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S e s s i o n IV 

T H E O R E T I C A L PHYSICS 
C h a i r m a n : M . L . G o l d b e r g e r 

SCHWINGER: S t r u c t u r e of G r e e n ! s func t ions 

I s h a l l m a k e s o m e g e n e r a l c o m m e n t s on a c o m p a r a t i v e l y 
s i m p l e a p p r o a c h t o the p r o b l e m of f inding the s t r u c t u r e of G r e e n ' s 
funct ions for t h e q u a n t i z e d f i e l d . 

T h e G r e e n ' s func t ions a r e a m a t h e m a t i c a l t e c h n i q u e for d e s ­
c r i b i n g a l l t he p r o p e r t i e s of the quan t i zed field s y s t e m , t h e e n e r g y 
v a l u e s of s y s t e m s , t h e s c a t t e r i n g p r o p e r t i e s and s o on. In p a r t i c ­
u l a r , t h e r e f o r e , t h e p r o b l e m of f inding the g e n e r a l s t r u c t u r e of 
G r e e n ' s func t ions a l s o i n c l u d e s t he ques t i on of f inding t h e g e n e r a l 
s t r u c t u r e of s c a t t e r i n g a m p l i t u d e s and a s p e c i a l a p p l i c a t i o n of s u c h 
an a p p r o a c h i s tha t p a r t i c u l a r q u e s t i o n of s t r u c t u r e which i s d i s c u s s e d 
u n d e r t h e h e a d i n g of d i s p e r s i o n r e l a t i o n s . T h i s a p p r o a c h to t h e 
p r o b l e m of d e r i v i n g o r u n d e r s t a n d i n g d i s p e r s i o n r e l a t i o n s i s u s e d 
wi th the full u n d e r s t a n d i n g tha t it s t a y s wi th in the f r a m e w o r k of 
p r e s e n t f ield t h e o r y . To tha t extent it i s to be s o m e w h a t d i s t i n g u i s h e d 
f r o m the a p p r o a c h m a k i n g u s e of the i d e a of c a u s a l i t y . But I th ink it 
h a s now begun to be r e a l i z e d t h a t , by the t i m e it i s t h r o u g h , the d e r i ­
va t i on of d i s p e r s i o n r e l a t i o n s f r o m the point of v i ew of c a u s a l i t y i s , 
in a s e n s e , fully equ iva len t to conven t iona l field t h e o r y . So to t h i s 
extent we a r e not r e a l l y do ing any th ing v e r y d i f f e r e n t . 

The f i r s t q u e s t i o n we want to d i s c u s s i s what a r e t h e G r e e n ' s 
func t ions , how a r e t h e y to be c o n s t r u c t e d in a f o r m a l way , and what 
c a n one s a y in a g e n e r a l m a n n e r about t h e i r s t r u c t u r e . We want to 
u s e only t h o s e p r o p e r t i e s wh ich , a l though they m a y depend upon 
d y n a m i c s in a spec i f i c way , a r e ob t a inab l e at the s t a t e w h e r e one 
i s not yet a c t u a l l y m a k i n g spec i f i c c a l c u l a t i o n s about t h e n u m e r i c a l 
q u a n t i t i e s tha t e n t e r in to the s t r u c t u r e of t h e f o r m a l i s m . To do t h i s , 
le t m e r e m i n d you tha t what one m e a n s by a G r e e n ' s funct ion i s a 
funct ion of n s p a c e - t i m e p o i n t s which i s def ined t o be a v a c u u m e x p e c ­
t a t i on v a l u e of t h e t i m e o r d e r e d p r o d u c t of f ie ld o p e r a t o r s : 
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X (x) i s a g e n e r a l f ield • i t m a y be a B o s e field o r it m a y be a F e r m i 
f i e ld . C o r r e s p o n d i n g l y t h e r e a r e v a r i o u s k inds of G r e e n ' s f u n c t i o n s . 
T h e s u b s c r i p t n + " m e a n s p o s i t i v e t i m e o r d e r i n g in t h e s e n s e tha t 
the o p e r a t o r s a r e to be w r i t t e n out in a . s e q u e n c e of i n c r e a s i n g t i m e s 
r e a d f r o m r i g h t to le f t . In add i t ion , t h e G r e e n ' s func t ions , a s c o n ­
v e n t i o n a l l y def ined, con ta in v a r i o u s p l u s o r m i n u s s i g n s in o r d e r to 
c o m p e n s a t e the a n t i - c o m m u t a t i v e n a t u r e of the F e r m i f i e l d s , and 
t h e r e a r e v a r i o u s f a c t o r s of i in o r d e r to s imp l i fy t h e s t r u c t u r e of 
the d i f f e r e n t i a l e q u a t i o n s , and so on . 

F r o m the spec i f i c s e t of f ie ld e q u a t i o n s , t he G r e e n ' s func t ions 
wi l l obey an inf in i te s e t of i n t e r l o c k i n g d i f f e r en t i a l e q u a t i o n s . The 
p r i n c i p a l point I want to d i r e c t a t t e n t i o n t o , h o w e v e r , i s t h e b o u n d a r y 
cond i t i ons t h a t a c c o m p a n y t h o s e d i f f e r en t i a l e q u a t i o n s , wh ich h a v e to 
do wi th t he fact tha t t h e s e a r e v a c u u m e x p e c t a t i o n v a l u e s of o p e r a t o r s 
w r i t t e n in a c e r t a i n s e q u e n c e of t i m e o r d e r i n g . To s e e that b o u n d a r y 
cond i t ion , we m a y c o n s i d e r what h a p p e n s , for e x a m p l e , if t h e t i m e 
c o o r d i n a t e s a r e in a def in i te s e q u e n c e . Suppose x ° i s the t i m e c o o r ­
d ina t e wh ich i s g r e a t e r t han a l l of t h e o t h e r t i m e c o o r d i n a t e s . C o r ­
r e s p o n d i n g to the def in i t ion in t e r m s of p o s i t i v e t i m e o r d e r i n g , that 
m e a n s tha t t he G r e e n ' s funct ion wi l l con t a in t h e f ie ld at x ° e n t i r e l y 
to the left of a l l t h e o t h e r f i e l d s , wh ich wi l l t hen in t u r n occupy a 
s e q u e n c e depend ing upon t h e i r p a r t i c u l a r t i m e o r d e r i n g . Le t m e 
r e m i n d you tha t t h i s i s an e x p e c t a t i o n v a l u e for t h e v a c u u m s t a t e s 
of the fully i n t e r a c t i n g s y s t e m of f i e l d s . 

Now the s p a c e - t i m e v a r i a t i o n of t h e f ie ld % i s , of c o u r s e , 
s y m b o l i c a l l y e x p r e s s e d by a u n i t a r y o p e r a t o r in t e r m s of the e n e r g y 
m o m e n t u m o p e r a t o r that would p r o d u c e the f ie ld at t h e point x f r o m 
the field at s o m e conven t iona l po in t , s a y t h e o r i g i n : 

Since t h i s a c t s on a v a c u u m s t a t e , f o r w h i c h t h e e n e r g y and m o m e n ­
t u m v a l u e s h a v e c o n v e n t i o n a l l y t h e v a l u e z e r o , t h e exponen t i a l on t he 
left s i m p l y d i s a p p e a r s , and t h e d e p e n d e n c e upon the s p a c e - t i m e poin t 
r e f e r r i n g to t h e l a t e s t of a l l t i m e s i s d e s c r i b e d by the e i g e n v a l u e s of 
t he e x p o n e n t i a l o p e r a t o r on t h e r i g h t . T h i s m e a n s , of c o u r s e , tha t 
what we wi l l h a v e h e r e wi l l be a s p e c t r u m of e i g e n v a l u e s , and the 
G r e e n ' s funct ion w i l l be r e p r e s e n t e d by a s u m or i n t e g r a l of F o u r i e r 
t e r m s , in which the v a r i o u s f r e q u e n c i e s which o c c u r a r e the e n e r g y -
m o m e n t u m e i g e n v a l u e s of t h o s e s t a t e s tha t a r e p r o d u c e d by the 
ac t i on of th i s p a r t i c u l a r f ie ld componen t a c t i n g upon the v a c u u m s t a t e . 
T h i s w i l l be a c e r t a i n s e l e c t i o n of the p o s s i b l e s t a t e s of the whole 
s y s t e m . It i s , in fac t , t h e point of the d e s c r i p t i o n in t e r m s of the 
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G r e e n f s f u n c t i o n s , o r p r o p a g a t i o n func t ions , t ha t i t r e p r e s e n t s a 
c e r t a i n s e l e c t i o n out of the t o t a l i t y of s t a t e s , of t h o s e tha t c a n be 
c o n v e n i e n t l y s t u d i e d a s be ing p r o d u c e d by t h e a c t i o n of one o r m o r e 
f ield o p e r a t o r s a c t i n g in a c e r t a i n s e q u e n c e . The po in t , of c o u r s e , 
i s tha t a l l t ha t a p p e a r s a r e the e n e r g y v a l u e s of the s y s t e m tha t a r e 
p r o d u c e d in t h i s w a y . 

Since the v a c u u m e n e r g y i s t h e lowes t of a l l p h y s i c a l l y 
a c c e p t a b l e e n e r g i e s , t h e s p e c t r u m of v a l u e s t ha t you h a v e h e r e w i l l 
be e q u a l t o , p o s s i b l y , but in g e n e r a l g r e a t e r t h a n t h e v a c u u m e n e r g y . 
That i s , t h e r e wi l l be a s p e c t r u m of p o s i t i v e f r e q u e n c i e s o n l y . T h e r e ­
f o r e , the G r e e n ' s funct ion of any n u m b e r of p o i n t s i s c h a r a c t e r i z e d 
by t h e fact t h a t i t s d e p e n d e n c e upon tha t t i m e c o o r d i n a t e wh ich i s 
g r e a t e r t h a n a l l the r e s t of t h e m , i s s u c h tha t only p o s i t i v e f r e q u e n ­
c i e s a r e c o n t a i n e d in i t . T h a t , of c o u r s e , i s t r u e , no m a t t e r which 
p a r t i c u l a r f ie ld c o m p o n e n t we a r e dea l i ng wi th , a l though , d e p e n d i n g 
upon the n a t u r e of t h e f ie ld you wi l l have v a r i o u s c h o i c e s of t he 
e n e r g y - m o m e n t u m s p e c t r u m , c h a r a c t e r i s t i c of w h a t e v e r p a r t i c u l a r 
f ie ld w e ' r e t a l k i n g a b o u t . 

In the s a m e way , if we c o n s i d e r the s p a c e - t i m e point x t o b e 
not t he l a t e s t of a l l t he p o i n t s , but the e a r l i e s t , t h e n t h e f ie ld o p e r a t o r 

% (x) wi l l a p p e a r not e n t i r e l y on the left but r a t h e r e n t i r e l y on t h e 
r i g h t . The s p a c e - t i m e v a r i a t i o n i s r e p r e s e n t e d a s b e f o r e , but t h e 
r i g h t - h a n d e x p o n e n t i a l now a c t s on t he v a c u u m s t a t e and h a s the v a l u e 
o n e . In t h e r e p r e s e n t a t i o n of the s p a c e - t i m e v a r i a t i o n we wi l l a g a i n 
have a s e q u e n c e of e i g e n v a l u e s , h a r m o n i c t e r m s wi th v a r i o u s f r e ­
q u e n c i e s c h a r a c t e r i s t i c of t h e e n e r g y s t a t e s tha t can be p r o d u c e d in 
t h i s way , and c o r r e s p o n d i n g to the s ign change in t h e e x p o n e n t i a l , 
the f r e q u e n c i e s wi l l be e n t i r e l y n e g a t i v e . 

We h a v e , t h e r e f o r e , the b o u n d a r y cond i t ion tha t t he G r e e n ' s 
funct ion, in i t s d e p e n d e n c e upon t h e l a t e s t of a l l t i m e s , c o n t a i n s 
only p o s i t i v e f r e q u e n c i e s , and in i t s d e p e n d e n c e upon t h e e a r l i e s t 
of a l l t i m e s , c o n t a i n s only n e g a t i v e f r e q u e n c i e s . In effect we h a v e 
a d e s c r i p t i o n in t e r m s of w a v e s which can be c o n s i d e r e d a s m o v i n g 
in t he s p a c e - t i m e r e g i o n in s u c h a way tha t if we have a n u m b e r of 
such po in t s in s p a c e - t i m e , t h e w a v e s a r e m o v i n g a l w a y s out of the 
r e g i o n in q u e s t i o n . When we a r e on the b o u n d a r y of the r e g i o n in 
t h e s e n s e of c o n s i d e r i n g the t ime c o o r d i n a t e tha t i s l a t e r t h a n a l l 
the o t h e r s , t h e f r e q u e n c i e s a r e p o s i t i v e and the w a v e s m o v e out; if 
it i s the e a r l i e s t of a l l t i m e s , t he f r e q u e n c i e s a r e n e g a t i v e , and the 
w a v e s m o v e a g a i n o u t . In s h o r t , we a r e d e a l i n g wi th a g e n e r a l i ­
za t i on of the G r e e n ' s funct ion o r i g i n a l l y i n t r o d u c e d by F e y n m a n 
which c o r r e s p o n d s p r e c i s e l y to the b o u n d a r y cond i t ion of ou tgoing 
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w a v e s . The w a v e s a r e , in a t i m e s e n s e , r u n n i n g out of the r e g i o n 
in q u e s t i o n . 

Th i s i s t h e b a s i c b o u n d a r y c o n d i t i o n , t h e n , tha t c h a r a c t e r i z e s 
t h e g e n e r a l G r e e n ! s f unc t i ons , and t h e b o u n d a r y cond i t i on tha t I want 
to explo i t a s a g e n e r a l p h y s i c a l r e q u i r e m e n t wi l l have to be t a k e n 
in to accoun t i n e x a m i n i n g the s t r u c t u r e of t h e G r e e n ! s f u n c t i o n s . 
I n c i d e n t a l l y , of c o u r s e , w h i l e I c o n s i d e r e d t h i s a s r e f e r r i n g to a 
s i n g l e f ie ld c o m p o n e n t , t he s a m e t h i n g would hold e q u a l l y w e l l if we 
had a g r o u p of p o i n t s he ld t o g e t h e r . In o t h e r w o r d s , s u p p o s e we 
c o n s i d e r two s p a c e - t i m e p o i n t s x^ and X 2 , and t h e s e t o g e t h e r a r e 
l a t e r t h a n any o t h e r of t h e f ie ld c o m p o n e n t s . If w e t h e n c o n s i d e r e d 
a c o m m o n t r a n s l a t i o n of t h e s e two f i e l d s , r i g i d l y m a i n t a i n i n g a f ixed 
s p a c e - t i m e i n t e r v a l b e t w e e n t h e m , t h e n the s a m e a r g u m e n t would 
apply t o t h e t r a n s l a t i o n of bo th t o g e t h e r . As long a s t h e s e two p o i n t s 
a r e l a t e r t han any of the o t h e r s , you would have only p o s i t i v e f r e q u e n ­
c i e s . T h o s e f r e q u e n c i e s , of c o u r s e , would r e f e r to ye t a n o t h e r s u b ­
g r o u p of t h e e n e r g y m a s s s p e c t r u m , n a m e l y , t h o s e s t a t e s tha t can be 
p r o d u c e d by the ac t ion of two f i e l d s . In a c e r t a i n s e n s e , the p o s i t i v e 
f r e q u e n c i e s you get by h a v i n g t h e s i n g l e f ie ld ac t , p i ck out one s p e c ­
t r u m of s i n g l e p a r t i c l e s t a t e s , if you l i k e , a n o t h e r s p e c t r u m of two 
p a r t i c l e s t a t e s and s o on . Aga in , the i n d i c a t i o n of how t h e G r e e n f s 
func t ions s e l e c t i v e l y p i ck out s t a t e s f r o m t h e t o t a l i t y of s t a t e s , c an 
be d e s c r i b e d in t e r m s of e n e r g y v a l u e s o r e q u a l l y w e l l in t e r m s of 
s c a t t e r i n g . 

Now the p r o b l e m i s , fo r t h e p u r p o s e of s e l e c t i n g s o l u t i o n s of 
t h e d i f f e r e n t i a l e q u a t i o n s tha t g o v e r n the G r e e n ' s func t ions , t o r e ­
p l a c e t he b o u n d a r y cond i t ion of ou tgoing w a v e s by a r e g u l a r i t y r e q u i r e ­
m e n t ; in o t h e r w o r d s , to look fo r t h e s o l u t i o n s of the d i f f e r e n t i a l 
e q u a t i o n s tha t a r e r e g u l a r in a c e r t a i n c o m p l e x v a r i a b l e d o m a i n , a s 
be ing equ iva l en t to t h i s c h o i c e of b o u n d a r y c o n d i t i o n s . T h i s i s a l l 
f a m i l i a r , and the r e s u l t w i l l p e r h a p s be c l e a r if I s a y tha t t he s e l e c ­
t ion of ou tgo ing w a v e b o u n d a r y cond i t i ons i s equ iva l en t to the r e q u i r e ­
m e n t t h a t t h e G r e e n ' s funct ion, def ined a s a funct ion of t h e s p a c e - t i m e 
c o o r d i n a t e s , shou ld r e m a i n a r e g u l a r funct ion when you m a k e t h e t i m e 
c o o r d i n a t e c o m p l e x in a s p e c i f i c way , and tha t you n e v e r find an 
e x p o n e n t i a l t ha t b e c o m e s u n l i m i t e d l y l a r g e . T h i s r e g u l a r i t y r e q u i r e ­
m e n t i s equ iva len t t o a s e l e c t i o n of p o s i t i v e o r n e g a t i v e f r e q u e n c i e s 
in t he two s i t u a t i o n s . The r e g u l a r i t y r e q u i r e m e n t i s t ha t when I t a k e 
a l l t i m e c o o r d i n a t e s and m u l t i p l y t h e m by a c o m p l e x n u m b e r , 
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in wh ich £ i s a n a r b i t r a r y f u n d a m e n t a l l y p o s i t i v e quan t i ty , which 
c a n be c o n s i d e r e d t o be i n f i n i t e s i m a l for o u r p r e s e n t p u r p o s e s , the 
G r e e n ' s func t ion , a s a funct ion of t he t i m e c o o r d i n a t e , r e m a i n s 
r e g u l a r . Tha t i s fully equ iva len t t o t h e p a r t i c u l a r c h o i c e of b o u n d a r y 
cond i t ions of ou tgoing w a v e s . I th ink tha t you wi l l s e e t h a t , if I 
c o n s i d e r j u s t a s i m p l e e x a m p l e of two p o i n t s : 

You r e c o g n i z e t ha t t h i s s u b s t i t u t i o n , which m u l t i p l i e s e q u a l l y w e l l 
t he t i m e i n t e r v a l by 1 - i £ , f o r c e s m e , if I a m to d e a l wi th a quan t i ty 
tha t r e m a i n s bounded no m a t t e r how g r e a t t h i s p o s i t i v e t i m e d i f f e r ­
ence i s , to c h o o s e t h e s e n u m b e r s to be p o s i t i v e only , s o tha t the r e a l 
p a r t i s n e g a t i v e . In s h o r t , w i th t h i s s e q u e n c e of t i m e d i f f e r e n c e s , t h e 
s u b s t i t u t i o n above f o r c e s m e to p i ck p o s i t i v e f r e q u e n c i e s . On the 
o t h e r hand , it i s c l e a r tha t if t he t i m e i n t e r v a l w e r e n e g a t i v e , t hen I 
shou ld h a v e to t a k e n e g a t i v e f r e q u e n c i e s . So the d i s t i n c t i o n b e t w e e n 
p o s i t i v e f r e q u e n c i e s and n e g a t i v e f r e q u e n c i e s , in a c c o r d a n c e w i t h t h e 
s i g n of the t i m e d i f f e r e n c e , i s e q u a l l y we l l e x p r e s s e d by t h e r e q u i r e ­
m e n t of r e g u l a r i t y of t h e s e G r e e n ' s funct ions u n d e r the s u b s t i t u t i o n 
x o x ° ( l - i€). 

In ef fec t , o u r p r o b l e m now i s to e x a m i n e the m o s t g e n e r a l 
s t r u c t u r e of G r e e n ' s func t ions depend ing upon n c o o r d i n a t e s wh ich 
r e m a i n f in i te u n d e r t h i s e x t e n s i o n of the t i m e c o o r d i n a t e in to the 
c o m p l e x p l a n e . T h i s a p p e a r s now s i m p l y a s an equ iva l en t and 
s i m p l e r w a y of p r e s e n t i n g t he f u n d a m e n t a l b o u n d a r y condi t ion tha t 
a c c o m p a n i e s t he G r e e n ' s funct ion def in i t ion . To s e e how th i s g o e s , 
l e t ' s c o n s i d e r t h e s i m p l e c a s e aga in of 2 p o i n t s . J u s t t o t a k e t he 
s i m p l e s t e x a m p l e , s u p p o s e we thought of the G r e e n ' s funct ion of t h e 
s p i n z e r o f i e ld . The c o m p l i c a t i o n s p r o d u c e d by s p i n a r e not e s s e n t i a l . 
T h e y s i m p l y m e a n tha t any G r e e n ' s funct ion d e s c r i b i n g a D i r a c f ie ld , 
for e x a m p l e , would be p r o d u c e d f r o m a kind of equ iva l en t s p i n z e r o 
G r e e n ' s func t ion by m u l t i p l i c a t i o n by an i n v a r i a n t p r o d u c e d out of 
D i r a c g a m m a s and d i f f e r e n t i a t i o n s . The b a s i c s t r u c t u r e i s s p i n 
z e r o . Any f in i te s p i n i s g e n e r a t e d f r o m tha t i n a p e r f e c t l y s t r a i g h t ­
f o r w a r d w a y . 

F r o m i t s def in i t ion , t h e G r e e n ' s funct ion i s s u p p o s e d to be 
i n v a r i a n t u n d e r t r a n s l a t i o n , i n v a r i a n t u n d e r a r b i t r a r y L o r e n t z 
r o t a t i o n s . It i s a funct ion def ined wi thout r e s t r i c t i o n on t h e p o i n t s 
x and x ' . The only i n v a r i a n t funct ion tha t you can p r o d u c e i s c o n ­
s t r u c t e d f r o m t h e f u n d a m e n t a l i n v a r i a n t , t h e s p a c e - t i m e d i s t a n c e 
be tween the p o i n t s . In o t h e r w o r d s , it m u s t b e a funct ion of 



(x - x f ) (whe re I def ine t h i s to m e a n the s p a c i a l d i s t a n c e m i n u s t he 
t i m e d i s t a n c e ) . 

Now what we h a v e to do , of c o u r s e , i s t o p i c k tha t p a r t i c u l a r funct ion 
of t he s p a c e - t i m e i n t e r v a l wh ich r e m a i n s r e g u l a r u n d e r the t r a n s ­
f o r m a t i o n x ° — > x ° (1 - i d ), x 0 1 — » x 0 1 (1 - i fe ) . U n d e r t h i s 
e x t e n s i o n in to t h e c o m p l e x p l ane t h e s q u a r e of the t i m e i n t e r v a l 
b e c o m e s 

(Of c o u r s e , a p o s i t i v e n u m e r i c a l f a c t o r on £ d o e s n ' t m a t t e r , j u s t t he 
s i g n , o r in wh ich half of t h e c o m p l e x p l a n e you d e m a n d r e g u l a r i t y ) . 
So t h e s t a t e m e n t i s t h a t G i s to be a funct ion of t h e i n v a r i a n t d i s t a n c e 
w h i c h r e m a i n s r e g u l a r when the a r g u m e n t i s e x t e n d e d in to the u p p e r 
half p l a n e . T h a t ' s t he b o u n d a r y cond i t i on t h a t a c c o m p a n i e s t h e 
p h y s i c a l c h o i c e of ou tgo ing w a v e s . 

We now s a y t h a t any s u c h func t ion c a n be w r i t t e n , at l e a s t in 
a f o r m a l way , a s 

The s t a t e m e n t tha t t h i s funct ion i s r e g u l a r in t h e u p p e r hal f p l a n e , 
w h e r e (x - x ' ) ^ a c q u i r e s a p o s i t i v e i m a g i n a r y p a r t , i s equ iva l en t to 
the f a m i l i a r s t a t e m e n t tha t t he p a r a m e t e r A r a n g e s o v e r p o s i t i v e 
v a l u e s o n l y . So t h e i n t e g r a l r u n s f r o m z e r o to in f in i ty . In c o o r ­
d ina t e s p a c e t h i s r e p r e s e n t s the d e t e r m i n a t i o n of t h e s t r u c t u r e of 
t h e G r e e n ' s funct ion going wi th the b o u n d a r y cond i t ion of ou tgo ing 
w a v e s . 

It i s m o r e conven ien t to m a k e u s e of t h i s in t h e m o m e n t u m 
r e p r e s e n t a t i o n : 

The r e g u l a r i t y r e q u i r e m e n t in the u p p e r half p l a n e for the s q u a r e 
of t h e c o o r d i n a t e d i f f e r ence b e c o m e s t r a n s f o r m e d in to a r e g u l a r i t y 
r e q u i r e m e n t in the l o w e r half p l a n e for t he s q u a r e of the i n v a r i a n t 
m o m e n t u m . T h i s i s a s t r a i g h t f o r w a r d m a t h e m a t i c a l t r a n s f o r m a t i o n . 
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At t h i s s t a g e , of c o u r s e , we a r e on f a m i l i a r g r o u n d . We know t h a t , 

on p e r f o r m i n g the m o m e n t u m i n t e g r a t i o n s , you would get b a c k the 

v a r i o u s f r e q u e n c i e s wi th the a p p r o p r i a t e s e n s e of ou tgoing w a v e s 

tha t r e p r e s e n t t h e p r o p e r c h o i c e of b o u n d a r y c o n d i t i o n s . The 

n u m b e r it t h e n b e c o m e i n t e r p r e t e d a s the s p e c t r u m of m a s s v a l u e s 

tha t d e s c r i b e i n v a r i a n t l y t he e n e r g y m o m e n t u m r e l a t i o n s . In o t h e r 

w o r d s , in o r d e r tha t a p a r t i c l e wi th a given m o m e n t u m have a r e a l 

e n e r g y , t he n u m b e r s have t o be p o s i t i v e . In s h o r t , we m u s t 

not only s a t i s f y t he b o u n d a r y cond i t ions wi th ou tgo ing w a v e s , but the 

outgoing w a v e s h a v e to c a r r y r e a l f r e q u e n c i e s , not c o m p l e x f r e ­

q u e n c i e s . Tha t m e a n s , t h e r e f o r e , tha t )Û i s iden t i f i ed m a t h e ­

m a t i c a l l y a s a m e a s u r e of the i n v a r i a n t e n e r g y - m o m e n t u m tha t a 

p a r t i c u l a r s o l u t i o n c a r r i e s and t h e r e f o r e b e c o m e s r e p r e s e n t e d a s 

a p o s i t i v e n u m b e r . 

The r e s u l t , t h e n , i s , s o to s p e a k , the g e n e r a l func t iona l 

f o r m tha t one o b t a i n s . One c a n , i n c i d e n t a l l y , add the s t a t e m e n t : 

t he a m p l i t u d e s g(àC) a r e e n t i r e l y r e a l . In a c e r t a i n s t a n d a r d way 

of r e p r e s e n t i n g the f ie ld e q u a t i o n s , no th ing but h e r m i t i a n o p e r a t o r s 

and r e a l n u m b e r s a p p e a r . The only way in which c o m p l e x n u m b e r s 

e n t e r i s in the d e l i b e r a t e cho i ce of b o u n d a r y c o n d i t i o n s , wh ich the 

i £ i s d e s i g n e d to r e p r e s e n t ; i . e . , a s e l e c t i o n of w a v e s t r a v e l i n g 

in one s e n s e r a t h e r t h a n in the o t h e r . In a d o m a i n , for e x a m p l e , 

ou t s ide t h e l ight c o n e , w h e r e no r e a l p r o p a g a t i o n c a n o c c u r , e v e r y ­

th ing i s r e a l and the a m p l i t u d e s g( X. ) a r e r e a l n u m b e r s . The i £ 

r e p r e s e n t s c o m p l e t e l y the c o m p l e x n a t u r e of the G r e e n ' s func t ion . 

The r e a l p r o b l e m b e g i n s when we now wish to go on to a 

No p h y s i c s h a s b e e n added beyond the b o u n d a r y cond i t i on tha t a c c o m ­

p a n i e s the s t r u c t u r e of t he G r e e n ' s func t ion . Then we c a n , if we 

w i s h , w r i t e g ( s ) a s a f o r m a l F o u r i e r i n t e g r a l , 

We c a l l the v a r i a b l e of i n t e g r a t i o n & in a n t i c i p a t i o n of t h e p h y s i c a l 

i d e n t i f i c a t i o n . F o r t h e m o m e n t , r a n g e s f r o m m i n u s to p l u s 

inf in i ty . It i s i n t e n d e d j u s t a s a f o r m a l i n t e g r a t i o n . 

Having w r i t t e n it i n t h i s way , I can now c a r r y out t h e s i n t e ­

g r a t i o n to get the f inal and f a m i l i a r f o r m 
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G r e e n ' s funct ion tha t d e p e n d s upon s e v e r a l c o o r d i n a t e s . Al l the 
m a j o r p r o b l e m s , of c o u r s e , o c c u r a s soon a s we th ink of t he G r e e n ' s 
func t ion , l e t ' s s a y , s t i l l fo r the s p i n z e r o f ie ld , f r o m wh ich e v e r y ­
th ing e l s e can be c o n s t r u c t e d . 

We a r e now looking for a G r e e n ' s funct ion d e p e n d i n g upon 
t h r e e s p a c e - t i m e c o o r d i n a t e s . It i s t o be i n v a r i a n t u n d e r t r a n s ­
l a t i o n s and i n v a r i a n t u n d e r L o r e n t z t r a n s f o r m a t i o n s wi thout r e s t r i c ­
t i on upon t h e l o c a t i o n of t h e p o i n t . A g a i n t h e m o s t g e n e r a l i n v a r i a n t 
i s a funct ion of t h e t h r e e i n v a r i a n t s p a c e - t i m e i n t e r v a l s tha t one c a n 
c o n s t r u c t f r o m t h e s e c o o r d i n a t e s : 

Unt i l we c o m e to a n u m b e r of p o i n t s e q u a l to f ive , t he i n v a r i a n t 
s p a c e - t i m e i n t e r v a l s b e t w e e n the p o i n t s r e p r e s e n t a full coun t ing of 
t he i ndependen t i n v a r i a n t s . When the n u m b e r of p o i n t s g o e s beyond 
f ive , h o w e v e r , t h e r e a r e t hen r e l a t i o n s a m o n g the s p a c e - t i m e d i f f e r ­
e n c e s . The n u m b e r of i n v a r i a n t s e s s e n t i a l l y g r o w s l i n e a r l y w i th 
the n u m b e r of p o i n t s , the n u m b e r of i n t e r v a l s g r o w s q u a d r a t i c a l l y . 
You e v e n t u a l l y r e a c h a point w h e r e t h e r e a r e r e l a t i o n s a m o n g t h e m . 
But if we s t i c k to t he s i m p l e r c a s e s of t h r e e and f o u r , wh ich a r e 
t h e m o s t i n t e r e s t i n g p h y s i c a l l y , we n e e d not w o r r y about t h a t . 

We a r e now to find that funct ion of t h e s e i n v a r i a n t s wh ich 
r e m a i n s r e g u l a r when al l of t h e m a r e s i m u l t a n e o u s l y e x t e n d e d in to 
the c o m p l e x p l a n e in t h e s e n s e of add ing + i € . E p s i l o n s , of 
c o u r s e , c a n v a r y , but the point i s tha t t h e y a r e a l l p o s i t i v e . In a 
p u r e l y f o r m a l , m a t h e m a t i c a l w a y we c a n w r i t e the d e p e n d e n c e upon 
e a c h one of t h e s e v a r i a b l e s in a s e q u e n c e of F o u r i e r t r a n s f o r m a t i o n s . 
T h i s would be d e s i g n e d to r e c a s t t h i s in t e r m s of t h e m a s s s p e c t r u m . 
If s u c h a t r a n s f o r m a t i o n w e r e p e r m i s s i b l e , t h e n 

S t r i c t l y s p e a k i n g , of c o u r s e , e a c h A r u n s f r o m m i n u s inf in i ty t o 
p l u s in f in i ty . We could i m a g i n e b r e a k i n g e a c h A - i n t e g r a t i o n up 
in to t h r e e p a r t s . A p a r t wh ich i s d i s c o n t i n u o u s l y a s s o c i a t e d wi th 
X = 0 would be n e c e s s a r y t o r e p r e s e n t the p o s s i b i l i t y tha t the 
G r e e n ' s funct ion does not depend upon t h i s p a r t i c u l a r v a r i a b l e at 
a l l . If you want to w r i t e it a s a F o u r i e r i n t e g r a l , of c o u r s e , you 
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have to m o v e a s i d e tha t e x c e p t i o n a l p o s s i b i l i t y . So t h e r e would be 

a De l t a funct ion for A - 0 if you l i k e , in the a m p l i t u d e . T h e r a n g e 

of i n t e g r a t i o n o v e r p o s i t i v e A exh ib i t s tha t p a r t of the funct ion 

tha t i s r e g u l a r in the u p p e r half p l a n e , and t h e r a n g e o v e r n e g a t i v e 

v a l u e s of A r e p r e s e n t s tha t p a r t of t h e funct ion which i s r e g u l a r in 

the l o w e r ha l f p l a n e . T h i s i s a d e c o m p o s i t i o n of the g e n e r a l func t ion 

in to t h r e e p a r t s . T r e a t i n g t h e s i m p l e p o s s i b i l i t y of no d e p e n d e n c e 

on one c o o r d i n a t e d i f f e r ence at a l l s e p a r a t e l y , you can i m a g i n e e a c h 

A - i n t e g r a l a s a s u m of t w o , one r e f e r r i n g t o À > 0 e x a c t l y 

ana logous to the c a s e we w e r e c o n s i d e r i n g r a n d one r e f e r r i n g to 

A £ 0 . F o r e a c h of t h e s e you can go o v e r to t he e q u i v a l e n t 

F o u r i e r i n t e g r a l r e p r e s e n t a t i o n : 

When A >0, s r u n s o v e r p o s i t i v e v a l u e s , and when \< 0 , s r u n s 

o v e r n e g a t i v e v a l u e s . In o t h e r w o r d s , depend ing upon t h e s e two 

p o s s i b i l i t i e s , you h a v e a funct ion of p 2 t ha t i s r e g u l a r in the l o w e r 

half p l a n e o r r e g u l a r in t h e u p p e r half p l a n e . 

The weigh t f a c t o r g f e j , s^, s^) i n t u r n i s r e p r e s e n t e d in a 

F o u r i e r i n t e g r a l f o r m , w h i c h i s j u s t a conven t i ona l w a y of w r i t i n g i t : 

t h e p lus o r m i n u s i € , o r r e g u l a r i t y d o m a i n , depend ing upon w h i c h 
p a r t of the funct ion of x 2 you b e g a n w i t h . Tha t i s on ly to s a y tha t I 
c a n i s o l a t e t h e d e p e n d e n c e upon e a c h v a r i a b l e and w r i t e i t in t h i s w a y 

X? i s m e r e l y a m a t h e m a t i c a l p a r a m e t e r that at t h i s s t a g e r u n s f r o m 

m i n u s to p l u s in f in i ty . T h e p e r f o r m a n c e of t h e i n t e g r a t i o n wi th 

r e s p e c t to s b r i n g s you t o t h e s t a g e of w r i t i n g it 
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by a s e q u e n c e of F o u r i e r t r a n s f o r m a t i o n s , r e p l a c i n g it by an 
a m p l i t u d e that d e p e n d s upon a m a t h e m a t i c a l p a r a m e t e r > c v . S ince 
I c a n do t h i s f o r a l l t h r e e v a r i a b l e s , the whole th ing i s a c o m p o s i t e 
F o u r i e r i n t e g r a l , and , depend ing upon which p a r t of the s p a c i a l 
d e p e n d e n c e I began wi th , t h e r e g u l a r i t y d o m a i n i s in t h e u p p e r o r 
l o w e r half p l a n e . I l e a v e the q u e s t i o n open , b e c a u s e I want t o i m ­
p o s e the b o u n d a r y cond i t ion f ina l ly upon the whole G r e e n ' s func t ion . 

I know no th ing , at t h i s s t a g e , about t h e a n a l y t i c i t y of the 
funct ion and i t s d e p e n d e n c e upon e a c h one of t h e s p a c e - t i m e c o o r ­
d i n a t e s . T h e r e a r e t h r e e r e l a t i v e m o m e n t a h e r e of wh ich one i s 
r e d u n d a n t in t h e s e n s e tha t t h e a b s o l u t e m o m e n t u m tha t i s a s s o c i a t e d 
wi th the s p a c e - t i m e point x^ i s in fact g iven by P ^ s Pj2+ Pl3> a n c * 
s i m i l a r l y , P2 s - p ^ + P23> P3 3 1 ~Pj3 " P 2 3 - e s u m °^ t ^ i e s e 

t h r e e m o m e n t a i s z e r o . Tha t j u s t e x p r e s s e s the t r a n s l a t i o n a l s y m ­
m e t r y that we bui l t in to the t h e o r y , and it i n d i c a t e s , fo r e x a m p l e , 
tha t if you spec i fy p^ and pg , t h e n t h e r e i s one r e l a t i v e m o m e n t u m 
tha t i s left f r e e wh ich we h a v e t o i n t e g r a t e o v e r in o r d e r t o get the 
f inal s t r u c t u r e of t h e a c t u a l G r e e n ' s func t ion in i t s d e p e n d e n c e upon 
the p h y s i c a l m o m e n t u m . T h a t , of c o u r s e , i s a s t r a i g h t f o r w a r d i n t e ­
g r a t i o n wh ich can be p e r f o r m e d by the u s u a l p a r a m e t r i z a t i o n . Le t 
m e w r i t e t he r e s u l t s in the fo l lowing way : 

T h a t ' s t h e g e n e r a l s t r u c t u r e you g e t . 

At th i s point one i m p o s e s t h e p h y s i c a l r e q u i r e m e n t of r e g u ­
l a r i t y , wh ich i s tha t if you ex tend the t i m e c o o r d i n a t e s in to t h e 
c o m p l e x p l ane in t he i n d i c a t e d way , you m u s t have a r e g u l a r func t ion . 
In t e r m s of t h e m o m e n t u m t r a n s f o r m , t h a t a p p e a r s in the f o r m of t h e 
r e q u i r e m e n t tha t if the i n v a r i a n t s q u a r e s of t h e m o m e n t a a r e m o v e d 
in to t h e l o w e r half p l a n e , t h e funct ion m u s t be r e g u l a r . That t h e r e ­
f o r e m e a n s , in a s e n s e , tha t we m u s t h a v e a r e g u l a r i t y d o m a i n tha t 
r e m a i n s c o n s i s t e n t , wh ich i s not c r o s s e d , when e v e r y p ^ i s r e p l a c e d 
by p ^ - i é , wh ich i s j u s t t he F o u r i e r t r a n s f o r m a t i o n of r e p l a c i n g 
e v e r y x^ by x \ ie . Al l t he é b e ing p o s i t i v e , t h i s m e a n s tha t t he 
whole d o m a i n of r e g u l a r i t y i s e x p r e s s e d by add ing - i é t o t he who le 
d e n o m i n a t o r . 
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We h a v e , t hen , the g e n e r a l f o r m of t he G r e e n ' s funct ion 

m e e t i n g a l l of t h e r e q u i r e m e n t s , and in which aga in the c o m p l e x 

n a t u r e of t h e G r e e n ' s funct ion i s e n t i r e l y e x p r e s s e d in t h e u s u a l 

f o r m a l way by the add i t ion of t h e - i e . The a m p l i t u d e s in t e r m s 

of t h e p a r a m e t e r s X a r e r e a l n u m b e r s a g a i n . You r e c o g n i z e , of 

c o u r s e , t ha t the t h r e e i n v a r i a n t s q u a r e s of t h e m o m e n t a a p p e a r 

c o m b i n e d t o g e t h e r in a s i n g l e d e n o m i n a t o r . T h e r e s u l t s h o w s , so 

to s p e a k , the g e n e r a l con ten t of t h e i n f o r m a t i o n fed i n . T r a n s l a t i o n 

and L o r e n t z i n v a r i a n c e , t h e r e a l i t y p r o p e r t i e s and the b o u n d a r y 

cond i t ions i m p l y tha t the G r e e n ' s funct ion i s s i m p l y t r a n s f o r m e d 

in to a funct ion of c e r t a i n i n v a r i a n t m a s s p a r a m e t e r s . The p h y s i c s 

i s a l l c o n c e a l e d in *(jtt%i £ 3 { J Xxx) . 

So we h a v e the g e n e r a l s t r u c t u r e for t h e c a s e of t h r e e p o i n t s . 

You r e c o g n i z e it a s fo l lowing a g e n e r a l p a t t e r n tha t could be app l i ed , 

wi th m o r e and m o r e a l g e b r a i c c o m p l i c a t i o n s of c o u r s e , to l a r g e r 

n u m b e r s . P a r t i c u l a r l y , the whole th ing goes t h r o u g h in e x a c t l y the 

s a m e way for four p o i n t s , w h i c h i s what you n e e d in o r d e r to have a 

p h y s i c a l a p p l i c a t i o n , s a y , to s c a t t e r i n g ; m e s o n n u c l é o n s c a t t e r i n g , 

for e x a m p l e . We a r e d e a l i n g w i th v e r y c o m p l i c a t e d s t r u c t u r e s , and 

when we f ina l ly app ly t h i s to a s i m p l e p r o b l e m l ike the d e r i v a t i o n of 

the d i s p e r s i o n r e l a t i o n s for f o r w a r d s c a t t e r i n g , t h e a p p a r a t u s i s 

m u c h too p o n d e r o u s fo r tha t p a r t i c u l a r a p p l i c a t i o n . But tha t i s only 

b e c a u s e we a r e d e s c r i b i n g t h e full content of t h e f ie ld t h e o r y , and 

i n e v i t a b l y we d e a l w i th m a n y m o r e c o m p l i c a t i o n s b e c a u s e m u c h m o r e 

i s in p r i n c i p l e c o n t a i n e d in t h i s f o r m u l a t i o n . 

The p h y s i c a l p r o b l e m t h e n b e c o m e s t r a n s f e r r e d to the q u e s t i o n 

of f inding the a m p l i t u d e s g and t h e i r d e p e n d e n c e upon the p a r a m e t e r s 

X, , and, in p a r t i c u l a r , in f inding fo r any p a r t i c u l a r p h y s i c a l a p p l i ­

ca t i on what the r a n g e of v a l u e s of the q u a n t i t i e s àt i s . Tha t c o m e s 

down to the q u e s t i o n of what you a r e going to app ly t h i s s t r u c t u r e 

f o r m u l a t o , t ha t i s , what p a r t i c u l a r G r e e n ' s funct ion w i l l one u s e i t 

f o r . In any a c t u a l a p p l i c a t i o n one would apply it not to the G r e e n ' s 

funct ion i t se l f , but t o q u a n t i t i e s d e r i v e d f r o m it which c h a r a c t e r i z e , 

not the full p r o p a g a t i o n c h a r a c t e r i s t i c s of the p a r t i c l e s in i n t e r a c t i o n 

t o g e t h e r wi th t h e i r s u b s e q u e n t f r e e p r o p a g a t i o n without i n t e r a c t i o n , 

but r a t h e r the r e a l l y f u n d a m e n t a l a s p e c t s of t h e i n t e r a c t i o n of s e v e r a l 

p a r t i c l e s . Tha t m e a n s r e p l a c i n g the G r e e n ' s funct ion , if you l i k e , 

by a n o t h e r one , depend ing upon the s a m e n u m b e r of s p a c e - t i m e p o i n t s 

but l i m i t e d to the s p a c e - t i m e b e h a v i o r in the r e g i o n w h e r e the p a r t i c l e s 

a r e a l l fully i n t e r a c t i n g wi th e a c h o t h e r . It m e a n s to i s o l a t e the r e l a ­

t i v e l y t r i v i a l a s p e c t tha t r e f e r s to the s e l f - i n t e r a c t i o n p r o p e r t i e s . So 

in a c t u a l a p p l i c a t i o n , t h i s s t r u c t u r e would be app l i ed to G r e e n ' s 
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func t ions d e r i v e d f r o m t h e ones w r i t t e n down, r e f e r r i n g to a l l p o i n t s 
a s s o c i a t e d wi th f i e l d s , o r t h e c o r r e s p o n d i n g p a r t i c l e s , in full i n t e r ­
ac t i on , s p a c i a l l y and t e m p o r a l l y l i m i t e d to the s p a c e - t i m e p o i n t s 
w h e r e t h e y a p p r o a c h each o t h e r . Le t m e t r y to i l l u s t r a t e t h i s in the 
s i m p l e c a s e a g a i n of two p o i n t s , w h e r e a l l the i d e a s a r e p r e s e n t . 

Suppose a g a i n we had a G r e e n ' s funct ion of two po in t s r e f e r ­
r i n g to a s p i n z e r o f i e ld . L e t ' s m a k e it v e r y e x p l i c i t l y now a B o s e 
f ie ld : 

We have to m a k e u s e v e r y e x p l i c i t l y of the field e q u a t i o n s that t h i s 
f ie ld o b e y s . T h e s e wi l l be e q u a t i o n s , s a y , 

One b e g i n s wi th the f ield e q u a t i o n s in the a b s e n c e of i n t e r a c t i o n , and 
j wi l l be the c o u p l i n g . If you th ink of <f a s the m e s o n f ie ld , t h i s wi l l 
be the coup l ing wi th the n u c l é o n s y s t e m , j wi l l be s o m e ef fec t ive 
c u r r e n t , an o p e r a t o r r e f e r r i n g to the s e c o n d f ie ld t ha t <f i s coupled 
w i t h . Now we wi l l want t o m a k e u s e of the f ield e q u a t i o n in t h e 
fo l lowing w a y . 

Suppose we w r i t e t h i s s o a s to b r i n g in the p r o p a g a t i o n equa t i on 
that the m e s o n f ie ld obeys in i t s l owes t m a s s s t a t e . Tha t i s , a m o n g 
the e f fec ts of the i n t e r a c t i o n i s t ha t of r e p l a c i n g t h e m a s s p a r a m e t e r 
/*~ 0 to beg in wi th by the m a s s p a r a m e t e r fx that r e f e r s to t he a c t u a l 
p r o p a g a t i o n of t he p a r t i c l e in full i n t e r a c t i o n . T h e point of t h i s f o r m a ­
l i s m i s to r e f e r the i n t e r a c t i o n p r o p e r t i e s of t h e p a r t i c l e s to the p r o p a ­
ga t ion c h a r a c t e r i s t i c s as t h e y would a c t u a l l y be o b s e r v e d in t e r m s of 
fully i n t e r a c t i n g p a r t i c l e s , not t h e m a t h e m a t i c a l i d e a l i z a t i o n of the 
a d i a b a t i c decoup l ing wh ich i s s o often e m p l o y e d . We want to r e p r e s e n t 
the s c a t t e r i n g i n t e r a c t i o n s and t h e s c a t t e r i n g c h a r a c t e r i s t i c s of p a r t i c l e s , 
ident i fy ing t h e m by t h e i r s p a t i a l s e p a r a t i o n r a t h e r than by t h e i r t i m e 
s e p a r a t i o n . So we d e a l in t h i s f o r m a l i s m a l w a y s wi th ful ly i n t e r a c t i n g 
p a r t i c l e s and a t t e m p t to s e p a r a t e the fully i n t e r a c t i n g f r e e p r o p a g a t i o n 
c h a r a c t e r i s t i c s f r o m the s c a t t e r i n g i n t e r a c t i o n s , fo r e x a m p l e . 

In th i s c a s e we a r e not t a l k ing about s c a t t e r i n g , but t h e s e s a m e 
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i d e a s app ly . You would t h e r e f o r e w r i t e 

What we have app l i ed i s t he o p e r a t o r r e f e r r i n g to the a c t u a l o b s e r v e d 
m a s s yO, , not the o r i g i n a l m a s s 0 . The d i f fe rence wi l l t h e n a p p e a r 
on t he r i g h t . T h i s i s the f i r s t s t a g e in the p r o c e s s I r e f e r r e d to ; to 
r e p l a c e the G r e e n ! s funct ion r e f e r r i n g to the a c t u a l f ield by a G r e e n ! s 
funct ion r e f e r r i n g to t h o s e c o m b i n a t i o n s tha t d e s c r i b e the i n t e r a c t i o n 
p r o p e r t i e s of the f ie ld , the change in m a s s and t h e e f fec ts of the 
coupl ing wi th the s e c o n d F e r m i - D i r a c f ie ld , o r w h a t e v e r it m a y b e . 
In o t h e r w o r d s , we r e p l a c e t h e o r i g i n a l f ie lds by a new s e t of f i e l d s , 
a l l r e f e r r i n g , of c o u r s e , t o a s i n g l e s p a c e - t i m e po in t : 

You would t h e n r e p e a t t h i s d e r i v a t i o n ; you would apply t h e d i f f e r en t i a l 
o p e r a t o r a g a i n in o r d e r to r e p l a c e the o r i g i n a l f ie ld by a modi f i ed 
f ield that r e a l l y d e s c r i b e s the l o c a l i n t e r a c t i o n p r o p e r t i e s r a t h e r t han 
the f r e e p r o p a g a t i o n c h a r a c t e r i s t i c s . So you would app ly t he d i f f e r ­
e n t i a l o p e r a t o r J£ + / A J * on the r i g h t , and t h e r e would a p p e a r 
f ina l ly t h i s s t r u c t u r e of t h e G r e e n f s funct ion ( sk ipping t h e i n t e r m e d i a t e 
s t e p s ) : 

In s h o r t , t h e o r i g i n a l G r e e n ! s funct ion h a s b e e n r e p l a c e d by s o m e ­
th ing hav ing t h e s a m e g e n e r a l s t r u c t u r e , but wi th an a l t e r e d m e a n i n g 
of t he f i e ld . The point i s tha t f r o m t h i s G r e e n ' s funct ion a l l r e f e r ­
e n c e to the l o w e s t m a s s s t a t e h a s b e e n r e m o v e d . We h a v e s e p a r a t e d 
tha t p a r t of t h e i n f o r m a t i o n in the G r e e n ' s funct ion fo r two p o i n t s that 
s i m p l y s a y s tha t in t h e r e i s con ta ined the p r o p a g a t i o n of a p a r t i c l e of 
m a s s . F r o m tha t we have s e p a r a t e d t h e p a r t r e f e r r i n g to a l l of 
the l o c a l d i s t u r b a n c e s tha t a r e o c c a s i o n e d by the c r e a t i o n of a p a r t i c l e , 
t he d i s t u r b a n c e s tha t do not p r o p a g a t e to a v e r y g r e a t d i s t a n c e , t he 
d i s t u r b a n c e s tha t a r e not p a r t i c u l a r l y p h y s i c a l l y mean ing fu l a s f a r a s 
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the s i n g l e p a r t i c l e G r e e n ' s funct ion is c o n c e r n e d . We have t h e i r a n a ­
logue in the l oca l d i s t u r b a n c e that p r o d u c e s t h e p h y s i c a l s c a t t e r i n g . 

You r e c o g n i z e tha t if the v a c u u m e x p e c t a t i o n v a l u e in [j 
r e m a i n s cons t an t when i s r e p l a c e d by -/A} you would h a v e not 
only a s i n g l e p o l e , which i s the m a r k of a s t a t e of e n e r g y - m o m e n t u m 
c o n n e c t e d by the m a s s , but you would have a double p o l e . Such 
double p o l e s , of c o u r s e , cannot e x i s t . In fac t , if t he G r e e n ' s funct ion 

£ f) + y had a s i n g u l a r i t y at tha t po in t , it would c o r r e s p o n d 
to a t r i p l e p o l e . All r e f e r e n c e to t he lowes t m a s s s t a t e , h o w e v e r , h a s 
been r e m o v e d f r o m t h i s G r e e n ' s func t ion . It t h e r e f o r e d e s c r i b e s only 
the m o r e c o m p l i c a t e d l o c a l e x c i t a t i o n s . The f r ee p r o p a g a t i o n of the 
p a r t i c l e i s i s o l a t e d in the t e r m Y • F o r t h i s new G r e e n ' s 
funct ion you would u s e a g e n e r a l r e p r e s e n t a t i o n of the kind we d i s ­
c u s s e d : 

The m a s s s p e c t r u m would not beg in wi th m a s s , but would beg in 
h i g h e r , wi th a l l of t h e add i t i ona l s t a t e s that could be c r e a t e d a c c o m ­
pany ing the o p e r a t i o n of t h e field o p e r a t o r o n c e . If you w e r e t a l k i n g 
about t h e p s e u d o - s c a l a r f ie ld , fo r e x a m p l e , t h i s m a s s s p e c t r u m would 
beg in at 3 ^ u , , wh ich would be the s m a l l e s t m a s s tha t would be 
coup led with the m a s s . T h i s m e a n s tha t you have a p h y s i c a l 
cond i t ion d e r i v e d f r o m the m e a n i n g of the G r e e n ' s funct ion a s a c o m ­
pac t e x p r e s s i o n of a l l the e n e r g y - m o m e n t u m s t a t e s . We s a y , for 
e x a m p l e , t ha t ( ] [ £ ) + / does not have a po le at . Tha t i s 
e x p r e s s e d by the r a n g e of the m a s s s p e c t r u m . M o r e t h a n tha t ; the 
double po le d o e s not e x i s t , which i s t o s a y tha t when you e v a l u a t e 
^ ( 1 f ) & r - ) the coeff ic ient of the double pole in S h a s 
to v a n i s h . Tha t g i v e s you a f o r m u l a fo r the m a s s / x 0 in t h e a b s e n c e 
of i n t e r a c t i o n in t e r m s of the a c t u a l m a s s JJ^ and a l l t h e l o c a l i n t e r ­
ac t i on p r o p e r t i e s . 

F r o m the r e s u l t of a l l of t h i s , one g e t s the a c t u a l G r e e n ' s 
func t ion . The f ac t s tha t t h e r e i s a r e n o r m a l i z a t i o n , and tha t t h e 
s i n g l e m a s s i s p r e s e n t on ly a f r a c t i o n of the t i m e , t hen c o m e out in 
t h e r e - e x p r e s s i o n of the e n t i r e G r e e n ' s func t ion . 

Of c o u r s e , we would want to go t h r o u g h the s a m e kind of r e ­
a r r a n g e m e n t in the G r e e n ' s funct ions r e f e r r i n g to s e v e r a l p o i n t s , f ou r 
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po in t s in p a r t i c u l a r , to d e s c r i b e s c a t t e r i n g . If you a r e i n t e r e s t e d 
in m e s o n - n u c l e o n s c a t t e r i n g , for e x a m p l e , you a r e c o n c e r n e d wi th 
the G r e e n ! s funct ion r e f e r r i n g to two Boson p o i n t s and two F e r m i o n 
p o i n t s : 

T h i s G r e e n ' s funct ion , r e f e r r i n g b a s i c a l l y to one n u c l é o n and one 
m e s o n , would then be s e p a r a t e d in to t he p r o d u c t of the G r e e n ' s 
funct ions r e f e r r i n g to one n u c l é o n , one m e s o n n o n - i n t e r a c t i n g but 
con ta in ing a l l p h y s i c a l p r o p e r t i e s , and the r e s t d e s c r i b i n g the 
add i t iona l s c a t t e r i n g owing to the i n t e r a c t i o n that i s p r o d u c e d only 
when t h e s e p a r t i c l e s p h y s i c a l l y o v e r l a p . If t hey do no t , you h a v e 
t he f r e e p r o p a g a t i o n of each wi thout i n t e r a c t i o n wi th e a c h o t h e r , 
but e a c h i n t e r a c t i n g l o c a l l y , g iv ing t h e m t h e i r a c t u a l p h y s i c a l 
p r o p e r t i e s . T h e n , fo l lowing a c a l c u l a t i o n , you wi l l h a v e 

The whole s t r u c t u r e of t he t h e o r y i s now t r a n s f e r r e d to wha t a p p e a r s 
in the b r a c k e t . And what a p p e a r s t h e r e c o n t a i n s a n u m b e r of d i f f e r ­
ent p a r t s , of which t h e m o s t c o m p l i c a t e d one i s aga in a four point 
G r e e n ' s funct ion r e f e r r i n g t o the f ie lds a s t h e y a r e mod i f i ed by the 
ef fec t ive i n t e r a c t i o n : 

T h i s t e r m e x i s t s on ly by v i r t u e of t h e fact tha t t h e p h y s i c a l 
m e s o n and n u c l é o n a r e o v e r l a p p i n g in s p a c e and t i m e and a r e 
p h y s i c a l l y i n t e r a c t i n g . It i s to t h i s quan t i ty tha t t he g e n e r a l s t r u c t u r e 
of t h e G r e e n ' s funct ion r e f e r r i n g to four s p a c e - t i m e p o i n t s i s to be 
a p p l i e d . It i s t h i s quan t i ty a l s o tha t g ive s you the n a t u r e of t h e 
s c a t t e r i n g a m p l i t u d e and i t s c o m p l e x s t r u c t u r e , f r o m which in p a r ­
t i c u l a r the d i s p e r s i o n r e l a t i o n s wi l l fo l low. Of c o u r s e , in p r i n c i p l e , 
it c o n t a i n s v e r y m u c h m o r e b e c a u s e you now have an e x p r e s s i o n fo r 
the s c a t t e r i n g a m p l i t u d e in t e r m s of f ie ld o p e r a t o r s f r o m which e q u a ­
t i ons of m o t i o n c a n be d e r i v e d , and s o o n . It m a y e n a b l e you, in 
p r i n c i p l e , to ob ta in not only the m o s t g e n e r a l c o n s e q u e n c e s , s u c h a s 
d i s p e r s i o n r e l a t i o n s , but t h e m o s t spec i f i c c o n n e c t i o n s b e t w e e n the 
p h y s i c a l p r o p e r t i e s that a r e involved in s c a t t e r i n g and the p h y s i c a l 
p r o p e r t i e s invo lved in o the r p h e n o m e n a in which the s a m e k ind of 
f ield o p e r a t o r c o m b i n a t i o n m i g h t o c c u r . 
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DISCUSSION 

VAN K A M P E N : The i r r e g u l a r i t y cond i t ion on func t ions of 
t h e s q u a r e of t h e t i m e d i f f e r e n c e s d o e s not s e e m to m e to be e q u i v ­
a len t to t h e o r i g i n a l b o u n d a r y c o n d i t i o n , 

SCHWINGER: Wel l , I s i m p l y s a i d tha t if the G r e e n ' s func t ions 
a r e func t ions on ly of the i n v a r i a n t s p a c e - t i m e d i s t a n c e s , t h e n t h e 
r e g u l a r i t y r e q u i r e m e n t on the t i m e i n t e r v a l s b e c o m e s t r a n s f o r m e d 
in to a r e g u l a r i t y r e q u i r e m e n t on the s q u a r e s of t h e t i m e d i f f e r e n c e s 
in t he l o w e r h a l f - p l a n e . The l a t t e r fo l lows d i r e c t l y f r o m the f o r m e r , 
s i n c e only t h e s e i n v a r i a n t c o m b i n a t i o n s o c c u r b e c a u s e of L o r e n t z 
i n v a r i a n c e . 

VAN K A M P E N : The funct ion you w r i t e down i s r e g u l a r a s 
a func t ion of (x - x 1 ) ^ , but not n e c e s s a r i l y a s a funct ion of (x - x ! ) . 

SCHWINGER: The i m p l i c a t i o n i s tha t it w i l l b e . I s a t i s f i e d 
a l l of m y r e q u i r e m e n t s . I m a y t h e n , if I w i s h , go b a c k and r e c o g ­
n i z e e x p l i c i t l y tha t when I c o n s t r u c t t h e funct ion it i s t r u e . We can 
c e r t a i n l y do t h i s e x p l i c i t l y in the s i m p l e s t c a s e s , and it i s t r u e . F o r 
t h r e e and four po in t s i t i s , of c o u r s e , a l g e b r a i c a l l y c o m p l i c a t e d . 
Le t m e s a y , i n c i d e n t a l l y , that I h a v e a c t u a l l y c a r r i e d t h i s w o r k only 
to the point of r e c o g n i z i n g the g e n e r a l f o r m s . I h a v e n e v e r gone 
t h r o u g h the l a b o r of r e d u c i n g t h e a l g e b r a i c e x p r e s s i o n s down to the 
point w h e r e t h e y a r e u se fu l ly a p p l i c a b l e to s c a t t e r i n g . 

LEHMANN: A r e t h e s e f o r m s you w r o t e down for t h r e e o r 
four po in t s c o n j e c t u r e d , o r h a v e they b e e n d e r i v e d by a c t u a l p r o o f s ? 

SCHWINGER: I h a v e to ld you the b a s i s of t h e p roof . 

LEHMANN: Wel l , y e s , but 

SCHWINGER: I con tend tha t t h e s t r u c t u r e s c an be no th ing 
m o r e t han what c an be ob ta ined by d i r e c t a p p l i c a t i o n of t he r e g u ­
l a r i t y r e q u i r e m e n t s wh ich , I s a y , a r e equ iva len t to the b o u n d a r y 
c o n d i t i o n s . T h e y a r e c o r r e c t i n s o f a r a s the f o r m a l m a n i p u l a t i o n s 
wi th F o u r i e r i n t e g r a l s a r e j u s t i f i e d . You c a n c e r t a i n l y point out 
g e n e r a l l y m a t h e m a t i c a l func t ions tha t w i l l not m e e t t h e s e r e q u i r e ­
m e n t s ; t ha t I cannot p o s s i b l y p r e v e n t . But the s t a t e m e n t would be 
tha t a p h y s i c a l t h e o r y ought to fa l l in to t h i s g e n e r a l f r a m e w o r k . 

LEHMANN: U n l e s s you know what the r a n g e s of y o u r 
p a r a m e t e r s a r e , t h e s e f o r m u l a s a r e not v e r y u s e f u l . It i s v e r y 
e s s e n t i a l to know t h e s e . 
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^ SCHWINGER: I m e a n t to s a y at the end tha t t h e r a n g e of the 
^ $ depends upon which p a r t i c u l a r funct ion you app ly t h i s s t r u c t u r e 

f o r m u l a t o . The r a n g e of t he p a r a m e t e r s would a l w a y s be s u c h a s 
to beg in at the f i r s t e x c i t e d g r o u p s of p a r t i c l e s , w h o s e e n e r g y s p e c t r a 
could be added to t h e lowes t p h y s i c a l s t a t e ; that i s , the l o w e s t p h y s i c a l 
s t a t e s a r e a l w a y s r e m o v e d . 

F E Y N M A N : If you h a v e t h r e e p o i n t s , i s n ' t t h e r e s o m e kind of 
t r i a n g l e i n e q u a l i t y ? That i s , if a m o n g t h r e e p o i n t s two a r e s e p a r a t e d 
by one s p a c e , and two by a n o t h e r , t h e n the t h i r d p a i r cannot be s e p a ­
r a t e d by m o r e s p a c e t h a n the s u m of the o the r t w o . T h e r e i s , t h e r e ­
f o r e , a l i m i t a t i o n on t h e r a n g e of the t h r e e c o o r d i n a t e d i f f e r e n c e s . 
Does that h a v e any effect on y o u r r e s u l t s ? 

SCHWINGER: I don ' t th ink s o . T h i s i s a p h y s i c a l l i m i t a t i o n 
on the r a n g e in which you can f r e e l y a s s i g n n u m b e r s , but it d o e s not 
change the coun t ing of i ndependen t v a r i a b l e s . C e r t a i n l y e v e r y 
i n v a r i a n t i s r e d u c i b l e to the t h r e e i n v a r i a n t c o o r d i n a t e d i f f e r e n c e s 
s q u a r e d . T h e r e i s no a l g e b r a i c r e s t r i c t i o n on t h e s e t h r e e . Tha t i s 
p a r t i c u l a r l y t r u e , of c o u r s e , if you m a k e t h e e x t e n s i o n in to the 
c o m p l e x p l a n e , w h e r e the r e a l i t y r e s t r i c t i o n s no l o n g e r h o l d . Tha t 
d o e s n ' t effect anyth ing l o c a l l y , which i s a l l we r e a l l y m a k e u s e of. 
In a l o c a l r e g i o n , t h e s e i n v a r i a n t s a r e f r e e l y a s s i g n a b l e . 

K A L L E N : S t r u c t u r e of the v a c u u m e x p e c t a t i o n v a l u e of t h r e e f ield 
o p e r a t o r s 

The p r e v i o u s s p e a k e r h a s m o s t e l oquen t l y to ld u s why it i s 
s o i n t e r e s t i n g to look at t he v a c u u m e x p e c t a t i o n v a l u e s of p r o d u c t s 
of f ield o p e r a t o r s . I shou ld l ike to d i s c u s s the s a m e p r o b l e m f r o m 
a s l i gh t l y d i f fe ren t point of v i e w . T h e r e b y , I shou ld l i ke to c o n ­
c e n t r a t e on t h e a n a l y t i c p r o p e r t i e s of the funct ions i n v o l v e d . In 
p a r t i c u l a r , I should l i ke to e m p h a s i z e tha t we r e a l l y h a v e to d e a l 
wi th two a n a l y t i c f unc t i ons , one in x - s p a c e and one in p - s p a c e . Le t 
m e now get down to d e t a i l s . 

We h a v e two s c a l a r f ield o p e r a t o r s ( I a g r e e wi th the p r e v i o u s 
s p e a k e r t ha t s p i n , e t c . , a r e e n t i r e l y i r r e l e v a n t ) and t a k e the e x p e c t a ­
t ion va lue for t he p h y s i c a l v a c u u m ; 
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T h i s i s an o r d i n a r y p r o d u c t , not t i m e o r d e r e d . T h a t ' s why you have 
the Q (p) in t h e F o u r i e r t r a n s f o r m . The funct ion F in x s p a c e i s t h e 
b o u n d a r y v a l u e of a c e r t a i n ana ly t i c funct ion F ( z ) , w h e r e z « - x ^ . 
(I u s e t he m i n u s s ign h e r e for c o n v e n i e n c e ) , We a l l know, a s w a s 
so beau t i fu l ly exp la ined b e f o r e , t ha t t h i s funct ion i s r e g u l a r in the 
p lane cut a long the r e a l p o s i t i v e a x i s , and t h e r e f o r e we c a n w r i t e it 
in t e r m s of t h e s e d i s p e r s i o n - l i k e r e l a t i o n s : 

T h i s i s one funct ion we h a v e to do wi th , and for c o n v e n i e n c e I wi l l 
in t he fu tu re r e f e r to it a s the a n a l y t i c funct ion in x - s p a c e . The 
m a t h e m a t i c a l r e a s o n for i t s ana ly t i c p r o p e r t i e s i s , of c o u r s e , t he 
a p p e a r a n c e of only p o s i t i v e t i m e - l i k e v e c t o r s in the F o u r i e r t r a n s ­
f o r m . 

T h e r e i s a n o t h e r ana ly t i c funct ion which one g e t s by t ak ing 

H e r e , H(z) i s aga in the b o u n d a r y v a l u e of a c e r t a i n ana ly t i c function 
T h i s z , of c o u r s e , i s - p . Th i s ana ly t i c funct ion in p - s p a c e , a s I 
s h a l l r e f e r to it in t h e f u t u r e , i s a l s o a n a l y t i c a l in the cut p l a n e . So 
m u c h for the t w o - v a c u u m expec t a t i on v a l u e s and the a p p e a r a n c e of 
t h e two d i f fe ren t ana ly t i c func t ions , one in x - s p a c e and the o t h e r one 
in p - s p a c e . 

Now let u s t a k e a t h r e e - f o l d v a c u u m e x p e c t a t i o n v a l u e . T h i s 
we w r i t e in a s i m i l a r way : 

w h e r e 
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H i s now the a n a l y t i c funct ion in p - s p a c e . If you t ake the t i m e 
o r d e r e d p r o d u c t , you h a v e e x a c t l y the s a m e ana ly t i c funct ion in 
p - s p a c e , only d i f fe ren t b r a n c h e s of i t , (I m e a n , on d i f fe ren t s i d e s 
of t h e c u t ) . 

The point I would l ike to e m p h a s i z e i s t ha t , fo r the t h r e e ­
fold v a c u u m e x p e c t a t i o n v a l u e tha t we have h e r e , a l s o , t h e d o m a i n s 
of r e g u l a r i t y of t h e s e two ana ly t i c func t ions , the ana ly t i c funct ion 
in x - s p a c e and t h e a n a l y t i c funct ion in p - s p a c e , m u s t be i d e n t i c a l l y 
t h e s a m e . I shou ld a l s o l ike to e m p h a s i z e tha t the d o m a i n of a n a -
l y t i c i t y for t h e s e new func t ions , F and H, in t h e t h r e e - f o l d v a c u u m 
e x p e c t a t i o n v a l u e s , i s not j u s t the p r o d u c t of t h e 3 cut p l a n e s . So 
I c o m p l e t e l y a g r e e wi th t he d i s c u s s i o n r e m a r k s m a d e by F e y n m a n , 
tha t the r e s t r i c t i o n s on t h e v e c t o r s a r e e x t r e m e l y i m p o r t a n t , and 
that t h e y m e a n v e r y s e v e r e r e s t r i c t i o n s on the d o m a i n of a n a l y t i c i t y 
of t h e s e f u n c t i o n s . 

The p r o o f tha t t h o s e two func t ions , F and H, m u s t h a v e 
e x a c t l y the s a m e d o m a i n of a n a l y t i c i t y i s not qu i t e t r i v i a l . I w i l l 
sk ip it h e r e , but I w i l l be g lad to g ive a l l of the d e t a i l s a f t e r w a r d s 
to anyone i n t e r e s t e d . It i n v o l v e s s o m e c a l c u l a t i o n s . I w i l l now 
t r y to d i s c u s s t h e d o m a i n of a n a l y t i c i t y tha t we h a v e for bo th t h e s e 
f u n c t i o n s . 

The p r o p e r t y of t h e s e func t ions to be a n a l y t i c , i s t he d i r e c t 
c o n s e q u e n c e of t h e s t r u c t u r e of the F o u r i e r t r a n s f o r m , n a m e l y , 
tha t t he funct ion G i s d i f fe ren t f r o m z e r o only for p o s i t i v e t i m e - l i k e 
v e c t o r s . I shou ld l ike to e m p h a s i z e tha t a v e r y , v e r y i m p o r t a n t 
p r o p e r t y , for t h e s e d o m a i n s of a n a l y t i c i t y , i s the c o m m u t a t i o n p r o p ­
e r t y of the s c a l a r f i e l d . The d o m a i n s of a n a l y t i c i t y for t h e s e 

ABC 
F i s a g a i n t h e b o u n d a r y v a l u e of a c e r t a i n ana ly t i c funct ion of 
z±, %2> Z g . It i s t he g e n e r a l i z a t i o n of F ( z ) , and I wi l l r e f e r to i t 
a s t he a n a l y t i c funct ion in x - s p a c e . 

In qu i te a s i m i l a r way , you can g e n e r a l i z e the c o m m u t a t o r 
t i m e s the 0 - func t ion , wh ich , for a l l p r a c t i c a l p u r p o s e s , i s 
t he s a m e a s t he t i m e o r d e r e d p r o d u c t . J u s t to b r i n g out t he m a t h e ­
m a t i c s , I wi l l show you what it i s : 
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func t ions a r e qu i te d i f ferent for a t h e o r y w h e r e t h e f ie ld o p e r a t o r s 
c o m m u t e for s p a c e - l i k e d i s t a n c e s and for a t h e o r y w h e r e t h e y do 
n o t . To s e e t h i s , we r e m a r k tha t if w e t a k e a t h e o r y w h e r e the 
o p e r a t o r s c o m m u t e and t ake i n s t e a d of t h e o r i g i n a l v a c u u m e x p e c ­
t a t i o n v a l u e , t h i s one : 

in a c e r t a i n r e s t r i c t e d d o m a i n of t h e v a r i a b l e s z\, and Z 3 . But 
t hen t h e r e i s the w e l l - k n o w n p r o p e r t y of ana ly t i c func t ions tha t if 
t hey a r e e q u a l on a r a t h e r s m a l l d o m a i n , s a y , a long a f ini te p i e c e of 
a l i n e , h o w e v e r s m a l l t h a t p i e c e i s , t h e y a r e r e a l l y the s a m e func t ion . 
It i s one of t h e m o s t power fu l p r o p e r t i e s of ana ly t i c funct ions in 
g e n e r a l . T h i s a l l o w s u s to s a y tha t e v e r y w h e r e w h e r e i s 
a n a l y t i c , t h e r e t he s a m e i s t r u e fo r . If you s i t down and i n ­
v e s t i g a t e the d o m a i n s of a n a l y t i c i t y tha t r e a l l y follow f r o m t h e 
v e c t o r p r o p e r t i e s , you find tha t t h ^ ^ o m a i n for t h e funct ion F ^ ^ 
and t h e d o m a i n for the funct ion F a r e not e x a c t l y t h e s a m e . In 
a v e r y r o u g h g e n e r a l p i c t u r e , t h i n g s look l ike t h i s : 

T h e r e i s a c e r t a i n 
p i e c e w h e r e the 
t h r e e d o m a i n s 
o v e r l a p and that 
con t a in s t h e 
s p a c e - l i k e s e p ­
a r a t i o n s . T h e r e ­
f o r e we know 
tha t t he func t ions 
a r e e q u a l t h e r e , 
and h e n c e we 
can con t inue 
the func t ion 
F A B C f r o m 

t he d o m a i n 
w h e r e i t i s , s o 
to s p e a k , t r i v i a l l y def ined to t he l a r g e r d o m a i n which i s t he union 
of the o r i g i n a l d o m a i n and t h e two p e r m u t e d d o m a i n s . The l o c a l 
c o m m u t a t i v i t y i s t h e r e f o r e a v e r y , v e r y power fu l m e t h o d for d e ­
fining t h e d o m a i n of a n a l y t i c i t y of t h e s e f u n c t i o n s . 

F i g . 1 

As fa r as t h e s e d o m a i n s a r e c o n c e r n e d , I now have to do 
the d i s c u s s i o n in two s t e p s . I h a v e to d i s c u s s the o r i g i n a l d o m a i n 

BAC 
we a r e led to a n o t h e r funct ion , wh ich in t h i s no t a t ion wi l l be F 
F r o m the p r o p e r t y t ha t A and B c o m m u t e for s p a c e - l i k e d i s t a n c e s 
we can conc lude tha t F ^ ° ^ and F D n b a r e r e a l l y t he s a m e funct ion 



IV - 21 

tha t i s s k e t c h e d on p a g e 20 for F ^ ^ , t hen I h a v e to c o m m u t e z ± 
and Z2 to get t he p e r m u t e d d o m a i n , and t h e n f ina l ly I h a v e to t a k e 
the union of t h e t h r e e d o m a i n s and I can c l a i m tha t the funct ion 
m u s t be a n a l y t i c in the whole of t h e s e d o m a i n s . Al though t h i s 
d i s c u s s i o n r e q u i r e s qui te a lot of f o r m a l m a n i p u l a t i o n , the a l g e b r a 
i s p e r f e c t l y s t r a i g h t f o r w a r d . I w i l l s k i p a l l t he p r a c t i c a l d e t a i l s 
h e r e . I s h a l l m e n t i o n only tha t a l l the c a l c u l a t i o n s have b e e n done 
in c l o s e c o l l a b o r a t i o n wi th A . W i g h t m a n , now at C o p e n h a g e n . 

In g iv ing a d e t a i l e d p i c t u r e of t h e s e d o m a i n s , I w i l l m e e t 
wi th s o m e p r a c t i c a l d i f f i c u l t i e s . We have t h r e e c o m p l e x v a r i a b l e s , 
wh ich m e a n s a s i x d i m e n s i o n a l r e a l s p a c e . So I have to m a k e 
d r a w i n g s in tha t s i x d i m e n s i o n a l s p a c e , and e v e r y b o d y who e v e r 

t r i e d to d r a w a 
t h r e e d i m e n s i o n a l 
s p a c e , and e v e r y ­
body who e v e r 
t r i e d to d r a w a 
t h r e e d i m e n s i o n a l 
p i c t u r e on a t w o 
d i m e n s i o n a l 
b l a c k b o a r d w i l l 
p e r h a p s a p p r e c i a t e 
the d i f f icul ty . One 
way I c an do it i s 
by f ixing four of 
the d e g r e e s of 
f r e e d o m once and 
for a l l , g iv ing t h e 
c o r r e s p o n d i n g 
c o o r d i n a t e n u m ­
b e r s , and d r a w a 
c u r v e for t h e 
r e m a i n i n g two 
v a r i a b l e s . F o r 
e a c h p a i r of p o i n t s 
z\ and Z2> I h a v e to d r a w a new c u r v e . I have to apo log i ze for t h e 
qua l i ty of t h e fol lowing s k e t c h e s but I hope tha t t h e y wi l l be good 
enough to s e e s o m e t h i n g at l e a s t . T h e s e p i c t u r e s a r e to be u n d e r ­
s tood in the fo l lowing w a y : you g ive two c o m p l e x p o i n t s , z^ and 
and t h e n you s h o w the c o m p l e x p l a n e for the t h i r d po in t , w h e r e you 
h a v e a s h a d e d d o m a i n w h e r e t he funct ion m i g h t h a v e s i n g u l a r i t i e s 
and an u n s h a d e d , wh i t e d o m a i n w h e r e the funct ion m u s t be r e g u l a r . 
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F i g u r e 2 s h o w s t h e s i t u a t i o n w h e n t h e two po in t s and z^ 
a r e both in t h e f i r s t q u a d r a n t . Ac tua l l y , the i m p o r t a n t point i s 
that t hey a r e both in the s a m e half p l a n e , e . g . t he u p p e r , and tha t 
the s u m of t h e two a r g u m e n t s i s s m a l l e r t han X • T h e n t h e 
whi te d o m a i n , a s you s e e , c o n s i s t s of two l a r g e d i s c o n n e c t e d 
p i e c e s . The b o u n d a r y of the d o m a i n i s m a d e up of s e v e r a l p i e c e s 
of d i f fe ren t c u r v e s . F - ^ , for i n s t a n c e , the c u r v e in t h e u p p e r r i g h t -
hand c o r n e r , i s a h y p e r b o l a c e n t e r e d at the point z^r z~, o n e 

a s y m p t o t e h o r i z o n t a l , and with the o t h e r a s y m p t o t e in the d i r e c t i o n 
def ined by t h e s u m of t h e a r g u m e n t s of z^ and z^. T h e equa t i on for 
tha t c u r v e i s : 

F o r e a c h r e a l v a l u e K you get a c e r t a i n c o m p l e x n u m b e r z^ , and 
when K i s v a r i e d , Z g d e s c r i b e s t he h y p e r b o l a F ^ . 

I shou ld l i ke to m e n t i o n tha t if you do not h a v e l o c a l c o m m u -
t a t i v i t y and t h e r e f o r e the p e r m u t a t i o n s y m m e t r y , t h e n t h e d o m a i n 
of a n a l y t i c i t y for Z g i s j u s t t he one whi t e r e g i o n in t h e u p p e r r i g h t -
hand c o r n e r . H o w e v e r , by v i r t u e of l o c a l c o m m u t a t i v i t y the d o m a i n 
i s v e r y m u c h ex tended and you get a l s o t h e p i e c e in the l o w e r left , 
wh ich i s bounded by two c u r v e s , F23 and S. F g g , t he l o w e r b o u n d ­
a r y in t h e u p p e r half p l a n e , migh t look l ike a h y p e r b o l a , but a c t u a l l y 
it i s n o t . It i s ob ta ined f r o m F - ^ by a n i n t e r c h a n g e of z± and Z g . 
In t h e l o w e r half p l a n e , t h e b o u n d a r y i s an e n t i r e l y d i f fe ren t c u r v e , 
S, wh ich a g a i n h a p p e n s to be a h y p e r b o l a wi th i t s c e n t e r in t he s a m e 
point z i 4- Z 2 , but wi th d i f fe ren t a s y m p t o t e s . I t s equa t ion i s 
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F i g . 3 s h o w s a 
s i m i l a r p i c t u r e 
The c u r v e F ^ 
s t a r t s at t h e 
o r i g i n , goes 
a r o u n d in t h i s 
a b s o l u t e l y c r a z y 
w a y and t h e n off 
to the l e f t . The 
i n t e r s e c t i o n of 
the S c u r v e wi th 
F jg i s no l o n g e r 
the o r i g i n , but 
the point P ; to 
t he r i g h t of i t . 
The r e g i o n of 
s i n g u l a r i t i e s i s 
now the s h a d e d 
d o m a i n , wi th 
the f u r t h e r 
add i t ion of a 
p r o n g on the 
r e a l ax i s f r o m 
the i n t e r s e c t i o n 
point P to t h e o r i g i n . So t h e a l lowed d o m a i n i s now the wh i t e 
d o m a i n , wi th the e x c e p t i o n of tha t p a r t wi th the r e a l a x i s tha t goes 
out l i ke a p r o n g f r o m t h e s h a d e d d o m a i n to the o r i g i n . 

As I s a i d b e f o r e , t he d i r e c t i o n of t he s e c o n d a s y m p t o t e of 
F j2 i s g iven by the a r g u m e n t of the p r o d u c t of the two c o m p l e x 
n u m b e r s z± and z 2 . As long a s t h e s u m of t he two a r g u m e n t s i s 
l e s s t h a n 7T , t h i s a s y m p t o t e goes up , and we h a v e two d i s -
connec t ed d o m a i n s . H o w e v e r , if we v a r y , s a y , Z2 i t w i l l s o o n e r 
or l a t e r h a p p e n tha t t h e s u m of t h e two a r g u m e n t s b e c o m e s l a r g e r 
than T - T h e n t h i s a s y m p t o t e po in t s d o w n w a r d . Tha t s i t u a t i o n 
i s i l l u s t r a t e d in F i g . 4 . 
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You s e e tha t t he 
whi te d o m a i n 
h a s b e c o m e 
c o n n e c t e d , 
b e c a u s e t h e Fgg 
c u r v e and the 

c u r v e i n t e r ­
s e c t . T h i s i s 
t he c a s e when 
the s u m of the 
two a r g u m e n t s 
i s l a r g e r than 
Tf . You s e e 

t h i s i s a r a t h e r 
c o m p l i c a t e d 
d o m a i n , and 
t h e r e i s no th ing 
at a l l a s s i m p l e 
a s j u s t the 
p r o d u c t of t he 
t h r e e cut p l a n e s . 
T h e r e i s a l s o a 
p r o n g of t h e r e a l 
a x i s f r o m P to 
the o r i g i n tha t 
h a s to be added 
to t h e s h a d e d 
a r e a . 

As the 
point Z 2 a p ­
p r o a c h e s the 
n e g a t i v e a x i s , 
t h e point P 
and the h o r n 
H both r u n to 
p l u s in f in i ty . 
When Z 2 e m e r g e s 
in the l o w e r half 
p l a n e , we h a v e 
t h e s i t u a t i o n 
i l l u s t r a t e d in 
F i g . 5 . You 
s e e tha t t he 
whole p l a n e i s 

F i g . 4 
a r g z x 4 - a r g z 2 >TT 

F i g . 5 
z-̂  and z 2 i n o p p o s i t e half 
p l a n e s . a r g Z 2 " a r S z i < T 
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a l lowed , excep t the c u t . S ince it now n e v e r h a p p e n s tha t z\, z^ and 
Z g a r e a l l in t he s a m e half p l a n e , it i s a l w a y s t h e S c u r v e tha t i s 
r e l e v a n t . In F i g , 5 t h e S c u r v e i s t he u p p e r h y p e r b o l a , w h e r e K 
r u n s f r o m m i n u s inf in i ty to z e r o , for s o m e r e a s o n wh ich I don ' t c a r e 
to e x p l a i n . A c t u a l l y what h a p p e n s i s that wi thout u s i n g the l o c a l 
c o m m u t a t i v i t y e v e r y t h i n g on t h e left s i d e of t h e S c u r v e i s a l l o w e d . 
If you do the p e r m u t a t i o n , it so h a p p e n s tha t t h e S c u r v e g o e s o v e r 
in to i t se l f , e s s e n t i a l l y , p l u s p i e c e s of t h e o t h e r b r a n c h . Tha t i s why 
I c a l l i t the s y m m e t r i c c u r v e or the S c u r v e . After the p e r m u t a t i o n , 
t h e n , one s e e s tha t e v e r y t h i n g to the r i gh t of S i s a l lowed , and the 
only excep t i on i s t h e c u t . 

T h i s h a p p y s i t u ­
a t ion p r e v a i l s un t i l the 
two b r a n c h e s of the 
h y p e r b o l a c r o s s , and 
tha t h a p p e n s when 
the two po in t s and 
Z 2 a r e on t h e s a m e 
l ine t h r o u g h the o r i g i n . 
F i g . 6 s h o w s what 
h a p p e n s a f te r t h a t . 
The a r e a b e t w e e n 
the two b r a n c h e s 
of S i s now the e x ­
c luded d o m a i n , and 
in add i t ion t h e r e i s 
a cut f r o m P to 
p l u s in f in i ty . 

T h e s e p i c t u r e s 
t o g e t h e r , I h o p e , g ive 
you s o m e i d e a , p e r ­
h a p s not e x a c t l y of 
how t h e d o m a i n of 
r e g u l a r i t y l o o k s , but about how c o m p l i c a t e d it i s . T h e next m a t h e ­
m a t i c a l p r o b l e m i s to find t he m o s t g e n e r a l funct ion which i s r e g u l a r 
in the wh i t e d o m a i n , but wh ich h a s a s i n g u l a r i t y a n y w h e r e in the 
s h a d e d d o m a i n . 

Ac tua l l y , t h i s p r o b l e m h a s a v e r y s i m p l e m a t h e m a t i c a l 
a n s w e r . T h e r e i s no s u c h funct ion w h a t s o e v e r . In o t h e r w o r d s , 
e v e r y funct ion tha t i s r e g u l a r in t h e whi te d o m a i n can be con t inued 
a bit in to the s h a d e d d o m a i n . The m a t h e m a t i c a l r e a s o n for t h i s i s 
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a w e l l - k n o w n (to m a t h e m a t i c i a n s ) t h e o r e m . I d idn ' t know it un t i l 
about a y e a r ago when I f i r s t s t a r t e d i n v e s t i g a t i n g t h e s e t h i n g s . 
Rough ly s p e a k i n g , the s i t u a t i o n i s t ha t an a r b i t r a r y r e g i o n in a 
2 n - d i m e n s i o n a l s p a c e l ike t h i s c an in g e n e r a l not be the d o m a i n of 
r e g u l a r i t y for an a n a l y t i c func t ion . 

If we t a k e a v e r y 
s i m p l e e x a m p l e , 
F i g . 7 s h o w s one 
z - p l a n e , s a y , and 
t h e s l a n t i n g l ine 
m i g h t r e p r e s e n t 
a l l t he o t h e r 
d i m e n s i o n s . 
T h e n you want 
to find a funct ion 
tha t i s s i n g u l a r 
only in a d o m a i n 
A a r o u n d the 
o r i g i n but r e g u l a r 
e v e r y w h e r e e l s e . 
You c a n put a 
pa th C a r o u n d 
t h e v e r t i c a l 
a x i s and p a r a l l e l 
to the z^ p l a n e 
and look at t h e i n t e g r a l 

F i g . 7 

It i s c l e a r , I th ink , tha t if you h a v e s o m e t h i n g l ike a h o r n 
s t i c k i n g out , you c a n u s e the s a m e t e c h n i q u e , and you c a n ch ip 
t h e h o r n off the d o m a i n of s i n g u l a r i t y . Now, in ou r p i c t u r e s we 
s a w lo t s of h o r n s of t h e d o m a i n of s i n g u l a r i t y . T h e r e f o r e you 

C be ing e n t i r e l y i n s i d e t h e d o m a i n of r e g u l a r i t y of t he a n a l y t i c 
funct ion, the o r d i n a r y C a u c h y f o r m u l a t e l l s us tha t t h i s i n t e g r a l 
i s equa l to t h e ana ly t i c funct ion F . T h e n you can s t a r t m o v i n g the 
p a t h of i n t e g r a t i o n d o w n w a r d , and if you a r e m o v i n g it i n s i d e the 
d o m a i n of a n a l y t i c i t y , i t s t i l l r e p r e s e n t s the s a m e func t ion . You 
can s t a r t pu l l ing it o v e r the r e g i o n A, and wi th t h i s t e c h n i q u e you 
can con t inue the funct ion a l s o in to a s m a l l i s o l a t e d d o m a i n l ike A. 
So, r o u g h l y s p e a k i n g , one point in t h i s 2 n - d i m e n s i o n a l s p a c e can 
n e v e r b e a man i fo ld of s i n g u l a r i t y fo r the a n a l y t i c func t ion . 
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know tha t you c a n con t inue t h e funct ion a n a l y t i c a l l y o v e r t h o s e 
h o r n s . 

A c t u a l l y I do not know how f a r you c a n do t h i s c o n t i n u a t i o n . 
T h e r e i s qu i te a lot of a l g e b r a invo lved in g e t t i n g the f inal a n s w e r . 
We do not h a v e it ye t and I apo log i ze for s p e a k i n g of t h i s u n c o m ­
p l e t e d w o r k . It s e e m s to be c o m p l e t e enough, h o w e v e r , t o t e l l 
about a few t h i n g s tha t we m u s t not d o . One c o n c l u s i o n t ha t c a n 
be d r a w n f r o m it i s t h e s t a t e m e n t that o u r d o m a i n of a n a l y t i c i t y 
i s not j u s t the p r o d u c t of the t h r e e cut p l a n e s . H i s t o r i c a l l y , t h i s 
w a s f i r s t shown by a c o u n t e r e x a m p l e by J o s t and L e h m a n n , but we 
can i m m e d i a t e l y s e e it h e r e f r o m the r e p r e s e n t a t i o n (14) of t h e 
p r e v i o u s t a l k . If you t a k e t h i s r e p r e s e n t a t i o n and c o m p u t e the a n a ­
ly t ic funct ion F in x s p a c e you find tha t it i s s i m p l y a p r o d u c t of 
t h r e e f u n c t i o n s . (The s i g n V h e r e m e a n s p o s i t i v e f r e q u e n c i e s 
and not t i m e o r d e r i n g ! ) T h e r e f o r e , the funct ion F i s a n a l y t i c in 
the p r o d u c t of t h e t h r e e cut p l a n e s and the r e p r e s e n t a t i o n i s c e r t a i n l y 
a p o s s i b l e o n e . H o w e v e r , t he c o r r e s p o n d i n g funct ion H can a l s o be 
c o m p u t e d and i s r a t h e r d i r e c t l y g iven by the k e r n e l of t he r e p r e s e n ­
t a t i on (14). It t u r n s out tha t t he d o m a i n of a n a l y t i c i t y fo r t h i s funct ion 
i s t h e p r o d u c t of the cut p l a n e s excep t for t h e s i t u a t i o n i l l u s t r a t e d 
in F i g . 6. In tha t c a s e , the H funct ion h a s s i n g u l a r i t i e s in a d o m a i n 
a r o u n d the p o s i t i v e r e a l ax i s b e t w e e n the o r i g i n and the point P . 
The fact tha t it h a s s i n g u l a r i t i e s a n y w h e r e excep t on t h e c u t s m a k e s 
t he s t a t e m e n t tha t i t i s t he m o s t g e n e r a l r e p r e s e n t a t i o n of the t h r e e 
fold v a c u u m e x p e c t a t i o n v a l u e in to a se l f c o n t r a d i c t i o n . N e v e r t h e ­
l e s s it i s c e r t a i n l y a p o s s i b l e f o r m for t h i s quan t i ty but does not 
follow f r o m t h e v e r y g e n e r a l a r g u m e n t s u s e d h e r e t o d a y . 

DISCUSSION 

( E d i t o r s 1 n o t e : P a r t of t h i s d i s c u s s i o n w a s l o s t ) 

G O L D B E R G E R : You s a i d that the n a i v e f o r m u l a w h i c h 
Schwinger w r o t e down w a s , in f ac t , a p o s s i b l e r e p r e s e n t a t i o n of 
the t h r e e - f o l d v a c u u m e x p e c t a t i o n v a l u e . To t h e ex tent t ha t it 
r e p r e s e n t s , f o r e x a m p l e , what c o m e s out of l owes t o r d e r p e r t u r ­
ba t ion t h e o r y , it i s i ndeed a p o s s i b l e f o r m u l a . N o n e t h e l e s s , you 
m a d e a n u m b e r of c r y p t i c r e m a r k s tha t t he f o r m u l a w a s in i t s e l f 
s e l f - c o n t r a d i c t o r y . How can it be both p o s s i b l e and s e l f - c o n t r a ­
d i c t o r y ? 

K A L L E N : What i s s e l f - c o n t r a d i c t o r y i s t h e s t a t e m e n t tha t 
t he f o r m u l a i s t h e m o s t g e n e r a l r e p r e s e n t a t i o n wi th the r e q u i r e d 
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r e g u l a r i t y . The p a r t i c u l a r f o r m u l a you a r e r e f e r r i n g to i s s u p ­
p o s e d to r e p r e s e n t the ana ly t i c funct ion in x - s p a c e , r e g u l a r i n t h e 
cut p l a n e . The c o r r e s p o n d i n g funct ion in p - s p a c e h a s a m o r e 
c o m p l i c a t e d d o m a i n of r e g u l a r i t y . I th ink I s a i d it t w i c e , m a y b e 
t h r e e t i m e s , e v e n if I d idn ' t p r o v e i t , t ha t i t fo l lows f r o m v e r y 
g e n e r a l a r g u m e n t s tha t t h e d o m a i n of a n a l y t i c i t y for the funct ion 
in x - s p a c e and the funct ion in p - s p a c e m u s t be e x a c t l y t h e s a m e . 
T h e r e f o r e , a s t h e d o m a i n s h e r e a r e d i f f e ren t , it s i m p l y c a n ' t be 
t he m o s t g e n e r a l func t ion . I s that c l e a r ? 

G O L D B E R G E R : Y e s . Thank you . 

( E d i t o r s ' n o t e : The fol lowing s u p p l e m e n t a r y r e m a r k s w e r e 
not p r e s e n t e d at the c o n f e r e n c e but w e r e s u b m i t t e d by Schwinge r 
a f te r t h e c o n f e r e n c e . ) 

SCHWINGER: What I w a n t e d to e m p h a s i z e w a s the i m p o r ­
t a n c e of the ou tgoing wave b o u n d a r y cond i t ion c h a r a c t e r i s t i c of the 
G r e e n ' s func t ion , and i t s (at l e a s t p a r t i a l ) r e s t a t e m e n t by a r e g u ­
l a r i t y r e q u i r e m e n t . The l a t t e r , h o w e v e r , w a s u s e d r a t h e r i m p e r ­
f ec t ly in m y t a l k , and the fo l lowing i s an i m p r o v e m e n t . 

F o r a G r e e n ' s funct ion of t h r e e p o i n t s , i n v a r i a n t u n d e r t h e 
i n h o m o g e n e o u s L o r e n t z g r o u p , i . e . , E q . (9), t he ou tgoing w a v e 
b o u n d a r y cond i t i on i s t o be i m p o s e d in t h e f o r m of t he r e q u i r e m e n t 
of r e g u l a r i t y u n d e r t h e c o m p l e x e x t e n s i o n E q . (2) . We t h e n w r i t e 
it in the f o r m E q . (10) and o b s e r v e tha t the c o m p l e x s u b s t i t u t i o n 
E q . (4) p r o d u c e s t he add i t i ona l f a c t o r 

in the i n t e g r a n d . We m u s t t h e r e f o r e r e q u i r e that t h e b r a c k e t above 
be p o s i t i v e f o r a l l x ° , which i m p l i e s 
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A l t e r n a t i v e l y , we m a y go in to m o m e n t u m s p a c e and w r i t e 

Then 

in t h e i n t e g r a n d of E q . (21), and i n t r o d u c e the new v a r i a b l e s 

We t h e n r e g a i n the cond i t i ons E q # (20) on t h e A s . 
We now i n c l u d e a f a c t o r 

in add i t ion to 

in m o m e n t u m s p a c e . T h i s i m p l i e s t h e r e q u i r e m e n t 

w h e r e S j = 1/4 X i . The equ iva len t of t he e x t e n s i o n E q . (2) in 
c o o r d i n a t e s p a c e i s 
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T h i s i s t he n o r m a l d o m a i n . 

b) s < o; h e r e e v e r y z^ m u s t be n e g a t i v e o r g r e a t e r 
t han u n i t y . Not a l l the z^ can be g r e a t e r t han un i ty , 
s i n c e t h e i r s u m m u s t be u n i t y . F u r t h e r m o r e , the n u m b e r 
of n e g a t i v e z^ f s m u s t be even , by E q . (24) . Hence two of 
t he z^ f s a r e n e g a t i v e wi thout r e s t r i c t i o n on t h e i r m a g n i ­
t u d e , and the t h i r d i s t hen a u t o m a t i c a l l y p o s i t i v e and 
g r e a t e r t han o n e . T h i s def ines the a b n o r m a l o r Kâ l l en 
d o m a i n . 

F o r t h e n o r m a l d o m a i n we w r i t e E q . (12), and if we r e t u r n 
to c o o r d i n a t e s p a c e , E q . (14), for the n o r m a l c o n t r i b u t i o n to G. If 
we u s e 

w h e r e s and t h e z^ a r e to be i n t e g r a t e d o v e r f r e e l y , sub jec t only to 
the r e g u l a r i t y r e q u i r e m e n t E q . (22), wh ich now r e a d s 

In t h i s f o r m we r e c o g n i z e t ha t t h e r e a r e t he f u n d a m e n t a l l y 
d i f ferent d o m a i n s : 
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We r e c o g n i z e tha t t h i s s a t i s f i e s the outgoing wave b o u n d a r y cond i t ion , 

p r o v i d e d tha t e a c h )t{, > 0 to i n s u r e o s c i l l a t o r y r a t h e r t han e x p o n e n ­

t i a l l y d a m p e d t i m e b e h a v i o r . The e n e r g y - m o m e n t u m s p e c t r a a s s o ­

c i a t ed wi th t h e v a r i o u s c o o r d i n a t e s a r e c h a r a c t e r i z e d by m a s s e s m^ 

which f o r g i v e n 5£;5, obey > ^ + £ 3 e t c - Hence , i f 

d e n o t e s the s m a l l e s t m a s s in t he s p e c t r u m , t h e n the %i r a n g e 

u p w a r d f r o m the m i n i m u m v a l u e s 

Th i s d i s c u s s i o n a s s u m e d tha t Eî ( * o * i ) d e p e n d s e x ­
p l i c i t l y on a l l t h r e e of t h e i n v a r i a n t c o o r d i n a t e d i f f e r e n c e s . P o s s i b l e 
t e r m s tha t a r e func t ions of X p X g , x^ but of only two of t h e d i s t a n c e s , 

e . g . , G t U ^ X j ^ C X j - x , ) 2 * ] ;

 a r e b e s t d e a l t w i t h s e p a r a t e l y . 
The s a m e p r o c e d u r e a s b e f o r e l e a d s to 

F o r s > 0 we have a g a i n the n o r m a l d o m a i n , 0<C 2 ; 4 I . T h e 

a b n o r m a l d o m a i n , h o w e v e r , i s now exc luded , s i n c e 2 ^ 0 and 2X< 0 
c o n t r a d i c t s z^ s 1. C o n s e q u e n t l y , 
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Such a s t r u c t u r e c e r t a i n l y s a t i s f i e s the outgoing wave b o u n d a r y 
condi t ion if > 0 . The m i n i m a l v a l u e s a r e now 

which i s the s u m of c o n t r i b u t i o n s f r o m the t h r e e r e g i o n s in which two 
of the z ' s a r e n e g a t i v e . On f ixing two of the c o o r d i n a t e s , which 
l e a v e s us wi th a funct ion of a s i n g l e v a r i a b l e , we find tha t t he b o u n d a r y 
condi t ion i s exp l i c i t l y s a t i s f i e d , p r o v i d e d that 

x 
Unlike t h e n o r m a l c a s e , we cannot conc lude h e r e , tha t e a c h i s 
p o s i t i v e . If 21 +0 , %x < 0 , t h e n we l e a r n tha t )t\ > 0y *\-X^>0} 

xX > 0 * The g e n e r a l f o r m of the a b n o r m a l t e r m s in c o o r ­
d ina te s p a c e i s su f f ic ien t ly i n t e r t w i n e d , e . g . fo r z^ > 0, 
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tha t it i s not c l e a r at the m o m e n t w h e t h e r o r not the ou tgo ing w a v e 
b o u n d a r y cond i t ion i s s a t i s f i e d in d e t a i l . Hence it i s t e m p o r a r i l y 
undec ided if a b n o r m a l t e r m s c a n a p p e a r i n the G r e e n ' s func t ion . 

It i s w o r t h m e n t i o n i n g tha t m u l t i p l i c a t i v e c o m p o s i t i o n of 
n o r m a l f o r m s cannot p r o d u c e an a b n o r m a l o n e . Tha t i s to s a y , 
a b n o r m a l t e r m s do not o c c u r in a p e r t u r b a t i o n e x p a n s i o n . 

( E d i t o r s 1 n o t e : the fo l lowing r e m a r k w a s added by Kâ l l en 
in r e s p o n s e to S c h w i n g e r ' s a d d e n d u m . ) 

K A L L E N : One i d e a tha t n a t u r a l l y s u g g e s t i t s e l f i s t o t r y to 
g e n e r a l i z e E q . (14) by ex t end ing the d o m a i n s of the m a s s p a r a m e t e r s 
a n d / o r the M F e y n m a n v a r i a b l e s 1 1 . It i s , h o w e v e r , c l e a r t ha t any 
e x t e n s i o n invo lv ing n e g a t i v e v a l u e s of the m a s s s q u a r e s i s not a l l o w e d . 
Th i s i s i n t u i t i v e l y c l e a r f r o m the fo l lowing a r g u m e n t . The funct ion 
H in p - s p a c e f r o m E q . (14) h a s s i n g u l a r i t i e s at the p o i n t s c o r r e s p o n d i n g 
to t he " t h r e s h o l d s " e . g . - p j sr ( &* + # 3 ^ . F o r p o s i t i v e m a s s 
s q u a r e s t h e s e s i n g u l a r i t i e s a r e on the c u t s . F o r n e g a t i v e m a s s 
s q u a r e s t h e s e t h r e s h o l d s a r e c o m p l e x . H o w e v e r , it fo l lows f r o m 
e . g . F i g . 5 tha t if o u r funct ion h a s a s i n g u l a r i t y , t he p o s i t i o n of 
which depends only on one c o o r d i n a t e , tha t s i n g u l a r i t y m u s t be on 
the cu t . T h e r e f o r e , n e g a t i v e m a s s s q u a r e s a r e not a l l o w e d . 

LEHMANN: D i s p e r s i o n r e l a t i o n s , g e n e r a l r e m a r k s 

I w i s h t o m a k e s o m e g e n e r a l r e m a r k s on d i s p e r s i o n r e l a t i o n s 
and t h e i r c o n n e c t i o n wi th m i c r o s c o p i c c a u s a l i t y . Le t u s c o n s i d e r the 
f o r w a r d a m p l i t u d e fo r two p a r t i c l e s c a t t e r i n g . So f a r t h i s i s t h e only 
quan t i ty for which a d i s p e r s i o n r e l a t i o n m a y be c o m p a r e d wi th e x p e r i ­
m e n t . As i s known, s u c h a d i s p e r s i o n r e l a t i o n fol lows f r o m a 
c a u s a l i t y cond i t ion fo r t h e f ie ld o p e r a t o r s d e s c r i b i n g t h e i n t e r a c t i n g 
p a r t i c l e s . In a m o d e l of s e l f - i n t e r a c t i n g s c a l a r p a r t i c l e s d e s c r i b e d 
by a f ie ld A(x) t h i s cond i t ion i s 

What I want to point out i s tha t r e l a t i v i s t i c f ield t h e o r i e s ex i s t (with 
f ini te S - m a t r i x e l e m e n t s ) which s a t i s f y t h e t w o - p a r t i c l e d i s p e r s i o n 
r e l a t i o n s , even though t h e y do not s a t i s f y the above c a u s a l i t y r e q u i r e ­
m e n t . 



IV - 34 

SYMANZIK: Your S m a t r i x does not s a t i s f y c r o s s i n g s y m ­
m e t r y . 

LEHMANN: One c a n a l s o give m o r e c o m p l i c a t e d m o d e l s 
wh ich have t h i s s y m m e t r y . 

K A L L E N : Out of p u r e i g n o r a n c e , I have a q u e s t i o n h e r e 
wh ich h a s to do wi th the a c a u s a l p r o p e r t i e s of t h e t h e o r y . One w a y 
the a c a u s a l i t y cou ld p o s s i b l y show up i s in t h e v a c u u m f luc tua t ions 
of t he f i e ld . P h y s i c a l l y you expec t tha t t he v a c u u m e x p e c t a t i o n v a l u e 
of the s q u a r e of t h e f i e ld , a v e r a g e d o v e r a s p a c e - t i m e v o l u m e , shou ld 
be p o s i t i v e . I s tha t t h e c a s e in t h i s m o d e l ? 

To i l l u s t r a t e t h i s , c o n s i d e r a s c a l a r f ie ld 

w h e r e A i n (x) i s a f r e e f ie ld , 

and g a coupl ing c o n s t a n t . T h i s def ines a f i e l d which i s i n v a r i a n t 
and f in i te but c e r t a i n l y does not s a t i s f y t he c a u s a l i t y c o n d i t i o n . It 
y i e l d s the u n i t a r y s c a t t e r i n g m a t r i x 

wi th the above r| . (Such a m a t r i x h a s b e e n s t u d i e d b e f o r e ; I 
b e l i e v e e . g . by M o s h i n s k i ) . The e x a c t f o r w a r d s c a t t e r i n g a m p l i t u d e 
i s ( apa r t f r o m a f a c t o r ) 

It i s ana ly t i c in the CO - p l a n e wi th a cut a long the r e a l a x i s , excep t 
f r o m - m <i u) 4i wt . T h e r e a r e no o t h e r s i n g u l a r i t i e s and t h e r e ­
f o r e e v e r y t h i n g i s s a t i s f i e d . 

It i s p o s s i b l e to c o n s t r u c t n o n - l o c a l f ield t h e o r i e s wh ich s a t i s f y 
t h o s e d i s p e r s i o n r e l a t i o n s which can be c h e c k e d e x p e r i m e n t a l l y . I 
do not know how one could de t ec t the a c a u s a l i t i e s con t a ined in s u c h a 
t h e o r y . 

DISCUSSION 
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LEHMANN: I don ' t know, but I don ' t know how t h e v a c u u m 
f luc tua t ions can be m e a s u r e d . 

K A L L E N : I w a s th ink ing , of c o u r s e , of e l e c t r o d y n a m i c s 
w h e r e the f ie ld i s o b s e r v a b l e . Tha t i s the g r e a t sw ind le of f ie ld 
t h e o r y , tha t e v e r y t h i n g is t r e a t e d a s though the f ie ld w e r e r e a l l y 
o b s e r v a b l e . 

LEHMANN: I j u s t don ' t know, but p e r h a p s I w a s n ' t c a u t i o u s 
enough . I don ' t s a y that I c an p r o v e tha t you cannot d e t e c t the 
a c a u s a l i t y of t h e f i e l d . 

V A L L A R T A : I j u s t want to s a y tha t M o s h i n s k i ' s p a p e r w a s 
pub l i shed in R e v i s t a M e x i c a n a de F i s i c a about two y e a r s a g o . 

NAMBU: The s i z e of the r e g i o n in wh ich the f ie ld c o m p o ­
n e n t s fai l to c o m m u t e i s of the o r d e r of m a g n i t u d e of 1/m, it s e e m s 
to m e . 

LEHMANN: I don ' t r e a l l y know. In o r d e r to find out , you 
would have t o c a l c u l a t e t he m o r e c o m p l i c a t e d m a t r i x e l e m e n t s . 
H o w e v e r , s i n c e t h e m a s s m i s t he only c o n s t a n t wi th a d i m e n s i o n 
in t h i s t h e o r y , I would g u e s s tha t it i s of tha t o r d e r . 

O E H M E : D i s p e r s i o n r e l a t i o n s in N - N s c a t t e r i n g 

I would l ike to r e p o r t on s o m e w o r k on d i s p e r s i o n r e l a t i o n s 
for n u c l e o n - n u c l e o n s c a t t e r i n g . T h i s w o r k h a s b e e n done by G o l d -
b e r g e r , N a m b u and m y s e l f . It i s s t i l l in p r o g r e s s and s o I wi l l 
r e s t r i c t m y t a l k to a few r e m a r k s . 

It i s w e l l - k n o w n that the s c a t t e r i n g a m p l i t u d e s for n e u t r o n -
p r o t o n and p r o t o n - p r o t o n s c a t t e r i n g in the c e n t e r of m a s s s y s t e m 
can be c h a r a c t e r i z e d by f ive s c a l a r funct ions of e n e r g y and a n g l e , 
or of e n e r g y and m o m e n t u m t r a n s f e r . We have ob ta ined the r e l a -
t i v i s t i c d i s p e r s i o n r e l a t i o n s fo r t h e s e func t ions in t e r m s of the 
e n e r g y , for f ixed r e s t r i c t e d v a l u e s of the m o m e n t u m t r a n s f e r . 

I would l ike to t a lk at f i r s t about the r e l a t i v e l y s i m p l e c a s e 
of f o r w a r d s c a t t e r i n g . In t h i s c a s e t he s c a t t e r i n g a m p l i t u d e s in the 
c e n t e r of m a s s s y s t e m c a n be w r i t t e n in t e r m s of t h r e e p a r a m e t e r s : 
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w h e r e k i s a uni t v e c t o r in the d i r e c t i o n of m o t i o n of t h e p r o j e c t i l e . 
I would l ike t o c o n s i d e r o( , not a s a funct ion of e n e r g y in t h e c e n t e r 
of m a s s s y t e m , but r a t h e r a s a func t ion of the v a r i a b l e A , w h e r e 

T h i s i s t he e n e r g y in the l a b o r a t o r y s y s t e m . The only r e a s o n i s t ha t 
t he d i s p e r s i o n r e l a t i o n i s s o m e w h a t s i m p l e r in t h i s v a r i a b l e . 

Now le t m e w r i t e down t h e d i s p e r s i o n r e l a t i o n fop cH, . I 
w i l l not w r i t e down t h o s e fo r /3 and € ; t h e y a r e a l l of t h e s a m e 
s t r u c t u r e . The d i s p e r s i o n r e l a t i o n fo r *C i s t h e m o s t i m p o r t a n t o n e , 
b e c a u s e o< i s t he c o m p l e t e t r a c e of t h e s c a t t e r i n g a m p l i t u d e , s o tha t 
t h e i m a g i n a r y p a r t of c( i s r e l a t e d to the t o t a l c r o s s s e c t i o n by the 
op t i ca l t h e o r e m . I i n t r o d u c e the n o t a t i o n <*p f o r t he t r a c e of t h e 
n e u t r o n - p r o t o n s c a t t e r i n g a m p l i t u d e , and d p fo r t h e t r a c e of t h e 
n e u t r o n - a n t i - p r o t o n a m p l i t u d e . I f l l t a l k l a t e r about the p r o t o n -
p r o t o n a m p l i t u d e . F o r °tf>,p we get t he fo l lowing d i s p e r s i o n r e l a ­
t ion fo r t he f o r w a r d s c a t t e r i n g , a s s u m i n g for c o n v e n i e n c e and b e c a u s e 
of the s i z e of t h e b l a c k b o a r d , tha t t he t o t a l c r o s s s e c t i o n g o e s t o z e r o 
a s the e n e r g y g o e s to in f in i ty . Then we get 

and B i s the d e u t e r o n b inding e n e r g y . 

can be c a l c u l a t e d a p p r o x i m a t e l y by n o n r e l a t i v i s t i c m e t h o d s 
which shou ld be su f f i c ien t ly a c c u r a t e : 

T h e c o n s t a n t ^ i s a w e l l - k n o w n c o n s t a n t , n a m e d in t h i s c o n f e r e n c e 
t h e Yukawa c o n s t a n t . It i s e x a c t l y the s a m e c o n s t a n t wh ich a p p e a r s 
in t h e p i o n - n u c l e o n d i s p e r s i o n r e l a t i o n . U n f o r t u n a t e l y , t h e r e i s a l s o 
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the l a s t t e r m , which i s a con t inuous c o n t r i b u t i o n f r o m t h e u n p h y s i c a l 
r e g i o n . In t he i n t e g r a n d of t h i s t e r m I w r o t e , t o the h o r r o r of the 
e x p e r t s , I wv c( ^ . 1 a m a w a r e tha t t h i s funct ion h a s to be 
def ined in a c o m p l e t e l y i n d i r e c t way , and t h i s h a s b e e n d o n e . But i t 
does have c e r t a i n p h y s i c a l p r o p e r t i e s . What one a c t u a l l y h a s to do in 
o r d e r to app ly t h e s e d i s p e r s i o n r e l a t i o n s i s t o i n t r o d u c e m o r e p o w e r s 
of A in t h e d e n o m i n a t o r s , fo r i n s t a n c e , by m a k i n g two s u b t r a c ­
t i ons . 

T h e r e a r e c u t s f r o m m to inf in i ty and f r o m - m to m i n u s in f in i ty . 
Due to the l a s t i n t e g r a l , t h e r e i s a cut in the u n p h y s i c a l r e g i o n , f r o m 

- m to - A a ^ t • ( ÀjLyu» i s a n e g a t i v e q u a n t i t y . ) F u r t h e r m o r e , 
T h e r e a r e p o l e s at - A^u, and at A b • You get the p h y s i c a l a m p l i ­
tude by t ak ing an i m p r o p e r l i m i t f r o m above to t h e r e a l a x i s fo r A > wv, 
If you go to the r e a l a x i s f r o m above fo r A<-w*, you get dp (- A * )• 
By u s e of c h a r g e con juga t ion i n v a r i a n c e you c a n show tha t t h i s m u s t 
be equa l to o t | r * ( A ) > wh ich i s c o m m o n l y r e f e r r e d t o a s t h e 
c r o s s i n g t h e o r e m . 

One th ing one c a n v e r y e a s i l y s e e f r o m t h e s e r e l a t i o n s by 
c o m p a r i n g $<p and o( ̂  . The c o n t r i b u t i o n f r o m the one m e s o n 
i n t e r m e d i a t e s t a t e to the n e u t r o n - p r o t o n s c a t t e r i n g a m p l i t u d e i s v e r y 
m u c h enhanced c o m p a r e d to tha t in the n e u t r o n a n t i - p r o t o n s c a t t e r i n g 
a m p l i t u d e . In t h e f i r s t c a s e , t he d e n o m i n a t o r of the f i r s t t e r m s i s 
A^w + A > and if A i s of the o r d e r of m at r e l a t i v e l y low e n e r g y , 
t hen t h i s i s of t h e o r d e r of / î w t . I n t h e c a s e of n e u t r o n a n t i -
p r o t o n s c a t t e r i n g , we h a v e A ^ — A and you get a d e n o m i n a t o r of 
the o r d e r of 2 m . So t h e r e i s a r a t i o of about 100. F u r t h e r m o r e , if 
you look at t h e i n t e g r a l in the u n p h y s i c a l r e g i o n you s e e tha t in t h e 
n e u t r o n - p r o t o n c a s e it i s we igh t ed t o w a r d the l o w e r end b e c a u s e of 
the s u m in the d e n o m i n a t o r , w h e r e a s in the n e u t r o n a n t i - p r o t o n c a s e 
it i s we igh t ed t o w a r d t h e u p p e r end . T h i s m e a n s , in a s e n s e , tha t in 
the a n t i - p a r t i c l e s c a t t e r i n g t he i n t e r m e d i a t e s t a t e s wi th m o r e m e s o n s 
a r e m o r e i m p o r t a n t c o m p a r e d to s t a t e s wi th f ewer m e s o n s , w h e r e a s 
it i s o p p o s i t e in t h e c a s e of p a r t i c l e s c a t t e r i n g . H o w e v e r , we know, 
of c o u r s e , no th ing def in i te about Ivn ol^ ( A 1 ) f ° r I A f | ^ > 

Let m e now d r a w t h e s p e c t r u m (or the s i n g u l a r i t i e s ) of 
o(p(A) i n t he c o m p l e x A - p l a n e . 
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and s o , a p r i o r i , we canno t s a y v e r y m u c h . 

When you c o m e to t he c o r r e s p o n d i n g equa t ion for n o n - f o r w a r d 
s c a t t e r i n g , t a k e t h e n o n r e l a t i v i s t i c l i m i t , and t a l k in t h e l a n g u a g e of 
p o t e n t i a l s , you find tha t t he f i r s t t e r m c o r r e s p o n d s to s p a c e e x c h a n g e 
p o t e n t i a l s of r a n g e l / / ^ , w h e r e a s t he l a s t t e r m d e s c r i b e s t h e f o r c e s 
of s h o r t e r r a n g e , s h o r t e r t han 1/2/A . . In t h e c a s e of n e u t r o n a n t i -
p r o t o n s c a t t e r i n g the concep t of a p o t e n t i a l i s m u c h m o r e invo lved , 
and I do not want to go in to t h a t . F r o m t h e p r e s e n t d i s p e r s i o n r e l a ­
t ion you do not get any i n f o r m a t i o n about t h e n o n - e x c h a n g e f o r c e s , 
but we know t h a t w e c a n a l s o w r i t e down o t h e r d i s p e r s i o n r e l a t i o n s 
f r o m wh ich you can get s o m e i n f o r m a t i o n about t h o s e . T h i s w o r k i s 
s t i l l in p r o g r e s s and I cannot r e p o r t on i t . 

One would l i k e to app ly the f o r w a r d d i s p e r s i o n r e l a t i o n s to 
the e x p e r i m e n t a l d a t a . T h i s would , of c o u r s e , h a v e to be done fo r 
t he s u b t r a c t e d e q u a t i o n s , w h e r e you have a suff ic ient n u m b e r of 
d e n o m i n a t o r s for c o n v e r g e n c e . The i n t e g r a l wh ich c o n t a i n s the 
t o t a l c r o s s s e c t i o n of t h e a n t i - p a r t i c l e s c a t t e r i n g i s not s o w e l l -
known, but i t c o n t a i n s the d e n o m i n a t o r A* + A . T h i s i s no 
p r i n c i p l e va lue i n t e g r a l , and it i s c o n c e i v a b l e tha t it i s r e l a t i v e l y 
s m a l l . No t i ce tha t it i s p o s i t i v e d e f i n i t e . 

L e t m e b r i e f l y t a lk about the p r o t o n - p r o t o n c a s e . Al l you 
h a v e t o change i s to put the d e u t e r o n c o n t r i b u t i o n V0 t o z e r o , 
r e p l a c e t h e 1/2 in t h e f i r s t t e r m by 1/4, and put in to t h e f i r s t 
i n t e g r a l the c o r r e s p o n d i n g p r o t o n - p r o t o n , p r o t o n - a n t i - p r o t o n 
c r o s s s e c t i o n s , and you get t h e p r o t o n - p r o t o n d i s p e r s i o n r e l a t i o n s . 
T h e s e wi l l p r o b a b l y be m o s t e f fec t ive ly app l i ed to e x p e r i m e n t s . In 
the s u b t r a c t e d e q u a t i o n s t h e l a s t i n t e g r a l h a s t h r e e p o w e r s of \ { in 
the d e n o m i n a t o r , and the only th ing I c a n s a y i s tha t it m a y p e r h a p s 
be w o r t h w h i l e t o put s o m e n u m b e r s in and s e e what i t s o r d e r of 
m a g n i t u d e i s . Then you m a y get a f ee l ing w h e t h e r one cou ld m a k e 
s e n s e by a p p r o x i m a t i n g it in one w a y o r a n o t h e r , o r e v e n by n e g ­
l e c t i n g i t . I would a l s o l ike to s a y tha t if you t a k e a s p e c i f i c m o d e l 
of a f ie ld t h e o r y , you m a y be ab le to ge t s o m e i n f o r m a t i o n about the 
i m a g i n a r y p a r t of o( in t h e u n p h y s i c a l r e g i o n , and you m a y get 
s o m e k ind of a t h e o r y of p o t e n t i a l s wh ich i s p e r h a p s b e t t e r t h a n t h e 
T a m m - D a n e off a p p r o x i m a t i o n . 

F i n a l l y , I would l i k e to m a k e a r e m a r k about n o n - f o r w a r d 
d i s p e r s i o n r e l a t i o n s . As I s a i d , we h a v e d i s p e r s i o n r e l a t i o n s a l s o 
for the o t h e r coe f f i c i en t s wh ich a p p e a r on ly in t h e n o n - f o r w a r d c a s e . 
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One qui te i n t e r e s t i n g e x a m p l e i s t h e c a s e of a t e r m of t h e f o r m 

w h e r e n i s t he unit v e c t o r n o r m a l to t h e p l a n e of s c a t t e r i n g . F o r 
t h i s y we g e t , in t h e n o n - r e l a t i v i s t i c l i m i t , a f a i r l y s i m p l e d i s ­
p e r s i o n r e l a t i o n , in w h i c h the one m e s o n t e r m i s v e r y s m a l l , down 
by the f ac to r of ( l / m ^ ) c o m p a r e d to the c o r r e s p o n d i n g t e r m in o t h e r 
d i s p e r s i o n r e l a t i o n s . Now 2f i s v e r y i m p o r t a n t fo r the p o l a r i z a t i o n 
of an u n p o l a r i z e d b e a m s c a t t e r e d by an u n p o l a r i z e d t a r g e t . Th i s 
p o l a r i z a t i o n i s s o m e t h i n g l ike 

and the s m a l l n e s s of the o n e - p i o n c o n t r i b u t i o n m a y h a v e s o m e i m p ­
l i c a t i o n s c o n c e r n i n g the s h o r t r a n g e ( £ '/^cu) of f o r c e s r e s p o n s i b l e 
for p o l a r i z a t i o n , but we have no d e t a i l s on t h a t . 

G O L D B E R G E R : I would l ike to t a k e advan t age of m y p o s i t i o n 
a s c h a i r m a n and a l s o as an i n t e r e s t e d c o - w o r k e r in t h i s , to m a k e one 
o r two r e m a r k s m y s e l f . 

F r o m t h e s t andpo in t of i n t e r p r e t i n g t h i s in t e r m s of p o t e n t i a l , 
you can be bold o r not bo ld , a s you l i k e . If you t a k e a bold a p p r o a c h , 
you m i g h t be t e m p t e d to s a y s o m e t h i n g l ike t h i s . T h e d i s p e r s i o n 
r e l a t i o n c o n t a i n s t he a m p l i t u d e for n e u t r o n - p r o t o n s c a t t e r i n g . L e t ' s 
put the one fo r a n t i - p r o t o n s to s l e e p . T h e r e i s the t o t a l c r o s s s e c t i o n 
for n e u t r o n - p r o t o n s c a t t e r i n g , t hen the e x t r a n e o u s t h ing - the c r o s s 
s e c t i o n for n e u t r o n - a n t i - p r o t o n s c a t t e r i n g , and t h i s c o n t r i b u t i o n 
f r o m a r a t h e r h o r r i b l e u n p h y s i c a l r e g i o n . T h e r e i s a s t r o n g ana logy 
and a v e r y s t r o n g t e m p t a t i o n f r o m the g e n e r a l s t r u c t u r e of t h i s e q u a ­
t ion and t h e c o r r e s p o n d i n g r e l a t i o n s wh ich c a n be d e d u c e d in n o n -
r e l a t i v i s t i c q u a n t u m m e c h a n i c s , t o l u m p the i n t e g r a l s t o g e t h e r , and 
if you would p u s h m e h a r d I would even t a k e out the i n e l a s t i c p r o c e s s e s 
and c a l l e v e r y t h i n g excep t the f i r s t two t e r m s the F o u r i e r c o m p o n e n t 
of t h e p o t e n t i a l c o r r e s p o n d i n g to f o r w a r d s c a t t e r i n g . Tha t i s , it i s 
the m a t r i x e l e m e n t -fo, |v[ A, y # 

Now t h i s c a n ' t be qui te c o m p l e t e at t h i s s t a g e , b e c a u s e of a 
r a t h e r a r t i f i c a l w a y in w h i c h w e have w r i t t e n t h i s f o r m u l a . T h e f i r s t 
t e r m , for e x a m p l e , i s t he one m e s o n c h a r g e e x c h a n g e c o n t r i b u t i o n . 
T h e r e i s c e r t a i n l y a one m e s o n n o n - c h a r g e e x c h a n g e c o n t r i b u t i o n , 

DISCUSSION 
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wh ich we can exhib i t e x p l i c i t l y but h a v e not done a s y e t . I t h ink it i s 
qu i te f e a s i b l e t o m a k e a f a i r l y a c c u r a t e e s t i m a t e of t h e i n t e g r a l , a s 
D r . O e h m e m e n t i o n e d , by c o m m i t t i n g y o u r s e l f t o what t h e o r y y o u f r e 
t a l k i n g a b o u t . We wi l l t a l k about c o n v e n t i o n a l p s e u d o s c a l a r t h e o r y , 
w h e r e i n t h e m e s o n s w h i c h a r e s c a t t e r e d and r e s p o n s i b l e fo r t h e f o r c e s 
a r e p i - m e s o n s . U s i n g s u g g e s t i o n s m a d e by D r . Chew, it s e e m s qui te 
p o s s i b l e to e s t i m a t e the t w o - m e s o n i n t e r m e d i a t e s t a t e c o n t r i b u t i o n 
to the i n t e g r a l , and I th ink t h i s shou ld p r o v i d e a n u m e r i c a l l y v e r y 
s e n s i b l e c a l c u l a t i o n of wha t you m i g h t t e r m the t w o - n u c l é o n p o t e n t i a l . 

I a m ful ly a w a r e of the fact tha t t h e r e i s a g r e a t d e a l of a r b i ­
t r a r i n e s s in what you d e c i d e t o c a l l a p o t e n t i a l . A l s o , n e e d l e s s to 
s a y , one h a s to d i s c u s s t h e full n o n - f o r w a r d s c a t t e r i n g d i s p e r s i o n 
r e l a t i o n s in o r d e r to c h a r a c t e r i z e t he p r o b l e m c o m p l e t e l y . T h e s e 
a r e t h ings tha t a r e in p r o g r e s s , and c e r t a i n l y by next y e a r we wi l l 
know the a n s w e r . 

RUDERMAN: Do you h a v e a d i s p e r s i o n r e l a t i o n fo r s c a t t e r i n g 
by a n o n - r e l a t i v i s t i c p o t e n t i a l ? 

G O L D B E R G E R : Y e s . T h i s p r o b l e m h a s r e c e n t l y b e e n d i s ­
c u s s e s in g r e a t d e t a i l in a v e r y c a r e f u l and r i g o r o u s f a sh ion by M r . 
K h u r i at P r i n c e t o n U n i v e r s i t y . U s i n g the F r e d h o l m t e c h n i q u e of 
J o s t and P a i s ( P h y s . R e v . 82, 840, 1951), he h a s b e e n a b l e to show 
tha t if t he p o t e n t i a l d e c r e a s e s a s r a p i d l y a s an e x p o n e n t i a l , t h e n you 
m a y d e d u c e d i s p e r s i o n r e l a t i o n s f o r t h e s c a t t e r i n g a m p l i t u d e r e ­
g a r d e d a s a funct ion of t h e wave n u m b e r for a f ixed v a l u e of the 
m o m e n t u m t r a n s f e r , wh ich v a l u e of the m o m e n t u m t r a n s f e r m u s t not 
e x c e e d the e x p o n e n t i a l fa l l -off a s s o c i a t e d wi th t h i s p o t e n t i a l . If the 
p o t e n t i a l f a l l s off f a s t e r t h a n any e x p o n e n t i a l , s a y , l i ke a G a u s s i a n , 
t h e n you get a d i s p e r s i o n r e l a t i o n for a r b i t r a r y f ixed m o m e n t u m t r a n s ­
f e r . 

W E N T Z E L : In the p r o t o n - p r o t o n c a s e , what r o l e does the 
P a u l i p r i n c i p l e p l a y ? 

G O L D B E R G E R : An a l g e b r a i c r o l e . Th i s i s a p r o b l e m which 
d i s t u r b e d u s f o r a l ong t i m e . It w a s a g igan t i c r e d h e r r i n g ; it i s 
s i m p l y t r i v i a l , a t e c h n i c a l m a t t e r of s u b s t i t u t i n g t h e c o r r e c t th ing 
in to the d i s p e r s i o n r e l a t i o n . T h e r e i s no f u n d a m e n t a l di f f icul ty in 
the i d e n t i c a l p a r t i c l e p r o b l e m . 
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KLEIN: D i s p e r s i o n r e l a t i o n for f ixed s o u r c e t h e o r i e s and t h e o r y 
of t h e n u c l e o n - n u c l e o n i n t e r a c t i o n 

I would l i k e to t a k e t e n m i n u t e s to d i s c u s s two d i f fe ren t 
c o n t r i b u t i o n s . T h e f i r s t p i e c e of w o r k tha t I w i l l d e s c r i b e w a s 
done in c o l l a b o r a t i o n wi th M r . R i c h a r d E . N o r t o n . 

At the l a s t R o c h e s t e r C o n f e r e n c e a g r e a t m e a s u r e of o p t i ­
m i s m w a s e x p r e s s e d c o n c e r n i n g t h e fu tu re r o l e of d i s p e r s i o n r e l a ­
t i o n s in f ie ld t h e o r y . By t h i s I m e a n t h e i r r o l e a s a b a s i s fo r 
c o m p l e t e c a l c u l a t i o n s , not t h e i r r o l e in e x p e r i m e n t a l p h y s i c s . T h e 
l a t t e r p a r t of t h e i r r o l e h a s b e e n w e l l e s t a b l i s h e d . In p a r t i c u l a r i t 
w a s s u g g e s t e d t ha t t h e y migh t s e r v e a s a c o m p l e t e s c h e m e for c a l ­
c u l a t i o n . In o r d e r t o t e s t t h i s i d e a on a t r a c t a b l e yet not c o m p l e t e l y 
t r i v i a l m o d e l , we h a v e s t u d i e d t h e d i s p e r s i o n t h e o r e t i c f o r m u l a t i o n 
of a f ixed s o u r c e t h e o r y wi th the H a m i l t o n i a n : 

w h e r e H 0 d e s c r i b e s t h e f r e e m e s o n H a m i l t o n i a n fo r n e u t r a l s c a l a r 
m e s o n s , and t h e i n t e r a c t i o n H^ h a s t h e fo l lowing s t r u c t u r e : 

In e a c h one of t h e s e t e r m s the m e s o n f ield o p e r a t o r i s 
a v e r a g e d o v e r the s p h e r i c a l l y s y m m e t r i c a l s o u r c e d i s t r i b u t i o n which 
r e p r e s e n t s t h e f ixed s o u r c e n u c l é o n , and t h e r e f o r e t h i s i s a t h e o r y 
which c o n t a i n s on ly S - w a v e s . T h i s i s a g r e a t s i m p l i f i c a t i o n . H o w ­
e v e r , it d e s c r i b e s v e r t i c e s in wh ich the f u n d a m e n t a l i n t e r a c t i o n s a r e 
n - fo ld in n a t u r e , and we c a n h a v e the s i m u l t a n e o u s e m i s s i o n o r 
a b s o r p t i o n of up to N m e s o n s at a t i m e . In p a r t i c u l a r , fo r N > 2, 
t h i s t h e o r y c o n t a i n s m u l t i p l e m e s o n p r o d u c t i o n to a l l o r d e r s . 

F i r s t of a l l , f o r a g e n e r a l fixed s o u r c e H a m i l t o n i a n , not r e ­
s t r i c t e d t o t h e p a r t i c u l a r m o d e l shown a b o v e , we have e x t e n d e d the 
L o w - W i c k f o r m u l a t i o n of s c a t t e r i n g for f ixed s o u r c e t h e o r i e s and 
ob ta ined a f o r m u l a fo r S m a t r i x e l e m e n t s fo r t he m o s t g e n e r a l p r o ­
c e s s in any s u c h t h e o r i e s , t ha t i s , any n u m b e r of m e s o n s i n c i d e n t 
and any n u m b e r of m e s o n s e m e r g i n g f r o m the s o u r c e . In o r d e r t o 
have s o m e t h i n g to wh ich the d i s p e r s i o n t h e o r e t i c f o r m u l a t i o n c a n be 
app l i ed , one h a s t o s u b t r a c t f r o m the g e n e r a l S m a t r i x e l e m e n t a l l 
c o n t r i b u t i o n s wh ich d e s c r i b e the p r o d u c t of two or m o r e i ndependen t 
p r o c e s s e s , t ha t i s , c o n t r i b u t i o n s in which one can h a v e two o r m o r e 
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s e p a r a t e l y e n e r g y c o n s e r v i n g p r o c e s s e s t a k i n g p l a c e . One t hen h a s 
a s u i t a b l e objec t t o s t u d y : 

The r e s u l t i n g quan t i ty , f r o m which a l l p r o d u c t s of i ndependen t p r o ­
c e s s e s have b e e n r e m o v e d , i s c a l l e d ( w l T l w v ) fo r m inc iden t 
and n e m e r g i n g m e s o n s . After r e m o v a l of a conven ien t f a c to r 
wh ich c o n t a i n s t he p r o d u c t of the e n e r g i e s of e a c h of t h e m e s o n s 
and the p r o d u c t of the F o u r i e r t r a n s f o r m s of the s o u r c e func t i ons , 
one e n d s up wi th the quan t i ty w h i c h we c a l l G, w h i c h i s a funct ion 
of a l l t h e m-f n e n e r g i e s . 

We s t u d y G as a funct ion of the t o t a l e n e r g y E of the s y s t e m , 
which i s the s u m of a l l the e n e r g i e s of the i n c i d e n t o r e m e r g i n g 
m e s o n s and for f ixed v a l u e s of t h e r a t i o s 

a d i s t r i b u t i o n of v a r i a b l e s which w a s s u g g e s t e d by s o m e w o r k of 
P o l k i n g h o r n e . We then find that a s a func t ion of E fo r f ixed and 

^ , t he m a t r i x G c a n be con t inued s u i t a b l y in to the c o m p l e x 
p l a n e and h a s s u i t a b l e s y m m e t r y p r o p e r t i e s t h e r e , s o tha t one c a n 
u l t i m a t e l y w r i t e down an inf ini te n u m b e r of d i s p e r s i o n r e l a t i o n s , one 
for e v e r y such m a t r i x e l e m e n t . The f o r m of t h e d i s p e r s i o n r e l a t i o n s 
i s 
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One s e e s tha t t h i s i nvo lves an i n t e g r a l f r o m the m e s o n r e s t e n e r g y , 
which i s the beg inn ing of t h e con t inuum in t h i s t h e o r y , t o in f in i ty . 
That m e a n s t h a t for p r o c e s s e s o t h e r than e l a s t i c s c a t t e r i n g one h a s 
a c o n t r i b u t i o n f r o m a n o n - p h y s i c a l r e g i o n , tha t i s , f r o m up 
to the t h r e s h o l d for t h a t p a r t i c u l a r p r o c e s s . Now t h i s i s , of c o u r s e , 
a diff icul ty if one w a n t s to c o m p a r e s u c h th ings wi th e x p e r i m e n t s , 
but i t i s no ob jec t ion f r o m our p r e s e n t point of v i e w , wh ich i s to c o n ­
s i d e r t h e s e r e l a t i o n s as i n t e g r a l equa t ions of t h e f ie ld t h e o r y when 
ampl i f i ed by a s u i t a b l e u n i t a r i t y cond i t i on . Such a cond i t ion can be 
d e r i v e d d i r e c t l y f r o m t h e s a m e g e n e r a l f o r m u l a t i o n w h i c h g i v e s 
r i s e to t h e s e r e l a t i o n s . Then we can c o n s i d e r the s e t of coup led 
i n t e g r a l e q u a t i o n s def ined by t h e s e r e l a t i o n s p l u s t h e u n i t a r i t y c o n ­
d i t ion . (They a r e m u c h too c o m p l i c a t e d to e x h i b i t . ) 

T h e c o n c l u s i o n s a r e the fol lowing: f i r s t of a l l , one m a y a s k 
how m a n y of t h o s e a r b i t r a r y c o n s t a n t s G n m ( E 0 ) a r e t h e r e ? It t u r n s 
out that t h e r e a r e j u s t N - 1, which is one f ewer t h a n the n u m b e r of 
t e r m s in the H a m i l t o n i a n . In g e n e r a l , one migh t h a v e e x p e c t e d N . 
The s p e c i a l r e a s o n fo r N - 1 in t h i s c a s e m a y be tha t t he l i n e a r t e r m 
in the H a m i l t o n i a n i s t h e t r i v i a l n e u t r a l s c a l a r t e r m , which h a s no 
d y n a m i c a l c o n s e q u e n c e s . 

Nex t , one w a n t s to e x a m i n e the e x i s t e n c e and the n a t u r e of a 
so lu t ion to t h e s e e q u a t i o n s . Now the f i r s t point to be m a d e in t h i s 
connec t ion i s the fo l lowing: if t h e r e e x i s t s a p o w e r s e r i e s so lu t i on 
which c o n v e r g e s f o r s o m e va lue of the coupl ing cons t an t and c o n ­
v e r g e s u n i f o r m l y wi th r e s p e c t to t he e n e r g y (the u n i f o r m i t y of 
c o n v e r g e n c e b e i n g r e q u i r e d by the fact that we have t o c a r r y out 
an i n t e g r a t i o n ) , t h e n that so lu t ion i s d e t e r m i n e d u n i q u e l y by t h i s 
s e t of e q u a t i o n s . H o w e v e r , when one a s k s w h e t h e r t h e s e r e l a t i o n s 
p e r m i t a un ique s o l u t i o n a s i d e f r o m the p o w e r s e r i e s so lu t i on , t h e n 
one can e a s i l y show tha t t h i s i s not the c a s e . T h e r e a r e s o l u t i ons 
which a r e not u n i q u e l y d e t e r m i n e d by the N - 1 a r b i t r a r y p a r a m e t e r s . 
Th i s can be p r o v e d d i r e c t l y u s i n g the m a t h e m a t i c s of C a s t i l l e j o , 
Dal i tz and Dyson ( P h y s . R e v . 101, 453 , 1956). H o w e v e r , one c a n 
s e e it m o r e p h y s i c a l l y by w r i t i n g down e x p l i c i t l y an inf in i te n u m b e r 
of H a m i l t o n i a n s a l l of which give r i s e to the s a m e d i s p e r s i o n r e l a ­
t i o n s . R a t h e r t h a n w r i t i n g down any of t h e s e H a m i l t o n i a n s , I w i l l 
d e s c r i b e t h e c h a r a c t e r i s t i c s of the p r o t o t y p e of s u c h a H a m i l t o n i a n . 

w h e r e A^v* i s t h e n o n - n e g a t i v e i n t e g e r d e t e r m i n e d by 
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In the t h e o r y we have d i s c u s s e d , we h a v e a s s u m e d that t h e s o u r c e 
h a s only one s t a t e , t ha t t he e x p r e s s i o n c o n s i s t s of the g r o u n d s t a t e 
of the s o u r c e p l u s the con t i nuum o f a n d u p w a r d . One w r i t e s 
down a H a m i l t o n i a n in wh ich the u n d i s t u r b e d p a r t , be fo r e one h a s 
t u r n e d on the coup l ing to t he m e s o n f ie ld , p e r m i t s the s o u r c e to have 
one o r m o r e e x c i t e d s t a t e s which l ie above t h e c o n t i n u u m , and s u c h 
tha t w h e n one t u r n s on the coupl ing , t h e s e a r e not d e p r e s s e d below 
t h e c o n t i n u u m and g ive r i s e to a c t u a l d i s c r e e t s t a t e s , t h a t i s , s u c h 
tha t t h e s e s t a t e s t h e n b e c o m e , in the c o m m o n te rminology^ d e c a y i n g 
s t a t e s and in the m a t h e m a t i c a l s e n s e do not f o r m a p a r t of t h e a c t u a l 
s p e c t r u m of t h e full s y s t e m . T h i s i s an e x a m p l e , a n d t h e r e a r e an 
inf in i te n u m b e r of t h e m , wh ich g i v e s r i s e to t h e s a m e d i s p e r s i o n 
r e l a t i o n s , but w h e r e the so lu t i on a s a funct ion of e n e r g y i s not u n i ­
f o r m l y c o n v e r g e n t . The H a m i l t o n i a n then con t a i n s m o r e i n f o r m a t i o n 
than the d i s p e r s i o n r e l a t i o n s , in tha t t h e r e a r e add i t i ona l p a r a m e t e r s 
a s s o c i a t e d wi th t h e s e e x t r a e n e r g y l e v e l s wh ich m a k e no a p p e a r a n c e 
w h a t s o e v e r in the d i s p e r s i o n r e l a t i o n s . 

T h e fo l lowing w o r k w a s done in c o l l a b o r a t i o n wi th B r u c e 
M c C o r m i c k and i n d e p e n d e n t l y by M i y a z a w a , 

T h e b a s i c i d e a i s t h e fo l lowing: we s t i c k to the i d e a of t r y i n g 
to c o n s t r u c t a s t a t i c p o t e n t i a l of a f in i te r a n g e of v a l i d i t y f r o m the 
m e s o n t h e o r y , and we w i s h to ob ta in a f o r m u l a t i o n wh ich r e p r e s e n t s , 
in a m a t h e m a t i c a l f o r m , the m a x i m u m i n f o r m a t i o n f r o m the o b s e r v e d 
p i o n - n u c l e o n i n t e r a c t i o n s . Now i t t u r n s out that one can ob ta in an 
inf in i te e x p a n s i o n of a p o t e n t i a l , Va// } * n wh ich t h e N**1 

o r d e r t e r m d e s c r i b e s an e x c h a n g e of N m e s o n s . H o w e v e r , in t h i s 
def in i t ion we i n s i s t tha t the g iven o r d e r p o t e n t i a l , s a y the fou r th o r d e r 
p o t e n t i a l , i s def ined only by the e x c h a n g e of m e s o n s and tha t a l l v i r t u a l 
i n t e r a c t i o n s of e a c h of the m e s o n s be i n c l u d e d , in p r i n c i p l e , e x a c t l y . 
F o r m a l l y , V2N can be exh ib i t ed in p r i n c i p l e e x a c t l y , wi th in the a p p r o ­
b a t i o n s m a d e . F o r e x a m p l e , t he s e c o n d o r d e r p o t e n t i a l i s g iven to 
a v e r y good a p p r o x i m a t i o n in the a d i a b a t i c l i m i t , by the u s u a l s e c o n d 
o r d e r p o t e n t i a l , t he on ly r e p l a c e m e n t b e i n g tha t one h a s put in the r e -
n o r m a l i z e d coupl ing c o n s t a n t , t h e f of wh ich we h e a r d s o m u c h y e s t e r ­
d a y . One then t u r n s to the fou r th o r d e r p o t e n t i a l . It t u r n s out tha t t h i s 
can be e x h i b i t e d c o m p l e t e l y in t e r m s of f* p l u s c e r t a i n i n t e g r a l s o v e r 
t he p i o n - n u c l e o n c r o s s s e c t i o n in g iven c h a n n e l s . Now I shou ld a l s o 
add that w h e n one f ina l ly t r i e s to do s o m e t h i n g wi th t h i s f o r m a l i s m , 
one l i m i t s onese l f to S and P - w a v e s . T h e s i x t h o r d e r p o t e n t i a l could 
be w r i t t e n in t e r m s of f and t h e p i o n - n u c l e o n c r o s s s e c t i o n s , if one 
knew the c r o s s s e c t i o n for s i n g l e m e s o n p r o d u c t i o n , and s o o n . 



What w e f v e done up to da te i s a s fo l l ows . It c an be shown 
that the S-wave c o n t r i b u t i o n s , which have been eva lua t ed fully by 
Miyasawa and p a r t i a l l y by us s o m e t i m e ago , a r e qui te s m a l l . Le t 
us l imi t o u r s e l v e s to F -wave i n t e r a c t i o n s , b a s i c a l l y the cut-off 
f o r m a l i s m of Chew and Low. We eva lua te the s e c o n d and four th 
o r d e r p o t e n t i a l s a r i s i n g f r o m P-wave i n t e r a c t i o n s . One o t h e r s m a l l 
point , if one m a k e s an e s t i m a t e of the r a d i u s of c o n v e r g e n c e of the 
s e r i e s for V ( b a s i c a l l y the s a m e e s t i m a t e that Chew m a d e y e s t e r d a y 
except for a f ac to r of 2 ) then one f inds : 

Now the 
p r e l i m i n a r y r e s u l t s 
a r e shown in F i g u r e s 
7, 8, and 9. What I 
p lo t ted i s the p o t e n ­
t i a l in un i t s of t h e 
m e s o n r e s t e n e r g y 
as a function of 
X s / A f o v e r the 
l i m i t e d r a n g e 

l,rxl<f*lwu on a 
s e m i - l o g a r i t h m i c 
s c a l e . The e m p h a ­
s i s h e r e i s on the 
n a t u r e of the c o r ­
r e c t i o n s which we 
have found c o m p a r e d 
to p r e v i o u s c a l c u ­
l a t ions . S i m i l a r 
r e s u l t s a p p a r e n t l y 
have been found in 
J a p a n u n d e r 
M i y a z a w a . The 
nega t ive of the 



conven t iona l s e c o n d 
o r d e r p o t e n t i a l i s 
p l o t t e d . The 
B r u e c k n e r - W a t s o n 
c o n t r i b u t i o n to t he 
fou r th o r d e r p o t e n ­
t i a l i s shown a s 
V4, and t h e n what 
I c a l l <T i s 
the c o r r e c t i o n we 
found in e a c h c a s e , 
a r i s i n g f r o m the 
o b s e r v e d p i o n -
nuc l eon c r o s s 
s e c t i o n c o m p a r e d 
to B o r n f s a p p r o x ­
i m a t i o n . Tha t i s , 
V4 i s b a s i c a l l y 
t he p o t e n t i a l which 
one would ob ta in if 
one s a i d tha t p i o n -
n u c l e o n s c a t t e r i n g 
w a s w e l l d e s c r i b e d 
by the B o r n a p p r o x ­
i m a t i o n . We know 
tha t t h i s i s not the 
c a s e . We know tha t 
the a c t u a l s c a t t e r i n g , 
s a y , in t h e t h r e e -
t h r e e s t a t e , i s 
g r e a t e r t han t h e 
B o r n a p p r o x i m a t i o n 
by a f a c t o r of two 
o r m o r e . 

The c o r ­
r e c t i o n a s c o m p u t e d 
s o f a r m a y be s o m e ­
what o v e r e s t i m a t e d , 
but not by v e r y m u c h . 
T h e y a r e qui te s u b ­
s t a n t i a l . One h a s 
q u a l i t a t i v e l y the 
s a m e s i t u a t i o n in 
a l l the e v e n s t a t e s . 

F i g . 9 
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As r e m a r k e d on s e v e r a l o c c a s i o n s , even wi th the c o r r e c t i o n s , t h e 
second o r d e r t e n s o r f o r c e i s s t i l l t he p r e d o m i n a n t t e n s o r f o r c e o v e r 
m o s t of t h e r a n g e of i n t e r e s t . N e v e r t h e l e s s , t h e c o r r e c t i o n s a r e s u b ­
s t a n t i a l c o m p a r e d to the fou r th o r d e r of t h e p e r t u r b a t i o n s r e s u l t s . 

We s t i l l h a v e , I th ink , c o n s i d e r a b l e w o r k to do to m a k e s u r e 
tha t t he e v a l u a t i o n of t he c o r r e c t i o n s i s good . I th ink tha t we h a v e a 
good a n a l y t i c a l m e t h o d , but the q u e s t i o n which r e m a i n s , in i n t e g r a t i n g 
o v e r t he p i o n - n u c l e o n c r o s s s e c t i o n s , i s : how f a r s h a l l we g o ? I 
went a l l the w a y up p a s t the s e c o n d r e s o n a n c e . P r o b a b l y one shou ld 
s top a f te r t h e f i r s t r e s o n a n c e , and w e f r e going to do t h i s . 

F i n a l l y , I h a v e a n u m b e r . M r . Younger i s e x a m i n i n g the 
c o m p a r i s o n with e x p e r i m e n t s at low e n e r g y . He f i t ted t h e s i n g l e t 
even c e n t r a l f o r c e to the s c a t t e r i n g length and found an ef fec t ive 
r a n g e in the s i n g l e t s t a t e wh ich i s 2 . 77 x 1 0 ~ 1 3 c m # 9 w h i c h , if it i s 
c o r r e c t , I th ink i s a r e a l l y p r o m i s i n g s t a r t . 

DISCUSSION 

RUDERMAN: G a s i o r o w i c z and I, in c o l l a b o r a t i o n , found tha t 
the d i s p e r s i o n r e l a t i o n s for t h e s c a t t e r i n g of a p a r t i c l e by a s q u a r e 
we l l p o t e n t i a l a l s o do not p o s s e s s un ique s o l u t i o n s . 

VAN K A M P E N : The H a m i l t o n i a n i s c l e a r l y not u n i q u e l y d e ­
fined by the d i s p e r s i o n r e l a t i o n s . It i s not e v e n def ined by the S-
m a t r i x i t s e l f . 

RUDERMAN: But if you r e s t r i c t y o u r s e l f t o s q u a r e w e l l 
p o t e n t i a l s , o r p o t e n t i a l s of a f in i te r a n g e , t h e n the S - m a t r i x d o e s 
define t h e H a m i l t o n i a n u n i q u e l y . The d i s p e r s i o n r e l a t i o n s , h o w ­
e v e r , do not even have un ique so lu t ions if you r e s t r i c t y o u r s e l f to 
s q u a r e w e l l p o t e n t i a l s . 

G O L D B E R G E R : I th ink it i s p r o b a b l y c o r r e c t to s a y tha t the 
m e t h o d for c a l c u l a t i n g p o t e n t i a l s which Kle in h a s j u s t d e s c r i b e d i s 
r a t h e r c l o s e l y r e l a t e d to t h e m e t h o d which I s u g g e s t e d in c o n n e c t i o n 
wi th the r e l a t i v i s t i c d i s p e r s i o n r e l a t i o n s , excep t for t h e fact tha t I 
b e l i e v e , in the r e l a t i v i s t i c d i s p e r s i o n r e l a t i o n s , one h a s a s l i gh t 
a d v a n t a g e . One a l w a y s d e a l s wi th q u a n t i t i e s on the m a s s s h e l l in 
c o n t r a s t to the s o r t of c o m p u t a t i o n s which a r e invo lved in K l e i n ! s 
a p p r o a c h . The a c t u a l e v a l u a t i o n , though, m a y r e q u i r e a v e r y s i m i ­
l a r func t ion . 
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B R E I T : In connec t i on wi th the n u c l é o n - n u c l é o n p r o b l e m , it 
s e e m s to m e tha t t h e p o w e r of the d i s p e r s i o n r e l a t i o n a p p r o a c h i s 
l i m i t e d on accoun t of the c o m p u t a t i o n s po in ted out by the c h a i r m a n . 
F o r t ha t r e a s o n , it s e e m s to m e tha t w e ought to c o n s i d e r a s l i g h t l y 
d i f ferent v i ewpo in t , n a m e l y tha t of c l a s s i f y i n g s t a t e s of the s a m e 
t o t a l a n g u l a r m o m e n t u m and p a r i t y , and i s o l a t i n g t h e m f r o m t h e r e s t 
of the s y s t e m . F o r t h e s e s t a t e s one c a n t h e n c o n s i d e r the n u c l e a r 
r e a c t i o n m a t r i x . T h e r e i s a lways the p o s s i b i l i t y tha t at v e r y h igh 
e n e r g i e s t h e r e a r e o t h e r p a r t i c l e s c r e a t e d wh ich , in s o m e way , 
p a r t i c i p a t e in t he f o r m a l a s p e c t s of the d i s p e r s i o n t h e o r y s p e c u l a t i o n s . 
P e r h a p s one m i g h t m a k e p r o g r e s s wi th t he n u c l e a r r e a c t i o n m a t r i x 
a p p r o a c h . T h e n one d e a l s wi th r a t h e r s i m p l e t h i n g s s u c h a s , let u s 
s a y , t he l o g a r i t h m i c d e r i v a t i v e of a c e r t a i n funct ion a s a funct ion of 
e n e r g y . (That i s not a qu i te r i g o r o u s th ing , but fo r p o t e n t i a l s i t i s 
r i g o r o u s ) . In t h i s m e t h o d one would , t h e r e f o r e , b r i n g in the p r o d u c ­
t ion of p a r t i c l e s in the s c a t t e r i n g m a t r i x . Such a v iewpoin t c a n be 
r e g a r d e d a s a l m o s t a s g e n e r a l as the d i s p e r s i o n r e l a t i o n s . 

G Q L D B E R G E R : I th ink tha t t h e diff icul ty tha t we face in 
y o u r s u g g e s t i o n i s s i m p l y one of t e c h n i c a l i g n o r a n c e . The d i s ­
c u s s i o n of t he d i s p e r s i o n a p p r o a c h in t e r m s of the r e a c t i o n m a t r i x 
a s opposed to t h e S - m a t r i x i s s o m e t h i n g wh ich d o e s not s e e m to be 
c o n v e n i e n t in q u a n t u m field t h e o r y , a s it i s in n u c l e a r r e a c t i o n t h e o r y . 
If you have b i l l i ons of c h a n n e l s e f fec t ive ly , which i s the c a s e h e r e , 
t h e n the p r o b l e m of going f r o m the r e a c t i o n m a t r i x to t he S - m a t r i x 
i nvo lves a m a t r i x i n v e r s i o n p r o b l e m of a w e s o m e p r o p o r t i o n s . I, at 
l e a s t , don ' t know how to do i t . 

B R E I T : Suppose you a r e i n t e r e s t e d in n u c l e o n - n u c l e o n s c a t ­
t e r i n g in the e n e r g y r a n g e up to 400 M e v . If you t a k e , s a y , a n g u l a r 
m o m e n t u m 2, t h e n , in that r a n g e , p i o n s have only a l i m i t e d i m p o r ­
t a n c e . The h i g h e r e n e r g y s c a t t e r i n g , a s in n u c l e a r r e a c t i o n t h e o r i e s , 
could be r e p r e s e n t e d by a b a c k g r o u n d t e r m . 

G Q L D B E R G E R : I th ink it i s s i m p l y a c o n t r a s t in d i s c i p l i n e s . 
I don f t know tha t a p p r o a c h , and c o n s e q u e n t l y I th ink a long t h e s e l i n e s . 
T h e r e i s no r e a s o n to b e l i e v e , h o w e v e r , tha t the two a r e n e c e s s a r i l y 
exc lus i v e . 
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POLKINGHORNE: D i s p e r s i o n r e l a t i o n s for m a n y m e s o n p r o c e s s e s 
(Some of t h i s m a t e r i a l a p p e a r s in Nuovo C i m e n t o 
4, 216) 

The c a u s a l i t y cond i t ion i s m a i n l y app l i ed t o s c a t t e r i n g w h e r e 
you have a s i n g l e p a r t i c l e and s c a t t e r e r in the i n i t i a l s t a t e and a 
s i n g l e p a r t i c l e and s c a t t e r e r in the f inal s t a t e . I want t o d i s c u s s a 
f o r m a l i s m which e x t e n d s t h i s to an a r b i t r a r y s i t u a t i o n w h e r e , s a y , 
in the c a s e of p i o n s and n u c l é o n s , you have M p i o n s in t h e i n i t i a l 
s t a t e and N p ions in t he f ina l s t a t e . As f a r a s t h e e x p e r i m e n t g o e s , 
the c a s e M s 1 i s the only one tha t i s r e a l l y of i n t e r e s t wi th p r e s e n t 
t e c h n i q u e s . But if you want to u s e t h ings l ike t h e u n i t a r i t y cond i t ion , 
you have to h a v e m a t r i x e l e m e n t s of t h i s m o r e g e n e r a l t ype a p p e a r i n g . 
So I want to c o n s t r u c t a f o r m a l i s m which wi l l p r o d u c e t h e s e d i s p e r s i o n 
r e l a t i o n s , exp lo i t i ng the c a u s a l i t y cond i t i on . 

T h e w o r k on d i s p e r s i o n r e l a t i o n s r e a l l y s t e m s f r o m a r a t h e r 
r e m a r k a b l e o b s e r v a t i o n f i r s t m a d e by G e l l - M a n n , G o l d b e r g e r , and 
T h i r r i n g . You h a v e the s c a t t e r i n g a m p l i t u d e s e x p r e s s e d e s s e n t i a l l y 
a s m a t r i x e l e m e n t s of t h e t i m e o r d e r e d p r o d u c t of two c u r r e n t o p e r ­
a t o r s . Th i s i s a r a t h e r c o m p l i c a t e d th ing to th ink abou t . But it 
t u r n s out tha t for p o s i t i v e e n e r g y the F o u r i e r t r a n s f o r m of t h i s i s 
the s a m e as t he m a t r i x e l e m e n t of a m u c h s i m p l e r th ing , t h e r e t a r d e d 
c o m m u t a t o r . ^ Now going f r o m one to the o t h e r : 

i s c a l l e d the c o m p a r i s o n t h e o r e m . I t f s use fu l b e c a u s e t h e r e t a r d e d 
c o m m u t a t o r i s a v e r y s i m p l e th ing to th ink about , e s s e n t i a l l y a 
c l a s s i c a l ob j ec t , and it s a t i s f i e s a c a u s a l i t y cond i t ion in a v e r y s i m p l e 
c l a s s i c a l w a y . It v a n i s h e s u n l e s s x l i e s in the f o r w a r d l ight cone of 
the o r i g i n . So you c a n get a d i s p e r s i o n r e l a t i o n in a s i m p l e w a y . 

T h e r e a r e , t h e n , two s t e p s : the c o m p a r i s o n t h e o r e m and the 
c a u s a l i t y c o n d i t i o n . Now I want to c o n s t r u c t s o m e t h i n g w h i c h looks 
l ike a c l a s s i c a l c a u s a l i t y cond i t ion ( , ! t he b e l l not r i n g i n g un t i l t h e 
but ton i s p r e s s e d " s o r t of t h i n g , g e n e r a l i z e d to m o r e c o m p l i c a t e d 
c a s e s ) . 

C o n s i d e r f i r s t of a l l t he c a s e M s 1 and N h a v i n g g e n e r a l 
v a l u e s , o r m o r e p a r t i c u l a r l y the c a s e w h e r e N s 2 . Th i s w a s a c t u ­
a l ly w r i t t e n down by K â l l e n e a r l i e r . The object you h a v e i s t he t i m e 
o r d e r e d p r o d u c t 
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Now you can p r o v e that t h i s 

p l u s a t e r m wi th and X 2 i n t e r c h a n g e d , h a s t h e s a m e F o u r i e r t r a n s ­

f o r m a s the t i m e o r d e r e d p r o d u c t . I t ' s qui te s i m p l e ; you p r o v e it in 

the u s u a l way by b r i n g i n g in s u m s o v e r i n t e r m e d i a t e s t a t e s . It a l s o 

i s v e r y s i m p l e to s e e that i t s a t i s f i e s a s i m p l e c a u s a l i t y condi t ion 

s i n c e it v a n i s h e s u n l e s s x^ and X2 a r e both in the f o r w a r d l ight c o n e . 

In t h i s way you get a d i s p e r s i o n r e l a t i o n . 

Ano the r th ing I th ink one l e a r n s f r o m the s i ng l e m e s o n c a s e 

i s tha t one h a s to be a l i t t l e c a r e f u l about o n e ! s d e s c r i p t i o n of the 

k i n e m a t i c s . F o r e x a m p l e , you h a v e to fix the m o m e n t u m t r a n s f e r 

and not t he s c a t t e r i n g a n g l e , a l though it would be m u c h m o r e c o n ­

ven ien t to fix t h e s c a t t e r i n g a n g l e . I j u s t want to s a y s o m e t h i n g 

about how one f ixes t h e k i n e m a t i c s for t h i s g e n e r a l c a s e . It i s a 

r a t h e r c u r i o u s d e s c r i p t i o n , but i t s e e m s p r e t t y m u c h f o r c e d on o n e . 

F i r s t of a l l one h a s t o d e c i d e how to d e s c r i b e t h e n u c l é o n s and , of 

c o u r s e , one c h o o s e s the f r a m e of r e f e r e n c e in which both the i n c o m i n g 

and the outgoing n u c l é o n s have equa l e n e r g y . Now let u s c o n s i d e r the 

n u m b e r of m e s o n s and t h e i r e n e r g y m o m e n t u m v e c t o r s k j . Of c o u r s e , 

t h e y s a t i s f y 4i±x r - . Le t u s w r i t e the four th c o m p o n ­

en t s of t h e s e v e c t o r s =r oo . T h i s i s what Kle in u s e d 

in the p a r t i c u l a r c a s e he s o l v e d . The ^ - a r e going t o be f ixed; t h e y 

fix the r a t i o s of t he e n e r g i e s . 60 , of c o u r s e , i s t h e v a r i a b l e which 

one is going t o i n t e g r a t e o v e r in the d i s p e r s i o n r e l a t i o n . Nowj£ V t 'z 0 , 

s i n c e the e n e r g y t r a n s f e r f r o m n u c l é o n s to m e s o n s i s z e r o . The N f s 

a r e s t i l l a r b i t r a r y to the ex ten t of an a r b i t r a r y f a c t o r . W e l l fix the 

s i g n of t h e f a c t o r by r e q u i r i n g tha t t he outgoing m e s o n s should have 

p o s i t i v e M f s , the i n c o m i n g m e s o n s , n e g a t i v e >J f s . A n d w e ! l l f i x , 

if you l i k e , the s c a l e f ac to r wh ich r e m a i n s by r e q u i r i n g £ ^ V { , s | . 

Tha t f i xe s t h e e n e r g i e s . The r e a s o n for u s i n g t h e s e v a r i a b l e s i s 

tha t i t wi l l p r o d u c e e x p o n e n t s which have a p r e t t y s t r a i g h t f o r w a r d 

d e p e n d e n c e on CO . Ano the r i m p o r t a n t p r o p e r t y i s that when you 

change the s i g n of 6J you get a c r o s s i n g t h e o r e m m o r e r e a d i l y 

b e c a u s e e v e r y t h i n g c h a n g e s s i g n . 

The th ing tha t r e m a i n s for u s to do in f ixing the k i n e m a t i c s 
i s t o fix the o r i e n t a t i o n of t he s p a t i a l p a r t . (The m a g n i t u d e i s d e t e r ­
m i n e d s i n c e we a r e on the e n e r g y s h e l l . ) The way one d o e s t h i s i s 
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r a t h e r c u r i o u s . F o r g iven fixed N ! s you c a n c o n s t r u c t c e r t a i n 

v e c t o r s , <f* , w h i c h h a v e the p r o p e r t y tha t a s the V ! s a r e f ixed 

and 00 v a r i e s , t h e y a lways have z e r o fou r th c o m p o n e n t . A s i m p l e 

e x a m p l e of t h i s , of c o u r s e , i s t h e m o m e n t u m t r a n s f e r of t h e n u c l é o n 

to the m e s o n s y s t e m . A n o t h e r e x a m p l e would b e : 

You have one inc iden t m e s o n wi th \ ) - - l and two ou tgo ing wi th V - 1/2. 

The v e c t o r (1/2) k^-f k2 a l w a y s h a s z e r o fou r th c o m p o n e n t fo r a l l 

v a l u e s of Co . Now you c o n s t r u c t a s e t of t h e cT* in s p i n and 

s p a c e , and you fix the m a g n i t u d e s of as m a n y of t h e m a s a r e n e c e s ­

s a r y t o c o m p l e t e the s p e c i f i c a t i o n s of the k i n e m a t i c s . T h e r e a r e n ' t 

a s m a n y a s I s a i d in m y p a p e r . I forgot about the d i m e n s i o n a l i t y 

of s p a c e . T h e r e a r e 2N - 4 tha t you have to f i x . It t hen t u r n s out in 

a v e r y s t r a i g h t f o r w a r d w a y tha t t h o s e r e m a i n i n g v e c t o r s , (f^ , 

which a r e not f ixed in m a g n i t u d e , a r e bounded in m a g n i t u d e a s co 
v a r i e s . T h i s i s v e r y i m p o r t a n t when you a r e t r y i n g to w r i t e d i s ­

p e r s i o n r e l a t i o n s b e c a u s e I s h a l l do it s i m p l y by c h a n g i n g o r d e r s of 

i n t e g r a t i o n . F o r a p a r t i c u l a r e x p e r i m e n t , one h a s an e x p r e s s i o n 

with s o m e d i r e c t d e p e n d e n c e on Os) . F o r e x a m p l e , one h a s 

The coeff ic ient of co t u r n s out to be p o s i t i v e ; t h a t ! s what we w a n t . 

Then t h e r e i s a lot of junk left o v e r which d e p e n d s upon the d e l t a s 

on ly . If t h e s e a r e bounded , t hen the b e h a v i o r of the e x p r e s s i o n on 

the s e m - c i r c l e at inf in i ty in t he u p p e r half p l ane i s j u s t wha t we w a n t . 

T h a t ' s r e a l l y the r e a s o n for u s i n g the d e l t a s to c o m p l e t e the s p e c i ­

f i ca t ions of t h e k i n e m a t i c s . 

The f ina l t h ing I would l ike to s a y i s a l i t t l e bit about the 

c a u s a l i t y cond i t ion in the c a s e w h e r e M y£ 1 . Suppose you have two 

inc iden t p a r t i c l e s and two ou tgo ing p a r t i c l e s . Qui te c l e a r l y , a p o s ­

s i b l e condi t ion would be t ha t no p a r t i c l e s shou ld be e m i t t e d un t i l 

both p a r t i c l e s h a v e b e e n a b s o r b e d . That would be a r e a l l y r a t h e r 

s u r p r i s i n g l y s t r o n g cond i t ion and an u n r e a s o n a b l e cond i t ion , b e c a u s e 

the nuc l éon could a b s o r b one m e s o n and if it had suf f ic ient e n e r g y it 

could then p r o d u c e one of the outgoing m e s o n s b e f o r e the s e c o n d one 

w a s a b s o r b e d . So if w e ' r e going to be j u s t s i m p l e , n a i v e and c l a s s i ­

c a l , which s e e m s to be the r i g h t t h i n g to do, we would e x p e c t t he 
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c a u s a l i t y cond i t ion to depend on the e n e r g i e s i n v o l v e d . That m e a n s , 
of c o u r s e , t ha t it i s go ing t o depend upon the >) ' s , T h a t ' s a n o t h e r 
r e a s o n for hav ing t h e m in the f i r s t p l a c e . So le t u s j u s t c o n s i d e r a 
c a s e of two inc iden t m e s o n s and two outgoing m e s o n s : 

If - 5 i s a b s o r b e d f i r s t , t h e n i t ' s c l e a r l y p o s s i b l e f o r , s a y , 4 to be 
e m i t t e d . But hav ing e m i t t e d 4 t h e r e i s n f t enough e n e r g y to e m i t 2 . 
So 2 c a n ' t be e m i t t e d un t i l -1 h a s b e e n a b s o r b e d . So you s e e in t h i s 
s o r t of d i a g r a m one f o r m s c o r r e l a t i o n s b e t w e e n the ou tgo ing p a r t i c l e s 
and t h e i n c o m i n g p a r t i c l e s . H e r e one c o r r e l a t e s 4 wi th - 5 ; e v e r y o n e 
would s a y tha t the m e s o n 4 i s c r e a t e d e n t i r e l y by the m e s o n - 5 . 
M e s o n 2 i s c o r r e l a t e d both wi th - 5 and wi th - 1 , b e c a u s e both of t h e s e , 
in t h i s p a r t i c u l a r o r d e r i n g , have to p l a y a p a r t in c r e a t i n g 2 . F o r 
g iven v a l u e s of t he V ' s you h a v e a g r e a t v a r i e t y of p o s s i b l e c o r r e ­
l a t i ons that c an be f o r m e d in t h i s way , and to e a c h c o r r e l a t i o n t h e r e 
c o r r e s p o n d s a n a t u r a l o r d e r i n g and s o a n a t u r a l c a u s a l i t y c o n d i t i o n . 
T h e c a u s a l i t y cond i t ion for the m o r e g e n e r a l c a s e wi l l now b e c o m e 
s i m p l y t h i s : g iven t h e N ' s , you look at t h e e x p r e s s i o n and you w r i t e 
down a l l t he c o r r e l a t i o n s e n e r g e t i c a l l y p o s s i b l e . T h e n , if for none 
of t h e s e c o r r e l a t i o n s t he s p a c e - t i m e p o i n t s invo lved h a v e the c o r r e c t 
o r d e r i n g , tha t i s , l i e in the c o r r e c t l ight c o n e , t h e n the t h ing wi l l 
h a v e t o v a n i s h . T h i s i s t he c a u s a l i t y cond i t ion , and it g i v e s a d i s ­
p e r s i o n r e l a t i o n . 

I want t o m a k e two o b s e r v a t i o n s in c l o s i n g . I s a i d t ha t t h e s e 
d i s p e r s i o n r e l a t i o n s w e r e p r o v e d to t he ex ten t of e x c h a n g i n g i n t e ­
g r a t i o n s . M r . Kibble at E d i n b u r g h h a s b e e n i n v e s t i g a t i n g the c a s e 
of M = 1 and N » 2 by t h e s a m e s o r t of t e c h n i q u e tha t Bogol iubov u s e d 
in h i s p roof fo r the s i ng l e m e s o n c a s e . It g e t s v e r y invo lved , a s you 
migh t i m a g i n e . The s o r t of t h ing that t u r n s up looks r a t h e r l i ke what 
Kâ l l en s h o w e d . One h a s to u s e s i m i l a r t e c h n i q u e s of a n a l y t i c c o n t i n ­
ua t i on , and funct ions of m a n y c o m p l e x v a r i a b l e s . Kibble m a d e qui te 
r e m a r k a b l e p r o g r e s s . And though it i s n ' t c o m p l e t e d , I th ink t h e r e ' s 
qui te a good c h a n c e he wi l l s u c c e e d in c o n s t r u c t i n g a proof , o r at 
l e a s t in exh ib i t i ng what t h e o r e m s m a t h e m a t i c i a n s shou ld p r o v e in 
o r d e r to m a k e t h e s e d i s p e r s i o n r e l a t i o n s t r u e . 
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The s e c o n d point I would l ike to m a k e i s : what u s e a r e t h e s e ? 
Wel l , tha t i s a l w a y s an e m b a r r a s s i n g ques t i on wi th a c o m p l i c a t e d 
f o r m a l i s m . So f a r the on ly u s e I know of was m a d e by C o r i n a l d e s i 
at G l a s g o w , who h a s u s e d t h e m to a n a l y z e t he T d e c a y . We h a v e two 
p a r a m e t e r s in the T d e c a y , one of which looks l i k e an e n e r g y , and 
you can w r i t e down a d i s p e r s i o n r e l a t i o n . U n f o r t u n a t e l y t he e x p e r i ­
m e n t a l da t a don ' t s e e m to be suff ic ient to d r a w a v e r y def in i te c o n ­
c lu s ion , but t h e r e d o e s n f t s e e m to be any i n c o n s i s t e n c y . 

EKSTEIN: R e p r e s e n t a t i o n l e s s f o r m a l i s m in f ie ld t h e o r y 

I would l ike to m e n t i o n tha t t h i s w o r k w a s done in c o o p e r a t i o n 
wi th Swihar t and T a n a k a . It i s an a t t emp t to do f ie ld t h e o r y by c h o o s i n g 
a s ob j ec t s of the t h e o r y m a t r i x e l e m e n t s of o p e r a t o r s b e t w e e n e i g e n -
s t a t e s of the H a m i l t o n i a n . The idea, of c o u r s e , i s to avo id the t r a d i ­
t i ona l a p p r o a c h , w h e r e one t r i e s to expand s o m e p h y s i c a l s t a t e in 
e igenfunc t ions of t h e u n p e r t u r b e d H a m i l t o n i a n . It h a s b e c o m e c l e a r 
in r e c e n t y e a r s that t h i s i s not r e a l l y a mean ing fu l e x p a n s i o n . F o r 
i n s t a n c e , in the s i m p l e s t c a s e of a s t a t i c point n u c l é o n , it can be 
shown tha t a l l t h e p h y s i c a l s t a t e s a r e o r t h o g o n a l to t he u n p e r t u r b e d 
s t a t e s . So t h i s d o e s n f t w o r k excep t if one i n t r o d u c e s an inf in i te wave 
funct ion n o r m a l i z a t i o n c o n s t a n t and t h i s i s an u n n e c e s s a r y c o m p l i ­
c a t i o n . So, by c o n s i d e r i n g m a t r i x e l e m e n t s be tween p h y s i c a l s t a t e s 
of s o m e o p e r a t o r s , one c a n hope to avoid at l e a s t s o m e of t h e p r o b l e m s . 

C o n t r a r y t o the c o v a r i a n t f o r m u l a t i o n s about wh ich S c h w i n g e r 
and Ka l l en h a v e t a l k e d , we have c o n s i d e r e d S c h r ô d i n g e r o p e r a t o r s . 
A l s o , a s f a r a s the p h y s i c a l s t a t e s a r e c o n c e r n e d , we have not c o n ­
s i d e r e d v a c u u m s t a t e s a s i s now m o s t l y done in the c o v a r i a n t c a l c u ­
l a t i o n s , but r a t h e r e i g e n s t a t e s of the H a m i l t o n i a n wh ich r e p r e s e n t 
s i n g l e p a r t i c l e s , for i n s t a n c e of m o m e n t a p and p*. One l o s e s , of 
c o u r s e , c o v a r i a n c e in t h i s m a n n e r , but one g a i n s in t r a c t a b i l i t y of 
the e q u a t i o n s b e c a u s e t h e fou r th v a r i a b l e i s de f in i t e ly u s e l e s s in t h e s e 
c a l c u l a t i o n s . One c o n v e n i e n t l y c h o o s e s two p h y s i c a l s t a t e s wh ich 
have d i f ferent m o m e n t a but e q u a l e n e r g i e s . T h i s h a s t he a d v a n t a g e 
tha t the s e l f - e n e r g y of the s t a t e d o e s not o c c u r in the e q u a t i o n and 
one does not h a v e to r e n o r m a l i z e , t o s u b t r a c t an inf in i te s e l f - e n e r g y . 
By a L o r e n t z t r a n s f o r m a t i o n one can t hen ob ta in m a t r i x e l e m e n t s 
be tween two g e n e r a l s t a t e s , p and p ! . 

The c a s e s which so f a r h a v e been c o n s i d e r e d by t h i s m e t h o d 
a r e the fo l lowing: a s t a t i c n u c l é o n without cut -off i n t e r a c t i n g wi th 
s c a l a r c h a r g e - s y m m e t r i c m e s o n s ; t hen a m o v i n g n o n r e l a t i v i s t i c n u ­
c léon with t h e s a m e i n t e r a c t i o n ; then the s t a t i c c a s e w h e r e the i n t e r -
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w h e r e A i s a p r o d u c t of S c h r o d i n g e r c r e a t i o n and d e s t r u c t i o n o p e r ­
a t o r s . By pu t t i ng in t h e H a m i l t o n i a n e x p l i c i t l y , one ob ta ins a l i n e a r 
equa t i on which t hen h a s to be r e n o r m a l i z e d . Tha t i s , one h a s to 
t a k e out u n o b s e r v e d q u a n t i t i e s . In p a r t i c u l a r , t h e H a m i l t o n i a n c o n ­
t a i n s the u n r e n o r m a l i z e d coup l ing c o n s t a n t f0 wh ich one w a n t s to 
r e p l a c e e x p l i c i t l y by s o m e t h i n g o b s e r v a b l e . T h i s can be done 
a r b i t r a r i l y by c o n v e n i e n t l y def ining what one m e a n s by the o b s e r v ­
ab le coup l ing c o n s t a n t in t e r m s of p h y s i c a l m a t r i x e l e m e n t s . So 
one o b t a i n s an exp l ic i t e x p r e s s i o n fo r fQ in t e r m s of the r e n o r m a l ­
i zed coup l ing c o n s t a n t and p h y s i c a l m a t r i x e l e m e n t s . 

In the c a s e of the m o v i n g n o n r e l a t i v i s t i c n u c l é o n t h e r e i s 
a n o t h e r u n o b s e r v a b l e quan t i ty which m u s t be e l i m i n a t e d : t he m a s s 
r e n o r m a l i z a t i o n , AWN, , for which one m u s t a l s o give an exp l ic i t 
e x p r e s s i o n in t e r m s of o b s e r v a b l e f in i te q u a n t i t i e s . T h e n a l l t he 
e q u a t i o n s a r e w r i t t e n in t e r m s of on ly o b s e r v a b l e q u a n t i t i e s and 
c a n p r e s u m a b l y be t r e a t e d by any n u m b e r of a p p r o x i m a t i o n m e t h o d s . 
T h e y c a n , fo r i n s t a n c e , be i t e r a t e d and one can ob ta in an e x p a n s i o n 
in t e r m s of the r e n o r m a l i z e d coup l ing c o n s t a n t . But one i s now c o n ­
s t r a i n e d to do only p e r t u r b a t i o n t h e o r y . 

Of c o u r s e , t he i n f o r m a t i o n con ta in ing s u c h e x p e c t a t i o n 
v a l u e s d o e s not g ive the c o m p l e t e a n s w e r . T h i s i s t h e p r i c e tha t 
one h a s to p a y for not u s i n g H e i s e n b e r g o p e r a t o r s but S c h r o d i n g e r 
o p e r a t o r s . T h e i n f o r m a t i o n i s suf f ic ient for s u c h q u a n t i t i e s a s , f o r 
i n s t a n c e , a m a g n e t i c m o m e n t , but it i s not suff ic ient for s c a t t e r i n g . 
In o r d e r to ob ta in i n f o r m a t i o n for s c a t t e r i n g one n e e d s a n o t h e r 
e q u a t i o n in wh ich t h e s e q u a n t i t i e s e n t e r . T h i s e q u a t i o n i s of t he 
fo l lowing t y p e : if the S - m a t r i x i s w r i t t e n in the u s u a l m a n n e r , 

ac t ion i s p s e u d o - v e c t o r wi th p s e u d o - s c a l a r m e s o n s ( h e r e , of c o u r s e , 
we need a cu t -of f ) ; and f ina l ly , t h i s i s now in p r o g r e s s , the m o v i n g 
but n o n r e l a t i v i s t i c c a s e wi th p s e u d o - v e c t o r coup l ing and without c u t ­
off. 

One s t a r t s wi th the H e i s e n b e r g equa t ion of m o t i o n and one 
t a k e s m a t r i x e l e m e n t s b e t w e e n e i g e n s t a t e s of t h e h a m i l t o n i a n . Since 
we have c h o s e n e i g e n s t a t e s wi th the s a m e e n e r g y ; t h e t i m e d e r i v a t i v e 
t e r m v a n i s h e s and we h a v e the e x p e c t a t i o n va lue of the c o m m u t a t o r 
b e t w e e n two s t a t e s of the s a m e e n e r g y : 
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T h i s equa t ion looks s o m e w h a t s i m i l a r to the C h e w - L o w e q u a t i o n s , 
but it i s not t h e s a m e b e c a u s e the i n h o m o g e n e i t y i s not j u s t a s i m p l e 
o b s e r v a b l e n u m b e r o r s o m e t h i n g l ike t ha t , but it i s a r a t h e r c o m ­
p l i c a t e d quan t i t y wh ich m u s t be ob ta ined by so lv ing the e q u a t i o n s for 
t h e s e e l e m e n t s . It i s a two- s t age p r o c e s s which i s v e r y r e m i n i s c e n t 
of the m a n n e r in wh ich one a p p r o a c h e s , for i n s t a n c e , n o n r e l a t i v i s t i c 
s c a t t e r i n g p r o b l e m s of c o m p o s i t e p a r t i c l e s . P r o c e e d i n g in t h i s 
m a n n e r , one o b t a i n s , at l e a s t so f a r , f ini te q u a n t i t i e s . We h a v e , in 
p a r t i c u l a r , c o n s i d e r e d t h e p e r t u r b a t i o n e x p a n s i o n in t e r m s of ^ w h i c h 
s e e m to be , so f a r , in good a g r e e m e n t wi th any th ing tha t one migh t 
e x p e c t . 

DISCUSSION 

Kâ l l en : Could t h e s p e a k e r s a y in a few w o r d s what he f e e l s 
i s the a d v a n t a g e of the Sch rBd i nge r r e p r e s e n t a t i o n c o m p a r e d to t h e 
c o v a r i a n t H e i s e n b e r g r e p r e s e n t a t i o n ? 

E K S T E I N : I b e l i e v e tha t the four v a r i a b l e s a r e a r e a l h e a d ­
ache in so lv ing e q u a t i o n s . It i s c e r t a i n l y e a s i e r to w o r k with t h r e e 
v a r i a b l e s . 

L U E D E R S : I n v a r i a n c e u n d e r T C P 

I want to t a l k about s o m e c o n s i d e r a t i o n s by Z u m i n o and m y ­
se l f on i n v a r i a n c e u n d e r the p r o d u c t T C P , w h e r e T s t a n d s fo r t i m e 
r e v e r s a l , C for c h a r g e con juga t ion , and P not for P a u l i , but for 
p a r i t y o r r e f l e c t i o n s in s p a c e . We put 

© - T C P 

We a s s u m e the t h e o r e m on i n v a r i a n c e u n d e r (5> to be v a l i d and s t u d y 
which r e l a t i o n s b e t w e e n p r o p e r t i e s of p a r t i c l e s and a n t i - p a r t i c l e s 
follow f r o m i t . 

t h e n the e q u a t i o n fo r the R - m a t r i x i s : 
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App l i ca t ion to d e c a y p r o p e r t i e s a r e n o n - t r i v i a l in s o m e s e n s e , 
s i n c e © r e v e r s e s the t i m e o r d e r of a p r o c e s s and s o t r a n s f o r m s a 
d e c a y p r o c e s s for p a r t i c l e s in to a b u i l d - u p p r o c e s s for the c o r r e s ­
ponding a n t i - p a r t i c l e s . We spl i t the to t a l H a m i l t o n i a n , H, in the 
f o r m 

H * H s + H w } 

w h e r e H g con ta ins both s t r o n g (in t h e u s u a l s e n s e ) and e l e c t r o m a g n e t i c 
i n t e r a c t i o n s , and w h e r e H ^ r e p r e s e n t s the weak i n t e r a c t i o n s . 

F i r s t we a s s u m e tha t H g h a s been t a k e n in to account c o r r e c t l y 
and t r e a t the d e c a y to f i r s t o r d e r in H w . As i n i t i a l s t a t e we have an 
e i g e n s t a t e io^ of H g ; a s f inal s t a t e s we have to u s e p a r t i c u l a r 
s c a t t e r i n g e i g e n s t a t e s ^-<t| of H g ; it i s i m p o r t a n t to p ick the c o r r e c t 
n - M s t a t e s . T r a n s i t i o n p r o b a b i l i t i e s a r e g iven e s s e n t i a l l y i n t e r m s of 
the m a t r i x e l e m e n t i H w I 0^ . To be m o r e s p e c i f i c , le t u s 
a s s u m e tha t the s c a t t e r i n g s t a t e s have b e e n n o r m a l i z e d wi th r e s p e c t 
to the con t inuous and d i s c r e e t v a r i a b l e s "a so t ha t 

As new v a r i a b l e s we then i n t r o d u c e the to ta l e n e r g y E a , t o t a l m o m e n t u m 
P a , and f u r t h e r v a r i a b l e s a . We define a funct ion g (a) by 

and a r e d u c e d i n t e r a c t i o n m a t r i x e l e m e n t by 

The d i f f e r en t i a l t r a n s i t i o n p r o b a b i l i t y p e r unit t i m e i s t hen g iven by 
the Golden Rule 

Now we a s s u m e tha t © and H ^ c o m m u t e . But when apply ing £j) to 
\0L^y we ob ta in a l ! + M s c a t t e r i n g s t a t e for t h e a n t i - p a r t i c l e s which 
cannot be u s e d d i r e c t l y to c a l c u l a t e t r a n s i t i o n p r o b a b i l i t i e s . S ince , 
h o w e v e r , both t y p e s of s c a t t e r i n g e i g e n s t a t e s a r e r e l a t e d to each o t h e r 
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t h r o u g h t h e S - m a t r i x of the s t r o n g i n t e r a c t i o n , one h a s 

H e r e the r e d u c e d S - m a t r i x on the e n e r g y m o m e n t u m s h e l l i s def ined 
by 

We c a n d r a w t w o c o n c l u s i o n s : 1) To ob ta in the r e c i p r o c a l l i f e t i m e we 
h a v e to i n t e g r a t e in the Golden Rule o v e r a l l v a r i a b l e s af. F r o m t h e 
u n i t a r i t y of ^ 3u l S \ Z*} it t h e n fo l lows tha t l i f e t i m e s of p a r t i c l e s 
and a n t i - p a r t i c l e s a r e e q u a l , a s a l r e a d y shown by L e e , O e h m e , and 
Yang . The s a m e i s t r u e fo r t he lowes t o r d e r c o r r e c t i o n to the m a s s 
of the decay ing p a r t i c l e . 2) B r a n c h i n g r a t i o s in to c o r r e s p o n d i n g 
c h a n n e l s a r e the s a m e if the s t r o n g i n t e r a c t i o n does not l e a d to a 
s c a t t e r i n g b e t w e e n the v a r i o u s d e c a y c h a n n e l s . T h i s i s e s p e c i a l l y 
t r u e if t h e r e i s no s t r o n g i n t e r a c t i o n . 

The e q u a l i t y of m a s s e s and l i f e t i m e s of p a r t i c l e s and a n t i -
p a r t i c l e s c a n b e shown in a v e r y s i m p l e w a y wi thout any exp l i c i t u s e 
of p e r t u r b a t i o n e x p a n s i o n s . M a s s and l i f e t i m e s can (for s i m p l e e x ­
ponen t i a l d e c a y ) be r e a d f r o m the ana ly t i c b e h a v i o r of t h e r e s o l v e n t , 
i . e . t h e fo l lowing m a t r i x e l e m e n t 

H e r e i s the e i g e n s t a t e of H g g iv ing the d e c a y i n g p a r t i c l e at r e s t ; 
H i s t he t o t a l H a m i l t o n i a n and X a c o m p l e x p a r a m e t e r . F o r H ^ - 0 
the above m a t r i x e l e m e n t s h o w s a po le at the r e s t e n e r g y of t h e s t a b l e 
p a r t i c l e ; for H ^ 0 t he po l e m o v e s in to a r e g i o n which can be r e a c h e d 
by ana ly t i c c o n t i n u a t i o n . The p o s i t i o n of the po le g i v e s t h e r e s t m a s s 
and r e c i p r o c a l l i f e t i m e of the d e c a y i n g p a r t i c l e . F r o m the c o m m u -
t a t i v i t y of H and © , t he h e r m i t i c i t y of H, and t h e a n t i - l i n e a r i t y of 
(H) , it fo l lows tha t 
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C o n s e q u e n t l y , bo th m a t r i x e l e m e n t s have t he s a m e ana ly t i c p r o p ­
e r t i e s , and m a s s and l i f e t i m e a r e the s a m e for p a r t i c l e and a n t i -
p a r t i c l e . It i s not c l a i m e d tha t the d e c a y i n g p a r t i c l e i s c o r r e c t l y 
given by t h e e i g e n s t a t e of H s ; t h i s p a r t i c u l a r s t a t e i s r a t h e r 
u s e d t o ident i fy the r e l e v a n t s i n g u l a r i t y of t h e o p e r a t o r (A- H) m { . 
Both in f i r s t o r d e r and in t h e g e n e r a l t r e a t m e n t it h a s not b e e n 
a s s u m e d tha t H g i s i n v a r i a n t wi th r e s p e c t to T, P , and C s e p a r a t e l y . 

T h e n t h e r e a r e a few a p p l i c a t i o n s : 
1. TT-ylL-decay . F r o m t h e e x p e r i m e n t a l l y e q u a l l i f e t i m e s 

of TT* and TT~ it cannot be conc luded tha t H i s i n v a r i a n t u n d e r C . 
s 

2.fr-JU - d e c a y . If e l e c t r o m a g n e t i c i n t e r a c t i o n s a r e n e g l e c t e d , 
the d e c a y s p e c t r a of / c + and ^ a r e e q u a l , a s a l r e a d y po in ted out 
by L e e and Y a n g . E q u a l i t y of the r a d i a t i v e c o r r e c t i o n s could not be 
conc luded if only T C P would h o l d . I n c i d e n t a l l y , t h e S - m a t r i x of 
the s t r o n g i n t e r a c t i o n in t h i s c a s e i s t h a t for C o m p t o n s c a t t e r i n g . 

3 . ^3 - d e c a y of a l igned n u c l e i . The C o u l o m b t e r m in the a s y m ­
m e t r y c h a n g e s s i g n if one goes , o v e r f r o m n u c l e i t o a n t i - n u c l e i , a s 
c an e a s i l y be c h e c k e d f r o m t h e e x p l i c i t f o r m u l a . T h i s t e r m i s only 
p r e s e n t if T i s v i o l a t e d but T C P h o l d s . 

4 . K + and K~ , IR m o d e s , a) A s s u m e K h a s s p i n O and 
H s i s i n v a r i a n t u n d e r P . T h e n the 2tt and 3TT s t a t e s h a v e o p p o s i t e 
p a r i t y and the s t r o n g i n t e r a c t i o n d o e s not m i x t h e m . The b r a n c h i n g 
r a t i o s in to both c h a n n e l s a r e t he s a m e for K + and K ~ . b) T h i s i s 
a p p r o x i m a t e l y a l s o t r u e fo r s p i n g r e a t e r t h a n z e r o if H g i s a l s o i n ­
v a r i a n t u n d e r C and u n d e r r o t a t i o n s in i s o b a r i c s p i n s p a c e . T h e n a 
g e n e r a l i z e d F u r r y t h e o r e m f o r b i d s t r a n s i t i o n s b e t w e e n s t a t e s wi th 
two and t h r e e T m e s o n s ; t h i s s e l e c t i o n r u l e i s v i o l a t e d by the e l e c t r o ­
m a g n e t i c i n t e r a c t i o n s . To c h e c k m o r e than on ly T C P in the c a s e of 
c h a r g e d K - p a r t i c l e s one h a s to look in to t h e f *T' b r a n c h i n g r a t i o o r 
in to t h e s p e c t r u m of t h e r d e c a y for K * and K~ . 

DISCUSSION 

SYMANZIK: If c h a r g e con juga t ion i s not c o n s e r v e d e v e n in the 
s t r o n g i n t e r a c t i o n s , I don f t b e l i e v e tha t it i s a w e l l - d e f i n e d quan t i t y . 

L U E D E R S : If the s t r o n g i n t e r a c t i o n d o e s not l e a d to d e c a y of 
the p a r t i c l e , the o p e r a t o r @ can be app l i ed to a p a r t i c l e s t a t e and then 
g ives the a n t i p a r t i c l e . 
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L E E : The e x a m i n a t i o n of p o s s i b l e c o n s e q u e n c e s of n o n - i n -
v a r i a n c e u n d e r T , C, and P s e p a r a t e l y of the s t r o n g i n t e r a c t i o n s , I 
th ink , i s s o m e w h a t a c a d e m i c . T h e r e i s good e x p e r i m e n t a l e v i d e n c e 
tha t the s t r o n g i n t e r a c t i o n s a r e , in fac t , i n v a r i a n t u n d e r T, C, and 
P s e p a r a t e l y . 

I would a l s o l ike to a sk , how do you def ine the l i f e t i m e ? 

ZUMINO: In o r d e r to def ine the l i f e t i m e , the th ing tha t coun t s 
i s that the i m a g i n a r y p a r t of t he po le i s s m a l l , not tha t t he coup l ing 
cons t an t i s s m a l l . T h e n the i m a g i n a r y p a r t i s the l i f e t i m e . 

L E E : U n f o r t u n a t e l y , a l i f e t ime i m p l i e s a p h y s i c a l m e a s u r e ­
m e n t , and not j u s t a m a t h e m a t i c a l def in i t ion . 

ZUMINO: Y e s , of c o u r s e ; it i s a q u e s t i o n of how the s t a t e 
wi l l deve lop in t i m e . It i s p o s s i b l e to s e e that t he d e v e l o p m e n t wi l l 
not be r i g o r o u s l y exponen t i a l , but if the po le i s v e r y c l o s e t o t h e 
r e a l a x i s , it wi l l be e x p o n e n t i a l to a v e r y good a p p r o x i m a t i o n for a 
l a r g e r e g i o n of t i m e . T h i s i s t r u e even if t he i n t e r a c t i o n i s l a r g e , 
p r o v i d e d tha t t h e po le i s not f a r f r o m the r e a l a x i s . 

DYSON: I s t h e r e any r e a s o n to b e l i e v e tha t t h e r e r e a l l y i s 
a p o l e ? I a m of t h e c o n t r a r y op in ion . 

ZUMINO: Wel l , I d o n ! t want to g ive a v e r y s o p h i s t i c a t e d 
a n s w e r to t h i s . T h i s i s what g e n e r a l l y h a p p e n s if you have a bound 
s t a t e that b e c o m e s e m b e d d e d in t h e c o n t i n u u m . If you s w i t c h on a 
p e r t u r b a t i o n , t h e n a p r e v i o u s bound s t a t e wi l l no l o n g e r be a bound 
s t a t e . The p o l e , which c o r r e s p o n d s to the e n e r g y l e v e l , sh i f t s o u t ­
s i d e the r e a l p h y s i c a l l i n e . I ' m t a lk ing about a p e r t u r b a t i o n and not 
about p e r t u r b a t i o n t h e o r y , tha t i s , not about a p e r t u r b a t i o n e x p a n s i o n . 


