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Abstract

In this thesis, the top-Yukawa-coupling (ht) enhanced two-loop corrections of the
order h4

t (≡ O(α2
t )) to the neutral and charged Higgs-boson masses of the Minimal

Supersymmetric Standard Model (MSSM) with charge–parity (CP ) violation are
calculated and analyzed. These corrections are required for an accurate theoretical
prediction of the Higgs-Boson masses, in view of the experimental precision of the
mass measurement for a Higgs-like particle which has been discovered at the Large
Hadron Collider (LHC).

The O(α2
t ) contributions to the Higgs-boson masses are calculated in the Feynman-

diagrammatic approach. The approximation of the gauge-less limit with the ex-
ternal momentum and the bottom mass set to zero is applied yielding the dom-
inant O(α2

t ) terms. Two-loop renormalization of the tadpoles and self-energies is
performed and all required renormalization constants are derived. The analytical
results of the full computation are documented in this thesis.

For the numerical evaluation, the O(α2
t ) contributions are combined with the pre-

viously known corrections with the help of the public code FeynHiggs. For the
special case of the MSSM with real parameters agreement of our new results with
an earlier computation of the O(α2

t ) corrections in the effective potential approach is
found. The treatment of complex parameters, however, is new and allows especially to
study the dependence of the Higgs-boson masses on the phases of the parameters At
and µ, which induce a shift of 2 GeV on top of a 5 GeV shift for real parameters.
Furthermore, large CP -mixing of the neutral Higgs bosons can be induced by the
complex parameters. The O(α2

t ) contribution to the self-energy of the charged
Higgs bosons required for renormalization in the complex MSSM and calculated
here for the first time, is exploited for the real MSSM with the A-boson mass as
an input parameter to predict an improved charged Higgs-boson mass, inducing a
shift of −1 GeV.
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Kurzdarstellung

In dieser Doktorarbeit werden die durch die Top-Yukawa-Kopplung ht verstärkten
Zweischleifenkorrekturen der Ordnung h4

t (≡ O(α2
t )) zu den neutralen und geladenen

Higgs-Boson-Massen des Minimalen Supersymmetrischen Standard Modells (MSSM)
mit CP -Verletzung berechnet und ausgewertet. Diese Korrekturen werden für eine
genaue theoretische Vorhersage der Higgs-Boson-Massen benötigt, angesichts der ex-
perimentellen Präzision der Massenbestimmung des Higgs-artigen am Large Hadron
Collider (LHC) entdeckten Teilchens.

Die O(α2
t )-Korrekturen der Higgs-Boson-Massen werden Feynman-diagrammatisch

berechnet. Die Anwendung der eichfreien Näherung mit verschwindendem äußeren
Impuls und verschwindender Bottom-Masse liefert die dominanten O(α2

t )-Beiträge.
Die Zweischleifenrenormierung der Tadpole und Selbstenergien wird durchgeführt
und alle benötigten Renormierungskonstanten werden bestimmt. Die analytischen
Ergebnisse der kompletten Rechnung sind in dieser Arbeit dokumentiert.

Für die numerische Auswertung werden die O(α2
t )-Beiträge und die zuvor bekannten

Korrekturen mit Hilfe des öffentlichen Programms FeynHiggs kombiniert. Für den
Spezialfall des MSSM mit reellen Parametern stimmen unsere neuen Ergebnisse
mit denen einer vorhergehenden Berechnung der O(α2

t )-Korrekturen im Zugang des
effektiven Potentials überein. Die Berücksichtigung komplexer Parameter ist jedoch
neu und erlaubt insbesondere die Abhängigkeit der Higgs-Boson-Massen von den
Phasen der Parameter At und µ zu untersuchen, welche eine Verschiebung um 2 GeV
zusätzlich zu den 5 GeV im reellen MSSM bewirken. Außerdem kann durch die
komplexen Parameter starke CP -Mischung der neutralen Higgs-Bosonen erzeugt wer-
den. Die für die Renormierung im komplexen MSSM notwendigen und hier erstmals
berechneten O(α2

t )-Beiträge zur Selbstenergie der geladenen Higgs-Bosonen werden
im reellen MSSMmit der A-Boson-Masse als Eingabewert für eine verbesserte Vorher-
sage der geladenen Higgs-Boson-Masse benutzt, wo sie einen Beitrag von −1 GeV
bewirken.
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1. Introduction

What is a particle’s mass?—this is a very short and clear, but fundamental question
in the past, present and future research of elementary particle physics. Although the
electroweak and strong interactions of the known matter particles are satisfactorily
explained [LEP+04] by the long-time established Standard Model (SM) of particle
physics [Gla61; Wei67; Sal68], the problem of explaining the origin of the mass of
elementary particles persists. Through the recent discovery of a Higgs-like particle
with the Large Hadron Collider (LHC) at the European Organization for Nuclear Re-
search (CERN) by the experiments ATLAS [Aad+12] and CMS [Cha+12a], a big step
towards understanding the mechanism for generating masses becomes accessible.

However, it is clear that the SM has unacceptable deficiencies because of the ab-
sence of a consistent explanation for other fundamental physical concepts like grav-
ity, the strong CP -problem [Wei75; t H76a; t H76b], neutrino oscillations [Pon57;
Pon68; GM08], baryon asymmetry, and the existence of dark matter [Zwi33; Zwi37;
Tri87] and dark energy [PR03]. Furthermore, in comparisons of high-precision mea-
surements and calculations differences of the order of three standard deviations
are found for a few observables, providing hints to possible existence of physics
beyond the Standard Model. The largest deviation is found for the anomalous
magnetic moment of the muon [Ben+06; JN09; Mil+12], followed by the bottom-
quark forward-backward asymmetry [GM13], and the top-quark forward-backward
asymmetry [Aal+08; Aba+08; Pec12].

For many of these problems various solutions have been proposed. A concept which
has become increasingly popular for the recent decades is supersymmetry (SUSY). A
famous application of SUSY as an extension of the SM is given by the Minimal Super-
symmetric Standard Model (MSSM) [HK85]. Its merits are a dark matter candidate,
the stabilization of the electroweak scale, as well as a symmetry between fermions and
bosons. Moreover, the MSSM has a very high predictive power. Thus, measurements
of current experiments have the ability to check aspects of this model.
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1. Introduction

An immediate theoretical consequence of this minimal supersymmetric extension of
the SM is the presence of a larger Higgs-boson sector consisting of two complex scalar
doublets. Besides the Higgs boson of the SM four additional physical scalar bosons
occur; the remaining three degrees of freedom are used by the (would-be) Goldstone
bosons [Nam60; Gol61; GSW62]. Thus, at lowest order in perturbation theory there
are two neutral CP -even bosons h and H (one of them being the SM-like Higgs
boson), one neutral CP -odd boson A, two charged bosonsH±, one neutral unphysical
Goldstone bosons G, and two charged unphysical Goldstone bosons G±. The study
of the masses and mixing properties of the physical Higgs bosons with particular
emphasis on higher-order corrections in perturbation theory is the main subject of
this thesis.

The discovery of a new bosonic particle with a mass around 125.5 GeV [Cha+14;
Aad+14] by the experiments ATLAS [Aad+12] and CMS [Cha+12a] at CERN has
triggered an intensive investigation to reveal the nature of this particle as a Higgs
boson from the mechanism of electroweak symmetry breaking. Within the present
experimental uncertainties, which are still considerably large, the measured properties
of the new boson are consistent with the corresponding theoretical predictions for
the SM Higgs boson [Lan13]. On the other hand, still a large variety of other
interpretations which are connected to physics beyond the SM is possible. The MSSM
is a promising and experimentally accessible candidate.

At lowest order, the masses of the five physical Higgs bosons of the MSSM only
depend on two free parameters, commonly chosen as the A-boson mass mA and the
ratio of the two vacuum expectation values tan β = v2/v1 . At this order, the lightest
Higgs-boson mass is constrained from above by the Z-boson mass. Furthermore, CP -
invariance is preserved in the Higgs sector.

However, the masses and mixings in the neutral Higgs-boson sector are sizeably
influenced by higher-order contributions. Moreover, in the MSSM with complex
parameters, the cMSSM, CP -violation is induced in the Higgs sector by loop con-
tributions with complex parameters from other SUSY sectors, leading to mixing
between all three neutral Higgs bosons h, H and A [Pil98]. Accordingly, intensive
work has been invested into higher-order calculations of the mass spectrum from
the SUSY parameters, in the case of the real MSSM [HHW98; HHW99b; HHW99a;
Hei+05; Zha99; Bri+02; Cas+95; Deg+03; HHW06; All+04; Mar02] as well as the
complex MSSM [Dem99; PW99; Car+00; Hei+07].
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The largest loop contributions arise from the Yukawa sector with the large top-
Yukawa coupling ht, or αt = h2

t/(4π), respectively. The full one-loop result [Fra+07]
and the leading O(αtαs) terms [Hei+07], both accomplished in the Feynman-dia-
grammatic approach including complex parameters, have been implemented in the
public program FeynHiggs [HHW99b; Deg+03; Fra+07; HHW00c; Hah+09]. The
class of leading two-loop Yukawa-type corrections of O(α2

t ) has been calculated so
far only in the case of real parameters [Bri+02], applying the effective-potential
method. It is also contained in FeynHiggs, but an evaluation of the O(α2

t ) terms for
the cMSSM has been missing until now. The Feynman-diagrammatic calculation of
the leadingO(α2

t ) contributions to the Higgs-boson masses and mixings in the cMSSM
is carried out in this thesis for the first time.

A brief introduction to SUSY is given in Chapter 2, supplemented by some remarks on
the used notation in Appendix A. The particle content of the MSSM as an extension
of those of the SM is illustrated in Chapter 3. Technical issues of loop calculations are
outlined in Chapter 4, where a brief summary of the appearing divergences and their
treatment is given. The used conventions for the arising mathematical expressions
are defined herein, and solutions for the required integrals are given in Appendix B.
Closely entangled with higher-order calculations is the framework of renormalization,
which makes sure that physically meaningful quantities are free of divergences. An
overview on that topic is reported in Chapter 5.

In Chapter 6 the Higgs potential and the lowest-order relations of the mass spectrum
are introduced. On the side, a set of on-shell parameters is introduced. Subsequently,
one-loop and two-loop renormalization of the tadpoles and mass matrices of the Higgs
potential are carried out; various steps are described for the evaluation of the higher-
order Higgs-boson masses. Some of the longer results are listed in Appendix C.

The class of O(α2
t ) contributions extended to the case of complex parameters is

presented in Chapter 7. The detailed expressions in Chapter 6 form the basis for
the evaluation of these corrections. The computation has been carried out in the
Feynman-diagrammatic approach [HP14a; HP14b]. Thereby the gauge-less limit
is introduced and the bottom mass is set equal to zero. Moreover, the external
momentum is set equal to zero in the two-loop self-energies. The application of these
approximations provides the dominant terms of the O(α2

t ) contributions; they also
have been utilized for the evaluation of the O(αtαs) corrections before [Hei+07]. The
partially vast mathematical expressions are put together in Appendix D for a better
lucidity.

3



1. Introduction

For the special case of real parameters an equivalent result to the one in Ref. [Bri+02]
is obtained in an independent way, thus serving as a cross check and as a consolidation
of former spectrum calculations and associated tools. The results for the O(α2

t ) con-
tributions which are derived in this thesis will be included in a public version of the
code FeynHiggs.

Finally, the numerical evaluation of the full spectrum of the MSSM Higgs-boson
masses is carried out in Chapter 8. Therefore, the newly derived O(α2

t ) contributions
are combined with the full one-loop result and the O(αtαs) corrections with the
help of FeynHiggs. At first, the results in the real MSSM are investigated and
compared with the previous result of the O(α2

t ) terms. At second, the influence of
the phases φAt and φµ of the complex trilinear soft-breaking parameter At and the
complex bilinear superpotential parameter µ, respectively, on the Higgs-boson masses
is examined. Large deviations between the previously existing approximation based
on a conjectured interpolation in FeynHiggs and the exact Feynman-diagrammatic
calculation of the O(α2

t ) contributions for the mass prediction of the heavy Higgs
bosons are found. Furthermore, CP -mixing at higher orders is investigated. At third,
the O(α2

t ) corrections to the correlation between the A-boson mass and the charged
Higgs-boson masses are analyzed in the real MSSM. In the cMSSM the charged
Higgs-boson mass mH± has to be chosen as an input parameter, and in higher-order
corrections it is renormalized on-shell. Thus, the computation of the charged Higgs-
boson self-energy is necessary for renormalization of the Higgs potential with complex
parameters. The corresponding O(α2

t ) contributions to the self-energy of the charged
Higgs bosons are derived in this thesis for the first time. As a side-effect, in the
real MSSM with mA being an input parameter and renormalized on-shell at higher
orders, the correlation between mA and mH± is obtained and used to determine the
shift in the charged Higgs-boson mass resulting from the O(α2

t ) contributions.

For convenience of the reader a List of Symbols which is subdivided into different
sections corresponding to the chapters of this thesis is appended; its first section
declares symbols that are frequently used throughout this thesis. Thereafter, a List
of Tables and a List of Figures can be found. At the end, a bibliographical section
is attached, with the citations primarily ordered by chapter, and secondarily in an
alphabetical way.
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2. Supersymmetry

The idea of a symmetry relation between fermionic and bosonic degrees of freedom
has appeared first in string theory [Ram71]. The earliest application as a graded
Lie algebra is found in Ref. [GL71] and a non-linear realization and the idea of
spontaneous breakdown is described in Ref. [VA73]. The first supersymmetric (SUSY)
field theories appeared in Refs. [WZ74b; WZ74c; SS74] and drew much attention in
both theoretical and experimental physics.

2.1. Motivation

Despite the great success of the Standard Model (SM) of particle physics in predicting
physical observables, it has several drawbacks. Supersymmetric theories can solve
some of these issues straightaway:

• New particles, including the possibility of weakly interacting massive states, are
predicted, thus providing cosmologically stable candidates for dark matter.

• Radiative corrections to the Higgs-boson mass in the Standard Model lead to
quadratic divergences. The Higgs-boson mass mh can only be restored at the
electroweak scale by fine tuning. In contrast, supersymmetry introduces new
contributions that automatically cancel quadratic divergences. Moreover, in
exact supersymmetry radiative corrections by fermions and their corresponding
superpartners cancel each other.

• It is mathematically proven that a quantum field theory may have internal
symmetries and supersymmetry [HŁS75]. While the former are realized by the
gauge symmetries, only the Poincaré part of the latter is contained in the SM.
An extension to full supersymmetry, including a symmetry between bosons and
fermions, seems to be natural.

5



2. Supersymmetry

• The supersymmetric particles enter the energy-scale dependence of the gauge
couplings and alter them in a way that leads to a much better consolidation at
the grand unification scale.

2.2. Super-Poincaré group

As described by Coleman and Mandula in Ref. [CM67] physical symmetry groups can
be represented by the direct product of the Poincaré group and additional internal
symmetries. The Standard Model accommodates

• the Lie algebra of the Poincaré group

[P µ, P ν ] = 0 , (2.1a)

[P µ, Jρσ] = ı̇ı (gµρP σ − gµσP ρ) , (2.1b)

[Jµν , Jρσ] = ı̇ı (−gµρJνσ + gνρJµσ + gµσJνρ − gνσJµρ) (2.1c)

with the energy–momentum and angular momentum operators P µ, Jµν and the
metric tensor gµν , and

• the SU(3)c × SU(2)L × U(1)Y algebras
[
Ga, Gb

]
= ı̇ı fabcGc (2.2)

with the corresponding structure constants f and generators G which fulfill the
following relations:

[Ga, P µ] = 0 , (2.3a)

[Ga, Jµν ] = 0 . (2.3b)

A natural, non-trivial extension of this algebra is described by the Haag–Łopuszański–
Sohnius theorem in Ref. [HŁS75]. It introduces fermionic, anti-commuting gener-
ators Qi, i ∈ {1, . . . , N} which extend the Lie algebra in the following way (cf.
Refs. [Soh85; MW87; DGR04], the notation is introduced in Appendix A):

{
Qi,A, Q̄j,Ḃ

}
= 2 δij σµAḂ Pµ , (2.4a)

{Qi,A, Qi,B} = 0 ,
{
Q̄i,Ȧ, Q̄i,Ḃ

}
= 0 , (2.4b)
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2.2. Super-Poincaré group

[Qi,A, Pµ] = 0 ,
[
Q̄i,Ȧ, Pµ

]
= 0 , (2.4c)

[Qi,A, Jµν ] = (σµν) B
A Qi,B ,

[
Q̄i,Ȧ, Jµν

]
= −Q̄i,Ḃ (σ̄µν)ḂȦ . (2.4d)

The Minimal Supersymmetric Standard Model (MSSM) is described by the special
case N = 1 where only one pair of supersymmetry generators QA and Q̄Ȧ exists. In
the following, only this special case is investigated and the index i of the supersym-
metry generators is suppressed.

A close relation between supersymmetry and spacetime symmetry is expressed by
Eq. (2.4a): the non-trivial application of two supersymmetry operations yields the
energy–momentum operator.

The Casimir operators of the Poincaré group are the mass-square operator P µPµ and
the Pauli–Lubański pseudo-vector W µ = 1

2 εµνρσ J
νρ P σ squared which is related to

the spin of a particle.1 The Super-Poincaré algebra in Eqs. (2.4) yields the following
relations:

[Q, P µPµ] = 0 , (2.5a)

[Q, W µWµ] 6= 0 . (2.5b)

As can be seen immediately, the operation of Q preserves a particle’s mass, but
changes its spin. Eqs. (2.4d) tell us that the change of the spin is equal to ±1

2 at any
time, which is why supersymmetry relates fermions and bosons to each other. The
number of fermionic and bosonic degrees of freedom in one-particle representations
of supersymmetry are identical [Soh85].

So far no supersymmetric particles have been found, especially not with the same
mass of the Standard Model particles; for this reason an additional mechanism is
necessary to break SUSY. A short description is found in Section 2.6.

In the case N = 1 exactly one additional internal U(1) symmetry group which does
not commute with Q exists; it is called R-symmetry and with its generator R the
following chiral relations hold [Fay75]:

[QA, R] = QA ,
[
Q̄Ḃ, R

]
= −Q̄Ḃ , [Pµ, R] = 0 , [Jµν , R] = 0 . (2.6)

The R-symmetry is used to define the R-parity in Section 2.4.
1εµνρσ is the four-dimensional totally antisymmetric Levi-Civita symbol and ε1234 = +1.
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2. Supersymmetry

2.3. Superfields

Superfields are a convenient way of representing SUSY on the superspace, which is
constructed from the direct product of the Minkowski space with the real-valued
coordinates xµ and two two-component spinor spaces with the Grassmann-valued
coordinates θA and θ̄Ȧ.

2.3.1. General superfields

A general superfield F (xµ, θA, θ̄Ȧ) can be expressed as

F (xµ, θA, θ̄Ȧ) = f(xµ)

+
√

2 θAξA(xµ) +
√

2 θ̄Ȧχ̄Ȧ(xµ)

+ θAθAM(xµ) + θ̄Ȧθ̄
ȦN(xµ) + θAθ̄Ḃ AAḂ(xµ)

+ θAθA θ̄Ḃλ̄
Ḃ(xµ) + θ̄Ȧθ̄

Ȧ θBζB(xµ)

+ 1
2 θ

AθA θ̄Ḃ θ̄
ḂD(xµ)

(2.7)

with the scalar fields f, M, N, D, the vector field AAḂ = σµ
AḂ
Aµ and the left/right-

chiral Weyl-spinor fields ξA, ζA, χ̄Ȧ and λ̄Ȧ. Sums and products of superfields are
again superfields (cf. Ref. [DGR04]).

The infinitesimal transformation

T
(
aµ, τA, τ̄ Ȧ

)
= exp

(
ı̇ı aµPµ + ı̇ı τAQA + ı̇ı τ̄ ȦQ̄Ȧ

)
(2.8)

translates a superspace element
(
xµ, θA, θ̄Ȧ

)T
into


x′µ

θ′A

θ̄′
Ȧ

 =


xµ + aµ + ı̇ı τAσµ

AḂ
θ̄Ḃ + ı̇ı τ̄Ȧσ̄

µȦBθB

θA + τA

θ̄Ȧ + τ̄Ȧ

 , (2.9)

which leads to the following infinitesimal representation of the supersymmetry gen-
erators:

QA = −ı̇ı
(
∂A + ı̇ı σµ

AḂ
θ̄Ḃ∂µ

)
, (2.10a)

Q̄Ȧ = −ı̇ı
(
∂̄Ȧ + ı̇ı σ̄µȦBθB∂µ

)
. (2.10b)
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2.3. Superfields

Consistently, a superfield F is transformed by

δF ≡ F
(
x′µ, θ′A, θ̄′Ȧ

)
− F

(
xµ, θA, θ̄Ȧ

)
= ı̇ı

(
τAQA + τ̄ȦQ̄

Ȧ
)
F
(
xµ, θA, θ̄Ȧ

) (2.11)

where each component is transformed independently (cf. Ref. [DGR04]). Since the
derivatives ∂A ≡ ∂

/
∂θA and ∂̄Ȧ ≡ ∂

/
∂θ̄Ȧ do not commute with QA and Q̄Ȧ, the

chiral covariant derivatives

DA = ∂A − ı̇ı σµAḂ θ̄
Ḃ∂µ , (2.12a)

D̄Ȧ = ∂̄Ȧ − ı̇ı σ̄µȦBθB∂µ (2.12b)

are introduced.

In total a general superfield contains 32 parameters. However not all of them are
independent from each other; the representation comprises auxiliary fields which can
be reduced.

2.3.2. Chiral superfields

A first irreducible representation of supersymmetry are chiral superfields which are
defined by

D̄ȦΦ = 0 for left-chiral superfields, (2.13a)

DAΦ† = 0 for right-chiral superfields. (2.13b)

A solution for the left-chiral superfield is given by (and analogously for the right-chiral
superfield)

Φ
(
xµ, θA, θ̄Ȧ

)
= exp

(
−ı̇ı θAσµ

AḂ
θ̄Ḃ∂µ

)
φ
(
xµ, θA

)
, (2.14a)

φ
(
xµ, θA

)
= A(xµ) +

√
2 θAξA + θAθA F (xµ) , (2.14b)

with the scalar fields A, F and the spinor field ξ; only eight degrees of freedom remain.
Herein F is an auxiliary field, which is necessary to describe supersymmetry off-shell.
Sums and products of pure chiral superfields result in pure chiral superfields of the
same kind. The complex conjugate of a left-chiral superfield yields a right-chiral
superfield.
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2. Supersymmetry

2.3.3. Vector superfields

A vector superfield V = V † is another irreducible representation of supersymmetry. It
can be created by the sum (or the product) of one left- and one right-chiral superfield.
From Eq. (2.7) the conditions

f = f ∗ , D = D∗ , χ̄Ȧ = ξ̄Ȧ , ζA = λA , N = M∗ , Aµ = Aµ∗ (2.15)

are derived. In addition the replacements

λA → λA −
ı̇ı√
2
σµ
AḂ
∂µξ̄

Ḃ , (2.16a)

λ̄Ȧ → λ̄Ȧ − ı̇ı√
2
σ̄µȦB∂µξB , (2.16b)

D → D − 1
2∂

µ∂µf (2.16c)

are conducted, yielding the expression of a general vector superfield

V
(
xµ, θA, θ̄Ȧ

)
= f(xµ)

+
√

2 θAξA(xµ) +
√

2 θ̄Ȧξ̄Ȧ(xµ)

+ θAθAM(xµ) + θ̄Ȧθ̄
ȦM∗(xµ) + θAθ̄ḂAAḂ(xµ)

+ θAθA θ̄Ḃ

(
λ̄Ḃ(xµ)− ı̇ı√

2
σ̄µḂC∂µξC(xµ)

)

+ θ̄Ȧθ̄
Ȧ θB

(
λB(xµ)− ı̇ı√

2
σµ
BĊ
∂µξ̄

Ċ(xµ)
)

+ 1
2 θ

AθA θ̄Ḃ θ̄
Ḃ
(
D(xµ)− 1

2 ∂
µ∂µf(xµ)

)
.

(2.17)

Furthermore, this superfield is invariant under a super-gauge transformation

V → V + ı̇ı Λ + (ı̇ı Λ)† (2.18)

with a chiral superfield Λ. A special gauge-fixing has been presented by Wess and
Zumino in Ref. [WZ74b]; as a consequence f, ξA and M disappear and just

VWZ
(
xµ, θA, θ̄Ȧ

)
= θAθ̄ḂAAḂ(xµ)

+ θAθA θ̄Ḃλ̄
Ḃ(xµ) + θ̄Ȧθ̄

Ȧ θBλB(xµ)

+ 1
2 θ

AθA θ̄Ḃ θ̄
ḂD(xµ)

(2.19)
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2.4. R-parity

remains. The corresponding super-gauge field strength for a general vector super-
field V is given by

WA = −1
4D̄ḂD̄

ḂDAV (left-chiral field strength), (2.20a)

W̄ Ȧ = −1
4D

BDBD̄
ȦV (right-chiral field strength). (2.20b)

Applying the following super-gauge transformation to chiral superfields leaves the
interaction term Φ†e( 2 g V Φ invariant:

Φ→ e( −ı̇ı 2 gΛΦ , (2.21a)

Φ† → Φ†e( ı̇ı 2 gΛ† , (2.21b)

e( 2gV → e( −ı̇ı 2 gΛ†e( 2 g V e( ı̇ı 2 gΛ . (2.21c)

2.4. R-parity

The already introduced R-symmetry can be easily applied to superfields:

Φ
(
xµ, θA, θ̄Ȧ

)
→ Φ′

(
xµ, e( ı̇ı αθA, e( −ı̇ı αθ̄Ȧ

)
= e( ı̇ı αRΦΦ

(
xµ, θA, θ̄Ȧ

)
. (2.22)

The components of the superfields have to be charged under R-symmetry in the
following way to keep Eq. (2.14) consistent:

R(A) = RΦ , R(ξA) = −R(ξ̄Ȧ) = RΦ − 1 , R(F ) = RΦ − 2 . (2.23)

The so called R-charges of products of multiple chiral superfields are summed up.
Therefore, the R-charge of any vector superfield V is equal to zero and from Eq. (2.17)
it follows

R(Aµ) = 0 , R(λA) = −R(λ̄Ȧ) = 1 , R(M) = −R(M∗) = −2 ,

R(f) = 0 , R(ξA) = −R(ξ̄Ȧ) = −1 , R(D) = 0 .
(2.24)

However, because of the anomalies explained in Ref. [FW83] and required mass terms
for the superpartners of the gauge bosons, R-symmetry cannot be realized globally,
but only for the discret value α = π. The numbers e( ı̇ı π R for the R-charges of the
component fields within this subgroup are called R-parity RP [Fay77]. Consistently,
the R-parity of a product of several superfields is evaluated from the product of the
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2. Supersymmetry

corresponding R-parities of each field. Thereby SM particles acquire RP = +1, while
their corresponding superpartners (from the same superfield) acquire RP = −1.

If the R-parity is preserved, only an even number of superparticles is allowed at each
vertex. Since this condition is not necessary, intensive studies on R-parity violation
are performed [Bar+05]. The corresponding couplings are however constrained by
existing bounds on baryon- and lepton-number conservation [Wei82].

2.5. Supersymmetric Lagrangian

Chiral superfields Φi, vector superfields V and field-strength spinors W a are used to
construct supersymmetric Langrangians. As shown in Appendix A.4 only D terms of
general superfields and F terms of chiral superfields are invariant under supersymme-
try transformations. Thus, the most general supersymmetric, renormalizable [Col88]
Lagrangian is given by

LSUSY = Lgauge + LW + Lmatter

=
[∫

d2θ
(1

4
(
W aAW a

A

)
+W(Φi)

)
+ h. c.

]
+
∫

d4θΦ†ie( 2 g V Φi ,
(2.25)

with the chiral holomorphic superpotential

W(Φi) = ci Φi + 1
2 mij Φi Φj + 1

6 hijk Φi Φj Φk . (2.26)

The holomorphy of W becomes manifest by the fact that it contains only left-chiral
fields; it is required to render the action invariant under supersymmetry transforma-
tions.

The Grassmann-variable integrals
∫

d4θ,
∫

d2θ and
∫

d2θ̄ act as projectors on the inte-
grands: their application yields the terms proportional to θAθA θ̄Ḃ θ̄Ḃ, θAθA and θ̄Ȧθ̄Ȧ,
respectively (cf. Appendix A.2).

2.6. Supersymmetry breaking

As already mentioned before, each SM particle and its corresponding superpartner
would have the same mass, if SUSY was realized in nature as an exact symmetry.
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However this is excluded by experiment, requiring SUSY to be broken by some
mechanism, which has to be gauge invariant and renormalizable.

Another desired feature is naturalness: in an exactly supersymmetric theory the
renormalized scalar (Higgs) one-loop self-energy contributions by fermions and their
corresponding superpartners cancel each other [DGR04]. As a consequence of the
non-renormalization theorem this property is valid at all orders of perturbation
theory [WZ74a]. If supersymmetry breaking is only allowed for certain parameters2

of the MSSM, the results of the higher-order scalar self-energies yield just logarithmic
divergences. These so-called soft-breaking parameters have to be of the order of a
few TeV to preserve naturalness.

The possibility of using further scalar fields to perform spontaneous SUSY breaking is
described in Ref. [KL04]. The general principle is the assumption that a field acquires
a non-zero vacuum expectation value which breaks the vacuum of the supersymmet-
ric theory. However, two conditions are imposed: the vacuum preserves Lorentz
invariance and it cannot carry a four-momentum. Investigating the components of
chiral superfields in Eq. (2.14) and vector superfields in Eq. (2.17) leaves only two
possibilities: D-type supersymmetry breaking by an abelian auxiliary field D (Fayet–
Iliopoulos mechanism [FI74; Fay76]) and F -type supersymmetry breaking by an
auxiliary field F (O’Raifeartaigh mechanism [ORa75]).

A different option is given by the introduction of explicit supersymmetry breaking
terms. The most general gauge invariant and renormalizable terms of mass dimension
less than four are [GG82]

Lbreaking = −m2
ij A

†
i Aj −

(
aiAi + 1

2 bij AiAj + 1
6 cijk AiAj Ak −

1
2 Mλ λ

a λa + h. c.
)
,

(2.27)

with the conventions introduced by Eq. (2.14) and Eq. (2.17), i. e. Ai is the scalar
component of a chiral superfield, and λa is a left-chiral Weyl spinor and the coeffi-
cient of θ̄θ̄ θ inside of a vector superfield. A convenient explanation for generating
these terms is provided by spontaneous symmetry breaking in a hidden sector (e. g.
Ref. [Nil84]).

2All appearing field operators must have a mass dimension less than four, which is however just
a necessary condition. Non-renormalization of the superpotential in the presence of certain
soft-breaking operators has to be proven by an explicit calculation.
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3. The Minimal Supersymmetric
Standard Model

The Standard Model (SM) of particle physics is a Yang–Mills theory [YM54], i. e. a
gauge theory whose interactions are described by (special) unitary groups, on top
of a causal, relativistic, globally Poincaré-invariant (cf. Eq. (2.1)) quantum field
theory [BDJ01; BS59]. The physical motivation is a common description of the
electromagnetic, weak and strong interactions extended by the Higgs mechanism
to arrange for the particles’ masses [Gla61; EB64; Hig64; GHK64; Wei67; Sal68].
The SM incorporates the unitary group U(1)Y describing interactions via the hy-
percharge and the special unitary groups SU(2)L representing the left-chiral weak
interactions [LY56; Wu+57] and SU(3)c explaining the strong interactions.

3.1. Fields and particles of the Standard Model

The gauge transformation of a SM matter field f(x) can be described by

f(x)→ exp
(
−ı̇ı gY ωY (x) Ŷ2 − ı̇

ı gw ω
a
w(x) τa2 − ı̇

ı gs ω
b
s(x) λb2

)
f(x) (3.1)

with the gauge couplings gY , gw and gs, the local gauge functions ωY , ωaw and ωbs and
the generators of the gauge groups Ŷ , τa and λb. In the irreducible matrix representa-
tion of each group τa, a ∈ {1, 2, 3} are the Pauli matrices and λb, b ∈ {1, . . . , 8} are
the Gell-Mann matrices [Gel62]. The eigenvalues of the generators Ŷ , τ3/2 and λ3, λ8

are conventionally used as quantum numbers of the field f .3 The electroweak quan-
tum numbers are denoted as hypercharge Yf and isospin T 3

f .

3The normalized Gell-Mann matrices λ3 and λ8 commute, thus they have common eigenvalues.
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3. The Minimal Supersymmetric Standard Model

Furthermore, each generator receives a corresponding bosonic vector quantum field
which acts as the messenger of the gauge interaction among the matter fields and, in
the non-abelian case, also has self-interactions; the transformation of these fields is
conducted in the adjoint representation of the corresponding group.

The Higgs boson H enters the SM as the neutral charge–parity (CP )-even component
of a scalar complex SU(2)L doublet. Via spontaneous electroweak symmetry break-
ing, three degrees of freedom, which would be the Goldstone bosons G, G± [Nam60;
Gol61; GSW62], are used to achieve massive gauge bosons; the last remaining degree
of freedom is interpreted as the physical Higgs boson. The latter acquires a non-
vanishing vacuum expectation value and couples to the fermionic particles via Yukawa
interactions [Yuk35]. The coefficients of these interactions are free parameters and
thus allow for the assignment of the correct value of each particle’s mass.

The particle spectrum of the SM is summarized in Tab. 3.1. The in principal possible
right-handed neutrinos νi,R which would not couple to any gauge particles are not
accommodated by the minimal version of the SM. The generation index i runs from
one to three, albeit a fourth generation cannot be excluded definitely [Ber+12];
though strong experimental bounds from the width of the Z boson and the mass
of the Higgs boson on a fourth generation exist [Dec+89; Len13; BJN13]. The color
index j ∈ {1, 2, 3} is omitted in the following. The left-handed quarks and leptons
can be combined to the depicted SU(2)L doublets.

Table 3.1.: The particle content of the SM.

fermions
leptons li,L = (νi,L, ei,L)T, ei,R
quarks qi,L,j = (ui,L,j, di,L,j)T, ui,R,j, di,R,j

bosons
gauge bosons

electromagnetic Bµ

weak W a
µ , a ∈ {1, 2, 3}

strong Ga
µ, a ∈ {1, . . . , 8}

Higgs bosons
physical H

unphysical G,G±

3.2. Particle content of the MSSM

The Minimal Supersymmetric Standard Model (MSSM) [HK85] is an N = 1 super-
symmetric extension of the SM, which contains exactly one pair of supersymmetry

16
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generators QA and Q̄Ȧ. A Weyl spinor of a chiral superfield is assigned to each
fermionic particle of the Standard Model while each SM gauge boson is described
by the vector field inside of a vector superfield. The remaining components of the
superfields are the superpartners of the Standard Model spectrum.

Similar to the Standard Model, electroweak symmetry breaking is carried out by
a Higgs mechanism in the MSSM, too. Since the superpotential which contains the
Yukawa couplings is required to be a holomorphic function to yield a supersymmetry-
invariant action, two distinct scalar SU(2)L doublets are necessary. At lowest order
they can be decomposed to

H1 =
v1 + 1√

2 (φ1 − ı̇ı χ1)
−φ−1

 , H2 =
 φ+

2

v2 + 1√
2 (φ2 + ı̇ı χ2)

 , (3.2)

with their vacuum expectation values v1 and v2, respectively; the ratio v2/v1 is
commonly denoted as tan β ≡ tβ.

Both scalar fields are accommodated by independent superfields H1 and H2, and
receive corresponding fermionic SU(2)L superpartners which are named higgsinos:

H̃1 =
 h̃0

1

h̃−1

 , H̃2 =
h̃+

2

h̃0
2

 . (3.3)

The hypercharges of both doublets must be opposite to each other to cancel the
anomalies which were otherwise introduced by these additional fermions.

The general supersymmetric Lagrangian of Eq. (2.25) can be specified for the MSSM.
The part of the Higgs fields is given by

LHiggs =
∫

d4θ
2∑

j = 1
H†j exp (gY Y VY + gw τa V

a
w )Hj +

(∫
d2θWMSSM + h. c.

)
(3.4)

with the superpotential

WMSSM = µH1
SU

� H2 − he, ij H1
SU

� LiE
C
j − hd, ij H1

SU

� QiD
C
j − hu, ij Qi

SU

� H2 U
C
j .

(3.5)

Besides the Yukawa-coupling matrices hf , f ∈ {u, d, e} with their corresponding
elements hf, ij, i, j ∈ {1, 2, 3}, also the bilinear µ term is part of the superpotential
which is required to generate masses for H̃1 and H̃2.
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3. The Minimal Supersymmetric Standard Model

The SU(2)L product of two chiral superfield doublets Φ1 and Φ2 is defined by

Φ1
SU

� Φ2 = εαβ Φα
1 Φβ

2 (3.6)

with the doublet indices α, β ∈ {1, 2}, the Levi–Civita symbol εαβ and the conven-
tion ε12 = −1.

The vector superfields of the MSSM are listed in Tab. 3.2.1, and the left-chiral
superfields in Tab. 3.2.2. The fields for the right-handed particles are displayed as
charge-conjugate left-handed singlets in accordance with Eq. (3.5).

Table 3.2.: The particle content of the MSSM.

3.2.1: The gauge superfields of the MSSM.

Superfield Components Group Index
VY Bµ, B̃ U(1)Y
V a
w W a

µ , W̃
a SU(2)L a ∈ {1, 2, 3}

V a
c Ga

µ, G̃
a SU(3)c a ∈ {1, . . . , 8}

3.2.2: The matter superfields of the MSSM with their corresponding quantum
numbers; generation index i ∈ {1, 2, 3}.

Superfield Components Yf T 3
f Isospin Color

Li li,L, l̃i,L −1 ±1/2 Doublet Singlet
EC
i (ei,R)C , (ẽi,R)C 2 0 Singlet Singlet

Qi qi,L, q̃i,L 1/3 ±1/2 Doublet Triplet
UC
i (ui,R)C , (ũi,R)C −4/3 0 Singlet Triplet

DC
i (di,R)C , (d̃i,R)C 2/3 0 Singlet Triplet

H1 H1, H̃1 −1 ±1/2 Doublet Singlet
H2 H2, H̃2 1 ±1/2 Doublet Singlet

3.3. Supersymmetry breaking in the MSSM

The generally valid soft supersymmetry-breaking terms are listed in Eq. (2.27). Their
specification for the MSSM yields

Lbreaking = −
(
m2
q̃

)
ij
q̃∗i,L q̃j,L −

(
m2
ũ

)
ij
ũ∗i,R ũj,R −

(
m2
d̃

)
ij
d̃∗i,R d̃j,R

−
(
m2
l̃

)
ij
l̃∗i,L l̃j,L −

(
m2
ẽ

)
ij
ẽ∗i,R ẽj,R
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3.4. Mass eigenstates

− m̃2
1H

†
1H1 − m̃2

2H
†
2H2

−
[

(hu Au)ij q̃i,L
SU

� H2 ũ
∗
j,R

+ (hd Ad)ijH1
SU

� q̃i,L d̃
∗
j,R

+ (he Ae)ijH1
SU

� l̃i,L ẽ
∗
j,R + h. c.

]
−
(
bH1H2 µH1

SU

� H2 + h. c.
)

− 1
2
(
M1 B̃ B̃ +M2 W̃

a W̃ a + m̃g̃ G̃
b G̃b + h. c.

)
,

(3.7)

with the generation indices i, j ∈ {1, 2, 3} and the gauge-group indices a ∈ {1, 2, 3}
and b ∈ {1, . . . , 8}.

It is noteworthy that no terms proportional to a single field remain in this expres-
sion. This is an immediate consequence of the absence of a U(1)Y –SU(2)L–SU(3)c-
invariant scalar field in the MSSM.

Neglecting all flavor-violating interactions4 yields flavor-diagonal Yukawa coupling
matrices hf, ij and mixing matrices Af = Af, ij, f ∈ {u, d, e}. Furthermore, also the
mass-breaking matrices

(
m2
f̃

)
ij
, f̃ ∈ {q̃, ũ, d̃, l̃, ẽ} are flavor-diagonal. In that case

the matrix indices i and j are suppressed.

3.4. Mass eigenstates

Different particles with identical values for all their quantum numbers can build
mixed states. In the MSSM this concerns the sfermion sector, the gaugino–higgsino
sector, and the Higgs-boson sector. The former two are described in the following
and the notation for the succeeding chapters is introduced. A detailed derivation of
the Higgs- and Goldstone-boson masses is performed in Chapter 6.

3.4.1. Sfermions

In the following flavor-mixing is disregarded. Therefore the Yukawa couplings hf, ij
and the soft-breaking mass and mixing parameters

(
m2
f̃

)
ij

and Af, ij are flavor-
diagonal and denoted as hf , m2

f̃
and Af , respectively.

4This implies the approximation of a diagonal CKM matrix [Cab63; KM73].
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3. The Minimal Supersymmetric Standard Model

Each sfermion mass eigenstate is composed of the superpartners of its corresponding
left- and right-chiral fermions: f̃1

f̃2

 = Uf̃

f̃L
f̃R

 (3.8)

with the unitary mixing matrix Uf̃ (f̃ ∈ {ũ, d̃, ẽ, c̃, s̃, µ̃, t̃, b̃, τ̃} if not stated other-
wise). The transformation Uf̃Mf̃U

†
f̃
diagonalizes the mass matrix

Mf̃ =
m2

f̃L
+m2

f +M2
Z c2β

(
T 3
f −Qf s

2
w

)
mf Xf

mf X
∗
f m2

f̃R
+m2

f +M2
Z c2β Qf s

2
w

 , (3.9a)

Xf = A∗f − µκf , κu, c, t = 1
tβ
, κd, s, b, e, µ, τ = tβ . (3.9b)

which is composed of the bilinear field coefficients at the tree level comprising matter
terms, soft breaking terms and gauge terms (f ∈ {u, d, e, c, s, µ, t, b, τ} if not stated
otherwise).5 The eigenvalues are

m2
f̃1/2

= 1
2

[
m2
f̃L

+m2
f̃R

+ 2m2
f +M2

Z c2β T
3
f

∓
√(

m2
f̃L
−m2

f̃R
+M2

Z c2β
(
T 3
f − 2Qf s2

w

))2
+ 4m2

f |Xf |2
]
.

(3.10)

3.4.2. Charginos and neutralinos

Furthermore, higgsinos and gauginos also mix among each other:χ−1
χ−2

 = U

λ−W
h̃−1

 ,
χ+

1

χ+
2

 = V

λ+
W

h̃+
2

 ,


χ0

1

χ0
2

χ0
3

χ0
4

 = N


B̃

W̃ 3

h̃0
1

h̃0
2

 (3.11)

with the unitary mixing matrices N, U, V and the gauginos after electroweak sym-
metry breaking λA

λZ

 =
 cw sw

−sw cw

 B̃

W̃ 3

 , (3.12a)

5The symbols mf , T
3
f and Qf depict the mass, third component of the isospin and charge of the

fermion f , respectively.
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3.4. Mass eigenstates

λ−W
λ+
W

 = 1√
2

1 ı̇ı

1 −ı̇ı

W̃ 1

W̃ 2

 . (3.12b)

The Dirac spinors of the charginos χ̃±i , i ∈ {1, 2} and neutralinos χ̃0
j , j ∈ {1, 2, 3, 4}

are composed of these Weyl spinors χ±i and χ0
i :

χ̃+
i =

 χ+
i(

χ−i
)T
 , χ̃−i =

 χ−i(
χ+
i

)T
 , χ̃0

j =
 χ0

j(
χ0
j

)T
 . (3.13)

Neutralinos are identically equal to their antiparticles, thus being Majorana parti-
cles.

The tree-level mass eigenstates of the charginos χ̃±i are acquired by the singular value
decomposition U∗XV† of

X =
 M2

√
2MW sβ√

2MW cβ µ

 (3.14)

whose evaluation yields the positive real masses

mχ̃±1/2
=
√

2
2

[
|M2|2 + |µ|2 + 2M2

W ∓
√

(|M2|2 + |µ|2 + 2M2
W )2 − 4|Xχ̃± |2

] 1
2

(3.15a)

with

Xχ̃± = M2 µ− 2M2
W cβ sβ . (3.15b)

For the neutralinos χ̃0
i just one unitary mixing matrix N is necessary due to their

Majorana character. The mass eigenstates are calculated by applying Takagi’s fac-
torization [Tak27], i. e. the transformation N∗YN†, to the symmetric mass matrix

Y =


M1 0 −MZ sw cβ MZ sw sβ

0 M2 MZ cw cβ MZ cw sβ

−MZ sw cβ MZ cw cβ 0 −µ
MZ sw sβ MZ cw sβ −µ 0

 . (3.16)

The four corresponding singular values are lengthy expressions in the most general
case with the complex parameters µ, M1 andM2. They are given by the positive real
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3. The Minimal Supersymmetric Standard Model

square roots of the zeroes of the following fourth-order polynomial in x0:

0 =


(1

2 M
2
Z s2β s2w

)4
+ |µ|2

(
|µ|2 |M1|2 |M2|2 + |M1|2M4

Z c
4
w + |M2|2M4

Z s
4
w

)
+ 2 |µ|2M2

Z

{
|M1|2 c2

w<e[µM2] + |M2|2 s2
w<e[µM1]

}
+ 1

2 |µ|
2M4

Z s
2
2w<e[M1M

∗
2 ]

+ 1
2
(
M2

Z s2β s2w
)2
<e
[
µ
(
µM1M2 +M1M

2
Z c

2
w +M2M

2
Z s

2
w

)]
− x0

|µ|2 (2 |M1|2 |M2|2 +M4
Z

)
+ 1

2

(
M2

Z s2β s2w
)2 (
|µ|2 −M2

Z

)
+ |M1|2

(
|µ|2 +M2

Z c
2
w

)2
+ |M2|2

(
|µ|2 +M2

Z s
2
w

)2

+ 2M2
Z c

2
w

(
|M1|2 + |µ|2

)
<e[M2 µ] + 2M2

Z s
2
w

(
|M2|2 + |µ|2

)
<e[M1 µ]

+
(
M2

Z s2β s2w
)2
<e[µ (M1 +M2)] + 1

2

(
M2

Z c2β s2w
)2
<e[M1M

∗
2 ]


+ x2

0

{(
|M1|2 +M2

Z + |µ|2
) (
|M2|2 +M2

Z + |µ|2
)

+ 2M2
Z <e

[
M1 µ s

2
w +M2 µ c

2
w

]
+ 1

2

(
M2

Z s2β s2w
)2

+ |M1|2
(
|µ|2 +M2

Z c2w
)

+ |M2|2
(
|µ|2 −M2

Z c2w
)}

− x3
0

{
|M1|2 + |M2|2 + 2M2

Z + 2 |µ|2
}

+ x4
0 .

(3.17)

As mentioned above, the mass eigenstates of the Higgs-boson sector are derived in
Chapter 6.
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4. Higher-order calculations

Renormalizable quantum field theories allow precise calculations of observables by
successive evaluation of the corresponding Feynman diagrams with an increasing
number of closed loops. Since the momentum inside a loop is not fixed, all possible
values have to be taken into account, which is realized by integration over the loop
momentum in the respective Feynman diagram.

4.1. One-loop order

At the one-loop level the propagators with their corresponding masses mi appear to-
gether with the external momenta pj and the loop momentum q inside a loop diagram,
leading to an expression f̃1(q, pj, mi). The evaluated Feynman diagram F̃1(pj, mi)
is obtained by integration:

F̃1(pj, mi) =
∫
R4

d4q

(2π)4 f̃1(q, pj, mi) . (4.1)

As can be verified already for simple integrands, e. g. f̃ (q, pj, mi) = 1/(q2 −m2) ,
the integration leads to divergent results for |q| → ∞ (ultra-violet divergences). To
avoid this problem the divergent parts of the integral have to be controlled by
an additional mechanism which is called regularization. Widely used methods are
dimensional regularization (DREG) [tV72; BG72; CM72; Ash72] or dimensional
reduction (DRED) [Sie79; CJN80]. As described in e. g. Ref. [Wei09] the integration
measure and dimension are modified leading to

F1(pj, mi, D) =
∫

RD

dDq
ı̇ı π2 (2πµD)D−4 f1(q, pj, mi, D) (4.2)
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4. Higher-order calculations

in D = 4− 2ε dimensions with the regularization mass parameter µD; the divergent
part is parametrized by ε and manifestly recovered in the limit ε → 0. Thereby µD
takes care of the necessity to keep the action

∫
RD

dDxL(D) dimensionless.

In DREG all momenta and fields are treated as D-dimensional objects, changing
the number of degrees of freedom asymmetrically for bosons and fermions and thus
breaking supersymmetry. DRED prevents this issue by only modifying momenta
and integration measures, but keeping other objects, e. g. gamma matrices, four-
dimensional. Alternatively, supersymmetry can also be restored when using DREG
by adding the missing contributions as demonstrated in Refs. [Var10; SV12]. The
final elimination of the ultra-violet divergent parts is taken care of by renormalization
as described in Chapter 5.

Moreover, infra-red divergences can occur when massless particles are propagating
inside a loop. They can be regularized by introducing a cut-off for the integration or
a pseudo-mass for the particle and they are eliminated by adding the corresponding
Feynman diagrams with real emission of this massless particle. Since infra-red diver-
gences are not important in the context of this thesis, they are not further considered
here.

Besides DREG and DRED several other regularization methods exist like the Pauli–
Villars procedure [PV49], lattice field theory, causal perturbation theory [EG73] and
others.

Depending on the structure of the kernel f1 different kinds of loop integrals are
distinguished: if the numerator is a number, a mass parameter or another scale
which is independent on the loop momentum, the integral is denoted as scalar; if
the numerator contains the loop momentum, the integral is called higher-rank or
tensor integral. The methods required for calculating scalar one-loop integrals were
described first in Ref. [tV79]. The reduction of one-loop tensor integrals to scalar
integrals was explained first in Ref. [PV79]. All one-loop n-point functions can be
reduced to a basis of scalar one-loop integrals of up to four-point functions.

If only two-point functions are considered, just one external momentum remains.
Accordingly, only the two different variables q and q + p can appear in the propagators
of the Feynman diagrams. In general, the Feynman integrals for n-point vertex
functions with n > 2, but just one non-zero external momentum, can be decomposed
into the integrals for two-point functions by partial fractioning.
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4.1. One-loop order

A0 A0 B0 C0

Figure 4.1.: The Feynman diagrams of generic one-loop integrals up to three-
point functions.

The basic topologies for the one-loop integrals of up to three-point functions are
displayed in Fig. 4.1. The following integrals will be used in this thesis, with the
notations given here:

A0
(
m2
)

:=
∫

RD

dDq
ı̇ı π2 (2πµD)D−4

1
[q2 −m2 + ı̇ı ε′] , (4.3a)

B0
(
p2, m2

1, m
2
2

)
:=

∫
RD

dDq
ı̇ı π2 (2πµD)D−4

1
[q2 −m2

1 + ı̇ı ε′]
[
(q + p)2 −m2

2 + ı̇ı ε′
] , (4.3b)

Bµ

(
p, m2

1, m
2
2

)
:=

∫
RD

dDq
ı̇ı π2 (2πµD)D−4

qµ

[q2 −m2
1 + ı̇ı ε′]

[
(q + p)2 −m2

2 + ı̇ı ε′
] ,

:= pµB1
(
p2, m2

1, m
2
2

)
,

(4.3c)

Bµν

(
p, m2

1, m
2
2

)
:=

∫
RD

dDq
ı̇ı π2 (2πµD)D−4

qµqν

[q2 −m2
1 + ı̇ı ε′]

[
(q + p)2 −m2

2 + ı̇ı ε′
] ,

:= gµνB00
(
p2, m2

1, m
2
2

)
+ pµpνB11

(
p2, m2

1, m
2
2

)
,

(4.3d)

C0
(
p2

1, p
2
2, (p1 + p2)2, m2

1, m
2
2, m

2
3

)
:=∫

RD

dDq
ı̇ı π2 (2πµD)D−4

1
[q2 −m2

1 + ı̇ı ε′]
[
(q + p1)2 −m2

2 + ı̇ı ε′
] [

(q + p2)2 −m2
3 + ı̇ı ε′

]
(4.3e)

with ε′ > 0 being the infinitesimal deviation from the real axis to obtain causal
Feynman propagators. Explicit solutions of the integrals are listed in Appendix B.1.
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4. Higher-order calculations

4.2. Two-loop order

For higher precision two-loop calculations are required and the formalism has to be
extended to two-loop Feynman diagrams. Besides the external momenta pj, two
independent loop momenta q1 and q2 appear now and both integrations have to be
regularized.

A general two-loop Feynman integral is given by

F2(pj, mi, D) =
∫

RD

∫
RD

dDq1 dDq2(
ı̇ı π2 (2πµD)D−4

)2 f2(q1, q2, pj, mi, D) . (4.4)

Possible higher-rank tensor structures of the integrand f2 can be reduced to scalar
terms as described in Ref. [WSB94b]. In contrast to the one-loop case, neither a
complete basis of master integrals is known, nor full analytical solutions for all possible
scalar two-loop integrals exist. However, different numerical methods are available
to evaluate these integrals [BCH13; Smi13; Glu+11; BW08; Fre12; UF08].

Regarding only two-point vertex functions, the external momentum and the two loop
momenta form a set of five different kinematic variables:

k1 = q1 , k2 = q1 + p , k3 = q2 − q1 , k4 = q2 , k5 = q2 + p . (4.5)

In analogy to the one-loop case, the integrals for n-point vertex functions with n > 2,
but just one non-zero external momentum, can be decomposed into two-loop integrals
with a maximum of five different denominators corresponding to the five different
kinematic variables of Eq. (4.5).

The different topologies of the one-particle irreducible two-point functions and their
corresponding notations are displayed in Fig. 4.2.1. The symbols used for scalar
two-point functions with n propagators are defined as follows:

Ta1...an

(
p2; m2

1, . . . , m
2
n

)
=∫

RD

∫
RD

dDq1 dDq2(
ı̇ı π2 (2πµD)D−4

)2
1[

k2
a1 −m

2
1 + ı̇ı ε′

]
· · ·

[
k2
an −m2

n + ı̇ı ε′
] , (4.6)

with ai ∈ {1, 2, 3, 4, 5} and kai corresponding to the kinematic variables in Eq. (4.5).
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4.2. Two-loop order

T114 T1134 T1124 T1245 T234

T1234 T1234 T11234 T12345

4.2.1: Two-point functions.

T114 T1134 T134

4.2.2: One-point functions.

Figure 4.2.: The Feynman diagrams of generic two-loop integrals for one- and
two-point functions.

For the special case of a vanishing external momentum only vacuum diagrams with
the variables k1, k3 and k4 remain and all integrals can be derived analytically. Also
the one-point functions (≡ tadpole diagrams), which are depicted in Fig. 4.2.2, can
be expressed in terms of these variables. To abbreviate the notation the identity

Ta1...an

(
p2 = 0; m2

1, . . . , m
2
n

)
≡ Ta1...an

(
m2

1, . . . , m
2
n

)
, ai ∈ {1, 3, 4} , (4.7)

is introduced. The necessary explicit expressions that are used in this thesis are
presented in Appendix B.2.
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5. Renormalization

In Chapter 4 higher-order Feynman diagrams have been introduced and their diver-
gences have been parametrized by the dimension D = 4− 2ε. Physical observables
must not depend on this regulator in the final result; the method used to absorb
the ultra-violet divergent parts of the loop integrals is called renormalization. After
performing this step the limit D → 4 (or ε→ 0) can be taken without problems.

5.1. Renormalization methods

An important renormalization method, giving wide insights into the mathematical
foundation of renormalization of quantum field theories, is given by the Bogolyubov–
Parasyuk theorem [BP55], which was later completely proven by Hepp and Zimmer-
mann [Hep66; Zim69] and is therefore called BPHZ theorem today. The fundamental
observation is that the divergent parts of each loop integral are just polynomials in
the external momenta at each level of perturbation theory after canceling possible
subdivergences. Thus, renormalization of a divergent loop integral corresponds to
the subtraction of the proper terms in the Taylor series of the integrand (named R-
operation). The general solution of this procedure contains free constants which are
interpreted as counterterms and fixed by a renormalization scheme.

The advantage of BPHZ renormalization is the unnecessity of a preceding regular-
ization of the divergent integrals. However, it is complicated to impose symmetry
relations between different counterterms. The used method of renormalization in
this thesis is the multiplicative renormalization procedure which is explained in the
following sections.
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5. Renormalization

5.2. Renormalization transformation

Multiplicative renormalization can be carried out by the application of the following
transformations:

m→ m0 := Zmm = (1 + δZm)m = m+ δm , (5.1a)

g → g0 := Zg g = (1 + δZg) g = g + δg , (5.1b)

for all masses m and all couplings g, i. e. all parameters inside the Lagrangian.
Furthermore, all appearing fields ψ have to be renormalized to obtain finite vertex
functions:

ψ → ψ0 :=
√
Zψ ψ =

√
1 + δZψ ψ . (5.2)

The parameters and fields before the transformation are called bare (depicted by an
index 0), while afterwards there are the renormalization constants (depicted by a δ)
and the renormalized parameters and fields. Each renormalization constant can be
expanded as a series according to increasing loop order.

Having performed this transformation additional interaction terms are described
by the Lagrangian, which are called counterterms. Each renormalized tree-level
interaction gets assigned a counterterm; however also new vertices which do not exist
at lowest order of perturbation theory could arise. Usually one counterterm consists
of several renormalization constants. In gauge theories, gauge invariance is preserved
by fixing the renormalization constants in a proper way obeying the Slavnov–Taylor
identities [Aok+80; BSH86; Hol+02].

Beyond the one-loop order further complications have to be taken care of. Firstly,
all renormalization transformations need to be expanded to higher orders:

m→ m0 := Zmm = m+ δ(1)m+ δ(2)m+O
(
δ(3)m

)
, (5.3a)

g → g0 := Zg g = g + δ(1)g + δ(2)g +O
(
δ(3)g

)
, (5.3b)

ψ → ψ0 :=
√
Zψ ψ =

[
1 + 1

2δ
(1)Zψ + 1

2

(
δ(2)Zψ −

(
1
2δ

(1)Zψ
)2
)

+O
(
δ(3)Zψ

)]
ψ

(5.3c)

where the notation of kth order renormalization constants indicated by δ(k) is intro-
duced. In the case of field renormalization the expansion of the square root to higher
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5.3. Renormalization schemes

orders has to be taken into account, which implies the occurence of higher powers
of lower-order renormalization constants at a given level of perturbation. Secondly,
products of renormalization constants have to be taken into account as can be seen
in Chapter 6. And thirdly, loop diagrams with insertions of counterterms must be
respected which is shown explicitly in the Feynman-diagrammatic representation in
the main part of this thesis in Chapter 7 and the corresponding analytical results
in Appendix D.4 and Appendix D.5. Only after computing the sum of all possible
diagrams of the same order the resulting vertex functions are free of divergences and
observables are additionally gauge-independent.

5.3. Renormalization schemes

Besides the desired property of canceling the unphysical divergences of a theory, ad-
ditional finite parts can be exchanged between the renormalization constants and the
renormalized parameters. Fixing the finite part of a renormalization constant defines
its renormalization scheme and thus the relation of the renormalized parameter to
physical observables. For practical calculations the most important renormalization
schemes are

• the minimal subtraction (MS) scheme:
the renormalization constant contains only the divergent part of the bare pa-
rameter or field and its finite part is equal to zero; DREG is used to separate
the divergences of the loop integrals,

• the modified minimal subtraction (MS) scheme:
similar to the MS scheme, but the finite part comprises the combination of the
constants (−γE + log (4π)) which emerge from the loop integration, with the
Euler–Mascheroni constant γE := lim

n→∞

(
n∑

k = 1

1
k
− lnn

)
,

• the dimensional reduction (DR) and the modified dimensional reduction (DR)
schemes:
in analogy to the MS and the MS schemes, but DRED is used as regularization
method,
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5. Renormalization

• the on-shell (OS) scheme:
in addition to the divergent parts of the bare parameter the renormalization
constant contains all finite parts that are necessary to render the renormalized
parameter closely connected to a physical observable6. This eliminates the
dependence on the regularization parameter µD.

5.4. Renormalization group

The previous section clarifies that each renormalized parameter depends on the
regularization parameter µD unless it is renormalized in the on-shell scheme. Further-
more, µD appears as coefficient of all couplings and fields in the Lagrangian to keep
the action dimensionless (cf. Chapter 4). Therefore, the µD-invariant quantitites are
given by

gB = µ
α(g0) ε
D g0 = µ

α(g0) ε
D

√
Zg(µD) g(µD) = µ

α(g0) ε
D

(
g(µD) +

∞∑
k=1

δ(k)g(µD)
)
, (5.4a)

ψB = µ
α(ψ0) ε
D ψ0 = µ

α(ψ0) ε
D

√
Zψ(µD)ψ(µD) . (5.4b)

Thereby α(g0) and α(ψ0) are the appropriate and consistent numbers to keep the
action dimensionless. The independence of the left-hand sides of Eqs. (5.4) on the
regularization parameter is used to define running couplings g(µD) whose values
depend on the scale µD:

0 != µ
−α(g0) ε
D µD

∂

∂µD
gB

= α(g0) ε
√
Zg g +

(
µD

∂

∂µD
g

)√
Zg +

[∑
gi

(
µD

∂

∂µD
gi

)(
∂

∂gi

√
Zg

)]
g

= α(g0) ε
√
Zg g + β(g)

√
Zg +

(∑
gi

β(gi) ∂gi
√
Zg

)
g ,

(5.5)

with the notation ∂gi ≡ ∂/∂gi and the beta functions

β(g) := µD
∂

∂µD
g =

∞∑
k = 0

β(k)(g) . (5.6)

6This can be a pole mass in the case of a mass parameter, but it also can be a coupling at a fixed
scale.
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5.4. Renormalization group

The last term on the right-hand side of Eq. (5.5) takes care of possible further running
couplings inside of Zg. The symbol β(k) denotes the part of kth order of the beta
function.

The extension of this relation to the higher-order one-particle-irreducible bare n-point
vertex functions Γψ1,...,ψn (ψi being the interacting fields) yields the renormalization
group equations. With the additional constraint of a diagonal matrix for the field-
renormalization constants7 for the investigated theory (in the MSSM realized by the
Peccei–Quinn symmetry [PQ77]) the renormalized vertex functions are given by

Γ̂ψ1,...,ψn =
n∏

i = 1

√
Zψi Γψ1,...,ψn . (5.7)

The bare vertex functions are independent on the regularization parameter µD:

µD
∂

∂µD
Γψ1,...,ψn

!= 0 . (5.8)

Consistently with the above definitions it follows

0 =
(

n∏
i = 1

√
Zψi

−1
){[

µD
∂

∂µD
+
∑
gi

(
µD

∂

∂µD
gi

)
∂

∂gi

]
Γ̂ψ1,...,ψn

}

+


n∑

i = 1

(
µD

∂

∂µD

√
Zψi

−1
)

n∏
j = 1
j 6= i

√
Zψj

−1


 Γ̂ψ1,...,ψn

=
(

n∏
i = 1

√
Zψi

−1
){[

µD
∂

∂µD
+
∑
gi

β(gi) ∂gi +
n∑

i = 1
γi

]
Γ̂ψ1,...,ψn

}
,

(5.9)

with the anomalous dimension of the field ψi given by

γi :=
(
µD

∂

∂µD

√
Zψi

−1
)√

Zψi =
∞∑

k = 0
γ

(k)
i . (5.10)

The symbols γ(k)
i depict the part of kth order of the anomalous dimension.

The renormalized quantity Γ̂ψ1,...,ψn and all its derivatives are finite in the limit ε→ 0.
Thus also β(gi) and γi, the beta functions and the anomalous dimensions, are finite.

7In general the field-renormalization transformation ψa →
∑
b

√
Zψaψb ψb is valid. The theories

which are considered here possess some additional symmetry (besides gauge symmetries) that
allows for the choice of a diagonal field-renormalization matrix Zψaψb = Zψa δab, i. e. the off-
diagonal entries are not required to absorb divergences.
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6. Higgs bosons in the MSSM

The Higgs fields of the MSSM have been introduced in Section 3.2. In the following a
detailed derivation of the required tree-level and higher-order relations is performed.
The presentation of Sections 6.1–6.4 follows Ref. [Fra+07].

6.1. Higgs potential

The non-derivative terms of the Lagrangian that only depend on the Higgs fields are
combined to the Higgs potential (cf. Eq. (3.4) and Eq. (3.7)):

VH = V Higgs
H + V breaking

H , (6.1a)

V Higgs
H = 1

8
(
g2
Y + g2

w

) (
H†2H2 −H†1H1

)2
+ 1

2g
2
w

(
H†1H2

) (
H†2H1

)
, (6.1b)

V breaking
H = m2

1H
†
1H1 +m2

2H
†
2H2 +

(
m2

12H1
SU

� H2 + h. c.
)
, (6.1c)

where m2
i ≡ m̃2

i + |µ|2 are real and m2
12 ≡ bH1H2 µ = |m2

12|e( ı̇ı ζ
′ can be complex. The

Higgs fields given in Eq. (3.2) are tree-level states. In the most general case an
additional CP -violating relative phase ζ appears in one of the doublets:

H1 =
v1 + 1√

2 (φ1 − ı̇ı χ1)
−φ−1

 , H2 = e( ı̇ı ζ
 φ+

2

v2 + 1√
2 (φ2 + ı̇ı χ2)

 . (6.2)

Herein the vacuum expectation values are chosen as real and positive since any
imaginary part could either be absorbed in the phase ζ or by redefining the Higgs
fields using the gauge invariance of the Lagrangian.

To abbreviate the notation the following symbols are used:

sx ≡ sin x , cx ≡ cosx , tx ≡ tan x . (6.3)
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6. Higgs bosons in the MSSM

Inserting the Higgs doublets of Eq. (6.2) explicitly in the potential of Eq. (6.1) and
collecting powers of the field components yields

VH = constant− Tφ1 φ1 − Tφ2 φ2 − Tχ1 χ1 − Tχ2 χ2 + triple + quartic

+ 1
2
(
φ1, φ2, χ1, χ2

)
Mφ1φ2χ1χ2


φ1

φ2

χ1

χ2

+
(
φ−1 , φ

−
2

)
Mφ±1 φ

±
2

φ+
1

φ+
2

 ,
(6.4)

with the coefficients of the linear terms (the tadpole coefficients)

Tφ1 = −
√

2
[
m2

1 v1 − |m2
12| v2 cζ+ζ′ + 1

4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
v1
]
, (6.5a)

Tφ2 = −
√

2
[
m2

2 v2 − |m2
12| v1 cζ+ζ′ − 1

4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
v2
]
, (6.5b)

Tχ1 =
√

2 |m2
12| v2 sζ+ζ′ , (6.5c)

Tχ2 = −v1

v2
Tχ1 = −

√
2 |m2

12| v1 sζ+ζ′ , (6.5d)

and the coefficients of the quadratic terms (the mass matrices)

Mφ1φ2χ1χ2 =
Mφ1φ2 Mφχ

M†
φχ Mχ1χ2

 , (6.6a)

Mφ1φ2 =
 m2

1 + 1
4 (g2

Y + g2
w) (3 v2

1 − v2
2) −|m2

12| cζ+ζ′ − 1
2 (g2

Y + g2
w) v1 v2

−|m2
12| cζ+ζ′ − 1

2 (g2
Y + g2

w) v1 v2 m2
2 + 1

4 (g2
Y + g2

w) (3 v2
2 − v2

1)

 ,
(6.6b)

Mφχ =
 0 |m2

12| sζ+ζ′
−|m2

12| sζ+ζ′ 0

 , (6.6c)

Mχ1χ2 =
m2

1 + 1
4 (g2

Y + g2
w) (v2

1 − v2
2) −|m2

12| cζ+ζ′
−|m2

12| cζ+ζ′ m2
2 + 1

4 (g2
Y + g2

w) (v2
2 − v2

1)

 , (6.6d)

Mφ±1 φ
±
2

=
m2

1 + g2
Y

4 (v2
1 − v2

2) + g2
w
4 (v2

1 + v2
2) −|m2

12|e( ı̇ı (ζ+ ζ′) − g2
w
2 v1 v2

−|m2
12|e( ı̇ı (ζ+ ζ′) − g2

w
2 v1 v2 m2

2 + g2
Y

4 (v2
2 − v2

1) + g2
w
4 (v2

1 + v2
2)

 .
(6.6e)

The matrices Mφ1φ2 and Mχ1χ2 are real and symmetric. The constant, triple and
quartic terms of VH are not considered in the following since they are not needed for
the calculation in this thesis. However, it is worth mentioning that the triple and
quartic couplings are determined by the positive real gauge couplings gY and gw.
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6.2. Minimization conditions

6.2. Minimization conditions

The minimum of the Higgs potential is located at the vacuum described by the
vacuum expectation values v1 and v2 in Eq. (6.2), i. e.

V min
H

!= VH |φ1 = 0, φ2 = 0, χ1 = 0, χ2 = 0 . (6.7)

The necessary conditions for V min
H being a minimum are

∂VH
∂φ1

∣∣∣∣∣
φ1 = 0, φ2 = 0, χ1 = 0, χ2 = 0

= 0 , (6.8a)

∂VH
∂φ2

∣∣∣∣∣
φ1 = 0, φ2 = 0, χ1 = 0, χ2 = 0

= 0 , (6.8b)

∂VH
∂χ1

∣∣∣∣∣
φ1 = 0, φ2 = 0, χ1 = 0, χ2 = 0

= 0 , (6.8c)

∂VH
∂χ2

∣∣∣∣∣
φ1 = 0, φ2 = 0, χ1 = 0, χ2 = 0

= 0 . (6.8d)

Their evaluation leads to the relations

m2
1 = |m2

12|
v2

v1
cζ+ζ′ −

1
4
(
g2
Y + g2

w

) (
v2

1 − v2
2

)
, (6.9a)

m2
2 = |m2

12|
v1

v2
cζ+ζ′ +

1
4
(
g2
Y + g2

w

) (
v2

1 − v2
2

)
, (6.9b)

sζ+ζ′ = 0 , (6.9c)

which are equivalent to vanishing tadpole coefficients in Eq. (6.5). By the use of a
Peccei–Quinn transformation [PQ77] the parameters µ and m2

12 = |m2
12|e( ı̇ı ζ

′ can be
redefined such that ζ ′ = 0, hence Eq. (6.9c) implies ζ = 0. As a consequence of this
result, the mass matrices in Eqs. (6.6) simplify: Mφχ = 0 and Mφ±φ± is real and
symmetric like the other mass matrices. Since the triple and quartic couplings of
the Higgs potential are determined by the real gauge couplings the Higgs sector of
the MSSM is CP -conserving at lowest order.

However CP -violation can occur at higher orders in perturbation theory. The de-
pendence on ζ is kept since it has to be renormalized and acquires independent
renormalization constants. In contrast, by using a Peccei–Quinn transformation ζ ′

can always be set to zero. Hence, the parameter m2
12 is treated as a real quantity

from now on.
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6. Higgs bosons in the MSSM

6.3. Tree-level mass-eigenstate basis

The Higgs potential in Eq. (6.1) can be expressed in terms of a new basis which
yields the mass eigenstates at lowest order. The necessary transformations of the
Higgs fields are given byh

H

 = Dα

φ1

φ2

 ,
A
G

 = Dβn

χ1

χ2

 ,
H±
G±

 = Dβc

φ±1
φ±2

 , (6.10)

with the notation φ−1 =
(
φ+

1

)†
, φ−2 =

(
φ+

2

)†
and the mixing matrices Dx =

(
−sx cx
cx sx

)
,

writing sx ≡ sin x and cx ≡ cosx.

The mixing angles α, βn and βc are not renormalized, but used as tree-level pa-
rameters at all orders of perturbation theory. Their explicit occurrence is kept in
the following expressions in order to derive the correct counterterms for the Higgs
potential.

Applying the transformations of Eq. (6.10) to the Higgs potential in Eq. (6.1) yields

VH = constant− Th h− TH H − TAA− TGG+ triple + quartic

+ 1
2

(
h, H, A, G

)
MhHAG


h

H

A

G

+
(
H−, G−

)
MH±G±

H+

G+

 , (6.11)

with the corresponding tadpole coefficients Th, TH , TA and TG and the mass matri-
ces

MhHAG =


m2
h m2

hH m2
hA m2

hG

m2
hH m2

H m2
HA m2

HG

m2
hA m2

HA m2
A m2

AG

m2
hG m2

HG m2
AG m2

G

 , MH±G± =
 m2

H± m2
H−G+

m2
G−H+ m2

G±

 . (6.12)

It should be noted that the mass matrix of the neutral Higgs bosons is real and
symmetric whereas the one of the charged bosons is complex and hermitian.

Before presenting the explicit expressions of the entries in Eq. (6.11) also the set of
the eight independent parameters gY , gw, m12, m1, m2, v1, v2 and ζ is substituted
by the set of the on-shell parameters e, MW , sw, mH± (or mA), Th, TH , TA and tβ.
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6.3. Tree-level mass-eigenstate basis

Thereby the gauge couplings fulfill the following relations:

gY = e

cw
, (6.13a)

gw = e

sw
, (6.13b)

cw = MW

MZ

=
√

1− s2
w . (6.13c)

According to electroweak symmetry breaking the gauge-boson masses are connected
to the vacuum expectation values as follows,

M2
Z = 1

2

(
g2
Y + g2

w

) (
v2

1 + v2
2

)
, (6.14a)

M2
W = 1

2 g
2
w

(
v2

1 + v2
2

)
. (6.14b)

In addition, the following quantity is defined:

tan (β) ≡ tβ = v2

v1
. (6.15)

The tadpole coefficients in the basis of lowest-order mass eigenstates are derived
as follows by applying the rotations in Eqs. (6.10) with the angles α, βn and βc

to Eqs. (6.5):

Th =
√

2
[
m2

1 v1 sα −m2
2 v2 cα +m2

12 cζ (v1 cα − v2 sα)

+ 1
4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
(v1 sα + v2 cα)

]
,

(6.16a)

TH =
√

2
[
−m2

1 v1 cα −m2
2 v2 sα +m2

12 cζ (v1 sα + v2 cα)

− 1
4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
(v1 cα − v2 sα)

]
,

(6.16b)

TA = −
√

2m2
12 sζ (v1 cβn + v2 sβn) , (6.16c)

TG = −tβ−βn TA , (6.16d)

where now TG is linearly dependent on TA. Similarly, the relations of mA and mH±

to the previous set of parameters can be computed:

m2
A = m2

1 s
2
βn +m2

2 c
2
βn + s2βnm

2
12 cζ − c2βn

1
4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
, (6.17a)

m2
H± = m2

1 s
2
βc +m2

2 c
2
βc + s2βcm

2
12 cζ − c2βc

1
4

(
g2
Y + g2

w

) (
v2

1 − v2
2

)
+ 1

2g
2
w (v1 cβc + v2 sβc)

2 .
(6.17b)
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For the substitution of the original parameters, the relations of Eqs. (6.13)–(6.17) are
used, yielding the following identities:

v1 =
√

2 cβ swMW

e
, (6.18a)

v2 =
√

2 sβ swMW

e
, (6.18b)

m2
1 = −1

2 M
2
Z c2β +m2

A

s2
β

c2
β−βn

+ e cβn
2 swMW c2

β−βn

{
Th [sα cβ cβn + sβ (cα cβn + 2 sα sβn)]

− TH (cα+β cβn + 2 cα sβ sβn)
}
,

(6.18c)

m2
2 = 1

2 M
2
Z c2β +m2

A

c2
β

c2
β−βn

+ e sβn
2 swMW c2

β−βn

{
TH [−sα sβ sβn + cβ (cα sβn − 2 sα cβn)]

− Th (sα+β sβn + 2 cα cβ cβn)
}
,

(6.18d)

m2
12 cζ = m2

A

s2β

2 c2
β−βn

+ e

4 swMW c2
β−βn

{
Th (cβ+α + cβ−α c2βn)

+ TH (sβ+α − sβ−α c2βn)
}
,

(6.18e)

m2
12 sζ = − e TA

2 swMW cβ−βn
. (6.18f)

Therein mA is used instead of mH± ; as can be seen in Eqs. (6.17) only one of both
masses can be used as an independent parameter.

The new set of parameters is now utilized to display the full form of the bilinear
expressions of Eq. (6.11). It is convenient to parametrize MhHAG in terms of mA

and MH±G± in terms of mH± . The results are given by

m2
h = M2

Z s
2
α+β +m2

A

c2
α−β

c2
β−βn

+ e sα−βn
2 swMW c2

β−βn

[
TH cα−β sα−βn + Th

1
2 (c2α−β−βn + 3 cβ−βn)

]
,

(6.19a)

m2
hH = −M2

Z sα+β cα+β +m2
A

sα−β cα−β
c2
β−βn

+ e

2 swMW c2
β−βn

[
TH sα−β s

2
α−βn − Th cα−β c

2
α−βn

]
,

(6.19b)
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m2
H = M2

Z c
2
α+β +m2

A

s2
α−β

c2
β−βn

+ e cα−βn
2 swMW c2

β−βn

[
−Th sα−β cα−βn + TH

1
2 (c2α−β−βn − 3 cβ−βn)

]
,

(6.19c)

m2
hA = m2

HG = e

2 swMW

TA
sα−βn
cβ−βn

, (6.19d)

m2
hG = −m2

HA = e

2 swMW

TA
cα−βn
cβ−βn

, (6.19e)

m2
AG = −m2

A tβ−βn −
e

2 swMW cβ−βn
(TH sα−βn − Th cα−βn) , (6.19f)

m2
G = m2

A t
2
β−βn + e

2 swMW c2
β−βn

(−TH cα+β−2βn + Th sα+β−2βn) , (6.19g)

m2
H−G+ = −m2

H± tβ−βc −
e

2 swMW

(
TH

sα−βc
cβ−βc

+ Th
cα−βc
cβ−βc

+ ı̇ı TA
1

cβ−βn

)
, (6.19h)

m2
G−H+ = (m2

H−G+)∗ , (6.19i)

m2
G± = m2

H± t
2
β−βc + e

2 swMW c2
β−βc

(−TH cα+β−2βc + Th sα+β−2βc) . (6.19j)

6.4. Lowest-order relations

At lowest order, the minimization conditions for the Higgs potential (cf. Section 6.2)
impose vanishing tadpole coefficients

T
(0)
i = 0 , i ∈ {h, H, A, G} . (6.20)

Accordingly, the relative complex phase of the Higgs doublets is equal to zero,

ζ = 0 . (6.21)

Furthermore all couplings of the Higgs potential are real, rendering the Higgs sec-
tor CP -conserving at lowest order.

6.4.1. Masses and mixing angles

The tree-level mass matrices of Eq. (6.12) in the chosen mass-eigenstate basis are
diagonal, thus the lowest-order Higgs-boson masses are given by

M(0)
hHAG = diag

(
m2
h, m

2
H , m

2
A, m

2
G

)
, M(0)

H±G± = diag
(
m2
H± , m

2
G±

)
. (6.22)
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Applying these relations to Eq. (6.19f) and Eq. (6.19h) leads to

0 != m2
AG = −m2

A tβ−βn ⇒ β = βn , (6.23a)

0 != m2
H−G+ = −m2

H± tβ−βc ⇒ β = βc . (6.23b)

As an immediate consequence the masses of the unphysical Goldstone bosons G
and G± given in Eq. (6.19g) and Eq. (6.19j), respectively, are zero. Furthermore,
Eq. (6.18e) simplifies to a condition for the mass of the CP -odd A boson:

m2
A = 2m2

12
s2β

. (6.24)

For the charged Higgs boson H± a similar relation is obtained by using Eqs. (6.17)
in Eq. (6.18e):

m2
H± = 2m2

12
s2β

+M2
W . (6.25)

Thus, the following mass relation holds:

m2
H± = m2

A +M2
W . (6.26)

The tree-level masses of the neutral CP -even Higgs bosons are more easily acquired
by diagonalizing the matrix in Eq. (6.6b). The application of Eqs. (6.18) and the
usage of the lowest-order relations of Eq. (6.20) and Eq. (6.21) yields

Mφ1φ2 = 1
2

m2
A +M2

Z − (m2
A −M2

Z) c2β − (m2
A +M2

Z) s2β

− (m2
A +M2

Z) s2β m2
A +M2

Z + (m2
A −M2

Z) c2β

 . (6.27)

The eigenvalues of this matrix are

m2
h/H = 1

2

[
m2
A +M2

Z ∓
√

(m2
A +M2

Z)2 − 4m2
AM

2
Z c

2
2β

]
, (6.28)

especially yielding the relation m2
h +m2

H = m2
A +M2

Z .

Furthermore, an upper limit on the lightest Higgs-boson mass is obtained,

m2
h < M2

Z c
2
2β , (6.29)

although higher-order corrections shift this bound significantly.
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Utilizing the properties of the CP -even Higgs-boson mass matrix to be real and
symmetric, the following rules for the mixing angle α are derived:

s2α = −m
2
H +m2

h

m2
H −m2

h

s2β , c2α = −m
2
A −m2

Z

m2
H −m2

h

c2β , t2α = m2
A +m2

Z

m2
A −m2

Z

t2β . (6.30)

Without loss of generality, β can be defined in the range between 0 and π/2 [CH03].
For this choice, Eqs. (6.30) constrain α to be in the intervall −π/2 < α < 0. The
third equation of Eqs. (6.30) depends only on the input parameters mA and tβ.

As can be seen from Eqs. (6.23)–(6.30), the masses and mixing angles of the Higgs
sector at lowest order are determined by the two parameters mA (or mH±) and tβ.
At higher orders of perturbation theory, mixing of the A boson and the other neutral
states is induced by CP -violating couplings from other sectors of the MSSM. In that
case A is not a mass eigenstate anymore; instead, the mass of the charged Higgs
boson will be used as an input parameter.

6.4.2. Gauge fixing

The Lagrangian of the MSSM at the quantum level incorporates a gauge-fixing part,

Lfix = − 1
2ξA

FA F
†
A −

1
2ξZ

FZ F
†
Z −

1
2ξW

F+
W F−W . (6.31)

The gauge-fixing functions can be chosen in the Rξ gauge as in Ref. [SSV13],

FA = ∂µAµ , (6.32a)

FZ = ∂µZµ + ξZξ
′
ZMZ G , (6.32b)

F±W = ∂µW±
µ ± ı̇ı ξW ξ′W MW G± . (6.32c)

Thus Lfix introduces additional terms that are bilinear in the Goldstone fields G
and G± and hence contribute to their masses. At the tree level they arise as

m2
G = ξZξ

′ 2
Z M2

Z , (6.33a)

m2
G± = ξW ξ

′ 2
W M2

W . (6.33b)

For the following analysis the ’t Hooft–Feynman gauge is used which is an Rξ gauge
with gauge-fixing parameters ξi = 1 and ξ′i = 1, i ∈ {A, Z, W}. Thus, the tree-level
values of the Goldstone-boson masses are equal to the gauge-boson masses.
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6.5. Higher-order relations for masses and mixings

At higher orders the one-point and two-point functions are dressed by loop contri-
butions and have to be renormalized. They are related to higher-order corrections of
the tadpole coefficients and masses in Eq. (6.11).

The renormalized one-point functions are equivalent to the renormalized tadpoles.
At j-loop order (j ≥ 1) they are denoted as Υ̂(j)

i , i ∈ {h, H, A, G}. The lowest-order
tadpole coefficients in Eq. (6.20) receive loop contributions up to the kth order (k ≥ 1)
according to

T
(k)
i = T

(0)
i +

k∑
j = 1

Υ̂(j)
i , i ∈ {h, H, A, G} . (6.34)

The renormalized two-point vertex functions are given by

Γ̂(k)
hHAG

(
p2
)

= ı̇ı
[
p21−M(k)

hHAG

(
p2
)]

, (6.35a)

Γ̂(k)
H±G±

(
p2
)

= ı̇ı
[
p21−M(k)

H±G±

(
p2
)]

. (6.35b)

In Eq. (6.22) the lowest-order mass matrices are listed. The higher-order corrections
up to the kth order (k ≥ 1) are then given by

M(k)
hHAG

(
p2
)

= M(0)
hHAG −

k∑
j = 1

Σ̂(j)
hHAG

(
p2
)
, (6.36a)

M(k)
H±G±

(
p2
)

= M(0)
H±G± −

k∑
j = 1

Σ̂(j)
H±G±

(
p2
)
. (6.36b)

Therein, the matrices of self-energies at j-loop order (j ≥ 1) are denoted as

Σ̂(j)
hHAG

(
p2
)

=


Σ̂(j)
h (p2) Σ̂(j)

hH(p2) Σ̂(j)
hA(p2) Σ̂(j)

hG(p2)
Σ̂(j)
hH(p2) Σ̂(j)

H (p2) Σ̂(j)
HA(p2) Σ̂(j)

HG(p2)
Σ̂(j)
hA(p2) Σ̂(j)

HA(p2) Σ̂(j)
A (p2) Σ̂(j)

AG(p2)
Σ̂(j)
hG(p2) Σ̂(j)

HG(p2) Σ̂(j)
AG(p2) Σ̂(j)

G (p2)

 , (6.37a)

Σ̂(j)
H±G±

(
p2
)

=
 Σ̂(j)

H±(p2) Σ̂(j)
H−G+(p2)

Σ̂(j)
G−H+(p2) Σ̂(j)

G±(p2)

 . (6.37b)

They include j-loop Feynman diagrams and counterterms and are momentum depen-
dent.
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6.5. Higher-order relations for masses and mixings

The masses of the Higgs bosons are achieved as the real parts of the poles of the
corresponding dressed propagator matrices which are related to the inverse of the
irreducible two-point vertex functions in Eq. (6.35a) and Eq. (6.35b), respectively.
As soon as Σ̂(j)

hHAG(p2) contains non-vanishing off-diagonal entries at any loop order j,
in general also Γ̂(k)

hHAG(p2) has off-diagonal entries at a loop order k ≥ j.

Thus, the higher-order corrected massesmh1 , mh2 andmh3 of the neutral Higgs bosons
are gained as the real parts of the roots of the determinant of Γ̂(k)

hHAG, i. e.

det
[
Γ̂(k)
hHAG

(
p2
)]
p2 = x2

i

= 0 , m2
hi

= <e
[
x2
i

]
, i ∈ {1, 2, 3} . (6.38)

This is clearly a non-trivial task since the dependence of the self-energies in M(k)
hHAG

on the external momentum p2 is a complicated function. The fourth solution of
Eq. (6.38) belongs to the Goldstone boson, whose mass remains at zero also at higher
orders [Hol+02].

Analogously, the mass of the charged Higgs bosons H±, at higher orders denoted
as mh± , is given by the real part of the root of the determinant of Γ̂(k)

H±G± , i. e.

det
[
Γ̂(k)
H±G±

(
p2
)]
p2 = x2

= 0 , m2
h± = <e

[
x2
]
. (6.39)

Again, the second solution of Eq. (6.39) is equal to zero, corresponding to the
mass of the charged Goldstone bosons which do not receive higher-order contribu-
tions [Hol+02].

In the most general case, also mixings with the longitudinal Z and W± have to be
considered in Eq. (6.37a) and Eq. (6.37b), respectively. They are correlated with the
mixings of G and G± by Slavnov–Taylor identities [BBS08; WRW11; Hol+02], thus
required to maintain gauge invariance. However, the relevant contributions appear
the first time in the gauge parts of two-loop corrections, which are neglected here.

The mixing angles α, βn and βc are not renormalized, but kept at their tree-level
values. Since the self-energies which contribute to Eq. (6.35a) and Eq. (6.35b) at
higher orders are non-diagonal and momentum dependent, mixing angles generally
cannot be defined anymore at higher orders.

Moreover, the gauge-fixing sector is not renormalized, i. e. the gauge-boson massesMW

and MZ as well as the gauge-fixing parameters ξi and ξ′i in Eqs. (6.33) are kept at
their tree-level values.
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6. Higgs bosons in the MSSM

6.6. Renormalization of the Higgs potential

The quantities Υ̂(j)
i , Σ̂(j)

hHAG and Σ̂(j)
H±G± which have been introduced in Eq. (6.34)

and Eqs. (6.36) are all renormalized quantities.

The tadpoles can be decomposed according to

Υ̂(j)
i = Υ(j)

i + δ(j)TZ
i , i ∈ {h, H, A, G} , (6.40)

with the jth order unrenormalized tadpoles Υ(j)
i and the corresponding tadpole

counterterms δ(j)TZ
i .

Analogously, the self-energy matrices are decomposed according to

Σ̂(j)
hHAG

(
p2
)

= Σ(j)
hHAG

(
p2
)
− δ(j)MZ

hHAG

(
p2
)
, (6.41a)

Σ̂(j)
H±G±

(
p2
)

= Σ(j)
H±G±

(
p2
)
− δ(j)MZ

H±G±

(
p2
)
. (6.41b)

The unrenormalized j-loop order self-energy matrices are denoted as

Σ(j)
hHAG

(
p2
)

=


Σ(j)
h (p2) Σ(j)

hH(p2) Σ(j)
hA(p2) Σ(j)

hG(p2)
Σ(j)
hH(p2) Σ(j)

H (p2) Σ(j)
HA(p2) Σ(j)

HG(p2)
Σ(j)
hA(p2) Σ(j)

HA(p2) Σ(j)
A (p2) Σ(j)

AG(p2)
Σ(j)
hG(p2) Σ(j)

HG(p2) Σ(j)
AG(p2) Σ(j)

G (p2)

 , (6.42a)

Σ(j)
H±G±

(
p2
)

=
 Σ(j)

H±(p2) Σ(j)
H−G+(p2)

Σ(j)
G−H+(p2) Σ(j)

G±(p2)

 . (6.42b)

For the corresponding counterterms of jth order the following notation is used:

δ(j)MZ
hHAG

(
p2
)

=


δ(j)mZ

h (p2) δ(j)mZ
hH(p2) δ(j)mZ

hA(p2) δ(j)mZ
hG(p2)

δ(j)mZ
hH(p2) δ(j)mZ

H(p2) δ(j)mZ
HA(p2) δ(j)mZ

HG(p2)
δ(j)mZ

hA(p2) δ(j)mZ
HA(p2) δ(j)mZ

A(p2) δ(j)mZ
AG(p2)

δ(j)mZ
hG(p2) δ(j)mZ

HG(p2) δ(j)mZ
AG(p2) δ(j)mZ

G(p2)

 ,
(6.43a)

δ(j)MZ
H±G±

(
p2
)

=
 δ(j)mZ

H±(p2) δ(j)mZ
H−G+(p2)

δ(j)mZ
G−H+(p2) δ(j)mZ

G±(p2)

 . (6.43b)

The counterterms include parameter and field-renormalization constants and are
dependent on the external momentum.
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6.6. Renormalization of the Higgs potential

The independent renormalization constants for the parameters of the Higgs potential
are introduced by the renormalization transformations

e→ e+
k∑

j = 1
δ(j)e , tβ → tβ +

k∑
j = 1

δ(j)tβ , MW →MW +
k∑

j = 1
δ(j)MW ,

MZ →MZ +
k∑

j = 1
δ(j)MZ or sw → sw +

k∑
j = 1

δ(j)sw ,

m2
A → m2

A +
k∑

j = 1
δ(j)m2

A or m2
H± → m2

H± +
k∑

j = 1
δ(j)m2

H± ,

Th → Th +
k∑

j = 1
δ(j)Th , TH → TH +

k∑
j = 1

δ(j)TH , TA → TA +
k∑

j = 1
δ(j)TA .

(6.44)

Therein "or" means that the parameters of jth order on the left- and right-hand
side are not independent, thus only one of them can be fixed by an independent
renormalization condition; MZ and sw are related to each other by Eq. (6.13), and
the masses mA and mH± have to respect Eq. (6.26). The tadpole counterterms δ(j)TG

are not appearing in Eq. (6.44), since they are already fixed by δ(j)TA via the linear
relation between TA and TG in Eq. (6.16d).

The parameter tβ = v2/v1 is renormalized since it originates from the vacuum ex-
pectation values of the Higgs fields. On the other hand, the mixing angles βn, βc
and also α, although related to tβ at lowest order, are not renormalized; they do not
absorb divergences. As a consequence of keeping the mixing angles at their tree-level
values, the self-energy counterterms can be evaluated in the basis of the lowest-order
mass eigenstates.

In addition to parameter renormalization, also renormalization of the Higgs fields
as described in Eqs. (5.3) is required in order to achieve finite self-energies for an
arbitrary external momentum.

In our choice, each doublet acquires one field-renormalization constant:

H1 → H1

√
ZH1 , ZH1= 1 +

k∑
j = 1

δ(j)ZH1 , (6.45a)

H2 → H2

√
ZH2 , ZH2= 1 +

k∑
j = 1

δ(j)ZH2 . (6.45b)
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6. Higgs bosons in the MSSM

Since the Higgs fields are transformed into mass eigenstates according to Eq. (6.10),
also the field-renormalization constants are transformed to the new basis. Using the
rotation matrices Dx :=

(
−sx cx
cx sx

)
yields

h
H

→ Dα

√ZH1 0
0

√
ZH2

D−1
α

h
H

 =: ZhH

h
H

 , (6.46a)

A
G

→ Dβn

√ZH1 0
0

√
ZH2

D−1
βn

A
G

 =: ZAG

A
G

 , (6.46b)

H±
G±

→ Dβc

√ZH1 0
0

√
ZH2

D−1
βc

H±
G±

 =: ZH±G±

H±
G±

 . (6.46c)

Thereby the new objects ZhH , ZAG and ZH±G± are introduced. They are field-
renormalization matrices for the Higgs fields in the basis of lowest-order mass eigen-
states, but depend on the original field-renormalization constants in Eq. (6.45).

An expansion of these (2× 2) matrices to loop order k defines the terms

ZhH = 1 +
k∑

j = 1
δ(j)ZhH , δ(j)ZhH = 1

2

δ(j)Zhh δ(j)ZhH

δ(j)ZHh δ(j)ZHH

 , (6.47a)

ZAG = 1 +
k∑

j = 1
δ(j)ZAG , δ(j)ZAG = 1

2

δ(j)ZAA δ(j)ZAG

δ(j)ZGA δ(j)ZGG

 , (6.47b)

ZH±G± = 1 +
k∑

j = 1
δ(j)ZH±G± , δ(j)ZH±G± = 1

2

δ(j)ZH±H± δ(j)ZH−G+

δ(j)ZG−H+ δ(j)ZG±G±

 . (6.47c)

It is noteworthy that no field-renormalization constant for the transition between
the tree-level CP -even and CP -odd states exist at all orders in perturbation theory,
which is an immediate consequence of CP -conservation at the tree level.

For the following general formulas of the tadpole counterterms in Eq. (6.40) and the
self-energy counterterms in Eqs. (6.43) some conventions are introduced:

δ(0)ZhH = 1 , δ(0)ZAG = 1 , δ(0)ZH±G± = 1 , (6.48a)

δ(0)MhHAG = M(0)
hHAG , δ(0)MH±G± = M(0)

H±G± , (6.48b)

δ(0)Ti = T
(0)
i , i ∈ {h, H, A, G} . (6.48c)
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6.6. Renormalization of the Higgs potential

The tadpole counterterms in Eq. (6.40) can be expressed as the sum of the ma-
trix products of the tadpole renormalization constants in Eq. (6.44) and the field-
renormalization constants in Eq. (6.47). At each loop order k the separate counter-
terms of various orders j1 and j2 are combined:

δ(k)TZ
h

δ(k)TZ
H

δ(k)TZ
A

δ(k)TZ
G

 =
k∑

j1, j2 = 0
j1 + j2 = k

δ(j1)ZhH 0
0 δ(j1)ZAG



δ(j2)Th

δ(j2)TH

δ(j2)TA

δ(j2)TG

 . (6.49)

Similarly, the mass counterterms in Eqs. (6.43) can be achieved from sums of matrix
products of the field and genuine mass counterterms. Again, the separate counter-
terms of various orders j1, j2 (and j3) are combined:

δ(k)MZ
hHAG =

k∑
j1, j2, j3 = 0

j1 + j2 + j3 = k

δ(j1)ZT
hH 0

0 δ(j1)ZT
AG

 δ(j2)MhHAG

δ(j3)ZhH 0
0 δ(j3)ZAG



−
k∑

j1, j2 = 0
j1 + j2 = k

δ(j1)ZT
hH 0

0 δ(j1)ZT
AG

(p21
)δ(j2)ZhH 0

0 δ(j2)ZAG

 ,
(6.50a)

δ(k)MZ
H±G± =

k∑
j1, j2, j3 = 0

j1 + j2 + j3 = k

δ(j1)ZT
H±G± δ

(j2)MH±G± δ
(j3)ZH±G±

−
k∑

j1, j2 = 0
j1 + j2 = k

δ(j1)ZT
H±G±

(
p21

)
δ(j2)ZH±G± .

(6.50b)

In this representation of the counterterms the momentum-dependent parts are sepa-
rated from the momentum-independent parts.

The matrices of the genuine j-loop mass counterterms are denoted as

δ(j)MhHAG =


δ(j)m2

h δ(j)m2
hH δ(j)m2

hA δ(j)m2
hG

δ(j)m2
hH δ(j)m2

H δ(j)m2
HA δ(j)m2

HG

δ(j)m2
hA δ(j)m2

HA δ(j)m2
A δ(j)m2

AG

δ(j)m2
hG δ(j)m2

HG δ(j)m2
AG δ(j)m2

G

 , (6.51a)

δ(j)MH±G± =
 δ(j)m2

H± δ(j)m2
H−G+

δ(j)m2
G−H+ δ(j)m2

G±

 . (6.51b)
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6. Higgs bosons in the MSSM

6.7. One-loop renormalization

To demonstrate renormalization and to introduce the notation for Chapter 7 the
counterterms are derived at the one-loop order in the following. Furthermore, at
higher orders the one-loop counterterms are necessary for the evaluation of the tadpole
and mass counterterms in Eq. (6.49) and Eq. (6.50), respectively.

6.7.1. Field renormalization

Expanding Eqs. (6.44) and Eqs. (6.47) to the order k = 1 and comparing the entries
in Eq. (6.46) yields

δ(1)Zhh =
(
s2
αδ

(1)ZH1 + c2
αδ

(1)ZH2

)
, (6.52a)

δ(1)ZHH =
(
c2
αδ

(1)ZH1 + s2
αδ

(1)ZH2

)
, (6.52b)

δ(1)ZhH = δ(1)ZHh = cαsα
(
δ(1)ZH2 − δ(1)ZH1

)
, (6.52c)

δ(1)ZAA =
(
s2
βnδ

(1)ZH1 + c2
βnδ

(1)ZH2

)
, (6.52d)

δ(1)ZGG =
(
c2
βnδ

(1)ZH1 + s2
βnδ

(1)ZH2

)
, (6.52e)

δ(1)ZAG = δ(1)ZGA = cβnsβn
(
δ(1)ZH2 − δ(1)ZH1

)
, (6.52f)

δ(1)ZH±H± =
(
s2
βcδ

(1)ZH1 + c2
βcδ

(1)ZH2

)
, (6.52g)

δ(1)ZG±G± =
(
c2
βcδ

(1)ZH1 + s2
βcδ

(1)ZH2

)
, (6.52h)

δ(1)ZH−G+ = δ(1)ZG−H+ = cβcsβc
(
δ(1)ZH2 − δ(1)ZH1

)
. (6.52i)

The two independent renormalization constants δ(1)ZH1 and δ(1)ZH2 have to be de-
termined. This is done by imposing DR conditions to avoid potentially large con-
tributions from the finite parts [Bri92; Fra+02; FS02]. Using Eq. (6.10), they can
be obtained from the self-energies in the basis of lowest-order interaction or mass
eigenstates:

δ(1)ZH1 = −<e
∂Σ(1)

φ1 (p2)
∂p2


div

= −<e

 ∂Σ(1)
H

∣∣∣
α = 0

(p2)
∂p2


div

, (6.53a)

δ(1)ZH2 = −<e
∂Σ(1)

φ2 (p2)
∂p2


div

= −<e

 ∂Σ(1)
h

∣∣∣
α = 0

(p2)
∂p2


div

. (6.53b)
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6.7. One-loop renormalization

6.7.2. Mass and tadpole renormalization

The tadpole counterterms of Eq. (6.49) at the one-loop order yield
δ(1)TZ

h

δ(1)TZ
H

δ(1)TZ
A

δ(1)TZ
G

 =
δ(1)ZhH 0

0 δ(1)ZAG



T

(0)
h

T
(0)
H

T
(0)
A

T
(0)
G

+


δ(1)Th

δ(1)TH

δ(1)TA

δ(1)TG

 . (6.54)

With the lowest-order tadpoles T (0)
i = 0, i ∈ {h, H, A, G} (cf. Eq. (6.20)) the explicit

form of Eq. (6.54) is given by

δ(1)TZ
i = δ(1)Ti , i ∈ {h, H, A, G} . (6.55)

The tadpole counterterms δ(1)Ti, i ∈ {h, H, A} are fixed by requiring the minimum
of the Higgs potential not to be shifted by the renormalized one-loop tadpoles,
i. e. Υ̂(1)

i = 0. Thus, Eq. (6.40) with j = 1, and Eq. (6.55) provide the tadpole
counterterms according to

0 != Υ̂(1)
i = Υ(1)

i + δ(1)TZ
i , δ(1)Ti = −Υ(1)

i , i ∈ {h, H, A} . (6.56)

The fourth tadpole counterterm δ(1)TG is fixed by δ(1)TA via the linear dependence
of TG on TA in Eq. (6.16d), i. e.

δ(1)TG = −δ(1)TA . (6.57)

The evaluation of the mass counterterms of Eqs. (6.50) for k = 1 leads to

δ(1)MZ
hHAG =

δ(1)ZT
hH 0

0 δ(1)ZT
AG

(M(0)
hHAG − p21

)

+
(
M(0)

hHAG − p21
)δ(1)ZhH 0

0 δ(1)ZAG


+ δ(1)MhHAG ,

(6.58a)

δ(1)MZ
H±G± = δ(1)ZT

H±G±

(
M(0)

H±G± − p
21
)

+
(
M(0)

H±G± − p
21
)
δ(1)ZH±G±

+ δ(1)MH±G± .
(6.58b)
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The usage of the lowest-order mass matrices which are listed in Eq. (6.22) results
in the following expressions for the components of δ(1)MZ

hHAG and δ(1)MZ
H±G± in

Eqs. (6.58) with the same notation as in Eq. (6.43):

δ(1)mZ
h =

(
m2
h − p2

)
δ(1)Zhh + δ(1)m2

h , (6.59a)

δ(1)mZ
H =

(
m2
H − p2

)
δ(1)ZHH + δ(1)m2

H , (6.59b)

δ(1)mZ
A =

(
m2
A − p2

)
δ(1)ZAA + δ(1)m2

A , (6.59c)

δ(1)mZ
G =

(
m2
G − p2

)
δ(1)ZGG + δ(1)m2

G , (6.59d)

δ(1)mZ
hH =

(
m2
h +m2

H

2 − p2
)
δ(1)ZhH + δ(1)m2

hH , (6.59e)

δ(1)mZ
hA = δ(1)m2

hA , (6.59f)

δ(1)mZ
hG = δ(1)m2

hG , (6.59g)

δ(1)mZ
HA = δ(1)m2

HA , (6.59h)

δ(1)mZ
HG = δ(1)m2

HG , (6.59i)

δ(1)mZ
AG =

(
m2
A +m2

G

2 − p2
)
δ(1)ZAG + δ(1)m2

AG , (6.59j)

δ(1)mZ
H± =

(
m2
H± − p2

)
δ(1)ZH±H± + δ(1)m2

H± , (6.59k)

δ(1)mZ
G± =

(
m2
G± − p2

)
δ(1)ZG±G± + δ(1)m2

G± , (6.59l)

δ(1)mZ
H−G+ =

(
m2
H±

+m2
G±

2 − p2
)
δ(1)ZH−G+ + δ(1)m2

H−G+ , (6.59m)

δ(1)mZ
G−H+ =

(
m2
G±

+m2
H±

2 − p2
)
δ(1)ZG−H+ + δ(1)m2

G−H+ . (6.59n)

Furthermore, depending on the chosen input parameter being mA or mH± , the
appropriate renormalization condition has to be imposed.

• If mA is chosen as an input parameter, then the on-shell condition for the
renormalized self-energy reads

<e
[
Σ̂(1)
A

(
p2
)]
p2 = m2

A

= 0 . (6.60)

Applying this relation to Eq. (6.41a) with j = 1, and using Eq. (6.59c) yields

δ(1)m2
A = <e

[
Σ(1)
A

(
m2
A

)]
. (6.61)

This option is not available in the case of CP -violation, since m2
A is not an

on-shell parameter anymore.
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6.7. One-loop renormalization

• On the other hand, if the charged Higgs-boson mass mH± is chosen as an input
parameter, the condition

<e
[
Σ̂(1)
H±

(
p2
)]
p2 = m2

H±
= 0 (6.62)

is imposed on Eq. (6.41b). With the additional result of Eq. (6.59k), the
renormalization constant δ(1)m2

H± is fixed by

δ(1)m2
H± = <e

[
Σ(1)
H±

(
m2
H±

)]
. (6.63)

For either choice the other counterterm is determined by Eq. (6.26) yielding

δ(1)m2
H± = δ(1)m2

A + δ(1)M2
W . (6.64)

The other genuine mass counterterms follow from applying the renormalization trans-
formations in Eq. (6.44) with k = 1 to the expressions in Eqs. (6.19). Having inserted
the lowest-order relations of Eq. (6.20) and Eqs. (6.22) they are given by

δ(1)m2
h = δ(1)m2

A c
2
α−β + δ(1)M2

Z s
2
α+β

+ e sα−β
2 swMW

[
δ(1)TH cα−β sα−β + δ(1)Th

(
1 + c2

α−β

)]
+ δ(1)tβ c

2
β

(
m2
A s2(α−β) +M2

Z s2(α+β)
)
,

(6.65a)

δ(1)m2
H = δ(1)m2

A s
2
α−β + δ(1)M2

Z c
2
α+β

− e cα−β
2 swMW

[
δ(1)TH

(
1 + s2

α−β

)
+ δ(1)Th sα−β cα−β

]
− δ(1)tβ c

2
β

(
m2
A s2(α−β) +M2

Z s2(α+β)
)
,

(6.65b)

δ(1)m2
G = e

2 swMW

(
−δ(1)TH cα−β + δ(1)Th sα−β

)
, (6.65c)

δ(1)m2
hH = 1

2
(
δ(1)m2

A s2(α−β) − δ(1)M2
Z s2(α+β)

)
+ e

2 swMW

[
δ(1)TH s

3
α−β − δ(1)Th c

3
α−β

]
− δ(1)tβ c

2
β

(
m2
A c2(α−β) +M2

Z c2(α+β)
)
,

(6.65d)

δ(1)m2
hA = e

2 swMW

δ(1)TA sα−β , (6.65e)

δ(1)m2
hG = e

2 swMW

δ(1)TA cα−β , (6.65f)

δ(1)m2
HA = −δ(1)m2

hG , (6.65g)

δ(1)m2
HG = δ(1)m2

hA , (6.65h)
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δ(1)m2
AG = e

2 swMW

[
−δ(1)TH sα−β − δ(1)Th cα−β

]
− δ(1)tβm

2
A c

2
β , (6.65i)

δ(1)m2
G± = e

2 swMW

[
−δ(1)TH cα−β + δ(1)Th sα−β

]
, (6.65j)

δ(1)m2
H−G+ = − e

2 swMW

[
δ(1)TH sα−β + δ(1)Th cα−β + ı̇ı δ(1)TA

]
− δ(1)tβm

2
H± c

2
β ,

(6.65k)

δ(1)m2
G−H+ =

(
δ(1)m2

H−G+

)∗
. (6.65l)

As can be seen, renormalization of e is not necessary for the one-loop Higgs-mass
counterterms. This is due to the fact that δ(1)e would only appear as a factor of a
tree-level tadpole which are however equal to zero.

The W -boson mass is an input parameter for Eq. (6.64) and has to be renormalized.
Together with the renormalization constant for the Z-boson mass it is fixed by the
on-shell conditions

0 != <e
[
Σ̂(1)
WW

(
p2
)]
p2 = M2

W

,

= <e
[
Σ(1)
WW

(
p2
)

+
(
p2 −M2

W

)
δ(1)ZWW − δ(1)M2

W

]
p2 = M2

W

,
(6.66a)

0 != <e
[
Σ̂(1)
ZZ

(
p2
)]
p2 = M2

W

,

= <e
[
Σ(1)
ZZ

(
p2
)

+
(
p2 −M2

Z

)
δ(1)ZZZ − δ(1)M2

Z

]
p2 = M2

Z

,
(6.66b)

leading to

δ(1)M2
W = <e

[
Σ(1)
WW

(
M2

W

)]
, (6.67a)

δ(1)M2
Z = <e

[
Σ(1)
ZZ

(
M2

Z

)]
, (6.67b)

with the one-loop self-energy diagrams Σ(1)
WW and Σ(1)

ZZ for theW and Z boson respec-
tively. In this scheme δ(1)sw is a dependent quantity which is fixed by Eqs. (6.13),
i. e.

δ(1)sw = c2
w

2 sw

(
δ(1)M2

Z

M2
Z

− δ(1)M2
W

M2
W

)
. (6.68)

6.7.3. Renormalization of tan(β)

The last remaining renormalization constant is δ(1)tβ. It originates from the renor-
malization of Eq. (6.15) where the property of the vacuum expectation values of
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6.7. One-loop renormalization

acting like fields as well as parameters is respected, i. e.

vi →
√
ZHi

(
vi + δ(1)vi

)
= vi + δ(1)vi + 1

2 vi δ
(1)ZHi , i ∈ {1, 2} , (6.69a)

δ(1)
(
v2

v1

)
= v2

v1

[
δ(1)v2

v2
− δ(1)v1

v1
+ 1

2
(
δ(1)ZH2 − δ(1)ZH1

)]
. (6.69b)

Conveniently δ(1)tβ is fixed in the DR scheme which has emerged as the best choice in
Ref. [FS02]; different process-dependent renormalization schemes have been applied
in Ref. [BBS08]. With the additional observation [CPR92; Dab95] of

δ(1)v1

v1

∣∣∣∣∣
div

= δ(1)v2

v2

∣∣∣∣∣
div
, (6.70a)

it follows that

δ(1)tβ = δ(1)
(
v2

v1

)∣∣∣∣
div

= 1
2 tβ

(
δ(1)ZH2 − δ(1)ZH1

)
. (6.70b)

Thereby Eq. (6.70a) follows fromH1 andH2 having the same SU(2)L and U(1)Y quan-
tum numbers, up to a sign. The field-renormalization constants have already been
determined in Eqs. (6.53) by DR conditions.

The divergence in Eq. (6.70b) is related to the beta function for tβ at the one-loop
order:

δ(1)tβ
tβ

= β(1)(tβ)
2 tβ

1
ε

= − 1
2 (4π)2

1
ε

[
Nc Tr

(
huh†u

)
−Nc Tr

(
hdh†d

)
− Tr

(
heh†e

)]
,

(6.71)

which solely depends on the Yukawa-coupling matrices hu, hd and he that are intro-
duced in Eq. (3.5). The constant Nc = 3 denotes the number of colors. For a detailed
study on the evaluation of the beta function of tβ refer to [SSV13]. Some general
remarks on the origin of the beta function of tβ and its relation to renormalization
of tβ are given at the end of this chapter.

Having set up full one-loop renormalization of the linear and bilinear terms in the
Higgs potential leaves the evaluation of all necessary self-energy and tadpole Feynman
diagrams, which can be expressed by the standard scalar one-loop functions as defined
in Chapter 4. Latest results of the full one-loop calculation have been presented in
Ref. [Fra+07].
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6.8. Two-loop renormalization

As the formal basis for the concrete two-loop calculation in Chapter 7 the results
for two-loop renormalization of the Higgs tadpoles and masses are presented in this
section.

6.8.1. Field renormalization

The field-renormalization transformation introduced by Eqs. (6.45) has to be ex-
panded to the second order, leading to

Hi → Hi

√
ZHi = Hi

√
1 + δ(1)ZHi + δ(2)ZHi

= Hi

(
1 + 1

2δ
(1)ZHi + 1

2∆(2)ZHi

)
,

(6.72a)

with the abbreviation

∆(2)ZHi := δ(2)ZHi −
1
4
(
δ(1)ZHi

)2
. (6.72b)

The full two-loop content of
√
ZHi is contained in ∆(2)ZHi , i ∈ {1, 2}.

According to Eqs. (6.46) the two-loop field-renormalization constants in the basis of
lowest-order mass eigenstates are given by

δ(2)Zhh =
(
s2
α ∆(2)ZH1 + c2

α ∆(2)ZH2

)
, (6.73a)

δ(2)ZHH =
(
c2
α ∆(2)ZH1 + s2

α ∆(2)ZH2

)
, (6.73b)

δ(2)ZhH = δ(2)ZHh = cα sα
(
∆(2)ZH2 −∆(2)ZH1

)
, (6.73c)

δ(2)ZAA =
(
s2
βn ∆(2)ZH1 + c2

βn ∆(2)ZH2

)
, (6.73d)

δ(2)ZGG =
(
c2
βn ∆(2)ZH1 + s2

βn ∆(2)ZH2

)
, (6.73e)

δ(2)ZAG = δ(2)ZGA = cβn sβn
(
∆(2)ZH2 −∆(2)ZH1

)
, (6.73f)

δ(2)ZH±H± =
(
s2
βc ∆(2)ZH1 + c2

βc ∆(2)ZH2

)
, (6.73g)

δ(2)ZG±G± =
(
c2
βc ∆(2)ZH1 + s2

βc ∆(2)ZH2

)
, (6.73h)

δ(2)ZH±G± = δ(2)ZG±H± = cβc sβc
(
∆(2)ZH2 −∆(2)ZH1

)
. (6.73i)
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6.8. Two-loop renormalization

Two independent renormalization conditions are required for δ(2)ZHi . In analogy to
Eqs. (6.53), they are determined by the DR conditions

δ(2)ZH1 = −<e

 ∂Σ(2)
H

∣∣∣
α = 0

(p2)
∂p2


div

, (6.74a)

δ(2)ZH2 = −<e

 ∂Σ(2)
h

∣∣∣
α = 0

(p2)
∂p2


div

. (6.74b)

6.8.2. Mass and tadpole renormalization

For k = 2 the tadpole counterterms in Eqs. (6.49) amount to
δ(2)TZ

h

δ(2)TZ
H

δ(2)TZ
A

δ(2)TZ
G

 =
δ(2)ZhH 0

0 δ(2)ZAG



T

(0)
h

T
(0)
H

T
(0)
A

T
(0)
G

+
δ(1)ZhH 0

0 δ(1)ZAG



δ(1)Th

δ(1)TH

δ(1)TA

δ(1)TG



+


δ(2)Th

δ(2)TH

δ(2)TA

δ(2)TG

 .
(6.75)

The evaluation of the mass counterterms in Eqs. (6.50) for k = 2 yields

δ(2)MZ
hHAG =

δ(2)ZT
hH 0

0 δ(2)ZT
AG

(M(0)
hHAG − p21

)

+
(
M(0)

hHAG − p21
)δ(2)ZhH 0

0 δ(2)ZAG


+
δ(1)ZT

hH 0
0 δ(1)ZT

AG

 δ(1)MhHAG + δ(1)MhHAG

δ(1)ZhH 0
0 δ(1)ZAG


+
δ(1)ZT

hH 0
0 δ(1)ZT

AG

(M(0)
hHAG − p21

)δ(1)ZhH 0
0 δ(1)ZAG


+ δ(2)MhHAG ,

(6.76a)
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δ(2)MZ
H±G± = δ(2)ZT

H±G±

(
M(0)

H±G± − p
21
)

+
(
M(0)

H±G± − p
21
)
δ(2)ZH±G±

+ δ(1)ZT
H±G±δ

(1)MH±G± + δ(1)MH±G±δ
(1)ZH±G±

+ δ(1)ZT
H±G±

(
M(0)

H±G± − p
21
)
δ(1)ZH±G± + δ(2)MH±G± ,

(6.76b)

By expanding the matrix products and applying the lowest-order and symmetry
relations the expressions for each component can be achieved; the explicit results are
listed in Appendix C.

Besides the genuine two-loop mass and tadpole counterterms, the results of Eqs. (6.76)
contain also products of the genuine one-loop mass and tadpole counterterms with
one-loop field-renormalization constants; in addition, products of different field-re-
normalization constants occur, too. Again, the explicit expressions of the genuine
two-loop mass counterterms are recorded in Appendix C.

The independent renormalization constants can be fixed in the same way as at the
one-loop order, i. e.

• the tadpoles do not shift the minimum of the Higgs potential:

δ(2)TZ
i = −Υ(2)

i , i ∈ {h,H,A} ; (6.77)

• the gauge-boson masses are renormalized on-shell:

δ(2)M2
W = <e

[
Σ(2)
WW

(
M2

W

)]
, (6.78a)

δ(2)M2
Z = <e

[
Σ(2)
ZZ

(
M2

Z

)]
; (6.78b)

• and either the A-boson mass or the H±-boson mass is on-shell, depending on
the chosen input parameter mA or mH± :

δ(2)m2
A = <e

[
Σ(2)
A

(
m2
A

)]
, (6.79a)

δ(2)m2
H± = <e

[
Σ(2)
H±

(
m2
H±

)]
. (6.79b)

Again, mA cannot be chosen as an input parameter in the case of CP -violation.
The mass counterterms are correlated via

δ(2)m2
H± = δ(2)m2

A + δ(2)M2
W . (6.80)
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6.8. Two-loop renormalization

At the two-loop level also δ(1)e is appearing for the first time. It occurs always in
combination with δ(1)sw and δ(1)MW as can be seen in the explicit expressions in
Appendix C.2.

The relation

δ(1)e

e
= −1

2

(
δ(1)ZAA −

sw
cw
δ(1)ZZA

)
(6.81a)

determines δ(1)e by the field-renormalization constants of the photon,

δ(1)ZAA = −<e
∂Σ(1)

AA(p2)
∂p2


p2 = 0

, (6.81b)

and photon–Z mixing,

δ(1)ZZA = −<e
2Σ(1)

ZA(0)
M2

Z

 , (6.81c)

as in the Standard Model [Den93].

6.8.3. Renormalization of tan(β)

Renormalization of tβ at the two-loop order is more involved. Applying the renor-
malization transformation

vi → vi + δ(1)vi + 1
2viδ

(1)ZHi + δ(2)vi + 1
2vi

[
δ(2)ZHi −

1
4
(
δ(1)ZHi

)2
]
, i ∈ {1, 2} ,

(6.82)

at Eq. (6.15) renders the two-loop part

δ(2)
(
v2

v1

)
= v2

v1

δ(2)v2

v2
− δ(2)v1

v1
+ 1

2
(
δ(2)ZH2 − δ(2)ZH1

)

+
(
δ(1)v2

v2
− δ(1)v1

v1

)(
−δ

(1)v1

v1
+ 1

2
(
δ(1)ZH2 − δ(1)ZH1

))

− 1
2
(
δ(1)ZH2 − δ(1)ZH1

) (1
4
(
δ(1)ZH2 − δ(1)ZH1

)
+ δ(1)ZH1

) .
(6.83)
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Again, δ(2)tβ is defined in the DR scheme. The renormalization condition

δ(1)v1

v1
= δ(1)v2

v2
(6.84)

is an extension of Eq. (6.70a) and simplifies Eq. (6.83). Furthermore, the one-
loop relation for renormalization of tβ in the DR scheme in Eq. (6.70b) is utilized,
yielding

δ(2)tβ = δ(2)
(
v2

v1

)∣∣∣∣
div

= tβ

 (δ(2)v2

v2
− δ(2)v1

v1

)∣∣∣∣∣
div

+ 1
2
(
δ(2)ZH2 − δ(2)ZH1

)

− 1
2

(
δ(1)tβ
tβ

)2

− δ(1)tβ
tβ

δ(1)ZH1

 .
(6.85)

Thereby the field-renormalization constants are fixed by Eqs. (6.74).

The divergent part of the combination
(
δ(2)v2

/
v2 − δ(2)v1

/
v1
)
is in general not equal

to zero and even gauge-dependent as can be seen in the following result of the two-loop
beta function of tβ.

In addition to the one-loop beta function of tβ given in Eq. (6.71) the correspond-
ing two-loop function is necessary to determine δ(2)tβ. Its full form is taken from
Ref. [SSV14]:

β(2)(tβ)
tβ

= 1
(4π)4

{
−
(

4
15

5
3g

2
Y + 16

3 g
2
s

)
Nc Tr

(
huh†u

)
+
(
− 2

15
5
3g

2
Y + 16

3 g
2
s

)
Nc Tr

(
hdh†d

)
+ 6

5
5
3g

2
Y Tr

(
heh†e

)}
+ 3

(4π)4

[
Nc Tr

(
huh†uhuh†u

)
−Nc Tr

(
hdh†dhdh

†
d

)
− Tr

(
heh†eheh†e

)]
+ 1

(4π)2 ξ ξ
′
(

3
10

5
3g

2
Y + 3

2g
2
w

) β(1)(tβ)
tβ

,

(6.86)

wherein ξ ≡ ξi and ξ′ ≡ ξ′i, i ∈ {A, Z, W} are universal gauge-fixing parameters of
an Rξ gauge function (cf. Section 6.4.2) and gs is the strong gauge coupling.

The last term on the right-hand side of Eq. (6.86) is gauge-dependent. It purely
originates from parameter renormalization of the vacuum expectation values vi. All
other terms on the right-hand side of Eq. (6.86) are induced by the anomalous
dimensions of H1 and H2.
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6.8. Two-loop renormalization

The connection between the beta functions (i. e. the running) and the renormalization
constants for tβ can be derived as follows:

• the beta function of tβ at kth order (cf. Section 5.4) is defined by the relation

β(k)(tβ)
tβ

= γ
(k)
2 − γ

(k)
1 + γ̂

(k)
2 − γ̂

(k)
1 (6.87)

where a similar notation as in Ref. [SSV13] is used, i. e. γ(k)
2 and γ

(k)
1 are the

anomalous dimensions of H2 and H1 at kth order (cf. Section 5.4), and γ̂
(k)
2

and γ̂(k)
1 are the analogous quantities for parameter renormalization of v2 and v1.

• the beta function of a given order k is directly related to the coefficient of
the 1

ε
pole of δ(k)tβ,

• the higher-order poles in ε for each δ(k)tβ can be achieved by products of lower-
order γs and γ̂s (e. g. Ref. [Spe13]).

In Ref. [Spe13] the following equations can be found (here specified for the field-
renormalization constants of the Higgs doublets in the MSSM):8

δ(1)ZHi = γ
(1)
i

1
ε
, (6.88a)

δ(2)ZHi = 1
2 γ

(2)
i

1
ε

+ 1
4
∑
gj

β(1)(gj) ∂gj γ
(1)
i

1
ε2

+ 1
2

(
γ

(1)
i

1
ε

)2
. (6.88b)

The second term on the right-hand side of Eq. (6.88b) sums all contributions by the
beta functions of the gauge couplings and other running couplings gj inside of γ(1)

i .

8Different conventions for the definition of δ(2)ZHi are used in Ref. [Spe13] and in this thesis.
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7. Two-loop top-Yukawa-coupling
corrections

Following the general discussions of the mass shifts for the Higgs bosons at higher
orders in Section 6.5, the focus is set on the irreducibleO(α2

t ) terms for the neutral and
charged physical Higgs bosons now. Thereby mixings of all neutral, physical tree-level
mass eigenstates h, H and A are in general possible as can be seen in Eqs. (6.36);
consequently all contributing self-energies to Σ(2)

hHA, including transitions, must be
evaluated. The self-energy matrix Σ(2)

hHA denotes the upper left submatrix with rank
three of Σ(2)

hHAG defined in Eq. (6.42a). Mixing with the Goldstone boson G yields sub-
leading two-loop contributions; also G–Z mixing occurs in principle, which is related
to the other mixings of the Goldstone boson by Slavnov–Taylor identities [BBS08;
WRW11] and of subleading type as well [Hol+02]. However, A–G mixing has to be
taken into account in intermediate steps for consistent renormalization. Analogously,
only the upper left entry of the charged Higgs-boson mass matrix Σ(2)

H±G± given
in Eq. (6.42b) is considered and mixings with the charged Goldstone bosons are
neglected. The H±–G± mixing only enters in the renormalization procedure.

7.1. Outline of the calculation

The considered class of two-loop Feynman diagrams is created with the help of the
Mathematica package FeynArts [Hah01] using the model file of Ref. [Fri+13] and an
additional add-on model file to introduce unique symbols for the Goldstone-boson
masses (cf. Section 7.2); Fig. 7.1 shows all contributing diagrams. As can be seen
each diagram contains top particles t and/or stop/sbottom particles t̃1, t̃2, b̃L which
are connected to the external Higgs bosons. In addition bottoms b, charginos χ̃±,
neutralinos χ̃0 and all Higgs and unphysical Goldstone bosons appear in internal
lines.
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Figure 7.1.: Full list of two-loop self-energy diagrams for the neutral Higgs
bosons. The crosses denote one-loop counterterm insertions.
Φi = h, H, A; Φ0 = h, H, A, G; Φ− = H−, G−.

Those two-loop diagrams which are composed of an one-loop diagram and a counter-
term insertion are part of Σ(2)

hHAG; they are referred to as subrenormalization dia-
grams. The genuine two-loop counterterms and required renormalization constants
are presented in detail in Section 7.4. The couplings and one-loop counterterms
for each interaction vertex are depicted in Section 7.7 with their corresponding
analytical expressions. Thereby some approximations are used; they are explained
in Section 7.2. Since these simplifications also affect the MSSM sectors of the other
internally appearing particles mentioned above, they are revisited in Section 7.5 and
Section 7.6.

For the reduction of the subrenormalization diagrams and the one-loop renormali-
zation constants to the set of one-loop functions presented in Appendix B.1 the
Mathematica package FormCalc [HP99] is used. The appearing two-loop diagrams
are reduced to the scalar integrals which are displayed in Appendix B.2 with the help
of the Mathematica package TwoCalc [WSB94a]. The subsequent evaluation of all
loop functions is done completely analytically, with the help of Mathematica. All
Feynman diagrams are created with the help of FeynEdit [HL08].
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7.2. Approximations

The dominant parts of the O(α2
t ) contributions are enhanced by an additional fac-

tor m2
t . Thus, the following approximations are applied to their evaluation:9

• The external momentum is set to zero, i. e. the two-loop self-energies in Σ(2)
hHAG

are calculated at p2 = 0. Furthermore also the counterterms δ(2)MZ
hHAG which

are introduced in Eq. (6.41a) are calculated at p2 = 0. As an immediate conse-
quence all appearing two-loop integrals are independent of p2 leading to vacuum
diagrams that are known analytically (cf. Section 4.2); all two-loop integrals
can be reduced to T134 or factorized into a product of two one-loop integrals.

• The gauge-less limit is applied. It is an approximation where pure gauge
couplings are neglected, i. e. gY = 0, gw = 0. Furthermore, the strong gauge
coupling is neglected, gs = 0. Within this scenario, gauge bosons do not receive
any mass terms, i. e. MW = 0 and MZ = 0. However the weak mixing angle θw
which appears in sw and cw keeps its original tree-level value. Caution has to
be taken when applying this limit to the used FeynArts model file since all cou-
plings, especially the Yukawa couplings, are expressed in terms of e, sw, cw, MW

and MZ (gs is the only coupling that occurs directly).

• The bottom-quark mass mb is set to zero. Thus, the O(αtαb) and O(α2
b) con-

tributions are neglected and the O(α2
t ) contributions build a supersymmetric

and gauge-invariant class of two-loop corrections to the Higgs-boson masses.

The implementation of the vanishing external momentum can be easily introduced
after the evaluation of amplitudes for the Feynman diagrams. As mentioned before
difficulties in assembling the gauge-less limit arise from the parametrization of the
gauge and Yukawa couplings in terms of the same quantities. To avoid this problem at
firstMZ is expressed as MW/cw . Then the routine stated in Tab. 7.1 is applied at each
coupling in the amplitudes created by FeynArts. Therein simprules contains the
simplifications of the MSSM sectors that are explained in Section 7.5 and Section 7.6.
The variable yt = MT/MW ≡ mt/MW is related to the top-Yukawa coupling ht. Suc-
cessively negative powers of MW ≡ MW are parametrized by yt: t1 contains the part
that is proportional toM−2

W , t2 adds the term of the orderM−1
W , and t3 further keeps

track of the M0
W contribution. At each step higher powers of MW are set to zero,

effectively eliminating all gauge contributions.
9These approximations were also used for the evaluation of the O(αtαs) contributions [Hei+07].
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7. Two-loop top-Yukawa-coupling corrections

However another caveat has to be taken care of: in the model file of Ref. [Fri+13] the
tree-level Goldstone-boson masses are explicitly set to mG = MZ and mG± = MW ,
thus, the routine above would obliterate them. To have the possibility of identifying
their contributions during the whole calculation they need to acquire unique symbols
for their masses. This is achieved by the FeynArts add-on model file given in Tab. 7.2
that introduces the tree-level mass parameters MG0 ≡ mG and MGp ≡ mG± .

Table 7.1.: The used function to elimininate all gauge couplings.

nogaugecoupling[term_] :=
Block[{t1, t2, t3, simprules},

t1 = yt^2 (Collect[term*MW^2/MT^2, MW, Simplify] /. MW -> 0);
t2 = t1 + yt (Collect[(term - t1 /. yt -> MT/MW)*MW/MT,

MW, Simplify] /. MW -> 0);
t3 = t2 + Simplify[term - t2 /. yt -> MT/MW] /. MW -> 0;
Simplify[t3 /. GS -> 0 /. MB -> 0 /. simprules]

];

Table 7.2.: The add-on model file for FeynArts to handle Goldstone-boson
masses.

newMass[{field_, mass_}] :=
(field == def_) :>

(field == def /. (Mass -> _) -> (Mass -> mass));
M$ClassesDescription =

M$ClassesDescription /.
Map[newMass, {{S[4], MG0}, {S[6], MGp}}];

7.3. Simplified lowest-order relations

Due to the applied approximations as described in Section 7.2 the lowest-order
relations of the Higgs-boson sector which are derived in Section 6.4 are modified;
this comes solely by neglecting all gauge contributions.

Hence, Eq. (6.26) and Eq. (6.28) are simplified to

m2
h = 0 , m2

H = m2
A , m2

H± = m2
A . (7.1)
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Furthermore, also the masses of the unphysical Goldstone bosons that are originating
from gauge-fixing terms (cf. Section 6.4.2) are zero in the gauge-less limit:

m2
G = 0 , m2

G± = 0 . (7.2)

The lowest-order relations between the mixing angles βc and βn with the ratio of the
vacuum expectation values tβ as derived in Eqs. (6.23) are still valid:

βc = βn = β. (7.3)

For the third parameter α Eqs. (6.30) now yield

s2α = −s2β , c2α = −c2β , t2α = t2β , (7.4)

which can be summarized easier in the equation α = β − π/2.

Thus for the evaluation of the O(α2
t ) contributions with complex parameters the

occuring lowest-order values for the masses of h, G and G± are set to zero, the masses
of H, A and H± are set equal to each other and the mixing angle α is substituted
by β.

7.4. Renormalization

In this section the effects of the approximations which are introduced in Section 7.2
on two-loop renormalization of the Higgs potential of the O(α2

t ) calculation are
discussed.

The tadpoles as defined by Eq. (6.34) for k = 2 yield

T
(2)
i = T

(0)
i + Υ̂(1)

i + Υ̂(2)
i , T

(0)
i = 0 , i ∈ {h, H, A} . (7.5)

The tadpole T
(2)
G of the unphysical Goldstone boson G is not necessary for the

calculation of the physical Higgs-boson masses at the two-loop level.

The explicit forms of Eqs. (6.36) are given by

M(2)
hHAG

(
p2
)

= M(0)
hHAG − Σ̂(1)

hHAG

(
p2
)
− Σ̂(2)

hHAG(0) , (7.6a)

M(2)
H±G±

(
p2
)

= M(0)
H±G± − Σ̂(1)

H±G±

(
p2
)
− Σ̂(2)

H±G±(0) . (7.6b)
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7. Two-loop top-Yukawa-coupling corrections

Therein, the dependence on the external momentum is neglected at the two-loop
order, i. e. the computed O(α2

t ) contributions shift the entries of the matrices by a
constant value. However, it is stressed that the momentum-dependent parts of the
one-loop corrections remain; thus, the masses of the Higgs bosons at higher orders
have to be computed with Eq. (6.35a) and Eq. (6.35b), respectively.

7.4.1. Counterterms

The counterterms for the tadpoles and self-energies which are introduced by Eq. (6.40)
and Eqs. (6.41), respectively, are displayed for the two-loop case in matrix notation in
Eqs. (6.76) and explicitly in Appendix C. In the following, the formulas are expressed
within the present approximations and choosing mH± as an input quantity, providing
a common mass for the heavy Higgs bosons.

The tadpole counterterms are given by

δ(2)TZ
h = 1

2

(
δ(1)Zhh δ

(1)Th + δ(1)ZhH δ
(1)TH

)
+ δ(2)Th , (7.7a)

δ(2)TZ
H = 1

2

(
δ(1)ZHH δ

(1)TH + δ(1)ZhH δ
(1)Th

)
+ δ(2)TH , (7.7b)

δ(2)TZ
A = 1

2

(
δ(1)ZAA δ

(1)TA + δ(1)ZAG δ
(1)TG

)
+ δ(2)TA . (7.7c)

The results for the required self-energy counterterms are

δ(2)mZ
h = 1

4 m
2
H±

(
δ(1)ZhH

)2
+ δ(1)Zhh δ

(1)m2
h + δ(1)ZhH δ

(1)m2
hH + δ(2)m2

h , (7.8a)

δ(2)mZ
H = m2

H±

[
δ(2)ZHH + 1

4

(
δ(1)ZHH

)2
]

+ δ(1)ZHH δ
(1)m2

H + δ(1)ZhH δ
(1)m2

hH + δ(2)m2
H ,

(7.8b)

δ(2)mZ
A = m2

H±

[
δ(2)ZAA + 1

4

(
δ(1)ZAA

)2
]

+ δ(1)ZAA δ
(1)m2

A + δ(1)ZAG δ
(1)m2

AG + δ(2)m2
A ,

(7.8c)

δ(2)mZ
hH = 1

2

[(
δ(1)Zhh + δ(1)ZHH

)
δ(1)m2

hH + δ(1)ZhH
(
δ(1)m2

h + δ(1)m2
H

)]
+ 1

4 m
2
H± δ

(1)ZHH δ
(1)ZhH + m2

H±
2 δ(2)ZhH + δ(2)m2

hH ,
(7.8d)

δ(2)mZ
hA = 1

2

[ (
δ(1)Zhh + δ(1)ZAA

)
δ(1)m2

hA

+ δ(1)ZhH δ
(1)m2

HA + δ(1)ZAG δ
(1)m2

hG

]
+ δ(2)m2

hA ,
(7.8e)
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δ(2)mZ
HA = 1

2

[ (
δ(1)ZHH + δ(1)ZAA

)
δ(1)m2

HA

+ δ(1)ZhH δ
(1)m2

hA + δ(1)ZAG δ
(1)m2

HG

]
+ δ(2)m2

HA ,
(7.8f)

δ(2)mZ
H± = m2

H±

[
δ(2)ZH±H± + 1

4

(
δ(1)ZH±H±

)2
]

+ δ(1)ZH±H± δ
(1)m2

H±

+ 1
2 δ

(1)ZH−G+

(
δ(1)m2

H−G+ + δ(1)m2
G−H+

)
+ δ(2)m2

H± .
(7.8g)

Therein the field-renormalization constants are those from Eqs. (6.52) and Eqs. (6.73)
for the one-loop and two-loop case, respectively. Furthermore, genuine two-loop mass
counterterms appear: for the general case they are listed in Appendix C. Applying the
approximations of Section 7.2 and their consequences on the lowest-order relations
as shown in Section 7.3 yields the expressions

δ(2)m2
h = m2

H± c
4
β

(
δ(1)tβ

)2
− e

2MW sw
c2
β δ

(1)tβ δ
(1)TH

− e

2MW sw

[
δ(2)Th + δ(1)Th δ

(1)Zw
]
,

(7.9a)

δ(2)m2
H = δ(2)m2

H± , (7.9b)

δ(2)m2
A = δ(2)m2

H± , (7.9c)

δ(2)m2
hH = m2

H± c
2
β δ

(2)tβ + c2
β δ

(1)m2
H± δ

(1)tβ −m2
H± c

3
β sβ

(
δ(1)tβ

)2

− e

2MW sw

[
δ(2)TH + δ(1)TH δ

(1)Zw
]
,

(7.9d)

δ(2)m2
hA = − e

2MW sw

[
δ(2)TA + δ(1)TA δ

(1)Zw
]
, (7.9e)

δ(2)m2
HA = 0 , (7.9f)

δ(1)Zw = δ(1)e

e
− δ(1)MW

MW

− δ(1)sw
sw

. (7.9g)

The use of δ(1)Zw underlines that δ(1)e, δ(1)MW and δ(1)sw are always occuring to-
gether in this combination. However in the gauge-less limit δ(1)e is equal to zero.

In Eqs. (7.8) also several genuine one-loop mass counterterms are needed and applying
the simplifications to the general expressions in Eqs. (6.65) yields

δ(1)m2
h = − e

2 swMW

δ(1)Th , (7.10a)

δ(1)m2
H = δ(1)m2

H± , (7.10b)

δ(1)m2
A = δ(1)m2

H± , (7.10c)

δ(1)m2
hH = − e

2 swMW

δ(1)TH +m2
H± c

2
β δ

(1)tβ , (7.10d)
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δ(1)m2
hA = − e

2 swMW

δ(1)TA , (7.10e)

δ(1)m2
hG = 0 , (7.10f)

δ(1)m2
HA = 0 , (7.10g)

δ(1)m2
HG = δ(1)m2

hA , (7.10h)

δ(1)m2
H−G+ = e

2 swMW

[
δ(1)TH − ı̇ı δ(1)TA

]
−m2

H± c
2
β δ

(1)tβ , (7.10i)

δ(1)m2
G−H+ =

(
δ(1)m2

H−G+

)∗
. (7.10j)

7.4.2. Renormalization conditions

The independent renormalization constants are fixed similarly as described in Sec-
tion 6.7 and Section 6.8. Differences are emphasized in the following while redundant
conditions are written again for completeness but in short form:

• The tadpole renormalization constants δ(k)Ti, k ∈ {1, 2} are fixed by requiring
the minimum of the Higgs potential not shifted, i. e.10

Υ(1)
i + δ(1)Ti = 0 , Υ(2)

i + δ(2)TZ
i = 0 , i ∈ {h, H, A} . (7.11)

The δ(2)TZ
i are listed in Eqs. (7.7). The two-loop diagrams contributing to Υ(2)

i

are displayed in Fig. 7.2 and written down in Appendix D.3 and Appendix D.5.
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Figure 7.2.: Full list of two-loop tadpole diagrams contributing to Υ(2)
i . The

crosses denote one-loop counterterm insertions. Φi = h, H, A;
Φ0 = h, H, A, G; Φ− = H−, G−.

10The counterterms δ(k)TG are not independent and do not need separate renormalization condi-
tions
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• (i) The charged Higgs-boson massmH± is the only independent mass parame-
ter of the Higgs sector with complex parameters and thus used as an input
quantity.

Accordingly, the corresponding mass counterterms are fixed by indepen-
dent renormalization conditions, chosen as on-shell conditions, which in
the p2 = 0 approximation are given by

<e
[
Σ̂(k)
H±(0)

]
= 0 ⇒ δ(k)mZ

H± = <e
[
Σ(k)
H±(0)

]
, k ∈ {1, 2} . (7.12)

Imposing this conditions on the general one-loop result in Eq. (6.59k) and
the two-loop result in Eq. (7.8g) yields

δ(1)m2
H± = <e

[
Σ(1)
H±(0)

]
−m2

H±δ
(1)ZH±H± , (7.13a)

δ(2)m2
H± = <e

[
Σ(2)
H±(0)

]
−m2

H±

[
δ(2)ZH±H± + 1

4

(
δ(1)ZH±H±

)2
]

− 1
2δ

(1)ZH−G+

(
δ(1)m2

H−G+ + δ(1)m2
G−H+

)
− δ(1)ZH±H± δ

(1)m2
H± .

(7.13b)

The other required one-loop counterterms are given in Eqs. (7.10) and the
field-renormalization constants are listed in Eqs. (6.52).

The analytical result for the O(α2
t ) contributions to the charged Higgs-

boson self-energy can be found in Appendix D.2 and Appendix D.4. The
contributing Feynman diagrams to the two-loop self-energy are depicted
in Fig. 7.3.

(ii) For the comparison of the O(α2
t ) corrections with the existing result for

real parameters the charged Higgs-boson mass is replaced by the A-boson
mass as the independent mass parameter of the Higgs sector and thus
taken as input quantity.

Hence, the mass counterterms are fixed by independent renormalization
conditions, chosen as on-shell conditions. In the p2 = 0 approximation
they yield

<e
[
Σ̂(k)
A (0)

]
= 0 ⇒ δ(k)mZ

A = <e
[
Σ(k)
A (0)

]
, k ∈ {1, 2} . (7.14)
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The corresponding counterterms for the A-boson self-energies are given
by Eq. (7.8c) at the two-loop level and by Eq. (6.59c) with p2 = 0 at
the one-loop level. The genuine mass counterterms therein arise from the
renormalization conditions of Eqs. (7.14) for the one-loop and two-loop
cases, respectively:

δ(1)m2
A = <e

[
Σ(1)
A (0)

]
−m2

Aδ
(1)ZAA , (7.15a)

δ(2)mA = <e
[
Σ(2)
A (0)

]
−m2

A

[
δ(2)ZAA + 1

4

(
δ(1)ZAA

)2
]

− δ(1)ZAAδ
(1)m2

A − δ(1)ZAGδ
(1)m2

AG .
(7.15b)

H− H−Φ0

t t

b b
H− H−Φ0

t̃k t̃l

b̃1 b̃1

H− H−χ̃0
r

t t̃k

b b̃1

H− H−χ̃0
r

t̃k t

b̃1 b
H− H−

t̃k, b̃1

Φ0,Φ−

t̃l

b̃1

H− H−

t̃k

Φ−

b̃1

t̃l

H− H−

t̃k t̃l, b̃1

b̃1

Φ0,Φ−
H− H−

b̃1 t̃k

t̃l

Φ−

H−H−

t̃m

t̃l, b̃1

t̃k

Φ0,Φ−

H−H−
b̃1

t̃k

b̃1

Φ−

H−H−

t̃l

t, b

t̃k

χ̃0
r , χ̃

−
2

H−H−
b̃1

t

b̃1

χ̃−
2

H− H−

t, b

Φ0,Φ−
t t

b

H− H−

t

Φ−
b b

t

H− H−

t̃k, b̃1

χ̃0
r , χ̃

−
2

t t

b

H− H−

t̃k

χ̃−
2

b b

t

H− H−

t̃l, b̃1

Φ0,Φ−
t̃k t̃m

b̃1

H− H−

t̃k

Φ−
b̃1 b̃1

t̃l

H− H−

t, b

χ̃0
r , χ̃

−
2

t̃k t̃l

b̃1

H− H−

t

χ̃−
2

b̃1 b̃1

t̃k

H− H−

t̃k t̃m

b̃1

t̃l, b̃1,Φ
0,Φ−

H− H−

b̃1 b̃1

t̃l

t̃l,Φ
−

H− H−

t̃k t̃m

t̃l, b̃1,Φ
0,Φ−

H− H−

b̃1 b̃1

t̃l,Φ
−

H− H−

t̃k

b̃1, t̃l

Φ0,Φ−

H− H−

b̃1

b̃1

Φ−

H− H−

t̃k t̃l

b̃1b̃1

H− H−

b

tt
H− H−

t̃k

b̃1b̃1

H− H−

b̃1

t̃kt̃l

H− H−

t

b

H− H−

t̃k

b̃1

H− H−

t

b

H− H−

t̃k

b̃1

H− H−

t̃k, b̃1 t̃l, b̃1

H− H−

t̃k, b̃1

Figure 7.3.: Full list of two-loop self-energy diagrams for the charged Higgs
bosons. The crosses denote one-loop counterterm insertions.
Φ0 = h, H, A, G; Φ− = H−, G−.
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For a quick permutation betweenmH± andmA being an input parameter as well
as the appropriate corresponding renormalization scheme, a switch is introduced
into the evaluation of the self-energies and counterterms. The implementation
in Mathematica is carried out by the commands given in Tab. 7.3: the first
two lines define the two-loop mass counterterms for the charged and CP -odd
Higgs bosons, respectively. The symbols dMHpsq2 and dMA0sq2 are the two-loop
renormalization constants which are defined in lines three and four with the
switch $MA0Input set to its proper value. The expressions dMCHiggsZ2[5, 5]
and dMNHiggsZ2[3, 3] contain all parts of Eq. (7.13b) and Eq. (7.15b) with
field-renormalization constants. Lines five and six are the definitions for the
one-loop counterterms evaluated by FormCalc.

Table 7.3.: Implementation of a switch for the chosen input parameter being mA

or mH± and applying the corresponding renormalization condition.

dMCHiggs2[5, 5] := $MA0Input dMA0sq2 + (1 - $MA0Input) dMHpsq2;
dMNHiggs2[3, 3] := $MA0Input dMA0sq2 + (1 - $MA0Input) dMHpsq2;
dMHpsq2 := SEHp2 - dMCHiggsZ2[5, 5] /. $MA0Input -> 0;
dMA0sq2 := SEA02 - dMNHiggsZ2[3, 3] /. $MA0Input -> 1;

RenConst[dMCHiggs1[5, 5]] :=
$MA0Input (ReTilde[SelfEnergy[S[3] -> S[3], 0]]

- MA0^2 dZNHiggs1[3, 3])
+ (1 - $MA0Input) (ReTilde[SelfEnergy[S[5] -> S[5], 0]]

- MHp^2 dZCHiggs1[5, 5]);
RenConst[dMNHiggs1[3, 3]] :=

$MA0Input (ReTilde[SelfEnergy[S[3] -> S[3], 0]]
- MA0^2 dZNHiggs1[3, 3])

+ (1 - $MA0Input) (ReTilde[SelfEnergy[S[5] -> S[5], 0]]
- MHp^2 dZCHiggs1[5, 5]);

• The independent field-renormalization constants are fixed in the DR scheme at
the one-loop and the two-loop order as explained by Eqs. (6.53) and Eqs. (6.74),
respectively. The relations to the field-renormalization constants in the lowest-
order mass-eigenstate basis are identically equal to Eqs. (6.52) and Eqs. (6.73).

However for the present simplifications the result δ(1)ZH1 = 0 is obtained. This
arises from the fact that only the p2-dependent divergences of Σ(1)

φ1 contribute
to δ(1)ZH1 . The occurrence of these divergences requires the propagation of non-
scalar particles in Σ(1)

φ1 . The only available one which couples to φ1 is the bottom
quark whose mass is set to zero, thus canceling all contributions to δ(1)ZH1 .
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7. Two-loop top-Yukawa-coupling corrections

• tβ is renormalized in the DR scheme at the one-loop and two-loop order. Within
the top-Yukawa approximation the divergences originating from parameter re-
normalization of the vacuum expectation values cancel, i. e.

δ(k)v1

v1

∣∣∣∣∣
div

= δ(k)v2

v2

∣∣∣∣∣
div

, k ∈ {1, 2} . (7.16)

By imposing the renormalization condition

δ(1)v1

v1
= δ(1)v2

v2
(7.17)

the remaining parts of Eq. (6.70b) and Eq. (6.85) simplify to

δ(1)tβ
tβ

= 1
2δ

(1)ZH2 , (7.18a)

δ(2)tβ
tβ

= 1
2

[
δ(2)ZH2 − δ(2)ZH1 −

1
4
(
δ(1)ZH2

)2
]
. (7.18b)

On the other hand, the results in terms of beta functions which are presented
by Eq. (6.71) and Eq. (6.86) can be utilized. Applying the approximations to
both expressions yields

β(1)(tβ)
tβ

= − 3h2
t

(4π)2 , (7.19a)

β(2)(tβ)
tβ

= 9h4
t

(4π)4 =
(
β(1)(tβ)
tβ

)2

. (7.19b)

As can be derived from the anomalous dimensions of H1 and H2 at the two-loop
order, given in Ref. [SSV14], the pure top-Yukawa-coupling term of Eq. (7.19b)
solely stems from γ

(2)
2 , whereas γ(2)

1 is equal to zero (analogously at the one-loop
order). Thus, by the use of Eq. (6.88b) the result δ(2)ZH1 = 0 for the two-loop
field-renormalization constant is found.

For the evaluation of δ(2)ZH2 by Eq. (6.88b) the one-loop beta function for the
only appearing coupling, the top-Yukawa-coupling, is necessary. The result is
taken from Ref. [CPR94]:

β(ht)
ht

= 1
(4π)2

[
−13

15
5
3g

2
Y − 3g2

w − 16
3 g

2
s + 3h2

t + h2
b + 3

(
h2
u + h2

c + h2
t

)]
. (7.20)
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7.4. Renormalization

Thus, in the top-Yukawa approximation the second term on the right-hand side
of Eq. (6.88b) yields

1
4 β(ht) ∂ht δ(1)ZH2

1
ε

= − 9h4
t

(4π)4
1
ε2

= −
(
β(1)(tβ)
tβ

)2 1
ε2

(7.21)

Hence, using the relations of Eq. (6.87) and Eqs. (6.88) in Eqs. (7.18) and
inserting the results of δ(2)ZH2 and δ(2)ZH1 yields the following connections
between the renormalization constants and beta functions for tβ:

δ(1)tβ
tβ

= 1
2δ

(1)ZH2 = β(1)(tβ)
2tβ

1
ε
, (7.22)

δ(2)tβ
tβ

= 1
2

[
β(2)(tβ)

2tβ
1
ε

+ 1
4 β(ht) ∂htδ(1)ZH2

1
ε

+ 1
2
(
δ(1)ZH2

)2
− 1

4
(
δ(1)ZH2

)2
]

= 1
2

2
(
β(1)(tβ)

2tβ

)2 1
ε
− 4

(
β(1)(tβ)

2tβ

)2 1
ε2

+
(
β(1)(tβ)

2tβ

)2 1
ε2


=
(
β(1)(tβ)

2tβ

)2 (1
ε
− 3

2
1
ε2

)
.

(7.23)

Applying these results to Eq. (7.18b) and using δ(2)ZH1 = 0 allows to derive the
following result:

δ(2)ZH2 = 2
(
β(1)(tβ)

2tβ

)2 (1
ε
− 1
ε2

)
. (7.24)

The explicit formulas for δ(2)tβ and δ(2)ZH2 are just given for completeness; in
the final result of the renormalized self-energies they cancel.

• In the on-shell scheme, also the counterterms δ(1)M2
W/M

2
W and δ(1)M2

Z/M
2
Z are

required for renormalizing the top-Yukawa coupling

ht = mt

v2
= emt√

2 sβ sw MW

. (7.25)

Although in the gauge-less limit, the ratios δ(1)M2
W/M

2
W and δ(1)M2

Z/M
2
Z have

remaining finite and divergent contributions arising from the Yukawa couplings,
which have to be included as one-loop quantities ∼ h2

t . They are evaluated
from the W - and Z-boson self-energies whose corresponding Feynman graphs
are depicted in Fig. 7.4.
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7. Two-loop top-Yukawa-coupling corrections

W W

t̃k

b̃1

W W

t

b

Z Z

t̃k, b̃1

t̃l, b̃1

Z Z

t, b

t, b

W,Z W, Z

t̃k, b̃1

Figure 7.4.: Feynman diagrams for the renormalization constants δ(1)MW

/
MW

and δ(1)MZ

/
MZ of the gauge-boson sector.

The on-shell renormalization conditions in the gauge-less limit are given by11

Σ̂(1)
WW (p2)
M2

W

∣∣∣∣∣∣
p2 = 0

= 0 , Σ̂(1)
WW (0)
M2

W

= Σ(1)
WW (0)
M2

W

− δ(1)M2
W

M2
W

, (7.26a)

Σ̂(1)
ZZ(p2)
M2

Z

∣∣∣∣∣∣
p2 = 0

= 0 , Σ̂(1)
ZZ(0)
M2

Z

= Σ(1)
ZZ(0)
M2

Z

− δ(1)M2
Z

M2
Z

, (7.26b)

resulting in

δ(1)M2
W

M2
W

= Σ(1)
WW (0)
M2

W

,
δ(1)M2

Z

M2
Z

= Σ(1)
ZZ(0)
M2

Z

. (7.27)

In this scheme δ(1)s2
w is determined by

δ(1)s2
w = c2

w

(
δ(1)M2

Z

M2
Z

− δ(1)M2
W

M2
W

)
. (7.28)

In the top-Yukawa approximation δ(1)s2
w is finite.

7.4.3. Parametrization

The appearance of δs2
w in the O(α2

t ) terms, as specified above, is a consequence of the
on-shell scheme where the top-Yukawa coupling ht = mt/v2 = mt/(v sβ) is expressed
in terms of

1
v

= gw√
2MW

= e√
2 sw MW

. (7.29)

Accordingly, the one-loop self-energies have to be parametrized in terms of this
representation for ht when added to the two-loop self-energies in Eq. (7.6).

11The field-renormalization constants δ(1)ZWW and δ(1)ZZZ that occur in Eqs. (6.66) do not con-
tribute in the gauge-less limit.
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7.5. Neutralino and chargino sectors

On the other hand, if the Fermi constant GF is used for parametrization of the one-
loop self-energies, as performed by FeynHiggs, the relation

√
2GF = e2

4 s2
w M

2
W

(
1 + ∆(k)r

)
(7.30)

has to be applied, which gets loop contributions also in the gauge-less limit, at the
one-loop order given by

∆(1)r = −c
2
w
s2

w

(
δ(1)M2

Z

M2
Z

− δ(1)M2
W

M2
W

)
= −δ

(1)s2
w

s2
w

. (7.31)

This finite shift in the one-loop self-energies induces two-loop O(α2
t ) terms and has

to be taken into account, effectively canceling all occurrences of δ(1)s2
w.

7.5. Neutralino and chargino sectors

The O(α2
t ) contributions to the Higgs-boson self-energies involve Feynman diagrams

with internal charginos and neutralinos.

7.5.1. Tree-level relations

The mass matrices given in Eq. (3.16) and Eq. (3.14), respectively, are simplified to

Y =


M1 0
0 M2

0

0
0 −µ
−µ 0

 , X =
M2 0

0 µ

 , (7.32)

according to our approximations explained in Section 7.2. Although X is already
diagonal, the singular-value decomposition U∗XV† with the unitary matrices U
and V is performed to gain positive real chargino masses. The choice

U =
e( ı̇ı φM2 0

0 e( ı̇ı φµ

 , V = 1 , (7.33)

with the complex phases φM2 and φµ of M2 and µ, respectively, satisfies this require-
ment.
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7. Two-loop top-Yukawa-coupling corrections

The deduced singular values (cf. Eq. (3.15a)) are the masses

mχ̃±1
= |M2| , mχ̃±2

= |µ| . (7.34)

Similarly, the singular-value decomposition N∗YN† with the unitary matrix

N =


e( ı̇ı2φM1 0

0 e( ı̇ı2φM2
0

0 1√
2e( ı̇ı2φµ

1 −1
ı̇ı ı̇ı



 (7.35)

is performed. Here, the additional complex phase φM1 ofM1 occurs. The singular val-
ues are achieved as solutions of Eq. (3.17) in this special case for our approximations.
They are the masses

mχ̃0
1

= |M1| , mχ̃0
2

= |M2| , mχ̃0
3/4

= |µ| . (7.36)

As a consequence, the charginos and neutralinos χ̃0
1, χ̃

0
2 and χ̃±1 do not contribute

to the Higgs-boson self-energies in the top-Yukawa approximation. The remaining
charginos and neutralinos χ̃0

3, χ̃
0
4 and χ̃±2 are the original higgsinos with degenerate

masses equal to |µ| which is also the only independent parameter of this sector in
addition to those of the Higgs sector.

7.5.2. Renormalization

In the O(α2
t ) contributions, Feynman diagrams with higgsinos appear at the two-loop

level for the first time, thus there was no need to renormalize their mass parameter µ.
However, µ also occurs as part of the couplings in the squark sector already at the
one-loop level, hence its renormalization µ→ µ + δ(1)µ has to be respected in the
calculation of the O(α2

t ) contributions.

A convenient choice to define µ, M1 and M2 at higher orders is given by on-shell
conditions for either both charginos and one neutralino, or one chargino and two
neutralinos [Cha+12b; BB09; Bha+12]. However, since only δ(1)µ is required here, it
is sufficient to impose a single renormalization condition, chosen as on-shell condition
for the mass of χ̃±2 :

<e
[
Σ̂(1)
χ̃±2

(p)
]
/p = |µ|

= 0 , <e
[
Σ̂(1)
χ̃±2

(|µ|)
]

= <e
[
Σ(1)
χ̃±2

(|µ|)
]
− δ(1)µ . (7.37)
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χ̃±
2 χ̃±

2

t̃k, b̃1

b, t

Figure 7.5.: Feynman diagrams for renormalization of the neutralino–chargino
sector, i. e. for the renormalization constant δ(1)µ.

With the Lorentz decomposition

Σ(1)
χ̃±2

(p) = /p
[

1−γ5
2 Σ(1) L

χ̃±2

(
p2
)

+ 1+γ5
2 Σ(1) R

χ̃±2

(
p2
)]

+ |µ|
[
Σ(1) S
χ̃±2

(
p2
)

+ γ5 Σ(1) PS
χ̃±2

(
p2
)]
(7.38)

of the self-energy for the higgsino-like chargino χ̃±2 renormalization of µ is determined
as follows:

δ(1)µ = e( ı̇ı φµ δ(1)|µ| , (7.39a)

δ(1)|µ| = |µ|
{

1
2<e

[
Σ(1) L
χ̃±2

(|µ|2) + Σ(1)R
χ̃±2

(|µ|2)
]

+ <e
[
Σ(1) S
χ̃±2

(|µ|2)
]}
, (7.39b)

The contributing Feynman diagrams are depicted in Fig. 7.5.

Another option is DR renormalization of µ, which defines the counterterm δ(1)µ in
the DR scheme, i. e. by the divergent part of the expression in Eqs. (7.39). For
the numerical analysis and the comparison with the previous result of Ref. [Bri+02]
the DR scheme is chosen at the renormalization scale mt, if not stated otherwise.

7.6. Colored sector

The most important one-loop contributions to the Higgs-boson tadpoles and self-
energies are induced by the top and bottom particles and their superpartners stop
and sbottom, respectively. The O(α2

t ) terms are corrections to this class of Feyn-
man diagrams, hence the stop and sbottom sectors appear again and have to be
renormalized at the one-loop order.

7.6.1. Tree-level relations

The general mass matrix of the squarks given in Eq. (3.9) is simplified by the approx-
imations of the gauge-less limit and the vanishing bottom mass (cf. Section 7.2).
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7. Two-loop top-Yukawa-coupling corrections

In the stop mass matrix the gauge contributions are dropped, resulting in

Mt̃ =
m2

t̃L
+m2

t mtXt

mtX
∗
t m2

q̃R
+m2

q

 , (7.40a)

Xt = A∗t −
µ

tβ
. (7.40b)

The application of the unitary transformation

Ut̃ Mt̃ U
†
t̃

= diag
(
m2
t̃1
,m2

t̃2

)
(7.41)

yields the stop masses squared as the eigenvalues of Eq. (7.40) in a simplified version
of Eq. (3.10):

m2
t̃1/2

= 1
2

[
m2
t̃L

+m2
t̃R

+ 2m2
t ∓

√(
m2
t̃L
−m2

t̃R

)2
+ 4m2

t |Xt|2
]
. (7.42)

Since At and µ are complex parameters in general, the unitary matrix Ut̃ consists of
one mixing angle θt̃ and one phase ϕt̃:

Ut̃ =
Ut̃ 11 Ut̃ 12

Ut̃ 21 Ut̃ 22

 =
 cθt̃ e( ı̇ı ϕt̃sθt̃
−e( −ı̇ı ϕt̃sθt̃ cθt̃

 . (7.43)

The sbottom mass matrix becomes diagonal for mb → 0:

Mb̃ =
m2

t̃L
0

0 m2
b̃R

 . (7.44)

In the couplings of the used FeynArts model file the sbottom mixing matrix is set
to

Ub̃ = 1 . (7.45)

The invariance under SU(2)L transformations imposes the condition m2
b̃L

= m2
t̃L

in
Eq. (7.44). Thus, just one additional independent parameter is introduced by the
sbottom sector: mb̃R

. However, all couplings of b̃R are proportional to mb or m2
b which

are equal to zero within our approximations. Hence b̃R does not appear and mb̃R
is

not needed. Only one sbottom particle b̃1 ≡ b̃L remains in the Feynman diagrams
and its properties are completely determined by the stop-sector entries.
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7.6. Colored sector

7.6.2. Renormalization

Five independent parameters relevant for our calculation are introduced by the quark–
squark sector: the top mass mt, the real soft SUSY-breaking parameters mt̃L ≡ mq̃3

and mt̃R , and the complex soft-breaking mixing parameter At = |At|e( iφAt .

These parameters have to be renormalized at the one-loop level according to

mt → mt + δ(1)mt , (7.46a)

m2
t̃L/R
→ m2

t̃L/R
+ δ(1)m2

t̃L/R
, (7.46b)

At → At + δ(1)At . (7.46c)

Thus, the stop mass matrix in Eq. (7.40) is renormalized by

Mt̃ →Mt̃ + δ(1)Mt̃ (7.47)

with the counterterm of the stop mass matrix given by

δ(1)Mt̃ =
 δ(1)m2

t̃L
+ 2mt δ

(1)mt Xt δ
(1)mt +mt δ

(1)Xt

X∗t δ
(1)mt +mt δ

(1)X∗t δ(1)m2
t̃R

+ 2mt δ
(1)mt

 , (7.48a)

δ(1)Xt = δ(1)A∗t −
δ(1)µ

tβ
+ µ

tβ

δ(1)tβ
tβ

. (7.48b)

The other free parameter µ is related to the higgsino sector and its renormalization
constant is already determined in Section 7.5.

The independent renormalization conditions for the colored sector are formulated as
on-shell conditions in the following way:

• The mass of the top quark is defined on-shell, i. e.12

<̃e
[
Σ̂(1)
t (p)

]
/p = mt

= 0 , <̃e
[
Σ̂(1)
t (mt)

]
= <̃e

[
Σ(1)
t (mt)

]
− δ(1)mt , (7.49a)

δ(1)mt = mt <̃e
[

1
2

(
Σ(1) L
t

(
m2
t

)
+ Σ(1)R

t

(
m2
t

))
+ Σ(1) S

t

(
m2
t

)]
, (7.49b)

according to the Lorentz decomposition (analogously to Eq. (7.38)) of the self-
energy of the top quark whose contributions are depicted in Fig. 7.6.

12<̃e denotes the real part of all loop integrals, but leaves the couplings unaffected.

81



7. Two-loop top-Yukawa-coupling corrections

t t

t̃k, b̃1

χ̃0
n, χ̃

−
2

t t

t, b

Φ0,Φ−

t̃k t̃l

t, b

χ̃0
n, χ̃

−
2

t̃k t̃l

t̃m, b̃1

Φ0,Φ−

t̃k t̃l

t̃m, b̃1

t̃k t̃l

Φ0,Φ−

Figure 7.6.: Feynman diagrams for renormalization of the quark–squark sector.
Φ0 = h, H, A, G; Φ− = H−, G−.

• m2
t̃L

and m2
t̃R

are traded for m2
t̃1

and m2
t̃2
, which are then fixed by on-shell

conditions for the top-squarks,

<̃e
[
Σ̂(1)
t̃i t̃i

(
p2
)]
p2 = m2

t̃i

= 0 , <̃e
[
Σ̂(1)
t̃i t̃i

(
m2
t̃i

)]
= <̃e

[
Σ(1)
t̃i t̃i

(
m2
t̃i

)]
− δ(1)m2

t̃i t̃i
,

(7.50a)

δ(1)m2
t̃i t̃i

= <̃e
[
Σ(1)
t̃i t̃i

(
m2
t̃i

)]
, i ∈ {1, 2} , (7.50b)

involving the diagonal t̃1 and t̃2 self-energies (diagrammatically visualized in
Fig. 7.6). The off-diagonal entry of the top-squark self-energy matrix is used
to impose the renormalization condition

<̃e
[
Σ̂(1)
t̃1 t̃2

(
p2
)]
p2 = m2

t̃1

+ <̃e
[
Σ̂(1)
t̃1 t̃2

(
p2
)]
p2 = m2

t̃2

= 0 , (7.51a)

<̃e
[
Σ̂(1)
t̃1 t̃2

(
p2
)]

= <̃e
[
Σ(1)
t̃1 t̃2

(
p2
)]
− δ(1)m2

t̃1 t̃2
, (7.51b)

as in Ref. [Hei+07]. Its evaluation determines the off-diagonal counterterm for
the stop masses according to

δ(1)m2
t̃1 t̃2

= 1
2 <̃e

[
Σ(1)
t̃1 t̃2

(
m2
t̃1

)
+ Σ(1)

t̃1 t̃2

(
m2
t̃2

)]
. (7.52)

These on-shell conditions determine the counterterm matrix

Ut̃ δ
(1)Mt̃ U

†
t̃

=
δ(1)m2

t̃1 t̃1
δ(1)m2

t̃1 t̃2

δ(1)m2 ∗
t̃1 t̃2

δ(1)m2
t̃2 t̃2

 . (7.53)

Inverting Eq. (7.53) and using Eqs. (7.48) yields

δ(1)m2
q̃3 ≡ δ(1)m2

t̃L
= |Ut̃ 11|2 δ(1)m2

t̃1 t̃1
+ |Ut̃ 21|2 δ(1)m2

t̃2 t̃2

+ 2<e
[
Ut̃ 21 U∗t̃ 11 δ

(1)m2
t̃1 t̃2

]
− 2mt δ

(1)mt ,
(7.54a)
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7.6. Colored sector

δ(1)m2
t̃R

= |Ut̃ 12|2 δ(1)m2
t̃1 t̃1

+ |Ut̃ 22|2 δ(1)m2
t̃2 t̃2

+ 2<e
[
Ut̃ 22 U∗t̃ 12 δ

(1)m2
t̃1 t̃2

]
− 2mt δ

(1)mt .
(7.54b)

• The mixing parameter At is correlated with the t̃-mass eigenvalues, tβ, and µ,
through Eq. (7.41). Exploiting Eq. (7.53), the unitarity of Ut̃ and Eqs. (7.48)
yields the expression

Xt δ
(1)mt +mt δ

(1)Xt = Ut̃ 22 U∗t̃ 11 δ
(1)m2

t̃1 t̃2
+ Ut̃ 12 U∗t̃ 21

(
δ(1)m2

t̃1 t̃2

)∗
+ Ut̃ 12 U∗t̃ 11

(
δ(1)m2

t̃1 t̃1
− δ(1)m2

t̃2 t̃2

)
.

(7.55)

By utilizing the definitions of the top-mass and stop-mass counterterms of
Eq. (7.49b), Eq. (7.50b) and Eq. (7.52) the counterterm δ(1)Xt is determined;
further using Eq. (7.48b) fixes δ(1)At. Actually this yields two separate condi-
tions, one for the absolute value |At| and one for the phase φAt :

δ(1)|At| = <e
{e( ı̇ı φAt
mt

[
Ut̃ 22 U∗t̃ 11 δ

(1)m2
t̃1 t̃2

+ Ut̃ 12 U∗t̃ 21

(
δ(1)m2

t̃1 t̃2

)∗
+ Ut̃ 12 U∗t̃ 11

(
δ(1)m2

t̃1 t̃1
− δ(1)m2

t̃2 t̃2

)
−Xt δ

(1)mt + δ(1)µ

tβ
− µ

tβ

δ(1)tβ
tβ

]}
,

(7.56a)

δ(1)φAt = −=m
{ e( ı̇ı φAt
mt|At|

[
Ut̃ 22 U∗t̃ 11 δ

(1)m2
t̃1 t̃2

+ Ut̃ 12 U∗t̃ 21

(
δ(1)m2

t̃1 t̃2

)∗
+ Ut̃ 12 U∗t̃ 11

(
δ(1)m2

t̃1 t̃1
− δ(1)m2

t̃2 t̃2

)
−Xt δ

(1)mt + δ(1)µ

tβ
− µ

tβ

δ(1)tβ
tβ

]}
.

(7.56b)

The additionally required mass counterterm δ(1)µ has already been obtained in
Section 7.5.

• As already mentioned, the relevant sbottom mass is not an independent param-
eter, but determined by SU(2)L invariance. Hence its counterterm introduced
by m2

b̃L
→ m2

b̃L
+ δ(1)m2

b̃L
is a derived quantity:

δ(1)m2
b̃L
≡ δ(1)m2

q̃3 (7.57)

which is already fixed by Eq. (7.54a).
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7. Two-loop top-Yukawa-coupling corrections

7.7. Couplings and counterterm insertions

Having defined all necessary sectors of the MSSM, the required couplings for the two-
loop diagrams including the counterterms for subrenormalization are written down
in the following.

7.7.1. Tree-level vertices

The tree-level vertices contain the top-Yukawa coupling ht = mt/v2 . In the case
of the Higgs bosons, their different couplings are accommodated by explicit fac-
tors c ( . . . ). The symbols Φ0 and Φ± are used as generic expressions for the Higgs
bosons, i. e. Φ0 ∈ {h, H, A, G} and Φ± ∈ {H±, G±}. For fermion couplings, the left-
chiral part is the first and the right-chiral part the second entry of the column.
The approximations mentioned in Section 7.2 have already been applied to this
expressions, leaving only those parts proportional to ht or h2

t . The mixing matrix U
of the charginos does not appear in the following; V = 1 is already inserted.

Φ0
i

Φ0
j

t̃k

t̃l

= −ı̇ı C
(
Φ0
i , Φ0

j , t̃k, t̃l
)

= −ı̇ı h2
t

[
c4
(
Φ0
i , Φ0

j

)
(U∗t̃ k1 Ut̃ l1 + U∗t̃ k2 Ut̃ l2)

]
,

c4(h, h) = c2
α ,

c4(H, H) = s2
α ,

c4(A, A) = c2
β ,

c4(G, G) = s2
β ,

c4(h, H) = cα sα ,

c4(A, G) = cβ sβ .

(7.58a)

Φ−
i

Φ−
j

t̃k

t̃l

= −ı̇ı C
(
Φ−i , Φ+

j , t̃k, t̃l
)

= −ı̇ı h2
t

[
ct̃4
(
Φ−i , Φ+

j

)
U∗t̃ k2 Ut̃ l2

]
,

ct̃4
(
H−, H+

)
= c2

β ,

ct̃4
(
G−, G+

)
= s2

β ,

ct̃4
(
H−, G+

)
= cβ sβ ,

ct̃4
(
G−, H+

)
= cβ sβ .

(7.58b)
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Φ−
i

Φ−
j

b̃1

b̃1

= −ı̇ı C
(
Φ−i , Φ+

j , b̃1, b̃1
)

= −ı̇ı h2
t

[
cb̃4
(
Φ−i , Φ+

j

)]
,

cb̃4
(
H−, H+

)
= c2

β ,

cb̃4
(
G−, G+

)
= s2

β ,

cb̃4
(
H−, G+

)
= cβ sβ ,

cb̃4
(
G−, H+

)
= cβ sβ .

(7.58c)

Φ0

Φ−

t̃k

b̃1

= −ı̇ı C
(
Φ0, Φ−, t̃k, b̃1

)
= −ı̇ı C

(
Φ0, Φ+, t̃k, b̃1

)∗
= −ı̇ı h2

t

[
c4
(
Φ0, Φ−

)
U∗t̃ k1

]
,

c4
(
h, H−

)
= −cα cβ√

2 , c4
(
H, H−

)
= −sα cβ√

2 ,

c4
(
h, G−

)
= −cα sβ√

2 , c4
(
H, G−

)
= −sα sβ√

2 ,

c4
(
A, H−

)
= −ı̇ı c2β√

2 , c4
(
G, H−

)
= −ı̇ı cβ sβ√

2 ,

c4
(
A, G−

)
= −ı̇ı cβ sβ√

2 , c4
(
G, G−

)
= −ı̇ı s2β√

2 .

(7.58d)

t̃k

t̃l

t̃m

t̃n

= −ı̇ı C
(
t̃k, t̃l, t̃m, t̃n

)
= −ı̇ı h2

t

[
(U∗t̃ k1 U∗t̃ m2 + U∗t̃ k2 U∗t̃ m1)

(Ut̃ l1 Ut̃ n2 + Ut̃ l2 Ut̃ n1)
]
.

(7.58e)

t̃k

t̃l

b̃1

b̃1

= −ı̇ı C
(
t̃k, t̃l, b̃1, b̃1

)
= −ı̇ı h2

t

[
U∗t̃ k2 Ut̃ l2

]
. (7.58f)

Φ0

t

t = −ı̇ı C
(
Φ0, t, t

)
= −ı̇ı ht

[
c3
(
Φ0
)] 1

sign(Φ0)

 ,
{c3(h), sign(h)} =

{
cα√

2 , 1
}
,

{c3(H), sign(H)} =
{
sα√

2 , 1
}
,

{c3(A), sign(A)} =
{
ı̇ı cβ√

2 , −1
}
,

{c3(G), sign(G)} =
{
ı̇ı sβ√

2 , −1
}
.

(7.58g)
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Φ−

t

b

= −ı̇ı C
(
Φ−, t, b̄

)
= −ı̇ı ht

[
c3
(
Φ−
)]0

1

 ,
c3
(
H−

)
= −cβ ,

c3
(
G−

)
= −sβ .

(7.58h)

Φ−

t

b

= −ı̇ı C
(
Φ+, t̄, b

)
= −ı̇ı ht

[
c̄3
(
Φ+
)]1

0

 ,
c̄3
(
H+

)
= −cβ ,

c̄3
(
G+

)
= −sβ .

(7.58i)

Φ0

t̃l

t̃k

= −ı̇ı C
(
Φ0, t̃k, t̃l

)
= −ı̇ı ht

[
cm
(
Φ0
)

(U∗t̃ k1 Ut̃ l1 + U∗t̃ k2 Ut̃ l2)mt

+ cµ
(
Φ0
) (

sign
(
Φ0
)

U∗t̃ k2 Ut̃ l1 µ+ U∗t̃ k1 Ut̃ l2 µ
∗
)

+ cA
(
Φ0
) (

sign
(
Φ0
)

U∗t̃ k2 Ut̃ l1A
∗
t + U∗t̃ k1 Ut̃ l2At

) ]
,

{cm(h), cµ(h), cA(h), sign(h)} =
{√

2 cα, sα√
2 ,

cα√
2 , 1

}
,

{cm(H), cµ(H), cA(H), sign(H)} =
{√

2 sα, −cα√2 ,
sα√

2 , 1
}
,

{cm(A), cµ(A), cA(A), sign(A)} =
{

0, ı̇ı sβ√2 ,
ı̇ı cβ√

2 , −1
}
,

{cm(G), cµ(G), cA(G), sign(G)} =
{

0, −ı̇ı cβ√2 ,
ı̇ı sβ√

2 , −1
}
.

(7.58j)

Φ−

t̃k

b̃1

= −ı̇ı C
(
Φ−, t̃k, b̃1

)
= −ı̇ı C

(
Φ+, t̃k, b̃1

)∗
= −ı̇ı ht

[
cm
(
Φ−
)

U∗t̃ k1mt + cµ
(
Φ−
)

U∗t̃ k2 µ+ cA
(
Φ−
)

U∗t̃ k2A
∗
t

]
,{

cm
(
H−

)
, cµ

(
H−

)
, cA

(
H−

)}
= {−cβ, −sβ, −cβ} ,{

cm
(
G−

)
, cµ

(
G−

)
, cA

(
G−

)}
= {−sβ, cβ, −sβ} .

(7.58k)

χ̃0
r

t

t̃k

= −ı̇ı C
(
χ̃0
r, t̄, t̃k

)
= −ı̇ı ht

U∗t̃ k1 N∗r4
U∗t̃ k2 Nr4

 . (7.58l)
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χ̃0
r

t

t̃k

= −ı̇ı C
(
χ̃0
r, t, t̃k

)
= −ı̇ı ht

Ut̃ k2 N∗r4
Ut̃ k1 Nr4

 . (7.58m)

χ̃−
2

b

t̃k

= −ı̇ı C
(
χ̃−2 , b̄, t̃k

)
= −ı̇ı ht

 0
−U∗t̃ k2

 . (7.58n)

χ̃−
2

t

b̃1

= −ı̇ı C
(
χ̃−2 , t, b̃1

)
= −ı̇ı ht

 0
−1

 . (7.58o)

χ̃−
2

b

t̃k

= −ı̇ı C
(
χ̃+

2 , b, t̃k
)

= −ı̇ı ht

−Ut̃ k2

0

 . (7.58p)

χ̃−
2

t

b̃1

= −ı̇ı C
(
χ̃+

2 , t̄, b̃1
)

= −ı̇ı ht

−1
0

 . (7.58q)

7.7.2. Counterterm vertices

The following one-loop counterterm vertices appear as insertions in the two-loop
diagrams with subrenormalization at one of their vertices. To shorten the notation,
the previously defined tree-level couplings C( . . . ) are re-utilized. Their corresponding
one-loop counterterms are named δ(1)C( . . . ). Since each of the used vertices con-
tains the top-Yukawa coupling ht, its renormalization is given once as the definition
of δ(1)ht and then reused in the coupling counterterms. Also the field-renormalization
constants of the Higgs bosons are considered; all other field-renormalization constants
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7. Two-loop top-Yukawa-coupling corrections

cancel out in the sum of the full set of Feynman diagrams, since the corresponding
particles exclusively appear in internal propagators.

a

b

c

d

= −ı̇ı C(a, b, c, d) ,
a

b

c

d

= −ı̇ı δ(1)C(a, b, c, d) ,

(7.59a)

a

c

b

= −ı̇ı C(a, b, c) ,
a

c

b

= −ı̇ı δ(1)C(a, b, c) ,

(7.59b)

δ(1)ht = ht

(
δ(1)mt

mt

− δ(1)MW

MW

− δ(1)sw
sw

− δ(1)sβ
sβ

)
, (7.60a)

δ(1)C
(
Φ0
i , Φ0

j , t̃k, t̃l
)

= C
(
Φ0
i , Φ0

j , t̃k, t̃l
)(2 δ(1)ht

ht
+ δ(1)ZH2

)
, (7.61a)

δ(1)C
(
Φ−i , Φ+

j , t̃k, t̃l
)

= C
(
Φ−i , Φ+

j , t̃k, t̃l
)(2 δ(1)ht

ht
+ δ(1)ZH2

)
, (7.61b)

δ(1)C
(
Φ−i , Φ+

j , b̃1, b̃1
)

= C
(
Φ−i , Φ+

j , b̃1, b̃1
)(2 δ(1)ht

ht
+ δ(1)ZH2

)
, (7.61c)

δ(1)C
(
Φ0, Φ−, t̃k, b̃1

)
= C

(
Φ0, Φ−, t̃k, b̃1

)(2 δ(1)ht
ht

+ δ(1)ZH2

)
, (7.61d)

δ(1)C
(
t̃k, t̃l, t̃m, t̃n

)
= C

(
t̃k, t̃l, t̃m, t̃n

)(2 δ(1)ht
ht

)
, (7.61e)

δ(1)C
(
t̃k, t̃l, b̃1, b̃1

)
= C

(
t̃k, t̃l, b̃1, b̃1

)(2 δ(1)ht
ht

)
, (7.61f)

δ(1)C
(
Φ0, t, t

)
= C

(
Φ0, t, t

)(δ(1)ht
ht

+ 1
2 δ

(1)ZH2

)
, (7.61g)

δ(1)C
(
Φ−, t, b̄

)
= C

(
Φ−, t, b̄

)(δ(1)ht
ht

+ 1
2 δ

(1)ZH2

)
, (7.61h)

δ(1)C
(
Φ+, t̄, b

)
= C

(
Φ+, t̄, b

)(δ(1)ht
ht

+ 1
2 δ

(1)ZH2

)
, (7.61i)
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δ(1)C
(
Φ0, t̃k, t̃l

)
= C

(
Φ0, t̃k, t̃l

)(δ(1)ht
ht

)

+ ht

 cµ(Φ0
)[

sign
(
Φ0
)

U∗t̃ k2 Ut̃ l1 µ

(
δ(1)µ

µ
+ 1

2 δ
(1)ZH1

)

+ U∗t̃ k1 Ut̃ l2 µ
∗
(
δ(1)µ∗

µ∗
+ 1

2 δ
(1)ZH1

)]

+ cA
(
Φ0
)[

sign
(
Φ0
)

U∗t̃ k2 Ut̃ l1A
∗
t

×
(
δ(1)A∗t
A∗t

+ 1
2 δ

(1)ZH2

)

+ U∗t̃ k1 Ut̃ l2At

(
δ(1)At
At

+ 1
2 δ

(1)ZH2

)]
+ cm

(
Φ0
)

(U∗t̃ k1 Ut̃ l1 + U∗t̃ k2 Ut̃ l2)

×mt

(
δ(1)mt

mt

+ 1
2 δ

(1)ZH2

) ,

(7.61j)

δ(1)C
(
Φ−, t̃k, b̃1

)
= C

(
Φ−, t̃k, b̃1

)(δ(1)ht
ht

)

+ ht

cµ(Φ−)U∗t̃ k2 µ

(
δ(1)µ

µ
+ 1

2 δ
(1)ZH1

)

+ cA
(
Φ−
)

U∗t̃ k2A
∗
t

(
δ(1)A∗t
A∗t

+ 1
2 δ

(1)ZH2

)

+ cm
(
Φ−
)

U∗t̃ k1mt

(
δ(1)mt

mt

+ 1
2 δ

(1)ZH2

) ,

(7.61k)

δ(1)C
(
χ̃0
r, t̄, t̃k

)
= C

(
χ̃0
r, t̄, t̃k

)(δ(1)ht
ht

)
, (7.61l)

δ(1)C
(
χ̃0
r, t, t̃k

)
= C

(
χ̃0
r, t, t̃k

)(δ(1)ht
ht

)
, (7.61m)

δ(1)C
(
χ̃−2 , b̄, t̃k

)
= C

(
χ̃−2 , b̄, t̃k

)(δ(1)ht
ht

)
, (7.61n)

δ(1)C
(
χ̃−2 , t, t̃k

)
= C

(
χ̃−2 , t, t̃k

)(δ(1)ht
ht

)
, (7.61o)

δ(1)C
(
χ̃+

2 , b, t̃k
)

= C
(
χ̃+

2 , b, t̃k
)(δ(1)ht

ht

)
, (7.61p)

δ(1)C
(
χ̃+

2 , t̄, b̃1
)

= C
(
χ̃+

2 , t̄, b̃1
)(δ(1)ht

ht

)
. (7.61q)
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The counterterms of Eq. (7.61j) and Eq. (7.61k) should be emphasized, because
they are the only ones which cannot be simply expressed as a product of a tree-level
coupling and the counterterm of the top-Yukawa coupling and field renormalization.

In addition, also counterterms for two-point vertices are required. The necessary
expressions are given in the following:

t t = −ı̇ı C(t, t) = ı̇ı δ(1)mt . (7.62a)

t̃i t̃j = −ı̇ı C
(
t̃i, t̃j

)
= ı̇ı δ(1)m2

t̃i t̃j
. (7.62b)

b̃1 b̃1
= −ı̇ı C

(
b̃1, b̃1

)
= ı̇ı δ(1)m2

b̃1
≡ ı̇ı δ(1)m2

q̃3 . (7.62c)

7.8. Special aspects of the analytical calculation

The evaluation of the O(α2
t ) contributions to the Higgs-boson masses has been per-

formed completely analytical, which allows for a better control of the divergences
and understanding of the dependence on different MSSM parameters. Some special
aspects that emerged during the computation are mentioned in the following.

7.8.1. One-loop integrals at two-loop order

Products of two one-loop integrals occur in some two-loop diagrams, in diagrams with
subrenormalization, and in genuine two-loop counterterms. Each infra-red finite one-
loop function F1, a can be expressed as a Laurent series

F1, a = a−1

ε
+ a0 + a1 ε+O

(
ε2
)

(7.63)

around the regulator ε of the ultra-violet divergence. Within a one-loop calculation
only the coefficient a−1 of the pole and the finite part a0 are required; the term a1

and coefficients of higher orders in ε vanish in the limit ε→ 0 after renormalization.
However, in the product of two functions F1, a and F1, b at the two-loop level the
coefficients of higher powers in ε are necessary:

F1, a F1, b = a−1 b−1

ε2
+ a−1 b0 + a0 b−1

ε
+ (a−1 b1 + a0 b0 + a1 b−1) +O(ε) . (7.64)
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The finite part of a two-loop result includes contributions from the O(ε) coefficients
of each one-loop integral. The used expressions for the one-loop functions expanded
up to the O(ε) are presented in Appendix B.1.

As explained in Section 7.2 only a single type of two-loop integrals remains, denoted
as T134(m2

1,m
2
2,m

2
3). Its full form is displayed in Eq. (B.8a); however its ultra-violet

divergent parts and some finite terms are solely given through products of expressions
from the one-loop function

A0
(
m2
)

=
A0(m2)| 1

ε

ε
+ A0

(
m2
)∣∣∣
ε0
ε0 + A0

(
m2
)∣∣∣
ε1
ε1 +O

(
ε2
)
. (7.65)

Here, A0(m2)| 1
ε
, A0(m2)|ε0 and A0(m2)|ε1 are the coefficients of 1

ε
, ε0 and ε1, respec-

tively.

The expansion of Eq. (B.8a) with the usage of Eq. (7.65) yields the following result
which is ordered in powers of ε:

T134
(
m2

1,m
2
2,m

2
3

)
=

3∑
i=1

1
2

[
A0(m2

i )| 1
ε

]2
m2
i

 1
ε2

+
3∑
i=1

1
2

[
A0(m2

i )| 1
ε

]2
m2
i

+
A0(m2

i )| 1
ε
A0(m2

i )|ε0
m2
i

 1
ε

+
3∑
i=1


[
A0(m2

i )| 1
ε

]2
m2
i

+
A0(m2

i )| 1
ε
A0(m2

i )|ε0
m2
i

+ 1
2

[A0(m2
i )|ε0 ]2

m2
i

+
A0(m2

i )| 1
ε
A0(m2

i )|ε1
m2
i

+ Φcyc
(
m2

1,m
2
2,m

2
3

)ε0
+O

(
ε1
)
.

(7.66)

The function Φcyc contains only finite parts and is given in Eqs. (B.8b)–(B.8e).

By using this form of T134 two advantages emerge:

• the cancelation of the 1
ε2

and 1
ε
poles in the renormalized self-energies of the

Higgs bosons can be checked analytically,
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• the finite contributions to the self-energies which are induced by the coefficients
of O(ε) drop out of the Higgs-boson self-energies.

7.8.2. Real-valued self-energies

Our calculation of the Higgs-boson self-energies takes care of the complex-valued
parameters µ, At and the stop-mixing matrix Ut̃ as well as the corresponding renor-
malization constants. However, by replacing the complex parameters with the real
quantities

|Ut̃ 11|2 , |Xt|2 , |µ|2 , δ(1)µ
µ

, <e
[
δ(1)Xt
Xt

]
, <e

[
δ(1)m2

t̃it̃j
Ut̃ 2j U∗

t̃ 1i

mtXt

]
, (7.67a)

|Ut̃ 12|2 , |Yt|2 , =m[Xt µ
∗] , =m

[
δ(1)Xt
Xt

]
, =m

[
δ(1)m2

t̃it̃j
Ut̃ 2j U∗

t̃ 1i

mtXt

]
, (7.67b)

with the combinations

Xt = A∗t −
µ

tβ
, (7.68a)

Yt = A∗t + µ tβ , (7.68b)

δ(1)Xt = δ(1)A∗t −
δ(1)µ

tβ
+ µ

tβ

δ(1)tβ
tβ

, (7.68c)

all coefficients of the loop integrals turn out to be real.13 The full expressions are
depicted in Appendix D.

For the applied approximation of a vanishing external momentum, all integrals in the
Higgs-boson self-energies are real. Furthermore, in the definition of the renormaliza-
tion constants only the real parts of the appearing loop integrals are used.

Thus, each computed self-energy generates a real shift to the corresponding Higgs-
boson mass-matrix element. Furthermore, the CP -violating mixings of the lowest-
order mass eigenstates h andH with the lowest-order mass eigenstate A turn out to be
proportional to =m[Xtµ

∗], i. e. no CP -violation is induced by theO(α2
t ) contributions,

if the phases φµ and φXt add up to 0 or ±π.

13Some more manifestly real combinations of complex parameters appear in the renormalization
constants in Appendix D.6.
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8. Numerical investigation of the
top-Yukawa corrections

The following numerical evaluation of the Higgs-boson masses includes the full one-
loop result, the O(αtαs) contributions, and the new O(α2

t ) contributions which are
derived in this thesis. The one-loop results and the O(αtαs) terms are obtained
from FeynHiggs, while the O(α2

t ) terms are computed by means of the corresponding
two-loop self-energies specified in the previous chapter. Thereby, the new O(α2

t ) self-
energies are combined with the results of the other available self-energies according to
Eq. (7.6) within FeynHiggs, and the Higgs-boson masses are derived via Eq. (6.38).
For comparison with previous results, GF is chosen for normalization of the top-
Yukawa corrections, as mentioned at the end of Section 7.4.

The SM parameters are put together in Tab. 8.1, as well as those MSSM parameters
that are kept for the analyses which are performed in this chapter. The residual input
parameters of the MSSM are shown in the figures or their captions. The parame-
ters µ, tβ and the Higgs field-renormalization constants are defined in the DR scheme
at the scale mt if not stated otherwise.

Table 8.1.: Default input values of the MSSM and SM parameters.

MSSM input SM input
M2 = 200 GeV, mt = 173.2 GeV,
M1 = (5s2

w)/(3c2
w)M2 , mb = 4.2 GeV,

ml̃1
= mẽR = 2000 GeV, mτ = 1.77703 GeV,

mq̃1 = mũR = md̃R
= 2000 GeV, MW = 80.385 GeV,

Au = Ad = Ae = 0 GeV, MZ = 91.1876 GeV,
ml̃2

= mµ̃R = 2000 GeV, GF = 1.16639 · 10−5,
mq̃2 = mc̃R = ms̃R = 2000 GeV, αs = 0.118,

Ac = As = Aµ = 0 GeV, 1/α = 128.944742392237.
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8. Numerical investigation of the top-Yukawa corrections

8.1. Neutral Higgs masses in the real MSSM

As a first application, the MSSM with real parameters is studied. The A-boson mass
is chosen as an input and renormalized on-shell at higher orders. The only non-
vanishing off-diagonal entries of the renormalized self-energy matrix in Eq. (6.37a)
are the Σ̂(j)

hH , j ∈ {1, 2}, thus the lowest-order mass eigenstates h and H mix to new
Higgs bosons at higher orders. The corresponding masses which are calculated via
Eq. (6.38) are sorted in ascending order, i. e. mh < mH . However, a diagonalization
of the propagator matrix is not possible anymore because of the p2-dependent mixing
in Eq. (6.35a). Nevertheless, it is convenient to define an effective mixing angle αeff

in the approximation Σ̂(j)
hHAG(p2)→ Σ̂(j)

hHAG(0), j ∈ {1, 2}. It describes the mixing
of φ1 and φ2 into h and H via the matrix Dαeff in analogy to Eq. (6.10).14
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Figure 8.1.: Up: The dependence of the Higgs masses mi, i ∈ {h, H, A, h±}
on mA with the color coding given above the plot is depicted
including the O

(
α2
t

)
terms calculated in the Feynman diagrammatic

approach (straight lines) or discarding this contribution (dashed
lines). Down: The effective mixing angle sαeff for the approx-
imation p2 = 0 is shown with (straight) and without (dashed)
the O

(
α2
t

)
contributions.

14This approximation corresponds to the effective potential approach [HHW00b; Hei+01].
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8.1. Neutral Higgs masses in the real MSSM

In Fig. 8.1 the dependence of the Higgs-boson masses mh (blue) and mH (red) on
the input value of mA (depicted in black for your guidance) is visualized. For low
masses, h has a similar mass compared to that of the A boson, and in the high-mass
region H has a similar mass compared to that of the A boson. In both cases the mass
of h or H that is different from the A-boson mass saturates and becomes independent
of mA. Around mA ≈ 125 GeV a transition between these two scenarios takes place.
The contribution of the O(α2

t ) corrections to the Higgs-boson masses is illustrated
by the difference between the dashed and straight lines. The charged Higgs-boson
mass mh± (green) gets only small contributions from the O(α2

t ) corrections in the
depicted parameter region.

Furthermore, the effective mixing angle sαeff is close to zero for large mA, i. e. in the
approximation of p2 = 0 for the renormalized self-energies h ≈ φ2 and H ≈ φ1; also
the couplings of h are similar to the Higgs boson of the SM in this case, whereasH has
suppressed couplings (decoupling limit). In contrast, sαeff is close to −1 for small mA,
hence h ≈ φ1 and H ≈ φ2 and the heavy Higgs boson H behaves more like the SM
Higgs boson.
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Figure 8.2.: The dependence of the light Higgs-boson mass mh on the stop-
sector parameters mt̃ ≡ mq̃3 = mt̃R

and Xt. The three specially
marked values of Xt/mt̃ are used to define the mmax

h (Xt = 2mt̃)
and mmod,±

h scenarios (Xt = ± 1.5mt̃, respectively). The other
parameters are fixed at: tβ = 10, µ = 200 GeV, mA = 500 GeV,
m˜̀3 = mτ̃R = mb̃R

= 1000 GeV, Ab = Aτ = 0, mg̃ = 1500 GeV.
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8. Numerical investigation of the top-Yukawa corrections

The maximal mass of the light Higgs boson h in the region of large mA strongly
depends on the stop-sector parameters mt̃ ≡ mq̃3 = mt̃R and Xt = At − µ/tβ .

The dependence of mh on mt̃ and Xt/mt̃ for degenerate soft-breaking parameters
and sufficiently large mA = 500 GeV, i. e. the light Higgs is SM-like, as depicted in
Fig. 8.2 (the other parameters are given in the caption). For a fixed value of mt̃ the
dependence of the Higgs-boson mass mh1 on Xt/mt̃ has a local minimum at zero,
local maxima at ≈ ±2 and a steep gradient for larger |Xt|/mt̃ (which is also depicted
explicitly in Fig. 8.4). For a rising mt̃ and fixed Xt/mt̃ the mass quickly increases to
its maximum value and slowly declines subsequently. This is an effect of the fixed-
order calculation and is not found, if higher-order logarithms of the type log (mt̃/mt)
are included [Hah+14]. The kinks correspond to thresholds for decays into gluinos.

The case with Xt = 2mt̃ is named mmax
h scenario [Sch+06; Car+03; HHW00a]; more

moderate cases for lower values of Xt = ±1.5mt̃ have been proposed in Ref. [Car+13]
and are named mmod,±

h scenarios, respectively.
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Figure 8.3.: The dependence of the Higgs-boson masses mi, i ∈ {h, H, A, h±}
on tβ with (straight) and without (dashed) the O

(
α2
t

)
contributions.

Left: mA = 500 GeV. Right: mA = 110 GeV. The other param-
eters are fixed at: mq̃3 = mt̃R

= mb̃R
= 1000 GeV, µ = 200 GeV,

mg̃ = 1500 GeV, m˜̀3 = mτ̃R = 1000 GeV, At = Ab = Aτ = 1.5mq̃3 .
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8.1. Neutral Higgs masses in the real MSSM

Another important parameter is tβ, which affects the values of mh and mH already
at the tree level (cf. Eq. (6.28)). But also the loop contributions are influenced by tβ,
e. g. by its appearance inside of the mass matrices of the sfermions in Eq. (3.9). As can
be seen in Fig. 8.3, the influence of tβ on the mass predictions for h and H is strong,
especially for low values. The effect on the heavy Higgs mass mH is less pronounced
for a larger input of mA. Depending on the specific parameters the O(α2

t ) terms are
important for a precise prediction of mh or mH or both.

Comparison with a previous result

A previous analytic result of the O(α2
t ) contributions to the neutral Higgs-boson

masses in the real MSSM already exists from a calculation making use of the effective-
potential method [Bri+02]. The version of FeynHiggs for real parameters has this
result included, making thus a direct comparison with the prediction of the new
diagrammatic calculation possible. Thereby all parameters and renormalization have
been adapted to agree with Ref. [Bri+02], i. e. the A-boson mass is used as input quan-
tity and renormalized on-shell as explained in Section 7.4.2, and δ(1)sw is absorbed
by the corrections to the Fermi constant GF as described in Section 7.4.3.
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Figure 8.4.: Comparison of the results for the light Higgs-boson mass evalu-
ated in the effective potential approach (blue) and the Feynman-
diagrammatic approach (red). For reference the result without
the O

(
α2
t

)
contributions is shown (green). The gray area depicts

the mass range between 124.5 GeV and 126.5 GeV.
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8. Numerical investigation of the top-Yukawa corrections

effective potential Feynman diagrams without O HΑ
t
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Figure 8.5.: Comparison of the results evaluated in the effective potential ap-
proach (blue) and the Feynman-diagrammatic approach (red) for
the heavy Higgs-boson mass. For reference the result without
the O

(
α2
t

)
contributions is shown (green).

Very good agreement is found between the two results that have been obtained in
completely independent ways. As an example, this feature is displayed in Fig. 8.4,
where the shift of the light Higgs-boson mass by the O(α2

t ) terms in the two ap-
proaches is shown on top of the mass prediction without these terms. The gray band
depicts the mass range 125.5± 1 GeV around the Higgs signal measured by ATLAS
and CMS. The mass shifts displayed in Fig. 8.4 underline the importance of the
two-loop top-Yukawa contributions for a reliable prediction of the light Higgs boson
mass.

In Fig. 8.5 the mass shift for the heavy Higgs boson is depicted for the same param-
eters. It is in general small and also the variation with At is below 0.1 GeV which
is an immediate consequence of the suppressed couplings of the heavy Higgs boson
in this region. Nevertheless the very good agreement of the Feynman diagrammatic
and the effective potential approach is emphasized again. The very small deviation
for large |At| is inside the limits of the computational accuracy.

Inverted Higgs-boson mass hierarchy

A possibility to interpret the measured Higgs-like state around 125.5 GeV as the
heavy Higgs boson H has been pointed out in Refs. [HSW12; Ben+12; BFS12].
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8.1. Neutral Higgs masses in the real MSSM

To arrange the mass mH in an appropriate intervall, the input parameter mA also
has to be low as can be seen in Fig. 8.1. In that case the charged Higgs boson
becomes light, too; the light CP -even Higgs-boson mass mh becomes very low,
which introduces the name mlow

h scenario for this case. Thereby h has strongly
suppressed couplings to gauge bosons thus having been invisible for past experiments.
Despite strong constraints by experimental data on the allowed parameter space of
the MSSM in this scenario [col13a; col13b], it cannot be excluded yet as is shown in
the following.

In Ref. [Car+13] this case is labeled differently as "low-MH scenario". Therein two
allowed parameter regions are identified: one for tβ ≈ 5.5, µ ≈ 1500 GeV and one
for tβ ≈ 7.5, µ ≈ 2800 GeV. The available range for tβ is constrained from above
by Higgs-to-τ+-τ− searches at the LHC and from below by searches for a charged
Higgs boson or the LEP experiment. Furthermore strong experimental bounds exist
in the tβ(mA) and tβ(mH±) plane which are however only given for Higgs cross
sections evaluated in the mmax

h scenario. Nevertheless, the A-boson mass is kept
as light as possible to meet the limits of CMS [col13a]. Also the resulting charged
Higgs-boson mass is chosen to be heavier than 140 GeV which is the current limit of
ATLAS [col13b]. For large µ the latter requirement becomes more difficult to achieve
due to the negative O(α2

t ) contributions to the charged Higgs-boson mass; this effect
is explained in more detail in Section 8.3.

Both parameter regions which are mentioned above are depicted in Fig. 8.6 with a
degenerate stop soft-breaking value mt̃ ≡ mt̃L = mt̃R varied at the vertical axis and
the quantity Xt/mt̃ varied at the horizontal axis. The red (yellow) band shows
the 125.5± 2 (±3) GeV contour for the mass of the heavy CP -even state mH . This
range corresponds to an estimated theoretical uncertainty of the light Higgs-boson
mass due to presently not calculated two-loop and three-loop contributions [Deg+03];
it is assumed to also be valid formH in themlow

h scenario. The blue (light-blue) region
indicates a charged Higgs-boson mass of more than 140 (138) GeV at higher orders
(cf. Section 8.3). The parameter region which fits the constraints best is found in the
intersection of the blue and red regions. As can be seen there are two possibilities
in each case: a very large Xt ≈ 2.5mt̃ and a moderate negative Xt. For the upper
plot in Fig. 8.6 only a narrow band is allowed for mt̃ at the low-At region due to
the strong gradient for the Higgs mass mH at very low tβ. In contrast, for the lower
plot of Fig. 8.6 the high-At region is constrained by the low value of the charged
Higgs-boson mass.
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Figure 8.6.: Contour plots for the dependences of mH and mh± on Xt/mt̃

and mt̃ ≡ mq̃3 = mt̃R
are shown. The red (yellow) band indicates

where H can be interpreted as the experimentally measured
Higgs-like particle with a mass of mH = 125.5± 2 (±3) GeV.
The blue area shows the mass of the charged Higgs boson
with contours at mh± = 140 GeV and mh± = 138 GeV. Two
different parameter regions are shown as derived in Ref. [Car+13].
Up: tβ = 5.5, µ = 1500 GeV. Down: tβ = 7.5, µ = 2800 GeV.
The other parameters are mg̃ = 1500 GeV, Ab = Aτ = 0,
mb̃R

= m˜̀3 = mτ̃R = 1000 GeV.
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8.2. Neutral Higgs masses in the complex MSSM

8.2. Neutral Higgs masses in the complex MSSM

In the following, the MSSM parameters At, µ and mg̃ are considered as complex-
valued quantities. In this case also Σ̂(j)

hA and Σ̂(j)
HA, j ∈ {1, 2} contribute to the

self-energy matrices in Eq. (6.37a), thus all neutral lowest-order Higgs bosons h, H
and A mix at higher orders in general. The resulting masses mh1 , mh2 and mh3 are
acquired from the p2-dependent Eq. (6.38) and sorted in the order mh1 < mh2 < mh3 .
Accordingly, the charged Higgs-boson mass mH± is chosen as an input parameter and
renormalized on-shell at higher orders.

8.2.1. Comparison with a previous interpolation

Until now, the O(α2
t ) terms were not available for complex parameters. Instead, in

the present version of FeynHiggs, the dependence of the O(α2
t ) contributions on the

phases φAt and φµ is approximated by an interpolation between the real results for
the phases 0 and ±π [Hah+07; Hah+09].

A comparison with the full diagrammatic calculation yields deviations that can be
notable, in particular for large |At| and large µ. Fig. 8.7 displays the quality of
the interpolation as a function of φAt and shows that the deviations become more
pronounced with rising µ, which is kept real. Also the admixture of the CP -odd part
in h1 is increasing with µ, but in the depicted parameter range it is in general small,
below 2%. The asymmetric behaviour with respect to φAt is caused by the phase of
the gluino mass in the O(αtαs) contributions. The shaded area again illustrates the
range from 124.5 GeV to 126.5 GeV.

However a caveat has to be issued: since mH± is used as an input in the case of
complex parameters, it is also renormalized on-shell; in particular, for the O(α2

t ) cor-
rections Eqs. (7.13) have to be used. Accordingly, the counterterms for the A-
boson mass at the one-loop and two-loop level are determined by Eq. (6.64) and
Eq. (6.80), respectively. Particularly, the genuine mass counterterms in Eq. (7.9c)
and Eq. (7.10c) have to be used as input for Eq. (7.8c) to renormalize theO(α2

t ) contri-
butions to Σ(2)

A in Eq. (7.6a), i. e. the explicit expressions for the O(α2
t ) contributions

to Σ(2)
H± are required. However, the previous result of the O(α2

t ) corrections in the
effective potential approach is only available for mA being renormalized on-shell,
especially the contributions to the charged Higgs-boson self-energy are not contained
in FeynHiggs (instead the terms of the A-boson self-energy are used). Thus, by
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Figure 8.7.: The result for mh1 in the diagrammatic calculation (red), in com-
parison with the approximate result from an interpolation between
the phases φAt = 0, ±π (blue) for different values of a real µ. The
gray area depicts the mass range between 124.5 GeV and 126.5 GeV.

using the interpolation in FeynHiggs the renormalized self-energies are calculated
incorrectly, whenever the O(α2

t ) terms in the difference Σ(2)
A − Σ(2)

H± are large. The
depicted example in Fig. 8.7 is situated in a parameter region where the heavy Higgs
bosons practically do not mix with h, i. e. renormalization of either mA or mH± has
a negligible influence on the prediction of mh1 .

This is not the case for the other two neutral Higgs bosons in this scenario. In Fig. 8.8
the massesmh2 (red) andmh3 (green) are depicted for the Feynman diagrammatic cal-
culation (straight) and for the effective potential interpolation (dashed) on top of the
result without the O(α2

t ) contributions (dotted). A clear deviation between the two
different calculations is visible and even for the case of real parameters at φAt = 0, ±π
big shifts occur, originating from the different renormalization schemes15 (the size
is controlled by µ as is illustrated in Section 8.3); and moreover these deviations
are passed on to the lightest Higgs-boson mass as soon as large mixings between h
and H, A occur. In the present scenario, close to the real values of At the masses mh2

and mh3 can be identified as the masses of H and A, respectively. For a large
imaginary part of At the situation is vice versa because of a strong CP -mixing. This
feature is illustrated in Section 8.2.2.

15Similar effects have been observed in the calculation of the O(αtαs) corrections [Fra+13].
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Figure 8.8.: Results for mh2 (red) and mh3 (green) in the diagrammatic calcu-
lation (straight) in comparison with the approximate result from
an interpolation between the phases φAt = 0, ±π (dashed). For
reference the result without the O

(
α2
t

)
terms is shown (dotted).

8.2.2. CP-mixing

As mentioned before, all three neutral lowest-order Higgs bosons, i. e. the CP -even h
and H, and the CP -odd A, in general mix at higher orders. They are no mass
eigenstates and in general CP -mixed states. Furthermore, the mixing of h, H and A
is p2-dependent, hence also the CP -violating mixing features depend on the external
momentum.

A convenient approximation for the discussion of the CP -mixing is given by as-
suming p2 = 0 in the renormalized self-energies of the Higgs bosons. In this case,
Eq. (6.38) simplifies to the eigenvalue equation for the matrix M(2)

hHAG(0) in Eq. (7.6a).
The real mixing matrix which diagonalizes M(2)

hHA(0), i. e. the upper-left (3× 3) sub-
matrix of M(2)

hHAG(0) neglecting mixings with the Goldstone boson, is denoted as UH

in the following. It allows to define an approximate mass-eigenstate basis according
to 

h1

h2

h3

 = UH


h

H

A

 , UH =


UH, 11 UH, 12 UH, 13

UH, 21 UH, 22 UH, 23

UH, 31 UH, 32 UH, 33

 . (8.1)
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Figure 8.9.: The mixing-matrix elements squared U2
H, ij , i, j ∈ {1, 2, 3} (left)

and masses mhi (right), where i is the index of the row and j is
the index of the column, are illustrated with the phase φAt and
the input mass mH± being varied. The color coding is explained
in the labels at the top of the figures; for convenience some
contours of the mass plots are signed with their corresponding
mass values. The input parameters are fixed at µ = 2000 GeV,
tβ = 5, m˜̀3 = mτ̃R = 1000 GeV, mq̃3 = mt̃R

= mb̃R
= 1000 GeV,

|At| = |Ab| = |Aτ | = 2mq̃3 , mg̃ = 1500 GeV.

In general, the hi, i ∈ {1, 2, 3} are no longer CP -eigenstates since they are composed
of the tree-level CP -even bosons h and H and the tree-level CP -odd boson A.
The squared elements U2

H, i3 of Eq. (8.1) tell the amount of the A boson inside
of hi = UH, i1 h+ UH, i2H + UH, i3A.

The dependence of the mixing-matrix elements squared U2
H, ij and the Higgs-boson

massesmhi on the input value of the charged Higgs-boson massmH± and the basically
unconstrained complex phase φAt [FO96] is presented in Fig. 8.9. Thereby the tiles on
the left-hand side are ordered according to the matrix form of U2

H, ij, i and j being the
indices of the row and the column, respectively. The masses mhi on the right-hand
side are in ascending order from the first to the third row.
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8.2. Neutral Higgs masses in the complex MSSM
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Figure 8.10.: The mixing-matrix elements squared U2
H, ij , i, j ∈ {1, 2, 3} (up

left) and masses mhi (up right), where i is the index of the
row and j is the index of the column, are illustrated with the
phase φAt and the real-valued µ being varied. For comparison
the mixing-matrix elements squared U2

H, 1j , j ∈ {1, 2, 3} (down
left) and mass mh1 (down right) are depicted without the con-
tributions of the O

(
α2
t

)
terms. The color coding is explained

in the labels at the top of the figures; for convenience some
contours of the mass plots are signed with their corresponding
mass values. The input parameters are fixed at mH± = 140 GeV,
tβ = 5, m˜̀3 = mτ̃R = 1000 GeV, mq̃3 = mt̃R

= mb̃R
= 1000 GeV,

|At| = |Ab| = |Aτ | = 2mq̃3 , mg̃ = 1500 GeV.
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8. Numerical investigation of the top-Yukawa corrections

Whenever two masses m2
hi

and m2
hj

are close to each other or even equal, the U2
H, ij

change from zero to one very quickly, i. e. two fields hi and hj interchange their
meaning. For a large charged Higgs mass the lightest Higgs h1 is basically equal to h.
In contrast, the heavier Higgs bosons can be composed of H and A in all possible
variations, depending on the phase, thus yielding the possibility of very large CP -
mixing. Especially eye-catching are the nodal points close to the real values of At
for φAt = ±π and mH± ≈ 205 GeV. They correspond to the parameter points where
the masses of h2 and h3 are equal; slightly above or below the nodes h2 and h3

can exactly be identified as H or A. A similar, but not as strong, effect is visible
close to the real value of At for φAt ≈ 0. Besides this special situations, h3 is mostly
composed of H. At mH± ≈ 170 GeV an extreme situation is observed: each hi is
almost equal to h, H or A for any complex phase. However the situation changes for
low input values of mH± where a large admixture of A to the lightest Higgs boson h1

is predicted, depending on the complex phase φAt . In the same parameter range the
heaviest state h3 is nearly CP -even for any phase. The strongest gradients for the
mixing of h and A to h1 and h2 appear at φAt ≈ ±0.4 and mH± ≈ 140 GeV; for the
present choice of parameters the masses mh1 and mh2 come closest to each other at
this points.

Another interesting feature is the dependence of CP -mixing on the higgsino-mass
parameter µ. For the input value mH± = 140 GeV the dependence on a real µ is
depicted in Fig. 8.10. Thereby the mixing-matrix elements squared and masses use
the same conventions as in Fig. 8.9. As can be seen, µ has to be large to induce varying
mixing effects for different complex phases φAt . In the whole depicted parameter
range h3 essentially consists ofH and the admixture of A to h3 is practically negligible.
However big gradients can be seen in the other mixings which have the same origin
as in Fig. 8.9 and which appear again at the phases φAt ≈ ±0.4: here the difference
of the masses mh1 and mh2 becomes very small. For a comparison of the result with
and without the O(α2

t ) terms the latter is depicted for the lightest Higgs boson h1

in the lower two tiles of Fig. 8.10. Apparently, the regions with a large gradient in
the mixing are shifted by the O(α2

t ) contributions to lower values of µ. Besides that,
the mixing-matrix elements squared without the O(α2

t ) contributions are smaller in
the whole parameter region; this is a consequence of the additional dependence on
the stop sector (and therefore on φAt), which is introduced by the O(α2

t ) corrections.
However, the general phase dependence of the mixing-matrix elements squared for
large values of µ remains the same, even though their extreme points are shifted to
slightly higher |φXt | by the new contributions.
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8.2. Neutral Higgs masses in the complex MSSM

8.2.3. Inverted Higgs-boson mass hierarchy

Figure 8.11.: Contour plots for the dependences of mh2 and mh3 on |Xt|/mt̃

and mt̃ ≡ mq̃3 = mt̃R
are shown. The red (yellow) band indi-

cates where mh3 has a value of mh3 = 125.5± 2(±3) GeV. The
blue (light-blue) area shows the massmh2 of the other heavy Higgs
boson with contours at mh2 = 115 (120) GeV. The charged Higgs-
boson mass is an input parameter and fixed at mH± = 140 GeV.
The color coding is given at the top of the figure. Here the
parameter region at tβ = 7.5, µ = 2800 GeV is shown with the
complex phase of Xt varied as indicated at the top of each tile.
The other input parameters are mb̃R

= m˜̀3 = mτ̃R = 1000 GeV,
Ab = Aτ = 0, mg̃ = 1500 GeV.

In analogy to the real MSSM, the mlow
h scenario can also be investigated in the case

of complex parameters. To arrange for low masses of the heavy neutral Higgs bosons,
the input value mH± has to be small.

As has been pointed out in Section 8.2.2 all neutral lowest-order Higgs bosons mix
at higher orders, in general violating CP -symmetry. The experimentally measured
Higgs-like particle with a mass of≈ 125.5 GeV has been shown to be at most 68% CP -
odd [DM13]. In Fig. 8.9 it can be seen that the Higgs boson h3 is the one which
corresponds best to a CP -even boson for a low input of mH± . Thus, the possibility
of mh3 ≈ 125.5 GeV is investigated in the following.

Imposing the additional constraintsmh2 < 120 GeV andmH± > 140 GeV to fulfill the
current experimental bounds, leaves only one of the two scenarios that were discussed
in the real case: tβ ≈ 7.5 and µ ≈ 2800 GeV. In the other scenario either mh2 or mh3

is too large in the depicted parameter range.
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8. Numerical investigation of the top-Yukawa corrections

In Fig. 8.11 the dependences of mh2 and mh3 on |Xt|/mt̃ and mt̃ ≡ mq̃3 = mt̃R are
illustrated for different phases φXt . Compared to the case with real parameters only
the possibility for small values of |Xt| remains; the former available large-|Xt| region
is shifted to even higher values. However, due to the additional mixing with the third
neutral Higgs boson a larger range for the stop-mass parameter mt̃ ≡ mq̃3 = mt̃R is
allowed now. The regions which agree best with the conditions that are imposed
on mh2 and mh3 are the overlapping red and blue areas. Hence, the preferred φXt is
found to be close to −3π/4. In contrast, phases close to zero result in difficulties to
fulfill both conditions at the same time for the investigated parameter space. The
outer-most tiles are mirrored since the results only depend on |φXt | for the chosen
parameters. Furthermore, the tiles with a phase difference of π are continuous in |Xt|
if they were combined at the origin. Also very remarkable are the heavy changes of
the mass predictions between the phases zero and π/4 on the one hand and between
the phases −π and −3π/4 on the other hand, compared to the small changes among
all the other tiles.

8.2.4. Scenario with a complex-valued µ

In this section the dependence of the mass predictions on the complex phase φµ of
the bilinear superpotential parameter µ is investigated. In the O(α2

t ) terms the phase
appears in the mixing matrices of the higgsinos and along with µ in the couplings of
top squarks and their mixing matrices. Although strong constraints by electric dipole
moments exist on φµ [MS97] the regions close to real values are still allowed [BGK99;
Brh+99] and therefore of special interest.

Again, pronounced effects are found in the mlow
h scenario; for larger input values

of mH± the mass shifts induced by small phases of µ are tiny for each neutral Higgs
boson. The investigated parameter range is illustrated in Fig. 8.12 for phases φµ ≈ 0
and in Fig. 8.13 for phases φµ ≈ π. Fig. 8.12 contains contour plots for φµ = 0
and φµ = π/5 and Fig. 8.13 contains contour plots for φµ = π and φµ = 4π/5. The
varied parameters are Xt/mt̃ , with mt̃ ≡ mq̃3 = mt̃R , on the horizontal axis, and |µ|
on the vertical axis. In each case the complex phase of Xt is set equal to zero, i. e.
the parameter At is modified accordingly.

However, as can be seen in Fig. 8.14, the phase of At is close to 0 or π for any
value of φµ as long as |Xt| is sufficiently large compared to |µ|/tβ . In contrast, for
comparably low |Xt| the phase φAt has the opposite sign and a similar size as φµ.
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8.2. Neutral Higgs masses in the complex MSSM
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Figure 8.12.: Left: Contour plots for the scenario with a complex µ at
low φµ ≈ 0 are shown. The plots are arranged from top to
bottom in ascending order of the neutral Higgs-boson masses.
The color coding and the value of φµ is given above the tiles.
The green, red and blue circles define the input parameters for
the plots on the right. Right: The colors of the curves agree
with their corresponding points inside the contour plots. The
ordering of the masses is the same. The input parameters are
tβ = 7.5, mH± = 140 GeV, mt̃ ≡ mq̃3 = mt̃R

= mb̃R
= 1500 GeV,

m˜̀3 = mτ̃R = 1500 GeV, Ab = Aτ = 0, mg̃ = 1500 GeV.
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Figure 8.13.: Left: Contour plots for the scenario with a complex µ at
high φµ ≈ π are shown. The plots are arranged from top to
bottom in ascending order of the neutral Higgs-boson masses.
The color coding and the value of φµ is given above the tiles.
The green, red and blue circles define the input parameters for
the plots on the right. Right: The colors of the curves agree
with their corresponding points inside the contour plots. The
ordering of the masses is the same. The input parameters are
tβ = 7.5, mH± = 140 GeV, mt̃ ≡ mq̃3 = mt̃R

= mb̃R
= 1500 GeV,

m˜̀3 = mτ̃R = 1500 GeV, Ab = Aτ = 0, mg̃ = 1500 GeV.
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Figure 8.14.: The dependence of |At| and φAt on φµ is depicted for different real
values of Xt > 0 (left) and Xt < 0 (right) with the color coding
corresponding to the legend. Thereby φµ is varied between −π
and π yielding the curves. For your guidance the symbols +, ◦
and −, which are explained in the caption, are attached to each
line. For some pairs of curves + and − are lying on top of each
other. The cases Xt = ± |µ|/tβ are special: for φµ = ∓π the
phase of At jumps to zero. The gray area illustrates the range
of |At| > mt̃. The input parameters are tβ = 7.5, |µ| = 2500 GeV,
mt̃ ≡ mq̃3 = mt̃R

= 1500 GeV.

The rows of Fig. 8.12 and Fig. 8.13 are sorted from up to down in ascending order of
the Higgs-boson masses mhi with their corresponding values given as indicated by the
color coding in the legend. The dependence of mh1 and mh3 on Xt/mt̃ mimics the
result for the real case in Fig. 8.2 with two local maxima at Xt ≈ ±2mt̃ and one local
minimum close to Xt = 0, whereas mh2 shows just a shallow dependence on Xt/mt̃ in
the depicted range; only for a large complex µ stronger variations are visible. For low
input values of |µ| none of the masses is significantly shifted by different phases φµ;
however, the situation becomes different for increasing |µ|. There is a tendency for
a decreasing mh1 with rising |µ|, while mh3 is decreasing for φµ ≈ 0 and increasing
for φµ ≈ π with rising |µ|; as mentioned before, the case ofmh2 depends on the chosen
phase.
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8. Numerical investigation of the top-Yukawa corrections

Three special points are selected in each contour plot as illustrated by the red, blue
and green spots with the coordinates |µ| = 2500 GeV and Xt = 0, ±1.5mt̃. On the
right-hand sides of both figures the same color coding is used to show the dependence
of the Higgs-boson masses mhi on the phase φµ at these three parameter points.
Thereby the straight lines depict the results which include the O(α2

t ) corrections, in
contrast to the dotted lines. Since no visible shift occurs for Xt = 0 (red), but large
shifts appear in the other cases forXt = 1.5mt̃ (blue) andXt = −1.5mt̃ (green), these
effects must be induced by the µ-dependence of the stop sector; the contributing φµ-
dependence of the higgsino mixing matrices is negligible in the depicted parameter
range. The masses mh1 and mh3 are rising with an increasing imaginary part of µ,
while mh2 is falling.

8.3. Charged Higgs-boson mass in the real MSSM
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Figure 8.15.: In the upper parts of both plots, the prediction for the charged
Higgs-boson mass mh± including all known contributions (blue),
without the O

(
α2
t

)
contributions (green) and without any two-

loop corrections (black dashed) is depicted. In the lower
parts of both plots, the mass shift ∆mh± by the O

(
α2
t

)
con-

tributions is shown (red). Left: tβ = 4, mA = 150 GeV.
Right: tβ = 10, mA = 500 GeV. The other input parame-
ters are mq̃3 = mt̃R

= mb̃R
= 1000 GeV, m˜̀3 = mτ̃R = 1000 GeV,

At = Ab = Aτ = 1.5mq̃3 , mg̃ = 1500 GeV.
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8.3. Charged Higgs-boson mass in the real MSSM

For the calculation of the O(α2
t ) contributions to the neutral Higgs-boson masses in

the complex MSSM the charged Higgs-boson mass mH± has to be chosen as an input
parameter and is renormalized on-shell accordingly. Therefore the O(α2

t ) terms of
the charged Higgs-boson self-energy have to be computed. They have been derived
in this thesis and were not known before. In the real MSSM the A-boson mass mA

is conventionally chosen as an input parameter. In this case, the O(α2
t ) self-energies

contribute to the mass matrix of the charged Higgs bosons at higher orders according
to Eq. (7.6b). The corresponding mass mh± is derived via Eq. (6.39). The present
status of the mass prediction for the charged Higgs bosons without the O(α2

t ) con-
tributions is described in Ref. [Fra+13].

The contributions to mh± induced by the O(α2
t ) corrections are small over a large

parameter space. Two typical mmod
h scenarios which are compatible with current

exclusion limits are shown in Fig. 8.15. Above the black dashed line which shows
the charged Higgs-boson mass including the one-loop corrections are the curves
for the O(αtαs) contributions (green) and both known two-loop contributions com-
prising the O(α2

t ) terms (blue). The sum of both two-loop corrections is lowered,
i. e. the O(α2

t ) corrections are negative (red). However, the total two-loop shift still
yields a higher mass of the charged Higgs-boson compared to the one-loop result.
For large values of µ the charged Higgs-boson mass mh± becomes smaller, but the
absolute value of the mass shift ∆mh± which is induced by the O(α2

t ) contributions
becomes larger. In the scenario with a large mA (right) the top-Yukawa corrections
are smaller compared to the scenario with a low mA (left).
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9. Conclusions

The discovery of a Higgs-like particle with a mass around 125.5 GeV [Cha+14;
Aad+14] at the LHC by the experiments ATLAS [Aad+12] and CMS [Cha+12a]
has initiated intensive efforts in improving the theory predictions for the Higgs-boson
mass of various models. Therefore, higher-order corrections in perturbation theory
are an important tool.

The main subject of this thesis is the Feynman-diagrammatic computation and
analysis of the top-Yukawa-coupling enhanced two-loop contributions ofO(α2

t ) for the
Higgs-boson spectrum in the Minimal Supersymmetric Standard Model (MSSM) with
complex parameters. Accordingly, two-loop renormalization of the Higgs tadpoles
and self-energies for complex parameters is carried out. So far, these corrections were
only available for real parameters evaluated in the effective-potential approach. The
Higgs-boson sector of the MSSM is CP -conserving at lowest order and is independent
of complex parameters. However, at higher orders in perturbation theory complex
parameters are introduced from other sectors of the MSSM leading to mixing of
the CP -even neutral Higgs bosons h and H with the CP -odd neutral Higgs boson A
at higher orders.

In analogy to the significant phase dependence of the O(αtαs) corrections in the
complex MSSM, large contributions by the complex O(α2

t ) terms can occur. For
a precise prediction of the Higgs-boson masses and mixings the exact knowledge of
these corrections is necessary. Following the applied approximations in the evaluation
of the O(αtαs) terms, the O(α2

t ) contributions are also calculated in the gauge-less
limit with the external momentum and the bottom-quark mass set equal to zero.

For the numerical analysis of the Higgs-boson masses and mixings the new O(α2
t ) cor-

rections are combined with the other known contributions with the help of FeynHiggs.
It contains the full complex one-loop result and the complex two-loop O(αtαs) terms.
The previously known real O(α2

t ) terms are also contained in FeynHiggs: they are
compared with the O(α2

t ) results of this thesis and replaced by them afterwards.
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9. Conclusions

At first, a comparison of the O(α2
t ) contributions with the previously existing result

for real parameters is carried out. Very good agreement of both results is found
for the masses of the CP -even Higgs bosons as long as mA is chosen as an input;
the O(α2

t ) corrections to the neutral Higgs-boson masses can easily amount to a shift
of +5 GeV.

For the O(α2
t ) contributions the significant complex parameters of the MSSM are

the trilinear top-squark coupling At and the bilinear higgsino-mass parameter µ with
the phases φAt and φµ, respectively. For the case of non-zero phases, FeynHiggs
supplies the possibility of an interpolation of the O(α2

t ) terms from the effective-
potential calculation. A comparison with the exact result which is obtained in this
thesis reveals partially large deviations of O(1 GeV), especially for large values of µ.
The heavier Higgs-boson masses are in general more affected due to the different
renormalization scheme.

The phase φAt has a strong influence on CP -mixing. As has been clarified, this
mixing always happens either among A and h or among A and H; a region with
simultaneous CP -mixing of all three Higgs bosons at higher orders could not be
found. Thereby, large mixing between h and A is found for small mH± < 150 GeV
and large µ, whereas large mixings of H and A occur at large mH± . The mass shifts
in both cases can amount to several GeV when changing the phase φAt from 0 or ±π
to ±π/2. Interestingly, there is also the possibility to have just tiny mixing effects,
thus little CP -violation, in spite of large imaginary parts of At.

The dependence of the Higgs-boson masses on the phase φµ is investigated only for
small imaginary parts of µ. The main effect is induced by the couplings of the
stop sector; the occurence of φµ in the higgsino mixing matrix has just a negligible
influence. Furthermore, the investigated parameter range atXt = ±1.5mt̃ is basically
independent of φAt . Sizable contributions of O(0.5 GeV) are found for low values
of mH± and large values of |µ|.

The phenomenological interpretation of scenarios with low input values ofmA ormH±

is special in the sense that a heavy neutral Higgs boson is identified with the mea-
sured boson at the LHC. Although, the progress of measurements at the exper-
iments ATLAS and CMS in the recent years already excluded wide parts of the
parameter space of the MSSM, for this scenario some regions are still allowed and
investigated. However, if a stricter lower limit on the charged Higgs-boson mass can
be set, this scenario will be ruled out.
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For the evaluation of the O(α2
t ) contributions to the Higgs-boson sector in the

complex MSSM the corresponding corrections of the charged Higgs-boson self-energy
have to be calculated for on-shell renormalization of the charged Higgs-boson mass.
These terms are determined in this thesis and were not known before. As a side effect,
in the MSSM with real parameters and on-shell renormalization of the A-boson mass
they yield a shift of the charged Higgs-boson mass. In general this mass correction
is negative and for large values of µ it can exceed a contribution of −1 GeV.

The derived results clearly show the necessity for a precise calculation of the top-
Yukawa-coupling enhanced two-loop corrections including the full dependence on
complex phases. The overall mass shift by these contributions for real parameters is
positive, commonly around 5 GeV for one of the two CP -even lowest-order states h
and H. Depending on choosing either the A-boson mass or the charged Higgs-boson
mass as an input either mA or mH± is renormalized on-shell, accordingly. The other
mass receives a negative shift of O(1 GeV), respectively. In the complex MSSM,
the dependence on the phases φAt and φµ of the complex parameters At and µ,
respectively, can add further 1 to 2 GeV to the masses of the predominantly CP -even
Higgs bosons and a negative shift to the third neutral Higgs-boson mass; the charged
Higgs-boson mass is an input parameter and has to be renormalized on-shell in this
case.

Because of these large contributions, and in the light of a present experimental
accuracy for the mass measurement of the discovered Higgs-like particle at the LHC
of about 0.4 GeV,16 a further reduction of the theory uncertainty for the prediction of
the Higgs-boson masses in the MSSM is desirable, especially the yet missing two-loop
contributions by gauge bosons should be evaluated.

16Currently, the experimental accuracy is predominantly limited by the statistical uncertainty.
The systematic uncertainty is about 0.2 GeV [Cha+14; Aad+14].

117





A. Supersymmetry notations

A.1. Conventions

The metric of a four dimensional flat Minkowski spacetime is defined as

gµν = gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (A.1)

The applications of Lorentz transformations

x′µ = (δµν + rµν)xν (A.2)

with a second rank antisymmetric constant tensor rµν , or translations

x′µ = tµ + xµ (A.3)

with a constant four vector tµ on a spacetime element xµ leave physical observables
globally invariant. By defining the corresponding unitary operators U(t) = e( ı̇ı tµPµ

and U(r) = e( − ı̇ı2 rµνJµν with their respective generators P µ and Jµν the Poincaré
algebra of Eqs. (2.1) is satisfied.

A realization of the Poincaré algebra for spinors is given by the (4× 4) matri-
ces γµ, µ ∈ {0, 1, 2, 3} with the (anti)commutation relations

{γµ, γν} = 2gµν1, (A.4a)

[γµ, γν ] = −4ı̇ı
σµν 0

0 σ̄µν

 . (A.4b)
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A. Supersymmetry notations

In the Weyl representation they are defined by

γµ =
 0 σµ

σ̄µ 0

 (A.5)

with the four matrices

σµ =
(
1, σ1, σ2, σ3

)
, (A.6a)

σ̄µ =
(
1, −σ1, −σ2, −σ3

)
, (A.6b)

σi, i ∈ {1, 2, 3} being the Pauli matrices and

γ5 = γ5 = ı̇ı γ0γ1γ2γ3 =
−1 0

0 1

 . (A.7)

The spin matrices in that representation are given by

σµν = ı̇ı (σµσ̄ν − σν σ̄µ) , (A.8a)

σ̄µν = ı̇ı (σ̄µσν − σ̄νσµ) . (A.8b)

A.2. Grassmann variables

Grassmann variables αi are defined by the anticommutator

{αi, αj} = 0 (A.9)

among each other while they commute with complex variables. Thus, a general
function f of the two Grassmann variables θ and θ̄ has the form

f
(
θ, θ̄

)
= f0 + f1θ + f2θ̄ + f3θθ̄. (A.10)

The complex numbers f0, f1, f2 and f3 can be evaluated by using the Berezin inte-
gration rules [Ber66]

0 =
∫

dθ, 0 =
∫

dθ̄, (A.11a)

1 =
∫

dθ θ, 1 =
∫

dθ̄ θ̄ (A.11b)
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A.3. Two-component spinors

and the identities θ2 = 0 and θ̄2 = 0. The extension to more independent Grassmann
variables is obvious.

A.3. Two-component spinors

Massive Dirac four spinors transform as the direct sum of the two fundamental
representations

(
1
2 , 0

)
⊕
(
0, 1

2

)
of the groups SU(2)+ and SU(2)− respectively, with

SU(2)+ ⊗ SU(2)− being homomorphic to the Lorentz group. Two-component Weyl
spinors ξA and χ̄Ȧ can be constructed which transform as

(
1
2 , 0

)
and

(
0, 1

2

)
respec-

tively. They obey the relations

ξA = εABξB, ξA = εABξ
B, (A.12a)

χ̄Ȧ = εȦḂχ̄Ḃ, χ̄Ȧ = εȦḂχ̄
Ḃ (A.12b)

with the totally antisymmetric tensor εAB = −εAB =
(

0 1
−1 0

)
. The relation between

both representations can be expressed by

ξA =
(
ξ̄Ȧ
)†
, ξA =

(
ξ̄Ȧ
)†
, (A.13a)

χ̄Ȧ =
(
χA
)†
, χ̄Ȧ = (χA)† . (A.13b)

The following combinations form covariant and SL(2, C) invariant (being the covering
group of the Lorentz group) bilinear forms:

ξχ = ξAχA =
(
χ̄ξ̄
)†
, (A.14a)

ξσµχ̄ = ξAσµ
AḂ
χ̄Ḃ =

(
χσµξ̄

)†
, (A.14b)

χ̄σ̄µξ = χ̄Ȧσ̄
µ ȦBξB =

(
ξ̄σ̄µχ

)†
. (A.14c)

The components of the Weyl spinors are anticommuting. With the additional conju-
gate Grassmann-variable doublets θA and θ̄Ȧ the following relations are valid:

ξσµχ̄ = −χ̄σ̄µξ, (A.15a)

ξσµνχ = −χσµνξ, ξ̄σ̄µνχ̄ = −χ̄σ̄µν ξ̄, (A.15b)

θAθB = −1
2ε

ABθθ, θAθB = 1
2εABθθ, (A.15c)

θ̄Ȧθ̄Ḃ = 1
2ε

ȦḂ θ̄θ̄, θ̄Ȧθ̄Ḃ = −1
2εȦḂ θ̄θ̄, (A.15d)
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A. Supersymmetry notations

θξ θχ = −1
2ξχ θθ, θ̄ξ̄ θ̄χ̄ = −1

2 ξ̄χ̄ θ̄θ̄, (A.15e)

ξζ χ̄τ̄ = 1
2ξσ

µχ̄ ζσµτ̄ , ξ̄ζ̄ χτ = 1
2 ξ̄σ̄

µχ ζ̄σ̄µτ, (A.15f)

θσµθ̄ θσν θ̄ = 1
2g

µνθθθ̄θ̄, (A.15g)

ζξ χσµτ̄ = −1
2ζχ ξσ

µτ̄ + ζσµνχ ξσν τ̄ , ζξ χ̄σ̄µτ = −1
2τξ χ̄σ̄

µζ − τσµνξ χ̄σ̄νζ,
(A.15h)(

σµθ̄
)
A
θσν θ̄ = θ̄θ̄

[
1
2g

µνθA − ı̇ı (σµνθ)A
]
, (θσµ)Ȧ θ̄σ̄

νθ = −θθ
[

1
2 θ̄Ȧg

µν + ı̇ı
(
θ̄σ̄µν

)
Ȧ

]
.

(A.15i)

A.4. Superfields

Superfields are functions on the superspace which contains Minkowski spacetime
vectors xµ and two additional conjugate Grassmann-valued coordinate doublets θA

and θ̄Ȧ. The most general expression for superfields is stated by Eq. (2.7). The in-
finitesimal transformation of general superfields is performed in Eq. (2.11). Inserting
the full expression yields the infinitesimal transformations of its components:

δf =
√

2 (τξ + τ̄ χ̄) , (A.16a)

δξA =
√

2τAM +
√

2
2 (σµτ̄)A (−ı̇ı ∂µf + Aµ) , (A.16b)

δχ̄Ȧ =
√

2τ̄ ȦN −
√

2
2 (σ̄µτ)Ȧ (ı̇ı ∂µf + Aµ) , (A.16c)

δM = τ̄ λ̄+ ı̇ı
√

2
2 ∂µξσ

µτ̄ , (A.16d)

δN = τζ − ı̇ı
√

2
2 τσµ∂µχ̄, (A.16e)

δAµ = τσµλ̄+ ζσµτ̄ −
ı̇ı
√

2
2 [τ∂µξ − ∂µχ̄τ̄ ] +

√
2 [τσµν∂νξ − τ̄ σ̄µν∂νχ̄] , (A.16f)

δλ̄Ȧ = τ̄ ȦD − ı̇ı

2 τ̄
Ȧ∂µAµ − ı̇ı (σ̄µτ)Ȧ ∂µM + (σ̄µν τ̄)Ȧ ∂µAν , (A.16g)

δζA = τAD + ı̇ı

2τA∂
µAµ − ı̇ı (σµτ̄)A ∂µN − (σµντ)A ∂µAν , (A.16h)

δD = ı̇ı
(
∂µζσ

µτ̄ + ∂µλ̄σ̄
µτ
)
. (A.16i)

Thus, the D term of any superfield transforms solely as a derivative. Similarly it can
be shown, that the F components of chiral superfields given by Eq. (2.14) transform
as a derivative.
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A.4. Superfields

A supersymmetric Lagrangian density constructed out of these superfields must
remain invariant under each supersymmetry transformation up to a total derivative
to keep the action constant. The only possible contributions are thus the D terms of
superfields and the F terms of chiral superfields leading to the general form

L =
∫

dθ dθ dθ̄ dθ̄Φ†iΦi +
∫

dθ dθW(Φi) +
∫

dθ̄ dθ̄W
(
Φ†i
)
. (A.17)

However, it is noteworthy that covariant derivatives of superfields can create addi-
tional F term contributions as shown in the special case given by Eq. (2.25).
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B. Loop integrals

The analytical evaluation of the O(α2
t ) contributions requires the following explicit

expressions for one-loop and two-loop integrals.

B.1. One-loop functions

In the following all required one-loop integrals are listed up to O(ε1), where ε =
(4−D)/2 parametrizes the divergent parts. D is the dimension of the integrated
momentum and µD depicts the regularization parameter, so that∫

d4q → µ4−D
D

∫
dDq . (B.1)

The reduction to scalar integrals as described first by Ref. [PV79] has been used. The
scalar integrals have been re-evaluated by using the technique of Feynman parameters.

A0(0) = 0, (B.2a)

A0
(
m2) = m2

ε
−m2 {L

(
m2)}+m2ε

{
1
2 + π2

12 + 1
2
[
L
(
m2)]2} , (B.2b)

B0
(
p2, 0, 0

)
= 1
ε

+
{

1 + C + log
(
− µD
p2−ı̇ı ε′

)}
+ ε

{
2− π2

12 + 1
2

[
1 + C + log

(
− µD
p2−ı̇ı ε′

)]2}
,

(B.3a)

B0
(
0, 0,m2) = B0

(
0,m2, 0

)
=
A0
(
m2)
m2 , (B.3b)

B0
(
0,m2,m2) = (1− ε)

A0
(
m2)
m2 , (B.3c)

B0
(
0,m2

1,m
2
2
)

=
A0
(
m2

1
)
−A0

(
m2

2
)

m2
1 −m2

2
, (B.3d)

B0
(
m2, 0,m2) = 1

ε
+
{

1− L
(
m2)}+ ε

{
2 + π2

12 + 1
2
[
1− L

(
m2)]2} , (B.3e)

B0
(
m2,m2, 0

)
= B0

(
m2, 0,m2), (B.3f)
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B. Loop integrals

B0
(
m2

1, 0,m2
2
)

= 1
ε

+
{
m2

2
m2

1

[
1− L

(
m2

2
)]

+ m2
1 −m2

2
m2

1

[
1 + C + log

(
µD

m2
2−m2

1

)]}
+ ε

{
m2

1 −m2
2

2m2
1

[(
1 + C + log

(
µD

m2
2−m2

1

))2
− 2 Li2

(
−m2

1
m2

2−m2
1

)]

+ 2 + π2

12 + m2
2

2m2
1

[
1− L

(
m2

2
)]2}

,

(B.3g)

B0
(
m2

1,m
2
2, 0
)

= B0
(
m2

1, 0,m2
2
)
, (B.3h)

B0

(
(m1 ±m2)2,m2

1,m
2
2

)
=

1
ε

+
{
m1
[
1− L

(
m2

1
)]
±m2

[
1− L

(
m2

2
)]

m1 ±m2

}

+ ε

{
2 + π2

12 +
m1
[
1− L

(
m2

1
)]2 ±m2

[
1− L

(
m2

2
)]2

2 (m1 ±m2)

}
,

(B.3i)

B0
(
p2,m2

1,m
2
2
)

= 1
ε

+
{
m2

1 −m2
2 + p2

2p2

[
1− L

(
m2

1
)]

+ m2
2 −m2

1 + p2

2p2

[
1− L

(
m2

2
)]

+ R

2p2

[
log (m2

1+m2
2−p

2+R) + log
(

1
m2

1+m2
2−p2−R

)]}
+ ε

{
2 + π2

12 + m2
1−m

2
2+p2

4p2

[
1− L

(
m2

1
)]2 + m2

2−m
2
1+p2

4p2

[
1− L

(
m2

2
)]2

− R

4p2

[ (
1− L

(
m2

1
)) (

log (m2
1−m

2
2+p2+R)− log (m2

2−m
2
1−p

2+R)
)

+
(
1− L

(
m2

2
)) (

log (m2
2−m

2
1+p2+R)− log (m2

1−m
2
2−p

2+R)
)

+
(
−1− L

(
−p2)+ 2 L (R)

)(
log (m2

1+m2
2−p

2+R) + log
(

1
m2

1+m2
2−p2−R

))
+ 2

(
Li2
(
m2

1−m
2
2−p

2+R
2R

)
− Li2

(
m2

2−m
2
1+p2+R
2R

))
+ 2

(
Li2
(
m2

2−m
2
1−p

2+R
2R

)
− Li2

(
m2

1−m
2
2+p2+R
2R

))]}
,

(B.3j)

B1
(
0,m2

1,m
2
2
)

= −1
2B0

(
0,m2

1,m
2
2
)

+ m2
2 −m2

1
2 B′0

(
0,m2

1,m
2
2
)
, (B.4a)

B1
(
p2,m2

1,m
2
2
)

= 1
2p2

[
A0
(
m2

1
)
−A0

(
m2

2
)
−
(
p2 −m2

2 +m2
1
)
B0
(
p2,m2

1,m
2
2
)]
, (B.4b)

B00
(
p2,m2

1,m
2
2
)

= 1
2 (3− 2ε)

[
A0
(
m2

2
)

+ 2m2
1B0

(
p2,m2

1,m
2
2
)

+
(
p2 −m2

2 +m2
1
)
B1
(
p2,m2

1,m
2
2
)]
,

(B.4c)

B′0(0, 0, 0) = 0, (B.5a)

B′0
(
0, 0,m2) = 1

2m2 + ε

2m2

{
1
2 − L

(
m2)} , (B.5b)

B′0
(
0,m2, 0

)
= B′0

(
0, 0,m2), (B.5c)

B′0
(
0,m2,m2) = 1

6m2 + ε

6m2

{
−1− L

(
m2)} , (B.5d)
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B.2. Two-loop functions

B′0
(
0,m2

1,m
2
2
)

= 1
2 (m2

1 −m2
2)3

{
m4

1 −m4
2 + 2m2

1m
2
2 log

(
m2

2
m2

1

)}
+ ε

2 (m2
1 −m2

2)3

{
m4

1

[
1
2 − L

(
m2

1
)]
−m4

2

[
1
2 − L

(
m2

2
)]

+m2
1m

2
2

[(
L
(
m2

1
))2 − (L (m2

2
))2]}

,

(B.5e)

C0
(
0, 0, 0,m2,m2,m2) = − ε

2m2B0
(
0,m2,m2), (B.6a)

L
(
m2) = log

(
m2

µD

)
− C, (B.7a)

C = 1− γE + log (4π), (B.7b)

R =
√
m4

1 +m4
2 + p4 − 2m2

1m
2
2 − 2m2

2p
2 − 2p2m2

1. (B.7c)

B.2. Two-loop functions

The notation of the two-loop integrals follows the conventions which have been
introduced by Refs. [WSB94b; Wei+95]. After reducing the appearing two-loop
integrals to a set of master integrals and applying the approximation of a vanishing
external momentum, only the following function is left which cannot be completely
expressed in terms of one-loop functions. The result is taken from Ref. [BT94] and
reordered in the given way. Up to O(ε0) it reads:

T134
(
m2

1,m
2
2,m

2
3
)

= 1− ε
2 (1− 2ε)

{[
A0
(
m2

1
)]2

m2
1

+
[
A0
(
m2

2
)]2

m2
2

+
[
A0
(
m2

3
)]2

m2
3

}
+ Φcyc(m2

1,m
2
2,m

2
3
)
,

(B.8a)

Φcyc(m2, 0, 0
)

= m2π
2

6 , (B.8b)

Φcyc(m2
1,m

2
2, 0
)

= m2
1 Li2

(
m2

1−m
2
2

m2
1

)
+m2

2 Li2
(
m2

2−m
2
1

m2
2

)
, (B.8c)

Φcyc(m2
1,m

2
2,m

2
3
)

= −m
2
1

2 log
(
m2

1
m2

2

)
log
(
m2

1
m2

3

)
− m2

2
2 log

(
m2

2
m2

3

)
log
(
m2

2
m2

1

)
− m2

3
2 log

(
m2

3
m2

1

)
log
(
m2

3
m2

2

)
+ R

[
π2

6 −
1
2 log

(
m2

1
m2

3

)
log
(
m2

2
m2

3

)
+ log

(
m2

1−m
2
2+m2

3−R
2m2

3

)
log
(
m2

2−m
2
1+m2

3−R
2m2

3

)
− Li2

(
m2

1−m
2
2+m2

3−R
2m2

3

)
− Li2

(
m2

2−m
2
1+m2

3−R
2m2

3

)]
,

(B.8d)

R =
√
m4

1 +m4
2 +m4

3 − 2m2
1m

2
2 − 2m2

2m
2
3 − 2m2

3m
2
1 . (B.8e)

The function Φcyc is cyclic in its arguments and contains only finite parts.
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B. Loop integrals

Originally the two-loop Feynman diagrams contain up to five propagators and two
loop momenta. Since the external momentum is set to zero only vacuum integrals
which depend on up to three different kinematic variables remain. The used notation
is introduced in Section 4.2.

During the reduction to master integrals some terms can be expressed as products of
one-loop integrals:

Tab
(
m2

1,m
2
2
)

= A0
(
m2

1
)
A0
(
m2

2
)
, (B.9a)

Taxby
(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y

)
= x− 3 + ε

(1− x)m2
1

Tax−1by

(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x−1

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y

)
(B.9b)

for x > 1, y ≥ 1,

Taxby
(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y

)
= y − 3 + ε

(1− y)m2
2

Taxby−1

(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y−1

)
(B.9c)

for x ≥ 1, y > 1,

with a 6= b and a, b ∈ {1, 3, 4}.

All other appearing integrals can be reduced to Eq. (B.8a) or Eq. (B.9) by using the
following formulas:

T11334
(
m2

1,m
2
1,m

2
1,m

2
1, 0
)

= 2
m2

1
T1113

(
m2

1,m
2
1,m

2
1,m

2
1
)
− 2T11134

(
m2

1,m
2
1,m

2
1,m

2
1, 0
)
, (B.10a)

T11334
(
m2

1,m
2
1,m

2
2,m

2
2,m

2
3
)

= − (m2
1−m

2
2)2−m4

3

(m2
1−m2

2)2+m4
3

[
T11134

(
m2

1,m
2
1,m

2
1,m

2
2,m

2
3
)

+ T11134
(
m2

2,m
2
2,m

2
2,m

2
1,m

2
3
)]

+ m2
3

(m2
1−m2

2)2+m4
3

×
[
T1134

(
m2

1,m
2
1,m

2
2,m

2
3
)

+ T1134
(
m2

2,m
2
2,m

2
1,m

2
3
)]

− m2
3

(m2
1−m2

2)2+m4
3
T1133

(
m2

1,m
2
1,m

2
2,m

2
2
)

+ m4
1(m2

1−m
2
2+m2

3)+m4
2(m2

2−m
2
1+m2

3)
2
[
(m2

1−m2
2)2+m4

3

]
×

[
T1113

(
m2

1,m
2
1,m

2
1,m

2
2
)

m4
2

+
T1113

(
m2

2,m
2
2,m

2
2,m

2
1
)

m4
1

]
− m2

2−m
2
1+m2

3

(m2
1−m2

2)2+m4
3
T1114

(
m2

1,m
2
1,m

2
1,m

2
3
)

− m2
1−m

2
2+m2

3

(m2
1−m2

2)2+m4
3
T1114

(
m2

2,m
2
2,m

2
2,m

2
3
)
,

(B.10b)

128



B.2. Two-loop functions

T11134
(
m2

1,m
2
1,m

2
1,m

2
1, 0
)

= − 3
1 + 2εT11113

(
m2

1,m
2
1,m

2
1,m

2
1,m

2
1
)
, (B.10c)

T11134
(
m2

1,m
2
1,m

2
1,m

2
2,m

2
3
)

= (m2
2−m

2
1+m2

3)ε
[(m1+m2)2−m2

3][(m1−m2)2−m2
3]T1134

(
m2

1,m
2
1,m

2
2,m

2
3
)

+ m2
2

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]

×
[
T1134

(
m2

1,m
2
1,m

2
2,m

2
3
)

+ T1134
(
m2

2,m
2
2,m

2
1,m

2
3
)]

− m2
1−m

2
2+m2

3

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]T1113
(
m2

1,m
2
1,m

2
1,m

2
2
)

− m2
1+m2

2−m
2
3

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]T1114
(
m2

1,m
2
1,m

2
1,m

2
3
)

− 1
[(m1+m2)2−m2

3][(m1−m2)2−m2
3]T113

(
m2

1,m
2
1,m

2
2
)
,

(B.10d)

T1134
(
m2

1,m
2
1,m

2
1, 0
)

= 1
2m2

1
T113

(
m2

1,m
2
1,m

2
1
)
, (B.10e)

T1134
(
m2

1,m
2
1,m

2
2,m

2
3
)

= (m2
2−m

2
1+m2

3)(−1+2ε)
[(m1+m2)2−m2

3][(m1−m2)2−m2
3]T134

(
m2

1,m
2
2,m

2
3
)

− m2
1−m

2
2+m2

3

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]T113
(
m2

1,m
2
1,m

2
2
)

− m2
1+m2

2−m
2
3

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]T114
(
m2

1,m
2
1,m

2
3
)

+ 2m2
2

[(m1+m2)2−m2
3][(m1−m2)2−m2

3]T334
(
m2

2,m
2
2,m

2
3
)
.

(B.10f)

Integrals with multiple denominators of the same loop-momentum structure and
different masses are simplified by partial fractioning beforehand:

Taa...
(
m2

1,m
2
2, . . .

)
= 1
m2

1 −m2
2

[
Ta...

(
m2

1, . . .
)
− Ta...

(
m2

2, . . .
)]

(B.11)

for m2
1 6= m2

2 and a ∈ {1, 3, 4}.

All displayed integrals are symmetric under exchange of different loop-momentum
structures:

Taxby...
(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y

, . . .
)

= Tbxay...
(
m2

1, . . . ,m
2
1︸ ︷︷ ︸

x

,m2
2, . . . ,m

2
2︸ ︷︷ ︸

y

, . . .
)

(B.12)

for a, b ∈ {1, 3, 4}.
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C. Two-loop renormalization of the
Higgs tadpoles and self-energies

The two-loop renormalization of the Higgs tadpoles and self-energies is carried out
in Section 6.8 where the counterterms are given in matrix form. In the following the
explicit expressions for all counterterms are listed.

C.1. Two-loop counterterms

The two-loop counterterms for the tadpoles and self-energies appearing in Eqs. (6.76)
are given in the notation of Eqs. (6.43) in components by

δ(2)TZ
h = 1

2

(
δ(1)Zhhδ

(1)Th + δ(1)ZhHδ
(1)TH

)
+ δ(2)Th , (C.1a)

δ(2)TZ
H = 1

2

(
δ(1)ZHHδ

(1)TH + δ(1)ZhHδ
(1)Th

)
+ δ(2)TH , (C.1b)

δ(2)TZ
A = 1

2

(
δ(1)ZAAδ

(1)TA + δ(1)ZAGδ
(1)TG

)
+ δ(2)TA , (C.1c)

δ(2)TZ
G = 1

2

(
δ(1)ZGGδ

(1)TG + δ(1)ZAGδ
(1)TA

)
+ δ(2)TG , (C.1d)

δ(2)mZ
h =

(
m2
h − p2) [δ(2)Zhh + 1

4

(
δ(1)Zhh

)2
]

+
(
m2
H − p2) 1

4

(
δ(1)ZhH

)2

+ δ(1)Zhh δ
(1)m2

h + δ(1)ZhH δ
(1)m2

hH + δ(2)m2
h ,

(C.2a)

δ(2)mZ
H =

(
m2
H − p2) [δ(2)ZHH + 1

4

(
δ(1)ZHH

)2
]

+
(
m2
h − p2) 1

4

(
δ(1)ZhH

)2

+ δ(1)ZHH δ
(1)m2

H + δ(1)ZhH δ
(1)m2

hH + δ(2)m2
H ,

(C.2b)

δ(2)mZ
A =

(
m2
A − p2) [δ(2)ZAA + 1

4

(
δ(1)ZAA

)2
]

+
(
m2
G − p2) 1

4

(
δ(1)ZAG

)2

+ δ(1)ZAA δ
(1)m2

A + δ(1)ZAG δ
(1)m2

AG + δ(2)m2
A ,

(C.2c)

δ(2)mZ
G =

(
m2
G − p2) [δ(2)ZGG + 1

4

(
δ(1)ZGG

)2
]

+
(
m2
A − p2) 1

4

(
δ(1)ZAG

)2

+ δ(1)ZGG δ
(1)m2

G + δ(1)ZAG δ
(1)m2

AG + δ(2)m2
G ,

(C.2d)
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δ(2)mZ
hH = 1

4

[(
m2
h − p2) δ(1)Zhhδ

(1)ZhH +
(
m2
H − p2) δ(1)ZHHδ

(1)ZhH

]
+ 1

2

[(
δ(1)Zhh + δ(1)ZHH

)
δ(1)m2

hH + δ(1)ZhH

(
δ(1)m2

h + δ(1)m2
H

)]
+
(
m2
h+m2

H

2 − p2
)
δ(2)ZhH + δ(2)m2

hH ,

(C.2e)

δ(2)mZ
hA = 1

2

[(
δ(1)Zhh + δ(1)ZAA

)
δ(1)m2

hA + δ(1)ZhH δ
(1)m2

HA + δ(1)ZAG δ
(1)m2

hG

]
+ δ(2)m2

hA ,
(C.2f)

δ(2)mZ
hG = 1

2

[(
δ(1)Zhh + δ(1)ZGG

)
δ(1)m2

hG + δ(1)ZhH δ
(1)m2

HG + δ(1)ZAG δ
(1)m2

hA

]
+ δ(2)m2

hG ,
(C.2g)

δ(2)mZ
HA = 1

2

[(
δ(1)ZHH + δ(1)ZAA

)
δ(1)m2

HA + δ(1)ZhH δ
(1)m2

hA + δ(1)ZAG δ
(1)m2

HG

]
+ δ(2)m2

HA ,
(C.2h)

δ(2)mZ
HG = 1

2

[(
δ(1)ZHH + δ(1)ZAA

)
δ(1)m2

HG + δ(1)ZhH δ
(1)m2

hG + δ(1)ZAG δ
(1)m2

HA

]
+ δ(2)m2

HG ,
(C.2i)

δ(2)mZ
AG = 1

4

[(
m2
A − p2) δ(1)ZAA δ

(1)ZAG +
(
m2
G − p2) δ(1)ZGG δ

(1)ZAG

]
+ 1

2

[(
δ(1)ZAA + δ(1)ZGG

)
δ(1)m2

AG + δ(1)ZAG

(
δ(1)m2

A + δ(1)m2
G

)]
+
(
m2
A +m2

G

2 − p2
)
δ(2)ZAG + δ(2)m2

AG ,

(C.2j)

δ(2)mZ
H± =

(
m2
H±− p

2) [δ(2)ZH±H± + 1
4

(
δ(1)ZH±H±

)2
]

+
(
m2
G±− p

2) 1
4

(
δ(1)ZH−G+

)2

+ δ(1)ZH±H± δ
(1)m2

H± + 1
2 δ

(1)ZH−G+

(
δ(1)m2

H−G+ + δ(1)m2
G−H+

)
+ δ(2)m2

H± ,

(C.2k)

δ(2)mZ
G± =

(
m2
G±− p

2) [δ(2)ZG±G± + 1
4

(
δ(1)ZG±G±

)2
]

+
(
m2
H±− p

2) 1
4

(
δ(1)ZG−H+

)2

+ δ(1)ZG±G± δ
(1)m2

G± + 1
2 δ

(1)ZG−H+

(
δ(1)m2

G−H+ + δ(1)m2
H−G+

)
+ δ(2)m2

G± ,

(C.2l)

δ(2)mZ
H−G+ = 1

4

[(
m2
H±− p

2) δ(1)ZH±H± δ
(1)ZH−G+ +

(
m2
G±− p

2) δ(1)ZG±G± δ
(1)ZH−G+

]
+ 1

2

[(
δ(1)ZH±H±+ δ(1)ZG±G±

)
δ(1)m2

H−G+ + δ(1)ZH−G+

(
δ(1)m2

H±+ δ(1)m2
G±

)]
+
(
m2
H±+m2

G±
2 − p2

)
δ(2)ZH−G+ + δ(2)m2

H−G+ ,

(C.2m)

δ(2)mZ
G−H+ = 1

4

[(
m2
G±− p

2) δ(1)ZG±G± δ
(1)ZG−H+ +

(
m2
H±− p

2) δ(1)ZH±H± δ
(1)ZG−H+

]
+ 1

2

[(
δ(1)ZG±G±+ δ(1)ZH±H±

)
δ(1)m2

G−H+ + δ(1)ZG−H+

(
δ(1)m2

G±+ δ(1)m2
H±

)]
+
(
m2
G±+m2

H±
2 − p2

)
δ(2)ZG−H+ + δ(2)m2

G−H+ .

(C.2n)
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C.2. Genuine two-loop mass counterterms

C.2. Genuine two-loop mass counterterms

The genuine two-loop mass counterterms appearing in the expressions of Eqs. (6.76)
and in Section C.1 are listed in the following. Thereby δ(1)e, δ(1)MW and δ(1)sw always
appear in the combination δ(1)Zw = δ(1)e

/
e − δ(1)MW

/
MW − δ(1)sw

/
sw :

δ(2)m2
h = c2α−β δ

(2)m2
A + s2

α+β δ
(2)m2

Z + c2β δ
(2)tβ

(
s2(α−β)m

2
A + s2(α+β)m

2
Z

)
+ c2β δ

(1)tβ

(
s2(α−β) δ

(1)m2
A + s2(α+β) δ

(1)m2
Z

)
+ 1

2 c
3
β

(
δ(1)tβ

)2 [
sα−β (3 sα−2β − sα)m2

A + 2 c2α+3βm
2
Z

]
+ e sα−β

2MW sw

[ (
1 + c2α−β

) (
δ(2)Th + δ(1)Th δ

(1)Zw

)
+ sα−β cα−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)
+ sα−β c

2
β δ

(1)tβ

(
cα−β δ

(1)Th + sα−β δ
(1)TH

)]
,

(C.3a)

δ(2)m2
H = s2

α−β δ
(2)m2

A + c2α+β δ
(2)m2

Z − c2β δ(2)tβ
(
s2(α−β)m

2
A + s2(α+β)m

2
Z

)
− c2β δ(1)tβ

(
s2(α−β) δ

(1)m2
A + s2(α+β) δ

(1)m2
Z

)
+ 1

2 c
3
β

(
δ(1)tβ

)2 [
cα−β (3 cα−2β − cα)m2

A − 2 c2α+3βm
2
Z

]
− e cα−β

2MW sw

[ (
1 + s2

α−β
) (
δ(2)TH + δ(1)TH δ

(1)Zw

)
+ cα−β sα−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
− cα−β c2β δ(1)tβ

(
cα−β δ

(1)Th + sα−β δ
(1)TH

)]
,

(C.3b)

δ(2)m2
G = c4βm

2
A

(
δ(1)tβ

)2

+ e

2MW sw

[
sα−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
− cα−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)
+ c2β δ

(1)tβ

(
cα−β δ

(1)Th + sα−β δ
(1)TH

)]
,

(C.3c)

δ(2)m2
hH = cα−β sα−β δ

(2)m2
A − c2β δ(2)tβ

(
c2(α−β)m

2
A + c2(α+β)m

2
Z

)
− cα+β sα+β δ

(2)m2
Z − c2β δ(1)tβ

(
c2(α−β) δ

(1)m2
A + c2(α+β) δ

(1)m2
Z

)
+ 1

2 c
3
β

(
δ(1)tβ

)2 [(
−3 cβ s2(α−β) + 2 s2α−β

)
m2
A + 2 s2α+3βm

2
Z

]
+ e

2MW sw

[
− c3α−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
+ s3

α−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)
− cα−β sα−β c2β δ(1)tβ

(
cα−β δ

(1)Th + sα−β δ
(1)TH

)]
,

(C.3d)
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δ(2)m2
hA = e

2MW sw
sα−β

(
δ(2)TA + δ(1)TA δ

(1)Zw

)
, (C.3e)

δ(2)m2
hG = e

2MW sw
cα−β

(
δ(2)TA + δ(1)TA δ

(1)Zw

)
, (C.3f)

δ(2)m2
HA = −δ(2)m2

hG , (C.3g)

δ(2)m2
HG = δ(2)m2

hA , (C.3h)

δ(2)m2
AG = −c2βm2

A δ
(2)tβ − c2β δ(1)m2

A δ
(1)tβ + c3β sβm

2
A

(
δ(1)tβ

)2

− e

2MW sw

[
cα−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
+ sα−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)]
,

(C.3i)

δ(2)m2
G± = c4βm

2
H±

(
δ(1)tβ

)2

+ e

2MW sw

[
sα−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
− cα−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)
+ c2β δ

(1)tβ

(
cα−β δ

(1)Th + sα−β δ
(1)TH

)]
,

(C.3j)

δ(2)m2
H−G+ = −c2βm2

H± δ
(2)tβ + c3β sβm

2
H±

(
δ(1)tβ

)2

− e

2MW sw

[
cα−β

(
δ(2)Th + δ(1)Th δ

(1)Zw

)
+ sα−β

(
δ(2)TH + δ(1)TH δ

(1)Zw

)
+ ı̇ı

(
δ(2)TA + δ(1)TA δ

(1)Zw

)]
,

(C.3k)

δ(2)m2
G−H+ =

(
δ(2)m2

H−G+

)∗
. (C.3l)
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D. Analytical O(α2
t) results

The analytical expressions for the leading O(α2
t ) contributions to the Higgs tadpoles

and self-energies that are described in Chapter 7 are listed in the following.

D.1. Symbols and abbreviations

The following symbols and abbreviations are used to express the analytical results
in a compact way. To shorten the notation the absolute-value bars of |Xt|2, |Yt|2
and |µ|2 are suppressed in the following terms:

∆a,b = m2
a −m2

b , (D.1a)

Xt = A∗t −
µ
tβ
, Yt = A∗t + µ tβ , (D.1b)

X2
t ≡ |Xt|2 = XtX

∗
t , x2

t = X2
t

∆t̃it̃j

, Y 2
t ≡ |Yt|2 = Yt Y

∗
t , y2

t = Y 2
t

∆t̃it̃j

, (D.1c)

µ2 ≡ |µ|2 = µµ∗ , η = µ2

s2
β
c2
β

∆t̃it̃j

− x2
t − y2

t , (D.1d)

U− = Ut̃ 1i U∗t̃ 1i −Ut̃ 1j U∗t̃ 1j , U× = 1−U2
−

4 = m2
t

∆t̃it̃j

x2
t , (D.1e)

ht = emt√
2sβswMW

, δ(1)ht = ht

(
δ(1)mt
mt

− δ(1)MW

MW
− δ(1)sw

sw
− δ(1)sβ

sβ

)
,

(D.1f)
δ(1)x2

t

x2
t

= δ(1)Xt
Xt

+ δ(1)X∗t
X∗t

, δ(1)φX = − ı̇ı2
(
δ(1)Xt
Xt
− δ(1)X∗t

X∗t

)
, (D.1g)

δ(1)Xt = δ(1)A∗t −
δ(1)µ
tβ

, δ(1)X∗t = δ(1)At − δ(1)µ∗

tβ
. (D.1h)

D.2. Genuine two-loop self-energies

The explicit expressions of the genuine two-loop integrals contributing to the Higgs-
boson self-energies are depicted in the following.

Σ(2) gen
hh =

Ncs
2
βh

4
t

256π4

{
sA + 4m2

t sB

}
+

2∑
i = 1
j 6= i

Ncs
2
βh

4
t

256π4

{
− x2

t (1− 12U×) sD − 2m2
t

(
1 + x2

t

)2
sE + 4m2

t

(
1 + x2

t

)
sF

− (1− 16U×)x2
t sG + (1− 4U×)x2

t sH +
(
1 + x2

t (1− 4U×)
)
sI1

+
(
1 + x2

t + 4U×
)
sI2 + 2

(
m2
t − U×X2

t

)
sJ + 1

2sK1

}
,

(D.2a)
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t ) results

Σ(2) gen
HH =

Ncc
2
βh

4
t

256π4

{
sA + 4m2

t sB

}
+

2∑
i = 1
j 6= i

Ncc
2
βh

4
t

256π4

{
3m2

tη
2−Y 2

t

∆t̃it̃j

sD − m2
t

2 (η − 2)2
sE − 2m2

t (η − 2) sF + 4m2
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D.3. Genuine two-loop tadpoles

The explicit expressions for the genuine two-loop tadpoles of the Higgs bosons are
given by
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D.4. One-loop self-energies with counterterms

The one-loop self-energies with counterterm insertion are part of the full two-loop
self-energies. They are given in the following:
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D.5. One-loop tadpoles with counterterms

The one-loop tadpoles with counterterm insertion are part of the two-loop tadpoles
of the Higgs bosons. They are given by
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D.6. Renormalization constants for
subrenormalization

The required renormalization constants are explicitly expressed in the following:
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