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We discuss the Yukawa couplings in 6D gauge—Higgs unification models on T2/ Zy in the pres-
ence of magnetic fluxes. We provide general formulae for them, and numerically evaluate their
magnitude in a specific model on 7%/ Z3. Thanks to the nontrivial profiles of the zero-mode wave
functions, the top quark Yukawa coupling can be reproduced without introducing a large repre-
sentation of the gauge group for matter fields. However, it is difficult to realize small Yukawa
couplings only by the magnetic fluxes and the Wilson-line phases because of the complicated
structure of the mode functions on 7%/Zy (N = 3, 4, 6).

Subject Index B02, B40, B41, B43

1. Introduction

The gauge-Higgs unification (GHU) [1-5] is an interesting candidate for the new physics beyond
the standard model. The Higgs fields are identified with extra components of higher-dimensional
gauge fields, and we do not need to introduce elementary scalar fields. The higher-dimensional gauge
symmetry governs the Higgs and the Yukawa sectors. Namely, the gauge invariance prohibits the
Higgs masses at tree-level,! and the Yukawa couplings originate from the (higher-dimensional) gauge
couplings. In particular, five-dimensional (5D) models have been extensively investigated [7—18]
because they have the simplest extra-dimensional structure and the 5D gauge invariance protects the
Higgs mass against large quantum corrections.

Six-dimensional GHU models are also phenomenologically attractive because the existence of
Higgs quartic couplings at tree level makes a realization of the observed Higgs mass easier [6]. In our
previous work [19], we investigated 6D GHU models on 72/ Z y orbifolds, and searched for possible
gauge groups, orbifolds, and representations of the matter fermions by requiring the theory to have
the custodial symmetry and realize the top quark mass. By employing the group theoretical analysis,
we found that the minimal candidate is an U(4) gauge theory on T2/Z3 and the third-generation
quarks are embedded into 20’ of SU(4).

Six-dimensional models have another important feature. We can introduce magnetic fluxes that
penetrate the compact space as a background. Such a background is phenomenologically interesting

I Six-dimensional (6D) models generically allow tadpole terms proportional to the field strength Fjs at the
orbifold fixed points. Such terms induce tree-level Higgs masses unless they are cancelled [6].
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because it induces gauge symmetry breaking, chiral fermions in four-dimensional (4D) effective
theories, and multiple zero-modes from a single bulk field [20-24]. Besides, since the magnetic
flux deforms the flat profile of zero-mode wave functions in the extra dimensions, it can control
4D effective Yukawa couplings [25].

In this paper, we discuss the Yukawa couplings in 6D GHU models on 72/Zy in the presence
of background magnetic fluxes. As mentioned above, the Yukawa couplings originate from higher-
dimensional gauge couplings. Hence, they become flavor-universal in a simple setup. In 5D models
on S'/Z>, we can vary them by means of the bulk fermion masses that have kink profiles. Unfortu-
nately, they cannot be extended to 6D models because we only have codimension 2 singularities on
two-dimensional orbifolds. Instead, we can control them by the magnetic fluxes and the Wilson-line
phases. Furthermore, the magnetic fluxes, which are quantized, can realize the generational structure
of quarks and leptons. In Refs. [26-29], possibilities of reproducing the realistic Yukawa structure
by magnetic fluxes are investigated in the context of ten-dimensional super Yang—Mills or super-
string theories, and it is shown to be reproduced in some cases. Their success of the realization of
the Yukawa hierarchy is supported by the following two points. One is that the gauge groups they
considered are large and contain a lot of U(1) subgroups that have the magnetic fluxes, which means
that there exist a sufficient number of independent magnetic fluxes to control the Yukawa couplings.
The other is that their models are compactified on 72 or T?/Z,.? Hence, the mode functions have
simpler structures than those on T2/Zy (N = 3, 4, 6), and are easier to control. However, these
properties are not necessary conditions for the GHU models. In this paper, we discuss realization of
the Yukawa hierarchy in smaller gauge groups, and especially focus on a U(3) model on T2/Z3 as a
specific example.

The paper is organized as follows. In the next section, we explain our setup and introduce the
magnetic fluxes. In Sect. 3, we show explicit forms of the mode functions on 72 and T2/Zy. In
Sect. 4, we provide a formula for the Yukawa coupling constants, and evaluate their numerical values
in a specific model. Section 5 is devoted to the summary.

2. Setup

We consider a 6D gauge theory compactified on an orbifold 72/Zy (N = 2, 3, 4, 6). The gauge
group is G x U(1)y, where G is a simple group that includes SU(2); x U(1),.> The field con-
tent consists of the G gauge field Ay, the U(1)y gauge field By, where M =0, 1,...,5 is the
6D Lorentz index, and 6D Weyl fermions \IJ)](C6 (f =1,2,...),where x¢ = £ denotes the 6D chirality.
The 6D Lagrangian is

1 1 7
L= ——zTr <FMNFMN) - —QBMNBMN + Lot + Zi\p})(;FMDMLIJ}}(;’ 2.1
84 485 f

where Ly denotes the gauge-fixing terms, I'M are 6D gamma matrices, and g4 and gp are the
6D gauge coupling constants for G and U(1)y, respectively. The field strengths and the covariant

2 In Ref. [28], the cases in which three generations are realized are discussed on T2/Zy (N = 2,3, 4, 6).
However, the numerical evaluations of the Yukawa couplings are performed only on 72/Z,.

3 We do not consider the color group SU(3)c since it is irrelevant to the discussion, and U(1) y is introduced
in order to adjust the Weinberg angle to the realistic value.
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derivatives are defined as

Fyn = 0yAny — oAy _Z[AM, AN]’
BMN = aMBN - aNBMv
Dy, = (9 —iAy —iqsBu) Vi, (2.2)

where g is the U(1)x charge of \11{6.

2.1. Orbifold and boundary conditions

For the coordinates of the extra dimensions, it is convenient to use a complex (dimensionless)

coordinate z = ﬁ(x4 + ixs), where R; > 0 is one of the radii of 72. Correspondingly, the

extra-dimensional components of the gauge fields are written as
A, =7R| (As —iAs), B.=mR| (Bs—iBs). (2.3)
The orbifold T2/ Zy is defined by identifying points in the extra space as
z~wz+n +nt, (ng,n €7), (2.4)
where @ = ¢?™!/N and 1 is a complex constant that satisfies Im 7 > 0. An arbitrary value of 7 is

allowed when N = 2, while it must be equal to w when N = 3, 4, 6. The orbifold T2 /Zy has the
following fixed points in the fundamental domain [30]:

0.3.3, 535 (onT?/2Z),

o= 0, 2%, 1+32’ (on TZ/Z3), @)
0, 1% (on T2/Z4),
0. (on T2/Z)

We can introduce 4D fields or interactions at these fixed points. Fields at equivalent points on 72/ Z
do not have to be equal as long as the Lagrangian is single-valued. The torus boundary conditions
are expressed as

Ap (.24 9) = Us @) Au (5,0 U7 @+ (U U1 @),
By (x,z+s) = By (x,2) + I As (2),
Wl (x,245) = UNOUL () W] (x,7), 2.6)

where s = 1, 7. Matrices U;(z) € G and real functions A(z) may depend on z. The orbifold
boundary conditions are

A, (x,wz) = PA, (x,2) P7Y, A, (x,w2) = 'PA, (x,2) P},
B, (x,wz) = B, (x,2), B,(x,07)=w 'B,(x,2),

_Xax6 ;
W ) =0T 2 d PV (x, 2), 2.7)

where x4 denotes the 4D chirality, and ¢y and P € G are a real constant and a constant matrix,
respectively.
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The G gauge field is decomposed as
Ay =) CiyHi+> WgE,, (2.8)
i o

where {H;, Eq} are the generators of G in the Cartan—Weyl basis, i.e., H; (i = 1,2, ..., Rank G)
are the Cartan generators and « runs over all the roots of G. The generators are normalized as
Tr(H;Hj) = §;; and Tr(Eg Eg) = 84,—g. We can always choose the generators in such a way that
P in (2.7) is expressed as

P=exp(ip-H), 2.9
where p- H=)_, p'H; (pi: real constants). Since (2.7) is a Zy-transformation, the following

relations must hold:
el — exp (Znani)’
N

. 2" X0
P P (# , (2.10)

X4X6
where ngy, n.p € 7.

2.2. Magnetic fluxes

We introduce the magnetic fluxes that penetrate 72/Zy as a background. For simplicity, we assume
that W3, do not have nonvanishing background and the background values of the field strengths are
constants. Then nonvanishing constant fluxes are

¢i= [, axtanticly = k) = - {c
T2/Zy N -

B= / dx* dx® (Bys) = A(Bys) = — 2T g, Q.11
T2/Zy N

where Céz = BZCé — BECQ, B.: = 8,B: — 3:B,, and A= (2w R1)*Im /N is the area of the funda-
mental domain of 72/Zy. This indicates that the vector potentials Cé and B, have the following
background values:

iN(C'z+¢ iN(Bz+b
_iN(Eze) (B;) = —g, (2.12)

Cchy =
() 4ImT

z 4Imt

where ¢ and b are complex constants, which correspond to the Wilson-line phases [25,32]. From
(2.12), we identify Us(z) and Ag(z) (s = 1, 7) in (2.6) as

NC'Im (5z -
Us (Z) = eXp {l Z (TE') +27‘[O{;> Hi]»

l
N BIm (§Z)
2Imt
where o' and By are real constants, which correspond to the Scherk—Schwarz (SS) phases [25,32].

As (2) = + 27 s, (2.13)

The magnetic fluxes ¢’ and B are quantized as
NC-o =2kym,
N (C-p+qyB) =2kysm, (2.14)

where o and pu are a root and a weight of G, and kg, ky r € Z. The first and the second conditions
originate from the requirement for the single-valuedness of W¥ and W/ on T?/Zy, respectively.
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Using (2.14), the background gauge fields are expressed as

katti (Z+ Za)

C. a)=—
( ¢ a) 2Imt
kyfmi Z—FE f
(C.-m+qrB)=—"~ 2I(m 2)) (2.15)
where
c-a c-m+qrb
= —, = — 2.16
Ca C-a C;Lf C-M,—}—qu ( )

We assume that the magnetic fluxes break G to SU(2);. x U(1)y x U(1)"~2 (r: rank of G), and
that U(1), x U(1)y is broken down to the hypercharge group U(1)y at one of the orbifold fixed
points by some dynamics. The generators of the unbroken SU(2); and U(1); are expressed as

E:{: oy, - H
(TL“—L, Tf) < oL k ) Q7 =1-H, (2.17)
|°‘L| loer |

where ap, is a root of SU(2); C G, and a constant real vector n satisfies 5 - ap, = 0. Then the
hypercharge Y is expressed in terms of Q7 and the U(1) y generator Qx as

Y =07+ 9x. (2.18)

3. Mode functions

In this section, we provide a brief review of the results in Refs. [25,28,31-33] in our notations, and
show explicit forms of the mode functions on 7% and T2/ Zy.

3.1. Kaluza—Klein mode expansion
The 6D fields are expanded into the Kaluza—Klein (KK) modes as

Cux:2) = \/;?Rl 2 H@CMN . W)= x/EgJ:Rl 2 IF@ W @,
Bu(r2) = e YA @ B (0,

Ci,2) =(CH @ +8a Y gh el (), WE(x.2) =ga ) g% (D)9 (1),

B (x.2) = (B;) (2) + g5 Z g2 (2) pf (x),

vl (x,2) = WA (x),

M= fﬂR ZZM*)’” @) WAL (), (3.1)
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where |p) is a vector in the G representation space that corresponds to the weight . The fermion
fields wi and ii are the right- and the left-handed two-component spinors defined as

i f
v l'[/Jroz
f + \T A
\P+ B ( )’ \p+ - ’

04 )_»f‘
f 04 & f wza
vi=1_.] Vv = . 3.2)
g/ afe
All the mode functions are defined to be dimensionless, and normalized as
/ d2dZ FY (2) F (2) = Sum, (33)
T2/Zy

where F, (z) denotes the mode functions. The coefficients in the KK expansion are determined so
that the 4D KK modes have canonically normalized kinetic terms.*

From (2.6) and (2.13), the mode functions should satisfy

fiz+)=f@, fPa+s) =1,

komi _ )
[ @+s) =exp{ ——Im(5z) + 2wig | f3 (2),
Im~t
gnz+s)=gh(@. g @+s) =g (),
komi _ )
8¥ (z+s) =exp{ ——1Im (5z) + 27ig? } g% (2),
Imt
kyrmi
hl(i)“f (z+5) =exp %Im (5z) + 27Ti¢ff} h%)ﬂf (@),
kyfmi _ )
h](jl:)”f (z+s) =exp ﬁr’;‘[ Im (sz) + 2ﬂz¢f‘f} hl(j)”f (2), (3.4)
where
d)g =05 -, ff Eas'ﬂ""‘]fﬂs’ (3.5)

and from (2.7), they also satisfy

fiw2) = fi2), [ =ePfr @), fFw)=/rE@,
) =w g (), g% (w2)=w e (), gf(w1)=0w gl ),

L oo, L ios ip-
h " (w2) = 0T 2691 P R (), WM (w2) = T2 PR (). (3.6)

The SS phases ¢, = ¢, I in (3.4) are defined modulo 1. This means that a set of solutions to the
mode equation is invariant under ¢y — ¢5 + 1. When |K| > 1 (K = kg, ky ), however, each mode
function is not invariant under such shifts. In fact, the shift ¢; — ¢; + 1 changes an eigenstate to
another degenerate eigenstate, and the shift ¢, — ¢, + 1 rotates the phase of the mode function (see
Sect. 2.2 of Ref. [32]). If we focus on a specific eigenstate among the degenerate mass eigenstates,
the period of ¢ is | K|, rather than 1.

4 Note that [dx*dx’ = 2(7 R)? [dzdz.
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We should also note that the SS phases can be converted into the Wilson-line phases by a large
gauge transformation, and vice versa [32]. The correspondence is

ko _
¢y =0, o < ¢y =——1Im (Sé'ot)a Ca =0,

S 2Imt
k _
!,’Lf:o, é‘lLf (—)¢ff:ﬁlm (Sé‘,[,f)v ;uf:()v (37)

or equivalently,
o o 2 o o
¢s9 é‘(x:()(—)d)szov ga:k_(f¢1_¢f),
o

2
Moy =0 e dtl =0 g = (vol - ot). (3.8)
n

In the following, we choose a gauge where all the SS phases are zero. As mentioned in
Refs. [32,34-36], the Wilson-line phases can only take finite numbers (which are equal to the numbers
of the orbifold fixed points) of values when the theory is compactified on 72/Zy (see Appendix A).

3.2.  Mode equations

We choose the following gauge-fixing terms:

1 L N\2 1 L o\2
cgf=_—2Tr{(DMAM) ——5 (9"Bu)". (3.9)
28
A

where Ay = Ay — (Ay), B = By — (By), and

DyAy = oAy —i _(AM),AN]. (3.10)
Then, the mode equations are read off as

0z fl = —mpfl,  Oafl=—mpfl, 80:fF =—m,fF,

. h ko - ~
d;0:8), = —1in gl (Oa + 21‘;“) g = —migk, 8,0:87 = —mlgl,

wf)y (Puf ~ g (Hnf mf), (Huf ~x7 (HRf
D" hy, " = —myhy, D" hy, = myhg,

’ ’

RSy, (RS - (S Wf) (RS _ wp (RS
D hy, " = —mnhy " D hp T =mmyhy, (3.11)

where m, = 7w Rym,, (m,, are the KK mass eigenvalues),5 and

0, = (32 | <z+¢a>) (az ke (z+§a)> | har

2Imt 2Imt 2Imt
— (s — koT (Z + Eoc) 9 1 ko (Z + Ca) _ ko1
T\ 2Im<t ¢ 2Im <t 2Im<t’
kyrm (Z4¢ kyrm (z+
Dgﬂf) =9, — ’Lf—( é-ﬂf) , D;’Lf) =0; + ST T owT) ( gﬂf). (3.12)

2Imt 2Imt

5> The eigenvalues m,, are in general complex for the fermionic fields, while they are real for the bosonic
fields because of the Hermiticity of the corresponding differential operators.
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3.3.  Mode functions on T?

Let us first find the mode functions defined on T2, which are denoted by letters with a tilde. They
are obtained by solving (3.11) with (3.4) in the manner of Refs. [25,32].

3.3.1. Gauge fields
Since wa and By do not feel the background gauge fields, their mode equations are easily solved,

and the solutions are®
~. iy : 2xIm {(n +17)z . 2nlm {(n+17)z
Jaa @5 &,y (@) = Ny cos {Ifnr )3) + N sin {Il(nr ) },
~ N 2xIm §(n +17)z . 2xlm {(n+1T)z
f,ffz (@), g,f; (2) =N,ff cos {h(m ) }+N;f§ sin {h(m ) }, (3.13)

where N,fi,, ;i I N;If , and N;tlg are real constants, and the corresponding mass eigenvalues are
- wln+1t|
m, = ———. (3.14)
Imt

Note that the zero-mode functions are constant.
For W§, with ky = 0, the mode functions are affected only by the Wilson-line phases:’

N i 2i . kala
Fu1 @) 844 (Z)ZNX,eXp{—ImTIm {(n—i—lr— > )4 (3.15)
where N,‘l’f ; are normalization constants, and the mass eigenvalues are
k
it = —— |n 17 — S| (3.16)
’ Imt 2

The other fields feel the magnetic fluxes,? and there are degenerate mass eigenstates at each KK
level. For Wl‘f with kg # 0, there are no zero-modes, i.e.,

- L\ kel _ kel
2 — T 0. 3.17
i <n+2> Imc — 2Imt .17)

As for WY, only components with kg > 0 have zero-modes. The corresponding mode functions are

2 () = FD (25 ka» Ca) (3.18)

where j = 1,2, ..., kq, and

QKIm )4 KTy (KGz+0),Kt) (K >0),

S A~

FD (2 K. ) = (3.19)

— Im(z+¢ L _
(2|1(|1mr)%e’“”'(“f)I l(m?)f} 1K (z+2),KT) (K <0).
0

® For these modes, we label the KK level by a pair of integers.

7 Note that ko {y = Nc - a/27 is independent of the flux ¢’. It can take nonvanishing values even in the case
of ke = 0.

8 For simplicity, we do not consider the case of ks = 0.
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Here, 9 |:Z:| is the Jacobi theta function defined by

o0
9 |:a:| (Kz, KT) = Z em‘(l+a)2KreZni(l+a)(Kz+b)‘ (3.20)
b 9
I=—00
The function ) satisfies the relation
. * .
{f(” (z3 K,Z)} =7 (7K, ), (3.21)
and is normalized as
. *
/dzz {79 @k, O 79 @ K, 0) = 8 (3.22)
T2
The mode functions for the KK excitation modes are
. n .
& @« (D) g @, (3.23)
where
ka7t (Z+ o)
D(Ol) =0, — s 3.24
N ¢ 2Imt ( )
and the mass eigenvalues are
.o nkem
= . 3.25
o Imt ( )

The components of WZ with ky < 0 do not have zero-modes, and

(n+ 1) kel 7 _ kel

=2

= 0. 3.26
Min Im<t = Imc (3-26)
3.3.2.  Fermions
For components of \I!)’:6 with k, ¢ > 0, only WI and 27 have zero-modes whose mode functions are

given by

/:'l}(:('))ﬂf(l) (Z) , ]:'ll(_z))ﬂf(]) (Z) — _7-_(]) (Z; kﬂf’ Cﬂf)’ (327)
where j = 1,2, ..., ky . For components of \IJ)J((6 with k, r < 0, only 1//f and )_»i have zero-modes

whose mode functions are
fzfg))“ﬂj) (). ;l(Lﬂ(L))lLf(j) (z) = FW) (Z; Kuf, fuf)’ (3.28)

where j =1,2,..., |kyrl.
The mode functions for the KK excitation modes are obtained by operating Dé“ H (for kpr > O)
or D;“ H (for kyr < 0) on the above functions, and their mass eigenvalues are

n~12:"|ku.f|”_

3.29
n Im T ( )

3.4. Mode functions on T/ Zy
As we have seen in the previous subsection, { fé (2), fNOB (z)} and {gd(z), gg (z)} are constants. The

former satisfies the orbifold boundary conditions in (3.6), but the latter does not. Thus, C L and B,
have zero-modes on T2 /Zy while C 2 and B; do not.

9/29



PTEP 2016, 053B06 Y. Matsumoto and Y. Sakamura

As for Wy, with kg = 0, zero-modes exist on T2 only when ¢, = 0; see (3.16).9 Since the cor-
responding mode functions are constants, they satisfy (3.6) only when p -a =0 for f(z), and
p o= 2w /N for g5 (z). These are the conditions for W} and W' to have zero-modes on T2)Zy.

The other modes feel the magnetic fluxes. Thus, they have degenerate modes at each KK level.
The orbifold boundary conditions in (3.6) have the form

F (wz2) = nFY (2), (3.30)
where 7 is an Nth root of unity, and j = 1, 2, ..., | K| discriminates the degenerate modes. Note that
. 1 N-1 .
B () = =3 Y (a)lz>, (3.31)
1=0

where I:"O(j )(z) is a zero-mode function on 72, satisfies (3.30). Since I:"éj )(a)l z) is a solution of (3.11)
that satisfies (3.4), it can be expressed as a linear combination of I:"(gj )(z), ie.,

D KL
B (of2) =) Db (o), (332)
k=1

(/)

where D jx ~ are constants. Thus, ﬁo(j )(z) in (3.31) is expressed as

IK|
Fe @) =Y MR EP (). (3.33)
k=1
where

w_ LN~ )

— -l @
MG =~ ) 0D (3.34)

=0

Although j runs from 1 to | K|, not all of ﬁéj )(z) are independent mode functions [32]. In fact, the
matrix M® generically has zero eigenvalues. The number of zero-modes is equal to the rank of
M Here, note that the matrix M is Hermitian because

wt _ LN~ @ - LN (o) o
M= =3 DT = =y D) = (3.35)
1=0 I'=0
where I’ = —I (see Appendix A). Thus, M can be diagonalized by a unitary matrix V:
VOO MDYy T = diag (A1, A, ..., A, 0,...,0), (3.36)
where A (j = 1,2, ..., r)are the non-zero (real) eigenvalues, and = Rank M. Then we find that
K et IR @ asis=n,
Y VP EY (o) = (3.37)
k=1 0 (r+1=<j=<IK).

Therefore, it is convenient to choose independent mode functions on 72/Zy as

. K|
F @ =vNY VPR ). (3.38)
k=1

9 Note that ky, /2 is defined modulo 1 and 7 as can be seen from (3.8).
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where j = 1,2, ..., r. We can easily show that these satisfy the orthonormal condition

. *
/m @z {7 @) 7Y @) =8 (3.39)
N

which follows from the orthonormal condition of F, ,1(j ) (z). The matrix M™ is expressed as
i X A
M = / d*z {Fgﬂ (z)} P ). (3.40)
. T

In Ref. [33], analytic forms of the matrix M are derived implying the operator formalism. It is

(/)

obtained from (3.34) with analytic forms of D ik which are collected in Appendix A.

The mode functions for the KK modes are obtained by operating D, = Dg“), D;’L P or
D: = D;“), D;’”) on Fo(j)(z), just like those on T'2. However, since
D, (ﬁéj) (a)lz)> = (Dzﬁéj)> (a)lz) x a)lﬁl(j) (a)lz) (when K > 0),
D: (ﬁéj) (a)lz)> =a (Dgﬁo(j)> (a)lz) x cf)lﬁl(j) (a)lz) (when K < 0), (3.41)

the phase factor  in Mﬂ) becomes nw~! (for K > 0) or nw (for K < 0). Therefore, the expression
corresponding to (3.38) for the KK modes is

K -
WZ Vj(:w )Fn(k) (z) (for K > 0),

FY () = = (3.42)

Kl
VN Y Vj(k"‘” )F,f") ) (for K <0).
k=1

The number of mass eigenstates at each KK level is given by the rank of M("“’_") (for K > 0) or
that of M) (for K < 0).

(«')

Note that the constants D ik in Appendix A, which are functions of K and ¢, satisfy

Pk, c1= 0@k, ¢ (3.43)
ik Ol = Dy, LK, 8, :

where ¢ = %(rq}l — ¢¢). Thus, we find that

=

N—-1

1 _ ! 1 (@
M-k, 1= YDk = - ik ¢
1=0 1=0
L (@) (i)
= 21 Dy V1K, ¢l = MK, £, (3.44)
I'=0
where I’ = —[. This indicates that the number of zero-modes for a field that feels a magnetic flux

K < 0 and an orbifold twist phase 7 is equal to that for a field with | K| and 7.
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4. Yukawa coupling constants
4.1. General expression

In the gauge—Higgs unification, the Yukawa couplings originate from the 6D gauge interactions:

f Z,\pﬁ Mpywls + 310y Mpyw!- |+
f-

=/d4xfdzz2nR1 “Soipltaal + > il Ayl | vhe+, @
I+ I~

where d?z = dzdz. In the 4D effective theory, we have the following Yukawa couplings:
(4D) (Hwfr 7 (m+a) f1-()  ak)ymf+()
Lyuioa = 2 2 2 v OO Oy PR he.

nofyijk

ot wE ) atk »
LD DI DR Tl A K (42)

rofoijk

where the indices i, j, k run over the degenerate zero-modes, and

i + o|E j
YOI = galpn taf a|ﬂ>/ el {h%)(wa)fuz) (Z)} @) () pORSD) ()
T Ry T2/Zy

2igav/Imt (i
__2igav <u+a|Ea|ﬂ>/2dzz {h%)wum()(z)} a® () pORFD ()
T

N+/N
K1l 1K2| |K3]
= —2igavVImT (i +a|Eglu) Y Y " VIV v
i'=1j'=1k'=1

% / 22 7 kL o) 7U) (@ Koy o) 78 (K 0
T2

|K1| |K>| |K3|
yl(Jk)let = ZlgA\/_ [L +(¥|E |[L Z Z Z V(nl)v(UZ)*Vk(]:]/S)

Ji
i'=1j'=1k'=1

X / 22 70) @k o) 7O @ Koy o) 78 (@ K 0 4.3)
T

2

- VN, . . . .
where g4 = % = #&7 is the 4D gauge coupling constant, K| = k(u+a) fr» {1 = L(uta) fis

Ky=kup,, o =28Cur., K3 =ka, {3 = o, and {1, n2, n3} are the phase factors in the orbifold
boundary conditions.!”

4.1.1. Couplings to fermions with ¢ = +
From the gauge invariance of the Lagrangian, the following conditions hold:

K1 =K+ K3, K141 =Ko + K383, (4.4)
and from the condition that the zero-modes exist, it follows that

Ki >0, Kr)<O0, Ksz3=>0. 4.5)

10 The phase factors 7, and 1, depend on the flavor index f, or f_.
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Then we find that

{f(i/) (z; Kl,él)} f(j/) (z; K2, &)

3 *
— ]-'(i,—j/‘f‘Klm) ,K , _7-—(|K2|i/+K|j/+K1|K2|m) (0, KKK , {1 - §2)} i
_mn;{ (z; K3, 83) |K1K>K3| K
(4.6)
which follows from the formula [(5.8) in Ref. [25]]
12_/ _J
ﬁ[o‘}(K1(z+§1),K1f)-l9[ g{2|}(|K2I(Z+§2),|K2IT)
K1+1K>| i=j'+Kl
K1+1K K¢+ |K
= 3 | MR (<K1 +1K2) (w‘“—'z'@),(m +|K2|)T>
=1 0 K+ |K2|
\Kz\i;+1<|%j’+1|(11<|1|()2|l
KK (K1 +
x| DK Kol (6 — 22, Ki Kol (K + 1Ko 7)), (4.7)
0
with (3.21) and (4.4). Therefore, using the orthonormal condition (3.22), we obtain
*
/zdzz {f(l ) (z; Ky, Cl)} f(j) (2 K2, ) FX) (25 K3, 13)
T
: Z]—‘(KZ’ KKK (0 kKoK, D2 ) 8 ko i (4.8)
’ K3 ] 1m,

Notice that §;_ j/1 g, m i is defined on Zg,, i.e.,

1 (i’ = j + Kim =k mod K3),
Sir—jr+Kym k' = (4.9)
0 (other cases).

As a result, we obtain the following expression for the Yukawa coupling constant:

“ 21gA«/_ Ky |K2| K3
+

VK === e+ alEaln) YYD VKL 61V I IK, IV K, 6]
i'=1j'=1k'=1
K
% if(Kzf/—Klf'+K'K2m) 0. K1 K K3, -2 ) 5 / (4.10)
s ATA2A3, K; i'—j +Kym,k'- .
m=1

Note that the matrix V" depends on the flux and the Wilson-line phase. The indices i, j, and k run
from 1 to Rank M), Rank M), and Rank M), respectively.

4.1.2. Couplings to fermions with x¢ = —
From the gauge invariance, K, and ¢, (a = 1, 2, 3) satisfy

K> = K1+ K3, Kxp = K&+ K383, 4.11)
and the zero-mode conditions are

Ki <0, K;>0 6 K3>0. 4.12)
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Following the same procedure as in the previous case, we obtain

ZlgA\/I_ |K1l K> K3
Vi = T e el Bl Y 3 Y VI KL VP TKS, @1V K3, 6]
i'=1j'=1k'=1

K3
i Kai’ $— 4
X Z _}'(Kl] K»ri +K1K2m) (O’ K] K2K3’ K3 ) Bj/—i’+K2m,k’- (413)

m=1

4.2.  Specific model

In this subsection, we evaluate the Yukawa coupling constants in a specific model. We consider the
case that G = SU(3),!! N = 3, and the matter fermions consist of two yg = — spinors (v 1 \Di)
that belong to 3 of SU(3) and two x¢ = + spinors (\I!_%, \Di) that belong to 3. The U(1)x charges
are assigned as (q1, g2, 3, g4) = (0, 1/3, =2/3, —1/3).

4.2.1.  Symmetry breaking and irreducible decomposition
The roots of SU(3) are

1 V3 1 3
o] = (55%)7 o) = (55_§>9 a3Eal+“2:(170)7

-, —ay, —o3; (4.14)

the weights of 3 are

11 1
m=lz.—%=], Mr=p —a= 0,——>»
: (2 2ﬁ) S ( 3
1 1
n3 =y 1 2= (22¢§> (4.15)

and the weights of 3 are {—m1, — o, —p3}.
We choose the direction of the G flux in (2.12) as

1
1 2\ _ .l b
(c C ) —c (1, ﬁ)’ (4.16)
so that G is broken to SU(2);, x U(1) . Then, e and p in (2.17) are identified as
(1 : ) (4.17)
aL = a, ==, —). .
L LN NG

The normalization of 5 is chosen in such a manner that the hypercharge of the Higgs doublet becomes
+1/2 [see (4.20)]. The fluxes ¢! and B are determined so that the quantization condition (2.14) is

' We do not consider the custodial symmetry, for simplicity.
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satisfied for all the roots and the weights. In this model, (2.14) becomes

0 = 2kig,m, £NC' = 2kig,m = 2kig,7,

Nc! 2Nc!
= = 2ky 1 = 2ky, 1w, — = 2ky 17,
¢l B 2! B
N <—? + g) = 2](_”1277,' = 2]{_“227'[, N <T + g) = 2]{_“327[,
c! 2B 2! 2B
N (? — ?) = 2kﬂ137[ = 2kﬂ237[, N (-T — ?) = 2kﬂ337T,
¢l B 2! B
N (-g — g) = 2](_”1477.' = 2k_,L247T, N (T — g) = Zk_ﬂ347T. (418)
These can be solved as
Nc' =6k, NB=6«'n,
ki, =0, kia, =kiq; = £3k,
k”/ll =kﬂ21 :K, k”‘31 = _2K,
k_po=kopo=—k+«', k_po=2k+«,
ku3 =kp,3 =k — 2", k3 = =26 — 2/,
k_pa=kopa=—k—«', k_pa=2k—«, (4.19)

where « and «’ are integers.
Under the unbroken SU(2) , the SU(3) adjoint representation is decomposed as

{l —et1), 10)7, leey)} : triplet (¥ = 0)
{lae2), |ee3)} : doublet (Y = 1/2)
{| — a3), | — a2)} : doublet (Y = —1/2)
|0)s : singlet (Y =0), (4.20)
where |0)7 and |0) g are the states that correspond to the Cartan generators, and Y is the hypercharge.

Since the above states do not have the U(1) y charges, Y in (4.20) is equal to the U(1) ; charge. Thus,

the Higgs doublets are identified as ((pg 20 % 3(k)> or (‘Po_ k), N «®)

As for the matter sector, {|p,), 1)} and {| — pq), | — mo)} (Jr3) and | — p3)) are doublets
(singlets) of SU(2);.. From (2.18), the hypercharges of the components of w3 are

(Y (). Y (m2), Y (13)) = (n-py.m- o m-m3) + (97,95, q5)
1l 1 for wl),
[Ghh e .
(—%, —%, —1) (for lIli),

and those of \IIJZF’4 are

(Y (=) . Y (—mp) Y (—n3)) = (4.22)
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Thus ()_Jff)f(j), X’f})f(j)> and (X;glf(j), X;ng(j)) <1/f“3f(’) and er’L‘f( )) are identified as the
left-handed doublets (the right-handed singlets) in the standard model. They are denoted by

0] (2u6). dip(1-13)  (from wl);

07 (216),  ul (1273) (from ‘I’i)€

Lé (2_1/2) , el}e 1-y) <fr0m ‘IJE);

LY (242), v (o) (from xpi); (4.23)
where L and R denote the 4D chiralities.

4.2.2.  Model parameters
We choose the matrix P in (2.7) in such a way that it does not affect the symmetry breaking caused
by the magnetic fluxes. Then the possible choices are

p= T (1 _L> (4.24)
N \"TB) '

wheren, =0, 1, 2.
In order for the components in (4.23) to have zero-modes, the integers x and «’ in (4.19) should
satisfy
K, 2k + k', k=2, 2k —«' >1,

=2k, —k +k', 2k -2, —k—K'<-—1, (4.25)
which are summarized as
-1
k>1, —k+1<k <T. (4.26)

Hence, the (¢“2(k) (pg 3(k)) are identified as the Higgs doublets Hj because ky, = ko3 = 3k > 0.

The values of the orbifold twist phase 7 in (3.30) for the relevant components are expressed as
w leP®2 = gp=1 (for Hy)

1 . .
—5 ,l p- — n n
w”2e et = Ty (for QL)

w2l P = gy (for d¥)
1. .
5 i@ ,—ip-py — ,na+1 1j
w2e'Pe =w (for o;
1 . . .
n={_w 2ePRePM3 = g2t7p (for u’R) (4.27)

1 . . .
a)ffe“D:%elp'”'l — a)n3+n[) (for LJL)
1 . . .

wIelP3elPhs = g3 t] (for e)

1 . . .
w2el PP = natl (for L/LJ)

1 . . .
W 2eiheTIP s — yatip (for v}e) ,

where ny (f =1, 2, 3, 4) are integers [see (2.10)].
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Table 1. The magnetic flux K and the orbifold twist phase n felt by each field, and ¢ = K¢ /2(r — 1), where
¢ is the Wilson-line phase. The constant 2/ (I) is even for even « (k”), and odd for odd « («”).

H Or dp 0} UR Ly eR L, VR
K 3k K —2K —k + K&’ 26 + k' k=2« —2Kk — 2K’ —K — K’ 2k — k'
n wnl,—l wn|+np a)n]—H wn2+l wnz+np wn3+n,, wn3+1 wn4+1 wnﬁ-n,,
é ; l 21 21 -1 41 + 1 =T 20+ 1 20+ 1 4] -1
3 3 6 6 3 3 6 6

From (2.14), (2.16), (3.8), and (A3), the allowed values of the Wilson-line phases are expressed as

_Nc-oc_2¢a( 1
o= e ke Y
N(c-p+qeh) 2
;ﬂfz—(c BEarb) 2 puro vy, (4.28)
2kpfm Kur
where
lo 1 o 1
o _te L0 wf — w2 ke
e L I I S Y B I (4.29)

with Iy, Iy =0,1,2. Noting that ¢*' =0 from the condition that SU(2);, is unbroken, the
Wilson-line phase vectors in (2.12) should be

. 4nl(t-1 1 - 2l (t—1)
_ — ) Cp= T 430
¢ 3 (—1/J§> 3 (4.30)
where [ and I’ are real constants. Then, ¢* and ¢/ are parametrized as
P =0, ¢ =g% =1,
[ 21
ml _ ppol 2 ml — =
¢ ¢ 3 ¢ 3
U 21U
M2 _ M2 _ _° T -n32 _ =
¢ ¢ ste ¢ Tt e
l ! 21U
w3 pi23 n33 - _
¢ ¢ 3 3 ¢ 3 3’
U 201
pHA = p it = -3¢ p Mt = I % 4.31)

These phases ¢ = ¢%, p*/ are defined modulo |K | (K = kg, ky r; see the comment below (3.6)).
Comparing (4.31) with (4.29), we find that 2/ (I’) is even for even k (k'), and odd for odd « («’).

In summary, the Yukawa sector of this model is specified by nine integers: «, k', [, I, n,, and n s
(f =1,2,3,4). The numbers of zero-modes and mode functions are determined by the magnetic
flux the field feels K, the orbifold twist phase n, and the Wilson-line phase ¢ = %qb(r — 1), which
are summarized in Table 1.

4.2.3.  Realization of three generations
Here we consider the possibility that the three generations of quarks and leptons are realized by the
magnetic fluxes. This occurs when k = 6,«" =0,n, =0,n13=0,n24=2,andl =1' = 0.12In

121f we allow extra zero-modes in addition to (4.23), other parameter choices are also possible.
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this case, we obtain the following terms in the 4D effective Lagrangian from the bulk:

5 3
4D k)D kU
=33 (yf]) O Hidly + yV itye H O
k=11i,j=1

KE 5

+ v P LY Hiel + 3PN e B LY 4 he) 4 (432)

where € Hy, Q/Lj = e H! Q/ij and erL/Lj = e H{L} L7t (a, b: SU(2); -doublet indices), and

WP = yE = Z Z Z Ve [=12,01v)*16, 01V, v s, 0
\/_ 3 =1 j'=1k=1
18 o
x Y FIOTM (0, —1296, 0) 81— i
m=1
Y 3 S o P o s o
“/_ 341' 1 j'=1k'=1
18 . )
x 3 FEOTIRITT (0, 21296, 0) 81 10m i (4.33)
m=1

where g = g4 ~ 0.652 is the 4D SU(2); gauge coupling, and we have used that!?
1
(=3 Eqy| — M) = (=3|Eas| — 1) = A
1
<M2|Ea2 ls) = (1 |Eoc3 ls) = ﬁ (4.34)

Extra SU(2); -doublets in (4.32) can be made heavy by introducing the following brane-localized
terms:

3

Lorne = Y[ O ) {cp @1 (. 9 + ¢ 01 (v, 2)

i=1

+ L (o) {c"LLL (x,2) +cf L) (x, z)} + h.c.} §? (), (4.35)

where Q’R and IZ"R are brane-localized 4D fields; and Q;, @, L1, and L', are SU(2); -doublet com-
ponents of W 1 lI!_ZF, w3 and llli, respectively. The parameters ciQ, c/é, ciL, and cz are dimensionless
constants. Focusing on the zero-modes, (4.35) is rewritten as

- [ Ok ) {mo0] @) +mh 07 )]

i,j=1

+ Ly () {mLoL’ (x) +mippLy (x)} +h.c. +- ]5<2> (2). (4.36)

13 We can always redefine the phases of the fields so that the matrix elements in (4.34) are real.
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where the ellipsis denotes terms involving non-zero KK modes, and

(G (=20
mij _ lehI(_‘O)ﬂl (J) (O) m/ij _ C,éh](j(? 1.3 (J) (O)
Q0 V2R 0 V2rR
i 7 (5)30) i 1 (H)—m14()
ij _ cLhio 0 ij _ CLhio 0
Mpg=——r—"—", Mjg= (4.37)
\/EJTRl \/§7TR1

are effective mass parameters. If these mass parameters are large enough, only the following linear
combinations remain in the 4D effective theory:!'*

gy = Vool + vl 1 = v L v IR (4.38)

where i = 1,2, 3, and Vp and V;, are 6 x 6 unitary matrices that satisfy

hp 00 000
Ug (moo.mpo) Vo' = 0 23, 0 0 0 of,
3
0 0 4, 000
AL 0 0 00 0
UL (mro,myg)Vi'=10 22 0 0 0 0 (4.39)
0 0 2 000

with 3 x 3 unitary matrices Up and Uy . After the extra modes are decoupled, we obtain

5 3
4D ~(k)D - j 1 ~(kU - j
£@D) — —Z Z (yi(j) QI{de}Q +yi(j) ulRerqi

k=1i,j=1
+ yl-(]]F)El_I{er% + yi(jl‘{)N‘_)ﬁefHkli +h.C.) 4+ (4.40)
where
~0D _ 0D (,—1\ It v _ v -1\ T3
i =i (VQ ) o Yij = Vi (VQ ) ;
~(OE OE (v —1\J i3 (N ON (1 \J +3+3
FOE = <VL ) C N =y® <VL ) . (4.41)

In order to avoid large flavor-changing processes, we assume that only one Higgs doublet Hj,
acquires a nonvanishing vacuum expectation value (VEV). Then, the fermion masses are obtained
as eigenvalues of the mass matrices given by

D _ ~(ko)D U _ =ko)U E _ ~(ko)E N _ =(ko)N
Mij =Y v Mij =Y v Mij =Y v Ml.j =Y v (4.42)
where v = (Hj,). We can control the mass spectrum by tuning the parameters ciQ, c/é, ciL, and c/Li
through the unitary matrices Vp and V. For example, if we choose those parameters in a manner such
that Vp =~ 1¢, we can realize the hierarchy m; 3> my. In such a case, the eigenvalues of the Yukawa
martrix y}j.‘o)U are approximately given by those of yl.(jl.(")U, whose absolute value |A§kO)U| i=1,273)

are shown in Appendix C1. From (C1), we find that the top quark Yukawa coupling, which is close

14 Here we neglect the mixing effect with the KK modes, which is expected to be small. In order to take it
into account, we need to solve the modified mode equations that include contributions from (4.35).
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to one, can be obtained when kg = 2, 5. However, large hierarchies among the Yukawa couplings
cannot be realized.

Besides the Yukawa hierarchy, the existence of the five Higgs doublets may be problematic because
it seems difficult to hide so many extra Higgs bosons from the collider experiment. Therefore, in the
next subsection we focus on the case that only one Higgs doublet appears.

4.2.4. One-Higgs-doublet case

Here we evaluate the magnitude of the Yukawa coupling constants in the case where only one Higgs
doublet appears. This occurs when («,n,) = (1, 2), (2,0). As an example, we focus on the case
(k,np) = (2,0). The Yukawa couplings are more restricted in the other case. From (4.26), possible
values of «’ are —1 and 0. In these cases, each component of (4.23) has at most one zero-mode.
Hence we will omit the “flavor indices” i and j in the following. The Yukawa coupling constants are
expressed as follows:

(i) ¥’ =0 case:

21 1 41417 20-T
D _ vy U _ y(+)
—Y i =Y , , — ,
y (”l 3 3) y (nz 6 6 )

2040 1 =1 4] -1 204+ 1

E _ v(-) N _ y()

=Y , — , , =Y , , — , 4.43
(n3 3 3) y <n4 7z G > (4.43)

where [ is an integer, I’ is an even number, and

wn+l w—l
Y (1, 1, o) = @14, v =2, 90V 16,91 — 2]

i'=1j'=1k'=1

6
g 2 —1
x 3 F(2iAT—8m) (0, —ag, DI )) Bir—j+am k'

12

m=1

YO ) = — W, v 2, v 16,62 — 1)

i'=1j'=1k'=1

6
o (1 +2¢) (r — 1)
< 2: ]__( 2i'—4j'—8m) (O, —48, 2 8‘/-/_i/+2m,k/,

m=1

(4.44)

where ¢, (a = 1, 2) are defined by ¢, = %(r — 1), and here we choose them as the second

argument of Vign) instead of ¢,. The possible values of n, ¢, and ¢, in (4.44) are

n=20,1,2 (mod3),
¢1 = ¢p — floor (¢2) +u  (mod 4),

=04, 21, %3 (mod2), (4.45)

where u = 0, 1, 2, 3. Numerical values of |Y (i)l are listed in Table C1 of Appendix C. From
the table, we can see that possible values of the Yukawa coupling constants are

)yD’U’E’N ‘ — 0.191, 0.270, 0.369, 0.522, 0.573, 0.811. (4.46)
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(ii) ' = —1 case:

. 3 6 / /
g (@) 4] +l (a)”2+1) 21 —1 (a)il)
yU = 1 Z Z Z Vli/ * |:3a 6 V]j/ _3, - 6 V]k/ [6a l]

V231 T T D
6
o 2(0+0) (@ —1)
x 21]_-( 3i'=3;"-9 ) (0’ _54, _ ( 5)4 8i/—j/+3m,k/’
=0 20410
E _ y(+)
= Y s T s s
Y ("3 3 3 >
N ig iiv(a’"“)* [5 41_1/} v(‘“"“')[ I 21+l/]v(“’1)[6 1
W= T 1 : i T o
V235 50T 6 6
6
y [—1)(x—1)
]__(—z —5—5m) 0. =30 _(— 81 145m. k' - 4.47
X mgl P 5 45 1+5m.k ( )

Numerical values of these are summarized in Tables C2 and C3 of Appendix C. From the
tables, we can see that the Yukawa coupling constants take the following values:

‘yD’E| — 0.191, 0.270, 0.369, 0.522, 0.573, 0.811;
| W | — 0.365, 0.430, 0.461, 0.667, 0.798:
‘yN | — 0.101, 0.176, 0.188, 0.288, 0.533, 0.541, 0.559, 0.924.  (4.48)

In each case of Sect. 4.2.3 and Sect. 4.2.4, the eigenvalues of the Yukawa matrices are within the
region [0.1, 1], and we cannot realize small Yukawa couplings only by means of the magnetic fluxes
and the Wilson-line phases. We need an additional mechanism to obtain them. This is mainly due to
the matrices Vi(j”) in (4.10) and (4.13). In order to see this, let us define the quantity

3

~(k
i k) =

. K

i . . 2

lg f(—Kl—ZKj—ZK ) (O, _6K37 0) 8i—j+2xm,kv (4.49)
1

RESV/

which is obtained from (4.10) in the case of our model by taking ' =" = 0 and replacing the
v j") matrices with §;;. The indices i and j are assumed to run from 1 to «. Then, we can see that

2P(2)] take

the eigenvalues of (4.49), igk) (k) (i =1,..., k), can take small values. For example,

values in the range [6.04 x 10~%, 0.843], and W‘) (4)) are in [2.05 x 107, 1.12].

We should also note that the top quark Yukawa coupling, which is close to 1, can be reproduced in
our model, which only has the small representations 3 and 3. This is in contrast to a model without the
magnetic fluxes. In the absence of the magnetic fluxes, the zero-mode wave functions are constants
unless the brane-localized terms exist. In such a case, the Yukawa couplings are equal to 1/+/2. Thus,
we need an enhancement factor, which is roughly /2, in order to obtain the top quark mass. This can
be accomplished by embedding the quark fields in a larger representation of SU(3). In the presence of
the magnetic fluxes, on the other hand, such an enhancement factor is obtained as an overlap integral
of the mode functions that have nontrivial profiles.
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5. Summary

We have studied the Yukawa couplings in 6D gauge—Higgs unification models compactified on an
orbifold 72/Zy in the presence of background magnetic fluxes. The effects of the magnetic fluxes
are multiplication of zero-modes for each 6D field and deformation of the constant mode functions
for the zero-modes. The former opens up the interesting possibility that the generational structure of
quarks and leptons is realized, and the latter is essential to controlling the magnitude of the Yukawa
coupling constants.

We considered a G x U(1) y gauge theory, where G is a simple group, and introduced the magnetic
fluxes for U(1) y and the Cartan part of G. The number of zero-modes are determined by the orbifold
boundary conditions, and the fluxes and the Wilson-line phases that the 6D field actually feels. It
should be emphasized that all these quantities are quantized. Thus, the Yukawa sector is controlled
by a finite number of integers. As a specific model, we consider an SU(3) x U(1)x gauge theory
on T2/Z5 with four 6D Weyl fermions belonging to 3 or 3. We evaluated the Yukawa coupling
constants in cases where three generations are realized, and where only one Higgs doublet appears
in the 4D effective theory. The Yukawa sector of our model is specified by nine integers. Due to
this property and the symmetric structure of the Yukawa coupling formula, the coupling constants
can take only limited numbers of values. They are all within the region [0.1, 1]. This stems from
the fact that the mode functions on T2/Z3 are given by mixtures of those on 7'2. This mixing effect
makes the profiles of the mode functions complicated. Thus it is difficult to realize the observed
large hierarchy among the fermion masses only by means of the magnetic fluxes and the Wilson-line
phases. We need an additional mechanism to obtain it. The situation is similar in models on 72/Z,
or T?/Ze. In the case of T?/Z,, the mixing matrices Vig.n) in (4.10) and (4.13) become diagonal,
and thus small Yukawa couplings can easily be obtained [28]. We should also note that there is an
advantageous feature of a model with magnetic fluxes. We can realize the top quark Yukawa coupling
without introducing a large representation of G, thanks to the nontrivial profiles of the zero-mode
wave functions.

In this work, we neglected the mixing with the KK modes induced by the brane-localized terms
and the Higgs VEVs. Such effects are important in evaluating the deviation of each coupling constant
from the standard model value. They can be taken into account by solving the mode equations in the
presence of the brane-localized terms and the W¥ background. This will be discussed in a subsequent

paper.
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1
Appendix A. Analytic forms of DJ(: ) in (3.32)

(/)

Here we collect the analytic forms of D ik in (3.32) obtained in Ref. [33]. In the following for-
mulae, we choose a gauge in which the Wilson-line phases are zero. The correspondence to the
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Wilson-line phases in the text can be read off from (3.7) or (3.8). Here, K, ¢1, and ¢ collectively
denote { ke, ky, f}, { e ¢{L ! }, and { oY, Lo ! }, respectively. The SS phases can only take discrete

values on 72/Zy from the consistency conditions [32]. This is equivalent to only discrete values of
the Wilson-line phases being allowed [34-36].

!
Note that Dﬁ.}c) = 0, by definition. The other coefficients DJ(Z)) (I #0) are shown in the
following.

T2/ Z5:
The allowed values of the SS phases are
(¢1.60) = (0.0). (3.0). (0.3). (3.3). (A1)
The explicit form of D;;l) is

(=1 4 .
Dy~ =exp —7% (D1 +J)(6—201—jk

4ri 1y
=exp{7¢f <¢1+k>}82¢1k,,-= (o (A2)
T?/Z;3:
The allowed values of the SS phases are
0, % % (K : even),
¢=¢1=¢. = s (A3)
5°2°'6 (K . Odd)
!
The explicit forms of D](Z) ) are
_q (K)Li .
() _ ¢ e i 2 .
W= ek (3¢> +k(k+6¢)+2]k> :
(?) esgn(K)lezi i ( ) o ) ) { (w)T}
D, =——- —— 3 6 2jk)t =1D . (A4
T2/ Z4:
The allowed values of the SS phases are
p=¢1=¢: =01 (A5)
wl
The explicit forms of Dj(k ) are
1 2mi
 _ 1 27 (o ,
Dy’ = = exp{ e (¢ +2</5k+]k)},
(a)z) 47Tl . w2
D) =exp | =0 @+ ) dagsu = (DO
(@) _ 1 2 ( 2 i { (w)f}
D, =—= e k) =D . A6
jk T ¢ +¢J+J) it (A6)
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T2/ Zs:
The allowed values of the SS phases are
0 (K :even),

P=¢1=¢r = (A7)
(K : odd).

PI—

(/)

The explicit forms of D jk are

() QSgn(K) % i
= P

2 .
(a)z) _ e—sgn(K)% i 2 .. .
D) = e | (307 T U200+ 2 G +20) .
w3 4mi . w3+
D) = exp{—7¢<¢+p} 200 = DT
pl _ e OR exp {—”—i (367 + k (k +26) +2) (k + 2¢))} = {pl)r]
ik VIK] K jk’
@) e—sgn(K)’l% _n_i > ) B (@)t
D) = e | =g (# -G =2 +2jk) = [P} a9
The sign function sgn(K) comes from the formula
|K|-1 T .
2 CXP{E(S+5)2} = ViK%, (A9)
s=0

where f is an integer (half-integer) when K is even (odd).

Appendix B. Normalizations of KK modes

In this appendix, we identify the coefficients in (3.1). Here we focus on those for W and W*. The
other normalization factors are obtained similarly. The 6D Lagrangian (2.1) includes the following

terms:

1 _

L=——Tr{F*F,, + F*F }+
4g% { @Ry "
1 * *
:_@ {(W""“’) W;;‘er(an)2 (wers) W;fz}Jr---, (B1)
o

where

Wey = 0. Wiy — Wi —i Dot (CLWi = WEC )+ Np.agWiWy 1.

i B
Ng.y = (B+YIEgly). (B2)
The KK expansion is expressed as
W (x,2) = Nw Y £ @) WL (x),
n
WE(x,2) =Ny Y g% () o (x), (B3)
n
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where Ny and A, are positive constants, and the mode functions are normalized as

/ >z {1 @) S @) :/ d’z {g¥ (2)}" &% (2) = Sum- (B4)
TZ/ZN TZ/ZN
Substituting (B3) into (B1), we obtain the 4D effective Lagrangian:
e = / dx*dx® £=2(mR)’ d*z c
T2/Zy T2/ZN
2 (wRy)? 2
B = 21) / { ‘ } + 2(‘aHWzaz_iN—al,asw;:aIW?3+"~ 2
4gx  Jrzy (TR1)

+ |0 WE — iNgy 0, WO WE 4| )} T

2
_ NW(an) ‘a WO _ ) W“1(0)| (\Du%z\ + |Dugy? }) e, (BS)
g

1 and W, 23 have zero-modes that are identified

with the W boson and the Higgs doublet fields respectively, and

where a1 and {a2, a3} are the roots such that W

Du("gz = auﬁogz - iN—al,cc3NWf0_al (2) W,:al(o)§08t37
Dy’ = 9uy’ — iNay.axNw f () W Q. (B6)

We have used that

(B7)

Comparing (B5) with the standard model,
LsM = ——Tr (Z ) —
1 2 . . 2

= (‘F;v + R + ) — | —ig (AL +i42) o]

2
. ‘amﬁ _ig (A}L - iAi) 900‘ T

2
+

1 2 0
:_E\auwj—avwlﬂ — |9 — [8,0" — Ewite

0 __
ne f Wye f n?
where A§ (a =1,2,3) are the SU(2). gauge fields, F};, are their field strengths, and W;f =

% (AL Fi Ai), the constants Ay and A, should be chosen as

+. (B9

NZ (R)? 1 NZ

W(2 1) ==, 2= (B9)

8a 2 8A

and the 4D gauge coupling constant g4 is identified from (B6) as

gA N N
ﬁ = Neaj.a;Nw Imt = Najar Nw Nmz (B10)
Solving these, we obtain
8A 8A
Nw N, A, A= —. Bl1
Jaxr, TS =G B
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We have used that
1

NG (B12)

N_gj05 = Naj,ar =

after appropriate phase redefinitions of the fields.

Appendix C. Magnitude of Yukawa coupling constants
C.1. Three-generation case

Here we collect numerical values of the Yukawa coupling constants in (4.33). The eigenvalues of the
matrices y(k)F (F = D, U, E, N) are denoted by A®F Their absolute values are calculated as

2P| = |ADE| = (0.845, 0.274, 0.057),

2P| = |2PE| = (0.921,0.350, 0.321),

2P| = |2E| = (0.821,0.517,0.358),

0P| = |2 DE| = (0.644, 0.524, 0.208),

2OP] = |ADF| = (0.799, 0.259, 0.155),

|ADY] = [ADN| = (0.731,0.279, 0.0644),

[A@V] = 2PN = (0.921, 0.350, 0.321),

[AOUV] = AN = (0.665, 0.579, 0.394),

|ABYV] = AN = (0.769, 0.415, 0.220),

[AOV] = AN = (0.945,0.315, 0.108). (Cl)

C.2. One-Higgs-doublet case

Here we collect numerical values of the Yukawa coupling constants in Sect. 4.2.4.

C2.1. k' =0case
The possible values of n, ¢1, and ¢, in (4.44) are

n=0,1,2 (mod3),
¢1 = ¢ —floor (¢2) +u  (mod 4),
$2=0,1.%.1,3.3 (mod2), (C2)

where u = 0, 1, 2, 3. For these values, only one generation is realized for each component. The
absolute values of Y (P (n, b1, ¢>2) are listed in Table C1. Those of Y () are related to |Y(+>| through

YO (g1 g2)| = [Y O (=n 42,61, (C3)

C22. k' =—1case
The absolute values of y?-F can be read off from Table C1. Those of yY (ns,1,1") (I =0, 1) are
shown in Table C2. When ny = 0, Q; does not have a zero-mode. The coupling constants for the
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Table C1. The absolute values of Y ) (n, ¢1, ¢,). The “— denote cases in which the left- or

the right-handed components do not have zero-modes.

(03}
(. u) 0 1/3 23 1 4/3 53
0,0) 0.573 = = 0.191 = =
0.1 0.369 _ — 0.369 _ _
0.2) 0.191 — — 0.573 _ _
0.3) 0.369 — — 0.369 — —
(1,0) — 0.522 0.270 — 0.522 0.811
(L,1) — 0.270 0.522 — 0.811 0.522
(1.2) — 0.522 0.811 _ 0.522 0.270
(L,3) — 0.811 0.522 — 0.270 0.522
(2,0) 0.811 0.369 0.191 0.270 0.369 0.573
2,1) 0.522 0.191 0.369 0.522 0.573 0.369
2,2) 0.270 0.369 0.573 0.811 0.369 0.191
2,3) 0.522 0.573 0.369 0.522 0.191 0.369

Table C2. The absolute values of yU(ng, [,1"). The “— denote cases in which the left- or the
right-handed components do not have zero-modes.

l/

(na, 1) 1 3 5 7 9 11 13 15
(1,0) — 0.365 — — 0.667 — — 0.461
(1,1) — — 0.430 — — 0.798 — —
2,0) 0.667 — 0.461 0.365 — 0.667 0365 —
2,1) 0.798  0.430 — 0430  0.430 — 0430 0430
l/

17 19 21 23 25 27 29
(1,0) — — 0.667 — — 0.365 —
(1,1) 0.430 — — 0.430 — — 0.430
(2,0) 0365  0.667 — 0365  0.461 — 0.667
@,1) — 0430  0.798 — 0430 0430 —

other values of / are related to those in Table C2 by

)yU (nz, 2u + 1, l’)

whereu =0,1,2,...,14.1

‘yU (nz, 2u, l/)‘ = |yU (ng, 0,/ + 8u)

15 Note that ! and I’ are defined modulo 30.

— |yU (n2, 1,7’ + 8u)
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Table C3. The absolute values of yN (n4,1,1"). The “— denote cases in which the left- or the
right-handed components do not have zero-modes.

l/

(n4,1) 1 3 5 7 9 11 13 15 17
(0,0) 0.559 — 0.101 0.176 — 0.176 0.101 — 0.559
0,1) — 0.541 0.188 — 0.288 0.288 — 0.188 0.541

(1,0) 0.559  0.533 0.101 0.176  0.533 0.176  0.101 0.533 0.559
(1,1) 0.924  0.541 0.188 0924  0.288 0.288 0.924  0.188 0.541
(2,0) 0.559 — 0.101 0.176 — 0.176  0.101 — 0.559
2,1 — 0.541 0.188 — 0.288 0.288 — 0.188  0.541

The absolute values of y"(ny,1,1’) (I =0, 1) are shown in Table C3. The coupling constant for

the other values of / are related to those in Table C3 by

)yN (n4,2u, l/)

= ‘yN (n4, 0,!' — 2u)’,

‘yN (n4, 2u+1, l/)

= [y (na 1.0 = 20)|, (C3)

whereu =0,1,2,...,8.16
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