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Two-loop thermal spectral functions with general kinematics
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Spectral functions at finite temperature and two-loop order are investigated, for a medium consisting of
massless particles. We consider them in the timelike and spacelike domains, allowing the propagating
particles to be any valid combination of bosons and fermions. Divergences (if present) are analytically
derived and set aside for the remaining finite part to be calculated numerically. To illustrate the utility of
these “master” functions, we consider transverse and longitudinal parts of the QCD vector channel spectral

function.
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I. INTRODUCTION

In a relativistic plasma, the rates of processes like particle
production and damping are derivable from the imaginary
part of a particle’s self-energy [1,2]. That quantity, also
called the spectral function, depends on the energy k, and
momentum k which can occur only in the combination
K? = k} — k? at zero-temperature. This is not so for thermal
systems, where the medium’s rest frame is distinguished
and the temperature 7 # 0 joins ko and k = |k| as an
important scale in the problem. Introducing another scale
can dramatically alter the naive weak coupling expansion:
New infrared singularities foreshadow that next-to-leading
order (NLO) corrections are large, or even that resumma-
tion is obligatory.

One such instance is the photon spectral function in hot
QCD [3-5]. Truncating the perturbative result for the self-
energy to order e” in the electromagnetic interactions, we
denote by Il the ensuing contribution from ¢ to the
strong coupling expansion. The series then takes the form,

" (K) = e* {2 gZIH?’l”)} + O(e*), (1.1)

with a supposed ordering by powers of g>. For a strict loop
expansion, the “coefficients” of ¢* are themselves func-
tions of ky and k but independent of g. However their
dependence on the external momentum K can (and does)
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spoil this power counting, e.g., when |K?| < g¢*T?. In
particular, for high-energy real photons (i.e., kg =k~ T)
resummation of thermal loops is a minimal requirement to
prevent an unphysical log-singularity [6—-10].

For many observables only leading-order (LO) or partial
NLO results are known, making it unclear where (1.1)
actually breaks down. To obtain an approximation that is
justified for all ky, the fixed order expansion can be
“matched” with the resummed approach (which works
near the light cone). That was the idea put forward in
Ref. [11], where it was tested for ImI1¥, with k; > k. Here
we also consider energies below the light cone and
separately the polarization state ImH((’?), as inspired
by Ref. [12].

Our goal is to assist in the effort of quantifying another
order in perturbation theory by cataloging a general class of
two-loop spectral functions. (One of the earliest attempts in
this spirit provided the first correction to the gluon plasma
frequency [13].) What follows is rather technical, but lays
out a generic approach to evaluate those integrals fre-
quently needed in NLO computations. All code used for
determining the finite thermal parts (defined as specified
below) is supplied in Ref. [14]. The primary task of that
code is a phase space integration of amplitudes squared,
with thermal weightings appropriate to each process.

To compute loop integrals at finite temperature, we apply
the imaginary time formalism for massless particles. Free
scalar propagators, carrying either bosonic (s = +1) or
fermionic (s = —1) momentum, are denoted by

po=i2n+0O(=s)]xT. (1.2)

The integer n specifies the Matsubara frequencies and © is
the Heaviside step function.
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We regularize the spatial momentum in d =3 —2¢
dimensions with the modified minimal subtraction (MS)
scheme and renormalization scale j. The trace over
momentum P = (py,p) at finite temperature is defined by

folT [

Y » 4r (27)

where y is Euler’s constant. We follow [15] to carry out the
sums over p, defined in (1.2).

This paper is organized as follows. In Sec. II a general
class of master sum-integrals is introduced and those
considered here are specified. They are then evaluated,
one by one, in Secs. III-VI. (For completeness, and as an
important cross-check on our results, the K?% > T? beha-
vior of each sum-integral is derived analytically in the

Appendix D.) Finally, we “sum up” in Sec. VII and
mention some potential applications.

II. LIST OF INTEGRALS

Let us define, for generic sum-integrals Z as functions of
the external four-momentum K = (kg, k), a uniform nota-
tion (for m = n =0, cf. [16]),

:Z$Z2<K>=:;Z;)Qp@q3A?A§A§AZA§, 2.1)

where A; = A, (P;). The case n =0 is abbreviated by
T (a'ZZ 40~ Together with P and Q, the integration variables, K
determines all the propagating momenta (as depicted in

Fig. 1),

Py =P, Py =0,
P,=L=K-P,

P;=R=K-P-0Q,
Ps=V=K-0Q.

(We introduced P, Q etc., to avoid the proliferation of
subscripts.) The statistical signatures s, (for K), s; and s,
fully determine the others by their connections at each
vertex,

S3 = S0S152, sy =895, and s5 = 505;.
Thus we summarize the statistical content of (2.1) by
(50, 81,82) = (&, £, £), not including it explicitly on the
notation.

FIG. 1. Labeling of momenta and statistics for (2.1).

At T = 0, the statistics play no role and these integrals
can be evaluated using well-known methods [17]. The
vacuum contributions will dominate over the thermal ones
for large K. Relative corrections are suppressed by powers
of K? that can be formally organized with an operator
product expansion (OPE) [18]. Thermal effects are impor-
tant for K> being of similar order to 72, the regime we
consider here to calculate the imaginary part of (2.1)." The
remaining limit, K*> < T2, is frequently associated with the
need to resum all orders in perturbation theory to cure a
diverging spectral function. With that in mind, we shall
often also discuss the master integrals for K2 = 0.

A. Strategy: m, n > 1

To take care of the powers of the energy in the numerator
of (2.1), namely pg' and gg with positive integers m and n,
we employ the following strategy. In special cases, the
corresponding graph has a symmetry in momenta P and Q
(i.e.,if a = b and d = ¢), and one can take advantage of the
same symmetry for the powers of p, and g,. But in general,
one should make use of the Fourier representation of the
(massive) scalar propagator,

1
Ay(r.p) = _EZ FUE,)e vEr, (2.2)
P y=+

where E,, = /A% + p? and A is the particle mass. Here we
also introduced fy; = sn,, f = 1+ sn, and the distribu-
tion function ny(E) = [exp(E/T) — s]~".

Beginning with the case m = 1 and differentiating with
respect to 7 under the Fourier transformation, one effec-
tively multiplies2 by the conjugate variable,

PoA(P) = ‘ATI dre?0:(Ay(7.p)).  (2.3)

This is inserted into (2.1) before carrying out the frequency
sum. It is straightforward to differentiate (2.2) with respect
to 7. Hence (2.3) provides an extra factor of (vE,),
counting the minus sign from integrating by parts.
The case m = 2 is also elementary from the relation,
PIAL(P) = 1+ E3A(P). (2.4)
By applying (2.4) and (2.3) in sequence one can reduce pg
form > 2in (2.1) to a sum of powers of (vE,) with simpler
masters. (And the same strategy works for g;;.) The benefit
of all this, is that the frequency sums are relatable to cases
with m = n =0; any complications will move to the
integration over the three momenta p and ¢ that follows.

'By evaluating it at an energy ko + i0*.

*Here we generalize (1.2) to have a mass: A (P)=

(p3 — p? — A%)~!. This will help later on, as an infrared regulator.
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B. Example: A QCD spectral function

Integrals of the form (2.1) [with statistics (+, —, —)] can
be used to express the NLO photon self-energy in an
equilibrated QCD plasma at zero chemical potential. The
emission rate is derived from the (contracted) spectral
function ImIT,# [19,20], but here we also study I1°. Due to
the Ward identity at nonzero temperature, the polarization
tensor has two independent components. identified with the
longitudinal and transverse polarizations,

and T1% are enough to completely specify IT** at finite
temperature.

Denoting the number of colors by N and the group factor
by C, = (N?> = 1)/(2N), they read (with € — 0)

gﬂUH’(‘f) =-8(1—-¢)NC{2(1 —¢)

0 0
X [I(()O)IZO - I(gl)()ZO + KZ(I(I 1)020 1(10)120)}

e : K + 2Igl)(no + 26(1(11)100 - I<10)110)
I, = — 1%, My = — (LA +—11%°). (25 0
L= 32 T 2< # +k2 ) (2.5) —5(3+2€)K2I(11)()11 (l—e)Iml N
The difference between IT; and Il is purely thermal, +4K21—§?)110 _K4Z(1(;)111}, (2.6)
at zero temperature there is none [12]. Accordingly, IT#,
J
0 0
H(()?) =—4NC{2(1 - 6)[1(()0)120 - I((n)ozo + Kz(Igl)ozo Igo)lzo) 4k0(251>020 - I(10120)
0
+ 4(I§1>020 150)120)} +2(1- )1(10)110 + 2€I<11)100 + (1 + G)kzz(n)on =2(1- G)I(l 1)11(—1)
0.1 0
+4[(1 = 2e)kg — kz]Imlo + 86"0111)110 8(1 - 5)]‘015111)0 + (1= 2e)kg + kz]KZIE 1)111
+461{21—5111)1 —4(1 —€)K2111111}~ (2.7)

As part of the procedure to reduce Iy, and IT,* to a minimal
set of integrals, we removed angular variables in the
numerator thanks to relations like p -k = poky+
1((K = P)*> = P> — K?). These replacements put frequen-
cies in the numerator and bring about other (usually)
simpler master integrals.

This motivates our study of the following set of master

functions. [Values for m, n are from (2.6) and (2.7).]

E g Zo1020 » Zoo120

I

467 11020 s Zi0120
11
111

—@— Zo1110+ Zi1100
IV

_@_ Ti11105 Zinii(-1)
Vv

—@— Ty
VI

I
We have grouped the master integrals into classes (designated
by the numeral on the graph), according to the associated
topology. The topology of the class does not necessarily
follow directly from the assignment of loop momentain Fig. 1.
A change of integration variables is sometimes required to
relate them. The first three classes are all presented together in
Sec. III because they consist of simpler one-loop subgraphs
that factorize. Classes IV, V and VI can be considered
genuinely two-loop and will receive the most attention, being
discussed in Secs. IV, V and VI respectively.

Before moving on, a brief comment on one-loop diagrams
is in order. They have been studied extensively in the
literature and are usually considered in the hard thermal
loop (HTL) approximation. (Higher order HTL results have
also been investigated, cf. Ref. [21].) This is common in the
high temperature limit [15] because it affords analytic
expressions for the self energy and supplies results that
are automatically gauge invariant. If one relaxes the HTL
assumption that the external momentum K? is much smaller
than 72, the complete self-energies must be evaluated
numerically [22]. Effective field theory methods have also
been developed recently to compute associated power
corrections [23]. The imaginary parts involve phase space
integrals for 1 <> 2 “decays” which are needed for our
master diagrams I and I1I as well as certain terms arising in V
and VI. Appendix A gives details on the integration measure,
where we also discuss the 2 <> 2 and 1 <> 3 processes to be
utilized when more intermediate states can go on shell.
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III. DIAGRAMS I-III (FACTORIZABLE
TOPOLOGIES)

Those diagrams we assigned to classes I, IT and III are
reducible to products of simpler one-loop integrals. They
can all be recast as those having ¢ =0 in (2.1)," which
implies that P and Q dependence of the integrand does not
mix. It is thus useful to recap a general one-loop function,
defined by

T (K) = yfppsma (P)AL(K-P).  (3.1)

The frequency sum over p is well known [15], and we
organize the subsequent integration over spatial momentum
p according to Appendix A.

The cases where b = (O are local contributions. For the
one with @ = 1 we abbreviate the integral by

(m) _ 7o [9(—S1)

Lys)) =Ty =T omil _1}(27[77"(:(—"1—1)7

where { is the Riemann zeta function [24]. Type I self-
energies are then constant, and we need not discuss them
because they have no imaginary part. Moreover, since /,, is
zero in vacuum (for m > 0), the type Il integrals are entirely
thermal corrections.

For a = b =1, integrals of the form (3.1) are usually
considered in the limit k, ~ k for which the HTL functions
can be used. But in general, the emerging integral expres-
sions must be evaluated numerically [22]. Only when
taking the imaginary part, thus putting internal momenta
on shell, is the integral doable analytically.

Let us introduce three useful functions F, G and H that
make the statistics explicit,

Fo(Kisp.s) =ImJ%:  m={012},
G,(K;s1.5,) = Rejirln)’
H,(K;sy,s5) :Imj(]':”; m = {0, 1}. (3.2)

With help from these intermediate functions, the imaginary
part of our relevant two-loop master integrals can be written

ImZ{Jom = L, (52) (K 51, 54).
Im:Z'g’i’(’)'ll)l = [Gm(K’ S, S4>HI1(K; 52, SS)]
(3.3)

+[m < n, s < 55,54 < 5.

(The same spectral functions in Ref. [25] were labeled by a
“d” and “g” respectively.)

Since [, was given above, we now turn to the
K-dependence of F,,, for the particular cases needed.

3 . .
For example, because Z 159 is equal to Z gy With s, — s3.

2, _

~

clé\

< _

0

Ne)

<

X el

N i

- T AR TTTT B R AR T B SR
1072 1071 1 10 102

ko/T

FIG. 2. Energy dependence of the type II master integral with
m = n = 0, for various statistics at k = T.

As derived in Appendix B (and applicable for both
ko > k and ky < k),

Fm(K;sl’SZ)

-1 m m
= =515, "o k—+n<(k )ng (k )—k—_n(k Yng, (ki)
64k k_ s\ gy \ v — k+ s\ =g\ ’

where the distribution function n, was defined below (2.2)
and is evaluated at light cone momenta k, = (ko & k)/2.
We abbreviated the quantity son,, (ko) by .

Figure 2 shows the associated master integral with
m=n=0. We display all permutations of s, and si;
the value of s, plays no role other than to change the
vertical scale via 1,,(s,) in Eq. (3.3). (F,, is evaluated at s;
and s; = s05;.) Note that the entire master has been
multiplied by k2, which clarifies the nature of the pole
at ko = k: It is simple if s; = —1 and repeated if s; = +1.

Moving along to the functions H,,, for m = {0, 1,2},
after the frequency sum we have

H :_Z/ wg(dﬁ)([(_y P—1,0)
m e o 4E1E2 1 2

X (fsifsi = fs' fs ) (i ED)™, (3.5)
where the summation extends over v; , = %1 [a definition
of f¥ is given below Eq. (2.2)]. The strategy discussed in
Sec. IT was applied to cover the cases m > 0. Dimensional
regularization is adopted because the related function G,,
will include a customary ultraviolet divergence: Take G
and H, for instance, which are real and imaginary parts
(respectively) of the same function. Their zero temperature
limits can be read from
lim. 7" b |:1+K+2+0<€):|'
-0~ ' (4x)? |e ’
ﬁZ
K= logﬁ — in®(K?).
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L5 m=o0,(+++) 7]
1.0
S 0s5k/
< .
s
s 0.0
o0
<t
X
23 1.0/8
=
= 0.5/8
0.0/8
—0.5/8
1072 107! 1 10 10?
k’U/T

FIG. 3. The finite part of the type III master mtegral as a
function of energy. We show here, for k = {0,,1,10}7, the
two cases m = 0 (upper) and m = 1 (lower).

100 1

Branches of the logarithm are made explicit; we write log X
to mean log |X|. Thus G, bears an ultraviolet divergence
and so O(e) terms must be kept in H, when multiplying
them together. For that reason we write

1 -1 1 fi 0]
G, = G log=e 42 +G9 4+ .|,
m (4”)2[ ( +0gK2+ >+ +
1 [ I 0
Hm:—ﬁ {Hm <1+elogﬁ +eHy +...[. (3.7)

to make the dependence on the scale ;i explicit. Setting

d =3 in (3.5) allows us to find H Lﬁ”: With help from the

moments "), provided in Eq. (A6) of Appendix A, one
can express

Hm(K;Sl’ 52)|e—>0 = _kgllllg’lnzz/(l6”)

Thus HL,] = kg’ z//§1 22 is easily read off. Also needed are
G =1 and GI"
presented in Appendix B, as
for m = {0, 1}.

Turning to the class III integral, according to Eq. (3.3) it
can be written

= 1ko. The order € terms HY are
(0]

is the function Gy,

m,n -1 -1 0 _2
mZ{{oh = 3 {G,[n] ”( +2log 2+4>

65"~ GO HY 4 G H 4+ sym.],

where the last term is from a symmetry as specified in (3.3).
The first line above includes all divergences and yields the
entire result for 7 = 0. The second line is purely a finite
thermal function which is not present in vacuum. Note that
the divergent first line is also a function of the temperature
and we omit it in Fig. 3, where the master integral is
displayed.

On the light cone, a logarithmic singularity in this
thermal part may arise from . This divergence is softened
by the extra weight K?/T? that was used in Fig. 3, and
the plotted function is zero at ky, = k. We note that if
so = 1 (implying s, = s4 and s, = s5), some simplifying
relations hold

1 , ko 0
I§1>011 :IEIOI)I :31512)11-

IV. DIAGRAM IV (SETTING SUN)

We now consider the first genuine two-loop structure,
specifically the integral 7 (11)100, which gives e.g., the first
nonzero contribution to the imaginary part of the self
energy in a scalar @*-theory [26]. Another master of the

same class, 7, (()(;)1 10 = 0, is identically zero due to integration
by parts identities [24]. The “setting sun” graph is given in
vacuum by

-K*> 1 13
+2k+—+ O(e) |,

4(4m)* |e 2 (4-1)

;ij}(l)z (1?)100 =
where k was introduced in Eq. (3.6). This vacuum result has
an imaginary part for K> > 0, associated with the threshold
for massless particle production. In a thermal medium, the
Landau-damping mechanism explains why this imaginary
part also builds up below the light cone [27]. Explicitly,

ImIlllOO Z/quE EzEg

x 88 (K — v, P —v,Q — 13R)

< (fsifsifsi = fa ' f fs0), (4.2)
where fV was defined just below (2.2) and takes the
arguments at energies E, = |p|, E, = |q| and E; = |r|
which are on shell. This integral is labeled “f” in Ref. [25].

Let us clarify the physical content of Eq. (4.2). The
sum over the signs v; = 1 enumerates eight distinct
physical interactions, with external momentum K =
(ko, k). We denote the corresponding fields ¢; for argu-
ment’s sake with s; = +1. As an example, the term with
vy =v,=v3=+1 represents the probability for decay
do— P13, with a statistical weight of (1+ng)(1+
ng)(1+ng) for spontaneous emission, minus the proba-
bility for creation ¢;prp3 — ¢y, with a weight ngngng

116019-5
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for absorption. There are many other processes, such as
$o2p3 — ¢y minus ¢y — Pohr¢p3 and so on [1].

Equation (4.2) may be simplified into a two-dimensional
integral (now for general s;),

0
ImI(ll)lOO (4x )3/deCIWIV(P q)n nyn;, (4.3)

where we abbreviated n; = s;n, and agree that the argu-
ments® of the distribution functlons may be negative. The
“kernel” W}y (defined below) also depends on k and &, but
not on the temperature. The momentum moduli p and ¢
have been generalized to negative values, which implicitly
incorporates the sum over the signs {v; }. And the statistical
weight has accordingly been reexpressed using

f:rl K fslfrzfs3 }’LO n1n2n3’ (44)
An explanation that starts with Eq. (4.2) is given in
Appendix C, where we also show how to calculate Wyy

from kinematic constraints. Here we simply state the result,

1
Wi (p.q) :ﬂ{|1’—k+| +lg—kil—|p+q—ki

—lp—kf-lg—k_|+|p+q—k]

— min[kg, k| }, (4.5)
where ky = (ko & k)/2 are the light cone momenta.

Of note is that Wy (p,q)~ p/k for p - 0, which
suppresses the log divergence from ng(p). Furthermore,
Wiy =0 in regions that are kinematically forbidden,
providing limits on the p and ¢ integrals. Continuity of

ImZ (1(1)100 at kg = k follows from the very same property in
(4.5). We note that the limit k — 0 is also well-defined and
leads to Wiy = sgn(pq(ky — p — g)) where it has nonzero
support.

The statistical factor (4.4) includes the vacuum con-
tribution for v; = v, = v3 = +1, , where p and ¢
are positive and p + g < ky. It is the leading term in
Eq. (4.4), after expanding in combinations of the distribu-
tion functions,

FiFLrs = fofnts =1 +Z" +) nin;.

i<j

In Fig. 4, the energy dependence of Im7 <1(I)100 is shown
fork = {0, % 15+ 1. 10} x T. Here the vacuum result (4.1) was
subtracted; i.e., we actually plot

“To avoid possible ambiguity, but referring ahead, (6.3)
summarizes our shorthand notation for the distribution functions
explicitly.

0 —

1072 1071 1 10 102
ko/T

FIG. 4. The imaginary part of the scalar self energy (with
s; = +1), according to Eq. (4.6). Shown here is the dependence
on k, for various values of the external momentum.

K2

0
Imz(n)mo - G(KZ)W-

(4.6)

Because the master integrals are holomorphic in the
upper half of the complex kj-plane, (4.2) is an odd
function of real energies. (Meaning, in particular, that it is
zero for ky = 0.) The exception, for massless particles,
occurs when k = 0 so that there is an essential singularity
at ky = 0 [28]. Hence the zero momentum curve in Fig. 4
is finite for ky — 0 and not equal to the same limit at
fixed |k| > 0.

A. Kinematics

The region(s) where Eq. (4.5) provides nonzero support
for Wiy can be understood by elementary kinematic
reasoning. It is necessary to belabor this point because
the argument will reveal why it holds in general for the real
corrections. To illustrate, we first consider the simpler case
k — 0 and then explain what happens when k < kj and
k > ko separately.

The function Wiy is not Lorentz invariant—if it were, we
could perform the whole calculation in the rest frame.
Nevertheless, specializing to kK =0 will be useful as a
starting point. For example, in the channel with v; = v, =

= +1 we require vectors p and ¢ that satisfy

ko =|pl+lgl+1p +4ql. (4.7)
Clearly p + g < kg in general, with equality if and only if
p = —qand | p| = J ky. Moreover, by the triangle inequality
we have |p—¢q| <|p+4q| < p+q (here p,q > 0). The
upper limit thus gives %ko < p + g, while the lower limit
leads to p <1ko if p> g and g <1k if p <g. That
defines the relevant domain in the (p, ¢)-plane; see “1” in
Fig. 5, where Wiy = +1.

If v, = v, = +1 = —w;3, instead of (4.7) we need
(4.8)

ko =|p|+ |q| = |p +ql.

116019-6
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FIG. 5. The boundaries to the integration regions for the four
(real) corrections. Each region corresponds to a physical process,
e.g., “1” is described in the paragraph below (4.2). The dashed
line represents momenta that satisfy p + g = k.

This time p + g > ky and the very same triangle inequal-
ities give p > %ko if g> pand g > %ko if ¢ < p. Similar
results hold if v3 = +1 and if exactly one of vy, v, is equal
to —1. However if two or more of {v,, v, v3} are negative,
the equivalent of (4.7) cannot be satisfied (for ky; > 0).
Hence in the sum over {v;}, only half of the summands
contribute.

This is summarized by the wedge-shaped regions “2”,
“3” and “4” in Fig. 5. In each of these three regions,
Wiy = —1. Although they include arbitrary large momenta
(in absolute value), those much larger than the temperature
are cut off by the thermal distribution functions.

We now consider k > 0, but still less than k, so that
k_ = (ko — k) is positive. The external vector k now plays
a role; i.e., (4.7) is supplanted by

ko = |p| +lq| + |k —p —q|. (4.9)

Of course p + g < kg still holds, but now equality can
occur for all ¢ € [k_,k,]|. The triangle inequality gives
k+|p+q|> |k—p —q|, and therefore,

2k_ = (kg —k) < |p|+Iq| +|p+4q| <2(p+q).

Hence the lower bound on p + ¢ is diminished to k_.
Similarly, the other side of the triangle inequality gives
|k —p —q| > |p + q| — k. That produces k., > max(p, q),
which is higher than the upper bound for k =0.
Generalizing to other channels is trivial; see Fig. 6.
These restrictions are reflected in the function Wyy. In
the “new” bands that open up for p,q,r € [k_, k], tilted
facets make Wyy a continuous function compared to the
case where k = 0. Moreover, the exact form (4.5) renders
the product of distribution functions integrable.

(k < ko)

| \\\\\\\

_ ks

FIG. 6. As before, now with 0 < k < ky. The red dashed lines
give the boundaries between different channels, i.e., where one of
p, q or r = (kg — p — ¢q) changes sign.

As k is increased beyond kg, the virtuality K = 4k  k_
becomes negative. The channel with v; = v, = v3 = +1
ceases to be accessible; conservation of energy (4.9) cannot
be satisfied if ky < k. This simply means that there is no
vacuum contribution below the light cone, as expected.

New wedges open up in the (p, g)-plane—they corre-
spond to having exactly two of {vy, v,, v3} equal to —1. In
Fig. 7 they are labeled “5”, “6” and “7”. Regions “2”, “3”
and “4” are carried over from the case k < ky, with
modified boundaries: For example in “2”, the same triangle
inequality as before gives |g| < —k_. Region “5” has v; =
v, = —1 and v3 = +1, so in some sense it is the inter-
section of “2” and “3”. In “5” we have p and ¢ negative
such that p + g < k_. (And there are similar constraints for
“6” and ““7”’.) We note that adjacent regions are separated by
lines where p, g or r is zero. These boundaries are

®| " (k > ko)

=N
=N
=— K

™

ko k+

D=

FIG. 7. As before, now with k > ky so that k_ < 0. (The blue
hatched region is forbidden by kinematics. It is, incidently, also
where the vacuum contribution comes from.)
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important because they mark the location of potential
singularities coming from bosonic distribution functions.

The expression in (4.5) can be simplified in each of the
demarcated regions discussed for ky > k and ky < k. In the
former case, we recover Eqs. (33)-(43) of Appendix B
in Ref. [25] (with an adjustment in variables, namely
p — ko — p). For the more complicated master integrals
still to be studied, the same regions must be considered,
though the kernel functions will be different. Hence, the
foregoing analysis serves to spell out what must be
included for the task of numerical integration.

V. DIAGRAM V (THE SQUINT)

In the previous section there is only one “contribution” to
the imaginary part: all of the three internal energies are set
to their on shell value giving (4.2). But more generally, the
discontinuity may always be written in terms of products of
two amplitudes that are separated by on shell “cut”
propagators [1]. For classes V and VI, there is more than
one way to do this; see Fig. 8. These contributions, which
may be readily identified after carrying out the Matsubara
sums, are separately infrared divergent. They differ by one
extra loop momentum being on shell in the real case,
yielding a tree-level decay that may be treated in a similar
manner to that of the previous section. The virtual
correction has an internal loop due to one fewer final state
particle than before and includes a two-body phase space
integration. The latter is also ultraviolet divergent, seen in
the vacuum result [k was introduced in Eq. (3.6)]

. o 1 L 2k + 5
im0 = [262+ 2e TrES)
19 #?
———4+0 , 5.1
+5 =T 400 5.0

which, for K? positive, contains an imaginary part  1/e.
This divergence will then acquire a temperature depend-
ence in the medium. When assembled together, these
infinite parts cancel in actual observables.

The two terms shown in Fig. 8 also have separate
collinear divergences which exactly compensate only in
their sum. This cancellation is somewhat intricate at finite
temperature and affirms the Kinoshita-Lee-Nauenberg
(KLN) theorem, in this case applied to individual graphs
[29,30]. The amplitude (a) in Fig. 8 may contain a large
“eikonal factor” if the denominator of an internal line is

Z€ero,
(a) (b) g‘f\
FIG. 8. Cut type II diagrams. Real (a) and virtual (b).

L? = K* = 2(v,p) (kg — kcos 6;,) 0,  (5.2)
where 60y, is the angle between p and k. Such configura-
tions exhibit two collinear outgoing (massless) particles
that should be removed from the definition of a physical
production rate, i.e., by including (b) from Fig. 8. The
conditions for some 6y, to satisfy Eq. (5.2) are inferred
according to the sign of K?: If K> > 0 then (v, p) must be
in the interval Q = [k_, k| (spanned by the light cone
momenta). While if K? < 0, (5.2) can be satisfied if and
only if (v, p) is in the complementary region Q¢ = R\Q.

A fictitious mass A (for the momentum R) is convenient
to use as a calculational tool [17].5 It prevents L> — 0 in
(5.2) and proves that the whole expression,

mn ng'
ImI(nhg) = (4701)3/0'171?'" [/ dqq"Wv(p. q; A)ninyng

+ U pidmin| (5.3
is rendered finite as 4 — 0. [See ahead (6.3) for the
abbreviations n;.] The first term above represents the real
correction and involves the thermal weight (4.4) from
before. Virtual corrections lead to the second term and
depend on the mass A so as to compensate for the
contingent singularity in the first. Equation (5.3) is valid
for m, n < 1; otherwise there could be more terms.

We may obtain Wy (p, ¢; 1) by the techniques laid out in
Appendix C. A compact formula for it can be given with the
help of some funny notation,

p = max[k_, min[k,, p]].

To also indicate whether p is in the interval Q = [k_, k],
we define

1 ifpeqQ

0 otherwise.

0, = O((k: = p)(p—k.)) = {

Thus the complementary set Q¢ = R\Q contains p if the
valueof 6, = 1 — 0, is equal to unity. Using 0, and 0, will
signal terms that are included or not, depending on the
relative ordering of k, ko and p. With these definitions, and
regulating through A — 0, the weight function can be
expressed as

1
W) = g { o W4, + Ok tog W

4¢
+0,logWy + (O(k_) —0,) logT;},

(5.4)

>The parameter A is not related to renormalization.
6Compare with Egs. (57)—-(67) of Appendix B in Ref. [25].
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where we have introduced the ratios,

G| I
i

Wi, = W’\’,’:—ko_{).
p

P_k+’ p—

An explicit log-divergence in (5.4) lingers if p € Q (for
ko > k) orif p € Q¢ (for ky < k). This implies that it is too
soon to set A = 0 in those domains of the (p, g)-plane and
brings us to incorporate the missing virtual pieces.

Again deferring details to Appendix C, we write, for
A—0,

Uy (p:2)
0, —-0(k.)
4k
1 [+ non 2 q°
X {—?/_oo dq{%logm—l-s3sgn(r)ns3(|r|)log7}
1 i K%k? }
+—+2log—+log +21.
€ K? 4 (p—k_)(p—ky)

(5.5)

This reveals how the anticipated ultraviolet divergence in
(5.1) emerges from the loop in (b) of Fig. 8. At the same
time, it can be seen that the 1-dependence in (5.3) cancels
for 1 = 0, with the logarithmic mass singularities compen-
sating perfectly,

Io 4_fr+10 —2—10 r
g/12 g4fq7 gq’

and in exactly the domains where (5.2) is satisfied. They
coalesce in this way both above and below the light cone.

For the purpose of plotting, we subtract a piece that is
ultraviolet divergent from (5.3) and coincides with its
vacuum result for 7 = 0. What remains is thus finite and
proportional to 72 for large photon virtualities; see Fig. 9.
The function is continuous across the light cone unless it
diverges there, in which instance the singularity is the same
if kg — k is approached from either above or below. That is
why, in Fig. 9, we multiply the whole function by |K?|
which is enough to render the blowup finite on the light
cone. (It also gives the whole master integral a dimension of
T2.) To be clear, and following [25] (in which this master is
labeled “h”), the part subtracted is

0 _
UIE‘I ,)S4 (1 /’tz

0
ImI(ll)HO'div. = T4 \e + 210gﬁ + 5>, (5.6)

where y is defined in Eq. (A6) of the Appendixes. The
large ky-expansion of the whole master integral is given
in Eq. (D12).

Next, let us consider the case m = 1 and n = 0. The
modification in (5.3) is trivial; only an extra factor of p

m=0,(+,+,+)

11110

Im 20 % 1927 | K2|/(kJ'T?)

1072 107! 1 10 102
ko/T

FIG. 9. The imaginary part of the type V master (with all
s; = +1), in units of the asymptotic result. Shown here is the
dependence on k for various values of the external momentum,
including k = 0.

needs to be included in the integrand. The kernels Wy, and

Ug)) are unaffected, and hence the A-dependence (and
ultimate lack thereof) is the same as before. For plotting
in Fig. 9, we subtract

kO‘//.gf,)m (l 2 /’72

1
ImI(H)ll()'div. =- 4(47)?

from the result. The shape is similar to ImZ m 10> but ratios
of the large-k, limit to its value on the light cone are
different.

For m =0 and n =1, the virtual parts need to be
reconsidered. The result, with details available in
Appendix C, can be written, for 4 — 0,

0y (ps2)
_0,—06(k.)
T Ak
+o00 /12 5

X |:—[oo dq;{rii?log%+s3sgn(r)ns3(|r|)10g‘52}

(1 '[{2 K2k2

2\e T2loggatl 14,
+2{€+ OgK2+0g4f2(p_k_)(p_k+)+

(5.8)

Figure 10 displays the result as a function of positive
invariant mass M = \/kj—k*>. We have followed
Refs. [16,25] by using M to define
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VY — exact _-
v - OPE

1110

(+' ™ 7) ]

Im 2D x 7687k /T?
w

I
o

s 1l L dnnl L

1 10 102
M/T

H
S
L

FIG. 10. Here we display the type V master with m = 0 and
n = 1, minus the divergent part.Various statistical configurations
are shown with sy # s (so that these cannot be reduced to a linear
combination of master integrals with n = 0). The first two orders
from the OPE asymptotics, Eq. (D15), start agreeing from
about M > 30T.

_ 3MTK;(M/T)

kgve (M) = W ) (59)

as a proxy for the average three momentum squared. (K,
are modified Bessel functions.) This quantity assumes
Boltzmann distribution functions to average k> for a fixed

mass. The curves shown in Fig. 10 use k — /k2,.(M) as a
rather crude substitute for “typical” momenta. As M — O,
we note the clear log-divergent behavior of the master
integral for the statistics shown in the figure.

The divergent piece that was subtracted is given by [note
the ordering of s, and s, on y(1)]

(1> _2
701 kows,s, (1 2 9
I (llll)OdiVAZ_W E+210gﬁ+§ )

We have also checked numerically that ImIﬁ’lll)O =

! (koImZ\7),y = ImZ\}) ) provided s, = s5. This relation
follows by a shift of integration variables, but it seems
difficult to discern this rule by simply looking at the explicit
form of the integrand.

In Sec. I we listed among the type V integrals, one with
a propagator of negative power e = —1. It is significant
because of a logarithmic divergence for K> <« T2 that
makes it dominant over those that are merely finite on the
light cone (when scaled by K? to have the appropriate
dimension). This brings about its appearance in many
applications. Moreover, the continuity across the light
cone (that some previous masters seemed to enjoy) is no
longer guaranteed. This issue reveals itself explicitly in the
QCD corrections to the photon spectral function (2.6) [used
in (1.1)],

2

NC T
ImIT* ~ e>?T? —=[1 + 2n_(ko)] logﬁ

1
167 (5.10)

for K> < T? [3-5]. This is the singularity alluded to in the
Introduction, which mandates screening effects to be
incorporated through resummation. The log-singularity
on the light cone can be traced back to the integral we
are about to discuss.

Let us consider the particular combination of master
integrals defined by

* _ 70 0 0
VATTID =I<10)110 + KZI<11>110 _1(11)11(—1)
_I 2K - Q
poPPQ*(K—P—Q)(K~-P)*

(This one is labeled by “h’” in Ref. [25].) After carrying
out the Matsubara sum, one arrives at Eq. (C2) in the
Appendix. Along the same lines as (5.3), this can be
expressed by

(5.11)

=]
ImZ3, = ﬁ/dp [/ dgW . (p.q;A)nynyns

+ U*(p;/l)nlm], (5.12)

where the two terms are the real and virtual parts respec-
tively. The first weight includes the same manner of
A-dependence as that previously defined in (5.4), which
allows the previous argument to be partially recycled here.
To explicitly define W, let

g(x) = (k3 + k* = 2kgp — 2k£x)%.

Accordingly, in the first summand of (5.12), we have

= % {Ksz - %(? (\/g(xg‘a") - \/g(xg“i“)) }
(5.13)

The arguments of ¢ are defined in Appendix C; see
Eq. (C9). Virtual corrections in (5.12) require the function,

! 5, —O(k.)
U.(p:4) = 2K2U(vl> +pT

2 +oo nyny
X |1 —— d .
|: 2 /—oo 4 Ny :|
We see that the auxiliary mass A enters only in the
previously defined functions, Wy and US), so that the

pattern of cancellation is unchanged and allows us to set
A = 0. The divergent piece that we choose to subtract is

(K2 = 2¢ky)

(5.14)
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x 38471 K%/ T?

11110

Im Z*
|
[N
T

-\ ! /' |

L / | / \\ i
|
[

[
k=4I k=T

10 10?

1072 107! 1
ko/T

FIG. 11. The special master diagram defined in (5.11), for sy =
+1 and s; = 5, = —1. With these statistical factors, the function
cannot be reduced to any masters already discussed. It also bears
a logarithmic divergence on the light cone.

(0) 5
mZ* Wisisa 1 H 9
ImZ7)0la. = _8(471)3 (E+210gﬁ+§>'
We have checked ImZ7,,,0 =

%(KZImIE?)”O +1ImZ\%, ) if s, = s3. As far as the nature
of the function across the light cone is concerned in this

numerically  that

case, it may be discontinuous if Im7 (1?)1 10 18 singular; see the
earlier discussion about that master integral. The master

ImZ (1(1)100 is continuous.

That brings us to the case s, # s3, shown for s5 = +1
and s, , = —1 in Fig. 11, for which this master integral is a
new object. Indeed the outstanding g-integral in (5.14) can
be found by recalling s4 = 5,53 and mapping the argu-
ments of the distribution functions to positive values, viz.,

+o00 n.n 4
/ dgqg——" = / dqq
—o0 ng, 0

+2 Aoo dCICI(Sznsz (q) — S3n, (q))

2 2

= %"’ TQ(SQ —S3)”Z.

This makes the square brackets in (5.14) a difference
between two thermal moments; see (D20), for the particular
statistics s, and s3. If they are the same, it gives zero.
A noteworthy feature is the behavior for K 2 - 0, where the
functions W, and U, simplify. There is a discontinuity due
to the latter, cf. Ref. [31], defined by the function’s limit
ko = k+ 0" minus k, - k — 0". For a general statistical
configuration, it is given by

niny

Tt = T2 (51— 5) 20 [T 5.15
11110|dlsc (53 S2)2567T P ( )

Y k()_p,

where the integration is meant in the principal valued sense.

VI. DIAGRAM VI (CAT’S EYE)

The most complicated form of (2.1) that we consider
here is a = b = ¢ = d = e = 1, which requires a careful
cancellation of real and virtual diagrams. We can deploy the
same strategy as in Sec. V, albeit now with rwo real and two
virtual amplitudes. (Each is related by the symmetry s; <>
s4 and 5, <> s5.) An auxiliary mass A is again attached to
E; =+/r?+ 2> so that collinear singularities can be
regulated.

In Ref. [16], the function ImZ'},, (it was labeled with
7 there) was computed above the light cone. For that case,
with m = n = 0, we do not need to worry about ultraviolet
divergences. The vacuum result, given by

0 6{(3)
mI(n)m =

;Lo (4n)*K? +0(e),

(6.1)

is finite and has no imaginary part. The leading contribution

to ImZ (1?)11 | is therefore thermal. Those masters with
m, n # (0 are more complicated and can have nonzero
vacuum parts with ultraviolet divergences.

For m, n < 1, one can directly use (2.3) to express

m.,n n_l
ImZ{7;%) = (42)3 [/ dpdqp™q"(Wyi(p. q; A)nyn,

+ Wwi(Z, v; )nyns)ny

+ / dpme(\;ll) (ps A)nyny

+ /dqq”U(v"f)(q;ﬂ)nzns} - (6.2)

The real (virtual) contributions are in the first and second
(third and fourth) lines above, inheriting the notation from
earlier sections. As before, p and ¢ may take on negative
values. Here the arguments of the distribution functions
were omitted, they are

ny = So”so(ko)v

ng = Sl”sl(l’),

ny, = Sz”sz(fl)v

”3—S3”s3(7)2 r=ko—p-—gq,

ny = syng, (€); ¢ =ky—p,

ns = ssng (v); v=ky—gq. (6.3)

The weight function Wy that is needed in (6.2), carrying
over some notation from (5.13), reads for ky > k and
A—0,
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1
WVI(P,CI;/l)—W{IogWVI—l-O log Wy + 0, log Wy

2 2 —k_
+o,loz 8 (p—q)(p—k)
pt(q—k-)(qg—k,)
r(p- Q)( k) }
+o, log (6.4)
qu(p—k_)(p—ky)
Below the light cone (ky < k), the function should

instead be

1 K272 IA?
Walp.4:4) :W{l"gw"”“’ S T
K°r’(q - 61)}
-0 log—A .
T Rqu(f - q)

In Eq. (6.4) the following ratios were defined:

W,Vlz(f—f)(v—f), W%_p—k:
(g=p)pr—2q) p—p
_k f_

A iy W,V,,I,:( ) (v~ )
q-4q Pq

We note the appearance of a log-divergence, just where
expected and signaled by the coefficients o, and o,. The
formulas for Wy are symmetric in arguments p and g, as is
(then) the other real correction, which comes from p —
ko—p and ¢ > ko — g

The case m =2 and n = 0 can also be written in the
form of (6.2). One way of seeing this is to follow (2.4) and
rewrite

2 0
T = I + IP QE%A1A2A3A4A5,

where the explicit integrands for the two terms can be found
in Appendix C. (After s, is interchanged with s5 in the first
term above.) Equation (6.2) can be recovered after some
manipulations of integration variables.

The virtual corrections are triangle diagrams, one of
which is given by the curly braces in (C3) of the
Appendixes. Their calculation is similar to those studied
in the previous section and is given explicitly in
Appendix C. Taking up part of the third line in Eq. (6.2)
(the fourth line is treated analogously), for A — 0 it can be
expressed by

n 0,=0O(k) [dqq"
v =" |

4kK? r
—k_)(g—k
% |:(I’l2—l’l5)10g(q )(q +)
qu
nony . A2v nsns . A’pgq
+ " log 2 log 22| (6.5)

¥ 0 LT T —— —_ -1

~ N ~ k=0

(S | N\, \ i

) \, \

S \ \

< [ : \ /7

= \ \//

&* r \ / T

x 4 \ |/

= -2 - - \/

T k=LT k=T  k=10T

E 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 1 I NN
1072 107! 1 10 10?

ko/T

FIG. 12. The imaginary part of the type VI master (with
s; = +1), in units of the asymptotic result. Shown here is the
dependence on k( for various values of the external momentum.

Together, the last two terms in (6.2) are seen to combine
with the real corrections [see (6.4)] so that the complete
expression is A-independent.

We show the case m = n = 0 in Fig. 12, for all bosonic
statistics. (This figure confirms Ref. [16] above the light
cone.) The curves appear continuous across the light cone
because we multiplied the whole function by sgn(K?)K* =
|K?|K?. That supports the symmetrical nature of the
discontinuity at ky, = k. No subtraction is necessary for
large-k,, since according to (6.1) the whole master has no
imaginary part in vacuum.

If we consider m = 1 and n = 0, see (D17), no vacuum
subtraction is necessary. The symmetric case m = 0 and
n = 1 is obtained by an appropriate exchange of statistics:
§1 < $, and 54 <> §5. Moreover, the case s, = +1 implies
sy = s4 and s, = s5 which allows a change of integration
variables to show ImZ\}},, = L1kJmZ}, . We
checked this numerically.

For m = n = 1, there is a leading vacuum term in (D18).
At finite temperature it originates from the two symmetrical
virtual expressions. They do not diverge, but we subtract
them nonetheless,

have

0 0
n l//§1,)s4 + l//gz,)SS

(1.
Im7, 32(4zn)° (6.6)
Based on a numerical study, I conjecture that the disconti-
nuity across the light cone takes the simple form,

2

K21m111111|d19c =312

—— (51 + 52+ 2)(s3+1).

There thus seems to only be a discontinuity in the statistical
configurations: (+,+,+), (-, +,—) and (—,—,+), the
first of which case is shown in Fig. 13, plotted after
Eq. (6.6)’s subtraction was made.

One needs to be careful for m = 2 because a genuine
ultraviolet divergence must be subtracted. That divergence
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FIG. 13. Like Fig. 12, but with m =n =1 and with all
s; = +1. The discontinuity is indicated by a vertical line. Large
ko behavior was subtracted according to (6.6).
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FIG. 14. The dependence of the type VI master, with m = 2 and
n = 0, on the invariant mass. An ultraviolet divergent part was
subtracted; see Eq. (6.7).

is temperature dependent and originates from the virtual

contribution U@(q). It is equal to

(0) =2
Wsy.s5 1 H 11
—+2log— +— |, 6.7
16(47)3 <€+ R RN (6.7)

2
ImI(l 1)111|div. ==

which we subtract for plotting purposes. (For the related
master integral with m = 0 and n = 2, one replaces s, —

sy and s5 — s,4 in the above.) Figure 14 depicts Im7 52,), 11 as
a function of energy. Although not shown, this quantity also
seems to be discontinuous across the light cone. The figure
uses an average three momentum-squared, defined in

Eq. (5.9), and the energy ky = /M? + k2.

VII. RESULTS AND CONCLUSIONS

We have computed a list of spectral functions that
originate from self-energy diagrams with two loops, gen-
eralizing the results of Refs. [16,25] to below the light cone
and considering a larger set of master integrals with
m,n > 0. In so doing, we have separated the ultraviolet
divergence where appropriate and shown how to determine

the finite remainder numerically. Validity of the KLN
theorem was explicitly demonstrated in Secs. V and VI,
by careful analysis of the collinear phase space. We
considered any arrangement of propagating bosons or
fermions allowed by the diagram’s topology. The code
used for our numerical evaluation is publicly available
at Ref. [14].

Returning at last to the QCD corrections for the photon
spectral function, which was our original motivation, the
imaginary parts of Egs. (2.6) and (2.7) can now be
evaluated. Firstly, all the temperature dependent divergen-
ces that were individually isolated end up canceling and the
vacuum NLO result is recovered. Since the thermal parts
carry no ultraviolet difficulties, zero-temperature counter-
terms suffice for renormalization. Some integrals give zero
because they have no ky-dependence prior to taking the
imaginary part, specifically,

0 0 0
ImI((nz)zo = ImI(()0>120 = ImI((n>110 =0.

Other terms in (2.6) and (2.7) also do not contribute, in
particular those proportional to e without a compensating
divergence in the master integral. It is important to keep
some of these terms so that the vacuum result is recovered,

but ImZ g(i)loo and Im7 (111’111) , end up not contributing at all.
And (2.7) can be simplified thanks to exact relations like
K2ImZ )5 — 4koImZ !y +4ImZ {1y = 0. (7.1)

At finite temperature the spectral function for the
current-current correlator is specified by two scalar func-
tions, ppp = Im[IIr; | according to (2.5). Figure 15 shows
the energy dependence of the NLO spectral functions for
several momenta. The behavior in (5.10) prevails near the
light cone for the transverse polarization, while the factor of
K? is enough to ensure that p;_is zero there. Both functions
approaches zero for k, — 0, as they should. The large K>
behavior (of the NLO parts) can be found in Eq. (D21) of
the Appendix.

In heavy-ion collisions [19,20], the observable photon
and dilepton rates are proportional to —ImIl¥, = 2py + p,
for K2 = 0 and K? > 4m? respectively (m; is the lepton’s
mass), where perturbative studies have hitherto focused.’
The complementary region, K> < 0, is not merely aca-
demic: It provides an opportunity to cross-check the weak
coupling framework, e.g., with nonperturbative Euclidean
correlators (of either polarization) provided by lattice
QCD [12].

As noted in the Introduction, our results are relevant for
deploying (fixed-order) perturbation theory in contexts
where simplifying kinematic assumptions are not justified.
It is nevertheless worthwhile, e.g., if analytic expressions

"Including the special case m; — 0.
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py/(€T)?

0.5 1.0 1.5
ko/T

FIG. 15. Transverse (upper panel) and longitudinal (lower
panel) spectral functions for k/T = 0.5, 1, 1.5. Since pr = pp.
for a photon at rest, the curves with k =0 are identical. As
defined in Eq. (1.1), e? was factored out, and we used a fixed
strong coupling g = 3 for illustration. The thin dashed lines are
the LO result (i.e., g = 0).

are available, to check that these numerical results
reproduce the correct behavior in those limits. We have
done this using the OPEs in Appendix D for K> > T? in
each integral studied. Our results are also compatible
with recent HTL self-energies at NLO, in the limit k,
k< T [32].

It is worth recalling that the individual masters are not
(usually) themselves physical, rather they supply a
convenient “basis” from which observables can be built.
That ubiquity makes a dedicated study constructive
because of the valuable resource it provides for future
NLO developments at finite-7. Although by no means
all-inclusive, the list of loop integrals compiled here
should satisfy a wide variety of needs or take little
generalizing to do so.
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APPENDIX A: THERMAL PHASE SPACE

In this Appendix, we discuss two important phase space
integrals which were used in the main text. The following

results are valid both above and below the light cone:
ko S |k|. Without loss of generality, we assume kg is
positive. Energy conservation is imposed by cutting the
diagram, handled with the replacement,

1

I -
M +i0T —A

— —r5(kg — A).

1. Two-particle decay

The production rate due to binary encounters, e.g.,
qq — y* (the asterisk indicates a virtual photon), is given
by a phase-space integration over the momenta of interact-
ing partons. For a given external momentum K = (kg, k),
we simplify the integration measure,

(1.2] v JP4 4E1E2

v P - UzQ), (Al)

with the (on shell) energies E, = |p|, E, = |gq|. The
v; = £1 are summed over, for i = {1,2}, so that in
(Al) each channel is represented. Here we also used
dimensional regularization for the terms O(¢) needed later.
Integrating over d?q is trivial; momentum conservation
fixes ¢ = v,(k — v\p). The on shell energy is therefore

E2 = ‘k — 7J1p| = \/k2 + p2 - ZUlkaOSka, (AZ)

where 6y, is the angle between k and p.

The external vector k distinguishes an orientation with
which to organize the remaining d%-integration. We
choose to align the p, axis with k, so that the azimuthal
integration is also trivial. And instead of a polar integra-
tion over 6y,, we integrate over the magnitude g = E,
given by (A2). The angular limits accordingly translate
into a kinematic restriction; |k — v, p| < ¢ < |k + v p| (see
Fig. 16). Let us therefore express the angular integration by

/_126 /oo dpp2—2€ /” dgkpsinl—Qeekp
0 0
/11 J /|k+vlp| L < 4k p? )6
= [ dp 9= :
0 =1 p) k \4p*q* = (k* = p* = ¢*)?

All the necessary scalar products can be formed in terms of
these variables.

The combination »;p and wv,g appears repeatedly
above,® suggesting that we formally extend the magnitudes
p and ¢ to negative values in lieu of summing over {v;}.

The very same combinations will appear in the relevant
integrands.
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FIG. 16. Allowable integration region in (A1), where p = v, E;
and g = v,E,. The dashed line is the energy constraint
ko = p + g, while the blue shading is forbidden by the on shell
condition for P and Q = K — P. (Here K* > 0.)

Thus the subsequent (p, g)-integration covers all channels,
see Fig. 16, and reads

+o0 —[k=p| |k+pl
Z/dpdq:/ dp/ dq—l—/ dq|.
v —o0 —|k+p] |k=p|

(A3)

When the internal lines are on shell, energy conservation
implies that ky = p + ¢ allowing the g integration in (A3)
to be carried out. Therefore the final result is supported only
along dashed line shown in Fig. 16 and reads

|

0) r
1

(1=5:&)(1 = 5:&y)

1 [ k>
=— dp<1 + elog
/[1,21 8k K*(p—k_)(p—ky)

+ O(e2)).

(A4)

The p-integral was flagged with a prime as it depends on
whether K? is positive or negative. In the former case (with
ko > 0), only the channel having v; = v, = +1 contributes
in (A3). Precisely one of v; and v, equals —1 in the
latter case.

Altogether, one has

//dpE@(k_)A_hdp—@(—k_)[/_:dp—i—ljodp].

(AS)

The discontinuity at ky = k is thus given by an integral over
all real p, in the principal valued sense. In the rest frame,
k =0, (A4) has the net effect of setting p = k/2.

As an application of the foregoing discussion, define

-1

v n ! P\
y, = o / dpn,, (p)ng,(ko—p) (L) (A6)
k ko

and consider it forv = {0, 1, 2} in particular. This function,

which is needed for the one-loop discontinuity, was also

used in the virtual parts of our two-loop calculations.
Letting the exponentials be abbreviated by

& =exp[-plk.]].

we find that

S1s82 — O(k_ —1 s A7
ll/‘ W2 ( )+k Og(l_slg_)(l_SZg_) ( )
(1) _l l 1—S25+ l—S15+_ 1—S1<€_
W, =2 O0k) + - [ko logy— g Thiloey g —k-log— e
— T (Liy(s1€,) + sgn(k_)Liy(51E-) — Lip(s2€ ) — sgn(k_)Liy(s:€_))|. (A8)
(2) _L ) k_2 l 2 —S15+_ 2 1—S1€_
Vare = 42 <k° 3 >®(k‘) L e P gy
— 2Tk, (Liy(s1€) + sgn(k_)Liy(s:€_)) + 2Tk_(Liy(52€ ) + sgn(k_)Liy(s1E_))
SO (Lis(5€.) = Lis(s€-) + Lis(56.) = Liss:6.) (49)

These quantities are discontinuous on the light cone, explicitly with

1 | 2

v | 0|
1

®) | _ W |
Wisisa lkg=k+0t — Ws1,52 | kg=k—0"

‘ 14225 (Lip(s1) = Lis(s2)) ‘ 1—45Liy(sy)
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2. Three-particle decay

It is sufficient to work in d = 3 dimensions for phase
space integrations of the real two-loop corrections (those
where three propagating particles are put on shell).
Extending (A1), we define

2 4
/ EZ/ IS (K 0P~ 0,0~ 13R),
(1.2.3] v Jpagr 8El E2E3
(A10)

with the (on shell) energies E; = |p|, E, = |q| and E3 =

Vr? 4+ 2%, (The regulator A is necessary to observe the
canceling divergence between real and virtual corrections.)
The v; = £1 are summed over, for i = {1, 2, 3}. One of the
integrals may be simplified using energy and momentum
conservation; we choose the r-integral, and complete it by

writing
dro
—=2 —§(R* - 2%)©
[ [ [ T GRe e,

Hence, by fixing R = v3(K — v, P

IO

Let us now specify a coordinate system in order to
proceed. We choose, following Ref. [33], to align the
z-axis along the direction of k and orient the zy-plane to
contain p, viz.,

— v,0), we are left with

O(ry) ( /12)

All
1E2 - ( )

k = k(0,0,1),
p = p(0.5inf;.cos6;),
q

= ¢(sin B, sin ¢, sin B, cos ¢, cos 6,).  (A12)

The integral over the azimuthal angle ¢ can then be
performed in (Al1l). To do so, express the argument of
the 5-function by R* — 4> = A + B cos ¢, where

A =K?—-2%+2[v,prrq(l — x1x,)
— v1p(ko — x1k) — v2q(ko — x2k)],

5= (/1) (a1 ).

Here we have abbreviated x; = cos #;. Consider then the

integral of a function g(¢),
2r
2 2 _
|7 gt - 2)900) i 06,

where h = B> — A% and the angles ¢, = 7 + acos(A/B).
For our purposes, the function g depends on ¢ via cos ¢ and

hence >, g(¢+) — 29(¢2).

(A13)

o(h)

We have accomplished five of the nine integrals in (A10)
and are left with

1
/[123] :—4(27[)4Z/dpdxl/dqu2

x sgn(ky — p — q)pqei(fz), (A14)

which cannot be simplified further in general. The combi-
nation v, p and v,¢q in (A13) once again suggests that we
formally extend the magnitudes p and ¢ to negative values.
The factor of ©(ry) in (All) has been dropped because
ro = v3(kog — v p — v3¢g) and so exactly one term in the
sum over v; = £1 will contribute. (The relevant value for
v3 is determined for a given p and g—extended to take
negative values.) And then, as before, we can just forget the
sum over {v;}.

The h-function of (Al4) is quadratic in each of its
arguments p, x;, ¢, and x,. Requiring 4 > 0 (equivalent to
taking the real part of v/4) summarizes the allowable
phase space.

APPENDIX B: ONE-LOOP AUXILIARY
FUNCTIONS
1. F,, for m=0, 1, 2

The formula for F(, was already given in the main text;
see (3.4). Here we derive that result after discussing some
simple properties. The expansion of the function F, about
the light cone energy, ky = k, is

-1
327[]((](0

1+S2

kﬂﬁm—m
+ <; + 51y, (k)> + O(ky

F (K Sl,Sz)

—k)]. (B1)

Whether the leading term has a double-pole depends upon
s, = +1, implying the propagator that appears twice is
bosonic. If rather s, = —1, then the pole is only simple.
Equation (3.4) includes the vacuum result —1/(167K?),
which we subtract in Fig. 17. Therefore the vertical
intercept (at k, = 0) in this figure is merely k>/T>.

A mass regulator 4 helps to evaluate F, by writing the
repeated propagator as

AEZ (L) = aAZ(AsZ (L/l))|ﬂ—>0’

where L, = (£,,¢;) is a four momentum with |£,| =

V% + A%, This calls for the one-loop results, provided in
Appendix A, to be endowed with a mass on one of the
propagators.

The integration methods are only slightly modified by
the presence of a mass term above. On shell energies are
then E| = |p| and E, = |¢,], and the integration limits are
determined by energy conservation. We find, by general-
izing definition (A1) to massive particles,
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1072 107! 1 10

ko/T
FIG. 17. The thermal part (i.e., we subtracted the 7 — 0 limit)
of the function Fy(K;+,+), for several values of the three

momentum. The continuity in the function at ky = k for k > 0 is
an aspect of the repeated pole in (B1).

Imi A (K—=L)A, (L)
L
_ / (Fofa = fiifat)
(1.2]

ny, pt
- 87r0k/ dpdelEz 5(kog — ey — ex)ny, (e1)ny, (e2).

(B2)

The signed energies introduced are e; = sgn(p)E; and
e, = sgn(q)E,. It is necessary to take the derivative of (B2)
with respect to A% (and evaluate it at A = 0). For this
purpose the integration variables are changed to e; and e,
so that A-dependence is swept into the limits of integration.
The §-function then imposes the following limits on the p-
integration:

p>k_+4- and p <k, +A-
{ . o for k S k.

p<k_+£ or p>k++£

We only need to evaluate the integrand at the appropriate
boundary values (with 4 = 0) to obtain F. The result is
stated in Eq. (3.4), in a way that is valid for either sign
of K.

Using the approach stated in Sec. Il A to include powers
of p, into the above derivation, one obtains expressions for
F, and F,. Casting them altogether gives (3.4). The
resulting functions are plotted in Fig. 18, omitting the
large-k( behavior of (3.4), namely [see also Eq. (D9)],

Fo = —1/(16zK?),
F, = —313/(647K>);

Fl == —ko/(16ﬂ'K2),

ko—)OO.

We note that in this limit, the coefficient of the 72 thermal
contribution is zero. (Which is also the case for the
statistical combinations not plotted.)

Some relations can be derived for these functions.
For the special case that s; = s,, one has F; = kyF|.

—K'F,/(kprT?)

R | L
1071 1 10
ko/T

FIG. 18. The energy dependence of the family of functions F,
for m = {0, 1,2} at k = 0. We show here the functions for s, =
—1 and s, = +1, with their ky — oo limits subtracted out. The
m = 0 curve was also shown in Fig. 17.

In general, F, is actually expressible by F| and F, due to
the identity:

K*Fy —4(kgF| — F,) =0,

which can be used in (3.3) for the first of the two master
integrals when m = 2.

2. H,, and its O(¢) contribution

In this section, we explain the functions H L(Z’l] as defined

by Eq. (3.7) of the main text. To first establish H,, from
(3.5), it can be written as

H,(K;s1,5,) = _/[1 2]( sfs = 15 ) (0 E)™,
(B3)

for m = 0, 1, 2 with the special notation of Appendix A 1.
In the special case that s; = s,, one may show that H; =
%kOHO by a change of integration variables. But in general,
one must adhere to (A4) for the integration. According to
that formulation we can set v; = v, = 41 enabling the
distribution functions to be written

fofs —fsfs, = (eko/T — §182) g, Ny,

where the arguments were omitted.
The results are immediate: [The primed integral is
defined in (AS5).]

0 m. (m
Hyl = kg,

-1 1 2

1 _ "o / m k
H,, = dpp™nn,log .
k RSk (p—ky)

(B4)

3. Finite part of G,

We now consider GQ], defined in Eq. (3.7) of the main
text, for m = {0, 1}.
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The whole function Gy, is equal to the real part of

S [t

In the sum above, where v; = v, the “5”’-terms combine
into what becomes the vacuum result. Anythlng propor-
tional to the distribution functions gives thermal effects,
and we use a symmetry to write n;, with the argument E;.
Making use of (A3), without imposing the energy con-
straint, it is necessary to also add the contribution coming
from ky — —ky. We can complete all but one of the
integrations to obtain

>+ sony,(E)) + va (3 + syng, (Ey))
ko — v Ey — 0 E,y '

44]7’

1 )
G([)O](K;Sbsz) :%A dP(Slnsl(P)

+ $an4,(P))lo(p, ko k),
(ky + p)(k_—p)
(ky = p)(k-+p)

For small p relative to the external momentum, [y~
—8pk/K?, and therefore the integral is finite even if one
of the distribution functions is bosonic. We have decided to
work with all logarithms taking the absolute values of their
arguments, but if we were careful to keep the correct sign
one could use the imaginary part of (B5) to determine H,.
. 0
The function G~ reads

Lo(p. ko, k) = log

(BS)

k o
6 (&isi52) =" [ dp{san, (pIo(poko.

(Slnsl(P) Sznh( ))Fl(kaka)}’
C(p koK) = 210 g% (B6)

and I’ is as before, see (B5). We note that G[l] = IG[O] if

§; = 8, as can be derived from the integral expression
for G;.

APPENDIX C: TWO-LOOP KERNELS

In the diagrams labeled IV, V and VI, index c is nonzero,
and therefore the momenta running in the loop do not
decouple. After carrying out the sums over p, and ¢ in
(2.1), following e.g., Ref. [15], the terms can be sensibly
collected according to which energies are on shell. The
main virtue of our strategy for m, n >0 (discussed in
Sec. II) is that it means we can perform the frequency sums
assuming m = n = 0.

For IV, the outcome is (4.2) with all intermediate
particles on shell. That is generally the form the “real”
corrections will take. Having more propagators (via d,
e # 0) will facilitate other permutations of cuts. The type-V
master integral has more, which are represented by the two
terms in the following expression for the imaginary part:

0 —v) p—0
ImI<11)110:/ (fs —fs ' fst)
[1.4]
1
53+ 5oy (Ey)
2 TeeNTe)
- {Z/2E2<R2—Az)
L+ s3n3(Es)
2
+ z/ 2E3 Z}4L - 1}3R)2

A DS
(1,2,3] (K — v, P)? .

(C1)

(The notation of the outermost integrals was defined in
Appendix A.) Three momenta are put on shell in the last
line, now with an internal propagator that was not needed
before. The virtual correction [equal to the first term from
(C1)] has factored into a binary decay amplitude multi-
plying a one-loop vertex amplitude. Note that the “mass” 1°
has been introduced as a regulator, so that R has on shell

energy E; = V/r* + A°. Later we will take the limit 1 — 0
and find that the real and virtual pieces dovetail together,
leaving a result that is both finite and A-independent. The
other energies are as before: E| = | p| and E, = |q|, and we
also denoted L =K —v;Pand R =K — v;P — v,0.

The imaginary part of the special integral in (5.11) is
given explicitly by

ImIme:/ (fsifsi=fsf50)
[1.4]

3+ 5ony(E;)
2
X {2/72E2(R2—/12) (2v,KQ)
2+S3I’l3 E3
+Z/2E3 (0iL— R (2U4KL—2v3KR)}
_ vy pUy —V] =) —1/3 2”2KQ
/[1.2,3]( nfafi = >(K—U1P)2'
(C2)

The most intricate two-loop topology, yet benefiting
from the most symmetry, as four different cuts contribute to
the discontinuity, given by the following expression:

1
*+S2)’lx (EZ)
Im7%  — / /2—2
1111 [ » Z 2E2(R2—/12)V2
+S5n
2
+Z/2E5 R? — ,12 Q2
5+ 538, (E3)
+Z/ 26,07V

fvlfvz V3 _f;lvlfs—ztzfszvg:|
[1,2.3] (K- Ulp) (K- UzQ)

+ [s1 <> 85,5 <> 84).

(C3)
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The meaning of the last line should be clear; the first
line is one of the virtual corrections. It possess three terms
which ought to be clarified. The momenta P and L =
v4(K — vy P) are on shell with E; = |p| and E4 = |£)].
Inside the curly braces we have defined

R:U4L—02Q:USV—1}1P,
V:K—’UzQ:/U3R—U1P,

Q:K—U5V:1)4L—U3R, (C4)
together with the energies E, = |gq|, E5 = Vr* + /? and
Es5 = |v|. (The necessary form to use should be clear from
the v-sum and spatial integrals.)

1. Real corrections, W(p.q)

Here we derive the expression given in (4.5), by
explicitly carrying out the angular integrals from (4.2).
The result of Appendix A, and specifically Eq. (Al4),

shows that we can identify
O(h
/ dedx 1 ( ) .

Vh

The meaning of / and the boundaries on the integrals were
given there. One may safely set A = O (it does not generate
the collinear logarithms), which simplifies the kinematical
constraints from A > 0. Starting with the angular integra-
tion over x; = cos 6, in (A14), we write the function h =
h(x,) as a quadratic: ax? + bx; + ¢ [33]. The coefficients,
which can be calculated from (A13), are

)Pq

Wiv(p.q) =sgn(ko—p—gq — (Cs)

a = —4p*(k* + 2kqx, + ¢°).

b = 4p(k — qx;)[kg + k> = 2(ko — p) (ko — q) — 2kqx,),

¢ =4p*q*(1 - x3) = (K? +2[pq — kop — qlko — kx,)])*.
(Co)

Because a < 0, the ®-function in (C5) dictates the upper

and lower limits on the x| integration. We can parametrize
x; in terms of the “angle” & € (0, z) with

—b + cos fx/K
0@ =—7 " (€7)
where A = b* —4ac is the discriminant. Changing

the integration variable from x; to & thus removes the
®-function and yields

+1 @)(h) _ P .
/_1 dX1WF(X1>* |al A d&F (x(£)).

It turns out that A > 0 summarizes the allowable phase
space, which we have elaborated previously (in the

(ko — k+07)

FIG. 19. The allowable integration region in variables p and g,
as kq approaches k from above. Region “1” from Fig. 5 has been
colored (red) and is excluded by observing that the upper and
lower limits in the x,-integration coincide.

momenta p and ¢). We already assumed a permissible
(p. q) configuration by writing out the x;-integral.
Returning to (C5), this gives

Wiv(p.q) = sgn(p(ko— p = q))
q x;nax dx2

2 Jagin \/IE = 2kpx, + p*

The limits above follow from requiring A > 0 in (C7), so
that the integral has nonzero support. They are, for
sanctioned p and g values,

X

(C8)

X7 = min[+1, max[X, Y]],

Xt = max[—1, min[X, Y]]. (C9)

where

2kog — K? 2
TR and Y_X+Ep(ko—p—q).
One may check that this reproduces the formula in (4.5).

The same approach works for calculating Wy and Wyy;
however 1 # 0 must be kept wherever a log-divergence
may occur. Determining /4 and the limits xJ'" and x> in
each of the regions defined by Figs. 6 and 7 leads to the
expressions (5.13) and (6.4).

Let us note that the angular limits in (C9) apply to a/l the
real two-loop contributions. Harking back to Figs. 6 and 7,
these limits are specifiable in each region of the (p, g)-
plane. Considering them individually reveals how for
ko ~ k, the prima facie incompatible regions interchange
when moving from above to below the light cone: If one
takes the limit ky — k + 0" (see Fig. 19), the x,-limits
coincide thus giving zero precisely where p and ¢ are
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kinematically forbidden in the spacelike region. A similar
argument works out for ky, - k—0". Moreover, the
angular limits are well-defined for ky = k in the nontrivial
regions that remain (i.e., “2”, “3” and “4” from Fig. 5). That
implies’ the functions W(p.q) that we calculate are
continuous at kg = k.

This does not preclude the final master integrals from
being infinite on the light cone. However, for those that are,
the singularity must be the same whether approached from
above or below. Some of the master integrals are finite at
ko = k, others diverge either logarithmically or due to
a pole.

2. Virtual corrections, Uy (p; 1)

The two terms in the curly braces of (Cl) may be
calculated by a standard Feynman parametrization. Let us
manipulate these terms assuming v; = vy = +1 (it does
not lose any generality). We find

Z/ 1+ 5o (Ey)
" Jq 2E2(R* = 2)
1 +eo (1 2
= [ Taq(= log— "
(4n)?¢ /_m 1 (2 * 32”32(")> Batq+ 2
(C10)
where L = (¢y,¢) = K — P and R = L — v,Q. (Here, as

before, we absorb the sum over v, into the sign of ¢q.)
Similarly,

Z/ 2—|—s3n3 Eg B 1
2E3 - 1]3R (47[)2bﬂ

too p (1 2 —2f(es—r)
dr— | = log————"—=,
) /—oo r€3 <2 sty (63)> Ogﬂz —20(e3+7r)

(C11)

with a signed energy e; = sgn(r)V4> + % In thlS term, we
change integration variables from r to ¢ = kg — p — e3 so
that (C11) and (C10) are ready to be combined. But before
doing that, a divergent contribution needs to be salvaged
from this vertex correction. It is handily isolated (and
underlined in what follows) by writing

G + sanZ(q)> = sgn(q)% + sgn(q)sany, (|q])

in (C10), and similarly a term like sgn(r)% in (C11). The
other parts lead to momentum integrals that are rendered

"We skipped over the technicality of setting 4 = 0. However
the conclusion is still true: W is continuous for finite A, as are the
virtual corrections. Therefore once combined, and the limit A — 0
is taken, they remain continuous at ky = k.

finite by the thermal weights. But the divergent vacuum
result, using dimensional regularization, is equal to

/ ! _ ! (1 —l—log'a2 + 1> (C12)
0 Q’((L-QP -] (4n)* \e 2 ’

where L? = (K —P)*> =0 was needed. This is what
the curly braces in (Cl) produce in vacuum. With a
large cutoff A on the magnitude of g, it is easy to show

how the same type of divergence arises. The restricted
integral,

/+Adq
A 2

4A2
—f<10g/1—2+ 1+ O(fZ/AZ)) ’

22 A2
+ sgn(¢ — gq) log 761}

[Sgn( Jog 17, 446 - q)

where we assumed A — 0. In this limit e; = r + é—zr +--
which enabled the arguments of the logarithms to be
simplified. Hence using log4A? = ¢! +logp®> is the
choice consistent with the two-point function in (C12).
Returning to Egs. (C10) and (C11), these two contribu-
tions can be drawn up against their real counterparts, by

substituting
1 ng, Ny,
|5t | +——,
2 ; ng,

1
E + S2ns2 =

where we identified £ = p + e; and omitted arguments of
the distribution functions. (¢ is the argument of n,, and
s4 = 5os51.) For small 4, the expression in curly braces from
(C1) thus simplifies,

2

ngn A
- dg |22 10g 2
fim{---} = (4n)2f / q{ n,  Sacq

54

1 q°
+ (E + s3nx3> logﬁ] .

The first summand combines with the real corrections to
remove any dependence on A overall. In the second, we
again single out the divergent part and calculate it with a
cutoff regulator. Namely, from

(C13)

/ " dgsen(£ - )1 a
gsgn(£ — q)log ———
-A (¢ - 51)2

1 i
=-2/(-+log— +2 2/A?
f(€+ 0g4f2+ +O(¢*/ )),

which was converted to dimensional regularization.
Now O(e) terms in Eq. (A4) must be kept for the outer
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integration. The sequestered part of (C13) therefore
generates

—2 K2k2
5 + log
4¢*(p —k_)(p — k)

1
+210g +2].

(47)?
(C14)

Equation (C14) contains an ultraviolet divergence, which
will end up being multiplied by a function of the temper-
ature in the final expression. The first integral of (C1) can
be written, after using signed momenta to incorporate the
sum over the {v;},

e U

-1
_ s ©) .
- (47[)3 / deV (p’j')nslns_/l‘

—fafso{}

The formula for Ug) ) was given in (5.5) of the main text.

Including an extra power of ¢ = v, E, [from n =1 in
(5.3)] is a simple matter. None of the Feynman para-
metrizations or angular integrals are modified. The
A-singularities are also unchanged in (C13), apart from
an extra factor of g. The vacuum result,

/QQ2[<L —%)2—&2}:4(2) <1“°g; 1)

(C15)

must be recovered by our regularization procedure.
This can be checked by redoing the calculation with a
cutoff, as before. But now one finds that log4A? = ¢! +

log ji> + 2 is needed to consistently convert the restricted
integral,

+A
/ . dqqsgn(¢ — q) log

= —¢2 (log

(¢ -q)?
A2
o -1+ O(fz//@)),
to dimensional regularization. The argument is otherwise
unchanged, and altogether leads to the formula for
Ug,l)(p;/l) that was given in (5.8).
The special master integral, defined in (5.11), also
follows along the lines above. Here we give some more
details: The curly braces of Eq. (C2) give, for 4 — 0,

"9 Again making use of L2 = (K — P)% = 0 to simplify.

{...}:W/dq[qGJrsznsZ)

2
X (2( 2fk0)—|—K210g4/; >

Ly 2r(K? = 2¢ky) — gK21o 24

— | =+ s3m r(K-— —

5 T 53l 0) —4 g4f
(C16)

Anything in the integrand that is proportional to a dis-
tribution function ng, (|q|) or ng,(|r|) (evaluated at positive
arguments) will be finite. The divergent terms are easily
isolated using the same approach as for Ug) ) and Ui,l ), They
can be calculated by a cutoff regulator, and altogether must

give
2K - Q —K2 (1 21
- ~tlogh +2).
/ 0%[(L — 2 204 (€+ gzt

Once again, the hard cutoff integral can be given explicitly,

+A 12
/ dq [sgn(q) <2q(K2 2¢ky) + gK? log 17 >
-A

12
—sgn(r) <2r(K2 —2¢ky) — qK* 10g4{4>]

=-¢2 <K21 e

A2 1
+5 K~ 4kof+(’)(f2/A2)>.

This part of (C16) should give the complete vacuum result
for the vertex correction and consequently, should be
converted to dimensional regularization using log4A? =
e ' +logi® + 4ky//K?. Going back to (C16) and
rearranging the distribution functions, the quantity in curly
braces becomes, for 4 — 0,

1

n52n53 2 /12
2 3 2(K* =2k K1
X{q ", (( 0) + 217

1 T
+ <§ + s3n33> <—2f(1<2 = 2¢k) + qK* 10%7)] -
(C17)

The first term in the square brackets above will combine
with the real corrections; cf. Eq. (5.13). A remnant, which
is proportional to sgn(r) % in the second term, diverges and
can now be calculated with a regulator,

+A 2Ck 2
/ dgsgn(r) {Zf (—20 - 1) + glog 61_2}
—A K r

=2
i 4¢k,
:—Lﬂ2< +10g7+3—7>
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With that, inserted into (C17), we are able to single out a

fragment that is the same as U $ ) up to a factor of K?/£. We
thus arrive at Eq. (5.14) of the main text, after using the
principal valued integral,

+o0
P [ dgsen(e - gyn (e~ a) =
to drop some polynomial parts of the thermal proportion.

3. Virtual corrections, Uyy(p; 1)

Moving along to the function Uif‘l) (p;A) needed in (6.2),
we derive it from (C3). Let us focus on the three terms in
curly braces and consider them individually. The first, for
A—=0,1is

Z/ 5+ song(Ey))q" 1 /+°° dqq"
- 2E,(R* - ,12 V2 (4n)?K* ). ko—p—q
(ko — p) (k- = q)(k, —
<2+n2> log (ko — p)(k_ = q)(ky —q)

K*q(ko—p—q)
To carry out the v;-sums, the momenta p and g were
extended to negative values. [Here only the g integration is
made plain, the impending outer p-integration takes the
form of (A4).] Similarly we find, for 4 — 0,

Z/ (5 +ssny, (Es))g" 1 /+oo dv(ky — v)"
=) 2Es(RP -0 (4n)K? ) w—p
! K*v(v = p)*
X (§+ n5> log/12p(k_ — o)k, —v)’

where the integration variable » has been extended to
negative values. For the term where “particle-3” is on shell,
we use the integration variable r = v3E3. Then, for A — 0,

Z/ 5+ 838, E3 )q . 1
- 2E;Q°V? (4n)°K?

x (/_; dr—i—[r;odr) (¢=

8 <%+ n3> log/14p(ko —p=r)k=p)(r+p)

K4 1”4
The restriction E3 > 1 assists to explicitly regulate the r ~ 0
singularity. Unlike in (C18) and (C19), where the corre-
sponding integral may be understood in the principle
valued sense, the risk that s3 = +1 in (C20) would make

(C18)

(C19)

(C20)

this futile. Therefore we keep A to control the exclusion of
this integration interval.

Let us change integration variables to ¢ = ky — v instead
of v and g = kg — p — r instead of r in (C19) and (C20)
respectively. The distribution functions can be rewritten in a
way that the singular terms coalesce with their real
counterparts.

We do this by using an identity to rewrite the integrand
of (C20),

1 2 pqtv 1 nyns
<§+”3> e e = |7\gtm) T, ) loe
1
+ K—+n5> —%} Io
2 np
The two lines above are related by the exchange p <> ¢ and
q < v (together with same swap in statistics). Combining
the result with (C19) and (C20) gives, for the curly braces
in (C3),

v
KZ,,.Z
2pq
8x2,2

1 dqq" (k- —q)(ki —q)
PR U — 1)1
) (471)21(2/ r {(nz ns) log qu
nonsy . A6v nans.  A*pq
1 - 1 . 21
+ Ny OgK2r2 o8 K?r? (€21)

And therefore, taking into account the outer limits of
integration [e.g., by using (A4)], it is clear that (C21)
contributes to a subregion of the available (p, g)-plane in
the real corrections. This is exactly where 0, = 1if ky > &,
and the dependence on A? in the second line of (C21)
disappears when combined with the two real corrections in
Eq. (6.2). (The same occurs if k < kg, but then the can-
cellation happens when 0, = 1.) Note that the last line of
(6.2) is to be included in the whole result.

The case n = 2 needs to be handled with some care,
as the subsequent g-integral diverges. [Eq. (D19) of
Appendix D also exposes this fact.] That can be seen from
the ultraviolet behavior of the first line in (C21), since for
q — oo the difference (n, — ns) becomes +1, and the
logarithm,

(k- =q)(ks —q) K ko k3 +k?
I+—+—5—
qu “ag q 8¢

log

Hence the integration in (C21) will be log-divergent for
n=2,duetothe 1/r =1/(kg— p — q) left over. It can be
attributed to the vertex correction, i.e., the three-point
function studied in Ref. [34]. The entry of the rank-2
tensor that we need, is given by
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2 1 K? (1 k* — 6pt T
40 = [<€+4+p+logﬂ>

;
Pkt /Q OV2(R* =) (4n)’K’ | 4

3, , 2\ 2 2
Sy e T+log ) =2 (2 —10e2 2 ) |
+<2k0 5kop+3p>< + log 2) 5\ 53 log’

K2 K?

(C22)

The “%”-terms next to the distribution functions in Eqgs. (C18)—~(C20) concomitantly ought to reproduce this vacuum
result. Explicitly taking these equations together, with an imposed cutoff for large-¢ and an infrared regulator for g ~ £, we

find, for 4 — 0,

Pe(ky — q)(k_—q)

(/f—ﬂd /+Ad > q2
_|_ . —
-A 1 2y 7 2(f —q

] [Sgn(q) log
K2pr?

Ap(ky —q) (ko —q)

+ sgn(v) log

Terms that vanish as A — oo were omitted. This integral

appears in Ugl)(p;/l), to give (C22) once the dust has
settled and all factors are collected. This means that the
cutoff regulator should be replaced by

log4A? — ¢! + 2log i® + 2.

APPENDIX D: LARGE-K? EXPANSIONS

For external energies k, that are much larger than both
the temperature 7 and momentum k, spectral functions
can be studied by OPE techniques [18]. The resulting
approximations are applicable in the deeply virtual regime
K? > T? and may also be obtained systematically from the
master sum-integrals themselves [35].

Carrying out the Matsubara sums of (2.1) produces terms,
besides the vacuum result, with different loop momenta put
“on shell” and weighted by a thermal distribution. These
thermal contributions are multiplied by coefficients that
resemble 7 = 0 amplitudes of a simpler kind. In general,
we can relabel and shift integration variables until the result
is in the form (omitting a, b, ¢, d, e and m, n),

7 =m0+ 3 [ AP sy
#3700 (@B (P, Olpmspgros (DD
i<j /P4

Above, within the first square bracket one may set P> = 0
and in the second one may set both P> = 0 and Q%> = 0. The
presentation in (D1) folds together all the physical reactions
described by the Boltzmann equation; thus only linear and
quadratic terms in the distribution functions are present. The
former, proportional to 4; (given below), contain leading
thermal corrections of the OPE.

+ sgn(r) log

K?qr?

K4 r4

ﬂ“quv}

K? 4A? k* —6pt 3 i 2 (n? 22
1 <logK2+2+K2> - <2k(2) —5k0p+3p2> <1 +10gK2> + <3—log2K2>.

For general a, b, d, ¢ and d,

A= ¢u(P)P81A§I<—P/QQSAZA%—P—QA(;(—Q’
Ay = o(p) A% /Q GEALAS_p AL,

Az = ¢.(p) é(ko — Po— 90)" 45 AL A% _p_oAD, 0 A% o
Ay = ¢a(p)(ko — po)" Ak _p

X /Q(ko - qO)nAeQA;(—P—QA[I)(—Q’
As = ¢o(p)(ko = po)" Ak _p

X /Q(ko - QO>mA[éA;<—P—QA?(—Q'

These five terms are compatible with the original symmetry
of the diagram, e.g., A, with P <> Q gives a result with Q
(associated with A’é in the original labeling) being the on
shell momenta. In A;, ¢,(p) denotes the residue of A% at
its positive pole py, = p, viewing the scalar propagator
A(P) = (p3 — p?)! as a function the complex energy. It
may be expressed using the gamma function as

(=1)e! T(a+1)

¢a(p) = \/?l' F(a)pZa—l :

(D2)

For the vacuumlike Q integrations it is safe to expand the
integrand in P = (pg, p). Doing just that, for what we
need"! (dropping any terms we can, thanks to P? = 0)

""We write four products X - ¥ = xoyp — X - y.
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. . 2
A%_Pz%{l +2aKK2P+2a(a+ 1)(1(];’) + },
. (K-Q)-P
Sero* Tmgr | (- o
K- Q) P)
. . P)?
A§+Q:é{l —2a%+2a(u+ 1) (QQ4P) + }
(D3)

After the necessary expansion is inserted into the defini-
tions of each A;, one finds a variety of ordinary vacuum
integrals. These types of integrals are all derivable from a
class of 1-loop tensors [34], viz. (not the same m, n as
before),
e Qﬂl Q#z e
m.n 0 Q2m(K _ Q>2n :

In particular, Lorentz invariance implies that they are
each linear combinations of independent tensor (of
appropriate rank) that can be constructed from just K*
and ¢*¥. We need only those with up to four indices,
denoted

j’:n.n - Am.nKﬂ,

j’ilnun = m.ng’w + Bm.nKHKD’
Tnn = Epn(Kpng” +sym.) + D, ,K*K*K?,
Tmn = Hy (¢ + sym.)

+ G (K*KY g + sym.) + F,, ,K*K* K"K,
The coefficients A, B, C, D, E, F, G and H can all be related
to the fundamental scalar integral 7, ,, (it has no powers of
qo in the numerator).
Without loss of generality, we assume m > n so that the
pairs (m, n) of interest here are (0, 0), (1, 0), (1, 1) and (2,
0). Therefore the contractions needed are as follows:

P,Jmn=(K-P)A,,

PP, T = (K- P)B,,,
Pﬂjﬁgn = pOCm.n + kO(K : P)Bm,n
jg?n = Cm,n + k(z)Bm,n (DS)

Pﬂij"zZ(r)l = 2])0(K ' P)Em,n + kO(K : P>2Dm,n
Pﬂjlrln()?? = [(K : P) + 2k0p0]Em,n + kO(K : P)sz,n
(Do)

PuPujﬁlD,(r)lO = 2p(2)I_Imrz + (K ' P)KK ’ P) + 4k0p0]Gm$n
+ k3(K - P)*F .. (D7)
These expressions still depend on the relative angle between

k and p. That is to be taken into account when performing
the integrals in (D1), which we carry out using e.g.,

s PPy =2 [ o (184555,
/f(p)[po(K-P)]poip =2/pf(p)p2ko,

p

and any other angular averaging useful for simplifying what
comes from implementing Egs. (D3). (For example, terms in
the square bracket that are odd in p, will vanish after
summing over p, = =£p.) Such manipulations will put the
spectral function'? from (D1) into the form,

4
ImZ ~ woK? + 0, T? + aq%—i— e (K?/T? - )
where @; will depend on details of the master integral. The
first coefficient, , is exactly the vacuum result and there-
fore might contain a term (e~! + 2log i>/K?). Coefficients
of powers of 72, which are all finite, arise from moments of
equilibrium distribution functions. So, for instance, @, stems
from [, png(p) = O(T*). Only w, is independent of the
statistical nature (via s; = 4-1) of the propagators.

With the abbreviation n; = s;n; (p), we list some of
those integrals now:

The masters that factor into a product with a tadpole
diagram are zero in vacuum: they only start at O(T?). It
turns out that they also have no T*-term,

T6
1Ty, = / =107 )
tot0 = » 167rp+ K*

oZ) oo

For the cases with m > 1 they can be expressed in terms of
the results above. The following equalities are only valid to
O(T®/K*), although the first is true in general if s; = s,:

(D8)

KT = - / -
10120 A 1677,'p

1

2
| 0

ImI(IO)IZO = kOImIEO>1207

0)

1
Ingo)uo = kOImI(mno’

2 3 K 0
ImIgo)lzo 2 (k(z) + ?) ImIgo)lzo‘

“The approach here could be used for the whole master
integral, but presently we focus only on the imaginary part.
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One may also obtain the masters Z ;919 and Z;j0p0 by  which is evidently symmetric in {s;} for the indices i = 1,

replacing s with s, in the above. 2 and 3. It also has no 7*-term, and the T°-term can equal
The sunset integral has the expansion, zero if only one of the particles is bosonic, the rest
fermionic.
mz7® — K? ny +ny +n3 Lo T_6 For the spectacle diagram, which bears an ultraviolet
0 "84x) * J,  l6zp K4)’ divergence (from the 1-loop factor) that persists after taking
(D10) the imaginary part, we find
|

KZImI(O) L K? l+210 /]_2+4 +/I’l1+l’lz+l’l4+l’l5+/p(nl+n2+l’l4+l’l5) k2+k—2 Lo T_6
1o = oy \e T TR A 167p , 4zK? 073 k')
(D11)

The result is symmetric in {s;} for i = 1, 2, 3 and 4. Moreover, given any combination of statistics, the 7%- and T*-order
corrections are not zero.

Considering next the squint two-loop diagrams (with a = b = c =d =1 and e = 0), the simplest yields

K? /1 i ny — (ny + n3) p(3n; — (ny + n3)) k* T°
Kz = ———— (= +2log= +5 / L2t / L2 P R+—) + 0= ).
o = "3 \e TR ) T T ey T, 127K* 0t3) T &

(D12)
which is symmetric in s, and s3. The master with m = 1 (n = 0) has the same symmetry,

K2 (1) K2 1 ﬁz 11 n2+n3
Sz = (D io10g” )
ko o = g (e A T /,, 167p

P e Y s |+ of” DI3
~ | T22K% (ny + n3) o+§ —5( ny + ny + n3) + <) (D13)
14

So do all 7 Yfl) 10 (with n = 0, for any m), but those with n > 1 have no such symmetry in the statistical factors. Indeed
consider m = 0 and n = 1, which has the expansion,

K? 0.1) K? 1 /72 9
—ImZ,,,  =———|—+2log— + =
L T A P A
n P , K\ 1 5 T®
3 ks +—)—-=(3 —n3)K O —|. D14
v [t [ g [ (8+5) -3 000 +m) -] +0(5). o1
Within the same class of master integrals, having a = b = ¢ = d = 1, it is also useful to cater for e = —1. Then let us

consider the particular combination,

* _ 0 0 0
ImZjy,0 = Im[I(IO)IIO + KZZ(I 1)110 - 1(11)11(—1)]

K? 1 2 9 n p k> T®
N (LT S P4 3(n, — 2+S)ro(l). 15
8(47)° (€+ e +2> +/,, 167p +/,,24n1(4( (1 = ) +”3)( ot 3) + <K4> (D15)

Finally, it remains to discuss the cats-eye topology. The simplest case (m = n = 0) is actually zero in vacuum, and the
expansion starts at O(7?),

2

4170 ny +ny +2n3 +ny +ns P , k 76
KImI]H]]__/; 167[]7 - p24ﬂK4(11(n1—|—n2+n4+n5)+6n3) k0+? + 0 F s

(D16)
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which has, as it should, a total symmetry in {s;} fori = 1,2, 4 and 5. We may assume m > n without loss of generality, due
to the symmetry in s; and s,. Those integrals with m < n follow from those with m > n under this exchange. We give the
first such case (with m = 1 and n = 0),

K*' ) ny +n3+ny
k_ImIlllll:_/ 16
0 P p

N /,, 247[:1(4 {(“(”2 + 1) +3n3) (k3 + k;) + % (O(ny = n4) =5(ny = ns))Kz] - O(IT(—D (D17)

And the closely related 7 (1(1’111) , may be obtained by simultaneously swapping s; with s, and s, with ss. (The latter is
automatic if we enforce s4 = sqs; and s5 = sy5,.) For some integrals with higher powers of energies, we obtain (with
m=n=1)

K? 1
KZIH]I(III’lll)l =+ + / P |:§ (3(]’11 + ny + ny + n5) — 2]’13)K2

16(47)* * J, 48zK*
T6
= (9(ny + ny) + 2n3 + 5(ny + n5))k(2)} + O(F)’ (D18)
and (with m =2 and n = 0)
KIm7'%,, = K* 1+2lo /72+11 / ! (ny + ny + ng)k3 l(n + ns)K?
W= T 6and \e T SK2 T 2) T ), Teapk? \\2 TR T IR0 T U TS
p 1 2
— —(3 2 K
/pZ47rK4 {2( (ny + ng) 4 2(ny + n3 + ns))
i3 k2 T
— (Tny + n3 + 9y + 2ns)kG + (11(ny + ny) + 3n3)P (k%; + 3>] + (’)<K4> (D19)

In all the explicit expansions above, we have left the momentum integrals (over p) in the coefficients w, and w, as is. But
they are trivial to carry out for given s, s; and s,. They are all of the form,

v+l e
[ o= =S r gt ) (020)
p

where v = {1,3}.
These expansions can be used for the photon spectral function in a QCD medium, given in Egs. (2.6) and (2.7). The
expansions for large K> are

. 3K? T4 k>
Im(g,, IT(})] = —NCF{— + <k3 + —) } + s

(47)>  9Kk* 3
1 T

The leading term is the vacuum result and thermal corrections would start at O(T?), but this term is absent in accordance
with [18].
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