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We investigate entanglement of purification (EoP) in conformal field theory. By using Reeh-Schlieder
theorem, we construct a set of the purification states for psp, where pap is reduced density matrix for
subregion AB of a global state p. The set can be approximated by acting all the unitary observables,
located in the complement of subregion AB, on the global state p, as long as the global state p is
cyclic for every local algebra, e.g., the vacuum state. Combining with the gravity explanation of unitary

operations in the context of the so-called surface/state correspondence, we give an explanation of
holographic EoP formula. We also explore the projection operator with the conformal basis in conformal
field theory. In some limit we may produce the holographic EoP results by using the projection operator.
Finally, we discuss the similarity and difference between the projection operator and unitary operations

for calculating EoP.
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1. Introduction

Recent studies on the gravity dual of some information-
theoretical quantities have provided us more insights on the nature
of gravity and AdS/CFT correspondence [1]. Quantum entanglement
in the field theory has a mysterious relation to the definition of ge-
ometry in the bulk. In AdS/CFT, the entanglement entropy is given
by the area of a minimal surface in AdS [2] [3].

The entanglement in quantum field theory (QFT) has a deep
relation with the structure and symmetry of the theory. In the
framework of algebraic QFT, the constructions of the theory are by
observables rather than the states [4] [5]. Along with this aspect
the celebrated Reeh-Schlieder theorem give a strong constraint on
the local properties of QFT. In fact this theorem characterizes the
strong entanglement between different subregions.

In this paper we will use Reeh-Schlieder theorem to investigate
a quantity called entanglement of purification (EoP), which is an-
other good entanglement measurement even for mixed state [6].
Similar as entanglement entropy this quantity is also proposed to
have geometric interpretation in the context of AdS/CFT. The holo-
graphic EoP is proposed in [7] [8].

EoP is a quantity to characterize the correlation between differ-
ent subsystems A and B for a given state p. For a subsystem A
the reduced density matrix p4 is defined as pa = tr;p, where A
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is the complement of A. The entanglement entropy S, is given by
the von Neumann entropy

S(pa) :=—trpalog pa. (M

The entanglement of purification is defined as

min _ S(p,47). (2)

Ep(paB) =
PAB=tT 351V} (V]

where the states |y) are called purifications of p4p by introducing
A and B, and p,; = tryz|¥)(y|. The minimization is taken over
all the possible purifications [/).

The holographic EoP is given by the area of the minimal cross
of entanglement wedge, denoted by Y43,

min{area(Z4p)}
4G

where G is the Newton constant. In this construction the entan-
glement wedge is the region surrounded by AB and the minimal
surface homologous to them, which is expected to be dual to re-
duced density matrix pap [9-12]. The holographic EoP conjecture
provides us a new way to understand the geometry in AdS and
entanglement structure in the dual CFT. The generalization to the
multipartite cases are discussed in [13-16]. There are also other
proposals to extract the entanglement wedge cross section [17]
[18] [19]. One may see [20-26] for more recent studies.

Ew(paB) = , (3)
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The calculation of EoP in QFT is very hard [27], for some sim-
ple models we may rely on numerical calculations [28] [29] [30].
In this paper we construct a set of the purification states |y) by
using Reeh-Schlieder theorem. The set is obtained by unitary trans-
formations in the complement of AB. Using this result we give
an explanation of holographic EoP (3) with the help of the sur-
face/state correspondence [31] [32]. In the end we also discuss the
similarity and difference between projection operator [33] [34] and
the minimization procedure of EoP.

The paper is organized as follows. In Sec. 2 we use the Reeh-
Schlieder theorem to construct the set of purifications, which is
associated with unitary operations on the complementary part
of AB. In Sec. 3 we explain holographic EoP formula (Heop) in
the context of surface/state correspondence. In Sec. 4 we find the
projection operators with conformal basis may produce the holo-
graphic EoP results in some limit of the intervals A and B. In Sec. 5
we show the similarity and difference between the projection op-
erators and the unitary operation for calculating EoP. Sec. 6 is the
conclusion and comments on the calculations of EoP in CFTs.

2. Reeh-Schlieder theorem and purification

The minimization procedure (2) makes the calculation of EoP
become a very difficult task in QFT since, in principle, one have to
deal with infinite states. Actually there is no method to systemati-
cally construct the states |v/).

But this problem will be much easier if the state of the entire
system p is cyclic. To explain what is meant by a cyclic state we
need some basic elements of algebraic QFT [4], see also [35]. In
the framework of algebraic QFT any open region O can be associ-
ated with a von Neumann algebra of local observables, denoted by
Z(0). For O being the entire space region, we have a global al-
gebra 7/. We denote the Hilbert space of QFT by #. A state | )
is said to be cyclic for Z(0) with respect to the Hilbert space H,
if the set Ho := {O|¥), O € Z(0)} is dense in H. In other words,
any state |¥’) € H can be approximated by the elements in set Ho
as closely as we like. For example, the vacuum state |0) is a cyclic
state for the global algebra %/. But the Reeh-Schlieder theorem
gives a much stronger conclusion than that, it shows the vacuum
state |0) is also a cyclic state for every local algebra Z#. More pre-
cisely,

Reeh-Schlieder Theorem. Suppose O to be any bounded open region,
then the vacuum state |0) is cyclic for Z(0).

One may refer to [5] for the proof of this theorem, see also
a more modern treatment [36]. The reason for vacuum state being
cyclic for local algebra is that different regions are highly entangled
in vacuum state. Now we come back to our discussion of purifica-
tion and its relation to Reeh-Schlieder theorem. pap is the reduced
density matrix of the cyclic state p = |0)(0|. Firstly, one could show
the set of the purification states |) of pap can be approximated
by the elements in

Hzg = {Oz510), Oz5 € Z(AB)}, (4)

where Oz is the operator located in the region AB. The Reeh-
Schlieder theorem guarantees the set Hzy is dense in . This
means any |y) can be approximated by a state Oz5(¥)|0) in Hzg.
We simply write it as’

V) = Oz5(¥)1[0). (3)

! More precisely, for any state |/) one always could find an operator Oz5(¥)
such that the [|y) — Oz5(¥)|0)| < €, where € is an arbitrary positive constant.

We may choose the auxiliary parts AB as AB. The constraint
tr3519) (Y| = pap is equal to

trap(0aptr;zl v ) (¥ |) =trag(0 aoAB). (6)
for arbitrary operator O 4p € Z(AB). This leads to

(01(Ox5(¥)OT=(¥) = 1)Oap|0) =0,
(01(Or (1) O55(¥) — 1)Oapl0) =0, (7)

where we have used the cyclic property of trace and the mi-
crocausality condition for local algebra, ie., [O(x),O(y)] =0
when x and y are spacelike separated [4]. Since (7) is true
for any operator Ogp, using the Reeh-Schlieder theorem again,
there should exist an operator Oap(y¥) such that Oap(¥)|0) =
(Oﬁ(lﬁ)OL—B(lﬁ) —1I[0) and Oapl0) = (0;—3(10)(9@(1#) —DI0).
Therefore, by using (7), the norm of states (OH(W)OL_BW) —-1)|0)

and (O%B(w)(’)ﬁ(xp) —1)|0) are vanishing.” Finally, we have

Ol _()Ox5()) = Og(W)OL_(¥) =1. ®)

Now we arrive at our main result in this section.

Corollary 1. The set of the purifications of reduced density matrix pap
can be approximated by the Hilbert space H, constructed by acting uni-
tary local operators Uz on the vacuum, i.e.,

Hy = {Uggl0), unitary Ugg € Z(AB)). (9)

3. Surface/state correspondence and holographic EoP

Even though we have constrained the set of the purifications to
be Hy, it is still hard to find the minimization of S,; by directly
calculating in field theory. But to show (9) is a useful approach
to the EoP, we would turn to using some arguments based on
surface/state correspondence [31]. In the original paper of holo-
graphic EoP [7] the authors have given some arguments to explain
the holographic EoP formula by surface/state correspondence. Here
we would like to make the argument more precise and complete.

In the paper [31] the authors proposed a new duality rela-
tion between a bulk codimension-2 spacelike surface and quantum
states in the dual field theory based on the similarity between
tensor network and AdS/CFT [37], which is expected to be a gener-
alization of original AdS/CFT. In the context of surface/state corre-
spondence, the gravity lives on a manifold Mg, any codimension-
2 convex surface X corresponds to state in the total Hilbert space
H. In this paper we would work in AdSs3, the states are repre-
sented by curves o in AdS space. We would like to summarize the
three important points of this correspondence:

1. A pure state |® (o)) corresponds to topologically trivial curve,
i.e.,, homologous to a point, in the bulk.

2. If two curves o1 and o3 are connected by a smooth deforma-
tion that preserves convexity, the corresponding states of them
are related by a unitary transformation, that is

|®(01)) = U(1,2)|P(02)), (10)

where U(1,2) is a unitary operator associated with deforma-
tion paths.

2 In fact this follows by another important property of vacuum state, that is the
separating property. A state |Q2) is said to be separating for the local algebra Z2(0)
if O|Q)=0=>0=0.
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Fig. 1. A series of deformation of A (blue) and B (red) for the disconnected entan-
glement wedge.

3. The entanglement entropy for a subregion o4 of the curve o
is conjectured to be given by the area formula,

min{area(yo,a)}
4G

where G is the Newton constant.

50,A= s (]1)

If taking the curve o to be AdS boundary, these would be the
AdS/CFT correspondence, specially the entanglement entropy is RT
formula. According to Corollary 1, we are interested in the uni-
tary transformation lf4z that act on subregion AB. In the bulk
these transformations are dual to deformations of curve on the
AdS boundary while keeping the boundary of AB invariant. Note
that for a unitary operator U4 located in a subregion A acting on
the state ® (o), the corresponding deformation of surface o cannot
transcend the extremal surface y5 4. Only in this way one could
keep the convexity of the deformed curves, and this also guarantees
the holographic entanglement entropy of subregion A is invariant
under unitary transformation U4 [31].

Now we are ready to give an explanation of holographic EoP
formula based on the surface/state correspondence. For simplicity
we choose A and B to be two disconnected intervals as shown in
Fig. 1.

If A and B are far away from each other, the entanglement
wedge Wy, defined by a region surrounded by A, B and the
minimal surface y4 p homologous to them, would become dis-
connected, see Fig. 1. In this case we may choose a series of
deformations of the curve A(1) and B(L). Since these deforma-
tions correspond to unitary transformations U5, they just need to
keep the boundary of A(A)B(X) invariant. As shown in the Fig. 1
we always could choose a series of deformations A(\n) and B(Ap)
such that A(As) = limp_ 0o A(An) becomes connected in the bulk.
Recall the definition of EoP (2), it is equal to the minimal value of
entanglement entropy S ,;. The holographic entanglement entropy
for AA(Ay) is given by (11). Therefore, we get SAFWOO) =0.2 This
means the holographic EoP is zero. Note that in the Fig. 1 we only
draw a special example for the deformations. In principle, there

exist infinite ways to make S, A = 0- For example the deforma-

3 The original state corresponding to AA is a mixed state, since it is a part of
a closed surface, i.e., AdS boundary. Under a series of unitary transformations, the
state would approach to a pure state. This is consistent with the intuition of purifi-
cation process.

Fig. 2. A series of deformation of A (blue) and B (red) for the connected entangle-
ment wedge.

tions corresponding to U or Uz would never effect the value of
S AAGn)"

If the entanglement wedge W sp bgcomes corlnected as shown
in Fig. 2, a series of deformations A(A) and B(1) correspond-

ing to the unitary transformations U4z still keep the boundary of
A(M)B()) invariant. One of the examples is shown in Fig. 2. In this
case the curve of A(A;) would never possible become connected,
since the deformation should never transcend the extremal surface
yap. Suppose X3 is the extremal surface as well as minimal area
with the end points on the extremal surface y,p.

Therefore, to get the minimal value of S,; one could construct

a series of deformations such that the end points of A(As) =
limp_ oo A(Ap) coincide with the ones of X4p. In this limit we
would have the minimal value of S,; which is given by

XAB

SaiGn) = ac (12)

In above discussion we only focus on two intervals case, but it is
straightforward to generalize the argument to more complicated
cases. We have given an explanation of the holographic EoP in the
context of surface/state correspondence. Full proof of holographic
EoP formula relies on the explicit construction of the unitary oper-
ations associated with the bulk surface deformations.

Recently the authors in [38] give a derivation of holographic
EoP in the context of the bit threads formulation [39]. The bit
threads formulation reforms the RT formula by introducing the
vector field v in the bulk. The different bulk geometry would have
different field v that produces the RT formula. In the approaches
by surface/state correspondence the purifications are associated
with some bulk surfaces by smooth deformation of the bound-
ary. In the bit threads formulation the purifications are related to
the bulk vector field v [38]. The basic ideas underlying the two
approaches are very different. But both the bulk surfaces and the
constrained bulk vector field v catch some essential features of the
bulk geometric states. It would be an interesting direction to see
whether these two presentations of CFT states are affinitive.

4. Projection operator and EoP in CFT

Another interesting question is what kinds of unitary opera-
tors Uzg(¥) would produce the minimal value of S, ;. We should
note that the unitary operator is not unique, if U5z (¥m) is one, so
are the operators UzUzz(¥m) and Uglzz(¥m). It is still an open
question whether the operator is unique up to the above gauge.
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L ..

B B, A Bs B

Fig. 3. The post measurement state in region B := B;B, (blue line) can be repre-
sented by path integral on the lower half plane with two slits.

In this section we will discuss one special operator belonging to
the algebra % (AB), that is the projection operator in CFT. The pro-
jection operator in 1+1 dimensional CFT was discussed in [33] [34]
[40], its holographic explanation and applications can be found in
[41]. We focus on the projection operator ’P%B, which makes the

states in the region AB fixed by some conformal bases «. For ex-
ample, for free boson theory, a projection operator with fixed ¢ in
region A corresponds to Dirichlet boundary condition on A, which
is a conformal boundary.

Note that the projection operators 7’?—3 are not unitary. But as
we will show soon the entanglement entropy S,; with B=AB is
very close to the holographic EoP.

We would follow the results in [40], the author considered the
projection operators for two intervals as shown in Fig. 3. The post
measurement state Pz|0) can be represented by path integral on
the lower half plane with two slits on By and Bj. Assume the
length of the intervals lBl = sq, léz =5y and I4 = . To calculate
Rényi entropy S for subsystem A in the state P;|0) we need to
evaluate the path integral on the n-sheet surface X, with two slits
B1, B, and branch cut on A. The Rényi entropy is given by

L
25, ’

(13)

where X is the surface with two slits. The entanglement entropy
is just Sa =limy_q Sﬁ. The partition function Zx, can be calcu-
lated throw a conformal mapping w,(z) from X, to annulus, see
Appendix of [34] for the detail of the mapping. For general s1, s2, !
there are no analytical results. In the limit [ >> s; = sy = s the re-
sult is

l
SAzglog——i—..., (14)
3 S

where ... denote the contributions from the boundary, which are
not related to central charge c. In the limit [ < sy =52 =5, S4 =0
up to some boundary contributions.

In the limit sy < 51,1,

Il
SA=£10 ﬂ-ﬁ-..

. 15
6 5152 (15)

with ... being the boundary contributions.

Now we would like to compare the post measurement en-
tanglement entropy with holographic EoP for AB. In the limit
| « s1 =s; =s, the entanglement wedge of AB becomes discon-
nected, the holographic EoP is vanishing. The post measurement
entanglement entropy is also vanishing up to some boundary con-
tributions.

In the limit [ > sy =s; = s or s, < s1,! the entanglement
wedge of AB should be connected. In the appendix we calculate
the holographic EoP for the interval A and B, the result is

c s121+s
EABZ_logl:u
6 5152
2(2 +1 I i [
N ( +52+«/(+211(+52)(+51+52))]' (16)
152

We have

21
%log . in the limitl > sy =s; =s

E =
A=Y e ald+sy) . .
—log ———, in the limit s; < s1, [
6 S182
Comparing with the results after measurement (14) and (15) in
the same limit, we find that they are same. Here we ignore the
difference §log2, since for the cases we consider the constant is

quite small, e.g., % > 2 in the limit [ > s1 =53 =s.
5. Disentanglement and EoP

If the region A is near A as shown in Fig. 1 or Fig. 2, the
process of minimal process of EoP can be seen as a unitary disen-
tanglement operations working on the region AB. The role of the
projection operator on B is to reduce the entanglement between
AA and BB. The projection operators P totally disentangling A

from B. One may guess the post measurement state may be very
near to the state that produce the EoP, i.e., there exists an unitary
operation U4z (¥m) such that in the state

V)M = Uzg(¥m)|0), (17)

S, is equal to the holographic EoP result (16). But it is shown
in a recent paper written by the author that this is not right [43]
for the case that the intervals A and B are close to each other. It
is straightforward to generalize the argument in [43] to our case.
Further, we can consider the perturbation state e"‘mﬁlxp) M, Where
‘Hzp is any hermitian operators in the region AB, § is some di-
mensionless parameter. The condition that S,; is minimal in the
state |y )y would give a constraint on the modular Hamiltonian
Kaim in the state |y)p [43],

[KA;"M,OA]=O, (18)

for any operators O R(A). This means the operator Kaim €

R/(A), where R’ denotes the algebra commutating with R. By
using the Haag duality relation [4]

R'(A) =R(A), (19)
where A’ denotes the complementary part of A, we conclude that
the modular Hamiltonian KAA,M can only be expanded as opera-
tors located in the region A.

The modular Hamiltonian K4 p of A in the state Pﬁ‘—BIO) can
be written as an integral over the local stress energy tensor in the
region A by using the method in [44]. But we can’t see whether
the two modular Hamiltonian have some relations.

To see more difference between the post measurement state
P%B|O) and |vy)p we turn to the holographic explanation of these
states. It can be expected that not all of the states in the set of
purifications Hy (9) can be described by some classical geometry.
The arguments involved of holography implicitly assume we only
deal with the states with geometry dual. For AdSs;/CFT, the bulk
geometry can be described by the Bafiados geometry,

dz? +dwdw
==

+Z2L(w)L(W)dwdw, (20)

ds? + L(w)dw? + L(w)dw?
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where L(w) and L(w) are holomorphic and anti-holomorphic
functions. The functions L(w) and L(W) are expected to be as-
sociated with the expectation value of boundary stress energy
tensor in some states p by L(w) = —%tr(pT(w)) and L(w) =
—%tr(pT(v’v)), where the central charge c is related to Newton
constant G by ¢ = 3.

For the states |/) in the set H, we have

L&) o (Y I TX)|Y) =0, (21)

if xe A or B. But (¥|T(x)|[¥) is non-vanishing for x € A or B de-
pending on the details of the unitary operations /(). This at least
should determine the metric near the AdS boundary z ~ 0.

In the Appendix B we review the geometric dual of the post
measurement state P}%lO) for the special case Bi = [—q,q] and
A =|[q, q +1]. The metric on the time slice T =0 is given by

5 2
, dz2 [4 (¢°> —x?) —3q222] dx?
dsle=0 = — + n ) (22)
z 1622 (g% — x?)

Note that the above metric is divergent at the point x =q or —q.
It of course doesn’t satisfy the expected form of dual geometry of
|¥)m. When we calculate the holographic entanglement entropy
of the subsystem A in the metric (22) by using RT formula. It
seems the minimal surface doesn’t have some direct relations to
the minimal cross of entanglement wedge X 45 in the holographic
EoP formula.

In conclusion the post measurement state cannot be a candi-
date of |)y. We cannot see the direct relation between projection
operators and EoP calculations. It seems the only similarity is the
projection operators do reduce the entanglement between A and
B. The minimization procedure of EoP can also be seen as a pro-
cess to find a series of unitary disentanglement operations such
that S ,; reaches its minimal value. In this respect the projection
operators can be used as a way to estimate the amount of disen-
tanglement between A and B. But as shown in [43] one could also
find other states that may produce the holographic EoP result such
as the joint local quench state [45]. In this sense the projection
operation seems to be not too relevant to the calculation of EoP.

6. Discussions

In this paper we discuss on the calculation of EoP in CFTs. The
first step for the calculation is to construct the set of purifications.
By using the Reeh-Schlieder theorem we show that the set of pu-
rifications can be associated with some unitary operations on the
region AB as long as the state of total system is cyclic. Further,
the unitary operations in CFTs can be related to some bulk surface
deformations in the context of surface/state correspondence. With
this we explain the holographic EoP formula. Of course, since the
surface/state correspondence is itself an conjecture based on the
tensor network, this is not a solid result. But this can be seen as
consistent check between surface/state correspondence and holo-
graphic EoP. It may help us understand more on the geometric dual
of CFT states. We also find under some projection one could pro-
duce the holographic EoP results in some special case. Even though
this seems to suggest the post measurement state is associated
with the states |y)y, we show that their similarity is only the dis-
entanglement between A and B. Their difference is obvious, we
show these by some holographic argument.

Our discussions are mainly for vacuum state, but it is straight-
forward to generalize to other cyclic state, such as the states on
which the translation group acts holomorphically [36]. For mixed
state in 1+1 dimensional CFT the thermal state is conformal equal

z

B S1 A 52 B

Fig. 4. Calculations of holographic EoP for two interval A and B with I4 =1 and the
distances between A, B are s; and s;.

to the vacuum state, our discussions may be generalized to that
case. This may fail for non-entangled state, such as the boundary
state in CFT [46] [47].

Our explanation of holographic EoP only includes the states that
can be described by geometry in the bulk. At least in 2D CFT it is
expected there are many states that cannot be dual to a classical
geometry [48]. So the explanation is only true for the class of geo-
metric states.

Even though in this paper we haven’t successfully calculate the
EoP in 1+1 dimensional CFTs, our Corollary 1 is an interesting
approach to this problem. At present the difficulty to make the
calculation is how to calculate the EE of AA in the state belonging
to Hy. On the one hand, it is still not clear what kinds of unitary
operations we should choose and why they are important. On the
other hand we should find a method to calculate the EE of such
excited states. These two problems are both very difficult. It seems
to be impractical for directly calculating all the possible states in
‘Hy . But we prefer the relation (18) may be a break-through point
on this problem. It actually gives a very strong constraint on the
state |y)y. It is possible that one may prove the holographic EoP
formula by using (18) and other relevant tools in AdS/CFT. We will
explore this in the near future.
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Appendix A. Holographic EoP of two intervals in 1+1
dimensional CFT

We will derive the holographic EoP of two intervals in 1+1 di-
mensional CFT in this section. To compare with the result in the
main text we choose A and B as shown in Fig. 4. We only plot
the case when AB has connected entanglement wedge in Fig. 4.
To calculate holographic EoP we need to compute the length of
the entanglement wedge cross section, i.e., ¥4p in Fig. 4. The min-
imal length condition leads to the curve X4p is perpendicular to
the extremal surface of entanglement wedge at the points (x1, z1)
and (xa, z2). With some simple calculations we get
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_s1/IA+s1) (T4 52) [+ 51+ 52)
s34+ 21 (14 52) + 51 (2l +52)
s2/T+s1) I +52) (+51+52)

Zy = s 23
2T 22 12U (s1 +52) + 52 (51 +52) (23)
and the equation of the curve Tp, (x — x)? + 2> = z2 with
I(s2 —s2)
Xo= —— "2
221+ 51 +52)
I 1 I
z*=“/(+sl)(+52)(+sl+52). (24)
214+51+ 52
The length of X4p is
21
5182
2(2 +1s Td+s)d+s)A+s1+s
N P+ z+\/(+511(+ D) (+51+ 2))]. (25)
152

Appendix B. Holographic explanation of the post measurement
state

According to the results of last section one may guess the post
measurement state can be a candidate of the purifications that
produce the minimal value of S , ;. To better understand the possi-
ble relation between post measurement state and holographic EoP
in this section we will use holographic method to explain the post
measurement state. For simplicity, we will set s; =0, s; =2q and
take the midpoint of B; as the origin of the coordinate. Therefore,
we have B; =[—q,q] and A=[q,q+]1].

With the conformal transformation

t=fw =T EoFaw = (26)
qg—w

the Riemann surface with a slice B; is mapped to the upper
half plane (UHP) Im(¢) > 0, where w :=x+ it and w :=x —it.
The UHP has a holographic dual by using the prescription of
AdS/BCFT proposed in [42]. In this approach the boundary of the
BCFT is extended to a bulk boundary Q, which satisfies the condi-
tion,

Kap — Khgp + Thep =0, (27)

where hgp and Kgp are the induced metric and the extrinsic curva-
ture of the bulk surface Q. Here we will only consider T = 0. The
bulk surface Q is given by Im(&) = 0. The dual spacetime exists in
the region Im(&) > 0, the metric in the bulk is

dn? + d&dE
where we set the AdS radius R =1, n is the holographic direc-

tion. There is a bulk coordinate transformation associated with the
conformal transformation (26) on the boundary,

ds? , (28)

B B Zsz/zf//
§=f(w) 4f/}'/+22f//}'//’
_ 222]-/2f//
§=f(w) 4f/i/+22f//i//’

4Z(f/}‘/)3/2

n 4f/f/+22f//f// ( )

Using the above coordinate transformation we could get the metric
of the spacetime dual to the post measurement state. Let’s see the
metric on the time slice 7 =0,

2 2
, dz2 [4 (> —x*)" - 3q222] dx?
dsle=0= — + n ) (30)
z 1622 (qZ _ XZ)

Note that the metric is divergent at the point x =q or —q. This
divergence may be attributed to the “sharp” projection operator.
One needs some regularization to make the operator well-defined.
One could read the energy density from the metric (30), it is non-
vanishing for the region x € A. But for the purifications (9) it is
expected the energy density in the region A would be zero.
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