do not couple to the photon since they are neutral particles. The EM currents
only mix fields of the same charge and chirality. This means that the EM current is family universal,
flavour diagonal and C' (charge), P (parity) and C'P invariant. An immediate consequence is that, upon
the rotations (2.37) to the mass eigenstates basis, the electromagnetic current is not changed.

On the other hand, the weak neutral currents J4 in Eq. (2.41) have a V' — A component and a purely
vector one proportional to the EM current. Therefore, these currents violate C and P symmetries, though
not maximally. Similarly to the electromagnetic current, J4 is flavour diagonal and as such takes the
same form in the flavour and mass eigenstate bases. This phenomenon is the so-called GIM mechanism
[55], which forbids flavour-changing neutral currents (FCNC). The absence of such transitions can be
used to constrain extensions of the SM involving exotic fermions [119].

Finally, the CC in Eq. (2.42) have a V' — A structure and thus violate C'and P maximally. An important
result that can be extracted in the flavour basis is the amplitude T for a t-channel 4-fermion interaction,

such as the muon decay .~ — e~ 1,7, represented in Fig. 2.2. In the unitary gauge, we have

SN2 .5 —i(gu — q‘%;’") N

) ig - 1—7 ( w M - s (1—=7

—iT = (ﬂ) [uue (v )" < 5 )ve(pe)] e = [uyﬂ (v, )Y ( 5 )uu(pu)] . (244)
which, for a small momentum transfer, |¢*| < My, leads to the Fermi effective Lagrangian (1.1):

GF 92 1

l[¢" | < Mw Gr

V2

‘Ceff. JItV " J{/LV )

We can therefore extract the Fermi constant G = 1.166367(5) x 10~° GeV~? [66] from the muon decay

p~ — e~ v, 7. and provide an estimated value for the electroweak scale v:

v=2My /g~ (V2Gr) Y% ~ 246 GeV . (2.46)
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Matrix type # Parameters # Moduli  # Phases

n x m General 2nm nm nm

n X n Symmetric n(n+1) n(n+1)/2

n x n Unitary n? n(n—1)/2 n(n+1)/2
n x n Hermitian n? nn+1)/2 n(n—1)/2

Table 2.4: Number of parameters for the various types of matrices considered in this thesis.

Contrary to what happens with the EM and neutral currents, charged currents do not take the same

form in the weak and mass eigenstate bases. More specifically, upon the rotations (2.37) the CC read

T = TapA™ (vf*)ﬁ Var + dgp " (VL‘“)ﬁ (VI ap oL
o o (2.47)
T of m T
lary (VL )Ba Var + dar?y (VCKM) B UBL »

where the n, x n4 unitary matrix Vegwm is known as the Cabibbo-Kobayashi-Maskawa matrix [120, 121]
or quark mixing matrix. It describes the mismatch between the unitary rotations (2.37) for the up and
down-type quarks and can be interpreted by saying that in the CC each massive up-type quark interacts
with a linear combination d;,; = (Vckwm) .5 g1 of massive down-type quarks.

2

The unitarity condition on Vcxy imposes n 7

constraints on its elements, (VCTKM VCKM> =, and
so it can be described by n? parameters, ny(n, — 1)/2 of which are rotation angles (the nurnrll%er of angles
in an O(n,) rotation) and n4(ng + 1)/2 are phases. This result is summarised in Table 2.4 along with its
generalisation to other types of matrices. However, not all of the parameters in Vckwm are observable,
since some phases can be removed through a rephasing of quark fields. In fact, apart from the CC
interactions, the SM Lagrangian possesses a U(1)?"s symmetry corresponding to its invariance under

global phase transformations of quark fields:
UaL.r — €PoUa L R, dor,r — e?ad, LR- (2.48)

This property can be used to eliminate the phases from one line and one column in the CKM matrix,
i.e. 2ny — 1 phases can be eliminated. The reason why there are just 2n, — 1 unphysical phases instead
of 2n, is that a common global rephasing of the quark fields leaves the SM Lagrangian invariant. This
U(1) p symmetry is related, through Noether’s theorem, to baryon number conservation. For the case
of interest, ny, = 3, the CKM matrix thus depends on three mixing angles 6, 613, 623 € [0, 7/2] and one

physical phase § € [0, 27], with its standard parametrisation given by [122]

0

C12€C13 S12€13 s13€
—_ ‘5 .6
Vekm = | —s12¢23 — c12823513€" €12€23 — 512823513€" s23C13 | > (2.49)
is is
512823 — C12C23513€" —823C12 — 512C23513€"°  C23C13

where cq, = cosly, and s, = sinfyy. There are other useful parametrisations of Vexw, such as the
Wolfenstein parametrisation [123], but the standard one is the most advantageous to our future discus-

sion. The physical phase § is responsible for C P violation in the SM quark sector, whose strength can be
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(Ve,e”) +1 0 0 (Te,e™) -1 0 0
(v, ™) 0 +#1 0 Ty, ™) 0 -1 0
wryt—=) 0 0 +1 (Te, ") 0O 0 -1

Table 2.5: Assignment of flavour lepton numbers to particles (left) and antiparticles (right).
quantified in a rephasing invariant way in terms of the Jarlskog invariant [124]:

Im[VagViyy Ve, Vsl = Joxm Z €arymEBnn; Jokm = 012512023513013323 sind . (2.50)
mn=e,pu,7
The study of C'P violation in the quark sector is an extremely challenging and very wide subject but we
shall not pursuit it on this thesis. A detailed treatment can be found in Ref. [125].

Let us now analyse the lepton CC, i.e. the first term in Eq. (2.47). Since neutrinos are strictly massless
particles in the SM, performing a rotation of the neutrino fields in flavour space leaves the Lagrangian
of the SM invariant, apart from the CC term. In fact, the EM and neutral currents are flavour diagonal
and, in what concerns Ly, there is no neutrino mass term to spoil, i.e. neutrinos have zero mass in
all bases. Therefore, we can freely rotate the neutrino fields and in particular cancel the effects of the

charged lepton mixing matrix V/ in Eq. (2.47). By performing the rotation
VoL — (Vf)aﬂ V3L , (2.51)
it is then evident that the leptonic CC Jj;, ; takes the same form in the weak and mass eigenstate bases:
Ty 1 = Vai"bar, - (2.52)

Thus, one concludes that there is no mixing in the leptonic sector of the SM and that the existence of
neutrino masses is a necessary condition for leptonic mixing.

In general, one defines flavour neutrino fields v, , , as the neutrino field combinations which couple
with the corresponding charged lepton e, u, 7 in the CC (2.52). As a consequence of the absence of
leptonic mixing, the SM Lagrangian exhibits a global U(1)"s symmetry associated with the rephasings

VarL — eigoa VaL gozL — eiwa‘gaL ) EO&R — eiwafaR ) (253)
ans Noether’s theorem requires the existence of n, conserved charges, the flavour lepton numbers
Ly = / B (Vive +000,) (2.54)

as assigned in Table 2.5. A trivial consequence is that the total lepton number L = L. + L, + L, is also
conserved. As we will see, the nonconservation of the flavour (or family) lepton numbers L, plays a

crucial role in neutrino physics beyond the SM.
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2.5 Summary of the SM

One is finally in position to write the full Lagrangian of the SM®:

‘CSM = ﬁgauge + £Higgs + £f + EYuk. . (255)

In addition to the gauge and Poincaré symmetries, the SM possesses a miscellaneous of accidental
symmetries and associated conservation laws, summarised in Table 2.6. In particular, processes like
lo — a7y are forbidden since they violate flavour lepton number conservation. There are very strong
bounds on the rates of these processes [127] but, as we will see, lepton number violating processes are
closely related to the problem of neutrino masses. As such, the study of SM extensions with lepton

number violation is a fundamental step on our path towards the understanding of neutrino masses.

Symmetry Lie Group Symmetry type Conserved Charges

Energy, Momentum,

Poincaré 1SO(1,3) Global, Exact Anguiar Momentum
Gauge SU@B),. ® SU2);, ® U(1)y Local, Broken Color/Electric charge
Quarks rephasing Ul)s Global, Accidental Baryon number
Electron rephasing UuQ@)yg, Global, Accidental Electron number L,
Muon rephasing Uz, Global, Accidental Muon number L,
Tau rephasing Uz, Global, Accidental Tau number L,

Table 2.6: Symmetries of the Standard Model.

The electroweak sector of the SM depends on seventeen parameters. However, the SM offers no
prediction for the values of fermion masses and gives no definite explanation to why there are three
generations of fermions. Nevertheless, some valid clues may be hidden in the closeness of Ve to the
identity matrix as well as in the presence of mass hierarchies between generations (see Table 2.1).

Other shortcomings of the SM are the absence of a description of gravity and of dark matter. There
is also the (weak) hierarchy problem, related to the fine-tuning of parameters required to give My a
value near the electroweak scale (v ~ 10 GeV) if the SM is to be valid up to the Planck scale (10'?
GeV). Another concern is the absence of a CP-violating term in the strong sector of the SM despite there
being no symmetry which forbids it. Additionally, the SM cannot achieve exact unification of its gauge
coupling constants at high-energies, unlike what happens in supersymmetric models or GUTs.

All these issues support the idea that the SM is an effective low-energy theory of a more fundamental
one. Although some of these problems can be classified as theoretical prejudice, undeniable evidence for
physics beyond the Standard Model arises when one considers the experimental evidence for neutrino
oscillations [128]: neutrinos have small but nonzero masses. In the next chapter, simple extensions of

the SM will be considered in order to generate naturally small neutrino masses.

%In addition to these terms, the quantisation of the theory requires the presence of gauge-fixing and Faddeev-
Popov terms in the Lagrangian of the SM. For a detailed introduction to the quantisation of the SM see, for instance,
[112,126]. A short outline is given in Appendix A.1.
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Neutrino masses and

seesaw-type models

“ Even though it is perhaps not yet possible to ask experiments to decide between the new theory
and a simple extension of the Dirac equations to neutral particles, one should keep in mind that the new
theory introduces a smaller number of hypothetical entities, in this yet unexplored field. ”

- E. Majorana in [129]

The absence of electric charge for neutrinos allows their masses to have a Majorana nature (lep-
ton number violating) rather than a Dirac one (lepton number conserving). But the nature and ori-
gin of small neutrino masses remains a mystery. Their tiny values suggest that neutrino masses are a
low-energy manifestation of new physics beyond the SM with a high-energy scale Anp. It is therefore
expected that the SM predictions, in particular (zero) neutrino masses, are affected by small effects pro-
portional to powers of v?/Anp. The most popular high-energy models consider the existence of heavy
fields with masses of order Anp. Among all possible scenarios, the seesaw mechanism is perhaps the
best known example of how neutrino mass suppression can be achieved.

In this chapter, we discuss how to describe a massive neutrino in the general Dirac-Majorana case
and the resulting leptonic mixing and observables. Finally, we study ultraviolet completions of the SM
in which the seesaw mechanism can be implemented through tree-level exchange of heavy fermion

singlets (type I), scalar triplets (type II) or fermionic triplets (type III).

3.1 The Dirac-Majorana mass term

It is possible to define a Dirac mass term for neutrinos consistently with the gauge symmetries of
the SM by adding three right-handed neutrino fields v, r (o = €, u, T) to its particle content. These extra
fields are weak isospin singlets with null hypercharge, y = 0. Therefore, right-handed neutrino fields do
not participate in electroweak interactions and, as such, are called sterile. On the other hand, the usual
left-handed neutrino fields v, that participate in weak interactions are called active.

To the SM Yukawa Lagrangian (2.34), we must therefore add a lepton term similar to the one which
generates the masses of up-type quarks. This extra Lagrangian term reads, before and after EWSB:
EWSB v

— (MU sVa,vs, +ha), M,z = ﬁygﬁ NN

Eﬂl{uk. = — (YZﬁLuL&;VﬁR + hC)
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The neutrino mass matrix My 5 can be bi-diagonalised by rotating flavour neutrino fields into the basis

of massive states 11 2 3,

Var = (VE)a;¥iL s Var = (VR)aj ViR » 3.2)
resulting in a diagonal neutrino mass matrix:
(Vi)' MYV = diag(my, , mu,, mu,) = M, - (3.3)

As a consequence of (3.2), there will be lepton mixing in the CC in an analogous way to the quark case
(2.47), with a mixing matrix parametrised as Vcxm. Therefore, flavour lepton numbers [Eq. (2.54)] are
not conserved but it is easy to see that total lepton number L = L. + L, + L. is conserved. However,
a fundamental problem arises if we take a quick glance at Table 2.1. One immediately sees that the
couplings Y should be much smaller than Y**¢, which poses a naturalness problem. As a matter of

fact, a Dirac mass term for neutrinos is not natural according to the "t Hooft criterium [130],

“at any energy scale 1, a physical parameter or a set of parameters o; () is allowed to be 1)
very small only if the replacement o; (1) = 0 would increase the symmetry of the system.”,

because in the Y — 0 limit the theory does not exhibit any new symmetry. This signals the presence of

an alternative description for naturally small neutrino Yukawa couplings Y".

In fact, it is possible to build a Majorana mass term for neutrinos. Such a construction is related with
the possibility of describing a massless fermion by a chiral field (two-component theory). The first thing

to note is that the Dirac equation for a fermion is equivalent to two coupled equations:

((1h0, —m)p =0 & i Oupr =mir (3.4)

ivHO, YR =mayp
If the fermion v is massless, then the two previous equations are decoupled into two Wey! equations:

iv'our =0 and iy r =0, (3.5

which proves our claim that a massless fermion can be described by a single chiral field. In a similar
manner, also a massive fermion can be described by a two-component spinor [129]. This is achieved
assuming that the chiral components i and ¢, are not independent, which means that the two coupled
Egs. (3.4) must be two ways of writing the same equation for one independent chiral field. Indeed, after

some manipulation of the second coupled equation in (3.4) we arrive at
i"9,.Cor =mCir (3.6)
where C is the charge conjugation matrix. This is just the first equation in (3.4) if we set
—T
Yr=Cyr (3.7)
where CET has right-handed chirality and transforms as a spinor under Lorentz transformations.
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The Majorana condition for the field ¢ then reads
—T —T
V=vYr+yYr=9L+CYr S ¢Y=C =v¢r+y¢p =197, (3.8)

with ¢ being the charge-conjugated field of 1. The Majorana condition implies the equality of particle

and antiparticle. Hence, only neutral fermions, as neutrinos, can be described by a Majorana field.

For the case of neutrinos, taking ¢ = v,, in Eq. (3.7), one can build a Majorana Lagrangian:

Vo (i0as — MZg) v3 . (3.9)

N[ =

1 R
,CM = PO&LiayaL — 5 (MZBVSCL VBL + hC) =

where M" is a symmetric neutrino mass matrix. The factor 1/2 distinguishes a Majorana from a Dirac
Lagrangian and is needed in order to avoid double counting of the dependent fields ¢ and 77 when
obtaining the equation of motion for Majorana neutrinos [3]. We should also remark that the Majorana
mass term (3.9) is nonzero due to the anticommutation property of fermion fields because for commut-

ing fields v CTv;, = —vTCTv, and the mass term vanishes identically.

There is, nonetheless, a symmetry clearly broken by the Majorana Lagrangian (3.9). This becomes

clear if we notice that it is not invariant under a global U(1) gauge transformation:
: 1. ..
VoL — €¥UqL BN LM VaLiaVaL - 5 (622¢M25V;L vgL + hC) . (310)

Therefore, total lepton number is not conserved. We could have considered the transformation v,— e,
for the Majorana fields, which leaves invariant the Lagrangian (3.9). However, such a transformation is
not compatible with the Majorana constraint (3.8), since we would have v¢ — e~ v¢. Therefore, taking
the limit M” — 0, we recover lepton number conservation and small Majorana masses are thus natural

according to 't Hooft.

Let us now analyse the general case when active and sterile neutrinos are both present. To be exact,
we consider the existence of n, left-handed neutrino fields v, and n’ right-handed neutrino fields v;z.

We define the column vector N, with n = n, + n’ left-handed fields:

VerL VsiR
VL
N = ( C) , where v, = | VuL and vh = : . (3.11)
YR VrL Ve
Sn/R

Then, in general it is possible to have the Dirac-Majorana mass term

D+M 1 =& A fD+M pem _ (ML M7,
Lo =~ NFMPMN, +he., e N (3.12)
D R

where Mp is a n’ x ngy mass matrix, and My and Mg, are n, x ng and n’ x n’ symmetric mass matrices,

respectively. The symmetric mass matrix MP*M can be diagonalised with the transformation [3]:
(V)T MPMYY = M8 — diag(my, ..., m,,) , (3.13)
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with V} a n x n unitary matrix and my, real and positive masses. This diagonalisation can be achieved

by writing the flavour fields Ny, as a unitary rotation of n mass eigenfields v, (roman indices):

Ny =Ving with np = L, - VnL)' (3.14)

Defining the Majorana fields v, = vi1 + v;;, we can finally write the free Lagrangian for neutrinos:

1 . ia
oM~ S (z@ - Mjkg) Ve | (3.15)

which shows that, in the most general Dirac-Majorana case, massive neutrinos are Majorana particles.

3.2 Lepton mixing and observables

The mixing of sterile and active neutrinos, defined in Eq. (3.14), has important consequences for

weak interactions. In the mass basis (3.14), the leptonic weak currents involving neutrinos are
Jh =2Lpy*Uny , Jy, =2ny*UUny, (3.16)

where U is a 3 X n non-unitary mixing matrix defined by:

Usk= Y (VE)as(VE)sn (3.17)
B=c,
The non-unitarity of U implies that the GIM mechanism does not work, which means that in the general
Dirac-Majorana case there are flavour-changing neutral currents among different massive neutrinos.

In the rest of this section, we will consider the special case n = n, = 3, with no sterile neutrinos, in
which the 3 x 3 mixing matrix is called the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix [70, 74],
Upmns = VLET V. A general n, x n, unitary matrix can be parametrised in terms of n,(ny — 1)/2 = 3 mix-
ing angles 6,2, 613, 023 and of ny(n, 4+ 1)/2 = 6 phases (see Table 2.4). However a convenient rephasing
of the charged lepton fields allows us to eliminate n, = 3 phases from Upmns, as is evident from Eq.
(3.16). The same does not apply to the neutrino fields n;, due to the lepton number violating nature of
the Majorana mass term (3.9). Therefore, Upmns can be parametrised in terms of three mixing angles and

ng(ng — 1)/2 = 3 physical phases, one Dirac phase § and two Majorana phases «; and s [66]:

€12€13 $12€13 s1ze 10 0
Upmns = | —s12c03 — C12523513€%  C1aco3 — S128523513€  Sascis 0 e 0 , (3.18)
L0 i§ .
512823 — C12C23513€" —S823C12 — S12¢23513€"°  C23C13 0 0 e

where ¢;; = cos 6;; and s;; = sin 6;;. In particular, CP violation due to the Dirac phase ¢ can be quantified
in terms of the Jarlskog invariant (2.50) and the two Majorana phases are CP-violating phases. One

should remark that this same parametrisation also applies to the case of Dirac neutrinos, with o1 2 = 0.
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As a consequence of lepton mixing, a neutrino beam with a specific flavour can change along their
trajectory into another flavour. Remember that we define flavour neutrino fields v. ,, - (greek indices)

as the field combinations which couple to the corresponding charged lepton in the CC (3.16), i.e. as
o . r
VL:UTZL:VL NL, with vy = <V6L7 VuL VTL) . (319)

In a plane-wave approximation, the transition probability from a flavour neutrino |v,) produced at the

source (0, 0) with energy E to a neutrino |vg) at the detector (¢, L) is easily seen to be given by [3]

2
Py vy (L E) = [ | va(t, )P = UsUpkUa;Uj; exp <ZA7;’§JL> . Ami;=mi-m?.
" (3.20)
This shows that neutrino oscillations are only sensitive to mass-squared differences Amji;, providing
no information on the absolute neutrino mass scale. As expected, it also proves that the Majorana
phases o 2 do not appear in the transition probability because neutrino oscillations are lepton number

conserving. Therefore, oscillation experiments are not sensitive to the nature of massive neutrinos.

Depending on the experimental settings, the oscillations will be governed by different mixing angles

2

and mass-squared differences. From this fact, a common notation emerged such that Ami, = Am2,,

Am3; = Am2,,, 012 = O (solar), 25 = Oam (atmospheric) and 6;3 is called the reactor mixing angle.
The ordering of neutrino masses is unknown because experiments are only sensitive to |Amy;|?. We
assume that 14, and vy are the neutrinos involved in solar neutrino oscillations, with m; < ms. Since

experiments dictate that |Am3,| > Am3,, there is room for two possible orderings:

Normal neutrino mass Spectrum (NS): mp < mg K ms;

Inverted neutrino mass Spectrum (IS): mg <K myp < ms .

The latest global fit results to oscillation data are the ones in Refs. [131-133]. We consider the global
fit of Ref. [131], with results shown in Table 3.1. The mass-squared differences are well determined as
well as the value of #;2. The reactor experiments Double Chooz, Daya Bay and RENO also impressively
confirmed that the reactor mixing angle is non-zero, 13 ~ 9°. The global fit values for the atmospheric
mixing angle 6,3 indicate a deviation from maximal mixing sin? f,3 = 1/2. However, it is still not clear
in which octant 63 lies. Finally, the Dirac phase ¢ is still completely undetermined at 3o.

As discussed, neutrino oscillations are not sensitive to the absolute neutrino mass scale. The most
direct way to determine this scale is through the investigation of the §-decay endpoint of tritium,
3H —3 He + ¢~ + 7.. The obtained bounds are those for an effective electron antineutrino mass
mg = />, |Uer|?m? which, in the regime mgs > /|Am3,], is equivalent to the absolute neutrino mass
scale. Using this technique, the Mainz [134] and Troitsk [135] experiments obtained the most stringent
upper bounds at 95% level mg < 2.3 eV and mg < 2.05 eV, respectively. An improved experiment, KA-
TRIN, is going to start in 2016, planning to reach a sensitivity of about 0.2 eV . Furthermore, oscillation

experiments do not distinguish Dirac from Majorana neutrinos [136]. Thus, CP and T violation effects

27



Parameter Best fit lo range 20 range 30 range

Am2,/107° éV? (NS or IS)  7.54 7.32-7.80 7.15-8.00 6.99-8.18
sin? 015/10~1 (NS or IS) 3.08 2.91-325 2.75-342 2.59 - 3.59
Am? /1073 eV? (NS) 2.44 2.38-2.52 2.30 - 2.59 2.22-2.66
Am?2/10~3 V2 (IS) 2.40 2.33-247 2.25-2.54 2.17-2.61
sin®613/10~2 (NS) 2.34 2.16 - 2.56 1.97 -2.76 1.77 -2.97
sin? 05/10~2 (IS) 2.39 2.18 - 2.60 1.98 - 2.80 1.78 - 3.00
sin® f3/101 (NS) 425 3.98 - 4.54 3.76 - 5.06 3.57 - 6.41
sin2 63 /10~ (IS) 437  4.08-4.96 ® 531 -6.10 3.84-6.37 3.63-6.59
5/ (NS) 1.39 112-1.72 0-0.11 & 0.88 - 2.00 —

5/ (IS) 1.35 0.96 —1.59 0-0.04 ® 0.65 — 2.00 —

Table 3.1: Results taken from [131] of a global 3v oscillation analysis, in terms of best-fit values and
allowed ranges for the 3v mass-mixing parameters. Am? is defined as m% — (m? + m3)/2, with +Am?
for NS and —Am? for IS. The overall x? difference between IS and NS is insignificant (Ax? y = +0.3).

measurable by neutrino oscillations depend solely on the Dirac phase §, whose experimental value is
sensitive to both the ordering of the neutrino masses and to the value of the reactor angle ¢35 [137].
The determination of Majorana phases is possible through lepton-number violating processes such as
the neutrinoless double-3-decay [138, 139]. In fact, the decay amplitude is proportional to an effective

neutrino mass mgg,

A(0v2B) x mpg =

3
§ : 2
Uek'mk
i=k

= ’(mlcfz + m25%262w‘1)c%3 + m35%3621(°‘275) , (3.21)

and we immediately notice that Majorana phases of the neutrinos are important. A recent upper limit
on mgg was determined by the GERDA collaboration to be mgg < 0.2 — 0.4 eV [140]. An additional
(indirect) constraint on the absolute neutrino masses scale comes from cosmological considerations,
which limit the sum of neutrino masses 1 = ., m,. The recent bound obtained by the Planck
Collaboration [141] is " m, < 0.66 eV, at 95% CL. However, there is still no consensus on the value
of the cosmological neutrino mass limit. For example, considering baryon acoustic oscillation data, the

Planck Collaboration obtained ), m, < 0.23 eV (95% CL) [142].
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3.3 Seesaw mechanism(s)

Despite its theoretical appeal, the Majorana neutrino mass term (3.9) is forbidden in the SM since
it has weak isospin I = 1 and hypercharge y = —2. Therefore, in order to write a renormalisable
Lagrangian which generates Majorana neutrino masses, we would need an isospin scalar triplet (I = 1)
with y = 2, which the SM does not contain. This fact suggests that the SM is a low energy effective
theory resulting from a more complete theory at a high-energy scale A.

At low energies, an analysis independent of the high energy theory can be performed in terms of an
effective theory description, in which the impact of the high-energy theory is parametrised by means of
an effective Lagrangian valid at energies less than A. This amounts to adding a set of non-renormalisable

higher-dimension operators to the gauge-invariant SM Lagrangian:
Lot = Lom + 0L +6£975 .., (3.22)

where each operator is suppressed by inverse powers of the high-energy scale A. More specifically, we
have §£%>* ~ O (1/A%*). The effective Lagrangian can be calculated in the path integral formalism by
integrating out the heavy fields N. The effective action S, is then obtained from the full action S by

separating the terms Sy involving the heavy fields N from those involving only the SM fields, Sgy, i.e.
eiSei. = / DNDNe™ = ¢S / DNDNeSNIV (3.23)

where DN is the integration measure. Expanding the action Sy[N] around the stationary (classical)

configuration Ny, one gets
R - /DNDNGi(sN[NO]HsN[No]+62SN[No]+.--) o SN [Nol (3.24)

where the first order variation 0.5y [Ny] is zero by definition of stationarity, and the higher-order terms

can be perturbatively neglected. The effective action is thus
Sut. = Seaa-+ Sy(No] = [ dte Lo + L (Vo)) (3.25)

with the stationary fields defined through:

05
ON;

0S
No; ’ 5ﬁ1

—0. (3.26)

No:

Inserting these fields to Sy [Ny], we finally obtain the effective Lagrangian [compare with Eq. (3.22)]:

Lett. = Lom + Ln(Ng) = Loy + 0L 4 6L£976 4 . (3.27)
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For d=5, there is just one possible operator made out of SM fields, the Weinberg operator [83]:
_ 1 s (—=\ (= 1 [~ T .
0L — Sl (Z6, ) (871, ) +he. = —5els (¥7La,) €T (B1Lg, ) +hec., (3.28)

where ci?5 ~ O(1/A) are complex matrix coefficients. This operator is not invariant under B — L
symmetry. As a matter of fact, after EWSB this operator induces naturally small Majorana neutrino

masses provided that the scale A is high enough. More specifically,
1 L 2
§ri=s EWSB, (—QMig%gLuﬁL + h.c.> TR Y i (3.29)

This suggests that neutrino masses are the lowest-order effect of high-energy physics beyond the SM.
However, there are several d = 6 operators which may arise from different high-energy models [143].
Their identification is thus crucial to get some hints on the origin of neutrino masses. An important
scenario is that in which the suppresion of the d = 6 operators is not as strong as that of the d = 5
operator, leading to potentially observable low-energy effects. This becomes clear from the point of
view of the 't Hooft naturalness criterium (Z1). In fact, it may be natural to consider large coefficients
for the B — L conserving d = 6 operators while having small coefficients for the B — L odd operator

§£9=5. We will see that this requires a value of A not far from the electroweak scale.

Effective operators modify the SM parameters. In addition to fermion masses, there are four pa-
rameters relevant to our discussion, namely the coupling constants g and ¢, the Higgs VEV v and the
Higgs quartic self-coupling X . In our analysis, the first three parameters will be constrained using as
input parameters the well-determined experimental values of the fine structure constant «, the Fermi
constant G (as extracted from the muon decay rate by the removal of SM process-dependent radiative

corrections) and the very precise measurement of M [66].

In the following, we analyse seesaw extensions of the SM, in which the Weinberg operator (3.28)
arises after integrating out heavy fields, with masses M ~ A. Thus, at low energy, such interactions
reduce to a four-point interaction of the form ®®L; L, which produces Majorana neutrino masses after
electroweak symmetry breaking (EWSB). In order to generate such an effective interaction, the high-
energy theory Lagrangian must respect the SM gauge symmetry and the heavy fields x must have
interaction terms of the form x®L;, or both x®® and xLy L. In order to fathom the possibilities of
building those couplings, we need to consider the possible invariants built from two SU(2);, doublets.
For the case of x®L;, couplings, the bilinear terms formed with ® and L; after integrating out x must

have the form ®'L;. Looking at the tensor product
(%) 9L, ~202=163, (3.30)

it is then clear that the heavy fields x must have y = 0, and that either transform as an SU(2), singlet
(type I seesaw) or as an SU(2), triplet (type III seesaw). Additionally, invariance under the Poincaré
group requires these x to be spin 1/2 fields. On the other hand, for both x®® and xL;L; interac-

tion terms, it is evident that y must be a scalar field. The bilinears formed from the doublets L, after
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Ly, )

Lp M)

Figure 3.1: Tree-level exchange interactions which in the low-energy effective description generate the
Weinberg operator (3.28). These interactions correspond to the exchange of: fermionic singlets N (type
I seesaw) or triplets ¥ (type Il seesaw) on the left; scalar triplet A (type II seesaw) on the right.

integrating out the heavy field y must have the structure L$ L. Looking at the tensor product
(L))" ®@Lp~2®2=103, (3.31)

we see that one needs a scalar field x with hypercharge y = 42, which transforms either as a singlet or

as a triplet of SU(2) .. The Yukawa coupling with an SU(2), singlet x would be given by

L¢,eLgrx +hec., E=iTo , (3.32)
and SU(2) p-invariance follows from
UTeU = (detU)e = ¢, with U e SUQ), . (3.33)

However, such a singlet would have an electric charge ), = +1 and any VEV of x would break U(1)gm,
being therefore forbidden. Consequently, such Yukawa coupling cannot generate tree-level neutrino
masses and one is left with the scalar triplet option, corresponding to the type II seesaw mechanism.
Each one of these standard realisations of the seesaw mechanism is graphically represented in Fig. 3.1.
In the following, we describe the high-energy theory and deduce the low-energy effective Lagrangian
and its consequences at order O(M ~?) for the above realisations of the seesaw mechanism. It is expected

that the conclusions obtained here will hold for their generalisations or embeddings in larger theories.

3.3.1 Typelseesaw mechanism

We begin our analysis with the study of the type I seesaw model [82, 144, 145], in which n’ sterile
neutrino fields Ny ~ (1,1,0) are added to the SM. Aside from the Yukawa term (3.1), one can add to

the Lagrangian a Majorana mass term for the sterile fields N,z. The type I seesaw Lagrangian is then
- -~ 1—
Liype1 = Lsm +iNp @ Nr — (LL YN Np+ §NR My N; + h.c.) , (3.34)

where Y is an n’ x n, matrix of Yukawa couplings and My is an n’ x n’ symmetric mass matrix.
We will work in a basis where both My and M, are real and diagonal, which is always possible by

a convenient rotation of the neutrino fields N, of the type (3.14) and of the charged-lepton fields as
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done in the SM [remember Egs. (2.38) and (2.51)]. The necessary unitary rotations can be absorved by
redefining of the (fully general) Yukawa matrix Yy and, therefore, we can always start with the type
I seesaw Lagrangian (3.34) written in this basis. Notice also the use of a compact notation in (3.34), in
which indices in generation space are omitted but implicitly summed.

The type I seesaw Lagrangian (3.34) then reads
— _ 1—
Ligpe1 = Lom +iNg @ Ng — |75 ¢° Y, N — 11 ¢~ Yi, Ng + 3 Nr My Nj +he | (3.35)

and we immediately see that a Dirac-Majorana mass term emerges for neutral leptons:

vY 7} T
1—( 0 L 1 M; M v
fypel = _§n% Y V2 |np +he = _§nCL " Pln +he., nL= " ,  (3:36)
X My Mp My Np

where N; = N§,. Since N,p are sterile, the elements of the mass matrix My are allowed to be much
larger than the electroweak scale. More precisely, for a mass matrix M x we define its scale m x to be of
the order of magnitude of the eigenvalues of /M Mx. In seesaw-type models, we assume M to be

non—singular1 and that all the matrix elements of M, and Mp are much smaller than the scale my:
(Mz) s, Mp),, < mn . (3.37)

This should be understood in the sense that the eigenvalues of /M My, though not necessarily all of
the same order of magnitude, are all much larger than the matrix elements of Mz, and M p. Under these
assumptions, there are in the theory n’ heavy neutrinos with masses of order my, and n4 light neutrinos
with masses which, in the case M, = 0, are suppressed by inverse powers of m .

The diagonalisation of the (n, + n’) x (n, + n’) Dirac-Majorana mass matrix MP*M can be accom-
plished by starting with a block-diagonalisation of MP*™M, following the procedure developed in Ref.
[148]. This allows to simply decouple the high mass scale from the low one, up to any order in mj'.
Such decoupling is done by performing a unitary rotation of the neutrino fields n; by means of an
(ng +n') x (ng +n') unitary matrix U7,

v s

ny — UE nr, UE = 3 (338)
R T

and by demanding from this unitary rotation that it block-diagonalises MP*M:

M MZ Miioh 0
ED = tight , (3.39)

Mp My 0 Micavy

om*

where Mgy and Miyeayy are, respectively, ngy x ng and n’ x n’ symmetric mass matrices.

n the framework of the singular seesaw mechanism [146, 147], My can even be singular, with ng eigenvalues of

M}L\,M ~ equal to 0. However, going into a basis where M is diagonal, we realise that this case is mathematically
contained in the usual seesaw model with nj, = ng+ng left-handed doublets and n}; = n’ —ng right-handed singlets.
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Eq. (3.39) can be solved using the following ansatz for the unitary transformation U7

Vv1— BBT B
Ur = , (3.40)
-t VI-B'B

where the square-root of matrices should be understood in the sense of a Taylor expansion. Inserting

the transformation (3.40) into Eq. (3.39), yields the following results at first order in m},l:

V = V1-BBf ~1-IM}M}) ' My'Mp,
S = B ~ M, (M%),
| b (O5) 6an
R = —ST ~ _M]_V MD s
T = Vi-B'B ~1-iMy'MpM}L M%) .
For M, = 0, the mass matrices for the light and heavy neutrinos are then, at lowest order:
Miigns = (VIM + R"Mp) (V — ST™'R) ~ —S*MyST ~ —-M,My'Mp , (342)
Mheavy = (ST™Mf +T"Mp) (S— VR 'T) ~ -MpR™' ~My . (3.43)

We thus see that Mgy, is suppressed with respect to the Dirac mass matrix Mp by the small factor

Mp M. Therefore, if the scale m y is high enough, we are able to get naturally small neutrino masses.

The next step is the diagonalisation of the mass matrices Mj;ght and Myeayvy- This is achieved through

a unitary rotation of the neutrino fields v;, and Np.:
v = (U)ve, Ny — (UY)Np, (3.44)

where UY = 1 at first order in m '

since My is already diagonal. Defining the Majorana fields

v=vp+v§, N = Np + Ni, (3.45)

we obtain for the charged and neutral interactions involving only the light Majorana neutrinos v;:

Loe = \% Ca" (VU)o PLviW, +hue., (3.46)
v g — 2N\ v
‘CNC = m}/mﬂ (VUL) (VUL):| y Py, Vj Zﬂ s (347)
where o = e, 1, 7as usual and 4, j = 1, ..., ny. From the charged-current expression (3.46), it is straight-

forward to see that the usual PMNS unitary mixing matrix (3.18) is now replaced by a nonunitary matrix,
Upmns — VUL =~ (]1 - %ME (M)~ MNlMD) Ul =N, (3.48)

whose deviation from unitarity is characterised by the suppressed matrix
N =M (M) T My M = (SUY) (SUM)' (3.49)
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The elements of Upymns are extracted from neutrino oscillation experiments which study the oscillation
of flavour neutrinos v, = (VUY)_, viL at relatively low energies. In these experiments, the heavy Ma-
jorana neutrino states N; are not present in the superpositions representing the initial flavour neutrino
states. This is what leads to deviations from unitarity of the PMNS matrix.

On the other hand, the CC and NC involving the heavy fields Ny, are, up to first order in m":

Léc = %EV“ (SUL) .. PL Ne W, +he., (3.50)
N _ 92 —— T N 92 ~ Ny T N
LNe = 50002 O {Vﬁl [(VUL) (SUL )LkaL +h-C.} * Seos by Nyt {(SUL ) (SU7 )}kk/]\]k/L . (351)

We thus see that the matrix elements of the matrix SU}' appearing in Eq. (3.49) determine the strength
of the CC and NC involving the heavy Majorana neutrinos Nj,. It is this matrix (or €) that, as a conse-

quence of the unobservable signal from heavy Majorana neutrinos, shall be constrained.

The main aspects of the high-energy theory are thus revised. Let us now focus on its effective de-
scription [149]. Following the procedure outlined in Egs. (3.23)-(3.27), the stationary fields N, are given
by the equations of motion (3.26) for the Majorana fields N = N + N}, namely

(i) — Mn)No = (YN&ﬂLL + Y}‘V%TLCL) , (3.52)
and the effective Lagrangian for the type I seesaw scenario is:

1~ _
o1 = Lom + Ln[No] = Lom — 3 {LL(I)Y;FV + L%‘I’*Yﬂ No . (3.53)

All effective operators can then be obtained by expanding the heavy neutrino propagator in Eq. (3.52)
and inserting such expansion in the effective Lagrangian (3.53). The first new term in the expansion of
Eq. (3.53) corresponds to an effective operator of dimension d = 5, the Weinberg operator (3.28), with

coefficients given by the following expression:

chs = (YA My Yy) ;- (3.54)
After EWSB, this operator generates a Majorana mass matrix for the light left-handed neutrinos,
v? v?
M, = —?cd_5 =-5 (YAMY' Yy), (3.55)

which is precisely the same result as the one of Eq. (3.42), obtained for Mgy in the high-energy descrip-

tion. On the other hand, the second contribution gives rise to an effective dimension d = 6 operator,
0L"0 = ¢l (Tar ®) i) (' Lsr) | (3.56)

with coefficients expressed in terms of the full high-energy theory parameters by

'l)2 _ U2 —1
5(:‘1*6 =V = 5Yf\, (M) " M7 Yy . (3.57)
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As the d = 5 coefficients ¢?=°, these parameters are also quadratic in the Yukawa couplings, but are
suppresed by m 2. From (3.57), we also see that the d = 6 coefficients encode deviations from unitarity

of the neutrino mixing matrix.

After EWSB and disregarding couplings with the Higgs and Goldstone bosons, the type I neutrino

effective Lagrangian up to dimension d = 6 operators is thus given by:
1,
L850 =i (1 + V) vy — 5 (Vi M, vy +he) , (3.58)

from which we see that the immediate effect of the d = 6 operator (3.56) is to rescale the neutrino kinetic

energy. The neutrino kinetic-terms can be brought back to canonical form through the field redefinitions

vy — (]1 + eN) vy, . (3.59)

[N

Rotating v;, with a unitary matrix U7 which diagonalises the mass matrix M,,, we obtain an effective

Lagrangian for the type I seesaw which, at order m?, is given by:

1 ia; ey iag.
Liss = o (z@ - Mij g) Vi + Ca(i — Myo®)lo + Loc + L + Lo (3.60)

leptons 2

where v; = vp; +vf; (j = 1,2, 3) are Majorana mass eigenfields, and M?iag' is the diagonal mass matrix

for the SM charged leptons (a = e, p, 7). In this mass basis, the weak currents are then given by:

Loc = %EW*NVL +he., (3.61)
Z, . _ .
Lnc = %iﬁ [Ty (NTN) vy, — Tpy™ ey, — 2sin20uw Jla] - (3.62)

As expected, we arrive at the same result as the one obtained in the high-energy description, namely

that the usual PMNS mixing matrix (3.18) is replaced by a nonunitary matrix,

N
Upnins — N = (]1 - 62> U, (3.63)

and that there are FCNCs involving neutrinos, with mixing matrix NTN. The translation from the
high-energy theory to its effective description is thus simply made with the prescription (VU}) — N,

and neglecting all interactions involving the heavy fields Ny.

An immediate phenomenological consequence of the above result is that the experimentally mea-
sured Fermi constant, G, cannot be identified anymore with its SM tree-level value G%M in Eq. (2.45).

For example, the Fermi constant G extracted from muon decay, 1 — v,,€7,, is now given by

Gr = GM/(NN1).(NN1),, . (3.64)

since NNT = (1 — €V) and neutrino flavour eigenfields [remember the definition (3.19)] are given by

Vo =~ (1 — %)aj v; = /(NNT),;v;, at order my?. The remaining parameters in the Lagrangian match
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Full theory

Effective Description

Matrix
Modules Phases Modules Phases
Y, ng ng ng nf]
Yy / ct=5 ngn' ngn’ ng(ng +1)/2 ng(ng +1)/2
My / c=5 n'(n' +1)/2 n'(n' +1)/2 ng(ng +1)/2  ny(ng —1)/2
Vi ng(ng —1)/2 ng(ng +1)/2 ng(ng —1)/2 ng(ng +1)/2
Vi ng(ng —1)/2 ng(ng +1)/2 ng(ng —1)/2 ng(ng +1)/2
v n'(n’ —1)/2 n'(n +1)/2 - -
Nphysical g +n' + ngnl g (n/ — 1) g (’/lg + 2) g (ng _ 1)

Table 3.2: Number of parameters in the type I seesaw scenario, in both the full and effective theories.

the SM ones. It is also interesting to notice that, as predicted, deviations from unitarity can be directly

related with the matrix coefficients ¢?=9:

2

*YT 1
2

2

v
INNT —1| =[N = = e
2 M, My

=0 = Yol . (3.65)

The non-unitarity of IN also generates a “zero-distance” effect in oscillation experiments, i.e. a flavour
transition at the source before oscillations can even take place. Althoug interesting, we shall not pursue
this subject in the present thesis. For more details, the reader is addressed to Ref. [150].

Finally, let us analyse the number of parameters in the leptonic sector of both the full theory and its
low-energy description. For that, we follow the method developed in Ref. [151]. Let Y, be the charged
lepton Yukawas of Eq. (2.34). If Y, = Yy = My = 0, the Lagrangian (3.34) is invariant under

Ly — ViLp,

lp— ViR, Ng — VVNNg, (3.66)

where V¥V is a unitary n’ x n’ matrix in flavour space and Vﬁ R are ng X ng unitary matrices. The
Lagrangian (3.34) is then invariant under the symmetry group G = U(ngy),, x U(ng)e, x U(n’)n, with
Ng = 2n2 +n'? generators. Both the Yukawa coupling and Majorana mass matrices explicitly break
that symmetry group into G’ C G with Ng generators. The Ng — N¢» broken generators can be used to

absorve parameters of Yy, Y and My. The number of physical parameters is then
Nphysical = NY,M - (NG - Né;) ) (367)

where Ny js is the number of parameters in Y,, Y 5y and My. On the other hand, in the effective theory
with dimension d < 6 operators, the symmetry group is G = U(n), x U(n)g,, which is explicitly broken
by the d = 5 operator. As in both descriptions the symmetry groups are completely broken, Ng» = 0,
we obtain the counting of physical parameters shown in Table 3.2. These results show that for n’ =n,
(or n’ <ngy) the number of parameters is the same in both theories, thus proving that all the parameters
of the full theory appear in the effective theory through the dimension d < 6 operators. On the other
hand, if ’ > n,, the number of parameters in the full theory is larger than in the effective theory and we

would need to consider operators of dimension d > 6, in order to account for the remaining parameters.
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3.3.2 Type Il seesaw mechanism

In the minimal type Il seesaw [145, 152-154] we extend the SM with a scalar triplet A= (A1, Ay, Ag)"

with y = 2. This flavour isospin triplet pertains to the adjoint representation of SU(2);, with generators

00 0 0 0 i 0 —i 0
L=]0 0 —i], L=10o 0 0], Is=1i 0 of. (3.68)
0 i 0 —i 0 0 0 0 0

In order to work with charge eigenfields, we must diagonalise the charge operator @ = (Y + I3) /2. This
is done through a change of SU(2);, basis by a unitary change of basis matrix B which relates the new

charge eigenfields and SU(2);, generators I, with the old ones by

A+ (-at+ia?) _
A ) o , 1 0 1
I, =B'I,B, At | =BIA= A3 , B = 7 —i 0 —i|. 369
0 AlpinZ
A atia 0 V2 0

The flavour isospin triplet A matches exactly the field we need to build a renormalisable Lagrangian
for Majorana neutrino mass generation. The coupling between two doublets L, and the triplet A can

be obtained by analysing the Kronecker product of two doublets and one triplet of SU(2), [155]:
2203=(123)3=30381®3)=30(1©305). (3.70)

From this decomposition, one notices that a singlet representation (1) is extracted from the product
of two triplet representations (3 ® 3), one of which should be obtained from the product of two dou-
blets (2 ® 2). Looking at the Clebsch-Gordan coefficients for SU(2), one sees that for two doublets

Lor=Var,lar) and Lgr, =(vpr, £31.), the Lorentz-invariant combination transforming as a triplet is

VarClvsr Ve VBL
(”;FLC%L + ”/;LC%L) IV2| == | (voplsr + Copvsr) /V2 | - (3.71)
(T, Clegy, 7y

Using now the Clebsch-Gordan coefficients for the product of two SU(2), triplets, the above one and A,

we are allowed to write the Yukawa couplings:

Vil + 05 vpr)

h.c..
2 + h.c

L‘Yukawa,A = _\/i(YA)aﬁ [%VﬁLAO - ( A+ +E€5L(—A++)

(3.72)

= —LSYa[ira(7- A)| Ly, +hec.,
A

. o T __ S
where YA is a ny x n, symmetric matrix since (LCLYA [iTa(T - A)]LL) =L$YX[ir2(7- A)]Ly. We define
the matrix A of charge eigenfields by A = iry(7 - &) Under an SU(2);,® U(1)y transformation (2.3), we
see from (3.72) that A transforms as A — U; AU, ;f .

37



Following the same reasoning, it is also possible to couple the scalar triplet to the Higgs doublet as:
—MAZI;TZ'TQ(F- &):I; +he = —MAEI;TAEIV) +hec.. (3.73)
We can then write the type Il seesaw Lagrangian in the charge eigenfield basis:

Ligpert = Lsni + %Tr (DAY (DFA)] - %MiTr (ATA) - [TEYAA Ly +padTA® + h.c.}
(3.74)
— {aTe [(ATA)] + x20T0Tr (ATA) + xsTr (ATA ATA) + ys0TATADY

where, as in the type I seesaw scenario, we work in the mass basis for charged leptons. For future

purposes, it is convenient to write this Lagrangian in the flavour basis defined by (3.68) as

Ligpent = Lom + (D A) - (DFA) — ATMAA + | LY A(F- A)Lp, — pa® (7 A)d + hec.
3.75)
A RER) to (AA) 223 (Ri1.X) X7 R (@fr (

{2<A A) +n0te (A18) + 52 (ATLA) + a4 (BT1K) (0m0) ¢

where Ma = Madiag(1,1,1) is the mass matrix for the triplet 5, LNL =im (Lg) and \; are real coeffi-

cients. The translation from the first Lagrangian (3.74) to this second form is given by the prescriptions:

2(&*&) — Tr(AfA) Moo= 8xa+dxs
o Ny = 2yt
1 (A& T o om(ataata) - [m(ata))? — ; 4X2 X 67e)
R 3 = X3
T T — _PTAT Lpt T
(A7) (ofr@) BTATAD + Lot 0Tr (ATA) N

For the triplet mass matrix M, we must have Ma = M diag(1,1,1) in order to obtain an invariant

mass term, i.e. Uj M3 U, = M2 under an SU(2),® U(1)y transformation U,.

The essence of the type II seesaw mechanism consists in the suppression of the triplet VEV va com-
pared to the Higgs VEV v. In fact, va is severely constrained by the experimental value of the p pa-

rameter, pexp. = 1.000470:000% [66]. Considering Eq. (2.32) with an additional scalar triplet, we have

1+20% /v?

=—5 > 3.77
Ptype Il 1 _’_402/@2 ) ( )

and we see that v, is constrained by electroweak precision data to be of magnitude va < 1 — 10 GeV
[66]. We assume that the VEVs have the form
2(AY — (AT va O 1 (0
ojajoy = (VHED AT e ) g = L () <1, 67
—(AT)  —VB(ATH) 0 0 V2 \y v
Minimising the scalar potential, the Higgs VEV remains unchanged, while in the limit M3 > (Ao +\4)v?
the triplet VEV is given by

2,k 2, %
U HA ~ L HA (3.79)

va = _Mi + ()\24‘)\4)1)2/2 - MZ ’
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Therefore, we see that the triplet VEV is small, va < v, if Mi > vpua. Note at this point that the
physical singly-charged mass eigenstate H " practically coincides with A, with an admixture of the
Higgs doublet component ¢+ suppressed by a factor va/v. In general, singly- and doubly- harged
scalars fields A** and A* have different masses [156]. In this thesis, however, we will always use the
approximation MX ~ MZ+ = M, unless stated otherwise. After EWSB, the Yukawa interactions (3.72)

then generate a naturally small Majorana neutrino mass matrix:

EWSB 202k

MR

Ya. (3.80)

1—
Lyukawa, A —51/2 M, v, M, =2vAYA =~ —

Notice that for Yukawa couplings of O(10~?) or higher, the most stringent constraint on v does not
come from EW precision measurements but from the absolute scale of neutrino masses. The neutrino
mass matrix turns out to be proportional to both YA and p%. This was already expected from the
Lagrangian (3.75), in which the breaking of lepton number L results precisely from the simultaneous
presence of the Yukawa and p1a couplings.

As usual, the diagonalisation of the mass matrix (3.80) is achieved through the unitary rotation

vy — UZVL — 20 (UZTYAUE) = Mgiag- = diag(myl,ml,Z, ey m,,ng) . (381)

The weak currents involving neutrinos are then affected in the standard way described in Section 3.2.
The triplet Yukawa interaction (3.72) also generates couplings between the triplet-component fields

and the charged leptons. The relevant terms for our discussion are:

Law=V2 (Y AlL)AYT + V2 (LY R65)A, (3.82)
Can =2 [ (YaUp) ve] A% +2 [ (YaUD) 5] A~ (3.83)

where the obvious definitions A=~ = (A**)" and A= = (A*)" apply.
Also relevant to our analysis are the gauge interactions of the charged triplet components, which are

obtained from the kinetic term of the triplet in the Lagrangian (3.75):

Lyax =igW] [(0*A™7) AT = A7 (9*AT)] + hc., (3.84)
1 2
g _ S uA —
Lza= o {(1 —2s3) [ATT (0*AT)] + ﬁ (AT (0"A7)] } Z,+hc., (3.85)
Loa = 2ie[A™7 (0" AT A, +ie [A™ (0"AT)] A, +hec. . (3.86)

where we have defined sy = sin 0y and ¢y = cos Oy .
Let us now discuss the low-energy effective description of the type II seesaw model [105]. In the
flavour basis, the equations of motion for the triplet components A* are

. . o, = RN L o7—1r_ — -
Aa:[(DM)Q+A4T’<I>TTZ<D+Mi+)\2fI>T<I>+)\1ATA+/\3TZ(ATT’A)} B[LLYTATﬁLL_M*Aq)TT%} , (3.87)
[0

where (D,,)? = DITLD“. In order to find the dominant terms of the effective low-energy Lagrangian up

to d < 6 operators, it suffices to solve the problem perturbatively in the quartic couplings of A; and A4.
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At zero order, the effective Lagrangian is then obtained expanding Eq. (3.87) in inverse powers of M3 .

The first contribution to the effective Lagrangian comes from a d = 4 operator,

L= = %AA (37-'@) (a'r'd) = %A (d1®)” (3.88)

whose effect is to correct the quartic coupling A of the Higgs in Eq. (2.16):

2
o= _gltal” (3.89)

We also obtain the d = 5 Weinberg operator (3.28), with coefficients

=4Ya M2 , (3.90)
which generates a Majorana mass matrix for neutrinos
M, = —2Y 02 Ha (3.91)

5
MZ

in agreement with the result (3.80) obtained in the complete theory. It must be noted that, unlike to the
fermionic seesaw models, the neutrino mass matrix in the type II seesaw mechanism depends linearly
on the Yukawa coupling matrix Y o. This means that the study of the d = 5 operator coefficients of the
low-energy theory allows us to determine the high-energy theory parameters Y a. This is possible up

to an overall scale pia/ Mi, whose experimental access will be analised in Chapter 4.

From the effective Lagrangian, we also obtain a set of three effective operators with dimension d = 6:

T e —
SLap = — e (L0 1r,) (B Lia)

SLos = —2 (Ao + \g) 142 ‘“A‘ (ot)° (3.92)

0Lop

sl (@19) [0 (0,8)] + 4ol [01D00] (91D, 8]
The operator §L4r induces a shift to the SM value of the Fermi constant, G3M = 1/(v/2v?), as extracted
from muon decay [see Eq. (2.44) and Fig. 2.2]:

1 2

Gr=GM 106G, 5G :7‘3{ 3.93
F 2 F F=5 2 (Ya)., (3.93)
The value of Mz also gets a correction from the last operator 6 Lo p:
IMZ lual?
= 2? . 94

Finally, besides a correction to the Higgs quartic coupling, the Higgs potential (2.16) is also modified by

the presence of the dimension d = 6 operator § L¢s. It now reads

V=i el = 200+ a0 LEC jor (3.95)
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where A = \ + ) is the corrected value of the Higgs quartic coupling. Therefore, the combined effect of
the §£9=* and § L4 operators is to induce a shift in the VEV v of the Higgs doublet:
ov’ 1al® (A2 + )

- = 2
o = M Ao

(3.96)

Using all these parameters, we will consider in Section 4.3 the deviations from SM predictions induced
to several physical observables. Also interesting is the minus sign Eq. (3.89), which could affect the
stability of the Higgs potential. An analysis of this possibility can be found in Ref. [156].

Let us finally proceed to the counting of the number of parameters in the type II seesaw model. In
the full theory, one introduces the triplet mass Ma, 5 coupling parameters ; and pa, and ny(ng, + 1)
Yukawa couplings. There are also n, lepton masses and ny(n, — 1) parameters in the mixing matrix
Uf (ng phases can be eliminated from U} with a convenient rephasing of the charged-lepton fields).
Therefore, the lepton sector in the type II seesaw model contains ny(2n, + 1) + 6 = 27 parameters. It
is easy to verify by comparison of Eq. (3.75) with Egs. (3.88) and (3.92) that this number is larger than
the number of parameters in the effective theory with dimension d < 6 operators. In order to obtain an

equal number of parameters in both theories, we would need to consider all d < 8 operators [105].

3.3.3 Type III seesaw mechanism

Consider, finally, the type III seesaw scenario [157], in which the SM field content is extended with n'
right-handed fermionic triplets ¥z = (X1 5, 225, £2 )7 with null hypercharge. As in the type Il seesaw
scenario, these flavour isospin triplets pertain to the adjoint representation of SU(2); with generators

given by Eq. (3.68). The charge eigenfields are related with the flavour eigenfields by:

R

»E ,
V2

¥ =x3. (3.97)

Following the same argument that led to Eq. (3.72) in the type II seesaw, Lorentz-invariance and

SU(2),®U(1)y invariance allow Yukawa couplings involving the doublets i7o L}, and ®:
Lyakawa, s = —L1 YL [(F- iR)} $+he=-Sp Ye(®'7L,) +he., (3.98)

with Yy an’ x n matrix. Allowing lepton number violation, it is also possible to build a Majorana mass

term for the triplet:
j: L st S —\C | 30 S0 e | y— SR 1= S C
x;le m= 7 [EEMZ(ZR) + X9Ms(2%)° + ZpMs(2h) } +hec = _§ZRMEZR +he, (399
where My is a n’ x n’ symmetric mass matrix. The type Il seesaw Lagrangian is then

= < 5 1= - = ~
EtypeIH =Lsm+12R ]p YXr— |:22RM§]E§% + YR 'YE(QT?LL) +h.c.| . (3100)
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As done in the type I seesaw scenario, we work in the basis where both the charged-lepton and triplet
mass matrices M, and My are diagonal, with ms, > v.
The physical particles are neutral Majorana fermions and charged fermions. The flavour fields are

defined as:
E=%,+(Z})°, N=x%+ (E%)C , v=vp+ (vp)" . (3.101)

After EWSB, the type III Lagrangian (3.100) leads to a neutrino Dirac-Majorana mass matrix

1 (0o ML\ (uw v
comass (o~ 57 +h.c., Mp=—Yys, (3.102)
typelll =5 ( f R> Mp My \ N, V2

which is similar to (3.34) in the type I seesaw model. On the other hand, the type III Lagrangian also

leads to a mass matrix for charged leptons:

- M) 0 ‘5 v
[:Z' II;aSS =— (7 E ¢ + h.c. s M, =—-Y,. (3103)
fpeii = = (7 ) VaMp Ms ) \Ep 2

As in the type I seesaw, we assume that My is non-singular and that all the matrix elements of M, and

Mp are much smaller than the scale myx:
(Me), 5, (Mp), < ms . (3.104)

Under these assumptions, there will be n’ heavy neutrinos and charged fermions with masses of order
ms, ng light neutrinos with masses suppresed by inverse powers of my, and also n, charged fermions
with mass matrix approximately given by M.

The diagonalisation of the mass matrices in Eq. (3.102) and Eq. (3.103) can be accomplished similarly

to the type I seesaw, i.e. we start by performing the following unitary rotations of fermion fields:
U , I I 0 I I (3.105)
where we define the unitary rotations Uy and Uy, r by blocks as
Uy — (UOI/U UOUN) ’ U, — (ULN ULZE) 7 Up — (URM URZE) . (3.106)
Uonv Uonn UrLge ULer Uree Urer

Applying the procedure in Ref. [148], we then get the following results up to order O [(mp,m,)?/m%]:

Uppe =1 — € UL = \/iMJfft)Mil Urpe = —V2Mg'Mp Urpp =1 — €%
Uree =1 Urer = V2ZMMEM5?  Upge = —V2M5?MpM;  Uggg = 1 , (3.107)
U = (1= %) Uoun = MpMg! Uovw = ~Mg'Mp Uown = (1 - &)

42



where the following definitions have been used:
€& =M} (M5) " MgMp , €® = Mg MpMi (M)~ . (3.108)

At lowest order, the mass matrices for the light and heavy fields are then given by:

Mg = (Uan, ML + Ui, Mp) (Uoww — UounUgnnUonw) =~ —MLMg'Mp (3.109)
Moy = (U yMz + Uiy yMp) (Uown — UowwUgy, Uonn) = My, (3.110)
Mfight = (U;mMz + ‘/iU};EeMD)ULM + UJTQEZMZULEZ ~ My, (3.111)
M eary = (UhpsM + V20U o Mp)ULeg + Ul pMsUppp ~ My . (3.112)

We see that the mixing between flavour fields is small and its only relevant effect is, as happened in the
type I seesaw scenario, the generation of a light neutrino mass matrix Miiope suppressed as Mp” Mg*
with respect to the Dirac mass matrix M by the small factor M " M '. The final step is the diagonal-

isation of the mass matrices M7\ and M . This is achieved through the unitary rotations

light heavy"
v, = (U ve, Ny — (U)) N, b, — (UL) tr E,— (UF)EL, (3.113)
where U}"“¥ ~ 1 at first order in my;' because My, and M are already diagonal mass matrices.

Having completely diagonalised the mass matrices in Eq. (3.102) and Eq. (3.103), the charged and

neutral interactions involving only the light fields v; and ¢, are then:

. 1
Lé’é ~ \% oM [(11 + 262) U‘L’} PLvW,+hec., (3.114)
Lt S — [P’y“ U (1 — €X)ULP v —Iy" (1 4 2€%) Pl — 2sin 3,8, | Z,,  (3.115)
2 cos? Oy

where Jf, is the usual SM electromagnetic current [Eq. (2.39)]. From Eq. (3.114), it is clear that, as
happened in the type I seesaw scenario, the usual PMNS unitary mixing matrix (3.18) is now replaced

by a nonunitary matrix,

1
Upmns — N = <]1 + 262> Uy, (3.116)

whose deviation from unitarity is characterised by the small hermitian matrix €*. Also noticeable is the
presence of FCNCs for both neutral and charged fermions.

Determining the remaining Lagrangian terms, we obtain the Lagrangian for the leptonic sector:

L= Lxin+ Lcoc + Lnc + Luy+ Ly, (3.117)
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where the relevant interactions for our future discussion are the following;:

9 (5 =\ cc cc v
Lo = ﬂ( 0 T )W, (Prgf®+ Prgfva) ( N ) +he (3.118)
tne = 2 (1 B )2 (g + Pegi®) | 1 (3.119)
cos Oy " L R B ’
g =\ u NC NC v
t g (7N )72 (P + Prdil) ( N) : (3.120)
Hmn — 2 My, LIr, RIR B
. g 5 = n n ¢
i (7B )uPgp+Pagi (| (3.121)
_Z g - - - -
Ly = 67l [(PLo?, + Pagy, ) v+ (Prol, + Profs, ) N +he.,  (3122)
with
(1+5) Uy M M;! 0 VMM, M2
ggc _ 2 L \ DY ggc _ | (VDY (3123)
0 v2(1-%) Mz'M, (U)" - (1= %)
sin®Oy — £ (1 + 2€¥) l %MEM; P sinfy, : ﬂMZM},MEQ (3.124)
My 1MD | € — cos? Oy V2M*MpM, 1 —cos? Oy,
Un)'(1-e)uy (UL)*MTM
: . gme= 0, (3.125)
M MDUL ‘ €’
M (3¢ — 1 | —VAMIM M ;
( ) , N TR ei= (e 6126)
\@MD 1-— ) — \/ng MDMzMg I
1+e ; VeMiME M
- M (4e) 5 e I R T
—V2Mp (1 — €%) + v2M5*MpM,M] '
and
- T T -
— . v bl . 6/* v d . v _ : N
gle,:(]l_G )UZMgmg (UL)T gﬁN*(H*E )MI)< —73 )*2ULleag (UL)TMgMle

The dots in Egs. (3.123)-(3.128) correspond to E-E interactions which do not contribute to the one-loop

¢y — lyy rates and, therefore, are irrelevant for our purposes.
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We now conclude our study of the type III seesaw by analysing its effective description. Expanding

the triplet propagator up to order O(1/M%), the stationary fields are given by:

= —~ ~ —~ -1 ~
Sp = Pplil)— My] " [YE@TFLL FYedFL | & MY LROTFL, — zzD(M;) MY di 7L, .
(3.129)
Inserting these equations in the Lagrangian (3.100), the first effective operator that we obtain is the

Weinberg operator (3.28) with coefficients given by
= =YIM'Ys . (3.130)

This results in a Majorana mass matrix for the light neutrinos after EWSB with an identical structure to

the mass matrix in the type I scenario:

1]2

M, = -3 (YEMS'Yy) . (3.131)
This result matches exactly the one obtained in the high-energy description for Mygy: in Eq. (3.109).

From the effective Lagrangian we extract a single operator with dimension d = 6,

1)2

§LIZ6 = i (Laﬁci) up(&ﬂﬂm) , Tl = =YL (My) T MG Yy (3.132)
Notice again the similarity between this operator and the corresponding one in the type I seesaw mech-
anism, Egs. (3.56) and (3.57). However, the usual derivative @ appears now replaced by a covariant

derivative version I), which leads to a richer interaction pattern.

After EWSB, the d = 6 operator corrects the lepton fields kinetic terms as well as their couplings
with the SU(2); gauge bosons Aﬁ. Going to a basis with kinetic terms canonically normalised at order
O(1/M?) and with diagonal lepton mass matrices, we get an effective Lagrangian similar to the one
obtained in the type I seesaw model. Up to order O(1/M?), the effective Lagrangian reads

1 ia, . iag.
£is6 = 57 (uﬂ Y g) vj + 0o (i) — ME®) e, + Loc + Lne + Len (3.133)

leptoes vy

where v; = vr; + 1§, are Majorana neutrino mass eigenfields and the weak currents are given by:

9 —y—
Lec = LW Nug+he, 3.134
cc NG LW Nvg ( )
qgz* -1 - 2 :n2 7EM
N T {70 (NTN) ™ vy = T (NNT)? €, = 25in 03, M} (3.135)

which coincides with the result obtained in the high-energy description. Namely, the usual PMNS mix-

ing matrix (3.18) is replaced by a nonunitary matrix,

1
Upmns — N = (11 + 262> Uy, (3.136)

and now there are FCNCs involving both neutrino and charged lepton fields. The translation from
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Figure 3.2: Tree-level diagrams for muon decay in the effective description of the type III seesaw model.

the high-energy to the effective theory description is thus made by simply neglecting all interactions
involving the heavy fields Nj.

With the presence of FCNCs involving charged lepton fields, the Fermi constant Gy extracted from
muon decay (Fig. 3.2) gets a slightly different correction than the one in the type I seesaw [see Eq. (3.64)],

3
Gr = G%M\/(NNT)ee(NNT)W + NN, ~ G (NN (NN, (3.137)

Finally, the deviations from unitarity of the mixing matrix IN can once more be directly related with

the dimension d = 6 operator coefficients:

2

v 1 1
2

vyl
MMMy

2
INNT—1| = %\CH\ = (3.138)

The counting of the number of parameters in both the full theory and its low-energy effective de-
scription is identical to the type I seesaw one, shown in Table 3.2. The translation from the former case
to the latter is done with the trivial replacement N — 3. Again, the effective theory with dimension
d < 6 effective operators allows us to determine all the full theory parameters if the number of triplets
n’ equals (or is less than) the number of generations n, in the SM.

As a summary of this section, we have gathered in Table 3.3 the effective operators with mass di-

mension d < 6 for the three types of seesaw mechanism.

Seesaw Effective Lagrangian L = ¢;O;

Cd=4od=4 Cd=5 cd=6 Od:ﬁ
(3 1
Type I i YIS Y [Y;V (M )1MIVIYN] toricn
af
T - -
- e b (Tronlry) (Trar*Lio)
2 2 2 ~ — ~
Typell | 2laf (010)® | avaty Lo (2178) (D, D7) (31 70)
—2(Ao + M) Lo (ot®)’
Type III - YIM;'Yy [Y; (M;)_lMleg} (Tra7®)ip (817 015)
ap

Table 3.3: Coefficients c; and effective operators c;0; obtained for the three seesaw scenarios.
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3.4 Low scale seesaw, M ~ O(TeV)

3.4.1 Electroweak hierarchy problem

An unsatisfactory aspect of the seesaw-type models pertains to a potential worsening of the elec-
troweak hierarchy problem [158]. More specifically, if the above seesaw models are regarded as theories
valid at energies below a high-energy scale A, the bare Higgs mass MY receives quadratically-divergent,
finite and logarithmic quantum corrections. In fact, using a cutoff regularisation procedure and an on-

shell renormalisation scheme, the one-loop correction to the Higgs mass in the type I seesaw is

C () (3)
ii N/ii
i=1
while for the fermionic-triplet model (type III seesaw):
L (vv) 3)
Mpy* = — (7 2A? +2 (M), In ~— >4 14
i 3; 1672 +2(My),In g (3.140)
Finally, in the type II seesaw one has:
3 A? A?
2 2 2 2

Notice that in this last expression there is no dependence on the quartic coupling A4 of the Lagrangian
(3.75). The reason for this is that the A4 interactions involving the charged scalar fields AT (A7)
cancel with those involving AY. This occurs because the Higgs fields in the A4 term are combined as a
triplet of SU(2)z.. Note also that in these equations the aproximations m, < M < A have been used.

These results show that, even if the quadratically-divergent contributions of the SM cancel the ones
in Egs. (3.139)-(3.141), there are other troubling logarithmic contributions which do not cancel. Thus, if
any of the new scales A or M is much larger than the electroweak scale v, large fine-tunings would be
necessary to cancel all these contributions and accommodate a value My ~ 125 GeV for the Higgs mass.
These cancellations would however be artificial and depend on the adopted renormalisation scheme.

For instance, working in the MS scheme, the demand of no fine-tuning (§M% ~ M) requires for the
type I and type III seesaw mass matrices:

~1/3
, (3.142)

v 2/3 m -1/3 A2
<107 _MH I —
myNs 10 GeV (125 GQV) (10_9 Gev) lln m?\,’z + 1

which leads to my» < 107GeV. However, this result is only satisfied with Yukawa couplings of or-
der Yy = \/imi/ zm}\]/é /v < 107* [remember Eq. (3.55)], which spoils the naturalness of the seesaw
mechanism to explain the smallness of m,. This problem could be obviously soften if it is possible to
choose the high-energy scale M of the seesaw scenario close to the electroweak scale, rather than to the

Grand-Unified scale. It is precisely this possibility that we briefly comment in the following.
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3.4.2 Direct lepton violation

We now assume that the seesaw scale M = my, ma, my is large but not too far from the TeV scale.
From the point of view of the effective theory, the issue now is whether it is possible to accomodate tiny
neutrino masses while keeping the d = 6 operators (suppressed as 1/M?) close to observability without
fine-tunings or cancellations in the heavy mass matrices or Yukawa couplings.?

According to the 't Hooft naturalness criterium (Z1), such decoupling of the lepton-number odd
d = 5 operator responsible for neutrino masses from the lepton-number preserving d = 6 operators
may be a natural possibility. In fact, lepton-number symmetry may be broken by a small parameter
whose value cannot be destabilised by other large scales of the theory through radiative corrections
since, by nature, it can only be multiplicatively renormalised. On the other hand, other beyond-the-SM
effects of the high-energy theory are lepton-number preserving and, as such, do not need to be strongly

suppressed. Therefore, this reasoning suggests the ansatz[105]:

when lepton-number symmetry is broken in the full theory through a small mass parameter p, p << M,
the coefficients of the d = 5 operator are naturally suppressed in powers of /M, while the fermionic ~ (Z2)
d = 6 operators keep their unsuppressed (by the small mass parameter p) 1/M? dependence.

Such decoupling pattern for minimal seesaw models has the qualitative structure:

1

¢t=0 = f(vV) = =90

(3.143)

where f and g are functions of the Yukawa couplings scale Y. From the d = 5 operator, we thus get a
neutrino mass matrix proportional to the small parameter 1 while the effects of the y-independent d = 6
operator may be sizable, even of O(1), for generic Yukawa couplings. Notice that such a feature has
already been found in the type II seesaw model, in Egs. (3.90)-(3.92), thus suggesting that ya < Ma
and YA ~ O(1). In accordance to Ref. [105], we call this pattern direct lepton violation (DLV), since

neutrino masses are proportional to the odd lepton-number parameter .

Low-scale models of light neutrino masses with large Yukawa couplings

There are models in the literature which illustrate and support the general ansatz (Z2). An interesting
example is the inverse seesaw model [159]. Considering, for simplicity, only one left-handed neutrino and

two singlet fermions, (v, N1, N2), this model assumes the following structure for the full mass matrix:

mp, 0 My, |- (3.144)

0 My, u

where p is a small mass parameter, i < My,. Notice that p is a Majorana mass while all the other are

of Dirac nature. In fact, with lepton number assignements L = 1,—1,1 to v;, N1 Ny, respectively, L is

*We can safely restrain the analysis to the d < 6 operators without significant changes to the main physical
aspects, as long as the heavy scale M keeps being larger than O(v).
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conserved if ¢ = 0. Expanding the eigenvalues of Eq. (3.144) in powers of the ratio u/My, < 1, we

obtain one light and two heavy neutrinos with masses:

2 M2 Ve
B Mp, Ny + 9 9 Ny 12
m, ~ , m ~a/mp + My . 3.145
My, My, M5, +mj, heavy b M2 (md,, + MR, ) My, ( :

As mp, is a typical Dirac mass term, mp, ~ Y; v/ V2, Eq. (3.145) shows that m,, is suppressed by an
extra factor p/My, with respect to the result for the minimal type I seesaw model [Eq. (3.42)], exactly
as expected from the general argument leading to Eq. (3.143). Therefore, we see that in the inverse
seesaw model it is possible to avoid fine-tuning (My, ~ 1TeV) while having Yukawa couplings of order
O(1) as long as y/Mpy, ~ 107!, On the other hand, the lepton-number conserving d = 6 operators are
independent of 1. Thus, low-energy effects associated to it could be discovered in the near future.

The above results generalise to the case with a non-zero 22 element in the mass matrix [160]:

0 mp, 0
mp, MN2 ,1\4]\[1 . (3146)
0 My, H

The interesting feature about this case is that My, acts as a strong source of lepton number violation
without inducing by itself neutrino masses: for ;1 = 0 the determinant still vanishes leading to massless
neutrinos . However, regarding the decoupling and suppresion of the d = 5 operators relative to d = 6
operators, we arrive at no new conclusions. For an extension of the above argument to the 3 left-handed
plus 3 right-handed neutrico case, see, for instance, Ref. [105]. A generalisation to the type III inverse
seesaw scenario as well as to a quintuplet version can be found in Ref. [161, 162].

The conclusion of the above discussion is that, irrespective of the specific model, having large effects
from d = 6 operators requires lowering the scale M towards the TeV range and decoupling the d = 5
and d = 6 coefficients along the pattern discussed above and summarised in Eq. (3.143). This allows
to account for the experimental values of neutrino masses without neither fine-tuning the Yukawa cou-
plings nor assuming cancellations in combinations of them. For a seesaw scale of O(TeV), observable
effects are then possible. The next chapter, which deals with the phenomenological aspects of seesaw
models including bounds for any value of M, will focus on those effects.

Note that the canonical seesaw models analysed in this chapter correspond only to a small portion of
all possible SM extensions with naturally small neutrino masses. In fact, the inverse-seesaw models just
discussed are viable tree-level alternatives [105, 159, 161]. Another option is to invoke loop processes,
as in the case of the Zee-Babu model [163, 164], with two additional charged SU(2);, scalar singlets
and Majorana neutrino masses generated via a two-loop diagram. Other exotic possibilities include
the breaking of R-parity without inducing proton decay in SUSY models, as well as theories with extra

dimensions or expanded gauge symmetries (see Ref. [165] and references therein).

3Since the 22 matrix element breaks lepton number, extra interaction couplings to N; could induce neutrino
masses. Such contribution would be suppressed by loop factors, couplings of the extra interactions, as well as the
masses of the new states, but would not be necessarily negligible with respect to the contribution in Eq. (3.145).
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Phenomenology of seesaw

models

The discovery of neutrino oscillations and, consequently, of neutrino masses, has shown that lepton

flavour is violated. This automatically leads to rare charged-lepton flavour violating (CLFV) processes,

such as ¢, — {gy, £ — 3¢ or —e conversion in atomic nuclei. These processes have been subject

of intense experimental investigation for decades and current experimental sensitivities on the various

rates are expected to improve by several orders of magnitude [127] (see Table 4.1). For ;1 —e transitions,

in particular for the ;1 — 3e decay [166, 167] and 1 — e conversion in atomic nuclei [168], an improvement

by as much as four to six orders of magnitude could be expected. An important improvement of one

order of magnitude is also foreseen for the ¢, — {3y decays [169-171].

Process Present Limit

Future Sensitivity

L= ey 5.7 x 10713 (MEG) 5x 10714 (MEGII)
T — ey 3.3x 107% (Belle) 10~° (Super B)
T =y 4.4 x 1078 (Belle) 10879 (Belle II, Super B)
o —etee 1.0 x 10712 (SIN/SINDRUM) 10~16:716.=17 (Mu3e, MUSIC, Project X)
T~ > ete e 2.7 x 10~% (Belle,BaBar) 1071 (Super B)
T = utpTe 2.7 x 107% (Belle,BaBar) 1071 (Super B)
T = etuT e 1.7 x 10~® (Belle,BaBar) 1071 (Super B)
™ s ete p 1.8 x 10~® (Belle,BaBar) 1071 (Super B)
T~ = pute e 1.5 x 10~® (Belle,BaBar) 1071 (Super B)
Ty T 2.1 x 107% (Belle,BaBar) 10719 (Belle II, Super B)
10-17.-17,-18,-19
pTi—e T 4.3 > 1071 (SINDRUM I) (COMET, Mu2e, PRISM/PRIME, Project X)

y~Au— e Au 7.0 x 10713 (SINDRUM II)

10-17.—17,—18,-19
(COMET, Mu2e, PRISM/PRIME, Project X)

uwPb— e Pb 4.6 x 10~ (SINDRUM II)

10717,717,718,719
(COMET, Mu2e, PRISM/PRIME, Project X)

Al — e Al

10716
(COMET, Mu2e, PRISM/PRIME, Project X)

Table 4.1: Present experimental bounds on the branching ratios of charged lepton flavour violating
processes considered in our analysis and corresponding future sensitivities. [66, 127].
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In the framework of the SM extended with light neutrino masses, CLFV rates are expected to be far

below expected sensitivities. In fact, assuming Dirac massive neutrinos, the 1 — e rate is

e

‘ MIJMZ 2
30 |( ) 3a <mU>N1052’ 1)

BR _ Sa [T en] | 3
=) = s it 327 \ M3,

where we have assumed m, ~ 0.1 eV for the neutrino mass scale. However, for the Majorana case,
the existence of additional states can potentially induce CLFV transitions not suppressed by neutrino
masses and, therefore, at the reach of future experiments. As we have seen in Section 3.4.2, this is the
case if neutrino masses are generated through direct lepton violation, in which neutrino masses turn out
to be directly proportional to a small lepton number violating parameter. From Eq. (3.145), such setup
predicts a quasi-degenerate mass spectrum for heavy neutrinos. This fact will play an important role
below. In fact, for a quasi-degenerate mass spectrum of right-handed neutrinos, the ratio of two p1 — e
transition processes depends only on the right-handed mass scale my x. As such, predicted ratios con-
stitute a precious model-discriminating tool. Finally, by analysing those ratios, we can also determine
the range of Yukawa couplings and right-handed neutrino masses that future experiments can reach.
Experimental bounds on those CLFV decays can also be used to constrain combinations of Yukawa
couplings (Ya),; in the type II seesaw scenario, while in the type I and type III seesaw models these
bounds constrain the off-diagonal elements of the matrix N IN'T, characterising deviations from unitarity
of the leptonic mixing matrix N [see Eq. (3.65)]. On the other hand, the diagonal elements of NN can
be constrained by a combined analysis of well-known lepton flavour conserving processes: W decays,

Z decays and universality tests listed in Tables 4.2 and 4.3.

Process/Quantity ~ Experimental Value

BR(r — 777) 10.83 +0.06 %

BR(7 — etr) (1.230 4 0.004) x 10~*

BR(m — pm,) 99.98770 + 0.00004 %
Process/Quantity =~ Experimental Value BR(T — vrely) 17.83+0.04%
(W — ery) 224.1375 + 0.0053 MeV BR(r — K77) (7.00 +£0.10) x 1073
(W — uw,) 220.385 £ 0.051 MeV BR(7 — v um,) 17.41 +0.06 %
LW — 777) 234.563 £ 0.056 MeV BR(K — er;) (1.581 £ 0.008) x 10~
I'(Z — invisible) 499.0 £ 1.5 MeV BR(u — v,evc) ~ 100 %
BR(Z = > lala) 3.3658 + 0.0023 % BR(K — pw,) 63.55 £ 0.11%

Table 4.2: Low-energy gauge boson decays. Table 4.3: Low-energy decays of leptons, pions
Data taken from [66]. and kaons. Data taken from [66].
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Process Constraint On ~ Upper Bound Future Sensitivity on |(NNT),z

B ey [((NNT),| 2.6 x 107 7.6 %1076
T ey (NN, 1.5 x 102 2.5 %1073
T — [y (NN, 1.7 x 102 2.5 x 103

Table 4.4: Bounds on the coefficients (NNT), s resulting from ¢, — £57 decays in the type I seesaw.

4.1 Type I seesaw model

4.1.1 Charged-lepton flavour violating processes

We begin our phenomenological study with the analysis of ¢, — {37, { — 3¢ and p — e conversion
in nuclei in the type I seesaw. All these processes are induced at one-loop level. The contribution to p
-e conversion in nuclei and ¢ — 3¢ decays can be divided in penguin diagrams, mediated by either a
photon or a Z boson, and box diagrams mediated by two W bosons. The corresponding form factors

are calculated in Appendix C, resulting in the effective Lagrangians for Z-penguin and box diagrams:

GSM 2 o
Ly = 4%‘(;;172‘3 [y, (I3 PL — Qusiy) ¥] [£p7" Pols] +hec., 4.2)
SM 2
B - ST peivs (5, Py [T Pota] + e 43)

- 8\/§7T2M3V Box

where @y, is electric charge of 1), which is a quark (for i — e conversion) or a lepton (for £ — 3¢ decays).

On the other hand, the effective Lagrangian for the photon-penguin diagram is

apf

GMe B [~ — GeP
cggg:4 \/Fw (eQu) 5 (67,8) (657 Prba) + == [50pp(ma Pr + msPL)la] F* | the.,  (44)

where F'#* is the EM field tensor. Unlike for Z-penguin and box diagrams, the photon contribution con-
tains a non-local term in G4, which is the only one contributing for an on-shell photon and, therefore, to
{o — g7y decays. In these expressions, the form factors F7, G7, F and Fgoiww are given in Appendix
C in terms of the full (n" + ngy) x (n’ + ny) neutrino mixing matrix U defined in Eq. (C.11).

Using the non-local contribution in the effective Lagrangian (4.4) and Eq. (3.49), we obtain a simple
expression for the branching ratio of £, — {3~y decays:

' 2

ng+n il
BR(loa = lg7) _ 3o S7 U U356, ()| i, 30 ’(NN Jas (4.5)
BR({o — vaele) QW\UJ@U(MP = AT 87 (NNT),, (NN]L);M 7 .

in agreement with Refs. [172, 173]. The last approximation is valid in the large mass regime my > My,
since the form factor G, ();) obeys G, (X; > 1) ~ 1/2 and G, (\; < 1) = X;/4, with \; = m3 /M,
and m; the neutrino masses. Eq. (4.5) allows to constrain the off-diagonal elements (N.NT) /! In fact,
using the present experimental bounds on £, — ¢z~ (Table 4.1), we obtain the upper bounds on NN
listed in Table 4.4. We see that the most stringent upper bound of |(NNT).,| < 2.6 x 107> comes from

p— ey, while the remaining off-diagonal elements are constrained to be less than a few percent.

"We have neglected the elements (N NT) 4 in expression (4.5) since corrections are suppressed at ~ O(my?).
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ANucleus Ze. F(-m2) D mp?? V@ Sy o)y T (x10718 GeV)

AL 11.5 0.64 0.0362 0.0161 0.0173 0.464
BT 17.6 0.54 0.0864 0.0396 0.0468 1.70
198 Au 33.5 0.16 0.189 0.0974 0.146 8.60
27Pb 34.0 0.15 0.161 0.0834 0.128 8.85

Table 4.5: Nuclear parameters related to ;1 — e conversion in nuclei (values taken from Ref. [174]).

As for pi—e conversion in nuclei, we study it in the effective way described in Ref. [174], using the
couplings (4.2)-(4.4). The nuclear information is encoded in the form factors D, V(®) and V(™) as well as
in the muon capture rate I'capt., with values reported in Table 4.5 for the analysed nuclei, namely 27Al,
48T}, 196Au and 2°"Pb. The expression for the conversion rate reads
DI 1

4V P) (opre 4 FHey L4y () (pre 4 oprey L 2 que— |~ (46
( u + d )+ ( u + d )+SW 7 9% |U2:O(U5,3‘27 ( )

CR(uN —eN)_ 3¢° Ty
BR(u — vueve)  2m Teapt.

in conformity with Ref. [172]. In this expression, ', ~ 2.996 x 107!9 GeV is the muon decay width [66]
B

and the form factors F/*“ (¢ = u, d) are given in terms of the functions F¥, Fy # and Fg2 by

3 1 1
FYe = Qo FI + B (5 - Qqsev) PR with B=-If=).  @47)

Finally, we will also be interested in £, — é;égﬂg decays. Following Ref. [175], we get:

BR(4y — 3¢5) g° 4 2 m2 11 *
a _ 2 afB In—2 — ——| _4 4 R |:<Fa5 _ Fa,B) af :|
BR(l — vaem,) 102478 ¢ ) 325w [G57] | my 4 SswRe [(F77 = 157) &5
2 1 .
+ sy ‘Fgﬁ — F2P) 4+ 167, Re [(Fgﬂ + QF];*O@W") G2P } (4.8)

1 papss | pa af _ pa
+2 ‘2FBOX Py FgP — 28}, (FgP — F2P)

2} 1
UdaUspl?

Thus, u—e conversion in nuclei and p — ey are sensitive to different combinations of form factors.
Moreover, the rates for ;1 — e conversion in nuclei and ¢ — 3¢ decays exhibit a non-vanishing logarithmic
dependence on heavy neutrino masses [172]. Therefore, a simple expression as Eq. (4.5) is not possible
to obtain. However, models that lead naturally to observable CLFV rates imply a quasi-degenerate mass
spectrum mpy, ®my, ~... =my [see Eq. (3.145)]. As a result, in such scenario, the dependence on the
mixing matrix factorises out, leaving only a dependence on the mass scale my (An = m% /ME,):

2

w:?’ﬁm (A )|2><’ZN-7UajUﬂ*j (4.9)
BR((o — vaem;) 21 ULaUsp2 |
2

CR(uN —=eN) 3¢* r, 2 ‘ZNJ UO‘J'Uﬂ*j‘

oo . = 5\ |Cue(>\N)| X T o1 2 0 (4'10)
BR(p — vueve)  2m \Teapt. |ULaUpp|?

2

BR({o — 36/3) __ 9 ICaBB(/\N)|2 x ‘XZNJ—JBJ . (4.11)
BR({, — vaev,) 102474 |ULaUss?
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Figure 4.1: Loop factors |C,136|2 and C,,. as functions of the seesaw scale m y in the type I seesaw. Note
that we only stop at 1 GeV for plot-aesthetic reasons.

The loop factors C),c and C,;3. in Egs. (4.10) and (4.11) are functions of the mass scale my, given by

2

D
Crue = ‘41/(1’) (2Fu + Fa) + 4V (Fy + 2F0) + sy Gy | (4.12)
2 11 - ~ 2
Cassl? = 326116 (1 Zﬁgw) —t8sty (Fz=F) Gy +asly [Fz—F| s

SO - ~ ~ 2
+ 1652, (FZde BDX) G +2 ’de box + F — 252 (Fy — F.y)‘
where G, F,, Gz, F 'z and ﬁq Box (¢ = u, d) are functions only of Ay = m?\, /MV2V given in Appendix C,

while the form factor F;; inherits the structure of definition (4.7) for F}*:

~ (I3 1~
F,=Qus% F, + Fy (‘1 - Qqs%,v> + = FyBox - (4.14)

2 4
As LFV p processes are presently the most constrained ones, we limit our analysis of CLFV processes
to u— e conversion in nuclei, 1 — ey and p — 3e. The dependence of the loop factor |C)3.|* on the seesaw
mass scale my is represented in Fig. 4.1. At my = 100 (1000) GeV, we have: |Cﬂe\2 ~ 1.75(38.73) and,
therefore, the ;1 — 3e branching ratio increases by a factor of ~ 22 when my goes from 100 GeV to

1000 GeV. Using the experimental upper bounds on BR(y — 3e), we obtain the following constraint:

| (NNT)ch | <58x1074(1.2x107%)  for  my = 100(1000) GeV , (4.15)

which is around one order of magnitude less stringent than that obtained from BR(y— e7y) (in Table 4.4).
On the other hand, the loop factor C,,. for the nuclei of interest is represented in Fig. 4.1 as a function of
my. The first feature to notice is that |C),.| has maxima at my = 360, 350, 310, 310 GeV for 2TAl, 48Ty,
196 Au and 2°Pb, respectively. In other words, the conversion rates suffer the strongest enhancement at
approximately the same mass my < 1000 GeV. Besides the maxima, |C),.| vanishes for mass values in
the 10 — 50 TeV range, respectively 51, 30, 11 and 9.7 TeV for 27Al, 48Tj, 196 Au and 2°7Pb. This feature
was already noticed in Ref. [172] and is due to opposite up- and down-quark contributions in Eq. (4.6).

As a result of the factorisation of the dependence on the mixing matrix in Eqs. (4.9)-(4.11), the ratio

of two same-flavour-transition rates offer several possibilities to test the seesaw model.
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Figure 4.2: Ratios of the ;1 — e conversion rate for several nuclei and BR(y — e7v) (solid lines) or
BR(pr — 3e) (dashed lines), as functions of the seesaw scale my in the type I seesaw.

In Fig. 4.2, we show the ratios of conversion rates in nuclei to the 1 — ey and @ — 3e decay branching
ratios. For my < 1000 GeV, the observation of monotonous functions means that the measurement of
this ratio would allow for a determination of my. In fact the observation of a single rate that, together
with the experimental upper bound on another one, leads to a ratio incompatible with the expectations
of Fig. 4.2, can be sufficient to exclude the model. Additionally, in the large mass regime my > My, we
see that, as expected, both ratios vanish at a value of my dependent on the nucleus. This shows how
important the search for u — e conversion in several nuclei could be in testing the model.

Finally, present bounds and future sensitivities to Yukawa couplings resulting from CLFV processes
are shown in Fig. 4.3. The results clearly suggest that y—e conversion experiments will become dominant
in the study of flavour physics, allowing to probe Yukawa couplings as small as 1072, 1073 or even 1074
for my =10TeV, 1TeV and 100 GeV, respectively. By requiring Yy ~O(1), we can rephrase the bounds

of Fig.4.3 as upper bounds on my. The most stringent bound comes from p—e conversion in **Ti:

10—18 B
my < 2000 TeV - (CI%“) 1> (YN, (YN);H M2, (4.16)
N

—e
® J

showing that future experiments may probe the type I seesaw scenario beyond the ~ 1000 TeV scale.
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Figure 4.3: Bounds on ‘Z N; Ye ;YT

im
mass scale my. The present experimental upper bounds are represented by solid lines and excluded

and Y ~;Ue UjT .| for atype I seesaw scenario with a single heavy

regions by shaded areas, while dashed lines correspond to expected experimental sensitivities. Our

analysis is valid below ‘Z N; Ye jY;r- u‘ = 4m, i.e. in the non-perturbative regime Y 5 > /4.
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4.1.2 Unitarity of the lepton mixing matrix

In the previous section, we discussed the possibility of having observable CLFV processes unsup-
pressed by neutrino masses, i.e. large effects from d = 6 operators with small neutrino masses. Directly
related to the d = 6 operators is the possibility of having a non-unitary lepton mixing matrix IV, lead-
ing to non-standard effects in neutrino propagation [176]. As such, in this section we aim at obtaining
bounds on non-unitarity which are independent of the heavy masses and applicable to any type I see-
saw theory. For that, we will work in the large mass regime my > My (my ~ O(TeV) for example)
in which the bounds in Table 4.4 resulting from ¢, — {7y decays can be used. These bounds constrain
the off-diagonal elements of NN . On the other hand, in order to set bounds on the diagonal elements
(NN T)w an additional analysis of (tree-level) W and Z decays as well as of constraints on the univer-

sality of weak interactions will be pursued.

W decays

With a non-unitary mixing matrix IV in the leptonic CC defined in Eq. (3.114), we obtain for the

W — Lo, decay width the following expression:

G,

(NN)aa B
om fu . (4.17)

T(W = bovy) = V(NNT).(NNT),, =

(NN po =

Using the experimental values of the W decay widths and mass from Ref. [66] and the value of the
Fermi constant as extracted from muon decay [see Eq. (3.64)], G = (1.16637 £ 0.00001) x 107° [66], the

parameters f, in the above expression are:

0.983+£0.023, for a=e

T(W = lavy) 6321

Ja = GrTS, =1{0.975+0.024, for o =p (4.18)

1.044 £0.023, for a=r71.

Inserting these values in Eq. (4.17), allows to obtain the constraints shown in Table 4.6, from where we
immediately see that, as expected, the elements (NN')  are equal up to a few percent.
Invisible Z decay

Additional constraints come from the analysis of invisible Z decay. In fact, for a non-unitary leptonic

mixing matrix IV, the neutral weak couplings in Egs. (3.47) or (3.62) result in the decay width:

Sl
1227

I'(Z — invisible) = > "T(Z — pv;) =

(2]

(L+p0) DINTN);, 2, (4.19)
i

where p; ~ 0.008 [66] accounts for (non-negligible) radiative corrections, mainly involving the top

quark. As these corrections do not involve leptons, the dependence on the mixing matrix in Eq. (4.19)

remains exact beyond tree level. Converting the summation in Eq. (4.19) to a summation over flavour

eigenstates, through the relation >, ; (N TN)i;i 12 =35 [(INTN)45/?, and writing the decay width in

aﬁ‘
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Process Constraint On Bound

DOV out) % 0.9925 + 0.0338
UeT) RN 1.0626 £ 0.0022
) % 0.9764 4 0.0040
Droveche) % 1.0006 & 0.0021
=) (AT 1.0004 + 0.0021
Rxm) % 1.0021 £ 0.0016
Lronre) % 0.9956 4 0.0031
Loicre) % 0.9852 + 0.0072
Lromor) % 1.0180 + 0.0420

Table 4.6: Constraints on (NNT),,, from a selection of processes.

terms of the Fermi constant as measured in muon decay [see Eq. (3.64)], we obtain the constraint [66]

s (NN o2 _ 12V2rT(Z — invisible)
\/(NNT)ee(NNT)uu GFM%(l"_pt)

= 2.984 £ 0.009. (4.20)

Notice that this quantity corresponds to the number of active neutrinos at LEP. Its departure from 3

could signal the presence of new physics but the 20 deviation is not (yet) statistically significant.

Universality tests

Finally, constraints on the universality of weak interactions, as ratios of lepton, W and 7 decays,
can also be translated into bounds on (NN'T) . The results of our analysis are displayed in Table 4.6.

When analysing leptonic decays £, — v.{3, we used the following expression for the decay width:
GSM2

m5
(NN NN gs. 4.21)

Note that in Table 4.6 we have also considered low-energy leptonic decays involving pions (7) and kaons

(K), whose bounds were taken from Ref. [176].

Combination of all constraints

Finally, from all constraints resulting from electroweak decays, in Tables 4.6 and 4.4 as well as in Eq.

(4.66), a global fit leads to the following elements of NN at 90% CL:

0.996+0.003 <2.6-107° <15-10°2
INNf|~ | <26-10% 099440003 <1.7-102 | . (4.22)
<15-1072 < 17-1072  1.001 = 0.004
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The constraints on the off-diagonal elements (NN T)a result mainly from experimental bounds exist-

ing on ¢, — {7 while the diagonal ones come from t}fe combined analysis of all other processes men-
tioned above, although a small interference between both constraints appears through Eq. (4.21). How-
ever, in view of the present upper bounds in Table 4.4 for the off-diagonal elements, their (quadratic)
contributions are negligible small and, as such, were neglected in the analysis. From these results, we
conclude that there is a 20 departure from unity of the diagonal elements in Eq. (4.67), which can be
interpreted as resulting from a similar discrepancy in the invisible width of the Z boson, Eq. (4.20). As
we remarked there, this 20 deviation is not significant enough to be interpreted as a signal of physics
beyond the SM.

Let us finally remark that, as discussed in the beginning of this section, the bounds above are valid for
any values of the heavy-field masses, provided they satisfy mx, > My . Notice also that these bounds
apply to any type I seesaw theory. In particular, they apply to the inverse seesaw model (Section 3.4.2),

characterised by a quasi-degenerate heavy mass spectrum with a scale mx possibly near the TeV scale,

while maintaining large Yukawa couplings and signals possibly at the edge of experimental limits.

4.2 Type Il seesaw model

4.2.1 Charged lepton flavour violating processes

As we saw above, in the type I seesaw all CLFV processes can only be induced at loop level. The
type II-model introduces a novelty, with tree-level £ — 3¢ decays. As a result, we expect £ — 3/ rates to
be the largest ones. Another important difference with respect to the type I seesaw case is that from the
ratio of two same flavour transition rates we do not always get a function of the mass scale ma.

In the mass-eigenstate basis, the effective charged lepton flavour changing (s/,~ vertex arises at
one-loop order from the exchange of singly- and doubly-charged scalar fields A* and A**, respec-
tively. The form factors are calculated in detail in Appendix D and the resulting effective Lagrangian,

corresponding to Egs. (D.22) and (D.23), can be written as [177-179]:

GM . GSM _ _
ng) = 74—\/% (MmaArlso?” PrloFpe +h.c.) — % [AL(qz)Eﬂ’YpPLéa Z Quip¥ +h'c'] , (4.23)
Y=u,d

with

(4.24)

B e (YAYA)aﬁ< 1 1 >

Ap=— +
" 4\/§G%M 677'2 SMA+ MA++

2¢2 Y h 2. YA 1 1 2 m2
Ar(¢?) = - \[sf,l = — st f L ; (4.25)
GF 61 12MA+ MA++ MA++ MA++
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Figure 4.4: Plot of f(r, S,) in Eq. (4.26), as a func- Figure 4.5: Ratios f(r, S.)/f(r, S,) as a function of
tion of the type II seesaw mass scale Mx. the type Il seesaw mass scale Ma.

and where ¢ is the momentum carried by the photon. The loop function f(r,S,) is given by:

48, 29,\ [ 48, |VrFaS,+r —q° my
)= In S, 1— 1+—In|———]|, = , S, = . (4.26
f(r. 87) r +n S +< T ) + T . r+4S, —/r " Ma++ Ma++ ( )

Notice that f(r, S,) is a monotonically decreasing function of Ma++ (see Fig. 4.4) and that, for 0 = e,
f(r,Se) = Inr to a very good approximation. Moreover, the ratios f(r,S.)/f(r,S,) do not change
significantly when Ma++ increases from 100 GeV to 1000 GeV (Fig. 4.5). At Ma++ = 100(1000) GeV,
f(r,Se)/f(r,S,) =~ 1.2(1.1) and f(r,S.)/f(r,Ss) = 2.1(1.7).

Ly — Lgy decays

The first term in the Lagrangian (4.23), with form factor Ag, generates the on-shell ¢, — {3y decay
amplitude; it comes from the contribution of one-loop diagrams with virtual neutrino and A* and with

virtual charged lepton and A™*. A trivial calculation based on Eq. (4.23) leads to the result:

BR(£, — £57) = 3842 (4ma) |AR|” BR(£y — evaTy)

2

i

_«a (YAYA)a L8 2BR(€ s o)

T 48r (GM)2 MZ, T MZ,, o 7 abe (4.27)
: 2

N27O[ (YAYA)Q

~—— BR(/ V)

167 (G%M)QMé ( o —7 EVQ UV, )
in agreement with Refs. [177, 178]. Note that in the last step above we have used Ma+ =~ Ma++ =Ma 2,
The upper limits on BR(£, — £47) reported in Table 4.1 then imply the upper bounds on [(YAYk)as|
given in Table 4.7. From this last table, we see that the most stringent bound comes from p — ey and

that for an O(TeV) seesaw scale Mx, the Yukawa couplings are allowed to be of O(1071), while they

*We have also neglected the phase space factor ~ 1 — 8m3/m? in the decay width I'(¢e — £sva¥5). However,
even for 7 — 7y decays, it corresponds only to a correction smaller than 3%.
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Process Constraint On ~ Upper Bound (x (A )2) Future Sens. (>< (A )2)

1TeV 1 TeV
o= ey (Y AY) e 1.4 %1074 4.5 x 1075
T ey (YAY ) | 8.0 x 102 1.4 % 102
T — (YaAYR), ] 9.4 x 1072 1.4 x 1072

Table 4.7: Bounds on combinations of Yukawa couplings resulting from ¢, — {37 in the type II seesaw.

should be sizeably smaller by up to 3 orders of magnitude for specific flavours.

The upper bounds in Table 4.7 can be used to extract lower bounds on the vacuum expectation value

va of the triplet [180]. In fact, from Eq. (3.81), we obtain

1

o= T (U)o Ay + (UF) g5 (U], A3y | (4.28)
A

[

(vavi)

where we have used the unitarity of U;. It follows from Eq. (4.28) that the prediction for \(YAYTA)Q 5l
and, thus, for BR(¢, — {37), depends on the Dirac phase ¢ of the mixing matrix U} [see Eq. (3.18)].
For the best-fit values of the oscillation parameters listed in Table 3.1, the term oc Am3; in Eq. (4.28)
is approximately one order of magnitude smaller than the term o« Am3;. It is easy to check that this
implies a relatively weak dependence of BR(¢, — ¢3y) on the Dirac phase and on the neutrino mass

spectrum. Thus, neglecting the term oc Am3;, we obtain from Eq. (4.28) and Table 4.7:

1 TeV 1 TeV

VA > 42.2 |513323013Am§1|1/2 . <]\4Z> ~ (0.71eV - < MeA > s (429)
1 TeV 1 TeV

va > 177 |s13casc1sAm3y /2 - (MZ) ~ 0.029 eV - < Mi ) : (4.30)
1 TeV 1 TeV

va > 1.63 |sagcoscis Am2, V2 (MZ) ~ 0.056 eV - ( MeA ) . (4.31)

As expected, the contribution from ;1 — ey sets the highest lower bound on va [see Eq. (4.27)]. We there-
fore see that for Ma ~ O(TeV) seesaw mass we get va 2 1 eV. We can therefore rewrite BR(¢,, —£57)

~

for the most stringent process 1 — ey as

1eV\* /1Tev\*
BR(jt — ey) ~ 1.4 x 10713 (i) : ( MZ ) : (4.32)

from which follows that, for the values of va and Ma of interest, BR( — e) may reach values within

the projected sensitivity of the MEG II experiment [169].

1 — e conversion in nuclei

Together with the on-shell contribution in the effective Lagrangian (4.23), the off-shell contribution -

involving the form factor Ay, - generates the ;1 — e conversion amplitude. In the type II seesaw scenario,
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Process ConstraintOn ~ Upper Bound (>< (447) 2) Future Sens. ( x ({Ha) 2)

uTi— eTi ol 3.1 %1073 4.7 %1076
1Al = e Al ol - 2.0 x 1075

Table 4.8: Bounds on |C,§Iel)| [see Eq. (4.38)] resulting from 1. — e conversion in the type Il seesaw model.?

p — e conversion in nuclei thus arises only from photon-exchange contributions. In the same way that
was done in Section 4.3.1, we obtain the conversion rate following the effective theory approach devel-
oped in [174]. Therefore, from the effective Lagrangian (4.23), we get the following conversion rate in
the type II seesaw scenario:

2(GM?| . D 2

R(uN — eN) =~ (4ma)? T A% %+(2Qu+c2d) Ap(@)V®| | (4.33)
capt.

with an energy scale ¢* =~ —m?, for this process. Using the light nuclei (Z < 30) approximation
V) = mb/2a32 72 72 F(q?) Jar D~ 8eV®) (4.34)

we arrive at the relevant expression for the conversion rate:

a® m;
R(uN — eN) = o Fca; Zag ZF*(—m?) (4.35)
5 1 1 ’
x |(YAY] + ) Y rS,)Y 4.36
‘( A A)eu (24Mi+ M2++ Mi++ p;”- Aepf( p) App ( )
o’ m# 2 ‘ an |?
R~ Z% ZF%( 4.37
974 Tcapt. eff )G’ (437)
where we have used the approximation Ma+ ~ Ma++ = Ma. The quantity C’L(LIEI) is defined by
1 129
ca = i [ (YAYT ) > Yh, fn SP)YAW] . (4.38)
p=e,l,T

Using the upper bounds on the ;1 — e conversion rates of Table 4.1, as well as the values for the
effective atomic number Z, the nuclear form factors F2(—mi) and the muon capture rate I'copt. given
in Table 4.5, we are then able to get the upper limits for |C,(}61)| collected in Table 4.8. From this table, we
see that 11 — e conversion in “3Ti sets an upper bound |C%)| < 3.1 x 10=3 (Ma/1TeV)2. On the other
hand, using the (less optimistic) future sensitivities to ;x — e conversion rates in Table 4.1, we are also
able to set lower bounds on the value of |C, (H)| that future experiments can probe. From Table 4.8, we

then conclude that future experiments with 43T will be sensitive to |C2)| > 4.7 x 10-6(Ma /1 TeV)2.

3Only the %5Ti and 35Al nuclei are considered due to the light nuclei approximation used in Eq. (4.37). Notice
that for 35Al there is no present upper bound.
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Figure 4.6: { — 3/ in the type II the effective theory. Figure 4.7: £ — 3( in the type II full theory.

¢ — 3¢ decays

Contrary to what happens with the other CLFV decays, the leading contribution to the £/ — 3¢ decays
in the scalar triplet model is due to tree-level exchange of a doubly-charged scalar A** [177, 181]. From
the point of view of the effective theory, these processes are generated by the d = 6 effective operator
0L4r [105, 182]. The comparison between these two approaches can be illustraded as sketched in Figs.

4.6 and 4.7. In terms of the coefficients ¢* of the d = 6 operator dL4r in Eq. (3.92),

aﬁpa

YA (4.39)

1
4F —
C(Jtﬁpo' = 7M2YA

we obtain for the ¢ — 6;6; ¢ decay branching ratio for any 3, o

2

4¢3 p0 CAYa,P(Ya,, P
R(C; — 50 05) = — 7L BR(17 — e~ voTe) = Yl 1Ya,, pe 0= e vam,) . (4.40)
Brota SM SM 2 @
(GSM)? My (GR)

Similarly, for ¢, — EEE;E; decays with o # p, we obtain the expression:

BR(£; = 111 )= — > |y

o) = —— Ya.,P[Ya,, [?BR(; = e vae) (4.41)
A ((;F )

which is in agreement with the results of [177, 181]. Instead, it is off by a factor of 4 from that of Ref.
[105], probably because the authors of this work have not included a factor of 2 in the derivation of the
Feynman rules with two identical fields.

From the present experimental upper limits on branching ratios given in Table 4.1, we obtain the up-
per bounds on the Yukawa couplings listed in Table 4.9. From the latter table, we see that the most strin-
gent upper bound comes from the process = — ete~e™, namely |Ya . |[Yace| $ 5.8 x 1076 x (Ma/1TeV)?.
For Yukawa couplings of order unity, we also see that the present non-observation of = — ete~e™ im-

plies a lower bound on the seesaw scale

Ma > 414 TeV | for Ya~O(1). (4.42)

On the other hand, the (less optimistic) future sensitivities given in Table 4.9 indicate that future ex-
periments will be able to probe values of Yukawa couplings combinations one of magnitude below the

present bounds (or one order of magnitude above for the masses My ).
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Process Constraint On Upper Bound Future Sens. on [Ya,_,[|Ya,,|

p—etee” Y A el Y acel 5.8 x 1076 5.8 x 1078
T~ —eteTe [YArelYacel 2.3 x 1073 1.4 x 1074
T =ty 1Y arullY Al 1.4 x 1073 9.8 x 107°
T —pteTe” YA Y acel 1.2 x 1073 9.8 x 107°
T~ ety YarellYau,l 1.3x 1073 9.8 x 107°
T ptuTe YAl Y A el 1.6 x 1073 9.8 x 107
T~ —eteu 1Y arel YAl 1.3 x 1073 9.8 x 107"

Table 4.9: Bounds on Y 5 ;; [x (1%3\,)2} from tree level £ — 3¢ decays in the type II seesaw scenario.

4.2.2 My and the p parameter

The ;1A parameter in the Lagrangian (3.75) can also be constrained by the well-determined observ-
ables p and My [105]. In fact, the operator L4p in Eq. (3.92) corrects the value of both. Considering Eq.
(2.31), if the p parameter is extracted from data using only hadronic transitions (which do not depend
on the leptonic Yukawa couplings) its value is shifted from the SM prediction by:

lual> V2
My GSM

Ophad = — (4.43)

As an estimate, using the average experimental value of p (pexp. = 1.000410:000%) as if it were indeed

dominated by the hadronic contributions, we are able to obtain the following constraint on p1a / Mi:

M2
el Soomogigs — sl 5510 (1) s

Using the relation M3, ~ 8pGr/ V/2g, the W boson mass is also shifted,
My
2My? — M2
M2, lual? M2, M2, — M2
= 1 YAe,u,YA ep | >
2MW - MZ | My GF\f \fGFM2

0GFr

SME, G

|:5phad M, — ——(Mjy - MZ):| (4.45)

where Myy is the SM value for the W-boson mass as predicted in the (MS) scheme at the Z-pole (Z-
scheme), MM = 80.4887 & 0.0515 GeV, and G is extracted from muon decay, see Eq. (3.93). Barring
extreme cancellations between both terms in Eq. (4.45), the precise experimental value of My, allows to

set stringent bounds on both the Yukawa couplings and on the i a parameter:

Ma \ 7! M2
1Y A,el* = (0.00023 £ 0.00109) <1 T§V> : lpal <87 x 1072 <1TeAV> : (4.46)

Notice that the ratio v?|ua|/M3 is directly related to neutrino masses via Eq. (3.80). For example,

m, ~ 1eVand Ya ~ O(1), require a ratio yia /M3 ~ 107! TeV ™' below the bound in Eq. (4.46).
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4.2.3 Experimental signatures of scalar triplets

Another difference of the scalar triplet model compared to the type I seesaw scenario is that the ratio
of two rates with the same flavour transition exhibit a different dependence on the masses M+ and
Ma++. An analysis based on these ratios, as performed in the type I seesaw, is therefore not possible
except in very particular cases. For instance, in the limit Ma++ > Ma+ (Where the dominant con-
tribution to the ;1 — e conversion is given by the exchange of the singly-charged scalar A*), we have
|C’,SIJ)| x (YAYTA) ue and an analysis based on the ratio of the y — ey and  — e conversion rates is
possible [173]. The measurement of any of these ratios can give us the value of M4 if these CLFV tran-
sitions are due to scalar triplet interactions. Future facilities open up the possibility of observing such

new signals of the type Il seesaw scenario. For instance, expected sensitivities on Mx are:

t 1/2 10—14 1/4
Ma <200TeV - (YAY ) e e 4.47
an1/2 10" e
Ma <400TeV - |C N 4.48
A eV Chc’| {CR(uTiaeTi)] ’ (4.48)

10—16 1/4
MA 5 2400 TeV - \/ |YA/,L€||YA66| . {M] 5 (449)

which shows that for Yo ~ O(1) future CLFV decay experiments may in principle probe the type II
seesaw model beyond ~ 1000 TeV.

Assuming that Ma could be as low as O(TeV), a striking signal of the type II seesaw mechanism
would be the production of the doubly-charged scalars A™+ and A~ at the LHC, and their subsequent
decay into pairs of leptons with equal charge [183]. However, even with a detection of a boson with
such behavior, the identification of a type II seesaw mechanism would still require the measurement of
at least three CLFV processes in order to determine the Yukawa couplings in Tables 4.7 and 4.9.

Other interesting signals of the type II seesaw mechanism would be the observation of the pro-
cesses: ATT — WHWT, WHW+ — ATt Z0 — ATW~, or AT — ZWT. For example, the AT
and A~ produced by a Drell-Yann process (gg — A~~A*1) [183], could decay into pairs of W bosons
(A** — WEW*). However, for such a decay, the decay width is proportional to v2%‘“ﬁ?g and the
constraint obtained in Eq. (4.46) largely suppresses this decay. The same holds for other decays [184].
Thus, the only relevant channel will be the A** — %1%, with a decay rate proportional to Ma|Y a;;|?.

Alternative investigations involve the study of modifications to SM Higgs physics. For instance, the
Ley [Eq. (3.92)] and L4p [Eq. (3.92)] operators induce the following new couplings with the Higgs
boson: HHWW, HHZZ, H*, HWW, HZZ and H3. However, the strong upper limit in Eq. (4.46)
precludes observable effects, except maybe from Lgg for very large values of A and/or 4. Similarly,
Lyp also affects Higgs processes but, once more, the bound coming from the p parameter discussed

above excludes observation in the planned future facilities such as the ILC [185].
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Process Constraint On Upper Bound Future Sensitivity on \e?a | (|e§ o)
1= ey |e§u| 2.3 x107° 6.5 x 1076
T ey leZ| 1.3 x 1072 2.3x 1073
T =y |6I§T\ 1.5 x 1072 2.3 x 1073
p~ —eteTe” e, 1.1 x 1076 1.1 x 1078
7T —eteTe” €2 | 4.3 x 10~* 2.6 x 10~°
T = ptuT T e | 3.8x107* 2.6 x 107°
T = ptuTe lez 3.2x 1074 1.9 x 107°
T —=etpT T ez, I|e2, 2.2 x 1074 1.7 x 1075
T~ = ete [==H 2.6 x 107* 1.9 x 107°
T s uteTe” \e%eHeEe 2.1x107* 1.7 x 107°
uPb — ePb e, 2.5 x 1076 3.7x 10710
uTi— eTi e, 5.3 x 1077 2.6 x 10710
pAu — e Au e, 1.5 x 1077 1.8 x 10710
wAl — e Al e, 2.1x107°

Table 4.10: Bounds on the coefficients e%a resulting from CLFV decays in the type III seesaw scenario.

4.3 Type III seesaw model

A crucial difference between the type I and type III seesaws is that in the latter there is charged-
lepton flavour mixing in neutral currents [see Eq. (3.135)]. As a result, in the type III seesaw, £ — 3¢ and
p — e conversion are tree-level processes. Only ¢, — {7y decays still have to proceed at one-loop level

since the QED coupling (2.40) remains flavour diagonal.

4.3.1 Charged lepton flavour violating processes

Ly — Lgy decays

Following the detailed computation in Appendix E, we have for ms, > My [186]:

2

3o (13 . , ms\° _
BR(lo — £57) 55— <3+C) (€7) su D wi, (U}, (ULT>ja+O <Mv2v> BR(lo — L5T5v0) , (4.50)
J

where w,; = m /M, and C = 1 (cos® 6w —2). The second term in Eq. (4.50) is the usual con-
tribution (4.1) from neutrino mixing, while the first corresponds to the explicit contribution of the
triplet(s). For a given value of the seesaw scale msx. we would expect €= ~m,, /ms; ~ 10712 (102 GeV /msy,)
and w, =m?2 /M2, ~107%* (see Table 3.1). Therefore, even for my as low as 100 GeV, we would get
BR (o — £g7y) ~ 10727 BR({y — {3V5v,), which is far below the present upper limits in Table 4.1. How-
ever, as discussed in Section 3.4.2, the rates can be naturally much larger if neutrino masses are generated
through direct lepton violation. This can be realised in the type Il seesaw if, besides the high scale my, a
small parameter y responsible for lepton-number violation is also present. In this case, the € term in

Eq. (4.50) is magnified to much larger values and the second term can be safely disregarded. Therefore,
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Figure 4.8: Tree-level contributions to {;; — £ ¢; ¢, decays in the type IIl seesaw scenario.

we can rewrite the branching ratio for ¢, — {3 as

(3

and, using present upper limits and future sensitivities in Table 4.1, we obtain the constraints on the

BR({a = €gy) _ 3o
BR((, — (sT51s) 327

? (4.51)

2
€5, |" ~ 1.08 x 1073 - |eF,

coefficients €, listed in Table 4.10. Again, the most stringent bound comes from y— ey and we see that

present experiments preclude off-diagonal coefficients €, larger than ~ 1072

¢ — 3¢ decays

On the other hand, the ¢, 37 coupling in the Lagrangian (3.115) provides a tree-level contribution
to £ — 3( decay rates, as illustrated in Fig. 4.8. For £, — (£ (5, the branching ratio is given by

BR((, — (505¢05)
BR({q — e vaTe)

Q

1
= 4leg, | <3s‘¢v — 253, + 2) ~ 0.81]€5, %, (4.52)

while for - £, — £5¢, €5 and £ — £} ({5, with p # f, the branching ratios are given by:

BR(, — (0, 05) 1
= = dleg,* (251 — sty + = ) = 0.51]€5,|? 4.53
BR(la — ¢ vat?) €50l <3W Sw+4> l€5al™ (4.53)
BR((;, — 050507)
A G AR (4.54)

BR({y — e vaTe)

Taking into account the above expressions and the experimental upper limits reported in Table 4.1 for
these processes, we then get the upper bounds on the coefficients e? , listed in Table 4.10. From this table,
we see that the most constraining bound of |e§u\ < 107% comes from p — 3e, whereas for the remaining
coefficients |e},| < 107*. Notice also that the bounds obtained from ¢, — (¢ (5 are not particularly

stringent since they are set on the product of two coefficients, |e§a | |e§ -

[t — e conversion in nuclei

More stringent bounds on the p — e — Z coupling can be obtained using data from ;» — e conversion
in nuclei. In fact, in the fermion triplet model, 1+ — e conversion in atomic nuclei proceeds at tree level

via the same diagram as p— 3e (left diagram in Fig.4.8), with the electron line replaced by a quark line.
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The j1—e conversion ratio in a generic nucleus AV can be straightforwardly obtained from the quark-

lepton effective interaction induced by Z exchange [see Egs. (3.119) and (2.41)]:

. 2Gp[_, 3 _
Lige=-=F {ev Pr(91°), u} X (@ [90v () — V5] U + @Yo [grva) + 5] d) (4.55)
V2 "
where
8 4 4,
grvw =1— 35w and grva = —1+ 35w - (4.56)

Using the general parametrisation given in [174], we then have for the ;1 — e conversion ratio in a nucleus
N with N neutrons and Z protons [186]:
CR(uN — eN) S(G%M)QF

_ LS |2 ® m[*
BR(z — ) Tenpt |€pre ‘(29LV(U)+9LV(d))V + (grv (u) +2gLv(d) V , (4.57)

with nuclear parameters V¥), V(?) and I'c,pt. given in Table 4.5 for the analysed nuclei.

From the present upper limits on - e conversion rates, we extract the upper bounds on |e§e\ reported
in Table 4.10. The most stringent bound comes from 97 Au and present upper limits on CR(u N — e N)
preclude a coefficient |€, | larger than ~ 107°. On the other hand, if prospective experimental sensitivi-

ties to CR(u N — e N) of ~ 10~ '® are reached, one will be able to probe values of |ej;,| ~ 10717

Comparison of CLFV decays

From the results (4.51), (4.52)-(4.53) and (4.57), we notice that all CLFV rates in the type III seesaw do
not involve logarithmic terms and exhibit the general form
’2

BRy, 0, = g(Mw,me) - |€5,, (4.58)

with g(Myw, me) a function which depends only on My, and m,. Therefore, the ratio of processes with

the same flavour transition are predicted to a fixed value. Namely, we obtain:

BR(p — ey) = 1.3 x 1073 - BR(p — eee), (4.59)
BR(T — py) = 1.3 x 1073 - BR(7 — pup) = 2.1 x 1073 -BR(7~ — e etp™), (4.60)
BR(T — ey) = 1.3 x 1072 - BR(7 — eee) =2.1x 1073 -BR(7~ — pu pute™), (4.61)

and, for ratios involving y — e conversion in nuclei (in 33Ti for example),
BR(p — ey) =3.1 x 107 - CR(uTi — eTi), (4.62)

BR(p — eee) = 2.4 x 107 - CR(uTi — eTi) . (4.63)

It is apparent from these results that in the type III seesaw model ¢ — 3¢ and p—e conversion rates are
much larger than BR(¢ — ey). Obviously, the reason for this is that ¢, — g7y is a one-loop process

while ¢ — 3¢ and 1 —e conversion in nuclei proceeed at tree level. Notice, however, that these results
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hold only in the limit where myx, > Mw z u, as they are based on Eq. (4.50). If we do not take this limit,
i.e. if we use Eq. (E.30) in Appendix E, a study based on these ratios is only possible if we assume a
quasi-degenerate mass spectrum of fermion triplets (as predicted by direct lepton violation) with scale
my. In this case, the above ratios can change by up to one order of magnitude for values of msy; as low

as ~ 100 GeV.

On the other hand, from Table 4.10 we verify that the bounds on |eg,| resulting from ¢, — ¢g~y are
not as constraining as the ones coming from ¢ — 3¢ decays and that, even if the upper limits on ¢, — 3y
are improved in the future by three or two orders of magnitude, respectively, the £ — 3¢ decays will still
provide more competitive bounds on |eg,|. Nonetheless, the most stringent bound comes from p — e
conversion in nuclei for which the experimental sensitivity to CR(u N — eN) is expected to improve
by several orders of magnitude. Therefore, unlike for other seesaw models, the observation of a CLFV
radiative decay rate close to the present bounds, would rule out the minimal type III seesaw mechanism

since it would be incompatible with bounds arising from ¢ — 3¢ and ;. — e conversion in nuclei.

4.3.2 Unitarity of the leptonic mixing matrix

While CLFV processes put bounds on the off-diagonal elements (NNT) . = €2 [remember Eq.

(3.116)], the additional analysis of (tree-level) W and Z decays as well as of ccfnstraints on the univer-
sality of weak interactions, already discussed in the type I seesaw scenario, allows us to set bounds on
the diagonal elements (NNT) . The relevant expressions concerning W decays and the universality
of weak interactions are identical to the ones for the type I seesaw, namely Eqgs. (4.17) and (4.21), re-
spectively. Therefore, the bounds obtained in Table 4.6 for the type I seesaw apply as well in the type III
seesaw scenario. However, a slight modification is required in the expression (4.19) for the invisible Z

decay width. Indeed, in the type III seesaw model, the modified neutral weak couplings in Eq. (3.135)

leads to

GSMMg ) s
SW(1+M)ZH(N N) 1]1]| ) (4.64)

]

I'(Z — invisible) = Y "T'(Z — viv;) =
,J

which should be compared with the expression (4.19) obtained in the type I seesaw. Here, the parameter

p ~ 0.008 accounts for radiative corrections involving the top quark. Using the approximation
S INTN) P =Te(1 - 2€") =9 -2 (NNT)uq, (4.65)
1,7 a

valid at first order in my,', and the data provided in Ref. [66], we then obtain the following constraint:

9-2Y (NN,  12¢/2xT(Z — invisible)
\/(NNT)eE(NNT);L,u GFM%(l‘i‘Pt)

= 2.984 £ 0.009. (4.66)

As pointed out in Section 4.1.2, this is the number of active neutrinos at LEP and it gives us one constraint
on the diagonal elements (N N T) weo- 1tis the difference between this constraint and the one in Eq. (4.20)

for the type I seesaw that makes the unitarity analysis for the type III seesaw any different.
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Combination of all constraints

From all constraints reported in Table 4.6 and in Eq. (4.66), we have performed a global fit of the
diagonal elements to the experimental data. Using the lower upper bounds for the off-diagonal elements

in Table 4.10, we can then write for the N NT elements, at the 90% CL.:

1.004 £0.011 <1.5-1077 <32-107*
INNT|~ | <1.5-1077 099340011 <2.6-107* | . (4.67)
<32:1070  <26-107  1.014 £ 0.012

As in the type I seesaw scenario, small deviations from unity in the diagonal elements are not significant
enough to be interpreted as a signal of new physics. Note also that, due to the fact that CLFV processes
are now allowed at tree level, the bounds on off-diagonal elements are stronger than those obtained in

the type I seesaw model.

Concerning the direct production and detection of fermionic triplets, the type III seesaw model is
less promising than the scalar triplet model. In fact, in the type Il seesaw, only particles with electric
charge +1 exist, resulting in less clean experimental signals. For a detailed discussion on searches for
type Il seesaw at the LHC see, for example, Refs. [154, 187]. Recall, however, that in the type III seesaw
scenario the observation of a single CLFV radiative decay close to the present bounds would provide an
important (indirect) possibility to exclude this model as the unique low-energy source of lepton flavour

violation.
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Summary and conclusions

In the present thesis, we have investigated seesaw extensions of the SM, which naturally accomo-
date tiny neutrino masses via tree-level exchange of heavy particles: fermion singlets (triplets) in the
type I (III) seesaw and a scalar triplet in the type II seesaw. From a low-energy effective viewpoint,
neutrino masses are generated by a dimension-five operator, common to all theories with Majorana
neutrinos. However, a plethora of dimension-six operators exists and, therefore, they are a crucial tool
to discriminate among various models. In a nutshell, for the fermionic seesaw models the effective oper-
ators induce non-unitary lepton mixing matrices in the weak currents, while in the scalar triplet model
mixing matrices remain unitary but dimension-six operators induce exotic four-fermion couplings and
modifications to gauge and Higgs potential parameters.

We have also discussed the possible values of the heavy mass scale M from a theoretical perspective.
An unsatisfatory aspect of seesaw models pertains to a worsening of the electroweak hierarchy problem,
which could be soften if M is close to the TeV scale. Such scenario is indeed possible if neutrino masses
are generated through direct lepton violation, in which neutrino masses are directly proportional to a small
lepton number violating parameter ;. Such a pattern is already included in the minimal type II seesaw
and also in fermionic seesaw models, such as the inverse seesaw. Within the DLV framework, small
neutrino masses can be accomodated while keeping the effects of d = 6 operators close to observability
without fine-tunings or cancellations in the heavy neutrino mass matrices or Yukawa couplings.

Finally, in Chapter 4, we have analysed CLFV processes such as ¢, — {37, { — 3¢ and ;1 — e conver-
sion in nuclei for the three canonical seesaw models discussed in Chapter 3. In the type I seesaw, our
results show that ;1 — ey and © — 3e decays as well as ;1 — e conversion in nuclei have predicted rates
within the sensitivities of the next-generation experiments. Still, the rates of © — e conversion in nuclei
could vanish at a value of the heavy mass scale of my ~ 10 TeV. Constraints on the dimension-six op-
erator coming from a combined analysis of other lepton flavour conserving processes also predict a 2¢
departure from unitarity of the mixing matrix. In the type II scenario, we have set bounds and analysed
future sensitivities for Yukawa couplings combinations. The results show that O(1) Yukawa couplings
are allowed by present bounds for a seesaw scale of O(TeV) and that, for a value of the triplet VEV
va ~1 eV, CLFV rates could be within projected sensitivities. Finally, in the type III seesaw scenario, the
ratio of two same-flavour transition processes is a constant. Combined with the presence of tree-level
FCNCs and, therefore, large u — 3e and pu — e conversion rates, this offers a clear possibility of tests.

In summary, the work presented in this thesis clearly illustrates how important the exploration of
synergies among the intensity and energy frontiers of particle physics will be to improve our knowledge

on the fundamental laws of Nature.

labor omnia vincit
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One-loop calculations

A.1 Beyond the unitary gauge: R gauges

The unitary gauge introduced in Eq. (2.24) is not convenient when calculating loop corrections to

some process. In fact, the propagator for massive vector bosons V' in this gauge is given by

D@l/(k) _ R v R |:g,uu _ q/l'ql/:| | (Al)

and its ¢*¢” term does not vanish as ¢ — oco. Therefore, it induces harsh ultraviolet divergences in
higher order calculations and very delicate cancellations between diagrams must be satisfied [1588].
More convenient is to work in the so-called R, gauges. In this class of gauges the Higgs doublet is
written in its full form (2.23), and gauge fixing terms are added to the SM Lagrangian:
1

& (0"AL)?, (A2)

Lap = — ("W — i&w Mw o) (0" W, + i€w Mw ¢ ™) — é(a“zﬂ — i€z Mzhz)? —

-1
&w
where 4 w7z are free parameters corresponding to different choices of renormalisable gauges. Lgr is
demanded by a correct quantisation procedure of the theory [112, 126] and allows us to define vector bo-
son propagators, as it removes ambiguous terms in the gauge part of the Higgs Lagrangian. In addition,
the quantisation of the theory requires the introduction in the theory of nonphysical anticommutative
scalar fields, the Faddeev-Popov ghosts, along with their Lagrangian Lrp. However, since these fields do
not couple with matter fields, their contribution to one-loop corrections of physical processes involving
fermions in external lines is zero. As such, we will not concern ourselves with ghost fields.

In a general R¢ gauge, the propagators of gauge and Goldstone bosons are collected in Fig. A.1. In
order to avoid cumbersome calculations, we will use the 't Hooft-Feynman gauge ({4,z,w = 1) in one-
loop calculations and the unitary gauge (£z,w — o0, £4 — 1) in tree-level calculations. For a review of

the SM Feynman rules in the R¢ gauge ({4,z,w = §) with convention-independent notation, see [189].

A Z‘g/w + (1 6 )ikuky f 1
AN\NNNY - —&4)— - — _ _ —
H k v K Kt I i v k? — &w Mg,
k,k
V: Z./ L/V J— 1_ ) — e /nd .
AVAVAVAVAV. R TR G L
i : Yo
M k v k? — M2 + ie I 1 v k? — &, M2

Figure A.1: Propagators of gauge and Goldstone bosons in R, gauges.
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A.2 Regularisation procedure

For an arbitrary 1-loop diagram with n internal lines, the most general integrals in Minkowski 4-

dimensional space that we need to calculate have the following form:

d*k kL ke
27‘(’)4 DngDn ’

(A3)  Traeme :/(

Pn—1

where D; = (k+1;)* —m7 +ic is the propagator denominator of

the virtual particle i (with € > 0 an infinitesimal parameter) and

J n
rj:Zpi7 ’rn:Zpi:O, j:17...7n—1. (A4)
i=1 i=1
The external momenta are p; and the virtual particle j carries a 4-momentum (k + r;) and a mass m;.

These integrals are often divergent but the amplitude for a physical process must be finite. As such,
we need a procedure to make sense of these divergences. In this thesis we adopt the dimensional reqular-
isation method [50], where calculations are extended to d-dimensional space-time. In such space-time,
the Lagrangian has mass dimension d, and it is easy to verify that the coupling constant g (or g’) should
have dimension [g] = 2 — d/2. As it is more convenient to work with adimensional couplings, we

introduce a mass parameter ; and make the substitution

Il
i
|
QU

g — gu/?, € (A5)

With this, the 1-loop integrals have the general form

dik Rkt
THote = . A6
" / (27T)d DDy, ...D, ( )

The first step is to combine the products of denominators D; in Eq. (A.6) in just one common de-

nominator. This is achieved by the Feynman parametrisation technique:

1 1 1 1 2

:F(n)/ dxl/dxg.../ AT, 1 1 cmo2 =, n > 2.

ai...ap 0 0 0 [a1(1—$1)+a2$1(1—$2)+...+an$1...{1ﬁn,1]
(A7)
The loop structure of 1-loop diagrams with n propagators can then be rewritten as:
1 ! L 22 o

D™ (k. rim)= ——— =T /d .../dn, L i A8
(kyrisma) = 5 (n) | dovee | Ao s (A8)
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with the generalised 1-loop momentum and mass squared defined by

Pn = rl(l — J)l) + TR T )

(A9)
A, =—21(1 —21)A%2 + (1 — 21)m? + Bpay
where A,, and B, are coefficients defined by
Ap = Z?:_zl ri(1— )Hz 213] +7Tn (H?:QIJJJ) —T1s
2
By = = 005 (1= ) (12 —m?) Wby + (205 ri(1 — @)1 )
+ 21, (0 ) SO0 (1 — ) (Mzhay) + (Mo as) (2 (W 2)z; — 1) +m2) .
Applying a change of variables k — k 4+ P,, we then get the k-even function:
(n) 1 1 x111—2 Tn_o
D™ (k+ Py, riymi) =T dry . | dwpq A.10

From this calculation, it is obvious that all scalar integrals 7}, can be reduced to the family of integrals

dk k2
I, = — Al
=] G A (1D

The same is also true for tensor integrals [126], among which:

/ dk ket ~ o
2m)d k2 — A, +ig]™
d L LV d 2
/ o . mo lglw/ - - mo- (A12)
2m)d [k2 — A, + ic] d (2m)d [k2 — A, + i€]

The integration of the 1-loop integrals I,.,, is done in the complex plane of £°, yielding the result

(=) ar P o D24 — /2T (n—r —2+¢/2)
frn = (4m)2 (An> A I'(2—¢/2) T(n) ) (A.13)

which is valid for all values of d, except for those where the gamma function I'(n — r — d/2) has poles.

The divergences in the integrals are separated from finite terms analysing the limit ¢ — 0 (usual 4D
Minkowski space). The I'(z) function has poles for z = 0, —1, —2, ... and close to z = —m we have
()" 1 (—ym

I'(z) = eI + - Y(m+1)+0(z+m), U(z) = % InT(z). (A.14)

Thus, when € — 0, we get

T (e/2) = §+w(1)+0(e/2), (A.15)
T(—nte) = (*nl!)n [1w(n+1)]+0(e), (A.16)
[(l+e) = 1—67+(’y2+7r2/6)§+..., (A.17)
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where v = —¢(1) = 0.5772156649015329 is the Euler-Mascheroni constant. Using the above result, the
expansion in powers of ¢ of the relevant integrals I, ,, for this work are listed in Egs. (A.18) to (A.25).

For future convenience, these integrals are multiplied by appropriate factors ;.

' A,

/2] = L |A, —In 22 Al
WPl = g A~z + 000, (A18)
p3€2r o = LAH 2A.+1—2In An + O(e) (A.19)

’ 1672 u3 ’
3e/2 — i
1% 10,3 7327T2A% + 0(6) , (AZO)
fae — A, oA, —1-2mBn + O(e) (A.21)
Holy13 = 1671'2 n € n M?’ €), .
2¢€ _ {

12 1074 = 7967T2A% + O(E), (AZZ)

2ep L A2

1 ASTZA. +0(e), (A.23)

2, = J6A —5— 6l 2n + O(e) (A.24)

M 2,4 - 967T2 € /,1/4 l) -

2
Ac=-—7v+1Indr. (A.25)
€

It should be remarked that in our calculations we do not include explicitly the regularisation factors
1™ because their presence in the power expansions of € is inconsequential as long as all divergences can-
cel at the end of the calculation. The argument of the logarithms In A,, will then be kept dimensionless
by an appropriate (mass) normalisation of A,. After expressing our 1-loop amplitudes in terms of the
I, , integrals above, the last step in our calculations is then to perform the integrations over Feynman
parameters z1, ... z, and the simplification of the final result. (Almost) all calculations were performed
in Mathematica, with the help of FeynCalc [190].

For a more complete and gentle summary of the techniques used for 1-loop calculations, see [126].

80



Feynman rules with

Majorana fermions

We give here the Feynman rules used in our one-loop calculations. In all processes computed, we
followed the method reported in Ref. [191], which allows us to use the standard propagators and
avoid the explicit appearance of the charge conjugation matrix C. With these prescriptions, the rules
for propagators are the usual ones and external legs are taken following the flow defined in the fermion
lines. The rules for the SM vertex and propagators are taken from [189], with the sign conventions
Ne = —1nz =n = —1. In all Feynman rules considered, the momenta follow the direction of the corre-

sponding arrow and the compact notation sy = sin 6y and ¢y = cos Oy is used.

A* A-
Y 2i (YaUY) ., P, ' 2i (YaUY)", P,
L\(YaUL) . FL A L\YaUr ) R

/’\\ ///‘\\
E.j Vi 1ﬂ/ Vi

A+ A

v . v o
/\ 2\/§’L (YA)k‘.] PL /\ Qﬁl <YA>/»/ PR
Ej‘ 0, ﬁ] 143

Figure B.1: Feynman rules for Yukawa interactions between the heavy scalar triplet and leptons in the
type II seesaw model.

A, A,
g ie(py —p-)u g 2ie(pr+ — p—)u
p;, “P- pt;' P
At AT At A
Z, Zy
. g .9
] g Zisa'(p* - p+)/1, g ZT‘\TLH» - p,,>“<1 - 25%{;’)
PF, .‘{L W p;}', .‘!J W
AN A~ ATF AT~
W, W,
p;,év{) ’ig(p,, — D4 )u [)Jr;,é\p ig(p, — P+ >>/L
AN AT ATF A~

Figure B.2: Feynman rules for heavy scalar triplet gauge interactions in the type II seesaw model.
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Figure B.3: Relevant Feynman rules in the type I seesaw scenario. We use the short notation n; to denote
neutral fermions, either v; or N; [see Eq. (3.45)].

Finally, for the type III seesaw model, we present the relevant Feynman rules using the compact
notation defined in Egs. (3.118)-(3.128).

¢+

. Qﬁ* ) -
0 [n() n())] 8 [, (i)
+P, — 2 |p + P,
\/_MW |: R gLn[ aj L an( aj Y \/5]\/[[/1/ i L gL(n Bj R gR(n Bj
/\ AN
nj 63
[;{ ig | g\ g\ ] H ig | I 7\ |
foay Pl (), ) g [Pt e P ek
/\ wL vy "/ g /\ w L "/ 8] v/ Bj]
Yz —q r t . P Yz . . .
gy (P9, P (o) ’ Pa(o£),,+ P (95
//Y\ 2Mw | 9L, o T Ik, aj] X QMW i Bi L IRy Bi]

lo ; (0 %

Figure B.4: Feynman rules for interactions between fermions and scalars in the type III seesaw model.
In our notation, n; = v;, N; are neutral fermions and 1); = ¢;, E; are the charged ones.

=

- W, .

ig CC)T ( CC)T ig ( ) ( CC) |
Y \p ( P Y \p P
/}\ \/5{ R\ O'J'+\/_ L\ Ik aj /g\ V2 L\t Bi V2P I b}
77N TN
o n; n; s
o ig NV ve | S ig NC N
— | Pg (gL,s,;) V2P, (ngJ _ — | Pr (9@;) V2P (QR“) .
cw Y g aj | cw v/ Bj v/ Bj]
Eu q/}]' %‘ Eﬁ

Figure B.5: Feynman rules for gauge interactions with SM fermions, in the type IIl seesaw model. In our
notation, n; = v;, IN; are neutral fermions and v; = ¢;, E; are the charged ones.
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Type I seesaw form factors

In this appendix, we calculate the form factors corresponding to the diagrams which contribute to
the LFV processes ¢, — {37, 1t — 3e and p — e conversion in nuclei, in the type I seesaw model. We use

the Feynman rules given in Appendix B and notation reported in [192], namely:

Ds(z,y) = (1 —y)m? +y [M§, — ¢*z(1 - z)] —y(1 - y)p*, (C.1)
Dp(z,y) = (1 —y) My +y {m* — z(1 —2)} —y(1 —y)p°, (C2)
Dao(z) = My (1 — x) + miz — pia(l — z), (C.3)
Dog(a) = My (1 — x) +miz — pz(l — ), (C4)
Dy(z,y,2) = (1 — 2) M, + 2 {(1 —y)m; +ym?} + ..., (C5)
p=(—x)p+axp, W =(-a)mi+ami, q=pi—p2, (C.6)
2
ngﬂ;j’v, AJ:%, r:]\fgv, C.7)

where m, is the mass of the charged lepton ¢, (¢ = e, u,7); j = 1,...,n4 + n/ runs over neutrinos and
m; is the mass of the Majorana neutrino v; or N; (or quark g;); finally, p; and p, are the momenta of
external leptons /£, and /£, respectively.

The calculations were performed following the procedure outlined in Appendix A in the t" Hooft-

Feynman gauge ({w,z,4 = 1). We also define new useful notation for integrals:

1
Int(/(@)] = [ do f(@). &)
1 1
Int [£(z, )] = / dz / dy f(z,1) (C9)
1 1 1
Int[f(z,y, 2)] E/O dx/o dy/o dz f(z,y,2) . (C.10)

Finally, note that the matrix U in the type I seesaw corresponds to the full neutrino mixing matrix,

namely the combined result of the rotations in Egs. (3.38) and (3.44):
vV s ur 0 vuy SUN
g = PR (C.11)
R T 0o UN RUY TUN
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Figure C.1: One-loop contributions to the effective vertex ¢sl,Y (¢, # £3) in the Type I Seesaw scenario.

C.1 Photon-exchange diagrams

The diagrams which, at one-loop order, contribute to the effective vertex ¢5l,v (£, # {3) are shown

in Fig. C.1. We assume that ¢, and /g are on-shell but the photon is allowed to be off-shell. Using the

Feynman rules in Appendix B, and defining the effective vertex (z¢,7 as
h
ieA] = ie Z Aff) ,
the expressions for Aﬂ) are [omitting the external spinors @(p2, mg) and u(p1, mq)l:

Z'A(a) _ﬁU U*/ ddk (’Y,LLPL) (% +g/1 +mj> (ijL — maPR) '
L 9 B aj (2m)d [(k + p1)2 —m?] (k4 p1 — p2)? — MI%V] (k2 — Mgv] ;

A® 9 e dk (m;Pr —mgPL) (k+pi +my) (7. Pr) _
A,u 2 UBJUa] / (27r)d [(k+p1)2 —m?] [kz _ M{%V] [(k—i—pl —p2)2 _ M‘%V] ;

| / d’k (v Pr) (F+pi +my) (o PL) TP (=K, k + g, —q)
T @m) [(k+p1)? = m3] [k2 = M) [(k+py —p2)? — M)

with IV (p—,p+.9) = 9°"(p— —p+)p + 9" (p+ — 0o + 9" (0 —p-)p;

a9y U d'k_ (v Pr) (+ 16 +m5) (¥ Pr) (s + ma) Y ;
p g 17 ai / @) [(k 4 po)? — m?] (k2 — M) {m% - mi}

Ak v (h +mes) (3 Pr) (K -+ +my) (¥ PL) |
27T)d [(k+p1)2 _m?] [k2 _MI%V] [m?l _m%} 5

2
A = — iUBjU;j/
2 (
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(C.13)

(C.14)

(C.15)

(C.16)

(C.17)



d?k (m;jPr —mgPL) (ph + ¥+ mg) (m;PL — maPr) (2k + ),

fH—_I * .
ZA# - UﬁjU / (27T)d [(k +p1>2 _ m?] [k2 _ MX%V] [(k-l—q)? — M{%{/] ; (C18)
(9) 7 * dk (ijR - mBPL) (k +Z}é + m]‘) (ijL - maPR) (gé + ma) Vi
A\ UﬁyU / (2m)d [(k Fpa)? — m?] k2 — M2 ] {m% B mi} ; (C.19)
AR . [ d% v (i +mp) (mjPr —maPr) (k+pi +m;) (m;Pr, — maPr)
' UﬁjU / (2m)® [(k + pa)? = m2] (K2 — M| [m2 — m3)] -0

Applying the procedure outlined in Appendix A, we then obtain the intermediate expressions:

- 1 1
dxdyy dx dy
Ale) — _ *UE | —m2P P 23| C.21
=~ gaa¥ U0 |7 | Dyfay) TR J) Dy, 20
O UL UL, __mzpm ' ded yy v 2$Pr, | (C.22)
meo 3om? 7L )y Da(a, D3 T,y) o
AO = 9 e | P l3A —2 -6 da:dyyl Ds(z,y)
m 32 Tl | Mg,
(C.23)
U da dy y? _
TP | p gy Ve 2 P) P = 2001+ 2 = 20D)B + B — 200 0P}
1
Dap()
d 23
. (C.24)
B2 o Dop(x) Pt ma
- (ijR + mam@PL) A —2 | dx(l —z)ln ME m% — oz Yo s
h+m 1
A;(f) — 33 QUCKJUB] M% |:m? (maPR +’I’I’L5PL) {Ae —/O dx In [Dza(ai)]}
a B
(C.25)
D
p/l( 2Pr +maqmpPy) ( —2/ de(l—z)1 { 20( )]ﬂ ;
g2 1
dxdyy _
A(f) o ap P —9
1% 32 2M2 U JU,BJ (m R +m5 L) 0 D3(£L’,y) (pl + D2 yp)p,
1 1 Ds(x,
—3 (m?PR eramgPL) Vi <A€ — 2/ dx dy yln [ 3\(42 y)]> (C.26)
0 W

U da dy y?
0 D3($,y)
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2 1
A# 3972 UaJUl’J [Aﬁ 2/0 dr(1—z)In { Z‘TI?V HQPL 4771% — a%t ; (C.27)
2 ! Day () Ph+ms
AW = Iy Ae—z/ 1—z)ln |22 P .
u 293 Uas Ul ; dr(l —z)ln M2 | | emr = 2 mPr (C.28)

It is easy to check that these results are in accordance with the ones reported in Appendix B of
Ref. [192]. From the above results, one can see that divergences appear in Aﬁ) for i = ¢,...,h. The
divergences in diagrams (c), (d) and (e) vanish explicitly due to the unitarity of the (full) neutrino mixing
matrix, Z?i{vg U,jUg; = 0(u # B3), while the ones in Afo ), Ang ) and Aflh) cancel each other.

Carrying out integrations keeping only the leading order terms, we arrive at

h

2 2
g * q q
ALY =D AP = T6m2 CodUsitR {FW ) {_Mﬁvw * J%]} (€29
k=a
+ 1) (p1+p2) Tulht
+ Gy ()‘j) { (m mj)wz £ — (Sa + Sp) Yo — 29@}\4217 ) (C.30)
w w
where the F, (z) and G (z) are functions defined by:
o z(124 2 —T72%)  22(12 - 10z + z?)
F,(z)= — D0—2p 61— )1 Inz, (C.31)
x(1 — 5z — 22?%) 3z
= — Inz. 32
G () 41— z)3 21—zt " (C.32)
Finally, using the Gordon-decomposition identities in the form
@ (p2) [pA(p1 + p2)p — mi — poyumh] u(p1) = mal (p2)io,ueq u(pr) (C.33)
U (p2) [po(p1 + p2)p — M3 — Poyumh] u(p1) = mgti (p2) ioueq”u(ps) (C.34)
we can rewrite the effective coupling in a gauge-covariant way as:
. AY . 26 — af (.2
iel (p2) " (A)u(p1) ZZWU(M) [Fy (q Y — gqu) Py, (C.35)

- iaﬂquG;“B (mpPp +maPr)| u(p1) .

where F# and G¢# are functions of \; = m? /Mg, and the mixing matrix U defined by:

ng+ns

FP = " UaiUsi Fy(N) (C.36)
j=1
ng+ns

G = " UaiUpiGy(N) - (C.37)
j=1
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Figure C.2: One-loop contributions to the effective vertex (30,7 ({g # {,) in the type I Seesaw scenario.

C.2 Z-boson exchange diagrams

In the type I Seesaw Model, the diagrams which give one-loop corrections to the effective vertex

l5laZ (L5 # L,) are listed in Fig. C.2. The effective vertex of interest to us is defined as

k
I A =i TN A (C.38)

)
n
4 cos Oy 4 cos Oy —

Using the same steps as in the previous case, the contribution of each diagram in Fig. C.2 is:

A = — 26282 U, UL, / (;l:;d | (kﬂ(;’)f ) (kﬁ(’;ﬁ:pﬁ” ) (”;jPL M:T’UI;R)_ ek (C.39)
iND = — 26253, Uy U / (;li];d [ <k+gingﬁ2§Lj J(\%:]ﬁlktr”;i ) (7"?) veak (C.40)
i =200 [ o [<(131P;1)>gk—+$]+[k?i) VT Lo (4D
e [ e s
SR HH“ e
s St P
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d?k (mjPr—mgPr) (k+pk+m;) (m;PL—maPr) (po+ma) vu (PL—2s%)

zA(g =g*Us,; U /

(2m)° [+ p2)2 = m2] (k2 = M3,] [m3 — m2] +(C45)
e e
iA =g*UpiU7,Ciy / g kd %If . p(j = jﬂ?g:ﬂ = ;(ZS) (WPI:VL}) ; (C47)
iND = — g2, C / d'k_(m;Pr— 7[7(”05?;2()“9@;@) " l(iéﬂ% +]r;€3 (mzP;] malr) e

where I'f7 is the WW Z vertex defined in Eq. (C.15).

Expressing the above results in terms of integrals I, ,,, using the results (A.18) to (A.21) and defining

E Ui, we are able to obtain the following intermediate expressions for the amplitudes:
p=€,,T
1 1
drdyvy dx dy
AW — S Uz, U, | —m2P P 2 C.49
iz {72 vj | M PR o Ds(z,y) + Mo LRy 0 Dg(x,y)y P| ( )
1 1
drdyy dx dy
AY = LS s [ e C.50
Al A A e R A e (0

1
A©) = gCWU* U;tj{—wPL <3A6—2—6/ de dyyIn [ 3(@, y)D
0

872 M2
(C.51)
' dx dyy? _
T Pr |y L~ 20 P) P = 20n 4 02— 20D+ B — 2+ 0P |
2
d g - D2/3( x)
AEL) = — @UajUﬂj {—2 (m?PR + mamgPr) ( / dz(1 {
: o [Das@) ) 2 e o 2
+ mj (maPr+mpPr) [ Ac — ; dzln MZ m[% o fyﬂ (P —2sin” 0w) ,
200U + 1 D
AR = -4 =y (PL—2siy) p/12 mﬂ? {m§ (maPr +mpgPp)x (AE_/ drin { 2a2($)]>
v e ’ M ey
) .
_ ( 2PR + mampPr) x <A6—2/ dz(l —z)ln [D2a2($)]>} ,
0 My,
AU — 9’ _9g2 2 (0 P p Ydzdyy 2
T 16m 2M2 Ua;Ug, ( SW) mj (maPr +mpPL) o Ds(z,9) (p1+p2 — yp)u .
L ' Ds(,y) Vd dyy? _ '
z(ijR—kmamgPL)yﬂ(Ae 2/0 dz dyyln{ Mz 2 '\ Ds(z,9) (p1+p2—2yp), P ¢
1
I Das() Hﬁ tm
A = 67 2U Uz/j{AeQ/O dz(1l —z)In [M%V Pelr m3 mg S (P — 25%) (C.55)
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2 ! Do (x . +m
Agl) = 1gﬂ2 U;lefj {AE — 2/0 dz(l —z)ln [ ;43(‘/ )] }7u (PL — 2sin’ 6 ) ZIQ imPL , (C.56)

2 *
w9 UaiCiiUg; Yo dy®
AL) =67 P ' Daren) (0 —YP)Vu (e —yP) +u | A dxdy In Dsp(z,y)| ¢ , (C.57)
1 1
dx dyy drdyy

AD = Cm2m2e P, | WY 2 [ _4XWY o P

167 QU‘XJCWUBZ mm; YL o Dsp(z,y) + mpm; o Dsr(z,y) (Hé yﬁ)'ﬁt L

! dx dyy ! dzdyy

+ mam?’yuPL ) (g/l - yﬁ) - mamBPL

0 D3F(I7y

) (2 — vP) v (04 — yP) (C.58)

0 Dgp(l‘,y

(03 P '
_% {A6—1—2/ da:dyylnDsF(%y)H :
0

Again, the above results confirm those in Appendix B of [192] and show that there are no overall
divergences. Indeed, the unitarity of the neutrino mixing matrix ensures that divergences in diagrams

(e), (1) and (k) vanish explicitly, while the remaining cancel each other:
Div (A< >) + Div (A@) ~0, (C.59)
Div (A) + Div (A% ) + Div (A®) =0. (C.60)
Simplifying the results and carrying out integrations at leading order, the results read:

h 2 2
YA = fs?UajUngZ(AjmpL, AB 4 AD — fﬁUajcﬁUgiGZ(AijL, (C.61)

m=a

where Fz(z) and Gz(z,y) are defined by

5T 52
FZ(m):_2(1—x) EETIE Inz, (C.62)
__ 1 [®#0-y o -
Orten) =~ =y |y e~ Ty 0 (€69

Combining the above results, we can finally write the effective ¢35/, Z vertex as:

3 o ngtns
g z _ 9°Fy af _ TS , N A\
deosOy M " 3972 cos Ou YuPL Fy" = j;l UajUsi [0;iF7z(Aj) + CjiGz(Aj, \)] - (C.64)
Finally, note that in the limit of a degenerate mass spectrum, my, = my, = ... = my, and for

my > My, the form factor Fig” in the previous expression simplifies to
ng+ns . _ 2
FoP > UajUsFz, with Fz=[Fz(Ay)+2Gz(0,Ay)] and Ay = (C.65)

Jj=ng+1

in agreement with Ref. [172].
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Figure C.3: d-box type diagrams that contribute at one-loop order to pi-e conversion in nuclei and to
p— L ¢} decays, in the type I seesaw scenario.

C.3 Calculation of box diagrams

In this section we outline the calculation of the box diagrams that contribute at one-loop order to
p-e conversion in nuclei and to p — £ ¢ ¢} in the type I Seesaw model. In u-type diagrams (Fig. C.4)
participate virtual quarks (d, s, b), while the quarks taking part in d-type diagrams are (v, ¢, t) (Fig. C.3).
It is important to remark that the final result for d-type diagrams remains valid when the d-quark is
replaced by charged leptons and virtual (u, ¢, t) quarks by neutrinos, in which case the quark mixing

matrix V' = Ve is replaced by the leptonic mixing matrix U in Eq. (C.11).

A similar notation to Ref. [172] is used in our final results, which are in complete agreement with it.

C.3.1 d-type box diagrams

At one-loop order, the relevant d-box diagrams are the ones represented in Fig. C.3. Using the

Feynman rules in Appendix B, the invariant amplitude z’Ag) of each diagram is:

d*k [u(p2) (o Pr) (K+ph +m;) (voPr) u(p1)]

(a) g4

(2m)* [(k +p1)2 —m?2] [k2 — ME]
(C.66)
[@(pa) (77 Pr) (K + ph +mi) (v?Pr) u(ps)]
[(k +pa)? = mZ|[(k +p2 — p1)? — My,
I 9' U2 U Vau, Vi, /d4k [@(p2) (m;Pr —mgPL) (K+ph +my) (v,Pr) u(p1)]
d 4 (2m)* [(k+p1)? —m?] [k2 — M| cen

[@(ps) (v*PrL) (K +ph + mi) (mi P, — maPr) u(ps)]
[(k +pa)? —mZ][(k +p2 — p1)* — M| 7

90



A g4U;jU5deu,¢Vd*ui /d4k [ (p2) (7pPr) (k +m+ mj) (m;Pr, — maPr)u(p )]
¢ 4 (2m)* [(k +p1)? = m3] [k? — M§/]
(C.68)
[@(pa) (miPr —mpPrL) (F+pa + mi) (v, Pr) u(ps)]
[(k +pa)? = mZ] [(k 4 p2 — p1)? — M/ ’
A :g4U;jU5deuin*ui /d4k u(p2) (mjPr —mgPr) (k+ ph +m;) (m; Py, — maPr)u(p1)
d 4 (2m)4 [(k+p1)? —m2] [k2 — M|
(C.69)

U(ps) (miPr —mpgPr) (F + ph + mi) (miPL — ma Pr) u(ps)
[(k +pa)? = mZ][(k +p2 — p1)? — M| '

where m; is the mass of Majorana neutrinos v; or N, and m; is the mass of the virtual quark v;.
Using dimensional regularisation and simplifying the result neglecting external masses, we are able

to get the following intermediate expressions:

a ! Z_l . __
A&) 35 3UaUp; Vau, Viu, / dx dydz D((y))[u (pa) vpPru (ps)] [@ (p2) v Pru (p1)] ; (C.70)
A0 I dddgf P T (py) AP P .71
d a2 YailsgiVau, Vi, | axdydz—s [@ (pa) vpPru (ps)] [@ (p2) v* Pru(p1)] 5 (C.71)
64n2 M2, D2(z,y,7)
N = ey Ues ViV Vi / da dy dz i( =1 @ (pa) 5o Prs (p3)] [7 (02) 1" Prs (p1)] . (C72)
1287 2M4 aj¥giVdu;Vdu, DQ( ) P

Performing integrations and summing up the above contributions, we then arrive at the final expression

for the d-type box diagrams:

4

Aa = g [1(pa) 7 Pru (ps)] [0 (p2) 7 Pru (p1)] Fifh (€73
where the newly introduced form factor Fda]_f Odf is defined by:
Fé’fxdd = UojUg; Vau, Vi, FaBox(Aj, Ai) (C.74)
Fapox(®:y) = =73 {(1 + $4y) L i yha $2z>2 ey iy - yzy)2 lny} (C.75)
-2 |5 e o g )
Finally, note that in the limit of a degenerate mass spectrum, my, = my, = ... = my, and for

my > My, the form factor F5 in the previous expression simplifies to
Ng +ns

F]gfxdd Z Uag Ugj FdBox 3 with ﬁdBox = [FdBOX(ANa 0) - FdBox(O, 0)] . (C76)
J=ng+1
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Figure C.4: u-box type diagrams that contribute at one-loop order to yi-e conversion and to yu — £ £; €,
in the type I Seesaw scenario.

C.3.2 u-type box diagrams

The relevant u-box diagrams are shown in Fig. C.4. Similarly to the calculation of d-box diagrams,

the invariant amplitude iA) of each u-box diagram is:

d*k [u(p2) (o Pr) (K +pi +mj) (Yo Pr) u(p1)]

4
iAT(La) :gZU;jUﬂjVudi Jdl/

(2m)4 [(k+p1)? —m3] [k2 — My
(C.77)
y [@(ps) (v*Pr) (s — K+ mi) (77 Pr) u(ps)]
[(p3 — k)2 =mZ] [(k +p1 — p2)? — M|
A - 9'U5;UsiVaa, Vi, /d4k [a(p2) (m; Pr — maPr) (K + i +my) (3,Pr) u(py)]
“ 4 (2m)* [(k +p1)? = m3] [k? — M§/]
(C.78)
y [@(ps) (muPr —miPr) (ps — ¥ +ms) (v* Pr) u(ps)] )
[(p3 — k)2 —mZ][(k + p1 — p2)? — M§/] ’
a@ — _ 9'U5UsiVaa Vi, /d4k [@(p2) (voPr) (K + i + my) (m; P, — maPr) u(py)]
“ 4 (2m)* [(k +p1)? —m?] (k2 — M
(C.79)
y [@(ps) (vpPr) (K + ph +mi) (muPr — mi Pp) u(ps)] ,
[(k = p3)? —mZ] [(k + p1 — p2)? — Myy] ’
" :g4U¢;jUﬁjVud1VJdi /d4k u(p2) (m;Pr —mpPr) (F+ph +m;) (m; PL — maPr)u(p:)
u 4 (2m)4 [(k +p1)? —m?2] [k? — M3/] 50

U(ps) (muPr — miPr) (k + ph + mi) (muPr — mi Pp) u(ps)
[(k —p3)? —mZ] [(k +p1 — p2)? — M| '

where m; is again the mass of Majorana neutrinos and m; is the mass of virtual quarks d;.

92



After applying dimensional regularisation and simplifying the result neglecting external masses, we

obtain the intermediate expressions:

4 1
@ _9 g+ .. * =z o P 2 [ Pp C.81
Ay SWQUagUﬁJVudiVudi/o dx dydz AR [@ (pa) vpPru (ps)] [@ (p2) ¥ Pru (p1)] (C.81)
N“Lﬂmm%”%Vﬂf/M@MuﬁﬁmePw%MMMWEMM] (C82)
u 64 2M2 g Yua; Vud DQ( ) P 9
AD = g Uz,U d dyd 202 P 7 rp C.83
W 3 Vud; Vaa, [ dxdy D2y, 2) [@ (pa) vpPru (ps)] [@ (p2) v Pru (p1)] . (C.83)

As for d-type box diagrams, summing up the above contributions and carrying out integrations, we

obtain the final expression for u-type box diagrams:

4

w = S [0 (00) Y Prn (ps)] [ (52) 77 Pros (p1)] FSO™

where Fox(z, ) is a function defined in an analogous way to Eq. (C.75):

ng+ns
FEli = 3" 3" UajUpVaa, Vi, Funox(Ajs M) (C.84)
j=1 1i=d,s,b
1 Y 1 x2 1 y?
Fupox(,y) = {(4 7) Inz— - 1
Box(®:9) P I P e e R )
(C.85)
1 T 1 Y
-2 Inz — — 1 .
Y L—y+ T-o2 "1y (-7 ny”
Again, in the limit of a degenerate mass spectrum, my, = my, = ... = my, and for my > My, the
form factor F37"" in the previous expression simplifies to
Ng+ns N B
FElit e > UajUjjFubox;  with  Fupox = [Fubox(An, 0) = Fupox(0,0)] . (C.86)
J=ng+1

in agreement with the result in Ref. [172].

Finally, note that the result for d-type diagrams remains valid when the d-quark is replaced by a
charged lepton v and the virtual (u, ¢, t) quarks by neutrinos. The quark mixing matrix V' = Vcku is

then replaced by the leptonic mixing matrix U and, in the interesting case ¢ =3, the relevant function is

ng+ns
FRhtP = Z UajUg;UsiUg Fapox (Mg, Ai) (C.87)
1,0=1

which, in the limit of a quasi-degenerate and large masses regime, A; >> 1, is simplified to:

ng+ns
FliP =2 3" UajUpb;Fapox - (C.88)
Jj=ng+1

with ﬁdBOX defined in Eq. (C.76). This result agrees with that in Ref. [172].
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Type II seesaw form factor

calculation
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Figure D.1: Diagrams that contribute at one-loop order to the type II seesaw form factor.

In this appendix, we calculate the effective vertex (g, (o # {3) at one-loop order in the type I
seesaw model. This vertex receives contributions from the diagrams shown in Fig. D.1 and, similarly to
the type I seesaw scenario, the leptons ¢, and ¢3 are on-shell while the photon is allowed to be off-shell.

The definition of the effective vertex /3f,7 is also the same as in the type I seesaw:

h
ieA) = ie » A (D.1)

m=a

Using the Feynman rules in Appendix B, the amplitudes of the diagrams can be written as follows:

@ — . 'k Pr(k+pp+me)vu (F+m+mo) P

A = 8085 ) [ o (O + p2)? —m2] [k +p1)? — m2] [& — M3 (B-2)
AA®) — _ . d*k Pr(k+pi+me) PL(2k+q), '

A# = -16 (YA)ﬁa (YA)aa /(2ﬂ)4 [(k‘ +p1)2 _ mg] [(k + _p2)2 _ Mi,,] [k?Q_Mi,,] ) (D3)
iAD =8 (Ya)s, (Ya)ao / Pk Pe(F+ gt mo) P g+ mo) vy (D.4)

Gt [ — g | (0 +pa)? —ma] (k2 - ME ]
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AL = 8 (8)5, (a),, [ [m;i (Z%T[Zi) jzj% E{T_)A‘Z — 03)
0 =4 (02n), (407, [ el -]
iAE‘f) =4 (UZTYA)ja <YATUE *)m / (3;1;4 [m%PR Efgj ?:;”;Z;PL i?;];:j . 7\5&_] ; D7)
N9 =4 (UZTYA)ja (YATUZ*)M / Pk (gt m) Pe (B4 g+ my) o (D.8)

Cm [img, — ma] [(k+ 1) —m2] [k2 - MZ_]

Next, to perform the integrals, we apply dimensional regularisation and expand the resulting squared
masses Ay [remember Eq. (A.8)] in terms of leading and subdominant contributions. After a rather

lengthy calculation, one gets to leading order (in lepton masses)

YA) 50 (YA)wo YuPL 1 5r Sa+Ss
(a):(Aﬂa ao K - 90 [eY B r
Ay 4r? {Ae [2 8 %t T3 +3f(T’S")]}
(Ya)so Ya)aw PR [ 5 f(r,S,)
2m2 M2 __ {36 T % ] (PAvuh + vupk) (D.9)
(Ya)go Ya)uo wPr (17 f(r,S,) L f(r,Ss)
{5 25 ) — 55+ 22 G |
YA) 50 (YA) wo YuPL 1 4r So+ S
(b) _ ( A Bo oo K = = « B
Ay 272 {AE <2 MR )}
(D.10)
(Ya)zo (YA) 4o Pr
BT TCyye (DAP1y + SPAD2 + SpeD1u + DoD2u)
2
(Ya) 3o (Ya) uo 70 Pr 1 So+ 5 (Ya)s, (Ya)
(c)+(d) _ Bo ao Tk L «@ B Bo ao D.11
A,u 47.‘,2 |:Ae + (2 So‘ + 3 >:| 12772MZ__ PR(g/z’yum) 5 ( )
a0 _YaUDG; OaUD oy wPL [ (3 1 Sa S
e 82 € 2 3 3 3
(D.12)
(Ya) 3o (YA) oo Pr
: (5php2u — THeP1IL — DAD2u + 31AD1L)
127202 DeP2u — TP — BhiP2u + SPiP1u
(YaUL)5;(YAUE) o vu P 1 Sut S5\ (Va)(Ya)w
AELfH_(Q) == ’ 872 : |:A€ <2_)‘J+ 3 ):| - 247T.2Mi_ PR(H/Q’YHZ%) ’ (D13)
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where f(r, S;) is the function defined by

48, 25, 45,  r+4S, ++/1
Se)=—+1InS, 1—— l——In——n———"+. D.14
f(r,Sq) r o +( T ) v r+4S, —r ( )

It is now straightforward to obtain the contribution of the doubly-charged scalar to the effective
coupling by summing up the results of the first four diagrams. We arrive at the expression
d

AGTD S 3T AG SIABT) L2067 (D.15)

i=a

with
- (Ya)s, (Ya)
1z (A o Bo ao 2 v
NS = g 8@~ )P (D.16)
- Ya)s, (Ya), ,
2A1(LA ) = —()g# [(mpgPrio,u,q" + maPrio,.q"] . (D.17)
62 M5 _

which is clearly gauge covariant, as expected. In the same way, it is easy to calculate the contribution of
the singly-charged scalar, corresponding to diagrams (e), (f) and (g) in Fig. D.1. The result reads:
4

AGT 2 SOAD ZTABT) 2087 (D.18)

i=e

with
- (Ya) 5 (YA) oo ,
1AE¢A ) = _M}Wi(qzw - q.9.7")Pr , (D.19)
- Ya)go (Ya) oo ‘ .
2A§LA ) — 7% [mﬁPLZprqV + mozPRZU;u/qV] ) (D20)

8 x 6m2 M3 _
Finally, gathering the two contributions, the one-loop form factor for the type Il seesaw model is:

g

A, = z_: AD =TA, +32A,, (D.21)

with
W, - (YA)Zg ;zmw <12 Jéfi fj\(;;ﬂ) (@4 — anaor” )P (D22)
%, = —<YA)Z“3’7§: 8ac < - Mlg + M§1> M PLicuq” + maPricuwd”] . (D.23)

This result is in complete agreement with that of Refs. [177-179].
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lo — Ly decays in the type

III seesaw model

y
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Figure E.1: One-loop diagrams contributing to ¢, — €3~ in the type III seesaw model.

In this appendix we outline the essential steps followed in the one-loop calculation of the ¢, — £z
decay width in the type III seesaw. We assume that ¢, — 5 is an on-shell transition and the calculation

is done in the mg — 0 limit. As such, its amplitude can be written as [193]
iT (la = Tgv) = 2A x [W5 (p — q) [ig"e*ox, Pr] ua (p)] , (E.1)

where ¢ is the photon polarisation, p,, is the £, lepton momentum and g, is the photon momentum.

Using the Gordon decomposition (C.34), we can rewrite the amplitude in a more appealing way as:
iT (€ — €gy) = 2A X [ug (p— q) Pr (2p - € — maf) ua (p)] - (E2)

We thus see that we only need to calculate the p - € terms. The remaining terms (proportional to ¢) can

be recovered from the p - € terms through Eq. (E.2). The decay width is thus:
T (¢ —>T)—"lgf|A|2 (E.3)
a BY) = . . .

In a mass eigenstate basis, the diagrams that contribute to £, — £~ are shown in Fig. E.1.
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Those with photons in external legs are omitted in Fig. E.1 since they only contribute to cancel the
divergences in the remaining diagrams (similarly to what happens in the other seesaw scenarios). In

fact, their invariant amplitude is proportional to v,e* = ¢.

We followed a notation and a procedure similar to that of Ref. [186]. We grouped the fourteen

diagrams in Fig. E.1 according to the internal fermion and the calculation was performed in the "t Hooft-

m

Feynman gauge, up to order O (—ZD), where M is the Dirac mass matrix Mp = vYyx/v/2 and My is

ms

the triplet mass matrix. The amplitudes for each set of diagrams are then the following;:

6 O () P (2p € — o) e ()] (U U, (W, VD) P (1)
Vj \/§ 167'(‘2 vv ﬁj vv Jjo J (E4)
v v v v T
+ (62 UOWUL)Bj (UOWUL);Q Fy (wl/j) + (UOW UL)BJ‘ (EEUOWUL)]'Q Fy (ij)} ’
78— e () P20 € — o) ua ()] { (MM (ME'M),,, Fiuon,)
Nj \/i 16772 D P BJ b Jjo J
+ {(MLM;)M (M5'Mpe®) . Fs(wy,)+ (EEMEMgl)M (M5'Mp) . Fi(wn, )] wn,
(E.5)
1 T i
T s T — 1\ v * diag.7rvt
+2MI%V|:(MD)ﬁj(E MD)ja+4 (MD)M(ME M, (UF)" M Uy >ja]F5(wa)
1 * .
D) v\ ydiag. v\ T T —1
+2M§V{<MD€ )Bj(MD)ja +4(ULM”mg (UL)" MpMs, >ﬂj (MD)jO‘]F6(wNj)} ’
7,1, GMema
Ty 7" = ~3 Ton2 [@s (p = q) Pr (2p - € = maf) ua (p)]
{ (MIM) | (MMb),, [Fr () + Fi ()]
7 (E.6)
— (MEM) | (Mg'M) (A (o) + Fs ()]
- (MHMG!) | (M Me®),, [ o)+ Fa ()] |
riter = _CE € 5o — ) Pr (- c — mad) e ()] (%) 1, G (11 he) (E7)
2 \/5 1672 @ B \P —4q) rR(4p o a \P Ba YNy ) - .
In the above expressions, we have defined the adimensional quantities
m2. m%. mi m3 m%. m%
by = — = 2 ===, hy = —3, = L hyn, = 2 (E.
Wy, M&V WN; M%V 22 M% J M%I ZN; M% N M%I ( 8)
along with the loop functions
10 — 43z + 7822 — 4923 + 42* + 1823 log(z)
2(5 — 24z + 3922 — 2023 + 622 (—1 + 27) log(x
Fy(z) = ( 300t ( ) log )), (E.10)
7—33 57x% — 3123 + 62%(—1 + 32)1
Fy(n) = X+ 57 x® + 62%(—1 4 3x) og(gc)7 (E11)

3(1 —x)*
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—38 + 1852 — 24622 + 10723 — 82* + 18(4 — 3x)2? log(z)

Fy(z) = —r , (E.12)
Fs(x) = S 3$32(;rfi’)4 b log(r) g (E.13)
Folr) = 7 — 12z — 322 +§(x13_366)i(2 + 3z) log(z) ’ (E14)
Folw) = 40 — 46z — 322 + 2I;(Irj:z;;j 18z(4 — 3x) log(x) ’ (E.15)
Fo(z) = x(—16 4 45z — 363:;(—; ixi)—: 6(—2 + 3z) log(z)) ’ (E.16)

Folx) = z(2+ 3z — gx(i i—i;’:— 6z log(z)) ’ (E17)

G(Zgj, hgj) = (5j[3

(1 — 20082 ew) (F5[Z[j) + FG(ZZJ,)]
ja{ (1 — 2cos? HW) [F5(Zgj) + Fﬁ(zgj)} +8 (1 — cos? GW) [F(;(Zgj) - F5(Zgj)] (E.18)
+

+

% [Fg(Zgj) - Fg(Zg].) - 3Fg(hgj)} } .

Since z(;, hy;, w,; < 1, as a good approximation we set the flavour conserving quantities z,, and

he, to zero, keeping only leading-order terms in the flavour-changing quantities w,, i.e.

Fi(w,) = = —w,. (E.19)
Fyw,) = 3w, (E20)
Fi(w,) ~ 1w, (E.21)
Glzg, hy,)) =~ C= % (cos® Oy — 2) ~ —6.56 . (E.22)

With this approximation, the final expressions can then be obtained after summing over the internal

fermion states j and neglecting O [(mp/msx)"] terms, with n > 2. We arrive at the expressions

¢~ W™ ¢~ W™ G%M € —
T =) 17" = _W@ma [up (p — q) Pr(2p - e=maf) ua (p)]
J (E.23)

<[5 63 m i (011, ]

o o GSM ¢ .
T =T = e [T (0 = 0) Pr (22 = maf) ua (p)

J . (E.24)
x [ 3 (€)pa + 2 (M},Mgl)ﬁj (M5'Mp) , A(w,)| ,



GSM e -
TPIes =3 T = e g [T (P = ) PR (2p e —maf)ua 0] ()5, X O (B25)
J

GSM e
Z,H, Z,H, __
TE ¥z = zj:TEj 7= _%Wma [uﬁ (p_Q) Pr (2p'5_ma¢) U (p)]

(E.26)
4 s =1 1
X {3 (€7) g + Z (MDMZ )Bj (Mg'™Dp),, {B(ZNJ) + C(th)} )
j
where the following definitions have been used:
—30 + 153wy, — 1982%,. + 7523 + 18(4 — 3wy, )2%. logwy;,
A ) = 4 2 ? e 4 E.27
(wNJ) 3(wN7 — 1)4 ) ( )
33 — 182y, — 4523, + 3023, + 18(4 — 3z, ) 2N, log 2,
B(zn,) = : : . - : E.2
(ZNJ) S(ZNJ — 1)4 ) ( 8)
=74 12hy, + 3h%, — 8h%; + 6(3hn, — 2)hy, log hy,
hy,) = d 2 2 d d - E.29
The result for the total amplitude is then:
GIM e
T(la —Lgy) = *W@ma [us (p — ) Pr (2p - € — maf) ua (p)] (E.30)
13 b)) v vt
X §+C (e )Ba—Zwuj (UL) ; (UL )ja—k
J

Z (MLM;)M (M5'Mp) {A(wNj) + B(zn;) + C(th)} } ,

2
which is valid at O (%) If we assume that the fields N; are very heavy, wy;, zn;, hy, > 1, we can
z . . .

take the additional limit wy;, 2n,, hn; — oo, which leads to the result:

G3M ¢
T (lo — L) = _% 16772ma [us (p — q) Pr(2p - € — maf) ua (p)]

(E.31)

x l (1; + C) (€) o — Zj:wyj (U85, (Ugf)ja] .

100



	Acknowledgments
	Resumo
	Abstract
	Contents
	List of Tables
	List of Figures
	List of Abbreviations
	1 Introduction and motivation
	1.1 Historical introduction
	1.2 Motivation and thesis outline

	2 The Standard Model of particle physics
	2.1 Field content and Lagrangian
	2.2 Higgs mechanism
	2.3 Fermion masses
	2.4 Electroweak currents and fermion mixing
	2.5 Summary of the SM

	3 Neutrino masses and seesaw-type models
	3.1 The Dirac-Majorana mass term
	3.2 Lepton mixing and observables
	3.3 Seesaw mechanism(s)
	3.3.1 Type I seesaw mechanism
	3.3.2 Type II seesaw mechanism
	3.3.3 Type III seesaw mechanism

	3.4 Low scale seesaw, MO(TeV)
	3.4.1 Electroweak hierarchy problem
	3.4.2 Direct lepton violation


	4 Phenomenology of seesaw models
	4.1 Type I seesaw model
	4.1.1 Charged-lepton flavour violating processes
	4.1.2 Unitarity of the lepton mixing matrix

	4.2 Type II seesaw model
	4.2.1 Charged lepton flavour violating processes
	4.2.2 MW and the  parameter
	4.2.3 Experimental signatures of scalar triplets

	4.3 Type III seesaw model
	4.3.1 Charged lepton flavour violating processes
	4.3.2 Unitarity of the leptonic mixing matrix


	5 Summary and conclusions
	A One-loop calculations
	A.1 Beyond the unitary gauge: R gauges
	A.2 Regularisation procedure

	B Feynman rules with Majorana fermions
	C Type I seesaw form factors
	C.1 Photon-exchange diagrams
	C.2  Z-boson exchange diagrams
	C.3 Calculation of box diagrams
	C.3.1 d-type box diagrams
	C.3.2 u-type box diagrams


	D Type II seesaw form factor calculation
	E    decays in the type III seesaw model

