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Abstract

An improvement of the estimate by Drell and Pagels of the anomalous
magnetic moment of the electron is given. Use is made of a sidewise
dispersion relation in which the mass W'2 of one of the external electron
lines is analytically continued off its mass shell. Only one-electron one-
photon states are retained in the absorptive ainplitude, but this is sufficient
to obtain all terms in the absorptive part of the anomalous moment pro-
portional to (W2 - mz) and _(W2 - mz)2 as WZ——ﬂnZ. This calculation
relates %(g—Z) to the Compton amplitude in its exact threshold region.

An expansion is made in powers of the photon energy in the Compton

amplitude rather than a perturbation calculation in powers of o =~ 1/137.
The Schwinger term /27 is reproduced exactly. A cutoff is chosen so
that the fourth order term -0.328 a2 /71'2 is approximately reproduced.

This cutoff leads to an estimate of the sixth order term of = + 0.13 0!3/71'3.



I. INTRODUCTION

Recently, Drell and Pagelsl (hereafter referred to as DP) have given én
estimate of the sixth order contribution to the anomalous magnetic moment of
the electron. It is the purpose of this paper to improve this estimate and to
make more plausible the approximations involved.

Drell and Pagels wrote a sidewise dispersion relation for the anomalous
magnetic moment in which the mass W2 of one of the external electron lines

'is analytically continued off its mass shell. They kept relativistic kinematics
and used the full content of the exact low energy theorem on Compton scattering
including the magnetic momelnt terms which are linear in the energy. Their
calculation reproduced exactly the Schwinger2 term o /2. When they included
the moment to order « in the Compton amplitude, they obtained the correct
sign and approximately the correct magnitude for the Sommerficld-Petermann-
Teren’c'ev3 term -0.328 C!2/7T2. When the moment to order ozz was included in
the Compton amplitude, a prediction of ~+ 0.15 C!?’/ﬁ3 was obtained for the sixth
order contribution to the moment. These predictioné were obtained by using a
cutoff of szZ on the dispersion integral for the anomalous moment. Thus
it was hoped that the magnetic moment was dominated by the low energy region
of the dispersion integral.

In this paper, we calculate additional terms which contribute to the dispersion
relation to the same order in the energy as the terms linear in energy in the low
energy theorem for Compton scattering. In fact, we obtain all terms in the
absorptive part of the anomalous moment proportional to (W2 - mz) and

(VVZ B m2)2 a

S Wz——> mz. These terms will improve the accuracy of the dispersion

relation in the low energy region and lead to a better estimate for —%(g—Z).



II. CALCULATIONS

Let us review the calculation of Drell and Pagels. 1 They used the fact that
the Feynman amplitude for Fig. 1 satisfies a dispersion relation in the invariant
mass W2 = (p+ 2 )2 of one of the external lines, with the other two lines on
their respective mass shells. This property is valid to all finite orders in
perturbation theory. The assumption was made that the dispersion relation
for the anomalous magnetic moment part of the interaction requires no sub-
tractions. Otherwise, the anomalous rr}agnetic moment %(g—Z), like the
charge e, would be a parameter of the theory.

The scalar functions multiplying the spinor factors in the amplitude for
Fig. 1 are analytic functions of W2 in the cut W2 pl;me with a branch cut
from m2 to + 00,4 The absorptive parts of these amplitudes are given by
the discontinuities across the branch cut and are obtained by setting the internal
photon and electron lines on their respective positive energy mass shells. This

is done by replacing the propagators of these internal particles by5’ 6
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The absorptive amplitude is then given by
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where x = q- ,{2,/ Igl”g in the frame where p +£= (W, 0) and q = —'g
The function N is the numerator factor in the amplitude and is a polynomial
which does not influence the analytic properties of the amplitude when the two
ends of the- internal photon are tied together by7 Euy- The "cut" graphs
cqrresponding to the absorptive amplitude of Eq. (2) aré shown in Fig. 2. These
graphs illustrate how the absorptive part of the amplitude is obtained by multiplying
the electromagnetic current by the Compton amplitude and then inte_grating over
the scattering angle cos § = x as in Eq. (2).

In DP, the electromagnetic current was represented by u (k) »¥Y w(p), while
in this paper the most general possible expression4 for a current of this type will
be used. Thus while DP had the threshold behavior of the absorptive part of the
amplitude correct, they obtained only some of the terms proporticnal to the next
order in energy [(W2 - mz)2 ] . It is the purpose of this paper to obtain all terms
in the absorptive part of the amplitude proportional to (W2 -~ rnz)2 in the limit |
W—sm. This will increase the accuracy of the calculation in the low energy
region and will make the cutoff procedure more plausible.

The most general expression for an electromagnetic vertex with the emerging
photon and electron on their respective mass shells (12 =0 and p2 = mz) is of

the form4

eﬁ'(mf‘ﬂ 0, ptl) =
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The scalar functions Fii (Wz) are functions of the invariant W2 = (p +¢ )2

and are analytic functions in the cut W2 plane with a branch point at W2 = mz,

2 _lim

+ w2 s

In addition, the Ward—’J.‘al«:athz-lshi8 identity requires

This is illustrated in Fig. 3. For Vv'2 > m

u@, @t = u )£ .

" _ :
It follows from this that F1 (WZ) = Fl (Wz) = 1 for all WZ. Thus the charge as
well as the normal Dirac moment g = 2 are subtraction constants in the sidewise

dispersion approach.. The anomalous magnetic moment of the electron —;—(g—Z) can

on the mass shellg, W2 = mz-

3

+
be found by evaluating F2

eu @[, G.pre)upr =

!
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In order to calculate F2 (W), we define two projection operators Vu (p, £,8)
such that
— 24+
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For !22 =0,

2+ ' - .
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2(W -m")
. (6)
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The dispersion relations for Fé(wz) are assumed to be unsubtracted, i.e.,
o0 + 2 ‘
" 1 dW’ Im Fg (W')
Fo W7 = ¢ . ' (7)
W
m

The anomalous moment is thus to be calculated from the radiative corrections.

In line with the assumption that the low energy region is doniinant in the
dispersion relation, we keep only the two-particle intermediate state of one photon
and one electron as in Fig. 2. We ignore all three-body and higher intermediate

states, such as in Fig. 4. This will be justified below. In this approximation, we

write, using Eq. (2),

Im F, W) = @°/sm (W - m*)/w”)
1 N (8)
x 3o [ aies ol & orow, e s

spins -1

— v '
where euu) €, {q) u(p,s) Tu uk, s" is the Compton amplitude for an initial
photon of momentum q and polarization €,(q) and an electron of momentum k
and spin s' to scatter to a final state of a photon of momentum £ and polarization

€y (£) and an electron of momentum p = k+q-£ and spins. Equation (8) is
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evaluated in the center-of-mass of the Compton scattering process;
E’:_;g" 2:_5’ p0+10:W, and X:%.,&/’%!{,{l'
The exact Compton amplitude or any satisfactory approximation to it will

satisfy the requirements of current conservation, i.e.,

a0 T w =0,
(©)
a, 3@ T ug =0

The second of these relations permits us to drop terms proportional to
5 W% in [, (k p+) inEq. (8).

It was shown by Thirring, Low, and by Gell-Mann and Goldbergerlo that the
Compton amplitude through first order terms in the energy @ =W - m may

be written exactly, i.e.

€y () €@ T, 8) T b, ) sy

* 2 . . 2
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( 12 . A (10)
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where w = IJZI = HJ , T=1/w, and 4§ = q/w. For our purposes, it is

~

+ (glz*g) [(g(q) 1) €(2) - Ox1) - (e(2) - 0 €(q) - (gxa)]

simpler to write the Compton amplitude in a relativistic notation which reduces to

Eq. (10) in the limit W - m—0 . This can be done by writing the Compton amplitude

as in Fig. 5.
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where I"# (g) = y,u - (g—Z)/8m> [le,{] . This includes the entire content
of the pole terms.

The result of performing the operations indicated in Eq. (8) is two coupled
equations relating Im F, W%) and Tm ¥} (W%) to both Fy (W) and F, (W),
When Eq. (7) is used, the two equations in Eq. (8) are transformed into two
coupled integral equations of the Omnés type. H Within the spirit of our
approximation, i.e., dropping terms in Im in (W2) of order (W2 - mz)3 and
higher as W—m, these two coupled equations can be solved by iteration. Also,
since Im—ﬁ(p, s) THY u(k, s'") is proportional to w2 as w—0, we may replace
the two gomplex functions in(Wz) which occur in I (k, p +¢) in Eq. (8) by
Re | F'zi(wz), again dropping terms of order (W2 - mz)3 as W—sm,

The right hand side of Eq. (8) was evaluated using the balgebra'ic computer
program REDUCE. 12 This program performed the necessary traces, substituted
the appropriate functions of W2 and x for the four—vekctor invariants and carried

out the integration over x. The result is
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In both Egs. (12a) and (12b), the coefficient of F; (Wz) is proportional to
(W2 - n12)2 as W-—m. Thus, consistent with dropping terms of Im F; (Wz)
proportional to (W2 - m2)3 as W-—»=m, we may replace F; (\7\72) by
F; (mz) = %(g—Z). Similarly, it would appear that it is sufficient to replace
F; (Wz) in Eq. (1éa)' by F;(mz). However, F;(inz) is infinite. If we solve
for Re F;(Wz) using Egs. (12h) and (7) and expand it as W-—m, we obtain
2o

W - 7 in ((Wz—mz)/mz> + O (constant, (Wz—mz)).
(13)

Re F) W2

This singularity comes entirely from the first term in square brackets in

Eq. (12b). Since the singularity is logarithmic, it is integrable and will not
cause further complications. The contribution to Re F; (Wz) of all other terms
of Eq. (12b) is finite as W—m, Thus we will separate Re F;(WZ) into two
parts: (a) the contribution of the first term in square brackets of Eq. (12b) and,
(b) the céntribution of all the other terms. These two parts will be denoted by

Re F; (WZ)(a) and Re F; (Wz)(b ; respectively, where the subscript i indicates

)
that a particular term was derived from the i-th term in square brackets of
Eq. (12b). For part (a) we must calculate Re F;(Wz) while for part (b) it
is sufficient fo calculate Re F;(mz). Since our object is to calculate the a3
term of %(g—Z), it is sufficient to insert for Re F; (WZ) in Eq. (12b) only
that part we call part (a); the other bpart contributes to é(g—2) to order o 4
and higher. |

The first term in square brackets in each of Egs. (12a) and (12b) is exact

in perturbation theory. For these two terms, we use Eq. (7) with its correct

upper limit, infinity. All other terms are not exact, i.e., they are correct only
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in their low energy limit. These terms diverge when the integration of Eq. (7) is
performed and the integral must be cut off with an upper limit }\zmz. In every case, |
however, the divérgence is only logarithmic.

Let us now solve for Re F; (Wz) in order to insert it into Eq. (12a). The
contribution of the first term in square brackets in Eq. (12b), i.e., part (a), is

4 2 2 2
-2 _ 2a) mo[ £ - Wo/m) + (Wo/m” - 1))
ReFZ(W)(a)—ﬂ,

2 2.2
W™ -m)
2 ( 2 2 zl 2 9, 2 4
L, M7 en |\ (W - m7)/m m” fn W'/m™)  m- 5| m (14)
W - m?) : W2 - m2) ot 4 w2
Wherel3
X
£(x) :f:;gﬂ_}lr_l_lll dy . (15)
0

The limit of Eq. (14) as W—m is Eq. (13). The contribution of the remaining
terms of Eq. (12b) is calculated in part analytically and in part numerically.

The second and fourth terms of Eq. (12b) give

- 9 3
Re Fz(m >(b,2,4) =
o g2 | 3 1 1 2/ 1 3
= — &5 | 25 - - =+ 4n A [—— - 2},
m G| 528 e T <( 212 4>
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where F;(mz) has been replaced by %(0—2) and the integral in Eq. (7) has
been cut off at )xzmz. The contribution of the seventh term of Eq. (12b) was
computed nﬁmerically-using Eq. (14) for Re F;(WZ). The result is shown ir_l
Table I. All other terms of Eq. (12b) contribute to —;—(O -2) to order & 4 or
higher.

We now turn our attention to the calculation of F;(mz) = %(g—Z) from
Eq. (122). Again_ paft of the calculation can be doﬁe analytically while some
must be done numerically. The contribution of the first three terms of Eq. (123a)
is identical with the result in DP (see their Eq. (31)). They got (the subscripts
indicate which terms of Eq. (12a) give rise to a particular contribution to

1
5 (€-2))

g-2 o o g(g-2) 2 3 1 7 5
5 =T - o= (!Zn)\){——+—_ }——+—————
2 ’(1,2,3) 2w 2T 4 { 2 5020 4 42
(17)
o g2 2 _,, 1
+ e (2) [ﬁ_n)\ 1+)‘2 ]
The fourth and fifth terms coniribute
2
_ o— 7 _
(55'2')(4 5) = &9 [ R 2A L 2
? 8A 4() -1)
2 2
@ g22 (1. 1/[,2 A1\ L AT, 2
+n(2)[2 8<}‘-1_ 2>42 ﬂn}‘]
A -1
(18)

The sixth tern contributes only to order a4. The contribution of the seventh term
is calculated in two parts: (a) that associated with the logarithmic divergent part
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of Re F; (Wz), i..e. , Eq. (14); and (b) that associated with the non-divergent

part of Re F;(Wz), i.e., Eq. (16) and Table I. The former was calculated
numerically from Eqgs. (7) and (14) and the seventh term of Eq. (12a). The

result is shown in Table II. For the latter, use is made of the fact that Re-F;(WZ) mgy
be replaced by the non-divergent part of Re F;(m?’) . This is then a constant with respect

to the integration over W‘2 in Eq. (7). Thus, for this part, we get

g2 = & = a2 = 2
oy T [Re Fo ), 2,4) ¥ RO Fp (0 )<b,7)]
)‘-211’12
% f aw> —ngn(W'z/mz) + 3W’2mz—m4
" wZm? | awP-m?) s wit

ot - 2 -, 2
= [Re Fo )0, 2,4y FRET, )(b,7>]

} ' (19)

The eighth term of Eq. (12a) is dropped because it is of order (Wz—:rnz)3 as

00 |+

JanZ 1
x| T -
4(A°-1) 8A

W—m. The ninth term of Eq. (12a) is not included in this calculation since it
first contributes to %(g—2) to order a4. v

The estimate for the a3 term of —é—(g—Z) is then obtained by inserting the

2
value of —;—(g—Z) "accurate' to order dz, i.e., %(g—Z) =q/27 - 0.328 /7T2,
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into the right hand side of Eqs. (17), (18), and (19). The coefficients of 06/7;,
az/ﬂ—z, anda3/7'r3 are then calculated as functions of /\2 from the sum of
Eqgs. (17), (18), and (19) and the function tabulated in Table II. We then get
an estimate for %(5—2) of the form

2

ED = 5= - a0% —5 + B %2— « o(a’).

The functions A(Az) and B()\z) are ploﬁ:éd in Fig. 6. We choose the
cutoff }\2 to approximately reproduce the perturbation calculation for the
a2 term, i.e., }\2 ~ 4. Using the same cutoff for the a3 term, we estimate
the coefficient of oz3/7r3 to bex+0.13. This is very close to the DP result of
X~+0.15. They obtained a cutoff of Azz 6 which reproduced - 0.328 oez/yrz
and predicted + 0.17 013/773.

Since we retained all terms of order (W‘2~mz)2 in Im F‘;’ (Wz), we would
have expected a lower cutoff that DP if the assumption that the low energy region
dominated the dispersion integral is correct. This is indeed the case.

The one-electron, two-photon intermediate states such as in Fig. 4 have a
threshold behavior such that their contribution to Im F; (Wz) is of order (W‘z—mz)3
as W—m. This is due to the fact that all virtual photon radiative corrections to
the Compton amplitude have a threshold behavior 0f14 wz(—ez/m)s (£) *€ (@) where
W =W - m. Thus all one-electron, n-photon intermediate states can be ignored.
Intermediate states of n electrons and any number 'of photons have a threshold
of nzmz (n is odd). Thus for n > 3, the threshold is greater than or equal to
9 n12 which is higher than our cutoff on the dispersion integral, Eq. (7), and

therefore these states can also be ignored.
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III. CONCLUSION

An improved estimate for the sixth order contribution to the electron's

anomalous magnetic moment has been given. This estimate is

2 3

3 o o
g2y = £ 328 — + 0.13 —3

7 3

The fact that this estimate differs little from the result of DP (= +0. 15053/7T3)
and the fact that by including all terms of order (Wz—mz)z, the cutoff necessary
to reproduce the fourth order result (- 0.328 az/ﬂz) was smalle;r than the
cutoff of DP, gives one a certain degree of confidence in the estimate. In
addition, the success of DP in calculating the magnetic moments of the nucleons
by a similar method gives one confidence in the assumption that the low energy

region is the dominant contributor to the magnetic moment.
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Table I

Table of values of (Wz/qz) Re F;(mz)(b 725 8 function of the cutoff

parameter )\2 .

2 @’ /a®) Re T, (m®) ¢ oy
2.0 . -0.4766
3.0 ~0.4517
3.7 -0.4199
3.8 -0.4154
3.9 | ~0.4109
4.0 -0.4065
4.1 -0.4021
4.2 -0.3978
4.3 -0.3935
4.4 -0.3893
4.5 ~-0.3851

4.6 -0.3811




Table II

Table of values of (ﬂz/az)%(g—Z) (7a) 35 2 function of the cutoff

parameter 2,

% /) 5 @)
2.0 _ ~0.0159
3.0 -0.0133
3.7 -0.0099
3.8 -0.0095
3.9 ~0.0090
4.0 -0. 0086
4.1 -0. 0081
4.2 -0.0077
4.3 | ~0. 0073
4.4 -0.0068
4.5 -0, 0064

4.6 -0.0060
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FIGURE CAPTIONS

Feynman graphs contributing to the first-order radiative corrections
of the electron current.

Cut Feynman graphs contributing to the absorptive amplitude.

Analytic properties of the invariant functions F1i W 2).

Three-body intermediate state contributing to the absorptive amplitude
to order 012.

Pole term contribution to the Compton amplitude.

Graph of coefficients of <)tz/77'2 and 013/7r3 as a function of the cutoff

parameter )\2 .
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