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Abstract
SonicHawking radiation has recently been observed in dilute Bose–Einstein condensates (BECs), but
it remains an open questionwhether this landmark achievement of atomic physics can lead to new
insights into the effects onHawking radiation of nonlinear back-reaction and new short-distance
physics, as was originally hoped byUnruhwhen he introduced the sonic analogy. Furthermore,
studies of sonic analog black holes have until now concentrated on (1+1)-dimensional scenarios, but
Unruh’s sonic analogy for curved spacetime is only valid inmore than one spatial dimension.We
thereforemodel the evolution of a (2+1)-dimensional sonic black hole in a dilute BEC, over a long
enough time to let the initial Corley–Jacobson instabilities saturate in vortex production and giveway
to a long-lived quasi-stationary state. In this quasi-equilibrium state wefind the initial laminar
ergoregion replaced by a turbulent zone that steadily radiates sound, but with a non-thermal power
spectrum.

1. Introduction

Ablack hole is among the simplest steady states in pure general relativity. Hawking’s seminal 1974 paper [1]
showed, however, that adding quantumfluctuations changes the black hole steady state into a thermally
radiating one. The further addition of nonlinear back-reaction1 is expected tomake this state only quasi-steady,
as the radiating black hole shrinks. Hawking’s revised picture of the black hole steady state has suggested a deep
connection between gravity, quantummechanics, and thermodynamics, but the result is uncertain because new
physics at trans-Planckian frequencies as well as quantum gravitational nonlinear back-reactionmight revise the
conclusion.On the other hand, string-theoreticmodels which embed general relativity as a classical limit within
a nonlinear quantum theory have been shown to preserve black hole thermodynamics evenwhile radically
revising a black hole’s basic nature [2].

It waswith the explicit goal of gaining experimental insight into the sensitivity of black hole physics to short-
distance and nonlinear corrections thatUnruh proposed studying sonic horizons influids [3]2. The ergoregion
inside a black hole corresponds, in this analogy, to a zone of locally supersonicfluidflow; the surface at which the
flowpasses through the local speed of sound is the sonic horizon. Therewas and is no expectation that the
nonlinear dynamics of anyfluidwould remain an exact analogy for full quantum gravity, but the original point
ofUnruh’s analogywas simply to examine at least one example of awell-defined nonlinear quantum theory of
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1
By this termwemean all effects resulting from the full nonlinear theory that act back on the black hole and that are neglected inHawking’s

derivation. In the context of analog gravity in BECmean-field theory the full theory is the nonlinearGross–Pitaevskii theory; neglecting the
nonlinear back-reaction corresponds to the linear Bogoliubov approximation.
2
From [3] above: ‘This system forms an excellent theoretical laboratorywheremany of the unknown effects that quantumgravity could

exert on black hole evaporation can bemodeled. ... At distances of 10−8 cm, the assumptions ... of a smooth backgroundflow are no longer
valid just as in gravity one expects the concept of a smooth space–time onwhich the various relativistic fields propagate to break down at
scales of 10−33 cm. Furthermore, the phonons emitted are quantum fluctuations of thefluidflow and thus affect their own propagation in
exactly the sameway that graviton emission affects the space–time onwhich the various relativisticfields propagate.’ In the last sentence
Unruh cannot really havemeant that quantumgravitymust be exactly like hydrodynamics, but rather just that nonlinear back-reaction of
some kindwill surely occur in both quantumgravity and hydrodynamics—and that this is a reason for pursuing analog experiments.
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which the linearized long-wavelength limit corresponds tomassless quantumfields in curved background
spacetime.

The physics of sonic horizons has since grown into a topic in its own right [4–8]. The hypothesis that the full
Hawking scenario of steady thermal radiation in horizon scenarios in generalmight be insensitive to short-
distance details has been disproven by the discovery that finite ergoregions influidswith supersonic dispersion
at short wavelengths are dynamically unstable (‘black hole lasing’) [9–12]. Other theoretical studies have also
shown thatmany dynamically linear aspects of theHawking scenario can be investigatedwith BEC analogs,
including quantum entanglement across the horizon due to parametric production of paired excitations
[13–16]. Finally, analogHawking radiation has actually been observed [17–19] in a quasi-one-dimensional
Bose–Einstein condensate (BEC).

The time has come to revisit the original hopes for sonic black holes by examining nonlinear back-reaction
in the analog system, even though it will not reproduce nonlinear quantum gravity, and even if it leads to steady
states which aremore like string-theoretic fuzzballs [2] than they are like general relativistic black holes. Long-
termnonlinear evolution of a one-dimensional sonic horizon sustained by external pumping has been studied in
[20], building on [21]. The systemwas found to evolve into a quasi-stationary phase of continuous emission of
solitons (CESs) from the initial ergoregion, as also seen earlier infigure 5 of [10]. From the point of view of
adding nonlinear dynamics to an analog spacetime, however, previous studies have been fundamentally limited
by their concentration on one-dimensional scenarios (which are (1+1)-dimensional if time is included).

While actual experimental systems are of course three-dimensional, sufficiently tight spatial confinement of
a quantumgas sample can restrict its hydrodynamic collectivemodes to a lower-dimensional subset of degrees
of freedom, and theUnruh analogywith spacetime concerns only these hydrodynamicmodes. Themapping [3]
between thewave equations for sound inflowing fluid and formassless fields in curved spacetimewithmetric
gmn is given inD spatial dimensions by
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where ρ is the density, v theflow velocity and c the speed of sound of the fluid. The singularity of the prefactor for
D=1 reflects the fact that themapping does notwork forD=1 (see our appendix for details). Thismeans that
no effectively (1+1)-dimensional fluid can be identifiedwith any black holemetric.

One-dimensional systems can still serve as toymodels whose long-wavelength sectors do possess causal
(though not strictlymetrical)horizons (see our appendix), but the full spacetime analogy requires at least two
spatial dimensions. As far as strictly linear dynamics are concerned, onemay also regard a (1+1)-dimensional
model as the k⊥=0 or s-wave sector of a higher-dimensional system inwhich the background happens to have
translational or rotational symmetry in the transverse directions [22]. Nonlinear dynamics will in general couple
different transversemodes of thefield together, however. For finite ergoregions,moreover, black hole-lasing
instabilities will in general exist inmany transversemodes, and so any translational or rotational symmetry in
transverse directions will be unstable. Classically one could consider stationary states inwhich the unstable
modes do not happen to be excited, but as soon as quantum fluctuations are taken into account, instabilities
must grow. (See the appendix of [10] for a formal proof of this statement.)

In this paperwe therefore showwhat happens as dynamical instabilities seeded by quantum vacuumnoise
grow from an initial horizon configuration in a spatially two-dimensional BEC.Using a single trajectory variant
of the TruncatedWignermethod [23–25], we incorporate nonlinear back-reaction at the classical level (i.e., in
Gross–Pitaevskiimean-field theory)whilemodeling quantumfluctuationswithGaussian noise in the initial
state.Wefind that linear dynamical instability of the initial laminar flow, as identifiedwithin Bogoliubov–de
Gennes (BdG) perturbation theory for BECbackgroundswithfinite ergoregions [10, 11], leads in two spatial
dimensions to the proliferation of quantized vortices. This confirms that turbulent instabilities of trans-sonic
flow, as anticipated byUnruh [3], persist in ultracold gases. Vortex production is also the expected
generalization to higher dimensions of the soliton production seen in long-term evolution of quasi-one-
dimensional sonic horizonmodels [20, 21]. After a transient epoch, our system relaxes to subsonic flow through
a long quasi-stationary phase inwhich vortices and sonic noise are steadily emitted from the turbulent
ergoregion, in qualitative resemblance to the fuzzball scenario [2].We then analyze this quasi-steady regime in
more detail.

2. Initial black-white-hole scenario

Following [10, 11], we consider a sonic horizon in a dilute BEC at zero temperature. In particular we study an
idealized scenario inwhich the initial state of the BEC complex order parameter r t,Y( ) is a small perturbation
around a backgroundΨ0 with uniformdensity ρ0 and velocity v in the x-direction.We express all dimensionful
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quantities in units defined by v, so that t mv2t= ( ) and x y mvr , = ( ) ( ), wherem is the atomicmass. In
these units wewrite vxexp i exp i0 0r mtY = -( ) ( )where v 1, 0= ( ), andμ and ρ0 are constants. Since
experimental technology allows the tuning of inter-atomic interactions, the strength of the repulsive contact
interaction g>0 between the gas particles is assumed to be x-dependent, and an external potentialV(x) is tuned
to compensate for it so that v V x g x1 2 2

0m r= + +( ) ( ) remains x-independent. The initial backgroundΨ0 is
then a stationary solution to theGross–Pitaevskii equation (GPE)

V x g xi
1

2
22 2

t
¶Y

¶
= - Y + Y + Y Y( ) ( )∣ ∣ ( )

which defines themean-field approximation [26].
Ψ0 represents a sonic black hole/white-hole pair becausewithin the ergoregion 0<x<L the lower

interaction strength g(x)makes the local speed of sound c x g x 0r=( ) ( ) lower than the initial background flow
velocity v. See figure 1. This realization of a sonic ergoregionwith constantΨ0 and non-uniform g(x) is probably
not the easiest experimental target, but it defines a simple initial state for quantum fluctuations: the condensate is
prepared in the comoving-frame ground statewith uniform g(x), which is then suddenly altered to create the
ergoregion.

Thefinite-size of our ergoregion, within amuch larger subsonic region, is an important feature of ourmodel
because, as wewill explain below, it implies dynamical instability. The fact that our system includes awhite-hole
aswell as a black hole horizon is in contrast not of qualitative importance. Detailed study of sonic black holes
sustained by atom sinksmust await futurework, butwe have confirmed that two-dimensional all-black hole
configurationswith inwardflow towards a ‘singularity’ represented by a localized imaginary potential behave
very similarly to the simple black-whitemodel. In effect ourwhite horizon plays the role of the central sink in a
finite black hole, without requiring us tomodel the outcoupling of atoms from a condensate.

As a further idealization, intended to represent a portion of a large horizon, we impose periodic boundary
conditions in the y-direction; thewidth of our system is large enough that we detect nofinite-size effects. In the
x-direction our system is also periodic butwith a length so great that no excitations propagate around it within
the duration of our simulation. Since this duration is long enough to see complete relaxation of the initial black
hole, the length in x of our system is large enough to be a computational challenge.

Our final idealization is tomake the x-dependence of g andVbe steplike, so that g takes a constant smaller
value inside the ergoregion and a constant larger value outside it, leading to spatial abruptness of the transitions
between sub- and supersonicflow. At least in one-dimension, however, it is easy to confirmby numerically
solving theGPE that the qualitative behavior of BEC sonic horizons is insensitive to the details of the horizon
profile. In a smoother background, behavior like that at our abrupt steps in g andV appears instead at
semiclassical turning points3. Thefinal parameters of our set-up are: the system lengths in x and y are
Lx=2560π and Ly=40π, respectively, while the ergoregion length is L=30, all in our dimensionless units
where the initial speed v is one. Our discrete spatial grid has spacing d 5 64 0.25p=  .We tune g and ρ0 to
make the speed of sound outside the ergoregion (and everywhere initially) be c1=1.5, while inside the
ergoregion (after it is turned on) it is c2=0.75. The initial healing length is therefore c1 2 31x = = and our
grid offers (somewhat) sub-healing-length resolution, while both L L,y x . GPE evolution is sensitive only to
the combined product g ;2Y∣ ∣ the initial values of g and ρ0 separately are determined from considerations of
quantumfluctuations.

Figure 1. Initial set-up: two-dimensional BECflowingwith constant velocity in the x-direction. The local speed of sound is tuned in a
steplikemanner to create a small supersonic (red) regionwithin subsonic flow (blue), making a black hole horizon at x=0 and a
white-hole horizon at x=L.

3
The results for a smooth but steep horizon profile in two-dimensions are very similar to the results presented here andwill be published

elsewhere [27].
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3.Dynamical instabilities andnonlinearity

The linear stability of a stationaryGPE solution likeΨ0 is determined by evolving perturbationsΨ=Ψ0+δΨ
under (2), while discarding terms of higher than linear order in δΨ. The thus linearizedGPE couples δΨand *dY
in a systemknownas the BdG equations. The long-wavelength limit of BdGdescribes soundwaves in a
hydrodynamic background and can thus bemappedonto thefield equationof amasslessfield in curved spacetime
[3, 28], provided thatD>1 (see the appendix). At shortwavelengths, however, BdGallows propagation faster
than the speed of long-wavelength sound.This short-wavelengthdispersion also implies,moreover, that the
eikonal approximationmust break downnear a sonic horizon, requiring connection formulaswhichmix short-
and long-wavelengthmodes [9, 11, 29]; suchmixing also occurs at abrupt horizons like ours [11].

Analyzing thismixing at a single horizon reveals the remarkable result that, when the perturbations are
quantized, themixingwith short-distancemodes is not only compatible with long-wavelengthHawking
radiation, but is actually the verymechanismbywhichHawking radiation can occur in the black hole analog [9],
because the connection formula resulting from continuity across the sonic horizonmixes BdGmodes of
opposite norm [29]. Thismixing of negative and positive norms in the connection formula necessarily implies
over-unity reflection at the horizon, however, for wave packets coming from inside the ergoregion. (Short-
wavelengthmodes can propagate against the supersonic flow, and the fact that they are coupled to long-
wavelengthmodes outside the ergoregion is an example of the kind of qualitative effect from short-distance
physics that sonic black holes were intended to explore.) If the ergoregion is spatially finite, then reflected packets
will encounter the horizon again and again after traversing the ergoregion, and repetitive over-unity reflection is
exponential growth (see the discussion around figure 2 and 3 in [9]).

Thus the verymode-mixing which can generate analogHawking radiation at a sonic horizon is also the
mechanismof the ‘black hole lasing’ dynamical instability [9, 11, 12] of finite sonic black holes. Although this
instability has receivedmost study in ergoregions that arefinite because they are ‘sandwiched’ between a black
hole and awhite-hole horizon as in our presentmodel [9, 10, 12], section IV of [10] is devoted to a case of inward
flow towards a sink, with nowhite-hole, and it shows that the instabilities persist (unless the ergoregion is too
small for the spacetime analogy to be valid anyway). Over-unity reflection at the horizon formodes coming from
inside the ergoregion is a destabilizing feature of anyfinite ergoregion; black hole lasing is not a pathology of
white-hole horizons. The dynamical stability of a single planar black hole horizonwith supersonic flow
extending to infinity on one side simply represents the limit inwhich the ergoregion’s crossing time, and
therefore the instability growth time, have gone to infinity.

Since quantum fluctuationsmust always be present, growingmodes can never just have zero amplitude (see
the appendix of [10]). Thismeans that the instabilitiesmust growuntil they are limited by nonlinearity and the
BdGdescription breaks down. Linearized quantumfield theory cannot describe this regime, but it can be
described at the classical level by theGPE (2). This nonlinear classical theory also describes the evolution of the
quantumgaswell, if the dilute gas parameterα, which equals g forD=2, is sufficiently small [30]. The
derivation of theGPE as a saddlepoint approximation to the quantum field path integral is analogous to the
derivation ofMaxwell’s equations fromquantum electrodynamics to leading order in the fine structure
constant: to leading order inα the quantum evolution in theWigner representation is Liouvillian flowunder the
classical equations ofmotion. In the limit of smallα, moreover, theWigner functional of any stable quantum
ground state approaches a narrowGaussian ensemble.

Sinceα10−2 is common in quantum gas experiments ( g3
0a r= inD=3 [30],α=g inD=2), one

can use theGPEwith appropriately noisy initial states to investigate what actually happens to sonic black holes.
For large systems like ours evolving over long times, averaging overmany runs is still time consuming. Since
there aremany degrees of freedom, however, each of which is an independent randomvariable, we propose that
a single run frompseudo-random initial conditions chosen from the appropriate Gaussian ensemble will
indicate the typical behavior of thewhole ensemble [25]. This is the single trajectory variant of the Truncated
Wignermethodwe use for our simulation.

Specifically, we evolveΨ classically under (2), but from an initial condition x y, , 0 0r drY = +( )
exp i 0q dq+[ ( )]with δρ, δθ representing quantumfluctuations. These perturbations are randomwith a
probability distribution given by the ground stateWigner function of the BdG excitations in a 0 0rY =

vxexp i exp i0 0q r=( ) ( ) backgroundwith completely uniform g andV equal to the values outside the
ergoregion. This represents an experiment inwhich a uniform condensate is prepared at zero temperature, and
then g andVwithin 0<x<L are suddenly altered to create the ergoregion.

Since this Gaussian initial state includesfluctuationswhose classical energy in eachmode below the
resolution cut-off would average 2w , it provides [28]

x
k

kL L d4
, 3

kx y

2 0

2 2

0
2ådr

r x

x

r
á ñ =

+
( ) ∣ ∣

∣ ∣
( )

4

New J. Phys. 20 (2018) 083020 RBürkle et al



x
k

kL L d

1 4 1
, 4

kx y

2

0

2 2

0
2ådq

r
x

x r
á ñ =

+
( )

∣ ∣
∣ ∣

( )

where the sum is over k up to the cut-offs represented by the grid spacing d. Since the quantum initial state is not
stationary under the classical evolution described by theGPE, but thermalizes to a classical distributionwith a
different temperature [23], we can only keep the truncatedWigner calculation accurate over our long simulation
times by choosing ρ0 large enough to keep d2

0 0
2 1 2dr r rá ñ - ( ) small. As a conservative specific standard

for ‘small’we chose 10−2, and tomaintain this we took d4 100
4 2r = ´ . Since our simulation is two-

dimensional, the initial sound speed c1=1.5 implies the initially uniform g c 15 256001
2

0
2a r p= = = ( )

3.4 10 6´ - . If we interpret our two-dimensionalmodel as representing a three-dimensional gas heldwithin a
vertical thickness of less than a healing length, this corresponds to an even smaller three-dimensionalα,
substantially lower than in experiments. The quantumand nonlinear effects which our results indicate are
therefore accurate for the extremely dilute gas that wemodel. In real quantumgas experiments with higherα the
same effects can be expected to be even larger than in our simulation.

4. Long-term evolution

Weevolve in time by solving (2)numerically using the standard split-operator fast Fourier transformmethod
[31] on a 32 768×512 grid, see figure 2.Due to the short time steps needed for stability of the split-operator
method over long times, as well as the need for a very long grid in the x-direction in order to avoid finite-size
effects even over this long time, the calculation is numerically demanding evenwith a goodworkstation: a single
run of the simulation has required about seven days.We therefore report full results for only a single run.Other
shorter-duration runs have shown that our one long run does appear to be qualitatively typical, and its long time
and space scales provide ample numerical data for statistical analysis. Detailed quantitative results such as the
power spectra we show belowmust nonetheless be considered tentative and preliminary, inasmuch as they
represent a single run of the simulation andmaywell come out slightly differently in simulations from initial
conditions that are different realizations of the truncatedWigner ensemble.More exhaustive investigation of the
dependency on precise initial conditionsmust await futurework.

In the beginning (τ=0) of our simulation the perturbations are too small to be seen. After some time
(τ=603) instabilities seeded by the simulated quantum fluctuations have grown to form ripples between the
horizons; these then deepen and break up into vortex pairs (τ=630).More andmore vortices form (τ=810),
until the ergoregion becomes a quasi-steady turbulentmess of vortices that continually form and escape (mostly
through thewhite-hole horizon). A noisy pattern of soundwaves is also continuously emitted by this turbulent
ergoregion, through both horizons (τ=1170, enlarged version in figure 3). Because the excitations carry away
energy from the supersonic region, the flow there gradually slows, while the condensate density in the ergoregion
slowly rises tomaintain continuity (see figure 4). Eventually the background velocity in the ergoregion falls
below the local speed of sound, which rises with background density; the sonic horizons disappear, the subsonic
superfluid flow is stable, and vortex production ceases (τ=3960).

Apart from the very early and late stages of our simulation there is no uniform value for the flow speed and
the speed of sound, especially between the (initial)horizons, since the condensate density and phase are strongly
varying in the turbulent region.However, we can define the averaged backgroundflow speed v̄ (by the phase
gradient ignoring the phase perturbation due to the vortices) and averaged speed of sound c g2 r=¯ ¯ to see that
theflowwithin 0<x<L is supersonic on average until 1000t ~ , and thereafter subsonic on average (see
figure 4). Examiningfigure 5 does not show any dramatic change in the character of the noisy soundwaves that
were emitted before and after 1000t ~ , however. This absence of qualitative change associatedwith subsonic
average flow is not necessarily surprising, since evenwhen the average flow is still supersonic within 0<x<L
the proliferation of vortices has already destroyed the irrotational character of the flowwhich the spacetime
analogy assumes and it is no longer clear that speed of sound in laminarflow is even an important parameter for
the turbulent region.

A (1+1)-dimensional scenariowith atom sources and sinks, but otherwise similar to ours, has been studied
in [20], building on [21]. Although this study did notmodel quantum fluctuations, it did incorporate random
perturbations in the initial state and computed long-term evolution numerically. The open condensate system
was found to evolve into a quasi-stationary phase of CESs from the initial ergoregion, analogous to our vortex
production and emission. Similar behavior was also briefly reported in [10]. A significant difference in our two-
dimensional scenario is that in the turbulent regions the coarse-grained net density of vortices can provide a curl
of the long-wavelength velocityfield [32], so that this flow is no longer irrotational. If regions of irrotational fluid
flow are analogous to curved spacetime, a turbulent region is perhaps analogous to the stringy volume that lies
inside the apparent horizon of a fuzzball [2].

5
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5.Quasi-steady radiation

Only a few close vortex–antivortex pairs emerge through the former black horizon, however, so the spacetime
analogy remains valid there on longer wavelengths and the noisy pattern of soundwaves visible in the left half of

Figure 2.Temporal evolution of 2Y∣ ∣ for initial c1=1.5, c2=0.75, L=30 and d200 6.6 100
2 5r = ´( ) . The condensate flows

in the positive x-directionwith v=1 initially. The dashed lines indicate the location of the horizons. Only a part of the x-range of the
system is shown. There is no dissipation; the excitations visible at τ=1170 have simply propagated out of thefield of view by
τ=3960.

6
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figure 3 appears to be quasi-stationary.What is this emitted sound like, when it has grown fromquantum
fluctuations?

Our single typical x y, , tY( ) appears to realize an ensemblewithin its evolution, in the sense that spacetime
sub-volumes that are not too far apart from each other look like realizations of the same ensemble. To analyze
the steady emission quantitatively, therefore, we choose a time (τ=1530) at which the emittedwave pattern
appears homogeneously randomwithin a large region, shown infigure 5.We then decompose δρ and δθ in
Fouriermodes, and count their energies, binned in k-space, as functions of BdG frequency. The results are
shown infigure 6, with the analogous data from τ=0 for comparison. At τ=0 the energies follow the line
E 2wá ñ = because theWigner function fromwhich theywere randomly drawn provides this zero-point

Figure 3. Same asfigure 2 for τ=1170, enlarged to showdetail.

Figure 4.Average backgroundflow velocity v̄ (blue+), average speed of sound c2̄ (red crosses) and number of produced vortices
(green diamonds, right y-axis). The flow is supersonic on average until 1000t ~ and vortices are produced at a nearly constant rate
from 700t ~ until 1600t ~ .

Figure 5.Quasi-steady radiation on the side of the former black hole at τ=1530. The box indicates the region that was used to
calculate the power spectrum infigure 6.

7
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energy. At highω this vacuumnoise remains essentially unchanged in the steady state epoch at τ=1530, but so
much power has been generated at smallω that we need a log–log plot (figure 6) to see all of it. This high power
low frequency radiation is clearly very different from thermal radiation (green line forT mv k6 B

2~ , which is a
fit to the high frequency tail of our data). The plot also seems to reveal two distinct power laws in addition to the
zero-point energy at high frequencies.Wefind these power laws by fitting to our numerical data in the respective
regions (fitted lines infigure 6). The points where the power laws turn over into each otherfix two characteristic
frequencies 6.21w ~ and 15.82w ~ , which correspond towavelengths on the order of (or somewhat shorter
than) the healing length; we have no theoretical explanation for these frequencies. Sound emitted by turbulent
regions is a subject in aeronautical engineering [33–35], and superfluid turbulence is an active topic in physics
[36], but the sound emitted by a turbulent superfluid ergoregion does not yet seem to have a theory withwhich
we can compare our numerical results for the power laws or characteristic frequencies. It also remains a question
whether the observed turbulent state and radiation depend only on themean-field parameters or are also
sensitive to the initial distribution offluctuations.Manymoreweek-long runs, or some other formof analysis,
will be needed in order to answer this question.

6.Discussion

The long-term evolution of a sonic black hole forces us to consider themeaning and value in general of
experiments that are based on analogies. Theoreticalmappings between very different physical systems are never
exact; they are valid approximately, within certain regimes. Laboratory systems like ultracold gases can be tuned
in somanyways that they can achievemany analogies, but even they cannot reproduce other systems exactly.
Moreover, analogies usually only apply to some aspects of systembehavior. Themodel systemmay reproduce
some significant features of the target systemwhile lacking others entirely.

The value of analog experiments does not only lie in offering oracle-like solutions to unsolved theoretical
problems by exact analog computation, however. In cases like that of quantum gravity, so little is known about
the target system that even limited analogies can bewell worthwhile. The long-term evolution of black holes, for
example, raises the very basic questions that have become known as the black hole information paradox [37]. A
steadily radiating black holewill eventually have emitted energy comparable to its own rest energy, and so
nonlinear back-reactionmust eventually become important. If we abandon the linear approximation and
consider the black hole and its radiation as a nonlinear dynamical system, however, the problem is notmerely
thatwe do not know exactly what theory of quantum gravity to apply. The severe problem is that it seems

Figure 6.Energy spectrumof the excitations on the side of the former black hole at τ=1530 (blue+). The power spectrum iswell
described by power laws in three different ranges. The dashed green line shows the spectrum for a thermal state at T mv k6 B

2~ for
comparison. The red crosses indicate the power spectrum at τ=0, which corresponds to the zero-point energy (solid red line).
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impossible to reconcile the essential features of classical general relativistic black holes with any unitary quantum
theory [37].

Thismeans that it really is of fundamental interest to learn about any example of a nonlinear quantum
theorywhich is known for certain to be self-consistent because it can be realized in the laboratory, andwhich
includes states that can bemapped onto those of a quantumfield in curved spacetime, but of which the evolution
can be followed nonlinearly over long times. To simulate full quantum gravity in the laboratory is far toomuch
to expect, but even a far less rigorous analogy can be a valuable contribution in afieldwhere experimental data
is rare.

In our case the nonlinear long-term evolution only preserves the analog spacetime outside the initial
ergoregion. Inside, theflowbecomes turbulent and the analogy breaks down. The instabilities to turbulent
vortex production are not an unrelated phenomenonwhichmasks steady thermalHawking radiation, however.
It is the same over-unity reflection due tomode-mixing at horizonswhich leads to stationaryHawking radiation
for infinite ergoregions and to dynamical instabilities forfinite ones. The specific way inwhich these instabilities
saturate through vortex formation is a feature of nonlinear superfluid hydrodynamics rather than gravity, but
the generic expectation of nonlinear quantumgravity is that itmay also dramatically influence the interior
structure of a black hole. The quasi-stationary epoch of our simulation indeed resembles the string-theoretic
fuzzball scenario [2, 38], inwhich the smooth spacetime of classical general relativity likewise only survives
outside the horizon.

The sonic radiationwhose power spectrum is shown infigure 6 can be calledHawking radiation in the loose
sense that it is emitted from the initial horizon region. It is clearly not thermal, however, at least not for a global
temperature—the statistics of eachmode in k-space (not shown, [28]) do appear to be individually consistent
with Boltzmannian ensembles ( E E 22 2á ñ á ñ ~ ), but with strongly k-dependent temperatures.We have thus
realized a scenario thatwas anticipated in [22] as a possible break downof the universality of thermalHawking
radiation, when it comes from a turbulent region inside the (former) black hole.

On the other handwe have also realized a scenario inwhich the curved-spacetime description remains valid
outside the former black hole, which emits some kind of quasi-steady noisy radiation. The relaxation of our
system into this non-thermally radiating statemay be considered an example of pre-thermalization, inasmuch as
the system approaches a quasi-stationary statewhich is not canonical equilibrium. Just as it is an important
problem in the foundations of statisticalmechanics to understandwhy some systems thermalize and others do
not, so it is a good question to pose about quantumgravity, to askwhich specific features of quantum
gravitational dynamicsmay lead to thermally radiating black holes even beyond linearization, in contrast to
systems like ours inwhich the generalizedHawking radiation is not thermal. Evenwhen a physical analogy does
not yield the right answer, itmay supply the right question, and in this sense further study of sonic black holes,
and the states intowhich they relax, will indeed be a valuable contribution to the difficult challenge of
understanding true quantumblack holes.
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Appendix. Sonic analogy

Herewe showhow the BdG equations in the hydrodynamic approximation can bemapped onto amassless
scalarfield equation in curved spacetime. This can be done inmanyways, including some that clearly preserve
the quantumnature of the BdG excitations. The shortest derivation proceeds, however, by implementing the
hydrodynamic approximation alreadywithin theGPE ((2) in ourmain text) by defining eirY = q for real ρ
and θ, both arbitrary functions of space and time.One obtains

, A.1r r q ¶ = -t · ( ) ( )

V g
1

2

1

2
A.22 2q q r

r
r¶ = - - - + t ∣ ∣ ( )

V g
1

2
, A.32q r- - -⟶ ∣ ∣ ( )

where the last line is the hydrodynamic approximation, valid whenever the condensate density varies slowly in
space on the scale of the healing length g1x r= . The long-wavelength limit of the BdG equations is then
given by linearizing the hydrodynamicGP equations around an arbitrary background. Introducing the notation
v q= for the background velocity field, wefind
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v , A.4dr r dq dr ¶ = - +t · ( ) ( )

v g . A.5dq dq dr¶ = - -t · ( )

Introducing the component notation 0¶  ¶t and i  ¶ for Latin indices ranging between 1 and the
number of spatial dimensionsD, and applying the Einstein summation convention for the Latin indices, we can
write these last equations as

v , A.6i i i i0r dq dr dr¶ ¶ = -¶ - ¶ ( ) ( )

g
v

1
. A.7i i0dr dq= - ¶ + ¶( ) ( )

Defining the local (and in general, time-dependent) speed of sound x x xc g, , ,t t r tº( ) ( ) ( ) , and
introducing Einstein summation overGreek indices that run from0 toD, these equations can be combined
straightforwardly into the form

K 0 A.8dq¶ ¶ =m
mn

n ( )

for the following D D1 1+ ´ +( ) ( )matrix Kmn :

K
c

, A.900
2

r
= - ( )

K K
c

v , A.10i i
i

0 0
2

r
= = - ( )

K
v v

c
. A.11ij

ij
i j

2
r d= -⎜ ⎟⎛

⎝
⎞
⎠ ( )

Wenow compare (A.8) to the scalar wave equation for amassless field in a curved spacetimewithmetric
tensor gmn ,

g
g g f

1
0, A.12

-
¶ - ¶ =m

mn
n

∣ ∣
∣ ∣ ( )

where g∣ ∣denotes the determinant of gmn as a D D1 1+ ´ +( ) ( )matrix, and the contravariantmetric tensor

gmn is the inversematrix g 1- . (Weavoid the usual notation of plain g for themetric determinant, to avoid
confusionwith our condensate interaction strength.) It is clear that the linearized hydrodynamic equationwould
be of exactly the same form as the relativistic scalar wave equation, ifwe could find ametric tensor gmn such that
the just-definedmatrix Kmn satisfies

gK g . A.13= -mn mn∣ ∣ ( )

ForD>1 this is easy: wemerely need

g
c

K
1

, A.14
D

2
1

r
r

=mn mn
-

⎜ ⎟⎛
⎝

⎞
⎠ ( )

implying the covariantmetric tensor

vg
c

c A.1500
2 2

D
2

1r
= -

-
⎜ ⎟⎛
⎝

⎞
⎠ (∣ ∣ ) ( )

g g
c

v A.16i i i0 0

D
2

1r
= = -

-
⎜ ⎟⎛
⎝

⎞
⎠ ( )

g
c

. A.17ij ij

D
2

1r
d=

-
⎜ ⎟⎛
⎝

⎞
⎠ ( )

For the caseD=3 this agrees with themetric given inUnruh’s original paper [3]; it is also a straightforward
mapping forD=2. ForD=1, however, it would be singular. This reflects the fact that themapping does not
work inD=1.

The problem is that inD=1 the determinant of g g- mn∣ ∣ is identically g g 11- º --∣ ∣ ∣ ∣ , for anymetric
gmn . The determinant of thematrix Kmn forD=1, however, is c g2 2r r- = - . There is noway tomake a
non-flatmetric in one-dimensionwithout letting at least one of ρ and c varywith space or time, and although the
interaction strength g can be controlled experimentally to some degree, the gas density is a dynamical variable
that depends on initial conditions, and there is noway to simply lock g to follow the local value of ρ. One could
try to give the background ρ and g the same spatial profile, but anymismatchwould invalidate theUnruh
analogy. The instabilities of one-dimensional sonic black holes to soliton formationwould thus destroy the
Unruh analogy, as ρ changed dynamically, even if g∝ρ could be achieved in the initial state.
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One possible way of salvaging one-dimensional sonic horizons, apart from the interpretation as a k⊥=0
sector of a higher-dimensionalmodel that wementioned in ourmain text, would be to interpret the soundwave
equation as the equation for amassless scalar field in a curved spacetimewith a scalar dilatonfieldΦ aswell as a
metric, g g f 0¶ F - ¶ =m

mn
n( ∣ ∣ ) . The dilatonfieldwould have to have the particular configurationΦ∝ρ/g,

fixed by the background condensate profile just as themetric is. This would then allow analog spacetime in one-
dimensional condensates, but not analogs inwhich spacetime curvature is the only effect onfield propagation,
since the dilaton effects would also be important. It is also far from clear that the particular paired dilaton and
metric configurations that are required by theUnruh analogy in one-dimensionwould be representative of
black holes in general.
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