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ABSTRACT

Starting from the classical Liouville theory, we study its quantum
theory through canonical quantization. We find thet if the Poisson
bracket relations between two vectors is dominated by the classical
r-mairiz in the classical case, their quantum analoge is replaced
by the czchange relations dominated by the quantum R-matriz.
The quantum group siructure in the guanium Liouville theory 1is
studied and the ceniral charge of the guantum Liouville theory is
also obtained.
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1. Introduction

The Liouville action plays the role of the conformal anomally in the noncritical string
theory[1]. As a classical system, the Liouville action has the geometrical meaning related
to the uniformization theory of the Riemann surfaces[2]. Much attention on the Liouville
~ theory has been paid in the previous vears[2-8]. The integrability of this system can be
guaranted by the existence of the Lax pair[5] and hence of the Yang-Baxter equation. The
quantum R-matrix can also be obtained from them. In an intriguing paper by Takhtajan
and Smirnov [7], it is assumed that if the Poisson bracket relations between two vectors
are dominated by the classical r-matrix in the classical case, their quantum analoge is
replaced by the exchange relations dominated by the quantum R-matrix. This assumption
plays a central role in their work, and they have got a lot of interesting results about the
noncritical string theory[8] by using the quantum group structure of the quantum Liouville
theory. '

However, the quantum group structure of a theory should be obtained via the standard
method of canonical quantization. On the other hand, a deep investigation of this problem
along this line may also give us much more knowledge about the essence of the quantum
group. In this paper, we will mainly prove the assumption made by Smirnov and Takhtajan
[8] by using the method of canonical quantization. In section 2, we will briefly review the
main results obtained by Gervais and Neveu[4] to give the background knowledges about
the classical Liouville theory. We introduce two vectors which relatc the energy-momentum
tensor of the theory via the Hill operator and prove that their Poisson bracket relations are
dominated by the classical r-matrix . In section 3, we first give the definition of these two
vectors in the quantum case, and then prove that their exchange relations are dominated
by the quantum R-matrix. To reveal its exact meanings, we find that in the semiclassical
limit, i.e. when h — 0, these exchange relations is exactly that with the vectors being
regarded as operators and their Poisson bracket relations replaced by the commutator
divided by the factor ih. This is just the theorem due to Dirac[9]. We also claim that the
exchange algebra realtions we have obtained is just the quantum analogue of the Poisson
bracket relations dominated by the classical r-matrix. In section 4, we study the quartum
group structures in the quantum Liouvilie theory and get the KPZ relations(8]. Finally we
end with some concluding remarks. ’

2. The classical Liouville theory[4]

The Liouville action which plays the role of conformal anomaily in the noncritica! string
theory can be written to be

NN U
S(¢) = A/2/d7:c(26,¢('),¢ 5900, — €7 M
where
2 487
T T %4
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and d is the dimension of the matter fields in the string theory. The cosmological constant
A has been taken to be —1.

The equation of motion reads
-0 +ef =0. (2)
The Lax pairs to the Liouville equation (2) are

- . d
L—F-E-U, M’“E’

(3)
U= %eqb + fla(‘lsa + ¢1’) - %(‘ﬁao‘ + ¢a-r)-
It is easy to show that the zero curvature condition
6,L —-0,M +[M,L} =0 ‘ 4)

is equivalent to the equation of motion (2).
The classical solution to (2) is well known to be [4]

8A'(u)B'(v)

b= T AwBE

()

where u = o 4+ 7 and v = 0 — 7 and the primes represent derivatives with respect to the
variables. If we substitute (5) into (3), we can get ‘

U = SDIA( + 7)), (6)

where D[A] denotes the Schwarzian derivative

PA 3 B2A,
DU = 35 - 550 ™

Hence we can get the canonical Poisson bracket relation
{¢(o,7),7(0’,7)} = b(c = o').
After some discussions and tedious calculations ’(for details, see ref.[4,5]), we can get

the Poisson bracket relations

{K(o,7),K(d',7)} = 3’836’(0 - o), K= —%&, In A,,
(8)
{P(o,7),P(¢",7)} = ~Le(o —0’), P=-jln4,.
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The Poisson bracket relation between A’s can be shown to be [4,5]

2 . 2
{A(o,7),A(0",7)} = %e(a - o' Ao, 7) - A(d’,7))* + %(Az(a, ) — Ao, 7)) (9)
where e(¢ — 0) is the sign function.
Now let us come to see the zero eigenvalue equation to the operator L
£ ,
(—gm+UWi=0 (10)

whose two linear independent solutions are
P

1 P(o ) 7 - T a
Py = 7= = P’l9) —/;oodze 2P(z) Pl (11)

It is noticeable that the definition of 4,() is similar to that of 1;(c) acted by a screening
charge in contrast to the confermal field theory[12].

The Poisson bracket relations to these two vectors can be shown from (9) to be

{#:(0) B 45N} = ~ L [r*0(o — o) + 160" — NI ho(0) @ (o) (12)

Awhere
i 0 0 0 -1 0 0 0
10 -1 4 0 1 0 1 0 0
+ - T = - 3
"Zilo o 10| "2l 06 —21 o0 (13)
00 0 1 Lo 0 0 -1

- which satisfy the classical Yang-Baxter equation for the r-matrix. It is noticeable that U
in (6) plays the role of energy-momentum tensor in the Liouville theory [4]. And we have
shown that the vectors which relate the cnergy-momentum tensor through equation (10)
have the Poisson bracket relations dominated by the classical r-matrix.

3. Canonical quantization.

Now we are to study the quantum Liouville system through canonical quantization.
One of the main tasks in this scction is to get the quantum analogue of equation (12).
To do this, we should first replece all the classical fields by the rclevant operators. The
commutation relations between the operators which are frec fields in the classical case can
be got directly from their Poisson relation according to the Dirac theorem. As to other
quantumn fields, they should first be defined carefully from the free operators and their
commutation relations should be obtained from that of the free fields taking into account
the normal ordering ctc.

In order to get the quantum analogue of equation (12), we first define the operators ;
and 1, in the quantum case. From equation (11), they can be defined as

P(z) = P :; hy(z) = /dm : e 2P(E) . PE) . , (14)
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where : : denotes normal ordering and the contour c of the integration is depicted in fig.(1).
The dotted line is a cut from z to infinity. 1, is integrated around the cut. The whole
complex plane minus the cut is the analytic region of the function (z — z)* which appears
ia the OPE of : e=2P® . and : ¢P(® :. The coordinate o in the classical case has now
been extended to the complex plane perpendicular to the time coordinate, i.e. the z plane
is an equal time plane. From equation (8), we find that P(z) is a free quantum ficld up
to a constant. Their commutation relations can directly be obtained from equation (8)
according to the Dirac theorem

[P(2), (] = ke(lz] = |]),  k=——F (15)

From the fundmental commutation relation (15), it is easy to get

ceP@) 1 oP@) = gk Pl) 1 P) 1 || < 2y

(16)

s ePl1) o P) = gk ; Pl 1 ef@) R PP

In what follows, we will consider only the case when |z1] < |22 without loss of any gener-
ality. In this case we get

hr(z)h(z) = e 59y (z2)th1(21) (17)
Direct product of two operators is just put them together, for example

&2(21)@)1/;2(32) =[,dz: e=2P@) ;; Pla) 1 ePl2)
(18)

=/, d:z:_: e~2PE) . oF(a1) ; Pl=2) + [, dz: e-2PE) .. (P(a1) 1. Pl2)

Because |z| < |22], we have set |z;| in the origin. The original contour ¢; can be divided
into c2 and 3 (see fig.2) where |25 — 21| = |22 — 21]-

Let us now compute the effect of a braiding on, for instance, Po(21) @ $1(22). Using
(8) and taking account of the deformation of the contour under the action of the braiding,
we get

/ do : 7P 1 P) 1 Pl2) = c‘k/ dz - e~2P@) . Pl 1 Pl (19)
€2 . c4

and
' / da : e~2PE) 1 Pl) 1 Pl ek/ dg : P 1 e 2PE) ; PE) (20)
c3 Cs

(see fig.3). The phase factors in equation (19) come from the braiding of : eP@) : and
: eFt2) ;. The minus sign in the front of k is due to |z;| < |22| and there is no commutation
between : e72P(®) : and - e”’(*2) : The phase factor in equation (20) comes from the braiding
of - eP2) . and : e2P@ .. ¢P(3) . where all the |z| in this region is less than |zp|. The
contour ¢5 can be opened to be cs and c7 (see fig.4)

[ da eP2) ;¢ 2P(2) o Pl=)
) i ) ) ) ) (21)
= [, dz: efle) i 2P0 1 P ) ¢ 4 [ dx eP(2) o e~ 2P() o Pla)
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while

dz - eﬁ(zz) .. e2P(@) .. eﬁ(zl) — _e2k/ de - e_zﬁ(z) . e13(z2) . e13(z1) . (22)
g 8

(see fig.5)From equation (18-22), we conclude that
Pz (z2) = (€™ = e*)a(za)iha(21) + €41 (22)a(a1) (23)
Similarly, we can get

1/31(21)1;2(22) = eki/:'z(zz)?.;:(Zl)ﬁgz(zl)’/;z(zz) = C—kflsz(zz)'l/;l(zl) (24)

If we denote
172 7 1/2 -
e152 =1, e_/l/z =1y

Finally, equations (17), (23), (24) can be rewritten in the more compact form as follows

eh(a1)el,(z2) = 30 RAP|Timel, (n)ell, (1) (25)
mimy
where .
aV? 0 0 0
“RU21/2 _ 1/4 0 0 1 0 26
R q 0 1 q—]/2 _ q1/2 0 ( )
0 0 0 qg\/?

and ¢ = e**. In the general case, we can get

e, (21)ef2, (=)
’ . . bt . (27)
= Loty (B2 (+)0(|21| = [22]) + RA9 (= )8(|22] — |21 )lmim3 ey (22)eins (21)

where RY%1/2(—) is shown in equation (26) and RY21/2(+) is the inverse of it. They are
nothing but the quantum R-matrix of § L,(2) which satisfies the Yang-Baxter equation

Rj 5, Rjiis Rizjs = Rijyjs Riyjs Risjy- - (29)

which is defined on V' @ V72 @ V# and the indices label the spaces on which the R-matrix
acts. :

‘So we have found the hidden S L,(2) symmetry in the quantum Liouville theory through
canonical quantization. The vector spaces V7 generated by 1/;1 and ), are irreducible
representation of a quantum deformation of S L(2). By using the canonical commutation
relations of the operators v;, we get the quantum R-matrix as a map, independent of the
coordinates, from Vi @ V2 to Viz @ Vi

Rit% . VzJ;x ® Vz.;z N I,;.iz ® szll (29)

1

where j, = jy = 1.




If we recover the variable z as real one, i.e. z — v and take the scmlclasswal limit,
h — 0, the exchange relation (27) reduces’ to '

-~ ~ : oy 2 - "a
[bi(0), (o) = =80 — o) +776(" - a>1|’"ﬂ¢m<a)®¢n<a'>. (30)
Corresponding to equation (12), the Poisson bracket is replaced by the commutator and
the right of the equation is multiplied by the factor k.. -

The exchange algebra relation (27) has a very interesting physical meaning. To illus-
trate this, let us denote p and ¢ as canonical variables, that is they satisfy the following
Poisson bracket relation

{D g} =1 ‘ : (31)
In the quantum case, p and ¢ are 1eg¢rded as operators, we may denote them as p and ¢
respectively. They satisfy :
3,4l = —ih. (32)
Now let us consider two functions f(p,¢) and g(p, ¢). For simplicity, we assume f (p,q) =p*
and g(p,q) = ¢°. Their Poisson bracket relation can found to be

{F(p, ), 9(p. @)} - 4pq (33)

In the quantum case, the operators f(p,§) and §(p,q) are defined to be f(p,§) = p* and |
§(p,q) = . Their commutation relation can be obtained to be

[£(5, 4,9(5, )] = 5, 4]
= —2ih(pq + qp) = —4ihpq + 2A°

h — 0 these terms propotlona.l to A% and hlgher ordors can be omltted the relevant
commutation relations of f and g can also be obtained directly according to the Dirac
theorem. : : :

In our case, things are not so easy. We can sce from equation (15) that the commutation
relation of P is that of & multiplied by a coupling constant of the system. In this case, these
terms proportional to %2 and higher orders can’t be omitted and hence the Dirac theorem
will not valid for the’ composite ficlds of the free fields. For the generic quantum fields,
their Lommuta,tlon relations must be derived from that of the free fields of this system. In
our case, 1/11, and o are composﬂ,e quantum fields. Thelr commutatlon relations obtained
via the canonical quantlzatlon is the quantum ana.logue of their. Poisson bracket rela.mofl__

(12).

‘Generally, we can prove the followmg theorem: In the classical case, the chiral com-
ponents ¥;(z)( = 1,2,---,2j + 1.5 = N ; aud N is an integer) have the Povsson bracket
relation

(1:(0) @ ;o)) = ~rafrt6(a ~ o) +178(0" = N Um(0) QD al0”)  (39)
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where r* and r~ are the classical r-matrix for the Poisson Lie group SL(2). It can be
represented as :
t=1lIHQH+X*QX"
. - (36)
(55 (-)lmms = 5 () g
where H, X+ and X — are the standard generators of the Lie algebra SL(2). Then we can
conclude that in the quantum case, the cperators 9;(z) have the exchange algebra relation

e, (z1)ef2, (z2)
. . o (37)
= Loy my (R 2(+)6(| 21| — | 22]) + B2 (=)8(|2]| — 1)) mimze”, (22)61"(21)
where
7172 H®H (1 —l)n én fn
Rq (+) == q4 E ] ®f
n=0 [n']
where ¢ = exp(27ic) and
nf2 _ ,—n/2 . . .
. q ” & H - o —
In] = qy/? — g~12’ e=¢"MX*, f=qPiX

and H, X*, X~ are the generators of U,SL(2), satisfying the following relations
[, X+ = 2%, [H.X7] = —2X~,[X*, X7] = [#]

For the special case (j; = jo = :,}), this theorem reduces to what we have proven in this
section via the methed of canonical quantization.

4. The quantum group

In this section, we explore the quantum group structure in the quantum Liouville
system. In order to do this, we give the explicit represertation of this quantum group on the
spaces V/? generated by the operators $h and ;. Because of the relation (22), the creation
operator F can be defined by simply acting with [ dz : e"?P(@) . op the operator : eF@ : and
the contour of the integration is depicted as in fig.6. The identification of [ dz : e~ .
with the quantum group generator F = ¢~H/4X_ comes from the comultiplication rule of
Jdz: e~?P) ;. The comultiplication car be casily obtained by using contour deformation
as was descmbed in [10]. The same arguments lead to

A(F) = F®1 + q—HIZ®F, q—H/2(_ef’(z)) _ c—2kel5(z) ‘ (38)

where A denotes the coproduct.

At this stage, we have defined the action of the Hopf algebra generated by H and F
on the spaces V] 1/ *. This algebra is isomorphic to a Borel subalgebra of SL,(2). Moreover,
the R-matrix we have obtained in section 3 was the quantum R-matrix of SL,(2). The
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quantum group SL,(2) can be obt:—uncd using Drmfud s quantum double constructure [11]
starting from the Hopf algebra generated by H and F. '

Once we have the explicit representation of the quantum group SL,(2) on the spaces
V1/2, we can get the tensor product decomposition rules directly from the eperator product
expansicn of the operators el/2. For generic ¢, the standard Clebsch-Gordan decomposition
holds o ‘

L . . itz
VEiQVE= 5V = (39)
li1—jz|
The Clebsch-Gordan coefficients K} 2 project the representatxon V% out of the product
V.n ® V.72
f-'.?lJz . Ya ® Vi, Y (40)

The Clebsch-Gordan coefficients K”” together with the Yang-Baxter matrix R/% which
was shown as equation (26) and 1ts inverse satisfies

K;jnjz Rz +) = (_l)il +j2 _jq(Cj-ij —ch)/2I{'JJ_'2j1 (a1)

where ¢; = j(j + 1). If we represent the Clebsch-Gordan coefficient as three point vertex
(see fig.7), then this equation can be understood graphically as in fig.8. This is analogous
to a chiral vertex representing a threc peint function for three primary fields of spin j1,
Jj2, j3 and equation (41) amounts to the braiding of the nelds with spins ]1, ]') yeilding a
factor (—1 )J1+Jz-]q(cj—°.n ~¢ix)/2, :

According to the same arguments as in [7], we can get that the conformal dimension

of v; is
1 3hy?
ATt e

With conformal dimension obtained, we can easﬂy get the central charge of thlb system.
Because of equation (10) in the classical level, we can assume in the quantum level that
the fields ¥; are degenerated at level two[12]. Hence the central charge of this system can
be computed by using the general formula

_2A(5-80) R

S AT ;13—6(75.7;‘-}-:4”.)

(42)

At this stage, we are easy to reproduce the famous equation in [8] for the balance of
charges in 2-d qua.ntum gravity. Namely, consider Liouville theory coupled to the matter .

fields X#, p =1, ---, d. Since in the conformal gauge, the-central charge of the matter .

fields is d and that of the ghost is —26, S0 We a.rrive at the vequa.tion

N )

_cmt — matt + Cghast +cL:au :
BY 8

5. Conclusion
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In this paper, we have started from the classical Liouville theory and got its quantum
theory via the method of canonical quantization. We find that the Poisson Lie Group of
the classical Liouville theory is replaced by the Quantum Group of the quantum iheory.

Another point to be noticed is that the quantum theery is considered in the plane
perpendicular to the time coordinate. This is different from the case of conformal field
theory[12]. Of coursc, we can get the same results in the complex planc after the Wick
rotation(c — 7 — o —ir, 0 + 7 — o +i7).
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appendix

1
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1
o 2

Fig.l The dotted line is a cut from z to infinity. ¥ is integrated around the cut. The
whole complex plane minus the cut is the analytic vegion of the function (z — z)* which
appeats in the OPE of : e72P() : and : ¢”?) ;. The 2 plane is an equal time plane.

1 i
i \ ‘
.! { !
| <2 Yy i
f T X !
B - = -+ T
! : I
t
“u ! o
i f 3 '
‘ I
' 1
b2 oZy iz, W I R
Pig.2 The contour ¢; can be divided inie ¢2 and €2 where |2p — 21| = |22 — 24
i 1
{ i
! :
‘ =g |
2 i - 1 -
L.V, , -+ 3
i 1 e
w“———ﬁ—-——a
Z s BN R
\L%‘ u%Z s :Z ?".E‘
_ R

Fig.3 The phase factor e™* comes from the braiding of : ep(_zl) s and : P2 (|2y] < |z)),
and ¢* comes from the braiding of : €2} ; and : e72F(®) :: ¢F(21) : where all the || in this

region is less than |za].
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appendix
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5, B = Y -+ 7
Cc- |

JJ < .
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Fig.4 The contour c5 can be opened to be cq and c;.
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! ]
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1 | i1
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¥
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‘,___.
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™

4

Fig.6 The action of the creation opefator F.
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Fig.7 The Clebsch-Gordan coefficient can be represented as three point vertex

\ % J /
3
345, o3(S G-¢ ) / |
1 >
- b g’ J /
‘ . -
I

S s

Fig.§8 Equation (41) can be understood graphically.
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