General Relativity and Gravitation (2011)
DOI 10.1007/s10714-010-1113-2

RESEARCH ARTICLE

N. A. Koshelev

On the growth of perturbations in interacting
dark energy and dark matter fluids

Received: 16 December 2009 / Accepted: 13 October 2010
(© Springer Science+Business Media, LLC 2010

Abstract The covariant generalizations of the background dark sector coupling
suggested in Mangano, Miele and Pettorino (Mod Phys Lett A 18:831, are
considered. The evolution of perturbations is studied with detailed attention to
interaction rate that is proportional to the product of dark matter and dark energy
densities. It is shown that some classes of models with coupling of this type do
not suffer from early time instabilities in strong coupling regime.
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1 Introduction

Recent observations have shown that the Universe is spatially flat and presently
accelerating. Most attempts to explain this acceleration involve the introduction
of dark energy, as a source in the Einstein field equations. In addition, the impor-
tant contribution to the total density is the dark matter, whose existence is inferred
indirectly by observing its gravitational influence on normal matter, such as stars,
gas and dust. Standard ACDM model, in which dark energy is considered as a
small positive cosmological constant and dark matter treated as gas of cold non-
baryonic particles, provides a very good fit to the supernovae data [[1] as well as
CMB measurements [2]] and observations of large scale structure [3], but the small
and fine-tuned value of the cosmological constant cannot be explained within cur-
rent particle physics [4]]. As a result a lot of other more expected from theoretical
point of view cosmological models have been proposed to giving a dynamical
origin to dark energy.

Models with non-minimal coupling of dark matter and dark energy have called
attention in the last decade. The nature of both dark energy and dark matter are
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still unknown, and in principle, the additional interaction between them is possi-
ble. Moreover, the coupling between matter and quintessence is motivated by high
energy particle physics considerations (see [S] for a set of references). There are a
large number of works in where the interaction is seen in models with quintessence
(55 165 75 185 195 [105 [115 [12]] field. Also available the phenomenological approach, in
which the interaction is introduced into the conservation equations for dark mat-
ter (¢) and dark energy (x), considered as perfect fluids. The background energy
exchange in the dark sector can be represented by

Pl = —3p.+al, (1)
p; = _3%(1 + Wx)px - aQ_) (2)

where the prime denotes derivative with respect to conformal time 7, the bars
mark the background quantities, a is the scale factor, 7 = d’/a, wy, = P, /p, and
the coupling Q is some function of background variables.

In the simplest models the quantity Q is a linear combination of the dark sector
densities

Q =Acpe+ APy, 3

where A; = 30yH or A; = I;. Here oy are the dimensionless constants and I; are
constant interaction rates [13]. There are a large number of works in which for
coupling (3) was considered the background [13; [14} [15]] and the perturbations
evolution [[16;[17;[18;[19; 205 21]].

In the paper [22] in the context of the stimulated decay of dark energy into
dark matter had been proposed the interaction of the form

0 =1p&pY, “
where @, B are the dimensionless constants, and ¥ is a constant parameter with
dimension [density!~*~# x time ~!]. This coupling provide a mechanism to allevi-
ate the cosmic coincidence problem [23}24]], namely why the dark energy density
nearly coincides with the dark matter density presently. The models with interac-
tion (@) also have been studied in the framework of holographic dark energy [25]].
By assuming that &« = 1,3 =0 or &« =0, 3 = 1 one obtains the particular cases of
coupling (3).

Although the basic properties of background solutions for the interaction (4
are previously considered, the perturbation evolution in such scenarios is not
examined except the mentioned above special cases. In this paper we shall cover

the perturbation equations and investigate the solutions of them with detailed
attention to the most physically reasonable choice of parameters o = § = 1.

2 Background

We consider the spatially flat Universe filled with radiation (r), massless neutrino
(v), baryonic matter (b), cold dark matter (c¢) and dark energy (x). We choose the
linear parametrization of the dark energy equation of state [26]

wy(a) =wo+wi(l —a) (5)
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with constants wo > —1 and 0 < wy < —wy, so the dark energy is subdominant
with respect to the radiation at early times and the phantom divide line wy, = —1
crossing does not occur. Since w!,/ # = —awy, in the radiation dominated era the
dark energy equation of state parameter w, is well approximated by a constant
wo +wq.

Background dynamics in the presence of coupling (@) is completely described
by Friedmann’s equation

A = S”TGCF 5 (6)
and continuity equations
pL=—4p,, Pl=—4HPy, (7)
Py = —3 Py, ®)
pl=—3p.—ayplpl, ©)
pr= =3 (1+w)p.+ayplpl. (10)

To determines the characteristic strength of the dark sector coupling it is con-
venient to introduce the dimensionless parameter A defined by [23]]
+B-1,,—
=1po P Hy ! (11)
where po.- = 3HS /(87 G) is the current critical density.
System of equations (6)—(I0) can be numerically solved, as was done in [22]]
for o¢ = 1 and the dark energy equation of state w, = —1. However, the equations

@) and (T0) immediately suggest several analytical conclusions.
When 7 < 0, the dark energy density drops with the scale factor a(7) not slower

than ¢ —3(1+0) and the dark matter density can increase under |ayp% ! ﬁf ]| >
3 condition. These features offer a simple way out to the cosmic coincidence prob-
lem, since in this models the present situation of p, ~ p. have occurred many times
in the past [22].

The class of models with positive ¥ also describe a interesting scenarios, as it
allow to consider the dark energy grew out due the dark matter decay. However,
the interaction of this type potentially leads to unphysical results, because at early
times the dark energy density could be driven to negative value in some models
with decaying dark matter [16]].

Figure[I]shows the time evolution of the dark matter and dark energy densities
at values parameters & = 3 = 1. The pattern of the solutions varies depending
on the model parameters. When w, < —1/3 at high redshifts and y < 0, one can
obtain a sequence of regimes of the weak max(|ayp./ |, |ayp:/7#|) < 1 and
strong max(|ayp./ |, |ayps/#¢|) > 1 dark sector coupling. At the stage of the
weak interaction under the condition w, < —1/3 the dark energy density decays
more slowly than a~2(7), and hence in the radiation dominated era the inequality
layp./ 7| > 3 will be reached at some time, from which the density of dark mat-
ter increases. The increased dark matter density increases the dark energy decay
rate, the condition |ayp, /| < 1 recovers and dark energy has no longer sig-
nificant impact on the evolution of dark matter. Moreover, since the dark matter
density is now reduced proportional to the inverse third degree of the scale factor,



4 N. A. Koshelev

Fig. 1 Background energy densities in wunits of po, for o« = B = 1,Hy =
70 kms™! Mpc™!, Q, = 0.70, Q. = 0.2538, Q, = 0.0462. Examples of dark sector den-
sities evolution at negative and positive coupling are shown on left and right panels, respectively

there comes a point when the influence of dark matter to dark energy also becomes
negligible, i.e. a next stage of a weak interaction begins. For —1/3 < w, however,
if the interaction is weak initially, it will remain so through the subsequent evolu-
tion. This means that the stage of strong interaction in such models is only one.
Accordingly, in such models the density of dark matter in the radiation dominated
era is extremely small.

The right panel of Fig. [T] depicts the time evolution of the density of dark
matter and dark energy at values parameters @ = 8 = 1 and positive ¥. In this
case, the density of dark energy is always positive.

3 Model and perturbed equations

Let us consider a spatially flat FLRW Universe with small scalar type perturba-
tions. The line element may be written as

ds* = a* (1) {—(14+2¢)dt* + 2B dtdx’ + [(1 - 2y)&;; + 2E ;;|dx'dx’ } .
(12)

The energy—momentum tensor of a perfect A-fluid is given by
TAuv = (pa +PA)u§MAv +Py6y, (13)

where pay = pa(1+ 84) is density, Py = Py + 6P is pressure, and the fluid four-
velocity uf; = dxﬁ /ds at linear order of the perturbations is

1

u,g:; [(1_‘?)7 Vﬂ’ uy =a[=(1+9), vai+B,]. 14

We assume that the anisotropic stress of dark energy and dark matter vanishes,
so the dark species can be treated as perfect fluids. In the general case of coupling
fluids divergence of the energy—momentum tensor of each fluid yields

Ty, = 04, (15)
where 4-vectors Qﬁ are restricted by the constraint [27]]

Y 0i =0, (16)
A

which follow from the conservation law of the total energy—momentum tensor.
For convenience one can decompose these 4-vectors into two parts

O = 0au" +F', Qa=0s+804, uyF} =0. (17)
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Here u is the total four-velocity, Q4 is the energy density transfer rate and F A“
is the momentum density transfer rate of A-fluid in the total matter gauge. By

definition, F, ,:L =g (0, fA’i), where f4 is a momentum transfer potential [16].

The energy exchange in the background does not determine the covariant form
of energy exchange. Instead, an energy exchange four-vectors Qﬁ must be speci-

fied. The simplest scalars, which can be used to construct quantities O , Q% are

cho = Pc, 7}60' = px —3px, vaTxVO_ = PcPx (18)

where the last relation holds at linear order. Accordingly, the direct generalization

@) with

Q.= 0. = —yp2p’, (19)

is covariant at the first order.

We are interested first of all in models with decaying dark matter or with
decaying dark energy. The most natural way is to choose a vector F, /f in the form

1 .
H— _fH = Z 0By —p )
FE = —F =~ (0.(ppl (r=v))") 20)
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or

1 .
[ 5By — p )
R =—Ft =~ (0,(mppP (v=v.))"). 1)

The momentum transfer vanishes in the dark matter rest frame or in the dark
energy rest frame, respectively. A few more general form of coupling can be writ-
ten as

OF = —QF = pZpl (vl + yauld), 22)

where 7. and 7, are arbitrary constants.
The continuity equations for coupled perfect fluids can be obtained by lin-
earization of equations (I5). As a result, one can write [16]

8[);1 + 3%(5PA + 5PA) -3 (pA —‘,—PA) l{/l .y (ﬁA + PA) (VA +E/)

=aQa¢ +ad0a, (23)
[(Pa+By)(va+B)] +4 (pa+Py)(va+B) + (Pa+Pa) 9 + 5Py
=aQa(v+B) +afa, (24
where for coupling (22)
8Qc = =80, = — (v +%)pI PP (08 + BSy), (25)
fe= =1 =PEPE (Fe(v—ve) + (v = ). (26)

Pressure perturbations in the general case can be expressed in terms of the
density perturbations and the velocity potentials

)
8Py =2 8pa+ (24 — cfA(ad)) (3°(1+wa)pa—aQa) k%' (27)

where 64 = —k*(B+vy4), cis(a 0= P} /p), is the adiabatic sound speed and the rest
frame sound speed s;4 defined by
2 _ 5PA

CsA

= — . (28)
6pA A—fluid rest frame
We will work in synchronous orthogonal gauge ¢ = 0, B = 0 in the Fourier

space, using the notation of [28]]:
V=", KEx=-h/2-3n. (29)
Now the conservation equations (I3)) for the dark energy and dark matter in
the synchronous gauge takes the form

5;+3L%”(cfx—wx)5x—|—(l Fwy) O+ 3 [3%(1 —}—wx)(ch—wx) —I—ch] %

kz
1+wy —a =B 6,
g = (et r)aplpl ! |08 (B— 1843 (ch—wi) ;5 [, (30)
1
8+ 5 + 6= (v + v)ap? ' pl [(1- )& — B8], G1)

Ak o apepl”
8= P (0.~ 0)—(n+1)h6)). (32)
X X

0+ 70, = pap? ' pP (6. — 6. (33)

0+ (1-3c,) 6—
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Note that in this phenomenological approach the sound speed cy, is needed to be
fixed by hand [29]. In the case of quintessence dark energy one have to set ¢y = 1,
and we adopt this value in the following.

The perturbed Einstein equations are well known, and can be found in [28]].
We reproduce here only one of them

W'+ A#h = —8nG*a*(8p +35P). (34)

Equations (30)-(33) provide a set of coupled equations covering the dark sector
density evolution.

4 Large scale perturbations

The coupling terms appearing in the dark energy pressure perturbations may lead
to the early time instabilities, as was first pointed out in [16]. The similar phe-
nomenon is well known in inflationary multi-fields models, where on large scales
entropy perturbations can source adiabatic ones [30]]. To study this phenomenon
here we write the second order differential equations for the dark energy density
perturbations. This approach [[18] allows to identify areas of possible instabilities
before solving the perturbation equations.

The perturbed fluid equations (30)—(32) and equation can be combined to

8! + A IS, + By S, = Co A, 35)

where on large scales (k < J¢)

—p— (30
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_ A yaplpl! 3waw
B =3(1—m) (1 T () I (14 wy) A
1

~azB-1 / ~a=B—
., aPEPx A Vet Vi aPd Py
M G2 <2+yf2 Ttw, A +f>
1 a—éx—f*1 ! a2—3a—1—§ﬁ*1
—(/3—1)}4% (%) +ﬁaﬁ%v (37)

H 277

1 2 Yotye(a+1) ap2pl! W W
cx_2(1+wx)<3+%ﬂ2— o 7 7

we o 1-werap?pl yaptpf ! 6
_3 _ X _ C C _-
%<3 3W"+(1+wx)ff l+w, A H K
=1\’ / so 5B-1 o =B—1
ap2px J Yoty apZpx apf px
@(P;;) a(sc_(zw_m il +f) L
2 2=20—152B-1
20153 3 5P
+(1—a)%a66+5(1+wx) <5+3p>, (38)
and
1 reapepl ™\ | w|]
f=p | (1—wy) 3+3wx—# +%’§ s Y=Yt %  (39)

In case of minimal coupling and a constant dark energy equation of state the
quantity f is zero at all times. When 7y, = 0 or %, = 0, terms with 6, can be ignored,
since in the latter case one can work in particular synchronous orthogonal gauge
in which the dark matter fluid has a vanishing velocity.

The equation (35)) is written in slightly different form then was discussed in the
Ref. [18]]. In particular, it involves /' instead of the time derivative of dark matter
density perturbations. This difference can be valuable, since both quantities /', 8,
are related by equation (31)) and, in the general case, may implicitly depend on the
dark energy perturbations. Used here notation is convenient to study of generations
of non-adiabatic perturbations in the radiation dominated era.

At first approximation, the source terms can be calculated using usual adiabatic
mode solutions. Since the dark species are subdominant in early Universe, the
corresponding contributions to 4’ and total &, 8P are negligible. Actually, this is
the assumption about the initial conditions, but it is certainly satisfied if the initial
adiabatic conditions are imposed at the stage of weak coupling. This assumption
breaks down if the dark energy perturbations have increased dramatically. It means
that the right hand side of the equation (33)) can be treated at early times and on
initial stages of dark energy inhomogeneities growth as an external force that is
independent of the dark energy perturbations. In this approach, the negative sign
of A,, B, or both of them indicate on the existence of large scale instabilities due
a anti-damping force or exponential growth of intrinsic dark energy perturbations.
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The nature of instability can be revealed by considering the time evolution of the
gauge-invariant curvature perturbation on uniform density hypersurfaces

5
Cz—y/—jf?p (40)

that is conserved on large scales for adiabatic perturbations.

We carry out the detailed analysis of perturbations for two cases: ¥, =7, % =0
and 7. =0,% = ywitha = 8 =1, i.e. for

nyl :—Qi‘ :chpx(bug+(l_b)u§cl) 4D

where b = 1 for the first case and b = 0 for the second.
For coupling above

2" b+1 vap,
2 14w, H

' Yap. 3wew, a*pepx
B, =3(1-w,) (1 S e R e
3 W)< 2 w7 f> Crwoztr er - @

Ay =1-3w,—

Using equations (3), (9), and (39), the numerical values of these coefficients
can be calculated directly from the background solutions.

When 7 > 0, in the radiation dominated era one can assume Ya—ﬁﬂ‘ <1, Taﬂp > 1
(see the right panel of Fig.[I)). In this limiting case the dark energy has no effect
on the evolution of other fractions and their perturbations. By applying equation
(). quantity f can be approximated as

(44)

Keeping only the dominant terms, the equation (33) reduced to

" b+1 yap. , 201 b yap. _ b+l (yap. ?
5x+%—]+m %6,#3% (1—wy) 3+1+Wx 7 SX_%HWX 7 8. (45)

Coefficients A, and B, are positive and catastrophic growth perturbations do not
occurs. In order of magnitude, equation (45)) implies the estimation

Yap.
Ox % 0. (46)

For example, the “standard” adiabatic condition dp./p. = 8p,/p, taking into
account the background equations (9),(I0) in the radiation dominated era yields
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Fig. 2 a The curvature perturbation { on super-Hubble scale in models with coupling @ and
constant dark energy equation of state w, < —1/3. Growth of the non-adiabatic perturbations
begins at the stage of the strong interaction. b The density perturbation evolution in model with
wy > —1/3 in radiation dominated era. Initial dark sector conditions are set at T, = 2 x 10-8
Mpc by 8p./p.. = 8px/P. = 8p,/P), 6:(Tin) = 0. In both cases the background densities corre-
sponds to present values 2, = 0.70, 2, = 0.2538, Q;, = 0.0462, the initial curvature perturba-
tion & (7;,) equal to 1 x 10725 and comoving wave number is k = 7 x 10~ Mpc ™!

5x:—§ajf’)faco<r @7)
as for the adiabatic mode in the synchronous gauge &, o< 2.

When y < 0, the coefficients Ay, By can take large negative values in regime
of very strong coupling if |yap./7#| > 1. In scenarios with b = 1 and wy(a) <
—1/3 at early times they are becoming both negative together under this condition.
Hence such models suffer from the fast growth of non-adiabatic perturbations in
early Universe. However, constraints on coupling with » = 0 can be weakened,
because in this case in some range of parameters wg, w; the coefficient By remains
positive and increases in the strong coupling regime.

To verify the analytical conclusions we have modified the public available
CAMB code [31]. The initial adiabatic conditions for all non-dark species are
imposed the same as in the non-interacting case. The initial values of dark sector
perturbations are taken in accordance with 8p./p. = 8p./p. = 8p-/p.. In the
presence ¥ # 0 the cold dark mater rest frame and synchronous frame are not
coincide and it is not possible to adopt the CAMB conventions 6, = 0 consistently.
In our numerical calculations the residual synchronous gauge freedom was fixed
by choosing 6,(T;,) = 0, where T, is the time moment of the initial conditions
setting. The results are shown in Fig.

5 Special case

The special case of is the interaction
0" = 1pepulug —uf). (48)

In the linear perturbation theory the velocity potential is a first order quantity, and
hence the spatial components of 4-vector Q" are proportional to the product of the
densities of both dark species and relative velocity. In components

X

0"=0, @' =Py, (49)

The background dynamics here is the same as at minimal coupling, but the
perturbation evolution is different. The coefficients of second-order equation (33)
for the large scale perturbations are

24 vap.
27 Tawg#

_ A WWh 1 —w, yap.
pe=3 (000 (1=~ f) ~ i e ) 6D

Ac=1-3w,— (50)
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Since now p. = poa >, we have |yap./ | > 1 in early Universe. Thus, at
Y < 0 the coefficients Ay, B, are both negative and there is a rapid growth of
non-adiabatic perturbations in the radiation dominated era. At positive 7y the non-
adiabatic growth of long-wavelength perturbations do not occurs. These analytical
results are confirmed by numerical computations.

In the short-wave approximation the equations (30)—(34) can be combined into

/

" _ _ Wy Yapc I 72
Oy +<%ﬂ<1 3wy (1+WX)%+<1+WX)%> Oy +k“ O

_ op __rape \ & ;6
%(HWX)( <5+3p> (3 (1+wx)%>ff 3%>,(52)

8+ A <1 + Wp") 5

H

_ a2 Q Yapx . 67)2
= (3 (5035 ) it (0w 5 ) ) e

At positive ¥ all coefficients in the left hand side of these equations are also
positive, what excludes the presence of small scale adiabatic instabilities. For

instance, at early times in the strong coupling regime with %%ﬂ Y DY G
the first equation gives at leading order

8 = (1+wy)3. (54)

Equations (52) and (53) take the same form as in the minimal coupling case

under conditions YP ¢ < 1and ayp £ < 1, respectively. In particular, when y — 0,
the second one reduced to the standard growth equation.

6 Conclusions

We examined the covariant generalization of the coupling (). The evolution of
perturbations is studied paying particular attention to the most favored interaction
rate that is proportional to the product of dark matter and dark energy densities.
It is shown that the models of the form (41) with b = 1 and wy(7) < —1/3 in
radiation dominated era suffers from early time instabilities due fast growth of
large scale non-adiabatic perturbations. Models with wy(7) > —1/3 in radiation
dominated Universe are free from this defect. Also an interesting coupling
with positive 7 is viable.
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