
 

Transverse beam dynamics in a plasma density ramp
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An electron beam experiences chromatic emittance growth in a plasma-based accelerator if it is not
matched to the focusing force in the plasma wake. A ramped plasma density profile at the entrance and exit
of the plasma source can control the focusing of the beam into and out of the plasma accelerator, limiting
emittance growth. Here, we present a comprehensive, analytic theory to describe the transverse beam
dynamics and emittance growth in a nearly arbitrary plasma ramp profile. For a given incoming beam, this
theory can be used to determine the length of the ramp required to correctly focus the electron beam, the
optimal location of the beam’s vacuum focus, and the chromatic emittance growth in the ramp. In addition,
the theory can be used to determine the effect that errors in the beam focusing and plasma profile have on
the emittance of the beam. We illustrate two example ramps to demonstrate the theory: one that provides
very fast focusing for beam matching, and one that is robust to errors in the plasma density profile.
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I. INTRODUCTION

Modern, high energy particle accelerators powered by
radio frequency (rf) klystrons are becoming increasingly
large and expensive. Plasma based accelerators are a
compact alternative capable of producing accelerating
gradients hundreds to thousands of times larger than
conventional rf accelerators, reducing the accelerator foot-
print by a corresponding factor. In a plasma-based accel-
erator, a laser or particle beam drives an electron density
wave in the plasma, called a wake, producing a strong,
longitudinal electric field. A second electron beam placed
within the wake—the witness beam—is accelerated by the
electric field, gaining significant energy in a short distance.
Recent experiments have shown that an electron beam
driven plasma wakefield accelerator (PWFA) can produce
accelerating gradients in excess of 10 GeV=m with high
efficiency and low energy spread [1–3]. Laser driven
wakefield accelerators (LWFA) have demonstrated accel-
erating gradients as high as 100 GeV=m, producing beams
with energy up to 4.2 GeV [4,5]. To be suitable for
applications, however, a plasma-based accelerator must
preserve the beam quality, characterized by the beam’s
transverse emittance, during acceleration. After accelera-
tion, the beam must be coupled into a conventional

magnetic beam line for delivery to the interaction point
or another accelerating stage. So far, high-gradient PWFA
and LWFA experiments have failed to preserve the emit-
tance of the beam.
In a plasma accelerator operating in the highly nonlinear

blowout regime, all of the plasma electrons are evacuated
from the center of the wake. The ions remain in place due to
their inertia, resulting in a bare ion column inside the wake
with a density equal to the initial plasma density. The
electric field of the ion column exerts a transverse focusing
force on the beam electrons. Energy spread in the electron
beam drives emittance growth when the beam’s divergence
is not matched to the focusing strength of the plasma. The
beam size required for matching to the plasma in a plasma-
based accelerator is much smaller than that typically
encountered in a conventional accelerator and is beyond
the capabilities of most magnetic electron beam optics.
Because the beam is so highly focused in the plasma, it has
a large divergence. When the beam exits the plasma, its
divergence is no longer balanced by the focusing force of
the plasma and the beam undergoes rapid expansion. This
expansion can lead to catastrophic normalized emittance
growth and beam loss due to overfilling of apertures in the
downstream magnetic beam line [6–8].
Since the focusing force of the ion column depends on the

plasma density, a longitudinally tapered density profile can
perform the focusing necessary to match the witness beam
into and out of the plasma accelerator [9–11]. Figure 1
shows a conceptual example of this scheme. A conventional
magnetic optic focuses the beam into a ramped plasma
density profile. The ion column in the ramp focuses the
beam further such that it is matched to the plasma as it enters
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the accelerating region. A similar ramp placed at the exit of
the accelerating region gradually increases the size of the
beam, controlling its divergence as it exits the plasma. This
allows the beam to couple into a magnetic beam transport
system.
Previous literature on transverse beam dynamics in a

longitudinal plasma ramp by Chen et al. [12] considered
adiabatic focusing in a slowly changing plasma density in
the context of exceeding the Oide limit. Floettmann [10]
and Xu et al. [11] showed that several plasma density
profiles are theoretically capable of matching a beam into a
plasma, though they treat only a small set of ramp shapes
where the transverse beam evolution is analytically solv-
able. In addition, all of the ramp profiles they consider have
a nonphysical discontinuous first derivative at the location
where the ramp joins the uniform density section of the
plasma used for acceleration. Similar dynamics occur for a
laser pulse passing through a plasma ramp at the entrance of
a plasma channel [13]. However, the effect that the ramp
shape has on the focusing of the beam and the emittance
growth within the ramp have not yet been considered.
In this work, we present a theoretical description of the

transverse beam evolution in an arbitrarily shaped plasma
ramp. In doing so, we divide the plasma ramp into three
different regimes: an adiabatic regime, where the plasma
density changes slowly on the betatron oscillation scale; a
nonadiabatic regime, where the plasma density changes
rapidly; and a perturbation regime, where the plasma
density is low and only perturbs the beam evolution away
from vacuum propagation. We present a complete analytic
theory describing the beam evolution in an adiabatic or
perturbative plasma ramp, and a limited analytic treatment
of a nonadiabatic plasma ramp. Using the solutions

presented here, the ramp length, the location of the electron
beam’s vacuum waist, and the evolution of the beam’s
projected emittance can be calculated directly. The theory
can be used to design plasma density ramps for matching a
given beam into or out of a plasma accelerator. It can also
be used to calculate the effects of variations in beam or
plasma parameters on the beam’s emittance growth. We
demonstrate how the theory can be used to design an
entrance ramp for a plasma based accelerator and predict
the emittance evolution for a beam with incoming chro-
matic effects. Further, we show that rapid focusing occurs
for a highly mismatched beam entering a uniform density
plasma, producing a very short ramp that can match the
beam into the accelerating section.

II. FOCUSING IN A PLASMA
BASED ACCELERATOR

A laser or electron driver passing through an underdense
plasma will excite a nonlinear wake that expels the plasma
electrons, leaving a bare ion column. The witness beam
experiences a linear focusing force inside the column. The
transverse equation of motion for an electron in the beam is

d2x
ds2

þ KðsÞx ¼ 0; ð1Þ

where s is the longitudinal coordinate in the direction of
beam propagation, and x is the transverse position of the
particle. The focusing strength of the plasma is given by

KðsÞ ¼ ω2
pðsÞ

2γbc2
; ð2Þ

where ωp is the plasma frequency defined as ωpðsÞ2 ¼
nðsÞe2=meϵ0, nðsÞ is the plasma density, e is the elemen-
tary charge,me is the electron mass, ϵ0 is the permittivity of
free space, γb is the relativistic factor of the particle, and c is
the speed of light. The length scale of transverse motion in
the plasma is set by the betatron wave number, defined as
k2βðsÞ ¼ KðsÞ. in this work, we consider ramps leading into
and out of a uniform density plasma. It is convenient to use
1=kβ at the beginning (end) of the uniform plasma, denoted
1=kβ0, as the unit of length for an entrance (exit) ramp.
From here on, all quantities with units of length are
written in units of 1=kβ0. Further, we define η ¼ n=n0,
where n0 is the density of the uniform plasma. In these
units kβðsÞ ¼

ffiffiffiffiffiffiffiffiffi
ηðsÞp

. The focusing strength is written as
KðsÞ ¼ ηðsÞ.
One measure of the beam quality as a whole is

the normalized emittance defined as ϵn ¼ ð1=mecÞ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihp2

xi − hxpxi2
p

, where px is the transverse momen-
tum of the particle [11]. The normalized emittance is
usually written as ϵn ¼ hγbiϵ, where hγbi is the average
relativistic factor of the beam [6,7]. We assume there is

FIG. 1. A conceptual diagram showing plasma density ramps
coupling a beam into and out of a plasma-based accelerator. The
electron beam propagates from left to right, with a vacuum waist
near the plasma entrance ramp location. The solid blue lines
indicate the envelope of the beam as it would propagate through
vacuum, and the dashed blue lines indicate the envelope of the
beam as it would propagate through the plasma. The plasma
density profile is shown in green. The plasma entrance ramp
focuses the electron beam to the matched size as it enters the
accelerator, and the plasma exit ramp reduces the divergence of
the electron beam as it leaves the accelerator. The beam gains
energy in the accelerator, leading to adiabatic damping and
necessitating an exit ramp that is longer than the entrance ramp.
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negligible relative energy change in the ramp Δγb=γb ≪ 1,
where Δγb is the change in beam energy within the ramp.
Under this assumption the relative growth in normalized
emittance is equivalent to the relative growth in geometric
emittance ϵ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihx02i − hxx0i2

p
. Here x0 ¼ dx=ds ¼

px=ps. The transverse phase space of the beam is para-
metrized by the Courant-Snyder parameters, where β ¼
hx2i=ϵ measures the squared width of the beam, γ ¼
hx02i=ϵ gives the squared divergence, and α ¼ −hxx0i=ϵ
is the correlation between the particle position and diver-
gence. The evolution of β is described by [14]

1

2
β00 þ k2βðsÞβ −

1

β

�
1þ

�
1

2
β0
�

2
�
¼ 0; ð3Þ

which cannot in general be solved for arbitrary kβðsÞ.
Emittance growth in a plasma accelerator arises from

chromatic dephasing of the beam in the ion column.
Chromatic effects are parametrized by the fractional
momentum deviation δ defined as δ ¼ ðp − p0Þ=p0, where
p0 is the reference particle’s momentum. In this work, we
assume δ ≪ 1. The energy dependence of the focusing
strength in the highly relativistic approximation is given by

Kðs; δÞ ¼ ηðsÞ
1þ δ

: ð4Þ

The energy dependence of the betatron wave number is
kβðs; δÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η=ð1þ δÞp

and the betatron evolution is
described by Eq. (3), where kβ is an explicit function of
δ. The energy dependent focusing force leads to emittance
growth for any beam with finite energy spread. Figure 2

shows the transverse phase space of an unmatched beam
before and after propagating through a uniform density
plasma. Different energy slices of the beam initially overlap
in phase space. As the beam propagates, the slices rotate at
different rates due to the energy dependence of the focusing
force, spreading the beam out in transverse phase space.
This chromatic dephasing leads to growth in the projected
beam emittance. The area of the white ellipse in the figure is
the initial emittance and the area of the black ellipse is the
final emittance, about 2.5 times larger.
Chromatic emittance growth is minimized if the beam

starts matched to the plasma. In a uniform density plasma,
a monoenergetic beam is considered matched if its trans-
verse envelope does not change size as it propagates
through the plasma. Thus, for a matched beam, β must
be constant and therefore α ¼ 0. This condition is satisfied
when β ¼ 1=kβ. In a nonuniform plasma, we define the
matched beta function βmðsÞ¼1=kβðsÞ. Further, we define
αm¼−β0m=2, analogous to the definition of the Courant-
Snyder parameter α. Minimal emittance growth occurs in
the uniform accelerating region of a plasma accelerator
when the beam is matched to the plasma according to its
average energy hγbi [11]. A longitudinally tapered plasma
density ramp is designed to focus a beam to the matched
size as it enters the accelerating section.

III. ADIABATIC EVOLUTION

In an adiabatic ramp, the plasma density changes slowly
compared to the length scale of the beam’s betatron
oscillations. Focusing of a beam using a slowly changing
plasma density has been considered before [8,10,12,15–17].
However, the full solution for the beam dynamics, including
the evolution of a mismatched beam, has not been explicitly
derived. The adiabatic solution is an expansion in αm;
accordingly, we define the adiabaticity parameter as
A ¼ jαmj. The adiabatic limit is defined as

A ¼ jαmj ¼
1

4ηkβ

���� dηds
���� ¼ 1

4η3=2

���� dηds
���� ≪ 1; ð5Þ

which is equivalent to saying that the relative change in η
over a distance k−1β is small. This makes no reference to the
rate of change of the beam’s beta function, only the rate of
change of the plasma density.
The transverse dynamics of a single particle are

described by the Hamiltonian,

H ¼ 1

2
x02 þ 1

2
ηx2: ð6Þ

If the plasma density changes adiabatically, the evolution of
the beam can be found using the theory of adiabatic
invariants. The action-angle variables J0 and θ0 in a
uniform density plasma are generated by the function

FIG. 2. Emittance growth due to chromatic dephasing, the
initial phase space distribution is shown on the left and the
distribution after the beam propagates 23.7 betatron oscillations is
shown on the right. The initial rms phase space ellipse is shown in
white and the final rms phase space ellipse is shown in black. The
ellipses are magnified by a factor of 2 for clarity. The area of the
ellipse is 4 times the rms emittance, the final emittance is a factor
of 2.5 larger than the initial emittance due to the energy spread in
the beam.
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F1ðx; θ0Þ ¼ −
x2

2βm
tan θ0; ð7Þ

where the subscript 0 denotes that these variables are only
action-angle variables for the Hamiltonian with constant η.
For a Hamiltonian with longitudinally varying plasma

density, J0 and θ0 are still valid canonical variables, but
they have a dependence on s given by

J00 ¼ −β0m
∂
∂θ0

�∂F1

∂βm
�

θ00 ¼
∂H
∂J0 þ β0m

∂
∂J0

�∂F1

∂βm
�
: ð8Þ

Using the definition of αm and taking the derivatives of the
generating function gives expressions for J00 and θ00, where
the s dependence of η is a clear perturbation:

J00 ¼ 2
αmJ0
βm

cos 2θ0; θ00 ¼
1

βm
−
αm
βm

sin 2θ0: ð9Þ

These expressions can be expanded in powers of αm, the
lowest order term for each coordinate is

θð0Þ0 ¼
Z

s

0

dξ
βmðξÞ

; Jð0Þ0 ¼ J0ð0Þ: ð10Þ

The coordinates can be used to find a transport matrix for
single particle motion from which the adiabatic solution for
the evolution of the β function is found to be

β ¼ βmðc0 þ c1 cos 2θ þ c2 sin 2θÞ; ð11Þ

where θ ¼ θð0Þ0 . The constants are functions of the initial
conditions:

c0 ¼
1

2

�
β0
βm0

þ βm0γ0

�

c1 ¼
1

2

�
β0
βm0

− βm0γ0

�
c2 ¼ −α0; ð12Þ

where βm0 ¼ βmð0Þ. In the adiabatic limit the β function
oscillates with an amplitude proportional to the matched
beam size about a value that is offset from, and proportional
to, the matched beam size.
The first order solution is inconsistent in that

β0ð0Þ ≠ −2α0. As a result, the solution does not include
oscillations in the beta function that occur when α0 ¼ 0 and
αm0 ≠ 0. It was pointed out by Xu et al. [11] that these
oscillations would never appear in the lowest order adia-
batic theory. As shown in the Appendix, a ramp with
η ¼ 1=ð1 − 2αmsÞ2, which has constant A, can be solved
exactly. This solution can be used to derive a higher order
correction to c1, c2, and c3. The solution has the same form
as Eq. (11), but with different constants. Expanding these

constants to first order in αm and inserting them into the
adiabatic solution, captures the oscillations in β. This
solution for the beta function corresponds to a transfer
matrix where the second row is the derivative of the first.
Working backwards it can be shown that the action variable
must include some, but not all, of the second order terms.
The higher order constants are given by

c0 ¼
1

2

�
β0
βm0

þ βm0γ0 − 2α0αm0

�

c1 ¼
1

2

�
β0
βm0

− βm0γ0 þ 2α0αm0

�

c2 ¼ −α0 þ
αm0β0
βm0

: ð13Þ

The oscillations around the matched size disappear when
β0 ¼ βm0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2m0

p
and α0 ¼ αm0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2m0

p
. In the

adiabatic limit this simplifies to β0 ¼ βm0 and α0 ¼ αm0.
For a nonuniform plasma, we define this as the matched
condition (this definition of matched was previously noted
by Williams and Katsouleas [15]). If a beam is initially
matched to an adiabatic plasma profile, the beam will
remain matched to the plasma.
If it is assumed that β0 ¼ βm0 and α0 ¼ αm0, then very

small oscillations of β occur. Oscillations can also develop
due to rapid changes in αm, even if the ramp remains
adiabatic. Oscillations induced by discontinuous changes in
αm can be explained using the adiabatic solution with higher
order constants. For example, if the gradient of the plasma
density at the beginning of the exit ramp is discontinuous, a
beam that is initially matched to the plasma in the accel-
erating region, where β0 ¼ 1 and α0 ¼ 0, will not be
matched to the exit ramp. Subsequently, it will undergo

FIG. 3. Comparison of the lowest order adiabatic solution and
the higher order adiabatic solution. Two different ramp profiles
are portrayed, both with l ¼ 5=kβ0. The exact solution for the β
function evolution is shown as a thin solid line, the lowest order
adiabatic solution as a dot-dashed line and the higher order
solution as a dotted line. The higher order solution correctly
predicts the oscillations of the beam around the matched β
function, which is equivalent to the first order adiabatic solution.
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oscillations. Examples of these oscillations for two exit
ramps where the beta function can be found exactly are
shown in Fig. 3. The ramp is identical to the primary ramp
considered in [11], which has an exact solution for the beam
evolution. As shown in the figure, the oscillations are not
captured by the lowest order adiabatic solution, but they are
captured by using the higher order correction to the
constants.
Even if the reference energy is matched to the plasma,

different energy slices of the beam will experience different
focusing forces leading to projected emittance growth. Each
energy component has a different matched beta function and
will undergo adiabatic evolution according to Eq. (11). To
lowest order in δ, the projected emittance growth is a
function of the beam’s chromatic amplitude [18]:

Δϵ
ϵ0

¼ 1

2
W2σ2δ; ð14Þ

where σδ is the rms fractional momentum deviation, and the
chromatic amplitude W is defined as

W2 ¼
�∂α
∂δ −

α

β

∂β
∂δ

�
2

þ
�
1

β

∂β
∂δ

�
2

: ð15Þ

Here, all energy slices of the beam are assumed to start with
the same geometric emittance ϵ0 and all the terms are
evaluated at δ ¼ 0. The expansion is only valid if βðδÞ is
approximately linear (even for small δ the quadratic term
can sometimes be important).
It can be seen from Eq. (3) that βðδÞ is given by making

the replacement βm → βm
ffiffiffiffiffiffiffiffiffiffiffi
1þ δ

p
. Additionally, to account

for any chromatic effects of the incoming beam, the initial
conditions are functions of δ: β0ðδÞ, α0ðδÞ and γ0ðδÞ.
Making the above substitution for βm, βm0, and αm0 gives

βðδÞ ¼ βm

�
c3

δ

2
ð1 − cos 2ψÞ þ c2

ffiffiffiffiffiffiffiffiffiffiffi
1þ δ

p
sin 2ψ

þ c0 þ c1 cos 2ψ

�
; ð16Þ

where c3 ¼ βm0γ0 − 2αm0α0, and

ψ ¼ θffiffiffiffiffiffiffiffiffiffiffi
1þ δ

p : ð17Þ

All the ci constants are functions of δ through β0, α0, and
γ0. βm is the matched beta function for the average
beam energy hγbi. It is convenient to expand ψ in δ:
ψ ≈ ð1 − δ=2Þθ. Evaluating the chromatic amplitude will
give the lowest order emittance growth for a beam with
arbitrary chromatic initial conditions.
Consider the case where all energy components start

with the same initial conditions, and the reference energy is
matched to the plasma. In this case the beam starts with its
projected emittance equal to the emittance of each energy
slice. βðδÞ is given by

βðδÞ ¼ βm

�
δ

2
ð1 − cos 2ψÞ þ 1

�
: ð18Þ

Evaluating the chromatic amplitude shows that the emit-
tance evolves according to

Δϵ
ϵ0

¼ 1

4
ð1 − cos 2θÞσ2δ ð19Þ

to lowest order in δ. This expression also holds true in a
uniform plasma. The beam evolution and emittance evolu-
tion in an adiabatic plasma are shown in Fig. 4 for two
different initial conditions. The model matches the numerical
solution quite well in both cases. An oscillation of the
projected emittance can occur so long as the emittance of
each energy slice is smaller than the projected emittance of
the entire beam. In the presence of nonuniform longitudinal
fields, particle exchange between energy slices will lead to
slice emittance growth and saturation of the projected
emittance of the beam. The emittance will saturate to the
maximum of the oscillation of the projected emittance.
Figure 4(b) shows the emittance evolution for initial con-
ditions where each energy slice is matched to the plasma. For
most matched beams, the emittance growth in an adiabatic
section would be negligible, on the order of σ2δ .
If the reference energy is mismatched, βðδÞ cannot be

approximated as a linear function and the chromatic
amplitude no longer predicts the emittance growth. The
emittance growth in a uniform plasma from chromatic
phase mixing has been found by [11] to be

(a)

(b)

FIG. 4. Emittance evolution for a beam in an adiabatic plasma
where (a) all energy components are matched, and (b) start with
the same Courant-Snyder parameters. The beam has a uniform
energy distribution from −2% to 2% with the extremes of the
distribution plotted. The plasma profile is η ¼ 1=½1þ ðasÞ2�
with a ¼ 0.05.
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ϵ ¼ ϵsat

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðγ0βm þ β0=βmÞ2 − 4

ðγ0βm þ β0=βmÞ2
�
sinΔψ
Δψ

�
2

s
; ð20Þ

where Δψ ¼ ψð ffiffiffi
3

p
σδÞ − ψð− ffiffiffi

3
p

σδÞ. The saturated emit-
tance is given by ϵsat ¼ ϵ0ðγ0βm þ β0=βmÞ=2, and repre-
sents the asymptotic upper limit of the emittance after many
betatron oscillations. The phase mixing process works the
same in an adiabatic plasma, so Eq. (20) can be used to
describe the emittance growth of a mismatched beam in an
adiabatic ramp.
It is useful to quantify the adiabatic ramp by the total

phase advance in the ramp, θf. The chromatic phase spread
can then be written as Δψ ≈ −θfδ. Most ramps have θf on
the order of 10 s of radians and ΔΨ is small. Even for long
adiabatic ramps, the emittance growth in the ramp is
negligible. Adiabatic ramps are a robust option for match-
ing a beam into a plasma. There is almost no emittance
growth in the ramp if the beam is initially matched, and the
exact shape of the ramp is inconsequential, so long as the
plasma density changes slowly and A remains small.

IV. UNIFORM PLASMA RAMP

Matching can be achieved in a very short distance by
using a low density, uniform plasma in front of the
accelerating plasma section. The electron beam enters
the low density plasma mismatched and undergoes one
quarter betatron oscillation, entering the accelerating
plasma at the minimum of the oscillation where α ¼ 0.
An appropriate choice of plasma density ensures that β ¼
βm where the uniform plasma ramp meets the accelerating
section. An example of such a ramp is shown in Fig. 5
where an η ¼ 0.05 density plasma produces a factor of 20
reduction in the β function over a distance of 7=kβ0.
The transverse beam evolution in the uniform density

“ramp” is described exactly by the adiabatic theory and the
results from the preceding section can be used to design the

ramp. The plasma density required for focusing an incom-
ing beam is given by

η ¼ 1 − γ0
β0 − 1

: ð21Þ

The necessary length of the ramp can be calculated by
solving the phase equation

cos 2θ ¼ 2β0 − 1 − βm
1 − βm

; ð22Þ

with βm determined from Eq. (21) and θ ¼ L=βm, where L
is the length of the ramp.
If the beam is at a waist at the beginning of the ramp

(α0 ¼ 0), then the length of the ramp must be L ¼ π=
ð2 ffiffiffi

η
p Þ. To the best of our knowledge, this is the shortest

ramp yet considered in the literature. Very little chromatic
phase spread develops in such a short ramp so the emittance
growth is negligible. The ramp’s length and low plasma
density mitigate energy modulation of the witness beam
before the accelerating section. Though the step function
density profile of the theoretical model is nonphysical, the
same qualitative behavior will be retained if the change in
density occurs over a distance that is small compared to k−1β .

V. NONADIABATIC EVOLUTION

Ramps that are nonadiabatic, or have sections that are
nonadiabatic, can focus beams over a much shorter distance
than an adiabatic ramp with a matched beam. In general, the
beam evolution in a nonadiabatic ramp cannot be solved for
exactly; however, some ramp profiles have exact solutions
that demonstrate the general character of the evolution. One
such ramp is η ¼ 1=ð1 − 2αmsÞ2. The exact solution for the
ramp is given in the Appendix. It is similar to the adiabatic
solution except for a difference in constants and a correc-
tion to the phase. In the nonadiabatic regime it is impossible
to choose a set of initial conditions such that the oscillating
terms vanish for all s.
The fastest way to focus the beam in a nonadiabatic ramp

is to harness the phase of the oscillation where the beam
size is most rapidly decreasing. The nonadiabatic regime is
unique in that the beam can undergo oscillations and still
end up matched to the plasma. This is impossible in a
smooth adiabatic ramp. In a well chosen nonadiabatic
ramp, the beam undergoes almost exactly a quarter betatron
oscillation and ends matched to the plasma. This is similar
to the scheme presented in Sec. IV. The focusing process is
shown in Fig. 6 where a nonadiabatic ramp is compared to
an adiabatic ramp. The nonadiabatic ramp decreases the
beta function by a factor of 30 in only 29=kβ0 with the beam
undergoing approximately a quarter of a betatron oscil-
lation. An adiabatic ramp at the upper limit of the adiabatic
regime (αm ¼ 0.1 for the majority of the ramp) requires a
distance of 152=kβ0 to achieve the same degree of focusing.

FIG. 5. A mismatched beam in a uniform density plasma ramp
undergoes half an oscillation of β, rapidly focusing the beam. If
the plasma ramp is truncated after a quarter betatron period it can
be used to match the beam into a high density plasma in a short
distance. The beam oscillates about a center value of c0βm, which
is offset from the matched beam size βm. The amplitude of the
oscillation is given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c21 þ c22

p
.
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Generally, numerical methods must be implemented to
design a smooth, matching ramp that provides rapid
focusing. The ramp must transition from nonadiabatic to
adiabatic exactly at the point where the beam oscillation
passes through the matched solution. In practice, the
matched Courant-Snyder parameters at the top of the
nonadiabatic section can be numerically back propagated
through a ramp of a given shape while scanning the
characteristic ramp length until the ideal matching ramp
length is identified.
Analytic solutions exist for ramps where βmðsÞ is linear

or quadratic (see [10] for the quadratic case) which can be
used to approximate the nonadiabatic part of an arbitrary
ramp. Nonadiabatic ramps are sensitive to the exact ramp
shape due to the interplay between oscillation and match-
ing. These difficulties make nonadiabatic ramps potentially
difficult to design and implement in situations where the
plasma density cannot be precisely controlled.

VI. PERTURBATIVE PLASMA RAMP

If the plasma has a sufficiently low density, the motion
arising from the focusing force of the ion column can be
treated as a perturbation to the vacuum propagation of the
beam. The unperturbed Hamiltonian is the free space
Hamiltonian and it is well known that the canonical
transformation obtained using Hamilton’s principle func-
tion results in the coordinates given by

A ¼ x00 B ¼ x − As: ð23Þ

According to classical, time dependent perturbation theory,
the time evolution of these coordinates is given by

_A ¼ −ηðsÞðAsþ BÞ _B ¼ ηðsÞsðAsþ BÞ: ð24Þ

The zeroth order solution is the constant solution of the
unperturbed Hamiltonian: A0 ¼ x00 and B0 ¼ x0. The first
order solution is found by inserting the zeroth order
solution into the right-hand side of the differential equation
and integrating. The first order solution can be written in
the form of a transport matrix for x and x0 from s ¼ 0 to s:

M ¼
�
1 − I0sþ I1 s − I1sþ I2

−I0 1 − I1

�
; ð25Þ

where In refers to integrals given by

In ¼
Z

s

0

ζnηðζÞdζ: ð26Þ

The approximation is valid if 1
2
ηx2 ≪ 1

2
x02, requiring that

βk2β=γ ≪ 1. The β function evolution can be derived in the
normal way from the components of the transport matrix.
Figure 7 shows that the approximation well represents the
beam evolution in the low density tail of an exit ramp with a
Gaussian density profile.
As s becomes very large, the integrals converge for any

practical ramp. Beyond this point, the plasma has no effect
on the beam and the beam evolves as it would in vacuum.
The beam will appear to have come from a vacuum waist of
β� ¼ 1=γ:

β� ¼ 1

γ0 þ 2ðα0I0 − γ0I1Þ þ β0I20 − 2α0I0I1 þ γ0I21
; ð27Þ

where the In integrals are assumed to be convergent and
evaluated to infinity. After the beam has left the perturba-
tive region of an exit ramp, β� will be the effective waist
seen by the downstream magnetic focusing optics. For an
entrance ramp, this formula can be used to calculate the
focusing of the beam that occurs at the foot of the ramp. It
can be useful to drop terms of order I2 to get a compact
version of the formula.

FIG. 7. Evolution of an initially matched beam in an exit ramp
with a long perturbative tail. The perturbative theory effectively
models the small deviation in β from free space evolution caused
by the long, low density tail of a Gaussian plasma density
ramp (green).

FIG. 6. Evolution of two identical beams with shifted vacuum
waist locations through an adiabatic ramp (magenta) and a
nonadiabatic ramp (blue). In the adiabatic ramp, the beam
evolution follows the adiabatic solution, reducing β by a factor
of 30 in a distance of 152 k−1β0 . In the nonadiabatic ramp, the beam
undergoes a quarter of a betatron oscillation, reducing β by a
factor of 30 in 29k−1β0 . In both cases the beam ends matched to the
uniform density acceleration section, with β ¼ 1=kβ0 and α ¼ 0.
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It is straightforward to account for chromatics in the
perturbative ramp, a factor of 1=ð1þ δÞ appears in front of
each In integral. The transport matrix for off energy
particles can easily be found and βðδÞ solved for. The
chromatic amplitude gives emittance growth induced in the
perturbative part of the ramp, which will be negligible in
most cases. The net effect of the perturbative ramp on the
motion does not depend on the exact shape of the ramp,
only the values of the integrals In evaluated over the
entire ramp.

VII. EXAMPLE RAMP DESIGN

Here, we demonstrate how to use adiabatic and pertur-
bative plasma regions to match a beam originating from a
conventional magnetic delivery system into a plasma
accelerator. Using these two regions, the beam dynamics
can be solved for analytically. In addition, the ramp is
robust against errors in the plasma density profile. We
assume in this example that the magnetic optics can only
focus the beam down to β� ¼ 10k−1β0 in vacuum. The plasma
ramp must demagnify the β function by a factor of 10 for
the beam to be matched to the uniform density, accelerating
plasma section. The challenge is to determine an appro-
priate ramp shape as well as the location of the vacuum
focus s� for the incoming beam.
We will use an adiabatic ramp that is truncated on the

upstream side by a short perturbative section. The adiabatic
section accomplishes most of the beam focusing and the
small perturbative section rapidly brings the plasma density
up from zero at the start of the ramp. In the adiabatic
section, a plasma density given by ηðsÞ ¼ 1=½1þ ðasÞ2� is
used because it has a smooth profile at the top and constant
αm in the bulk of the ramp, minimizing the length of the
ramp. The perturbative region has a Gaussian plasma
density profile given by ηðsÞ ¼ ηt exp½−ðs − stÞ2=2σ2�,
where st is the location of the transition between the
perturbative and adiabatic section and ηt is the plasma
density at that point. The length scale of the Gaussian is set
by σ. A Gaussian profile is chosen to make evaluating the
integrals in the perturbative section of the ramp straightfor-
ward. In the adiabatic section, the beam undergoes adia-
batic evolution and remains matched to the plasma β ¼ βm.
To focus the beam by a factor of 10 the plasma density must
increase from η ¼ 1=β20 to η ¼ 1. To keep the ramp as short
as possible, the maximum A is chosen to be 0.1 (a ¼ 0.2),
which is the approximate upper limit for accurate predic-
tions using the adiabatic approximation. Some focusing
will occur in the perturbation section of the ramp so the
plasma density increases adiabatically from η ¼ ηt ¼ 0.012
to η ¼ 1. The lower bound on the plasma density was
chosen somewhat arbitrarily to create a perturbative section
of reasonable length. In this perturbative section β
decreases by 8% with respect to β�.
The length of the adiabatic section is determined by

solving ηt ¼ 1=½1þ ðastÞ2� for st, giving a length of

st ¼ −45.4k−1β0 , where s ¼ 0 is chosen to be at the top
of the ramp. The next step is to determine the length of the
perturbative section and the location of the incoming
beam’s vacuum waist. At the beginning of the adiabatic
section the Courant-Snyder parameters must be α ¼ αm ¼
0.1 and β ¼ βm ¼ 1=

ffiffiffi
η

p ¼ 9.13k−1β0 . The length of the
perturbation section can be determined by solving
Eq. (27) for σ. The integrals are taken from 0 to −∞,
effectively going backwards from st. Using this, the
perturbative section needs to have σ ¼ 2.645k−1β0 to match
a β� ¼ 10k−1β0 beam into the adiabatic section of the plasma.
Next, the transport matrix for the perturbation section can
be calculated to find the beam waist. Because the integrals
were calculated in the negative direction, the transport
matrix propagates in the negative direction. The beam waist
can be determined by back propagating the beta function
from the end of the perturbative ramp into free space and
solving for the vacuum waist from the free space values.
Using this method, it is found that the vacuum waist should
be placed at s ¼ −48.04k−1β0 .
The emittance evolution in the ramp can be found using

the chromatic amplitude. As an example, we start with an
incoming beam with a uniform energy distribution between
1% and−1%. All energy components focus to the same β at
the vacuum waist, but α at the waist depends linearly on
energy αðs�Þ ¼ rδ. Here, r is an arbitrary parameter
representing the chromatics in the incoming beam. The δ
dependent transport matrix for the perturbative section can
be used to find the beam’s initial state at the beginning of
the adiabatic section. The δ dependent adiabatic solution
can be used to find the chromatic amplitude, and thus the
emittance growth, at all points in the adiabatic section.
Figure 8 shows the beam evolution in the plasma for an
incoming beam with r ¼ 5.5. The centroid energy slice
does not display any significant oscillations about the
matched size, demonstrating that the beam is correctly
matched to the adiabatic section of the ramp. The off energy
components undergo significant oscillations in the ramp,
but the ramp itself has negligible impact on the beam
emittance. The initial projected emittance is larger than the
slice emittance due to the chromatics in the beam before it
reaches the plasma ramp.
The theoretical calculation carried out in this example

shows good agreement with the numerical solution for both
the transverse dynamics and the emittance evolution. The
theory presented here provides a simple framework with
which to design and evaluate plasma ramps in order to
preserve beam quality.
A ramp with an identical functional form can be used to

control the divergence of the beam at the exit of the plasma
based accelerator. At the exit, however, the beam energy is
greater than at the entrance. This results in a decrease of kβ0
for the exit ramp, causing an increase in the length scale of
the ramp. If the density of the accelerating region remains
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fixed, the ramp length increases by a factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γbf=γbi

p
,

where the subscripts i and f denote preacceleration and
postacceleration, respectively. After traversing the exit
ramp, the beam would behave as if it originated from a
vacuum waist with β� ¼ β�0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γbi=γbf

p
, where β�0 is the

vacuum waist produced by the upstream magnetic focusing
optics.

VIII. CONCLUSIONS

A tailored longitudinal plasma density profile can be
used to match a beam into or out of a plasma based
accelerator in order to minimize chromatic emittance
growth in the beam. The length of the ramp, location of
the vacuum waist, and emittance growth in the ramp can be
calculated analytically for a large range of ramp shapes by
separating arbitrary plasma profiles—or portions thereof—
into three qualitatively distinct types. The first is an
adiabatic plasma ramp where the plasma density changes
slowly. In this type of ramp, a beam that starts out matched
to the plasma remains matched to the plasma and undergoes
minimal emittance growth. Adiabatic ramps are long but
insensitive to the exact form of the density profile, so long
as the gradient of the plasma density remains small. The
second is a nonadiabatic plasma ramp where the beam is
not matched to the plasma and undergoes a fraction of an
oscillation. This type of plasma ramp can focus the beam
quickly, but the beam dynamics are sensitive to the exact
shape of the plasma density profile. The third is a

perturbative plasma ramp where the plasma density is
low and the beam evolution is only slightly perturbed
from vacuumlike propagation. This type of ramp is some-
what insensitive to the form of the plasma density profile
but can only cause minimal focusing of the beam. The
beam dynamics can be calculated exactly for the adiabatic
and perturbative ramp. The beam dynamics in a non-
adiabatic section can be calculated numerically or approxi-
mated by a ramp where the dynamics are analytically
solvable.
A wide range of ramp shapes can match the same beam

into a plasma based accelerator, but different density profiles
can affect the focusing process. The fastest focusing can be
achieved with a subset of the adiabatic plasma ramps,
wherein a highly mismatched beam undergoes a quarter
of a betatron oscillation in a low density uniform plasma. In
contrast, adiabatic ramps are long, but are insensitive to
errors in the plasma density profile. Multiple ramp types can
be combined to produce a ramp that suits a particular set of
experimental needs. The theoretical work presented here can
be used to compare different ramp shapes by studying the
sensitivity of the emittance growth to the initial beam
conditions and variations in the plasma density profile.
This can be extended to include the effects of nonuniformity
in the accelerating section of the plasma.
To form a complete description of the beam evolution in

the wake, the longitudinal dynamics should also be
included in the analysis. In a short ramp, the beam does
not interact with the longitudinal electric field in the ramp
for very long, limiting the effect it has on the beam’s total
energy and energy spread. In a longer ramp, however, the
loading of the wake and the changing phase of the witness
beam will play an important role in the beam’s energy
distribution. This, in turn, will affect the transverse chro-
matic dynamics of the beam throughout the plasma. Future
studies should examine the longitudinal dynamics of the
beam to determine how much of an effect these dynamics
have as the length of the ramp increases.
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APPENDIX: SOLUTION FOR THE BETA
FUNCTION EVOLUTION

Taking the derivative of Eq. (3) gives a linear third order
differential equation describing the evolution of β:

β000 þ 4ηβ0 þ 2η0β ¼ 0: ðA1Þ
Using the definition of βm the equation can be written as

β3mβ
000 þ 4βmβ

0 þ 8αmβ ¼ 0: ðA2Þ

FIG. 8. An example of a perturbative and adiabatic ramp
designed to focus a beam into an accelerating plasma. The
incoming beam is assumed to focus all energy components to the
same size at the vacuum waist. The length of the perturbation
region and the incoming beam’s vacuum waist location were
determined using the ramp theory presented in this paper. The
emittance evolution of the beam is well described by the analytic
solution found using the chromatic amplitude function.
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If βm ¼ βm0 − 2αm0s, corresponding to a plasma density of
η ¼ 1=ðβm0 − 2αmsÞ2, then the equation is a Cauchy-Euler
equation. Changing variables to βm makes this obvious:

β3mα
3
m0

d3β
dβ3m

þ βmαm0

dβ
dβm

− αm0β ¼ 0: ðA3Þ

The solution has the form

β ¼ Cnβ
n
m; ðA4Þ

where Cn is an arbitrary constant and n is a solution of the
equation

ðn − 1Þ½α2m0nðn − 2Þ þ 1� ¼ 0: ðA5Þ
The beta function evolves according to

β ¼ βmðc0 þ cþei2Φ þ c−e−i2ΦÞ; ðA6Þ
where

Φ ¼ 1

2αm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2m

q
ln βm: ðA7Þ

Insisting that the solution is real constrains the coef-
ficients such that c0 is real and c�þ ¼ c−. We can define a
new pair of coefficients as c� ¼ ðc1 � ic2Þ=2. The evolu-
tion is now written in the familiar form,

β ¼ βmðc0 þ c1 cos 2Φþ c2 sin 2ΦÞ: ðA8Þ
The third order differential equation introduces an addi-

tional constant that can be removed by requiring that the
solution satisfy Eq. (3). After some algebra it is found that
c0 is a function of c1 and c2:

c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c21 þ c22 þ

1

1 − α2m

s
: ðA9Þ

Letting βm0 ¼ 1, the constants c1 and c2 are given in terms
of the initial Courant-Snyder parameters at s ¼ 0 as

c1 ¼
1

2

�
β0 −

γ0 − 2α0αm0 þ α2m0β0
1 − α2m0

�
; ðA10Þ

c2 ¼
α0 − αm0β0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − α2m0

p : ðA11Þ

The constants reduce to the adiabatic solution when
αm0 → 0.
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