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We study a scalar particle of mas m; decaying into two particles of mass m, during the radiation and
matter dominated epochs of a standard cosmological model. An adiabatic approximation is introduced
that is valid for degrees of freedom (d.o.f.) with typical wavelengths much smaller than the particle horizon
(ex Hubble radius) at a given time. We implement a nonperturbative method that includes the cosmological
expansion and obtain a cosmological Fermi’s Golden Rule that enables one to compute the decay law of the
parent particle with mass m;, along with the build up of the population of daughter particles with mass m,.
The survival probability of the decaying particle is P(r) = e T+ with [",(¢) being an effective momentum
and time dependent decay rate. It features a transition timescale t, between the relativistic and
nonrelativistic regimes and for k # 0 is always smaller than the analogous rate in Minkowski spacetime,
as a consequence of (local) time dilation and the cosmological redshift. For ¢ < 7, the decay law is a
“stretched exponential” P(f) = e~/ ’*)3/2, whereas for the nonrelativistic stage with 7> ¢, we find
P(t) = e™T0'(1/t,,)To™/2, with Ty the Minkowski space time decay width at rest. The Hubble timescale
« 1/H(t) introduces an energy uncertainty AE ~ H(r) which relaxes the constraints of kinematic
thresholds. This opens new decay channels into heavier particles for 2zE,(t)H(t) > 4m3 — m?, with
E,(¢) the (local) comoving energy of the decaying particle. As the expansion proceeds this channel closes

and the usual two particle threshold restricts the decay kinematics.

DOI: 10.1103/PhysRevD.98.083503

I. INTRODUCTION

Particle decay is an ubiquitous process that has profound
implications in cosmology, for baryogenesis [1,2], lepto-
genesis [3,4], CP violating decays [5], big bang nucleo-
synthesis (BBN) [6-14], and dark matter (DM) where large
scale structure and supernova la luminosity distances con-
strain the lifetimes of potential, long-lived candidates [6,15—
19]. Most analyses of particle decay in cosmology use decay
rates obtained from S-matrix theory in Minkowski space-
time. In this formulation, the decay rate is obtained from the
total transition probability from a state prepared in the
infinite past (in) to final states in the infinite future (out).
Dividing this probability by the total time elapsed enables
one to extract a transition probability per unit time. Energy
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conservation emerging in the infinite time limit yields
kinematic constraints (thresholds) for decay processes.
The decay rate so defined, and calculated, is an input
in analyses of cosmological processes. In an expanding
cosmology with a time-dependent gravitational back-
ground, there is no global time-like Killing vector; there-
fore, particle energy is not manifestly conserved, even in
spatially flat Friedmann-Robertson-Walker (FRW) cosmol-
ogies, which do supply spatial momentum conservation.
Early studies of quantum field theory in curved space-time
revealed a wealth of unexpected novel phenomena, such as
particle production from cosmological expansion [20-29]
and the possibility of processes that are forbidden in
Minkowski space time as a consequence of energy/momen-
tum conservation. Pioneering investigations of interacting
quantum fields in expanding cosmologies generalized the
S-matrix formulation for in-out states in Minkowski space-
times for model expansion histories. Self-interacting quan-
tized fields were studied with a focus on renormalization
aspects and contributions from pair production to the
energy momentum tensor [23,24]. The decay of a massive
particle into two massless particles conformally coupled to
gravity was studied in Ref. [30] within the context of in-out
S-matrix for simple cosmological space times. Particle
decay in inflationary cosmology (near de Sitter space-time)
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was studied in Refs. [31,32], revealing surprising phenom-
ena, such as a quantum of a massive field decaying into two
(or more) quanta of the same field. The lack of a global,
time-like Killing vector, and the concomitant absence of
energy conservation, enables such remarkable processes that
are forbidden in Minkowski spacetime. More recently, the
methods introduced in Ref. [30] were adapted to study the
decay of a massive particle into two conformally massless
particles in radiation and “stiff” matter dominated cosmol-
ogy, focusing on extracting a decay rate for zero momentum
[33]. The results of Ref. [33] approach those of Minkowski
spacetime asymptotically in the long-time limit.

Motivation, goals and summary of results. The impor-
tance and wide range of phenomenological consequences
of particle decay in cosmology motivate us to study this
process within the realm of the standard post inflationary
cosmology, during the radiation and matter dominated eras.
Our goal is to obtain and implement a quantum field theory
framework that includes consistently the cosmological
expansion and that can be applied to the various inter-
actions and fields of the standard model and beyond.

Brief summary of results: We combine a physically
motivated adiabatic expansion with a nonperturbative
method that is the quantum field theoretical version of
the Wigner-Weisskopf theory of atomic line-widths [34]
ubiquitous in quantum optics [35]. This method is manifestly
unitary, and has been implemented in both Minkowski
spacetime and inflationary cosmology [36,37], and provides
a systematic framework to obtain the decay law of the parent
along with the production probability of the daughter
particles. One of our main results, to leading order in this
adiabatic expansion, is a cosmological Fermi’s Golden Rule
wherein the particle horizon (proportional to the Hubble
time) determines an uncertainty in the (local) comoving
energy. We find that the parent survival probability may be
written in terms of an effective time-dependent decay rate
which includes the effects of (local) time dilation and
cosmological redshift, resulting in a delayed decay. This
effective rate depends crucially on a transition time, f,,,
between the relativistic and nonrelativistic regimes of the
parent particle, and is always smaller than that in Minkowski
spacetime, becoming equal only in the limit of a parent
particle always at rest in the comoving frame. An unexpected
consequence of the cosmological expansion is that the
uncertainty implied by the particle horizon opens new decay
channels to particles heavier than the parent. As the
expansion proceeds this channel closes and the usual
kinematic thresholds constrain the phase space for the decay
process. While in this study we focus on the radiation
dominated (RD) era, our results can be simply extended to
the subsequent matter dominated (MD) and dark energy
dominated eras. In Appendix A we implement the Wigner-
Weisskopf method in Minkowski spacetime to provide a
basis of comparison which will enable us to highlight the
major differences with the cosmological setting.

II. THE STANDARD POST-INFLATIONARY
COSMOLOGY

We focus on the decay of particles in the post-
inflationary universe, described by a spatially flat (FRW)
cosmology with the metric in comoving coordinates
given by

9 = diag(1, —a?, —a*, —a?). (2.1)
The standard cosmology post-inflation is described by
three distinct stages: radiation (RD), matter (MD), and
dark energy (DE) domination; we model the latter by a
cosmological constant. Friedmann’s equation is

(Z)z = H*(1) :H(%L?Z)+a?(i)+9/\ :

where the scale factor is normalized to ag = a(ty) = 1
today. We take as representative the following values of the
parameters [38—40]:

(2.2)

Hy=15x10"* GeV;
Qp = 5 x 1075;

Q,, = 0.308;

Q, = 0.692. (2.3)
It is convenient to pass from ‘“comoving time,” #, to
conformal time n with dn = dt/a(t), in terms of which
the metric becomes (a = a(n))

G = diag(a?, —a*, —a*, —a?). (2.4)
With (' = %7) we find
d'(n) = Ho\/Qulr + a + sa*]'/?, (2.5)
with
r=—Ra~166x107% 5= 2 Lo0s. (2.6)
M Qy

Hence the different stages of cosmological evolution,
namely radiation domination (RD), matter domination
(MD), and dark energy domination (DE), are characterized

by

a < r = RD; r<as0.76 = MD;

a > 0.76 = DE. (2.7)
In the standard cosmological picture and the majority of
the most well-studied variants, most of the interesting
particle physics processes occur during the RD era and
so we focus most of our attention on this epoch; however,
we also contemplate the possibility of long-lived dark
matter particles that would decay on timescales of the order
of 1/H(. The RD and MD epochs cover approximately half
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of the age of the Universe and during these stages the
evolution of the scale factor can be written as

H2
a('l):HR’Y‘f'TM’?Z; Hp=Hy\/Qp,; Hy=Hy\/Qy,

(2.8)

which facilitates the explicit analytical study of the decay
laws. In turn, the conformal time at a given scale factor a is

given by
2yrl [, a

During the (RD) stage the relation between conformal and
comoving time is given by

(2.9)

(2.10)

a result that will prove useful in the study of the decay law
during this stage.

III. THE MODEL

We consider two interacting scalar fields ¢, ¢», in the
FRW cosmology determined by the metric (2.1), with
action given by

1 1
1= [ e/l ga oo -3 + R

1
+ %g””aﬂ(ﬁzay(ﬁz 3 [m3 + ER)p3 — Ay p3 }
(3.1)

where

.. \ 2
R= 6F + <9> } (3.2)
a a

is the Ricci scalar, and &, , are couplings to gravity, with
£=0,1/6 corresponding to minimal or conformal cou-
pling, respectively. We identify ¢, as the field associated
with the decaying (“parent”) particle, and ¢, as that of the
decay product (“daughter”) particles.

Expressing the action of Eq. (3.1) in terms of comoving

spatial coordinates and the conformal time, while rescaling
the fields as

)(1.2()?1 'I)

¢l.2(f’t) = Cl(l’])

o aln) = alt(n),  (3.3)

yields

A= /d3xdr]{

j=

1 /dyi\? 1 1
2 {5 <d_'7j> ) (Vi) = EZJZ‘M%(’?)

- dan 3 | (34)
neglecting surface terms as usual, where
a//
Mi(n) = mja*(n) = —(1-6&);  j=12. (3.5)
For the standard cosmology, using (2.5)
a’"  H3 3
—= 1+4 . 3.6
o= 2t 1+ 4 )] (36)

A. Quantization

We begin with the quantization of free fields [23,25-28]
(A=0) as a prelude to the interacting theory. The
Heisenberg equations of motion for the conformally
rescaled fields in conformal time are

2

Lo _ .
——x (%) = V2 ;(X,m) + MG () (X,1) = 05

i=1,2.
dn J

(3.7)

It is convenient to consider the spatial Fourier transform in
a comoving volume V, namely,

NN —ik-%
x(®n) = W;x;(n)e : (3.8)
leading to
& a' -
d—ﬂzx;g(n) + {wi(n) -—(1- 65,-)])(;(/6, n) =0;
wi(n) = K +m3a’(n). (3.9)

for either field, respectively.

Although solutions of (3.9) can be found for separate
stages or model expansion histories[33], solving for the
exact mode functions for the standard cosmology with the
different stages, even when neglecting the term with a”/a,
is not feasible. Instead we focus on obtaining approximate
solutions in an adiabatic expansion [23,25-28,41,42] that
relies on a separation of timescales between those of the
particle physics process and that of the cosmological
expansion. As an example, let us consider a physically
motivated setting wherein the decaying particle has been
produced (“born”) early during the radiation dominated
stage by the decay of heavier particle states at the grand
unification (GUT) scale ~10'> GeV. Assuming that the
mass of the (DM) particle is much smaller than this scale,
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the production process will endow the (DM) particle with
a physical momentum k ,(17) = k/a(n) ~ 10'> GeV with k
being the comoving momentum. If the environmental
temperature of the plasma is 7 =~ Tgyr =~ 10" GeV and
neglecting the processes that reheat the photon bath by
entropy injection from massive d.o.f., then Tgyr
Temg/a(n;) implying that the scale factor at the GUT
scale a(n;) ~ 10728, In turn this estimate implies that the
comoving wave vector k with which the (DM) is produced
is k=~ 10713 GeV.

The result (3.6) suggests that when considering initial
conditions at the GUT scale (or below) corresponding to
a(n;) > 10728 the term @”/a in (3.9) can be neglected for
wi(n;) > 1073% GeV for scalar fields minimally coupled to

gravity (or for any |£;] ~ O(1)), since wi (n;) > 2;%,')‘ This
condition is most certainly realized for particles produced
from processes at the GUT scale, since as argued above
such processes would yield comoving wave vectors
k=~ 10713 GeV, hence wy(n;) > 10713 GeV for (DM) par-
ticles (or daughters) with masses below the GUT scale.
Therefore under these conditions we can safely ignore
the term with a”/a in (3.9). Below (see Eq. (3.26)
and following comments) we show explicitly that this term
is of second order in the adiabatic expansion and can be
ignored to leading order. The mode equations (3.9) now
become

d2
a2 et + @) = 0. (3.10)
Field quantization is achieved by writing
1z = azge(n) +a’ Lgi(n), (3.11)

where the mode functions g;(n) obey the equation of
motion

d2
d_nzgk(n) + o} (1) gi(n) =0, (3.12)
with the Wronskian condition
9:(mgi(n) = g’ (M gi(n) = =i (3.13)

so that the annihilation a; and creation a}; operators are time
independent and obey the canonical commutation rela-
; T —
tions [a,;,al_{.,] = 6; -

Writing the solution of this equation in the WKB form
[23,25-28]

o Ly withar
i) =~

W) (3.14)

and inserting this ansatz into (3.10) it follows that W ()
must be a solution of the equation [25]

1" U 2
vio =i [ 305 s

This equation can be solved in an adiabatic expansion

_ o)
W) =il |1 -3 25

3 (w’k(r/)
4 wp(n)

We refer to terms that feature n-derivatives of w;(n) as
of nth adiabatic order. The nature and reliability of the
adiabatic expansion is revealed by considering the term of
first adiabatic order for generic mass m:

)2+--1. (3.16)

wi(n)  m*a(n)d (n)

wp(n) [k +m?a® ()]

(3.17)

this is most easily recognized in comoving time f, intro-
ducing the local energy E,(f) and Lorentz factor y,(r)
measured by a comoving observer in terms of the physical
momentum k,(t) = k/a(t)

Ei(1) = \/K3(1) + m? (3.18)
7i(1) :E"T(t), (3.19)

and the Hubble expansion rate H(r) :%: a'/a*. Tn

terms of these variables, the first order adiabatic ratio
(3.17) becomes

wi(n) _ H(1)
wi(n)  ri()E(r)

In similar fashion the higher order terms in the adiabatic
expansion can be constructed as well:

(3.20)

a)/k/(rl) _ mz((a/(n))z + a(n)a//(”)) B ’/,14612(11)(6/(”»2
e o) A0

_ L (RO H)\ _HA1)

A0 <6E§(;)+Ei(,)> ANE() (3.21)

where R(t) is the Ricci scalar (3.2). Consequently, (3.16)

takes the form:
1 2
Wil = O {1 0 <6§ét<)z> * Zigzt)) )

5 H()
e OEIOM ]

(3.22)
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Consider that the decaying (parent) particle is produced
during the radiation dominated stage at the GUT scale
with T ~ 10" GeV, with m < T and k, ~ T correspond-
ing to Ex(t)~T and y, > 1 (ultrarelativistic). With the
number of ultrarelativistic d.o.f. g. ~ 100 the expansion
rate is

T (¢
H(t) ~1.66+/gest M(m) ~ 10727(1), (3.23)
and it follows that
/
“”;(’7) <1. (3.24)
(1)

This analysis clarifies the separation of scales: the Hubble
expansion rate H(t) < E,(t), namely there are many
oscillations of the field during a Hubble time and the ratio
is further suppressed by large local Lorentz factors. This
ratio becomes smaller as the scale factor grows and the
Hubble rate slows, thereby improving the reliability of
the adiabatic expansion. For example, today H(#) ~ Hq~
10~* GeV, which is much smaller than the typical
particle physics scales even for very light axionlike
(DM) candidates.
Therefore we adopt the ratio

H(1)
E(1)

as the small, dimensionless adiabatic expansion parameter.
The physical interpretation of this (small) ratio is clear:
typical particle physics d.o.f. feature wavelengths that are
much smaller than the particle horizon proportional to the
Hubble radius at any given time (see discussion section
below for caveats).

Consequently, when considering the term a”/a in the
equation of motion (3.9), we find that

a' H H? H?
()
aw; 2E7  E; E?

<1, (3.25)

a~0 (RD); ac~ (MD). (3.26)

N[ =

Therefore the ratio a”/ w%a is of second adiabatic order and
can be safely neglected to the leading adiabatic order which
we will pursue in this study, justifying the simplification of
the mode equations to (3.10).

In this article we consider the zeroth-adiabatic order with
the mode functions given by

e_if/;z' w(n)dn

) (3.27)

9(n) =

postponing to future study higher adiabatic corrections (see
discussion section below). The phase of the mode function
has an immediate interpretation in terms of comoving time
and the local comoving energy (3.18), namely
- / / L[ / !
e—l j:” wk(ﬂ )dﬂ — e_l f’i Ek(t )dt , (328)
which is a natural and straighforward generalization of the
phase of positive frequency particle states in Minkowski
space-time.

IV. PARTICLE INTERPRETATION:
ADIABATIC HAMILTONIAN

Unlike in Minkowski space-time where the full Lorentz
group unambiguously leads to a description of particle
states associated with Fock states that transform irreducibly
and are characterized by mass and spin, the definition of
particle states in an expanding cosmology without a global
time-like Killing vector is more subtle [20,23,25-28].

Our goal is to study particle decay implementing the
adiabatic approximation described above, focusing on the
leading, zeroth order contribution with the mode functions
(3.27). Field quantization in terms of these modes entail
that the creation and annihilation operators of the adiabatic
particle states depend on time so that the quantum field
obeys the (free field) Heisenberg equations of motion.
Passing to the interaction picture to obtain the transition
amplitudes and probabilities, we would need the explicit
time dependence of the creation and annihilation operators.
In this section we show explicitly that to leading adiabatic
order the operators that create and annihilate the adiabatic
states are time independent. This is an important simpli-
fication that allows the calculation of matrix elements in a
straightforward manner.

In order to establish a clear identification of the zeroth
order adiabatic modes with particles we analyze the free-
field Hamiltonian, which in terms of the conformally
rescaled field operators is given by

HO) = [ @3l + (T2 + M) @)

Writing the field operators in terms of their Fourier
expansions, we have

2(Fn) = %;[akgma’?f +ajgi (e, (4.2)

m(X.n) =y (X.n) = % zk:[ak du(me™ + algy (n)e=*).
(4.3)

Integrating over d°x, gathering terms and neglecting the
term a”/a in (3.9) as discussed above, we find
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=52 tala(d + 0wl

+ara((9)? + @i(n)(g0)?) + He}  (4.4)

= Z{Qk na,a; + Ay(n)aga_, + He.}. (4.5)
T

N =

We can now expand these coefficients Q; () and A (r) in
terms of the functions W (1) by using the explicit form of
the mode functions

o1 ) Wil )an
gi(n) = Tk(ﬂ)
i) = =Watno) |1 - izh D] @0

and using the relation (3.15) the frequencies Q;(17); Ax (1)
can be written as

W// W/2
Q — 2 zw2 k k
() =l (2974 5k~ 2
W// W/Z
Ar(n) = (g)? | 57 — 525 — iW, 4.7
() = 00 (== Wi (@7)
It is convenient to introduce
Wy w2
= -, 4.8
@) = 3y~ 302 (43)

which allows us to rewrite the Hamiltonian as

H(’?) :%Z(al a—k)

k
N <|gk|2(ak +2W3)  (gi)* (o + iWZ)) ( ay )
(g0)* (o — iW}) gl (ar +2W3) J \aly

(4.9)

A ) <Mk Uk> ( Qk
b_;
Uk Uk |Ak|

b

l\.)l'—‘
LS

n=2X(

2l

[\_)|._
bt e

and the u; and v; chosen to make off-diagonal terms vanish. Then writing u;, =

tanh 2¢p;, = —

5 %> <(”i + V)R + 2u 0| Ay
)N} + o)A + 2w,

This Hamiltonian can be diagonalized by a time-dependent
Bogoliubov transformation. We do this in two steps. First
we write

i (7) = ae™ ] WO g-ioiti)/2, (4.10)

and choose 6,(n) to absorb the phase of A, ie.,

tan 0 (n) = Wi(n)/ax(n). Then
IIOAYEL
Qk(’?) ) (&ik)’

] 0,
H’”:%;(C‘Z 'k)(IAZI?n)

(4.11)
where
Q) = ﬁ () + 2W2(n)):
A = ﬁ 2(n) + (Wi(m))?. (4.12)

We introduce the Bogoliubov transformation to a new set of
creation and annihilation operators bllc b,; as

= u ()bt + vi(m)b_p;

ap = uk(n)l;,; + Uk(ﬂ)i)i]-g (4.13)

noting that uy, v, are real functions of # and |l;| only. For
the 13,;, lgjz to obey the canonical commutation relations, it

follows that u7 — v7 = 1. Then the Hamiltonian can be
written

b-
)G )G 14
Uk l/lk b -
%
u; + vD)|Ar| + 2u 0,0 1;
(u + 07) A KUk k)( ) (4.15)
(uf + v3)Q + 2uiv| Ay

cosh ¢, and v, = sinh ¢, we find

184

o, (4.16)
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In the second step we absorb the fast phases into the
redefinition

N S S B A PR b
k K )

in terms of which the Hamiltonian can be written as

Zwk ( ,;;(n)+%>. (4.18)

This is a remarkable result: the new operators b;, b/? define

a Fock Hilbert space of adiabatic eigenstates, the exact
frequencies of which are the zeroth order adiabatic

k> + m*a*(n)
by(n) depend explicitly on time because the

frequencies w(n) =
bi(n).
Bogoliubov coefficients u (),
the original operators a;

. We emphasize that

v (17) depend on time, while
2 a]'_(. are time independent in the
Heisenberg picture. This is also clear by inverting the
relations (4.13), and using (4.10) the redefinition (4.17)
along with u7 — v? = 1, we find

bT( ) = ('I)e_'e‘ /2a1 + (,,l)eiak( /2 —2lf Wil |

(4.19)

blz(r]) = uk(n)giek(> a4_|_ Uk(r/)e i0;(n)/2 th ()an Tk

(4.20)

Using (3.15) and the adiabatic expansion (3.16) it is
straightforward to find that

u(7) = 1+ O((w)(n))*, @} (n));
vi(n) = O((w(n))*, @} (n)).

Hence, to zeroth order in the adiabatic expansion by = a;

and the annihilation and creation operators of adiabatic
particle states are independent of time. Time dependence

(4.21)

of the operators b~,b£ emerges at second order in the

adiabatic expansion.

Therefore, the study in this section justifies our identi-
fication of particle states to leading (zeroth) order in the
adiabatic expansion, namely the time independent oper-
ators af, a create and annihilate zeroth order adiabatic
particle states of time dependent frequency wy (7). This is
important because below we cast the interaction picture in
terms of these operators and the mode functions g, (7). The
analysis above explicitly shows the consistency of this
approach to leading order in the adiabatic approximation.
In higher order the time evolution of the operators b, b
entail particle production [20,23,25-28,41,42], an impor-
tant aspect that will be relegated to future study (see

discussion section below). In the analysis that follows
we will consider the leading (zeroth) order adiabatic modes.

V. THE INTERACTION PICTURE
IN COSMOLOGY

The creation and annihilation operators a; aa for each
respective field define Fock states, with a Vacuum state |0)
defined by a;|0) = 0. Since to leading order in the adiabatic
approximation a,a’ coincide with b, b" associated with
single particle adiabatic states, it follows that a4|0> are
identified (to this order) with the single partlcle states

associated with the mode functions(3.27).
In the Schrodinger picture, quantum states obey

zdinwm» — H(n)|¥(n)). (5.1)

where in general the Hamiltonian carries explicit 5
dependence. The solution of (5.1) is given in terms of

the unitary time evolution operator U(n,17,), namely
(W (n)) = Un.10)[¥(no)), U(n.mo) obeys

. d

’d_nU(”’”O) =HmU(@n.no):  Ulno.mo) = 1. (5.2)

Consider a Hamiltonian that can be written as
H(n) = Hy(n) + H;(n), where Hy(n) is the free theory
Hamiltonian and H,(#) the interaction Hamiltonian. In the
absence of interactions with H; = 0, the time evolution
operator of the free theory Uy(n,7,) obeys

d
ld—nUo(ﬂJR)) = Hy(n)Uo(n, 1),
.d _
—ld—nUo'(n,no) = Uy (n.n0)Ho(n).
U(no.no) = 1. (5.3)

It is convenient to pass to the interaction picture, where
the operators evolve with the free field Hamiltonian and the
states carry the time dependence from the interaction,
namely

¥ () = UG (n.10) [ (m)). (5.4)
and their time evolution is given by
(W) = Ur(n,m0) ¥ (n0)) 1>
U;(n.m0) = U5 (n.10)U (n.19).- (5.5)

The unitary time evolution operator in the interaction
picture U;(n,ny) obeys
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d
o Ui(n.no) = Hi(n)U;(11.10)

H;(n) = Uy (n.no)H:(n)Uo(n.n0);

Ui(no.no) = 1. (5.6)

For the conformal action (3.4) it follows that

m@=mw/fm@m%@mn (5.7)

where the fields are given by the free field expansion (3.11)
with the mode functions solutions of (3.12), (3.13) and time
independent creation and annihilation operators for the
respective fields. The perturbative solution of Eq. (5.6) is

n
Ui(n.mo) =1 —l/ H,(n7y)dn,
Mo

. n m
+ (—1)2/ H (n)H (ny)dmdiy + - - -
Mo J 1

0

(5.8)

A. Amplitudes and probabilities
in perturbation theory

Before we consider the nonperturbative Wigner-
Weisskopf method, we study the transition amplitudes
and probabilities in perturbation theory as this will yield
a clear interpretation of the results.

Let us consider the amplitude for the decay process
X1 — 2y, given by

2 2 1
AP0, )1),

Ao (77» ’Yi) (5'9)

where |1;a) ),a =1, 2 are the single particle states asso-

ciated with the respective fields. With the expansion (5.8)
we find to lowest order in perturbation theory,

n
A1—>22(’7, ’11') = —M/ d’?'a(’?/)

i

2) @), (= 2 !
y / (15 10 Fo)BE )

. A n *
= ~2is [ arat)al! o0 )

r’l
2 *
X (g 1)) 6 5
The total transition probability is given by
1
Piona(n.mi) = EZ Z A (. m3) %, (5.11)
P g

and taking the continuum limit yields

n n
7)1—>22<77’77i) :/ d’?z/ d’hzk(’?z;’h)’ (5-12)
i ni
where

) = 22a(m)a(n) (9" ()9 ()

3
x/dpﬁw#%mﬁww#ww;

(2z)’
q=lk—pl. (5.13)
Noting the property
(Ze(mn))" = Zi(n'sm), (5.14)

and introducing the identity ®(n, — 1) + O(n, — 1) = 1,
relabelling terms and using the property (5.14), we find

n bl
Pion(n ) = 2/ d’?z/ dmRe[Z(172:m)]- (5.15)
ni ni

We define the transition rate

d n
= S Pialn) =2 [ dnRelzorn)l. (5.16)
i

()
We emphasize to the reader that in typical S-matrix
calculations in Minkowski spacetime, the presence of a
time-like Killing vector (and the implementation of the
infinite time limit) lead to a time independent transition
rate and subsequently a standard exponential decay law. In
FRW spacetime, this approach is in general invalid. Rather,
the transition rate introduced above will define the decay
law obtained within the nonperturbative Wigner-Weisskopf
framework described below.

VI. WIGNER-WEISSKOPF THEORY
IN COSMOLOGY

The quantum field theoretical Wigner-Weisskopf method
has been introduced in Refs. [36,37], where the reader is
referred to for more details. As discussed in these refer-
ences, this method is manifestly unitary and leads to a
nonperturbative systematic description of transition ampli-
tudes and probabilities directly in real time. Here we
describe the main aspects of its implementation within
the cosmological setting. Consider an interaction picture
state |¥(n)); = >_,C.(n)|n), expanded in the Hilbert space
of the free theory; these are the Fock states associated with
the annihilation and creation operators a;, az of the free

field expansion (4.2) for each field. Inserting into (5.6)
yields an exact set of coupled equations for the coefficients
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i%@@) =S CoalHmmy. (6.1)

In principle this is an infinite hierarchy of integro-
differential equations for the coefficients C,(5); progress
can be made, however, by considering states connected by
the interaction Hamiltonian to a given order in the inter-
action. Consider that initially the state is |A) so that
Ca(n;) = 1;C(n;) = 0 for |k) # |A), and consider a first
order transition process |A) — |k) to intermediate multi-
particle states |k) with transition matrix elements
(k|H;(n7)|A). Obviously the state |x) will be connected to
other multiparticle states |«’) different from |A) via H;(n).
Hence for example up to second order in the interaction, the
state |A) — |k) — |’). Restricting the hierarchy to first
order transitions from the initial state |A) <> |x) resultsin a
coupled set of equations

d

i gy Cal) = > Celn)(AlH, (n)|x) (6.2)

idinck(n) — C,(MKIH,()IAY; Calni) =15 Cy(n;) =0.

(6.3)

These processes are depicted in Fig. 1.
Equation (6.3) with C(5;) = 0 is formally solved by

Col) = —i / " H )| AYCA(7)d . (6.4)

i

and inserting this solution into Eq. (6.2) we find

d n
e == ["arsmcan.  (63)
n i
where we have introduced the self-energy
Za(mn) = Y _(A[H (n)|x) (k| H, (' )|A). (6.6

K

This integro-differential equation with memory yields a
nonperturbative solution for the time evolution of the
amplitudes and probabilities. In Minkowski space-time
and in frequency space, this is recognized as a Dyson
resummation of self-energy diagrams, which upon Fourier
transforming back to real time, yields the usual exponential

4) |4)
k) k)
(k[H1lA) (AlH|r)
FIG. 1. Transitions |A) <> |x) in first order in H;.

decay law [36,37]. Introducing the solution for C,(n) back
into (6.3) yields the build-up of the population of “daugh-
ter” particles.

Equation (6.5) is in general very difficult to solve, but
progress can be made under the weak coupling assumption
by invoking the Markovian approximation. A systematic
implementation of this approximation begins by introducing

7”
Ealn,') = / Zu(n,n")dn’”, (6.7)
ni
such that
d / !
d_”/EA(”v”/) = ZA(’%’? )s (6-8)
with the condition
5A(777 ’75) =0. (6-9)
Then (6.5) can be written as
d n d
—C = - dnf —E,(n,n"Cx(n 6.10
Gy Can == ["ar emcion (610

which can be integrated by parts to yield

d

n d
SCalt) = =EalnmCal) + / "€y 0.1) 4y Cal)

(6.11)

Since £, o« O(H?) the first term on the right hand side is
of order H?, whereas the second is O(H7) because
dC,(n)/dn < O(H?). Therefore to leading order in the
interaction, the evolution equation for the amplitude
becomes

d

—Cyu(n) = =Ea(n,n)Cyx(n),

i (6.12)

with solution

Caln) = exp (— A 6A<ncn'>dn') Caln). (6.13)

This expression clearly highlights the nonperturbative
nature of the Wigner-Weisskopf approximation. The imagi-
nary part of the self-energy X, yields a renormalization of
the frequencies which we will not pursue here [36,37],
whereas the real part gives the decay rate, with

— " Tuln)arf
|CA(’7)|2:e M n\CA(ﬂi)P;

Catn) =2 [ dpRelZa )

i

(6.14)
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Finally, the amplitude for the decay product state |«) is
obtained by inserting the amplitude (6.13) into (6.4), and
the population of the daughter particles is |C,(n)|>.

In our study the state |A) is a single particle state of

momentum X of the decaying parent particle.

A. Disconnected vacuum diagrams

Before we set out to obtain the self-energy and decay
law for a single particle state of the field y; into two
particles of the field y, we must clarify the nature of the
vacuum diagrams. Consider the initial single particle state

|A) = |l](;l)> and the set of intermediate states connected

to this state by the interaction Hamiltonian to first order.
There are two different contributions: (a): the decay process

|1§_€ Dy o |1§32>; 1;(:2_);) in which the initial state is annihilated
and the two particle state produced, and (b): a four particle
state in which the initial state evolves unperturbed and a
three particle state |1%2); 1572); 1(_11%_§> is created out of the
vacuum by the perturbation. These contributions are
depicted in Fig. 2.

These processes yield two different contributions to
S (1 (n)lie) (k[ H (1 )11), depicted in Fig. 3.

The second disconnected diagram (b) corresponds to the
“dressing” of the vacuum. This is clearly understood by
considering the initial state to be the noninteracting vacuum
state |0); it is straightforward to repeat the analysis above
to obtain the closed set of leading order equations that
describe the build-up of the full interacting vacuum state.
One finds that diagram (b) without the noninteracting
single particle state precisely describes the “dressing” of
the vacuum state. Clearly, similar disconnected diagrams
enter the evolution of any initial state. In the case under
consideration, namely the decay of single particle states,
the disconnected diagram (b) does not contribute to the
decay but to the definition of a single particle state
obtained out of the full vacuum state. In S-matrix theory
these disconnected diagrams are cancelled by dividing all

2

1.
e 7 P
x
e
e L
- —=q
1@ ~
P - ~ 2)
- ~ly
10 -
k e
—_— < - Sy @
~N
x 1

(a) particle decay (b) vacuum diagram
FIG. 2. Decay and vacuum diagrams for |[A) = \12”) to first
order in H;. Solid lines single particle states of the field y,
dashed lines are single particle states of the field y,.

/+\
s N
/ \
\ /
- 77~ N s
s ~N ~ o
/ \
_._< )
/
\ /
AN s
~ 5 -

(a) : self energy (b) : vacuum

FIG. 3. Contributions to the self-energy for decay (a) and
vacuum diagram (b) for |A) = \1,&”) to first order in H; with the
same notation as in Fig. 2.

transition matrix elements by (0|S]0). Within the Wigner-
Weisskopf framework, we write the amplitude for the single

particle state |[A) = |11(?1>> as

(6.15)

where Co('l) is the amplitude for the interacting vacuum
state obeying

d—nco<’1) = —&o(n.1)Co(n). (6.16)
where
’]/
et = ["=watrar. 61)
ni

and 25‘]7)(;1,77” ) is the vacuum self-energy diagram (b) in
Fig. 3. With the total self energy given by the sum of the
decay (a) and vacuum (b) diagrams as in Fig. 3, it follows
that the amplitude C,(7) obeys

d

G Caln) = =& (nm)Caln),

(6.18)
where 81(4“) is determined only by the connected (decay)
self-energy diagram (a). This is precisely the same as
dividing by the vacuum matrix element in S-matrix theory
where similar diagrams arise in Minkowski space time
with a similar interpretation [36,37]. This is tantamount to
redefining the single particle states as built from the full
vacuum state. Therefore we neglect diagram (b). We
emphasize that this is in contrast with the method proposed
in Ref. [33] wherein following Ref. [30] the disconnected
diagram (b) is kept in the calculation of the decay process.
Now we are able to calculate the general form of the
decay law by considering the decay process y; — 2y, in
the interacting theory with H;(n) given by (5.7) to leading
order in A and keeping only the connected diagrams.
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The initial state corresponds to single particle state of the
21 field |4) = |1

transition to the state |k) = |1£32)

), and the decay process corresponds to a
1? ). Then

2 2 1
(122 =, )

22a(n') @ 2)x 2)x
= a1 g5 (1) ()87 5.5

V1/2
1 2 2
APH NS E)

=yl %

(g () gy ()67 5.2 (6.19)

Taking the continuum limit, summing over intermediate
states, and accounting for the Bose symmetry factor in the
final states yields

12.1@y1@.,0
2!2 |H1 ’lci ><1ﬁ ’117

2
4;, atnat )01 ol ()

3
« [ G oy o0 o) a0
(6.20)

1
H,(r)[11")

This is precisely the self-energy (5.13) obtained in the
perturbative description of the transition probability and
amplitude, Eq. (5.12), which enters in the evolution
equation (6.5) for the single (parent) particle. Following
the steps of the Markovian approximation leading up to the
final result (6.14), we find

ICalm)P = Calm) P exp (— A rkw)dnf);

r’/
(') =2 / dn"ReZy(n',1").
n

i

(6.21)

This expression for the probability makes manifest the
nonperturbative nature of the Wigner-Weisskopf method.

VII. DECAY LAW IN LEADING
ADIABATIC ORDER

In this article we study the decay law in the theory
described above to leading adiabatic order, namely zeroth
order. The study of higher adiabatic order effects, primarily
associated with the production of particles by the cosmo-
logical expansion, is relegated to a future article (see
discussion section below).

In the leading (zeroth) order adiabatic approximation the
mode functions are given by

o fq’j oy (n')dn'
9(n) = —F=—==—,

k2 + m2a2(l,]/)’
2004 (1)

wi(n') =

(7.1)

and %, takes the following form

X . (7.2)
2 2 2 2
V20 20 0202 (11203 ()

where ¢ = |/2 — pP|. Obviously even to this order both the
time and momentum integrals are daunting. However,
progress is made by first considering the case of a massive
parent particle decaying into two massless daughter par-
ticles. This study will reveal a path forward to the more
general case of all massive particles.

A. Massive parent, massless daughters

in RD cosmology

Setting m, = 0, the self energy becomes

Z(n) =

bl

24%a n)a(n’)elfw"( n)dn’ / dBp e~ilrra)n-n)
\/za)k ) (2z)*  2p2q

q= (7.3)

The momentum integral in (7.3) is carried out exactly by
introducing a convergence factor after which it becomes

I 1 /‘X’pzdp/ld(cos(ﬁ))
e o p o Ja g

e— 0", s=n—-1n

e-ilp+a)(s=ie),

(7.4)

Changing integration variables from d(cos(6)) to

g = |k — P this integral becomes

1 o ) ) |k+p| . .
_ d —ip(s—ie) / d —ig(s—ie)
167‘[2](/) pe lk=pl e

_le_ik(’?_r/)

- 167%(n — nf — ie) ;

e— 0T,

yielding
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n

Pa(m)a(y')e b0 g-iktr-i
1672 \/ o} (n)a} (')

) [_iP <,7 —1 11’) + w2l - ”I)} ’

where the Sokhotski-Plemelj theorem has been used in the
last line. This expression is similar to that obtained in
Appendix A in Minkowski space-time, where the scale
factor is set to one and the frequencies are time independent
[see Eq. (A3)]. The explicit time dependence obtained in
Minkowski space-time in Appendix A cannot be gleaned in
the usual calculations of decay rates via S-matrix theory
where the initial and final times are taken to =F oo,
respectively.

The decay width I';(r) is obtained from Eq. (6.21), and
is given by

Z(nn') =

(7.6)

2a2
reln) = 2 L),

= szl (1) 5 (7.7)

where a factor of % originates from the integration of the
delta function in # (the “prompt” term), and

2 [n sin[A(n,n’
sw) =2 [Py ™A ay, (1)
7 Jo n—n
where we set #7; = 0 and introduce
q_al) [ )]V
Pyl = R (7.9)
a(n) w,’ (1)

Aww?=i/wa”mf—kw—#) (7.10)

The expression for & can be simplified substantially,
revealing a hierarchy of timescales associated with the
adiabatic expansion in radiation domination, during which

HR - HON/QR'

a(n) = Hgn; (7.11)

First we address the integral

Jeln.n'] = / "o (") = / "\ mia i
n n
(7.12)

To begin with we introduce the dimensionless variable (in
what follows we suppress the 1 dependence of z to simplify
notation)

E; (1)
H(t)

z = w(mn = Ex(t)a(n)n = >1 (7.13)

where E; (1) = (/k3(t) +m? is the physical energy mea-
sured locally by a comoving observer with &, () = k/a(n)
the physical momentum, and H(¢)=d'(n)/a*(n)=
1/(na(n)) during radiation domination, while H(t) =
2/(na(n)) during matter domination. The dimensionless
ratio (7.13) is the inverse of the adiabatic ratio H(t)/E,(¢)
(we have suppressed the momentum and # dependence
in z to simplify notation). The inequality in (7.13) is a
consequence of the adiabatic approximation wherein the
physical wavelengths are much smaller than the Hubble
radius (cx the particle horizon). Next, we write 5" =
n[1 = (n—n")/y] and introduce

o -1 =x o W)n-1)=1 (7.14)
in terms of which

=2 =ami-5) as)

< Z

ate’) = ato)|
This relation allows us to write

@07 = @+ maw)| (1-2) -1

= (" (n))2R2[x], (7.16)

where we introduced

Rx;n] = [1 —y;—;)z(l —2%)]1/2, (7.17)

with the local Lorentz factor given by

1
) oV EV ()
During (RD) the Lorentz factor can be written as
g \ 2 1/2 Mo\ 2 1/2
(G- ()"
= (55) .
k a
= ==, 7.19
L TR T (7.19)

the conformal time 7, determines the timescale at which
the parent particle transitions from relativistic 7 < 7, to
nonrelativistic 7 > n,,. In the following analysis we sup-
press the n-dependence of y;, z for simplicity.

We emphasize that the relations (7.15), (7.16) are exact
in a radiation dominated cosmology. Changing integration
variables from #” to x given by (7.14) and using the above
variables we find that the integral (7.12) simplifies to the
following expression
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T 2x X 1/2
Jk[’]JII]EJk[T;”l]:/ |:1—7<1—2—>:| dx, (7.20)
0 Vi< Z

obtaining
Jilrin] = v+ & (zsm), (7.21)

where §,(z) is of adiabatic order > 1 and given by

Se(zin) :2{(1 —2;) - <1 —Z>R[T;n]}

Rlt;n| +(1-1%
—i(yﬁ—l)ln ViR[z: 0] + ( Z)
2y L+ 7y

} . (7.22)

where we recall that both z and y, depend explicitly on 7.
Inserting these results into (7.8), (7.9), (7.10), and using the
new variables z, 7 given by Eqgs. (7.13) and (7.14) we find

Sn) = fﬂruﬂwd@ (7.23)
where
Plzin) = g (7.24)
/R[7;7]
and

Alr;n] = 1[1 - (1 —%) 1/2} + & (z3m), (7.25)

Yk

where the term in the bracket follows from k/a),((l)(r/) =
(1=1/y2)Y2. The expression (7.23) is amenable to
straightforward numerical analysis. However, before we
pursue such study, it is important to recognize several
features that will yield to a simplification in the general case
of massive daughters. The various factors above display a
hierarchy of (dimensionless) timescales widely separated
by 1/z < 1 in the adiabatic approximation: the “fast” scale
7, the “slow” scale 7/z etc. It is straightforward to find that

TZ

Si(zm) = 4o (7.26)

3z

confirming that §; is of first and higher adiabatic order. This
has a simple, yet illuminating interpretation in terms of an
adiabatic expansion of the integral (7.12). If the frequencies

w,il) were independent of time, this integral would simply

be Ji(n, 1) = a)gcl) (n —n') = 7. Therefore an expansion of
Jln, '] around ' = 5 would necessarily entail derivatives

of w,(cl), namely terms of higher adiabatic order. Consider
such an expansion:

d
Jlnn'] =0+ =5 iln.n')| (=)
n n=n
1
g il l|, =)

(7.27)

In terms of 7 = a),((l)(n)(n —1n'), this expansion becomes
2

Jlnon] =1 (7.28)

2y%z
where we used (3.20) and (7.13). The second term is
precisely the leading contribution to &, (7.26). This analysis
makes explicit that an expansion of the integral (7.12) in
powers of n —#' is precisely an adiabatic expansion in
terms of derivatives of the frequencies. Since the nth power
of 7 —# in such expansion is multiplied by the n —1
derivative of the frequencies, and when (17 — #’) is replaced

by r/a),(cl)(;y) the n — 1 derivative of the frequencies is

divided by (w,(:)(n))” yielding a dimensionless ratio of
adiabatic order n — 1.

Let us now consider the full integral expression for S(1)
given by (7.23) with the corresponding expressions for P|z]
and &;(z). For z > 1 the terms of the form 7/z,7%/z? will
be negligible in most of the integration region but for the
region of 7~z where these terms become of O(1).
However, because of the factor 7 in the denominator of
the integrand in (7.23), a consequence of the momentum
integration, this region is suppressed by a factor 1/z <1
yielding effectively a contribution of first (and higher)
adiabatic order. Therefore the contribution from adiabatic
corrections, proportional to powers of 7/z are, in fact,
subleading. This argument suggests that the zeroth order
adiabatic approximation to S(7), namely

Soln) = gAZ sin[Ao(z:77)] dr:

/ T

wer=-(-3))

should be a very good approximation to the full function
S(n) for z > 1 with closed form expression

(7.29)

Soln) =2 SilAo(elaim). (730
where Si[x] is the sine-integral function with asymptotic
behavior Si[x] - 7/2 —cos(x)/x+--- as x — oo. This
function rises and begins to oscillate around its asymptotic
value at x ~ z. This behavior implies that the rise-time of
Si[Ao(z;n)] to its asymptotic value in the ultrarelativistic
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FIG. 4. S[z] and S[z] — Sy[z] vs z for y;, = L.
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case y; > | increases « yi. In fact one finds that the full
function S(#) and its first order adiabatic approximation
So(n) vanish as y;, — oo. Namely, the contribution from S
(and similarly from S) is negligible while the particle is
ultrarelativistic. This expectation is verified numerically.

Figures 4 and 5 display S(z) and S(z) — So(z) vs z for the
nonrelativistic limit y; = 1 and for the relativistic regime
7x = 10. In both cases these figures confirm that the zeroth
adiabatic approximation Sy(z) is excellent for z > 1. They
also confirm the slow rise of this contribution in the
ultrarelativistic case, note the scale on the horizontal axis
for the case y, = 10 compared to that for y; = 1. For
7x > 1 we have displayed the results for a fixed value of y;
to illustrate the main behavior for the nonrelativistic and
relativistic limits and highlight that the relativistic case
features a larger rise-time. Obviously a detailed numerical
study including the # dependence of y; will depend on the
particular values of &, m;.

Replacing the function S(#) by the zeroth order approxi-
mation Sy () is also consistent with our main approxima-
tion of keeping only the zeroth order adiabatic contribution

0.06

0.04 —

0.02 —

0.00 —

S[z]-Solz]

-0.02 =

-0.04 =

[ P P P P
40000 60000 80000 100000
z

-0.06 .

S(z) and S(z) — Sy(z) vs z for y, = 10.

in the mode functions. Therefore consistently with the
zeroth adiabatic order, we find that the decay rate for the
case of a massive parent decaying into two massless
daughters is given by

2,42
() :—/1 () 1 [

1)(11)5
Aotz =<1 = (1- ylw) "

We emphasize that although in several derivations
leading up to the results (7.23), (7.24), (7.25) we have
used the scale factor during the RD dominated era, e.g., in
Egs. (7.15) and (7.16), only the explicit dependence of
Sx(z,m) and the prefactor P[z;n] on 7, n depend on this
choice. However, as shown above the leading adiabatic
order corresponds to taking 6, = 0 and P[z, | = 1, namely
5 and the 7, n dependent terms in P[z, 7| yield contribu-
tions of higher adiabatic order. Therefore, the leading

2 [+ sitautetninl;
8rw, z

(7.31)
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(zeroth) adiabatic order given by (7.31) is valid either for
the (RD) or (MD) dominated eras.

Remarkably, this result is similar to that in Minkowski
space time obtained in Appendix A with the only difference
being the scale factor and explicit time dependence of the
frequency.

The decay law of the probability, given by (6.21)
requires the integral of the rate (7.31). It is now convenient
to pass to comoving time in terms of which we find (again
setting n; = 0)

A’?Fk(n)dnzf‘o A’ig:; dr, (7.32)
where
2
A [1 +§Si[Ao<ﬂ>1], (7:33)

where [ is the decay rate of a particle at rest in Minkowski
space-time and y,(7) the time dilation factor, which
depends explicitly on time as a consequence of the
cosmological redshift of the physical momentum.

Up to the factor F(¢'), the decay rate in comoving time
has a simple interpretation:

Iy
I(t) ~——,
) 7i(1)
namely a decay width at rest divided by the time dilation
factor. During (RD) it follows that

(7.34)

k2

t 1/2 5
H= 14 oK 7.3
(o) = [1+%] s (139

where 1,,(k) is the transition timescale between the ultra-
relativistic (¢ < t,,;) and nonrelativistic (# > f,,) regimes,
assuming that the transition occurs during the (RD) era,
which is a suitable assumption for masses larger than a
few eV.

In the (RD) era we find (using (7.13), (7.18), (7.19),

and (7.31)
k2 t t 1/2
0= o [ (14 )] 09

o~ [ENEC ) oo

In Minkowski space time, the calculation of the decay
rate in S-matrix theory takes the initial and final states at
t =7F oo respectively, in which case the Si function attains
its asymptotic value and F = 1. The derivation of the
decay rate in Minkowski space-time but in real time
implementing the Wigner-Weisskopf method is described

in detail in Appendix A and offers a direct comparison
between the flat and curved space time results.

In general the integral in (7.32) must be obtained
numerically. However, in order to understand the main
differences resulting from the cosmological expansion we
first focus on the nonrelativistic and the ultrarelativistic
limits respectively.

1. Nonrelativistic limit

In this limit we set k =0 with y;(r) =1 and for
simplicity we take the Si function to have reached its
asymptotic value, therefore replacing F(¢') ~ 1 inside the
integrand yielding1

n 12
A Lo () dif 2

8mwm,

(7.38)

This is precisely the decay law in Minkowski space time
and coincides with the results obtained in Ref. [33].
However this is the case only if the parent particle is
“born” at rest in the comoving frame, otherwise the time
dilation factor modifies (substantially, see below) the decay
rate and law.

2. Ultrarelativistic limit

In this limit we set m; = 0 corresponding to y; — oo in
the argument of the Si function, in which case its
contribution vanishes identically, yielding F(#') = 1/2 and

n VAT |
T(ndyp=—— | ——ar,
A dndn =1 A k(')

with physical wave vector k,(t) = k/a(n(t)). During (RD)
this result yields the following decay law of the probability

(7.39)

>

2 : P (2H )V /2213
R -

This decay law is a stretched exponential, it is a distinct
consequence of time dilation combined with the cosmo-
logical redshift of the physical momentum.

Although obtaining the decay law throughout the full
range of time entails an intense numerical effort and
depends in detail on the various parameters k, m;, Hg
etc. We can obtain an approximate but more clear under-
standing of the transition between the ultrarelativistic and
nonrelativistic regimes by focusing solely on the time
integral of the inverse Lorentz factor, because the contri-
bution from F is bound 1/2 < F < 1. Therefore, setting
F =1 and during (RD) we find

'Keeping the function F in the integrand yields a subdominant
constant term in the long time limit. A similar term is found in
Ref. [33].
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t
/ T (¢)dl' = TotnG(1)

0
t t\]1/2 t t
Gk(t)z{—(l—l-—)} —1n{,/1+—+,/—.
[ Tor Loy Ior

(7.41)

For the ultrarelativistic regime ¢ < t,, we find the result
(7.40) up to a factor 1/2 because we have set F =1,
whereas in the nonrelativistic regime, for ¢ > ¢, we obtain
the transition probability

Totn/2
P e (L)
k t

nr

(7.42)

again, the extra power of time is a consequence of the
cosmological redshift in the time dilation factor. For k = 0,
namely 7, = 0, we obtain the nonrelativistic result (7.38).

The function G;(7) interpolates between the ultrarela-
tivistic case  3/2 for t < t,, and the nonrelativistic case
 t for t > t,, and encodes the time dependence of the time
dilation factor through the cosmological redshift.

In Minkowski space time the result of the integral in
(7.41) is simply I'pt which is conveniently written as
oty (2/t,:). Because Gy is a function of 7/t,,, a measure
of the delay in the cosmological decay compared to that of
Minkowski space time is given by the ratio G (x)/x with
x = t/t,.. This ratio is displayed in Fig. 6, it vanishes as
x— 0 as x'/2 and Gi(x)/x = 1 as x — oo, in particular
Gi(1) = V2 —In[1 + /2] = 0.533.

This analysis suggests that the effect of the cosmological
expansion can be formally included by defining a time
dependent effective decay rate,

1—‘k(l‘) = FO(Gk(x)/x); X = t/tnrv (743)
and ¢, depends on k [see (7.41)], so that the decay law for
the survival probability of the parent particle becomes

1.0

0.8

Gi(x)/x

04

I
N
IIIIIIIIIIIIII

0.2

1 I 1 I 1 I 1 I 1
0.0 0 2 4 6 8 10

FIG. 6. The ratio G(x)/x for x = t/1,,.

P(1) = e T, (7.44)
This effective decay rate is always smaller than the
Minkowski rate for k # 0 as a consequence of time dilation
and its time dependence through the cosmological redshift,
coinciding with the Minkowski rate at rest only for k = 0,
namely particles born and decaying at rest in the comov-
ing frame.

Finally, the effect of the function F must be studied
numerically for a given set of parameters k, m;. However,
we can obtain an estimate during the (RD) era from
the expression (7.37) for the argument of the Si-function.
Writing

[ k2 }zﬁNI()m{(k/lo—ls GeV)z}

mlHR o (ml/l()() GCV)

(7.45)

it follows that Ay () < 1 for t/t,, < 1/*3 and Ay(t) > 1
for t/ty. > 1/p*3. Because Si[x]xx as x — 0 and
approaches /2 for x ~x the large prefactor in (7.45)
for typical values of k, m; entails that the transition between
these regimes is fairly sharp, therefore we can approximate
the function F(7') as

F(0) %305 =1 1) + O 1~ ). (1.46)

B. Massive parent and daughters

We now consider the self-energy (7.2) for the case of
massive daughters. Unlike the case of massless daughters,
in this case neither the time nor the momentum integrals
can be done analytically. However, the study of massless
daughters revealed that the adiabatic approximation in the
time integrals is excellent when the adiabatic conditions
H(1)/E(t) < 1 are fulfilled for all species. The analysis of
the previous section has shown that inside the time integrals
we can replace a(i') — a(n); wi (') = wi () since the
difference is at least first order (and higher) in the adiabatic
approximation [see the results for the factor P(z) in
Eq. (7.23)]. Furthermore, carrying an adiabatic expansion
of the time integrals of the frequencies is tantamount to
expanding these in powers of 5 — 7/, with the first term,
proportional to # —#’ yielding the zeroth adiabatic order
and the higher powers of # — 7’ being of higher adiabatic

order. Replacing n—#' = r/w,(:)(n) associates the higher
powers of 7 with higher orders in the adiabatic expansion as
discussed above. However, this argument by itself does not
guarantee the reliability of the adiabatic expansion because
for 7 ~ z = E;/H each term in this expansion becomes of
the same order. What guarantees the reliability of the
adiabatic expansion is the momentum integral that sup-
presses the large 7 — i’ regions. This is manifest in the 1/7
suppression of the integrand in the case of massless
daughters [see Eq. (7.23)]. This can be understood from
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a simple observation. Consider the momentum integral in
the full expression (7.2), setting 7 = ' in the exponent
yields a linearly divergent momentum integral. This is the
origin of the singularity as # — #' in (7.5). The contribu-
tions from regions with large 5 — " oscillate very fast and
are suppressed. Therefore the momentum integral is domi-
nated by the region of small # —#'. In Appendix B we
provide an analysis of the first adiabatic correction and
confirm both analytically and numerically that it is indeed
suppressed by the momentum integration also in the case of
massive daughters.

Therefore we consider the leading adiabatic order that
yields

_22%d*(n) [ &p 1
O / (2m) 20 () 200" ()
sinf(w} (1) — @} (1) = @ ()]
(0 () = 0 (n) — 07 ()
q= k- pl (7.47)

It is convenient to recast this expression in terms of the
physical (comoving) energy and momenta: @;(n) =
a(n)E,(t) absorbing the three powers of a(5) in the denom-
inator in the momentum integral in (7.47) into the measure
d*°p — d®p,, where p,,(n) = p/a(n) is the physical
momentum, keeping the same notation for the integration
variables (dropping the subscript “ph” from the momenta) to
simplify notation, we obtain

~ 22%a(n) [ &p 1
T =) / (27) 260 ()27 (n)
sinl(EY () = B3 () = B ()T
(B () — E5 (n) = E (n)
g=k-p (7.48)
The variable
N 1 [%(RD)
T'=alnn=5= {% (MD)’ (7.49)

corresponds to the physical particle horizon, proportional to
the Hubble time. Obviously the momentum integrals cannot
be done in closed form, however (7.48) becomes more
familiar with a dispersive representation, namely

& in —EW 7
Fe(n) = / (i, ) S0 = ELONT] 5 50

o x(ko — E{ (n))

with the spectral density

L Za(y) [ &p Ca)slko—ES ()~ EP ()]
p(k“k’")_E,E”(n)/ @ 2D (r2ED ()
(7.51)

we refer to (7.50) the cosmological Fermi’s Golden Rule. In
the formal limit 7 — oo

sin[(ko — E\" ()T

]—> _
#(ky — EV(n)) 8(ko — E) (). (7.52)

The density of states (7.51) is the familiar two body
decay phase space in Minkowski space-time for a particle
of energy k into two particles of equal mass. It is given by
(see Appendix A),

2 2 7172
plko. i) = ) { - 2}
8zE\ () kg —k

X O(k3 — k* — 4m3)0(k), (7.53)
where k = k,;, () is the physical momentum, and the theta
function describes the reaction threshold.

Before we proceed to the study of I'y(r) for m, # 0,
we establish a direct connection with the results of the
previous section for m, = 0, where the momentum inte-
gration was carried out first. Setting m, = 0 in (7.53),
inserting it into the dispersive integral (7.50) and changing

variables (ko — E,El)(n))T — x we find

2 o :
To(n) = A al(n) / sin(x) Ir
8nE§{)(;1) (V-7 X

_ Aa) 1 {1
8Ey (1) 2

N

+
|
@
Iy
e
S
|
=
~

}}, (7.54)

which is precisely the result (7.31) displaying the “prompt”
(1) and “raising” (Si) terms inside the bracket.

Restoring m, # 0, and taking formally the infinite time
limit (7.52), the rate (7.50) becomes

et |,

O(m? —4m3),
871'E,(<l> (n) 1 ’

I(n) = 5 (7.55)

4m3| /2
m

revealing the usual two particle threshold m; > 2m,.

1. Threshold relaxation

However, before taking the infinite time limit we
recognize important physical consequences of the rate
(7.50). The Hubble time 7 introduces an uncertainty in
energy AE ~1/T = H which allows physical processes
that violate local energy conservation on the scale of
this uncertainty. In particular, this uncertainty allows a
particle of mass m; to decay into heavier particles, as a
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FIG. 7. The functions p(ko, k) (dashed line) and S(ky) = sin[(ky — E)T]/[(ko — E)T] in units of m,. Left panel: E = 2, 4m3 = 4,
T = 10 corresponding to E below threshold. Right panel: E = 1, 4m3 = 0.2, T = 10 corresponding to E above threshold.

consequence of the relaxation of the threshold condition
via the uncertainty. This remarkable feature can be under-
stood as follows. The sine function in (7.50) features a
maximum at ky = E\ () with half-width (in the variable
ko) ~xH, narrowing as T increases. The spectral density
p(ko,k;n)  has support above the threshold at

ki = VK + 4m%, it is convenient to write this threshold
\/(Egcl)(n))2 + (4m3 — m?). For 4m3 — m? < 0 the

position of the peak of the sine function, at k, = E,(:)(r/)
lies above the threshold, but for 4m3 — m? > 0 it lies below
it. In this latter case, if the condition

*
as ky =

(B (n) +2H)? > (B () + (4m3 —m})  (7.56)
is fulfilled, the “wings” of the sine function beyond the
peak feature a large overlap with the region of support of
the spectral density. This is displayed in Figs. 7 and 8. This
phenomenon entails the opening of unexpected new chan-
nels for a particle to decay into two heavier particles as a
consequence of the energy uncertainty determined by the
Hubble time.

In the adiabatic approximation with E](Cl)(n) > H the
overlap condition (7.56) reads

22E () H () > 4m3 — m?, (7.57)
which shows that this condition becomes more easily
fulfilled for a relativistic parent. This is clearly displayed
in Fig. 8.

To gain better understanding of this condition, let us
consider the specific case of an ultrarelativistic parent with
mass m; ~ 100 GeV with a GUT-scale comoving energy
E; ~ 10" GeV decaying into two daughters with mass
my ~1 TeV for illustration. We can then replace Ej ~
k/a(n) with k ~ 10~'3 GeV being the comoving momentum

that yields a physical momentum k, ~ 10" GeV (with
a(n;) ~1072%), furthermore with A ~ Hy/a?(n) and Hy =
Hy\/Qg ~ 107 GeV one finds that the condition (7.57)
implies that this decay channel will remain open within the
window of scale factors
1072 < a(n) < 10721, (7.58)
corresponding to the temperature range 108 GeV < T(¢) <
10" GeV during the (RD) dominated era. In this temper-
ature regime, the heavier daughter particles in this example
are also typically ultrarelativistic.
Under these circumstances the results from Egs. (7.39)
and (7.40) are valid during the time interval in which this
decay channel remains open, determined by the inequality

(7.58). Eventually, however as the expansion proceeds
both the local energy and expansion rate diminish and this

1.0

-

L /,
0.8 — /
|
r I
0.6 — !
’ |
—_ - I
=
<, 04—
n L
~
S 02
=
© ok I
0.0 A AVI\VI\VI\V/\VI\V
0.2 —

\ \ \
15 20 25

ko

-0.4

FIG. 8. The functions p(ko, k) (dashed line) and S(kq) =
sin[(kg — E)T]/[(ko — E)T] in units of m; for E =15,
4m3 = 10, T = 10 corresponding to an ultrarelativistic parent
with E below threshold.
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FIG.9. The integral R(E) vs E, for m,/m; = 2; 7 = 10 in units
Of my.

channel closes. The detailed dynamics of this phenomenon
must be studied numerically for a given range of
parameters.

The integration of the convolution of the spectral density
with the sine function and the further integration to obtain
the decay law is extremely challenging and time consuming
because of the wide separation of scales and the rapid
oscillations. In a more realistic model with specific param-
eters such endeavor would be necessary for a detailed
assessment of the contribution from the new open channels.
Here we provide a “proof of principle” by displaying in
Fig. 9 the result of the integral (see (7.50) and (7.51)

o 2_E?—(4m3 —m?)]1/2si —-E)T
R(E)Z/ dk() |:k0 . (2 n; 2m1):| Sln[(k() ) ];
K; kO—E +my (kO—E)
ky =1/ E*+ (4m3 —m3) (7.59)

for 4m3 > m? so that E is below threshold.

The range of E, T are chosen to comply with the validity
of the adiabatic condition ET > 1. This figure shows that
the uncertainty “opens” the threshold to decaying into
heavier particles, the example in the figure corresponds to
m, = 2m;. We have numerically confirmed that as T
increases R(E) diminishes as a consequence of a smaller
overlap. As the scale factor increases these new decay
channels close, allowing only the two body decay for
my > 2m, and the decay rate is given by the long time
limit (7.55)

a(n)
I'(n) =T ;
) Oyk(’?)
22 4m3)1/2 ) )
FO = Sﬂml |:1 —m—%:| @(ml - 4m2), (760)

where I is the usual decay rate at rest in Minkowski space
time. Following the analysis of the previous section, one

now finds a decay law similar to that in Eq. (7.41) but with
Iy now given by (7.60).

2. Daughters pair probability
With the solution for the amplitude of the single particle
state, we can now address the amplitude for the decay
products from the result (6.4) with |x) = |1E32), 1%2) ) and

|A) = |11(;1>>. The decay product is a correlated pair of
daughter particles. The corresponding matrix element is
given by (6.19) in terms of the zeroth order adiabatic mode
functions (7.1). Writing the solution for the decaying
amplitude

_ g(l) (") dn"

gy = ¢ s (7.61)

where Re[é‘,il) (n)] =T'x(n)/2, and neglecting the contribu-
tion from the imaginary part which amounts to a renorm-
alization of the frequencies [36,37], we find (using (6.4))

) 22 n eiJ:Z/[w(;)(71”)4-(0572)(q”)—wél)(,?rr)]dﬂ”
Cpgln) =i 12/
P vie J, [2(0%2)(’7')2(0572)(11')20)%])(;7’)]1/2

_ 4 " "
g T01")/2dn dn'’;

s

X e

1

qg=k-p. (7.62)
The time integral is extremely challenging and can only be
studied numerically. We can make progress by implement-
ing the same approximations discussed above. Since I';
depends on the slowly varying frequency, it itself varies
slowly, therefore we will consider an interval in # so that the
decay rate remains nearly constant, replacing the exponen-
tials by their lowest order expansion in ' — #;. During this
interval we find the following approximate form of the
daughter pair probability,

/12
C ()~
" 20 (n)w}y (o (n)V
|1 — e Telnn/2 =it tm=oy) ()= )n 2
1 2 2 2(p)
(@ () = w3 (n) — 0 () +

(7.63)

a:k_ﬁv

where we set 7; = 0. This expression is only valid in
restricted time interval, its main merit is that it agrees with
the result in Minkowski space time (see Appendix A) and
describes the early build up of the daughters population
from the decay of the parent particle. The occupation

number of daughter particles is obtained by calculating the
ag alas
qg 49 " pTPpP

the time evolved state, it is straightforward to find

expectation value of the number operators a in
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(atag) = (akaz) = |C; ()P, (7.64)
the fact that these occupation numbers are the same is a
consequence of the pair correlation.

A more detailed assessment of the population build up
and asymptotic behavior requires a full numerical study for
a range of parameters.

VIII. DISCUSSION

There are several aspects and results of this study that
merit further discussion.

A. Spontaneous vs stimulated decay

We have focused on the dynamics of decay from an
initial state assuming that there is no established population
of daughter particles in the plasma that describes an (RD)
cosmology. If there is such population there is a contribu-
tion from stimulated decay in the form of extra factors
1 4 n for each bosonic final state where 7 is the occupation
of the particular state. These extra factors enhance the
decay. On the other hand, if the particles in the final state
are fermions (a case not considered in this study), the final
state factors are 1 — n for each fermionic daughter species
and the decay rate would decrease as a consequence of
Pauli blocking. The effect of an established population
of daughter particles on the decay rate clearly merits
further study.

B. Medium corrections

In this study we focus on the corrections to the decay law
arising solely from the cosmological expansion as a prelude
to a more complete treatment of kinetic processes in the
early Universe. In this preliminary study we have not
included the effect of medium corrections to the interaction
vertices or masses. Finite temperature effects, and in
particular in the early radiation dominated stage, modify
the effective couplings and masses, e.g., a Yukawa coupling
to fermions or a bosonic quartic self interaction would yield
finite temperature corrections to the masses o T2. These
modifications may yield important corrections to the
spectral densities and may also modify threshold kinemat-
ics. However, the dynamical effects such as threshold
relaxation, consequences of uncertainty and delayed decay
(relaxation) as a consequence of cosmological redshift of
time dilation are robust phenomena that do not depend on
these aspects. Our formulation applies to the time evolution
of (pure) states. In order to study the time evolution of
distribution functions it must be extrapolated to the time
evolution of a density matrix, from which one can extract
the quantum kinetic equations including the effects of
cosmological expansion described here. This program
merits a deeper study beyond the scope of this article.
We are currently pursuing several of these aspects.

C. Cosmological particle production

Our study has focused on the zeroth adiabatic order as a
prelude to a more comprehensive program. We have argued
that at the level of the Hamiltonian, the creation and
annihilation operators introduced in the quantization pro-
cedure create and destroy particles as identified at leading
adiabatic order and diagonalize the Hamiltonian at leading
(zero) order. Beyond the leading order, there emerge
contributions that describe the creation (and annihilation)
of pairs via the cosmological expansion. We have argued
that these processes are of higher order in the adiabatic
expansion, therefore can be consistently neglected to
leading order. For weak coupling, including these higher
order processes of cosmological particle production (and
annihilation) in the calculation of the decay rate (and decay
law) will result in higher order corrections to the rate of the
form 4% x (higher order adiabatic). However, once these
processes are included at tree level, namely at the level of
free field particle production, they may actually compete
with the decay process. It is possible that for weak
coupling, cosmological particle production (and annihila-
tion) competes on similar timescales with decay, thereby
perhaps “replenishing” the population of the decaying
particle. The study of these competing effects requires
the equivalent of a quantum kinetic description including
the gain from particle production and the loss from decay
(and absorption of particles into the vacuum). Such study
will be the focus of a future report.

D. Validity of the adiabatic approximation

The adiabatic approximation relies on the ratio
H(1)/E (1) < 1(3.25). In aradiation dominated cosmology
the Hubble radius (H~'()) grows as a*(¢) and during matter
domination it grows as a®/ 2(t) whereas physical wave-
lengths grow as a(r), with a(7) the scale factor. During these
cosmological eras, physical wavelengths become deeper
inside the Hubble radius and the ratio H(7)/ E(¢) diminishes
fast. Therefore if the condition H(#)/E;(r) < 1 is satisfied
at the very early stages during radiation domination, its
validity improves as the cosmological expansion proceeds.

E. Modifications to BBN

The results obtained in the previous sections show
potentially important modifications to the decay law during
the (RD) cosmological era. An important question is
whether these corrections affect standard BBN. To answer
this question we focus on neutron decay, which is an
important ingredient in the primordial abundance of
Helium and heavier elements. The neutron is “born” after
the QCD confining phase transition at T'ocp =~ 150 MeV at
a time foep = 1073s hence neutrons are “born” nonrelativ-
istically. With a mass My ~ 1 GeV and a typical physical
energy ~Tcp the transition time 7,, ~ 10755 ~ tocp. The
neutron’s lifetime ~900s implies that I'yt,,/2 ~ 10~ and
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the modifications from the decay law determined by the
extra factor in (7.42) are clearly irrelevant. Therefore it is
not expected that the modifications of the decay law found
in the previous sections would affect the dynamics of BBN
and the primordial abundance of light elements. There is,
however, the possibility that other d.o.f., such as, sterile
neutrinos for example, whose decay may inject energy into
the plasma with potential implications for BBN. Such a
possibility has been raised in Refs. [7-14] with regard to
the abundance of ’Li. The decay law of these other species
of particles (such as sterile neutrinos beyond the standard
model) could be modified and their efficiency for energy
injection and potential impact on BBN may be affected by
these modifications. Such possibility remains to be studied.

F. Wave packets

We have studied the decay dynamics from an initial state
corresponding to a single particle state with a given
comoving wave vector. However, it is possible that the
decaying parent particle is not created (“born”) as a single
particle eigenstate of momentum, but in a wave packet
superposition. Taking into account this possibility is
straightforward within the Wigner-Weisskopf method,
and it has been considered in Minkowski space time in
Ref. [36]. Consider an initial wave packet as a linear
superposition of single particle states of the parent field,

namely [1V) = >"; C]%l)(ﬂi)|](]-{»l)>, where C]%l)(n,-) are the
Fourier coefficients of a wave packet localized in space
(e.g., a Gaussian wave packet). Implementing the Wigner-
Weisskopf method, the time evolution of this state leads to

the solution (6.13) for the coefficients with C,(n;) =

C](;l)(r],-), and by Fourier transform one obtains the full
space-time evolution of the wave packet [36]. Such an
extension presents no conceptual difficulty, however, the
major technical complication would be to extract the decay
law: as pointed out in the previous section, the main
difference with the result in Minkowski space time is that
the time dilation factors depend explicitly on time through
the cosmological redshift. In a wave packet description,
each different wave vector component features a different
time dilation factor with a differential red-shift between the
various components. This will modify the evolution
dynamics in several important ways: there is spreading
associated with dispersion, the different time dilation
factors for each wave vector imply a superposition of
different decay timescales, and finally, each different time
dilation factor features a different time dependence through
the cosmological redshift. All these aspects amount to
important technical complexities that merit further study.

G. Caveats

The main approximation invoked in this study, the
adiabatic approximation, relies on the physical wavelength
of the particle to be deep inside the physical particle

horizon at any given time, namely, much smaller than
the Hubble radius. If the decaying parent particle is
produced (“born”) satisfying this condition, this approxi-
mation becomes more reliable with cosmological expan-
sion as the Hubble radius grows faster than a physical
wavelength during an (RD) or (MD) cosmology. However,
it is possible that such particle has been produced during
the inflationary, near de Sitter stage, in which case the
Hubble radius remains nearly constant and the physical
wavelength is stretched beyond it. In this situation, the
adiabatic approximation as implemented in this study
breaks down. While the physical wavelength remains
outside the particle horizon, the evolution must be obtained
by solving the equations of motion for the mode function.
During the post inflationary evolution well after the
physical wavelength of the parent particle reenters the
Hubble radius the adiabatic approximation becomes reli-
able. However, it is possible that while the physical
wavelength is outside the particle horizon during (RD)
(or (MD)) the parent particle has decayed substantially with
the ensuing growth of the daughter population. The
framework developed in this study would need to be
modified to include this possibility, again a task beyond
the scope and goals of this article.

IX. CONCLUSIONS AND FURTHER QUESTIONS

Motivated by the phenomenological importance of
particle decay in cosmology for physics within and beyond
the standard model, in this article we initiate a program to
provide a systematic framework to obtain the decay law in
the standard post inflationary cosmology. Most of the
treatments of phenomenological consequences of particle
decay in cosmology describe these processes in terms of a
decay rate obtained via usual S-matrix theory in Minkowski
space time. Instead, recognizing that rapid cosmological
expansion may modify this approach with potentially
important phenomenological consequences, we study par-
ticle decay by combining a physically motivated adiabatic
expansion and a nonperturbative quantum field theory
method which is an extension of the ubiquitous Wigner-
Weisskopf theory of atomic line widths in quantum optics
[35]. The adiabatic expansion relies on a wide separation of
scales: the typical wavelength of a particle is much smaller
than the particle horizon (proportional to the Hubble radius)
at any given time. Hence we introduce the adiabatic ratio
H(t)/E,(t) where H(t) is the Hubble rate and E,(z) the
(local) energy measured by a comoving observer. The
validity of the adiabatic approximation relies on
H(t)/E; (1) < 1 and is fulfilled under most general circum-
stances of particle physics processes in cosmology.

The Wigner-Weisskopf framework allows to obtain the
survival probability and decay law of a parent particle along
with the probability of population build-up for the daughter
particles (decay products). We implement this framework
within a model quantum field theory to study the generic
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aspects of particle decay in an expanding cosmology, and
compare the results of the cosmological setting with that of
Minkowski space time.

One of our main results is a cosmological Fermi’s
Golden Rule which features an energy uncertainty deter-
mined by the particle horizon (e 1/H(¢)) and yields the
time dependent decay rate. In this study we obtain two
main results: (i) During the (RD) stage, the survival
probability of the decaying (single particle) state may be
written in terms of an effective time dependent rate T'(t)

as P(1) = ¢ T The effective rate is characterized
by a timescale f,, (7.41) at which the particle transitions

from the relativistic regime (f < 1) when P(¢) = ¢~(/")""
to the nonrelativistic regime (1> t,) when P(t)=
e Tt (Z’r)rotm/ 2 where I, is the Minkowski space-time decay
width at rest. Generically the decay is slower in an
expanding cosmology than in Minkowski space time.
Only for a particle that has been produced (‘“born”) at rest
in the comoving frame is the decay law asymptotically the
same as in Minkowski space-time. Physically the reason for
the delayed decay is that for nonvanishing momentum the
decay rate features the (local) time dilation factor, and in an
expanding cosmology the (local) Lorentz factor depends on
time through the cosmological redshift. Therefore lighter
particles that are produced with a large Lorentz factor decay
with an effective longer lifetime. (ii) The second, unex-
pected result of our study is a relaxation of thresholds as a
consequence of the energy uncertainty determined by the
particle horizon. A distinct consequence of this uncertainty
is the opening of new decay channels to decay products that
are heavier than the parent particle. Under the validity of
the adiabatic approximation, this possibility is available
when 2zE(t)H(t) > 4m3 — m} where m,, m, are the
masses of the parent, daughter particles respectively. As the
expansion proceeds this channel closes and the usual
kinematic threshold constrains the phase space available
for decay. Both these results may have important phenom-
enological consequences in baryogenesis, leptogenesis, and
dark matter abundance and constraints which remain to be
studied further.

Further questions.—We have focused our study on a
simple quantum field theory model that is not directly
related to the standard model of particle physics or beyond.
Yet, the results have a compelling and simple physical
interpretation that is likely to transcend the particular
model. However, the analysis of this study must be applied
to other fields in particular fermionic d.o.f. and vector
bosons. Both present new and different technical chal-
lenges primarily from their couplings to gravity which will
determine not only the scale factor dependence of vertices
but also the nature of the mode functions (spinors in
particular). As mentioned above, cosmological particle
production is not included to leading order in the adiabatic
approximation but must be consistently included beyond

leading order. The results of this study point to interesting
avenues to pursue further: in particular the relaxation of
kinematic thresholds from the cosmological uncertainty
opens the possibility for unexpected phenomena and
possible modifications to processes, such as inverse decays,
the dynamics of thermalization and detailed balance. These
are all issues that merit a deeper study, and we expect to
report on some of them currently in progress.
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APPENDIX A: PARTICLE DECAY IN
MINKOWSKI SPACETIME

In order to understand more clearly the decay law in
cosmology, it proves convenient to study the decay of a
massive particle into two particles in Minkowski space time
implementing the Wigner-Weisskopf method.

1. Integrating in momentum first:
Massless daughters

This is achieved from the expression (7.3) by simply
taking

—iEt —ikt
. (1) e . (2) e
-t aln) —>1, — ; - ,
n (n) 9 (n) TR (n) VT
(A1)
with E;, = Vk* + m?, leading to
22 dp el (Ex—p=q)(1=1) N

(t=7)=— : = k-3l

I R g=[F-7
(A2)

The integral over p can be done by writing d°p =
p?dpd(cos(6)) and changing variables from cos(6) to g =
VK2 + p? = 2kp cos(6) with d(cos(8))/q = —dq/kp, and
introducing a convergence factor t — ' — (¢t — ¢’ — ie) with
e — 0*. We find

_MZ ei(Ek—k)(t—t’)

i (t=1)=
i ) 167%E; (t—1 —ie)
_ 2 el E—k) (=) | _ip : +75(t—1")
1677.'2Ek t_tl ’
(A3)
and
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2

1671'2Ek

sin[(E, — k) (1 —

ReX,(1—1) = =)

{n5(t -)+

&

(A4)

This expression yields a time dependent decay rate I'(z)
given by

r(t):zKRezk(t—ﬂ)dﬂ 2 1{1+2Sz[(Ek—k) }}

87TEk
(A5)

where Si[x] is the sine-integral function with asymptotic
limit Si[x] — /2 for x — oo. The timescale to reach the
asymptotic behavior

1

fasy X ———,
asy Ek—k

(A6)

therefore the approach to asymptotia and to the full width
takes a much longer time for an ultrarelativistic particle
with 7,5, 2k/m?, whereas it is much shorter in the
nonrelativistic case f,y & 1/m. In S-matrix theory in
Minkowski space time one takes ¢ — oo, and obviously
in this limit the Si— function reaches its asymptotic value,
therefore the time dependence of the rate cannot be
gleaned.

2. Integrating in time first: Massive particles and
Fermi’s Golden Rule

Let us consider now the full dispersion relations for the
daughter particles, calling E; that of the parent decaying
particle and w, = \/p? + m3 that of the daughter. From
(6.7) and (6.21), we need

t
Exlt:1] —/ S (t=1)dr; Ty(t)=2Re&[r,1]. (A7)
0
We find
222 [ &Pp  sin[(Ep—w,—w,)
I (1) = ;
Ek ( ) 2w1,2a)q[(Ek —w, = a)q)]
g = k- pl, (A8)
the asymptotic long time limit
sin[(E, —w, — .
(= @y =0t s 5, w,—w,). (A9)

[(Ex — 0, —,)]

yields

(1) — (27)6(Ey — 0, — @),

2 d%p
t—o0 By / (27)2w 20,
(A10)

this is simply Fermi’s Golden Rule which yields the
standard result for the decay rate

12 4m2 1/2
I, = 1-——25| O(E; -k —-4m)). (All
T 87E, [ _ kz] (Ex m3) (All)
Although E? — k? = m? we have left the result in the form

shown to make use of it in the cosmological case and to
highlight the threshold.

Before taking the limit # — oo the real time rate (A8) can
be conveniently written in a dispersive form, namely

sin[(kg — Ey)1]

wlko— ] 0 (A1)

I = / ™ plko. ¥)

with the spectral density

2 1 Bp 2n)sk — @, —
P(ko,k)—i/ p etk — 0, = w,),
E, ) (2x) 2w,2w,
g = k- pl, (A13)

which, following the steps leading up to (A11) is given by

plko, k) =

2 | 4m3
k

V2o 2
87E, (2) _ kz] O (ks — k% —4m3)O (k).

(Al14)

The case of massless daughter’s particles m, = 0 is
particularly simple, yielding

Fk(l)zi/oo sin(x)dx

87°Ey J_(g-ke X
21 2

= — |1+ =Si|[(E, — k)t|]|. Al5
oz | asiE -] i

This expression of course agrees with Eq. (AS) and clarifies
the emergence of a prompt term given by §(z — ¢') in (A3)
and the “rising” term, namely the Si function that reaches
its asymptotic value /2 over a timescale ~1/(E; — k), by
integrating in time first.

Using the result (6. 4) adapted to Minkowski space time,

with the state |x) = |1
particles becomes

>> the amplitude for daughter

t /
Cyalt) = =i 12 [ eritimermrecrit gy

(A16)
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with the probability given by

|C (t>|2 /12 |1 _ e—l"kt/Ze—i(Ek—u)[,—mq)t|2 .
Bk = N 2 (2 2.’
’ 20000 0PV (B -0, - 0,)? +5)
G=k-p. (A17)

APPENDIX B: FIRST ORDER ADIABATIC
CORRECTION FOR MASSIVE DAUGHTERS

There are two contributions of first adiabatic order in the
time integrals up to n of Eq. (7.2): (1) keeping the quadratic
term ( —5')? multiplied by derivatives of the frequencies
in the exponential [see Eq. (7.27)]. With the substitution

= a),(cl)(n)(r]—n’) this term is proportional to 72, and

(2) in the first order expansion of the scale factor and the
frequencies obtained from the expression (7.24), this
term is proportional to z. Both terms are of first adiabatic
order, hence are multiplied by H(r)/E,(t) = 1/z where
we have taken the frequency of the parent particle as
reference frequency. The contributions to the integral (here
we set n; = 0)

n
A i (n.n")dn

are of the form

(11572) (n) ("512) (n)
1

1 [z i[1‘<> - }T
— [ (az+ibt*)e L ™ "] dr
Z.Jo

where a, b are z-independent coefficients but depend on the
momenta. Introducing the dispersive form of the momen-
tum integrals as in Eq. (7.50) and introducing

ko - EY)

, (B1)
E
we find the following contributions to the corrections to
ReX;:

d {(1 — cos(ez)

Re /0Z e dr = f(e,z) = T : ] (B2)

z
Re/ it?e’"dr = f,(€,7) =
0

€

;’_:2 {(1 - cos(ez)} (B3)

Changing integration variables from ky to € in the dis-
persive form and writing the spectral density p(ko, k) =
p(€) to simplify notation the corrections to the rate I'; ()
to first adiabatic order are determined by the following
integrals

2.725

2.724

2.723

2.722

I L L

10(z)

2.721

2720 f

2719 {

2.718 i‘

. ! ! ! ! ! !
100 150 200 250 300 350 400 450 500
Va4

1 1
—

FIG. 10. The integral Iy(z) vs z, for my/m; = 0.25, k = 0.

@ = [pnatede. 34

[Se]

for comparison, in terms of the same variables, the zeroth
order adiabatic term is given by

1@ = ["ote) Sn(€2) g,

The function fy(e, z) = sin(ez)/z is the usual function
of Fermi’s Golden Rule: for large z it is sharply localized
near € ~ 0 with total area = x, it becomes a delta function
in the large z limit, probing the region € ~ 0 of the spectral
density. The function f (e, z) is even in € and for large 7 is
also localized near € ~ 0 but in this limit it becomes the
difference of delta functions multiplied by z plus subdomi-
nant terms. Because this function is a total derivative
the total integral area is independent of z and vanishes
in the integration domain —co < € < 0. If m is above the
threshold the total integral does not vanish but becomes
independent of z and small as z — oo, thus we expect /,(z)
to fall off rapidly with z. Finally, the function f5 (e, z) is odd
in € and for large z is also localized near € ~ 0 but vanishing
at € = 0 and rapidly varying in this region, averaging out
the integral over the spectral density. Thus we also expect
that 1,(z) falls off with z with nearly zero average because
of being odd in e. Figures 10 and 11 display I, 1, I, for a
representative set of parameters. The main features are
confirmed by a comprehensive numerical study for a wide
range of parameters for m; > 2m, (above threshold). If m;,
is below the two particle threshold, the spectral density
vanishes in the region of support of the functions f;, f,
thereby yielding rapidly vanishing integrals for large z. We
have confirmed numerically that both I, I, vanish very
rapidly as a function of z in this case, remaining perturba-
tively small when compared to /,. Therefore this study
confirms that the first order adiabatic corrections are indeed
subleading as compared to the leading (zeroth) order
contribution for large z = E(t)/H(t).

(BS)
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