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Alors que certains cherchent le Graal, la composition de la Pierre Philosophale, les pépites d’or en
Eldorado,

D’autres l’dme sceur, la Vérité, leur identité, le Temps Perdu, a plaire,

D’autres encore midi & quatorze heures, une aiguille dans une botte de foin, la petite béte, des poux sur
la téte de leur petite sceur,

Toi, tu cherches... mais au fond que cherches-tu? Et puis c’est quoi chercher?

Chercher, est-ce-que c’est creuser de plus en plus profond, dans des terriers de plus en plus étroits,
jusqu’a les trouver tellement minces qu’il est impossible d’y pénétrer?

Chercher, est-ce se mettre en mouvement, se montrer dynamique, agressif, se déplacer de plus en plus
vite, pour arriver avant les autres, et dévoiler la trouvaille en franchissant tel un vainqueur la ligne
d’arrivée?

Est-ce se faire si léger et s’élever tellement haut que les mystéres semblent de loin soudain
compréhensibles?

Chercher c’est en tous les cas rassembler, regrouper, structurer, faire des liens, mettre en évidence.
C’est aussi oser la confrontation, l'idée qui fache, l’hypothése scandaleuse, qui peut-étre fera de vous un
paria, un reclus, un exilé, un hérétique.

Chercher c’est penser et s’amuser, sentir vibrer un cerveau humain construit sur le modéle de l'univers :
il ne s’arréte jamais, n'est jamais fatigué, méme quand il semble dormir, ondes lentes, ondes rapides,
sommeil profond et paradozal.

Et finalement chercher c’est surtout ne jamais avoir peur, peur de ce que l’on pourrait trouver, ou peur
de ne rien trouver.

“Résoudre le conflit cognitif en contredisant les apparences trompeuses et maitriser les probabilités,
équivaut fantasmatiquement a retrouver le paradis perdu de l’évidence, nostalgie du temps mythique ot
les limites de la condition humaine étaient inconnues.

C’est le fantasme de la possibilité de reconstruire le monde d’avant ’écroulement des certitudes qui

soutient ['activité de pensée de l’enfant, et celle du chercheur.ﬂ”

M.P. Vanesse

'Lu in Bulletin de psychologie, Clinique du fonctionnement mental des enfants 4 haut potentiel.
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CHAPTER 1

Introduction

The puzzle of black hole entropy

1.3 billion years ago, two black holes of about 30 times the mass of the Sun, after
orbiting around each other, collided at nearly one-half the speed of light and merged into
a single black hole. In a fraction of second, about three times the mass of the Sun was
converted in gravitational waves, with a peak of power of about 50 times greater than
the combined power of all light radiated by all the stars in the observable universe. This
cataclysmic event was recorded by detectors of the LIGO and Virgo scientific collaboration
in September 2015, leading to the first direct observation of gravitational waves [1]. This
discovery also demonstrated the existence of binary stellar black hole systems, namely
pairs of black holes formed by the gravitational collapse of massive stars. There exists
strong evidence that much heavier, supermassive black holes can form as well and exist
at the center of many galaxies. At the core of our own Milky Way lies a supermassive
black hole of about 4.3 million solar masses [2]. It is fair to say that black holes are the
most intriguing astrophysical objects in the universe and that they challenge our intuition
as no other phenomenon in nature, compelling us to reconsider the fundamental laws of
physics.

Black holes are known as solutions of Einstein’s fields equations since the very advent
of General Relativity, and their first observational evidence arrived in the sixties. It was
later shown in the early seventies by Bardeen, Bekenstein, Carter and Hawking that black
holes are thermal objects, and that the laws of black hole mechanics share more than a
mere similarity with the laws of thermodynamics [3, 4, [5]: A black hole radiates at a small
temperatureﬂ

hk
T = o (1.1)
proportional to the surface gravity s of the horizon, and possesses a large entropy given
by
A
S = e (1.2)

2The speed of light ¢ and the Boltzmann constant kp are set to 1.
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12 Chapter 1. Introduction

proportional to the area A of the horizon, G’ being the Newton constant. One expects
that, as it is usual for a thermodynamical system, the entropy of a black hole counts
microscopic degrees of freedom. However, despite all efforts that have been made in this
direction in the last decades, the very nature of these degrees of freedom still remains
a mystery and is one of the main challenges that a theory of quantum gravity should
address.

Some progress has been made in supplying a microscopic derivation of in Ref.
[6] for certain black holes in string theory, the latter being at this day the most promising
candidate for a theory of quantum gravity. However, the black holes studied by Strominger
and Vafa are five-dimensional black holes that enjoy supersymmetry, and their methods
strongly rely on this property, while one wants instead to describe more realistic, non
supersymmetric black holes. Astrophysical black holes are generally rotating and have
almost zero electromagnetic charge. Therefore, the ultimate goal would be a microscopic

derivation of the thermodynamics of the four-dimensional Kerr or Schwarzschild black
hole.

Holographic dualities

Recently, the holographic principle has provided us with a powerful tool to address
questions of high energy theoretical physics that remained outside the scope of our
rudimentary understanding before its formulation in the mid 1990s |7, 8], due to their
non-perturbative and intrinsic gravitational nature. The most concrete realization of
the holographic principle is the AdS/CFT correspondence [9, 10, 11|, which establishes
a connection between quantum gravity in D-dimensional asymptotically Anti-de Sitter
spaces (AdS) and conformally invariant quantum field theories formulated at the (D — 1)-
dimensional boundary of AdS. This is a weak-strong duality, meaning that when the latter
of these theories is weakly coupled, the former is in its strong coupling regime, and vice
versa. The first example was originally derived in string theory, where AdSs x S° spaces
were shown to be dual to the maximally supersymmetric SU(N) Yang-Mills theory in
four dimensions. Since then, the idea has been generalized to many different set-ups and
dimensions, and this gauge/gravity duality is believed to hold in a broad context. The ad-
vent of AdS/CFT has risen the hope to explicitly work out the details of non-perturbative
effects in gravity, such as black hole thermodynamics, in terms of a dual conformal field
theory (CFT) description in one dimension less. In fact, the power of holographic dualities
goes beyond that context, since nowadays it is understood that holography has interesting
applications in condensed matter, nuclear, or atomic physics as well.

As a matter of fact, in three dimensions, the relation AdS3;/CFT;y was discovered a
long time before the holographic correspondence was formulated: In the work [12], which,
according to Witten [I3], can be considered as the precursor of AdS/CFT correspondence,
Brown and Henneaux showed that the symmetry algebra of asymptotically AdS3 spaces
is generated by two copies of Virasoro algebra with non-vanishing central charge, namely
the algebra of local conformal transformations in two dimensions. The appearance of this
remarkably rich, infinite-dimensional algebra living at the boundary of a theory presumed
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sterile had a great impact on our understanding of black hole thermodynamics. In partic-
ular, Strominger realized that the value of the central charge was exactly accounting for
the macroscopic entropy of the three-dimensional black hole by means of a computation
in the CFT side [14] (see also [I5] [16] for earlier works). This example clearly shows that
string theory is not the only route to explore holographic dualities: the general study of
asymptotic symmetries at the classical level has proved to be an excellent tool, and this
thesis will be constantly aimed at showing the utility and power of this latter approach.
In fact, what the asymptotic analysis of Brown and Henneaux showed is that, unlike
what could have been thought previously, the specific details of string theory were not
responsible for the matching of the results obtained in [6] with the Bekeinstein-Hawking
formula . Rather, any consistent quantum theory of gravity containing black holes
that have in their near-horizon limit an AdS; factor must reproduce the matching. In
order words, the details of the ultraviolet completions of quantum gravity are not strictly
necessary for this purpose.

One of the lessons we have learned in the last years is that the infinite-dimensional
nature of asymptotic algebras is not only a curiosity of AdS; gravity models, but rather a
recurrent aspect of holographic scenarios in diverse number of dimensions and in diverse
spacetimes. A first example of this is given by the Kerr/CFT correspondence [17], i.e.
the proposal to extend AdS/CFT correspondence to the near-horizon region of rapidly
rotating (extremal) four-dimensional Kerr black holes, close models of observed astro-
physical black holes. Indeed, it has been argued that the thermodynamics and other
physical phenomena occurring close to such black holes is also governed by an infinite-
dimensional algebra that includes a Virasoro algebra. These results strongly suggested
that the near-horizon quantum states can be identified with those of a chiral half of a
two-dimensional CFT. The second example, which will be closely related, as we will see,
to this thesis, concerns the case of four-dimensional asymptotically flat spacetimes. As
shown in the seminal work of Bondi, van der Burg, Metzner and Sachs in the early sixties,
the algebra of asymptotically flat spacetimes at null infinity turns out to be extremely rich
since it enhances the usual Poincaré algebra to an infinite-dimensional one, the so-called
bms algebra |18, 19, 20]. The latter consists of a semi-direct sum between the Lorentz
transformations and the infinite-dimensional group of supertranslations, and has recently
attracted considerable attention from many new perspectives [21], 22, 23] 24] 25] 26, 27].

Non-AdS spaces and holography

These examples show that holographic tools seem to be available beyond the standard
case of Anti-de Sitter spaces, and indeed, since the formulation of AdS/CFT, but especially
in the last decade, there have been many attempts to extend the AdS/CFT holographic
correspondence to more generic, non-AdS backgrounds. On top of the Kerr/CFT and the
BMS/CFT correspondence already mentioned, the most prominent examples of this are
the dS/CFT correspondence [28], the WAdS/CFT correspondence [29], and extensions of
the correspondence to non-relativistic systems [30, 31, B2]. The dS/CFT correspondence
proposes to extend the holographic duality to the case of a positive cosmological constant,
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namely to de Sitter (dS) spacetimes. In this context, asymptotic symmetry techniques
turn out to be very useful since all attempts to embed de Sitter space as a solution of
string theory have failed so far, preventing therefore the hope to use string dualities in this
context. The WAdS/CFT consists of another nice set-up to extend holographic tools to
a deformation of AdS backgrounds. Warped AdS spaces are squashed or stretched defor-
mations of AdS [33] and, among others, have the very interesting feature that they admit
black holes [34], permitting to explore black hole thermodynamics from the holographic
point of view in a setup that goes beyond the asymptotically AdS examples.

Applying asymptotic symmetry techniques to investigate extensions of AdS/CFT cor-
respondence to gravitational scenarios that involve non-AdS spaces will be the main goal
of this thesis. The backgrounds that we will consider will include the case of asymptoti-
cally flat spacetimes (in supergravity), de Sitter spaces (in Einstein gravity), and Warped
spaces (in massive gravity). In order to achieve this goal, we will be focused on the study
of three-dimensional spaces (apart from an incursion in four spacetime dimensions). It is
indeed well-known that three-dimensional gravity is interesting in its own right as it pro-
vides us with an interesting toy model to investigate diverse aspects of gravity [35] 36, 37|
which, otherwise, would lie beyond our current understanding. While its dynamics is sub-
stantially simpler than the one of its four-dimensional analog, three-dimensional Einstein
gravity or its massive deformations still exhibits several phenomena that are present in
higher dimensions and are still poorly understood, such as black hole thermodynamics:
Remarkably, Einstein gravity in 2 4+ 1 spacetime dimensions admits black hole solutions
[38, B9] whose properties resemble very much those of the four-dimensional black holes,
as for instance the fact of having an entropy obeying the Bekenstein-Hawking area law.
Although a fully satisfactory quantum version of three-dimensional general relativity has
not yet been accomplished [40], promising results have been obtained, specially in the
context of black hole physics [14], as we have already pointed out. Recall that the rela-
tion AdS;/CFTy was discovered a long time before the holographic correspondence was
formulated [12]. A key feature of three-dimensional gravity, which may a priori make
look the theory trivial, is the fact of being purely topological; it does not contain any
local degrees of freedom. Instead, it should be rather seen as a strength, since it allows its
reformulation as a Chern-Simons gauge theory [41],[42]. The latter simplifies substantially
both the structure of the action and equations of motion. In fact, having at hand the
Chern-Simons formulation, one can perform a so-called Hamiltonian reduction, which per-
mits to go further than the asymptotic symmetry analysis by explicitly constructing the
classical action of the two-dimensional dual CF'T. In particular, this powerful approach
was used in [43] to show that the asymptotic dynamics of Einstein gravity around AdSs;
space is governed by the Liouville action, a non-trivial two-dimensional conformal field
theory whose central charge coincides with the one found in [12].

Outline of this thesis

This thesis is organized as follows: As an invitation, we recall in chapter [2| the main
features of three-dimensional gravity in AdS spaces. After reviewing the action of grav-
ity in 2 4+ 1 spacetime dimensions and the absence of local degrees of freedom, we will
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recall the famous features of the three-dimensional black hole solution. We will introduce
the Chern-Simons formulation of gravity by means of the vielbein and spin connection
formalism, and then present the Brown-Henneaux boundary conditions and compute the
associated asymptotic symmetry algebra in the Chern-Simons formalism. We will then
move to the description of the asymptotic dynamics for this case of a negative cosmolog-
ical constant by reviewing in details the result of Coussaert-Henneaux-van Driel showing
that the asymptotic dynamics is described at the classical level by a Liouville theory. We
will see how boundary conditions implement the asymptotic reduction in two steps: the
first set reducing the SL(2,R) x SL(2,R) Chern-Simons action to a non-chiral SL(2,R)
Wess-Zumino-Witten model (WZW), while the second set imposes constraints on the
WZW currents that reduce further the action to Liouville theory. We conclude this chap-
ter by discussing the issues of considering the latter as an effective description of the dual
conformal field theory describing AdS; gravity beyond the semi-classical regime.

In chapter [3| we will extend the analysis of asymptotic dynamics in three-dimensional
gravity and supergravity to the case of asymptotically flat spacetimes; namely, the ge-
ometries that asymptote to Minkowski space at null infinity. In this case, the asymp-
totic symmetries are governed by the so-called Bondi-Metzner-Sachs symmetries. We
will present a supersymmetric generalization of the bmss algebra. In order to do so,
a consistent set of asymptotic conditions for the simplest supergravity theory without
cosmological constant in three dimensions will be proposed. The canonical generators
associated to the asymptotic symmetries will be shown to span a supersymmetric exten-
sion of the bmsj algebra with an appropriate central charge. The energy will be seen to
be manifestly bounded from below, with the ground state given by the null orbifold or
Minkowski spacetime for periodic, respectively antiperiodic boundary conditions on the
gravitino. These results will be related to the corresponding ones in AdS3 supergravity by
a suitable flat limit. The analysis will then be generalized to the case of flat supergravity
with additional parity odd terms for which the Poisson algebra of canonical generators
form a representation of the same algebra but with an additional central charge. Finally,
the two-dimensional super-bmss invariant theory describing the boundary dynamics of the
three-dimensional asymptotically flat N' = 1 supergravity will be constructed. It will be
shown to be described by a constrained or gauged chiral Wess-Zumino-Witten action based
on the super-Poincaré algebra in the Hamiltonian, respectively the Lagrangian formula-
tion, whose reduced phase space description corresponds to a supersymmetric extension
of flat Liouville theory.

In chapter 4l we will extend the discussion of asymptotically flat boundary conditions
to another region of interest: the near-horizon region of non-extremal black holes. We will
show that the asymptotic symmetries in that case are generated by an extension of the
algebra of supertranslations; more precisely, a semi-direct sum of Virasoro and Abelian
currents. We will discuss the differences and relations between this algebra and the bmss
algebra. As a proof that three-dimensional gravity can actually serve as a toy model to
learn about higher-dimensional gravity, we will explain how the results can be extended to
four dimensions, also yielding infinite-dimensional symmetries in the near-horizon region
of Kerr black holes. Both in three and four dimensions, when considering the special case
of a stationary black hole, the zero mode charges correspond to the angular momentum
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and the entropy at the black hole horizon.

In chapter |5, we will discuss the case of a cosmological horizon: We will investigate the
asymptotic symmetries and asymptotic dynamics of three-dimensional gravity in de Sitter
space. The dS/CFT correspondence postulates the existence of a Euclidean CFT dual to a
suitable gravity theory with Dirichlet boundary conditions asymptotic to de Sitter space-
time. A semi-classical model of such a correspondence consists of Einstein gravity with
positive cosmological constant and without matter which is dual to Euclidean Liouville
theory defined at the future conformal boundary. We will show that Euclidean Liouville
theory also describes the dual dynamics of Einstein gravity with Dirichlet boundary condi-
tions on a fixed timelike slice in the static patch. As a prerequisite of this correspondence,
we will show that the asymptotic symmetry algebra which consists of two copies of the
Virasoro algebra extends everywhere into the bulk.

In chapter [6] we will explore other non-AdS setups in which infinite-dimensional sym-
metries appear and happen to provide a description of gravitational physics and in par-
ticular of black holes. We will study the case of Warped AdS spaces (WAdS), which
are stretched and squashed deformations of AdS that appear in several setups such as
string theory, supergravity and massive gravity in three dimensions. We will consider
the latter as our working example. For a specific choice of asymptotic boundary condi-
tions, we will show that the algebra of charges is infinite-dimensional and coincides with
the semi-direct sum of Virasoro algebra with non-vanishing central charge and an affine
u(1), Kac-Moody algebra. We will show that the asymptotically WAdS3 black hole con-
figurations organize in terms of two commuting Virasoro algebras. We will identify the
Virasoro generators that expand the associated representations in the dual conformal field
theory and, by applying a Cardy formula, we prove that the microscopic CF'T computa-
tion exactly reproduces the entropy of black holes in WAdS space. The relation with the
so-called Warped CFT will be also discussed. Finally, we will extend the computation to
a different set of asymptotic boundary conditions that, while still gathering the WAdS;
black holes, also allow for new solutions that are not locally equivalent to WAdS3 space,
and therefore are associated to the local degrees of freedom of the theory (bulk massive
gravitons). After presenting explicit examples of such geometries, we will compute the
asymptotic charge algebra and show that it is also generated by the semi-direct sum of
Virasoro algebra and an affine Kac-Moody algebra. Once again, the value of the central
charge turns out to be exactly the one that leads to reproduce the entropy of the WAdS;
black holes, probing the WAdS3/CFT, correspondence in presence of bulk gravitons.
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CHAPTER 2

Asymptotic symmetries and dynamics of
three-dimensional gravity

In this chapter, we start by reviewing the Einstein-Hilbert action of gravity in 2 + 1
spacetime dimensions and the absence of local degrees of freedom inherent to this simpli-
fied model. We then introduce in section 2.2 the black hole solution hosted in the case
of negative cosmological constant. In section [2.3] we will show how the Einstein-Hilbert
action in three dimensions can be written as a Chern-Simons action for the appropri-
ate gauge group, using the vielbein and spin connection formalism. In section we
will present the Brown-Henneaux AdSs; boundary conditions and compute the associated
asymptotic symmetry algebra in the Chern-Simons formalism. Section contains a brief
introduction on Wess-Zumino-Witten (WZW) models. The two steps of the reduction of
the Chern-Simons action to, first, a non-chiral WZW model, and then to a Liouville ac-
tion, are detailed in sections and After a brief introduction on Liouville theory,
in section we discuss in section the possibility of the latter to account for the
microstates of the BTZ black hole.

2.1 Gravity in 2 4+ 1 dimensions
Pure gravity in 2+1 spacetime dimensions is defined by the three-dimensional Einstein-
Hilbert action (where we set ¢ = 1):

1
167G

Senlg] = / d*r /=g (R —2A) + B, (2.1)
M

with G the three-dimensional Newton constant, g = detg,, (1, v =0,1,2), with a metric
g of signature (—, +,+), R = R,,¢g"" is the curvature scalar, and R, the Ricci tensor.
M is a three-dimensional manifold, and A is the cosmological constant, which can be
positive, negative, or null, yielding respectively locally de Sitter (dS), Anti-de Sitter (AdS),
or flat spacetimes. Here, we will be concerned with Anti-de Sitter spacetime, for which
the cosmological constant is related to the AdS radius ¢ through A = —1/¢%. Action (2.1)
is defined up to a boundary term B, which is there in order to ensure that the action has
a well-defined action principle.
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20 Chapter 2.  Asymptotic symmetries and dynamics of three-dimensional gravity

Extremizing the action with respect to the metric g, yields the Einstein equations

1
R, — §gw,R + Ag, = 0. (2.2)

An important property of general relativity in 2+ 1 dimensions is that any solution of the
vacuum Einstein equations with A < 0 is locally Anti-de Sitter (locally de Sitter if
A > 0 and locally flat if A = 0). This can be verified by realizing that the full curvature
tensor in three dimensions is totally determined by the Ricci tensoif]

1
Ruupa = g,upRVU + guaRup - ngR[LO' - g;LURVp - §R(gupgua - guagup)' (23)

As a consequence, any solution of Einstein equations (2.2]) has constant curvature; namely

Ryvpo = MYupGvo = GuoGup)- (2.4)

Physically, this means that on three-dimensional Einstein spacetimes there are no local
propagating degrees of freedom: there are no gravitational waves in this theory. Another
way to see that gravity in D = 3 dimensions has no degrees of freedom (d.o.f.) is counting
them explicitly: Out of the D(D + 1)/2 components of a symmetric tensor g, in D
spacetime dimensions, one can always remove D of them using diffeomorphism invariance
(one removes one d.o.f. per coordinate). Moreover, D components of the metric appear in
the Lagrangian with no temporal derivative, they are therefore no true d.o.f. but Lagrange
multipliers. This counting leads therefore to @ —-D-D=0 (D=3).

A priori, this property may look very disappointing: How could this theory be a
realistic model to study four-dimensional gravity if there is no graviton at all? However,
despite the absence of local d.o.f., it turns out that three-dimensional gravity is in fact far
from being sterile. This is because of two fundamental reasons: First, as we will see later,
even though every spacetime is locally equivalent to a constant curvature spacetime, it
may differ from the maximally symmetric solution by global properties, and this allows
for interesting geometrical properties such as non-trivial causal structures. The second
reason is that, unexpectedly, in the case A < 0, there exist black hole solutions.

2.2 The three-dimensional black hole

To everyone’s surprise, Banados, Teitelboim and Zanelli (BTZ) showed in 1992 that
2 + 1-dimensional gravity admits a black hole solution [38] that shares many physical
properties with the four-dimensional Kerr black hole. The BTZ black holeﬂ of mass M
and angular momentum J is described, in Schwarzschild type coordinates, by the metric

ds? = — (N(r))* dt? + (N(r)) 2 dr? + r? (dp + N#(r)dt)* (2.5)

!In three dimensions, the Weyl tensor vanishes identically.
2For a review, see [16].
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where the lapse and shift functions are given by[|

r2  16G?J? 4G J
N(r) = \/—SGM+ 2t 0> , N#(r)=— o (2.6)
with —0o <t < +00, 0 <r < 400 and 0 < ¢ < 27. It solves the Einstein equation ([2.2)
with cosmological constant A = —1/¢2%.
The BTZ metric (2.5) is stationary and axially symmetric, with Killing vectors 9, and
J,. This metric exhibits a (removable) singularity at the points r = r, where N(ry) = 0;
that is,

- [4GM <1 +4/1— (J/ME)Q)] 1/2. (2.7)

When |J| < M/, the BTZ possesses an event horizon at r, and an inner Cauchy horizon
(when J # 0) at r_. In terms of r, the mass and angular momentum read

ri4r? Ty
8Ge2 AGeT

In the case |J| = M/, both horizons coincide 7, = r_; this case corresponds to the
so-called extremal BTZ. If M < 0 (or if |J| becomes too large), the horizon at r = r
disappears, leading therefore to a naked singularity at r = 0. Relation |J| < M/ plays
therefore the role of a cosmic censorship condition. There is, however, a special case:
when M = —1/(8G) and J = 0, both the horizon and the singularity disappear! At
this point, the metric exactly coincides with (the universal covering of) AdSs spacetime;
namely

(2.8)

ds? (e (147 a4 ag
SM=—L,J=0 = +ﬁ + +£—2 re 4+ ride®.

Therefore, AdS spacetime is separated from the continuous spectrum of the BTZ black
holes by a mass gap of Ag = 1/(8G), see Figure 2.1 The solution with —1/(8G) < M < 0
corresponds to naked singularities, with conical singularity at the origin. These solutions
exhibit an angular deficit around » = 0 and admit to be interpreted as particle-like objects
[36]. Therefore, one cannot continuously deform a black hole state to the AdS3 vacuum,
since it would imply to go through the regions with naked singularities. The solutions with
M < —1/(8G) also correspond to naked singularities, in this case with angular excesses
around r = 0.

Since, as we saw above, any solution of pure gravity in three dimensions is locally
of constant curvature, the BTZ solution is locally Anti-de Sitter: every point of
the black hole has a neighborhood isometric to AdS; spacetime, and therefore the whole
black hole can be expressed as a collection of patches of AdS assembled in the right way.
The fact that BTZ differs from AdS only by global properties suggests that the black
hole metric can be obtained by identifying points of AdS spacetime by a sub-group of
its isometry group. That is actually what Henneaux, Banados, Teitelboim and Zanelli
showed in [39], where these identifications were given explicitly.

"Notice that many authors set 8G = 1.
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Figure 2.1: Spectrum of the BTZ black hole. Black holes exist for M > 0, |J| < M.
The vacuum state M = —%, J = 0, separated by a gap from the continuous spectrum,
corresponds to AdSs.

Very far away from the black hole, namely when r > r,, the metric reduces to

7"2 2

dsty_j_o = —g—gdt2 + %er + r?dp?. (2.9)
The asymptotic behavioi]of the BTZ black hole and AdSs is thus the same, this is why the
BTZ is said to be asymptotically AdS. This is in contrast with the Schwarzschild and Kerr
black holes which are asymptotically flat. In fact, there is no black hole asymptotically
flat, nor asymptotically de Sitter in three-dimensions (for pure gravity) [44].

The goo component of the BTZ is zero at r = ¢, With

Ferg = \/72 + 12 = (VSGM. (2.10)

The r < 1 region is called ergosphere, meaning that all observers in this region are un-
avoidably dragged along by the rotation of the black hole. The existence of an event hori-
zon and of an ergosphere region make the BTZ extremely similar to the four-dimensional
Kerr black hole. Another feature that BTZ shares with the Kerr solution is that, in both
spaces, the surface » = r_ is a Killing horizon. In fact, even though BTZ has no curvature
singularity at the origin, it is quite similar to realistic (341)-dimensional black holes: it is
the final state of gravitational collapse [45], and possesses similar properties also at quan-
tum level. Indeed, remarkably, the BTZ exhibits non-trivial thermodynamical properties;
it radiates at a Hawking temperature

B(r3 —r?)

Tt —
i 2nl?ry

(2.11)

!By asymptotic, here we simply mean far away. We will give a more precise definition in section
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and has a Bekenstein-Hawking entropy

A
S = ——, 2.12
it = o (2.12)
with A = 27r, the horizon size. That is, three-dimensional black holes also obey the
area law, whose full microscopic understanding is one of the main questions in quantum
gravity. Besides, these thermodynamical quantities satisfy the first law of black hole
thermodynamics

AM = TppdSpy + Q dJ, (2.13)

where 2 = r_/(rf) is the angular velocity at the horizon. Notice that the BTZ also
exhibits a Hawking-Page transition at ry ~ /.

Finally, it is worth mentioning that, besides pure gravity, the BTZ solution appears
in many other frameworks, such as supergravity [46], string theories [47], and higher-
spins [48]. Moreover, the BTZ turned out to appear in the near-horizon limit of higher-
dimensional solutions [49]; all of this showing the relevance of this black hole solution in
more general set-ups.

2.3 3D gravity as a gauge theory

A crucial property of three-dimensional gravity action is that it can be rewritten
in terms of ordinary gauge fields, in such a way that both the structure of the action
and equations of motion simplify substantially. This fact was discovered by Achtuicarro
and Townsend [41], and latter by Witten [42], and holds for any sign of the cosmological
constant. The validity of this result can be extended to supergravity actions [41l 50], as
well as higher-spins [511 52].

2.3.1 Vielbein and spin connection formalism

This result is based on the first-order, or Palatini formulation of general relativity.
This consists in the following: Instead of working as we usually do with the metric g,,,
we will use an auxiliary quantity e, (with a frame index a = 0,1, 2), called frame field, or
vielbein[[] which can be thought of as the square root of the metrid’} namely

guu(x) = 62(37)77@62(95), (2'14)

where 7,4, is the metric of flat 3D Minkowski spacetime.

Relation (2.14)) can be simply seen as the transformation of a tensor under a change
of coordinates described by the matrix ej. Since e is a non-singular matrix, with e =
detej, = \/—detg # 0, there is an inverse frame field ef(x) such that efe; = J7 and
el'el = 0F. Notice that, for a given metric, the frame field is not unique; indeed, all frame

'Tn three dimensions, it receives the name dreibein; vierbein or tetrad in four dimensions.
2Tts existence comes from the fact that the metric tensor can be diagonalized by an orthogonal matrix
Oy, with positive eingeinvalue A%, the vielbein is therefore defined as ej; = VA®Oy.
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fields related by a local Lorentz transformation e/f = A™/%(z)el(z) with A € SO(2,1) are
equivalent (the transformation is local since it affects only the frame indices, while the
spacetime indices do not see such transformation).

We can use the vielbein to define a basis in the space of differential forms. We define
the one-form e” = ejdz" and the Levi-Civita in frame components €4 in the following
way:

€pvp = e tegpeetel el

v )
v abc l:/ g (215)
P = e elejer.

In the tetrad formalism, the role of the connection is played by one-forms w* = widz*,
with w® = —w"®. This quantity permits to construct a quantity that transforms as a local
Lorentz vector. Indeed, unlike the 2-form de®, the following quantity, called the torsion
2-form of the connection,

T = de® +wy N e, (2.16)

does transform as a vector under local Lorentz transformation, namely 7% — A_labTb,
provided the quantity w®,, whose components wl‘jb are called spin connections, transforms
as

w? — AN, + A1 we NG, (2.17)

Equation ([2.16) is called the first Cartan structure equation. The second Cartan structure
equation is given by

dw™ + W, Aw?® = R?, (2.18)
with
RZ?/(W) = 8#wl‘fb — &,wzb + wffwfjc — wﬁcwzc (2.19)

the curvature tensor, and

1
R® = —R® (z)da" A dz”,

= 5B

Ao A _opab
R W—eaebR -

(2.20)

Let us now go back to our three-dimensional Einstein-Hilbert action. In terms of the
quantities we have defined above, (2.1) reads (we will take care of the boundary term
later)

1 A
Sgnle,w] = e /M €abe (e“ A R"[w] — ge“ Ael A ec) ) (2.21)

Indeed, using (2.15]), we notice that

1
Ery/—g = geabcea AP A e (2.22)
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and, using (2.20]), we have
d®x/—gR = € €* N R™. (2.23)

In what follows, we will adopt the so-called dual notation (valid only in three dimensions),

1
R, = seac R < R™ = —"™R,,

2 (2.24)
W, = 16 bc ab _— _ _abc
a = 2 abeW W = —€ We.
With this, we notice that the gravity action (2.21)) can finally be rewritten as
1 A
Sgnle, w] = e //vt (2 e’ N Ry|w] — geabce“ Ael A ec) : (2.25)

2.3.2 The Chern-Simons action

Now that we have at hand the gravity action in terms of the vielbein and the spin
connection, we are ready to prove, as announced above, that three-dimensional gravity
is equivalent to a gauge theory with a specific kind of interaction, called Chern-Simons
theory. Let us first introduce this very interesting model (for a more complete introduction
to Chern-Simons in 3D, see for instance [53]).

A Chern-Simons action for a compact gauge group G is given by

SCS[A]:E/ Tr |:A/\dA+gA/\A/\A} : (2.26)
A Sy 3
where k is a constant called level, while the gauge field A represents a Lie algebra-valued
one-form A = A,dx", and Tr represents a non—degenerateﬂ invariant bilinear form on the
Lie algebra (of the gauge group G).

Integrating by parts, the variation of action takes the form

k k
0Scs[A] = —/ Tr[20AN (dA+ANA)| - —/ Tr[ANGA]. (2.27)
vy 4 Jom

If 0A is chosen such that its value on the boundary 0M is such that the second term
vanishes, we obtain

F=dA+ANA=0, (2.28)
where F'is the usual field strength 2-form. These equations imply that, locally,
A=GG, (2.29)

which means that A is a gauge transformation of the trivial field configuration; in other
words, A is pure gauge. Therefore, a Chern-Simons theory has no true propagating degrees
of freedom: it is purely topological. Indeed, all the physical content of the theory is
contained in non-trivial topologies, which prevent relation to hold everywhere on
the manifold M.

If we write A = AT, with T, a basif] of the Lie algebra of the gauge group G, then

!This is asked in order that all gauge fields have a kinetic term in the action; this is always true for
semisimple Lie algebras.
2This has nothing to do with the torsion 7 mentioned in the previous subsection.
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one has, for the first term of (2.26)),
Tr [A A dA] = Te(T,T,) [A* AdA”] . (2.30)

We then see that d,, = Tr(7,T},) plays the role of a metric on the Lie algebra, and therefore
should be non-degenerate. The existence of a Chern-Simons action, and the form it will
take, relies on whether the gauge group one wants to consider admits such an invariant
non-degenerate form. Notice that one can make use of this bilinear form to define an
inner product (-, ).

2.3.3 A <0 gravity as a Chern-Simons theory for SO(2,2)

What Achucarro, Townsend and Witten discovered [41], [42] is that three-dimensional
gravity action and equations of motions are equivalent to a Chern-Simons theory for an
appropriate gauge group. More precisely, their result states that pure gravity (Einstein-
Hilbert action) is equivalent to a three-dimensional Chern-Simons theory based on the
gauge group SO(2,2) for A <0, ISO(2,1) for A =0, or SO(3,1) for A > 0.

We will prove this result for the case A < 0, since we are interested in Anti-de Sitter
spaces. In this case, the Lie algebra involved is so(2,2), whose commutation relations are
given by

[Jaa Jb] = 6achC ) [Jm Pb] = Eabcpc ; [Pay Pb] = 6achCu (23]—)

where the indices a,b,c = 0,1,2 are raised and lowered with the three-dimensional
Minkowski metric 74 and its inverse . In (2.31), we have used the three-dimensional
rewriting

1
J, = §eabCch o JW = —etbe g (2.32)

where the J, are the usual Lorentz generators, while the P, are the generators of the
translations. This Lie algebra admits the following non-degenerate invariant (symmetric

and real) bilinear fornyl]

<Ja7 Pb> = Nab » <Ja7 Jb) =0= <Pa> Pb) (233)
One then constructs the gauge field A living on this Lie algebra as
1 a a
A, = zeuPa + wiJa- (2.34)

Notice that the Lie algebra indices are identified with the frame indices of the vielbein and
spin connection; this is crucial for the gravity <> gauge theory relation that we are about
to show. Equipped with the gauge field and with the non-degenerate invariant form
one can write the Chern-Simons action for the gauge group G = SO(2,2).
The first term is

2
Tr[A N dA] = Ze“ A dw, (2.35)

!This is not the only one, though; see the comments at the end of this section.
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while the second term is found to be

ZTAA AN A = 2Te[4, 4] A 4]
3 3

1 - . ) ) . . (2.36)
=3 ([26 ANe’ Ne+ 3epee” Nw Aw ) .

Therefore, we find that the Chern-Simons action for the group SO(2,2) is equal to

k 1
Scsle, w] = 7 /M (26“ A Rg[w] + 32 Cabe e® A el A ec) : (2.37)

where we have remembered that R, = dw, + %eabcwb A w’ We have thus shown that the
Chern-Simons action for SO(2,2) exactly matches the Einstein-Hilbert action (2.25)) with
A = —1/¢%, provided that the level acquires the value|

_ £
4G

The fact that Einstein gravity is merely a Chern-Simons action reminds us that there is
no propagating degree of freedom in the theory, and thus no graviton in three-dimensions,
since we saw above that this gauge theory is purely topological. However, even though
there are no local excitations, its dynamical content is far from being trivial due to the
existence of boundary conditionﬂ. We will see in section that, under an appropriate
choice of boundary conditions, there is in fact an infinite number of degrees of freedom liv-
wng on the boundary. Boundary conditions are necessary in order to ensure that the action
has a well-defined variational principle, but the choice of such conditions is not unique.
In fact, the dynamical properties of the theory are extremely sensitive to the choice of
boundary conditions. In this context, the residual gauge symmetry on the boundary is
called global symmetry or asymptotic symmetry. The breakdown of gauge invariance at
the boundary has the effect of generating this infinite amount of degrees of freedom.

k (2.38)

Before concluding this section, let us mention a very useful fact, namely the iso-
morphism so0(2,2) ~ sl(2,R) & sl(2,R) (recall that so(2,2) is semi-simple). Defining
JE =3 (J, = P,), algebra (2.31) reads

U5 T = eaned ™, DT = eaed 0, [JF 7] =0, (2.39)

Thanks to this splitting, one can rewrite the Chern-Simons action for the so(2,2) connec-
tionf| I as the sum of two Chern-Simons actions, each having their connections A, A in
the first and second chiral copy of sl(2,R) respectively:

A= (e"/l+w")T,, A= (")l —w)T,, (2.40)

IThe sign of k depends on the identity v/—g = e, namely depends on the choice of relative orientation
of the coordinate basis and the frame basis.

2In other words, the relevant d.o.f. are global. Introducing boundary conditions is not the only way to
generate global d.o.f., one can also consider holonomies (we will not study them here). Notice however
that holonomies generate only a finite number of degrees of freedom in the theory.

3which we previously called A
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with T, now being the generators of si(2,R). One can show that the decomposition of
the action then reads

Scs[r] = Scs[A] — Scs[/_l] = Scs[A, /_1], (241)

that is, can be rewritten as the difference of a chiral and anti-chiral Chern-Simons action.

Finally, let us mention that Einstein’s equations of motion are equivalent to the ones
in the Chern-Simons formalism, namely F* = 0, F* = 0. More precisely, varying the
action with respect to e* gives the constant curvature equation

_ 1
F*+F*=0 < R+ 7N e’ =0, (2.42)

while varying with respect to w® leads to the torsion free equation
F*—F"=0 & T =de" +w'y Ae’ =0. (2.43)

We thus verify that solving the equations of motion in the Chern-Simons formalism is
considerably simpler than solving Einstein’s equations.

2.3.4 Some comments on Chern-Simons theories

Before concluding this section, let us make some remarks on Chern-Simons theories
that can be relevant for their gravity application.

Let us begin by noticing that the Chern-Simons description of gravity is valid when
the vielbein is invertible, which is true for classical solutions of gravity. However, from
the gauge theory point of view, this is not entirely natural. This is relevant because,
despite the identity between the actions of the two theories, it is not obvious that grav-
ity and Chern-Simons are equivalent at quantum level where, besides the action, one
has to provide a set of configurations over which to perform the functional sum. Per-
turbatively, close to classical saddle points, the relation between the gauge theory and
three-dimensional gravity may remain valid; however, it is not clear that the relation still
holds non-perturbatively [I3]. Moreover, to claim that Chern-Simons and gravity theories
are equivalent, we have to prove that the gauge transformations and the diffeomorphisms
do match (up to a local Lorentz transformation). It is shown in [42] that this matching
occurs only when the equations of motion are satisfied, namely on-shell.

second comment regards the definition of the invariant bilinear form appearing in

n addition to ([2.33]), so(2,2) admits a second one, given by
. In addi (2.33) d d b
<Ja7 Jb> = Tab , <Ja7 Pb> - 0 ) <Pa7 Pb> = Nab, (244)

consequence of the isomorphism so(2,2) =~ si(2,R) @ sl(2,R). One can use this new form
to construct an alternative Chern-Simons action: the so-called ezotic action [42], which
corresponds to

Sg[l'] = Scs[A] + Scs[A]. (2.45)
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This action is relevant in the construction of the so-called Topologically Massive Gravity
[54].

Finally, let us mention an interesting feature of the Chern-Simons coupling constant,
the level k. Generally, a Chern-Simons theory admits to be constructed by starting from
a gauge invariant action Sp defined on a four-dimensional manifold M, whose boundary
is the three-dimensional space M where the Chern-Simons theory is defined. Here, we
think of a gauge field in four dimensions that is an extension of the three-dimensional
gauge field of Chern-Simons theory. The extension of the three-dimensional gauge field
is, generically, non-unique, and this carries information about topology. In fact, the four-
dimensional action Sp corresponds to a topological invariant; its Lagrangian density is a
total derivativeﬂ Topological invariant actions exist only in even dimension, and that is
the reason why Chern-Simons actions exist only in odd dimensions. The four-dimensional
action is given by

k k
Sp=2 [ mEAR) =X / P (2.46)
47T My T My

with P = d, F* A F°, F being the curvature associated to the four-dimensional gauge field
that extends the A appearing in (2.26)). P = d,,F'* A F? is called the Pontryagin form, and
is a total derivative; more precisely P = dLcg, where L¢g is the Chern-Simons Lagrangian
of (2.26). Therefore, if IM4 = M, one can, after using Stokes’ theorem, rewrite Sp as an
integral over M, and one is left with the three-dimensional Chern-Simons action (2.26).
Being a topological invariant, Sp takes discrete values. In fact, one can show that [ Tr(FA
F) = 4x*n, with n € Z. This, together with asking that the action is defined modulo 27
(so that ¢*, which appears in the path integral, is single-valued), leads to the conclusion
that, for the theory to be well defined, the Chern-Simons level has to be quantized, namely
ke Z [13].

2.4 Asymptotically AdS; spacetimes

In this section, we will make more precise what we mean by asymptotically Anti-de
Sitter spacetimes. We will consider a set of metrics which tend to the metric of AdSs
in a specific way. Giving such information is actually equivalent to prescribing fall-off
conditions on the metric components at large distances, the so-called boundary conditions.
Before that, we need to specify what is the boundary of our spacetime.

Our three-dimensional manifold M is taken to have the topology of a cylinder R x
D,, where R is parametrized by the time coordinate 2° = 7 = /I and D, is the two-
dimensional spatial manifold parametrized by coordinates r, ' = ¢, with periodicity
© ~ @+ 27. We introduce light-cone coordinates % = 7 £ ¢ with 9, = %(E)T +0,). The
boundary OM of the spacetime at spatial infinity (r = oo) is thus a timelike cylinder of
coordinates t, ¢, see Fig. 2.2

LA similar example is the Einstein-Hilbert action in two dimensions, which coincides with the Euler
characteristic = = i fM2 V—gRd?z = 2 — 2g, where ¢ is the genus of the closed manifold M.
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Figure 2.2: We consider the manifold M having the topology of a solid cylinder. Tts
boundary is taken to be the timelike cylinder at spatial infinity.

2.4.1 Boundary conditions and phase space

We adopt Fefferman-Graham coordinate system where the metric is given by (i = 0, 1)
A kN 700 700
ds” = ﬁdr + i (r, 2")dz'da? (2.47)

with the expansion, close to the the boundary r — oo, v;; = TQQEJQ)(QSIC) + O(1). We call
asymptotically AdS;3 spaces, in the sense of Brown-Henneaux [12], metrics of the form

(2.47), where the boundary metric g((-)) is fixed as

ij
gg-))da:idxj = —dxtdx. (2.48)

These Brown-Henneaux boundary conditions are Dirichlet boundary conditions with a flat
boundary metric (2.48) on the cylinder located at spacial infinity.

It was shown in [55] that the most general solution (up to trivial diffeomorphisms) to
Einstein’s equations with A = —1/¢? with boundary conditions (2.47), (2.48)) is

2 62 2 _
ds* = f—er2 - (rdx+ - ?L(x_)d:z:_) (rdx_ — éL(er)de“) : (2.49)

where L(z~) and L(z") are two single-valued arbitrary functions of 2~ and x7, respec-
tively. In this gauge, one recovers well known geometries when these functions are con-
stant; AdS; in global coordinates is recovered when L = L = —1/4, L = L = 0 corre-
sponds to the massless BTZ, while generic positive values of L, L correspond to generic
BTZ geometries of mass M = (L + L)/(4G) and angular momentum J = (L — L)/(4G).

Let us now translate these boundary conditions in the Chern-Simons formalism. We
choose a dreibein e® which satisfies ds? = n,,e%e” with an off-diagonal metric 7, (a,b =
0,1,2); see Appendix |A| for our conventions. One can check that

L. & ¢
& =—"di + —L(zN)dx™, e' = L —L(x7)dx™, e = =dr,  (2.50)
r

V2 V2r V2 V2r
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reproduces ds? = 2e%! + (e?)?, as desired. Then, the torsion free first Cartan structure
equation (2.16) determines uniquely the associated spin connections

¢
0 L g b ——LaN)det, o' = ——dat 4 —L(z )dz, W =0. (251
S = ode” 4 L) = —de L ) (251)

The corresponding chiral Chern-Simons ﬂatE] connections are given by A = (w®+ €*/{)jq,
A = (w* —e"/l)j,, where The gauge connections thus read

d (- d
& —L(xt)dat _ _a P dz-
A — r27’ d?” ; A — é 27° gdr . (252)
—dxt —— —L(z7)dz~ —
14 2r r 2r

A very useful trick is to notice that one can factorize out the r-dependance of the
gauge fields by performing the following gauge transformation:

a=btAb+btdb, a=0bAb'+bdb?, (2.53)

with

b(r) = ( 7’_01/2 TP/Q ) . (2.54)

Indeed, one can check that the reduced connections a,a are r-independent;

a= < dxg/g M(mg)dx+ ) 4= < éL(xQ)d:c_ dx(;/g ) '

In analogy with the on-shell reduced connections (2.53), we define the off-shell reduced
gauge connections a = ayj,dz! and a = a,j,dz" as

a=bltAb+b'db, a=0b'Ab+0b"db, (2.55)

such that a, = 0 = a,. We impose our boundary conditions in the following way; they
come in two sets:

(1) a-=0=ay,

(W) o = % + 042+ V2UL(x")jo, a- = V20L(z")j1+0j2 + \/7?70_ (2:56)

The phase space is clearly contained in these boundary conditions, with b = b=!. We
will see that the first set of boundary conditions (i) will reduce the Chern-Simons action
to a sum of chiral SL(2,R) Wess-Zumino-Witten (WZW) actions. The remaining set (i7)
will be used to further reduce the WZW model to Liouville theory.

!The fact that A, A are flat (i.e. F' = F = 0) is ensured by the fact that L(z~), L(z™) are chiral.
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2.4.2 Asymptotic symmetry algebra

The asymptotic symmetries correspond to the set of gauge transformation{]

da =d\+a, ], da = d\ + [a, \] (2.57)

that preserve the asymptotic behavior of the connections a, @, namely equations (2.56).
Writing the gauge parameters A = A%j,, A = \%j, we ﬁn that the latter have to be of
the form

1 . . 14 .
A= /2 (LA1 — gaix) Jo + Aljp — ﬁaﬁh,

o - e (2.58)
A= Njo + 02 <L)\0 — 583/\()) J1+ —28_A°jz,

V2

where the arbitrary functions A', A° depend only on z, 2~ respectivelyf} Writing ¥V =
INY/V2,Y = (X //2, we find

1
SL=YO,L+2L8.Y — 5@11/,

. (2.59)
SL=YO L+2L0 Y — 58337.

At this stage, we can already notice that L and L transform in the same way as a two-
dimensional CFT energy-momentum tensor does under generic infinitesimal conformal
transformations, and one can already see that the last term, associated to the Schwarzian
derivative, indicates the presence of a central extension.

The variation of the canonical generators associated to the asymptotic symmetries
spanned by A take a very simple form in the Chern-Simons formalism [56], 57, 58]; they
are given byf|

O =2 [Tovsade,  joN = -2 [ sy de. (2.60)

“ar J, “ar /.
One then find that expressions in (2.60) become linear in the deviation of the fields, so
that they can be directly integrated as

k, 21

_ L[ _
Qy = —— Y Ldp, Qy = ——/ Y Ldep. (2.61)
2m J, 2m Jo

!The analysis of asymptotic boundary conditions can also be performed from the geometrical point of
view, in terms of the metric (or the vielbein and the spin connection). In that case, instead of studying
the gauge transformations one studies the asymptotic Killing vectors that preserve the form of the metric
at large r.

We compute for instance day = 91\ + [a4, ] and identify the components of left and right hand
sides along the generators j,.
3This follows directly from a_ = 0 = a.
“The charge may be non integrable, hence the § notation.
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The Poisson brackets fulfill 0y, Qy, = {Qy,, Qyv, }; therefore, the algebra of the canonical
generators can be directly computed from the transformation laws (2.59). Defining the
modes (m € Z)

k 2T B k 2r N
Ln,=— e Ldyp; L,=— e"™? Ldp, (2.62)
27( 0 27T 0
one finds
) c
Z{Lma Ln} = (m - n)Lm—i-n + Em36m+n,0a
i{Ly, Ly} =0, (2.63)
Z{Emy -Zn = (TTL - TL)Eern + %mg(strn,O;
with central elements given by
RY4

This shows that the charge algebra associated to the symmetry transformations that
preserve the AdSs; asymptotic form consists of a direct sum of two copies of the Vira-
soro algebra, with ¢ being the central charge. The Virasoro algebra (2.63) is the algebra
of local conformal transformations in two-dimensions; it is the central extension of the
Witt algebra and is infinite-dimensional (recall that m € Z). Notice that the standard
redefinitions L,, — Ly + 57, Ly, — Ly, + 2—54 change the central terms in the algebra to
Sm(m? — 1)8,4n0 and 5m(m? — 1)0,4n0. From the CFT perspective, the existence
of a non-trivial central extension is the result of a conformal (or Weyl) anomaly in the
quantum theory. However, since this derivation was purely classical, finding a central
extension at the classical level is quite remarkable. In the context of AdS/CFT, this is
interpreted as a classical bulk (AdS;) computation that describes a property of the effec-
tive action of the quantum boundary (CFTs) theory. Algebra (2.63) was first shown in
the seminal paper of Brown and Henneaux [12] in 1986, and this is the reason why this
result is considered as the precursor of the AdS/CFT correspondence; notice that for this
reason the central charge (2.64)) is often called the Brown-Henneaux central charge.

It is worth mentioning that in the semi-classical limit ¢ > G (recall that the Planck
length in three dimensions is {p ~ G), the central charge tends to infinity. Also,
notice that the quantization of the Chern-Simons level k implies that the quantum theory
seems to be well defined only for discrete values of the dimensionless ratio £/G and, hence,
discrete values of the central charge. This discretization of ¢ is also understood from the
dual CF'T point of view, since the Zamolodchikov c-theorem prohibits the central charge
to be continuous [59).

We will see in section that the asymptotic symmetries of three-dimensional gravity
with Brown-Henneaux boundary conditions can be defined everywhere into the bulk of
spacetime, promoting in this sense the two copies of Virasoro algebra to a new kind
of symmetries, the so-called symplectic symmetries [60].
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2.5 A brief introduction to Wess-Zumino-Witten mod-
els

In this section, we will present an important ingredient in our discussion, the Wess-
Zumino-Witten model, which appears as an intermediate step in the connection between
Chern-Simons and Liouville actions.

2.5.1 The nonlinear sigma model

In quantum field theory, a nonlinear sigma modelﬂ describes scalar fields ¢ (i =
1,...,n) as maps from a flat spacetime to a target manifold. The latter is a n-dimensional
Riemannian manifold M,, equipped with a metric ¢;;(¢) which depends on the fields, this
is why the model is intrinsically nonlinear. In other words, the coordinates on M, are
the scalar fields ¢(x), in which the z#, u = 1,...D are the Cartesian coordinates of a flat
spacetime. An action for this model is given by

1 v 7 7
Sold] = 1 / dPx gij(¢)n" 0,6'0,¢", (2.65)
with a? > 0 a dimensionless coupling constant.
The so-called Wess-Zumino-Witten mode| involves a particular two-dimensional o-
model in which the role of the target space is played by a semi-simple Lie group G and
the fields are matrix fields living on G, noted g(z). For a two-dimensional manifold X

with coordinates 2° = 7, 2! = ¢ (u,v = 0,1), the action of this nonlinear sigma model
takes the formP| [61]

Solol = 307 [ o T [1"0,00,071)]. (2:66)

The group G has to be semi-simple to ensure the existence of the trace Tr, but can be
either compact or non-compact.

This theory is conformally invariant only at the classical level. Indeed, under quanti-
zation, the coupling a acquires a scale dependance, leading therefore to a non-vanishing
S-function (the quantum theory is in fact asymptotically free). Furthermore, even at the
classical level, this theory is not totally satisfactory since it does not possess two con-
served currents that factorize into a left (or holomorphic) and a right (antiholomorphic)
part; this is the fundamental property of holomorphic factorization of a CFT. Indeed, the
equations of motion aref']

9"(g~"'0ug) = 0, (2.67)

!The name comes from the fact that this model appeared for the first time in the description of a
spinless meson called o.

2Tt is important not to mistake the Wess-Zumino-Witten model with the Wess-Zumino model that
describes four-dimensional supersymmetric interactions. The former is usually referred to as the Wess-
Zumino-Novikov-Witten model.

$We take 7, = diag(—1,1)

4Notice the useful relation 6(g~!) = —g~*dgg~!

, which can be derived from 6(gg—1) = 0.
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which read in light-cone coordinates x* = 7 + ]
0, J +0.J, =0, (2.68)

where we have defined the currents as J, = g~ '0,g, J_ = g '9_g. We thus see that the
equations of motion derived from do not lead to the independent conservation of
the left and right currents J.. If one is conserved, implies that the other current
has to be conserved as well.

2.5.2 Adding the Wess-Zumino term

In order to have two independently conserved currents, it has been observed in [62, 63
that one has to consider, instead, the more involved action

S = S,[g] + kT[G], (2.69)

with & an integei] and with the Wess-Zumino term I'[G] being

qu%/d%wWHﬁrﬂﬁG*@GG*@q
\4
(2.70)
= 1/ Tr [(G~1dG)?],
3.Jv

where V' is a three-dimensional manifold having ¥ as a boundary, 0V = X, and G is the
extension of the element g on V. Notice that there are of course several choices for a V'
extending ¥, leading therefore to a potential ambiguity in the definition of I'. In fact,
for the quantum theory to be well-defined, and depending on the Lie group considered,
this can imply a quantization condition for k. However, in the case of SL(2,R) we are
interested in, this issue does not appear.

Action (2.69) may look surprising since it mixes a nonlinear sigma model in two
dimensions with the three-dimensional action (2.70). However, the Wess-Zumino term
has the fundamental property that its variation under g — g-+dg¢ yields a two-dimensional
functional. Actually, one can show that its variation is a total derivative, leading to the
result (using Stokes’ theorem)

oG] = / d*z Tr [e“”égg’laug g’l(?l,ggfl} , (2.71)
)

where we take as convention €' = 1. Using this result, one can see that the equations of
motion derived from (2.69) read

527" Oul9 0vg) — ke Du(970,9) = 0. (2.72)

'We have nt— = —2=n"FT, nt T =0=n""
2The name is of course not innocent, since we will see that it is indeed related to the Chern-Simons
level k.
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In light-cone coordinates %, with et~ = —2, they become
(1 —2a*k)0,(97'0_g) + (1 + 2a°k)0_(g 'd.g) = 0. (2.73)

Therefore, for a®* = —1/(2k), which implies k¥ < 0, one finds the conservation of the
current 9, J_ = 0, while for a®> = 1/(2k), one finds the conservation of the dual current
0_J, = 0. For the same conditions, one can show that the beta-function vanishes [62],
representing a conformal invariant fixed point.

Taking a* = —1/(2k), one obtains the Wess-Zumino- Witten (WZW), or Wess-Zumino-
Novikov- Witten (WZNW) action; namely

k
Swzwlg] = B /d2:1: Tr [n“”g_laug g_lﬁ,,g] + kT[G]. (2.74)

This action is sometimes called non-chiral WZW action, since it does not distinguish
between left and right movers (it is symmetric under x* <> x7), unlike the chiral action
we will present later on. The solution of the equations of motion derived from (2.74)),
namely 9, (¢719_g) = 0, is simply

g="0.(z")0_(a"), (2.75)

where 0, (z") and 6_(z~) are arbitrary functions. Equation ({2.75) means that left and
right movers do not interfere between each others. One checks that the model described
by (2.74) has the two conserved currents

J_=g'0_g, Jo=—-0,9g " (2.76)

The independent conservation of the two currents implies that action (2.74]) is invariant
under g — O, (x7)gO (z7), with O two arbitrary matrices valued in G. Therefore,
one sees that the global G x G invariance of the sigma model has been promoted to a
local G(z") x G(z~) invariance.

2.6 From Chern-Simons to Wess-Zumino-Witten

Chern-Simons theories have been shown to reduce to Wess-Zumino-Witten theories
on the boundary [64], 65]. In particular, we will see explicitly in this section that the
Chern-Simons theory

SelA, A] = Scs[A] — Ses|Al, (2.77)
with[]

k 2
Scs[A] = _E/M Tr {A/\dA—i— §A/\A/\A : (2.78)

!'Notice that we have changed the overall sign for latter convenience.
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describing (2 + 1)-dimensional gravity with A = —1/¢? reduces under our boundary con-
ditions to the SL(2,R) WZW model on the cylinder at spatial infinity. From now on, we
will use, instead of the level k = ¢/(4G), the constant

ko
47 167G’

K (2.79)

Again, let us emphasize the advantage of the Chern-Simons formulation: Instead of
working with a second order action in terms of the metric, we work with two flat gauge
connections A, A. In this section, we want to show explicitly how the first set of boundary
conditions implements the reduction of the Chern-Simons action to a sum
of two chiral Wess-Zumino-Witten actions.

2.6.1 Improved action principle

At this stage, we have a small issue to solve: our boundary conditions (2.56) do not
lead to a well-defined action principle. To see that, let us first rewrite our Chern-Simons
action (2.78)) explicitly in coordinates r, T, ¢:

Scs[A] = —F&/ dz* A dx¥ A da? Tr[A,0,A, + %AH[A,,, Al
M
= —li/ drdrde Tr [Ar((?Tpr — 0,A;) + A (0,A, — 0, A,) + Ay(0, A — 0 A,)
M
+2A,[A,, A]]. (2.80)

Integrating by parts the second and fifth terms, and keeping only the radial boundary
terms (the ones on ¢ vanish because of periodicity), one has, using Stokes’ theorem,

Ses[A] = —k / drdrde Tr[A A, — AgA, +24,(0,A, — 0, Ay + [Ag, A))]
M

+/<a/ drdp Tr[A-A,], (2.81)
oM

where the dot stands for 0.. The last boundary contribution being irrelevant, one can
reabsorb it in the definition of the action. Therefore, the final form for the Chern-Simons
action in terms of coordinates is given by

Ses[A] = —k / drdrdy Tt [A,,ASD — AGA, + 2ATFW] , (2.82)
M

where F' = dA+ A A A is the curvature two-form associated to the connection. However,
this action does not have a well-defined action principle. Indeed, computing the variation

of the total action (2.77)), one finds

§Sg = (EOM) + 2k / drdgTr [A0A, — A0A,], (2.83)
oM
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which is not zero on-shell when A_ and A, are required to vanish on the boundary.
Therefore, in order to have a well-defined variational principle, one must add the following
surface term to the action

I= —/{/ drdeTr [A2 + A2], (2.84)
oM
which is such that the improved action

S[A, A] = Sp + I = Ses|A] — SeslA] — # /a | drdgTe A2+ A2 (2.85)

satisfies 05S[A, A] = 0 (recall that A- = 0 = A, on the boundary imply A, = A,
A= A4,).

2.6.2 Reduction of the action to a sum of two chiral WZW actions

Now that we have an action with a well-defined variational principle, we are ready to
reduce the Chern-Simons to the WZW model. First, we will focus on the chiral sector,
and then we will do a similar computation for the anti-chiral sector to finally compose
the full WZW action.

The chiral part of the improved action (2.85) is given by

S[A] = Ses[A] — & / drdeTr [A2] (2.86)
oM

with Scs[A] given by (2.82)). Looking at the last term of (2.82), we realize that the com-

ponent A, of the connection merely plays the role of a Lagrange multiplier, implementing

the constraint F,, = 0. Therefore, assuming no holonomies (i.e. no holes in the spatial

section), one can solve this constraint as

A, =G1o,G (i =r1,0), (2.87)

where G is an SL(2,R) group element. Indeed, the solution to dA+ AN A =0is locallyE]
given by A = G1dG. The condition F,, = 0, as a first class constraint, generates gauge
transformations. One can partially fix the gauge by imposingﬂ 0,A, = 0, which allows to
factorize the general solution into

G(r.r,0) = g(7,¢) h(r,7). (2.88)

1Since we do not consider holonomies, we assume that this will also hold globally. In general, one should
consider the more general case with holonomies, which appear as additional zero-modes that one should
take into account if one wants to describe three-dimensional black holes. A treatment of holonomies was
considered in [66] [67]. However, notice that holonomies do not affect neither the asymptotic symmetry
nor the central charge.

2In fact, this consists of a gauge fixing condition only in an off-shell formulation, since this relation is
obviously satisfied for the on-shell connection .
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This implies A, = h™'0,h and A, = h™'g~'¢'h, with the prime standing for the derivative
with respect to . We will assume that, as it happens for the solutions of interest,
hloam = 0. We are now ready to reduce the chiral action (2.86). Plugging and
(2.88)), the boundary term simply reads

—/i/ drdeTr [(97'0,9)°] (2.89)
oM

while the three-dimensional term gives explicitly (using the constraint F,, = 0)

Sesl|A] = /-i/ drdrdye Tr[arhh’lhhflgflg’ +0.hh g g g
M

(2.90)
— 0.hh 7ty g — hro,hh T g g h — K g g hh T O h + R g7 g 0, ).
On the other hand, one can see that, with the convention €% = 1,
1 .
-k [ Tr[(G71dG)? :ﬁ/ drdrdy Tr[0,hh*thh=tgtg
3 //\/l : § M oIl 99 (2.91)
+0.hh™ g gg T g =0 hhT g g g7 g — hT O hh T g g A,
Integrating by parts the third term in (2.90]), one finds
Scs[A] = kT[G] + /1'/ Tr[-h~tg tg'hh™'0.h + h g7 g'0.h). (2.92)
M
Finally, realizing that the last two terms are nothing but
0,(G710,GG710.G) = d,(h ' g ¢'h(h g~ gh + h™'h)), (2.93)
and recalling that A = 0 on M, we have (using Stokes’ theorem again)
Scs[A] = /f/ drdy Tr [g_lﬁwgg_lﬁtg} + E/ Tr [(G_ldG)S} . (2.94)
oM 3 Jm

Therefore, we have shown that the Chern-Simons action for the chiral copy (2.86])
reduces to

S[A] = K,/ drde Tr [g7'0,9(9 "0y — 97 '0,9)] + kI[G].
oM

= S\%ZW lg],

(2.95)

This is a chiral Wess-Zumino action action for the group element g. In light-cone coordi-
nates 2% = 7 &+ ¢, (2.95) reads

S[A] = 2/<a/ drdeTr [g7'0,9 g 0_g] + kI'[G]. (2.96)
oM
This first order action describes a right-moving group element g; this is the reason for the

name “chiral”; which means that the action distinguishes between left and right movers. In-
deed, the equations of motion are 9_(g~'¢’') = 0, whose solution is given by g = f(7)k(z™),
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which is the equation for an element moving along the z* directionﬂ

Similarly, the anti-chiral action

S[A] = Ses[A] + & /aM drdeTr [AZ], (2.97)

after solving F, = 0 by 4; = G719,G, G(t,r, ) = g(t,¢) h(r,t) (with h =0on oM),

can be written as
S[A] = —/{/ drdrdy Tr [ATA} — /_Lpr] + /{/ drdpTr [[1?0} . (2.98)
M oM

The only difference with the chiral action being the sign of the two-dimensional term,
one finds easily that

S[A] = /s/ drdpTr [§7'0,9(5'0.g + 7 '0,9)] + xT'[G]
oM

= Stzwldl,

(2.99)

where Sf: ,u,[g] denotes a WZW action for a left-moving element g. Indeed, the equations

of motion 0y (g~'g") = 0 imply g = f(7)k(z7).

Therefore, combining left and right sectors, we have shown that the total Chern-Simons
action is given by

S[A, A] = S§zwla) — Stzwldl- (2.100)

2.6.3 Combining the sectors to a non-chiral WZW action

In order to recover the standard (non-chiral) WZW action (2.74), one can use the
Hamiltonian form, since the chiral and anti-chiral actions are linear and of first order in
time derivative. We combine left and right movers as k = g1, K = G~'G; we define as
well

M=-5"'9,99'9— 9 0,9, (2.101)
and observe that

['K] = -T[G] +T[G] — /BM Tr (dgg'dgg™") . (2.102)

We are allowed to change the variables from ¢ and g to k£ and II. In terms of the latter,
the action (2.100]) reads

S[k, 1] = H/(?M drdp Tr {Hk:‘ll%: - %(HQ + (k‘%’)%] — kK] (2.103)

LA right mover is often denoted g(x1); the notation meaning that g moves along the o direction.
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Eliminating the auxiliary variable II by using its equation of motion, one finally gets
S[k] = K,/ drde Tr [2k™' 0, kk™0_k] — E/ Tr [(K~'dK)%], (2.104)
oM 3 Jm

which is the standard non-chiral SL(2,R) WZW action for an element k.

Notice that the above change of variables above is not well-defined for the zero modes
[68]. As a consequence, the equivalence of the sum of two chiral models with the non-chiral
theory is not valid in that sector.

2.7 From the WZW model to Liouville theory

So far, we have shown that the asymptotic dynamics of three-dimensional gravity with
A < 0 is described by the (non-chiral) WZW action for SL(2,R). However, only the first
set of boundary conditions was used so far. In this section, we will see how the use
of the second set further reduces the WZW model to eventually get Liouville field theory.
Liouville theory is a two-dimensional conformal invariant field theory whose origin can
be traced back to the work of Joseph Liouville in the 19th century. We will give a brief
introduction to the classical and quantum Liouville theories in the last section.

2.7.1 The Gauss decomposition

In order to perform the reduction at the level of the action, it is useful to express the
WZW action (5.56) in local form upon performing a Gauss decomposition of the form

K = 6\/§on e¢j26\/§yj1

:(é)l()(eff e_@)(;g)y (2109

where X,Y, ¢ are fields that depend on u,p and r. We assume that the decomposi-
tion holds globally (for subtleties in the presence of global obstructions, see [69]). The
Gauss decomposition allows to rewrite the three-dimensional integral in as a two-
dimensional integral using the relation

1
—gTr(K_ldK)?’ = drdrdp "7 0, (e7°95X 0,Y) . (2.106)
Therefore, one finds (keeping only the radial boundary term)

1

—= / Tr(K'dK)® = / drdp2e ?(0_X0,Y —0,X0_Y). (2.107)
3 Jm oM

The two-dimensional integral in (2.104)) can be rewritten equivalently by replacing k by

K|am since all factors of h, h exactly cancel in the trace. Therefore, one finds

Tr [2k7'0 kk™'0_k] = (0_¢0+¢ + 2¢?(04, XO_Y + 0_X0.Y)). (2.108)
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One can then combine all terms and find that (5.56]) reduces to

Sred = 21@/ dr dp <%a_gb 0+ 20 %0_X 8+Y) : (2.109)
oM

where all fields X,Y, ¢ have been pull-backed on OM.

2.7.2 Hamiltonian reduction to the Liouville theory

The second set of boundary conditions on the gauge fields set the currents of the
WZW model to constants. This is the well-known Hamiltonian reduction of the WZW
model to Liouville 70, [7T] [72].

Let us begin by considering the left and right moving WZW currents. They are given

byf]
Jo = k' 0,k, Jo = —0,kk™". (2.110)
Using the definition of k, we deduce (recall that a = g~ 'dg,a = g~ 'dg):
J_=—kta_k+a_, Jp =ay —ka k™t (2.111)

Then, using the first set of boundary conditions (i), a_ = a, = 0, we obtain a sim-
ple relation between %k, the WZW currents, and the gauge fields: J_ = k~'0_k = a_,
J, = —0,kk™' = a,. Implementing the second set of boundary conditions (i), a, =
(V2/0)j1 + 0js + V2UL(x ) jo, a— = V/20L(x7)j1 + 0j2 + (v/2/€)jo, one finds

V2
g Y
Jp = [-0.kk™ ) =

JO =kt k]’ = J? =0,

(2.112)
,  Ji=0.

~[%

We thus see that the second set of boundary conditions (2.56)) has for effect to set the
WZW currents to constants. The set of constraints (2.112) is equivalent, in terms of the
¢, X, Y fields introduced above, to the set

_ 1 _ 1
(& ¢6_Xzz, e ¢8+Y:—Z,

X =20,¢, Y =-200_6

(2.113)

Before solving these constraints in the action, one has to be sure that the latter has a
well-defined variational principle. To achieve so, one needs to add an improvement term

to the action (2.109) as followf]

2T
Siunpr = Sred — 2k / dip (e—¢ (XO,Y + Ya_X)>
0

T2

(2.114)

71

'In this section, all the k symbols appearing denote the group element k& = g~'g, which has not to be
confused with the level, which is a constant labeled by the same letter.

2This boundary term comes from the fact that the constraints restrict 9, Y and d_X rather than X
and Y themselves.
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After inserting the constraints, we are left with the Liouville action

Seiowville[¢] = 2K /

1 2
dr dy (—(‘ngﬁ 0-9+ exp(¢)) . (2.115)
oM 2 l
Notice that the boundary term in (2.114) contributes as 2« [, drdp (4/0%)e?. Also, no-
tice that by shifting ¢ by a constant, one can set 2/¢* to any (positive) value.

We have therefore shown that the boundary dynamics of AdS gravity in D = 3 di-
mensions is described by the two-dimensional Liouville action (we will briefly introduce
Liouville actions in the next section). Liouville theory consist of a conformal field theory
and, therefore, has associated two mutually commuting sets of Virasoro generators L,
and L,,. Then, identifying these generators with the ones appearing in the asymptotic
analysis carried out in section is very tempting. Does it mean that Liouville theory is
the dual conformal theory of three-dimensional gravity with A < 07 Actually not. The
reduction we have presented is a classical computation, working at the level of the actions
through the prescription of specific boundary conditions; to establish a correspondence
between the two theories one would also need a full understanding at the quantum level.
Nevertheless, the connection between Einstein theory on AdS3; and Liouville theory on
the boundary we have described, shows that the latter theory is, at least, an effective
theory of the holographic dual CFTs.

2.7.3 Gauged WZW point of view

Before concluding this section, let us mention an interesting observation made by
Balog et al. in [73], where it was shown that Toda theories (and Liouville as a particular
case) can be regarded as certain gauged Wess-Zumino-Witten models. We review the
general procedure in the Lagrangian framework in Appendix [B| and apply it here directly
for the case of G = SL(2,R).

Following this procedure, we consider the gauged WZW action

Stk A Ay = S+ [ Ty 0-gA, — D974 — AgA.g” 116

+ A_,u]w — A+1/M]7

where py = pE_, vy = vEy and A = a_(xt,27)Ey, Ay = a,(at,27)E_ (with ag
some functions and E. are the Chevalley-Serre generators, see Appendix (A])). Action
consists of the WZW action S[k] given by supplemented by a new piece
involving two gauge fields A_ and A, in the adjoint representation of the subgroups E
and E_ respectively (therefore, they are nilpotent matrices). Action (2.116) is invariant
under the gauge transformations

g—agf™,  a=a(zt,27) € By, B=pB(t27) € E,

2117
A s aA at+ad_at, Ay = —BABT—(0.8)87 ( )
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One can solve the equations of motion for the gauge fields (they are Lagrange multipliers),
which gives:

o = T[EL(9:9)9 7]
i Tr[EygE-g7']
v+ Tr[E_g ' (0-g)]
Tr[E gE_g7']

(2.118)

Using these relations in (2.116) amounts to implement the constraints inside the action;
indeed, in terms of the fields of the Gauss decomposition, (2.116)) becomes

Slg] = /i/dzl' (04 00_¢ — v e?), (2.119)

which is just the Liouville action.

2.8 Liouville field theory

2.8.1 At classical level

The Liouville differential equation was introduced in the 19th century in the context of
the uniformization theorem for Riemann surfaces |74} [75] [76]. This is a classical problem of
mathematics that can be rephrased as the following question: In a two-dimensional space
equipped with a metric g,,, does it exist a function (2 such that a new metric g,, = Qg,.
has a constant scalar curvature R? The answer turns out to be yes. To see this, one first
defines 2 = €2 and, then, finds that the curvature associated to the § metric is given by

R=e"2(R—209). (2.120)

Setting the curvature R to an arbitrary constant —\ (the sign is chosen for latter conve-
nience) leads to the nonlinear equation

R —20¢ + Xe*® =0, (2.121)

which is the so-called Liouville equation. Finding a solution ¢ which satisfies is
actually giving an answer to the uniformization problem.

Later, equation (2.121)) was interpreted by Polyakov as the equation of motion of the
quantum field theory that appears in string theory when one studies how the path integral

measure transforms under Weyl rescaling. The classical equation of motion of Liouville
field theory would be (2.121)), which can be derived from the Liouville action

A
SLiouville = /d%\/ g] (gab@a¢3b¢ + ¢R + §ez¢) . (2.122)

On the cylinder (or on the torus), one can always set the second term to zero. In this
case, the Liouville action coincides, up to field redefinition, with the one obtained in
, which is consistent with the fact that the metric at infinity is the flat metric on
the cylinder.
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2.8.2 At quantum level: stress tensor and central charge

Before closing this section, let us present some quantum properties of Liouville action.
As an exact conformal field theory, the quantum Liouville action is

1
So= - / d*z+/|g] (9" 0apOup + (b+ 1/b)Rep + dmpe®?) , (2.123)

™

where p is an arbitrary positive constant and b is a dimensionless positive parameter
which controls the quantum effects. Action (2.123)) corresponds to a non-free scalar field
theory formulated on a two-dimensional manifold doted with a metric g,. The curvature
scalar of this two-dimensional space, R, couples non-minimally (linearly) with the field .

The value of 1 can be set to 1 without loss of generality by shifting the field as follows
@ — ¢ — (2b)"'log u. This shifting is a symmetry of the classical theory as it merely
generates a total derivative term o [ d?z+/[g|R in the Lagrangian.

One can consistently recover the classical Liouville action by setting ¢ = ¢/b and
S8mub? = \; the action above then becomes

Sy = 4nb?S, = / d*r\/g (g“baa¢8b¢ + Rop(1+ V%) + ge%) , (2.124)
Ca

which reduces to in the limit o> — 0 (indeed, i corrections correspond here to
corrections of order b?).

Defining (z,%) the complex coordinates as usual in 2D CFT, one can show that the
holomorphic and antiholomorphic components of the stress tensor, 7., and T, are given

by |77

T.. = —(0p)* + (b + 1/b)dp,
T, = — (5@)2 +(b+ 1/b)52¢,

’ (2.125)
- .

with 0 = 0., 0 = 5. One can compute the central charge of Liouville by computing the
operator product expansion of two stress-tensor operators and, from this, one can read
the central charge. More precisely, one has

cr/2 N 2T (29) N OT (z)

T(2)T (=) = (21— 2)t (51— 22)? (21— 22)

(2.126)

where the ellipses stand for terms that are regular at z; = 25; which can be easily computed
starting from (2.125) and using the free field correlator (p(z1)p(22)) = —2log |z — 29|
One then reads from (2.126)) the value of the central charge

cp, =1+6(b+1/b)% (2.127)
Remarkably, one notices from ({2.127) that there is a O(1/k) contribution to ¢, namely

that the theory presents a classical contribution O(1/b%) to the conformal anomaly (see
[78] for more details).
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The spectrum of primary operators in Liouville field theory is represented by the
exponential vertex operators
Vo(z) = e2¢), (2.128)

which create primary states of the theory with momentum «. The operator product
expansion between the stress-tensor and these vertex operators is

A 1
T(z1)V, = —7V,
<Zl) (22) (21 — 2’2)2 (22) * (21 - 22)
where the conformal dimension A is given in terms of the momentum by
1
A—a(b—i—g—a), (2.130)

and analogously for the antiholomorphic component. On the other hand, normalizable
states in the theory correspond to momenta

WVilz) + ..., (2.129)

b 1
a:§+%+is, with s € R. (2.131)
Therefore, the spectrum of normalizable states of Liouville field theory is continuous and
satisfies
1 1\* L, _1 1\?
A=-1b+ - >—|b+-) . 2.132
4<+b) +s_4<+b) ( )
This means that the theory has a gap between the value A = 0 and the minimum
eigenvalue
1 1\* ¢ -1
Ay = = Z) = 2.1
0 4(b+b) YRR (2.133)

where the continuum starts. An observation that will be relevant later is that, in the
semi-classical limit, where the central charge becomes large, this gaps reads
~or

Before concluding this section, let us make the following comment: As mentioned in
the previous sections, through the reduction from Einstein gravity to Liouville theory we
did not consider the contribution of holonomies. This can be seen as a limitation since
holonomies are important to describe, for instance, the BTZ solution. However, it turns
out that Liouville theory knows about the holonomies. This is because the holonomies
of the Chern-Simons gauge connections that correspond to the different BTZ geometries
can be classified in terms of SL(2,R) x SL(2,R) conjugacy classes, and the latter are
closely related to the classical solutions of Liouville field theory. While the BTZ black
holes (namely |J/¢| < M > 0) correspond to the hyperbolic conjugacy class of SL(2,R),
the particle-like solutions (for example, —1/(8G) # M < 0) correspond to the elliptic
conjugacy class of SL(2,R); the massless BTZ black hole (M = J = 0) belonging to the
parabolic conjugacy class. Tt happens that all these solutions can actually be gathered
in Liouville theory by studying the monodromies of the classical solutions of the field
equation]| around singularities. We will not discuss the details of this in these notes.

0 (2.134)

"More precisely, they are related to the solutions f of the so-called Hill equation (9% +T'(z2))f = 0.
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2.9 Accounting for the entropy of the BTZ black hole

In this section, we will discuss how the conformal field theory description appearing
in the boundary can be used to reproduce the BTZ black hole entropy. More precisely,
we will begin by reviewing how, by means of a Cardy formula, the conformal field theory
structure appearing through the AdS; asymptotic symmetry manages to account for three-
dimensional the black hole entropy. Then, we will discuss some issues about Liouville field
theory and the BTZ black hole spectra.

2.9.1 Cardy formula and effective central charge

In a CF'Ty, the degeneracy of states in the limit of large conformal dimension A, and
under certain assumptions, is given by the Cardy formula [79]. Namely, let a (chiral part
of a) CFT with central charge ¢, such that its partition function on the torus is modular
invariant; then, the degeneracy of states of conformal dimension A, denoted p(A), at large
A is given by

CeﬁACyl

6

p(Ay), (2.135)

p(A) = exp [27?

where Ay is the lowest eigenvalue of Lg on the sphere, A = A — ¢/24 is the conformal
dimension on the cylindeil, and c.g is an effective central charge, defined by

Cot = C — 24/\. (2.136)

This result is notably relevant for the applications to three-dimensional gravity. In fact,
one can show how the Cardy formula can be used to compute the entropy of BTZ black
holes. This starts with the observation of Brown and Henneaux that, as we reviewed in
section the asymptotic symmetry group of (2 4+ 1)—dimensional gravity with A =
—1/£? is given by two copies of Virasoro algebra with central charges

3¢
=c=—. 2.137
= 2G ( )

In [14], Strominger made use of this result to reproduce the entropy of the BTZ black
hole from the CFTy point of view. Indeed, applying Cardy formula (2.135]), which can be

written
Acyl
Serr = log p(A, A) = 27y | <8 oy [ Cof (2.138)

using ([2.137)) as the effective central charge, and the fact that the BTZ conserved charges
are given by

Acyl — %(gM + J) 7 Acyl — %(gM _ J)’ (2139)

!The shifting —c/24 is related to the conformal mapping between the Riemann sphere and the cylinder,
which produces a non-vanishing Schwarzian derivative in the stress-tensor transformation law.
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one finds, using relations (2.8)),

27r,

& = Soir. (2.140)

SCFT =

This is a remarkable result! It manifestly shows that the Cardy formula of the boundary
CFT, exactly reproduces the entropy of the AdS; black hole .

In the derivation of the Cardy formula one assumes that the conformal dimen-
sion A is large and the central charge c finite. Notice that this is not in contradiction
with the semi-classical limit (large ¢) since one can always consider large mass black holes
while considering the AdS3 radius much larger than the Planck length G. In other words,
we have A > ¢ > 1. For different limits in relation to the Cardy formula, in which c is
large but not necessarily much smaller than A, see [80]; see also [13] for a computation
with small A (and small ¢) black holes.

2.9.2 A caveat of the CFT spectrum and Liouville theory

Let us now discuss a subtlety in relation to the Liouville field theory spectrum. Let us
begin by noticing that what actually enters in the Cardy formula is the effective
central charge ces rather than c. This is related to the fact that, when deriving the
asymptotic growth of states at large A, one resorts to the saddle point approximation,
which selects the state of lower conformal dimension. In other words, the possibility of
Ceft # C 18 associated to whether the theory has a gap or not. This is exactly what occurs
in Liouville theory which, as we mentioned in (2.132)), when formulated on the sphere has
a minimum eigenvalue of A, different from zero. Therefore, according to ([2.133), Liouville
effective central charge would be cog = ¢, — 24Ay = 1, and this would be in conflict with
the derivation of , which requires c.¢ to be the Brown-Henneaux central charge in
order to reproduce the black hole entropy.

This issue has been discussed in the literature [81], 82 B3], where it has been proposed
that this is an indication that the description of thermodynamics in terms of Liouville
field theory should be considered only as an effective description. In other words, the
different steps connecting Finstein theory and Liouville theory, which were proven to hold
at the level of the actions, should not be taken as a proof that the theories involved
are equivalent beyond the semi-classical limit. In fact, the quantum regimes of both
theories can be notably different. Liouville theory exhibits indeed many issues that make
difficult to believe that it could describe three-dimensional gravity beyond the classical
approximation. Nevertheless, one can still insist with the Liouville effective description
and see how far it brings us. With this aim, let us discuss the Liouville theory spectrum
in relation to the one of AdS; gravity in more details.

The reduction from a WZW model to Liouville can be performed at the quantum level:
this is the so-called (Drinfeld-Sokolov) Hamiltonian reduction 70 84] [69]. Through this
procedure, one finds that the level k = £/(4G) of the WZW action and the parameter b
of Liouville action are related as follows:

V= —— (2.141)
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which in the semi-classical approximation £ > G, reads b*> ~ 1/k < 1.
Since the central charge of Liouville theory is given by (2.127)), one finds that, in the
semi-classical approximation,
3¢
~ 6k = —. 2.142

“ 2G (2.142)
That is, the central charge of Liouville coincides exactly with the one of Brown-Henneaux.
In addition, one observes that, in the same limit, the gap in the spectrum (2.134)) also
agrees with the gap in the spectrum of BTZ black holes. More precisely, from (2.139) one
finds that for the BTZ black holes one has

AN LAY =M AV A = T (2.143)

on the other hand, AdSs space, which is the natural vacuum of the theory, corresponds
to (M = —1/(8G) and J = 0, which reads

1 ~ Cr,
116G~ 24

We see therefore that the mass gap of the BTZ spectrum (namely the gap Ay between
AdS;3 geometry and the massless BTZ black hole) coincides with the gap in the spec-
trum of Liouville theory (2.134). This suggests to include, apart from the normalizable
states that account for the black hole spectrum, other states in Liouville theory, such as
(2.144). In fact, apart from the normalizable states (2.131)), in Liouville field theory there
exists another set of interesting operators to be explored [81} [85]. These are the so-called
degenerate operators, which correspond to values of momenta [77]

AV = AV = (2.144)

1—-n 1—m

a=— + 5 b, (2.145)
with m and n two positive integer numbers. Notice that the states with m > 1
become irrelevant in the semi-classical limit b — 0. Notice also that the state with
m = n = 1 corresponds exactly to the vacuum A = A = 0, namely AV = AV ~ —¢/24
as in . A natural question is to find what geometries correspond to the other
degenerate states, namely those with m = 1 < n in (2.145). According to (2.130), in
the semi-classical limit theses states must correspond to gravity solutions with charges
A = A =~ (1 —n?)/(4b%); that is,

AN 4 A —nQ% . A L A =, (2.146)
or equivalently,
2
n
(M = —— J=0 2.147
8G "’ ’ ( )

with n € Z-o. These states play an important role in the discussion [69] and can be shown
to represent the special cases of negative mass geometries whose angular excesses around
r = 0 are integer multiples of 2w. These ezact angular ercesses geometries also exhibit
interesting supersymmetric properties as we will see in the next chapter (see section ,
and their relevance in higher-spin theories in AdS3 has been discussed recently [86].
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2.10 Other directions and recent advances

2.10.1 The choice of boundary conditions

The asymptotic symmetries and dynamics of three-dimensional gravity is highly sen-
sitive to the choice of boundary conditions. In this chapter, we have focused on the
seminal Brown-Henneaux boundary conditions, where the metric at the boundary has
no dynamics. In the last years, there have been many works generalizing or modifying
these boundary conditions. In [87], the boundary metric is allowed to be dynamical; in
[88], chiral boundary conditions were given, while in [89, [00] the boundary metric is in a
conformal gauge and light-cone gauge, respectively. These new notions of asymptotically
AdSj3 spacetimes provide new potential CFTys living at the boundary [91], 92 03].

2.10.2 Towards flat holography: the bms; algebra

Before concluding this chapter, let us make a crucial connection with an important
direction that will be taken in the next chapter of the thesis: So far, we have reviewed
in details the asymptotic analysis of Anti-de Sitter spacetimes, motivated by the power
of AdS/CFT to learn more about the dual field theory that would describe these spaces
at the boundary. However, over the last years, significant effort has been made to extend
holographic tools to the case of non-AdS spacetimes. In particular, holographic properties
of gravitational theories with a vanishing cosmological constant have been investigated
[94, 95, 06, ©O7]. In this flat holography perspective, a rich asymptotic dynamics can
be found at null infinity: the symmetry algebra of asymptotically flat spacetimes is the
so-called bmsy algebra [98] [99]

Z{Jma Jn} = (m - n)Jm+n + 277136m+n,07

12
i{ Py, P} = 0, (2.148)
i{ oy P} = (1m0 — 1) Pypn + %mif(smw,

with ¢; = 0, o = 3/} Algebra (2.148) is an infinite-dimensional algebra made out
of supertranslations and superrotations generated by P,, and .J,,, respectively (we will
introduce these terms and the algebra in a broader context in the next chapter). This
algebra can be obtained from the (two copies of the) Virasoro algebra by writing
the latter in terms of the generators P,, = (L., + L_p)/¢, Jy = (L — L_,,) and then
taking the limit £ — oo. Taking the AdS radius to infinity consists indeed of a natural
limit in order to describe flat spacetimes. Notice that the bms central charges are related
to the Virasoro ones accordingly to ¢; = ¢ —¢, co = (¢ +¢)/L.

One can also connect through a well-defined flat-space limit [100] the phase space of
asymptotically AdS and flat spacetimes: the limit of the BTZ black holes are cosmological

INotice that one can always set the value of ¢y to 1 by an appropriate rescaling of generators P,,. This
amounts to set the energy with respect to which one measures the charge Py. Here, though, we prefer to
keep the value ¢y = 3/G, which basically sets the reference energy to the Planck mass Mp ~ 1/G.
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solutions [T0T] whose thermodynamical properties can be understood from a holographic
perspective [102] [103]. Finally, let us mention the fact that the dual dynamics of three-
dimensional asymptotically flat spacetimes at null infinity has been shown to be a bmss
invariant Liouville theory, through a reduction very similar to the one presented here; one
goes first through a chiral iso(2,1) WZW model and the Hamiltonian reduction reduces
further the theory to a flat chiral boson action which can be finally related to a Liouville
theory [104] [68] T05]. In the next chapter, we will be precisely interested in the asymptotic
dynamics that govern flat spacetimes, our aim will be to find what is the supersymmetric
extension of algebra (2.148)) and what theory at the boundary of the spacetime classical
describes the dual dynamics.






CHAPTER 3

Asymptotic dynamics of three-dimensional flat
supergravity

The study of asymptotically flat spacetimes brings us back to the early 60’s with the
work of Bondi, van der Burg, Metzner and Sachs [18, 19, 20]. At that time, an important
question arising in general relativity was the study of gravitational radiation, and the
authors wanted to investigate the relation between the mass loss of the source and its
radiation by means of the study of the asymptotic symmetry group of four-dimensional
spacetimes at null infinity. What they found out is that this group does not merely
consists of the Poincaré group, but rather an infinite-dimensional extension of it: the
so-called BMSE] group. It contains, on top of the Lorentz boosts, an extension of the usual
translations to arbitrary angle-dependent translations, called supertmnslationsﬂ As such,
this result can be seen as the first example of a symmetry enhancement phenomenon,
where the asymptotic symmetry group is different (in this case considerably larger) with
respect to the isometry group of the background metric.

The BMS group has recently attracted a lot of attention since Strominger and collab-
orations showed that this group allowed for connecting a priori disconnected subjects in
theoretical physics. In [25] 24], it was shown that the supertranslation subgroup of BMSy
is a symmetry of both the classical gravitational scattering problem and the quantum
gravitational S-matrix. This was used to show that Ward identities associated to the
supertranslation symmetry is equivalent to Weinberg’s soft graviton theorem, a universal
formula relating scattering amplitudes with and without soft gravitons insertions and that
is valid for any theory of gravity. Moreover, supertranslations turned out be related to
physical displacements known as memory effects [26].

Remarkably, the bms algebra can be further extended, as Barnich and Troessaert
showed [21], 22| 23]: if one allows for local singularities in the asymptotic Killing vector,
then the Lorentz part of the algebra gets enhanced to two copies of the Virasoro algebra.
The generators of this Virasoro algebra are called superrotations, and now both factors
(supertranslations and superrotations) are infinite-dimensional. In opposition to the glob-
ally well-defined bms algebra, the extended version of Barnich and Troessaert lead to a

ZBBMS if we want to give some credits to van der Burg.
3Notice that the prefix super has nothing to do with supersymmetry here.

93
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non-vanishing central extension in the charge algebra at null infinity. This central exten-
sion turns out to be field-dependent and, when evaluating for a Kerr black hole, some
of the supertranslation charges, as well as the non-vanishing extension, involve divergent
integrals on the 2-sphere. However, as noticed in [L06], these divergences related to poles
are no longer a problem when one uses a formulation in terms of currents (and thus there
is no need to integrate anymore).

A good strategy to better understand the putative conformal dual to the extended bms
algebra in four dimensions is to have a total control on the three-dimensional case. Not
only the asymptotic analysis is considerably simpler on technical aspects with respect to
the four-dimensional case, but also there exists a direct connection between asymptotically
flat and asymptotically anti-de Sitter spaces through the well known flat limit [T00, 107,
95), 108 109} 110] that we have just encountered in section .

The purpose of this chapter is to show that it is possible to extend the asymptotic
analysis of three-dimensional flat spaces to the simplest A/ = 1 flat supergravity in three
dimensions. In other words, we provide a supersymmetric extension of the bmss algebra,
dubbed super—bmsgﬂ In fact, the existence of a rich asymptotic structure in 2 + 1-
dimensional supergravity is not obvious: It has been shown in [I11l 112] that, when
restricting the gravitational phase-space to conical spacetimes [36] [37], one can define nei-
ther linear momentum nor supercharge but only energy and angular momentum because
the asymptotic dynamics does not allow for the associated symmetries. The absence of
unbroken supercharge in this context has important physical implications as it can serve
as a mechanism to ensure vanishing cosmological constant for the vacuum while at the
same time boson and fermion masses need no longer be degenerate [I13]. However, we
have seen that in the case of a negative cosmological constant, when consistently relaxing
the boundary conditions, the asymptotic symmetry group is enlarged and contains not
only SO(2,2) but the full local conformal group in two dimensions. At the same time, the
phase-space now includes, besides the angular defects, further zero mode solutions, such
as the BTZ black black hole (see section and more generally, two arbitrary functions
that make up the coadjoint representation of two copies of the Virasoro algebra at central
charge ¢ = 3(/2G (see section . These results on an enhanced asymptotic structure
have been extended to AdSs3 supergravity for which the boundary dynamics is governed
by the superconformal algebra [50, 66]. In this chapter, we will extend the asymptotic
analysis of supergravity in three dimensions to the case of a vanishing cosmological con-
stant.

This chapter in organized as follows: In section we briefly describe NV = 1 flat
supergravity in three dimensions together with its Chern-Simons formulation. Additional
conventions are given in the appendix [A]

The rest of the chapter contains the original contributions, based on [114], I15]. The
main result is contained in section where we provide suitable fall-off conditions and
work out the asymptotic symmetry algebra, the general solution to the supergravity equa-
tions of motion consistent with the boundary conditions, the transformation laws of the
functions parametrizing solution space and the Poisson bracket algebra of the canonical

"Notice that now the prefix super does have to do with supersymmetry.
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symmetry generators together with the associated central charge.

In section [3.3] we discuss energy bounds and the Killing spinor equation, while sec-
tion is devoted to rederiving the flat space results from the corresponding ones for
asymptotically AdS; supergravity by rephrasing the latter in a suitable gauge that allows
one to perform the vanishing cosmological constant limit in a straightforward way. Sec-
tion is devoted to the minimal locally supersymmetric extension of the most general
three-dimensional gravity theory without cosmological constant that leads to first order
field equations for the dreibein and the spin connection. Due to additional parity odd
terms, the Poisson algebra of canonical generators is given again by the centrally extended
super-bmss algebra, but now with an additional central charge for the superrotation sub-
algebra.

Finally, in section [3.6] we discuss field theoretic realizations of the super-bms; algebra.
The first consists of a chiral Wess-Zumino-Witten theory based on the three-dimensional
super-Poincaré algebra. It is obtained from the Chern-Simons formulation of at three-
dimensional supergravity, including both the parity odd terms and appropriate boundary
terms, through the standard correspondence with a chiral Wess-Zumino-Witten theory on
its boundary. The effect of the remaining gravitational boundary conditions is then to add
additional first class constraints. The second realization consists of a flat limit of super-
Liouville theory that arises when performing the Hamiltonian reduction of the constrained
chiral Wess-Zumino-Witten theory. Besides the extension to the supersymmetric case,
these results also generalize previous results in the purely bosonic sector because the
inclusion of the parity odd terms suitably modifies the Poincaré current algebra. Finally,
we provide a Lagrangian formulation in terms of a gauged chiral WZW theory.

3.1 N =1 flat supergravity in 3D

The minimal locally supersymmetric extension of General Relativity in three dimen-
sions with N = 1 gravitino was constructed in [116, 117, T18]. Nowadays, it is well-known
that the theory can be described in terms of a Chern-Simons action in the cases of neg-
ative [41] or vanishing [I19] cosmological constant, as we reviewed it in details in section
2.3l In the latter case, different extensions of the theory have been developed in e.g.,
(120, 121, 122], 123, 124, 125].

Let us consider here the simplest case which corresponds to N' = 1 supergravity theory
with vanishing cosmological constant. In this case, the gauge field A = A, dz" is given by

A=e"P+w'Jy +1°Qq , (3.1)
where e®, w* and ¥ stand for the dreibein, the dualized spin connection w, = %eabcwbc,
and the (Majorana) gravitino, respectively; while the set {P,, J,,Q.} spans the super-
Poincaré algebra, given by

[Jaa Jb] = 6achc ; [Jaapb] = EabcljC ; [Paa Pb] =0 )

(C)7.Qs ¢ [PaQ=0 i {Qu Q)= —5(CT) R (32)

1
[Jaa Qa] = 5
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where C' is the charge conjugation matrix. The Chern-Simons action that is equivalent
to N =1 flat supergravity read{:]

I[A] = % /<A, dA + §A2>, (3.3)

where (-, -) stands for an invariant nondegenerate bilinear form, whose only nonvanishing
components are given by

<Pa7 Jb> = Nab, <Qa7 Qﬁ> = Caﬁ s (34)

and the level is related to the Newton constant according to k = 1/(4G). One can check
that, up to a boundary term, the action reduces to

k .
1= [ @R~ 0Dy) (3.5)

where 1, = C,pt? is the Majorana conjugate, while the curvature two-form and the
covariant derivative of the gravitino are defined as

1 1
R* = dw® + §e“bcwbwc . Dy =di+ §wara¢ . (3.6)

By construction, the action is invariant, up to a surface term, under the local supersym-
metry transformations spanned by 04 = dX + [A, A], with A = €@, whose components

read

1
det = 561”1& ; dw'=0 ; 0= De. (3.7)

Analogously, the field equations F' = dA + A? = 0, whose general solution is locally given
by A = G~1dG, reduce to

1-
R'=0; T%=— 4T 5 Dy=0, (3.8)

where T = de® 4 €*“wye,. is the torsion two-form.
Defining w = %wara, e= %eaFa and contracting the first two equations with %Fa gives
the matrix form dw + w? = 0, de + [w, ¢] = —iww. The local solution then decomposes as

1 1
w=AYA |, vy=Aldy , e= A_l(—anﬁ — gdﬁnl + db)A (3.9)

where A is a SL(2,R) group element,  a Grassmann-valued spinor and b a traceless 2 by
2 matrix.

'From now on, the wedge products will be omitted.
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3.2 Asymptotic behavior and the super-bms; algebra

The aim is now to provide a suitable set of fall-off conditions for the gauge fields
at infinity that (i) extends the one of the purely gravitational sector so as to include
the bosonic solutions of interest, and (ii) is relaxed enough so as to enlarge the set of
asymptotic symmetries from bmss to a minimal supersymmetric extension thereof. In
order to fulfill these requirements, the behavior of the gauge fields at the boundary is
taken to be of the form

A=h""ah+h7'dh, (3.10)
where the radial dependence is completely captured by the group element h = e~"°, an
M N M

where the functions M, N, and the Grassmann-valued spinor component v are assumed
to depend on the remaining coordinates u, ¢.

The asymptotic symmetries correspond to the set of gauge transformations, 04 =
d\+ [A, A, that preserves this behavior. When applied to the dynamical gauge fields Ay,
one finds that the Lie-algebra-valued parameter A must be of the form

A= €8 0) P X (0 9) o+ 20 (0, 0)Q1 + 20 (w,9)Q- . (312)
with
1, 6) = N, O (1,0) + 2 M, ) 1, 0) — €(,6) + e o1, 6)(u, )
£(u,6) = € (u,)
Oy, p) = %M(u, o)x* (u, @) — X" (u, @) (3.13)

in terms of functions !, &Y, e of u, ¢ and prime denotes a derivative with respect to ¢.
When applied to the Lagrange multipliers A,, A is restricted further to depend only on
three arbitrary functions of the angular coordinate, two bosonic ones Y (¢), T(¢), and one
fermionic £(¢),

X'(uw,d)=Y(d) , ¢ (ug)=£E@) . &(u,¢)=T(¢)+uY'(9), (3.14)

and, at the same time, the field equations are required to hold in the asymptotic region:
the fields M, N, ¥ become subject to the conditions

OM=0 , ON=0M , 0=0, (3.15)

!Hereafter we assume light-cone coordinates in tangent space. See appendix |A| for the I'-matrices
representation and further conventions.
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which are trivially solved by
M=M(p) . N=J(@)+uM'(9) ., ¢=V(9). (3.16)

The phase space is thus reduced to three arbitrary functions of the angular coordinate,
M, J, ¥, whose transformation laws under the asymptotic symmetries are given by

SM=YM +2Y'M - 2Y"
5T =Y T +2Y' T+ TM +2T' M + EV' + 36T — 27" (3.17)

1
oV =YW + ;Y’\If + §M5 —2&".

The would-be variation of the canonical generators that corresponds to the asymptotic
symmetries spanned by A\(T,Y, &) can be readily found in the canonical approach [126].
In the case of a Chern-Simons theory in three dimensions, we have already encountered
their simple expressions in section [2.4}

jo =~ [T saas (318)

21 Jo

For the asymptotic behavior described here, it is straightforward to verify that this expres-
sion becomes linear in the deviation of the fields with respect to the reference background,
so that it can be directly integrated as

k, 27
Qﬂxa:—ﬂ/‘mM+yy—%mw. (3.19)
0

Therefore, since the Poisson brackets fulfill 6y, Q[X2] = {Q[X2], @[A1]}, the algebra of the
canonical generators can be directly read from the transformation laws in (4.24). When
expanded in Fourier modes,

k

T 4r

P

2r k 2 k 2T
/emMmﬂp—/emam%F—/emw¢(mm
0 ar J, a7 J,

the (non-vanishing) Poisson brackets read explicitly
. €1
Z{jm; jn} = (m - n)jm—i-n + E

Z{jma Pn} = (m - n)Pm—l—n + Em?’ém—&-n,o s

3
m 5m+n,0 3

. 12 (3.21)
Z{jmy Qn} = <5 - n) Qm+n 5
c
{Qrm Qn} - 73m-‘,—n + EZmQ(Sm—i-n,O 5
where the central charges are given by ¢; = 0 and ¢ = % Note that the standard
redefinitions Jy — Jo + 55, Po — Po + 55 change the central terms in the algebra to

am(m? — 1)0pmin0, %m(m

2 2 = 1)8mtn0 and 2(m? — 7).

4
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Algebra constitutes the minimal supersymmetric extension of the bmss algebra
with central extensions, and we call it super-bmss algebra. The classification of unitary
representations of the super-BMS3 group was given in [127], where it was also shown that
the corresponding vacuum character coincides (in the Neveu-Schwarz sector) with the
one-loop partition function of N' = 1 supergravity.

Notice that in the context of Galilean conformal algebras, superalgebras isomorphic
to the super-bmss algebra, but with a different physical interpretation for the genera-
tors, have been constructed previously [128, [129] by taking a non-relativistic limit of the
superconformal algebra (see also [130, [I31] for finite-dimensional versions).

3.3 Energy bounds and Killing spinors

Energy bounds from quantum superalgebra

If the gravitino fulfills antiperiodic (Neveu-Schwarz) boundary conditions, the modes
Q, involve half-integer p. The wedge subalgebra is then spanned by the subset Py, J.,
Q,, with m = £1,0, and p = £1/2, which corresponds to the super-Poincaré algebra.
Indeed, this can be explicitly seen once the modes in are identified with the genera-
tors in according to J_1 = —v2Jy, J1 = V2J1, Jo = Jo, Po1 = —V2P,, Py = V2P,
Py =P — é, Q1/2 = \/§Q, and Q—1/2 = \/§Q+

In the quantum theory, one can then use arguments similar to those of [132], 133}, [46]:
the last of the brackets in becomes an anticommutator to lowest order in A and the
quantum generator P, is bounded according to

1 1

pr— _— — > _— .
Po=Q1/2Q 172+ Q12912 e Te

(3.22)
In classical supergravity, the simplest solution that saturates the bound is Minkowski
spacetime with Py = —% and all other modes of M, 7, V¥ vanishing.

For the case of periodic (Ramond) boundary conditions for the gravitino, the modes
Q, involve integer p and the bound on the quantum generator becomes

Po=9:>0. (3.23)

The simplest classical supergravity solution that saturates this bound is the null orbifold
[134] with all modes vanishing.

Asymptotic Killing spinors

Starting from transformations , one can systematically discuss the isotropy sub-
algebras of various solutions. A particular case of this problem is the “asymptotic Killing
spinor equation”, i.e., the question which asymptotic supersymmetry transformations leave
purely bosonic solutions invariant,

Sl = —28" + %MS =0. (3.24)
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Asymptotic Killing spinors of solutions with constant M # 0, are given by

&= Ae*3te + Be— 30 ,

(3.25)

with A, B constants. They are globally well-defined provided M = —n?, with n > 0 a
strictly positive integer,

£ =Enes 4 E ae % (3.26)

Solutions with n > 1 are below the bounds or (3.23). This singles out n = 1,
Minkowski spacetime for J = 0, in which case there are two independent antiperiodic
solutions.

In the remaining case, M = 0, the solution of is given by

E=E+Foo, (3.27)
with &, Fo constants, which is single-valued provided Fy = 0. This means in particular
that there is a single periodic solution for the null orbifold at J = 0.

Exact Killing spinors of bosonic zero mode solutions

Purely bosonic solutions (1) = 0) to the field equations (3.8) in the asymptotic region
are described in outgoing Eddington-Finkelstein coordinates by metrics

ds* = Mdu® — 2dudr + Ndudp + r*d¢* (3.28)
with M, N as in (3.16). The “zero mode solutions”
M=8GM , N =8GJ, (3.29)

with M, J constants, describe cosmological solutions for nonnegative mass (M > 0) and
arbitrary values of the angular momentum .J, while for —i < M < 0, the geometry
corresponds to stationary conical defects. For M = —%, the curvature is no longer
singular at the origin, but the torsion is unless .J = 0, which corresponds to Minkowski
spacetime. Below this value of the mass, the geometry describes angular excesses (see,

e.g., [36, 100]).

Such solutions admit global supersymmetries when they are invariant under supersym-
metry transformations of the form (3.7), provided the spinorial parameter € is globally
defined. The Killing spinor equation to be solved is then given by

De =(d+w)e =0, (3.30)

with w = JwT,.
This equation can be solved directly through ¢ = A~'ey with gy a constant spinor and
A the Lorentz group element associated to the flat spin connection, w = A~'dA, whose

form can be read off (3.11]),
‘)

A = exp F (Fl n %MFO) 4 B cosh <‘/TM¢> \/gsinh (

2 O\ b (%) cosh (o)

o
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M

1 Killing spinor

/N

J
_ L ¢ Mink,

4l
SG:
“2-

8G

2 Killing spinors

Figure 3.1: Zero mode solutions of 2 + 1 dimensional flat gravity and their supersymme-
tries. Zero-mass cosmological solutions possess one Killing spinor, while the geometries
with J =0, M = —n?/8G (n € N*) have the maximal number of supersymmetries, the
case n = 1 beeing Minkowski space-time.

Alternatively, one can first solve the Killing spinor equation for the upper component.
According to , this amounts to et = —v/2¢ . The equation for the lower component
then reduces to the asymptotic Killing spinor equation ((3.24]).

When suitably identifying the constants ¢/, ¢, , one finds in both cases that the Killing
spinor ¢ is globally defined provided M = —n? with n a positive integer. For n > 0, one
finds two independent Killing spinors which can be periodic (even n) or antiperiodic (odd
n) given explicitly by € = (—v/2&’,€), with € as in ([3:26). For n = 0, one finds a single
independent periodic solution given explicitly by e = (0, &).

In summary, massive cosmological solutions (M > 0) do not admit global supersym-
metries, while the massless case admits only one periodic Killing spinor. For M = —n2,
the geometries possess two (the maximum number of) global supersymmetries, which in-
cludes, for n = 1, the case of Minkowski spacetime. The different cases are summarized
in Figure |3.1

Note that the geometries with M = —n?, n > 1 can be interpreted as suitable
unwrappings of those for n = 1 with n playing the role of the winding number. Indeed,

the rescalings

-1
¢ =no, r'=n""r, u = nu,

amount to the change M — n’M, J — n®J in (3.29). As we have argued in section
3.3 these geometries actually become excluded when one insists on fulfilling the energy
bounds in eqs. (3.22) and , for the periodic and antiperiodic boundary conditions,
respectively.
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It is worth pointing out that geometries endowed with angular deficit or excess actually
possess a curvature singularity on top of the source at the origin, so that they do not fulfill
the integrability condition of ([3.30)), i.e., DDe # 0. Minkowski spacetime is obviously
devoid of this problem, while a detailed discussion of the singularity of the null orbifold
M =0=J at r =0 can be found in section 2.3 of [135].

3.4 Flat limit of asymptotically AdS; supergravity

The standard N’ = 1 supergravity action can be directly recovered either from
the (1,0) or the (0,1) AdS supergravity theory in the vanishing cosmological constant
limit. However, when one deals with the asymptotic behavior of the fields, even in the
case of pure gravity, the limiting process turns out to be much more subtle [100]. In
this section we show how the results obtained in section B.2] can be recovered from the
corresponding ones in the case of asymptotically AdS; supergravity. Here we follow a
similar strategy as the one carried out in [136] for the vanishing cosmological constant
limit of higher spin gravity, which consists in finding a particularly suitable gauge choice
that allows to perform the limit in a straightforward way.

Asymptotic behavior of minimal AdS; supergravity, canonical generators and
superconformal symmetry

There are two inequivalent minimal locally supersymmetric extensions of General Rel-
ativity with negative cosmological constant in three spacetime dimensions, known as the
(1,0) and (0,1) theories. Since both possess the same vanishing cosmological limit, without
loss of generality we will choose the (1,0) one, which can be formulated as a Chern-Simons
theory whose gauge group is given by OSp(2|1) ® Sp(2) [41]. The action depends on two
independent connections A and A~, for OSp(2|1) and Sp(2), respectively, and is given
by

Isags = I[AT] = I[A7],

where I[A] is defined in (3.3]).
The asymptotic behavior of the fields has been previously discussed in [50], [66]. The
fall-off of the fields can be written as

AF = b taFby + b tdby (3.31)
with by = e*lg(/OLo and

= (L = Lol +4Qu) da

T = (L, —L_Ly)dx (3.52)

a
a

where ¥ = % + ¢. Here the generators LT, with i = —1,0,1, span the left and right

7 7

copies of sp(2), and Q,, with @ = 1,—1, correspond to the (left) fermionic generators
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of osp(2]|1). On-shell, the functions £ and the Grassmann-valued v, are required to be
chiral, i.e.,

0-L. =0, O_p=0, (3.33)

so that they depend only on x™ or ™.
The asymptotic symmetries are given by the gauge transformations da™ = d\* +
[a*, \*] that maintain the form of ([3.32)), so that A* are given by

1
AN =xTL, —x"Ly+ 3 (“2LxT —eU+ X)L+ (XU +€)Qs +€Q_ |

and

1
A = X_L—l + X_/L() + 5 (—QE_X_ + X_”) Ly,

which depend on three arbitrary chiral functions, fulfilling
OrxT=0 , 0.e=0. (3.34)

The on-shell transformation law of the fields £, ¥ reads
— vt ! 1 +m 3 —1 L /
(S£+—X £++2£+X+—§X —’_5?/16 +§€ 2/1,
3
0 ==Ly +e "+ oux + X, (3.35)

1
OL_=x"L +2L % — 5)(_'”.

The canonical generators associated to the asymptotic symmetries spanned by At =
AT (xT,e) and A\ = A" (x7), are given by

K 27

Q=5 [ L —ew]do,
o (3.36)
Q=5 | e,

where x := (k, which by virtue of (3.35)), can be readily shown to fulfill the (super) Vira-
soro algebra. Expanding in Fourier modes £ = %8 [ £, e*™? d¢ and Q,,, = ££ [pe™? d¢
, the nonvanishing Poisson brackets read

. c
@{ﬁi, ,Cff} = (m — n),Cerm + Em35m+n70 ;

H{L5, Q0 = (5 —n) Qen (3.37)
{Q;;a Q:} = 2‘Cn+1+n + §m25m+n,0 .

where the central charge is given by ¢ = %
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Vanishing cosmological constant limit

In order to recover the results of section from the ones described in the previous
subsection once the vanishing cosmological constant limit is taken, it turns out to be useful
to express the asymptotic behavior of the gauge fields of the (1,0) AdS supergravity theory
in a different gauge. We then choose different group elements g4, so that the fall-off of
the connections now read

A* = gilatge + g3l dgs (3.38)
where a* are given by (3.32), and
g = bpeloslDlopzl1
g = b e~ 0BG Lo g L1 E L (3.39)

In this gauge, the asymptotic form of the super-AdS gauge field is explicitly given by

at =i rt e ST (2 op Y art] 1 4+ det I 4+ 670, det
—Zx 0+§ 7+ ﬁ_ + X 71+ZC 1+w Q+:L' y
| Td ) (3.40)
o r r N o
It is now convenient to make the change ¢ = u and to perform the change of basis
1 =
L8 =28, Li=Jy, LY=00 . Q=550 (3.41)
followed by
J, + (P, ~
Je=" Qe =V, (3.42)
so that the full gauge field reads
2
A= (—dr + %du + %[cw — 2r—€2du) Py +doJ, + duPy + rdo Py
3.43)
M N r? r U 1 U - (
+ (7d¢ + 2—l2du — 2—l2d¢) Jo + €—2duJ2 + WQ+d¢ + ZWQJFdU,

where the arbitrary functions £, ¥ have been redefined according to
M=(Li+L), N=UL L), V=V, (3.44)
The chirality conditions (3.33) now read

1 1

The vanishing cosmological constant limit can now be directly performed in a trans-
parent way. Indeed, for the full gauge field A = AT + A~, one just takes ¢ — oo, so that
it reduces to

M N M N
A= (—dr + odut 7d¢> Py + duPy + rdoPy + =-dgJy + Aoy + 577Q1do



3.5. Asymptotic structure of N = 1 flat supergravity with parity odd terms 65

which coincides with the asymptotic form of the connection in the asymptotically flat
case, eqs. (3.10)), (3.11). Analogously, in the limit, the chirality conditions ([3.45]) take the

flat space form (3.15)), whose solution is given by (3.16)).

It is simple to verify that the expression for the global charges for the gauge choice
(3.39) remains the same as in the gauge (3.31) and is still given by (3.36). After making
use of the redefinition for the fields in (3.44)), they acquire the form

Qlf, h,E] = —ﬁ/dgb(f/\/l+h/\/—25\lf), (3.46)

where the parameters that characterize the asymptotic symmetries have been conveniently
redefined as
F=lX+x), h=x"—x", €=Vl
The chirality conditions (3.34) on the gauge parameters then read
1

1
Ouf = Ogh, O,h = 5_28¢f’ 0. = za¢5, (3.47)

and, in the limit £ — oo, they imply that

h=Y(¢), [f=T()+uY', &E=E(),
and hence, by virtue of (3.16)), the global charges (3.46) reduce to the ones of the asymp-
totically flat case given in (3.19]).

As explained in section the canonical generators of (1,0) AdS supergravity satisfy
the centrally-extended superconformal algebra in two dimensions given by (3.37)). In order
to take the flat limit, it is useful to change the basis according to

1
szz(L;—i—L:m) , Jn=Lt—L" |
as well as rescaling the supercharges as
1

VI

After this has been done, in the limit £ — oo, algebra (3.37) readily reduces to the minimal
supersymmetric extension of the bmss algebra , where the central charges are given
by lc; = ¢t — ¢ and fcy = ¢t + ¢~. In particular, it also follows that the bounds for the
generators that are obtained from the superconformal algebra, reduce to the ones in eqs.

(3.22) and (3.23) in the limit of vanishing cosmological constant.

3.5 Asymptotic structure of N' = 1 flat supergravity
with parity odd terms

3.5.1 The most general first order action for 3D gravity

There exists a more general action for gravity in three dimensions which, apart from
the Einstein-Hilbert term with cosmological constant, contains the Lorentz-Chern-Simons
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form and a term involving the torsion each with arbitrary couplings [137, 138]:

k
Ig(e*,w®) = E/ (2041R“ea — %eabce“ebec + asL(w) + a4T“ea> , (3.48)

where L(w) = wdw, + %eabcw“wbwc is the Lorentz-Chern-Simons form. This model, also

known as the Mielke-Baekler model, can be thought of as a generalization of General
Relativity (a3 = 0 = ) to a topological gravity theory in Riemann-Cartan spacetimefl]
This more general theory of gravity is interesting also because it admits a black hole
solution with negative Riemannian curvature [139] which is essentially a BTZ black hole
with torsion. The field equations obtained from the variation of with respect to

the dreibein and the spin connection read respectively
201 Ry — Qa€gpee’e® + 2047 = 0,
1 2€ab 4b (3.49)
201 T, + 203 R, + ayegpee’e =0,

which imply that the associated geometry has a constant curvature and torsion given by

1 o
Ra:_ 2+_ acebeca

2 @) (3.50)
Ta = _Weabcebecv

where we have introduced the constants v, ¢ which are expressed in terms of the couplings
as

Qo3 + oy , 0 oag+ad
= 5 —aad) VTR T 2 e
(o — azay) i — azay

(3.51)

as well as 0 = +1, —1,0. From (3.50), one can see that the parameter  parametrizes the
torsion, while ¢ parametrizes the radius curvature.

One can re express action (3.48)) in terms of the parameter a3 = p and 7; it reads, in
the case of a vanishing cosmological constant (£ — o)

k
Ig = - /2 (14 wy) R%, + 7 (1 + u%) €apee”e’e’ + puL(w) +v (24 py) T, . (3.52)

3.5.2 N =1 supersymmetric extension

The locally supersymmetric extension of the Mielke-Baekler model was constructed in
[123]. In the vanishing cosmological constant limit, the action with A" = 1 supersymmetry
is given by

k - Y .
I(Mﬂ/) = IG - E /¢ <D + §€ Fa) ¢ ) (353)

where I is the bosonic part given in (3.52)). This action is invariant, up to a surface
term, under the following local supersymmetry transformations

1 1 - 1
Je = §€F“¢ , 0wt = 57@[)1”6 , 0¢ = De + éfyeafae . (3.54)
!Notice that this model differs from Topologically Massive Gravity (TMG) which, apart from the
Lorentz-Chern-Simons form, requires the inclusion of a constraint term that fixes the torsion T% to zero.
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Note that in the case of u =~ = 0, the action (3.53)) and the supersymmetry transforma-

tions ([3.54]) reduce to the standard ones, given by (3.5) and (3.7)), respectively.
Remarkably, in spite of the presence of a volume term in (3.53)), the theory can also

be formulated in terms of a Chern-Simons action for the super-Poincaré group. This can
be seen as follows. In terms of the shifted spin connection

W = w® + e, (3.55)
action (3.53)) reads

A7

where D, R*, and L(w) stand for the covariant derivative, the curvature two-form, and
the Lorentz-Chern-Simons form constructed out from @®, respectively. Hence, up to a
boundary term, the action can be written as

k A .
Ty = 1= / 2R%q + pL(w) — o DY* (3.56)

k 2
I[A] = — [ (A, dA+ ZA? .
A= [(Adas (3.57)
where now the gauge field is given by
A=e"P,+ 0" J, + V*Qq , (3.58)

and the nonvanishing components of the invariant nondegenerate bilinear form read

<Pa7 Jb> = TNab, <Jaa Jb) = HMab, <Qou Qﬁ> = Caﬁ s (359)

so that it reduces to the standard bracket in (3.4) in the case of = 0. We will see now
that the presence of the parity odd term turns on an additional central charge in the
(super-)bms; algebra.

3.5.3 A new central charge in the (super-)bms; algebra

The asymptotic behavior of the gauge fields in this case is then proposed to be exactly
of the same form as in eqs. , , which by virtue of , amounts just to
modify the fall-off of the spin connection w® in the asymptotic region. This has to be so
because the field equations now imply a nonvanishing torsion even in vacuum.

Therefore, the asymptotic symmetries are spanned by the same Lie-algebra valued
parameter A = \(T,Y, ) as in section but, since the invariant form has been modified
according to , the global charges acquire a correction, so that they now read

2
QIT,Y,&] = —%/ [TM+Y (T + pM) — 260] dep . (3.60)
0

Consequently, once expanded in modes, the Poisson bracket algebra of the canonical
generators are given by the minimal supersymmetric extension of the bmss algebra ((3.21)),
but with an additional central chargd]

3 3

cL= i, 2= (3.61)

!Notice that the p here should not be confused with the coupling of TMG, usually also denoted p;
the constant p here has dimensions of length.
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3.6 Super-bmss; invariant models

In this section, we want to complete the asymptotic analysis by constructing the two-
dimensional super-bmsg invariant action that is dual to the three-dimensional asymptoti-
cally flat supergravity. As we have seen in chapter[2] a prime example of duality between a,
three-dimensional and a two-dimensional theory is the relation between a Chern-Simons
theory in the presence of a boundary and the associated chiral Wess-Zumino-Witten
(WZW) model: on the classical level, the variational principles are equivalent as the
latter is obtained from the former by solving the constraints in the action [42] [65] 64].

In Chern-Simons formulation, the role of the boundary is played by the non trivial
fall-off conditions for the gauge fields. A suitable boundary term is required in order to
make solutions with the prescribed asymptotics true extrema of the variational principle.
Furthermore, the fall-off conditions lead to additional constraints that correspond to fixing
a subset of the conserved currents of the WZW model [43, [66]. We detailed all the steps
of this reduction in chapter [2| for the case of a negative cosmological constant. We saw
that the associated reduced phase space description is given by a Liouville theory. For the
(bosonic) case of vanishing cosmological constant, it was shown that the dual theory was
given by a suitable flat limit of Liouville theory, which possesses bmsg invariance [104] [68].

The purpose of this section is to extend the construction to D = 3 asymptotically flat
N = 1 supergravity, whose algebra of surface charges has been shown in the previous
section to realize the centrally extended super-bmss algebra. As we will see, the resulting
two-dimensional field theory admits a global super-bms; invariance. By construction, the
associated algebra of Noether charges realizes with the same values of the central
charges. We will provide three equivalent descriptions of this theory: (i) a Hamiltonian
description in terms of a constrained chiral WZW theory based on the three-dimensional
super-Poincaré algebra, (ii) a Lagrangian formulation in terms of a gauged chiral WZW
theory and (iii) a reduced phase space description that corresponds to a supersymmetric
extension of flat Liouville theory.

In order to extend previous results not only to the supersymmetric case, but also
in the purely bosonic sector, we will consider the more generic action of section [3.5
namely we will consider the inclusion of parity-odd terms. Indeed, we saw that this
action suitably modifies the Poincaré current subalgebra, and consequently, turns on the
additional central charge ¢; in the (super-)bms algebra.

3.6.1 Chiral constrained super-Poincaré WZW theory

Solving the constraints in the action

We adopt here the Hamiltonian form of the Chern-Simons action (3.57)), which is
given, up to boundary terms and an overall sign which we change for later convenience,
by

TulA] = —ﬁ / (A, dud) + 2(dudy, dA + A2) (3.62)

where A = duA, + A.
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One of the advantages of the gauge choice in (3.10), for which the dependence in the
radial coordinate is completely absorbed by the group element h, is that the boundary
can be assumed to be unique and located at an arbitrary fixed value of » = ry. Hence, the
boundary 0 M generically describes a two-dimensional timelike surface with the topology
of a cylinder (R x S'). We will also discard all holonomy terms. As a consequence, the
resulting action principle at the boundary only captures the asymptotic symmetries of
the original gravitational theory. Note also that positive orientation in the bulk is taken
as dudedr.

The boundary term in the variation of the Hamiltonian action is given by

k
—5-dud(A,,54). (3.63)

By virtue of the boundary conditions (3.11]), the components of the gauge field at the
boundary fulfill[]

wi=ey , wy=0 , Yr=0=1,, (3.64)

which consist of our first set of boundary conditions. With these relations, we see that
they are such that the boundary term becomes integrable. Consequently, one finds
that the improved action principle that has a true extremum when the equations of motion
are satisfied is given by

k
—/ dudg Wiwag - (3.65)
oM

C4r

In this action principle A, are Lagrange multipliers, whose associated constraints are
locally solved by A = G~1dG for some group element G(u,r,¢). Solving the constraints
in the action yields

k’ —1 —1 _ ouaw
I=_ (/aM dudp [(G710,G, G 0,G) — wiwag) +F[G]> , (3.66)
where
riG] = é / (GG, (G1dG)?) (3.67)

Equivalently, in terms of the gauge field components, the action can be conveniently
written as

k —
I=— ( / dud |[wean + €gau — Woag + HWiWau — Vutdy] + F[G]) . (3.68)
4 \ Jom

with
1 3
['G] = G /(3€ab66“wbwc + p€apeww’w’ — 2w YCT 2)ap?™ Py, (3.69)

'From now on, we drop the hat on the shifted spin connection (3.55]).



70 Chapter 3.  Asymptotic dynamics of three-dimensional flat supergravity

and the understanding that A, = G719,G. Decomposing this connection according to
eq. (3.9) allows one to rewrite this expression in terms of a 2 by 2 matrix trace, so that
integrating by parts the first term in I'|G] gives

k Cao1, T / 1A —1)2 IA—1A A—1 7
I=— [ dudpTr[2AN" (=== 4+ V) — (NATH)? + pANATTAAT + =]
27 Jom 4 2 (3.70)

+§/Tr(dAA—1)3.

Furthermore, the boundary conditions (3.10), (3.11) imply that dsA, = 0, and hence
G = g(u, #)h(u,r). More precisely, since in the asymptotic region h = e " one obtains
in particular that h(u,ry) = 0. The decomposition in (3.9) is then refined as

A= Au, @) s(u, 1),

n=v(u,)+ o(u,r), (3.71)
1 1
b=a(u,¢)+ voN" + oAW1+ AB(u,r)AT,

where <(u,rg) = 0(u,r9) = B(u,r9) = 0. Therefore, up to a total derivative in u and ¢,
one finds that the action reduces to that of a chiral super-Poincaré Wess-Zumino-Witten
theory,

k : : 1 ,. 1.
I\, V] =5 /dud(b Tr[220 e/ — (VAT 4+ pNATIANT! + §V/]7 — 5)\)\’11/5’}

+§ / Tr(dAAY)3 .

(3.72)
The field equations are then obtained by varying (3.72) with respect to a, v, A, which gives
(A =0,
D =0, (3.73)
A1 1y—1 L., 1., Lovy 01 0
D, a' + (udy — 0p)(N'A >_ZVV_§VV1+Z)\)\ 2% —|—§y)\)\ vl1=0,
respectively. The general solution of these equations is given by
A =T1(u)r(¢),
v =T1(C(u) +¢(9)), (3.74)
1. - 1-
a = T(a((b) +8(u) +ux'k! — plln T, In k) + ZQCQ + ngCll)T’l :

Symmetries of the chiral WZW model

By using the Polyakov-Wiegmann identities, the action (3.72)) can be shown to be
invariant under the gauge transformations

A= ZWA , v=EZr , a—ZaZ . (3.75)
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Moreover, it is also invariant under the following global symmetries

A=A, v=r o a—=atAS(eAT,
A= X0 e) , v=rv o Ja—=a—u Ol (3.76)

1 - 1-
A=A L v—=v+AT(9) oz—)oz—i—ZVT)\_l—i-gT)\_lul,
whose associated infinitesimal transformations read
S A=0 , S,v=0 , d,a=Ao(p)A ",
Sod=—-\(p) , Syvr=0 , dya=—ulI\", (3.77)

1 1
I A=0 , 0v=X\(p) , d,a= Zuﬁ)fl + gﬁ)fll/l )
The Noether currents associated to a global symmetry, whose parameters are collectively
denoted by X, generically read

oL -
b= —kk —0x, 9" 3.78
JX1 Xl + 8“¢Z X1¢ ) ( )

with dx,£L = 0,k . Hence, in the case of global symmetries spanned by (3.77), the

corresponding currents are given by

JE=280TX[oP),  JE=200Te[0J),  J=200Tr[Q), (3.79)
where
k —1y/
P=_—)\"\,
2T
1 1
J= —ﬁ()\_la’)\ —u(ATINY AN = AT A — -0l (3.80)
2m 4 8
ko
Q = EV A
For the Noether n — 1-forms jx, = JX (d" 'x),, the current algebra can then be

worked out by applying a subsequent symmetry transformation Jx,, so that
5X2jX1 == j[Xl,Xz] -+ [()(17)(2 + “trivial” , (381)

where [0x,,0x,] = dx,,x,], and Kx, x, denotes a possible field dependent central exten-
sion, and “trivial” stands for exact n — 1 forms plus terms that vanish on-shell. Fur-
thermore, general results guarantee that, in the Hamiltonian formalism, this computation
corresponds to the Dirac bracket algebra of the canonical generators of the symmetries,
ioe., 0x, J%, = {J%,, JX, 1, see e.g. [140, 1411 142, [106]. Once applied to the components
of the currents, given by

P)= TP | Ju(6) = TWT] . Quld) =~ (382)
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this yields
{P.(0). B} =0,
(0), BN = eare 56— ) — iy 1o~ &),
((0), (6} = canP"S(0 — o) - %mﬁ&(aﬁ ~4), .
{P(6),Qu(&)}" =0,
{(6), Qu(@)}" = 3(QTud(0 — &)
k

{Qu(9), @50} =~ (CT)sPud(6 — ) — 5 -Caslab( — &),

which is the affine extension of the super-Poincaré algebra (3.2)).

3.6.2 Super-bms; algebra from a modified Sugawara construction

In order to recover the super-bmss algebra from the affine extension of the
super-Poincaré algebra in , it can be seen that the standard Sugawara construction
has to be slightly improved. Indeed, let us consider bilinears made out of the currents
components P,, J,, ()., given by

2
H="TPp, P =—TJp, 4 pH + L QuOQs,
k k k (3.84)

G =217 (RQy+V2RQ-) .

for which the current algebra ([3.83) implies

(HO),P)) =0, {PO), PN} = Pe) (00,

{HO), 1)} = —Pu0) (0= &), {PO), ()} = L(0)5 (68,
(H(6),Qu(@)} =0, {P(0).Qu(&)} = Qu(0) (6~ &),

(6(6), ()} =0,

(G06), L))" = — g (e QI) P + PuQL)S(0 — o) (3:85)

(0~ &) g QT4 (6.
(G(6), Quld))" = g1 HCas(6 — ) + 86— ) (CTL)r P().

When expressed in terms of modes, the algebra of generators H, P is found to corre-
spond to the pure bmss algebra without central extensions, i.e., the bosonic part of
with ¢; = 0 = ¢3. This does however not hold for the mode expansion of the full set H,
‘P, G whose algebra disagrees with the non-centrally extended super-bms; algebra given
in . It reflects the fact that the non-constrained super-WZW model is invari-
ant under global bmss transformations, but not under the full super-bmss symmetries, in
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the sense that there are no (obvious) superpartners to H, P that would close with them
according to the (non centrally extended) super-bms algebra (see [66] for an analogous
discussion in the case of the superconformal algebra).

According to the fall-off of the gauge field in (3.11]), the remaining boundary conditions
that have to be taken into account are

wp=1 , e;=0 , 1, =0. (3.86)
This second set implies, using the decomposition ((3.9),

1 1
IV =1, AT =0, [)\‘1(—11/9’ — gﬂ’z/l +a )\t =0. (3.87)

In terms of the currents, this amounts to imposing the following first class constraints

k k
Jo=—E2

Py = —
0= o or

Q. =0. (3.88)

The super-bmss invariance of our model with the correct values of the central charges
is recovered only once the constraints (3.88) are imposed. The generators of super-bms;
symmetry in the constrained theory are given by

7‘2 =H + 8¢P2,
P =P —yJa, (3.89)
G =G+2"9,Q.(9),

which are representatives that commute with the first class constraints (3.88), on the
surface defined by these constraints. Furthermore, on this surface, the Dirac brackets of
the generators are given by

{H(e), H(#)} =0,

(U(6). P& = (1(0) + FU&))Dd(0 — ) — o006~ o)
(P(0). D))" = (P(0) + P06~ &) — (o~ &),
(H(6). () = 0.
{P(6).9(6)} = (G(e) + 59(8))Du0(0 — &)
(6(6), 961} = H()5(6 — ) — 0366~ ¢),

(3.90)

DN | —

so that, once expanded in modes according to

27 2 27
P,, = / dpe™H | Tn = / dpe™pP . Q, = / dep e™oG | (3.91)
0 0 0

the super-bmss algebra (3.21)) with central charges given in (3.61)) is recovered.
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3.6.3 Reduced super-Liouville-like theory

In order to obtain the reduced phase space description of the action (3.72)) on the
constraint surface defined by ([3.88)), it is useful to decompose the fields according to

0
= T /2g=¢2/2To () = gf‘g + §F2 + gf‘l , (3.92)

where o, ¢, 7,1, 0, ( stand for functions of u, ¢. The constraints (3.88) then become

o = e,
1
¢ = ple?—o)+ 50277' +ab’, (3.93)
v o= iay+',

V2

and hence, by virtue of (3.92) and (3.93)), the reduced chiral super-WZW action (3.72)) is
given by

k 1
In = — [ dudd | — 'O+ —xx 3.94
R 47T/ wb{éso @ +usw+\/§xx , (3.94)

where ¢ := —2(0 4+ no) + (v~ vt), and x := e?/2T.
It is worth noting that, in the case of u = 0, and turning off the supersymmetric field,
one consistently recovers the (centrally extended) bmsj invariant action

k
I = - / dudg (§'¢ — ) (3.95)

obtained in [104]. The latter is related to a flat limit of Liouville theory in the following
way: One starts with the Hamiltonian form of the Liouville action

1 1
Sy = /dudgzﬁ (ﬂgb — §7T2 - @go& — QL’erw> ; (3.96)

and then rescale the fields as ¢ = (&, 7 = [1/¢. Taking the limit £ — oo, while keeping
B =L, v = pul? fixed, one obtains the bms Liouville action [68]

S = / dudd (ch = %@’2 — 2%265‘1’) : (3.97)

Finally, one goes from the flat Liouville action (3.97) to (3.95)) by performing the Backlund

transformation

4
P =2¢p —2Ino +In—,

v
Il =¢ — (Ino)'E,

(3.98)

with 8% = 327G and o’ = e*.
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For completeness, let us now give the expressions for the super-bmss generators ((3.89)
which now reduce to

Y k 2 "
H = yp (cp 20 )
75 o ﬁ 5/ o 5// + i / + 7_2

~ k 1
G = 21/4E (iw’x — X’) :

and generate the following transformations

dp=Y¢' +Y',
(Sf = 2f§0/ + SIY + 2f/ — 21/46X, (3100)

1
=Yy + §Y'X + 27 Ve + 23/4¢

with f =T(¢) +uY’, Y = Y(¢), and € = €(¢). One can check, and this is the case by
construction, that the super-Liouville-like theory is invariant under ([3.100), and
that the mode expansion of the algebra of Noether charges is again given by and
. Also, one can check that applying transformations to the generators
reproduces the transformation laws , where H = ﬁ/\/l, P = ﬁj, g = ﬁ‘l’, as it
should.

3.6.4 Gauged chiral super-WZW model

The super-Liouville-like action , that has been shown to be equivalent to the
chiral super-WZW model on the constraint surface given by , can also be
described through a gauged chiral super-WZW model. Here we follow the procedure
given in [73], recalled in Appendix [B] where it is shown that Toda theories (and Liouville
theories as a particular case) can be written as gauged WZW models based on a Lie
group G. The action is endowed with additional terms involving the currents linearly
coupled to some gauge fields that belong to the adjoint representation of the subgroups
of G generated by the step operators associated to the positive and negative roots.

Generalizing the analysis detailed in Appendixfor the bosonic case (see section ,
we consider the following action principle

I\ a,v, A, 0] = I\ a,v]

1 1
+ k / dudg Tr[A,(A /A — u(ATTN) — Z)\_IVD’/\ — gﬂlyl)
m

- ~ 1 _
+ Ay AN — Ay + (Z)\‘ly’)\lf} . (3.101)

where I[\, o, v] is the flat chiral super-Poincaré WZW action (3.72). Here A,, A, are
along 'y, and py, := pl'y with g an arbitrary constant, while the fermionic gauge field ¥

fulfills [¥], = 0.
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One can then show that the action (3.101)) is invariant (up to boundary terms) under
the transformations given in (3.77), where a subset of the symmetries has been gauged
by allowing for an arbitrary u dependence of the part of o, that belongs to the subspace
generated by I'g, of the fermionic parameters that belong to the subspace defined by
7]+ =0, [My]~ = 0 and the non-trivial transformations for the gauge fields are

0, Ay = — (0 +[Ay,0]) , 6,0 = —0,7.

: - - (3.102)

dp Ay = — (0 + [Ay,V]), 09A, = —[Au, V).
Therefore, the reduced theory described by the action in (3.94) is equivalent to the one
in (3.101)), which corresponds to a WZW model in which the subgroup generated by the
first class constraints has been gauged. Indeed, the gauge fields A,, A, and U act as
Lagrange multipliers for these currents, so that the variation of the action with respect to
these non-propagating fields sets them to constants. In other words, solving the algebraic
field equations for the gauge fields into the action amounts to imposing the first class
constraints (3.88), which shows the equivalence of both descriptions.

3.7 Conclusion and outlook

In this chapter, we have studied the asymptotic dynamics of NV = 1 three-dimensional
flat supergravity by imposing a consistent set of asymptotic conditions and shown that
they are governed by the super-bmsj algebra, the minimal supersymmetric extension of the
bmss algebra. We proved that the energy was manifestly bounded from below, with the
ground state given by the null orbifold or Minkowski spacetime for periodic, respectively
antiperiodic boundary conditions on the gravitino. These results were then related to the
corresponding ones in AdS; supergravity by a suitable flat limit. We then generalized
our analysis to inclusion of parity odd terms for which the Poisson algebra of canonical
generators was shown to form a representation of the same algebra but with an additional
central charge. Finally, we constructed two-dimensional super-bmss invariant theories that
describe the dual dynamics of three-dimensional asymptotically flat N' = 1 supergravity
in three different ways: first a Hamiltonian description in terms of a constrained chiral
WZW theory based on the three-dimensional super-Poincaré¢ algebra, secondly a reduced
phase space description that corresponds to a supersymmetric extension of flat Liouville
theory, and finally a Lagrangian formulation in terms of a gauged chiral WZW theory.

A natural generalization of this work would be to consider the extended case of N/
supersymmetries. This analysis was already carried out in the case of AdS supergravities
in [66], and the asymptotic symmetries were shown to be described by an extended version
of the superconformal algebra. One expects that a similar treatment would be applicable
in the case of a vanishing cosmological constant.

Finally, it would be interesting to extend this work to the four-dimensional case. In
four dimensions, the Chern-Simons formulation is no longer available, and thus we will
have to reformulate the problem in the first order formalism. Having control on the three-
dimensional case, one should be able to suitably generalize the boundary conditions to the
four-dimensional case and find the asymptotic symmetry algebra formed by the asymptotic
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vector fields. Obtaining the super-bms, algebra could be relevant in the context of a
Weinberg’s soft gravitino theorem. Indeed, in the bosonic case, Ward identities associated
to the BMS supertranslation symmetry were shown to be equivalent to Weinberg’s soft
graviton theorem [24].






CHAPTER 4

Asymptotic symmetries on the black hole
horizon

Since the discovery that black holes are thermal objects, an outstanding open question
has been whether black hole thermodynamics could be explained by means of a micro-
scopical description of states. Not only we still ignore what are these degrees of freedom
that account for the macroscopic entropy of the black hole, but neither do we know where
these degrees of freedom would be located. For the three-dimensional black hole, we
have seen in section that the number of the microscopic states in the corresponding
quantum theory is expressed in terms of the central charge, and that the Cardy formula
correctly reproduces the Bekenstein—-Hawking formula for the entropy. This method is
based on the asymptotic symmetries for Anti-de Sitter spacetimes that arise at spatial
infinity; a natural and old question is instead to consider asymptotic symmetries on black
hole horizons (see for instance [143][144]), raising the hope to establish a universal method
to reproduce the Bekenstein-Hawking formula. Notice that it may seem unappropriated
to use the word “asymptotics” symmetries in this context since a black hole horizon is
generically located at a finite distance from the exterior region; however, we will keep this
nomenclature in light of their similarity with the usual asymptotic symmetries.

The main motivation of this chapter to study the asymptotic symmetries on the black
hole horizon comes from a recent claim by Hawking, Perry, and Strominger according
to which non-extremal stationary black holes exhibit supertranslations symmetries in the
near-horizon region, and it was proposed in [27] that this observation could contribute to
solve the information paradox for black holes. Let us remind here that supertranslations
arise in the study of asymptotically flat space-times at null infinity, whose algebra is the
Bondi-Metzner-Sachs (bms) algebra we have introduced previously; supertranslations ex-
tend the usual translations to a infinite-dimensional algebra. Furthermore, in addition to
these supertranslations, we have seen that the bms algebra was further extended in Bar-
nich and Troessaert to include superrotations and central extensions [21], 22, 23] 145]. In
presence of black holes, besides the null infinity region, there exists a second co-dimension
1 null hypersurface near which the geometry is flat: the black hole event horizon. There-
fore, a natural question is whether the features associated to holography, such as the
enhanced bms symmetry, also appear in the near-horizon geometry of black holes.

79
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In this chapter, we will show that, for an adequate choice of boundary conditions, the
nearby region to the horizon of a stationary non-extremal black hole exhibits a generaliza-
tion of supertranslations, including a semi-direct sum with superrotations, represented by
Virasoro algebra. In this sense, we will see that both supertranslations and superrotations
arise close to the horizon. Interestingly enough, this particular extension differs from the
extended bms obtained Barnich and Troessaert at null infinity.

This chapter is based on the publication [146] and contains the following original
results: We start the asymptotic analysis in section with the simplified case of three
spacetime dimensions. This allows us to identify the appropriate boundary conditions
at the horizon and construct a family of exact solutions satisfying them. This family
includes, as a particular case, the Banados-Teitelboim-Zanelli (BTZ) black hole. We
compute the algebra obeyed by the asymptotic Killing vectors and show that they expand
supertranslations in semi-direct sum with superrotations. The charges associated to such
asymptotic symmetries are shown to expand the same algebra, and by evaluating them
on the BTZ solution, we verify that they correspond to the angular momentum and the
entropy of the black hole. We follow the same strategy in section [4.2] where we address
the four-dimensional case. We demonstrate that the symmetry group generated by these
charges correspond to two copies of Virasoro algebra and two sets of supertranslations.
Finally, we show that the zero mode conserved quantities of Kerr black hole coincide with
the entropy and the angular momentum.

4.1 The near-horizon geometry of three-dimensional black
holes

We are interested in studying the symmetries preserved by stationary non-extremal
black hole metrics close to an event horizon, first in three dimensions and then we move
to the four dimensional case.

The near-horizon geometry of three-dimensional black holes can be expressed using
Gaussian null coordinates

ds* = fdv* + 2kdvdp + 2hdvdp + R*d¢?, (4.1)

where v € R represents the retarded time, p > 0 is the radial distance to the horizon and
¢ is the angular coordinate of period 27. Functions f, k, h, and R are demanded to obey
the following fall-off conditions close to p =0

f==2kp+0O(p%,
kE=1+0(p),
h=0(¢)p+ O(p*),

R? = ~(¢)* + Av,0)p + O(p*),

where O(p?) stands for functions of v and ¢ that vanish at short p equally or faster than

p?, consistent with the near-horizon approximation. The metric components g,, and g4,

(4.2)
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which do not appear in , are supposed to be O(p?). Functions 0, A and v are arbitrary,
the latter describing the shape of the horizon. As we will see, boundary conditions
break Poincaré symmetry.

The constant x corresponds to the black hole surface gravity. Our boundary conditions
assume that k is a fizxed constant without variation, i.e., they describe the spectrum of
black holes at fixed Hawking temperature T = £/(27). In the case of non-extremal BTZ
black hole, this is given by
- rt —r2

; 4.3
o (4.3)
where r, and r_ are the outer and inner horizons.

The asymptotic Killing vectors y preserving the above asymptotic boundary conditions
are (see Appendix [C] for the derivation)

X' =T(¢)+ O(p%),
¢ = 35T + O) 0.4
Yo =Y(4) - %T'ws)p T 2—§4T'<¢>p2 Lo,

where T(¢) and Y (¢) are arbitrary functions and the prime stands for derivative with
respect to ¢. Under such transformation, the arbitrary functions v(¢) and 6(¢) transform
as

60 = (0Y) — 261", 6,y = (1Y) (4.5)

From (4.4)), we notice that the asymptotic Killing vectors depend on fields defined on
the metric. Accordingly, the algebra spanned by Lie brackets does not close. However,
following [22], 147], if we introduce a modified version of Lie brackets

[X1s X2l = [xa, xe] = 6y, x2(9) + dx.xa(9), (4.6)

which takes into account the metric dependence of the asymptotic Killing vectors, the
algebra does close. Indeed, the rationale for definition (4.6)) is as follows: the 0, derivative
in the commutator acts on the fields appearing in the symmetry parameters. These
contributions are then canceled by the two additional termsﬂ Equipped with this modified
bracket, we find that the algebra of the asymptotic Killing vectors is given by

IX(T1, Y1), x(T2, Y2)|mr = x(Tha, Yia), (4.7)
where

T12 — }/ITQ/ - )/2T1/7

4.8
Yio = ViYy - VoY (48)

INotice that the signs of this terms, namely [x1, x2)am = [X1, X2] F 0y, x2(9) £ Iy, x1(9), are fixed with
the convention 0¢g,, = £Le G-
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By defining Fourier modes, T;, = x(e?,0) and Y,, = (0, ¢™?) we find
iY, Yol = (m —n)Yoin,
WY, Tn] = —nTin, (4.9)
i|[Ty, T,] = 0.
This is a semi-direct sum of a Witt algebra generated by Y,, with an abelian current 7,.

The set of generators Y_1, Yy, Y7 and T} form a sl(2, R) & R subalgebra.
The T, generator is a supertranslation associated to the symmetry,

v — v+ T(9), (4.10)

already observed by Hawking [148] in four dimensions. In the current analysis, we have
extended this symmetry by adding a vector field Y,, which is the responsible of generating
superrotations

¢ —o+Y(9), (4.11)

on the circle of the horizon geometry.

Transformations have associated conserved charges at the horizon p = 0. When
considering three-dimensional Einstein gravity, these can be calculated in the covariant ap-
proach (see section for more details about this method to compute surface charges),
yielding the charges

A0 =g [ AORTON(E) - Y(@WENO). (112)

Their Poisson bracket algebra can be computed by noticing that, canonically, these charges
generate the transformations (4.5)), Le., {Q(x1), Q(x2)} = 0,,Q(x1). In Fourier modes,
T, =Q(T =™, Y =0) and

Vo =Q(T =0,Y = ¢e™?), the algebra spanned by 7, and Y, is isomorphic to (4.9), with
no central extensions:

H{Vm, Yn} = (m — 1) Vg,

H{Vms Tn} = —nTngn, (4.13)
i{ T, Tn} = 0.
It is worthwhile noticing that by defining the generator
Po=> TiTuk (4.14)
kEZ

with : : the normal ordering, the algebra (4.13) becomes bms]l|
H{Vm, Ynt = (m = 1) Vinin,
H{Vms P} = (m — 1) P, (4.15)
i{Pm,Pn} = 0.

Therefore, although our asymptotic symmetries does not contain a Poincaré subgroup,
the full bms symmetry is recovered by means of the above Sugawara construction.

!Notice that this relation between bmssz algebra and the enveloping algebra of @(1) current algebra
has been independently found in [149)].
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Exact solution

Three-dimensional Einstein gravity in presence of a negative cosmological term allows
us to find an exact solution satisfying the above asymptotic boundary conditions, including
BTZ black hole as a particular case. Its line element is (4.1]), where the functions read

j*:—%w+p2(9@) 1>,

(o2 2
k=1,
b= 06)p+ DO, 1)
R =~(¢) ;%%
and where A is defined by
7' (9)

2 (0 — 6(6) (417)

WN(6) = 0(6) — 306 +

v(8)
0(¢) and ~(¢) are arbitrary functions, and ¢ stands for the AdS radius. The BTZ black
hole (see section (2.2))) is obtained by making the choice §(¢) = 2r_/¢ and (o) = 74,
while choosing « as . Notice that a solution similar to (4.16) was presented in [150],
although with a different boundary condition on the function R

It is interesting to study the special case k = 0 and 6§ = 2v/¢. For these values, the
metric acquires the form

ds* = 2dvdp + %p’y(gb)dvdgb + y(¢)de?, (4.18)

which has been found recently in the context of near-horizon geometries of three-dimensional
extremal black holes [I5I]. Note that the remaining symmetry algebra is just one copy of
Virasoro.

When taking the flat limit ¢ — oo, solution also solves Einstein equations
without cosmological constant. After choosing k = —J?/2r%, its zero mode solution, i.e.
0 = J/ry and v = ry, corresponds to a flat cosmology with horizon radius ry [152].

The charges associated to solution (4.16)) are given by ({.12)). Evaluating for the case
of the BTZ black hole, they read

rer—

_ Et ==
Tn 0 Vn YT,

= 20 o On.0- (4.19)

Hence, the charge associated to time translations Ty = 0, is the product of the black hole
entropy S = 7nr; /(2G) and its temperature 7' = x/(27). This means that the particular
charge 7Ty, when varying the configuration space by fixing the temperature, corresponds
to the entropy of the black hole. On the other hand, the charge associated to rotations
along Y\, = 0,4 coincides exactly with the angular momentum.
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4.2 Four-dimensional analysis

It is possible to extend the analysis of the first section to four dimensions. A suitable
generalization of (4.1)) is given by

ds? = fdv® + 2kdvdp + 2g,advdz™ + gapdz?da®, (4.20)

where coordinates x4 parameterize the induced surface at the horizon. The fall-off con-
ditions on the fields as p — 0 are

f==2kp+ O(p%),
k=14+0(p?),

Goa = pia+ O(p?),

gas = yap + pras + O(p?),

(4.21)

while components g,4 and g,, decay as O(p?) close to the horizon. Here, 64 and Q are
functions of the coordinates x4, AP = A\B(v, 24) and 45 is chosen to be the metric of
the two-sphere. It is convenient to use stereographic coordinates z4 = (¢, () on yap, in
such a way that
apdztde? = — 3 gedc (4.22)
(1+¢¢)°
By a computation similar to the three-dimensional case, we find that the set of asymp-
totic conditions is preserved by the following vector fields

X" =T(¢,¢) +0(p*),

2
P A
X’ = EeAa T+ O(p%), (4.23)
A A PaAT p* MBY.T 1+ O3
X' =Y0 = 07T+ o3 A0sT + O(p7),

where we have used 748 to raise indices and Y4 is a function of 24 only, i.e. Y¢ =Y (()
and Y¢ = Y(¢). Under these transformations, the fields transform as
5)(914 = Y3639A + aAYBQB — 2/€8AT,

4.24
5,02 =Vg(YPQ), (4.24)

V standing for the covariant derivative on v45. Under modified Lie brackets (4.6]), trans-

formations (4.23)) satisfy
[X(Th}/lA)JX<T27}/2A>] = X(T127}/113>7 (425)
where

Ty = Y 04Ty — Y5 04T,

4.26
Yip = YP0pYS — Y oY/ (4:20)
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Notice that the transformations generated by Y4, in general, are not globally well
defined on the 2-sphere. The only invertible transformations are those spanning the
global conformal group, which is isomorphic to the proper, orthochronous Lorentz group.
However, if we focus only on the local properties, all functions are allowed. This was first
proposed in |21 22] in the context of asymptotically flat spacetimes, where the integration
constants were allowed to be meromorphic functions (i.e. to admit poles singularities). In
that case, the algebra found is the local, or extended, bms, algebraﬂ which consists of the
semi-direct sum between the supertranslations and the local conformal transformations,
the so-called superrotations [23)].

Following this idea, we develop the functions 7', Y4 in Laurent series,

T(n,m) = X(Cn(—mv 07 O)J
Y, = x(0, —¢"*1,0), (4.27)
Yn - X(Ou 07 _En-{—l)?

and the non-vanishing commutation relations are found to be

Yo, Yin]l = (0 — m)Yoim,

Yo, Youl = (0= m) Y, pm, (4.28)
Y, Tnmy)) = —1T(nrk,m)

Vi, Tinm)] = =mT(nms1)-

The exact isometry algebra corresponds to sl(2,C) @ R whose elements correspond to
the globally well-defined transformations on the sphere plus T(o). At this stage, it is
interesting to compare algebra (4.28]) with the bms, obtained in |21} 22]; they look very
similar, but are not exactly the same. Understanding the precise relationship between the
two way would be worthwhile.

To complete the analysis, we compute the conserved charges at the horizon; they read

a1 / = A
QT Y?) = e dCdCA Q26T = Y04] (4.29)
and close under Poisson bracket
{Q(T1, Y1), Q(T3, Y5} = Q(Th2, Y1) (4.30)

By defining Timn) = Q(¢"C™,0,0), Y, = Q(0, —¢™*,0) and
Y, = Q(0,0,—¢"), we find that these quantities satisfy the same algebra (4.28)).
We can perform the Sugawara construction as we did in the previous section. Defining

P(n,l) = Z Z ﬁm,t)ﬁn—m,l—t) (431)

meZ teZ
and using (4.28)), one finds

[P(n,l)v :)_}m]: (TL - m),])(n+m7l)
[P(n,l)7 y’m]: (Z — m)P(n’ler).

!By opposition to the global bms, algebra obtained in the 60’s, which consists of the semi-direct sum
between smooth functions on the two-sphere (supertranslations) with global conformal Killing vectors.

(4.32)
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Finally, let us note that the Kerr black hole fits in our boundary conditions .
An explicit construction of this solution in term of Gaussian normal coordinates can be
found in Appendix D] following the results of [I53]. One can verify that
kA iaM iaM
o G Yo = 5 Yo=— 5
where A is the area of the horizon, while M and a are the usual parameters of the
Kerr solution. That is, the zero mode of the supertranslation is the product of the
black hole entropy with its temperature. Since our boundary conditions are defined by
fixing x, we can associate this charge with Wald entropy. On the other hand, the charge
Q(0,04) = —i(Yo — Vo) = aM is the angular momentum.

In the case where m and n are different from zero, ),, ), and Timm) Wwith m # n
vanish. In contrast, charges 7(y ) with m # 0 diverge. This phenomenon was first
notice in [I45] and has been explained in reference [I06]. Let us explain the origin of
this divergence for the case of Schwarzschild black hole. In this case, the supertranslation
charge reads

To0) = (4.33)

2

ﬁm,n) = %5m7n[(m)a (4.34)

where I(m) = [ dfsin(6) cot>"(6/2) is divergent for m # 0, with the divergence coming
from the poles of the sphere. If instead of Laurent modes, the supertranslation 7'(¢, () is
expanded in spherical harmonics, the charges can be seen to vanish.

4.3 Discussion

We have shown that the near-horizon geometry of non-extremal black holes exhibits
an infinite-dimensional extension of supertranslation algebra, which in particular con-
tains superrotations. This phenomenon is similar to what happens in the asymptotically
flat spacetimes at null infinity, although the algebra obtained differs from the standard
extended bms. We have explicitly worked out the cases of three-dimensional and four-
dimensional stationary black holes, for which the zero modes of the charges associated to
the infinite-dimensional symmetries were shown to exactly reproduce the entropy and the
angular momentum of the solutions.

In this chapter, we used the Barnich-Brandt formalism to compute the surface charges.
However, when one computes charges deep in the bulk (in this case on the horizon),
one should take into account the full interacting theory, and not only in the linearized
regime. Still, in [154], the closed n — 2 forms of the full interacting theory were shown,
under suitable assumptions, to reduce asymptotically to the conserved n — 2 forms of the
linearized theory used in the definition of the boundary charges. Even if a general proof
for asymptotic charges in the deep bulk is still missing, in the case at hand, the charges
were explicitly shown to be integrable, conserved and to close the asymptotic algebra.

In the three-dimensional case, we have presented a family of explicit solutions that
obey the proposed boundary conditions at the horizon and, therefore, realize the infinite-
dimensional symmetry generated by the semi-direct sum of Virasoro algebra and super-
translations. Although this family of solutions represent locally AdSj3 spacetimes, they
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do not satisfy the standard Brown-Henneaux asymptotic conditions at p — oo, as we are
imposing boundary conditions at the horizon p — 0. In [88], a set of asymptotically AdS;
boundary conditions were found whose associated charges yield a centrally extended ver-
sion of algebra . It would be interesting to study the relation between such boundary
conditions and ; in particular, to clarify the precise connection between the family of
solutions and those presented in [88]. The latter also includes the BTZ black hole
as a particular example; however, in contrast to , which fixes the black hole surface
gravity k, the boundary conditions considered in [88] are defined by fixing the value of
A = M/{ + J. Very recently, new boundary conditions close to the horizon appeared in
the literature [155], and the symmetry algebra obtained is a Heisenberg algebra whose
associated charges are examples of soft hairs on the horizon. It would be interesting to
see how these results are related to the ones presented here. In particular, our algebra
was used in [I55] to reproduce the Bekenstein-Hawking law by means of a warped version
of the Cardy formula.

Another question is whether it is possible to modify our boundary conditions in such a
way of getting non-vanishing central extensions. In this regard, it is worthwhile mention-
ing that boundary conditions we have considered allow for exponentially decaying modes
e """ X (¢) which yield extra infinite-dimensional symmetry also associated to an extension
of supertranslations. On the other hand, an important point to address is the study of the
extremal limit, for which the boundary conditions at the horizon need to be reconsidered
since the leading term in g,, vanishes.






CHAPTER 5

Liouville theory beyond the cosmological
horizon

In the fist chapter, we have seen in details how three-dimensional Einstein gravity with
negative cosmological constant can be rewritten as Lorentzian Liouville theory defined on
the conformal boundary cylinder of AdS, upon imposing suitable Dirichlet-type boundary
conditions. The Hamiltonian reduction procedure is achieved in two steps, with the non-
chiral WZW model as an intermediate theory. In retrospect, this provided a first toy
model of a conformal field theory that is classically equivalent to gravity in AdS, before
string proposals [9] and higher spin proposals [I56] were made.

Since then, there has been the hope that a similar analysis in the case of a positive
cosmological constant could give insights to gravity in de Sitter (dS) spacetimes. The
motivation for this comes in great part from recent astrophysical data indicating that we
live in a universe with A > 0 [157]. Another motivation is to understand what is the
role of de Sitter spacetimes in string theory and, in particular, clarifying the microscopic
origin of entropy for these spaces remains an outstanding challenge.

Given the analytic continuation relating anti-de Sitter to de Sitter spacetime, it comes
as no surprise that one can, similarly to the A < 0 case, rewrite Einstein gravity with
positive cosmological constant (with similar Dirichlet-type boundary conditions) in terms
of Fuclidean Tiouville theory, as Cacciatori and Klemm showed in [I58]. More precisely,
the Einstein-Hilbert action reduces to two copies of Euclidean Liouville theory, the first
defined on the future boundary Z* and the second on the past boundary Z—, since these
boundaries border the complete spacetime bulk. However, bulk null geodesics connect any
point on the sphere Z~ to the antipodal point on the sphere Z*. It has been argued, then,
that the formulation of a full-fledged dual quantum theory, a “dS/CFT correspondence”,
would only require one boundary [28]. No UV complete string embedding of such a
dS/CFT correspondence has been formulated so far but proposals using higher spins have
been made [159].

In the dS/CFT proposal [28|, the holographic screen where the CFT would be best
defined is the future (or past) conformal boundary. There, one can define the asymptotic
symmetries, whose complexification consist of two copies of the Virasoro algebra. One
can also define the conformal dimensions and correlation functions of the operators dual

89
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to bulk fields. The presence of the cosmological horizon of a thermal and entropic nature
[160] between the static observer and the conformal boundary however raises questions
on whether the holographic description extends all the way to the static observer. In
addition, even though one can define the Virasoro central charges to be positive, the
semi-classical spectrum of zero modes, which corresponds to spinning conical defects [37],
is complex, which challenges the existence of a Hilbert space with a unitarity inner prod-
uct. Such issues were further discussed in the literature [161], 162, 163, 164, 165, [166].
Other holographic scenarios were also proposed [167, 168, 169].

In this chapter, we present the original results obtained in [I70] : We show that Eu-
clidean Liouville theory is also dual to Einstein gravity with Dirichlet boundary conditions
on a fixed timelike slice in the static patch. Intriguingly, the spacetime interpretation of
Euclidean Liouville time is the physical time of the static observer. As a prerequisite of
this correspondence, we show that the asymptotic symmetry algebra which consists of
two copies of the Virasoro algebra extends everywhere into the bulk.

On the technical side, we use the reformulation of Einstein gravity with positive cosmo-
logical constant as two copies of SL(2,C) Chern-Simons theory with a reality constraint
[41], [42]. We note that the Fefferman-Graham gauge for the metric naturally leads to the
highest weight gauge for the first Chern-Simons gauge field and lowest weight gauge for
the second. Instead, Eddington-Finkelstein coordinates for the metric, which cover both
the conformal boundary and the static observer, lead to a highest weight gauge for both
Chern-Simons gauge fields. This distinction leads to some new features of the Hamilto-
nian reduction to Liouville theory with respect to previous treatments [43, 50, 158, [71].
Usually, one performs a Gauss decomposition of an SL(2,C) element around the identity
in order to reduce the non-chiral WZW model to Liouville theory. Here, it turns out that
a natural Gauss decomposition involves particular coordinates far from the identity, in
order to parameterize the Liouville field without otherwise intricate field redefinitions.

The chapter is organized as follows. In section we derive the symmetry algebra
of pure Einstein gravity in the bulk spacetime, both at the level of asymptotic Killing
vector fields and associated conserved charges. In section we review the Chern-
Simons formalism for asymptotically dS; spacetimes and present the classical phase space
of spinning conical defects equipped with Virasoro gravitons in two sets of coordinates of
interest. We perform the reduction to the WZW model and then to Liouville theory in
section 5.3l The last section contains our conclusions.

5.1 Asymptotic symmetries everywhere

Instead of the Fefferman-Graham system of coordinates, we adopt here the Gaussian
null or Eddington-Finkelstein coordinate system[T]

Grr = 0 s Gru = -1 s 9ro = 07 (51)

Tt may happen that we will use later the word gauge to refer to the system of coordinates, though it
may not be the most appropriate word.
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which has, among others, the advantage that the limit / — oo can be made well-defined.
The phase space of Einstein gravity with positive cosmological constant in three dimen-
sions can be written in such coordinate system as

2
ds® = (2—2 + 8G M (u, ¢)) du® — 2dudr + 8GJ (u, ¢)dudg + r*d¢?, (5.2)

where the functions M (u, ¢), J(u, ¢) satisty 0,J = 0,M and 0,M = —g%a(bJ. Note that
we will keep all factors of ¢ explicit in order to also discuss the AdS analytic continuation
¢ — i¢ and the flat spacetime limit ¢ — oc.

5.1.1 Symmetry algebra
The phase space ([5.2)) is preserved under the action of the vector field

f = f@u + <—T8¢Y + 83)]“" - 85—7:]8(1,]?) & + ( - %) 8¢, (53)

where the functions f(u, ¢) and Y (u, ¢) satisty 0, f = 0,Y, 0,Y = —K%@qgf. Interestingly,
the perturbative expansion in r of the symmetry generator in this gauge stops at next-
to-next-to-leading order.

At leading order close to future infinity Z (defined as the limit » — o), the vector

field reduces to
£= fO, —rdyY0, + Y, (5.4)
and its algebra is found to be
[61,6) = fOu — 10,Y 0, + Y0, (5.5)

where

~

[ =Y10sfo — Ya0,f1 + [105Y2 — f204Y7,

. 1 (5.6)
Y = Y104 — Y20,Y1 — 72 (f10sf2 = f204f1) -

These relations define the symmetry algebra and can be written more compactly as

[(fluyl)v (f271/é)] = (fv }A/) (57)

When ¢ is finite, it is convenient to define the coordinates t* = u & if¢. One has
04+0_f =0=0,0_Y, which can be integrated for f,Y in terms of two arbitrary functions
(), I7(t):

f= ! (Im+1) g (I =1). (5.8)
2 ’ 20
The leading-order symmetry vector ({5.4)) therefore becomes

E=10, + 170_ - g(aw +0_17)d,, (5.9)
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and, expanding the generators as

IF—{E: It =l =0} = fe T (0, + %rar) ,

. . 2t (5.10)
- IF. + - —mi_ o —_mi_ e
={E: 1T=0 =/le™7)="le €<8_+2£7’8T>,

one finds that the algebra of the vector fields consists of two copies of the Witt algebra
(=, E] = (m —n)l

m’'m m+n*

(5.11)

Note the relations (I£)* = [T

m:*

Modified Lie bracket and symmetry realization in the bulk

The bulk symmetry parameter (5.3)) is field dependent (through the metric function
J) and therefore, as we saw already in the section , its algebra is in this case given by
the modified bracket (4.6)

€1, &l = [€1, 6] — 06,62(9) + 06,61 (9)- (5.12)

By means of this modified bracket, one can show that the bulk field (5.3) forms a
representation of the symmetry algebra (5.7)):

[61, gg]jy[ = f@u + <—7"8¢Y + 8(;25](. - Sgl—rjaqbf) & + ( - %) 8¢. (513)
The symmetry algebra is thus represented everywhere in the bulk of the spacetime even
though it has been defined at infinity. This has been first pointed out in [22] for the
AdS and flat case, in three and four spacetime dimensions (see also [I7I] for Einstein-
Yang-Mills in three and higher dimensions), the key point being the introduction of the
modified bracket.

5.1.2 Surface charge algebra

So far, we have seen how to compute surface charges in the Chern-Simons formalism,
and their expressions turned out to be very simple (see for instance expression (3.18)).
However, the Chern-Simons formalism is not always accessible, for instance when working
in four spacetime dimensions (as in section or for theories that possess propagating
degrees of freedom (as we will be dealing with in the next chapter, see section . In
that case, it is useful to know how to compute surface charges in the metric formulation.
This is the reason why we introduce here the covariant (or Barnich-Brandt) formalism
[172] 142]: A 1-form §Q, which depends on a solution g,, and its variation dg,, = h,, is
associated to a vector field &. éQg is defined in n spacetime dimension by[]

#Qe(h, 9] (d"22) 1 V=g k" [h, g, (5.14)

T 167G Joy

!The charge may be non integrable, hence the § notation.
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1
2l(n — 2)!
of a 2-form in n dimensions. The surface one-form k*” was shown to be given, for pure
Einstein gravity (GR) with or without cosmological constant, by the explicit expression

where h = ¢g"’h,,, and (d""%z),, = €pvor oo AT A+ - - Adx"=* denotes the dual

1
ki =g, Dpre — ip prle — pelep e - b prip 4 §hD[“§”]. (5.15)

In three dimensions, we have n = 3 and the surface integration 0% is taken to be the
circle (u and r fixed). Furthermore, with g,, given by (5.2)), one finds that the only non-
vanishing h,,, are hy, = dM and h,s = 0J/2. Having this at hand, one evaluates
for the symmetry generator and one finds that the expression for the variation of
the surface charges reads

1 [ 1
§Q¢lh, g] = > /0 (chM +Yé6J — Q—T(fa(béj + 5J8¢f)) do. (5.16)

Crucially, the 1/r term vanishes due to an integration by parts with respect to the ¢
coordinate. Because the remaining right-hand side of (5.16)) is made of -exact terms, the
associated charge is integrable and reads

1 27

Qe = (fM+YJ)do. (5.17)

2 Jy
Here, we fixed the normalization such that Q¢ is zero for M = J = 0. The charge is r
independent. Therefore, this expression for the charge is the same everywhere in the bulk
of the spacetime.

One could have also used the Iyer-Wald formula for the charges [I73], which is equal
to the expression ((5.14) with k** given by with the last term removed. The final
term might in general be non-zero for non-Killing vectors fields, such as the symmetries
that we are using. However, the term evaluates to zero, and the Iyer-Wald charges are
identical to (5.17]).

The charge formula makes explicit the relationship between the integration
functions of the symmetries (f,Y) and the integration functions of the solution to the
equations of motion (M,.J). More precisely, the charge Q in (5.17) provides an inner
product between the space of solutions and the asymptotic symmetries.

Upon defining M = L, + L_, J =il(L, — L_), the charge is given by

1 2

Qe = (ITLy+17L) do, (5.18)

27 Jo

which also makes manifest the relationship between the functions (I7,/7) and the inte-
grations functions of the solution (£, ,L_). Note that the semi-classical spectrum of £,
and L£_ is complex.

It is worth pointing out that the result is valid for asymptotically flat, anti-
de Sitter and de Sitter cases. The anti-de Sitter case is simply obtained by analytic
continuation ¢ — if. The asymptotically flat case is then obtained by taking the limit
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¢ — oo. Since all quantities f,Y, M, 7 are finite in the flat limit, one readily obtains the
result. (One cannot however use [= which are not well-defined in the flat limit).

More conceptually, the fact that the charges are independent of the radius follows from
the vanishing of the symplectic structure of the theory. Indeed, the symplectic structure
evaluated on the Lie derivative of the metric is a boundary term, w(Le¢guw, 0, 9) =
dke(dg,g) where §Q¢[0g, 9] = [ ke(dg,g) is precisely the charge (5.14). The vanishing
of the symplectic structure implies that the difference of charge §Q)¢ evaluated on two
surfaces » = r; and r = ry constant is zero. Therefore, the charge is independent of the
radius.

Algebra of surface charges: two Virasoro in the bulk

The transformation laws of the functions M, J under the symmetry transformation
generated by (5.3) are given byfl]

1 1
OM =Y0,M +2M3O,Y — —8ng — —2(2J8¢f + f0yd),
A ¢ (5.19)
0J =Y0,J +2J0,Y — E(’)‘;‘;’;f +2M Oy f + fO,M.
One can rewrite the transformation laws as
62
5£i = liaiﬁi —+ 2£i8ili -+ —8ili (520)

8G

The algebra of surface charges (5.17) can then be computed with the Poisson bracket
defined by

{Qfl’ Q§2} = _561 Q&' (5'21)
One finds

1 2 R R 1 2w . ,
0g Qe, = %/0 d (fM+YJ) - %/0 dp([103Yz + Y103 1), (5.22)

where f, Y are given in (5.6). Therefore, one has

{QEM Qéz} = Q[ﬁh&] + ’C&,éza (523)

where K¢, ¢, is by definition the second term of (5.22]).
Introducing L: = Q,+, we find that the charge algebra consists of two copies of the
Virasoro algebra

+

C .
{Li:w L’rjz:} = (m - n)Li:H—n + Emsdn%l—mo’ (524>

INotice that one recovers the bosonic transformation laws (3.17) in the limit ¢ — oo, the relation
between the notations being M =8GM, J = 8GJ.
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everywhere in the bulk, with central charge ¢t = % The charges obey (L})* = L,,.

Note that with our definitions there is no ¢ on the left-hand side of the above relation
(5.24). This is in contrast to the AdS result [12].

In the AdS case obtained by analytical continuation, it similarly follows that the
Brown-Henneaux realization of asymptotic symmetries can be extended everywhere
in the bulk. In the case of the asymptotically flat limit, we have shown that the bms;
charge algebra ([2.148)) is defined everywhere into the bulk. All these results are valid for
three-dimensional Einstein gravity without matter. The generalization with propagating
modes is far from obvious.

Notice that we derived here the asymptotic structure in Gaussian null coordinate
system and found exactly the same two holomorphic functions, with same symmetry
algebra and central extensions as in the Fefferman-Graham coordinates used in section
2.4 showing therefore the one-to-one correspondence between these two phase-spaces.

Recently, these asymptotic symmetries everywhere were dubbed “symplectic symme-
tries” [I51} [60]. The reason for this name is, as we already mentioned in the previous sec-
tion, the presymplectic form vanishes on-shell: w(Le¢guw,00,m,9) = 0, while Leg,, # (ﬂ
Symplectic symmetries are large gauge transformations that are defined everywhere in
spacetime, not only in an asymptotic region. Their appearance is most likely conditioned
by the absence of propagating degrees of freedom in the bulk. As an application, let us
mention that this symplectic structure was recently used in the study of near-horizon
region of d-dimensional extremal black holes [60)].

5.2 Chern-Simons formulation

It is now natural to perform the Hamiltonian reduction in the static patch, along
the lines of the Coussaert-Henneaux-van Driel method that we have recalled in details
in the chapter 2l The computations that follow are very similar to the case of negative
cosmological constant, however, since one has to be careful with all the ¢ factors that
might appear in the de Sitter case, and that the interpretation is rather different, we find
it more careful to write all the details.

Three-dimensional Einstein gravity with positive cosmological constant is given by
action (2.1)), where A = 1/¢% Tt can be formulated as two copies of SL(2,C) Chern-
Simons theory with a reality constraint [41], 42], with the action (up to a boundary term)

SglA, Al = —iSk[A] + iSk[A], (5.25)
where k = (/(4G) and
k 2
SplA] = — Tr| ANdA+-ANANA) . (5.26)
4T ) Buik 3

The equations of motion derived from read
F=dA+ANA=0, F=dA+ANA=0, (5.27)

'By opposition to Killing symmetries, for which L¢g,,, = 0.
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where

A=A, = (w“ + %ea) Tas A=A, = (w“ — %ea,) Ta (5.28)
and here 7, are SL(2,C) generators which are normalized as Tr(7,7,) = %nab.

We consider Dirichlet boundary conditions, which we will present in section The
resulting classical phase space contains spinning conical defects studied in 1984 by Deser
and Jackiw [37]. Tt also contains the “boundary gravitons” or Virasoro descendants which
were derived in [28]. We will here present the space of solutions in two distinct coordi-
nate systems which have distinct features. Fefferman-Graham coordinates are adapted to
the conformal boundary and its holographic interpretation in terms of a CFT. However,
already for the vacuum, these coordinates do not cover the static patch since they break
down at the cosmological horizon. In contrast, Eddington-Finkelstein coordinates cover
both the future diamond and static patch of global de Sitter, as we will see.

5.2.1 Fefferman-Graham slicing

We consider asymptotically de Sitter metrics of the form

2 2 + _
ds? = —2 9 (72 L 16GL () £- (8 )> dttdt

72 T2

— 4G L (tT) (dtT)? —4G L_(t7) (dt7)?, (5.29)

where t+ =t £ilg, ¢ ~ ¢ + 271ﬂ The complex functions £, parametrize the phase space
of such metrics. They are constrained by the relation £ = L£_. Tt is convenient to define
the real functions

M@t e ) =Lyt +L-(t7), JAt ) =il(L (tT) — L_(t7)), (5.30)

whose zero modes are the mass and angular momentum, respectively. The coordinate

system breaks down at 7 = 0 or even at the larger 7 = 2GY2(L, L )/ if L, L_ > 0.
This coordinate system is not suitable to describe the coordinate patch of the static

observer at the south pole beyond his cosmological horizon. To see this, let us consider

the case of the dS3 vacuum, with M = %, J =0:

g5t = 9 ! th2+€2 42 2d¢2 (5.31)

§% = —0"— T—— T+ — .
T2 4T 4T

which is valid when % < 7 < 00. One recognizes the static patch coordinates after defining

r=7+ 1,1 <r <oosuch that

dr?

r2 —

dSQ — _€2 4 (T2 o 1)dt2 4 €2T2d¢2 ) (532)

This coordinate system only covers the upper diamond of global de Sitter, see Figures

and

'For book-keeping purposes, we have explicitly ¢t = $(t7 +t7), ¢ = L(—tT +t7), &, = 91 +0_,
Dy = il(Dy — D), 0 = 5(D, — 10y), O = 1(0h + 10,).
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Figure 5.1: Fefferman-Graham coordi- Figure 5.2: Eddington-Finkelstein coordi-
nates nates

To obtain the gauge field, we have to specify the vielbein and the SL(2,C) generators.
The choice of the SL(2,C) generators, 7,, should be consistent with ds? = fje%e” and
Trr,m = %ﬁab. We choose

l
ed = ——dr,
r
1 2G
€ :—Tdt+T(Mdt+Jd¢), (533)
2
e = —lrdp— E (Mdgb — Zdt) ,
r l
and the generators as
. 1 i
¢ =—ily, T = (L1 = L), T = gL+ L) (5.34)

where Ly, Ly are defined in Appendix [Al We then have 7j,, = diag(—1,1,1). The gauge
fields A and A are then

1 1 0 0 4iGLL(tT)
AFG = — d ) dtt
5 (o 3 ) (S 55 )

- 1(-10 0 g
FG .
AFG = o ( 01 )d?"—l— ( _4¢G£€;(r) é ) dt— .

(5.35)

In the approach of [43], the boundary conditions are specified at future infinity for the
gauge field after the r-dependence is factorized out. An interesting feature of de Sitter
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space time in the Fefferman-Graham coordinates is that the r-dependence factorizes out
not only at the future infinity but in the whole upper diamond of the Penrose diagram.

We call the r-independent factor of the gauge field the reduced gauge connection a'¢:
ra _ U0 —AGL(17) +_ (1 1. o +
a = 7 ( 1 0 dt™ = —i ng + k£+(t )L,1 dt y
_rg _ L 0 1 - (1 1 _ _
a = 3 ( _AGL_ () 0 ) dt™ = —i (ng + kﬁ,(t YLy ) dt™, (5.36)

where AP AFG and a¥“,a"C are related by the gauge transformation
¢ = K'ATK + KK, a"% = KA"™K™' + KdK™", (5.37)

with K = diag(r—1/2,r1/?).
A useful property of this basis is

(tFN = orf%,  with  o=2iLy= ( é —Oz ) . (5.38)

The reduced gauge connection a'“ is in lowest weight form while a'“ is in highest weight

form. As a consequence of ([5.38)) they are related by

CLTFG = O'C_LF(;O' = C_Lpg. (539)

5.2.2 Eddington-Finkelstein slicing

Since Fefferman-Graham coordinates do break at the cosmological horizon, it is neces-
sary to consider another coordinate system in order to impose boundary conditions beyond
the horizon. We will now repeat all steps from the previous subsection in Eddington-
Finkelstein type coordinates.

The phase space of asymptotically de Sitter spacetimes is now given by

2
ds* = (2—2 —8G(L4 + E_)) du® — 2dudr — 8il G(Ly — L_)dudg + r*de¢*, (5.40)

where u e R, ¢ ~ ¢+ 27 and 0 < r.
We choose

2

e = (T— — 4G (L4 + £)> du — dr — 4ilG (L — L_)do,

202
el = —2du, e? =rdo, (5.41)
1 1
7-()EF = _§L17 7—1EF = _§L—17 TQEF = L07

such that ds? = —e%! + (€2)? = fee’.
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From the choice of the generators and dreibein, we obtain the gauge fields

AP — 2% (2 8) dr + (__{ i, _z) dt*
4¢3

k 20
. (00 oTe ¢
ABF — _ " ( ) dr + (W 2 ) dt= (5.42)
20\1 0 rr A ST

where we defined t* = u & il¢.

As in the case of the Fefferman-Graham coordinates the A_ and A, contributions are
zero. Again, it is possible to factorize out the r-dependence. We define the reduced gauge
connection as

af = K'APF K + KK, a"t' = KAPP K™t + KdK™! (5.43)

where K = 1@ 0
—ﬂ’f’ 1

Fefferman-Graham coordinates ([5.37)).
On-shell we find for the reduced gauge field

. Note that the form of the matrix K differs from the one in

0o - ' l

"t = ( iy () OE ) dtt = % (L_1 + E£+(t+)L1) dtt, (5.44)
k

a"t = 0 ‘ -_ (1 Lo -

a = fiﬁi(t‘) 0 dt™ = _Z 71+E 7(75 ) 1 dt. (545)

Since the basis of generators 72% is real, it implies apr = a’yp. A useful property of

a
this basis is

(rEY = —67F6,  with  G=i(Li+L.y) = (? BZ> . (5.46)

5.2.3 Boundary conditions

Let us define a slicing of (a part of) spacetime into fixed radial slices ¥, such that
in the limit r — oo, ¥ coincides with the future conformal boundary Z*. There is
an infinite number of such slicings. Two examples (Fefferman-Graham and Eddington-
Finkelstein slicings) were provided above. We then define the reduced gauge connections
a and a as

a=K''AK + K7ldK, a=K'AK + K 'K (5.47)

such that a, = 0 = @,. This fixes K, K € SL(2,C) up to an SL(2,C) element on 3, which
corresponds to (t7, ¢ )-dependent diffecomorphisms tangent to the slices. For simplicity,
we will assume that K and K only depend on 7.

We are now ready to state our boundary conditions. They come in two sets:

1. A_:fL_ZOOHET.
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2. ay = %L,l—i—() L0+O<1)L1 and a_ = —%L,1+O L0+O(1>L1 on 27’7 where L*la Lo, Ll
form the canonical SL(2,R) algebra given in Appendix [A]

The phase space in Eddington-Finkelstein coordinates clearly obeys the boundary
conditions, with K = K ! given above. In fact, the phase space in Fefferman-Graham
coordinates also obeys the boundary conditions, once we realize that the definition of
SL(2,R) generators in the boundary conditions is related to the choice of generators
in via the inner automorphism & of the algebra defined in Appendix More
precisely, we have the following relationship between the reduced connections obtained
from Fefferman-Graham and Eddington-Finkelstein coordinates (and our choice of basis
and dreibein):

o' =671t @t =atc. (5.48)

Therefore, for Yo, K = K~' = diag(r=/2,7'/?) and after applying the automorphism on
the a sector, the boundary conditions exactly coincide with the ones of [I58].

Note that in the two phase spaces that we considered, one has 0_A, = 0 and
04 A, = 0. These conditions are not part of the boundary conditions but are only on-shell
conditions.

5.3 Hamiltonian reduction

The Hamiltonian reduction in Fefferman-Graham gauge on the conformal boundary
Yo is well known to lead to Liouville theory [I58]. More precisely, the reduction of the
entire bulk has two boundaries, one at the future and one at the past boundary. Here, we
generalize this result to a Hamiltonian reduction performed over an arbitrary bulk region.
We distinguish a piece of bulk bounded by two spacelike surfaces X7 and ¥ in the upper
and lower diamond, and a piece of bulk bounded by one timelike surface ¥, in either the
northern or southern patch, see Figures and

We will carefully derive all steps in the reduction procedure in the upcoming sections.
In section we will emphasize the new features arising from the reality conditions
occurring in the Eddington-Finkelstein gauge instead of the Fefferman-Graham gauge.
We will see that it is then convenient to perform a Gauss decomposition of the SL(2,C)
element far from the identity.

5.3.1 Reduction to the non-chiral SL(2,C) WZW model

The first set of boundary conditions allows us to reduce the two Chern-Simons theories
to the non-chiral SL(2,C) WZW model. Let us start by specifying the boundary terms
in the action. We denote the coordinateﬂ as (t,¢,7), ¢ ~ ¢+ 27 and define t+ = t £ ile.

!The following derivation does not assume any choice of gauge. The t coordinate might as well be
denoted as u in Eddington-Finkelstein coordinates.
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and X~
We define
Sk[A,A]zﬁ/ Tr (A/\dAJrgAAA/\A) —ﬁ/ dt de Tr( A Ay),
AT ) Buik 3 AT Jopulk
= ﬁ 3z Tr (2AtF¢T — 0 A Ay + 8tA¢AT,) .
4T J Buik

Here 0Bulk is the boundary of the bulk region under consideration at fixed radius r (with
one connected component %, or two connected components %), Then, the variation of
the full action Sg[A, A] given in (5.25)) is

_ 1 o
5SpA, A = = / dtdp Tr (A0Ay — A5 Ay) . (5.49)
21 JoBuik
From the first boundary condition, we deduce that a consistent variational principle is
given by
_ k _
Stotal = Sp[A, Al — — dt dp Tr(AZ + A2) . 5.50
total E[ ) ] 47T€/(93u1k ¢ r( ¢>+ ¢>) ( )
We observe that A, is the Lagrange multiplier for the constraint F,, = 0. This
constraint on the initial data implies that locally A, and A4 are pure gauge locally,

Ai = G_laiG, 1= T, Qb, (551)

where G € SL(2,C). Tt is convenient to choose A, = G'9,G as a gauge condition on
the Lagrange multiplier 4,. We then have A = G~'dG and similarly A = G~'dG with
G € SL(2,C). We will assume that the decomposition holds globally (no holonomies).
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Using the orientation € = 1, we have after imposing the constraint,

k 1 k
Al =—— “Tr(G71dG)? — —
Si[A] T 3 r(G7dG) -
where we defined g = (GK)|x, as the pull-back of G times K defined in (5.47) on X,. We
also define g = (GK)|s,.
Therefore, the action is the sum of two chiral WZW models,
ki ki

Stotal = ESWZW lg] — ESWZW[g] (5.53)

/ dtdoTr (97'0r99~ " 0s9) - (5.52)
dBulk

with

1 f
Swzwlg] = g/B . Ir (G_ldG)3 + 2/ dtdeo Tr (g_lf)_gg_18¢g) ,

S q=1 Tr (G1dG)° +2 dtdé Tr (710,55 10,7
wawlg) = 3/ r ( )+ - ¢ Tr (10199 '0s9) -

These first order actions describe respectively a right-moving group element g(¢*) and a
left-moving group element g(¢~). One thus has A_ = A, = 0 on-shell. The first set of
boundary conditions is therefore compatible with the equations of motion of the WZW
action.

Additionally, we could reformulate the combination of two chiral WZW models as
one non-chiral WZW model. To perform this rewriting, one defines h = ¢7'g and H =
G'G = KhK™'.

We are allowed to trade the variables from g and g to h and IT = —g~ 0399 1 g—g ' 0,3.
The action then reads (using the analog of the formula (2.102))

_ ik e -1 -1
Stotal = ym (/ dt dngTr(%H + 2gh Osh h™"0sh +1Ih="0:h) —T'[H] | . (5.55)
Eliminating the auxiliary variable II by its equation of motion, one finally gets
k ik
Stotal = kL dtd¢Tr (W0 hh™0_h) — L / Tr (H'dH)’ (5.56)
T JoBulk 127 J puk

which is the standard non-chiral SL(2,C) WZW action for h. It agrees with [I58].
One can express the action in local form upon performing a Gauss decomposition of

the form
A 1A
1 X e2® 0 1 0
H_(01><0 6_;@>(}>1), (5.57)

where X,Y, o depend not only on u, ¢ but also on r. We assume that the decomposi-
tion holds globally. For subtleties in the presence of global obstructions, see [69]. The
latter Gauss decomposition allows to rewrite the 3-dimensional integral in as 2-
dimensional integrals using the relation

1 o
STH(H T AH) = &' @70, (e*bagx 87Y> . (5.58)
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The 2-dimensional integral in (5.56)) can be rewritten equivalently by replacing h by H|s
since all factors of K, K exactly cancel in the trace. We can then combine all terms
(keeping only the radial boundary term) and we find

kl

St tal — T 5
o 27 JoBuik

. N ~ 1 ~ .
dtdo (Zeq’aX 0.Y + 5a,cb a+<1>> , (5.59)
where all fields X, )7, ® have been pull-backed on dBulk which is either ¥, or ¥ U X .

5.3.2 Reality condition and Gauss decomposition

Even though the Chern-Simons connection is complex, it describes a real metric and
spin connection. Therefore, there is a reality condition on the connection components,
whose precise form depends upon the basis of SL(2,C) generators used to express the
connection in components. Moreover, there is also a reality condition on the SL(2,C)
elements K, K used to define the reduced gauge connection. It reflects the fact that the
submanifold spanned by (¢*,¢7) is a real submanifold.

In Eddington-Finkelstein coordinates, we encountered the reality condition

(EF) A'=—-646, &*=1, &'=¢ (5.60)

together with (l_(*l)T 6K =6 =K"'6 (K1), see section [5.2.2]
In Fefferman-Graham coordinates , we encountered the different reality condition

(FG) Al = g Ao, o = -1, ol = —0¢ (5.61)

together with (Kfl)TaK =0 =K"10(K™), see section [5.2.1, The matrices 6 and o
were defined in and respectively. They are defined up to an irrelevant overall
sign.

We expect that there might be other reality conditions in other gauges but we will
limit our discussion to two cases above.

In the case (EF), one finds G™! = 6G'r where 7 € SL(2,C) and upon choosing
7t = —7, one has H' = —GHG6. This then implies hf = —6h6é. In the case (FG),
one finds G~! = oGt where 7 € SL(2,C) and again upon choosing 71 = —7, one has
H' = —oHo. This then implies hf = —cho.

In case (FG), as discussed in [I58], the matrix h takes the form

hira) =( o “’) (5.62)

—-w v

with u,v € R, w € C and uv + ww = 1 while in case (EF), the matrix h takes the form

z oar
h<EF>=(m ;) (5.63)

with z € C, r1,7 € R and zZz + riry = 1.
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We observe that one can relate these SL(2,C) elements as
h(EF) == a’h(Fg)U (564)

which reads in components as
1 1 l
u:Rez+§(r1—T2), v:Rez—ﬁ(Tl—rg), w:Imz+§(r1—|—T2). (5.65)

The group manifold SL(2,R) can be completely covered with the help of 4 coordinate
patches. It is natural to use the coordinate patch close to the identity in the case (FG),
as done in [I58], using the Gauss decomposition

1 X ez® 1 0

where XY, and ® are function of the coordinates on the slice, t*,¢t~. Then, the reality
conditions imply ¥ = —X and ® to be real. After imposing the second set of boundary
conditions as discussed in the next section, ® will turn out to be the real Liouville field.
In case (EF) it is then convenient to use the relation (5.64) with the Gauss decom-
position (5.66)). It is easy to see that this coordinate patch for h(gpy does not cover the
identity.
On the one hand, in the (FG) case, comparing the Gauss decompositions ((5.66) and
(5.57) and evaluating K = K~ = exp(—logrLy) at fixed r = rs we obtain
Y 1 ] L g
X =—X, Y =—Y, e” = —e”. (5.67)
s s s,
On the other hand, in the (EF) case, comparing the Gauss decompositions ((5.64)-(5.66))
and (5.57) and using the values of K = K ' = exp(—47L1) at fixed 7 = ry, we obtain
~ i?“g ~ ’i?"z & &
X=X+ = Y=Y+ = =e". 5.68
MY LECTAR (5.68)
In both cases, the action (5.59)) reduces to

kl

St tal — T 5
o 27 JoBuik

1
dtdg (26_¢8_X .Y + 58_(I> 8+(I>> (5.69)
which is the standard action for the WZW theory. All radial dependence in the action has
disappeared. The only possible difference between the Fefferman-Graham and Eddington-
Finkelstein cases is the definition of the boundary 0Bulk.

5.3.3 Further reduction to Liouville theory

The second set of boundary conditions on the gauge fields further reduces the WZW
model to a Liouville action.

The boundary conditions were written down in the language of the gauge field com-
ponents. Let us first rewrite these boundary conditions in terms of the SL(2,C) element
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h. One way to proceed is to consider the left and right moving WZW currents. They are
given by

Joa=h"10.h,  j.=—0,hh7". (5.70)

Using the definition of h = g~'§ we deduce
jo=—-hla_h+a_, Ji =ay —ha ht. (5.71)
Using the first set of boundary conditions a_ = a, = 0, we obtain a simple relation

between h, the WZW currents, and the gauge fields: j_ = h™'0_h =a_, j, = —0,hh™! =
ay.

For the Fefferman-Graham and Eddington-Finkelstein choices of the SL(2,C) gener-
ators we have

2i 2i "

(FG) Roit=T hHiE=—-0 2=0=0
L2 } 2i L
(EF) L= == P2=i=0. (67

In either case, the first pair of conditions are first class among themselves. The second
pair of conditions can be understood as a gauge condition for the symmetry generated by
the first pair, as discussed in [66], 158].

Using the appropriate Gauss decomposition discussed in the last section, one can
rewrite those constraints in terms of the ®, X, Y coordinates, with Y = —X and ® real.
In both cases, (EF) or (FG), the first two constraints are exactly

?

eTOXN =7, Y = % . (5.73)
and the second set of constraints, once combined with the first, becomes
¥4 ¥4
X = %a@, Y = %a_@. (5.74)

The constraints are independent of the radius ry and independent of the choice of
(EF) or (FG) slicing.

Before inserting the constraints we have to make sure that the action obeys the varia-
tional principle. This is the case once we add an improvement term to the action (5.69)):

Lt 27 t
Simpr = Stoat + 5 | do (e-¢ (XO,Y + Y@,X)) i (5.75)
m 0 t1
After inserting the constraints we are left with the Liouville action
k¢ 1 2
Simpr = —— dtdp ( =0,P0_-P + — o) . 5.76
’ 27 JoBuik ¢ (2 ’ i & o ) ( )
Note that the boundary term in (5.75) contributes as —2££ [, dtd¢ Ze®.

The final action is therefore the Liouville action evaluated on the boundary of the bulk
region, which can be either two connected components ¥ or one connected component
Y., see figures |5.3| and One can write the Liouville action in covariant form upon
coupling it to a metric of Euclidean signature. It is bizarre that when one chooses the
radial slice X, in the static patch, ¢ is a time coordinate in spacetime, while it is still a
Euclidean coordinate of the boundary action.
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5.4 Conclusion and discussion

In this chapter, we first recalled the important fact that, by introducing a modified
version of the Lie bracket, one sees that the asymptotic symmetry group is not limited to
act at the conformal boundary [22]. Instead, one can extend the notion of the “asymp-
totic” symmetries anywhere into the bulk. Following this idea, we then showed that the
associated surface charges for three-dimensional Einstein gravity could be as well extended
in the bulk of spacetime since they turn out the be r-independent, and this fact holds
independently of the sign of the cosmological constant. A convenient way to define the
generators everywhere in the bulk makes use of Eddington-Finkelstein type coordinates
which were thoroughly used e.g. in [100]. As a result, in the de Sitter case, the conformal
group acts naturally in the static patch beyond the cosmological horizon. This provided
consistent boundary conditions (which are compatible with conformal symmetry) on any
fixed radial slice and in particular close to the horizon.

It was then natural to perform the Hamiltonian reduction of Einstein gravity in the
static patch, taking as a boundary a Lorentzian signature fixed radial slice X, with
boundary conditions preserving the conformal group. Naively, one might expect to find
Lorentzian Liouville theory. This turned out not to be the case. The Hamiltonian reduc-
tion is in fine independent of the chosen radial slice. Since a fixed radial slice close to Z
leads to the Euclidean Liouville theory, the same theory was found on a fixed radial slice
inside the static patch, namely

2 , 1 , 16

where the boundary terms of the Einstein-Hilbert action Sgpy were chosen to enforce
the boundary conditions. The awkward feature is now that ¢, the Euclidean time in the
boundary field theory, is a timelike coordinate of the boundary ¥,. Overall, our result
is consistent with the dS/CFT conjecture [28]: we find a Euclidean CFT, even when the
holographic boundary is a timelike cylinder in the static patch. Note that there is no
holographic RG flow in the sense of [I74] since no bulk fields are integrated out upon
displacing the holographic boundary into the bulk.

Our derivation can be extended in a straightforward manner to higher spin fields as
long as no propagating degrees of freedom are involved. We expect that the notion of
asymptotic symmetry can be realized everywhere in the bulk and we similarly expect that
the Hamiltonian reduction can be done on any slice in the bulk without any dependence
on the choice of slice. The addition of propagating modes on the other hand is non-trivial
and further analysis would be required.



CHAPTER O

Holographic entropy of Warped-AdS; black
holes

In this chapter, we will study the asymptotic symmetries of spaces that are not asymp-
totically (A)dS, but rather a warped deformation of it that is particularly relevant because
of different reasons: On the one hand, these spaces provide a new example of the so-called
non-AdS holography, that is of the proposal to generalize AdS/CFT holographic duality
to cases in which the gravity side is not given by an asymptotically Anti-de Sitter spaces
(AdS) space, and this is interesting on its own right. On the other hand, these Warped
AdS; spaces (WAdS3) are related to other problems in physics, such as Kerr/CFT corre-
spondence, Schrodinger spaces in non-relativistic holography, lower-spin gravity, among
others.

WAdS3 spaces are squashed or stretched deformations of AdS; [33] and have very
interesting applications [175] [176], 177]. One of the most salient properties of these spaces
is the fact that they admit black holes [34]. This permits to explore the black hole physics
from the holographic point of view in a setup that goes beyond the asymptotically AdS
examples.

In the recent years, different proposals for a WAdS3/CF T, correspondence have been
explored |29, [178] [179]. One of such proposals, dubbed WAdS/WCFT, states that asymp-
totically WAdS3 geometries, including black holes, are dual to what has been called
a warped conformal field theory (WCFT), i.e. a peculiar type of scale invariant two-
dimensional theory that lacks of Lorentz invariance. In [I79], this realization was studied
in the case of Topologically Massive Gravity (TMG) and String Theory. Here, we will
discuss WAdS;/CFT, correspondence in a new setup, namely in the context of the parity-
even three-dimensional massive gravity known as New Massive Gravity (NMG). We will
give strong evidence supporting the dual description of quantum gravity about WAdS;
spaces in terms of the WCFT, description.

We will study the asymptotic symmetries of WAdS; in NMG and we will find that
the asymptotic symmetry algebra is infinite-dimensional and coincides with the semidirect
sum of Virasoro algebra with non-vanishing central charge and an affine 4(1), Kac-Moody
algebra. We will identify the Virasoro generators that organize the states associated to the
WAdS3; black hole configurations, and by applying the Cardy formula, we will prove that
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the microscopic computation exactly reproduces the entropy of the WAdS3 black holes.
In addition, we will explain why the WCF'T, version of the Cardy formula proposed in
[179] also reproduces the right result.

The chapter is organized as follows: In section we briefly review the theory of
massive gravity considered. In section we move to the geometry of WAdS3 space:
the first part focuses on the timelike case and presents the original results obtained
in [I80], namely the computation of conserved charges in NMG. The second part of the
section (6.2.2]) reviews the properties of the spacelike WAdS3 black hole. The rest of the
chapter contains original contributions based on [I81] 182]. In section we study the
asymptotic isometries in WAdS; spaces and compute the algebra of charges associated
to the asymptotic Killing vectors, which is found to be the semidirect sum of Virasoro
algebra and the affine 4(1); Kac-Moody algebra. We also study the representations of this
conformal algebra and identify the states that correspond to the black hole configurations
in the bulk. In section [6.4] we show how the black hole entropy is reproduced by the
(W)CFT dual computation. We also make some remarks about the inner black hole
mechanics; namely, about the relation between thermodynamics properties that one can
formally attribute to the inner black hole horizon. We explicitly check that this is in
perfect agreement with previous conjectures [I83]. Finally, in section we present an
extension of our results to a more general set of boundary conditions in WAdS; space,
which manifestly shows that the holographic computation of the WAdS; black hole entropy
is robust in the sense that it still holds when configurations with more relaxed asymptotic
are considered. We give explicit examples of solutions fulfilling such relaxed boundary
conditions.

6.1 Three-dimensional massive gravity

A feature that makes WAdS3 spaces of particular interest is that these geometries ap-
pear as exact solutions of a large variety of models, including string theory [184] [185] [186],
topologically massive gauge theories [187, 188 189, 190, 191], higher-derivative theories
[192], bi-gravity theories [193], and Einstein gravity non-minimally coupled to matter
fields [194]. A minimal setup in which WAdS3 spaces appear is three-dimensional gravity
with no matter fields. Indeed, spacelike and timelike WAdS3; geometries are exact solu-
tions of pure three-dimensional gravity provided one gives a small mass to the graviton. In
three-dimensions, there are different manners to give mass to the graviton in a consistent
way. Here, we will adopt the particular parity-even theory of massive gravity proposed
in Ref. [195], usually called New Massive Gravity (NMG), which we will review in this
section.

New Massive Gravity is a parity-even theory of gravity in three dimensions which,
when linearized around maximally symmetric backgrounds, coincides with massive spin-2
Fierz-Pauli action. Therefore, at a generic point of the space of parameters, it propagates
two local degrees of freedom.
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NMG is defined by the action

1 3
I=—— [ dr/=g|(R—-2A+ —(RuR, — =R 6.1
167TG x g ( + m2( 22 122 8 )) ) ( )
where m represents the mass of the graviton.
The equations of motion derived from (6.1)) take the form
1
K,, =0, (6.2)

1
Rw/ - ERg/w + Ag;u/ + ﬁ

which, apart from the Einstein tensor, involve the tensor

1 1
Ky =20R,, — 5V, VuR — SORg, + 4Ryans R

3 . 3
— §RRW — Ros R g, + §R2gw,.

The relative coefficient 3/8 between the two quadratic terms in action is crucial: it
is such that the trace of the equations of motion does not involve the mode LIR.
This is why, for instance, NMG is free of ghost about flat space.

Let us recall the other main properties of theory : as we said, it propagates two
degrees of freedom corresponding to a spin 2 particle (unlike General Relativy, which has
no none, or Topologically Massive Gravity which has only one), which makes of this theory
a very good toy model for four-dimensional gravity. In addition, NMG admits a rich set
of solutions, such as Schrodinger invariant spaces [196], Lifshitz spaces and Lifshitz black
holes [197], logarithmic deformation of the Banados-Teitelboim-Zanelli geometry [198],
hairy (A)dS; black holes [199], WAdS; black holes, and others [192, 200].

(6.3)

6.2 Warped AdS; Spaces

As said, WAdS; spaces are solutions of NMG [201]. These geometries are squashed or
stretched deformations of AdS;3 space [33]. More precisely, one starts with AdS3; metric
in coordinates z,y,7 € R

€2
ds* = T (= cosh® x dr? + da* + (dy + sinh 2 dr)?) | (6.4)
and then introduces a deformation parameter K € R:

2
ds® = % (- cosh? z dr? + da* + K (dy + sinh z dr)?). (6.5)

This deformation amounts to writing AdS3 as a Hopf fibration of R over AdS, and then
multiplying the fiber by the constant warp factor K. Usually, one parameterizes the
deformation by a positive constant v defined by K = 4v?/(v? + 3), such that the case
v = 1 corresponds to undeformed, or unwarped, AdS;. Through the deformation, the
AdS; radius ¢ gets also rescaled as (2 — (% = 40?/(v? + 3). Spaces with % > 1
describe stretched AdSs spaces, while those with 2 < 1 describe squashed deformations
of AdS3;. Through a double Wick rotation (x,7) — (ix,i7) one goes from the spacelike
WAdS3 metric to a timelike analog of it. We will analyze these two cases separately.
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6.2.1 Timelike WAdS; space

To organize the discussion in a convenient way, let us begin by considering the timelike
WAdS3 space. This geometry is important for our discussion as it will be ultimately
associated to the vacuum of the WAdS3 black hole spectrum we are interested in.

Timelike WAdS; from Godel metric

The four-dimensional Godel cosmological solution is the direct product of the real line,
R, and a three-dimensional manifold ¥ equipped with a metric [202, 203]

ds* = — (df + eﬁwxdy>2 + dz® + %eQﬁwxdyQ, (6.6)
with coordinates z,y,t € R, and w being a real parameter that represents the vorticity
of the Gddel solution. This coordinate system gives a complete chart of the space, and
the four-dimensional solution is then homeomorphic to R* The space is geodesically
complete, and hence singularity free; it is spatially homogeneous, though non-isotropic.

In a convenient system of coordinates, metric (6.6) above takes the form

ds® = (dt + 2 sinh? (\/_) d(b) + L sinh?(v2wp)de? + dp?, (6.7)

where the three-dimensional metric is now written as a Hopf fiber over the hyperbolic
plane. This space exhibits closed timelike curves (CTCs), as it can be seen from the role
played by coordinates ¢t and ¢ in the first term of (6.7).

The prominent properties of the Gddel space persist if one considers a particular one-
parameter deformation of the metric (6.7) which, in particular, permits to interpolate
between the three-dimensional section of Godel space and AdS; [204]. This deformation
is given by the metric

dw ? h
ds* = (dt + 5¥] sinh? (%) d¢> deb + dp?, (6.8)

which, apart from the vorticity w, includes an additional real parameter A that controls
the deformation. For the particular value \? = 2w?, metric corresponds to the three-
dimensional section of Gddel solution ; when \? = 4w? it corresponds to the universal
covering of AdSs. For generic values of A\ and w within the range 0 < \? < 4w?, metric
describes the timelike stretched WAdSs spaces we will be concerned with.

It is convenient to consider a slightly different parameterization: Define the parameter

2

L
A2 — 2w?’

(6.9)
and then use w and (% (instead of )\) to describe the family of WAdS; metrics. For
instance, in terms of w and (2, the Godel solution corresponds to 2 = oo, while AdSs
space corresponds to 2 = w2 The range 0 < \? < 4w?, in terms of these parameters,
translates into [w?¢?| > 1. Notice that w?(* may take values between —1 and —oo. Spaces
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with [w?(?| < 1 are also interesting, although present a different causal structure; they
correspond to the timelike squashed WAdS3 spaces.

Now, continuing with the convenient changes of coordinates, define the new radial
variable r = 2A~2sinh?(\p/2), such that r € Rso. Metric now reads

dr?
(r+ (02 +w?)r?)’

ds® = —dt* — dwrdtdd + 2 (r + (0% — w*)r?) d¢* + 5 (6.10)
This is one of the standard ways of representing timelike WAdS3 space. The curvature
invariants associated to this metric are constant, and take the remarkably succinct form

2TL
RMRMR R = (_1)%2_“(”2%% +2). (6.11)
Another interesting property of metric (6.7)) is that it is spatially homogeneous. As it
happens with the universal covering of AdS, the WAdS spaces are not globally hyperbolic.
The isometry group of WAdS; spaces is SL(2,R) x U(1), which is generated
by four out of the five Killing vectors that Gddel solution admits. This isometry is the
remnant piece of the SL(2,R) x SL(2,R) isometry group of AdS;3 that survives through
the stretched /squashed deformation.
From , it is easy to verify that in the special point w?/? = 1, the solution
coincides with AdSs3 space. Indeed, defining the new coordinates § =t — ¢ and p? = 2r
and replacing w = ¢ =1 in (6.10]), gives

dp?

2 2 2

+ p*df*. (6.12)

Introducing a defect

Let us now introduce a pointlike defect in spacetime (6.10). This is achieved by
performing the change
¢ — (1—p)p, with 0<pu<l, (6.13)

while keeping the same periodicity for the ¢ coordinate, namely ¢ € [0, 27). This certainly
changes the global properties of the space in a way that is equivalent to introducing an
angular deficit ¢ = p/(27) in the original angular coordinate. By doing and
rescaling the radial coordinate as r — r/(1 — p) one finds the metric

ds® = — di* — dwrdtdp + 2r (072 — W®)r + (1 — p)) dep®

dr? (6.14)
(@ ey (=)

where t € R, r € R>q, and ¢ € [0,27). This metric shares the asymptotic behavior with
(6.10]); namely both have the large r behavior

dr?

2 2 —2 9\ 25 92
ds® = —dt* — dwrdtdp + 2(0* — w)r dy +m

+ hy,datds”,  (6.15)
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with, in particular, 8¢y, = he, ~ O(r) and g, = hyr =~ O(r?).

Metric (6.14) represents a particle-like object located at » = 0, in the bulk of Gédel
universe. The object disappears when p tends to zero, which permits to anticipate that
1 is somehow related to the mass of the defect. More general defects will be introduced
later (see below), which will represent spinning point particles in Godel spacetime.

Spinning point particles in G6del spacetime

Let us now consider more general defects which represent spinning point particles in
(Godel spacetime. The metric of Gédel spacetime with both mass and angular momentum
now readsd]

dr?
ds? = —dt* — dwrdtdyp + 2+ ) — (2r°w® = A5 (r)) de?, (6.16)
where
27’2 )
Auji(1) = o +2(1 — p)r — =, (6.17)

and where t € R, r € Rsp, 0 < p < 1, and ¢ € [0,27). Metric involves a new
parameter j € R, and reduces to (6.14) when j = 0. Notice also that only & ~ 9, and
£¥ ~ 0, out of the four generators of SL(2,R) x U(1) survive as exact Killing vectors of
the metric (6.16]).

Such as in the case of the parameter p, the introduction of j is achieved by means of
a (improper, i.e. not globally well-defined) diffeomorphism from metric (6.10)).

Conserved charges in NMG

As we said earlier, timelike WAdS; geometries are exact solutions of massive gravity;
the graviton mass is what ultimately induces the vorticity required to support the Godel
universe or, more precisely, the three-dimensional non-trivial part of it.

The metric solves NMG equations of motion for the particular choice of
parameters

2 (190202 — 2) A (11wt + 28w2(? — 4)

202 202(10w2(2 — 2)
Recall that AdS3 space corresponds to w?¢? = 1, for which A = —35/(34¢%) and m? =
—17/(2¢%).
The mass and angular momentum of the spinning defect (6.16) in NMG can be com-
puted in the covariant formalism (see below); it givesPJ180]

(6.18)

4(p — 1)0Pw?

Maoa = Frgmee — 9y

(6.19)

'Notice that we can assign dimensions to the parameters and coordinates as follows: [t] = I!,[r] =
12 0g) =100 =11, [w] =171, [u] = 1°[j] = 1°, where [ has dimension of length.

2This result is up to p-independent and j-independent terms, which can not be gathered in the
integration.
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and

450403

Jaoa = CG(192w? — 2)

(6.20)

for the mass and the angular momentum of the solution (6.16)), respectively. Notice that,
as expected, the angular momentum changes its sign when w does so.

A special case to consider is the actual Godel spacetime, which corresponds to the
limit ¢ — oo. In this case, the mass formula yields

A(p—1)

Maiga = “1oa

(6.21)
which is independent of w. For p = 0 the result is negative and will be of crucial impor-
tance in the study of the spacelike WAdS; black hole spectrum in section [6.4]
Another special case to analyze is the AdS, x R space. This corresponds to the limit
w — 0. To see this explicitly, we define coordinate p? = 1 + 4(r?/¢* 4+ r/¢?), in which the
metric for w = 0 takes the form
? 2 dp?

dst,_g = —dt* + dsigs, = —dt* + = (7" — 1)d¢” + —

5 AR (6.22)

In this case, the mass also tends to zero,
MEgxads, = 0. (6.23)

Locally AdS, x R spaces appear in the limit in which yields A = —m? [199].

In [180], another method was used to compute the quasi-local gravitational energy,
where a boundary stress-tensor for NMG was defined, which is the generalization of the
Brown-York quasi-local stress-tensor. For NMG theory, such a tensor exists and has been
defined in Ref. [205], and can be used to compute the mass of the defect in timelike WAdS;
as seen from infinity, i.e. from the region that is beyond the radius where CTCs appear.
Intriguingly, the Brown-York quasi-local energy obtained through this approach gives only
one half of the mass (6.19). In addition, the definition of charges in terms of the quasi-local
stress-tensor was shown not to be suitable to compute the angular momentum of spinning
defects, the failure being associated to the impossibility of regularizing the boundary
stress-tensor by means of local counterterms. The question remains as to whether it is
possible to formulate a holographic renormalization recipe in WAdS;3 spaces. Indeed, this
phenomenon had also been observed both in TMG and in NMG for the case of spacelike
WAdS; [206, 207|, suggesting this is a general feature of this type of backgrounds. Whether
or not this problem is related to the lack of Lorentz invariance in the dual theory is still
to be understood.

6.2.2 WAdAS; black holes

Let us move to the analysis of the spacelike WAdS; spaces. In particular, we will
be interested in the black hole geometries found in [34], 201], which at large distance
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asymptote squashed spacelike WAdS3 space. The metric of these black holes is

ds? dr?

—— =dt* + + 2ur — \/ryr_(v? + 3))dtdy
l2 (V2+3>(T_T+)(T—T_) ( + ( )) (624)
—I—Z 3= Dr+ (VP +3)(ry +r_) —dv/ryr_ (V2 + 3)} dp?,

and solves NMG equations of motion for the values of parameters

200% — 3 2(40* — 482 + 9
mpe 20 =8) y  m (48 +0) (6.25)
202 (4000* — 12002 + 9)

These black holes can be obtained from the timelike solution by means of a change of
coordinates involving a double Wick rotation, detailed in Appendix [E]

The conserved charges of WAdS3 black holes have been computed by different methods
[201], 206], 208]. The mass is given by

M= Qy = L H3) ) ((7“_ Yy —Srr (2 3)) , (6.26)

Gl(200v% — 3

while the angular momentum is given by

J =Qo, = % ((5V2 +3)ror_ — 2v/ryr_ (V2 + 3)(ry + r_)> . (6.27)

Black holes (6.24)) include extremal configurations, corresponding to 7 = r_. In those
cases, the angular momentum saturates the condition

Gl(200% — 3)

J = dv(v? + 3)

M2, (6.28)

which is the necessary condition for the existence of horizons. Condition (6.28)) is supple-
mented with M > 0.

Black hole solutions are obtained from the timelike WAdS3 space by
means of global identifications [29], in the same way as BTZ black holes [38] are obtained
from AdS; as discrete quotients [39]. This orbifold construction preserves a U(1) x U(1)
subgroup of SL(2,R) x U(1) isometries, which is generated by the two Killing vectors

V=0, ®=-0,. (6.29)

The global identifications, generated by to Killing vectors (6.29)), generate two periods
Br and Br. The inverse of these periods yield the two geometrical temperatures

2
o=t =20 1)

8 5 (6.30)
T, =B = —(V + )(m +r_ — =/ (V2 +3)r_ry)
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It is important to point out that these temperatures are not the Hawking temperature
of the black hole, which can be computed and found to be

(v*+3) Tr (v*+3) (ry—r_)

dnly Ta+T, 47l 2ur, — /(2 + 3)rry

The entropy, which can be computed with the Wald formula, is given by

3 1
Sp= — (L SR8, (6.32)

20 —3)c" " 3
and reads, in terms of the charges (6.26))-(6.27)),

Spn = (;ﬂ—fryg))(/\/{ + VM2 RT), (6.33)

Ty = (6.31)

where k = 4v(3 + v?)/(GI(20v? — 3)). This way of writing the entropy will be important
for our purpose.

Let us also mention that the quantities above satisfy the first law of the black hole
thermodynamics

dM = TydSgy + Qg dJ (6.34)
where Qg is the angular velocity associated to the horizon; namely

2

Cwr, — /(2 3y

Qpy (6.35)

6.3 Asymptotic symmetries

6.3.1 Asymptotic isometry algebra

In this section, we will study the notion of asymptotically WAdS3 spaces. To do this,
first we choose as a background metric, g, the solution (6.24) with ;. = 0 = r_; and then
we impose the Compére-Detournay boundary conditions proposed in [209], namelyﬂ

g = +0(r™), g = O(r™?),

l2
Grp = Pvr +0O(1), Grr = (

(O o), (6.36)

3 _
oo = ZTQZZ(VQ - 1) + O(T> ) re = O(T 1)7
which include in particular the black hole solutions ((6.24)). Notice that, although NMG is
parity even, unlike TMG, the boundary conditions (6.36) distinguish between right and
left. This is because of the term linear in v in the leading part of the component g;,. In
fact, the property of NMG of being parity even is associated to the fact that analogous

! Originally, these boundary conditions were proposed in the context of Topologically Massive Gravity.
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boundary conditions for —v are possible, and not to the fact that boundary conditions

are themselves parity even. In other words, imposing boundary conditions demands, in

particular, to specify the sign of v. Here, with no loss of generality, we consider v positive.
The set of asymptotic diffeomorphisms allowed by these boundary conditions are

l, = (mre e 0(1))0, — (e7 " + (9(7“_2))@0,
tn

— (" + 0, (6:37)

where n € Z. Indeed, acting with £,,, ¢, on a metric obeying (6.36)) leads to a perturbation
obeying the same falling-off conditions.

The generators (6.37)) satisfy the algebra

i[lm, ln] = (M —n)lpin,
il tn] = —Ntpmin, (6.38)
i[tm, tn] = 0.

This is the semidirect sum of Witt algebra and the loop algebra of u(1).

6.3.2 Algebra of charges

We use here the covariant formalism presented in section to compute conserved
charges associated to an asymptotic Killing vector £. Expression (5.14)) for the charges
reads, in three-dimensions,

#Qelh, 9 = 10— / V=9 € k" [h, gldep, (6.39)

Here, the potential kg “[h, g] of the linearized theory is not merely the one of pure Einstein
gravity but rather the one corresponding to New Massive Gravity: it has the form

K = R —k (6.40)

where the first contribution comes from the pure GR part of the equations of motion, given
by (5.15), while the piece ki = kfy, — 2k/y; takes into account terms arising from the K,
tensor. The latter was explicitly computed in [208], with the following expressions:

ki = 2R ki + 45[“D”]5R + 20RDWe — o¢ltplep R,

ki = D2+ Qk;g — 2k RY — 2D€" D, DIWDY) — A€ R o DIV
— RAEDYe® 4+ 26 R DsheP 4 26, R DghV + 262 hP D g RY)

+2h WD, RY — (6R + 2R hos) DIHe” — 3¢°RIED R — €W R D, h,

(6.41)

and where 0R = (—R*’ha5 + D*DPh,g — D?h).
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As a direct application[] of formula , the black hole mass and angular momentum
(6.26)-(6.27) can be recovered by computing the charges associated to the Killing vectors
0, and 0, respectively.

Before moving to the algebra of charges, a comment is in order: In the case of
asymptotic Killing vectors, the one-form potential to be considered is given by k¢[dg, g] +
k::f [0g, Leg], where the second term is a supplementary contribution linear in the Killing
equation and its derivatives (for the pure gravity case, the supplementary term is the last
term in (5.15))). Let us recall that this term is at the origin of the difference between the
conserved charges in the Barnich-Brandt-Compére formalism [172] 142] and in covariant
phase space methods a la Tyer-Wald [173]. However, in most of the cases, this term does
not contribute to any charge. For instance, in the case of the WAdS black hole solution
and with the asymptotic Killing vectors (6.37), this term has been shown to be of
order O(r~') in Topologically Massive Gravity (TMG) [211]. An easy way to see that
it will not contribute to the asymptotic charge neither here is to notice that the piece
coming from the K, tensor of NMG can only contain terms proportional to the second
derivative of the Killing equation, and therefore will be at most of order O(r=1), as it
happens in TMG.

If we denote the charges differences between the black hole solution and the
background g by L, = Qy,,, P, = @:,, we find the following charge algebra

Z.{Lma Ln} - (m - n)Lm+n + i77’L36777u+n,0a

12
i{Lpm, P} = —nPpin, (6.42)
k
i{Pm, Pn} = §m6m+n,07
where
96113
— 6.43
“T GO+ 5T - 9) (6.43)
and
4v(3 +v?%)
k=—rn— 7 6.44
GI(20v2 — 3) (6.44)

Algebra (6.42) is equivalent to the semidirect sum of Virasoro algebra with central
charge ¢ and the affine 4(1), Kac-Moody algebra of level k.

Note that the value obtained coincides with the value of the central charge
conjectured in [206], which leads to reproduce the entropy of WAdS; black holes ([6.24));

namely
2

l
SBH = 7T?C(T’R + TL) (645)

We will come back to this matching later.

!These expressions for the potential in NMG can be implemented in a Mathematica code, using the
Package SurfaceCharges [210].
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Before concluding this section, let us mention that the computation of asymptotic
charges can also be carried out in the case of timelike WAdS; spaces. The algebra obtained
in that case is the same, with the central charge ¢ and the level £ given by

4804w 8w(1 + (Pw?)

“T Gt + 17w — 2) G(190w? — 2) (6.46)

respectively, where w = v/l and w?¢* + 2 = 3/%/I1?. As a consistency check of this result,
one can observe that the value of ¢ tends to the Brown-Henneaux central charge in NMG,
namely cpqs = 3¢/(2G)(1 + 1/(2m?¢?)) in the limit w?¢* = 1.

6.3.3 Unitary highest-weight representations

Algebra (6.42)) admits a simple automorphism, given by the spectral flow transforma-
tion 3
Pn — Pn = Pn +p05n,07 (647)

with py being an arbitrary complex number. This one-parameter transformation, which
in the case of @(1), algebra merely amounts to shift the zero-mode of P,, has to be taken
into account when building up the highest-weight representations.

We can now play the standard game and promote charges L, and P, to the rank of
operators acting on a vector space whose elements are represented by quantum states
|v). This amounts to replace the Poisson brackets in by commutators, namely
i{,} = [,]. In addition, for these operators we have the hermiticity relationd|

n n

Pl=pP,  LIl=1L_. (6.48)

Since, in particular, [Lo, 150] = 0, then one can construct the highest-weight representa-
tions starting with the primary states |v) = |h, p, po), labeled by three complex parameters
h, p, po corresponding to the eigenvalues

L0|hap7p0> - h |h7pap0>7 p0|h7pap0> =Pp |h7pap0>7 (649)
and imposing
Ly, p,po) =0, Pylh,p,po) =0, V¥Yn>0 (6.50)

where pg refers to which spectrally flowed sector the state corresponds to. For instance,
the state of the py = 0 sector obeys Py|h, p,0) = p|h, p,0) and Py|h, p,0) = (p+po)|h, p, 0),
where P, is defined as in . This invites to identify states |h, p — po,0) with states
|h, p,po) for all pg. This seems trivial in the case of 4(1), affine algebra, but spectral
flow acts in a non-trivial way on algebras such as su(2)y, or sl(2)y, of which (1), is a
subalgebra, mapping in the former cases Kac-Moody primary states to descendents and,
in the case sl(2)x, generating new representations.

Descendent states are then defined by acting on primaries |h,p, po) with arrays of
positive modes P_,, and L_,, with n > 0.

'We omit hats.
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Unitarity constraints are derived from algebra in the usual way. In particular,
this yields the conditions on ¢ and k, together with the dimension A and momentum p,
of the states. More precisely, demanding ||L_1|h, p,po)||* > 0 yields h > 0; analogously,
| Polh, p, po)||* > 0 implies p € R. Spectral flow symmetry also implies py € R. On
the other hand, positivity of ||L_,|h,p,po)||* (for large n) and || P_1|h, p, po)||* yields

c>0 and k>0, (6.51)

respectively. To be able to identify the the Virasoro operators associated to the black
hole spectrum that are bounded from below, we first define

1

L=+ ; PP, (6.52)
where : : stands for normal ordering. Operators L. obey Virasoro algebra[] with c_ =1,
and satisfy

[L;w Pn] = _nP—m+n- (653)

This is nothing but the Sugawara construction in the case of @(1); see also [212].
Secondly, we define operators

L =L + Ly, (6.54)

which also generate a Virasoro algebra.
Notice from (6.42)) and (6.53)) that operators L commute with P,, and, consequently,
one finds two commuting Virasoro algebras; namely

+
c
[Lrin, Lf] =(m— n)LffLJrn + —m35m+n70, (6.55)
0.

12
[L:7 Lr_n] =
where ct =c+1, ¢ = 1.
In addition, unlike what happens with Virasoro algebra generated by L,, operators
L evaluated on the black hole spectrum turn out to be bounded from below. To see this
explicitly, notice that the energy spectrum L is given by

ht = %MQ -J, h = %MQ, (6.56)

where h* refer to the eigenvalue of LE. Therefore, we observe that the black hole spectrum
is such that both Lj and L, are bounded from below. Indeed, from (6.28) we have

M? v’k
T — = 1—6(7"+ - 7'7)2 2 07 (657)
which implies the bounds
LE>0. (6.58)

In the next subsection we will see how the microstates representing black hole con-
figurations (6.24) seem to organize themselves in representations of Virasoro algebras
generated by L=. Strong evidence of that is the CFT, rederivation of the black hole

entropy (532).

INotice also that if one applies spectral flow transformation (6.47), one verifies that the zero mode

2
changes as follows Ly — Ly — 222 P2 — Lo,
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6.4 (W)CFT; and microscopic entropy

In Ref. [I79], a Cardy-like formula for Warped conformal field theories (WCEFTs) has
been proposed. This formula is supposed to give the asymptotic growth of states in the
dual theory, which would lack of full Lorentz invariance. We will describe below how such
a formula actually comes from the usual Cardy formula for the two Virasoro algebras
generated by LE.

First, we write the standard CF'T Cardy formula

Scrr = 2m\/ —4Ly " Ly + 2m\/ —4L O L, (6.59)
+(vac)

where L correspond to the minimum values of LT, i.e. the value of the vacuum
geometry. It is important to remark that the way of erting Cardy formula in (6.59))
admits the possibility of the spectrum of LT to exhibit a gap with respect to the value
—c*/24. More precisely, it takes into account that in theories with such a gap, the saddle
point approximation involved in the derivation of the Cardy formula yields an effective
central charge ceg given by ceg/6 = —4Lvac).

Recalling that Ly = P2/k, formula (6.59) reads

T 5 (vac) 55 vac
Swert = TPO( Py + 4my/ — LI LT (6.60)

In turn, the only remaining ingredient needed to apply this formula is to find out which
is the right vacuum geometry Because the theory is parity even, we naturally expect the
vacuum geometry to bl J ) = 0; that is to say,

~ (vac vac 1
PO(V ) _ M(Vac), LSF( ) — E(M(vac))? (661)

This yields
4
Scpr = izM ) (M + /M2 — kJ). (6.62)

And, indeed, we verify that entropy (6.32)) exactly matches formula (6.60) if one identifies
the vacuum geometry with the Godel geometry (6.16); namely

40%)?

MO = iMass = ~iarsma o)

(6.63)

The identification of timelike WAdSs spacetime as the vacuum geometry of
the spacelike WAdS3 black hole spectrum is something that had been observed in [179]
for the case of TMG and String Theory. Here we obtain the similar result for the case
of NMG. Tt is natural, on the other hand, that the vacuum geometry preserves the full
SL(2,R) x U(1). See Figure

In conclusion, we have shown that

SpH = ScrT- (6.64)

IThis is different from the case of TMG.
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WAdS3 black holes = 1 .3
gx\\“‘-«
N
{\J
A, ,
NN
>

Massless WAdS3 black hole "
+vac c

B = o
Godels

Figure 6.1: Spectrum of the WAdS black hole. The relative asymmetry is due to the
choice of a given sign of v: similar boundary conditions can be imposed for the opposite
sign, resulting in the mirror image of this diagram.

This proves that, for the particular case of massive gravity, the WAdS3 black hole entropy
can be microscopically described in terms of a dual CF'Ty. More precisely, we showed that
the states of the dual theory that corresponds to the black hole configurations organize
in highest weight representations of two mutually commuting Virasoro algebras, and that
the Cardy formula for the asymptotic growth of such states exactly reproduces the black
hole entropy.

Before concluding this section, let us make some remarks about the central charges
involved in the Cardy formula. Notice that while the central charge c entering in (6.45) is
associated to the Virasoro algebra generated by L,,, the Cardy formula corresponds
to the CFTy whose symmetries are generated by the two copies of Virasoro algebras
generated by LE. Therefore, the question that arises is how these two alternative ways
of expressing the black hole entropy are related. To understand this, it is necessary to
notice first that the minimum value of the operators LS—L are given by

L = 2 6.65
Then, one notices that the effective central charges ¢ = —24LE9 which are the actual
quantities that enter in the Cardy formula, are indeed given by
cE=c (6.66)

In other words, (6.45]) can be also written as

w2l

SBH = ?(ijfTL + C(:ffTR)a (667)
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explaining why the matching oberved in [206] actually works.

6.4.1 Inner black hole mechanics

Let us now comment on the so-called black hole inner mechanics, which has been pro-
posed in [I83] and which can be regarded as a further consistency check of the conjecture
of a dual holographic description of the WAdS3 black holes in terms of a CFT.

Inner black hole mechanics establishes the following two facts:

e The thermodynamical quantities associated to the inner Killing horizon of a black
hole satisfy a inner version of the first law of black hole entropy, as it happens with
the thermodynamical quantities of the outer event horizon.

e The product of the entropies associated to all the horizons of a black hole is in-
dependent of the black hole mass and depends only on quantities such as angular
momentum and charges.

The second of these statements, i.e. the one regarding the product of the entropies,
can be thought of as a consistency condition of the dual description of the black hole
thermodynamics in terms of a CFTs. This is because of the following: In the same
manner as that the entropy of the outer horizon is given in terms of the Cardy formula
, it turns out that the entropy obtained by the Wald formula evaluated on the inner
horizon r_, which can be found to be

83 1
Sinner = W—_3)(;(7’— ~ 5,V (V2 +3)r_ry), (6.68)

is given by
Stnner = 27\ —4Ly Ly — 2/ —4LT I LT (6.69)

This means that the product of the entropies associated to both horizons is
SBHSinner = 87TC(L8_ — La), (670)

where we have used (6.65). Then, one concludes that SpySimme has to be quantized
because in a CFT the level matching condition demands

Li— Ly €Z. (6.71)

Therefore, for this to be consistent, one expects the product of entropies S Sinner O
depend only on conserved charges that, at quantum level, are supposed to be quantized
as well. This is the case for the angular momentum, but not necessarily for the mass.
Then, one has to verify that, indeed, the product is independent of the mass. A
direct computation shows that, actually,

SBHSinner - _87TCj7 (672)
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and does not involve M. This represents a further non-trivial consistency check of the
CFT, dual proposal, specially because, as pointed out in [213], the inner black hole
mechanics does not necessarily hold in a general higher-curvature model such as the one
we are considering here.

About the first affirmation of the inner black hole mechanics, i.e. the one about the
first principle holding on the inner Killing horizon as well, it is not difficult to check that
the WAdS;3 black holes we considered here does obey such a relation. Indeed, computing
the temperature associated to the inner horizon, one finds

T = (*+3) Tr _ (v? +3) (ry —r-) | (6.73)
Arly T =Ty, Al 2ur_ — /(2 +3)r_ry
and this can be seen to satisfy the relation
dM = TinerdSinner + Qinner T, (6.74)
where Qinner is the angular velocity associated to the inner horizon,
s = - (6.75)

vr_ — /(W2 +3)r_ry

6.5 WAdS;3;/CFT, correspondence in presence of bulk
massive gravitons

A crucial ingredient in the analysis done in the previous section is the asymptotic
boundary conditions considered. In this section, we want to address the question whether
a similar WAdS/CFT computation can still be carried out for a set of boundary conditions
which, on top of the black hole solutions, admit also the presence of bulk gravitonﬂ
That is, we will consider a one-parameter family of boundary conditions which, while
accommodating the WAdS3 black holes configurations, also gather non-locally WAdS;
solutions.

The asymptotic boundary conditions we consider here are defined as follows: We first
consider as reference background the metric with r_— = r; = 0; we denote the
metric of such geometry by ds3. Then, the set of geometries to be considered are defined
as those deformations of the form ds? = ds3+dg,, dz”dz* that respect the following fall-off
conditions

5ge = O() . 8gu =00, Sgi, = O,

6.76
6grr = O(Taiél) 9 597‘@ = O(Ta72) 9 69(,0(,0 = O<Ta)' ( )

where « is a real parameter that here we will assumed greater that 1. For a > 1, asymp-
totic conditions (§6.76]) exhibit components that fall off slower that the ones considered in
the previous section.

IThe term bulk graviton is used in opposition to the term boundary graviton, which is usually employed
to refer to degrees of freedom associated to the representations of the asymptotic isometries; the latter
being also present in theories with no local degrees of freedom.
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Boundary conditions are similar to those considered in the literature for the
parity-odd theory [214] and it is worthwhile comparing such definition with the asymptotic
boundary conditions of Ref. [209]. Fall-off conditions accommodate, in particular,
the black hole solutions , but also include other solutions: An example of such a
solution is given by the Kerr-Schild ansatz

ds* = dsj + e“tr_%h(u) k,k,dztdx", (6.77)
with the null vector k,
2 dr
kydxt = 5T dp | (6.78)

h(u) being an arbitrary periodic function of the variable u = ¢ +2/((v*+ 3)r) (hereafter,
we set [ = 1) and w being a solution of the polynomial equation

P(r,w) = —4vw? — 6w + 10wr? + 160° — w?® = 0. (6.79)

Solutions (6.77)-(6.79) obeys the boundary conditions (6.76)) with o = —2vw/(v* + 3)

and are not locally equivalent to WAdS;.
Asymptotic Killing vectors respecting the set of new boundary conditions (6.76|) are
given by
qvn? 1 _, 2un? —r*(3+12) 1 :
by, = ———¢ "0 —e "0, —inre "0, + ...
(3+u2)7’€ 't (34 1v?) r2© e *
ty = ("™ + O 1))o; + ...

(6.80)

where n € Z, and where the ellipses stand for sub-leading terms. In particular, these
asymptotic Killing vectors include the exact Killing vectors ¢y = —0,, and ¢ty = J;. The
full set of asymptotic Killing vectors satisfy the algebra

il 0] = (M = 0)lmsns  illmstn] = —Ntysns  iltmsta] = 0, (6.81)

which is a semi-direct sum of Witt algebra and the loop algebra of u(1).

The next step is to compute the charges associated to vectors ¢,, and t,. This com-
putation can be performed as explained in the previous section that is, by resorting to
the covariant formalism, using the metric ds? as reference background, and the expression
for the variation of the charges in NMG. If we denote by L, and P, the charges
associated to ¢, and t, respectively, we recover the charge algebra and where ¢ and
k coincides with the value appearing in (6.43), (6.44). Therefore, once again, one finds
(6.64). This result thus strongly suggests that WAdS/CFT correspondence is still valid
in presence of bulk gravitons.

6.6 Conclusions

In this chapter, we have computed the asymptotic symmetry algebra correspond-
ing to Warped Anti-de Sitter (WAdS) spaces in three-dimensional massive gravity. We
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have shown that this is given by the semi-direct sum of one Virasoro algebra (with non-
vanishing central charge) and one affine 4(1); Kac-Moody algebra. We have identified the
precise Virasoro generators that organize the states associated to the WAdS3 black hole
configurations, which led us to rederive the WCFT entropy formula (6.60). Our result
then can be thought of as a consistency check supporting the WCFT proposal of Ref.
[179].

By applying the WCF'T entropy formula, we have proved that the microscopic com-
putation in the dual WCFT exactly reproduces the entropy of the WAdSs black holes.
Essential ingredients for the matching to hold are: on one hand, the definition of
Virasoro algebras generated by L as in and and, on the other hand, the
identification of the vacuum geometry of the black hole spectrum as in . These
ingredients agree with the recipe proposed in [I79] for the cases of Topologically Massive
Gravity and String Theory.

We then extended this computation to a set of asymptotic boundary conditions that,
while still gathering the WAdS3 black holes, also allow for new solutions that are not
locally equivalent to WAdS3 space, and therefore are associated to the local degrees of
freedom of the theory (bulk massive gravitons).

As further direction, we can mention the study of the applications of WAdS3; /WCFT,
to Kerry,/CF Ty correspondence. In Kerr/CFT in four (and higher) dimensions, the so-
called Near Horizon Extremal Kerr (NHEK) geometry is closely related to the WAdS;
spaces studied here [33] 29], and, therefore, the application of the holographic ideas de-
veloped for
WAdS;/WCFT; to the more realistic case of four-dimensional spinning black holes is of
principal interest.






CHAPTER 7

Conclusions

In this thesis, we have applied asymptotic symmetry techniques to investigate diverse
extensions of holographic dualities appearing in gravitational scenarios that involve non-
AdS backgrounds.

The first part of the thesis has focused on the case of asymptotically flat spacetimes,
being the first example of a symmetry enhancement phenomenon, where the symmetry
algebra at the boundary of the spacetime (in this case at null infinity) is infinitely enlarged
compared to the rigid symmetry algebra of the bulk theory. For three-dimensional flat
supergravity, we have shown that, with an appropriate choice of boundary conditions,
the canonical generators associated to the asymptotic symmetries span a supersymmetric
extension of the bmss algebra with a non-vanishing central charge [I14]. We have also
shown that the inclusion of parity odd terms in the gravitational action has the effect of
turning on the central extension in the superrotation subalgebra, vanishing in the case of
parity-preserving models. We have shown that our results could be equivalently obtained
through a well-defined flat limit of the ones of AdS3; supergravity, where one takes the
AdS radius to infinity after having rescaled the generators in a suitable way. We then
used two fundamental facts: the first is that three-dimensional gravity can be written
as a Chern-Simons theory; the second is that the latter induces at the boundary a two-
dimensional Wess-Zumino-Witten (WZW) model. In our case (but this also holds in the
case of a non-vanishing cosmological constant), the role of the boundary is played by
the non trivial fall-off conditions for the gauge field. In order to make solutions with
the prescribed asymptotics be true extrema of the variational principle, we have added
a suitable boundary term. By solving the constraints in the improved action, we were
left with a chiral WZW theory based on the three-dimensional super-Poincaré algebra.
Furthermore, the fall-off conditions lead to additional constraints that correspond to fixing
a subset of the conserved currents of the WZW model. We have shown that the associated
reduced phase space description is given by a supersymmetric extension of flat Liouville
theory [IT5]. We have also provided a Lagrangian formulation of the two-dimensional
field theory admitting a global super-bms; invariance in terms of a gauged chiral WZW
theory.

We have then considered another region of physical relevance that is null and asymp-
totically flat: the near-horizon region of non-extremal black holes. We have constructed
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sensible boundary conditions describing the nearby region of a three-dimensional black
hole event horizon, where the surface gravity is kept fixed. We have constructed an explicit
solution satisfying these fall-offs which has been shown to include the BTZ black hole as
a particular case. Interestingly, both supertranslations and superrotations (different than
the ones obtained at null infinity by Barnich and Troessaert) have been shown to arise
close to the horizon [146].

The second part of the thesis has been dealing with two other non-AdS backgrounds
that present a great interest as well.

We have discussed the issue of holographic scenarios in the case of a positive cosmo-
logical constant: In the dS/CFT proposal, the holographic screen where the CFT would
be best defined is the future (or past) conformal boundary. However, a static observer
is separated from this conformal boundary by a cosmological horizon of a thermal and
entropic nature, raising questions on whether the holographic description extends all the
way to the static observer. We have shown that an Euclidean Liouville theory also de-
scribes the dual dynamics of Einstein gravity with Dirichlet boundary conditions on a
fixed timelike slice in the static patch [I70]. As a prerequisite of this correspondence, we
have demonstrated that the surface charge algebra which consists of two copies of the
Virasoro algebra extends everywhere into the bulk of spacetime.

The last example studied was the case of stretched deformations of Anti-de Sitter
spacetimes: the Warped AdS spaces. The latter exhibit less symmetry than the un-
deformed AdS spaces, admit black holes and are solutions of three-dimensional gravity,
provided one gives a mass to the graviton. We have studied two sets of asymptotic
symmetries of WAdS; in parity-preserving model of massive gravity (with and without
boundary gravitons) and we have found that, in both cases, the asymptotic symmetry
algebra coincides with the semidirect sum of Virasoro algebra with non-vanishing central
charge and an affine Kac-Moody algebra [I81], 182]. We have shown that a Cardy for-
mula reproduces the entropy of the Warped black holes, the key point being to identify
the vacuum geometry as the timelike spacetime, the Godel geometry, whose conserved
charges we had previously computed in [180)].

We hope that the results presented in this thesis have given further evidence that the
infinite-dimensional nature of asymptotic algebras is not a mere curiosity of AdS gravity
models, but instead a fundamental feature of holographic scenarios in diverse backgrounds
and at different boundaries (spatial and null infinity, but also at the event horizon of a
black hole).

Recently, new connections emerged between BMS symmetries and the physics of grav-
ity and matter in asymptotically flat spacetimes. First, in [24] 25], Strominger and collab-
orators have shown that the supertranslation subgroup of BMS, is a symmetry of both
the classical gravitational scattering problem and the quantum gravitational S-matrix,
where the BMS symmetry acts simultaneously on the future and past null infinity. This
was then used to show that Ward identities associated to the supertranslation symmetry
is equivalent to Weinberg’s soft graviton theorem, a universal formula relating scattering
amplitudes with and without soft graviton insertions and that is valid for any theory of
gravity. Besides, this construction has been argued to be valid also in the case of abelian
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and non-abelian gauge fields, whereby the classical asymptotic symmetry gives rise to
soft photon and soft gluon theorems respectively [215, 216]. In the case of extended BMS
symmetries [2I], the new superrotation symmetry was claimed to give rise to new univer-
sal soft gravitons theorems [217]. Finally, the third connection relates BMS symmetries
and gravitational memory effects following from the existence of a supertranslation field
[26, 218]; in [219], it was shown that memory effects lead as final state of gravitational
collapse a Schwarzschild black hole with supertranslation hair.

These interplays between various concepts such as asymptotic symmetries, gravita-
tional memories, soft theorems and holography have profound implications, and suggest
that many more fascinating features of gravity are still to be discovered.
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APPENDIX A

Conventions

Tangent space metric

Our conventions are such that the Levi-Civita symbol fulfills €y;o = 1, and the tangent
space metric 1y, with a = 0, 1, 2, is off-diagonal, given by

010
nw=|100|. (A1)
0 0 1

This definition leads to ds? = nge?e® = 2e%e! + (e2)2.

sl(2,R) generators
We define the generators j, (a,b=0,1,2) as

1L /01 . _ 1 700 . 1/1 0
jO - \/§ 0 0 ) jl - \/§ 1 0 ) j2 - 2 0 _1 )
which satisfy [ja, jo] = €avci® Tr(Jads) = 37ab -
It is also useful to introduce the usual (Chevalley-Serre) generators

0 0 0 1 10
e-(0) me(Ga) (0 )

which satisfy
[E.,E_]=H, [H,E,] =2E, |H,E_| = —-2E_. (A.2)

Dirac matrices and spinors

The Dirac matrices in three spacetime dimensions satisfy the Clifford algebra {I',, Iy} =
2Nap, and have been chosen as

rozx/ﬁ(g é) : F1:\/§<(1) 8) : FQ:(é _01) (A.3)
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The matrices fulfill the following useful properties:
Farb = Gabcrc + nab]- ) (Fa)ag(ra)ya = 25?52 - (Sgég > (A4)

where o = +1, —1. The Majorana conjugate is defined as 1), = w50?, where

N 0 1
Caﬁzgaﬁzcﬁz(_l 0)7 (A5)

stands for the charge conjugation matrix, which satisfies CT = —C and CT,C7! =
—(T',)T. Note that this implies that A—1¢) = A, for any A € SL(2,R). The conjugate of
the product of real Grassmann variables is assumed to fulfill (6,60,)" = 6,6-.

SL(2,C) basis

In the main text of chapter |5 we use real SL(2,C) generators:

1/1 0 00 0 —1
L°:§(0—1)’ Ll:(1 o)’ L—lz(o 0) (A.6)

with the commutation relations given by
[Lo, L1] = =Ly, [Lo, L1 =L_1, (L1, L_1] =2Lg. (A7)
Furthermore, we define the automorphism of the algebra ¢ as
o(L-1) = —La, 0(L1) =—L-, &(Lo) = —Lo, (A.8)

where 6(a) = 6 'ad. This automorphism exchanges the raising and lowering Lie algebra
elements. We also refer to the SL(2,C) element ¢ = i(L; + L_;) with the same notation.
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Note on gauged Wess-Zumino-Witten models

B.1 Introduction and standard gauged WZW models

The non-chiral WZW action based on a connected real Lie group G is given by

k
Sigl = 5 [ T 970,057 000] + 4G (B.1)
where g € G and
T =+ / TH{(G1dG). (B.2)
3Jm

The conserved Noether currents are given by J = ¢7'0_¢g, J = —0,gg " 0.J =0=0_J.

We want to consider first what is called in [73] the “standard” gauged WZW model,
namely the case where one gauges by a diagonal subgroup H of G. We are looking for an
action invariant under

g—=v97~",  yzt,aT) e H (B.3)

It is obvious to see that the action
I[g,h,h] = S[hgh™'] — S[hh™Y],  h,h € H, (B.4)
is gauge invariant, provided h and h transform as
h— hyt, h— hy™L (B.5)

Notice that the two terms in are invariant separately; the second term is simply
there to have an action with three independent fields. Also, notice that the minus sign
between the two terms is chosen for latter convenience to obtain (B.7)).

Using the Polyakov-Wiegmann identity (with A, B, C' three matrices)

S[ABC] = S[A] + S[B] + S[C]
B.6
+ k / d*aTr [A7'0_A0, BB~ + B~'0_B0,CC~" + A~'0_AB9,CC~'B7], (B:6)

™
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one can rewrite I[g, b, h] in (B.4) as

k
g A= A) = Slgl + © [ daTrly 0.9, ~ A0,99”

(B.7)
—A_gA g +AAL,
where S[g| is the (non-chiral) WZW action (B.1]) and where we have defined
A_=—h"'o_h, A= (0. h7YHh. (B.8)

One can see from (B.7) that A, and A_ play the role of gauge fields with no dynamics;
the variation of the action with respect to them sets the currents of H (we note T, the
generators of H)

Jo = [g_l(a—g)]a ) Jo = [_(8—&-9)9_1]0& (B.9)

to zero. Note that the currents in G/H are still conserved, but not zero.

B.2 Toda theories and Gauged WZW models

If one wants to obtain Toda theories from WZW models, we know that, rather than
set all currents to zero, one has to set some currents to constants. Indeed, we know that
imposing the constraints (see the last section for the notations and conventions)

J(E) =p*,  J(E.)=—1", acA,

JE) =0, J(E_4)=0, ¢ecdt\A, (B.10)

reduces the WZW model to a Toda theory. For instance, for the group SL(2,R), one
simply sets the two currents J(E,) and J(E_) to constants to reduce the action to
Liouville. To see that this reduction is equivalent to gauging the WZW action, we have
to look for an action invariant under

g—agBt, a=a(zt,z7)e H,f=pB(z*, 27) e H, (B.11)

where H, H are two different isomorphic subgroups of G. It seems impossible to generalize
the standard procedure to this more general transformation with H # H, since now the
only obvious candidate for an invariant action is S[hgh~!], with

h—ha™', h— b8 (B.12)

which is a non-local action in the gauge fields. (Note that S(hh~!) used in the previous
section does not make sense any longer here.) However, if we take H and H to be the
subgroups of GG generated by the step operators associated to the positive and negative
roots, denoted by N and N respectively, we have the crucial property thatl

S[h] = 0 = S[h. (B.13)

1One way to see that is to realize that the only traces appearing in the WZW action S(h), for instance,
will be of the type Tr(E,Es), which vanishes.



Therefore, taking inspiration from the standard gauged WZW, one could use the action
~ k

Slhgh™'] = S[g] + —/d%Tr lg'0-gA — A_d,9g7'] . (B.14)
™

However, without modification, this would be nothing than the mere WZW action for G,
while what we really want to do is to set some currents to constants. This is why we
consider instead the following action:

k
Ilg,A_,A]=S +—/d2 Trlg'0_gA, — A 0,99 — A_gA, g~
g +] = Slgl+— | daTrlg™0-gA4 99 gALg (B.15)
+ A_p + A_vpyl,

with py, va constant matrices given by
1 2« 1 2«
vy = §|a| v'E, , L = §|oz\ u*E_,, (B.16)

where the sum runs over the simple roots (o € A).
One can check that the action (B.15) is invariant (up to a total derivative) under

g—aght, a=a(@t,z7)EN,B=p@",27) €N,

B.17
A = aA_a ' +ad_at, AL — —BA B —(0.8)57" (B.17)
The equations of motion derived from action (B.15)) are (with ¢ € ®T)
04 (970 g—g A g) —[A1, g0 g—g T A g]+0-A; =0,
00199 +9Arg™") —[A, 0,997 + gALg7' ]| — 0, A_ =0, (B.18)
Te[E_p(g7'0-g — g A-g —var)] = 0, '

B
Tr[Ey (0199~ + gArg™" — )] = 0.

The last two equations are constraints that indeed set to non-vanishing constants only
the currents along « (see (B.16)).

B.3 1S0(2,1) Gauged WZW

Let us describe here a way to construct a gauged chiral iso(2, 1) WZW model associated
to (3.72)) for the purely bosonic case and p = 0. The action is given by

k : 1
I\ a] = —/dudqur {)\A_lo/ - 5(/\’>\‘1)2 , (B.19)
s

and it has the following Noether symmetries

0sA=0, Ogv = )\U(gb))\_l ,

B.20
G A = = ¥ (9) , Sy = —uI AL (B-20)



According to (3.88)), we are interested in gauging the subset of these symmetries involving
the parts of o and ¥ along I'y. These parameters are promoted to depend on both u and
®.

One can check that the action
o k -1 7 —1\7\/ 1 \—1\/
I\ a,Ay) =1(N a)+ = [ dudpTr [—A, (A" 'A—u(ATN)) + A A (B.21)
T

is invariant under

oA =0, a0 = Ao(u, )N", 6,4, =0, 6,4, = — (6 + [Au, 0]) (B.22)
SoX = =X (u, @) , g = —udI' A", GgA, = —(0 + [Ay, V), 9A, = —[Ay, 9], '

with ¢ and 1 along I'.
Since the constraints we want to implement set some current components to a constant,
the suitable final action is

I\ a,A,) =1\ «a)

) ] B.23
Lk / dude Tt [—Au(x—lw —u(ATINY) + AN — MMAH] - (BB
T

where 1y, := pul'y, with g an arbitrary constant, and A,, A, are along I';. The action
is indeed still gauge invariant since, as noticed in [73], the variation of Tr[u A,
under a gauge transformation is a boundary term.

Finally, in order to see how the constraints are explicitly implemented, it is useful to
parametrize the fields according to

0
A =T/ 2emel2/2eh0 g — gFg + §F2 + gFl : (B.24)

The field equations for the gauge fields imply that o’e™? = p and n'o? + 20'c — 2¢' = 0,
so that, taking u = 1, the reduced action is

k
I=- / dudg [¢'¢ — 7], (B.25)

where £ := —2(0 + no), in full agreement with the centrally extended bmss invariant
action found in [T104].

Conventions

Let @ the set of roots with respect to some Cartan subalgebra, ®* a set of positive
roots, and A a set of simple roots. There is a Cartan generator H, associated to every
root ¢ € ® and the Cartan matrix K,z is given by

2
— 2|g|f — %Tr(ﬂaﬂﬁ) . o, BEA, (B.26)

Kap



where Tr is the usual matrix trace up to an appropriate normalization constant.
For any positive root o € ®*, we choose step operators F., such that

Hy = [E4, E_y],

2 (B.27)
Tr(Ey.Ey) = Wéqﬁ,—so ’ Tr(Ey.Hy) =0,

for ¢, p € ®, and
[Ha, Eg] = KpaEgp, (B.28)

for a, § € A.






APPENDIX C

Asymptotic Killing vectors on the horizon

We want to study the symmetries preserved in the vicinity of the horizon, located at
p = 0, of metrics whose components are given by

90 =0, Gpo =0, gup =1, (Cl)

gow = —26p + g52p* + O(p%),
gus = 0(0)p + O(p?), (C.2)
9os = 1(0)2 + A(v,0)p + O(p?).

To do this, we consider the most general set of Killing vectors x that keep conditions

(C.1) and (C.2) invariant, namely that satisfyf|

Ly Gpp = LxGpp = Ly Gup = 0, (C.3)
Lygow = O0(p*),  Lygos = O(p),  Lygsp = O(1). (C.4)

The exact relations (C.3]) correspond to the requirement that the gauge conditions remain
fixed and imply that

X' =TI

b=y — Loufp+ 20,807+ 00

X 72 ol P 274 »J P P ) (C5)
0 ‘

X' =27Z—0ufp+ 2—725¢f02 +0(p°),

where f = f(v,9), Y =Y (v,¢) and Z = Z(v, ¢) are arbitrary functions of v and ¢.
Equations (C.4) constrain the form of these functions. In fact, the first equation of
(C.4) gives

Lo Gow = =267 + 20,7 + (2927 — 202 f — 2r0, f + 20(6)0,Y )p + O(p?). (C.6)

Recall that we fix r, therefore we do not allow fluctuations of O(p) in gyy.
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Looking at order p and since gg,) is an arbitrary fluctuation, the only possibility is to

demand Z = 0. Doing so, we obtain
KOs f + 0(4)0,Y +02f = 0. (C.7)
The rest of the components gives

Ly guy =7°0,Y +O(p),
Lygso =Y 29047 + 20,Y 7 4 O(p),

~—~
Q a
O oo
~—

which imply Y = Y (¢) only.
We can now easily solve equation (C.7); we obtain

f(v,0) =T(¢) +e ™ X(0). (C.10)

So, we have a Killing vector with three arbitrary parameters x(7,Y, X).
Taking X (¢) = 0, we therefore obtain

X' =T(¢)+ O(p%),
0
Xp = 2_,}/2T/(¢)p2 + O(p3>7 (C.ll)
]‘ / )\ !
X’ =Y(¢)— ;T (¢)p+ 2—74T (9)p” + O(p°),

where the prime denotes the derivative with respect to ¢. Also, looking at £, g4 at O(1)
and £, g, at O(p) we obtain the transformation laws for v(¢) and 6(¢), respectively:

6,0 =0Y) =251, 6,y = (7Y)". (C.12)



APPENDIX D

Kerr metric in Gaussian coordinates

Let us consider the Kerr metric written in the Eddington-Finkelstein coordinates; namely

A-Z= 2a(Z — A)sin? 4
d52:( . —1)dv2+2dvdr— o )$I70 1 o —

)
=2 — a®?Asin? ) sin? 0
“oasin? 0 dr o+ Sde? + & ;m Jsin 9,42 (D.1)
where the functions A, =, and X are given by
A(r)=r*—=2GMr+d*, E(r)=r"+d*, X(r)=r"+a’cos®0, (D.2)

where M is the mass and a is the angular momentum per unit of mass. The outer horizon

of the Kerr black hole is located at r. = GM + vVG?*M? — a?.
Kerr metric can be written in the form (4.21]), namely

gow = —26p + O(p?),

gop =14+ O(p?),

Goa = pla + O(p),

Gpp = O(PQ)J

gpa = O(p°)

gas = Qyap + Aapp + O(p?).

(D.3)

The explicit change of coordinates can be found, for instance, in Ref. [I53]. It leads to

Gov = 17 Gpp = 07 9po = 07 Gpp — 07 (D4)
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and

N
Guw = ——= p+ @ P),
:(7”+) ( )
2a? sin 6 cos 6
Gop = —w—p+0O p2 )
* X0 )

_ (aA'(ry)sin®0  2ar E(ry)sin’ 6 )
Guo = ( (ry) - 52(r,) p+O(p),
2r E(ry)

=X(ry) + + O(p?), D.5

Goo ( -‘r) 2(7’+) P (p) ( )
2a%Z(r, ) sin® 0 cos 0

ggo@ = - ( ;]z(r+) p + O(p2>7

~ E2(ry)sin*
Joo = 2(7”+)
B a*Z(ry)A'(ry)sin* 0 B 2r, =2(r, ) sin? 0(2(r,) — a®sin? 0) + O

() = (r.) S

where A'(ry) = 2(ry — GM) = (r} — a®)/r;. Notice that, since

!
T _ 1At (D.6)
27T 477' E(T+>
then indeed one finds Ar)
1 _ "+) _
gvv - — _2’“‘: 5 D7
Z('M) ( )

in accordance with the near horizon expansion (D.3). After writing the metric of the
horizon 2-sphere in terms of complex coordinates z = €' cot(6/2), one finally finds the
Kerr metric in its near horizon region written in the coordinates (D.3]).



APPENDIX E

From timelike WAdAS space to the spacelike
black hole

Warped black holes (WBHs) are black hole solutions that asymptote stretched spacelike
WAdS; space. As we will describe below, these black holes can be obtained from the
timelike solution by means of a complex change of coordinates: Consider first the double
Wick rotation

t— it o — —i0, w— —w, r——r, j— —7, (E.1)

and, secondly, 7 = t' — £1/70. Finally, in order to compare with the coordinates used in
the literature, let us rescale time as t' — LT.

The change of coordinates above maps the timelike metric (6.16)) into the WBH solu-
tion

L? dR?
ds® = L*dT" L*(2vR — _(v? + 3))dTd®e
’ T R=r =) LR V(4 3))
RI2 (E.2)
t— [3(1/2 — DR+ (VP +3)(ry +r) —dv/rir (2 + 3)} de?,
with R = —2r/L? and provided one identifies the parameters as follows
3
_ : 2 _ i
v=wl; TS
2 2 2/2 ; (E.3)
e (- E V=) =2+ 1))
L2 (W22 + 1)
Notice the useful relations
202(p — 1) 2504
= . = E.4
[ T W) R 7 TG B (E4)
The timelike and spacelike Killing vectors are related in the following way
' l
0, = %aT 0= 7 \/i0r +ide. (E.5)
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This charge dependent change of coordinates makes the relation between timelike and
spacelike charges more involved than a mere analytic continuation.

Changing in LT —t, R — r and LO — ¢, we can assign the dimensions as
[t =1 [r] =18 [ =1°[L] =11, [v] = 1% [re] = ' and the expression of the mass of the
WBH then becomes

Mwen = Qo = % <(7L +ro v —rar (V2 + 3)) , (E.6)

while the expression for the angular momentum is

v(v?+3)
AGL (2002 — 3)

Jwsn = Qas = <(51/2 +3)rpr_ —2uy\/rir_ (V2 +3)(ry + 7"_)> . (E7)

Using the relations between the spacelike and timelike parameters, one observes
that going from the timelike to the spacelike metric involves a charge-dependent and
globally not-well defined change of coordinates, namely the definition 7 = ¢/ — //50
above. This implies that the spacelike and timelike charges do not coincide. Only in the
case j = 0, one sees that the masses are related according to 9, ~ L~'0r,

MWBH|j:O = L—lM. (E8)

It is important to remark that, in the case of spinning defects in timelike WAdS3, and
due to the j-dependent change of coordinates, the conserved charges can not be simply
obtained from the mass and angular momentum of spacelike solutions.
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