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We investigate entanglement of purification (EoP) in conformal field theory. By using Reeh-Schlieder 
theorem, we construct a set of the purification states for ρAB , where ρAB is reduced density matrix for 
subregion AB of a global state ρ . The set can be approximated by acting all the unitary observables, 
located in the complement of subregion AB , on the global state ρ , as long as the global state ρ is 
cyclic for every local algebra, e.g., the vacuum state. Combining with the gravity explanation of unitary 
operations in the context of the so-called surface/state correspondence, we give an explanation of 
holographic EoP formula. We also explore the projection operator with the conformal basis in conformal 
field theory. In some limit we may produce the holographic EoP results by using the projection operator. 
Finally, we discuss the similarity and difference between the projection operator and unitary operations 
for calculating EoP.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

Recent studies on the gravity dual of some information-
theoretical quantities have provided us more insights on the nature 
of gravity and AdS/CFT correspondence [1]. Quantum entanglement 
in the field theory has a mysterious relation to the definition of ge-
ometry in the bulk. In AdS/CFT, the entanglement entropy is given 
by the area of a minimal surface in AdS [2] [3].

The entanglement in quantum field theory (QFT) has a deep 
relation with the structure and symmetry of the theory. In the 
framework of algebraic QFT, the constructions of the theory are by 
observables rather than the states [4] [5]. Along with this aspect 
the celebrated Reeh-Schlieder theorem give a strong constraint on 
the local properties of QFT. In fact this theorem characterizes the 
strong entanglement between different subregions.

In this paper we will use Reeh-Schlieder theorem to investigate 
a quantity called entanglement of purification (EoP), which is an-
other good entanglement measurement even for mixed state [6]. 
Similar as entanglement entropy this quantity is also proposed to 
have geometric interpretation in the context of AdS/CFT. The holo-
graphic EoP is proposed in [7] [8].

EoP is a quantity to characterize the correlation between differ-
ent subsystems A and B for a given state ρ . For a subsystem A
the reduced density matrix ρA is defined as ρA = tr Āρ , where Ā
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is the complement of A. The entanglement entropy S A is given by 
the von Neumann entropy

S(ρA) := −trρA logρA . (1)

The entanglement of purification is defined as

E P (ρAB) = min
ρAB=tr Ã B̃ |ψ〉〈ψ | S(ρA Ã), (2)

where the states |ψ〉 are called purifications of ρAB by introducing 
Ã and B̃ , and ρA Ã := trB B̃ |ψ〉〈ψ |. The minimization is taken over 
all the possible purifications |ψ〉.

The holographic EoP is given by the area of the minimal cross 
of entanglement wedge, denoted by �AB ,

EW (ρAB) = min{area(�AB)}
4G

, (3)

where G is the Newton constant. In this construction the entan-
glement wedge is the region surrounded by AB and the minimal 
surface homologous to them, which is expected to be dual to re-
duced density matrix ρAB [9–12]. The holographic EoP conjecture 
provides us a new way to understand the geometry in AdS and 
entanglement structure in the dual CFT. The generalization to the 
multipartite cases are discussed in [13–16]. There are also other 
proposals to extract the entanglement wedge cross section [17]
[18] [19]. One may see [20–26] for more recent studies.
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The calculation of EoP in QFT is very hard [27], for some sim-
ple models we may rely on numerical calculations [28] [29] [30]. 
In this paper we construct a set of the purification states |ψ〉 by 
using Reeh-Schlieder theorem. The set is obtained by unitary trans-
formations in the complement of AB . Using this result we give 
an explanation of holographic EoP (3) with the help of the sur-
face/state correspondence [31] [32]. In the end we also discuss the 
similarity and difference between projection operator [33] [34] and 
the minimization procedure of EoP.

The paper is organized as follows. In Sec. 2 we use the Reeh-
Schlieder theorem to construct the set of purifications, which is 
associated with unitary operations on the complementary part 
of AB . In Sec. 3 we explain holographic EoP formula (Heop) in 
the context of surface/state correspondence. In Sec. 4 we find the 
projection operators with conformal basis may produce the holo-
graphic EoP results in some limit of the intervals A and B . In Sec. 5
we show the similarity and difference between the projection op-
erators and the unitary operation for calculating EoP. Sec. 6 is the 
conclusion and comments on the calculations of EoP in CFTs.

2. Reeh-Schlieder theorem and purification

The minimization procedure (2) makes the calculation of EoP 
become a very difficult task in QFT since, in principle, one have to 
deal with infinite states. Actually there is no method to systemati-
cally construct the states |ψ〉.

But this problem will be much easier if the state of the entire 
system ρ is cyclic. To explain what is meant by a cyclic state we 
need some basic elements of algebraic QFT [4], see also [35]. In 
the framework of algebraic QFT any open region O can be associ-
ated with a von Neumann algebra of local observables, denoted by 
R(O ). For O being the entire space region, we have a global al-
gebra U . We denote the Hilbert space of QFT by H. A state |�〉
is said to be cyclic for R(O ) with respect to the Hilbert space H, 
if the set HO := {O|�〉, O ∈ R(O )} is dense in H. In other words, 
any state |�′〉 ∈H can be approximated by the elements in set HO
as closely as we like. For example, the vacuum state |0〉 is a cyclic 
state for the global algebra U . But the Reeh-Schlieder theorem 
gives a much stronger conclusion than that, it shows the vacuum 
state |0〉 is also a cyclic state for every local algebra R . More pre-
cisely,

Reeh-Schlieder Theorem. Suppose O to be any bounded open region, 
then the vacuum state |0〉 is cyclic for R(O).

One may refer to [5] for the proof of this theorem, see also 
a more modern treatment [36]. The reason for vacuum state being 
cyclic for local algebra is that different regions are highly entangled 
in vacuum state. Now we come back to our discussion of purifica-
tion and its relation to Reeh-Schlieder theorem. ρAB is the reduced 
density matrix of the cyclic state ρ = |0〉〈0|. Firstly, one could show 
the set of the purification states |ψ〉 of ρAB can be approximated 
by the elements in

HAB := {OAB |0〉,OAB ∈ R(AB)}, (4)

where OAB is the operator located in the region AB . The Reeh-
Schlieder theorem guarantees the set HAB is dense in H. This 
means any |ψ〉 can be approximated by a state OAB (ψ)|0〉 in HAB . 
We simply write it as1

|ψ〉 = OAB(ψ)|0〉. (5)

1 More precisely, for any state |ψ〉 one always could find an operator OAB (ψ)

such that the ||ψ〉 −OAB (ψ)|0〉| < ε , where ε is an arbitrary positive constant.
We may choose the auxiliary parts Ã B̃ as AB . The constraint 
tr Ã B̃ |ψ〉〈ψ | = ρAB is equal to

trAB(O ABtr Ã B̃ |ψ〉〈ψ |) = trAB(O ABρAB), (6)

for arbitrary operator O AB ∈ R(AB). This leads to

〈0|(OAB(ψ)O†
AB

(ψ) − 1)OAB |0〉 = 0,

〈0|(O†
AB

(ψ)OAB(ψ) − 1)OAB |0〉 = 0, (7)

where we have used the cyclic property of trace and the mi-
crocausality condition for local algebra, i.e., [O(x), O(y)] = 0
when x and y are spacelike separated [4]. Since (7) is true 
for any operator OAB , using the Reeh-Schlieder theorem again, 
there should exist an operator OAB(ψ) such that OAB(ψ)|0〉 =
(OAB(ψ)O†

AB
(ψ) − 1)|0〉 and OAB |0〉 = (O†

AB
(ψ)OAB(ψ) − 1)|0〉. 

Therefore, by using (7), the norm of states (OAB(ψ)O†
AB

(ψ) −1)|0〉
and (O†

AB
(ψ)OAB(ψ) − 1)|0〉 are vanishing.2 Finally, we have

O†
AB

(ψ)OAB(ψ) = OAB(ψ)O†
AB

(ψ) = 1. (8)

Now we arrive at our main result in this section.

Corollary 1. The set of the purifications of reduced density matrix ρAB

can be approximated by the Hilbert space Hψ constructed by acting uni-
tary local operators UAB on the vacuum, i.e.,

Hψ = {UAB |0〉, unitary UAB ∈ R(AB)}. (9)

3. Surface/state correspondence and holographic EoP

Even though we have constrained the set of the purifications to 
be Hψ , it is still hard to find the minimization of S A Ã by directly 
calculating in field theory. But to show (9) is a useful approach 
to the EoP, we would turn to using some arguments based on 
surface/state correspondence [31]. In the original paper of holo-
graphic EoP [7] the authors have given some arguments to explain 
the holographic EoP formula by surface/state correspondence. Here 
we would like to make the argument more precise and complete.

In the paper [31] the authors proposed a new duality rela-
tion between a bulk codimension-2 spacelike surface and quantum 
states in the dual field theory based on the similarity between 
tensor network and AdS/CFT [37], which is expected to be a gener-
alization of original AdS/CFT. In the context of surface/state corre-
spondence, the gravity lives on a manifold Md+2, any codimension-
2 convex surface � corresponds to state in the total Hilbert space 
H. In this paper we would work in AdS3, the states are repre-
sented by curves σ in AdS space. We would like to summarize the 
three important points of this correspondence:

1. A pure state |�(σ)〉 corresponds to topologically trivial curve, 
i.e., homologous to a point, in the bulk.

2. If two curves σ1 and σ2 are connected by a smooth deforma-
tion that preserves convexity, the corresponding states of them 
are related by a unitary transformation, that is

|�(σ1)〉 = U (1,2)|�(σ2)〉, (10)

where U (1, 2) is a unitary operator associated with deforma-
tion paths.

2 In fact this follows by another important property of vacuum state, that is the 
separating property. A state |	〉 is said to be separating for the local algebra R(O )

if O|	〉 = 0 ⇒O = 0.
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Fig. 1. A series of deformation of Ã (blue) and B̃ (red) for the disconnected entan-
glement wedge.

3. The entanglement entropy for a subregion σA of the curve σ
is conjectured to be given by the area formula,

Sσ ,A = min{area(γσ ,A)}
4G

, (11)

where G is the Newton constant.

If taking the curve σ to be AdS boundary, these would be the 
AdS/CFT correspondence, specially the entanglement entropy is RT 
formula. According to Corollary 1, we are interested in the uni-
tary transformation UAB that act on subregion AB . In the bulk 
these transformations are dual to deformations of curve on the 
AdS boundary while keeping the boundary of AB invariant. Note 
that for a unitary operator UA located in a subregion A acting on 
the state �(σ), the corresponding deformation of surface σ cannot 
transcend the extremal surface γσ,A . Only in this way one could 
keep the convexity of the deformed curves, and this also guarantees 
the holographic entanglement entropy of subregion A is invariant 
under unitary transformation UA [31].

Now we are ready to give an explanation of holographic EoP 
formula based on the surface/state correspondence. For simplicity 
we choose A and B to be two disconnected intervals as shown in 
Fig. 1.

If A and B are far away from each other, the entanglement 
wedge W AB , defined by a region surrounded by A, B and the 
minimal surface γA,B homologous to them, would become dis-
connected, see Fig. 1. In this case we may choose a series of 
deformations of the curve Ã(λ) and B̃(λ). Since these deforma-
tions correspond to unitary transformations UAB , they just need to 
keep the boundary of Ã(λ)B̃(λ) invariant. As shown in the Fig. 1
we always could choose a series of deformations Ã(λn) and B̃(λn)

such that Ã(λ∞) = limn→∞ Ã(λn) becomes connected in the bulk. 
Recall the definition of EoP (2), it is equal to the minimal value of 
entanglement entropy S A Ã . The holographic entanglement entropy 
for A Ã(λn) is given by (11). Therefore, we get S A Ã(λ∞)

= 0.3 This 
means the holographic EoP is zero. Note that in the Fig. 1 we only 
draw a special example for the deformations. In principle, there 
exist infinite ways to make S A Ã(λ∞)

= 0. For example the deforma-

3 The original state corresponding to A Ã is a mixed state, since it is a part of 
a closed surface, i.e., AdS boundary. Under a series of unitary transformations, the 
state would approach to a pure state. This is consistent with the intuition of purifi-
cation process.
Fig. 2. A series of deformation of Ã (blue) and B̃ (red) for the connected entangle-
ment wedge.

tions corresponding to U Ã or UB̃ would never effect the value of 
S A Ã(λn)

.
If the entanglement wedge W AB becomes connected as shown 

in Fig. 2, a series of deformations Ã(λ) and B̃(λ) correspond-
ing to the unitary transformations UAB still keep the boundary of 
Ã(λ)B̃(λ) invariant. One of the examples is shown in Fig. 2. In this 
case the curve of Ã(λn) would never possible become connected, 
since the deformation should never transcend the extremal surface 
γAB . Suppose �AB is the extremal surface as well as minimal area 
with the end points on the extremal surface γAB .

Therefore, to get the minimal value of S A Ã one could construct 
a series of deformations such that the end points of Ã(λ∞) =
limn→∞ Ã(λn) coincide with the ones of �AB . In this limit we 
would have the minimal value of S A Ã which is given by

S A Ã(λ∞)
= �AB

4G
. (12)

In above discussion we only focus on two intervals case, but it is 
straightforward to generalize the argument to more complicated 
cases. We have given an explanation of the holographic EoP in the 
context of surface/state correspondence. Full proof of holographic 
EoP formula relies on the explicit construction of the unitary oper-
ations associated with the bulk surface deformations.

Recently the authors in [38] give a derivation of holographic 
EoP in the context of the bit threads formulation [39]. The bit 
threads formulation reforms the RT formula by introducing the 
vector field v in the bulk. The different bulk geometry would have 
different field v that produces the RT formula. In the approaches 
by surface/state correspondence the purifications are associated 
with some bulk surfaces by smooth deformation of the bound-
ary. In the bit threads formulation the purifications are related to 
the bulk vector field v [38]. The basic ideas underlying the two 
approaches are very different. But both the bulk surfaces and the 
constrained bulk vector field v catch some essential features of the 
bulk geometric states. It would be an interesting direction to see 
whether these two presentations of CFT states are affinitive.

4. Projection operator and EoP in CFT

Another interesting question is what kinds of unitary opera-
tors UAB(ψ) would produce the minimal value of S A Ã . We should 
note that the unitary operator is not unique, if UAB (ψM) is one, so 
are the operators U ÃUAB(ψM) and UB̃UAB(ψM). It is still an open 
question whether the operator is unique up to the above gauge.
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Fig. 3. The post measurement state in region B̃ := B̃1 B̃2 (blue line) can be repre-
sented by path integral on the lower half plane with two slits.

In this section we will discuss one special operator belonging to 
the algebra R(AB), that is the projection operator in CFT. The pro-
jection operator in 1+1 dimensional CFT was discussed in [33] [34]
[40], its holographic explanation and applications can be found in 
[41]. We focus on the projection operator Pα

AB
, which makes the 

states in the region AB fixed by some conformal bases α. For ex-
ample, for free boson theory, a projection operator with fixed φ in 
region A corresponds to Dirichlet boundary condition on A, which 
is a conformal boundary.

Note that the projection operators Pα
AB

are not unitary. But as 
we will show soon the entanglement entropy S A Ã with B̃ = AB is 
very close to the holographic EoP.

We would follow the results in [40], the author considered the 
projection operators for two intervals as shown in Fig. 3. The post 
measurement state PB̃ |0〉 can be represented by path integral on 
the lower half plane with two slits on B̃1 and B̃2. Assume the 
length of the intervals l B̃1

= s1, lB̃2
= s2 and lA = l. To calculate 

Rényi entropy Sn
A for subsystem A in the state PB̃ |0〉 we need to 

evaluate the path integral on the n-sheet surface �n with two slits 
B̃1, B̃2 and branch cut on A. The Rényi entropy is given by

Sn
A = 1

1 − n
log

Z�n

Zn
�1

, (13)

where �1 is the surface with two slits. The entanglement entropy 
is just S A = limn→1 Sn

A . The partition function Z�n can be calcu-
lated throw a conformal mapping wn(z) from �n to annulus, see 
Appendix of [34] for the detail of the mapping. For general s1, s2, l
there are no analytical results. In the limit l 	 s1 = s2 = s the re-
sult is

S A = c

3
log

l

s
+ ..., (14)

where ... denote the contributions from the boundary, which are 
not related to central charge c. In the limit l 
 s1 = s2 = s, S A = 0
up to some boundary contributions.

In the limit s2 
 s1, l,

S A = c

6
log

l(l + s1)

s1s2
+ ..., (15)

with ... being the boundary contributions.
Now we would like to compare the post measurement en-

tanglement entropy with holographic EoP for AB . In the limit 
l 
 s1 = s2 = s, the entanglement wedge of AB becomes discon-
nected, the holographic EoP is vanishing. The post measurement 
entanglement entropy is also vanishing up to some boundary con-
tributions.

In the limit l 	 s1 = s2 = s or s2 
 s1, l the entanglement 
wedge of AB should be connected. In the appendix we calculate 
the holographic EoP for the interval A and B , the result is
E AB = c

6
log

[ s1 (2l + s2)

s1s2

+2
(
l2 + ls2 + √

l (l + s1) (l + s2) (l + s1 + s2)
)

s1s2

]
. (16)

We have

E AB =

⎧⎪⎪⎨
⎪⎪⎩

c

3
log

2l

s
, in the limit l 	 s1 = s2 = s

c

6
log

4l (l + s1)

s1s2
, in the limit s2 
 s1, l.

Comparing with the results after measurement (14) and (15) in 
the same limit, we find that they are same. Here we ignore the 
difference c

3 log 2, since for the cases we consider the constant is 
quite small, e.g., l

s 	 2 in the limit l 	 s1 = s2 = s.

5. Disentanglement and EoP

If the region Ã is near A as shown in Fig. 1 or Fig. 2, the 
process of minimal process of EoP can be seen as a unitary disen-
tanglement operations working on the region Ã B̃ . The role of the 
projection operator on B̃ is to reduce the entanglement between 
A Ã and B B̃ . The projection operators Pα

AB
totally disentangling Ã

from B̃ . One may guess the post measurement state may be very 
near to the state that produce the EoP, i.e., there exists an unitary 
operation UAB(ψM) such that in the state

|ψ〉M := UAB(ψM)|0〉, (17)

S A Ã is equal to the holographic EoP result (16). But it is shown 
in a recent paper written by the author that this is not right [43]
for the case that the intervals A and B are close to each other. It 
is straightforward to generalize the argument in [43] to our case. 
Further, we can consider the perturbation state eiδHAB |ψ〉M , where 
HAB is any hermitian operators in the region AB , δ is some di-
mensionless parameter. The condition that S A Ã is minimal in the 
state |ψ〉M would give a constraint on the modular Hamiltonian 
K A Ã,M in the state |ψ〉M [43],

[K A Ã,M ,O Ã] = 0, (18)

for any operators O Ã ∈ R( Ã). This means the operator K A Ã,M ∈
R′( Ã), where R′ denotes the algebra commutating with R. By 
using the Haag duality relation [4]

R′( Ã) = R( Ã′), (19)

where Ã′ denotes the complementary part of Ã, we conclude that 
the modular Hamiltonian K A Ã,M can only be expanded as opera-
tors located in the region A.

The modular Hamiltonian K A,P of A in the state Pα
AB

|0〉 can 
be written as an integral over the local stress energy tensor in the 
region A by using the method in [44]. But we can’t see whether 
the two modular Hamiltonian have some relations.

To see more difference between the post measurement state 
Pα

AB
|0〉 and |ψ〉M we turn to the holographic explanation of these 

states. It can be expected that not all of the states in the set of 
purifications Hψ (9) can be described by some classical geometry. 
The arguments involved of holography implicitly assume we only 
deal with the states with geometry dual. For AdS3/CFT2 the bulk 
geometry can be described by the Bañados geometry,

ds2 = dz2 + dwdw̄

z2
+ L(w)dw2 + L̄(w̄)dw̄2

+z2L(w)L̄(w̄)dwdw̄, (20)
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where L(w) and L̄(w̄) are holomorphic and anti-holomorphic 
functions. The functions L(w) and L̄(w̄) are expected to be as-
sociated with the expectation value of boundary stress energy 
tensor in some states ρ by L(w) = − 6

c tr(ρT (w)) and L̄(w̄) =
− 6

c tr(ρ T̄ (w̄)), where the central charge c is related to Newton 
constant G by c = 3

2G .
For the states |ψ〉 in the set Hψ we have

L(x) ∝ 〈ψ |T (x)|ψ〉 = 0, (21)

if x ∈ A or B . But 〈ψ |T (x)|ψ〉 is non-vanishing for x ∈ Ã or B̃ de-
pending on the details of the unitary operations U(ψ). This at least 
should determine the metric near the AdS boundary z ∼ 0.

In the Appendix B we review the geometric dual of the post 
measurement state Pα

AB
|0〉 for the special case B̃1 = [−q, q] and 

A = [q, q + l]. The metric on the time slice τ = 0 is given by

ds2|τ=0 = dz2

z2
+

[
4
(
q2 − x2

)2 − 3q2z2
]2

dx2

16z2
(
q2 − x2

)4
. (22)

Note that the above metric is divergent at the point x = q or −q. 
It of course doesn’t satisfy the expected form of dual geometry of 
|ψ〉M . When we calculate the holographic entanglement entropy 
of the subsystem A in the metric (22) by using RT formula. It 
seems the minimal surface doesn’t have some direct relations to 
the minimal cross of entanglement wedge �AB in the holographic 
EoP formula.

In conclusion the post measurement state cannot be a candi-
date of |ψ〉M . We cannot see the direct relation between projection 
operators and EoP calculations. It seems the only similarity is the 
projection operators do reduce the entanglement between Ã and 
B̃ . The minimization procedure of EoP can also be seen as a pro-
cess to find a series of unitary disentanglement operations such 
that S A Ã reaches its minimal value. In this respect the projection 
operators can be used as a way to estimate the amount of disen-
tanglement between Ã and B̃ . But as shown in [43] one could also 
find other states that may produce the holographic EoP result such 
as the joint local quench state [45]. In this sense the projection 
operation seems to be not too relevant to the calculation of EoP.

6. Discussions

In this paper we discuss on the calculation of EoP in CFTs. The 
first step for the calculation is to construct the set of purifications. 
By using the Reeh-Schlieder theorem we show that the set of pu-
rifications can be associated with some unitary operations on the 
region AB as long as the state of total system is cyclic. Further, 
the unitary operations in CFTs can be related to some bulk surface 
deformations in the context of surface/state correspondence. With 
this we explain the holographic EoP formula. Of course, since the 
surface/state correspondence is itself an conjecture based on the 
tensor network, this is not a solid result. But this can be seen as 
consistent check between surface/state correspondence and holo-
graphic EoP. It may help us understand more on the geometric dual 
of CFT states. We also find under some projection one could pro-
duce the holographic EoP results in some special case. Even though 
this seems to suggest the post measurement state is associated 
with the states |ψ〉M , we show that their similarity is only the dis-
entanglement between Ã and B̃ . Their difference is obvious, we 
show these by some holographic argument.

Our discussions are mainly for vacuum state, but it is straight-
forward to generalize to other cyclic state, such as the states on 
which the translation group acts holomorphically [36]. For mixed 
state in 1+1 dimensional CFT the thermal state is conformal equal 
Fig. 4. Calculations of holographic EoP for two interval A and B with lA = l and the 
distances between A, B are s1 and s2.

to the vacuum state, our discussions may be generalized to that 
case. This may fail for non-entangled state, such as the boundary 
state in CFT [46] [47].

Our explanation of holographic EoP only includes the states that 
can be described by geometry in the bulk. At least in 2D CFT it is 
expected there are many states that cannot be dual to a classical 
geometry [48]. So the explanation is only true for the class of geo-
metric states.

Even though in this paper we haven’t successfully calculate the 
EoP in 1+1 dimensional CFTs, our Corollary 1 is an interesting 
approach to this problem. At present the difficulty to make the 
calculation is how to calculate the EE of A Ã in the state belonging 
to Hψ . On the one hand, it is still not clear what kinds of unitary 
operations we should choose and why they are important. On the 
other hand we should find a method to calculate the EE of such 
excited states. These two problems are both very difficult. It seems 
to be impractical for directly calculating all the possible states in 
Hψ . But we prefer the relation (18) may be a break-through point 
on this problem. It actually gives a very strong constraint on the 
state |ψ〉M . It is possible that one may prove the holographic EoP 
formula by using (18) and other relevant tools in AdS/CFT. We will 
explore this in the near future.
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Appendix A. Holographic EoP of two intervals in 1+1 
dimensional CFT

We will derive the holographic EoP of two intervals in 1+1 di-
mensional CFT in this section. To compare with the result in the 
main text we choose A and B as shown in Fig. 4. We only plot 
the case when AB has connected entanglement wedge in Fig. 4. 
To calculate holographic EoP we need to compute the length of 
the entanglement wedge cross section, i.e., �AB in Fig. 4. The min-
imal length condition leads to the curve �AB is perpendicular to 
the extremal surface of entanglement wedge at the points (x1, z1)

and (x2, z2). With some simple calculations we get
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z1 = s1
√

l (l + s1) (l + s2) (l + s1 + s2)

s2
1 + 2l (l + s2) + s1 (2l + s2)

z2 = s2
√

l (l + s1) (l + s2) (l + s1 + s2)

2l2 + 2l (s1 + s2) + s2 (s1 + s2)
, (23)

and the equation of the curve �AB , (x − x0)
2 + z2 = z2∗ with

x0 = l(s2 − s2)

2(2l + s1 + s2)

z∗ =
√

l (l + s1) (l + s2) (l + s1 + s2)

2l + s1 + s2
. (24)

The length of �AB is

L = log
[ s1 (2l + s2)

s1s2

+2
(
l2 + ls2 + √

l (l + s1) (l + s2) (l + s1 + s2)
)

s1s2

]
. (25)

Appendix B. Holographic explanation of the post measurement 
state

According to the results of last section one may guess the post 
measurement state can be a candidate of the purifications that 
produce the minimal value of S A Ã . To better understand the possi-
ble relation between post measurement state and holographic EoP 
in this section we will use holographic method to explain the post 
measurement state. For simplicity, we will set s2 = 0, s1 = 2q and 
take the midpoint of B̃1 as the origin of the coordinate. Therefore, 
we have B̃1 = [−q, q] and A = [q, q + l].

With the conformal transformation

ξ = f (w) :=
√

q + w

q − w
, ξ̄ = f̄ (w̄) :=

√
q + w̄

q − w̄
, (26)

the Riemann surface with a slice B̃1 is mapped to the upper 
half plane (UHP) Im(ξ) ≥ 0, where w := x + iτ and w̄ := x − iτ . 
The UHP has a holographic dual by using the prescription of 
AdS/BC F T proposed in [42]. In this approach the boundary of the 
BCFT is extended to a bulk boundary Q , which satisfies the condi-
tion,

Kab − Khab + T hab = 0, (27)

where hab and Kab are the induced metric and the extrinsic curva-
ture of the bulk surface Q . Here we will only consider T = 0. The 
bulk surface Q is given by Im(ξ) = 0. The dual spacetime exists in 
the region Im(ξ) > 0, the metric in the bulk is

ds2 = dη2 + dξdξ̄

η2
, (28)

where we set the AdS radius R = 1, η is the holographic direc-
tion. There is a bulk coordinate transformation associated with the 
conformal transformation (26) on the boundary,

ξ = f (w) − 2z2 f ′ 2 f̄ ′′

4 f ′ f̄ ′ + z2 f ′′ f̄ ′′ ,

ξ̄ = f̄ (w) − 2z2 f̄ ′ 2 f ′′

4 f ′ f̄ ′ + z2 f ′′ f̄ ′′ ,

η = 4z( f ′ f̄ ′)3/2

′ ¯ ′ 2 ′′ ¯ ′′ . (29)

4 f f + z f f
Using the above coordinate transformation we could get the metric 
of the spacetime dual to the post measurement state. Let’s see the 
metric on the time slice τ = 0,

ds2|τ=0 = dz2

z2
+

[
4
(
q2 − x2

)2 − 3q2z2
]2

dx2

16z2
(
q2 − x2

)4
. (30)

Note that the metric is divergent at the point x = q or −q. This 
divergence may be attributed to the “sharp” projection operator. 
One needs some regularization to make the operator well-defined. 
One could read the energy density from the metric (30), it is non-
vanishing for the region x ∈ A. But for the purifications (9) it is 
expected the energy density in the region A would be zero.

References

[1] J.M. Maldacena, Int. J. Theor. Phys. 38 (1999) 1113;
J.M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, arXiv:hep -th /9711200.

[2] S. Ryu, T. Takayanagi, Phys. Rev. Lett. 96 (2006) 181602, arXiv:hep -th /0603001.
[3] V.E. Hubeny, M. Rangamani, T. Takayanagi, J. High Energy Phys. 0707 (2007) 

062, arXiv:0705 .0016 [hep -th].
[4] R. Haag, Local Quantum Physics: Fields, Particles, Algebras, Springer Science 

Business Media, 2012.
[5] R.F. Streater, A.S. Wightman, PCT, Spin and Statistics, and All That, Princeton 

University Press, 2016.
[6] B.M. Terhal, M. Horodecki, D.W. Leung, D.P. DiVincenzo, J. Math. Phys. 43 (9) 

(2002) 4286–4298, arXiv:quant -ph /0202044.
[7] T. Takayanagi, K. Umemoto, Nat. Phys. 14 (6) (2018) 573, arXiv:1708 .09393

[hep -th].
[8] P. Nguyen, T. Devakul, M.G. Halbasch, M.P. Zaletel, B. Swingle, J. High Energy 

Phys. 1801 (2018) 098, arXiv:1709 .07424 [hep -th].
[9] B. Czech, J.L. Karczmarek, F. Nogueira, M. Van Raamsdonk, Class. Quantum 

Gravity 29 (2012) 155009, arXiv:1204 .1330 [hep -th].
[10] A.C. Wall, Class. Quantum Gravity 31 (22) (2014) 225007, arXiv:1211.3494

[hep -th].
[11] M. Headrick, V.E. Hubeny, A. Lawrence, M. Rangamani, J. High Energy Phys. 

1412 (2014) 162, arXiv:1408 .6300 [hep -th].
[12] X. Dong, D. Harlow, A.C. Wall, Phys. Rev. Lett. 117 (2) (2016) 021601, arXiv:

1601.05416 [hep -th].
[13] N. Bao, I.F. Halpern, J. High Energy Phys. 1803 (2018) 006, arXiv:1710 .07643

[hep -th].
[14] N. Bao, I.F. Halpern, Phys. Rev. D 99 (4) (2019) 046010, arXiv:1805 .00476 [hep -

th].
[15] K. Umemoto, Y. Zhou, J. High Energy Phys. 1810 (2018) 152, arXiv:1805 .02625

[hep -th].
[16] N. Bao, A. Chatwin-Davies, G.N. Remmen, J. High Energy Phys. 1902 (2019) 110, 

arXiv:1811.01983 [hep -th].
[17] J. Kudler-Flam, S. Ryu, Phys. Rev. D 99 (10) (2019) 106014, arXiv:1808 .00446

[hep -th].
[18] K. Tamaoka, Phys. Rev. Lett. 122 (14) (2019) 141601, arXiv:1809 .09109 [hep -

th].
[19] S. Dutta, T. Faulkner, arXiv:1905 .00577 [hep -th].
[20] H. Hirai, K. Tamaoka, T. Yokoya, Towards entanglement of purification for con-

formal field theories, PTEP 2018 (6) (2018) 063B03, arXiv:1803 .10539 [hep -th].
[21] R. Espindola, A. Guijosa, J.F. Pedraza, Entanglement Wedge reconstruction and 

entanglement of purification, Eur. Phys. J. C 78 (8) (2018) 646, arXiv:1804 .
05855 [hep -th].

[22] Y. Chen, X. Dong, A. Lewkowycz, X.L. Qi, Modular flow as a disentangler, J. High 
Energy Phys. 1812 (2018) 083, arXiv:1806 .09622 [hep -th].

[23] R.Q. Yang, C.Y. Zhang, W.M. Li, Holographic entanglement of purification for 
thermofield double states and thermal quench, J. High Energy Phys. 1901 
(2019) 114, arXiv:1810 .00420 [hep -th].

[24] C.A. Agon, J. De Boer, J.F. Pedraza, Geometric aspects of holographic bit threads, 
arXiv:1811.08879 [hep -th].

[25] N. Bao, G. Penington, J. Sorce, A.C. Wall, Beyond toy models: distilling tensor 
networks in full AdS/CFT, arXiv:1812 .01171 [hep -th].

[26] N. Jokela, A. Ponni, Notes on entanglement wedge cross sections, arXiv:1904 .
09582 [hep -th].

[27] P. Caputa, M. Miyaji, T. Takayanagi, K. Umemoto, arXiv:1812 .05268 [hep -th].
[28] J. Hauschild Johannes, E. Leviatan, J. Bardarson, E. Altman, M. Zaletel, F. Poll-

mann, Finding purifications with minimal entanglement, eprint, arXiv:1711.
01288.

[29] A. Bhattacharyya, T. Takayanagi, K. Umemoto, J. High Energy Phys. 1804 (2018) 
132, arXiv:1802 .09545 [hep -th].

[30] A. Bhattacharyya, A. Jahn, T. Takayanagi, K. Umemoto, Phys. Rev. Lett. 122 (20) 
(2019) 201601, arXiv:1902 .02369 [hep -th].

http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D616C646163656E613A313939377265s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D616C646163656E613A313939377265s2
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib5279753A323030366276s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib487562656E793A323030377874s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib487562656E793A323030377874s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib48616167s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib48616167s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib5374726561746572s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib5374726561746572s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54657268616Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54657268616Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616B6179616E6167693A323031376B6E6Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616B6179616E6167693A323031376B6E6Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E677579656E3A32303137797177s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E677579656E3A32303137797177s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib437A6563683A323031326268s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib437A6563683A323031326268s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib57616C6C3A323031327566s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib57616C6C3A323031327566s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib486561647269636B3A32303134637461s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib486561647269636B3A32303134637461s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib446F6E673A3230313665696Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib446F6E673A3230313665696Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A323031376E6868s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A323031376E6868s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A3230313867636Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A3230313867636Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib556D656D6F746F3A323031386A7063s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib556D656D6F746F3A323031386A7063s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A3230313866736Fs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A3230313866736Fs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4B75646C65722D466C616D3A32303138716A6Fs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4B75646C65722D466C616D3A32303138716A6Fs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616D616F6B613A323031386E6564s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616D616F6B613A323031386E6564s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib44757474613A3230313967656Es1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib48697261693A323031386A7779s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib48697261693A323031386A7779s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib457370696E646F6C613A323031386F7A74s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib457370696E646F6C613A323031386F7A74s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib457370696E646F6C613A323031386F7A74s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4368656E3A3230313872677As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4368656E3A3230313872677As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib59616E673A32303138676671s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib59616E673A32303138676671s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib59616E673A32303138676671s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib41676F6E3A323031386C7771s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib41676F6E3A323031386C7771s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A32303138707673s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A32303138707673s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4A6F6B656C613A3230313965627As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4A6F6B656C613A3230313965627As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4361707574613A32303138787566s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib486175736368696C64s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib486175736368696C64s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib486175736368696C64s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib426861747461636861727979613A32303138736277s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib426861747461636861727979613A32303138736277s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib426861747461636861727979613A32303139747369s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib426861747461636861727979613A32303139747369s1


W.-Z. Guo / Physics Letters B 797 (2019) 134934 7
[31] M. Miyaji, T. Takayanagi, PTEP 2015 (7) (2015) 073B03, arXiv:1503 .03542 [hep -
th].

[32] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi, K. Watanabe, Phys. Rev. Lett. 
115 (17) (2015) 171602, arXiv:1506 .01353 [hep -th].

[33] M.A. Rajabpour, Phys. Rev. B 92 (7) (2015) 075108, arXiv:1501.07831 [cond -
mat .stat -mech].

[34] M.A. Rajabpour, J. Stat. Mech. 1606 (6) (2016) 063109, arXiv:1512 .03940 [hep -
th].

[35] B.S. Kay, R.M. Wald, Phys. Rep. 207 (2) (1991) 49–136.
[36] E. Witten, Rev. Mod. Phys. 90 (4) (2018) 045003, arXiv:1803 .04993 [hep -th].
[37] B. Swingle, Phys. Rev. D 86 (2012) 065007, arXiv:0905 .1317 [cond -mat .str-el].
[38] N. Bao, A. Chatwin-Davies, J. Pollack, G.N. Remmen, J. High Energy Phys. 1907 

(2019) 152, arXiv:1905 .04317 [hep -th].
[39] M. Freedman, M. Headrick, Commun. Math. Phys. 352 (1) (2017) 407, arXiv:

1604 .00354 [hep -th].
[40] K. Najafi, M.A. Rajabpour, J. High Energy Phys. 1612 (2016) 124, arXiv:1608 .

04074 [cond -mat .str-el].
[41] T. Numasawa, N. Shiba, T. Takayanagi, K. Watanabe, J. High Energy Phys. 1608 

(2016) 077, arXiv:1604 .01772 [hep -th].
[42] T. Takayanagi, Holographic dual of BCFT, Phys. Rev. Lett. 107 (2011) 101602, 
arXiv:1105 .5165 [hep -th].

[43] W.Z. Guo, Entanglement of purification and disentanglement in CFTs, arXiv:
1904 .12124 [hep -th].

[44] J. Cardy, E. Tonni, Entanglement Hamiltonians in two-dimensional conformal 
field theory, J. Stat. Mech. 1612 (12) (2016) 123103, arXiv:1608 .01283 [cond -
mat .stat -mech].

[45] P. Calabrese, J. Cardy, Entanglement and correlation functions following a lo-
cal quench: a conformal field theory approach, J. Stat. Mech. 0710 (10) (2007) 
P10004, arXiv:0708 .3750 [quant -ph].

[46] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. 
Phys. B 324 (1989) 581.

[47] M. Miyaji, S. Ryu, T. Takayanagi, X. Wen, J. High Energy Phys. 1505 (2015) 152, 
arXiv:1412 .6226 [hep -th].

[48] W.Z. Guo, F.L. Lin, J. Zhang, Phys. Rev. D 99 (10) (2019) 106001, arXiv:1806 .
07595 [hep -th].

http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A32303135797661s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A32303135797661s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A32303135666961s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A32303135666961s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib52616A6162706F75723A32303135757161s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib52616A6162706F75723A32303135757161s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib52616A6162706F75723A32303135786B6As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib52616A6162706F75723A32303135786B6As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4B6179s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib57697474656E3A323031386C6861s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib5377696E676C653A323030396267s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A32303139776366s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib42616F3A32303139776366s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib46726565646D616E3A323031367A7564s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib46726565646D616E3A323031367A7564s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E616A6166693A323031366B7762s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E616A6166693A323031366B7762s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E756D61736177613A32303136656D63s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4E756D61736177613A32303136656D63s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616B6179616E6167693A323031317A6Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib54616B6179616E6167693A323031317A6Bs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib47756F3A3230313970666Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib47756F3A3230313970666Cs1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43617264793A32303136667163s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43617264793A32303136667163s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43617264793A32303136667163s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43616C6162726573653A323030376D746As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43616C6162726573653A323030376D746As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib43616C6162726573653A323030376D746As1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4361726479s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4361726479s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A323031346D6361s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib4D6979616A693A323031346D6361s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib47756F3A32303138666E76s1
http://refhub.elsevier.com/S0370-2693(19)30656-2/bib47756F3A32303138666E76s1

	Entanglement of puriﬁcation and projection operator in conformal ﬁeld theories
	1 Introduction
	2 Reeh-Schlieder theorem and puriﬁcation
	3 Surface/state correspondence and holographic EoP
	4 Projection operator and EoP in CFT
	5 Disentanglement and EoP
	6 Discussions
	Acknowledgements
	Appendix A Holographic EoP of two intervals in 1+1 dimensional CFT
	Appendix B Holographic explanation of the post measurement state
	References


