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Abstract. Neutrinos are considered to be one of the most important ingredients
of collapse-driven supernovae. In the last couple of years, we have seen major
progress in both numerical modelling and microphysical understanding of
supernova neutrinos. The successful explosion, however, is still elusive. In the
former half of this article, we give a brief overview on the current status of
the theoretical understanding of the supernova mechanism. In the latter half, we
present some new results on multi-dimensional aspects such as rapid rotations,
strong magnetic fields and resultant anisotropic neutrino heating, to which
our group is currently paying particular attention as an important element for
successful explosions. We employ both statical and dynamical approaches. The
gravitational waves obtained in the dynamical computations are summarized
in an appendix.
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1. Overview

Substantial effort has been devoted to the study of the mechanism of collapse-driven supernovae
during the last 40 years [1]. We know for sure from the observations of SN1987A that they are
associated with the death of massive stars (�10M�) [2] and that they emit a large number of
neutrinos which corresponds to the typical gravitational binding energy of the neutron star over
the diffusion time scale of neutrinos in the hot and dense supernova core [3]. Unfortunately,
however, we are still not able to tell exactly what drives this explosive phenomenon. Even the
most elaborate theoretical models have so far failed to produce successful explosions [4]–[9].

Collapse-driven supernovae are important astrophysical objects in various respects. Most
of the heavy elements are synthesized in stars and distributed to the interstellar space by the
supernova explosion and the chemical evolution of the galaxy occurs as a result [10]. The collapse-
driven supernovae are thought to be one of the most promising sites for r-process [11]. Not only
neutrinos but also gravitational waves will be emitted and might be observed if the supernova is
not spherically symmetric due to rapid rotation, for example, making the supernova the important
target of the looming neutrino and gravitational astronomy [12, 13]. Since the dynamics of the
supernova is mainly dictated by microphysics such as weak interactions and nuclear physics as
explained below, the revelation of the supernova mechanism will be led or followed by a better
understanding of these microphysics.

Recently, the fate of massive stars has attracted considerable attention. This is mainly due
to the general recognition that, at least, some of the long-duration gamma-ray bursts (GRB)
are associated with the collapse of massive stars and supernova-like events [14]. In particular,
the observation of GRB030329/SN2003dh is convincing [15]. The fact that the accompanying
supernovae are in general more energetic (they are frequently referred to as ‘hypernovae’ in the
literature and we also employ this term in this sense here) than the canonical collapse-driven
supernova is another reason for this frenzy [16]. The comparison of the event rates seems to
suggest that most of GRB are accompanied by a hypernova [17]. Although it is supposed that the
GRB/hypernova system is partly a result of the black-hole formation, it is not clear how this is
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the case. In this context, it is very interesting to know where the boundary between the formation
of a neutron star and that of a black hole [18] exists and what causes the difference between the
ordinary supernova and the hypernova [19]. All those questions remain to be answered.

In this paper, we focus on the ordinary supernova which will lead to neutron star formation.
This may be corresponding to the progenitor mass of about 10–20M� [19, 20]. As will be
explained below, the most promising current scenario is the neutrino-driven explosion. In this
section, we will first review this scenario briefly, summarizing recent progress in theoretical
studies. Then we will discuss some possible boosters, which are expected to help neutrinos to
trigger explosions. We pay particular attention to the rotation-induced asymmetry of neutrino
emission. We also mention stellar magnetic fields at the end of this section. Our new results on
these subjects will be presented in the next two sections.

1.1. The importance of neutrino

The collapse-driven supernova is initiated by the collapse of the stellar core. The pressure deficit
due to electron captures and photo-dissociations of nuclei triggers the radial instability. The
gravitational stability is not recovered until the nuclear density is reached and the equation of
state (EOS) becomes very stiff. In the meantime, the neutrinos emitted by the electron capture
are trapped in the core and cannot get out on the dynamical time scale after the density becomes
�1011 g cm−3 and the mean free path due to the coherent scattering on nuclei becomes much
smaller than the core size. When the core bounce occurs at the central density of a few times the
nuclear saturation density, the liberated gravitational energy of ∼1053 erg is stored mostly as the
internal energy of the core and is radiated away much later as the trapped neutrinos are getting
out of the core on the diffusion time scale [3].

The collapsing core consists of the so-called inner and outer cores; the former contracts
in a subsonic and homologous way while the latter falls supersonically on to the former. The
bounce of the inner core generates a shock wave at the boundary of these two cores. As the shock
wave propagates outwards through the outer core, neutrino emissions and photo-dissociations
of nuclei deprive the shock wave of the energy. In the recent sophisticated simulations [4]–[9],
the shock wave stalls and becomes an accretion shock inside the core. How far the shock wave
can go before stagnation depends on the proportion of the inner and outer cores, which is in turn
determined by the electron captures in the collapsing phase [21]. The rates of electron captures
on nuclei had been one of the uncertainties in nuclear physics until quite recently [22]. The more
suppressed the electron captures are and, as a result, the more lepton-rich the inner core is, the
farther the shock wave can go and the easier the explosion may be. The large-scale shell-model
calculations by Langanke et al [21] have shown that the electron captures proceed further than
expected for the standard approximate treatment. Now there seems to be no chance for prompt
explosions (see section 1.3, however).

To produce explosions, the stalled shock must be somehow revived. As mentioned above,
the neutrino heating is supposed to be the most promising mechanism for that. Due to the neutrino
trapping, most of the energy liberated by the gravitational collapse is stored as internal energy
in the core and is carried away together with the lepton number by neutrinos diffusing out of
the core on the time scale much longer than the dynamical time scale. Although all flavours of
neutrinos are emitted, the electron-type neutrinos and anti-neutrinos are mainly responsible for
the heating of the matter behind the shock wave via absorptions on nucleons, νe + n → p + e
and νe + p → n + e+. The merit of the neutrino-heating mechanism is that neutrinos transport a
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great amount of energy equal to the gravitational binding energy of a neutron star, ∼1053 erg,
which is about a 100 times the typical kinetic energy of a supernova explosion. The actual
available energy will be reduced by a factor of ∼10, since most of the neutrinos are radiated in
the later phase where the luminosity has declined substantially and the neutrino-heating is no
longer efficient. Still, the energy that neutrinos can potentially deposit is much greater than the
canonical explosion energy.

The problem with this mechanism is that neutrinos interact only weakly with matter and the
neutrino-heating is indeed inefficient. In addition, the cooling of matter occurs simultaneously
via the very inverse process of the heating reactions, that is, p + e → νe + n and n + e+ → νe + p.
Hence the net heating occurs only between the shock wave and the so-called gain radius, at
which the heating is just cancelled by the cooling and the net heating vanishes. The issue is the
quantitative assessment of whether the heating is sufficient to revive the shock wave. In fact,
this is really a subtle problem. In their numerical experiments, Janka and Müller [23] found the
shock revival for otherwise failed explosion models if the neutrino luminosity was enhanced
artificially by a few tens percent from the original value. On the other hand, Burrows and Goshy
[24] demonstrated by studying static configurations after the shock-stagnation that for a given
accretion rate there is a critical luminosity for the shock revival. All we have to attain, then,
appears to be this relatively small amount of boost of the neutrino luminosity and energy from
the values we have obtained in failed explosion models.

In the last couple of years, both numerics and microphysics have been scrutinized.
The former, in particular, has seen major progress [4]–[9]. Since Wilson first proposed the
neutrino-heating mechanism [25], neutrino transport has been a formidable task and some
type of approximation, the multi-group-flux-limited diffusion approximation as the most
familiar example, has been employed even in the one-dimensional (1D) spherically symmetric
simulations. This is mainly because neutrinos are not in thermal and/or chemical equilibrium
with matter except in the central portion of the core and we have to treat not only the spatial
but also the momentum distribution of neutrinos as a function of time. This has changed
completely lately. A couple of groups [4]–[7], have published the state-of-the-art direct solutions
of the Boltzmann equation for neutrinos, and some of them extended even to 2D computations
[8, 9, 26].Although they have still not found successful explosions, the importance of the accurate
treatment of neutrino transfer has been confirmed.

The microphysics such as neutrino reaction rates [27] and equations of state have also been
studied in detail. The computation of the electron capture rates for various nuclei as mentioned
above is one of them [21]. We have at least two equations of state now available based on
different realistic descriptions of nuclear interactions [28, 29]. It is easily understood that the
neutrino luminosity and/or energy would be increased if the opacity of hot dense matter were
somehow smaller than the standard value that we usually use in the numerical modelling. The
correlations originating from nuclear interactions have been expected to be promising in reducing
the opacity. Although still uncertain, it has been claimed that the opacity of the nuclear matter
in the core could be reduced roughly by half [30]–[33]. Relatively small corrections to the
standard approximation such as recoil of nucleons and weak magnetism as well as some new
reactions like nuclear bremsstrahlung and pair-annihilation/creations among different neutrino
flavours have been incorporated and their importance has been evaluated in the recent 1D
computations [34]–[36]. Even after these sophistications, the successful explosion has not been
found. It seems that the reduction of the neutrino opacity, if any, should occur in the lower-density
region much closer to the neutrino sphere, from which neutrinos flow freely. Otherwise, the
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enhancement of luminosity and energy will be nullified as neutrinos diffuse towards the neutrino
sphere. If the explosion is to occur in the spherically symmetric collapse, we are still missing
some important microphysical elements.

1.2. Multi-dimensional aspects

Ever since SN1987A was observed, most researchers think that the dynamics of a supernova is
non-spherical one way or another [37]. Hydrodynamical instabilities are supposed to be mainly
responsible for this asphericity. The heating region, for example, tends to have a negative entropy
gradient because of the neutrino-heating from beneath. It is also pointed out that the accretion
shock is subject to large non-spherical oscillations [38]. The region inside the neutrino sphere is
also probably unstable.As mentioned in the previous subsection, the neutrino-heating mechanism
is very close to explosion as it is in the spherical collapse. Hence, combined with other phenomena
such as hydrodynamical instability, it is expected to have a good chance to give a successful
explosion. Many multi-dimensional simulations have been made to address this issue, employing
different approximations [23], [39]–[42].

The difficulty of multi-dimensional treatment of neutrino transport hampered the definitive
answer to this problem. Although some smooth-particle hydrodynamics (SPH) simulations have
found explosions induced by the combination of neutrino-heating and convection in the heating
region [39, 43], there has been persistent concern with their approximate treatment of neutrino
transfer. Other simulations until recently had similar problems [40]. This situation may change
soon. A new generation of multi-dimensional simulations has begun to be published [8, 9, 26].
In these simulations, the dynamics of the whole core is computed with a code implemented with
the Boltzmann solver. Although they still employ some approximations, this line of research will
soon be pursued by other groups.

According to a recently published result [9], successful explosions are still elusive. It should
be mentioned that in their models the convective motions are found both inside the neutrino
sphere and in the heating region. Hence the maximal boost of heating is expected from these
hydrodynamical motions. What effect the employed approximations have on the results remains
to be studied further. However, we may have to look for alternatives to the convection.

Our group has been paying attention to stellar rotation [44]–[46]. Apart from the asphericity
owing to the convective motion, it has been also recognized that collapse-driven supernovae
are in general globally non-spherical [37]. The best example is again SN1987A, the recent
pictures of which clearly show the elongated envelope [47, 48]. The spectropolarimetric
observations of other supernovae might also support this claim, though still controversial
[49]–[51]. It seems most natural to think that this global asphericity is caused by the rotation of
the core. Note, however, that the large-amplitude oscillation of the accretion shock as mentioned
above may also lead to the global aspherical expansion of the envelope [38, 52].

If the core rotates rapidly, the centrifugal force flattens the core. Then, neutrinos are emitted
preferentially in the direction of the rotation axis. Shimizu et al [45] pointed out that this
anisotropic neutrino radiation may be advantageous to trigger the revival of a shock wave.
This is because neutrino-heating is more efficient near the rotation axis than for the spherically
symmetric case and the induced global circulative motion supplies cool matter from the equator
and carries away heated matter near the rotation axis, which makes the heating process more
efficient as a whole. Kotake et al [46] estimated the possible anisotropic pattern and amplitude for
various rotation laws by 2D simulations of rotational core-collapse with a simplified treatment

New Journal of Physics 6 (2004) 79 (http://www.njp.org/)

http://www.njp.org/


6 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

of neutrinos and found that the anisotropy assumed in Shimizu et al [45] can be obtained if the
core is rotating rapidly with the ratio of rotational energy to gravitational energy, |T/W | ∼ 0.5%.
This will be detailed in section 3.1.

It should be mentioned that this mechanism is important only when the explosion does not
occur without global anisotropy. In fact, Fryer and Heger [43] found a minor effect from the
anisotropic neutrino radiation in their SPH simulations, where the explosion occurs as a result of
convection-boosted neutrino-heating regardless of rotation. It is also added that the rotation of
the core may not be so rapid after all. Recent evolution models by Heger et al [53, 55] suggest that
the transport of angular momentum during the quasi-static evolutionary phase of the progenitor
deprives the core of substantial fraction of its angular momentum, particularly when the magnetic
torque is taken into account [54, 55]. If this is really the case, the rotation will play no significant
role in the dynamics of core-collapse as shown by Buras et al [8] (see also Müller et al [56]). We
had better bear in mind, however, that the evolution models are based on 1D calculations and
have some uncertainties in the mechanism and treatment of angular momentum transport.

In the next section, we will consider the effect of rotation on the accretion shock using the
analysis of the static configurations. This is an extension of the study by Burrows and Goshy
[24] to the rotational case. We will discuss the change of critical luminosity due to rotation and
the possible outcome.

1.3. Magnetic fields

Another possible cause for the non-sphericity of supernovae may be stellar magnetic fields. It is
a well known fact that pulsars are magnetized neutron stars. Hence it is expected that the core
is also magnetized prior to collapse in general. The issue is the strength of magnetic fields. The
canonical value for the pulsar, ∼1012 G, is negligibly small in terms of the effect on the dynamics
of collapse. In fact, the magnetic field strength should be �1016 G if the magnetic stress is to be
comparable with the matter pressure in the supernova core. This is mainly the reason why there
have been so few papers published so far on the magnetic supernovae [57]–[62].

It is recognized these days that some neutron stars are indeed strongly magnetized, �1015 G.
There are about 10 of them. Some of them are soft gamma repeaters and others are anomalous
x-ray pulsars or high-field radio pulsars [63, 64]. They are collectively referred to as magnetars.
At the moment, they are supposed to be a minor subgroup of neutron stars. The origin of
this large magnetic field is so far a mystery. The core might have strong magnetic fields
prior to collapse already, although the evolution models by Heger et al [55] indicate quite the
contrary. The magnetic fields that are weak at first might be somehow amplified during the
supernova [65].

Yamada and Sawai [61] considered the former case and studied numerically the effect of
magnetic fields on the dynamics of the prompt propagation of a shock wave. Their 2D non-
relativistic magnetohydrodynamic (MHD) simulations showed that the combination of rapid
rotation, |T/W | � 0.1%, and strong poloidal magnetic field, |Em/W | � 0.1%, where |Em/W |
is the ratio of the energy of the magnetic field to the gravitational energy, leads in general to
jet-like explosions. They found that the magnetic fields are amplified by the wind-up due to
differential rotation as well as by the ensuing MRI-like lateral motions of fluid mainly around
the boundary of the inner and outer cores near the rotation axis. Intriguingly, the models with
the smallest magnetic fields studied still produced a jet-like explosion although it takes longer
to launch the jet. This might suggest that even much smaller magnetic fields could be amplified
in the collapsed core and play an important role for explosion. Although we do not know if the
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strong magnetic fields are common phenomena for the ordinary supernova, it is interesting to
see if strong magnetic fields are helpful for the neutrino-heating mechanism.

Kotake et al [62] analysed the models with predominantly toroidal magnetic fields, which
will be more realistic as suggested by the evolution models. They paid particular attention to the
anisotropy of the neutrino radiation, which will be summarized in section 3.2. We also discuss
the effect of strong magnetic fields on the heating rates based on our numerical models and the
implication for the pulsar kick velocity.

2. Accretion shock and its revival

In this section, we consider the effect of rotation on the post-bounce quasi-static configurations
and the revival of stalled shock. After the shock is stalled, the mass accretion rate and neutrino
luminosity change slowly and we can approximately describe the state of the core as a steady
accretion flow with a standing shock. Assuming spherical symmetry, Burrows and Goshy [24]
sought a series of steady-state solutions and found that for a given mass accretion rate there is
a critical neutrino luminosity above which there exists no steady-state solution. Using this fact,
they argued that the condition for the revival of the stalled shock is that the neutrino luminosity
should exceed this critical value.

In this paper, we extend their analysis to the rotational collapse. We seek steady-state
solutions of rotating accretion flows with a standing shock, which is non-spherical in general,
by solving 2D time-independent hydrodynamical equations. We investigate the effect of rotation
on the accretion flow as well as the critical luminosity of neutrinos based on the solutions. Since
our purpose here is not to determine the critical values quantitatively but to see qualitatively
how rotation affects the flow and the critical luminosity, we adopt a few assumptions and
simplifications in solving the steady flow. Formulations are Newtonian and we do not solve
neutrino transport assuming that the neutrino luminosity and energy spectrum do not depend
on the radius. Although this is mainly for simplicity, the approximation is justified as our
computations are limited to the region outside the neutrino sphere. We take into account only
absorptions and emissions of neutrinos on nucleons as for heating and cooling processes. Photo-
dissociations are neglected. Although there may exist a region where flows are convectively
unstable, it is not taken into account.

The basic equations are given as
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Figure 1. Solution curves of the first branch for steady non-rotating
accretion flows with Ṁ = 0.2M� s−1, Lνe

= 5 × 1052, 6 × 1052, 7 × 1052 and
8 × 1052 erg s−1 and 8.3165 × 1052 erg s−1 (critical value), from left to right.
Dashed lines denote shock jumps.

where u, ρ, p and ε denote velocity, density, pressure and specific internal energy, respectively.
The gravitational constant, neutron star mass and net heating rate are represented as G, M, q̇,
respectively.

The outer and inner boundaries are set at the shock surface and the neutrino sphere,
respectively. The neutrino sphere is assumed to be spherical for simplicity, though it is not true in
reality. We impose the Rankine–Hugoniot relations as the outer boundary conditions. The upwind
flow at the shock wave is assumed to be radial and have a free fall velocity. In the rotating case,
the angular velocity just outside the shock wave is obtained based on the assumption of the radial
infall and the shell-type rotation at the radius of 1000 km, where the model angular velocity is
given. The obliqueness of the shock wave is taken into account.At the neutrino sphere, we impose
the inner boundary condition that the density is 1011 g cm−3. The more desirable condition would
be that the neutrino optical depth from the neutrino sphere to infinity equals 2/3. However, these
two conditions are almost identical in the case of spherically symmetric flow and we employ the
former condition also in the asymmetric case. As for the temperature of neutrino and the electron
fraction, we take the values, Tν = 4.5 MeV and Ye = 0.5, in the whole region of calculations.

First, we discuss the case with no rotation, i.e., spherically symmetric flow, which was also
investigated by Burrows and Goshy [24]. When the neutrino luminosity is below the critical value,
there exist two types of solutions (figures 1 and 2). This is common to the adiabatic accretion
flow (the so-called Bondi–Hoyle flow), and is a result of the following feature of the accretion
flow. When the flow is subsonic, the accreting gas is first accelerated in the outer region, where
the gravitational force is dominant, and later decelerated in the inner region, where the pressure
gradient becomes more important.As a result of this flow pattern, we can join the outer supersonic
flow with the inner subsonic flow via the shock wave at two points, i.e., in the accelerating regime
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Figure 2. Solution curves of the second branch for steady non-rotating accretion
flows with Ṁ = 0.2M� s−1, Lνe

= 6 × 1052, 7 × 1052 and 8 × 1052 erg s−1 and
8.3165 × 1052 erg s−1 (critical value), from right to left.

or in the decelerating regime. As the luminosity goes higher, the radius of shock becomes smaller
in one of the solutions and gets larger in the other. At the critical luminosity, the radii of shocks
in the two solutions merge, and when the luminosity exceeds the critical value, there exists no
solution satisfying the boundary conditions, as Burrows and Goshy [24] showed (figure 3). The
absence of a solution satisfying the Rankine–Hugoniot relations for the standing shock suggests
inevitably that, at this point, the shock is revived and starts to propagate outwards. In fact, when
the shock is dislocated either inwards or outwards from the equilibrium position, the downstream
pressure becomes always larger than the upstream one. This also suggests the revival of the shock
at that point.

Next, we discuss the case of rotation. The centrifugal force plays an important role in the
flow in this case. As the theory of Bondi–Hoyle accretion flow tells, it tends to accelerate the sub-
sonic flow and decrease the density and temperature [66]. Since the centrifugal force is greater
near the equatorial plane than near the rotation axis, the flows are directed to the equatorial plane
(figure 4). At the same time, the shock is deformed into prolate configurations and becomes
an oblique shock. As a result, the critical luminosity becomes lower than in the spherically
symmetric case (figure 3).

Finally, we discuss what will happen in the rotational case when the neutrino luminosity
exceeds the critical value. In the case of spherically symmetric flow, the steady shock condition
breaks down on the whole shock surface at the same time. On the other hand, in the case of
rotation, the condition is violated pointwisely, first at a certain point on the shock surface in
general. Then the shock will start to propagate outwards from that point. In the spherically
symmetric flow, we found that, at the critical luminosity, the radii of the shocks in the two
branches of solutions coincide with each other. Applying this to the rotational case, we can find
at which point on the shock front the steady-state condition breaks down first. We find that this
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Figure 3. The critical luminosities below which steady accretion flows with a
standing shock exist. The solid line corresponds to the spherically symmetric
case and open triangles, squares and circles represent the critical luminosities for
rotational cases. The rotation frequencies are 0.01, 0.03, 0.10 Hz at 1000 km for
triangles, squares and circles, respectively. No steady-state solution exists for a
luminosity larger than the critical values.

Figure 4. Stream lines for a rotational accretion flow with Ṁ = 0.2M� s−1 and
Lνe

= 7 × 1052 erg s−1. The rotation frequency is assumed to be 0.1 Hz at a radius
of 1000 km.
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occurs first at the rotation axis in general. Although time-dependent calculations are necessary to
confirm this claim, we think that this suggests that when the luminosity exceeds the critical value
in the rotational case, a jet-like explosion will be realized, as suggested by some observations
[50]. Detailed results and discussion will be published elsewhere later [67].

3. Rotations and magnetic fields

In this section, we discuss anisotropic neutrino radiations based on our 2D hydrodynamical and
MHD simulations.

3.1. Anisotropic neutrino radiation in rotational core-collapse

As stated in the previous sections, recent numerical studies of core collapse supernovae in
spherical symmetry have failed to produce explosions [4]–[7]. In the meantime, there are
accumulating observations, which require the revision of the spherically symmetric stellar
collapse. Spectropolarimetric observations have commonly shown a percent level of linear
polarization, which may be interpreted as the asymmetry of core collapse supernovae [49, 51].
It is also well known that SN1987A is globally asymmetric, which is directly observed by the
Hubble Space Telescope [47, 48]. Provided the facts that the progenitors of collapse-driven
supernovae are a rapid rotator on the main sequence [68] and that the recent theoretical studies
suggest a fast rotating core prior to the collapse [53] (see, however, [55]), it is important to
incorporate rotation in simulations of core collapse.

So far there have been some works devoted to the understanding of the effect of rotation
upon the supernova explosion mechanism [8, 43, 44, 57, 59], [69]–[71]. It seems clear that the
rotation is not good to prompt shock propagation [44, 71]. This is simply because the centrifugal
force tends to halt the core collapse, which then reduces the conversion of gravitational energy
into kinetic energy. Here we pay attention to the effect of rotation on the neutrino-heating
mechanism. Shimizu et al [45] demonstrated that anisotropic neutrino radiations induced by
rotation may be able to enhance local heating rates near the rotational axis and trigger globally
asymmetric explosions. The required anisotropy of the neutrino luminosity appears to be not very
large (∼3%). In their study, the anisotropy of neutrino heating was given by hand and rotation
was not taken into account, either. In this paper, we demonstrate how large the anisotropy of
neutrino radiation could be, based on the 2D rotational core-collapse simulations from the onset
of gravitational collapse of the core through the core bounce to the shock-stall [46]. We not
only estimate the anisotropy of neutrino luminosity but also calculate local heating rates
based on that.

For the hydrodynamic calculations shown here, we employ the ZEUS-2D code [72]. We
made several major changes to the base code to incorporate the microphysics. As for the EOS, we
implement a tabulated EOS based on the relativistic mean field (RMF) theory [29] instead of the
ideal gas EOS assumed in the original code. We approximate the electron captures and neutrino
transport by the so-called leakage scheme. For a more detailed description of the methods, see
[46]. As for the initial angular momentum distribution in a core of evolved massive stars, little
is known at present about which mode of the instabilities prevails on what time scale during
the quasi-static stellar evolution (see [53, 55] for recent developments). Therefore, we assume
two possible rotation profiles, shell-type and cylindrical-type. Furthermore, we change the total
angular momentum and the degree of differential rotation in a parametric manner. We made the
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Figure 5. Final profiles of the representative models. They show colour-coded
contour plots of entropy (kB) per nucleon. The initial value of T/|W | is 0.5% for
the models of the left (model A) and central panels (model B), 1.5% for the model
of the right panel (model C). Here T/|W | is the ratio of rotational to gravitational
energy. The model of the central panel has stronger differential rotation than that
of the left panel.

pre-collapse models by taking density, internal energy and electron fraction distributions from the
spherically symmetric 15M� model by Woosley and Weaver [73] and adding angular momentum
according to the prescription stated above.

In figure 5, the entropy distributions at the end of computations for some representative
models are presented. A variety of the final profiles is immediately seen in the figure. In all
the models studied, the shock wave produced by core bounce stalls in the core and no prompt
explosion occurs. As the initial rotation rate becomes larger, the shape of the stalled shock wave
becomes more oblate due to the stronger centrifugal force (compare the left with the right panel
in figure 5). If the initial rotation rate is the same, the shape of the stalled shock is found to
be elongated in the direction of the rotational axis as the differential rotation becomes stronger
(compare the left with the central panel of figure 5). This is related to the production of high
entropy blobs by core bounce. For weak differential rotations, the entropy blob formed near the
rotational axis floats up parallel to the axis and then stalls. This makes the shock prolate at first.
Then the matter distribution returns to be spherical or oblate due to the centrifugal forces. On
the other hand, in the case of strong differential rotations, the shock wave formed first near the
rotational axis hardly propagates and stalls very quickly. The high entropy blob begins to grow
near the equatorial plane in this case. This then induces the flows towards the rotational axis. As
a result, the final configuration becomes prolate. Based on the anisotropic matter distributions
after the shock stagnation obtained by these hydrodynamic simulations, we next analyse the
neutrino spheres and calculate the degree of anisotropic neutrino radiation.

In the left panel of figure 6, the neutrino spheres for spherical and rotating models are
presented. Note that the rotating model in the figure is based on the recent stellar evolution
calculation [53]. For the rotating model, it is found that the neutrino sphere forms deeper inside
at the pole than for the spherical model. This is a result of the fact that the density is lower on the
rotational axis in the rotation models than in the spherical model because the matter tends to move
away from the axis due to the centrifugal force. We note that the above features are also true for
slower and more rapid rotation models. Furthermore, the configurations are more deformed as
the rotation becomes faster due to stronger centrifugal forces. The neutrino temperature profile
on the neutrino sphere for the pair is presented in the right panel of figure 6. Note that the
neutrino temperature is assumed to be equal to the matter temperature. It is seen from the figure
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Figure 6. Shapes of neutrino sphere (left panel) and neutrino temperature versus
polar angle on the neutrino sphere (right panel) for the rotating model (model A)
and the spherical model.

that the temperature varies with the polar angle for the rotating model. The neutrino temperature
is higher at the pole for the rotating model than for the spherical model. This can be understood
from the fact that the neutrino sphere is formed deeper inside for the rotational model than for
the spherical model, as mentioned above.

Based on the above results, we estimate the heating rates outside the neutrino sphere. This
is admittedly a very crude estimate, since it is well known [5, 6] that the net heating, the heating
minus cooling, becomes positive 50–100 ms after the shock stagnation. We confirmed that the
cooling dominates over the heating at the end of simulations in our models also. Since our
calculations ended before the heating dominates over the cooling, it is impossible to estimate
the location of the gain radius, beyond which the heating dominates over the cooling. Here it is
noted that the anisotropy of the heating is found to be similar to that of the cooling in our short
runs. It is, thus, expected that the gain radius will be deformed in a similar way in the later phase.
If this is true, the bare heating rate discussed below will help us understand the net neutrino
heating in the later phase. Bearing this in mind, we consider the bare heating rate for the final
configurations (several ten milliseconds after the bounce) in our simulations.

We evaluate the heating rate of the charged-current interaction: νe + n → p + e−. The
neutrino emission from each point on the neutrino sphere is assumed to be isotropic and take a
Fermi–Dirac distribution with a vanishing chemical potential. For the details about the estimation,
we refer readers to Kotake et al [46]. In figure 7, we show the contour plots of the heating rate
for the spherical (top left panel) and some representative rotation models. It is clearly seen from
the figure that the neutrino heating occurs anisotropically and is stronger near the rotational axis
for the rotation models. This is mainly because the neutrino temperatures at the rotational axis
are higher than on the equatorial plane. In addition, the radius of the neutrino sphere tends to be
smaller in the vicinity of the rotational axis. As a result, the solid angle of the neutrino sphere is
larger when seen from the rotational axis. These two effects make the neutrino heating near the
rotational axis more efficient.

By performing the linear analysis for the convective stability in our models, we find that the
convective regions appear near the rotational axis (see [46]). This is because the gradient of the
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Figure 7. Heating rates outside the neutrino sphere for the spherical model (top
left), and also for the models A (top right), B (bottom left) and C (bottom right).
All the figures show colour-coded contour plots for the logarithm of the heating
rate (MeV nucleon−1 s−1). The neutrino sphere and the stalled shock are seen as
thick lines separating the bright colour from the dark colour region. Note that the
value within the neutrino sphere is artificially modified to dark colours and has
no physical meaning.

angular momentum is rather small near the axis and the stabilizing effect of rotation is reduced
there. Neutrino heating enhanced near the rotational axis might lead to even stronger convection
there later on. Then, the outcome will be a jet-like explosion as considered in Shimizu et al
[45]. It should be noted that our results suggest that the non-radial neutrino transport should be
treated accurately. For this purpose, we are currently preparing 2D radiation-hydrodynamical
simulations with an elaborate neutrino transfer scheme [98].

3.2. Effect of magnetic fields

Next we discuss the effect of magnetic fields on the rotational collapse described above. While
most of the MHD simulations in the context of core-collapse supernovae choose poloidal
magnetic fields as initial conditions [57]–[61], [75, 76], recent stellar evolution calculations
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Figure 8. Contour plots of various quantities for the model with the strongest
magnetic field in our computations [62]. The top left panel shows the logarithm of
the angular velocity (s−1). The top right panel represents the magneto-rotationally
unstable regions to non-axisymmetric perturbations. The plot shows the growth
time scale (s) of MRI. Note that, in this panel, the regions with white represent
stable regions against MRI. The bottom left panel shows the logarithm of magnetic
field strength (G). The bottom right panel displays the logarithm of the ratio of
magnetic stress to matter pressure in percentage.

show that toroidal magnetic fields may be much stronger than poloidal ones prior to collapse
[54, 55]. This situation leads us to investigate the effect of the toroidal magnetic fields on the
anisotropic neutrino radiation and convection. We performed a series of 2D MHD core-collapse
simulations changing the strength of rotation and the toroidal magnetic fields systematically [62].
We first summarize the results.

The angular velocity profile for the model with the strongest toroidal magnetic fields in our
simulations is given in the top left panel of figure 8. The initial values of T/|W | and Em/|W | are
0.5 and 0.1%, respectively, where Em/|W | represents the ratio of magnetic field to gravitational
field energy. In addition, the initial profiles of rotational and magnetic fields are chosen to be
cylindrical with strong differential rotation for this model.
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In the top left panel, the negative gradient of angular velocity, d�/dX < 0, can be found,
where � is the angular velocity and X is the distance from the rotational axis. Such a region
is known to be unstable to non-axisymmetric perturbations [65, 74]. The characteristic time
scale for the growth of the instability called the magneto-rotational instability (MRI) is given
as τMRI = 4π|d�/d log X|−1. The top right panel of figure 8 shows the contour of τMRI for the
model. The typical time scale is found to be ∼O(10) ms near the rotational axis. This suggests
that MRI induced by non-axisymmetric perturbations can grow on the prompt shock time scale.
The field strengths in the protoneutron star become as high as ∼1016 G (see the bottom left panel
of figure 8), and the ratio of magnetic stress to matter pressure gets as high as 0.9 behind the
shock wave (see the bottom right panel of figure 8).

As for the anisotropic neutrino radiation, we find that the feature is not changed significantly
by the inclusion of very strong toroidal magnetic fields (∼1016 G in the protoneutron star).
Combined with the anisotropic neutrino radiation that heats matter near the rotational axis more
efficiently, the growth of the instability is expected to further enhance heating near the axis.
Furthermore, the magnetic pressure behind the collimated shock wave is as strong as the matter
pressure in the vicinity of the rotational axis. From these results, we expect that the magnetar
formation is accompanied by a jet-like explosion if it is formed in the magneto-rotational collapse
described above.

In the rest of the section, we present our new results on the effect of poloidal magnetic fields
on the neutrino heating. So far we concentrated on the models whose initial magnetic fields
are taken to be almost purely toroidal as suggested by the recent stellar evolution calculation
[55]. Considering the uncertainties, however, in their models as mentioned before, it should be
still important to investigate the effect of poloidal magnetic fields. Here we discuss the model
assumed to have strong poloidal magnetic fields (∼1012 G) prior to core-collapse. In addition,
the magnetic field is assumed to be uniform and parallel to the rotational axis initially. During
core-collapse, the strength of the magnetic fields substantially exceeds the QED critical value,
BQED = 4.4 × 1013 G, and the neutrino reactions are affected by the parity-violating corrections
to the weak-interaction rates [77]–[79]. In the following, we estimate the importance of
the corrections.

In the left panel of figure 9, the distribution of the poloidal magnetic fields at t ∼ 20 ms
after core bounce is given. The initially uniform magnetic field is deformed to be dipole-like
due to core contraction. Using this configuration of magnetic field as a background, we estimate
the neutrino heating rate by electron neutrino absorptions on neutron both with and without the
parity-violating corrections and compare them by the same procedure as discussed earlier in
this paper. As for the cross section with the parity-violating effects, we employ the formula in
[78]. The right panel of figure 9 shows the ratio of the heating rate with the corrections to that
without the corrections. It is found that the ratio is reduced by ∼0.1% due to the corrections
near the north pole, whereas it is enhanced ∼0.1% in the vicinity of the south pole. If the
north/south asymmetry of the neutrino heating persists throughout the later phases, it is expected
that the pulsar will be kicked towards the north pole. It is noted that Scheck et al [52] recently
pointed out that the random velocity perturbation of ∼0.1% added artificially several milliseconds
after bounce could lead to the global asymmetry of supernova explosion and cause the pulsar-
kick. While the orientation of pulsar-kicks is stochastic in their models, the asymmetry of the
neutrino heating in the strong magnetic fields considered here will predict the alignment of a
pulsar’s magnetic axis and the kick velocity. Further numerical investigations are required to
see if this is really the case. It is also interesting to study the effect of the anisotropic neutrino
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Figure 9. The left panel shows the contour of the logarithm of the magnetic
field strength (G). The right panel represents the ratio of the neutrino
heating rate with corrections for the parity-violating effect, Q+

ν,B�=0, to that
without the corrections, Q+

ν,B=0. The values of the colour scale in the
right panel are expressed in percentage. Note that the corrections due to
the parity-violating effect are ∼0.1% on the south and north poles. The
surface of the central white region in the right panel represents the neutrino
sphere.

radiation in the strong magnetic field on the growth of the convective instability and/or MRI in the
later phases [98].

4. Summary

In this article we have reviewed the current status of our theoretical understanding of the collapse-
driven supernova. Even the most sophisticated models have not produced a successful explosion
so far, although the margin of the theoretical models and the reality seems to have narrowed
considerably. We have paid particular attention to the global asymmetry of the dynamics, which
may be induced either by rapid rotation or strong magnetic fields of the core. We have solved
numerically both static and dynamical equations for rotational cores. Both of them suggest
that the rapid rotation and the ensuing anisotropic neutrino radiations are helpful for the shock
revival. Strong poloidal magnetic fields may give a substantial kick to the neutron star through
the north/south asymmetry of neutrino heating. The origin of the strong magnetic fields remains
to be clarified and might be important for the formation of not only magnetars but also ordinary
pulsars.

Neutrinos are important from the observational point of view. From the next galactic
supernova, we will detect about 10 000 neutrinos, which will reveal the mystery not only of the
supernova mechanism but also of neutrino itself. In this respect, the gravitational wave is another
important messenger from deep inside massive stars. It will provide us with information, which
even the neutrino could not. If the supernova is really asymmetric as considered in this article,
we may have a good chance to detect both neutrinos and gravitational waves simultaneously.
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We have summarized our recent results on this issue in the appendix, to which we would like to
refer interested readers.

As theoreticians, we sincerely hope to be able to make clear the supernova mechanism and
the related issues before observations tell us all.
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Appendix. Gravitational waves from the rotational and
magnetorotational core-collapse

Here we discuss the gravitational wave from the rotational core-collapse described above.
Asymmetric core collapse supernovae have been supposed to be some of the most plausible
sources of gravitational radiation for the long-baseline laser interferometers (GEO600, LIGO,
TAMA, VIRGO) [80]. The detection of the gravitational signal is important not only for the
direct confirmation of general relativity but also for the understanding of supernovae themselves.
Combined with neutrino signals, the gravitational wave will enable us to see directly the
innermost part of an evolved star, where the angular momentum distribution and the EOS
are unknown.

A burst-type gravitational wave is expected to be radiated mainly at the core bounce (see
[82, 83] for possible gravitational radiation due to the anisotropic neutrino radiation and the
convective motions). Employing the quadrupole formula, we calculated the waveforms of the
gravitational wave [84, 85]. First of all, we show the general properties of the waveform with
collapse dynamics. The waveform for a typical model is given in the left panel of figure A.1.
As the inner core shrinks, the central density increases and the core bounce occurs when the
central density reaches its peak at tb ∼= 243 ms. At this time, the absolute value of the amplitude
becomes maximal. After the core bounce, the core slightly re-expands and oscillates around its
equilibrium. As a result, the gravitational wave shows several small bursts and begins to decay.
These gross properties are common to all other models. However, there exist some important
differences when we compare them in more detail. We will summarize the differences in the
following.

In the right panel of figure A.1, the waveform is given for the model, which has a cylindrical
rotation law with strong differential rotation. By comparing the left with the right panel of
figure A.1, the oscillation period of the inner core for the model in the right panel is clearly
longer than that in the left panel. In other words, the pronounced peaks can be seen distinctively
in this case. This is because the central density becomes much smaller after the distinct bursts
by the strong differential rotation. This effect increases with the initial angular momentum.
It is also found that the sign of the second peak is negative in the left panel, while it is
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positive for the model in the right panel. Note that we are speaking of the second peak where
the absolute amplitude is the second largest. This characteristic that the sign of the second
peak is negative is common to the models with strong differential rotation and the cylindrical
rotation law.

Next we discuss the relation between the maximum amplitudes of gravitational wave
and the initial T/|W |, which is the ratio of the rotational to the gravitational energy. From
figure A.2, it is found that the largest amplitude is obtained for the moderate initial rotation
rate (i.e. T/|W |init = 0.5%) when one fixes the initial rotation law and the degree of differential
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rotation. This is understood as follows. The amplitude of the gravitational wave is roughly
proportional to the inverse square of the typical dynamical scale, tdyn. Since tdyn is proportional
to the inverse square root of the central density ρ, the amplitude is proportional to the density.
As a result, the amplitude becomes smaller as the initial rotation rates become larger because
the density then decreases. On the other hand, the amplitude is proportional to the quadrupole
moment, which becomes larger in turn as the total angular momentum increases. This is because
stronger centrifugal forces not only make the mass of the inner core larger, but also deform it. The
amplitude of gravitational wave is determined by the competition of these factors. As a result,
the amplitudes become maximal for moderate initial rotation rates. According to the study of
rotational core collapse by Kotake et al [46, 62], considerable anisotropy of neutrino radiation
is induced by such rotation rates.

We turn to the effect of the EOS on the gravitational signals. Needless to say, EOS is
an important microphysical ingredient for determining the dynamics of core collapse and,
eventually, the gravitational wave amplitude. As a realistic EOS, Lattimer–Swesty (LS) EOS
[28] has been used in recent papers discussing gravitational radiations from the rotational core
collapse [81, 82]. It has been difficult to investigate the effect of EOSs on the gravitational
signals because available EOSs based on different nuclear models are limited. Recently, a
new complete EOS for supernova simulations has become available [29, 86]. The EOS is
based on the RMF theory combined with the Thomas–Fermi approach. By implementing
these two realistic EOSs, we look at the differences in the gravitational wave signals. The
left panel of figure A.3 shows the waveforms for the models with the relativistic EOS (model
MSL4) or the LS EOS (model MSL4-LS). The maximum amplitudes for the two models do
not differ significantly. The important difference of the two EOSs is the stiffness. As seen
from the right panel of figure A.3, LS EOS is softer than the relativistic EOS. As stated,
the amplitude of the gravitational wave is roughly proportional to the central density and,
therefore, becomes larger for softer EOS. On the other hand, the amplitude is also proportional
to the quadrupole moment, which in turn becomes smaller for softer EOS because the inner
core is smaller then. The maximum amplitude is determined by the competition between
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these factors. As a result, the peak amplitude becomes almost identical between LS EOS and
the relativistic EOS.

We also studied the effect of magnetic fields on the gravitational signals. We derived
the quadrupole formula including contributions from the electromagnetic fields [61, 85]. It
is found that the amplitude is affected in the strongly magnetized models whose initial
Em/|W | is greater than 0.1%. This is natural because the amplitude contributed from the
electromagnetic fields should be of the order of Rmag = (B2

c/8πc2)/ρc ∼ 10% [Bc/(several ×
1017 G)]2[ρc/(1013 g cm−3)]−1, with Bc and ρc being the central magnetic field and the central
density, respectively. Thus, strongly magnetized models, whose central magnetic fields at core
bounce become as high as ∼1017 G, can affect the amplitude. Furthermore, it is found that the
contribution of the electromagnetic fields changes in the opposite phase to the matter contribution
(see figure A.4). Together with a slight offset of the electromagnetic part, the negative part of
the amplitude becomes less negative, whereas the positive part becomes more positive. The peak
amplitude at core bounce is lowered by ∼10%.

The maximum amplitudes for all our models with or without magnetic fields range from
5 × 10−21 � hTT � 3 × 10−20 for a source at the distance of 10 kpc. This is almost the same
as obtained in previous studies on rotational core-collapse simulations [61], [87]–[93]. The
absolute peak amplitudes are presented in figure A.5. If a source is located within 10 kpc, they
are mostly within the detection limits of TAMA and the first LIGO now in operation. The result
is not changed even if the central core prior to core collapse has very strong magnetic fields
of ∼1014 G. As pointed out earlier, we find that the sign of the second peak is negative for
the models with strong differential rotation and cylindrical rotation laws, whereas it is positive
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for the others. The absolute amplitudes of the second peak are also shown in figure A.5. They
are also within the detection limit of the first LIGO for a source within 10 kpc. In addition,
it seems quite possible for the detectors of next generation such as the advanced LIGO and
LCGT to detect the difference in the sign. Therefore, we may be able to obtain in this way
the otherwise inaccessible information about the angular momentum distribution of evolved
massive stars.
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