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Abstract In this paper we implement the Schwinger—
Keldysh closed-time path integral formalism in non-equilib-
rium QCD in accordance to the definition of the Collins—
Soper fragmentation function. We consider a high-pr
parton in QCD medium at initial time 7o with an arbitrary
non-equilibrium (non-isotropic) distribution function f(p)
fragmenting to a hadron. We formulate the parton-to-hadron
fragmentation function in non-equilibrium QCD in the light-
cone quantization formalism. It may be possible to include
final-state interactions with the medium via a modification
of the Wilson lines in this definition of the non-equilibrium
fragmentation function. This may be relevant to the study of
hadron production from a quark—gluon plasma at RHIC and
LHC.

PACS 12.39.St - 13.87.Fh - 13.87.Ce - 13.85.Ni

1 Introduction

RHIC and LHC heavy-ion colliders are the best facilities
to study a quark—gluon plasma in the laboratory. Since two
nuclei travel almost at the speed of light, the QCD matter
formed at RHIC and LHC may be in non-equilibrium. In
order to make a meaningful comparison of the theory with
the experimental data on hadron production, it may be nec-
essary to study non-equilibrium—non-perturbative QCD at
RHIC and LHC. This, however, is a difficult problem.

Non-equilibrium quantum field theory can be studied
by using the Schwinger—Keldysh closed-time path (CTP)
formalism [1-3]. However, implementing CTP in non-
equilibrium at RHIC and LHC is a very difficult problem,
especially due to the presence of gluons in non-equilibrium
and hadronization etc. Recently, the one-loop resumed gluon
propagator in non-equilibrium in covariant gauge has been
derived in [4, 5].

2e-mail: gnayak @uic.edu

High- pr hadron production at high energy e™e™, ep and
pp colliders is studied by using the Collins—Soper fragmen-
tation function [6-10]. For a high- pt parton fragmenting to
a hadron, Collins and Soper derived an expression for the
fragmentation function based on field theory and the fac-
torization properties in QCD at high energy [11-18]. This
fragmentation function is universal in the sense that, once
its value is determined from one experiment it explains the
data at other experiments.

The derivation of the parton-to-hadron fragmentation
function in QCD medium based on a first principle calcula-
tion has not been done so far. This may be relevant at RHIC
and LHC heavy-ion colliders to the study of hadron pro-
duction from a quark—gluon plasma. A further complication
arises because the partons at RHIC and LHC may be in non-
equilibrium.

In this paper we note that one can implement the closed-
time path integral formalism in non-equilibrium QCD to
the definition of the Collins—Soper fragmentation function.
We consider a high-pt parton in medium at initial time
79 with an arbitrary non-equilibrium (non-isotropic) dis-
tribution function f(p) fragmenting to a hadron. We for-
mulate the parton-to-hadron fragmentation function in non-
equilibrium QCD in the light-cone quantization formalism.
The special case

) = ——
eT 1
corresponds to finite-temperature QCD in equilibrium. This
fragmentation function may be relevant to the study of
hadron production from a quark—gluon plasma at RHIC and
LHC.
We find the following definition of the parton-to-hadron
fragmentation function in non-equilibrium QCD by using
the closed-time path integral formalism. For a quark (q)

with arbitrary non-equilibrium distribution function fq(%)
at initial time, the quark-to-hadron fragmentation function
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is given by and
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- Prext/ _
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X B {Dirac 3 trcolor[yJr (in|yr ()C ) xT)

x ®[x7, xT]a;{(P"', Or)au(P™,0r)

x ®[0]y (0)]in)], (1.1)
where 7z (= i—r) is the longitudinal momentum fraction of
the hadron with respect to the parton and Pr is the transverse
momentum of the hadron. |in) is the initial state of the non-
equilibrium QCD medium in the Schwinger—Keldysh in—in
closed-time path formalism.

For a gluon (g) with arbitrary non-equilibrium distribu-
tion function fg (I;) at initial time, the gluon-to-hadron frag-
mentation function is given by

1
22k 1+ fo (k)]

dd—2
x/dx_ xTe

Dy (z, Pr) = —

ik*x’—i—iPT-xT/z

(271’)”1_1
1 8
x 3 ;[(imFaﬂ‘(x*, xr)®[x7, xr]
x afy(P*,0r)au(P*, 07)®[01F,, (0)[in)].

(1.2)

The path-ordered exponential

o[x"],, = Pexp[ig/o

is the Wilson line [19]. It may be possible to include final-
state interactions with the medium via modification of the
Wilson lines in this definition of the non-equilibrium frag-
mentation function, similar to the pr distribution of the par-
ton distribution function studied in [20].

Equations (1.1) and (1.2) can be compared with the fol-
lowing definition of the Collins—Soper fragmentation func-
tion [6-8]:

o0

din- Ac(x“ + n“)\)TaCbi| (1.3)

1 _ AT e ipn
Dyyq(z, Pr) = 2_z dx Welk xTHPrxr/z

1 1 —
X B {Dirac 3 trcolor[yJr Oy (x ) XT)

X Q§[x_, xT]a;—{(P"', OT)

x ag(P*,07)@[0](0)|0)] (1.4)
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x ®[x7, xT]aITI(PJ“, Or)au(P*,0r)

X <1>[0]FL(0)|0)]. (1.5)

We shall present derivations of (1.1) and (1.2) in this pa-
per.

The paper is organized as follows. In Sect. 2 we briefly
review the definition of the Collins—Soper fragmentation
function in vacuum, which is widely used at pp, ep and
ete™ colliders. In Sect. 3 we give a brief description of the
Schwinger—Keldysh closed-time path integral formalism in
non-equilibrium QCD. We implement the closed-time path
integral formalism in non-equilibrium QCD in accordance
to the Collins—Soper fragmentation function in Sect. 4. Sec-
tion 5 contains our conclusions.

2 Collins—Soper fragmentation function in vacuum

In this section we shall briefly review the Collins—Soper
fragmentation function in vacuum, which is widely used at
pp. ep and eTe™ colliders. Consider a scalar gluon, for ex-
ample, with four momentum k* in vacuum fragmenting to a
hadron with four momentum P*. For application to collider
experiments it is convenient to use the light-cone quantiza-
tion formalism. The scalar gluon field ¢ (x) can be written
as

) = G | i

x [e7* % ak) +e**a’ (k)] . (2.1

=0
where at and a are the creation and annihilation operators,
respectively. We have d =4 — 2¢, where 3 — 2¢ is the space
dimension. The single-particle parton state is given by

k™, kr)=a' (KT, k7)[0),  witha(kT, kr)[0)=0, (2.2)
with the normalization
(k, kr |k K'r)

= Q) (k= k)82 kr — k). (2.3)

Note that the correct interpretation of the state |k) is cre-
ated by an appropriate Fourier transform of the correspond-
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ing field operator and should not be associated with the on-
shell condition k> = 0 of the massless quark or gluon. !

Consider inclusive production of a hadron, H, created in
the out-state | H, X) from the parton a in the in-state |k) with
the probability amplitude

(H, X|k). 2.4

The probability distribution A (P) of the hadron with mo-
mentum P from the parton of momentum k can be found
from the above amplitude. Explicitly, we have

hi(PY(kIK'y =) " (k|H, X)(H, X|K')
X

=Y (klafy(P)IX)(X|an(P)IK')
X
= (klaf;(P)an(P)IK'), 2.5)

where a;f[ is the creation operator of hadron H. In the light-

cone quantization formalism we find (by using (2.2) and

(2.3))
h(z, Pkt ke k'™, k)
=2:27)" " Dz, Pr)@m)* !
x §(kT — k)82 (kr — kp)
= (Ola(k™, kr)afy(P*, Pr)au(P, Pr)a’ (K, k'1)0),
(2.6)

where Dy, (z, Pr) is the fragmentation function and z =
+ . . . . .
f—+ is the longitudinal momentum fraction of hadron H with

respect to parton a. Using

@)1 01p (x~, xr)af; (P, Pr)au(P*, Pr)$(0)[0)

1 / dk 492 i
= T
Qmyd=1 ) 2K+ NOY s

x [(Ole **a(k*, kr)af; (P, Pr)an(P™, Pr)

xa' (K, K7)10)] 4 _y 2.7
we find from (2.6)
kT ddﬁsz et i
D , _ - dx~ ikTx~ —ikT-xT

x (0l¢(x~, x1)ag (PT, Pr)an(P*, Pr)
x ¢(0)|0). (2.8)

It is convenient to rewrite the definition in a form analogous
to the definition of the distribution of partons in a hadron.

'T thank George Sterman for pointing this.

The transverse momentum is of the parton relative to the
hadron rather than vice versa. For this purpose we make a
Lorentz transformation to a frame where the hadron’s trans-
verse momentum is zero:

(P*, Pr)— (PT,0),

(2.9)

(k*,0) > (KT, —Pr/z).
Hence we find from (2.8)

k* A7 -y

- - Pr-

Dy (z, PT)—7/dx (Zn)d—lel x~+HiPrar/z

x (0l¢p(x~, x1)agy (PF, 0r)anu (P, 0r)

x ¢(0)]0). (2.10)

The pr integrated fragmentation function is given by
_ d—2
duya(z) = /d PrDyye(z, Pr)

k43 — iPtx /2
=—- /dx e
X [(0|¢(x_)ail(P+,OT)aH(P+,0T)¢(O)|0>]~

@2.11)

2.1 Quark fragmentation function

Following similar steps as above, but performing the calcu-
lation for the quark we find the fragmentation function of
the quark:

Dyq(z. Pr) = /dxi ddisz eik+x7+iPT'XT/Z

2z(2m)d-!
1 1 . _

X EtrDirac gtrcolor[y <0|W(x ’xT)

x agy(P*,07)an(P*, 01) ¥ (0)[0)], (2.12)

where ¥ (x) is the quark field. The Pr integrated quark frag-
mentation function becomes

d-3

b4 _ ipte—n 1
dH/q(Z) = H dx elerx /ZitrDirac

1
X 3 trcolor[)’+<0|w(x_)a;&(l)+7 OT)
x ag (P, 07)¥(0)[0)]. (2.13)

2.2 Gluon fragmentation function

Following the above steps but now for gluons, we find the
gluon fragmentation function:
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1
D Pr)=———
/e P1) = = Gy
1 8
X 3 Z[(O|Fa+“ (xf, xT)a;f[(PJr, OT)
a=1
x au(PT,0r)F,5,(0)[0)], (2.14)
where
FM' =M AL — Y AL, (2.15)

The Pr integrated gluon fragmentation function becomes

d-3
< /dxf eiP+x_/Z

e ==

8
< Y [OIF;*(x7)af; (P, Or)
a=1

x ap(P*,01) F1,(0)[0)]. (2.16)

2.3 Wilson lines and fragmentation functions

The quark and gluon fragmentation functions as defined
above are not gauge invariant. Gauge-invariant parton frag-
mentation functions are obtained by incorporating Wilson
lines @[x],p into the definition of the quark and gluon frag-
mentation functions [6-8, 11-19, 21-27]. We find

1

Dwyq(z, Pr) = 222m)iT

/ dx— d9 2y ek ¥ HPraT/2
1 1 + _

X 5 {rDirac 3 trcolor[y Oly (x ) xT)

X @[xi, xT]aL(PJr, OT)aH(PJr, OT)

x ®[0] ¥ (0)|0)], (2.17)

where @[x~, xT] is given by (1.3) with T% in the funda-
mental representation of SU(3).

Similarly, incorporating Wilson lines, we find the gauge-
invariant gluon fragmentation function:

1
27kt (2m)d-1

— - ik x~+iPp
X/dx dd 2xTelk X~ +iPr-xt/2

Duyg(z, Pr) =

8

1 _
X 3 Z[(O|Fa+“(x , XT)

a=1
x ®[x7, xT]a;fI(P"', Or)an(P*,0r)

x @[0] FF,(0)[0)]. (2.18)
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where @[x~, xT] is given by (1.3) with Tc“b = f”b" in the
adjoint representation of SU(3).

3 Non-equilibrium QCD using closed-time path
formalism

Unlike pp collisions, the ground state at RHIC and LHC
heavy-ion collisions (due to the presence of a QCD medium
at the initial time, t = #;, (say #j, = 0) is not a vacuum state
|0) any more. We denote by |in) the initial state of the non-
equilibrium QCD medium at #,. The non-equilibrium dis-
tribution function f (l;) of a parton (quark or gluon), corre-
sponding to such an initial state, is given by

(a’ (®)ak)) = (inla’ (k)a(®')|in)

= FR Q08D k=1, 3.
where we have assumed space translational invariance at ini-
tial time.

The finite-temperature field theory formulation is a spe-
cial case of this when

fk)=—

eT 1

Consider scalar gluons first. In the CTP formalism in
non-equilibrium there are four Green’s functions:

G4+(x, x') = (in|Tp (x)$ (x")]in) = (T ¢ (x) (x")),
G——(x,x") = (in|Tp(x)¢p(x")]in) = (T (x)¢ (x")),
G+—(x,x") = (in|¢ (x)p (x)]in) = (¢ (x)¢ (x)),
G—+(x,x") = (in|¢ (x)p (x")|in) = (¢ (x)¢ (x")),

where the + (—) sign corresponds to the upper (lower) time
branch of the Schwinger-Keldysh closed-time path [1, 2].
T is the time-ordered product and 7 is the anti-time-ordered
product. The field ¢ (x) is in the Heisenberg representation.
Explicitly, we have

Tox)p(x") =0t —1)p(x)p(x")
+0(" =g ()P (x),

Top()p(x) =0(" —Np(x)p(x))
+0(t —1)p(x)p(x).

(3.3)

At initial time, ¢t = 5, = 0, the Heisenberg picture co-
incides with the Schroedinger and interaction pictures. We
write

d?-1k

¢(X)=/m (3.4)

[a(]'{’)e—ik-x + a-r(,‘(’)eikw]’
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where af (/2) and a(l_é) are creation and annihilation opera-
tors, respectively. The commutation relations are given by

[ak),a" &)],_, = @)1=V — &),
Lo L (3.5)
[atk), a(K)],_,=[a"(k),a"(K"],_,=0.

We assume space translational invariance at the initial time
and find

[Gij(x.x)],_g = [ f d'k Gy (k)e”“””} (3.6)
t=0
where i, j are +, —. Explicitly,
G_1(x,x) =(p(x)p(x))
dd—lk dd—lk/
) Va0 @ryd=1 ] ok 2 yd-1

x (in|[a(k)e ** +af (k)]

x [a®)e ' 4 af K i),  (3.7)
Using a Bogolyubov transformation we can set
(inja(k)a(k")|in) = (inja’ (k)a’(&")|in) = 0. (3.8)

By using (3.1), (3.5) and (3.8) in (3.7) we find

, d~ 1k -
e I = =)

e+ 2m8(K) fy(k)

Gk =¥ ) o 7
=278 (k*)0 (ko) + 2m8(k°) fq(k)

.

k2—ie

« e—ik~(x—x/) _’_f(]_{')eik-(x—x/)il

ddk 2\ —ik-(x—x'
:[/4(2n)d18(k)e (=)

x [0(ko)[1+ £(0)]

=0

+ 9(—ko)f(—/;)}

t=0

=[ / dde_+(k)e_ik'(X_x/)] . (39
t=0

Similarly, we have

[G—(K)],_y = 8(k*)[0(=ko) + O.(ko) f (k)
+6(—ko) f(—0)].

1 .
[Gii(®)],_y = Tt 8(k*)[0 (ko) £ (k)

} (3.10)
+0(—ko) f (—K)].

-1 -
ot 8(k*)[0.(ko) £ (k)

+6(—ko) f (—K)].

[G__(k)]tzo =

3.1 Quarks in non-equilibrium

The non-equilibrium (massless) quark propagator at initial
time t = tip is given by (suppression of color indices is un-
derstood)

278 (k)0 (—ko) + 278 (k2) fo (k)
+278(k2) (k)

(3.11)

where i, j =+, —and fq(lz) is the arbitrary non-equilibrium
distribution function of the quark.

3.2 Gluons in non-equilibrium

We work in the frozen-ghost formalism [4, 5], where the
non-equilibrium gluon propagator at initial time, t = t;p,, is
given by (the suppression of color indices is understood)

'LLkU vac
|G o

G (k) = —i[g’*“ +(@—1)

—iTH* G k), (3.12)

where i, j = 4, —. The transverse tensor is given by
(k- u)hk” +u"k?*) — kHkY — kKutu
(k-u)2 —k? ’
(3.13)

T (k) = g

with the flow velocity of the medium u”. The G%v (k) are
the usual vacuum propagators of the gluon:

ﬁ —278(k*)0(—ko)
, (3.14)
—278(k%)0 (ko) 1 )

o

Gty = (
and the medium part of the propagators is given by

e - (1 1
Gijd(k):2n8(k2)fg(k)<l 1). (3.15)
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4 Fragmentation function in non-equilibrium QCD
using closed-time path formalism

For simplicity, let us consider the scalar gluon first in the
light-cone quantization formalism. Generalizing the vacuum
analysis in [6-8] we define the state |kT, k1) of the frag-
menting gluon in non-equilibrium QCD medium at the ini-
tial time x™ = x;" (say at x; = 0):
|k, kr)=a"(k*, kr)lin). 4.1

The non-equilibrium distribution function f(k™, k1) of the
fragmenting gluon is given by

(inla® (kT kr)a(k'™, kr)lin)
= f(k* kr) Q) 8 (kT — k)89 D ke — k), (4.2)

where we have assumed space (x~ and xt) translational in-
variance at initial time, xt = x;g. The commutation rela-
tions are given by

[Cl(k—‘r, kT)1 a+(k/+’ kv/F)]x*:O
B —
[(l (k+, kT)s Cl(kH—, kr/r)]x*:()
=[a" (k" kr).a (K K7)] g = 0.

4.3)

By using (3.1) and (3.5), we find
(k* ke K, k) = (inla (kT kr)a® (K", kr)lin)
= Qo) (kT — k)82 (ky — Kfp)

X [l + f(k+,kT)]. 4.4)

Consider the inclusive production of hadron H, cre-
ated in the out-state |H, X) from a scalar gluon in non-
equilibrium in the initial state |k) with the probability am-
plitude

(H, X|k). 4.5)

X is for the other outgoing final-state particles. Similar to
the vacuum case of the Collins—Soper fragmentation func-
tion, the correct interpretation of the above state, |k), is cre-
ated by an appropriate Fourier transform of the correspond-
ing field operator and should not be associated with the on-
shell condition k% = 0 of the massless quark or gluon (see
footnote 1). The distribution A (P) of hadron H with mo-
mentum P from the parton of momentum k can be found
from the above amplitude. We find

> (k. ke H, X)(H, X[k, ky)
X
= hi (P, x|k, k). (4.6)

@ Springer

For the left-hand side we write

D | H, XY H, X [, k)
X

=Y (K krlafy(PY X)X |an(P) |k &p)
X

= (k*, kr|afy(P)au(P)|k*', k). 4.7)
Equating (4.6) and (4.7) and using (4.1), we find
(inja(k*, kr)aj (P*, Pr)an(P*, Pr)a’ (k' ky)lin)
=272m)* ! Dyja(z, Pr)(inla(k*, kr)a’ (kK" k) lin).
(4.8)

This expression is exactly similar to that of the jet fragmen-
tation function in vacuum as given in (2.6), except that the
vacuum expectation is replaced by a medium average at the
initial time xT = xi‘;. Using (4.1) and (4.2), we find

(in|a(k+, kT)a;I(PJr, PT)aH(P+, PT)aT(k/Jr, k/T)|in)
=2202m)" ' Duja(z, PO[1+ (KT, k1)]. (4.9)

From (3.4), we obtain

@m)?~Yinlg (x~, x1)afy(P*, Pr)au(P™, Pr)¢(0)|in)

1 dkt 't
T Qi) Jakr ] Vo T

x [(inle™®*a(k*t, kr)ay; (P, Pr)

x ap(P*, Pr)a’ (K", kp)lin)] (4.10)

xt=0"

Using this in (4.9), we find the expression of the frag-
mentation function in non-equilibrium QCD:

k+
Z[1+ f(kF kp)]

_ d92%xg
x | dx 2rydT

x (inl¢pq (x 7, x1)af;(PT, Pr)an(P™, Pr)
X ¢a(0)]in). @.11)

From (2.10) we find

Dyya(z, Pr) =

ikTx ™ —ikr-xT

k+
A1+ Gk, k)]

d—2
X /dx_ 7" eik X" HiPrxr/z
(Zn)d_l

x (inlgpq (x~, x1)agy(PT, 0r)an (P, 0r)
X ¢4(0) in). 4.12)

Dyyq(z, Pr) =
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In the above expression, f(k™,kr) is the non-equilibrium  quark fragmentation function in non-equilibrium QCD:
distribution function of the fragmenting gluon at initial time,
xt = x in» and [in) is the initial state of the non-equilibrium Duyq(z, Pr) = 1
QCD medium in the Schwinger—Keldysh in—in closed-time 2z[1 + fq(k*, k)]
th f lism. d—2
path formalism 5 /‘ Ay d T eik+x—+ipT‘XT/Z
(Zn)d -1
4.1 Quark fragmentation function in non-equilibrium |
X 5 tIDirac 3 tI'(:<)lor|:y_|— (in|yr (X_ : xT)
Following the above steps, but for quarks, we find the quark B R N
fragmentation function in non-equilibrium QCD: x @[x~, xr]ay (P, Or)an (P, O)
| X <D[0]1}(0)|in)], (4.15)

Dyyq(z, Pr) = e+ Sy k)]

_ A9 2%y
X dx We
1

X 5 IDirac 3 +<in|1//(x*, xT)

x ajy(P*,0r)an(P*,0r)¥ (0)]in)], (4.13)

iktx~+iPr-xt/z

treolor [V

where fq(k+, kt) is the non-equilibrium distribution func-
tion of the fragmenting quark at initial time.

4.2 Gluon fragmentation function in non-equilibrium

For the gluons, we consider the frozen-ghost formalism de-
scribed above; see (3.12). Hence the whole analysis above
can be applied. Carrying out similar algebraic manipulations
as above we find the gluon fragmentation function

1
22kt [1 + fo(kT, k)]

dd72
X /d)F
1 8
—Z 1n|F+“ T)
=1

afy(P*. Or)an(P*. 01) Ff, (0)im)].
(4.14)

Dy (z, Pr) = —

T eik+x7+iPT'xT/Z
(27r)d*1

oo
Q

where fg(k+, k) is the non-equilibrium distribution func-
tion of the fragmenting gluon at initial time.

4.3 Wilson lines

The above definition of the parton-to-hadron fragmentation
function in non-equilibrium QCD is not gauge invariant. To
make it gauge invariant we need to incorporate Wilson lines.
Incorporating the Wilson lines (1.3) into the definition of the
fragmentation function, (4.13), we find the gauge-invariant

where fq(k+ kt) is the non-equilibrium distribution func-
tion of the fragmenting quark at initial time, x* + . |in)
is the initial state of the non-equilibrium QCD medium in
the Schwinger—Keldysh in—in closed-time path formalism.
This reproduces (1.1).

Incorporating the Wilson lines (1.3) into the definition
of the fragmentation function, (4.14), we find the gauge-
invariant gluon fragmentation function in non-equilibrium
QCD:

1
Duye(z, Pr) = —
Hie@ PO = o o T fatk k)]
dd_2 +
x /dx elk X~ +iPrx1/2
(Zn)d 1

8
1
§ Z 1n|F+“ T)
a=1

X <P[x_, xT]aL(P+, OT)aH(P+, OT)

x @[0]F,, (0)]in)], (4.16)

where f, (k™, k) is the non-equilibrium distribution func-
tion of the fragmenting gluon at the initial time, x* = x;:.
lin) is the initial state of the non-equilibrium QCD medium
in the Schwinger—Keldysh in—in closed-time path formal-
ism. This reproduces (1.2).

It may be possible to include final-state interactions with
the medium via modification of the Wilson lines in this def-
inition of the non-equilibrium fragmentation function, simi-
lar to the pr distribution of the parton distribution function

studied in [20].

5 Conclusions

In this paper we have implemented the closed-time path in-
tegral formalism in non-equilibrium QCD to the definition
of the Collins—Soper fragmentation function. We have con-
sidered a high-p parton in QCD medium at initial time 7o
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with an arbitrary non-equilibrium (non-isotropic) distribu-
tion function f(p) fragmenting to a hadron. We have formu-
lated the parton-to-hadron fragmentation function in non-
equilibrium QCD in the light-cone quantization formalism.
This may be relevant to the study of hadron production from
a quark—gluon plasma at RHIC and LHC. It may be pos-
sible to include final-state interactions with the medium via
modification of the Wilson lines in this definition of the non-
equilibrium fragmentation function, similar to the pr dis-
tribution of the parton distribution function studied in [20].
This will be the subject of a future analysis.
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