PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: June 25, 2008
REVISED: October 12, 2008
ACCEPTED: October 15, 2008
PUBLISHED: October 28, 2008

General analysis of LARGE Volume Scenarios with
string loop moduli stabilisation

Michele Cicoli, Joseph P. Conlon and Fernando Quevedo

DAMTP, Centre for Mathematical Sciences,

Wilberforce Road, Cambridge, CB3 0WA, U.K.

E-mail: M.Cicoli@damtp.cam.ac.ul, J.P.Conlon@damtp.cam.ac.uX,
F.Quevedo@damtp.cam.ac.uX

ABSTRACT: We study the topological conditions for general Calabi-Yaus to get a non-
supersymmetric AdS exponentially large volume minimum of the scalar potential in flux
compactifications of IIB string theory. We show that negative Euler number and the ex-
istence of at least one blow-up mode resolving point-like singularities are necessary and
sufficient conditions for moduli stabilisation with exponentially large volumes. We also
analyse the general effects of string loop corrections on this scenario. While the combi-
nation of o/ and nonperturbative corrections are sufficient to stabilise blow-up modes and
the overall volume, quantum corrections are needed to stabilise other directions transverse
to the overall volume. This allows exponentially large volume minima to be realised for
fibration Calabi-Yaus, with the various moduli of the fibration all being stabilised at ex-
ponentially large values. String loop corrections may also play a role in stabilising 4-cycles
which support chiral matter and cannot enter directly into the non-perturbative superpo-
tential. We illustrate these ideas by studying the scalar potential for various Calabi-Yau
three-folds including K3 fibrations and briefly discuss the potential phenomenological and
cosmological implications of our results.
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1. Introduction
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In constructing string models that can be compared to experiment, it is essential to un-

derstand the vacuum state. It is the vacuum state whose properties will give rise to, for

example, low-energy supersymmetry and the pattern of Yukawa couplings.

For a long

time string compactifications were plagued by the problem of moduli. These were massless



scalars that parameterised the vacuum and whose VEVs entered into the value of physical
observables. The existence of moduli leads to fifth forces and also makes the vacuum inher-
ently unpredictive. Perturbative and nonperturbative quantum effects, generically present
in N = 1 supersymmetric theories, were expected to lead to moduli stabilisation but for a
long time no controlled procedure existed.

This situation improved remarkably after the systematic study of flux compactifications
and their impact on moduli stabilisation [[] (for reviews see [P, f]) Fluxes are particularly
powerful in type IIB string compactifications, as there the backreaction is well-controlled
and gives rise only to warped Calabi-Yau metrics. Furthermore, the combination of non-
perturbative effects [, f] with perturbative o’ corrections [§—f] has allowed a general study
of the large volume scalar potential for arbitrary Calabi-Yau compactifications and has led
to the discovery of exponentially large volume compactifications (B, fl] with very interesting
phenomenological and cosmological implications.

If o/ corrections can play a significant role in moduli stabilisation in the phenomenolog-
ically relevant regime of large volume and weak coupling, it is natural to wonder whether
gs corrections may also have a significant effect. At first sight this seems unavoidable, as
at large volume the corrections to the Kahler potential induced by string loops are para-
metrically larger than those induced by o' corrections [I(J]. However, the scalar potential
exhibits an extended no-scale structure, and the loop corrections contribute to the scalar
potential at a level subleading to their contribution to the Kéhler potential and subleading
to the o’ corrections [[[Q—[J]. [[J studied the effect of loop corrections on the Cpﬁ,171,679}
large volume model and found it only gave minor corrections to the moduli stabilisation
and sub-sub-leading corrections to the soft term computation. It is then natural to ask
whether loop corrections to the scalar potential can give a qualitative, rather than only
quantitative, change to moduli stabilisation.

We study this question in this paper and find that the answer is affirmative. The
LARGE Volume Scenario (LVS)! stabilises the overall volume at an exponentially large
value using o’ and gy corrections. Most previous work has focused on ‘Swiss-Cheese’
Calabi-Yaus, where one cycle controls the overall volume (‘size of the cheese’) and the
remaining moduli control the volume of blow-up cycles (‘holes in the cheese’). However for
Calabi-Yaus with a fibration structure - the torus is the simplest example - multiple moduli
enter into the overall volume. For the overall volume to be made large in a homogeneous
fashion, several moduli must become large. In these cases, while the existence of at least
one blow-up mode is still necessary, loop corrections turn out to be necessary in order to
realise the LVS and obtain a stable minimum at exponentially large volume. The loop
corrections lift directions transverse to the overall breathing mode and stabilise these.

The fact that the volume is stabilised large is desirable, first to trust the perturbative
expansion in the low energy effective field theory and secondly as a powerful tool to generate
hierarchies. Moreover we stress that this minimum is found for generic values of Wj,
without the need to fine tune Wj.

!The capitalisation of LARGE is a reminder that the volume is exponentially large, and not just large
enough to trust the supergravity limit.



We will illustrate our results by applying them to some examples of Calabi-Yau three-
folds that are hypersurfaces in complex weighted projected spaces. From this analysis, it
turns out that a necessary and sufficient condition for LARGE volume is the presence of
blow-up modes resolving point-like singularities. It seems also that the Calabi-Yaus which
have a fibration structure cannot present the interesting phenomenological properties of
the LVS. However, as we will explain in sections [f and fj, via the inclusion of the string loop
corrections to the Kahler potential, those K3 fibrations can also present an exponentially
large volume minimum, provided a blow-up mode exists.

We will also show that the string loop corrections may play a role in addressing the
problem stressed in [[[4]. The authors there argued that the 4-cycle on which the Standard
Model lives cannot get non-perturbative corrections since their prefactor is proportional to
the VEV of Standard Model fields which, at this stage, is required to vanish. However, due
to the constraints of the Standard Model gauge couplings this cycle must still be stabilised
at a relatively small size.

This problem may be cured through having at least two blow-up modes and then adding
gs corrections. The loop corrections have the ability to stabilise the Standard Model cycle,
while the ‘transverse’ cycle is stabilised non-perturbatively as usual. This possible solution
is discussed for the example CPﬁ’373’375}, studied in detail in section p.3. We will see that
the inclusion of the g; corrections can freeze 753 small producing a minimum of the full
scalar potential at exponentially large volume.

This paper is organised as follows. In the next section we briefly review the LARGE
Volume Scenario and state the general conditions that have to be satisfied in order to
have exponentially large volume. The detailed proof of this general result is left to the
appendix. Section 3 illustrates our general results for several Calabi-Yaus, including both
Swiss cheese models where all Kédhler moduli other than the overall volume are blow-
ups, and also fibration Calabi-Yaus, such as K3 fibrations. Section 4 reviews the general
structure of string loop corrections and section 5 illustrates how these corrections affect
the results on the models of section 3. We finish with a short section on conclusions and
potential applications of our results.

We shall not discuss obtaining be Sitter vacua in this paper. For a recent analysis of
the conditions for de Sitter vacua from supergravity, see [[L5].

2. The LARGE Volume Scenario

Large volume compactifications of string theories are desirable for several reasons. First,
large volume allows massive string states to be consistently integrated out and makes
the effective field theory description of the compactification more robust. Second, large
volume is desirable for phenomenological reasons. Given the standard relation Mglanck ~
%, it is clear that LARGE volume (or WEAK coupling [[[f]) is necessary to have
the fundamental string scale hierarchically smaller than the Planck scale. In string units
a volume V ~ 10? is needed for Mgiring = Mgut and much larger volumes are needed for
an intermediate scale Mgiring ~ 101 GeV (V ~ 1015), as attractive for gravity mediated

supersymmetry breaking, or Mgiring ~ 1 TeV (V ~ 1030) in the extreme case of TeV strings.



Explicitly obtaining exponentially large volume in string theory, with all the geometric
moduli stabilised, goes much farther than the original large extra dimensions proposals [[L7]
where the volume was simply assumed to be large. In this section we will briefly review
how moduli are typically stabilised in IIB string theory and then we will describe the
general conditions under which an exponentially large volume Calabi-Yau compactification
is obtained.

2.1 Low energy limit for type IIB flux compactifications

To establish notation and conventions we start with a rapid review of type IIB flux compact-
ifications on Calabi-Yau three-folds X [f[], dimensionally reduced to 4D N = 1 supergravity.
The Kahler potential takes the form:

3/2

K:—mnbu—g )—mw+5y4n-4/QAQ. (2.1)
2gs

X

In (2.1) we have included the leading o/ correction but have not included any string loop
corrections. The constant £ is given by: £ = —Xéé)f)(f), where x is the Euler number
of the Calabi-Yau X, ((3) ~ 1.2, S is the axio-dilaton, S = e ¥ + iCy, and € is the

holomorphic (3,0)-form which implicitly depends on the complex structure moduli U,,

a =1,...,hg1(X). V is the internal volume, measured with an Einstein frame metric
G, E = e=?/ 29;;1/75 and in units of Iy = 2wv /. It can be expressed in terms of the Kéhler
form .J once this is expanded in a base {D;} of H"'(X,Z) as J = Z?ill t'D; (we focus on

orientifold projections such that hi, =0= hfl =hi1):

1 1 .o
V=< /J/\ JAJ = Ekijktltﬂt’f. (2.2)
X

Here k;;;, are the triple intersection numbers of X and the t* are 2-cycle volumes.

The fields entering the ANV = 1 chiral multiplets are the complexified K&hler moduli
T; = 7; + ib; where 7; is the Einstein frame volume (in units of l;) of the divisor D; €
H,(X,Z), which is the Poincaré dual to D;. Tts axionic partner b; is the component of

the RR 4-form Cjy along this cycle: f C4 = b;. The 4-cycle volumes 7; are related to the
D;
2-cycle volumes t':

0 1 (- 1 .
—tVZ. =3 /Di NINJT = 5I<:Z-j,,ctﬂt"f. (2.3)
X

T =

0

The classical superpotential is generated by background fluxes G3 = F3+iSH3, where
F3 and Hg are the RR and NSNS 3-form fluxes respectively. This superpotential also
receives nonperturbative corrections from either brane instantons (a; = 27) or gaugino
condensation (a; = 2r/N). The full superpotential is then:

W = Wireo + Wiy = / Gy A0+ Y AT (2.4)
X )



The sum is over cycles generating nonperturbative contributions to W. The A; correspond
to threshold effects and depend on the complex structure moduli and positions of D3-
branes. There may additionally be higher instanton effects in (R.4), but these can be
neglected so long as each 7; is stabilised such that a;7; > 1.

The N = 1 F-term supergravity scalar potential is given by:

V=ef0 YT KZIDIWD;W = 3|W [P 5 (2.5)
i=T,5,U
where
D,W = o,W + WO, K, (2 6)
D;V_V = 85W + V_VagK ’
Classically, the potential for the Kahler moduli is flat due to the no-scale structure:
82K ree - aK ree aK ree
e : oee — 3, (2.7)
oT;0T; or;  0T;

This implies that the dilaton and complex structure moduli are stabilised supersymmetri-
cally at tree level, DgW = DyW = 0.

The classical flatness of the potential for the Kéhler moduli implies that to study
Kahler moduli stabilisation we should keep all possible quantum corrections, while for the
U and S moduli it is sufficient to stabilise them classically:

K:Kcs—2ln(g%> —2ln<V—|—2g%>,

(2.8)
W =Wy -+ Z Aie_aiTi,

where K s = (—In <—z' fan Q>> and Wy = (Wiree). Substituting (B-§) in (P.§), we obtain
X

the following potential (defining £ = g/gﬁ’/?):

V=K [K(j]k (ajAjakAke_(ajTj—l_akT’“) — <ajAje_ajTj WaTkKo + ak[lke‘“kaW%jKO))

vsi <é2 L TEV + v2)

(-9 fvre)

The aim of this paper will be a detailed study of the potential (P.9) for various different

W2 . (2.9)

Calabi-Yaus, incorporating string loop corrections into the form of the Kéhler potential.
We aim to work out conditions for when the exponentially large volume minimum of [f] is
present.

2.2 General analysis for the large volume limit

We now investigate the topological conditions on an arbitrary Calabi-Yau three-fold under
which the scalar potential (@) admits an AdS non-supersymmetric minimum at expo-
nentially large volume deepening the analysis performed in [§]. We will refer to those
constructions as LARGE Volume Scenarios (LVS).



Claim 1. (LARGE Volume) Let X be a Calabi-Yau three-fold and let the large volume
limit be taken in the following way:

(2.10)

7j remains small, V5 =1, ..., Ngpal,
Y — o0 fOT T; — 00, \V/] = Nsmall + 17- .. )hLl(X)?

within type IIB N = 1 4D supergravity where the Kahler potential and the superpotential
in Einstein frame take the form:

K = Ke—2mn (V+€),

Nsmall (211)
W=Wy+ > Aje T
j=1

Then the scalar potential admits a set H of AdS non-supersymmetric minima at expo-
nentially large volume located at V ~ €% Vj = 1,..., Ngman if and only if ho1(X) >
hi1(X) > 1, i.e. £ >0 and 7; is a local blow-up mode resolving a given point-like singular-
wwyVj=1,..., Ngman. In this case

{ if h1,1(X) = Nsman + 1, H = {a point} , (2.12)

if h11(X) > Neman + 1, H = {(h1,1(X) — Ngman — 1) flat directions} .

The proof of the previous Claim is presented in appendix [A] where we show also that
7 is the only blow-up mode resolving a point-like singularity if and only if K j_jl ~ V\/Tj-
On the contrary when the same singularity is resolved by several independent blow-ups,
say T and Ty, then Kl_l1 ~ thl/)z(Tl,Tg) and K2_21 ~ Vh§2/)2(7'1,7'2) with hg?z homogeneous
function of degree 1/2 such that gjfgi; #0Vj=1,2.

Let us now explain schematically the global picture of LVS for arbitrary Calabi-Yau
manifolds according to the LARGE Volume Claim:

1. The Euler number of the Calabi Yau manifold must be negative. More precisely:
his > hi; > 1. This means that the coefficient é must be positive in order to
guarantee that in a particular direction the potential goes to zero at infinity from
below [§]. This is a both sufficient and necessary condition.

2. The Calabi-Yau manifold must have at least one blow-up mode corresponding to a
4-cycle modulus that resolves a point-like singularity. The associated modulus must
have an induced non-perturbative superpotential. This is usually guaranteed since
these cycles are rigid cycles of arithmetic genus one, which is precisely the condition
needed for the existence of non-perturbative superpotentials in the flux-less case [4.

3. This 4-cycle, together with other blow-up modes possibly present, are fixed small by
the interplay of non-perturbative and o’ corrections, which stabilise also the overall
volume mode. Here small means larger than the string scale but not exponentially
large unlike the volume.



4. All the other 4-cycles, such as those corresponding to fibrations, cannot be stabilised
small even though they may have induced non-perturbative effects. They are sent
large making their non-perturbative corrections negligible.

5. At this stage, non blow-up Kéhler moduli, except the overall volume mode, remain
unfixed giving rise to essentially flat directions.

6. It turns out then that in order to freeze these moduli, it is crucial to study string loop
corrections as the leading term in a g5 expansion will be dominant over any potential
non-perturbative correction.

Notice that these are conditions to find exponentially large volume minima and our results
hold for generic O(1) values of Wy. There may exist other minima which do not have
exponentially large volume for which our results do not have anything to say. For example,
|[Wh| < 1 may give rise to KKLT-like minima.

Summarising, if there are Ngpan blow-up modes and L = (h1; — Ngpan — 1) modes
which do not blow-up point-like singularities nor correspond to the overall modulus, then
our results state that all the Ngynan can be fixed at values large with respect to the string
scale but not exponentially large, the overall volume is exponentially large and the other
L Kéhler moduli are not fixed by these effects.

In reality, the directions corresponding to the non blow-up modes, if they have non-
perturbative effects, will be lifted by these tiny exponential terms, which however we neglect
at this level of approximation. The reason is that, as we will see in the next sections, those
directions will be lifted by the inclusion of string loop corrections which are always dominant
with respect to the non-perturbative ones.

We would also like to stress that the previous general picture shows how we need
non-perturbative effects only in the blow-up modes to get an exponentially large volume
minimum. As blow-up modes correspond to rigid exceptional divisors, the corresponding
non-perturbative corrections will be generally present even in the fluxless case [[l. They
can arise from either gaugino condensation of the gauge theory living on the stack of branes
wrapping that 4-cycle or from Euclidean D3 brane instantons. On the contrary, it is not
clear if all the other cycles can indeed get non-perturbative corrections to W, but this is
not necessary to obtain LARGE Volume.

3. Particular examples

Let us illustrate these results in a few explicit examples. At this stage we ignore string
loop corrections but as we will show in section [] and [, these can in some cases actually
be important and change the configuration of the system studied.

3.1 The single-hole Swiss cheese: (CPﬁJ’LG’g]

The degree 18 hypersurface embedded in the weighted projective space (CPé 1,1,6,9] is the
Calabi-Yau on which the LVS was originally realised. The overall volume in terms of 2-cycle



volumes is given by

1
v=¢ (3t3ts5 + 18t112 + 36t3) . (3.1)
. 2 _ (t146t5)? S e .
The divisor volumes take the form 74 = 4, 75 = ~——5—>~, from which it is immediate to
see that 1
V:—(73/2—7'3/2). 3.2
9y2 \'5 2

€ is positive since hy; < ho 1 and the limit (R.10) can be correctly performed with 75 — oo
and 74 remaining small. Thus Ngnai = 1 and we have to check if this case satisfies the
condition of the LARGE Volume Claim which is K 4_41 ~ V,/74. This is indeed satisfied as it
can be seen either by direct calculation or by noticing that 74 is a local blow-up. Omitting
numerical factors, the scalar potential takes the form

V ~

VTae M Wyrye 20T N W5

v Ve V3 (3.3)

As the (CP[Ai,l,l,G,Q] example is a particular case of the LARGE Volume Claim, we conclude
that the scalar potential (B.J) will admit an AdS minimum at exponentially large volume
with (h1,1 — Ngman — 1) = 0 flat directions. This is consistent with the original calculation
in [}, which shows that the minimum is located at

~ %e“4<7“>.

(m) = (4977, (V) = 2

(3.4)
3.2 The multiple-hole Swiss cheese: Fi; and (CPﬁ 3,3,3,5]
It is straightforward to realise that the LARGE Volume Claim can be used to generalise
the previous case by adding several blow-up modes resolving point-like singularities that
will be stabilised small. In this case the overall volume looks like

Nsman

V=a« (TS’@ - Z /\2-75’/2) ) (3.5)
i=1

where a and \; are positive model-dependent parameters and the Calabi-Yau manifold

presents a typical “Swiss cheese” shape. An explicit example is the Fano three-fold Fiy

described in [R0], which is topologically a Zs quotient of a CY3 with Hodge numbers

hi1 = 3, ho1 = 111. The total volume of the Fy; reads

2ty titd 3 3t 23
= L2 12 02 U L o bty + £38s + Bt + 2t + 3, (3.6)
2 2 6 2 3
and the 4-cycle moduli are given by
to t%
T = 5(2t1+t2+4t3), Tg = 5, T3 =13 (tl—i-tg). (3.7)
It is then possible to express V in terms of the 7-moduli as
1 3/2
V= —3\/5 (2 (r1+ 712+ 27'3)3/2 — (2 + 27’3)3/2 — 7'2/ ) . (3.8)



The resemblance with the general “Swiss cheese” picture (B.5) is now manifest. Two further
Calabi-Yau realisations of this Swiss-Cheese structure have been presented in [[4]. They
are the hy 1 = 3 degree 15 hypersurface embedded in (CP[%’3737375
All these many moduli “Swiss cheese” Calabi-Yaus will

| and the hy 1 = 5 degree
30 hypersurface in Cpﬁ,l,?,,lo,ls}'
admit a LARGE Volume minimum located at

W) ~ el i =1, Nynan, (3.9)

with no orthogonal flat directions. Let us briefly review the geometric data of the resolution
of the (CP[Ai737373’5] manifold [[[4], since it turns out to be an interesting case in which loop
corrections may potentially stabilise the Standard Model cycle that does not admit non-
perturbative superpotential contributions. In the diagonal basis the total volume becomes

_ 3 3/2_} 3/2_6 3/2
V= 1 (Ta 37 5T |- (3.10)

A Euclidean D3-brane instanton wraps the rigid 4-cycle Dgs = %(Db + D.), giving a

—?TW(TWTC). There are also two stacks of

non-perturbative superpotential term W, = e
D7-branes wrapping the rigid four cycles Dpra = % (Dy — 2D,.) and Dp7p = D, with line
bundles L4 = % (2Dy + 5D,) and L = O. This choice guarantees that there are no chiral
zero modes on the D7-E3 intersections. The “Standard Model” is part of the U(N4) gauge
group on the stack A of D7-branes, with SM matter obtained from the intersections AA’
and AB where the prime denotes the orientifold image.

Neglecting the D-term part of the scalar potential we obtain

Vv

Y R i LA VT B L S U R
V V2 V37 ’

where \; > 0, Vi = 1,2, 3 are unimportant numerical factors. Now to make the study of the

scalar potential () simpler, we perform the change of coordinates 7, = 273+ Tsnr, Te =

TEs — Tsa, bringing (B.11)) to the form
) .
v A1 (\/5 (2TE3 + TSM) + \/TE3 — TSM) e *TTE3S B 3)\2TE36—2W7—E3 N ﬁ
1% V2 V3
The scalar potential (B.13) then has a critical point at 7p3 = 275). However, this is not

(3.12)

a minimum of the full scalar potential but is actually a saddle point along 7g; at fixed
T3 and V. In subsection f.3 we will show how string loop corrections may give rise to a
stable LVS even though no non-perturbative corrections in 7g); are included (see [[[4] for
a discussion of freezing 7¢); by including D-terms with (B.12)).

3.3 2-parameter K3 fibration: (CPé717272’6]

Our next example is a K3 fibered Calabi-Yau, the degree 12 hypersurface embedded in

CP[%7172’276}. The overall volume in terms of 2-cycle volumes is given by

2
V=ti3+ gtg. (3.13)



The 4-cycle volumes take the form 7 = #3, 7 = 2t5 (t; + t2), yielding

V= %\/T—l (m - gﬁ> . (3.14)

It is possible to invert the relations 7; = 9V /dt; to produce

Ty — 27
to = 1] = ———. 3.15
2 ﬁv 1 2\/7_—1 ( )
The Euler characteristic of the Calabi-Yau is negative and the limit (R.1(]) can be performed
only with 79 — oo and keeping 7 small. This corresponds to t; — oo and to small. In this
limit the volume becomes

1
V= 5\/HT2 Etlt% 21517’1. (316)

Thus Ngman = 1 again and we need to check the condition of the LARGE Volume Claim:
K 1_11 ~ V,/71. However this is clearly not satisfied, as 71 is a fibration over the base ;.

This is therefore a situation where no exponentially large volume minimum is present,
as can be confirmed by the explicit calculation below.

3.3.1 Explicit calculation

Here we verify that the (CPﬁ 1,2,2,6] model does not give a realisation of the LVS. We take
the large volume limit in the following way

71 small,
3.17
{ Ty > 1, ( )

which, after the axion minimisation (W > 0), gives a scalar potential of the form

4 _ _
V = Vnp 4+ Vy = W [alA%Tl (a17'1 + 1) € Zaim _ a1A1T1W0€ a17'1]
3 — T —a1T:
+Z% (W02 + A%e 2o _ 2A1W0€ @ 1) . (318)
We set A7 = 1 and recall that to neglect higher order instanton corrections we need
arm > 1. (B1§) becomes

4 —a1Ti —a1T1 3 5 2 —a1T1 —a1T1

V= e [(alne — WO) ajme ] + 178 [WO + (e - 2W0) e ] . (3.19)

The previous expression (B.19) can be rewritten as

—2a171 3 IWae 11 3 3
| — <4a%7’12 + —£> A — <2a17'1 + —£> + Ziwg

V2 4y V2 4y V3
4 a1l al1Ti 3 6 2
Ny [(alﬁe - WO) aiTie ] + ZWWO' (3.20)
Assuming a natural value Wy ~ O(1), then (B.2() simplifies to
4 3
V = —WWOCllTle_aln + Z%Wg (321)

— 10 —



Extremising this scalar potential, we get

ov 4

6—7'1 = WWQCLle_alTl (alTl - 1) =0, (3.22)

whose only possible solution for Wy # 0 is a3 = 1, which is not in the controlled regime
of parameter space. However, when Wy = 0, () gives

9 9 35 e—2a17-1 5 26—21117—1
V = <4CL17’1 + Zg) V2 V;l 4CL1T1 T, (323)
and the first derivative with respect to 77 is
oV e~2um
8—7'1 = SG%TIT ((117'1 — 1) s (324)

which also has no minimum. Thus we have shown that for Wy ~ O(1), the (CPﬁ 1,2,2,6]
model has no exponentially large volume minimum. The last hope is to find a minimum
fine tuning Wy < 1. In this case taking the derivatives of (B.2(), one obtains
ov 4
8—7'1 = Wale_zaln (alTl - 1) (W()ealTl - 2&17’1) = O, (325)
whose only possible solution is
2a; () = Woe™ ™), (3.26)

but then fixing 71, the scalar potential (B.20) along the volume direction looks like
2 W2
v~ (—1+§§> ~—=0. (3.27)

The potential (B.27) has no LARGE Volume minimum and so we conclude that the
(CPﬁ’me model does not admit an exponentially large volume minimum for any value
of W().

It is still of course possible to fix the moduli using other stabilisation schemes - for
example KKLT. However, in this case there will not be a large hierarchy between the two
Kahler moduli, with instead 7 < 79, and the volume can never be exponentially large.

3.4 3-parameter K3 fibration

In the previous sections B.1], B.3 and B.3, we have presented three examples which illustrate
two of the three possible situations which the general analysis determines. We now illustrate
the case when an exponentially large volume minimum can be found, but with flat directions
still present. We will then explain how these can be lifted using string loop corrections.

This example concerns Calabi-Yau three-folds which are single K3 Fibrations with
three Kéhler moduli. We start off with the following expression for the overall volume in
terms of the three moduli

V=al|yn(rn—pFmn)-— 77§/2 , (3.28)
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where «, 3, v are positive model-dependent constants. While we do not have any explicit
realisation of such kind of Calabi-Yau manifold, eq. (B.2§) is simply the expression for the
CP[%,L?,ZG} case (B.14)), augmented by the inclusion of a blow-up mode 3. We also assume
that ho1(X) > h11(X) = 3, thus satisfying the other condition of the LARGE Volume
Claim. There are then two ways to perform the limit (R.1() without obtaining an internal
volume that is formally negative:

1.

{ 7, — 00, Vi=1,2 with the constraint 71 < 7o, (3 29)

T3 remains small.

This case keeps both cycles associated with the fibration large, while the blow-up
cycle remains small. Given that 7 — oo, this situation resembles the “Swiss cheese”
picture

V= olymiln — fm) =773, (3.30)

3/2
Thig

and due to this analogy with the CPé,l,l,ﬁ,Q] model, the condition ng,’l ~ V,/T3 is
verified. Thus we can apply the LARGE Volume Claim which states that the scalar
potential will have an AdS exponentially large volume set of minima together with
(h1,1 — Naman — 1) = 1 flat directions. In the following section we shall confirm this

with an explicit calculation.

{ 270 (3.31)

71 and 73 remain small.

In this case Ngman = 2 and according to the LARGE Volume Claim there will be
an exponentially large volume minimum of the scalar potential if and only if both 7
and 73 is a blow-up mode. As we show in the next section B.4.1], ng,,l ~ V,/T3, as is
suggested by the volume form (B.2§). However K 1_11 ~ 72, as could be guessed from
the fact that the overall volume (B.I3J) in terms of the 2-cycles moduli is linear in ;.
Hence 7 is not a blow-up but a fibration modulus that does not give rise to LVS.

We now confirm these statements with explicit calculations.

3.4.1 Explicit calculation

We focus on the case in which

V=al|/m(n - fn) -y 2} , (3.32)

where «, (3, v are positive model-dependent constants and the Kahler potential and the

superpotential take the form (defining f =¢ gs_?’/ 2):
K =Ko+ 0K)=—2In (V + g) , (3.33)
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W =Wy + Aje” 1Tt 4 Ajem92T2 4 Age®T5, (3.34)

In the large volume limit the Kéhler matrix and its inverse look like:

}:—22 + 202327 \7—% ("}/Tg’/z — 2[37’5’/2> 30%7@ (20457'5’/2 — V)

1 1
K= | 9% (m - 2607) 2077, “3aPyyTVE |
B (20077 - V) satyymm v
(3.35)
and
2 2 3/2
Ti BT + v\/T1T3 T1T3
.. 2
Ki=4| Bri+yymny G + B2 7 (a"n + Bn) . (3.36)
TIT3 T3 (avﬁ + 571) %V\/E

Both of the ways outlined above to take the large volume limit have 75 > 1 and so the
superpotential (B.34) can be simplified as follows:

W~ Wy 4 Aje” Tt 4 Aze0Ts, (3.37)

The scalar potential takes its general form (P.9). In the large volume limit, the o’ leading
contribution to the scalar potential becomes

€2+ TEV + 12 3
< ) Wi — §i|W|2. (3.38)

ey

Adding this to the non-perturbative part, we are left with

Vv(a/) = 36[{5

1 .. _ _ _
V = W [Ké]aiAiajAje—(aiTﬁ-ajTj) + 2aiAiTi€_aiTiW

L3E

- —a.Ts
+2ajAjTj€ 4G LiwW 138

W, (3.39)

We shall focus on the case Wy ~ O(1), (since a tuned small value of Wy cannot give
rise to large volume) and for a1m > 1, agrg > 1, after extremising the axion directions,
the scalar potential simplifies to (with A = 8/(3ay), v = 36/4 and A; = A3 = 1)

1%

Y We. (3.40)

V = A_ag\/T_e—%STS _ iW —a1T1 __ iW —asTs
y VT p2 VoaiTie p2 0asTse +
The scalar potential V' depends on V, 7 and 73: V = V(V, 71, 73), with the dependence on
7o implicit in the internal volume V. The large volume limit can be taken in the two ways
(1 and 2) outlined in the previous section B.4 The difference between these two cases is
that in limit 1 74 — oo whereas in limit 2 7 remains small. Let us now study these two
different cases in detail.

)1 — 0oL <n
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In this case, the superpotential (B.37) obtains non-perturbative corrections only in 73:
W~ Wy + Aze 75, (3.41)

Since the A; term is not present in (B.41]), we will be unable to stabilise the corre-
sponding Kéahler modulus 7, thereby giving rise to an exactly flat direction. In this
case the scalar potential (B.4(]) further reduces to:

Aa3 4
V= %\/?36_2%7—3 — WI/VO(Lnge_%T3 + %
and V depends only on V and 73: V = V(V, 73). The potential (.44) has the same
form as the scalar potential found in section 3.2 of [§] where the (CPﬁ 1,1,6,9) Case was

we. (3.42)

first discussed. Following the same reasoning, we look for possible minima of the
scalar potential (B.43) by working out the two minimisation conditions:

ov
v = 0 < (Aa§\/736_2“3T3) V2 — (8W0a37'3€_“373) VY + 3I/W02 =0, (3.43)
6V /\&3 —asTs3
— = 3T (1 -4 4 —-1)=0. 44
73 0 & 2\/§V e ( asts) + AWy (asTs )=0 (3.44)
Equation (B.43) admits a solution of the form
Aag _ 3\v
B yemwTs =14 [1— 2 3.45
AWo/T3 167_:‘;;5/2 ( )

whereas in the approximation agrs > 1, ) becomes:

)\ag

2./

Combining (B-4H) and (B-46), we find 3 =1+ /1 — 163)‘—3”/2, whose solution is given by
73

<73>=i< ; >2/3 ! (3.47)

gs \ 20y gs

Ve 7 — W, (3.46)

On the contrary, from (B.46) we work out

2/3 1/3 ag( e \2/3 a
3(an) " Wo <5> () L M e (3.48)
4a3\/gs az\/gs
There is therefore an exponentially large volume minimum. Settinga =y =1, £ = 2,
gs = 0.1, a3 = m and Wy = 1, we finally obtain (r3) = 10 and (V) = 3.324 - 10'3.
However there is still the presence of an exactly flat direction which can be better

2

V) =

appreciated after the following change of coordinates:

. : Vﬁa[\/T—l(ﬁ—ﬁTl)}
(11, 72) Vv, Q) : { O Vit (3.49)
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V

Figure 1: Change of coordinates of the Kéhler moduli space.

Figure 2: ”Sofa” potential with the presence of a flat direction.

From (B.4§) and (B.49) we see that the stabilisation of V and 73 does not depend on
Q at all, implying that €2 is a flat direction. We plot below in figure 2 the behaviour
of this scalar potential where the flat direction is manifest: 73 has been already fixed
as (r3) =10, V is plotted on the z-axis and 2 on the y-axis.

2) 71 small

In this case the large volume limit is taken keeping 71 small and the scalar potential
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takes the general form (B.40). The minimisation equation with respect to 7 reads

ov 4
8—7'1 =0 <« WVV()(Zle_alT1 (a1 —1) =0, (3.50)

which implies a;7; = 1 and so we cannot neglect higher instanton corrections.

There is therefore no trustable minimum for the 71 field. We may however think
about a situation in which the system still has an exponentially large internal vol-
ume, with 73 and V sitting at their minimum (V) ~ e%{™) while 7 plays the réle
of a quintessence field rolling in a region at large 71 > 1 away from a;7; = 1. The
quintessence scale would be set by the e exponent. Setting a;m > 1 it is easy
to see that this is possible. However, the values of a; and 71 need to be tuned to get
a realistically small mass for 7, and even if this is done the fifth force problems of
quintessence fields would seem to be unavoidable.

Finally, let us summarize in the table below the results found without string loop
corrections to K.

Wy small No LVS,
1) 11— o
Wy~ O(1) LVS + exactly flat direction LV,

Wy small No LVS,

2 1
)71 sma Wy ~ O(1) and{

a1 2 az{T3) LVS+ almost flat direction LV (quintessence),
a1T <as <T3> No LVS.

4. Inclusion of the string loop corrections

One of the purposes of this paper is to study the effect of string loop corrections on moduli
stabilisation. On a Calabi-Yau it is of course not possible to explicitly determine the full
functional form of loop corrections. Nonetheless, it may still be possible to extract the
leading scaling behaviour with the moduli of the loop corrections, even if the detailed
form of the prefactors cannot be determined. As the Kéhler moduli are not stabilised at
tree-level, even this leading scaling behaviour is very significant.

This is the philosophy that was pursued in [[[3, [J], where the expected parametric
behaviour of the string loop corrections to the Kéhler potential was studied, even if the
detailed prefactors cannot be computed. On the torus, the explicit string computation
of [I0] does exist. For the T°/(Zs x Zs) case the loop corrections take the form

KK w
5K(gs) == (5K(gs) + 6K(gs), (41)

where 0K {; f)( comes from the exchange between D7 and D3-branes of closed strings which
carry Kaluza-Klein momentum, and reads (for vanishing open string scalars)

1 SKKUU
Z

KKK —
0K, 12874

(4.2)
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In the previous expression we assumed the all the three 4-cycles of the torus are wrapped
by D7-branes and 7; denotes the volume of the 4-cycle wrapped by the i-th D7-brane. The
other correction K (Vng ) is interpreted in the closed string channel as due to exchange of
winding strings between intersecting stacks of D7-branes. It takes the form

1 EV(U,T)
KWV 4.
0 (9s) = " 12874 Z T Tk (43)

kA

where 7; and 7; denote the volume of the 4-cycles wrapped by the i-th and the j-th in-
tersecting D7-branes. Note in both cases there is a very complicated dependence of the
corrections on the U moduli, encoded in the functions & (U, U), but a very simple depen-
dence on the T" moduli.

These formulae were generalised by [[[J] for the behaviour of loop corrections on general
Calabi-Yau three-folds. Given that these corrections can be interpreted as the tree-level
propagation of a closed KK string and a Weyl rescaling is always necessary to convert the
string computation to Einstein frame, they proposed

SR "i CKK (U, Oy "Zl: CEE(WU,T) (ant)) )
(gs) ™ Re (9)V Re(S)V ‘

where a;t! is a linear combination of the basis 2-cycle volumes t; that is transverse to
the 4-cycle wrapped by the i-th D7-brane. A similar line of argument for the winding
corrections gives o - ) -
CY (U, U)my ¢’ (U, U
Moy~ 27 R, 2 (Zaiitl)v)’ )
with a;t' the 2-cycle where the two D7-branes intersect. CXX and CV are unknown
functions of the complex structure moduli; however, as the complex structure moduli are
flux-stabilised these reduce to an (unknown) constant. This approach is therefore useful
to fix the leading order dependence on Kéhler moduli.
In [[J] the current authors showed that the proposed form of these correction is consis-
tent with what would be expected based on the form of the Coleman-Weinberg potential

in supergravity [@, @]7

2
Victoop ~ A STr (M°) + 2A*STr (M?) + STr <M4 In <J\f2 >> (4.6)
where A denotes the cut-off scale and STr (M™) is the supertrace. The cut-off scale is
taken to be the scale at which the higher supersymmetry of the ten-dimensional theory
becomes apparent, effectively giving an extended supersymmetry within the loops.

In terms of the corrections to the Kéhler potential, the leading contribution of these
corrections to the scalar potential is always vanishing, giving an ”extended no-scale struc-
ture”. This result holds in general as long as the corrections are homogeneous functions of
degree —2 in the 2-cycle volumes.

In [[[J] a general formula was also worked out for the first non-vanishing contribution to
the effective scalar potential of 6K,y as given by the conjectures (.4)~([LH). It turns out to
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be relatively simple and expressible in terms of the tree-level Kéahler metric Ko = —21n (V)
and the winding correction to the Kahler potential:

hi1 KK\2 2
1—loop __ (Cz ) 0 w WO
5V(gs) - 2 ( Re(S)2 Kii = 25K(gs)77'i) 2 (4.7)

The low energy interpretation of the 1-loop scalar potential (JL.7) comes from matching
it with the Coleman-Weinberg potential (f.§). The leading term in both cases vanishes,
and so the comparison should involve the leading non-zero terms in both cases. These
match precisely for the various cases studied in [[J].

This low-energy interpretation can easily be illustrated in the simple one-modulus case
where the volume takes the form V = 7%/2. The formula for the 1-loop scalar potential (£7)
applied to this case produces (dropping the dilaton dependence since S is fixed at tree level)

—3CKK  3ay (CKK)2 6ag (CKK)3 1
KK _ 2
0V (g)1~toop = (0 RYOE T Y3 Vi +0 <V14/3> Wy.  (48)

To compare with ([l.f)) we recall that in supergravity the supertrace is proportional to the

gravitino mass:

1
STr (M2) ~ mg/2 =efWE ~ VI (4.9)
The cut-off A is identified with the compactification scale given by
B My My 1 Mp Mp
Therefore in units of the Planck mass, (l.6]) scales, in agreement with ({.§), as
1 1 1
OV1—1o0p =0 - e + Vi0/3 Tyr (4.11)

We now use these results for the study of Kahler moduli stabilisation.

4.1 LARGE volume and string loop corrections

The results reviewed in the previous section are very important for Kéhler moduli sta-
bilisation. The general picture for LVS which we presented in the previous sections, was
neglecting the effect of string loop corrections to the scalar potential. However just look-
ing at the Kéhler potential we have seen that, in terms of powers of the Kéahler moduli,

the leading order o correction (R.J]) scales as 0K (o) ~ %, whereas from ([L4)), the scaling

behaviour of the Kaluza-Klein loop correction is d K (I; 5 ~ g Naively it seems incorrect

to neglect K {; 5 while including the effects of § K (,/). However, as discussed in [[[0], [[3, [[F]
due to the extended no-scale structure at the level of the scalar potential the o/ corrections
dominate over the gy corrections. This allows loop corrections to be neglected compared
to o/ corrections for the stabilisation of the volume.

However in our general analysis earlier, we saw that for fibration models the inclusion
of o corrections still left almost flat directions corresponding to non blow-up moduli or-
thogonal to the overall volume. Loop corrections to the scalar potential are much more
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important than non-perturbative superpotential corrections, and we realise that they can
play a crucial role in stabilising these non blow-up moduli transverse to the overall volume.

Thus we conclude that the extended no-scale structure renders the LVS robust not
only because it allows 0V/,,) to be neglected when stabilising the volume, but also because
it ensures that when 0V{, ) is introduced to lift the remaining flat directions, even though
it will reintroduce a dependence in V on V and blow-up moduli, it will not destroy the
minimum already found but will give just a small perturbation around it.

The general picture is that all corrections - o/, loop and non-perturbative - play a role
in a generic Calabi-Yau compactification. We can summarise our general analysis for the
LVS as:

1. In order to stabilise all the Kahler moduli at exponentially large volume one needs
at least one 4-cycle which is a blow-up mode resolving point-like singularities.

2. This 4-cycle, together with other blow-up modes possibly present, are fixed small by
the interplay of non-perturbative and o’ corrections, which stabilise also the overall
volume mode.

3. The g, corrections are subleading and so can be safely neglected.

4. All the other 4-cycles, as those corresponding to fibrations, even though they have
non-perturbative effects, cannot be stabilised small. Thus they are sent large so
making their non-perturbative corrections negligible.

5. These moduli, which are large and transverse to the overall volume, can then be
frozen by gs corrections, which dominate over the (tiny) non-perturbative ones.

In general 6V{,,) only lifts the flat directions associated to non blow-up moduli trans-
verse to the overall volume. One could wonder whether they indeed yield a real minimum
for such moduli as opposed to a runaway direction. We do not address this problem in
general terms here and so in principle this looks like a model-dependent issue. However, as
the overall volume is stabilised, the internal moduli space is compact. Therefore these non
blow-up moduli cannot run-away to infinity and so we expect that loop corrections will
induce a minimum for the potential. In fact, one example in the next section will illustrate
this idea explicitly.

5. Moduli stabilisation via string loop corrections

We will now see in detail how the inclusion of string loop corrections can affect the results
found in the previous examples which, neglecting g5 corrections, can be summarised as:

1. (CPﬁ 1 | LVS without flat directions.

1,6,9

2. 3-parameter K3 Fibration with 71 “small” and ay7y > a3(r3) — LVS with an almost
flat direction.

3. 3-parameter K3 Fibration with 73 < 71 < 79 — LVS with one flat direction.

— 19 —



4. (CPﬁ 33,35 LVS with a tachyonic direction.

5. Cpﬁ,l,z,zﬁ} and 3-parameter K3 Fibration with 74 "small” and a1 < agm3 — No
LVS.
We shall find that the inclusion of loop corrections modifies the previous picture as follows:

1. (CPﬁ 11,69 — Not affected by 6V, ).

2. 3-parameter K3 Fibration with 7 “small” and aimy > ag(r3) — 6V{,,) ruins the
almost flat direction = No LVS.2

3. 3-parameter K3 Fibration with 73 < 71 < 19 — 5V(gs) lifts the flat direction =—> LVS
without flat directions.

4. CP*

1,335 V4, stabilises the tachyonic direction = LVS without flat directions.

5. (CPﬁ 1,2,2,6] and 3-parameter K3 Fibration with 7 “small” and a1 < agms3 — Not
affected by 6V, - still no LVS.

The (CPﬁ’me case can never give large volume due to the fibration 4-cycle 74 which
is impossible to stabilise small. However in the example of the 3-parameter K3 fibration,
LARGE Volume can be achieved by including a third Ké&hler modulus which is a local
blow-up and then sending 71 large. We shall use the expression (f.7) for the form of string
loop corrections to the scalar potential.

5.1 The single-hole Swiss cheese: (CPﬁJ’LG’g]

The influence of the g, corrections in the (CPﬁ 1,1,6,9) case has been studied in detail in L3
The authors showed that the loop corrections are subleading and so can be neglected, as
we claimed above. The loop corrected Kéahler potential looks like

K = Kieo + 6K (o) + K5 )+ KLE

(9s+75) gs,T4)
ScKK ScKK
— 2V - i2+g s VT 9:Ch VT (5.1)
Vgs/ 14 4
but due to the “extended no scale structure”, we obtain for the scalar potential
_ KK KK
V= Vp + V(O/) + V(gsmr)) + V(gs,m)
_Apy/Tae 20T C XeWonme ™™ 3EWE g2 (CEFF)? | g2(CFF)? (5.2)
R ZET RN S N A

Without taking the loop corrections into account, we have found a minimum located at
V ~ ™ & ag1y ~ InV. Therefore the various terms in @) scale as
_ KK KK
Vo= Vap + Viay + V(gsrrs) + V(gsm)
VvViny  InV 1 1 1

V3 V3 + V3 + V10/3 + Vg\/m’

2Notice that this case is the same as case 3 below but in a different region of moduli space. The fact
that there is no LVS realised here only means that for this model the LARGE Volume is realised as in the
conditions of case 3 but not in those for case 2. In particular it requires both fibration moduli to be large.

~

(5.3)
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and it is straightforward to realise that at exponentially large volume the last two terms
in (B.J) are suppressed with respect to the first three ones.
5.2 The multiple-hole Swiss cheese: Cpﬁ,3,3,3,5]
In section @ we have seen that if the non-perturbative corrections in the SM cycle 75, are
absent, the F-term scalar potential (B.12) for the (CPé73737375] Calabi-Yau does not present
a LVS with all the Kéhler moduli stabilised. Following the same procedure as in [Lg], we
shall now illustrate how the g5 corrections can turn the maximum in the 795 direction into
a minimum without destroying the exponentially large volume minimum V ~ /7p3e277E3.
To derive the conjectured scaling behaviour of the loop corrections, we use the for-
mula ({.7) setting CX% = Re(S) Vi and Wy = 1. Two stacks of D7-branes wrap the 755, and
7. cycle respectively and both will give rise to Kaluza-Klein g, corrections. From ([£7), we
estimate the first kind of corrections by writing the overall volume (B.10) in the (74, Tsas, 7¢)
basis and computing the relevant elements of the direct Kéhler metric. We find:

2 1
V=1l <T,§’/2 — 5 (3ron + 27.)%% — ?ﬁ’/?) : (5.4)
along with
P Kiree 3 1 (5.5)
02y V10 V3Tsa T 27 '
and
82[(1:1"00 ~ 2\/5 \/5 + 1 1 (5 6)
orz2 35 \4yTe Brsm 21 )V’ '

where in the large volume limit we have approximated the volume as V ~ \/4%7'5’/ 2 Thus

the Kaluza-Klein loop corrections to (B.19) look like

SVEE ~ [ 2y 13V5 ! (5.7)
@) T\ VR VBT F 27 ) 15V208 '

Writing (p.7) back in terms of 75y and Tg3 = 7. + Tsu, We obtain

SVEK ~ L + 13V5 ! (5.8)
@) =\ Tz — 1o 2TE3 + Tsar | 15V/2V3 '

Due to the particulary simple form of the volume (5.4), it is very sensible to expect that
the winding corrections will scale like the Kaluza-Klein ones (f.§). Therefore adding (F.§)
to (B.19) we end up with

A (\/ 5(27E3 + Tsm) + /TE3 — TSM> e~ 4mTEs 3\gTge—2TTES
% a V2

A3 A A5 > 1
+—= + + —. 5.9
V3 (\/TES_TSM \/ZTEg—I-TSM V3 ( )

14 + 5‘/(93) =
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Figure 3: 7g)s fixed by string loop corrections. The numerical values used are A\; = Ay = 1,
A3 = 50, Ay = A5 = 5 and then we have fixed 73 = 10 and V = v/10e?°7.

We notice that the string loop corrections are suppressed with respect to the o/ ones by
a factor of 1/,/Tg3 and so do not affect the large volume minimum V ~ TE3e>™E3 given
that we require 7g3 > 1 to neglect higher order instanton contributions. On the contrary
0V(4,) can become important to fix the SM direction when 7g)s gets small. In fact, the
maximum in that direction is now accompanied by a minimum, as illustrated in figure 3.

Thus we have shown that gy corrections can indeed freeze the SM direction so giving
rise to a LVS without any tachyonic direction. The physics of this stabilisation is simply
that if a D7-brane wraps a 4-cycle, then loop corrections induced by the brane will become
large as the cycle size collapses. This repels the modulus from collapsing and induces a
minimum of the the potential.

This example is illustrative in nature and shows how a cycle, which is required to be
small and which does not admit nonperturbative effects, can potentially be stabilised by
loop corrections. In a fully realistic model, the D-term contribution to the potential should
also be included and the combined F- and D-term potential studied. Usually the D-term
will include, besides the Fayet-Iliopoulos term depending on the moduli, also the charged
matter fields. Minimising the D-term will generically fix one of the Standard Model singlets
to essentially cancel the Fayet-Iliopoulos term. Thus we can foresee a scenario in which
the Standard Model cycle is fixed by string loop corrections whereas the D-term fixes not
the size of that cycle but instead the VEV of a Standard Model singlet as a function of
the moduli. In this way we address the challenge of [[[4]. The form of the D-term however
depends on the model and in particular on the details of the charged matter content and
whether or not they acquire VEVs. We therefore do not try and specify this, but note that
it will be necessary to include it in a realistic model.
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5.3 2-parameter K3 fibration: Cpﬁ71,272,6]

One could wonder whether including the string loop corrections in the case of the K3
Fibration with two Kéhler moduli treated in section B.3, could generate an exponentially
large volume minimum which was absent when only non-perturbative and the o/ corrections
are included. In reality, the answer is negative as these further perturbative corrections
produce a contribution V(‘;i §< + V(‘;Z) to the scalar potential (B.21]), which is subdominant
and cannot help to stabilise the moduli. In fact, in the large volume limit (B.17) and for
Wy ~ O(1), the full corrected scalar potential, now takes the form

B KK KK W W
V= Vop +Vian + Vigor) T Vigerr) T Viger) T Vigerm) =

(gssT2 9gs,T1
4 _ua 3ERe(5)Y?
~ —WWOCHTle 14 Z%Wé

+

V2 \Re(S)2 72  Re(5)22V2 ' V2 Vym

4 3/2 2 [ (CKK)? 4 ocW
>~ ——2W0a17'1€_a1T1 + §%Wg Kg ( L )2 =5 = C2 . (5.10)
V 4 V V Re (S) 7_1 V\/ﬁ

First of all we have to check that the minimum in the volume is exponentially large.

K@((C{{Kfi (CEF)* 1y oW T 2C§V)

Therefore let us take the derivative

wiov (32 . (CKF) 3 2404" 32\ _
WOQW = (WoalTle — WT—% V+ <F - 9§Re (S) > == 0, (511)

whose solution is

~ 3Re(S)’ ()32 W (8ch — 3/(m)€Re (5)3/2)

e (T1) (5.12)
5 (e Woen ) — darRe () (n)")

From (p.12) we realise that in order to have an exponentially large volume, we need to
fine tune (CKK )2 ~ e M < 1. We assume that this is possible and so the denominator
of (p.19) scales as

WO — 4&1R€(S)2<7‘1>3 ~ —4a1Re(S)2(7'1>3, (5.13)

given that we are working in a regime where Wy ~ O(1), Re(S) ~ 10 and a;7; > 1. Finally
the VEV of the volume reads

3 Wo (8ch - 3\/<T1>§Re(5)3/2)
~ g _4@1 <7_1>3/2

(V) e {m) (5.14)

with C3V chosen such that

<1 _ 3y <Tl>£Re(S)3/2> <0, (5.15)

scyV
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to have a positive result. Now we neglect the (Cf< K )2 term in V' (p.I0) when we perform
the derivative with respect to 71 and we obtain
Wocl

— = = dare” M (qy (1) — 1) + W =0. (5.16)

Substituting back (5.14), (b.1G) becomes

1
1+ , 5.17
m 3 (1 - .3\/<71>§Re(5>3/2> (517

8CyV

but (5.1§) forces us to get a1 (r1) < 1, clearly in disagreement with our starting point when
we ignored higher order instanton corrections. Hence we conclude that the inclusion of the
string loop corrections does not help to stabilise the moduli at exponentially large volume
since they render this attempt even worse.

5.4 3-parameter K3 fibration

The results of the study of the K3 Fibration with three Kéhler moduli are summarised in
the table at the end of section B.4.]. We will now try to address the problem left unsolved
in that section. Without loop corrections it was possible to find an exponentially large
volume in this class of models but there was still a flat direction left, which we named €.
Let us see now how this direction is lifted. We shall work in the regime Wy ~ O(1) where
the perturbative corrections are important. We start off wrapping stacks of D7 branes
around all the 4-cycle 7, 70 and 73. We immediately notice that the Kaluza-Klein loop
correction to V in 73 takes the form

K _ QE(C:’f{K)z

)3 \/T—3V3 )

and so does not depend on Q and is subdominant to the o correction. Thus we will

Vil (5.18)

confidently neglect it. More precisely, it could modify the exact locus of the minimum but
not the main feature of the model, that is the presence of an exponentially large volume.
Let us now focus on the region: 73 < 71 < 7. We recall the form of the scalar potential
and the Kéahler potential without loop corrections:

16a2 4 3
V — 3 —2a37—3 _ —asT3 + , 519
3y V7 Y2 18Tse N (5.19)
2
K = Kgeo + 0Ky ~ —2InV — ———. 5.20
tree (o) Y>1 Il 92/2]} ( )

We study now the possible corrections to V' coming from 7 and 79 according to the general
1-loop formula (7). We realise that the form of the volume (B.2§) implies that in this
base of the Kéhler cone, the blow-up mode 73 has only its triple self-intersection number
non-vanishing and so it does not intersect with any other cycle. This is a typical feature of
a blow-up mode which resolves a point-like singularity: due to the fact that this exceptional
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divisor is a local effect, it is always possible to find a suitable basis where it does not intersect
with any other divisor. Now we have seen that some string loop corrections come from the
exchange of closed winding strings at the intersection of stacks of D7 branes. Hence the
topological absence of these intersections, implies an absence of these corrections. At the
end, the only relevant loop corrections are

MWgs) = 5‘/(5521 + 5‘/(5522 * 5‘/(?:)771@’ (5.21)
which look like
VK = 2 () (5 +2) T8,
VAR, = g2 (ci) 21 (522)
Vg mm = —ZC’F{VWTi,

where the 2-cycle t, is the intersection locus of the two 4-cycles whose volume is given by
71 and 73. In order to work out the form of t,, we need to write down the volume of the
K3 Fibration (8.2§) in terms of 2-cycle moduli:

V= ()\1751 + )\gtg)t% + Agtg. (5.23)
Then
T =90 =ty (Mita),
Ty = g = l2 (2A1t1 + 3Aata)
and so t, =ty = /5. Therefore the g corrections to the scalar potential (b:29) take the
general form:
A B CTl W2
V=5 +o=+ 5 | = 5.25
(9s) <7.12+V\/7_—1+]ﬁ>v2’ ( )

where )

A=g? (ClKK) > 0,

_ W _ o

B — —2C12 )\1 = g%, ) (526)

C = 2a%2 [(CIH)? 32 + (CF5)?] > 0.
Notice that due to the “extended no-scale structure” which causes the vanishing of the
leading Kaluza-Klein correction to V', we know the sign of the coefficients A and C because
the parameters are squared (see ({.7)) but we do not have any control over the sign of B.
It is now convenient to take advantage of the field redefinition (B.49) and recast the loop
corrections (p.23) in terms of V and Q. Inverting the relation (B.49), we get

AN BN\ Q@+
e ( 200 > LT <W> @-7 20

Substituting these results back in (§.22) we can find the relevant dependence of the scalar

potential on £2:
SV di19? + doQQV + d3V?
(9s) — YERY!
(Q=V)"°y

(5.28)
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where

2 (20N 1 k2 o KK\2] 1172
& = g2 <ﬁ> (%) 2+ (085) | g (5:29)
1/3
dy — — <a2%2> {BOY + 2022 [(CKF)? 32 4+ (CEX ]} W2, (5.30)
9 \1/3
t=(z) (ol + @ pEER) 24 Y] b G

For generic values of di, do and d3 we expect to lift the flat direction 2. Consistency
requirements imply that any meaningful minimum must lie within the Ké&hler cone so that
no 2-cycle or 4-cycle shrinks to zero and the overall volume is always positive. Let us work
out the boundaries of the Kahler moduli space in terms of V and €2 and then look for a
minimum in the Q direction. Given that we are sending both 71 and 7 large while keeping
73 small we can approximate the volume (B.2§)—(p.23) as follows

Y~ 04\/7'_1(7'2 — ﬂTl) = ()\1t1 + )\th)t%, (532)

where \; = 717 > 0 and Ay = % > 0. Then looking at (f-24) and (5-39) it is clear that
when t; and to are positive then also ¥V > 0 and 7; > 0 Vi = 1,2. Hence the boundaries
of the Kahler cone are where one of the 2-cycle moduli ¢; 2 — 0. The expression of the
2-cycles in terms of V and (2 reads

2V — Q Ao \? Q-—v\Y3
L= (% 2 .ty = LA (5.33)
A1 Q—-V Ao
and so we realise that the Kéahler cone is given by ¥V < Q < 2V. In fact, looking at (.27)
and (f.33) we obtain

Q= Ve 201 =001t — 00 <ty — 0,

2/3 1/3
O— @) =n-n (L) =no Ve 0= n - (2)
We look now for possible minima along the € direction considering the volume already

fixed:
(Vig))  2d1Q(Q —3V) =V (da (2 + 3V) +4d3V)

=0. .34
Equation (p.34) admits a solution of the form (Q) = (V) where
2 2 2
o — 6dy + do + \/36d1 +36d1d2+d2+3 dldg‘ (5‘35)

4dy

A consistent minimum within the walls of the Ké&hler cone requires a choice of dy, ds
and dsz such that 1 < k¥ < 2. In section we have set the parameters a = v = 1,
£ =2,95s=0.1, a3 =7 and Wy = 1, and then obtained (r3) = 10 and (V) ~ 3.324 - 10'3
from (B.47)-(B.48). We now keep the same choice of parameters and set also 3 = 1/2,
CEE =1, CKE = ¥ =10. It follows that d; = 2.005, dy = —14.01 and d3 = 12.015
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Figure 4: V versus 2 at V and 73 fixed.

which gives k ~ 1.004 correctly in the required regime. Then the minimum for 2 shown in
figure 4, is located at (Q) = x-3.324-10'3 ~ 3.337 - 10'3. We stress that we have stabilised
Q) without fine tuning any parameter.

We could also contemplate the case where we do not have D7 branes wrapping one
of the 4-cycles 7, and 75. In this case there is no correction coming from the exchange of
winding strings because we have just one stack of D7 branes with no intersection. Only
the Kaluza-Klein corrections would survive.

1. no D7 brane wrapping the 71 cycle
In this case the 1-loop correction looks like

2 Won _ (-

KK 2 2 KK
6V(9s) = M/(gs),m = 2a”g; (02 ) Y Pa )

(5.36)

where d = (Oé2\/§/[3)2/3 g2 (C'QKK)2 WE. However (5.3d) has no minimum in  re-
gardless of the value of d.

2. no D7 brane wrapping the 7 cycle

W

9) vz = ,

_ VKK 2 (CKK)2 1 n 2(a8)m\ W5 € + paQV + pzV?

(5.37)

where
p1 =0, pp=-25, ps=30, 06=2Y3(aB)?g2(CEEY’WE  (5.38)

Since the potential (5.37) has the same form of (F.2§), we can follow the same line
of reasoning as above and conclude that this case admits a minimum located at
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Q) = k(V) if 1 < kK < 2, where k now is given by (p.35) with the replacement
di Uy Vi = 1,2,3,.

We consider now the matrix of second derivatives in the (71, 2) space M;; = V;; and
using the known expression for the Kahler metric K;; we construct the matrix Kﬁclej'
The two eigenvalues of this matrix correspond to the mass-squared of the canonically nor-
malised particles corresponding to the volume modulus and the originally flat direction €2:

md o~ V3, md o~ 1/V1003,

Finally we have looked at minima in which 79 > 7. This would be an interesting
configuration because of the following observation: since to = /71 and t; = (72 —2711)/2+/71,
we can see that 79 > 7 would imply that ¢; > t5 and we would effectively have a very
anisotropic compactification with the 2-cycle much bigger than its dual 4-cycle. This could
then lead to a realisation of the supersymmetric 2 large extra dimensions scenario [[7, [
in which the extra dimension could be as large as a fraction of a millimetre. This would
correspond to looking for solutions (2) = (1 + €)(V) with € — 0.

However, we have shown that in the case 7 “small”, the inclusion of the string loop
corrections ruins the presence of the almost flat direction which we had found before,
without being able to produce an actual minimum at exponentially large volume with all
moduli stabilised in a reliable region of moduli space.

6. Conclusions and potential applications

This paper has studied the general conditions needed to find exponentially large volume
in type IIB compactifications. The necessary and sufficient conditions are simple to state:
negative Euler number, more than one Kéahler moduli with at least one of them being a
blow-up mode resolving a point-like singularity.

We have also uncovered the important role played by gs corrections in moduli stabilisa-
tion. This has allowed us to find new classes of LVS with a fibration structure in which not
only the volume but the fibre moduli are exponentially large whereas the blow-up modes
are stabilised at the usual small values. Therefore in general all of o/, non-perturbative
and g corrections, may be important to stabilise the different classes of Kahler moduli.

Here we briefly discuss some of the applications. First, our results do not appear to
change significantly the standard phenomenology of LVS explored in [, B7], where we
imagine the Standard Model localised on D7 branes wrapping a small 4-cycle. The reason
is that the volume modulus is still the main source of supersymmetry breaking leading to an
approximate no-scale structure, which can be argued in general terms [P§]. As the Standard
Model is localised around a blow-up cycle, the effects from other exponentially large moduli
will be suppressed. However, it may be interesting to explore the potential implications
of hidden sectors localised on those cycles. Also, in the multiple-hole Swiss cheese case
where the Standard Model cycle is stabilised by perturbative rather than non-perturbative
effects, the general structure of soft terms will not change significantly, again since the
main source of supersymmetry breaking is the volume modulus. The only difference could
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be the absence of the small hierarchy between the scale of the soft terms Mgy and the
gravitino mass mg o, since if the SM cycle is not stabilised non-perturbatively, then the
suppression of Mg with respect to mg/, by In(Mp/ms /2) 9] is probably not present,
but it would be interesting to study this case in further detail.

A potentially more interesting application is to cosmology. The cosmological implica-
tions of LVS have been explored in [BJ—B3] only for Swiss cheese compactifications. Small
moduli were found to be good candidates for inflatons as long as hq; > 2 without the need
to fine tune. However a difficulty with this is that loop corrections are expected to modify
this result if there is a D7 brane wrapping the inflaton cycle, while if there is no such brane
then it is difficult to reheat the Standard Model brane since there is no direct coupling of
the inflaton to Standard Model fields.

The volume modulus is not suitable for inflation as my ~ H and so it suffers directly
from the n problem. However for fibration models such as Cpﬁ,1,2,2,6]7 there is the transverse
field 2 which is stabilised by the loop corrections. As the loop corrections are parametrically
weaker than the o/ corrections which stabilise the volume, Q is parametrically lighter than
the volume modulus and thus the Hubble scale. In fact mg ~ V~=3/24%) with a = 1/6. It
follows that the slow-roll n parameter is

2
nNM}%%Nﬁ<<1. (6.1)
Therefore such fibration models seem promising for string theory realisations of modular
inflation, as at large volume the mass scale induced by loop corrections is parametrically
smaller than the Hubble scale. A detailed study of the potential for large values of the
field, away from the minimum, will be required in order to see if this is a viable model of
inflation, including the value of density perturbations and the potential for reheating.

The fact that the spectrum of moduli fields includes further candidate light fields,
besides the volume modulus, is a new source for the cosmological moduli problem. In the
LARGE volume scenario this problem is already present as long as the string scale is smaller
than 10'3 GeV since the volume modulus would be lighter than 10 TeV, and coupling with
gravitational strength interactions it would overclose the universe or decay so late to ruin
nucleosynthesis. Given a solution to this problem - such as a late period of inflation -
the corresponding modulus becomes a dark matter candidate. With an intermediate string
scale and TeV supersymmetry, the volume modulus has a mass m ~ 1MeV. The additional
light moduli fields are also potential dark matter candidates and have masses m ~ 10keV.
Furthermore, they can decay into photons with a clean monochromatic line similar to the
volume modulus. A proper analysis of their couplings to photons along the lines of [R4]
should be made in order to see if this effect could be eventually detected.

It is worth pointing that the multiple hole Swiss cheese example provides an explicit
example of Kéhler moduli inflation, in which at least three Kéhler moduli were needed (but
no explicit example was provided in [) Also this is a good example to explore the issue
about stabilisation of the Standard Model cycle that has to be small (and then a blow-up
mode) but without the presence of a non-perturbative superpotential which is not desired if
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the corresponding axion is the QCD axion [[9] and if D-terms could induce a breaking of the
Standard Model group [[[4]. Our results indicate that it is actually possible to achieve this.

We would finally like to emphasise that this is only a first attempt to investigate
the relevance of loop corrections in the LVS and much work remains to be done. In
particular, although we have used a well motivated volume dependence of the leading
quantum corrections to the Kéhler potential, explicit calculations are still lacking. While
we believe that given the general importance of loop corrections, it is important to study
their effects even with incomplete knowledge of their form, further information about these
corrections for general Calabi-Yaus is very desirable.
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A. Proof of the LARGE volume claim

Let us now present a comprehensive argument in favour of the LARGE Volume Claim
which establishes the existence of LARGE Volumes in IIB string compactifications.

A.1 Proof for Ny =1

Proof. (LARGE Volume Claim for Ny = 1) Let us start from the scalar potential (P.9)
which we now rewrite as

V= Vnpl + Vnp2 + ‘/(a’)7 (Al)

and perform the large volume limit as described in (R.1() with Ngpnay = 1 corresponding
to 71. In this limit V{,/) behaves as

3¢ k. 1
‘/(a/) Vjc:o 4‘@61{6‘S |I/V|2 -+ O <W> . (AQ)
We also point out that
K eKc“" 1
Y +0 IR (A.3)
Let us now study V;,;,1 which reduces to
Kp—1.24 12 nam)  Kn' o 2o
Vi — FEp'at AP e () = Shbad |4, e, (A4)
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Switching to the study of V;,,2, we find that

hi,1
Vop2 oo —eff ZKl_kl [(alAle_‘“ﬁe_i‘“bl W@ﬂK) + <a1f_116_“”1e”“lle@TkK)] ,
k=1
(A.5)
where we have used the fact that K 1_161 =K 19_11' Equation ([A2§) can be rewritten as
hi1 ' '
Vap2 S —ef Z Kl_kl (O, K)aje” ™™ [(A1We_““b1> + ([IlWeJ”‘“blﬂ
k=1
— <X1€+m1b1 + Xle_mlbl) s (AG)
where
X1 ="K (0, K) ag AyWe 7, (A7)
We note that for a general Calabi-Yau, the following relation holds:
Ky (O, K) = —2m, (A.8)
and thus the definition (A7) can be simplified to
X1 =2e8arm [A| e W] ePwem i = | Xy | 0w 0, (A.9)

Therefore

Vipo Vjo)o bd <e+i(l9w—?91+a1bl) + e—i(ﬁw—ﬁl-i-mbl)) = 2|X1| cos (D — V1 + arby).
(A.10)
Vip2 is a scalar function of the axion by whereas 91 and Yy are to be considered just as
parameters. In order to find a minimum for V2 let us set its first derivative to zero:

Vy,
8bp2 = —2a1 | X1|sin(Pw — 91 + a1by) = 0. (A.11)
1
The solution of (A1) is given by
a1by = pim+ 9 — 9w, p1 €Z. (A.12)

We have still to check the sign of the second derivative evaluated at by as given in (A.17)
and require it to be positive:

O* Vo

e —2a% | X1 | cos(Vy — D1 + arby) > 0 < p; € 2Z + 1. (A.13)
1

Thus we realise that at the minimum
e_alTl

V2

We notice that the phases of W and A; do not enter into V,,;,» once the axion has been

Vnpg =-2 |X1| = -2 |W| |A1| a171 (A14)

properly minimised and so, without loss of generality, we can consider W and A; € R*
from now on.
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We may now study the full potential by combining equations ([A.3), (A.4) and (A.14)

A~

—4Qa]1T W —alT
A2qle20m _ V—20A1<117'1€ 14 %WOQ, (A.15)

K
V:W

where we have substituted W with its tree-level expectation value W because the non-
perturbative corrections are always subleading by a power of V. Moreover, we have dropped
all the factors since they are superfluous for our reasoning.

We would like to emphasize that we know that the first term in (jA.15) is indeed
positive. In fact it comes from

K (W) (W), (A.16)

and we know that the K&hler matrix is positive definite since it gives rise to the kinetic
terms. Moreover, as we have just seen, the second term in (JA.1) comes from the axion
minimisation as so is definitely negative. Only the sign of V|, is in principle unknown, but
the condition ho1(X) > hi1(X) ensures that it is positive. This condition will turn out
to be crucial in showing that the volume direction has indeed a minimum at exponentially
large volume.

We need now to study the form of K 1_11. For a general Calabi-Yau, the inverse Kahler
matrix with o/ corrections included, reads [PJ]:

_ 2 - 4y — €
1 k o
K = ~3 <2V + 5) kijipt™ + Y TiTj, (A.17)
which at large volume becomes
K= — 2kt + + bleading i A
i = —§V ikt + 47;7; + (terms subleading in V) . (A.18)

Hence we can classify the behaviour of K 1_11 depending on the volume dependence of the
quantity klljtj and find 4 different cases:

1/243a/2
1. klljtj =0 or k‘njtj ~ HT’ a>1— K1_11 ~ 7'12,
zkmﬁzi@§i0<a<1::Kﬁ:V%?“@o<a<L
3. kit ~ = Kt~ VT,
4. kypt? ~ yoar /232 5 0 = Kt e vt g s 1

One could wonder why we are setting the conditions of the Theorem on the elements of
the inverse Kéahler matrix and not on the intersection numbers or the form of the overall vol-
ume of the Calabi-Yau from which it would be easier to understand their topological mean-
ing. The reason is that it is the inverse Kéahler matrix which enters directly with the super-
potential into the form of the scalar potential which is the one that determines the physics.
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Moreover, the Claim applies if the superpotential has the expression (R.11]), but in this
case we can still make linear field redefinitions that will not change W, corresponding to
proper changes of basis, of the form

Tj—)Tj/»:Tj, Vj:L...,Nsma]], (Alg)
7j — 7, = Tj + g1(7i), ¥§ = Naman + 1,..., h11(X),
where ¢1(75), © = 1,..., Ngmall, is an homogeneous function of degree 1. This means that

the small 4-cycles will stay small and the large ones will just be perturbed by the small ones.
We are therefore in the same situation and the physics should not change. We conclude
that the inverse Kéhler matrix should not change but both the intersection numbers and
the form of the volume can indeed vary. In fact, for an arbitrary Calabi-Yau, the elements
of the inverse Kéhler matrix are given by:

4
Kigl = —§Vk’ijktk + 4775, (A.20)

and so we see that in order to keep the form of K;; ! unaltered, the quantity (k:,-jktk) has
not to vary, but the intersection numbers k;;; can indeed change. This is the main reason
why we need to put our conditions on the KZ; L

Let us illustrate this statement in the explicit example of the orientifold of the Calabi-
Yau threefold embedded in (CPﬁJ’LG’g] whose volume in terms of 2-cycle volumes is given by

V=6(t+1t}). (A.21)

The corresponding 4-cycle volumes look like

_ OV _ g2 — _ V71
T4—g—%—18t421, — t4 = 3v2’ (A 22)
T5 :
5 = G = 18t2, t5:+;5,
and the volume in terms of the 4-cycles is
1 3/2  _3/2
V=—+ (7’ - ) . A.23
9\/5 5 4 ( )
Finally the superpotential reads
W = WO + A4€_a4T4 -+ A5€_Q5T5. (A24)

It exists a well defined large volume limit when the 4-cycle 74 is kept small and 75 is sent
to infinity. In this case the superpotential can be approximated as

W ~ WO -+ A4€_a4T4. (A.25)

We can now perform the following field redefinition

(oo wom

Ts — T5 = T5 + T4,
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which will not change the form of W (JA.25). However now the volume reads

1 1
VY = 9—\/5 ((Té — 7'4)3/2 - 7'413/2> ~ 9—\/5 <7’5/)3/2 - 7'41\/7'2 — 7'413/2> , (A.27)

which is clearly different from the initial form (JA.23). This means that also the intersection
numbers are different. However the elements of the inverse Kéhler matrix do not change.
In particular we are interested in K 4_41 ~ V,/74 in this case as 74 is the small cycle. Its
form stays unchanged since K;;' ~ V'\/7;. From (K:20), this implies that

\/Ti= (Kyapt'™) = Klyaty + Kusts, (A.28)

and one would tend to say that ks has to be zero but we know from (A.27) that this
is definitely not the case. This means that the field redefinition (JA.26) will have the
corresponding redefinition of the 2-cycle volumes which will produce ¢} and t; that are
both large 2-cycles but such that the combination (kfj,t) + kj5t5) stays small. This is the
reason why the form of the inverse Kéhler matrix is left invariant while the intersection
numbers do vary. This can be rephrased by saying that if 7; is a small 4-cycle, in general the
corresponding ¢; has not to be a small 2-cycle and viceversa. This is clear without the need
to perform any field redefinition in the case of the Calabi-Yau K3 fibration described by the

degree 12 hypersurface in (CP[4 whose overall volume in terms of 2-cycle volumes is

1,1,2,2,6]

2
V=tt3 + gtg, (A.29)

giving relations between the 2- and 4-cycle volumes,

T = t3, Ty = 2ty (t1 + t2),
-2
=y, = \/T_f L (A.30)

that allow us to write
V= %\/7—1 <T2 - §TI> . (A.31)

Looking at (JA.31]) we see that the large volume limit can be performed keeping 7, small
and taking 75 large. Nonetheless, as it is clear from (JA.3(]), ¢; is big whereas to is small.
Therefore it is impossible to impose that the quantity k;jjiti does not introduce any volume
dependence by requiring that some intersection numbers have to vanish.

Going back to the proof of the LARGE Volume Claim for Ngy,.n = 1, let us assume
that we are in case (3), so that (JA.15) becomes

A~

T —2a1T Wi —a1T
Vo~ \/—V_lAfa%e Zarm _ V—;AlalTle LS %Wg, (A.32)
and when we take the decompactification limit given by
. arr 1%
Y — oo with e"™ = — (A.33)

Wy’
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all the terms in ([A.32) have the same volume dependence

w2 .
vt [(Alal — /1) Avai/TL+ 5} . (A.34)
We can finally express the scaling behaviour of (|A.34) as
w2 .
VL (Oviny -Gy +§), (A.35)

where C; and Cy are positive constants of order 1 for natural values of the parameter
Ay ~ 1. We conclude that at large volume, the dominant term in (JA.35) is the second one
and the scalar potential approaches zero from below. It is now straightforward to argue
that there must exist an exponentially large volume AdS minimum.

In fact, at smaller volumes the dominant term in the potential ([A.3]) is either the first
or the third term, depending on the exact value of the constants. Both are positive as we
have explained above. Thus at smaller volumes the potential is positive, and so since it
must go to zero at infinity from below, there must exist a local AdS minimum along the
direction in Kéhler moduli space where the volume changes.

One could argue that if at smaller volumes the dominant term in (A.39) is the first
one, then there is no need to require hg 1 (X) > hq1(X). In reality this is wrong, because
& < 0 could still ruin the presence of the large volume minimum. In fact we can rewrite

the full scalar potential (A.33) as

A I W
V==>2yme?mm — Dpemam > 0 A.36

pyT vzl V3 (4.36)
where A, i and v are positive constants depending on the exact details of this model. We
can integrate out 77, so ending up with just a potential for V. Under the requirement

aim > 1, 0V/01 = 0 gives

carr _ PV A
e 5Ny (A.37)
which substituted back in (A.36) yields
12 . We  — (V)2 4w (A.38)
2 V3 V3 V3 '

and is straightforward to see that we need é > () even though the dominant term at small
volumes in ([A.3Q) is the first one.

It remains to show that the scalar potential has also a minimum in the other direction
of the moduli space. In order to do that, let us fix the Calabi-Yau volume and see what
happens if we vary the small Kahler modulus along that surface. Then as one approaches
the walls of the Kéhler cone the positive first term in (JA.32) dominates since it has the
fewest powers of volume in the denominator and the exponential contributions of the mod-
ulus that is becoming small cannot be neglected. Thus at large overall volume, we expect
the potential to grow in the positive direction towards the walls of the Kéahler cone.

On the other hand, when the small Kéhler modulus becomes bigger then the dominant

term in (A.32) is the positive V(4 due to the exponential suppressions in the other two
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terms. Given that the potential is negative along the special direction in the moduli
space that we have identified and eventually raises to be positive or to vanish in the other
direction, we are sure to have an AdS exponentially large volume minimum.

Since V ~ O(1/V3) at the minimum, while —3e’ [W|* ~ O(1/V?), it is clear that
this minimum is non-supersymmetric. We can heuristically see why the minimum we are
arguing for can be at exponentially large volume. The naive measure of its location is
the value of the volume at which the negative term in (JA.3) becomes dominant. As this
occurs only when (InV) is large, we expect to find the vacuum at large values of (InV).

In reality the way in which we have taken the limit ([A.33), tells us how the volume
will scale, even though this can very well not be the correct location of the minimum

VY~ Woe™ ™. (A.39)

Looking at (A.39) we realise that W cannot be too small, otherwise we would get a small
volume minimum merging with the KKLT one and our derivation would not make sense
anymore. However Wy is multiplying an exponential, which means that in order to destroy
the large volume minimum Wy has to be really small.

Furthermore, we stress that there is no need to require hg1(X) > hy1(X) instead of
just ho 1(X) > hy1(X). In fact, in this proof we have used ¢ instead of &, so obscuring the
presence of any factors of g, but, as it is written explicitly in (R.11), in Einstein frame is
equivalent to &/ gg’/ 2 Therefore if we just have hg 1(X) > hy1(X) then we can still adjust
gs to make sure that the AdS minimum is indeed at large volume.

We are now able to understand what happens if K 1_11 is not in case (3). For example,
when it is in case (4) then the first term in (A.I9) beats all the other ones and along the
direction (JA.33) the scalar potential either presents a runaway or has no minimum at large
volume depending on the exact value of a.

Moreover if K;;' is in case (1) or (2) then the first term in (.15 is subleading with
respect to the other two and at leading order in the volume, the scalar potential looks like

A~

Ve~ —%Alalﬁeﬂ“ﬁ + %VVO2 (A.40)
The minimisation equation for 71, 9V/01; = 0, admits the only possible solution a;m =
1, that has to be discarded since we need a7 > 1 in order to avoid higher instanton
corrections.

Finally, let us argue in favour of the last statement of Claim 1. At the end of all our
derivation we realised that the small Kahler modulus 71 plus a particular combination which
is the overall volume are stabilised. Therefore we have in general (Ngpay + 1) fixed Kéhler
moduli and is straightforward to see that if we have just one big Kéhler modulus then it
will be fixed, whereas if we have more than one big K&hler moduli, only one of them will be
fixed and the others will give rise to exactly (hi,1(X) — Ngman — 1) flat directions. This is
because they do not appear in the non-perturbative corrections to the superpotential due
to the limit (R.10). This terminates our proof of the LARGE Volume Claim for Ngyn=1.
|
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A.2 Proof for Ny > 1

Proof. (LARGE Volume Claim for Ngnan > 1) When Ngpan > 1 the situation is more
involved due to the presence of cross terms. However V) has still the form (A-9). Without
loss of generality, we shall focus on the case with Ngy.n = 2 Kéhler moduli, which we will
call 71 and 79. V1 generalises to

2
K E -1 1 —(a;T; T
Vapr 52 € “ 1Kjk a;Ajay, Ape (6Tt oxTe) (A.41)
-77 =

2
— 2 _2aiTs _ - . _
E :ijla? |Ay| N 2a;7; + K121a1A1a2A2e (a17—1+a27'2)ez(a2b2 a1b1)

In order to consider separately the axion-dependent part of V,,,1, we write
Vipt = Vieal 4y 24X (A.42)

Switching to the study of V;,,2, we find that

hia 2
Vip2 e —eKZZKj_kl [(ajAje_“jTje_mjbj W@@K) + (ajflje_“ﬂjeﬂafbj W@TkKﬂ ,
—00
k=1 j=1
(A.43)
where we have used the fact that K ﬁgl =K k_jl. Equation ([A-43) can be rewritten as
hi,1
np2 B —GKZZKjk Z?Tk 4T KAJ-V_Ve_’“J'bﬂ') + (AjW€+2ajbj>]
k=1 j=1
2 . .
=3 (KjeT 4 Kye ) (A.44)
j=1
where
X; = —eKKj_k1 (01, K) a; AjWe %7, (A.45)

We note that for a general Calabi-Yau, the following relation holds:
K3 (0r,K) = =27, (A.46)

and thus the definition (JA.45) can be simplified to

X; = 2efa;m;|Aj| e W] W e 4T = | X;| 0w ), (A.47)

Therefore )
Vnp2 VT;O Z; ‘X_]’ (e+i(79w—l9j+ajbj) + e—i(ﬂw—’ﬁj-i-ajbj)) . (A48)

J:

Let us now reconsider V,;;‘))f, which we had set aside for a moment. It can be rewritten as

V,{;‘,)f = eKKﬁlalage_(“lTlJr“W?) (Alflgei(@bz_albl) + Ag[lle_i(“zbralbl)) , (A.49)
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(&) | (b) | (c) | (d)
cosy; | +1| -1 | +1] -1
costpy | +1 | -1 | -1 | +1
costpig | +1 | +1 | -1 | -1

Table 1: Points where the axion potential vanishes.

and finally as

Vﬁff = Yypellazb2marb) |y, e milazbamarby) (A-50)
where
Yio = eKKl_zlalagAlflge_(“l”+“272) = |Y12| i01=v2) (A.51)
Therefore
VAi( — ’Y12’ (ei(191—192+a2b2—a1b1) + e—i(ﬁ1—192+a2b2—a1b1)> (A 52)
s . .

Thus, the full axion-dependent part of the scalar potential V4x looks like

2
Vax = Vipa + an?{i{ = 22 ’X]‘ Cos (19W — 19j + ajbj) + 2 ‘Ylg‘ cos (U1 — Y2 + agby — a1by) .

j=1
(A.53)

A.2.1 Axion stabilisation

Vax is a scalar function of the axions b; and by whereas 11, 95 and ¥y are to be considered
just as parameters. In order to find a minimum for V4 x let us set its gradient to zero

8VAx/ab1 =0 <= ’Xﬂ sin(Vw — 91 + a1by) = + ‘lef sin (191 — U9 + agby — albl) ,
aVAx/abQ =0 <= ’Xg’ sin(Vw — U2 + agbs) = — ‘Ylgf sin (191 — U9 + agby — albl) ,

(A.54)
The solution of (JA.54)) is given by
1 = (Ww — 1 +aib) =pim, p1 €Z, (A.55)
o = (Vw — V2 + agbo) = pam, pa2 € Z,
and
P12 = (V1 — V2 + agby — a1b1) = piem, pi2 € Z. (A.56)

From ([A.55) equation ([A.5d) requires pj2 = p2 — p1. Let us summarise the points where
the gradient of the axion potential is zero in table [[.

We notice that the phases of W, A; and Ay will not enter into V;,,2 once the axions
have been properly minimised and so, without loss of generality, we can consider W, Ay
and Ay € Rt from now on.

We have still to check the Hessian matrix evaluated at b; and by as given in (JA.55)
and require it to be positive definite. Its diagonal elements are given by

{ 82VAX/8b% = —2a% (|X1]| cos 11 + |Y12| cos ¢12) ,

A .57
82VAX/8b§ = —2a§ (| X2| cos g + |Y12| cos 112) , ( )
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whereas the non-diagonal ones read

82VAX 82VAX
Toadby ~ Dby 20142 Viz|cos vz, (A.58)

We can diagonalise the Hessian H to the identity by decomposing it a la Choleski into
H = UTTU, where the elements of the upper triangular matrix I are given by the following
recursive relations:

Z/{121 = —Za% (| X1| cos oy + |Yi2| cos)i2) , (A.59)
2 Y;
Up = 4| Zf’ o8 7/1127 (A.60)
11
Usy = —Usy — 2a5 (| Xa| cos P2 + [Yia| cos 1hra) , (A.61)

with Uo7 = 0. Determining if the Hessian is positive definite is equal to checking that U
is a real matrix. Looking at ([A.6() we realise that U3 is automatically real if Uy is real.
Hence we have to make sure just that both U7 > 0 and U2, > 0. When we analyse the
cases listed in table ([[) we realise that:

(a) can never be a minimum since U} < 0; in reality it turns out to be always a
maximum,

(b) is a minimum only if [X1] > [Yio] and [Xi][Xo| > [Yio| (| X1| + |X2])
(c) is a minimum only if |Yio| > |X1| and | Xo| |Yia| > | X1 (| X2| + [Y12]),
(d) is a minimum only if |Y12] | X31| > | X2o| (| X1] + [Y12]),

where, according to the definitions ([A.47) and (A-51]), we have

| X1| = 2| A1 a7y [W] S5,

[ Xs| = 2| Az] agma |W| 552, (A.62)
Vio| = K35 [A1] a1 |Az| a2 557

In order to study the cases (b), (¢) and (d), it is therefore crucial to know the order of
magnitude of the two exponentials e~ ™™ and e~ 2™ given by their scaling behaviour in
the volume. This depends on the direction we are looking at to find the minimum in the
large volume limit which can be performed in three different ways:

]) VY~ VUL 272 v e Rt
IN Y ~ Pum 2™ 3oy~ 3eRT, (A.63)
IINY ~ PUm 272 g5~y ~ 3eRY,

Finally we need also to know the form of K 1_21. We can classify its behaviour according to
the volume dependence of the quantity k;lgjtj and find 4 different cases:

1. klgjtj =0 or klgjtj = %, o> 1= K1_21 = T1792;
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2. kigt! = W, 0 < a < 1, g homogeneous function of degree v = # = Kl_zl =

VeGa_30/2(T1,72), 0<a<1;
3. kigt! = f1/2(71,72), f homogeneous function of degree 1/2 = K1_21 = Vfi2(m1,2);

1-3a
2

4. kygjt! = V*hg(71,72), a > 0, h homogeneous function of degree 3 = = K1_21 =

Vah2_3a/2(7'1,7'2), a>1.

Let us now focus on the axion minimisation by analysing each of these 4 cases in full detail.
For each case we will have to study if the inequalities (b), (c¢) and (d) admit a solution for
any of the three possible ways to take the large volume limit as expressed in (A.63). We
will always consider natural values of the parameters |A;| ~ |Ag| ~ |[W| ~ 1.

From (I) of (A:63), we can immediately realise that, regardless of the form of K", at
large volume |X;| and |X32| have the same scaling with the volume and so we can denote
both of them as | X|. It is then straightforward to see that both the second (c)-condition
and the (d)-condition can never be satisfied. In fact they take the form

X[ [Yia| > X[ Vi + [ X?, (A.64)

which is manifestly an absurd. This implies that neither (c) nor (d) can be a minimum
along the direction (I) for any value of K;'. A further analysis reveals that the points (c)
and (d) can never be maxima so since we proved that they cannot be minima, they are
forced to be saddle points. We do not present the details of this analysis here since it is not
important for our reasoning. On the other hand, the first (b)-condition is automatically
satisfied if the second one is true since it reduces to

X2 > 2|X||Yie] < |X]|>2]|Via]. (A.65)

From (I1) of (.63), we also notice that, regardless of the form of K, at large volume
|X1] < | X2 since 8 < 7. It is then straightforward to see that in this situation the (d)-
condition can never be satisfied. This implies that (d) is always a saddle point along the
direction (IT) for any value of K,

Furthermore (ITT) of (A-6J) implies that, regardless of the form of K;,', at large volume
|X1| > | X2| as B > . Then we immediately see that the second (c)-condition can never
be satisfied. Therefore (c) is always a saddle point along the direction (III) for any value
of K.

Case (1):K5 ~ 117
e direction (I)

The volume dependence of the parameters ([A.62) is

(A.66)

| X1| ~ | X ~ VY Iy,
Yia| =~ V=27 (In V)2,

Al

Looking at ((A.60), we realise that at large volume |X;| > 2|Yj3|. Therefore the
second (b)-condition (JA.65) is satisfied and (b) is a minimum of the axion potential.
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® [ @ [ am
(a) | max max max
(b) | min min min
(c) | saddle | saddle | saddle
(d) | saddle | saddle | saddle

Table 2: Summary of axion stabilisation results for case (1).

e direction (II)
The parameters (|A.62) now read

2+1/B) 1y,
2N Iy, (A.67)
[Vig| o V= GH/B+1/7) (In V)2,

(
(

Looking at ([A.67), we realise that at large volume |X;| > |Y72|, which implies that
(c) is a saddle point. Thus the first (b)-condition is satisfied and the second becomes

(InV)? (InV)? InVy InVy N (In V)3
VB~ YRRy \ YR8 T YRy ) ey YA

(A.68)

which is true at large volume for values of v > # > 0 not extremely big. Thus (b) is
a minimum of the axion potential.
e direction (III)

The parameters ([A.69) take the same form as (A.67) but now with 3 > v. We have
still | X;| > |Yi2|, which implies that the first (b)-condition is satisfied. The second

looks like
(InV)? (InV)? InVy InVy N (In V)3 A69
Va+1/B8+1/~ V2+1/B+1/y \ Y2+1/8 + V2+1/v 1/521/7 Va+2/B+1/v’ ( ’ )

which is true at large volume. Thus (b) is a minimum of the axion potential. On the
contrary the simplified (d)-condition reads

InVy 1 InV

V1B >1+ Vi (A.70)

which at large volume is clearly false for values of § > v > 0 not extremely big. It
follows that in this case (d) is a saddle point.

The results found in case (1) are summarised in table B
Case (2):K15; = Vg2 34/2(T1,72), 0< o < 1
e direction (I)

The volume dependence of the parameters (A.69) now reads

{ [X1| = | Xo| = V Y, A

’Y12‘ ~ V—(2+2/'y—a) (ln V)2—3a/2.
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Substituting the expressions (A.71]) in (JA.63) we find

(ln V)1—3a/2

1> 25—

(A.72)

which at large volume is true if o < (1/7), false if & < (1/7) or @ = (1/) < 2/3.
On the contrary, for 2/3 < a = (1/v) < 1 the minimum is present. Thus (b) can be
a minimum of the axion potential.
direction (II)
The parameters (JA.62) now read

1 X1| ~ V-G8 Iny,

| Xy| = V=M 1 Y, (A.73)
|Yia| ~ Y= (2+1/B8+1/7=0) (1 V)2—30/2,

The first (b)-condition becomes

(111 V)1—3a/2
i

that is satisfied if either o < (1/7) or 2/3 < a = (1/7) < 1. Otherwise (A.74) is false
unless &« = (1/7) = 2/3 in which case we cannot conclude anything just looking at

1> (A.74)

the volume dependence. However the second (b)-condition reads

1 1
1-3a/2
1> (Inp)'—3¢/ (Vlm_a + Vl/y_a> : (A.75)

which is definitely true at large volume if a < (1/7) or 2/3 < a = (1/v) < 1. On the
contrary, in the case a = (1/7) = 2/3 < (1/8 —2/3) > 0, (A.75) becomes

1

I>1+ vi/8-2/3’

(A.76)

which is clearly impossible. Thus (b) can be a minimum of the axion potential. We
need now just to study the case (c) for which the first inequality is

(ln V)1—3a/2
i

that is satisfied if either (1/v) < a < 1 or a = (1/7) < 2/3. Otherwise ([A.77) is false
unless @ = (1/74) = 2/3 in which case we cannot conclude anything just looking at

1< (A.T7)

the volume dependence. However the second (c)-condition can be simplified to give

(ln V)1—3a/2 (ln V)1—3a/2
Vima > 1+ e (A.78)
which is clearly satisfied at large volume if either (1/7) < o <1lor a = (1/v) < 2/3.
On the contrary when o = (1/7) =2/3 < (1/8 —2/3) > 0, (A.79) becomes

1

1>1+ Vi/8-2/3’

(A.79)

which is clearly false.
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O (I1) (I1I)

(a) max max max
a < 1/~ min, a < 1/~ min, a < 1/ min,
(b) 2/3 < a=1/y <1 min, 2/3<a=1/y <1 min, 2/3<a=1/F <1 min,
a=1/y<2/3 saddle, a=1/y<2/3 saddle, a=1/p<2/3, saddle,
a > 1/v saddle. a > 1/~ saddle. a > 1/ saddle.
a < 1/ saddle,
< =
(c) saddle 2f3sa=1/7<1 S‘iiddle’ saddle
a=1/y<2/3 min,
1/v7 < a <1 min.
a < 1/ saddle,
2/3<a=1/p <1 saddle,
d saddl ddl
(d) sacdie sacdie a=1/8 < 2/3, min,
a > 1/4 min.
Table 3: Summary of axion stabilisation results for case (2).
e direction (III)

The parameters (JA.6J) assume the same form as ([A.73) but now with 5 > ~. Fol-
lowing lines of reasoning similar to those used for direction (II), we get the results
summarised in table | along with all the others for case (2).

Case (3):Kj5 = V f1/2(T1, T2)

e direction (I)

The volume dependence of the parameters (JA.62) now looks like

1 X1 ~ [ Xo| V- /N In Y,
{ Yio| ~ V=042 /In V. (A.80)
Substituting the expressions (|A.8() in (]A.63) we find
L T (A.81)

V2+1/y > yi+2/y’

which at large volume is true if v < 1, false if 4 > 1. Thus (b) can be a minimum of
the axion potential.

e direction (II)

The parameters (|A.62) now read

1 X1| ~ V-G8 Iny,
| Xo| ~ V=M 0y, (A.82)
Yig| ~ Y—1+1/8+1/7%)  /In V.

Looking at ([A.89), we realise that the first (b)-condition becomes

> — (A.83)
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(1) (I1) (I11)

(a) max max max
(b) 0 < v <1 min, 0 < v <1 min, 0<~v<f<1min,
v > 1 saddle. ~v > 1 saddle. 8 > 1 saddle.
<
(c) saddle { O<v<l s%xddle, saddle
v > 1 min.
<
() saddle saddle 0<y<f=lsaddle,
G > 1 min.

Table 4: Summary of axion stabilisation results for case (3).

which is satisfied only if v < 1. Viceversa the first (c)-condition is satisfied only for
~v > 1. Let us check now the validity of the second (b)-condition which reads

vinyV 1 1
> + ,
1% vi/s - i/

which, at large volume, is automatically true if v < 1. The second (c)-condition is

(A.84)

also correctly satisfied for v > 1 since it reads
1 Viny 1
> + .
Vi/vy % Vvi/B

Thus both (b) and (¢) can be a minimum of the axion potential.

(A.85)

e direction (III)

The parameters (A.63) assume the same form as (A.83) but now with 3 > ~. The
inequality corresponding to the (d)-condition reads

1 1 vInV
> + ;
yue = i/ %
and becomes true if 8 > 1. Moreover, the first (b)-condition ([A.83) is again satisfied
for v < 1. On the other hand, the second looks like (A.84) and now, at large volume,
is true only if 8 < 1, which implies correctly v < 1 since in this case v < 3. It follows
that both (b) and (d) can be a minimum.

(A.86)

The results found in case (3) are summarised in table [
Case (4):1{1_21 = V%hy_34/2(T1,T2), a>1

e direction (I)

The volume dependence of the parameters ([A.62) is given again by ([A.71)) and (]A.65)
takes the same form as the inequality ([A.79) which at large volume is true if a < 1/,
false if @ > 1/v. The situation o = 1/~ is more involved and ([A.79) simplifies to

1> 2(In V) —39/2, (A.87)

which gives a positive result if & > 2/3. This is definitely true in our case where
a > 1. Thus (b) can be a minimum of the axion potential.
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0 (i (i)
(a) max max max

1 <a<1/ymin, 1 <a<1/y min, l1<a<1/f<1/v min,
{ a > 1/~ saddle. { a > 1/~ saddle. { 1/8 < a saddle.

(c) saddle 1 < a <1/y saddle, cddle
a > 1/ min.
<
(d) saddle saddle o < 1/ saddle,
a > 1/ min.

Table 5: Summary of axion stabilisation results for case (4).

e direction (II)

The parameters ([A.63) now take the same form given in (A.73). It follows then that
the first (b)-condition |X;| > |Yi2| looks like ([A.74) and is verified for 1/y > a.
The second (b)-condition looks like (JA.75) which at large volume is correctly true for
1/ > a. Thus (b) is a minimum of the axion potential. On the contrary the first
(c)-condition implies 1/v < «, whereas the second is similar to the inequality (|A.7§)
which is again clearly true for 1/ < a. It follows that in this case (c) can also be a
minimum.

e direction (III)

The parameters ([A.62) assume the same form as (A.73) but now with 3 > . The
(d)-condition looks like

1-3a/2 1-3a/2
(InV) S (InV)

VR B (A.88)

and is verified only if 1/8 < a. On the other hand, the first (b)-condition is again
given by (JA.74) and so is still solved for 1/4 > «. The second (b)-condition looks
like (A.75) but now at large volume it is satisfied for 1/3 > . It follows that in this
case both (b) and (d) can be a minimum of the axion potential.

The results found in case (4) are summarised in table ff.

A.2.2 Kahler moduli stabilisation

After this long analysis of the axion minimisation, let us now focus again step by step on the
four cases according to the different possible values of K 1_21. In each case, we shall fix the
axions at their possible VEVs and then study the Kahler moduli stabilisation depending
on the particular form of K 1_11 and K2_21.

However, before focusing on each particular case, let us point out some general features.
At the axion minimum we will have:

(Vax) =2 (£ [Yio| £ | Xa] £ [X2]), (A.89)

— 45 —



where the 74" signs depend on the specific locus of the minimum, that is (a) or (b) or (c),
as specified in ([). Now to write (A.89) explicitly, recall (A.63) and get:

2
Vnp2 + VAX = W w :

ol (+2a;75e” 7)) £ K tajage™(@mtaarz) & (A.90)

2
=1

J

where we have set Ay = Ay = 1. We may now study the full potential by combining

equations (A.9), (A.41)) and (A.90)
112
Vi W ZK‘j—jla.?e_2ajTj + 2K1_21(11a26_(a17_1+a27'2)
j=1

T
+4V_20 Z (tajre” ) +

J=1

£
WWOQ, (A.91)

] w

where we have substituted W with its tree-level expectation value W because the non-
perturbative corrections are always subleading by a power of V.

When we take the generic large volume limit V ~ P47 ~ 79272 with 3 and v € R
without any particular relation among them to take into account all the possible lim-

its (A.63), (JA.91)) has the following volume scaling

-1 -1 -1

Vi~ V2+2/8 + V2+2/v T P2+1/8+1/y + V2+1/8 + V2+1/y + V3

(A.92)

Now given that we are already aware of the volume scaling of K 1_21, which was our starting

point to stabilise the axions, in order to understand what are the leading terms in (|A.93),

we need to know only the form of K j_jl, j = 1,2. We can classify its behaviour according to

the volume dependence of the quantity k‘jjktk and find 4 different cases as we did for K 1_21:

1. kjjktk =0 or kjjktk = —f(:}(;m), a>l = Kj_jl = sz;

2. k‘jjktk = W, 0 < a < 1, g homogeneous function of degree v = % = Kj_j1 =
V2 3a/2(11,72), 0<a<1;

3. k‘jjktk = fi/2(71,72), f homogeneous function of degree 1/2 = Kj_jl = Vfi2(m1,T2);

4. k:jjktk = V%hg(71,72), @ > 0, h homogeneous function of degree § = % == Kj_j1 =

VOho_3q/2(T1,72), a>1.

Before focusing on the Kéhler moduli minimisation by analysing all these 4 cases in full
detail for each direction ([A.63), we stress that we can already show in general that some
situations do not lead to any LARGE Volume minimum.

For example, let us assume that the elements of K ! are such that the dominant terms
in ((A.93) are
K 1_11 51 T 1

Vi~ V2+2/8  2+1/8 2+1/y + V3’

(A.93)
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with 3 =~ = 1 and Kl_ll = Vfi/2(71,72). Therefore the potential (A.91) with Wp = 1
looks like

T, T a26—2a17'1 4 —aiTy 4 —a272 3 ¢
v o Jelm e _dane®h _ dagme ®h _%' (A.94)
V 1% 4y
Thus from 27‘/ = 0 we find
1
4
Y= n —ehm, (A.95)
<2&1f1/2 — 5 )
whereas % = 0 gives
2 2a171
— gy ®) 2.
poa(m) no
019

Now since we have 3 = v = 1, from the form of the large volume limit (I) of ([A.63), we
infer that the minimum should be located at a7 ~ asme. Making this substitution and

combining ([A.95) with ([A.96), we end up with the following equation

Ofij2  az 0f1)2
87'2 = a—l 87'1 - 2a2f1/2. (A97)

Now using the homogeneity property of fi /o, that is 7 agz 2+ 7y 832; 2 = % fi/2, (A.97) takes

the form
Of1/2

1
87—2 = a <4a27'2 - 1> f1/2' (AQS)

1/4

We can solve the previous differential equation getting fi /5 = 7

e~ %72 which is not an

homogeneous function of degree 1/2. Thus we deduce that this case gives no LVS.
Another case in which we can show explicitly that no LARGE Volume minimum is

present, is the one where the dominant terms in (A.99) read

K.

N Ky 1
V2+2/8

4 V2+2/y - V3

n (A.99)

with 8 < ~. The fact that all the three terms in ((A.99) are strictly positive leads us
to conclude that there would definitely be no LARGE Volume minimum in the volume
direction once we integrate out the small moduli. In fact, ((A.99) would take the generic form

a(lnV)® 4 ¢

V ~ V3 )

c> 0, (A.100)
which can be easily seen to have a minimum only if ¢ < 0 and b > 0.

We illustrate now a further case in which it is possible to show explicitly that no LVS
is present. The leading terms in (JA.99) read

Kt Ky' T
~ I + _ (A.101)

4 V2+2/y - Y2+i/y’
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with 8 < v and v > 1 to be able to neglect the o/ corrections that scale as V=3, The
necessary but not sufficient condition to fix the small Kéhler moduli is K 1_11 = V57'12 —30/2
and K,' = V' fo_gp/2(T1, 72) with 6 =2/ —1/v and = 1/. We can now prove that it is
never possible to stabilise a;7; > 1. In fact, the relevant part of the scalar potential ([A.97)

would read

2-36/2 _ 2 —2 _
adry PP a3 fy g (T, m)e 2™ Jagraema2m

Ve~ V2o Yz 2 (A.102)
Now the equation S—K = 0, admits a solution of the form
3 2-36/2
Vr]—é — 2(117'1 e2(a27’2—a1ﬁ) (A 103)
20f2_3y/2 ! ’
ag ot
whereas g—;; = 0 gives
2
V= 12 g (A.104)
a2 fa—3n/2

The third minimisation equation g—‘; = 0 looks like

(n— 2)a%f2_3n/2V"e_2“272 + (6 — 2)a%7'12_36/21)‘56_2“”1 + 8agme” ?™? =0, (A.105)

and substituting the results (JA.104) and (JA.103), we obtain

(6—2) Ofz-3q2
a1fo—zp2  OT

2(n —2) + +8=0. (A.106)

(3

Solving the differential equation ([A.106), we realise that f,_s,/» has an exponential be-
haviour in 7 which is in clear contrast with the requirement that it has to be homogeneous.
Following arguments very similar to this one it can be seen that, as in the case with just
one small modulus, the presence of the o’ corrections is crucial to find a LARGE Volume
minimum. In fact if we omit them, either it is impossible to fix the small moduli large
enough to ignore higher instanton corrections or, once we integrate them out, we are left
with a run-away in the volume direction.

Lastly, we describe the final case in which it is possible to prove the absence of a
LARGE Volume vacuum. The leading terms in ([A.92) are given by

N Kb Ky m 1
V2+2/8 V4 V3 y3’

v (A.107)

with 3 < 1 and the axion minimum along the direction V ~ e?®7 ~ %72 The necessary
but not sufficient condition to fix the small Kahler moduli is K7, b V‘57'12 =372 ith § =
2/3 — 1, and K5,' = Vfi2(11,72). The relevant part of the scalar potential ([A.91) takes
the form

2-35/2 _ - -
a3y PP adfy(n,m)e ™ dagrye 27

Ve~ V2—6 v V2

3¢
1y (A.108)

— 48 —



Now the equation g—;/l = 0, admits a solution of the form

2 9f
2 _2-36/2,5 —2 ay YJ1/2, 9
alTl / V e a1l — Ea—ﬁVe asz, (A109)
whereas g—;; = 0 gives
2
agmoe” 1?72 = %fl/QVe_Q“”Z. (A.110)
The third minimisation equation % = 0 corresponds to
_ 9¢
(6 — 2)&%7’12 36/2V56—2a171 _ a§f1/2ve—2a272 — 8agTee 2™ = Z%’ (A.111)
and substituting the results (JA.109) and (JA.11(), we obtain
av,2 [(0—2) 0f12 _ of,2a2T
4a2V |: 2&1 8—7'1 - 5f1/2 = 966 4272, (A112)

Now writing fy/2(71, 72) = F(%)\/T_l for appropriate function F, ([A.112) becomes

G—%WF <@> (6 — 2 —20a;7;) = 9ée272, (A.113)
a1/T1 as

Given that a trustable minimum requires a1 > 1, the Lh.s. of (AI1J) is negative while
the r.h.s. is definitively positive and so this case does not allow us to find any LVS.

The general path that we shall follow to derive the conditions which guarantee that
we have enough terms with the correct volume scaling to stabilise all the moduli at expo-
nentially large volume, is the following one. We learnt from the proof of Claim 1 for the
case with just one small modulus 74, that we need to have two terms in the scalar potential
with the same volume scaling that depend on 7, so that it can be stabilised rather large
in order to be able to neglect higher instanton corrections. Then if we integrate out 7y,
we have to be left with at least two terms that depend on the overall volume and have
the same volume scaling. Lastly in order to find the exponentially large volume minimum,
the leading term at large volume has to be negative. As we have seen before, the same
arguments apply here. Thus we shall first work out the conditions to be able to fix both
a171 > 1 and agm > 1 by having at least two terms in the potential with a dependence on
these moduli and the same volume scaling. Then, we shall imagine to integrate out these
moduli, and derive the conditions to be left with at least two terms dependent on V with
the leading one which is negative.

Case (1): Ki3' ~ 1172
The previous analysis tells us that, regardless of the particular direction considered, the
axion minimum is always in the case (b). Thus we realise that at the minimum

(Vax) =2 (|Y12] — [ X1| = [ X2]) . (A.114)
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Now recalling that in case (1) Kp5' = 7172, (B.91) takes the form:

2
1
V ~ W ZKj_jla?e_zajTj + 2TlT2ala2e_(a17—1+ll2T2)
j=1
Wy < 3 é
—4— e T L2 S 2, s
Zaﬂ]e +4 f ( )

j=1
We shall now study the behaviour of (A.115) by taking the large volume limit along each
direction ([A.63) and then considering all the possible forms of K j_jl, j =1,2. When we
take the large volume limit (I) of (A.63), (JA.117) has the following volume scaling
Ky
V2+2/v

K2_21 + 7172 . T1 . T2 +i
V2+2/v V2+2/v V2+1/vy V2+1/vy V3’

V ~ + (A.116)

The third term in ({A.116) is subleading with respect to the fourth and the fifth. Thus it
can be neglected
K Ky 71 T 1

Vi~ ViR T yeey T Yty pei s

(A.117)

We have seen that the presence of the o’ corrections is crucial to find the exponentially
large volume minimum. Therefore the fact that the third and the fourth terms in (A.117)
have to scale as V™3 tells us that v = 1.

(A.118)

At this point it is straightforward to realise that if either K ;' or K,' were in case (4),
then we would have a run-away behaviour of the volume direction. Similarly the situation
with K;' and Ko, either in case (1) or (2) is not giving a LARGE Volume minimum since
the first two terms in (JA.11§) should be neglected without then the possibility to stabilise
71 and 7o large. What happens if either Kl_ll or K2_21 is in case (3) and the other one is
either in case (1) or (2)? We do not find any minimum. In fact, let us say that K;' is in
case (3) and K" in case (1) or (2): then the second term in (A.I1§) can be neglected. If
we want to have still some hope to stabilise 79 large, then K 1_11 should better depend also
on 19: K 1_11 ~ f; /2(7'1, 79)V. However this case has been studied explicitly to show that it
leads to an absurd. Thus only if both K;' and K5,' is in case (3) we can have a LARGE
Volume minimum.

On the contrary, if we took either the large volume limit (IT) or (ITI) in (A.63), (A.113)
would scale as
LT,

V2+2/8

K2_21 + 7172 _ T1 B T2 4 i
V2+2/v V2+1/8+1/~ V2+1/8 V2+1/vy y3°

1% + (A.119)

Let us focus on the direction (II) where 1/8 > 1/+. The third and the fourth term

in (]A.119) at large volume are subdominant to the fifth and therefore they can be ignored:
-1 -1

LK I Ky ™ 1
V2+2/8

4 V2+2/y  Y2+l/y + V3’

(A.120)
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=
=

KoK | M,0) [, o) (i, )
1 1 NO NO NO
1 2 NO NO NO
1 3 NO NO NO
1 4 NO NO NO
2 1 NO NO NO
2 2 NO NO NO
2 3 NO NO NO
2 4 NO NO NO
3 1 NO NO NO
3 2 NO NO NO
3 3 |OK,v=1 NO NO
3 4 NO NO OK, =1, (xx)
4 1 NO NO NO
4 2 NO NO NO
4 3 NO OK, v =1, (x) NO
4 4 NO NO NO

%) Ky' ~Vym, Kyt = Vver 2 with L =«
s) Kyt o Vo, Kt = Vo) 22 with L = o

—~ o~

Table 6: Summary of Kihler moduli stabilisation results for case (1): K" =~ 71 79.

If 1/ > 1, then the V=3 term would be the dominant one producing a run-away in the
volume direction. Thus we impose 1/ < 1. However we have already showed that the
situation with 1/y < 1 gives no LVS and so we deduce that we need 1/y = 1. Then we
realise that the only possible situation in which we can hope to fix 75 large is when either
the first or the second term in ([A.120) scales as V=3, Now if the second term involving K2_21
were subleading with respect to the fourth term in (A.120), then the first one should scale as
V~3. However at that point, knowing that K 1_11 will introduce a dependence on 71, we would
not be able to stabilise 7y large. Hence K,," has to be in case (3): Ky, = Vfi2(m1,m2).
Now we have two different situations according to the fact that f; /5 indeed depends on
both 7 and 79 or only on 79. The first possibility has already been studied with the final
conclusion that it produces no LVS. On the other hand, when K2_21 depends only on 7o, i.e.
K2_21 ~ V,/T2, we have that the overall volume and 7, are both stabilised by the interplay
of the second, the third and the fourth term in (A.120). The first term is now subleading

V“le —3a/2 and then impose 1/3 = « in order

and can be used to fix 7 if we write K 1_11 ~
to make it scale as the fourth term in (A.119).

We point out that these results apply also to the direction (III) where 1/y > 1/4, if
we swap v with 8 and 7 with 5. Let us finally summarise in table ff what we have found

for this case.
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Case (2):K1_21 ~ Vy_3q/2(T1,T2), 0 < a <1

This case is more involved than the previous one since, depending on the direction chosen
for the large volume limit and the exact value of the parameter ¢, the axion minimum can
not only be in case (b), but also in (c) and (d). Let us start by considering each case in
detail:

e axion minimum at (c) along direction (II) for a =1/y <2/3or 1/y <a <1

We can easily conclude that no LVS is present given that, looking at the general
volume scaling of the scalar potential ([A.93), we can notice that the fifth term would
be dominant with respect to the last one since we have always 1/v < 1. Thus the o/
correction would be negligible at large volume, so producing no LVS.

e axion minimum at (d) along direction (IIT) fora =1/8<2/3or 1/f<a <1
This situation looks like the previous one if we swap vy with 8 and 7 with 7o, therefore
we conclude that no LARGE Volume minimum will be present.

e axion minimum at (b) along direction (II) for « < 1/yor 2/3 <a=1/y <1

First of all we realise that the situation with 2/3 < o = 1/ < 1 does not give rise to
any LVS because the leading order o/ correction would be negligible at large volume.
We shall therefore focus on the case a < 1/7. The scalar potential ([A.91) takes the
form

2
1 . .
V ~ W ZKj_jla-?e_2aJT] + 2a1a2g2_3a/2(7—177—2)]}0{6_(0’17—1—1—0‘27—2)
Jj=1

£
WW&. (A.121)

=~ w

W,
_4V_20 (alTle_‘“ﬁ + CLQTQG_GZTZ) +

When we take the large volume limit (II) of (A.63), (A.121)) has the following volume
scaling

K Ky 92-3a/2(T1,72) 71 72 1

Vi~ V2+2/8 T p2+2/y | V2Hl/Btljy—a | 2+1/B P2+l/y + V3

(A.122)

Setting 1/ = 1 and recalling that in this direction 1/3 > 1/, the dominant terms
in (A.122) become
K

N K2_21 T2 1
V2+2/8

yi st yE
Now by noticing that equation (A.123) has the same form of ([A.120) if we set 1/y = 1,
we can just repeat the same consideration made before and obtain that K2_21 has to
be in case (3). Moreover if K,," depends on both 7, and 73, then there is no LARGE
Volume minimum, but when K2_21 depends only on 7y, the first term in ([A.123) is

negligible at large volume and can be used to fix 7 if we make it compete with the
fourth term in (A123) by writing K" ~ V57'12_36/2 and then imposing 1/5 = 0.

v

+ (A.123)
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e axion minimum at (b) along direction (III) for « <1/ or2/3<a=1/4<1

This situation looks like the previous one if we swap v with 4 and 7 with 7o, therefore
we do not need to discuss this case.

e axion minimum at (b) along direction (I) fora < 1/yor2/3<a=1/y<1
In this situation the full scalar potential still looks like (A:121)), but the volume scaling

behaviour of its terms now reads

K. Ky 92-3a/2(T1,T2) 71 T2 1

Vi~ V2+2/y T op2+2/y V2+2/y—a  Y2+l/y  P2+l/y ™ V3

(A.124)

For 2/3 < a =1/ < 1 the last term in (JA.124) would be subdominant with respect

to the fifth one, but we know that its presence is crucial to find a minimum and so

we can conclude that this case admits no minimum. On the other hand for o < 1/,
setting 1/ = 1, the dominant terms in ([A.124)) become

V ~ E + @ _ 1 _ 2 + i

V4 Vi V3 V3 y3°

We immediately realise that ([A.12§) is absolutely similar to (JA.11§). We can therefore

repeat exactly the same analysis and conclude that only if both K 1_11 and K2_21 is in

(A.125)

case (3) we can have a LARGE volume minimum. Let us finally summarise in table [
what we have found for this case.

Case (3):1{1_21 = Vfi/2(11, T2)
We shall now consider each particular situation according to the different possible locations
of the axion minimum:

e axion minimum at (c) along direction (II) for v > 1

Thus at the minimum
(Vax) = 2(|X1| — [Yi2| — [X2]). (A.126)
Therefore the full potential ([A.91)) looks like

2
1
Vi ge > Klaie™T = 2ayanfy (71, mo) Ve (TTRT)
=

W, 3¢
+4V_20 (alﬁe_“m - ange_“2T2) + Z%Wg (A.127)
When we take the large volume limit (II) of (A.63), (A.127) has the following volume
scaling
K K3 , 1
Vo~ 11 2 _ f1/2(7'1 2) T T L (A.128)
V2+2/8 V2+2/v Y1+1/8+1/y V2+1/8 V2+1/v V3

Given that 1/ < 1, the leading order o' correction would be subleading in a Large
Volume limit. However, we know that its presence is crucial to find the minimum
and so we conclude that this case does not present any new Large Volume vacuum.
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Ky | Ko | (). (D), (I11), (b), (I11), (c), (I11), (b), (I1T),(d),
a<l/y a<l/y a>1/y a<1/8 az1/8
1 1 NO NO NO NO NO
1 2 NO NO NO NO NO
1 3 NO NO NO NO NO
1 4 NO NO NO NO NO
2 1 NO NO NO NO NO
2 2 NO NO NO NO NO
2 3 NO NO NO NO NO
2 4 NO NO NO NO NO
3 1 NO NO NO NO NO
3 2 NO NO NO NO NO
3 3 [OK,v=1 NO NO NO NO
3 4 NO NO NO | OK, B =1 (%) NO
4 1 NO NO NO NO NO
4 2 NO NO NO NO NO
4 3 NO OK,y=1(x)| NO NO NO
4 4 NO NO NO NO NO

(*) Ky' ~Vym, Kyt =V~ with 1 =4
(##) K'YV, Kop' = Vor) %% with L =5
Table 7: Summary of Kéhler moduli stabilisation results for case (2): K1_21 = V2_30/2(T1,72),

O<a<l.

e axion minimum at (d) along direction (III) for 5 > 1

This situation looks like the previous one if we swap v with 4 and 7 with 7o, therefore
we conclude that no LARGE Volume minimum is present.

e axion minimum at (b) along direction (I) for 0 <y <1

Thus at the minimum
(Vax) =2(|Yi2| — [ Xa] — [X2]), (A.129)

and so the full potential (A.91) becomes (setting Wy = 1)

2
1 . —4a;Ty —(a1m1+azT
V o~ 72 Zijla?e 2475 1 2ayag fy (11, 7o) Ve (@107
j=1
( —a1T1 —(12T2) 3 é (A 130)
_W aiTie + asToe + ZW .
When we take the large volume limit (I) of ([A.63), (A.13() has the following volume
scaling
K Ky fi/2(m1,72) Bl T 1
V ~ V2+2/7 + V2+2/7 V1+2/7 - V2+1/,Y - V2+1/’Y + W (A131)
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In the case where 1/ > 1, the leading part of (A.131]) at Large Volume takes the

form . )
K1y Ko + S (A.132)

Vi~ V2+2/y + Vvat2/y T PR

We have already checked explicitly that this situation does not present any LARGE
Volume minimum, therefore we shall focus only on the case 1/y = 1, for which the

volume scaling ([A.131]) becomes

K K2_21_|_f1/2(7'177'2) T T2 1

Yy T VR VR VR VER

(A.133)
We immediately realise that as soon as either Kl_ll or K2_21 is in case (4) then the
o/ corrections would be subleading in a large volume expansion. Thus we can reject
this possibility. Then we are left with three different situations. Firstly when both
K 1_11 and K2_21 are subdominant with respect to the last three terms in (A.133) (i.e.
each K j_jl with j = 1,2 is either in case (1) or (2)) the scalar potential ([A.130) takes
the form

i (A.134)

»-lklw

2 4
V= valagfl/Q(Tl,72)6_(a1T1+a2T2) ~ 92 (a171e™ T + agroe” 27 +
Since we have to ﬁnd a minimum such that a;7; > 1 for j = 1,2, we can work at
leading order in a —— and — expansmn and obtain that ~ () due to the presence
of just one exponentlal in 71 in both the first and the second term in (A.134). In fact,
if we are interested in the dependence of V on just 71, (A.134) can be rewritten as

27’1

V=cie " <6L2J“1/2(71,Tz)€_a2T2 Y

) +ca=cre Mg(m) + ca, (A.135)

where ¢; and ¢y are constants and g(77) is the sum of two homogeneous functions in
1

T1. i
ov
— ~ —ajcie. "Mg(n) =04 g(n) =0, (A.136)
or
which implies
o?V
- ~ aicre”"g(m)| . =0. (A.137)
87—1 min i
Similarly we have %—Qg ~ (0, whereas
T2
0V ~ 2a%a3 f1 90”1 o =c3>0 (A.138)
oMo | i 1727172 Volwin s ' ’

Therefore considering V constant, the Hessian matrix will look like

H ~ <(? ?) — detH = —c% <0, (A.139)
3

— 55 —



so implying that we can never have a minimum.

Secondly we have to contemplate the possibility that only one of the first two terms
in (A.133) is competing with the last three ones while the other is negligible. However
even this case does not yield any new LVS due the asymmetry of the dependence of
the scalar potential in 7 and 7 that does not allow us to stabilise the small Kahler
moduli large enough. In fact, let us assume for example that K1_11 is in case (1) or
(2) and hence is negligible, whereas K2_21 ~V,/72. Consequently we obtain

2
8_‘/ — 0<:>v: LCCLQT27 (A140)
omn az f1/2
vV 2
87—2 a1f1/2e a1 CLQ\/EG asTo
Now combining ([A.140) with (A.141)) we find:
alTlfl/zeasz—mﬁ + (127'1\/6 = a27-2f1/27 (A‘142)

which evaluated along the direction a17; >~ asm where the axion minimum is located,
becomes

a171fij2 + aeT1V/T2 2 a1 fr0 < Varazr? ~ 0, (A.143)

which is the negative result we mentioned above. Lastly when both Kl_ll and K2_21
is in case (3) all the terms in ([A.133) have the same volume scaling. It can be seen
that, regardless of the form of f; /5, the LARGE Volume minimum is always present.

axion minimum at (b) along direction (II) for 0 < <1

In this situation the full scalar potential still looks like (JA.13(), but the volume scaling
behaviour of its terms now reads

N K7 Ky fipiun)  n n +i
V2+2/8 V2+2/v Y1+1/8+1/~ V2+1/8 V2+1/vy V3’

1% (A.144)

Given that along the direction (II) 1/8 > 1/, and the axion minimum is present for
1/~ > 1, the dominant terms in ([A.144)) become
Ki' Ky w1

Yy T pE Ty Tty

1% (A.145)

where we have already set v = 1 because, as we argued before, this is the only
possible situation when we can hope to find a LARGE Volume minimum. We notice
now that whenever the first two terms in ([A.14H) are negligible at large volume, then
we have only one term in V dependent on 75 and so we can never obtain a minimum
at agmy > 1. This happens if K,," is either in case (1) or in case (2) and K ;" is in case
(1), (2), (3) or even in case (4) if its term in ({A.145)) still goes like V¥, ac > 3. Moreover
if Ko, is in case (4) then it would beat the last two terms in (A.143) so giving no LVS.

On the other hand, when only the first term in ([A.147) is negligible at large volume,
we have the possibility to find a new LVS if K, is in case (3) and does not depend

— 56 —



on 71, that is K2_21 ~ V,/72. In fact, at leading order in a large volume expansion
the scalar potential looks like the one we studied for the case with just one small
modulus and we know that the corresponding LARGE Volume minimum would be
present. However we have still to fix 7. If K;;' is in case (1), (2) or (3) then the
first term in ([A.144)) is always subleading with respect to the third and the fourth
one and therefore it can be neglected. We can now focus on the third and fourth
term in ([A.144) which have the same volume scaling. Then combining the solution of
37‘/1 =0 and 37‘/2 = 0 we end up with 7 = 7 which is correct if we choose Ba; = ao,
6 < 1. However we have still to check the sign of %27‘12/ which turns out to be positive

1/2—
To

only if, writing fy /o(71,72) ~ 71" ® for arbitrary a, we have a < 1.

The situation when K,' ~ V/7; and K;' is in case (4) needs to be studied more
carefully. Writing K ;' ~ V57'12 3¢/ 2 6>1,if6 > %—F 1 then the first term in ([A.149)
beats all the other ones so giving no LVS. If § = % + 1, then the first term in ([A.148)
scales as the other ones but we have already shown that this is not an interesting situ-
ation. The only way to get a LVS is to impose § < % to make the first term in ([A.144)
scale as the third and fourth term or to render it subdominant with respect to them.

Finally if K~ is in case (4) and K, is either in case (1) or (2) then we don’t find
any new LVS since the second term in (JA.145) would be subleading with respect to
the other ones so leaving just one term, the first one, which depends on 7.

e axion minimum at (b) along direction (III) for 0 <y < <1

This situation looks like the previous one if we swap v with § and 7 with 7o, there-
fore we do not need to discuss this case. Let us finally summarise in table § what we
have found for this case.

Case (4):Kq, ~ Vehy_3a/2(T1,T2), @ > 1
Let us focus on each particular situation according to the different possible positions of the

axion minimum:

e axion minimum at (c) along direction (II) for a > 1/~

Thus at the minimum
(Vax) = 2(]X1| — [Yi2| — [X2]). (A.146)

Therefore the full scalar potential ([A.91)) reads
HE
Vi~ V2 ZKJ'_jl“?e_mm - 2a1‘12h2—3a/2(71,Tz)Vae‘(alTl+a2T2)
j=1

3
WWOQ. (A.147)

=~ w

W,
+4V_20 (alﬁe_“lﬁ - ange_“m) +
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Ky | Ky | (), (b), (L1), (b), (L1), (c), (LIT), (b), (111), (d),

0<~<1 0<~<1 v>1 0<y<pBL1 v>1
1 1 NO NO NO NO NO
1 2 NO NO NO NO NO
1 3 NO OK, B<vy=1 (%) NO NO NO
1 4 NO NO NO NO NO
2 1 NO NO NO NO NO
2 2 NO NO NO NO NO
2 3 NO OK, B<vy=1 (%) NO NO NO
2 4 NO NO NO NO NO
3 1 NO NO NO OK,y< =1 (% NO
3 2 NO NO NO OK,vy< =1 (% NO
3 3 |OK,vy=1] OK,<y=1 (%) NO OK,y< =1 () NO
3 4 NO NO NO |OK,y< =1 (%) NO
4 1 NO NO NO NO NO
4 2 NO NO NO NO NO
4 3 NO OK, B <v=1 (%) NO NO NO
4 4 NO NO NO NO NO

(
(
(
(

) Ko~ VT2, fij2 ~ 7'10‘7'21/27a with a < 1
) Koyt >~ V72, Kij' ~ V‘57—12735/2 and fy/p ~ 73721/27“ witha <1lforl<d< % and Vo for § = %
*) Kﬂl ~ V71, fie ~ 7_2047_11/2704 with o < 1

*x) Kyt~ V/T1, Ky ~ V57227:’5/2 and fi/p ~ T?Tll/%a witha<1forl <§ < % and Vo for § = 1

~

Table 8: Summary of Kéhler moduli stabilisation results for case (3): K 1_21 =Vfij2(m1,72).

When we take the large volume limit (II) of (A.63), (A.147) has the following volume
scaling

-1 -1
K Ky, ha—30/2(T1,72) 71 72

Vi~ V2+2/8 T p2+2/y  Y2H+1/B+l/a—a | P2+1/B8 P2+l/y + V3

(A.148)

Recalling that in this direction 1/3 > 1/, the dominant terms in ([A.14§) are

N K n Ky hasap(nm) n N 1
V2+2/8 T V2+2/y  Y2H1/B+1/y—a  P241/y T P3

We know that the presence of the last term in (JA.149) is crucial to find the LARGE
Volume minimum, so in order not to make it subleading with respect to the fourth

1% (A.149)

one, we need to have 1/y > 1. If 1/v = 1, the new volume scaling looks like

K Ky ho_gapa(m,m) 1 1

Voyeap Ty T T ymse oty

(A.150)

with 1/8 > « to keep the last term in ([A.150). Now setting 1/8 = o > 1, (A.150)
reduces to
Ky

N Ky hasap(rm) w1
V2+2a

Vi 7 R VR VR

Vv

+ (A.151)
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By studying the expression ([A.I51)), we realise that there are only three possible
situations in which the necessary but not sufficient conditions to stabilise a;7; > 1,
j = 1,2, and not to neglect the leading order o/ corrections, can be satisfied. The
first one is when K, is in case (3) and depends also on 71: Ky,' = Vfi/2(r1,72). In
addition, the first term in ([A.I51]) is subleading with respect to the other ones given
that K ;' is in case (1) or (2) or (3) or even in case (4) but still being subleading.
However we can again show that this case does not lead to any new LVS by noticing
that 0V/0m = 0 combined with 9V /01, = 0 gives rise to a differential equation for
J1/2 whose solution is not homogeneous.

The second situations takes place when the second term in (A.151]) is subleading with
respect to the others. This occurs when K2_21 is either in case (1) or (2) and K 1_11 is
in case (4). Moreover if K" ~ V6T12 ~%/2 e have to impose § = 2a — 1. However
this case would not work because the minimisation equation % = 0 would produce

a negative volume:

27’2

Ve = en™, (A.152)

arhy_sa/2

Finally we have to contemplate the possibility that all the terms in (A.I51)) have the
same volume scaling. This can happen only if K2_21 ~ V,/T and K2_21 ~ V57'12 3072
with § = (2ae — 1) > 1. Even this case can be seen to produce no LVS. In fact, it
is possible to integrate out the overall volume from one of the usual minimisation
equations, so being left with two equations in 7y and 7. Then given that we know
that we are looking for a minimum located at Sa;7 =~ asTe, making this substitution,

we end up with two equations in just 7; which can be seen to disagree.

On the other hand, for 1/8 > «, we would be left with

K' Ky 1

VT R VR Vel

Now by noticing that equation (JA.15J) has the same form of ([A.120) if we set 1/y = 1,
we can just repeat the same consideration made before and obtain that K2_21 has to

be in case (3). Moreover if K2_21 depends on both 7 and 75, then we have no LARGE
Volume minimum. On the other hand, when K2_21 depends only on 79, the first term

V ~ (A.153)

in ([A.153) is now negligible at large volume and can be used to fix 7 if we make
it compete with the third term in (A.150) by writing K1_11 ~ V‘57'12 =392 and then
imposing 1/0+a =1+ 6.

On the contrary, if 1/y > 1, (A.149) takes the form

K Ky ho_3a/2(T1,72) 1

Vi~ V2+2/B + V2+r2/y  VY2ri/Brijy—a P8

(A.154)

Now for (1/8 4+ 1/v —«a) > 1, (A.154) at leading order in a large volume expansion,

reduces to . )
K K- 1
~ V24}21/ﬁ 22 4 - (A.155)

14 V2+2/~/ V?’ )

_|_
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which has already been proved to produce no LVS. On the other hand, for (1/5 +
1/v —a) < 1, the o/ correction would be negligible at large volume, so forcing us to
impose (1/8+ 1/v — «) = 1 and obtain:

K Ky ho_30/2(T1,T2) n 1

V ~ S22/ + T V3 0k (A.156)
However we can show explicitly that there is no LARGE Volume minimum. In fact,
setting K1_11 ~ V"le_sn/2 with n = % —1, and K2_21 ~ V‘57'22_35/2 with § = % —1, and

then substituting the solutions of 9V/d1 = 0 and 0V /912 = 0 in 9V/9V = 0, one
finds that it is never possible to fix the small K&hler moduli large enough to be able
to neglect the higher order instanton contributions to W. If hy_3,/5 did not depend
on both 71 and 75 but just on one of them, this negative result would not be altered
as the term involving hy_3,/, depends always on both the two small moduli via the

two exponentials e®71e%272 (see ([A.147)).
axion minimum at (d) along direction (III) for o > 1/

This situation looks like the previous one if we swap vy with 8 and 7 with 7o, therefore
we do not need to discuss this case.

axion minimum at (b) along direction (I) for 1 < a <1/~

Thus at the minimum
(Vax) =2 (|Yia| — [Xa] = [X2]), (A.157)

and so the full potential ((A.91) becomes

2
1
V'~ Y Kjjla3e T 4 2arazhy ga5(m1, )V e TR
i=1

W, 3 €
_4V_20 (alTlg—arn + a27_2e—a27'2) + Z%WOQ (A.158)

When we take the large volume limit (I) of (R.63), (A.I5§) has the following volume
scaling

K
V2+2/y

Ky ho_ga/2(T1,T2) T1 T2 1
V2+2/7 Vet2/y—a  P2+l/y 2+l/y + V3

Vo~ + (A.159)

Due to the fact that 1 < a < 1/, the third, the fourth and the fifth term in ([A.159)

are suppressed with respect to the remaining ones by an appropriate power of the

volume and so we can neglect them. Thus the leading part of (A.159) takes the form
—1 —1

Ky Koy 1

Vi~ Y242/~ + V2+2/y + V3

(A.160)

We have already checked explicitly that this situation does not present any LARGE
Volume minimum.
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Ky | Ky | (1), (0), | (1), (b), | (I1),(e), (I11), (b), (I11), (d),
1<a<l/y | 1<a<l/y a>1/y l<a<1/B<1/y a>1/p8
1 1 NO NO NO NO NO
1 2 NO NO NO NO NO
1 3 NO NO NO NO NO
1 4 NO NO NO NO NO
2 1 NO NO NO NO NO
2 2 NO NO NO NO NO
2 3 NO NO NO NO NO
2 4 NO NO NO NO NO
3 1 NO NO NO NO NO
3 2 NO NO NO NO NO
3 3 NO NO NO NO NO
3 4 NO NO NO NO OK, B =1 (%)
4 1 NO NO NO NO NO
4 2 NO NO NO NO NO
4 3 NO NO [OK,y=1 (%) NO NO
4 4 NO NO NO NO NO

- — 2-35/2 .
(%) K221 ~ V,/Ta, K11l ~ V57-1 5// with % +a=1+59, % >
-1 -1 o\ 2—-36/2 . 1 _ 1
(#x) Ki7 ~ V7, K5y = Vo, with = +a=1+0, 5 >a

Table 9: Summary of Kahler moduli stabilisation results for case (4): K1_21 = V%hy_34/2(T1,T2),
a>1.

e axion minimum at (b) along direction (II) for 1 < o < 1/
In this situation the full scalar potential still looks like (JA.15§), but the volume scaling
behaviour of its terms now reads
~1
-~ Ky
V2+2/8

Ky ho—3a/2(T1, T2) T ) 1

4 V2+2/y T P2+1/B+1/y—a  P2+1/B P2+1/y + V3’

(A.161)

+

Given that along the direction (II) 1/8 > 1/, and the axion minimum is present for
1 < a <1/, the dominant terms in ([A.161]) become
~1
JRLST!
V2+2/8

Ky 1
V2+2/-y V3

v

+ (A.162)

Thus we conclude that this case does not show any LVS, as we have already showed.

e axion minimum at (b) along direction (III) for 1 <a <1/8 < 1/v

This situation looks like the previous one if we swap vy with 8 and 7 with 7o, therefore
we do not need to discuss this case. Let us finally summarise in table [Jf what we have
found for this case.

Therefore we realise that the positive results represent cases where all the Ngpan small

Kahler moduli plus a particular combination, which is the overall volume, are stabilised.
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It is then straightforward to see that at this stage there will be (h1,1(X) — Ngman — 1) flat
directions. This terminates our proof of the LARGE Volume Claim. m

A.3 General picture

We shall try now to draw some conclusions from the previous LARGE Volume Claim. This
can be done by noticing that it is possible to understand the topological meaning of two
of the four cases for the form of the elements of the inverse Kahler matrix.

Let us focus on the Kahler modulus 7. From the general expression of the inverse
Kéhler matrix for an arbitrary Calabi-Yau (JA.2()), we deduce that in this case, dropping
all the coefficients

Kl_ll ~ —Vk?lliti + T12. (A.163)

Case (1) states that K 1_11 ~ 72, therefore the quantity k11;¢' has to vanish. This is definitely
true if k11, =0,Vi = 1,..., hy 1(X), that is if the volume is linear in ¢;, the 2-cycle volume
corresponding to ;. This is the definition of a three-fold with a K3 fibration structure
over the base t; [B4]. Thus we realise that Calabi-Yau K3 fibrations correspond to case
(1). More precisely if the three-fold is a single fibration only K;' will be in case (1) but
not K2_21. On the contrary, double K3 fibrations will have both K 1_11 and K2_21 in case (1).
Thus we have proved that

Claim 2. Kl_ll ~ 7'12 < 11 48 a K3 fiber over the base ty.

One could wonder whether this reasoning is correct being worried about possible field
redefinitions since we showed that they can change the intersection numbers. However this
argument is indeed correct because, as we have explained above, when one restricts himself
to changes of basis which do not alter the form of the superpotential ([A.2]), the form of
the elements of the inverse Kéhler matrix do not change as the physics depends only on
them and we know that it should not be modified by changes of basis. Therefore it suffices
to calculate K 1_11 in one frame where the geometrical interpretation is clear.

The same procedure can be followed to prove that K 1_11 ~ V/71 if and only if 71 is a
blow-up mode resolving a point-like singularity. The blow-up of a singularity at a point
P is obtained by removing the point P and replacing it with a projective space like CP?!.
This procedure introduces an extra divisor, called exceptional, with the corresponding extra
Kéahler modulus that is what we call a blow-up mode. An exceptional divisor D; is such
that it has only its triple self-intersection number non-vanishing [B]

Therefore if 7 is a blow-up then, in a suitable basis, we can always write the volume as
3/2 .
V=fyplr)—n'" j#1 (A.165)

where f3/5(7;) is an homogeneous function of degree 3 /2. Tt is then clear that these blow-up
modes are purely local effects, since the change in the volume of the Calabi-Yau as the blow-
up cycle is collapsed, only goes as the volume of the cycle, with no dependence on the overall
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Resol ution

L1

Figure 5: Blow-up cycle 7 resolving a point-like singularity.

volume. In fact, a change of 7, d71, would generate a change of the total volume of the form

oV 3

Let us approximate the volume (A.16) as V ~ f5 /2(7j) and calculate the Kihler matrix

0K T orz = Jmv
~ — 1 (A.167)
. OPK o _NTLov 1 .
on Vv K1j = 3r0m ~ V2 or, <O (W) I L
It turns out that % ~ 0 #) < 1, 7 # 1 and so we can immediately deduce the leading

order term in the 711”7 element of the inverse Kahler matrix by simply taking the inverse
of Ki1, which gives case (3) or more explicitly K 1_11 ~ V,/71. But does K 1_11 ~ V,/7 imply
a form of the volume as V = f3/5(7;) — Tf’ /? with j # 17 We shall prove now that this is
indeed the case. Let us focus on Ny = 1 without loss of generality. Then

IPK 2 (1 v oy  0*V

Kij v \Vonor, ~ onor,

= — = for 7,7 =1,2. Al
J 67_287_‘7 V >7 or Z?] 9 ( 68)

We can then invert the Kdhler matrix and find (by denoting g—;; = V; and similarly for the
second derivative)

V3 — V.
Y [ vz "2 (A.169)

T2 [(LVE Vi) (BVE — Va) — (ViVe — Vi)

Now if we impose that at leading order Kl_l1 = c1V/71 with ¢; € R~ {0}, we get that at
leading order
$V3 — Vo

(392 = Vi) (392 = Vi) — (30012~ Vio)’

= 2¢1\/71. (A.170)

Now using the homogeneity property of the volume in terms of the 4-cycle moduli, 7 V; +
Vo = %V, we derive

3V Wit V Vit 3V — V1 + 4V i
YR 4 X Y R & L K N Y 171 uT

A171
2719 Ty 279 Ty 47'22 ( )
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Now plugging ([A.171)) back in (A.170), we find that at leading order

3V (1 + 261\/7'_11}11) -2V (27’1 + Cl\/ﬁvl) =0. (A.172)
(1—3a)

We can now write the general form of V; as V; = coV*7; > with ca € RN {0} and o < 1.
It follows then that

o (1—3a) 1—-3 _ (Ba+tl)
Vi1 = 628—7' (VO‘TI 2 > = ac§V2a—1711—30‘ + CQ%V‘J‘TI 2 (A.173)
1

which for a < 1, @ # 1/3, at leading order reduces to

1 _ _ (3a+1)
while for @ = 1/3 reads
2
Vi = %21)—1/3, (A.175)
and for = 1 becomes v
Vi1 = CQz(CQ — 1). (A.176)

i
Now if 1/2 < o < 1, then ([A.172) at leading order looks like

3V = @y 173, (A.177)

For 1/2 < a < 1, using (A.174), (A177) gives

1— _ (Ba+l) 30
36, 1% 230‘) vor 2 = Gyl 178 (A.178)
which at leading order reduces to
1 _ _ (Ba+1)
3co %V‘xﬁ 2 =0, (A.179)

with the solution o = 1/3 that is in contradiction with the fact that we are considering

a > 1/2. For a = 1, using (A.176)), (A.177) becomes
3(62 - 1) = C9, (A180)

but the solution ¢y = 3/2 = 7V = %V, using the homogeneity property of the volume,
V1 + Vo = %V, would imply Vo = 0 and so we have to reject it. On the contrary if
a = 1/2, then (A173) at leading order takes the form

6c1y/TIVi1 = (2c163 — 3), (A.181)

and by means of ([A.174), this expression at leading order becomes

_3
eV 1 =0, (A.182)
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that clearly admits no possible solution. Finally if o < 1/2, then (A.179) at leading order
becomes

3V (1 + 2¢1y/T1 V1) = 0. (A.183)
Due to (A.174), (A.183) for o # 1/3 reads

_3a
3V <1 + 6102(1 - 304)Va7'1 2 > =0, (A.184)

whereas using (A173), (A183) for a =1 /3 takes the form

2
0=3V (1 + 2c1\/7—1%2v—1/3> ~ 3V, (A.185)

which is impossible to solve. Now focusing on ([A.184), if o < 0 we do not find any solution,
whereas if 0 < o < 1/2, (JA.184)) reduces to

3a

3erca(1 — 3a)Vtie 7 =0, (A.186)

which is solved by a = 1/3 that is in disagreement with the fact that we are considering
a # 1/3. Lastly for a = 0, (JA.184) looks like

3V (1 + 61(32) =0, (A.187)
which admits a solution of the form cy = —%. Therefore we have V; = —CLII and
Vii = —ﬁ that imply an overall volume of the form V = )\27'23/2 — )\17'13/2. It is

easy now to generalise this result for Ngyay > 1 given that we have shown that

Claim 3. K;;' ~ VT eV = f35(75) — Tf’/2 with j # 1 < 71 is the only blow-up mode
resolving a point-like singularity.

We point out also that the stressing that the blow-up has to resolve a point-like sin-
gularity is exactly related to the fact that it has to be a purely local effect. In fact, the
resolution of a hyperplane or line-like singularity would not be a local effect, even though
it would still enable us to take a sensible large volume limit by sending 7, large and keeping
71 small. In this case, it is plausible to expect an expression for the overall volume of the
form

V:T§/2—T5T11/2—Tf/2. (A.188)

3/2

If we approximate the volume as V ~ 7,7, we can see that the change of V with the
increase of the cycle size 71 does not depend on powers of 71 alone as in ([A.166) but it
looks like
oV 17 1V3
8—7'1 :—5\/—7__1 le_aﬁéﬁ'

Moreover the case (JA.18§) gives rise to an inverse Kihler metric of the form K 1_11 ~ Yl 3Tf /2
which does not satisfy the condition of the LARGE Volume Claim exactly because 7 is
not resolving a point-like singularity.

(A.189)
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Let us show now that if we have Ngpnan = 2 with one small modulus 7 which is a
local blow-up mode then the cross term K 1_21 has to be in case (1): K 1_21 ~ 1172. Without
loss of generality we can consider just one large modulus 73 and so the volume will look
3/2

like V = f3/5(73,71) — 75'". The computation of the Kéhler metric gives an expression
like (A.168) but now for 4,7 = 1,3 with in addition:

3 32 i
Koo — Ko: — — , hj=1 Al
22 ZV\/ﬁ’ 2j V2 VJ with j ,3, ( 90)
and the 712” element of the inverse Kéhler metric in full generality reads
V2 (V1 Vi — V1Vs3)
(32 = V) (ViV} +VasV} — 201VaVig) — V2 (W, — Vi Vig)

Kot = (A.191)

Using again the homogeneity property of the volume, we can find the following relations

113 3/9 1 |V
V3=T—3[§ <V+T2/)_7'1V1}7 V13=T—3[7—7‘1V11}7
1 3/2
Vi3 = 4—7_32 [3 <V—|—7’2 > + 47 (71V11 — V1)] ,
which substituted back in ([A.191)) give the final result
9 2
Ky = Y T;,/Tf ~ T2 (A.192)

Similarly one can check the correctness of Claim 3 by finding at leading order K2_21 ~ V\/T2.
Let us summarise this result in the following

Claim 4. If Nyyan = 2 and Kp' ~ V7 = Ki3' ~ 1170

We immediately realise that this Claim rules out the possible LARGE Volume minima
along the directions (II) and (III) for the case (2), (3) and (4). However following arguments
similar to the ones presented to prove Claim 3, one can show that if K2_21 ~ V,/T2 and
so K, ~ 1112, K;i' can never be in case (4). Hence also the new would-be LVS along
the directions (II) and (III) for the case (1) have to be rejected because mathematically
inconsistent. Claim 4 also implies that the LVS along the direction (I) for case (2) and

(3) is viable only if Kj_jl ~ th%(Tl,Tg) with gjf‘a(i; #0Vj=1,2. In fact if gjﬁ;ﬁz were

vanishing, then Claim 4 would imply K" in case (1) and not (2) or (3).

In reality we understand these two cases better by realising that we can go further
in our connection of the topological features of the Calabi-Yau with the elements of K .
In fact, one could wonder what happens when a singularity is not resolved by just one
blow-up cycle but by several independent local blow-ups. A concrete example where this
happens, is the resolution of the singularity at the origin of the quotient C?/G, where G is
a finite subgroup of SU(2) acting linearly on C2. This resolution replaces the singularity
by several CP'’s which correspond to new Kihler moduli whose number is determined by
the group G. For example, if G = Z,, one gets n — 1 such CP'’s which play the role of the
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Figure 6: Resolution by two independent blow-ups 71 and 7.

simple roots of the Lie algebra A,,_1 = su(n). After resolving the singularity of C2/G, one
obtains an example of an ALE space [Bd].
Focusing on the case Ngynan = 2, in a suitable basis, the overall volume will take the

general form

V:Tg/2—93/2(71772)7 (A.193)

/% since in that special case 71 and 79 would be blow-up cycles

. 3/2 , 3
with g3/o(71,72) # 72+ 15
resolving two different point-like singularities. If the total volume is given by (A.193) then
the scaling with the volume of the elements of the Kéhler metric is (denoting dg3/2/07; = f;

and similarly for the second derivative):

1 T 1 9192 g1z 1
Kpp ~ —— Kig~ 292, 912 2
A VAR R VVE AN R VR VR VE
2
T 1 9 9 1 _
Kjb V2 gj V5/3’ ij W‘FV 9, 3_172

therefore producing

Kij~ || vt pt | p3 (A.194)
Yy—5/3  -5/3 V_4/3

where we have highlighted with a box the submatrix with the leading powers of the volume.
We have just to invert this submatrix to get K j_jl for j =1,2 and K 1_21 which turn out to

be given by
- g22 1 - gi1 2
Ki' ~V (ﬁ) = th/)g(7-177-2)7 Ky ~V (ﬁ) = th/)g(ThTZ)a
K1_21 ~V (g%) = Vfi/2(11,72), where A = g11g20 — 9. (A.195)

Following arguments similar to the ones used to prove Claim 3 we can also show that

(1)

starting from Kl_ll ~ Vhll/z(Tl,Tg) with A really dependent on both the small moduli,

the form of the volume has to be ([A.193). A good intuition for this result is that by setting
T] = To, this is the only way to recover Claim 3. Therefore we have shown that
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. _ 1 _ 2 .
Claim 5. Kp;' ~ Vh{}),(11,72) and K3 ~ VA, (71,72) & V = f3a(75) = g32(1, 72) with
j # 1,2 & 7 and 1o are two independent blow-up modes resolving the same point-like

singularity,
along with

Claim 6. If Kp' ~ Vh{),(r1,72) and Ky, ~ Vh) (r1,75) = Ki3' ~ Vi ja(r1, 7).

In generality we can conclude that whenever Kj_jl ~ th% (T1, 725 -+, TN ) then 7;
is a blow-up resolving a point-like singularity. Moreover, if hgj/é depends only on 7;, then
7; will be the only blow-up cycle resolving the singularity and Kigl ~ T Vi # o=
1,..., Ngman; on the contrary, if hgj/)z depends on several 4-cycle moduli, say 7; and 75, for
j # k, the singularity is resolved by all those independent 4-cycles with Kj_kl ~ Vi (75, k)
and Kljl ~11 Vi#E L =1,..., Nypan for [ = j, k.

These considerations imply that the would-be LVS along direction (I) for case (2) is
mathematically inconsistent. Thus for Ngy.1 = 2 we are left with just two cases that give

rise to a LARGE Volume minimum located at V ~ e®™ ~ %272

1. K1_21 ~ 17, K~ V\/7j Vj = 1,2 where 11 and 73 are local blow-up modes resolving

Jj
two different point-like singularities;

2. Kiy' ~ Vfijp(r,m), Kjjt ~ Vi),

dent blow-up modes resolving the same point-like singularity.

(11,72) Vj = 1,2 where 71 and 1 are two indepen-

The only difference between these two cases is that the first one works always whereas
the second one gives a LVS only if, writing the volume as V = f3/9(7;) — g3/2(71, T2) with
J # 1,2, the homogeneous function g3/, is symmetric in 71 and 2. This can be seen easily
by comparing the solution of the two minimisation equations S—K = 0 and g—g = 0, then
substituting the solution we are looking for, that is a;7; =~ as7, recalling (A.195) and

lastly finding that we do not get a contradiction only if g3y is symmetric.
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