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Abstract The mass of Θ+ in the qq−q−qq configuration is calculated by using a potential composed

by a Coulomb potential originated from the One Gluon Exchange (OGE) and a double Y-mode confining

potential extracted from the flux tube model. It is shown that the mass of the negative parity state of Θ+

is 1.935GeV, which is more than 300MeV higher than the reported experimental value of 1.540GeV. While

the positive parity state of Θ+ has a mass of 2.082GeV, which is consistent with the result from the Lattice

Quantum Chromodynamics (LQCD) calculation. With these masses, the reported Θ+(1540) cannot be

confirmed as a pentaquark state.

Key words pentaquark, flux-tube model, Y-mode confining potential

1 Introduction

Since LEPS Collaboration at SPring-8
[1]

an-

nounced the discovery of a sharp resonance with M =

1.54±0.01GeV and Γ < 25MeV in the γn→K+K−n

process in 2003, much attention has been attracted

to this aspect. Many experimental groups, include

ITEP (DIANA), JLab (CLAS), ELSA (SAPHIR) et

al.
[2—4]

started to re-analyze their old data sets and

also found a peak around 1.54GeV. These findings

strongly support the existence of a resonant state

called Θ+. Because the baryon number and the

strangeness of the state are all +1, and there is no

Θ++ found in the experiment, the Θ+ cannot be a

normal baryon which is composed by three valence

quarks only. Thus, the minimal constituent of such

a state should be uudds, and this state probably

is an isospin singlet state. Other quantum num-

bers, such as the angular momentum and parity,

are still under investigation. By contrast, HERA-

B and some high-energy experimental groups
[5—7]

re-

ported that no evidence of Θ+(1540) has been found.

In order to confirm the existence of Θ+, high sta-

tistical experimental data are requested. In fact,

the CLAS Collaboration at JLAB recently declared
[8]

that their newly obtained high statistical data sets in

the γ + d → p + K− + K + n process at g10 and in

the γ+p → π
+ +π

− +K+n process at g11 no longer

showed the structure around 1.540GeV reported by

CLAS and SAPHIR in 2003.

Theoretical study of pentaquark can be traced

back to the end of 1970’s when the pentaquark was
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predicted by using the MIT bag model
[9]

. In recent

years, the interest in studying Θ+ was aroused by the

chiral soliton model prediction
[10]

, in which a reso-

nance with S= +1, JP =
1

2

+

and Γ 6 15MeV, should

exist as the lightest member of anti-decuplet multi-

plets. After LEPS’s first observation of Θ+, many

theoretical studies on Θ+ have been carried out, such

as cluster quark model
[11, 12]

, Quantum Chromody-

namics (QCD) sum rules
[13, 14]

, un-clustered quark

model
[15, 16]

, Lattice QCD (LQCD)
[17, 18]

calculations,

and etc. The results from these investigations are

quite different. No matter the resultant mass of Θ+

is higher than
[16, 18]

or is just around
[11, 13]

the ex-

perimental value of 1.54GeV, the parity and the the

narrow width of Θ+ are still mysteries. The LQCD

calculations also differ in result. Alexandrou et al.
[17]

found that the masses of Θ+ are 1.603± 0.073GeV

for the negative parity state and 2.36±0.13GeV for

the positive parity state. Takahashi et al.[18] asserted

that the mass of the lowest positive-parity 4q−q̄ state

is about 2.24GeV and no compact 4q− q̄ state exists

below 1.75GeV in the negative-parity channel. And

Mathur et al.
[19]

and Kieran et al.
[20]

showed no evi-

dence for bound pentaquark.

Apparently, the mass of Θ+ is closely related to

the structure of pentaquark itself. Based on the flux-

tube picture, Takahashi et al. suggested a double-Y-

type flux tube confining structure
[18]

, see Fig. 1(a),

while Alexandrou et al. proposed a three-Steiner-

point confining structure that can provide a minimal

flux-tube length for a 4q− q̄ system
[21]

, see Fig. 1(b).

Song et al. conjecture that a stable structure of pen-

taquark should be a tetrahedron form
[22]

. We also

compared some of those models originated from the

flux-tube picture in a simplified way
[23]

.

In the next section, the brief formalism is given.

And the result and discussion are presented in section

3.

2 Brief formalism

In the framework of the flux-tube model, a sim-

ple potential form, where the linear confining poten-

tial originated from the flux tube is supplemented

with a Coulomb potential induced by the one-gluon-

exchange (OGE), was employed for the meson and

baryon calculations
[24]

. That potential picture was

lately verified by the LQCD calculation
[25]

. For a mul-

tiquark system, the flux-tube model suggests a multi-

Y-shape flux-tube confining picture
[17, 18]

. Now, we

extend our baryon spectrum study in the flux tube

model
[26]

to the calculation of the masses of Θ+ in

both positive and negative parity states in a two-

diquark cluster configuration
[11]

. The corresponding

pentaquark configuration is qq− q̄−qq as shown in

Fig. 1(a). In this configuration, two pairs of q-q form

two SUC(3) 3̄ representations, respectively, and then

they are combined with the antiquark q̄, which is

also in the SUC(3) 3̄ representation, in a color singlet

state.

Fig. 1. Flux-tube configuration for pentaquark.

(a) double-Y-type ansatz
[18]

; (b) three-Y-type

ansatz
[21]

.

The potential used for Θ+ study is in the form of

a double Y-shape confining potential supplemented

with a Coulomb potential
[27]

. Then, the Hamiltonian

of pentaquark can be written as

H =T +V Coul +V conf
Y , (1)

with

V Coul = αs

∑

i<j

T a
i T

a
j

|ri−rj |
, (2)

T a
i = λa

i /2 being the color Casimir operator of the

ith quark, and V conf
Y being the double Y-mode con-

fining potential originated from the flux-tube model

calculation in the adiabatic approximation,

V conf
Y = bY(LY1

min+LY2
min)+C

Y
5q, (3)

bY the string tension, CY
5q an overall constant, LY1(Y2)

min

the minimal length of the flux-tube linking two quarks

in the same q-q cluster and the antiquark. The gen-
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eral form of LY1(Y2)
min is

[28]

LY1(Y2)
min =

∑

i

| ri−r0 |, (4)

where r0 is the coordinate of the junction point. The

rule for finding the location of the junction point r0

is the following: If all the inner angles of the triangle

with the two quarks in one diquark cluster and anti-

quark sitting at the apexes of the triangle are smaller

than 2π/3, the junction point is located inside the

triangle and the angles spanned by two flux tubes are

2π/3. If one of the inner angles of the triangle would

take a value equal to or greater than 2π/3, the junc-

tion point would be located at that apex. Let the

lengths of the three sides of the triangle be a, b and

c, respectively. LY1(Y2)
min then can be expressed as

LY1(Y2)
min =















































[

1

2
(a2 +b2 +c2)+

√
3

2
×

√

(a+b+c)(−a+b+c)(a−b+c)(a+b−c)
]1/2

if all the inner angles are smaller than 2π/3,

a+b+c−max(a,b,c)

if one of the inner angle is not smaller than 2π/3.

(5)

The Schrödinger equation HΨ =EΨ with Hamil-

tonian (1) can be solved by using variational method.

The trial wave function is composed by the color, fla-

vor, spin and spatial wave functions. These functions

should be combined into a totally antisymmetric wave

function to satisfy the generalized Pauli principle.

The color wave function of Θ+ should be color

singlet. The form of the color wave function with the

qq−q−qq configuration can be expressed as

|(3 12,3 34)31234
,3 5〉C =

1√
2
εjmnC

m
3 C

n
4

1√
2
εilpC

l
1C

p
2

1√
2
εijk

1√
3
Ck

5 . (6)

Because of the requested flavor symmetry of 10

for Θ+ and the flavor symmetry of 3̄ for antiquark,

the flavor symmetry of 6̄ for rest of four quarks (q4)

in Θ+ is required. The possible flavor combinations

of q4 are

|(6 12,6 34)61234
,3 5〉F =

1

2
√

3
(2uudd+

2dduu−udud−uddu−duud−dudu)s̄ (7)

and

|(3 12,3 34)61234
,3 5〉F =

1

2
(ud−du)(ud−du)s̄, (8)

respectively.

Since the total angular momentum of Θ+ is
1

2
, the

total spin of q4-q̄ can be either
3

2
or

1

2
for the positive

parity state and
1

2
for the negative parity state, ac-

cording to vector coupling relation J = L+S, where

J , L and S denote the total angular momentum, to-

tal orbital momentum and total spin momentum of

q4-q̄, respectively. Therefore, the spin symmetries for

q4 in Θ+ should be 5 , 3 and 1 . The explicit spin

wave functions of Θ+ with spin (S,MS) = (S,S) in

spin multiplets |((12),(34))(1234),5〉S
S,MS

are

|(3 12,3 34)(51234),2 5〉S
3
2

, 3
2

=
√

4

5
↑↑↑↑↓−1

2

√

1

5
[(↑↓+ ↓↑) ↑↑+ ↑↑ (↑↓+ ↓↑)]↑,

|(3 12,3 34)31234
,2 5〉S

3
2

, 3
2

=

1

2
[(↑↓+ ↓↑) ↑↑+ ↑↑ (↑↓+ ↓↑)]↑,

|(3 12,3 34)31234
,2 5〉S

1
2

, 1
2

=
√

1

6
{[↑↑ (↑↓+ ↓↑)−(↑↓+ ↓↑) ↑↑]↓−(↑↑↓↓−↓↓↑↑) ↑},

|(3 12,1 34)(31234),2 5〉S
1
2

, 1
2

=

1

2
√

3
[2 ↑↑ (↑↓−↓↑) ↓+(↑↓+ ↓↑)(↑↓−↓↑) ↑],

|(1 12,3 34)(31234),2 5〉S
1
2

, 1
2

=

1

2
√

3
[2(↑↓−↓↑) ↑↑↓+(↑↓−↓↑)(↑↓+ ↓↑) ↑],

|(3 12,3 34)11234
,2 5〉S

1
2

, 1
2

=

1

2
√

3
[2 ↑↑↓↓−2 ↓↓↑↑−↑↓↑↓−↑↓↓↑−↓↑↑↓−↓↑↓↑]↑,

|(1 12,1 34)11234
,2 5〉S

1
2

, 1
2

=
1

2
(↑↓−↓↑)(↑↓−↓↑) ↑ .

Moreover, because the parity of the antiquark is

negative, for the lowest negative parity state of Θ+,

the spatial wave function should have no orbital exci-

tation, and for the lowest positive parity state of Θ+,

the number of orbital excitation should be 1. The ex-

plicit forms of spatial wave functions depend on the

coordinate system. In this work, we choose a coor-

dinate system shown in Fig. 2. In this system, the

relation of variable sets (r1, r2, r3, r4, rq̄) and (ρ, ν,
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λ, τ , Rcm) is


















r1

r2

r3

r4

rq



















=A



















ρ

ν

λ

τ

Rcm



















, (9)

where A is a unitary transformation matrix

A=





























1√
2

0
1

2
− µ

4m
1

− 1√
2

0
1

2
− µ

4m
1

−0
1√
2

−1

2

µ

4m
1

0 − 1√
2

−1

2
− µ

4m
1

0 0 0
µ

mq

1





























, (10)

and m and mq are the masses of the quark u(d)

and anti-strange quark s̄, respectively, and µ =

4mmq/(4m+mq) denotes the reduced mass of the

4q−q system. Then, one can write the kinetic energy

operator as

T (q4q) =
∇

2
τ

2µ
+

∇
2
λ

2m
+

∇
2
ρ

2m
+

∇
2
ν

2m
. (11)

If all the quarks in Θ+ are in S-wave, the explicit

form of the spatial wave function |ψLM(α)〉O for the

lowest negative parity states is

|ψS
00(α,ξ)〉O =N

[

Y00(λ̂)e
−α2λ2/2

][

Y00(ρ̂)e
−α2ρ2/2

]

×
[

Y00(ν̂)e
−α2ν2/2

]

[

Y00(τ̂ )e
−

4mq
4m+mq

α2τ2/2

]

, (12)

where ξ stands for the aggregate of spatial variables.

When one of the quarks in Θ+ is in P -wave, and no

orbital excitation in q-q is considered, the P wave ex-

citation can appear either between the two q-q clus-

ters, the λ excitation mode, or between q4 and q̄, the

τ excitation mode. The corresponding spatial trial

wave functions can explicitly be written as

|ψλ
1ML

(α,ξ)〉O =N
[

αλY1m(λ̂)e−α2λ2/2
]

×
[

Y00(ρ̂)e
−α2ρ2/2

][

Y00(ν̂)e
−α2ν2/2

]

×
[

Y00(τ̂ )e
−

4mq
4m+mq

α2τ2/2

]

, (13)

and

|ψτ
1ML

(α,ξ)〉O =N
[

Y00(λ̂)e−α2λ2/2
]

×
[

Y00(ρ̂)e
−α2ρ2/2

][

Y00(ν̂)e
−α2ν2/2

]

×
[√

4mq

4m+mq

ατY1m(τ̂)e
−

4mq
4m+mq

α2τ2/2

]

, (14)

respectively.

Fig. 2. The Jacobian coordinates for qq−q−qq

configuration of Θ+[29]
.

The total trial wave functions of Θ+ then can re-

spectively be formed by combining the color, flavor

and spin wave functions with the spatial trial wave

functions. The Young diagrams of the possible quark

pair combinations in the color, flavor, spin and spatial

spaces for q4 and the corresponding symmetry under

the interchanges of the two q-q pairs are shown in

Fig. 3, respectively. The possible q4 states coupled by

quark pairs, given in Fig. 3, are presented in Fig. 4.

It is shown that there is only one combination

|Φ(J,MJ ,P,α,ζ)〉|J= 1
2

,MJ= 1
2

,P=+ = |ΨS
1
2

, 1
2
〉=

|(3 12,3 34)31234
,3 5〉C ⊗|(6 12,6 34)61234

,3 5〉F ⊗
|(3 12,3 34)31234

,2 5〉S
1
2

, 1
2

⊗|ψS
00(α,ξ)〉O , (15)

for the negative parity state, where P and ζ denote

the parity of the state and the aggregate of all the

variables in color, flavor, spin and spatial spaces, re-

spectively, and three possible combinations

|Ψλ(1)
1
2

, 1
2

〉 = |(3 12,3 34)31234
,3 5〉C ⊗

∑

(1
1

2
ML MS;

1

2

1

2
)⊗ 1√

2
|(3 12,3 34)61234

, 3̄ 5〉F ⊗

|(1 12,1 34)11234
,2 5〉S

1
2

,MS
+ |(6 12,6 34)61234

, 3̄ 5〉F ⊗|(3 12,3 34)11234
,2 5〉S

1
2

,MS
)⊗|ψλ

1ML
(α)〉O , (16)
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|Ψλ(2)
1
2

, 1
2

〉=|(3 12,3 34)31234
,3 5〉C⊗|(3 12,3 34)61234

,3 5〉F⊗
∑

(

1
3

2
MLMS;

1

2

1

2

)

⊗|(3 12,3 34)51234
,2 5〉S

3
2

,MS
⊗|ψλ

1ML
(α)〉O,

(17)

and

|Ψ τ
1
2

, 1
2

〉 = |(3 12,3 34)31234
,3 5〉C ⊗|(6 12,6 34)61234

, 3̄ 5〉F ⊗
√

1

2

(

∑

(1
3

2
MLMS;

1

2

1

2
)⊗|(3 12,3 34)31234

,2 5〉S
3
2

,MS
⊗

|ψτ
1ML

(α)〉O +
∑

(1
1

2
MLMS;

1

2

1

2
)⊗|(3 12,3 34)31234

,2 5〉S
1
2

,MS
⊗|ψτ

1ML
(α)〉O

)

. (18)

for the positive parity state. Then, the total trial

wave function with the λ excitation mode can be ex-

pressed by

|Ψλ
1
2

, 1
2

〉= a |Ψλ(1)
1
2

, 1
2

〉+b |Ψλ(2)
1
2

, 1
2

〉, (19)

where a and b are mixing constants. Since there is no

spin and flavor operators in the Hamiltonian (1), the

eigenenergies of two λ modes are degenerated. Thus

we take a= b= 1/
√

2. The total trial wave function

for the positive parity state can be written as

|Φ(J,MJ ,P,α,ζ)〉|J= 1
2

,MJ= 1
2

,P=− =

c |Ψλ
1
2

, 1
2

〉+
√

1−c2 |Ψ τ
1
2

, 1
2

〉, (20)

where c stands for the variational parameter.

Fig. 3. The possible quark pair combinations

for q4 together with the symmetries under in-

terchanging two q-q pairs.

Fig. 4. The possible q4 states coupled by quark pairs given in Fig. 3.

3 Result and discussion

Before numerical calculation, the model parame-

ters should be pre-determined. According to the re-

sult from LQCD calculation, the quark-gluon strong

coupling constant αs and the quark masses mu(d)

and ms̄ are chosen to be those used in the baryon

spectrum calculation, namely αs = 0.75, mu(d) =

0.313GeV and ms = 0.470GeV, respectively
[26]

, and

b5qY = b3qY = 0.90GeV−2 and C5q
Y = 5/3C3q

Y .

In the variational calculation, the trial wave func-

tion is chosen in a more flexible form
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|Ψ(J,MJ ,P,ζ)〉=

5
∑

i=1

aiΦ(J,MJ ,P,αi, ζ), (21)

where Φ(J,MJ ,P,αi, ζ) takes the forms in Eqs. (16)

and (20) accordingly, and ai’s and αi’s are variational

parameters. The mass of Θ+ can be calculated by

Mθ+ = 4mq+ms +E5q. (22)

where E5q is the variational energy for Θ+.

To determine C5q
Y , we should find out the value of

C3q
Y first. We calculate the mass of nucleon

MN = 3mq+E3q, (23)

where E3q is the variational energy for nucleon,

with the Hamiltonian in the same form in Eq. (1),

except the double Y-shape confining potential is

replaced by a Y-shape confining potential, and

the same αs, mu(d) and ms values mentioned

above. The resultant C3q
Y and C5q

Y values, the

masses of Θ+ in the negative parity and positive

parity states and corresponding variational param-

eters are tabulated in Table 1.

From Table 1, one sees that the mass of Θ+ in

the negative parity state is about 100MeV lower than

that in the positive parity state, but is still more

than 300MeV higher than the experimental value

of 1.540GeV. The mass of Θ+ with positive parity

is 2.082GeV, which is comparable with the LQCD

prediction.

Table 1. The masses of Θ+ in the negative

parity and positive parity states and nucleon,

and the corresponding variational parameters.

The model parameters used are: b
3q
Y = b

5q
Y =

0.9GeV−2, αs = 0.75 and x =0.95.

N(JP = 1
2

+
) Θ+(JP = 1

2

−
) Θ+(JP = 1

2

+
)

α1/fm−1 0.753 0.748 0.753

α2/fm−1 0.945 0.944 1.242

α3/fm−1 1.544 1.510 1.509

α4/fm−1 1.589 1.550 1.526

α5/fm−1 1.948 1.947 2.145

a1 −0.1039 −0.1158 −0.1224

a2 −0.1424 −0.1363 −0.0412

a3 0.5258 0.5263 0.2621

a4 0.4649 0.4739 0.2995

a5 −0.0549 −0.0554 −0.1547

CY −0.820 −1.367 −1.367

M/GeV 0.939 1.935 2.082

In summary, we extend the calculation of baryon

with the Y-mode flux-tube confining potential to the

Θ+ case, and calculate the mass of Θ+ in either posi-

tive parity or negative parity states. The potential

used is in the form of the double Y-shape confin-

ing potential, originated from LQCD, supplemented

by a Coulomb potential. The resultant mass of Θ+

with negative parity is about 1.935GeV. This value is

about more than 300MeV higher than the value re-

ported by experiments. The calculated mass of Θ+

with positive parity is about 2.082GeV. This value

is consistent to the LQCD prediction. Nevertheless,

our results do not support the reported the peak at

1.540GeV as a pentaquark state.
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