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1. This note 15 devoted to the study of a wave superfield and a
soliton solution of the super Kadomisev-Petviashvili (SKP) hierarchy.
The SKP hierarchy was Introduced by Manin-Radul [ 4] and extensively
studied by the present authors {8.9.121 and Mulase [ 53. Especially,
in our previous paper [ 891, we revealed that the SKP hierarchy is
equivalently transformed to the super Grassmann equation that
connects a point in USGM (the universal super Grassmahn manifold)
with an initial data of a solution. In that argument, the Birkhoff
(the Riemann-Hilbert) decomposition in the group of super micro-
differetial operators plays a key role. However this operator
formalism is inconvenient for treating geometrical solutions such

as super soliton solutions, super quasi-periodic solutions which

may be defined on superconformal curves. Therefore, as in the case

of the ordinary soliton theory, we require a wave superfield.
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Section 2 is a quick review of a wave function, the bilinear
residue formula and the direct construction of soliton solutions to
the KP hierarchy. In section 3 we introduce a wave superfield, the
bilinear residue formula characterizing it, and construct directly
super soliton solutions to the SKP hierarchy.

Analytical setting of the theory of the SKP hierarchy is
completed by this note together with the previous paper [ 9] and
the forthcoming paper [111. We expect that quasi-periodic solutions
can be constructed in our framework and that the theory of the super-
moduli of superconformal curves will be clarified from the viewpoint
of the SKP hierarchy (cf. [101).

Details of this note will appear in (111,

2. Let us first introduce a wave operator:

o

3 8, . 8 -3
W W(x,t,ax) JZO wJ(x,t)(ax) ' (2.1)

Which 15 a monic microdifferential operator of 0-th order (i.e.,

WO = 1), and t = (tl’t +++) denote infinite number of time variables.

2!
The KP hierarchy is linearized by the Sato equation [ 61:

8w _ _ 2 .n
ot ~ B, W - W (30", (2.2)

Where B, = (W(%;)n w"1)+ {the symbol "+" stands for taking the

differtential operator part). The compatibility conditions for (2.2}

9ive rise to the Zakharov-Shabat representation of the KP hierarchy:

& .g,2 _pi=0.
atm m atn n
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A wave function and its dual version are introduced by

WX, toA) = w(x.t.gi)(exp(xx + 3t

n=1
= ( 3 wj(x.t)A“J)exp(xx + 3 tnxn) . (2.3)
i=0 n=1
w¥ix,t,a) = (W*(x.t.%”))"l(exp(—xx - S M, (2.4
x n2

where W* =3 (- %;)_ij(x.t) is the formal adjoint operator of V.

J=0
They obey the following linear equations:
gg wix,t,x) = an(x,t.xl. gg w*(x.t,x) = - Bn*w*(x.t.z) .
n n

Now let us assume that the coefficlients wj(x.t) belong to
Cl{x,t11, the algebra of formal power series in (x,t). (Formal power
series solutions to the KP hierarchy correspond to points in the
largest cell UGM¢ of the universal Grassmann manifold UGM.) Then a
wave function Is completely characterized by the bilinear residue

formula.

Theorem 1 [ 2). Formal functions of the form (2.3), (2.4) are a
wave function and a dual wave function for the KP hierarchy if and

only i1f they satisfy

Res, ., ( WOt 00w (X", t",0) ) = 0, (2.5}

for any x,x',t,t'.

Soliton solutions to the KP hierarchy are constructed by Date's
direct method: Let aJ. BJ, CJ (1£J<N) be generic constants

and consider the conditions on a wave function:
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N j Lt
wix,t,a) = (3 W Ox, tIa Jexp(xa + 2

n
t.aMh
j=0 n=1 0

w(x.t.aJ) = ch(x.t,BJ) (I<J<N) . (2.6)

The condition (2.6) yields certain linear algebraic equations for the
coefficients wj (1<j<N). One can solve them by an elementary

algebraic procedure and get an N-soliton solution.

3. Let 4 be a supercommutative algebra over C, and (x,6) be (1}i)-
dimensional superspace variables, and t = (tl,tz.---) supertime

variables (t2k is even, t is odd). A supercommutative algebra

2k-1
of superfields is, by definition,
¢ = CL[x,8,t31 @ 4 .
Superdifferential operator D = g§’+ 9%; and super vector fields
+ 2
28-1 k=1

Q..
D top 1 Bt act on ¥. The

, D = &
28-1 8t 204+2K-~2

20 ° &
8ty

algebra 9 of superdifferential operators is defined by 2 ¢CD].

Adding the formal inverse element p7! = 9 4 %a(g;)—l to 92, one

Obtains the algebra of super microdifferential operators. Precisely,

& = CLIx,0,t11((D}

)) ® 4 59D .
The algebras ¢ and & are endowed with natural szgradation [ 9].

Let W be a super wave operator:

W= Wix,0,t,0) = 3 w.x,8,0)D° 7 € ¢

s Wh =1, w, €98, .
5 0 0 3¢
The SKP hierarchy is linearized by the Sato equations:

= - n = ..
Dn(W) = an(an Wby, n 1.2, ’ (3.1)
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1 n{n+1)/2

}, . and 8n = (=) . Let

- N~
where Bn = {(WD"W N

@
H = Hix,8,t,2,E) = xa + 3 (—)£t2£1£ + (E+h(t,))(8+h(t,2)),
01

where (A,E) are (1}1)-dimensional parameters, h{t,x) = 2 (")ﬁtzg—lli'
4=1

It is easy to see that

Z-ayteth = 0, b et = 8nDn(eH). (3.2)
Set

wix,8,t,x0,8) = W(x,8,t,D)(exp H(x,0,t,2,8)), (3.3)

% * -1

wo(x,8,t,x,E) = W (x,0,t,D) “(exp ~H(x,0.,t,2,8)), (3.4)

where w*(x,e,t,D)

3 (—)Jejb'jwj(x,e,t) is the formal adjoint
J=0

operator of W { 1]J. They are called a wave superfield, a dual wave
superfield of the SKP hierarchy, respectively. From (3.1), (3.2},

they satisfy
an(x,ﬁ,t,x.ﬁ) = sanw(x,e,t,x,El s
%* * *
an (x,8,t,0,8) = —san w o (x,8,t,x,&).

Now we need a superanalogue of Cauchy's residue formula: Let
{Xx,£) be coordinates on the (1|1)-dimensional super complex plane,
Aldx/dE) be the volume form on {t, which is5 odd quantity, f(x,£)
holomorphic superfield in (x,§)., Then the residue formula is given

by [ 3]

Res, ., A(dr/dE) £(0,E) =+ (.0 fy,n

A= (A—a—&n)n+l n! A,E
fCA,E) 1 2n+1
Res _  Alda/dg) = = (D f)(a,n) ,
A=q (A—a—Zn)n+l n! PR 4

- 2 9
where Dx.t Y] + ﬁaz , and o 1s an even constant, n an odd constant.
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Using the duality of super Fourier transform ( see our forthcoming

paper [11)), we can show the following.

Proposition 2. Let P,Q € & be even operators. Then PQ € 2 if and

only if

Res.  (A(dasdE)P(erXtE8)g¥ (o X -88", - o |

Az=w

for any x.x°',8,0'.
From this proposition we obtain the main theorem of this note.

Theorem 3 (Bilinear residue formulae). Even superfields of the form
(3.3), (3.4) are a wave superfield and its dual of the SKP hierarchy

if and only if they endjoy

Res, ., (Alda/dE)W(X,8,t,2,8)W (X*,87,t",2,E)) = 0, (3.5)

for any x,x'.0,0",t,t".

We proceed to the construction of soliton solutions. Let “v’Bv’
¢, be even generic elements in 4 and a,,e, be odd ones (-2N<v<-1).

Consider the following conditions on a wave superfield:

2N .
W(X,0,t,2,8) = (3 wJ(x.e,A)D_J)(exp H(X,8,x,t)),
=0
Where Dnzj(exp ) = 2 Jd(exp H),

D23 (exp M) = A7 (10-E-h(t.2)) (exp H),

and Wix,6,t,0,5n,) = c W(x,8,t,8 .0.) for even v,
(3.6)

-1, % _ -1.,%
cd™hH W) (X, 8,t,0,.0,) = cv((ﬁ W) (x,8,t,8 ,0) for odd v.

The operator f is, by definition,
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=g+, Bl 8, 31,

1314 -1
and 5 1)* = the formal adjoint operator of B!
= -2 le

8k
We remark that

(d " H*ox,e,ta.m)

i g_n

= Resl=a(A(dx/d£)w(x.e.t,D)D (exp H) x-o-En ).

The conditions (3.6) read as the following linear equation:

(Wys o eowgy) ((¢J.~2v)lsjs2N (@341, -20+1° 129<2N ]
1£v<N 1<v<N
- ((wo.-2v)lsv$N } (“1,-2v+1}1Ssz ) » 3.7
where
- -j_H - -3 _H
¢j,v = (D “e )(av,nv) cv(D e lfﬂv,wv} .

Solving this equation, one gets an N-soliton solution to the SKP
hierarchy. We can rewrite (3.7) into the following super Grassmann
equation:

RWoz=0,

-
where W = (W_;) .y (w_j = 0 for jx1) ,

® = exp (XA° + GA + 3 £ ™, A= ), T = ()Y )

n=1 atl,v

u+l,v

[44]
t

(=&,U)HGZ,V€NC with

/2

[$)]

- - u/2 .
4av a, Cvav {(pieven)

) (u-1)/2 (u-131/2
n,%, * Cvmvsv

for -2Ngy<-1,
(u:0dd) vieven
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= [ - u/2 -1 w2 ~1 .
Euv ny%y +cyeb, (uteven) .. _oNguz-1,
(u-1)/2 _ (u=-13/2 . viodd
@, cvﬁv (n:odd)
zu’v= suv for -={p<{~-2N .

The point of USGM represented by the superframe £ corresponds to

the initial data of the N-soliton scolution.
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