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1.  T h i s  n o t e  i s  d e v o t e d  t o  t h e  s t u d y  o f  a w a v e  s u p e r f i e t d  a n d  a 

s o l l t o n  s o l u t i o n  o f  t h e  s u p e r  K a d o m t s e v - P e t v l a s h v i l l  (SKP)  h i e r a r c h y .  

T h e  SKP h i e r a r c h y  w as  i n t r o d u c e d  b y  M a n i n - R a d u l  [ 4 ]  a n d  e x t e n s i v e l y  

s t u d i e d  bY t h e  p r e s e n t  a u t h o r s  [ 8 . 9 . 1 2 ]  a n d  M u l a s e  [ 5 ] .  E s p e c i a l l Y ,  

i n  o u r  p r e v i o u s  p a p e r  [ 9 ] ,  we r e v e a l e d  t h a t  t h e  SKP h i e r a r c h y  l s  

e q u i v a l e n t l y  t r a n s f o r m e d  t o  t h e  S u p E r  G r a s s m a n n  e q u a t i o n  t h a t  

c o n n e c t s  a p o i n t  I n  USGM ( t h e  u n i v e r s a l  s u p e r  G r a s s m a n n  m a n i f o l d )  

w i t h  a n  i n i t i a l  d a t a  o f  a s o l u t i o n .  I n  t h a t  a r g u m e n t ,  t i m  B i r k h o [ f  

( t h e  R l e m a n n - H l l b e r t )  d e c o m p o s i t i o n  i n  t h e  g r o u p  o f  s u p e r  m i c r o -  

d l f f e r e t l a l  o p e r a t o r s  p l a y s  a k e y  r o l e .  H o w e v e r  t h i s  o p e r a t o r  

f o r m a l i s m  i s  i n c o n v e n i e n t  f o r  t r e a t i n g  g e o m e t r i c a l  s o l u t i o n s  s u c h  

as super soliton solutions, super quasi-perlodic solutions which 

may be defined on superconformal curves. ThErEforE, as In the case 

of the ordinary sollton theory, we require a wave superfleld. 
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S e c t i o n  2 i s  a q u i c k  r e v i e w  o f  a wave  f u n c t i o n ,  t h e  b i l i n e a r  

r e s i d u e  f o r m u l a  and t h e  d i r e c t  c o n s t r u c t i o n  o f  s o l i t o n  s o l u t i o n s  t o  

t h e  KP h i e r a r c h y .  I n  s e c t i o n  3 we i n t r o d u c e  a wave  s u p e r f i e l d ,  t h e  

b i l i n e a r  r e s i d u e  f o r m u l a  c h a r a c t e r i z i n g  i t ,  and  c o n s t r u c t  d i r e c t l y  

s u p e r  s o l i t o n  s o l u t i o n s  t o  t h e  SKP h i e r a r c h y .  

A n a l y t i c a l  s e t t i n g  o f  t h e  t h e o r y  o f  t h e  SKP h i e r a r c h y  i s  

c o m p l e t e d  by t h i s  n o t e  t o g e t h e r  w i t h  t h e  p r e v i o u s  p a p e r  [ 9] and 

t h e  f o r t h c o m i n g  p a p e r  [ 1 1 ] .  We e x p e c t  t h a t  q u a s i - p e r i o d i c  s o l u t i o n s  

can  be  c o n s t r u c t e d  i n  o u r  f r a m e w o r k  and t h a t  t h e  t h e o r y  o f  t h e  s u p e r -  

m o d u l l  o f  s u p e r c o n f o r m a l  c u r v e s  w i l l  be  c l a r i f i e d  f r o m  t h e  v i e w p o i n t  

o f  t h e  SKP h i e r a r c h y  ( c f .  [ 1 0 ] ) .  

D e t a i l s  of thls note will appear i n  [II]. 

2. Let us first introduce a wave operator: 

~ = U ( x , t , ~ X  ) = ~ W j { X , t ) ( ~ )  - j  , ( 2 . 1 )  
J:O 

Which is  a monic m l c r o d i f f e r e n t l a l  o p e r a t o r  o f  O- th  o rde r  ( i . e . ,  

w 0 : 1 ) ,  and t : ( t l , t 2 , ' ' ' )  d e n o t e  i n f i n i t e  number  o f  t i m e  v a r i a b l e s .  

The KP h i e r a r c h y  i s  l l n e a r l z e d  by t h e  S a t o  e q u a t i o n  [ 6 ] :  

: B n W - W ( 8 ~ x ) n  ( 2 . 2 )  
@t n 

~__ n W-1 Where B n : (W(Sx) )+ ( t h e  symbo l  "+" s t a n d s  f o r  t a k i n g  t h e  

d l f f e r t e n t l a l  o p e r a t o r  p a r t ) .  The c o m p a t i b i l i t y  c o n d i t i o n s  f o r  ( 2 . 2 )  

g i v e  r i s e  t o  t h e  Z a k h a r o v - S h a b a t  r e p r e s e n t a t i o n  o f  t h e  KP h i e r a r c h y :  

[~-- - B m,  ~ - B n ]  = 0 . Ot m a t  n 
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A wave f u n c t i o n  and  i t s  d u a l  v e r s i o n  a r e  i n t r o d u c e d  by 

=  (x,t, ,(expCx  * n- l tn n') 

i ° = ( w j (x , t )A-J )exP(x~  + ~ t_x n) , (2.3) 
J:O n =  t u 

wW(x,t x) = ( W W ( x , t , ~ - ) ) - l ( e x p ( - x ~  - ~ t n x n ) )  , ( 2 . 4 )  
' O x  n=l  

where  W ~ = ~ (- ~^-~--J)-Jwj(x't) i s  t h e  f o r m a l  a d j o i n t  o p e r a t o r  o f  W. 
J=O 

They obey  t h e  f o l l o w i n g  l i n e a r  equations: 

8~tnW(X,t,x) = BnW(X,t,x), 8~tnW*(x,t,x) = _ Bn*W*(x,t,~) 

Now let us assume that the coefficients wj(x,t) belong to 

C[[x.t]], the algebra of formal power series in (x,t). (Formal power 

series solutions to the KP hierarchy correspond to points in the 

largest cell UGM # of the universal Grassmann manifold UGM.) Then a 

wave function is completely characterized by the billnear residue 

formula. 

Theorem I [ 2 ] .  Fo rma l  f u n c t i o n s  o f  t h e  fo rm ( 2 . 3 ) ,  ( 2 . 4 )  a r e  a 

wave f u n c t i o n  and  a d u a l  wave f u n c t i o n  f o r  t h e  KP h i e r a r c h y  i f  and  

on lY  i f  t h e y  s a t i s f y  

Rest== ( w ( x , t , x ) w ~ ( x ' , t ' , ~ )  ) = 0 , (2.5) 

f o r  any  x , x ' , t , t '  

S o l i t o n  s o l u t i o n s  t o  t h e  KP h i e r a r c h y  a r e  c o n s t r u c t e d  by D a t e ' s  

d i r e c t  me thod :  L e t  a j ,  6 3 , c j  ( I~J~N)  be  g e n e r i c  c o n s t a n t s  

and c o n s i d e r  t h e  c o n d i t i o n s  on a wave f u n c t i o n :  
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N 
w(x,t,A) = ( ~ w~(x,t)A'J)exp(xA ~ ~ t nAn ) ,  

j=O ~ n=l 

w(x , t ,~ j )  = c jw(x , t ,B j )  (I~J~N) . (2.8) 

The condition (2.6) y ie lds certaln l inear  algebraic equations for the 

coef f ic ients  wj (I~J~N). One can solve them by an elementary 

algebraic procedure and get an N-sol l ton solut ion.  

3. Let ~ be a supercommutatlve algebra over C, and (x,e) be ( l [ l ) -  

dimensional superspace variables, and t = (tl,t2,---) supertlme 

variables (t2k is even, t2k_1 is odd). A supercommutative algebra 

of superflelds is, by definition, 

F = C[[x,0,t]] ® d . 

operator D = ~ + 88~ x and super Superdl fferential vector fields 

= , D2£_I = ~-- act on F. The ~__ ~ + ~ t2k_ I D2~ 8t2£ 8t2£-! k=l 8t2£+2k-2 

algebra 9 of superdifferentlal  operators is defined by 9 = F[D]. 

Adding the formal inverse element D -I = 8 + iL(~__)-I to 9, one 
88 @x 

Obtains the algebra of super microdlfferentlal operators. Precisely, 

= C[[x,0,t]]((D-I)) ® ~ D ~ . 

The algebras F and $ are endowed with natural Z2-gradatlon [ 9]. 

Let W be a super wave operator: 

W : W(x,8,t,D) : ~ wj(x,6,t)D -j ~ ~ , w 0 : I, wj E F i . 
j=0 

The SKP hierarchy is linearized by the Sato equations: 

Dn(W) = 8n(Bn~ - WDn), n = 1,2,.-., (3.I) 
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where B n = (WDnW-I)+ , and 8 n = (_)n(n+l)/2 Let 

H = H(x,0,t,x,~) = xA + ~ 2 (-)~t2gx£ + (~+hft,x))(O+hCt,x)), 
£=I 

where ( ~ , ~ )  are (l[l)-dlmenslonal parameters, h(t,A) = ~ ( - ) £ t 2 £ _ l X £ .  
l t = l  

I t  is easy to see that 

(D2-x)(e H) = 0, 

Set 

Dn(eH) = 8nDn(eH). 

W(X,Q,t,A,~) = W(x,B,t,D)(exP H(x,6,t,).,~)), 

w (x,O,t,l,~) = %/~(x,0,t,D)-|(exp -H(x,0,t,A,~)), 

~W(x,8,t,D) = 7. (-)JsjD-Jwj(x,0,t) is the formal adjoint where 
j=0 

operator of %/ [i]. They are ca/led a wave superfield, a dual wave 

5uperfield of the SKP hierarchy, respectively. From (3.1), (3.2), 

they satisfy 

Dnw(x,8,t,k, ~) = SnBnWCX,8,t,k,~) , 

W W 
DnW~(X,Q,t,k,4) =-8nB n w (x,(],t,k,~). 

Now we need a superanalogue of Cauchy's residue formula: Let 

(A,~) be coordinates on the (IIl)-dimensional super complex plane, 

A(dA/d~) be the volume form on it, which is odd quantity, f(A,~) 

holomorphlc superfield in (A,~). 

by [ 3] 

Resx= ~ A(dx/d~) 

Resx= ~ A ( d x / d ~ )  

( A - ~ - ~ n ) n + l  

f(x,~) 
CA-~-~) n+l 

Then the residue formula is given 

D 2n f ( x , ~ )  = . ( x , ~  f ) ( ~ ' n )  ' 

= !__ (D2n+l n! x,~ f)ca,n) , 

( 3 . 2 )  

( 3 . 3 )  

( 3 . 4 )  

~__ + ~8___ and ~ Is an even constant, n an odd constant. where DA, ~ = @~ 8A ' 
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Using the duality of super Fourier transform ( see our forthcoming 

paper [Ii]), we can show the following. 

Proposition 2. Let P,Q ~ & be even operators. Then PQ ~ 9 if and 

only if 

Resx_ ® (A(dx/d~}P(e3,X+~8)Q*(e kx ~ )) = 0 , 

for any x,x',8,8'. 

From this proposition we obtain the main theorem of this note. 

Theorem 3 (B£~£near residue formula). Even superflelds of the form 

(3.3), (3.4) are a wave superfield and its dual of the SKP hierarchy 

if and only if they enjoy 

ResA= ~ (A[dx/d~)w(x,8,t.k,~)w*[x ',8',t',A,~)} = 0, [3.5) 

for any x,x',@,@',t,t'. 

We proceed to the construction of sollton solutions. Let av,~ v, 

c v be even generic elements in ~ and nv,e v be odd ones (-2N~ug-l). 

Consider the following conditions on a wave superfield: 

2N 
w(X,0,t,A,~) = ( ~. wj(x,@,x)D-J)(exp H(x,0,l,t)), 

j=0 

Where D-2J(exp H) = x-J(exp H), 

D-2J+l(exp H) = A-J(Ao-~-h(t,Al)[exp H), 

and w(x,O,t,aw,nv) = cvw[x,O,t,~u,m v) for even v, 

((~-l)*w)(x,8,t,av,n%)) = cv((~ -l)*w)(x,0,'t,B~;,~ v) 

The operator ~ is, by definition, 

( 3 . 6 )  

f o r  o d d  ~ .  
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( f ) - l ) *  = the formal adjoint operator o f  ~)-I and 

= - ~ + x - l ~  

We remark that 

((~)-l)~w) ix,O, t,~,~) 

~-n ) .  = Res),=(x(A(dx/d~)W(x,0,t,D)D-l(exp H) ;t-~-~ 

The conditions (3.6) read as the following linear equation: 

(Wl'''''W2N) [ (~J''2v)I~j~2NI~v~N (gJ+l'-2v+l)IgJg2NlgvgN) 
= _ ( ( ~ 0  _ 2 v ) I ~ u ~ N  } (~I  _ 2 v + I ) I ~ v ~ N  ) , ( 3 . 7 )  

where 

@j,v = (D-deH)[av'~v) - cv(D-JeH)(Bv'ev) " 

Solving this equation, one gets an N-so~ton solution to the SKP 
hierarchy. We can rewrite (3.7) into the following super Grassmann 

equation: 

t ~ , a : o  , 

where w : (w_j)jE z (w_j : 0 for j~l) , 

= exp (xA 2 + OA + ~ t n F n )  , A = (6~+1 ,  v 
n=l  

), F = ((-)v$~+l,~), 

= (E v) EZ,u~NC with 

[ avu/2 - cvSv ~/2 (g:even) =~,V = 

-nU~ V ÷ 

f o r  - 2 N ~ v ~ - I ,  
vleven ( g : o d d )  
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1 -i [ -nuav ~/2 - + cv~vSv ~12 (~:even) 

~u(~- l ) /2  (~-11/2 
- CUB ~ (~:odd) 

S~,u = b v for -®<u<-2N . 

The point of USGM represented by the superframe 

the initial data of the N-sollton solution. 

for -2N~-I, 
u:odd 

COrresponds to 
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