Western® Graduate&PostdoctoralStudies Western University

Scholarship@Western

Electronic Thesis and Dissertation Repository

April 2015

On Spectral Invariants of Dirac Operators on
Noncommutative Tori and Curvature of the
Determinant Line Bundle for the
Noncommutative Two Torus

Ali Fathi Baghbadorani
The University of Western Ontario

Supervisor

Masoud Khalkhali

The University of Western Ontario
Graduate Program in Mathematics

A thesis submitted in partial fulfillment of the requirements for the degree in Doctor of Philosophy

© Ali Fathi Baghbadorani 2015

Follow this and additional works at: http://irlib.uwo.ca/etd

b Part of the Analysis Commons, Geometry and Topology Commons, and the Other Mathematics
Commons

Recommended Citation

Fathi Baghbadorani, Ali, "On Spectral Invariants of Dirac Operators on Noncommutative Tori and Curvature of the Determinant Line
Bundle for the Noncommutative Two Torus" (2015). Electronic Thesis and Dissertation Repository. Paper 2764.

This Dissertation/ Thesis is brought to you for free and open access by Scholarship@Western. It has been accepted for inclusion in Electronic Thesis

and Dissertation Repository by an authorized administrator of Scholarship@Western. For more information, please contact jpater22@uwo.ca.


http://ir.lib.uwo.ca?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ir.lib.uwo.ca/etd?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ir.lib.uwo.ca/etd?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/180?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ir.lib.uwo.ca/etd/2764?utm_source=ir.lib.uwo.ca%2Fetd%2F2764&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:jpater22@uwo.ca

On Spectral Invariants of Dirac Operators on
Noncommutative Tori and

Curvature of the Determinant Line Bundle for
the Noncommutative Two Torus

(Thesis format: Integrated-Article)

Ali Fathi baghbadorani

Department of Mathematics

A thesis submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy

The School of Graduate and Postdoctoral Studies
The University of Western Ontario
London, Ontario, Canada

April 2015



Abstract

We extend the canonical trace of Kontsevich and Vishik to the algebra of non-
integer order classical pseudodifferntial operators on noncommutative tori. We consider
the spin spectral triple on noncommutative tori and prove the regularity of eta function

th/2 and the coupled Dirac operator D + A on

at zero for the family of operators e'/2De
noncommutative 3-torus. Next, we consider the conformal variations of np(0) and we
show that the spectral value np(0) is a conformal invariant of noncommutative 3-torus.
Next, we study the conformal variation of (|’ D‘(O) and show that this quantity is also
a conformal invariant of odd noncommutative tori. This the analogue of the vanishing
of the conformal anomaly of LogDet in odd dimensions in commutative case. We also
consider npy 4(0) for the coupled Dirac operator D + A on noncommutative 3-torus and

compute a local formula for the variation of np 4(0) with respect to the vector potential
A.

In the second part, we consider a family of elliptic first order differential operators
J4 on noncommutative two torus which are the noncommutative analogues of Cauchy-
Riemann operators on a closed Riemann surface. We consider the Quillen determinant
line bundle associated to this family and by using the machinery of the canonical trace,
we compute the second variation of the ¢y (0) where A = 97 is the Dolbeault Laplacian.
This gives the analogue of the Quillen’s computations for the curvature form of the

determinant line bundle in commutative case.

Keywords: Noncommutative tori, Kontsevich-Vishik canonical trace, eta invariant,

Cauchy-Riemann operators, Quillen determinant line bundle.
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Chapter 1

Introduction

As the title suggests, the material covered in this thesis grow up from the soil of Alain
Connes’ noncommutative Geometry. In the past thirty five years, Alain Connes has
developed a framework where the concepts of differential geometry, algebraic topology
and index theory have been extended to a more general algebraic setting [2, 3]. At the
heart of the program of noncommutative geometry lies the fundamental duality between
a point space X and F(X), the algebra of functions on it. This duality is perhaps one
of the oldest ideas in mathematics. For instance, from early on it was known that one
can study a Riemann surface X by studying 9(X), the field of meromorphic functions
on it. Along these lines, in 1943 Gelfand and Naimark published a fundamental result
where they characterized a compact Hausdorff topological space X by C(X), the C*-
algebra of complex valued continuous functions on X. The noncommutative geometry
starts where we consider a noncommutative C*-algebra as the algebra of functions on a
noncommutative space and try to extend the concepts of topology, analysis and geometry

to this context.

The concept of a Riemannian geometry is extended to the noncommutative setting
through the notion of a spectral triple (A, H, D) [3]. Here A is a x-algebra represented on
a Hilbert space ‘H and D is a self adjoint densely defined operator on H satisfying certain
conditions. This data encapsulates and generalizes the data of a classical Riemannian
spin manifold with the algebra A of complex valued smooth functions, the Hilbert space
H of L?-spinors, and the Dirac operator I). One should perceive the spectral approach
of noncommutative geometry to Riemannian geometry by observing that the local de-

scription of Riemann metric tensor g, is not accessible in the noncommutative setting
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anymore. Here, the spectral geometry offers a solution, namely, to look at the Rieman-
nian metric through the window of spectral invariants of elliptic (pseudo)differential
operators on Riemannian manifolds. Therefore within this paradigm, those properties
and invariants of Riemannaian geometry which can be formulated in terms of spectral
data of elliptic operators, stand a chance of being translated to noncommutaive lan-
guage. For example in the case of a Riemannian spin manifold, one can read off the
dimension and volume of the manifold from the spectrum of the Dirac operator ( Wayl’s
law). Also Connes’ distance formula [3] gives the geodesic distance between two points

using the Dirac operator..

One can go further and ask for more refined concepts of Riemannian geometry such
as scalar curvature. Again, the problem here is that the scalar curvature is defined by
the local description of the Riemann metric tensor. For this, spectral geometry offers
a solution as follows. Consider a closed Riemannian manifold (M", g) and the Laplace-
Beltrami operator A, associated to the metric g acting on smooth functions on M. One

has the following assymptotic expansion for the heat trace around zero,

Tr(e ™) ~ (4mt)""/? Zaiti/z, t—0 (1.1)
=0

and it can be shown that
1

a2 = ¢ /M s(x)dvoly,
where s(z) is the scalar curvature. Therefore if one can write the asymptotic expansion
(1.1) for the Dirac Laplacian A = D? of an abstract spectral triple (A, #, D), then
there is a chance for defining the density involved in a2 as the noncommutative scalar
curvature. The only known example of such spectral triple is built on noncommuta-
tive tori [3] where there exists a powerful notion of pseudodifferential calculus [4] and
therefore the asymptotic expansion (1.1) can be established and one can compute the

noncommutative scalar curvature [4], [5].

There exists another approach for studying the spectral properties of elliptic (classi-
cal) pseudodifferential operators, namely the zeta function approach. It can be thought
as the Mellin transformed counterpart of the heat kernel method. For the special case

of the Laplacian Ay, the spectral zeta function is defined by

¢a(z) =TR (A7),
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where the TR on the right side is the Kontsevich-Vishik canonical trace [6] on classical
pseudodifferential operators of non-integer order. This trace is the analytic continuation
of the ordinary trace on trace-class pseudodifferential operators. In [6] it was shown that
for general non-integer order holomorphic families of elliptic classical pseudodifferential
operators P,, the map TR (P,) is a meromorphic function with simple poles. In the
special case of the families of the form AQ ™% it turns out that z = 0 is a simple pole

with residue given by,

_ 1
ReSZZOTR(AQ Z) = mWreS (A),
where Wres(A) is the Wodzicki residue [9] on the integer order classical pseudodifferential
operators. Furthermore, in [7] a full description of the Laurent expansion of the map

TR(AQ ™) at the poles was given.

One advantage of the zeta function method is that by using the canonical trace,
one can express various spectral invariants of elliptic operators in terms of integrals of
local densities computed from the homogeneous terms in the symbol of the operator.
For instance, considering the Laplacian operator A, on a closed Riemannian manifold
(M, g), from the pole structure of TR(A™%) we see that z = 0 is a regular point and the

value (a(0) is given by a local formula
1
¢a(0) = —2/ res, (log A) dvoly — Tr(IIa), (1.2)
M

where res; (log A) is a certain density computed from the operator log A and Il is the

orthogonal projection onto ker(A).

The central idea of this thesis is to study the spectral invariants of elliptic operators
on noncommutative tori by using the machinery of canonical trace. The backbone of the
results in both chapter [3] and chapter [4] is the generalization of the canonical trace to
Connes’ algebra of classical pseudodifferential operators on noncommutative tori. Here
we briefly review the contents of the chapters in this thesis. In chapter [2] we review
the basics of pseudodifferential operators on a closed manifold. We also review the
construction of the the canonical trace on non-integer order classical pseudodifferential
operators and express some important spectral invariants of pseudodifferential operators
within this picture. We also review some of the results on conformal invariants of elliptic

operators obtained by the method of variations of the canonical trace. At the end we
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give a quick introduction to the framework of noncommutative geometry through Dirac

operators and spectral triples.

In chapter [3] we consider the spin spectral triple on noncommutative tori and by
studying the meromorphic structure of the canonical trace of holomorphic families of
pseudodifferntial operators on noncommutative tori, we prove the regularity of eta func-
tion at zero for the family of conformally perturbed Dirac operators /2 Det"/2 and the
coupled Dirac operator D+ A on noncommutative 3-torus. The spectral eta function was
first introduced in [1] where the value np(0) of a self adjoint pseudodifferntial operator
P appeared as a boundry correction term in Atiyah-Patodi-Singer index theorem. Using
the method of variations of canonical trace we consider the conformal variations of np(0)
and we show that the spectral value np(0) is a conformal invariant of noncommutative
3-torus. Next, we study the conformal variation of C" D|(O) and show that this quantity
is also a conformal invariant of odd noncommutative tori. This is the analogue of the
vanishing of the conformal anomaly of LogDet in odd dimensions in the commutative
case. We also consider np44(0) for the coupled Dirac operator D + A on noncommu-
tative 3-torus and compute a local formula for the variation of np4 4(0) with respect to

the vector potential A.

In chapter [4] we consider a family of twisted Dolbeault spectral triples on noncom-
mutative two-torus. This gives rise to a family of elliptic first order differential operators
04 which are the noncommutative analogues of Cauchy-Riemann operators on a closed
Riemann surface. In [8], Quillen considered a line bundle associated to a family of
Cauchy-Riemann operators on a closed Riemann surface and equiped the line bundle
with a Hemitian metric. Then by using the variations of zeta functions he was able to
compute the first Chern form of the line bundle. We consider the Quillen determinant
line bundle associated to the family of Cauchy-Riemann operators on noncommutative
two-torus and by using the machinery of the canonical trace, we compute the second
variation of the (4 (0) where A = 9% is the Dolbeault Laplacian and we obtain the
analogue of the Quillen’s computations for the curvature form of the determinant line

bundle in commutative case.
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Chapter 2

Background Material

2.1 Pseudodifferntial operators

In this section we recall the basic properties of pseudodifferential operators on manifolds.

For the proof of the results we refer to [17] and [27].

2.1.1 Pseudodifferential operators on Euclidean space

We begin by definition of differential operators on open sets of Euclidean space.

Let U C R? be an open set. A differential operator with smooth coefficients acting

on smooth functions on U is defined by

Pu(z) = Z co(x)Dou(z), uwe CPU), cq€ CU),

T
laf<a

where Dg := (—i)*0g} - -- 054 with a = (a1, -+ aq), a; > 0. The non negative integer a

is called the order of P.

The symbol of the operator P is defined by

o(P)(x,€) = Y calz)E".

la|<a
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By the basic properties of Fourier transform, one has the relation
Pu(z) = /ei@v@a(P)(x,g)a(g)dg, zeUueCRWU), (2.1)

where d¢ is the Lebesgue measure on R? with an additional normalizing factor of
(2m)~%2. A pseud differential operator on U is defined by the above formula by us-

ing a generalized class of symbols.

Definition 2.1.1. A scalar symbol o of order a € R on U is a smooth function in
C>=(U xRY) with property that there exists a real number a such that for any multi-indices
v,0 € Zio and for any compact subset K C U, there exists a constant Cy 5 x € RT such
that

01080(2,)| < Coon (0, w e K, €€ RY,

where (§) == +/1+ [¢]2.

We denote the set of scalar symbols of order a by S*(U) and the set of all symbols
on U by S(U). The order of symbols naturally equips the set of scalar symbols with a

filtration,

S =Js"v).

If E is a trivial vector bundle on U with the complex vector space V as fibers, we define

a symbols with matrix coefficients as an element in
SY(U) @ End(V). (2.2)
Also, the class of scalar smoothing symbols is defined by

S™U) = () S*U). (2.3)

aeR

The equivalence of symbols is defined by the relation
o~o +—— o—0 €ST0U). (2.4)

Next we define the class of classical symbols on U.

Definition 2.1.2. A symbol o0 € S(U) is called a classical symbol of order a € C if for

any N and each 0 < j < N there exist oo—j(z,§), positive homogeneous of degree ov — j
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in € variable, and a symbol o™ € SR(I=N=V(1]) " such that
N
o(2,8) =Y x(€)oaj(@,&) + oV (2,6) LR (2.5)
7=0

Here x is a smooth cut off function on R® which is equal to zero on a small ball around
the origin, and is equal to one outside the unit ball. It can be shown that the homogeneous
terms in the expansion are uniquely determined by o. The set of all classical symbols of
order o over U is denoted by SG(U).

The above definition can be easily adapted to symbols with matrix coefficient on U.

Definition 2.1.3. The first term in homogeneous expansion 2.5 for the symbol o is

called the leading symbol and is denoted by o*(z,&).

For a fixed order « one can equip the the space of symbols SG(U) @ End(V') with a

Fréchet structure using the following semi norms [27],

SUP,ere, cere () DT020 o (2, )],
N—

—R N
SUp,er, ecra (€)W N 000] [ 0 — N X(€)a—j | (2,91,
J=0

,_n

SUP, e, /<1 10807 Taja (@, I,

where «, 5 are multi-indices, j > 0, {K;, ¢ € N} is a countable covering of U with
compact sets and x is any smooth function vanishing around zero and equal to one

outside of the unit ball.

On can define the star-product of two classical symbols o € S%(U) and 7 € S%(U)

by
N—-1

o+ 7= lim E
N—oo

|ee]=0

(_i)lal le% «

a! 8§U($a§)am7'($af)v (26)
where the limit is taken in the above Fréchet topology on the space of symbols of constant
order a+b and also the following multi-index notation is used: a = (a1, - ,aq), a; >0,
al =al---aql, ¢ = 8?11 . -‘8?; and 0y = 031 ---074. In particular, the above limit

means that for any N € N

N-1 (

O*T — E

|ar|=0

—i)led
O oot 07(r,6) € S5 N W),
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Let 0 € S*(U) and 7 € S*(U), then
oxT € SU) (2.7)

and the leading symbols are related by

(ox7)t =0l st

Recall that for a function u € C§°(U) the Fourier transform of u is defined by

F(© =i(6) = [ e uydy.

Definition 2.1.4. Consider a symbol o € S(U), the pseudodifferential operator corre-

sponding to o is a linear operator
Op(o) : C5°(U) — C5°(U) (2.8)

defined by
(Op(o)u) (z) = F L (o(x,.)a), ue CU). (2.9)

We say that the pseudodifferential operator Op(o) is classical of order a if o € S4(U).
Also Op(o) is a matriz pseudodifferential operator if o € S(U) ® End(V), and Op(o) is
smoothing if o0 € ST*(U).

We denote the collection of all matrix pseudodifferential operators on U by ¥*(U, V)
and classical matrix pseudodifferential operators by W* (U,V). If a linear operator A :
Ce(U) — C§°(U) is given by A = Op(p) where p € S*(U), we write o(A) ~ p. Note
that U*(U, V) is equipped with a natural filtration given by the order of symbols. The
following proposition shows that the composition of pseudodifferential operators respects

this filtration and hence, U*(U, V) is a filtered algebra (see [17] for a proof).

Proposition 2.1.5. Let A,B : C§°(U,V) — C(U,V) be two matriz pseudodiffer-
ential operators with the symbols o(A) and o(B). The composition of A and B is a
pseudodifferntial operator with the following symbol

o(AB) ~ o(A) x o(B), (2.10)
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where the x-product is defined in (2.6). Furthermore, the leading symbol of AB is the
product of the leading symbols

ol (AB) = 6% (A) o 6 (B).

2.1.2 Pseudodifferential operators on manifolds

In this section we extend the notion of pseudodifferential operators on euclidean spaces
to smooth manifolds. Let M be a d—dimensional smooth manifold with an atlas {U;, ¢; }
and a partition of unity {x;} subordinate to this atlas. Now consider a linear operator
A:C®(M) — C>®(M) on M. The localized operator on the coordinate patch (U, ¢)
around a point x € M is given by Ay := xAx where x and x are smooth functions with

compact support in U which are equal to one in a neighborhood of z.
Definition 2.1.6. We call A a pseudodiffrential operator, if on each chart (U, @), the
following operator on the open set $(U) of RY is a pseudodifferential operator,

O Ay = @" o Ay o ¢, (2.11)

where ¢*f = fo ¢ and ¢.f = fo¢~t. We define the symbol of A in the local chart
(U, @) to be the symbol of ¢ Ay .

Now, given the partition of unity {x;} for M, one can write,

A=Y Ay +RA), (2.12)
Supp(x:)NSupp(x;)#0

where R(A) = ZSupp(xi)ﬂSupp(Xj):Q) XiAx;j is a smoothing operator. Those properties
of pseudodifferential operators on euclidean space which are invariant under diffeomor-
phisms can be extended to smooth manifolds. Let (U, ¢) and (V,%) be two coordinate

patches and & := 1 o ¢! be the coordinate transformation. Then

VeAunv = K" 0 ¢ Auny 0 ks = K (P Auny) - (2.13)

One can show that (see [17]) Y. Ayny and ¢ Ayny have the same order and differ by

an operator of strictly smaller order. Therefore it makes sense to define an operator A
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to be classical if on any chart (U, ¢) and any localization Ay, the localized operator
Ay is classical. The operator A has the order « if on any chart (U, ¢) and any
localization Ay, the localized operator ¢4 A has order a. We denote the set of classical
pseudodifferential operators of order a by W% (M). At the local chart (U, ¢), the leading
symbol o (A) (z) at the point z € U is defined by o (¢.Ay) (¢(z)). Based on above,

we have the following two definitions.

Definition 2.1.7. A pseudodifferential operator A is called elliptic if for x € M and
€ # 0, the leading symbol o* (A) (z, &) is invertible.

Definition 2.1.8. The algebra of classical pseudodifferential operators on M, denoted
by W5 (M) is the algebra generated by J,cc Vo (M). It is endowed with the natural
filtration resulting from the order and the product of symbols makes it into a filtered

algebra. The two sided ideal of smoothing operators is given by

V(M) = (1) v (M).
aeC

The above definitions and properties extend to matrix pseudodifferential operators
acting on sections C§°(M, E) of a smooth vector bundle E on M. This leads to the
algebra of matrix pseudodifferential operators W (M, E).

2.1.3 Traces on pseudodifferential operators

In this section we review the different types of traces defined on algebra of classical
pseudodifferential operators on a compact closed d—dimensional Riemannian manifold
M, all of the results hold in the case of matrix pseudodifferential operators as well. We

follow [27] and [31] in this section.

Consider an open subset U C R? Recall that a pseudodifferential operator A :
C5e(U) — C3°(U) with the symbol o can be written as follows,

Au(z) = /R (0, )iE)de, u e O (D),
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and one can write

u(x) = <TG (2, €)u
au) = [ (¢ E)uly)dcdy
= [ Kawyutu)dy, (214)

where

Kale.s) = [ <0 o(a, )it

is the Schwartz Kernel of the operator A. In general, this is a distribution kernel with

the singularities located on the diagonal.

The notion of Schwartz Kernel can be extended to pseudodifferential operators on
manifolds (see [31] for a detailed review). However, all we need here is that, when M
is compact and A € W5 4(M), the restriction of the Schwartz kernel K4(z,y) to the
diagonal of M x M defines a smooth 1-density (therefore it can be integrated over M).
Also the operator A belongs to the ideal of trace class operators and its trace is given

by the integral over the diagonal of M x M of the kernel,

Tr(A) = /M Ka(z,z)dx. (2.15)

We are seeking for an extension of ordinary trace possibly to the algebra W (M). It

turns out that the canonical trace ([23]),
TR : VEE(M) — C, (2.16)

on classical operators of non-integer order is the unique analytic continuation of the
ordinary trace on \Ilé_d(M ). Roughly speaking, being analytic means that if A, for
z € C is a holomorphic family of pseudodifferential operators in \IIS\Z(M ), then TR (A,)
is a holomorphic map. The basic idea behind the construction of the canonical trace is
actually quite old and in mathematics literature it is known as the Hadamard finite part
method. Also the idea was widely used by physicists when dealing with integrals of the

form

f(&)de,
R4

when f € L' (Bg(0)) for any R > 0 but f ¢ L' (R?) (ultra-violet divergence) where it is

known as momentum cut-off integral method.
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We start by the following lemma on the cut-off integral of classical symbols on

euclidean space [27],[29].
Lemma 2.1.9. Let o € SS(U) where U € R is an open set and Br(0) be the ball of
radius R around the origin. One has the following asymptotic expansion

o0

/ SO ~poe S (o) RO 4 B(0) log R + (o), (2.17)
B(R) j=0,a—j+d#0

where B(o) = flﬁ\zl o_q(&)d€ and the constant term in the expansion, c¢(o), is given

by
N N 1
= Nz, &)d aj(€)dé— — amj(W)dw,
)= [ oo 3 RGN Y= [, aumslend

(2.18)

where we have used the notation in definition (2.1.2).

Proof. In order to simplify the notations we drop the variable x € U and write o(§) =
Z;V:O X(€)oa—j(€)+0N (&) with large enough N, so that o?V is integrable. Then we have,

N
= On—iq O'N . .
/B o= ; /B GG / (€)de (2.19)

B(R)
For N > a+1, oV € £1(R?), so
[ @i [ oM@ ro
B(R) Rd

Now for each j < N we have

X(E)Tay(€)dE + / X(€)0aj (€)dE.

B(R)\B(1)

/ X(E)Tay(€)de =
B(R)

B(1)

Obviously | B(1) X(§)oa—j(€)dE < oo and by using polar coordinates £ = rw, and homo-

geneity of o,—j, we have

R .
/ (€)0ary(€)dE = / pomitd=lg, / Co i (€)dE. (2.20)
B(R)\B(1) 1 l¢]=1
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Note that the cut-off function is equal to one on the set R¥\ B(1). For the term with

a — j = —d one has

/ X(€)oa_;(€)dE = log R / Caj(£)dE.
B(R)\B(1) 1€]=1

The terms with o — j # —d will give us the following;:

/ X(§)oa—j(8)ds = (2.21)
B(R)\B(1)
Roz—j—i—d 1

W/|£|=1 O'a—j(f)dg - Oz—j—i—d/m:l Uoc—j(f)dg-

Adding all the constant terms in (2.19)-(2.21), we get the constant term given in (2.18).
O

The cut-off integral of the classical symbol o € S§(U) regularizes the possible diver-
gence in [p, 0(£)d§, by only picking the constant term (finite part) in the asymptotic

expansion of fBR(O) o(&)d¢ as R — oo.

Definition 2.1.10. Let 0 € S(U) be a classical symbol. The cut-off integral is given
by the constant term in the equation (2.17),

focr, €)dt = (o) (2. €)

N N 1
— N ’ d i d€é — _ a—7i dw.
| e £+§/Bmx<£>a S(€)de j:o,a%d#oa—ﬁd/sdlg ()

It is immediate from the definition of the cut-off integral that for o € S l?|<_d(U )
Fotac= [ oteie
R4

Also a quick computation (see [29]) shows that if A € V¥ (U) is a differential operator,
then

fa (A) (€)de = 0.

In order to define the cut-off integral for symbols on manifolds we need to see how it

changes under the coordinate transformations. Let U and U’ be two open sets of R? and
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¢ : U — U’ be a diffeomorphism. For a pseudodifferential operator A on U we define its
push forward by
O A = ¢y 0 Ao Q" (2.22)

where ¢*f = fo ¢ and ¢.g = go ¢~ ! for any f € C®°(U’) and g € C®(U). It can be
shown (see [17]) that ¢.Op(c) and Op(¢.o) are related as follows, at (z/,&') € T*U’,

bo0(',¢) = o (671(').do (671(a"))" ) (2.23)

where do(z) : T,U — TpU' and (dg(@))" : T, U’ = T;U.

)

Therefore, in order to lift the cut-off integral to a density on a manifold M, we
need to know how the expression in Definition 2.1.10 transforms under the £-changes
of variable of the form A¢ where A € GL(d,R). It turns out that unlike the ordinary
integrals which are invariant under changes of variable, the cut-off integral suffers from
lack of covariance. The following lemma make this more precise, we refer the reader to

[23] or [27] for the proof.

Lemma 2.1.11. Let A € GL(d,R), U C R? and open set and o € SS(U) a classical
symbol. Then,

Fotags = foters— [ atw)tog (14 ul) do. (2:24)

gd—1

O]

It follows from the above lemma that in order to have a well-defined trace density
for the canonical trace on a manifold M we need to restrict its domain to non-integer

order classical pseudodifferential operators.

Definition 2.1.12. The TR—functional, TR : \IIS\Z(M) — C is defined by
TR(A) := / ][J(A)(:L',f)dfdx, A e v, (2.25)
M
c\zZ

The trace property of the functional TR : ¥ ' (M) — C follows from the fact that

it is the analytic continuation of the ordinary trace Tr: W5~ %(M) — C to \IIS\Z(M ). In

the following we establish this important relationship in detail, we follow [29] and [31]
in this part.
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The notion of a holomorphic family of symbols was first used in [19] and then used
by Kontsevich and Vishik [23] in studying the multiplicative anomaly for determinants
in quantum field theory. Let W C C be a complex domain, a map f : W — FE with
values in a normed vector space (E,||.||) is called holomorphic if for any wy € W there

exists a a vector f’(wg) € E such that

oy £02) = S0

w—wo w — Wy

— f(wo)|| = 0.

The map is called holomorphic if the above property holds for any wg € W. The known
results for holomorphic maps with values in Banach spaces can be generailized to the
maps with values in Fréchet spaces (see [27]). We now give the precise definition of
holmorphic families of symbols and pseudodifferential operators. We restrict to the case

of classical symbols on Euclidean spaces.

Definition 2.1.13. A family 0(z) of classical symbols on the open set U C R parametrized
by a complex domain W C C 1is called holomorphic if

e 0(2) is a holomorphic map of variable z with values in C™(U x R?) and

0(2) ~ Y 0ui)-i(2) €SS, (2.26)
Jj=0
where the order o : W — C is holomorphic.
o for N > 1, the remainder
N—

oV (2) = 0(2) = Y Ta(s)—4(2)x

J=0

[y

is holomorphic as a function with values in C*(R?), and the k-th z—derivative
% (o7 (2))

is a symbol on R? of order a(z) — N + € for any € > 0 and locally uniformly in
z, i.e. the k-th z—derivative OF (o™ (2)) satisfies the estimate in Definition 2.1.1

and the estimate is uniform in z on compact sets K.

A family of operators A, is called holomorphic if A, = Op(o(z)) for a holomorphic
family of symbols o(z).
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The following important result of Kontsevich and Vishik [23] describes the pole

structure of cut-off integrals of holomorphic families of classical symbols.

Theorem 2.1. Given a holomorphic family o(z) € S%(RY), z € W C C, the map
2 fola@ae,
1s meromorphic with at most simple poles located in
P ={zeW; a(z) € ZN[—d,+x]|}.

The residues at poles are given by

1
ResZ:ZOj[J(z)(ﬁ)dﬁz _o/(zg) /|§|1 o(z0)—qd§.

Proof. By definition, one can write o(z) = Z;V:o X(€)o(2)a(z)-i(§) + o(2)M (£), and by

Lamma 2.1.9 we have,

N

== o\z N olz .

foereds= [ o) e+ JARGCLE RSO

N
1

- Z:OWH/gIIU(Z)a(z)—j(ﬁ)dé

7=0

Now suppose a(zp) + d — jo = 0. By holomorphicity of o(z), we have
a(z) — a(z0) = o/(20)(z — 20) + o(z — 20),

hence

Res..y fo2) =~ /5  o)-ateyac

o’ (20)

One has the following immediate corollary.

C\Z
cl

Corollary 2.1.14. The functional TR : ¥

ordinary trace on trace-class pseudodifferential operators.

— C is the analytic continuation of the

Proof. First observe that, by the above result, for a non-integer order holomorphic

family of symbols o(z), the map z +  o(z)(£)d¢ is holomorphic. Hence, the map
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o — Fo(§)d¢ is the unique analytic continuation of the map o — [p40(£)dé from
Sffd(Rd) to SC%Z (R?). Since the canonical trace involves an integration over z—variable

of above densities, we obtain the result. ]

Complex powers of operators form an important class of holomorphic families. We

briefly explain their construction here, following [27].

Let Q € WY (M) be a positive elliptic pseudodifferential operator of order ¢ > 0. The
complex power of such an operator, QZ, for Re(z) < 0 can be defined by the following

Cauchy integral formula.

z __ L z . —1
Q=5 /% A5(Q — ) LdA. (2.27)

Here A} is the complex power with branch cut Ly = {re’,r > 0} and C, is a contour

given by

_ il 2 3
CL={pe'®, 00> p=r},
C3 = {pe'*™?) 00> p >},
Cg:{reit, ¢ —21 <t <o}

around the branch cut Lg and the non-zero spectrum of A. the constant r is chosen

small enough such that the contour does not intersect the spectrum of A.

In general an operator for which one can find a ray L4 with the above property, is
called an admissible operator with the spectral cut Ly. Positive elliptic operators are
admissible and we take the ray L, as the spectral cut, and in this case we drop the index
¢ and write Q7.

To extend (2.27) to Re(z) > 0 we choose a positive integer such that Re(z) < k and
define

Q= Q Q™.
It can be proved (see [27]) that this definition is independent of the choice of k.

Now we can prove the trace property of TR-functional. The basic idea is to embed

the symbol o(A) of the operator A into the holomorphic family of symbols o (AQ~?).
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Proposition 2.2. We have TR(AB) = TR(BA) for any A, B € V(M ), provided that
ord(A) + ord(B) ¢ Z.

Proof. Consider the families A, and B, such that Ay ~ A, By ~ B, ord(A;) = ord(A)+z
and ord(B,) = ord(B) + z. For z €¢ W = —(ord(A) + ord(B)) + Z the families {A,B,}
and {B,A.} have non-integer order . For Re(z) < 0, the two familles are trace-class and
Tr(A,B,) = Tr(B.A,). now by analytic continuation we have TR(A,B,) = TR(B.A.),
for z € C — W. Putting z = 0 gives TR(AB) = TR(BA). O

Another important functional on algebra of classical pseudodifferential operators is
the noncommutative (Wodzicki) residue. It is a trace on the algebra of integer order

classical pseudodifferential operators ([19], [20], [37]),

Wres : W4 (M) — C. (2.28)

We begin by the following definition for pseudodifferential operators on U C R¢.

Definition 2.1.15. For o € §J}(U), the residue density of o is defined as follows.

res (o) (z) = /|§|:1 o_a(x,&)dE. (2.29)

The Wodzicki residue of a classical pseudodifferential operator A € WZ(U) is defined

as,

Definition 2.1.16.

Wres(A) — /U ves (0/(A)) dz /U /{ )t ) (2.30)

In order to extend the above definition to operators on manifold we need to make sure
that the residue density of o(A) is in fact a density. This can be established by making
use of a deeper relation between the canonical trace on non-integer order operators and

noncommutative residue on algebra of integer order operators.

Proposition 2.1.17. Let A € ¥ (M) be of order o € Z and let Q be a positive elliptic

classical pseudodifferential operator of positive order q. Then,
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e [or the holomorphic family o(z) = c(AQ™%), z = 0 is a simple pole for the map

2 folaes,

whose residue is given by

Res,— <z — fa(z)(f)d{) = _O/:EO) /|£:1 o_q(0)d§ = —a/to)res(A). (2.31)

Res,—0TR(AQ™*) = ;Wres(A). (2.32)

Proof. This is simply a corollary of Theorem 2.1 applied to the holomorphic family
o(z) = o(AQ™*). Also , since o(z) has non-integer order, f o(z)(£)d¢ is a well defined
density and therefore

ves(A)(z, €) = Res.— ][ o (2)(€)de (2.33)

is a well defined density on M. O

The trace property of the noncommutative residue can be derived from the above

result.

Proposition 2.1.18. Consider the operators A, B € WL (M), then

Wres([A, B]) = 0. (2.34)

Proof. We write,
Wres([A, B]) = Res,—oTR([A, B]Q™*) = Res,—oTR(C>) + Res,—oTR([AQ "%, B]),

where C, = ABQ™* — AQ~*B. For Re(z) > 0, the operator AQ~* is trace-class and
Tr([AQ%, B]) = 0, so by analytic continuation, TR([AQ~*, B]) = 0 and therefore,

Res,—oTR([A4, B]Q™*) = Res,—oTR(C,). (2.35)

Finally, Cy = ABQ" — AQ"B ¢ U, °°(M), and since the noncommutative residue of a

smoothing operator is zero, we obtain

Wres([A, B]) = Res,—oTR(C,) = Wres(Cp) = 0. (2.36)
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O

The result of Theorem 2.1 has been generalized in [29] and the full Laurent expansion

can be explicitly calculated.

Theorem 2.3. Consider the holomorphic family o(z) of classical symbols on an open set
U Cc RY. Also, assume that that the order of the family is linear, a(z) = o/(0)z + (0),
' (0) # 0. Then at z = 0 the map z —  o(2)(x,£)dE has the following Laurent

expansion,

+ Z Zj (][ a®(0) — O/(O):Mresa(kﬂ)(())) +0(z%). O

One has to note that the z—derivative o(k)(0) need not be a classical symbol, however
the z—derivatives of holomorphic families of the form o(z) = AQ ™7 fall into a larger class
of symbols called log-polyhomogenous symbols. Here we briefly review their definition

and properties and refer the reader to [29] and [26] for details.

Definition 2.1.19. Let U C RY be an open set, a € C and k € Z. a symbol o € S(U) is
called log-polyhomogeneous of order o and log — type k if for any N and each 0 < j < N
there exist a symbol oV € SR=N=1(1]) " such that

N
a(&) = X(&)oaj(©) +oN(E) R, (2.37)
j=0
where i
Taj(@,€) =Y 0aju(x,&)log' (I€]), & #0, (2.38)
=0

and oo—j1(x,§) are positively homogeneous of order o — j in . Here x is a smooth cut
off function on R® which is equal to zero on a small ball around the origin, and is equal

to one outside the unit ball. We denote the collection of these symbols by Sz’k(U).

An important example of an operator with a log-polyhomogenous symbol is log @

where Q) € \I’ZZ(M ) is a positive elliptic differential operator of order ¢ > 0. The
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logarithm of ) can be defined by

d

_ i z—1 __ Bl
bgQ=Q 7| @T'=Qg

z

i
— [ X HQ =Nt
i JRSCEDY

z

It is a pseudodifferential operator with symbol

o(log Q) ~ o(Q) o jz‘zzo Q). (2.39)

where * denotes the product of symbols. Using symbol calculus, it can be shown that

(2.39) is a log-homogeneous symbol of the form

o(log Q)(§) = qlog [§|I + o (log Q)(E),

where o (log Q) is a classical symbol of order zero. This symbol can be computed using

[e.9]

the homogeneous parts of the classical symbol o(Q%) = > 72 b(2)4:—;(§) and it is given

by the following formula (see e.g. [27]).

oa(log Q)(§) = (2.40)

. 1 - d
S Y ae@ [l

k=0 i+j+|a|=k

b(z = 1)gz—q—; (§/I€]) | -

z=0

The definition of the cut-off integral of symbols can be extended to log-polyhomogenous
symbols [26] and for a non-integer order symbol o € Ssl‘k(M ), Fo(xz,&)dE is a well de-
fined density, and hence one can define the canonical trace TR(A) by (2.25). Also it is
shown in [26] that the noncommutative residue can be extended to log-polyhomogenous

symbols of log type k by the following formula for the residue density,

res (o) (z,€) = /5|—1 o_ap(z,€)de, o€ SYF, U c RL (2.41)

The Theorem 2.3 takes the following form when applied to the holomorphic family
A, = AQ~* where M? is a closed manifold, A € U* (M) and Q is a positive elliptic
differential operator (more generally, an admissible operator) of order ¢ > 0. We only

state the result here and refer to [29] for the proof in a more general setting.

Theorem 2.4. For the pseudodifferential operator A € W5, M and Q a positive elliptic
differential operator of order ¢ > 0, TR (AQ™?) has a pole of order at most 1 at z =0
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with the following Laurent expansion,

TR(AQ?) = iWres(A)l

z

+ /M ( ][ o(A)(€) — ;res(Alog Q)) — Tr(Allg)
K

P k
+g(—1)k(k}!

< ( / ( Fotanos@®as - (Ao Q)'““)) ~ Tr(Alog! QHQ)>

+o(2"),

where Ilg is the projection over the generalized kernel of Q. 0

2.1.4 Spectral functions of elliptic operators

In this section we define and review the basic properties of two important spectral
function associated to an elliptic operator on a closed manifold. For a thorough review
of the subject, we refer the reader to [17] and to [5] for the applications in quantum field

theory. We start by the definition of admissible operators.

Definition 2.1.20. An operator A € V% (M) is called admissible if for any (x,§) €
T*M\M x {0} the leading symbol o*(A)(x,&) has no eigenvalue on the ray Ly =
10

{re", r > 0} and also the spectrum of A does not intersect Lg. 6 is called the principal

angle and Ly is the spectral cut.

Remark 2.1.21. From the definition, it follows that an admissible operator is elliptic
and invertible. In applications, many of the interesting elliptic operators have kernel,
however one can obtain an invertible operator as follows. Let A € U¥ (M) be a self
adjoint elliptic operator. One has the splitting L?(M) = ker(A)@®Range(A) where ker(A)
is the finite dimensional kernel of A and Range(A) is the closed range of A. By setting
A" = A @11y, where T4 is the projection onto ker(A) one gets an invertible operator.
Classical pseudodifferential operators with positive leading symbol such as generalized
Laplacians, also formally self adjoint elliptic classical pseudodifferential operators such

as Dirac operators in odd dimensions are all examples of admissible operators.
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Definition 2.1.22. Let A € V¥ (M) and Q be an admissible operator, then the gener-
alized C-function of Q is given by,

Co(A,Q) = TR (AQ;Z) , (2.42)

where TR is the canonical trace and ¢ is a fixed principal angle for Q and Q;Z 1s the

complex power of @) using the spectral cut L.

In the special case of A = I in above definition one gets the spectral {-function of Q,

Q=) = TR (Q57) (2.43)

The meromorphic structure of the spectral (—function easily follows from the pole

structure of canonical trace of the family Q;* (see Theorem 2.4).

Proposition 2.1.23. Let QQ € \I’gl(M) be an admissible operator of order q > 0, the
spectral ¢(—function (4(Q)(2) = TR <Q;”Z) is a meromorphic function with at most
stmple poles located in the set 3 = {%, k=0,1,---}, where d is the dimension of M.

Furthermore, z = 0 is always a regular point and residues at poles are given by
Res.—o(o(Q)(2) = qWres (Q;7), 7 € 3. (2.44)

Proof. The pole structure of (4(Q)(z) follows from Theorem 2.1. Also by Theorem 2.4
we see that
1
Res;—0(s(Q)(2) = QWYGS(I) =0,

therefore z = 0 is a regular point. For the residues at other poles, we set, w = z — o and

therefore,

Res;—»(4(Q)(2) = Resy—0TR (Q;w_"> = Resy=—0TR (Q;“Q;w> = jlWres <Q;"> :
O

Remark 2.1.24. It follows from the above result that for an admissible operator @ €
W (M) , the values (»(Q)(0) and (4(Q)(0) make sense. Also, from Theorem 2.4 we

obtain the following formulas,

G(Q)0) =~ [ res (410.Q) — Tr(aTlg). (2.45)
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and

@0 = ([ ([ atopue - 5 restioz @) ) - rtozQuig)) . (240

Note that unlike (o(Q)(0), the value (3(Q)(0) is non local due to presence of the cut off

integral which consists of infinitely many homogeneous terms of the symbol of log Q.

Form the definition of the complex power of an elliptic operator it is obvious that
the values of the spectral zeta function has a dependence on the choice of the spectral
cut. Here we briefly review some of the results regarding this dependence and refer the

reader to [30] for details.

Consider the elliptic operator A € U9 (M) with a@ > 0. Let Ly and Ly be two
different spectral cuts with § < 6’ < 6 + 27 and let Agg be the sector of the plane
0 < arg\ < 6. The corresponding sectorial projection of A is defined by

Ty g (A) = / A A =Ny, (2.47)
nggl

where
Lo = {pe?; co>p=rju{re’; § <t <@} U {pe'?; r < p < 0},

and r is small enough such that no non-zero eigenvalue of A lies inside the disk |A| < r.
It can be shown (see [30]) that Il ¢ (A) is a psedodifferential operator of ord < 0 and
hence is a bounded operator on L?(M). Furthermore, when the principal symbol of A

has no eigenvalues in the angular sector Ag g, the operator Iy ¢ (A) is smoothing.

The following result is due to M.Wodzicki [35] .

Proposition 2.1.25. One has the following equality of meromorphic functions,

C@(A)(Z) — C@/(A)(Z) = (1 - 672m‘z) TR (Hgﬁ/Ae_z) , 2 € C. O (2.48)

One also has the following result on the value of the spectral (—function at zero [35].

Proposition 2.1.26. Consider the elliptic operator A € WS(M) with a > 0 and let Lg
be a spectral cut. then the value (o(A)(0) is independent of 6.
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Remark 2.1.27. The Wodzicki’s proof of the above proposition is quite involved and uses

very careful analysis of local spectral invariants. Note that the difference

Co(A)(0) — Gor(A)(0)

is a multiple of the Wodzicki residue of a pseudodifferntial projection. In fact he used
the above result to prove that the Wodzicki residue of any pseudodifferential projection

is zero [36].

Another important spectral function associated to a self adjoint elliptic pseudodif-
ferential operator is the spectral eta function. It was introduced in [1] and it’s value at

origin appeared as a boundary correction term in Atiyah-Patodi-Singer index theorem.

Definition 2.1.28. Let A € V(M) be a self adjoint elliptic pseudodifferential operator.
The spectral eta function is defined by

1(A)(z) = TR (A|A[""Y) = TR (F|A] ) (2.49)

where F = AJA|7L.

Regarding the meromorphic structure of the spectral eta function one has the fol-

lowing result.

Proposition 2.1.29. Let A € V% (MY) be a self adjoint pseudodifferential operator.
The spectral eta function n(A)(z) is a meromorphic function with at most simple poles

located in the set 3 = {%, k=0,1,---}. Also the residue at z = 0 is given by

Res,—on(A4)(z) = ! Wres (F) . (2.50)

a

Proof. The result follows easily from Theorem 2.4. O

It turns out that the eta function is in fact regular at z = 0 and the value 1n(A)(0)
should be considered as the infinite dimensional analogue of the signature of a self
adjoint matrix. However, the proof of regularity of n(A)(z) at z = 0 for a self adjoint
pseudodifferential operator is much harder than regularity of zeta functions at zero. This
was proved in [2] and [16]. The proof uses topological arguments to reduce the problem
to the case of a twisted spin Dirac operator on an odd dimensional spin manifold and

then uses invariant theory. Along a different line, one can give a different proof, using



Background Material 27

the result of Wodzicki on the Wodzicki residue of a pseudodifferential projection (see
Remark 2.1.27 and [4]). First one obrerves that for a self adjoint pseudodifferential
operator A € ¥%(M?),

Res,—on(A4)(z) = éWres (F),

where F' = I%I' Now consider the operator P = %, it is a pseudodifferential projection
(in fact it is the projection onto the +1 eigenspace of F'). One has
F=2P-1 (2.51)

and therefore by appealing to the result of Wodzicki, one has

Wres(F') = 0. (2.52)

2.1.5 Conformal invariants of elliptic operators

In this section we study those spectral quantities associated to geometric operators that
remain invariant under the conformal changes of the metric. Let (M, g) be a closed
Riemannian maifold and £ — M be a complex vector bundle. By a geometric operator
we mean a classical pseudodifferential operator A, € ¥, (M, E) acting on the smooth
sections of . Recall that a Riemannian metric g is called conformally equivalent to the
metric g if,

g=¢lg, fec>w). (2.53)

Among the geometric operators we restrict our selves to the class of conformally covari-

ant operators.
Definition 2.1.30. An operator A, € Wy (M, E) made from the Riemannian metric g
is called conformally covariant, if there exists two numbers a and b such that,
Az =e A e, (2.54)
where § = e/ g.
In the following, we list some of the important examples of conformally covariant

differential operators.

Example 2.1.31. Our first example of a conformally covariant operator is the Dirac
operator. Consider the triple (C°°(M), L?(M, S),, D,y) encoding the data of a closed
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n-dimensional spin Riemannian manifold with the spin Dirac operator on the space of
spinors. By varying g within its conformal class, we consider § = k~2g for some k = e >
0 in C°°(M). The volume form for the perturbed metric is given by dvols = k™"dvol,

and one has a unitary isomorphism
U:L*(M,S), — L*(M,S);

by
Uw) = k21,

n+1

It can be shown that (see [21]) Dj = kTng_n;l and hence

n n+1

U*D;U = k2 (k" Dgk~ 2 k% = VkDyVk.

Example 2.1.32. Let D : L*(M, S), — L*(M, S), be the Dirac operator on the space
of spinors and F, = D|D|™'. By a conformal change of metric § = k~2g for some
k =eh > 0in C®°(M) and under the above unitary equivalence of Hilbert spaces one
has (see [3]),

U*FU = F mod K,

where K is the ideal of compact operators on L*(M, S),. Also consider another metric
g, the corresponding Dirac operator D' : L*(M, S), — L*(M,S)y and F' = D'|D'|71,
then one can show that if

U*FU = F' mod K,

for an isomorphism U between the Hilbert spaces, then the metrics ¢ and ¢’ are con-
formally equivalent. This is the precise statement of the folklore fact that the F' = %'

encodes the conformal class of the Riemannian metric.

Example 2.1.33. The Laplace-Beltrami opertor on a closed surface defined by
Ay =d'd+dd* : C*(M) — C™®(M)
is conformally covariant [8]. In higher dimension n, the conformal Laplacian defined by
Ly=Ay+cpRy

4(7;;—1)

is coformally covariant, where ¢, = and R, is the scalar curvature.
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In the rest of this section we study the following three spectral quantity associated

to a conformally covariant operator A,

((Ag)(0), ¢'(Ag)(0), n(Ag)(0)
and the way they change under the transformations

g—elg, Ay — e A

We follow the approach of [28] where the method of variations of the canonical
trace for smooth families is used for studying the conformal anomalies. For a different

approach, using the variations of heat kernels, we refer to [33].
First we introduce the notion of the weighted trace.

Definition 2.1.34. Let Q € \I/ZI(M) be an admissible operator of order ¢ > 0 and
A€ W (M). The weighted trace of A is defined by

tr9(A) := f.p.._o TR (AQ™7) + tr (Allg), (2.55)

where £.p.,_oTR (AQ™7?) is the finite part (the constant term) in the Laurent expansion
of TR(AQ™?) at z =0 ( see Theorem 2.4).

From the above definition it is clear that the three spectral quantities ((A)(0),
¢'(A)(0) and n(A) (for A self adjoint) can be expressed as weighted traces,

¢'(A)(0) = tr” (log A),
n(A)(0) = e (Al

Next, we need the following results on variation of the Wodzicki residue and the
canonical trace of differentiable families of operators, we refer to [28] or [27] for the
proof. A C*-differentiable family of operators A; satisfies the conditions of definition
2.1.13, with holomorphic replaced by C* differentiable.

Proposition 2.1.35. Consider a differentiable family Ay € W% (M) of constant order
«. Then,
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o The Wodzicki residue commutes with the variation,

d .
%Wres(At) = Wres(4), (2.56)
where At = %At.
e If a is non-integer,
d .
%TR(At) = TR(A). (2.57)
O

Also, consider a C' map h : W C C — R such that for any admissible operator
A € U¥ (M),one has h(A),h'(A) € U (M). We have the following proposition [28].

Proposition 2.1.36. Let A; be a differentiable family of admissible operators of constant

non-integer order c. then,

%TR (h(A))A;7%) = TR <h’(At)AtA;Z> _2TR (h(At)AtA;Z”) . (2.58)

O

Corollary 2.1.37. By equating the Laurent expansions on both sides of above equation

we obtain,
d o
= Wres ((Ay)) = Wres (h (At)At) , (2.59)
d 1 .
Ztrt (h(4y)) = (h’(At)At) ~ ~Wres (h(At)AtAt 1) , (2.60)

%tI‘At (h(At) logj At) = tI‘At (h,(At)At logj At> —{—th‘At (h(At)AtA;l lOgj_1 At) N

(2.61)
JeEZT. O
Now consider a self adjoint conformally covariant operator A, and let Ay = A.ir, be

the one-parameter family of operators obtained from the conformal perturbation of the

metric, i.e. the one parameter family of the Riemannian metrics

g =g, feC®(M).
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Remark 2.1.38. Note that since A, is conformally covariant one has,
ker (A¢) = ker (A),

and At = %At, where the /ig = A, +1I4 5 Therefore in computing the variations of A;

one can replace A, by Ag.

Definition 2.1.39. Let Met(M) be the space of Riemannian metrics on M and F :
Met(M) — C be a Fréchet differentiable functional. The conformal anomaly of F at the

reference metric g is defined as

OpF = % F <e2tfg) ‘t:O' (2.62)

In the following, we restrict ourselves to self adjoint conformally covariant differential

operators’ and compute the conformal anomaly of the three functionals ,

g+ ((4y)(0),
g ¢ (4g)(0),
g n(Ag) (0).

The following result computes the conformal anomaly of the above functionals [28].

Proposition 2.1.40. Let A, be a self adjoint conformally covariant differential operator

of order ao. One has the following conformal anomalies,

3£C (Ag) (0) = S5tre (1) =0,
57¢" (Ag) (0) = —6trs (log Ag) = (a — b)trs(f),

A, b— A,
8 ptria < > Wres< )
d |A,] |A,]

Proof. The proof is based on the result of Proposition 2.1.36 for the choices of h = 1,

h(A) = XA and h(\) = % and the observation that for a conformally covariant operator

Ay,

Ay = (a—Db)fA; — alf, Ay.

!The results hold for the more general class of admissible operators [28]



Background Material 32

Corollary 2.1.41. From the above result it follows that for a conformally covariant
operator Ay , the spectral value { (A44) (0) is conformal invariant. In dimension 2 and
Ay = Ay this result is the spectral formulation of the Gauss-Bonnet theorem (see [17],
[8]). Of course Gauss-Bonnet theorem proves that in dimension 2, ¢ (A,) (0) is in fact a

topological invariant.

Regarding the conformal anomaly of ¢’ (44) (0) and 7 (Ay) (0) we can say more by
incorporating the asymptotic expansion of the heat kernel around zero of an admissible
operator with non-negative leading symbol [17]. Let ord(A) = «, under these conditions

tA

the operator e7* is smoothing and has the following asymptotic expansion around zero,

Tr () ~ S a;(A) = + 3 bp(A)t* logt, (2.63)
7=0 k=0

where a;(A) and b(A) are given by integrals over M of local densities.

We need the two following results relating the coefficients in the asymptotic expansion
of Tr(Ae™*?) to the constant term in the Laurent expansion of TR (AQ~%). We refer to
[6] for a proof.

Lemma 2.1.42. Let f.p. Tr (Ae_tQ) be the constant term in the asymptotic expansion
of Tr (Ae_tQ) for the admissible operators A,Q € V¥ (m) where Q has a non-negative
leading symbol with ord(Q) > 0.Then

tr?(A) = f.p.Tr (Ae_tQ) - ord’zQ) Wres(A), (2.64)

where 7y is the Euler constant. O

Again, consider an admissible operator A with non-negative leading symbol, one has
the following relation between the coefficients of Tr(e™*4) in (2.63) and the Wodzicki

residue of the powers A* (see [28] for a proof).

Lemma 2.1.43. Under the above conditions, one has

_1\k+1 >0
Wies (Ak> _ ( 1) k‘Oébk(A) keZ
ﬁanﬁ—ak(fl) keZ”

where o = ord(A) and apior =0 if ak ¢ Z. O
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From the above lemmas the conformal invariance of ('(A4)(0) for a conformally

covariant differential operator A, in odd dimensions follows.

Proposition 2.1.44. Let A, be a conformally covariant differential operator on an odd

dimensional closed Riemannian manifold (M, g). Then,
57¢"(Ag)(0) = (b—a / f(x)an(Ag)(z)dvol,,. (2.65)

Therefore ¢'(A4)(0) is conformal invariant.

Proof. From Proposition 2.1.40 and Lemma 2.1.42 it follows that

57¢'(Ag)(0) = (a—b)trs(f) = (a—b)f.p.Tr (fe ') = (a— b/f (an(Ay)(2)) dvol,.

It is a known fact that for differential operators only the coefficients of the terms with

even powers of ¢ are nonzero (see [17]), therefore in odd dimensions,

/ f(x)an(Agy)(z)dvol, = 0.

And lastly, on has the following result on conformal invariance of 1(A44)(0).

Proposition 2.1.45. Let A, be a conformally covariant differential operator of order
a on an n-dimensional closed Riemannian manifold (M, g), the n(Ag)(0) is conformal

invariant if a and n have opposite parity.

Proof. We consider the following asymptotic expansion,

o

Tr (Ae—tlA\) ~ i (A" + > br(A)tFlogt.

By using Lemma 2.1.43 we get,

Ay
Wres< A, ‘> - / f(x)dn(Ag, x)dvol,.

Again, careful analysis of the terms involved in above asymptotic expansion [33] shows
that when « and n have opposite parity, the density a,(x) is identically zero and hence

the result follows. O
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Remark 2.1.46. The above result can be extended [33] and one can prove that for a con-
formally covariant differential operator A on a closed manifold M, the quantity n(A)(0)
is conformally covariant. We consider the case of an odd order conformally covariant
operator A on an odd dimensional manifold M (the even case is similar). We choose
an elliptic operator B of order zero with index(B) = —1 on the circle and construct an
operator A#B on M x S'. If A acts on the sections of a vector bundle E, A#B acts
on the sections of £ ® R and is given by

A1 I® B*

A#B =
I®B —-A®I

It can be shown that [17]
1(A#B)(0) = n(A)(0). (index(B)) .

Now a slight modification of the proof of the Proposition 2.1.45 gives the conformal
invariance of n(A#B)(0) and hence the conformal invariance of n(A)(0) [33].

2.2 Framework of noncommutative geometry

In this section we review the basic tools and methods of noncommutative topology and

noncommutative geometry. Our exposition closely follows [12].

2.2.1 Noncommutative topology

The duality between a space X and F(X), the algebra of functions on it is perhaps one
of the oldest ideas in mathematics and has different incarnations in many areas. It is also
considered as one of the cornerstones of Alain Connes’ noncommutative geometry [9].
The first important theorem to point at is the following result of Gelfand and Naimark
published in 1943 where the above duality is expressed in terms of equivalence of certain

categories.

Theorem 2.5. The category of unital commutative C*-algebras is anti-equivalent to the

category of compact Hausdorff topological spaces. The anti-equivalence is given by,

X «— C(X), (2.66)
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where C(X) is the algebra of complex valued continuous functions on X. O

Remark 2.2.1. A C*-algebra A is a Banach algebra equipped with an involution * :

A — A which is compatible with the norm in the following way,
2
laa™|| = [la]l".

The algebra of bounded operators on a Hilbert space B(H) is an example of a C*-
algebra. In fact another important theorem due to Gelfand and Naimark shows that
any C*-algebra can be embedded into some B(#H) . Also the correspondence in the

above theorem can be extended to locally compact Hausdorff spaces as follows,
X +— Cp(X),

where Cy(X) is the algebra of complex valued continuous functions on X vanishing at

infinity. Note that the algebra Cp(X) does not have a unit unless X is compact.

The idea of a noncommutative space enters the picture when we remove the commuta-
tivity condition on C*-algebras in Theorem 2.5. The category of C*-algebras still makes
sense and therefore a noncommutative topological space is merely a noncommutative

C*-algebra.

The goal of noncommutative topology is to look for further topological and geomet-
rical structures that can be categorically formulated for algebraic structures . Among
those, the results of R. G. Swan (1962) following the result of of J.-P. Serre (1957/58)
gives a categorical equivalence between projective finitely generated C'(X )-modules and
vector bundles over a compact Hausdorff spaces X (see [22] for a detailed exposition).
Therefore a vector bundle over a noncommutative space A is a finitely generated projec-

tive A-module.

One can go further and ask for the analogues of differential forms, de Rham cohomol-
ogy and characteristic classes for a noncommutative space. We should mention that the
answer to this is part of the machinery of Connes-Chern character which is the extension
of Chern character in the commutative case. Since these aspects are not related to the

topic of this text, we skip these topics and refer the reader to [12] and [22].
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2.2.2 Dirac operators and spectral triples

Beyond the noncommuattive topology, the program of noncommutative geometry in
the spectral triple picture initiated by Alain Connes [9] is to extend the framework of
Riemannian geometry to noncommutative spaces. The fundamental idea is that since
the local properties of Riemann metric tensor are not accessible in noncommutative
setting, one has to see the metric through the window of spectral geometry of elliptic
operators, or more precisely the Dirac operators. Within this paradigm, those properties
and invariants of Riemannian geometry which can be formulated in terms of spectral

data of elliptic operators, stand a chance of being translated to noncommutaive language.

In this sense, a noncommutative geometry tries to encapsulate the geometric data
of a Riemanninan spin geometry and generalize it to more general notions of spaces. In
order to motivate the definition of a noncommutative Riemannian geometry (a spectral
triple) we recall the construction of spinor bundles and Dirac operators over a Spin®

manifold. We refer the reader to [25] and [12] for the details and proofs.

Let (M, g) be an n dimensional Riemannian manifold. Each fiber T,, M of the tangent
bundle is equipped with the metric g, and therefore one can assign to it the real Clifford

algebra in the following way,

T(T:M)
(v®@v— gz(v,v))’

Cl(T,M) =
where T (T, M) is the tensor algebra over T, M,

These fibers patch together and form the real Clifford bundle C1(T'M) over the Rieman-
nian manifold M. At each fiber, there exist a Zs-grading on Cl(7, M, g,) induced by the
map x : (x,v) — (x,—v). By patching the +1 and —1 eigenspace of this map we obtain
the sub-bundles C17 (M) and C1~(M). Also note that there exist a natural isomorphism

C(TM) ~ C|T*M).
The fibers of the complexified Clifford bundle are defined as follows ,

Cly(M) = C(T, M) @ C,
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and one has the following characterization [25],

Mom (C) n=2m
Cl,(M) =
Mom (C) @ Mom (C) n=2m+ 1.

The smooth sections of the (complexified) Clifford bundle C*°(CI(M)) form a x-algebra.
In fact the set of continuous sections C'(CI(M)) is a C*-algebra with the fiberwise product
and the involution induced by ®rC.

Now Consider the Clifford bundle CI(M) in even dimensions n = 2m and the first
matrix block part CI(M)' of the Clifford bundle CI(M) for n = 2m + 1. For any 2 € M
one can find a vector space S, on which Cl, (M) acts linearly and irreducibly. Therefore,
locally the Clifford bundle is isomorphic to (U x Hom(S;),U). One can equip S, with a
scalar product compatible with the C*-algebra structure of C(Cl,(M). Also the spaces

Sy is constant locally and dim(S;) = 2" where m := [n/2].

We say that the tangent bundle 7'M admits a Spin® structure if one can glue together
the local data (U x Hom(S;),U) and form a vector bundle over M.

Definition 2.2.2. The Riemannian manifold (M, g) is Spin® if the tangent bundle T M

admits a Spin® structure.

Not every Riemannian manifold (M, g) admits a Spin® structure. In fact the exist a
certain integral cohomology class of M associated to CI(M) in even dimensions and to
CIt(M) in odd dimensions which is the obstruction for existence of Spin® structure. This

cohomology class is called the Dizmier-Douady class (see [25] and references therein),
§(CI(M)) € H*(M,Z), n = 2m,

S(CIT(M)) € H¥(M,Z), n=2m+ 1.
One has the following proposition.

Proposition 2.2.3. The Riemannian manifold (M, g) is Spin® if §(CI(M)) = 0 in even
dimensions and 6(CIT(M)) = 0 in odd dimensions. O

Let (M, g) be a Spin® Riemannian manifold. The local data (U x Hom(S,), U) patch
together and form the Spinor bundle over S — M over which CI(M) or C'1(M) acts

irreducibly. The space C*°(S) of smooth sections of spinor bundle are called spinors or
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chiral vector fields in physics literature. Note that in even dimensions, the grading of

the Clifford bundle induces a grading on spinor bundle,
S=5St®s.

One can always equip the space of spinors with an inner product and by completing it

one gets the Hilbert space of L%-spinors,
H = L*9).
In even dimensions, this Hilbert space is Zo graded,
H=H'"®H".

The smooth sections of the Clifford bundle act on H (since each fiber S, is a represen-
tation space of CI(M) or CIf(M)). Since

C®(CUM)=C®(M)e U Ma -,

it is seen that the smooth functions act on H by multiplication. The representation
v : Cl(M) — B(H) of the Clifford bundle on spinors is called the spin representation.

Restricted to 1—forms on M, one has the following identity,

Y(@)v(B) +v(B)v(a) = 297 a;3;,

where «; and §; are the components of the 1—forms « and 8 with respect to the or-

thonormal basis for T*M.

Next we show that the spinor bundle over a Spin® Riemannian manifold (M, g) is
equipped with a natural first order elliptic self adjoint differential operator called the
Dirac operator. The Riemannian metric g on M gives rise to a unique connection called

the Levi-Civita connection
VI QM — Q'M @ QM.

It can be extended to (contra-/covariant) C*°-tensor fields over M and it is characterized
by the properties of being symmetric and torsion free. The Levi-Civita connection lifts

to the spinor bundle S and one obtains obtain the Spin® connection.
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Definition 2.2.4. A Spin® connection is a C—linear
Vo C®(8) = C®(S) @ Q' M
and satisfies the two Leibniz rules
V3 (¢a) = Vi(¥)a + ¢ @ da
and
VE(y(0)) = 1 (VIa)y + () V7 (),
where a € C®°(M), a € Q'M and ¢ € C*(9).

It can be shown that there exists a SpinCconnection on the spinor bundle. Now, we

are ready to define the Dirac operator.

Definition 2.2.5. Let m : C®(S) @ Q'M — C*(S) be the Clifford multiplication
defined by m(y) @ a) = y(a)y for a € Q'M and p € C®(S). The Dirac operator
D : C®(S) — C(8) is defined by

D :=moV~. (2.67)

Below, we list the important properties if the Dirac operator.
o ) : C™(S) — C(S) is symmetric and extends to an unbounded self adjoint
operator on H = L*(S).

e In even dimensions n = 2m the Dirac operator is odd with respect to the grading

of spinors S = ST @ S~ and can be written as

n
D= L;_ IDO ] , (2.68)

where P : H- — H* and )™ : H — H~.
o ) :C®(S) — C=(8) is a first order, elliptic differential operator.

e From the ellipticity of I it follows that I) is a Fredholm operator, i.e. the ker(Ip)

is finite dimensional.
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e The parametriz, ]D_l is compact. The eigenvalues A\, of lD_l counted with multi-
plicity satisfy the relation A\, < C.k~1/" where C' is a constant and n = dim(M).
Therefore the spectral growth of the Dirac operator detects the dimension of the

manifold.

e [, a] is bounded for any a € C*°(M). in fact
[, al(y) = P(ap) — al)() = y(da)p, a € C*(M), ¢ € C*(S).

Therefore [ID, a] is bounded by the sup-norm ||v(da)||so-

e (Connes’ distance formula) The Dirac operator encodes the geodesic distance be-
tween the points on the manifold. More precisely, for two points x,y on M we

have

d(z,y) = sup{|f(z) — f(y)l, f € C™(M), [Ilf, D]l < 1}. (2.69)

The example of a compact Spin® Riemannian manifold (M, g) gives the first example

of a spectral triple. First we give the basic definition of a spectral triple [12].

Definition 2.2.6. A spectral triple (A, H, D) is given by an involutive unital (possibly
noncommutative) algebra A, a representation w: A — B(H) on a Hilbert space H, and
a self-adjoint densely defined operator D : Dom(D) C H — H with compact resolvent
and the property that [D,(a)] is bounded for any a € A.

A spectral triple (A, H, D) is called even if there exist a selfadjoint unitary operator
I': H — H, such that al' = I'a, for a € A and DI' = —I'D. The operator I induces a
grading H = H™ @& H~ with respect to which the Dirac operator is odd:

0 D™
D=
Dt 0

The following definitions abstract and generalize the fact that the spectral growth of the

Dirac operator detects the dimension of the manifold.

Definition 2.2.7. A spectral triple is finitely summable when the resolvent of D has
characteristic values pi, = O(n=%), for some a > 0 (see [18, Ch. 7] for details).

Definition 2.2.8. A finitely summable spectral triple is of metric dimension p if D™
is of order 1/p (see [18, Ch. 7] for details).
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From the above list of properties of the Dirac operator it is seen that the triple
(COO(M ), L2(S), IZ)) encoding the data of a compact Riemmanian Spin® manifold sat-
isfies the requirements of a spectral triple. Note that in even dimensions the spectral
triple (C*°(M), L*(S), D) is even.

Below, we explain the ingredients of a spectral triple in more detail.

e The algebra. We assume the the involutive algebra A is in fact a pre-C*-algebra,
i.e. A is a dense sub-algebra of a C* algebra A and stable under holomorphic
functional calculus. This means that for any a € A and any holomorphic function

defined on a neighborhood of spec(a),
f :spec(a) — C

the element f(a) belongs to A.

e The Dirac operator. The compact resolvent property of D means that (D—\)~1
is compact for A ¢ R. Therefore D! defined over the orthogonal complement of
ker(D) is compact and also ker(D) is finite dimensional. Also it follows that D
has discrete spectrum and each eigenvalue has finite multiplicity. We see that
this property generalizes the ellipticity of the Dirac operator on a compact Spin®

manifold.

e The boundedness of the commutators [D, 7(a)] is clearly the generalization of the

fact that functions on M act on spinors as multiplication operators and
[, a] ()] < [Iv(da)dllco, @ € C(M), ¢ € C(S).

Below, we list a few examples of spectral triples.

Example 2.2.9. Finite spectral triples. A finite spectral triple is essentially a Rie-
mannian geometry over a point. The triple (A, H, D) is zero dimensional (Recall that
the spectral growth of the Dirac operator detects the dimension) and both A and H are
finite dimensional. The structure of the finite dimensional real involutive algebras which
carry a faithful representation on a finite dimensional Hilbert space is known. They are

of the form

where K = R, C or H. The classification of finite spectral triples is done in [24].
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Example 2.2.10. Almost commutative spectral triples. Almost commutative
spectral triples are products of the commutative spectral triple (C*°(M), L?(S), 1)) en-
coding the data of a compact Riemannian Spin® manifold (M, g) and finite spectral
triples. Recall that the product of the spectral triples (A1, H1, D1) and (A, Ho, D2) is
defined by the triple (A, H, D) where,

A =A; ®c As,
H =H1 ®c Ha,
D=D1I+1& D>.

An example of this construction is the product of (C*°(M), L?(S), ) with the finite
spectral triple (My(C),CN, D = 0) wich plays a fundamental role in the approach of
noncommutative geometry to standard model of elementary particles via spectral action

principle (see [14]).

Example 2.2.11. Noncommutative tori. The noncommutative tori Aj are perhaps
the most popular platform for examining the methods of noncommutative geometry.
The origin of these noncommutative algebras can be traced back to Heisenberg formu-
lation of quantum mechanics. It was proposed by Hermann Weyl (see [34]) that the
Heisenberg commutation relations should be replaced by their exponential form in or-
der to obtain a bounded Hilbert space realization. The C*-algebra generated by these
exponential elements are in fact the noncommutative tori. From another point of view,
the noncommutative tori can be thought as the strict deformation quantization of alge-
bra of functions on tori ([32]) There are two main spectral triples on noncommutative
tori, each reflecting a different aspect of their geometry. The Spin spectral triples on
noncommutative tori (see [18]) are basically the deformation of the spin spectral triple
on commutative tori. The other class of spectral triples on noncommutative tori are
the so called Dolbeault spectral triples (see [15]) which are meant to reflect the complex

geometry of tori.

Example 2.2.12. Isospectral deformations. The Connes-Landi [13] method of
isospectral deformation, deforms the commutative spectral triple (C°°(M), L?(S), D),
where (M, g) is a compact Riemannian Spin manifold admitting an isometric action
of a torus T for [ > 2. The outcome is a #—deformed spectral triple (C>(My), H =
L%(S), IP) with the same Hilbert space and the Dirac operator. Note that the deformed
algebra C°°(Mp) still has a compatible representation on the Hilbert space H. The

noncommutative tori fit into this picture as well. Another example of this construction
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is the spectral triple (C*°(Sj), L?(S), Ip) which is the isospectral deformation of the

Riemannian geometry of the the round sphere S?.

At the end we say a few words about the characterization of commutative spaces
by the spectral triples. It seems natural to ask if a general spectral triple (A, #, D)
with the a commutative unital algebra A corresponds to a Spin® (or spin) geometry
(C*°(M), L?(S), D) for a compact Riemannian Spin manifold (M, g). This is in fact the
content of Connes’ reconstruction theorem [10], [11]. First it turns out that in order to
speak of a noncommutative manifold, the notion of spectral triple is not enough and one
has to add extra properties and axioms (see [18]) to data of the spectral triple. Here
we avoid the technicalities of the axioms and only give a list of them without going in

depth.

e Axiom 1, Dimension. There is an integer p, the metric dimension of the spectral
triple, such that |D|~! is of order 1/p (see Definition 2.2.8).

e Axiom 2, Reality. There exists an anti-unitary operator J : H — H such that
J(DomD) C DomD, and [a, Jb*J 1] = 0 for all a,b € A. We say (A, H, D) is of

KO-dimension n if the operator J satisfies the following commutation relations
J?=¢€l, JD=¢DJ, JT =¢€'TJ,

where the ¢, €, €” depend on n € Zg according to the following table:

n 0123 (4[5 |6 |7
e |11 |-1]-1]-1]-1]1
€ |1 ]-1]1 |1 |1 ]-1]1 |1
€1 -1 1 -1

e Axiom 3, First order condition. For a,b € A, one has the following commu-
tation relation:

(D, a], Jb*J*] = 0. (2.70)

e Axiom 4, Orientability. There is a Hochschild cycle ¢ € Z,,(A, A ® A°) whose

representation on H is given by

I p=2k
mp(c) =
1 p=2k+1
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,where I' is the grading operator for the spectral triple.

e Axiom 5, Regularity. For any a € A, [D, a] is a bounded operator on H , and
both a and [D, a] belong to the domain of smoothness (32, Dom(*), where the
derivation ¢ on B(H) given by (T) := [|D|, T].

e Axiom 6, Finiteness The space of smooth vectors H> = (72, Dom(DF) is a
finitely generated projective left A-module with a Hermitian pairing (., .) implicitly
given by

][ (€ mIDI? = (€.1). (2.71)

where for an element « in the algebra generated by A, [D; A] and |D|™*, z € C,
][a := Res,;—oTR(a|D|™?), (2.72)

and (.,.) is the inner product of the Hilbert space H.

e Axiom 7, Poincaré duality. The Fredholm index of the operator D yields a

nondegenerate intersection form on the K-theory ring of the algebra A ® A°.

Definition 2.2.13. A noncommutative manifold is a real spectral triple (A, H,D,T, J)
or (A, H, D, J), according as its dimension is even or odd, that satisfies the above seven

axrioms.

We finish this chapter by giving a weaker version a the reconstruction theorem (see

[7] for a proof and [11] for the stronger form of the theorem).

Theorem 2.6. Let (A, H, D) be a noncommutative manifold with the unital commuta-
tive algebra A and spectral dimension p. There exists a compact oriented Riemannian
manifold M of dimension p, a Hermitian vector bundle E on M, and an essentially

self-adjoint Dirac-type operator Dg % such that
(A, H,D) ~ (C®(M),L*(M,E),Dg), (2.73)

where >~ denotes a unitary equivalence of spectral triples.

O]

%j.e., a first-order differential operator such that the principal symbol of D% is given by o (DE)(x, &) =
-1
g (&8
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Chapter 3

On Certain Spectral Invariants of
Dirac Operators on

Noncommutative Tori

3.1 Introduction

In this paper we study the variations of spectral zeta and eta functions (|p(z) =
TR (|D|7%) and np(z) = TR(D|D|7*7!) associated to certain families of Dirac operators
on noncommutative 3-torus. In the classical case the canonical trace TR [30] provides
a unified method of studying various spectral functions of elliptic operators and their
variations. Connes’ pseudodifferential calculus for noncommutative tori makes it pos-
sible to define a suitable notion of noncommutative canonical trace [19], and translate
some of the properties of the canonical trace on manifolds to noncommutative settings.
Among these, the fundamental result is the explicit description of the Laurent expan-
sion at zero of the function TR(AQ %) where A and @ are classical elliptic operators
[36]. This result enables us to prove the regularity of (|p|(z) and np(z) at z = 0, and
also gives a local description for variations of np(0) and C|’ D|(O). In particular, we show
that np(0) is constant over the family {e" De!®} and hence is a conformal invariant of
noncommutative 3-torus. Also, using the local description for conformal variation of
C|’ Dl (0), we prove that this quantity is a conformal invariant of noncommutative 3-torus.
This paper is organized as follows. In Section 2 we recall the definition of a spectral

triple which is the basic ingredient in the definition of a noncommutative Riemannian
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space [12]. Our main example is the spin spectral triple for noncommutative tori and
its conformal perturbation first proposed in [10, 16]. In Section 3 we give a brief review
of Connes’ pseudodifferential calculus for noncommutative tori from [11, 16], and recall
the extension of the Kontsevich-Vishik canonical trace to the setting of noncommutative
tori from [19]. It should be mentioned that this is also done in [33] where one works

with toroidal symbols instead of Connes’ symbols.

In Section 4 we study the eta function associated to the Dirac operators of the
conformally perturbed spectral triples (C*(T3), H, ! De'"), and also to the coupled
Dirac operator of the spectral triple (C(T3),H, D + A). By exploiting the developed
canonical trace, the regularity of the eta function at zero in above cases will be proved.
Next, by using variational techniques we show that the value of the eta function at zero
is constant over a conformally perturbed family. Also, by considering the spectral triple
(C>(T3),H, D) and the family D, = D + tu*[D,u] for a unitary element u € C>(T3),
we relate the difference np, (0) — np,(0) to the spectral flow of the family D; and give
a local formula for index of the operator PuP. This is the analogue of the result of

Getzler [25], in the case of noncommutative 3-torus.

In Section 5 we consider the spectral zeta function (p|(z) = TR(|D|™?) and study
the conformal variation of the spectral value C" D| (0) within the framework of the canon-
ical trace. We show that for the noncommutative 3-torus this quantity is a conformal
invariant. In even dimensions though, the conformal variation is not zero and hence con-
formal anomaly exists. Following [15] we give a local formula for the conformal variation

of (5 (0) in the case of noncommutative two torus.

Finally, in section 6 we consider the coupled Dirac operator D + A and study the
value (7,(0) where (p(z) = TR(D™?). Since the spectrum of D is extended along the
real line, there is an ambiguity in the definition of the complex power D~* and hence
in the value ¢},(0). In odd dimensions, this ambiguity can be expressed in terms of
Np+4(0) and hence has a dependence on the coupled gauge field A. This dependence
can be computed by a local formula and in physics literature it is usually referred to
as the induced Chern-Simons term generated by the coupling of a massless fermion to
a classical gauge field (cf. e.g. [6]). We give an analogue of this computation and the

local formula in the case of noncommutative 3- torus.

Conformal and complex geometry of noncommutative two tori were first studied
in the seminal work of Connes and Tretkoff [16] where a Gauss-Bonnet theorem was

proved for a conformally perturbed metric (cf. [10] for a preliminary version). This
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result was extended in [20] where the Gauss-Bonnet theorem was proved for metrics
in all translation invariant conformal structures. The problem of computing the scalar
curvature of the curved noncommutative two torus was fully settled in [6], and in [21],
and in [22] in the four dimensional case. Other related works on curved tori include
[17, 18, 31, 40]. The computation of the curvature of the determinant line bundle in
the sense of Quillen for certain families of Dirac operators on noncommutative tori was

carried out in [19].

AF would like to thank Asghar Ghorbanpour for useful discussions on the subject of
this paper. MK would like to thank the Hausdorff Institute in Bonn for its hospitality

and support while this work was being completed.

3.2 Noncommutative geometry framework

In this section we recall the basic ingredients in the definition of a noncommutative
geometry. Our main example is the spin spectral triple for noncommutative tori on
which all the material in this paper is based. The data of a noncommutative Riemannian

geometry is encoded in a spectral triple [11].

Definition 3.2.1. A spectral triple (A, H, D) is given by an involutive unital (possibly
noncommutative) algebra A, a representation 7 : A — B(H) on a Hilbert space H, and
a self-adjoint densely defined operator D : Dom(D) C H — H with compact resolvent
and the property that [D,w(a)] is bounded for any a € A.

A spectral triple (A, H, D) is called even if there exist a self-adjoint unitary operator
I': H — H, such that o' = I'a, for a € A and DI' = —T"'D. The operator I' induces a
grading H = H* @ H~ with respect to which the Dirac operator is odd:

0 D~
D =
[D+ 0

It can be shown that the triple (C°°(M), L?*(M, S), D), consisting of A = C°°(M)
the algebra of smooth functions on a closed Riemannian spin manifold (M, g), and the

spin Dirac operator 1) on the Hilbert space H = L?(M,S) of L?-spinors satisfies the

requirements of a spectral triple (see [28]). In even dimensions, the spinor bundle admits
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a grading and we have S = ST @ S~ with respect to which the Dirac operator is odd.
Therefore in even dimensions the spectral triple (C>°(M), L?>(M, S), D) is even.

3.2.1 Geometry of noncommutative tori

Let © € M,(R) be a skew symmetric matrix. The noncommutative n-torus C(Tg) is
defined to be the universal C*-algebra generated by the unitaries Uy for k£ € Z"™ and
relations,

UUp = "B, kil ez

Consider the standard basis {e;} for R™ and let u; = Ue,. Then it follows that
wpw = MRy,

where 0j; = O(ey, €;). The smooth noncommutative n-torus C*°(Tg) is defined to be the
Fréchet x—subalgebra of elements with Schwartz coefficients in the Fourier expansion,

that is all the a € C°°(T}) that can be written as

a= Z arUy,
kez™
where {a;} € S(Z"). In fact, C>(T}y) is a deformation of C°°(T") and consists of the
smooth vectors under the periodic action of R"™ on C(Tg) given by

os(Uy) = e**U,, s e R" ke Z".

The algebra C>°(T}) is equipped with a tracial state given by

7( Z a,Up) = ay.
pEL™
We also denote by d,, the analogues of the partial derivatives %a% on C*°(T™) which

are derivations on the algebra C°°(Tj) defined by
0u(Uy) = k,Uy.

These derivations have the following property
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and also satisfy the integration by parts formula

T(ad,b) = —7((0,a)b), a,be C™(Ty).

By GNS construction one gets the Hilbert space H, on which C°°(T}) is represented
by left multiplication denoted by m(a) for a € C*°(T}). The spectral triple describing the
noncommutative geometry of noncommutative n-torus consists of the algebra C*°(Ty) ,
the Hilbert space H = H, @ CV, where N = 2["/? with the inner product on H, given
by

(a,b), = 7(b"a),

and the representation of C*°(T}) given by 7 ® 1.

The Dirac operator is
D = a = au ® 7“7

where 9, = J,,, is seen as an unbounded self-adjoint operator on H, and y#s are Clifford

(Gamma) matrices in My (C) satisfying the relation
v+t =287 I

In 3—dimension the Clifford matrices are given by the Pauli spin matrices,

01 0 —i 1 0
v = = = :
10 i 0 0 -1

Consider the chirality matrix

v = (=)t
where n = 2m or 2m + 1. It is seen that v -y = 1, and ~ anti-commutes with every +*
for n even. The operator ' =1®@yon H =H, ® C2""? defines a grading on H and for
even n one has

I'D=-DT.

Therefore (C*(Ty),H, D) is an even spectral triple for n even.
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3.2.2 Real structure

Definition 3.2.2. A real structure on a spectral triple (A, #,D) is an anti-unitary
operator J : H — H such that J(DomD) C DomD, and [a, Jb*J "] = 0 for all a,b €
A. We say (A, H,D) is of KO-dimension n if the operator J satisfies the following

commutation relations
J?=¢€l, JD =¢€DJ, JT =€'T,

where the €, €, ¢’ depend on n € Zg according to the following table:

1101 )1 -11 |1
-1 1 -1

A
==
—
1
—_
1
—
1
—
1
—_

Note that the real structure operator switches left action to right action. More
precisely, Since A commutes with JAJ* the real structure gives a representation of the
opposite algebra A°P by b° = Jb*J* and turns the Hilbert space H into an A—bimodule
by

apb = aJb* J*(¢Y) a,be A, ¢ € H.
Example 3.2.3. The spectral triples (C(T%),H = H, @ CV, D) for N = 2["/? are all
equipped with real structure. The real structure operator J : Hr ® CV — H,. @ CN is
given by
J = Jy ® Cy,

where Jj is the Tomita conjugation map associated to the GNS Hilbert space H; given
by
Jo(a) = a*, a € C(Ty)

and Cy is the charge conjugation operator on CV (cf. e.g. [28]). For N = 2 we have

0 —J
J = °l.
J 0
Jg = 1 for all n-mod 8, so by extending the Hilbert space H, and coupling Jy with Cy

one can check that the resulting operator J satisfies the requirements for a real structure
(see [28]).
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3.2.3 The coupled Dirac operator

In this section We consider the spectral triples obtained by coupling (twisting) the Dirac
operator by a gauge potential. We begin by recalling the construction in commutative

case.

Consider a compact Riemannian spin manifold (M, g) with the spin Dirac operator
D : L?(S) — L?(S) on spinors. Let V — M be a Hermitian vector bundle equipped
with a compatible connection VV. Then one constructs the coupled (twisted) spinor

bundle S ® V — M with the extended Clifford action

(W) (P @ f) = (W) @ f,

where 7m(w) is a section of the Clifford bundle over M represented on the space of spinors
and ¢ and f are sections of spinor bundle and the vector bundle V respectively. Also,

the vector bundle S ® V is equipped with the coupled (twisted) spin connection
VS®V:VS®1+1®VV,

where V?° is the spin connection on S. This connection gives rise to the coupled Dirac
operator Dyv acting on the sections of S @ V. When V is a trivial vector bundle, the
connection VY can be globally written as VY = d 4+ A where A is a matrix of one forms

(vector potential) and an easy computation shows that

Djy=D+7(A).

The above construction can be generalized to the setting of spectral triples. Starting
with a spectral triple (A, H, D), one can construct a new spectral triple (A, H, D + A)
by adding a gauge potential to the Dirac operator, this corresponds to picking a trivial

projective module over the algebra A.

More precisely, A is a self adjoint element of

0 = Za?[D,a}], a; cA
J
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In fact, QL is the image inside B(H) of the noncommutative 1-forms on A under the
induced map

7 a’da’ — a°[D, al].

Below, we explicitly write down the coupled Dirac operator for the spectral triple
(C>=(T}),H,D + A). First note that for any element a = >, axUy in C°(T§) we
have,

[D,a) = 9,(a) @7

Any A € QY(C>(Ty)) is of the form A = ", a;db; where a;,b; are in C°°(T%) and we
have

m(A) = ai0u(bi) ® .
We denote the elements ), a;0,b; by A, and hence,
7T(A) = AM ® 7#7

also self adjointness of A gives Ay = A,. Therefore, the coupled Dirac operator is given
by
D+A=§+ 4,

where again by Feynman slash notation A = Ay @M.

3.3 Elliptic theory on noncommutative tori

Our aim in this section is to recall the extension of the Kontsevich-Vishik canonical trace
to the setting of noncommutative tori from [19]. Alternatively, this is also done in [33]
where they work with toroidal symbols instead of Connes’ symbols. We begin by a brief

review of the basics of Connes’ pseudodifferential calculus for noncommutative tori from
[11, 16].

3.3.1 Matrix pseudodifferential calculus on C*(T})

We shall use the multi-index notation o = (ai,..,a,), a; = 0, |a] = a1 + ... + ay,
ol = apl.ay!, 6% = 6705 and 9] = 0;"...0.".
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Definition 3.3.1. A matriz valued symbol of order m on noncommutative n—torus is

a smooth map
o :R" — C®(Ty) @ Mn(C),

such that
1602 (€)]] < Cap(1 + £,

and there exists a smooth map k : R™ \ {0} — C*°(T}) @ My(C) such that

i AT (AL AL2, ..y Abn) = K(E1, €2, -0, En)-

We denote the symbols of order m by S™(C*(Ty)).

A matrix pseudodifferential operator associated with o € S™(C*°(T}y)) is the oper-
ator Ay : C°(T%) ® CN — C°°(T%) ® CV defined by

o) = [ [ e So@)an(aydsds

where a; is the extended action of R" on C*(T%) ® CV.

Two symbols o, o’ € S™(C*>(Ty)) are considered equivalent if 0 —o’ € S™(C(T}))
for all m. The equivalence of the symbols will be denoted by o ~ ¢’. We denote the
collection of pseudodifferential operators by W*(C*°(T})). The order gives a natural
filtration on ¥*(C*°(T})) and the following proposition [16] gives an explicit formula for
the symbol of the product of pseudodifferential operators as operators on H modulo the

above equivalence relation.

Proposition 3.3.2. Let P and Q be pseudodifferential operators with the symbols o
and o’ respectively. The product PQ is a pseudodifferential operator with the following

symbol,

o(PQ) ~ 3 ~ % (0(6)5° (o' (©))

O]

Definition 3.3.3. A symbol o € S™(C*(Ty)) is called elliptic if o(§) is invertible for
& #0, and for some ¢
lo(€) 7 < e(L+1e)™™,

for large enough |€|.
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Example 3.3.4. Consider the Dirac operator of the spectral triple (C“(Tg), H, 2 C%, D = (3),
P=0, 7" M ®H, — He & H,.

The symbol reads
o(D)(§) =& @ =

& &—z@]
& 4i&  —& |

which is clearly elliptic.

A smooth map o : R" — C®(T}) ® My(C) is called a classical symbol of order
a € Cif for any L and each 0 < j < L there exist 04— : R"\{0} — C*°(T}) ® My(C)
positive homogeneous of degree o — j, and a symbol o € SRe(@)=L=1(C°(T7)), such

that
L
0() =D _X(§)ga-j(§) +0H(€) EER™ (3.1)

§=0

Here x is a smooth cut off function on R™ which is equal to zero on a small ball around
the origin, and is equal to one outside the unit ball. The homogeneous terms in the

expansion are uniquely determined by o. The set of classical symbols of order « on

noncommutative n-torus will be denoted by S(C*°(Ty)).

The analogue of the Wodzicki residue for classical pseudodifferential operators on

the noncommutative n-torus is defined in [23].

Definition 3.3.5. The noncommutative residue of a classical pseudodifferential operator
A, is defined as
Wres(A,) = 7 (res(As)) ,

where res(Ay) := fl£\=1 tro_p,(&)dE.

It is evident from the definition that noncommutative residue vanishes on differential

operators, operators of order < —n as well as non-integer order operators

3.3.2 The canonical trace

In what follows, we recall the analogue of Kontsevich-Vishik canonical trace [30] on
non-integer order pseudodifferential operators on the noncommutative tori from [19].
For an alternative approach based on toroidal noncommutative symbols see [33]. For a

thorough review of the theory in the classical case we refer to [35, 37].
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The existence of the so called cut-off integral for classical noncommutative symbols
is established in [19].

Proposition 3.3.6. Let 0 € S5(C*(Ty)) and B(R) be the ball of radius R around the

origin. One has the following asymptotic expansion

/ 0(&)d€ ~poos Y. aj(0)RTIT + B(o) log R+ ¢(0),
B(R) J=0,0— j+n£0

where (o) = f\&lzl o_n(£)d¢ and the constant term in the expansion, c(o), is given by

L L 1
Ly ai(€)dE — S a—i(w)dw. 3.2
[ ;/Bmx@)a (€)d j:o,a;n#oa—ﬁn/a:lg Jw)do. (32

Here we have used the notation of (3.1).

Definition 3.3.7. The cut-off integral of a symbol o € SG(C*(Ty)) is defined to be the

constant term in the above asymptotic expansion, and we denote it by + o(§)d§.

Now the canonical trace of a classical pseudodifferential operator of non-integer order
on C*°(Ty) is defined as follows [19]:

Definition 3.3.8. The canonical trace of a classical pseudodifferential operator A of

non-integral order « is defined as
TR(A) =71 <][ traA(f)d§> .

The relation between the TR-functional and the usual trace on trace-class pseudod-
ifferential operators is established in [19]. Note that any pseudodifferential operator A

of order less that —n is a trace class operator and its trace is given by

Te(4) = 7 ( I trop@)ds) |

The symbol of such operators is integrable and we have

Foa©= [ oae (33

Therefore, the TR-functional and operator trace coincide on classical pseudodifferential

operators of order less than —n.
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The TR-functional is in fact the analytic continuation of the operator trace and using

this fact we can prove that it is actually a trace.
Definition 3.3.9. A family of symbols o(z) € Sz(z)(Coo(Tg)), parametrized by z €
W C C, is called a holomorphic family if

i) The map z — «a(z) is holomorphic.

i1) The map z — o(z) € Sg(z) (Ap) is a holomorphic map from W to the Fréchet space
Ser(C*(Ty))-

i41) The map z v 0(2)a(z)—; is holomorphic for any j, where

7(2)(€) ~ D X(©)o (a4 (€) € 557 (C(TH)). (3.4)

iv) The bounds of the asymptotic expansion of o(z) are locally uniform with respect to
2z, i.e, for any L > 1 and compact subset K C W, there exists a constant C, ka3

such that for all multi-indices o, 5 we have

5°0° [ 0(2) = Y X0 (2)a(e)—s | (©)|] < Ok asléR@E LA
J<L
A family {A.} € Wy(C>(Ty)) is called holomorphic if A, = A, for a holomorphic
family of symbols {o(2)}.

Complex powers of elliptic operators are an important class of holomorphic families.
Let @ € ¥Z/(C°°(T}y)) be a positive elliptic pseudodifferential operator of order ¢ > 0.
The complex power of such an operator, Qé, for Re(z) < 0 can be defined by the
following Cauchy integral formula.

z i z -1
= — A —A)"dA. 3.5
Q=5 [ @ (35)
P
Here )\é is the complex power with branch cut Ly = {T€i¢, r > 0} and Cy is a contour

around the spectrum of () such that
Co Nspec(@\{0} =0,  LyNCy =10,

Cy N {spec(a(Q)(€)), £ # 0} = 0.
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Remark 3.3.10. More generally, an operator for which one can find a ray Ly with the
above property, is called an admissible operator with the spectral cut Ly and its complex
power can be defined as above. Self-adjoint elliptic operators are admissible (see [35]
and [19]).

The following Proposition is the analogue of the result of Kontsevich and Vishik [30],

for pseudodifferential calculus on noncommutative tori.

Proposition 3.3.11. Given a holomorphic family o(z) € Scoz(z)(Coo(Tg)), zeW CC,
the map

2 fola@ae,

1s meromorphic with at most simple poles located in
P={zeW; a(z) € ZN|[—n,+0]}.

The residues at poles are given by

o’ (20)

Res,—., ][a(z)(g)dg ! /|5 IRLCORT

Proof. By definition, one can write o(z) = ZJL:O X(€)0(2)a(2)—i(€) + o(2)F(£), and by
Proposition (3.3.6) we have,

L
foenee= [ otrteie+ [ x@ntn-0
=0

L
1
X T fy e

Now suppose a(zp) + n — jo = 0. By holomorphicity of o(z), we have a(z) — a(zy) =

o/ (2z0)(z — z0) + o(z — 29). Hence

-1
Res.—, fo(z) = e /IE 7o)l

O]

Corollary 3.3.12. The functional TR is the analytic continuation of the ordinary trace

on trace-class pseudodifferential operators.
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Proof. First observe that, by the above result, for a non-integer order holomorphic family
of symbols o(z), the map z — § o(2)(£)d¢ is holomorphic. Hence, the map o — f o(&)d¢
is the unique analytic continuation of the map o — [p, o(§)d¢ from S5 "(C*°(Ty)) to
Sle(COO(’H‘g)). By (3.3) we have the result. O

Corollary 3.3.13. Let A € ¥ (C>(Ty)) be of order av € Z and let Q be a positive

elliptic classical pseudodifferential operator of positive order q. We have

1
Res,—0TR(AQ™7) = §Wres(A).

Proof. For the holomorphic family o(z) = 0(AQ %), z = 0 is a pole for the map z —
§ 0(2)(§)d¢ whose residue is given by

1 1
Res.—o <z+—>][02 §d§>:—/ 0_n(0)dé = ————res(A).
(2)(€) 10 Jen (0) o (0) (4)
Taking 7-trace on both sides gives the result. O

Now we can prove the trace property of TR-functional.

Proposition 3.3.14. We have TR(AB) = TR(BA) for any A,B € V5 (C>®(Ty)),
provided that ord(A) + ord(B) ¢ Z.

Proof. Consider the families {A.} and {B.} such that Ay ~ A, By ~ B, ord(A,) =
ord(A)+z and ord(B,) = ord(B) + z. For z € W = —(ord(A) +ord(B)) + Z the families
{A.B.} and {B,A,} have non-integer order . For Re(z) < 0, the two families are trace-
class and Tr(A4.B,) = Tr(B,A.). now by analytic continuation we have TR(A.B,) =
TR(B,A,), for z € C— W. Putting z = 0 gives TR(AB) = TR(BA). O

Remark 3.3.15. The above result provides another proof for the trace property of the
non-commutative residue on W% (C°(T?%)) given in [23], namely, for A, B € VZ(C>(T%)),

cl
Wres([A, B]) = 0.

On can write,

Wres([A4, B]) = Res,—oTR([A, B]Q™*) = Res,—0TR(C>) + Res,—oTR([AQ "%, B]),
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where C, = ABQ™* — AQ *B. For Re(z) > 0, the operator AQ™* is trace-class
and Tr([AQ™%, B]) = 0, so by analytic continuation, TR([AQ ™%, B]) = 0 and therefore,
Res,—oTR([A, B]Q*) = Res,—¢TR(C.). Finally, Cy = ABQ"—AQ"B € ¥_>°(C>(T%)),
O

Wres([4, B]) = Res,—oTR(C) = Wres(Cp) = 0,

where in the last equality we used the fact that the noncommutative residue of a smooth-

ing operator is zero.

3.3.3 Log-polyhomogeneous symbols

In general, z-derivatives of a classical holomorphic family of symbols are not classical
anymore and therefore we introduce log-polyhomogeneous symbols which include the

z-derivatives of the symbols of the holomorphic family o(AQ™%).

Definition 3.3.16. A symbol o is called a log-polyhomogeneous symbol if it has the
following form
() ~ DD oa—jul€)log' €] €[ >0, (3.6)
j7=0 [=0

with oq—;;1 positively homogeneous in & of degree o — j.

An important example of an operator with such a symbol is log Q) where @ €

W (C>(Ty)) is a positive elliptic pseudodifferential operator of order ¢ > 0. The loga-
rithm of ) can be defined by

d

d -
IOgQ:Q£ Q21:Q£
z=0

1

/ NTHQ - N)ta
C

z=0 2

It is a pseudodifferential operator with symbol

7(log Q) ~ o(Q) x (=

z=

o), (3.7)

where x denotes the product of symbols. One can show that (3.7) is a log-polyhomogeneous

symbol of the form
o(log Q)(&§) = qlog |1 + o (log Q)(£),

where o;(log Q) is a classical symbol of order zero (see [35]).
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By adapting the proof of Theorem 1.13 in [37] to the noncommutative case, we have

the following theorem for the family o(AQ™%).

Proposition 3.3.17. Let A € V5 (C*(Ty)) and Q be a positive (or more generally, an
admissible) elliptic pseudodifferential operator of positive order q. If o € P then z =0
is a possible simple pole for the function z — TR(AQ™?) with the following Laurent

expansion around zero,

TR(AQ™?) = ;Wres(A)i

+r <][ o(A) - ;reS(A log Q)) — Tr(Allg)

Where 1lg is the projection on the kernel of Q.

O]

Remark 3.3.18. The term res(Alog Q) appearing in above Laurent expansion is an ex-
tension of Wodzicki residue density to operators with Log-polyhomogeneous symbols

[32]. For an operator P with log-polyhomogeneous symbol, by res(P) we mean,

res(P) = /§|_1 o_n0(&)dE,

(see (3.6)).

3.4 The spectral eta function

In this section we study the eta function associated with the family of spectral triples
(C>°(T3), H, e Det™) where h € C*°(T3) is a self-adjoint element [14], and also the cou-
pled spectral triple (COO(’]I‘g), H,D + A). By exploiting the developed pseudodifferential

calculus, the regularity of the eta function at zero in above cases will be proved.



On Certain Spectral Invariants of Dirac Operators on Noncommutative Tori 64

3.4.1 Regularity at zero

The spectral eta function was first introduced in [1] where its value at zero appeared as a
correction term in the Atiyah-Patodi-Singer index theorem for manifolds with boundary.

It is defined as

()= > sen(MATF=TR(D[D|*Y),
A€spec(D),A#0

where D is a self-adjoint elliptic pseudodifferential operator. Unlike the spectral zeta
functions for positive elliptic operators, proving the regularity of eta function at zero is
difficult. This was proved in [2] and [26] using K-theoretic arguments and in [5], Bismut
and Freed gave an analytic proof of the regularity at zero of the eta function for a twisted

Dirac operator on an odd dimensional spin manifold.

Remark 3.4.1. Note that for an even spectral triple (A, H, D) we have DI' = —I'D,
therefore the spectrum of the Dirac operator is symmetric and np(z) is identically zero.

Also the same vanishing happens if the spectral triple admits a real structure with
KO-dimensions 1 or 5 (see definition 3.2.2).

The meromorphic structure of eta function for Dirac operator can be studied by the

pole structure of the canonical trace for holomorphic families.

Proposition 3.4.2. Let D be an elliptic self-adjoint first-order differential operator on
C>(T3). The poles of the eta function np(z) are located among {3 — 4, i € N}, and

Res,—onp(z) = Wres(D|D|™1).

Proof. By using the result of Proposition 3.3.11, the family {a (D|D]_Z_1)} has poles
within the set {z; —z € ZN[-3,00]} or {z =3 — 14,7 € N}. Also, by Proposition 3.3.17
we have

1
np(z) = TR (D|D|_Z_1) = Wres(D]D|_1); +ap+arz+---,

Hence,
Res,—onp(z) = Wres(D|D|™1).
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We now prove the regularity at z = 0 of eta function for the 1-parameter family
{e"Det"} for the spectral triple (C°°(T3), H; ® C2, D = 9, ® v*) on noncommutative

3-torus.

Proposition 3.4.3. Consider the family of operators {e"De!"} on H, ® C? where
h = h* € C®(T}), then

ReszzonethDeth (Z) =0.

Proof. By definition, np,(z) = TR(D;|D;|~*~1). Using Proposition 3.4.2 we have
Res.—onp, (z) = Wres(Dy|Dy|™1),

where the right hand side is the Wodzicki residue on noncommutative 3-torus.

Now for each element of the family D, = e%De%, D? = e De"De's and |Dy| =

\/D?. By using the product formula for the symbols we have,

o(Dy) ~ ™ @41 + €7 5,(e7) @1, (3.8)
and
o(D?) = a(e% DethDe%) ~ ExE, MM @ A AyH
3th h h 3th

+ e 7 Gu(e )V + e o€ ) @

+ 6%5)\(67%)5#(6%) ® "y)‘fy“ + 6%5/\5#(6%) R VAVM'
To compute the homogeneous terms in the symbol of | Dy|, we observe that |D;| = \/D?
and hence,

o(|De]) = /o (D7) ~ 01(§) + 00(&) + o-1(§) + -+ - (3.9)
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We compute the first three terms, which we need for computing the symbol of |D;| ™.

o1(6) = lim o Dtk’;)(kg) e,

70(6) = Jim o(|Di])(k€) ko (€)
3th 1

= (o)) (g™ o7+ (setane) (g
(o1 D(k) = 01(€) ~ o0()

e™™") @ A yH,

o-1(8) = klgrolo k=1
1 < th oy th th o A 1 3th th th o A
= RN N CE )e v Y + (e Ox0 €2>6’ ® v
9 62 ( ) H( ) \/? M( )
1 3th th —th 3th th oh Afivp

where we have used the notation ¢? = 22:0 .

Now by using the relation |D;|~!|D;y| = 1 and by recursive computation we find the

homogeneous terms in the symbol of the inverse,

o(|De|71) ~ o1 (IDe| 7€) + o—2(IDe| 7€) + - (3.10)

where,
1
76_“1 ® 17

o-1(|De|7H)(€) = NG
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a-o(|De| 7€) =
— o1 (I1De| " {oo(|Del)o 1 (1D 1)
+ Y 9292001 (|Dy])8*6°26% o1 (|De| )},
ar1tas+taz=1
a-3{IDe| 7)) =
— o1 (1D " {(e—1(IDe))o—1(IDe| ") + oo (|Ds|)o—ao(|Ds| )
+ Y 4444}44478a182382301ﬂl)ﬂ)6a16a26a30_4(|I%\*1)

lvolya! &1
a1:09:.¢3.
al+ag+taz=2 1:G2:C3

Y 9RO 0 o1(|Di])8M 8°25% s (IDe| )},

ai+az+taz=1

—a(|De| 7€) =
—o_1(|De| " ){o—2(|De))o—1(|De| ") + o—1(|De)o—a(|De| 1) + o0 (| Di)o—s(|De| )
LY L gmamaon(IDy)en 6% g (|Dy| )

lavo lyal &
a1.009.0¢3:
altaz+az=1 1:G2+E3

1 a1 Qa2 QO3 aq S So —1
* Z ma§1 662 853 o-1(|De])0%1 67261 (| De| )
a1tags+az=1

1 1 02 A3 a1 S SQs -1
b e OO (DI 0™ (D)
ar1+oaz+az=1

1 ] Qa2 HQ3 o] SO O3 —1
Y aaganida 060 oo(ID)sM 8°26% oy (DA
aitoaz+az=2

1 —
FY e OO (D)8 800 s D)

a1taz+az=2

1 1 Q2 a3 Q1 SQ SO —1
T Y T la 00 e(1Dd)8M 6™ e (| D)
a1+as+az=3

Therefore, the symbol of o(Dy|D;|™1) reads

o(Di| D) ~ (01(Dy) 4+ 00(D1) * (o-1(|De| ™) + o0 2(I1De| 1) + o-3(IDe| 1) + - --)
~ (01(Dy) % a-1(|1De| ™)) + (01(Dy) % o—a(|De| 1))

+ (01(De) xo-3(IDe| 1)) +
+ (00(Dy) x o1 (|De| 1)) +

+ (01(Dy) x o4 (IDy| 1)) +
+ (00(Dy) % o—o(|De| ™)) + (ao(Dt)*a_g(yDtrl))+~-
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Fora=1,0and b= —1,—2,-3.---, one has
_ 1 _
0a(De) xou(|De| 1) = —j080a(Di)d%an(|Di| ),
o
and each term is of order a — |a| + b. By collecting the terms of order —3 we obtain,

_3(D¢| DY) ~ (o1(Dy)o—a(IDe| ™)) + (00(Dy)o—3(| D] 1))

+

081 0g2055 0y (Dt)6?15325§“30—3(\Dt\‘1)>

a1+a2+a3 1

1
( aalama‘”al(Dt)5?15§‘25§‘302(!Dt|‘1)>

+

o 'a 'a | £1 §2
a1+as+az=2 1:Cr2-Cs:

_|_

O 982 029 00 (D) 651 852052 0 _o(|Dy| 1) >

a1+a2+a3 1

+ L mapamay (D) agesa 1(]Dt]1)> .

lvolya! &1 62
o1lagla
a1+a2+a3 g T2

Now, one should notice that Wodzicki residue of a matrix pseudodifferential operator
involves a trace taken over the matrix coefficients. By analyzing the terms involved in
o_3(D¢|D¢|71) and using the trace identities for gamma matrices (cf. e.g. [24]), we see
that the only contribution is from the the terms whose matrix coefficient consist of either

one v matrix or product of three. Next, we use the following identities,

tr(y) =0, (3.11)

tr(yMyHyY) = e tr (1), (3.12)

where e’ is the Levi-Civita symbol. By observing that

2 =0
- 7

7,LL7

we conclude that

Wres (Dt|Dt|_1) =T </|§1 tr (reS(Dt|Dt\_1) d{) =0. (3.13)
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Remark 3.4.4. In [5], Bismut-Freed showed that in fact, for a twisted Dirac operator
on a Riemannian Spin manifold, the local eta-residue, tr (resw (D|D|_1)) vanishes. The
above and the following results confirm the same vanishing in the noncommutative case

for the family of operators {D;} on C>(T3).

The following result proves the regularity at zero of eta function for the coupled

Dirac operator D + A on C*(T3).

Proposition 3.4.5. Consider the coupled Dirac operator 3+ A on H,@C? over C*(T3),
then

Res,—onp+a(z) = 0.

Proof. The coupled Dirac operator D and D? are given by

D=0, "+ A, @"
D? = 9,05 @ Y7 + 9,(A)) @ Yy + A0\ @ Yy + A Ay @ P

Note that d,A)(a) = 0,(Ax)a + A\0u(a) and also A, A\ # AyA,. Hence,

D?* =) 021 + 24,05 @y + 9u(AN) @ 7 + Audy @ v,
n

where 0,(Ay) in the third term above is a multiplication operator. The symbols are:
o(D)=¢+ 4,

and
0(D?) = € + 24,6 @Y7 + 0u(Ay) @ vy + A Ay @ 4y,

where €2 = o gi ® I. Now,

o(IDl) = \/52 + 24,6 @ VA + 0u(Ax) @ ¥ + A Ay @ iy

~o1(&) +oo) +oa(§) + -,
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70

where

o1(&) = VeI,

oo(e) = A
0(5) \/?a
o_1(€) = Nl? (8(A2) © 779 + 4,8y ©7)

1
NG

By using o(|D|) x o(|D|~!) ~ 1 and by recursive computation, we get:

(AmSAAufp ® 7“7%”%) :

1
o (D) = —=a1.

\/{2

o o(ID|7) =
1
Vv 52 a1+oztaz=1

1 A1 Af
oot (e e

o_5(ID|™) = ——= ® Ho_1(|D)o—1(1D|™) + ao(|D])o—s(|D| )

V&S
+ Y o azogoo(|D)oY 05650 o 1 (|1D] )
ai+az+taz=1
+ Y o azogoi(|D))6Y 0526500 o(|D )
a1tas+tasz=1
1 - (6% (0% (0% —_
Y 0800 o (ID))6T 63285 o1 (IDI )}

alas!as!
a1toaz+az=2 1:602:43

1 - _
—- ! (%'52% +o(Vee I).é%g%))

§uSvApA v 1 Auy v
= SR @ iy + —=0k(VE)S () @4y

¢ve Ve eve

—®I(ao<rD\>a_1<rDr1>+ > 8?;8?226?;01<1D>6f16326§%_1wr1>)
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(D[ = ——— © Ho—s(1D))o—1(1D[™) + o-a(|D))o—2(1D[™)

Ve
+ oo(|D))o—3(|D| ")
Y 0810gog o1 (ID))eT 85265 o (1D )
ar1toaz+taz=1
80‘16a28a3 D)6 652633 D!
+ D 2202500 (| D|) 65 652857 0 _o(|D| 1)
al+az+az=1

1 J—
Y OO DDA 55 (1D )
artoaz+az=2 13023
Y O ogagio(ID)oT 63285 o s(IDI )

ar1+oaz+az=1

1 a1 Ha2 Hag a1 cO2 cO3 —1
+ arlaglaqt O O Og o1 ([D])oy" 03205 0 (| D] )
a1+oaz+az=2

1 o (0% (63 (0% (0% (6% —
T Z 785118522853301(|D|)6116225330—1(|D| 1)}

lavolcval
1.:002.03.
altaz+az=3 1642263

1
= ——= © Hoo(|Do—s(IDI™) + Y 080208 00(|DI)6T 65265 0—2(| D)

/¢2
5 altaz+az=1

+ Y 92 agoar (D) 632650 s(|1D] )

artaz+az=1

1 1§02 O3 a1 sa2 cO3 —1
* Z ma& e, 0y o1 (|D])01" 652 05% 0 o(|D[ )}
a1+as+az=2

Therefore the symbol of o(D|D|~!) reads

o(D|D|) ~ (Ul(D) o0(D)) % (0—1(\D|_1) +

Fora=1,0and b= —1,—2,-3.---, one has
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and each term is of order a — |a| 4+ b. By collecting the terms of order —3 we get

—3(DID|™) ~ (e1(D)o-a(ID|™1) + (e0(D)o—3(ID|™))

+< 02192202201 (D )5?15325§30_3(|D\1)>
al1+az+az=1
1 (6% (6% (0% (0% (0% (073 —
+< 041|042'a3‘a§116§228€3301( )67 852 03° 0o (| D 1))
a1+as+az=2
+< 021 922022 00(D )5?15325530_201)\—1))
ar+oaz+taz=1
a1 a2 Qo a1 a9 o 1
* ( a1|a2'a3|85116622853300(1))511522533‘7—1(|D‘ )) .
a1toaz+taz=2

Since og(D) has no ¢ dependence, the last two terms vanish and therefore we have:

o-3(D|D[™!) ~ (01(D)o-4(ID|™)) + (00(D)o-5(ID| ™))

(¥ awmaoe e

ar1+oaz+az=1

+< 3 1aalawaasal<D>6?16326§3a_2<|z>1))-

lovolaye! €1 &2 7&3
o1logla
o1+og+az=2 1-ER2-3

Finally, similar to the proof of Proposition (3.4.3), one observes that the matrix coeffi-
cients of all terms in o_3(D|D|~!) consist of either one v matrix or product of three 7

matrices. Again, by using the similar trace identities of v matrices identities we obtain,

Wres(|g‘) 7 (res(D|D|~ 1)) =7 </§ tr(ag)d£> =0

l§l=1

3.4.2 Conformal invariance of 7 (0)

In this section we study the variations of np(0) for the spectral triple (C(T3), H, D =

@). We consider the conformal variation of the Dirac operator and show that np(0) will
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remain unchanged.

Consider the commutative spectral triple (C*° (M), L*(M, S)4, D,) encoding the data
of a closed n-dimensional spin Riemannian manifold with the spin Dirac operator on the
space of spinors. By varying ¢ within its conformal class, we consider § = k~2g for
some k = ¢? > 0 in C°°(M). The volume form for the perturbed metric is given by

dvolg = k™ "dvol, and one has a unitary isomorphism
U:L*(M,S), — L*(M,S);

by
Uw) = k21,

n+1 —n+1

It can be shown that (cf. [29]) Dy =k 2 Dyk™ 2

and hence

n+1 —n+1

U*DgU = k= (k"> Dgk~2 )k* = VED,VE.

The above property of the Dirac operator is usually referred to as being conformally
covariant. It is a known fact that np(0) for a Dirac operator on an odd dimensional
manifold is a conformal invariant [1], i.e. it is invariant under the conformal changes of
the metric. In a more general context, in [34, 41] and [36], using variational techniques,
it was shown that for a coformally covariant self adjoint differential operator A, 14(0)

is a conformal invariant.

In the framework of noncommutative geometry, conformal perturbation of the metric
is implemented by changing the volume form [10], namely, by fixing a positive element

k=e" for h* =hin C*® (T} ), one constructs the following positive functional

vr(a) = 71(ak™™).

By normalizing the above functional one obtains a state which we denote by .

The state ¢ defines an inner product
(a,b), = p(b*a) a,be C™(Ty)

and hence one obtains a Hilbert space H, by GNS construction. The algebra C*°(T})

acts unitarilly on H,, by left regular representation and the right multiplication operator
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R;n/2 extends to a unitary map Uy : H, — H,. In fact one has,

(Uoa, Ugd),, = @(k"/?b*ak™?) = r(k"?0*ak™*k™") = 7(b*a) = (a,b), .

We put H = H, @ CV, the action of C°°(T}) on H is given by
a—a®l

and the map
U=Uy®I:H—H

is a unitary equivalence between the two Hilbert spaces.

Now we consider the operator D= Rk nf1 DRk —nl

Proposition 3.4.6. (C>®(T}),H,D) and (C(T}), H, R DR, f) are spectral triples,

and the map U is a unitary equivalence between them.

Proof. Note that left multiplication by an element a € C*°(T}) commutes with right
multiplication operators Ry2, Ry-1 and R . Also the two norms coming from <, >,
and <,>, are equivalent. So both commutators [a, D] and [a, VEDVk] are bounded.

The unitary equivalence easily follows from definition of U and D. O

In next step, we convert the right multiplications in R zDR / to left multiplication
using the real structure on noncommutative tori (see example 3.2.3) . It is easily seen
that

JoR z0uR siJo = —VEOVE,

and
JR ;DR ;] = VEDVE.
Since vVEDVk is iso-spectral to R viDR j; (being intertwined by J), the following

definition is reasonable.

Definition 3.4.7. The conformal perturbation of the Dirac operator D is the 1-parameter
family (C>(Ty),H, Dy), where

Dy=eTDe%, h=h"eC®(Ty).
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We need the following formula for variation of eta function.

Lemma 3.4.8. Let {D,} be a smooth 1-parameter family of invertible self-adjoint elliptic

operators of order d, then

d . z
0 (2) = —2TR(D(DF)~3)).

Proof. For k > 0 odd, npr(z) = np(kz), hence we can replace D by DF for k large
enough.

For d large enough, (D — \)~! is trace class, so one can write

1 —z - -z -
nDt(Z):m/p A*Tr(D; — \) 1d)\—/F (=N Tr(Dy — \)~tdA,
1 2

where I'; and I'y are appropriate contours around positive and negative eigenvalues of
D.

Now, p
%(Dt — A7 = —(Dy = N)7IDy(Dy — N7,
S0
d -1 : -2
Tr(a(Dt —A)7) = =Tr(D(Dy — X)) %),
therefore

i Z:il‘. A\ 5Ty W\ 2 “\)"*Tr oy 2
702) = 5T [ A TD, =N [ ()T - ) )

Now, integration by parts in both integrals and the formula %(Dt — N7l =(Dy—\)72
gives the result.

O]

Remark 3.4.9. By applying the above lemma to the Dirac operator D on noncommuta-

tive 3-torus we get,

z=0

onp(0) = [ccllt » nDt(z)} . = [—ZTR(6D|D‘—1(D2)_TZ)]

= —Wres(0D|D| ™).

By the properties of Wodzicki residue, one sees that 7(0) is constant under smoothing

perturbations, so if ker(D) # 0, on can replace D by D + II where II is the projection
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on the finite dimensional kernel of D and hence the result of above lemma still makes

sense for an operator with nontrivial kernel.

Proposition 3.4.10. Consider the spectral triple (C>*(T3),H,D = @), then np(0) is

invariant under the conformal perturbations.

Proof. Consider the 1-parameter family of operators
Dy=e2De2, h=h*cC>®T3).

One computes
. 1
Dy = §(th + Dyh),

and
oD — %(hD + Dh).

Therefore by trace property of noncommutative residue we get
on(D,0) = —Wres(hD|D|™),
and it is seen that
Wres(hD|D| ™) = 7 (tr(ves(hD|D| ™)) = 7 (tr(h res(D|D| ™)) .
Now by looking at the symbols

U(D) ~ g,LL ® '.Y'ua
a(|Dl) ~ € @ 1,

we get,

o(DID| 1) ~ 2 g
€]
Therefore, there is no homogeneous term of negative order in the symbol of o(D|D|™1)
and hence,
Wres(hD|D|™!) = 0.
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3.4.3 Spectral flow and odd local index formula

The value of eta function at zero is intimately related to another spectral quantity
called the spectral flow. To motivate this relation, consider a family A; of N x N
Hermitian matrices. The spectral flow of the family A; is defined as the net number of
the eigenvalues of A; passing zero. It is easily seen that the difference of the signatures

of the end points is related to the spectral flow of the family by,

NA, (0) — NAo (0) = QSF(At)

The spectral flow of a family of self adjoint elliptic operators A; on manifolds can also
be defined ([1]) but the above equality holds along with a correction term (see [7] for a
proof).

Proposition 3.4.11. Let A; be a self-adjoint family of elliptic operators of order a with
Ay and Aq invertible, then

d

1 1
142 (0) = 0, (0) = 25P(4) = = [ Lo 0. (3.14)

O

It’s a remarkable fact due to Getzler ([25]) that the spectral flow of the family of
operators D; = D +tg~![D, g] interpolating D and g~!Dg for the Dirac operator D on
an odd dimensional spin manifold and g € C*°(M,GL(N)) in fact gives the index of
PgP where P = # and F = D|D|™! is the sign operator. Therefore one obtains a

pairing between the odd K-theory and K-homology:

SF(D;) = index(PgP). (3.15)

The above equality has been generalized to the framework of non commutative in-
dex theory [8, 9]. Consider a spectral triple (A, H, D) with sufficiently nice regularity
properties and let u € A be a unitary element and [u] € K'(A) the corresponding class
in K-theory. The sign operator F' = \%I gives the projection P = # and PuP is a
Fredholm operator. For the family D; = D + tu*[D,u| interpolating between D and

u*Du one can show that(see [8] and [9]):

SF(D;) = index(PuP). (3.16)
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The odd local index formula of Connes-Moscovici in turn expresses the right side of
the above equality as a pairing between the periodic cyclic cohomolgy and K-theory
given by a local formula in the sense of non commutative geometry [13]. Note that for
the spectral triple (C*°(T3), H, D = @), by Proposition (3.4.5), the eta function np, (0)
over the family of Dirac operators D; = D + tu*[D,u] makes sense and with a minor

modification of the proof of Proposition (3.4.11) in the commutative case we get,

Ld
nu*Du(O) - nD(O) = QSF(Dt) - /0 %nDt (O)dt (317)

Since w*Du and D have the same spectrum, we have 7,+p,(0) = np(0) and therefore we

obtain obtain the following integrated local formula for the index:

1 [td
index(PuP) = 2/ anDt(O)dt (3.18)
0

3.5 Bosonic functional determinant and conformal anomaly

Consider a positive elliptic differential operator A on a closed manifold M, the corre-

sponding bosonic action is defined by

Sbos(®) = (¢, Av),

where ¢ : M — C? is a bosonic field living on M. Upon quantization, one constructs

the partition function

Zbos :/e;SbOS((b)[D(b],

where [D¢] is a formal measure on the configuration of bosonic fields. The corresponding

effective action is given by
W =logZ.

One should think of Z.s formally as (det A)_%. Through zeta regularization scheme

(see e.g. [6]) one defines,
Z = e2¢a (3.19)

and hence,
W = S4(0), (3:20)
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where the spectral zeta function is defined by
Ca(z) = TR(A™?),

and we have dropped the dependence on the spectral cut Ly in definition of the complex
power. Note that since A is a differential operator, by Proposition (3.3.17), (a(z) is

regular at z = 0 and ¢/, (0) makes sense.

Let D be the Dirac operator on a closed odd dimensional spin manifold, it’s a known
fact that C|’ D‘(O) is a conformal invariant (see [41] and [34]). We prove the analogue of
this result for the Dirac operator on noncommutative n-torus (C*(Tj),H,D = @) in

odd dimensions.

In even dimensions the conformal variation is not zero and hence conformal quantum
anomaly exists. In dimension two, the Polyakov anomaly formula [38] gives a local
expression for conformal anomaly of the Laplacian on a Riemann surface. Following [6]
we derive an analogue of this formula for noncommutative 2-torus using the formalism

of canonical trace.

For proving the conformal invariance of C|’ D|(O) on Cm(Tgp 1) we will need to care-

fully analyze the coefficients in short time asymptotic of the trace of heat operator
—tD?
e :

Lemma 3.5.1. Consider the spectral triple (C*°(Ty),H,D). One has the following

asymptotic erpansion

[o¢]
Te(e ) ~ 3" (DY) t— 0,

=0

where coefficients a; are computed by integrating local terms.

Proof. We have,
Te(e D) = 7( / tro (D% (€)dg).

n

The operator e~tD?

is again a pseudodifferential operator of order —oco whose symbol
can be computed using the symbol product rules. For any A in the resolvent of D?,
(A— D?)~!is a pseudodifferential operator of order —2 with symbol (£, \) which can be
written as its homogeneous parts r = rg + 71 + - - -, with r,(£, A\) homogeneous of order
—k—2in (& A) ie.

(€, 12N) = t 727 Fr(6,0) VE >0 (3.21)
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tD?

The operator e~**" is also a pseudodifferential operator with the symbol eg+e;+ea+- - -

where e, € ST and are defined by

en(t,€) = 5 — / e A (6, ) dN t >0 (3.22)
ol

[ ot ™o
=Y [att.ede

%

The integrands [p, e;i(t,&)d¢ are homogeneous in &.

/ents //-'fA (2,6, \)dAde
n 27rz n
B AN e
Ny (4172 1
27rz/n/ & )\)tt”/2

= 2m / L (€, N)dAdE

In identity second identity we have used the change of variable tA = ) and t!/2¢ = ¢

Hence we have

/ ) o(e %) (€)dg ~ Zﬁl : (3.23)

Where .
80 = 55 [ [ et Narag (3.24)

and hence
_ 2
tb E t 7 a;(D?), t—0,

Where a;(D?) = 7(tr(3;)) O
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Remark 3.5.2. The above asymptotic expansion holds for any self-adjoint elliptic differ-
netial operator A € % (C*>(Ty)). In fact, one has

_tAz Z a;( A2 t—0,

where a = ord(A).

Remark 3.5.3. One also has the following asymptotic expansion

o0
—tD2
~ D a(D
=0

t— 0,

Where a € C*°(Ty) is considered as a multiplication operator and
ai(D? a) = 7(tr(ap;))
in above computations.

Next, we have the following variational result.

Lemma 3.5.4. Let A; be a I-parameter family of positive elliptic differential operators

of fized order a on noncommutaive n-torus, then
d i —z—1
%CAz (Z) = —ZTR(At(At) )

Proof. By using the contour integral formula for the complex powers we have,

d —z\ __ 1 zd 1
ZTR(A;%) = — /F AT TR - 4;) 1A

1 .
= —=T — A2
5 F)\ R(A:(\ — Ap)"2)d\

= TR <At27T / ATE(N = At)_zd)\> .

Now using integration by parts formula gives the result. O

Remark 3.5.5. Note that by above lemma we have:

%CAt(O) - [—zTR(AtA*IA*Z)] = —Wres(4,A7), (3.25)

z=0
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and therefore, the value of zeta at zero is constant under smoothing perturbations and

hence the above result makes sense for non invertible operators.

We also need the following result relating the constant term in Laurent expansion of
TR(AQ™?) around z = 0 to the constant term in the asymptotic expansion Tr(Ae %)
at t = 0. Let f.p. TR(AQ™?)|,_, denote the constant term in the Laurent expansion
and also f.p. Tr(Ae™ Q)| _,

zero. We refer the reader to [3] for a proof of the following result in a more general form

denote the constant term in the heat trace asymptotic near

in commutative case.

Lemma 3.5.6. Consider the differential operators A,Q € V% (C>(Ty)), where Q is

positive with positive order q. Then,

f.p. TR(AQ™?)|,_, = f.p. Tr(Ae™9)|,_, . (3.26)

O]

Proposition 3.5.7. Consider the spectral triple (C“(Tgpﬂ),?-[,D = @). The value

C(D‘(O) is a conformal invariant.

Proof. Tt is enough to show that (4 (0) for A = D? is conformally invariant. By the

Lemma (3.5.4) we have,
Ia(z) = —2TR(OA - AT1AT),
so we have the following Laurent expansion around z = 0:
IA(z) = —= (a_li +ag+arz+- > :

Therefore

A (0) = d% ACA(2)]oy = —ap = —7 < ][a(aAA—l) ~ Sres(9AA log A)> . (3.27)

Consider the conformal perturbation of the Dirac operator,

D;=e3De h=h*c A.
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An easy computation gives

d
OA = —D}
dt "t

h

1
= —D? + DhD + ~D?h,
t=0 2 2

and therefore by inserting the above identity into (3.27) we get

aCh(0) = —27 ( ][a(h) _ %res(hlog A)> — 2fp TR(AA™)|__, . (3.28)

Now using the Lemma (3.5.6) we have
9CA(0) = —2f.p. Tr(he )|, _, = —2ap+1(h, A) = =27 (tr(hB2p11)). (3.29)

By examining the proof of Lemma (3.5.1), we see that a, = 0 for odd n since the

integrand involved is an odd function, hence the result is obtained. O

In the following we give an analogue of Polyakov anomaly formula [38] for the spactral
triple (C>(C*°(T3),H,#). Note that although logdet(A) = —(, (0) is not local® (see
Proposition (3.3.17)), the difference between logdeta, of the conformally perturbed
Laplacian and log deta can be given by a local formula. This is of course an example
of the local nature of anomalies in quantum field theory. Here we only express this
difference as an integrated anomaly and refer the reader to [6] for further computations

and interpretation of the formula.

Proposition 3.5.8. ( A conformal anomaly formula) Consider the spectral triple
(C>(T%),H,D = @), A= D? and Ay, = D} where D = e De3. The difference between
logdeta, of the conformally perturbed Laplacian and logdeta can be given by a local

formula:
!/ ! ! d !/
log det(Ay) log det(&) = = (¢4,(0) = C4(0)) = = | Z:¢k, (O)d, (3.30)
th th
where Ay = D?, D =e2 De2 .

Proof. The proof follows from the Lemma (3.5.4) and fundamental theorem of calculus

along the family A;. O

'Roughly, it means that it can not be written as an integral of finite number of homogenous terms
of the symbol of A.
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Remark 3.5.9. Note that, by using the similar argument used in derivation of the equa-

tions (3.27) and (3.29) we see that the integrand in equation (3.30) is given by

d d
G0 = (foan
— 2an(h Ay) = 27 (tr(hBa(A))) .

_ 1 d _
t 1) — ires(aAtAt 1 log At)) =

of course, computing the density tr(/52(A;)) requires considerable amount of computa-
tions (see [6] and [11]).

3.6 Fermionic functional determinant and induced chern-

Simons term

Consider a closed manifold M and the classical fermionic action defined by

Stex (¥,9) = (v, DY),

where 1 and v are fermion fields on M and D = iy"*V,, is the Dirac operator . The

fermionic partition function is given by
Za = [ SO D)D),

where [Dy] and [Dy)] are formal measures on the space of fermions. The partition
function Z should be thought as the det(D). The one-loop fermionic effective action is
defined as

W :=log(Z) = logdet(D).

Similar to bosonic case, after choosing a spectral cut Ly 2 by definition we have (see
(4.10)):
(p(2) =TR(D,”),

and hence one can define

W = logdet(D) := —(p(0). (3.31)

2 There are two choices of spectral cut Ly for the Dirac operator: in upper or lower half plane
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Note that due to choice of a spectral cut, there is an ambiguity involved in above
definition of one-loop effective action. Let Cg(z) and C}g(z) be the spectral zeta functions
corresponding to a choice of ¢ in upper and lower half plane respectively. a quick

computation shows that (cf. [39])

Ch(z) = Cplz) = (L= e )¢ (=) = (1 — e ™ )np(2),

and the measure of ambiguity in the effective action is given by

¢H0) = ¢h(0) = in¢h(0) + imnp(0). (3.32)

In 2p + 1 dimensions CIT)(O) = CI%(O) = 0 and hence

Ch(0) = ¢h(0) = imnp(0).

Therefore the ambiguity is given by the non local quantity 7p(0) which also depends
on the gauge field coupled to the Dirac operator. The measure of this dependence can
be given by a local formula which in physics literature is referred to as the induced

Chern-Simons term generated by the coupling of a massless fermion to a classical gauge
field(see [6]).

Here, we give an analogue of this local term for the coupled Dirac operator on
noncommutative 3-torus. We consider the operator D = @+ A on C*(T3) and compute

the variation of the eta invariant np(0) with respect to the vector potential.

First we state the following lemma. The proof in commutative case also works in

noncommutative setting with minor changes and we will not reproduce it here (see [36]).

Lemma 3.6.1. In the asymptotic expansion of the heat kernel for a positive elliptic
differential operator A € U (C*(Ty)) of ord(A) = a,

R GRS
1=0

one has

res(AF) = =) il 1)!5n—aka

where k € Zt and B_or = 0 if ak ¢ 7.
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Consider the family Dy = @ + A; on C*(Tj). By performing the variation with

respect to A, we have:
0D =~!0A,. (3.33)

For the family pf Dirac operators {D;}, a proof similar to the proof of Proposition
(3.4.5) shows that np,(z) is regular at z = 0 and therefore along this family, 7p, (0)

makes sense. By using Lemma (3.4.8) we obtain:

On(0) = Wres (0D|D|™') = Wres (v"0A,|D|™") . (3.34)

Now by using Lemma (3.6.1) and the fact that 4#0A, is a zero order operator it
follows that the variation of the eta invariant with respect to the gauge field A, is given

by the following local formula:

Onp(0) = Wres (v“aA“\Drl) =7 (tr (V" 0ALB2)) - (3.35)
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Chapter 4

Curvature of the Determinant
Line Bundle for the

Noncommutative T'wo Torus

4.1 Introduction

In this paper we compute the curvature of the determinant line bundle associated to a
family of Dirac operators on the noncommutative two torus. Following Quillen’s pioneer-
ing work [23], and using zeta regularized determinants, one can endow the determinant
line bundle over the space of Dirac operators on the noncommutative two torus with a
natural Hermitian metric. Our result computes the curvature of the associated Chern
connection on this holomorphic line bundle. In the noncommutative case the method of
proof applied in [23] does not work and we had to use a different strategy. To this end
we found it very useful to extend the canonical trace of Kontsevich-Vishik [16] to the

algebra of pseudodifferential operators on the noncommutative two torus.

This paper is organized as follows. In Section 2 we review some standard facts
about Quillen’s determinant line bundle on the space of Fredholm operators from [23],
and about noncommutative two torus that we need in this paper. In Section 3 we
develop the tools that are needed in our computation of the curvature of the determinant
line bundle in the noncommutative case. We recall Connes’ pseudodifferential calculus

and define an analogue of the Kontsevich-Vishik trace for classical pseudodifferential
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symbols on the noncommutative torus. A similar construction of the canonical trace
can be found in [20], where one works with the algebra of toroidal symbols. Section 4
is devoted to Cauchy-Riemann operators on Ay with a fixed complex structure. This
is the family of elliptic operators that we want to study its determinant line bundle.
In Section 5 using the calculus of symbols and the canonical trace we compute the
curvature of determinant line bundle. Calculus of symbols and the canonical trace allow
us to bypass local calculations involving Green functions in [23], which is not applicable

in our noncommutative case.

The study of the conformal and complex geometry of the noncommutative two torus
started with the seminal work of Connes and Tretkoff [7] (cf. also [5] for a prelimi-
nary version) where a Gauss-Bonnet theorem is proved for a noncommutative two torus
equipped with a conformally perturbed metric. This result was refined and extended in
[10] where the Gauss-Bonnet theorem was proved for metrics in all translation invariant
conformal structures. The problem of computing the scalar curvature of the curved non-
commutative two torus was fully settled in the work of Connes and Moscovici [6], and,
independently, in [11], and in [12] for the four dimensional case. Other related works
include [1, 8, 9, 15, 18].

4.2 Preliminaries

In this section we recall the definition of Quillen’s determinant line bundle over the space
of Fredholm operators. We also recall some basic notions about noncommutative torus

that we need in this paper.

4.2.1 The determinant line bundle

Unless otherwise stated, in this paper by a Hilbert space we mean a separable infinite
dimensional Hilbert space over the field of complex numbers. Let F = Fred(Ho, H1)
denote the set of Fredholm operators between Hilbert spaces Hy and Hq. It is an open
subset, with respect to norm topology, in the complex Banach space of all bounded
linear operators between Hg and H;. The index map index : F — Z is a homotopy
invariant and in fact defines a bijection between connected components of F and the set

of integers Z.
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It is well known that F is a classifying space for K-theory: for any compact space

X we have a natural ring isomorphism
K°(X) = [X, F]

between the K-theory of X and the set of homotopy classes of continuous maps from
X to F. In other words, homotopy classes of continuous families of Fredholm operators
parametrized by X determine the K-theory of X. It thus follows that F is homotopy
equivalent to Z x BU, the latter being also a classifying space for K-theory. Let Fy
denote the set of Fredholm operators with index zero. By Bott periodicity, ma;(F) = Z
and maj11(F) = {0} for j > 0. So by Hurewicz’s theorem, H?(Fy,Z) = Z. Now the
determinant line bundle DET defined below has the property that its first Chern class,
c1(DET), is a generator of H?(Fy,Z) = 7. We refer to [2, 24] and references therein for
details.

In [23] Quillen defines a line bundle DET — F such that for any T' € F
DET7 = A" (ker(T))* © A" (coker(T)).

This is remarkable if we notice that ker(7") and coker(7') are not vector bundles due
to discontinuities in their dimensions as 7' varies within F. Let us briefly recall the
construction of this determinant line bundle DET. For each finite dimensional subspace
F of Hylet Up = {T € F1 : Im(T') + F = H,} denote the set of Fredholm operators
whose range is transversal to F. It is an open subset of F and we have an open cover
F=UUr.

For T € Up, the exact sequence
0 — ker(T) — T'F 5 F — coker(T) — 0 (4.1)

shows that the rank of T~'F is constant when T varies within a continuous family in
Up. Thus we can define a vector bundle £F' — U by setting 5:,5 = T~ 'F. We can then
define a line bundle DETY — Up by setting

DETE = Ama®(T71F)* @ AMOTF,
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We can use the inner products on Hy and H; to split the above exact sequence (4.1)

canonically and get a canonical isomorphism ker(7T) @ F = T~!F @ coker(T'). Therefore
A" (ker(T))* @ A™% (coker(T)) = A™*(T~1F)* @ A™F.

Now over each member of the cover Up a line bundle DETY — Uy is defined. Next one
shows that over intersections Up, N U, there is an isomorphism DET1 — DET!2 and
moreover the isomorphisms satisfy a cocycle condition over triple intersections Up, N
Ur, N Upg,. This shows that the line bundles DET! — Up glue together to define a line
bundle over F. It is further shown in [23] that this line bundle is holomorphic as a

bundle over an open subset of a complex Banach space.

It is tempting to think that since ¢;(DET) is the generator of H?(Fy,Z) = 7Z, there
might exits a natural Hermitian metric on DET whose curvature 2-form would be a
representative of this generator. One problem is that the induced metric from ker(7")
and ker(7T™) on DET is not even continuous. In [23] Quillen shows that for families
of Cauchy-Riemann operators on a Riemann surface one can correct the Hilbert space
metric by multiplying it by zeta regularized determinant and in this way one obtains
a smooth Hermitian metric on the induced determinant line bundle. In Section 5 we

describe a similar construction for noncommutative two torus.

4.2.2 Noncommutative two torus

For # € R, the noncommutative two torus Ay is by definition the universal unital C*-

algebra generated by two unitaries U, V satisfying

VU =™ UV,

There is a continuous action of T2, T = R/27Z, on Ay by C*-algebra automorphisms
{as}, s € R?, defined by
Oés(UmVn) _ eis.(m,n)UmVn‘

The space of smooth elements for this action will be denoted by Ag°. It is a dense

subalgebra of Ay which can be alternatively described as the algebra of elements in Ay



Curvature of The Determinant Line Bundle For The Noncommutative Two Torus 95

whose (noncommutative) Fourier expansion has rapidly decreasing coefficients:

Ag° = Z A UV € S(ZQ)
m,neL
There is a normalized, faithful and positive, trace ¢y on Ag whose restriction on smooth

elements is given by
wol Z amn UTV™) = app.

m,neEL

The algebra Ag° is equipped with the derivations 1, d2 : Ag° — Ag°, uniquely defined
by the relations

SIU) =T, 5,(V) =0, 6(U)=0, 62(V)=V.

We have 0;(a*) = —d;(a)* for j = 1,2 and all a € A3°. Moreover, the analogue of the

integration by parts formula in this setting is given by:

wo(ad;(b)) = —po(d;(a)b), Va,be Ag.

We apply the GNS construction to Ag. The state gy defines an inner product
<a'> b> = gpo(b*a), a, be A07

and a pre-Hilbert structure on Ay. After completion we obtain a Hilbert space denoted
Ho. The derivations 91, d2, as densely defined unbounded operators on Hj, are formally

selfadjoint and have unique extensions to selfadjoint operators.

We introduce a complex structure associated with a complex number 7 = 71 +
iT9, To > 0, by defining
0=0, + 762, 0" = 61 + 70s.

Note that O is an unbounded operator on Hy and 0% is its formal adjoint. The
analogue of the space of anti-holomorphic 1-forms on the ordinary two torus is defined

to be
Qg’l = {Zaéb ,a,b € Ago}.
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Using the induced inner product from g, one can turn Qg’l into a Hilbert space which

we denote by H%! (see [4] for details).

4.3 The canonical trace and noncommutative residue

In this section we define an analogue of the canonical trace of Kontsevich and Vishik
[16] for the noncommutative torus. Let us first recall the algebra of pseudodifferential

symbols on the noncommutative torus [3, 7].

4.3.1 Pseudodifferential calculus on Ay

Using operator valued symbols, one can define an algebra of pseudodifferential operators

on Ag°. We shall use the notation 0% = 68;:111 85?22, and 0% = 61652, for a multi-index
1 2

a= (a1, a9).

Definition 4.1. For a real number m, a smooth map o : R? — AZ° is said to be a

symbol of order m, if for all non-negative integers 71, 2, j1, j2,
608U ()] < o1+ €]y,
where ¢ is a constant, and if there exists a smooth map k : R? — AZ° such that

lim Afma()\fl, )\52) = k(fl, 52)
A—00
The space of symbols of order m is denoted by S™(Ay).

Definition 4.2. To a symbol o of order m, one can associate an operator on Ag°,

denoted by P, given by
Poa) = [ [ 4aauta)dsds.

Here, d¢ = (27)~2d¢ where dr¢ is the Lebesgue measure on R2. The operator P, is

said to be a pseudodifferential operator of order m.

For example, the differential operator ) 6U1:72) is associated with the

J1+ja<m Qg2
L gdigde s
symbol 3 . < @4,3:€1 & via the above formula.
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Two symbols o, o/ € §™(Ay) are said to be equivalent if and only if 0 — o’ € S™(Ap)

for all integers n. The equivalence of the symbols will be denoted by o ~ o’.

Let P and Q be pseudodifferential operators with the symbols o and ¢’ respectively.
Then the adjoint P* and the product P(Q) are pseudodifferential operators with the
following symbols

(P~ S )

0=(01,62)20

1
o(PQ)=0o(P)xa(@) ~ ) 710" (0(€)8 (o' (9)).
£=(l1,62)>0
Definition 4.3. A symbol o € 8™ (Ap) is called elliptic if (&) is invertible for £ # 0,

and for some ¢

o (&)Y < et + €)™,

for large enough [¢].

A smooth map o : R? — Ay is called a classical symbol of order o € C if for any N
and each 0 < j < N there exist 04—; : R?\{0} — Ay positive homogeneous of degree
o — 7, and a symbol oV € SRe(®)=N=1(4,), such that

N
o(§) = >_x(§)oa—i(§) + 0" (€) EER? (42)

j=0

Here Y is a smooth cut off function on R? which is equal to zero on a small ball around the
origin, and is equal to one outside the unit ball. It can be shown that the homogeneous
terms in the expansion are uniquely determined by o. We denote the set of classical
symbols of order o by S&(Ag) and the associated classical pseudodifferential operators
by Wg(Ag).

The space of classical symbols S.;(Ap) is equipped with a Fréchet topology induced

by the semi-norms

Pa,s(0) = supgegz (1 + [€)) 7 H||6°0P o (€)]]. (4.3)

The analogue of the Wodzicki residue for classical pseudodifferential operators on

the noncommutative torus is defined in [13].
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Definition 4.4. The Wodzicki residue of a classical pseudodifferential operator P, is
defined as
Res(P,) = ¢o (res(P,)),

where res(P,) := fl£\=1 o_9(&)dE.

It is evident from its definition that Wodzicki residue vanishes on differential opera-

tors and on non-integer order classical pseudodifferential operators.

4.3.2 The canonical trace

In what follows, we define the analogue of Kontsevich-Vishik trace [16] on non-integer
order pseudodifferential operators on the noncommutative torus. For an alternative
approach based on toroidal noncommutative symbols see [20]. For a thorough review of
the theory in the classical case we refer to [19, 22]. First we show the existence of the

so called cut-off integral for classical symbols.

Proposition 4.5. Let 0 € §§(Ag) and B(R) be the ball of radius R around the origin.

One has the following asymptotic expansion

[ o@dtnae 3 ()R o) log R + (o),
B(R) j=0,a—j+20

where (o) = f\&lzl o_2(&)d¢ and the constant term in the expansion, c¢(o), is given by

/ - +Z/ €)0u_;(€)dé — EN: ()blyﬂ/lgl_laa_j(w)dw. (4.4)

j=0,a—j+270

Here we have used the notation of (4.2).

Proof. First, we write o(§) = Z;V:O X(€)0a—j (&) + N (€) with large enough N, so that

o™ is integrable. Then we have,

/B( §)de = Z/ §)0a—j f)df-i-/ o (€)de. (4.5)

B(R)

For N > a+1, o € LYR?, Ap), so

[ a¥©ie— [ oMo ro
B(R) R2
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Now for each 7 < N we have

/ NO0ass©de = [ x(€)oas(©)de + / X(E)Ta(€)dE.
B(R)

B(1) B(R)\B(1)

Obviously | B(1) X(§)oa—j(&)d€ < oo and by using polar coordinates £ = rw, and homo-

geneity of o,—;, we have

R .
/ N(€)oary(€)dE = / pamit2-lg, / Coj(€)dE. (4.6)
B(R)\B(1) 1 l¢]=1

Note that the cut-off function is equal to one on the set R?\B(1). For the term with

a — j = —2 one has

/ X(€)oa_;(€)dE = log R / Coj(£)dE.
B(R)\B(1) |€]=1

The terms with o — j # —2 will give us the following:

/ X(E)Taj(€)dE = (4.7)
B(R)\B(1)

Ro—I+2 1

77 o e @ — s [ eas(@ac

Adding all the constant terms in (4.5)-(4.7), we get the constant term given in (4.4). O

Definition 4.6. The cut-off integral of a symbol o € Sj(Ap) is defined to be the

constant term in the above asymptotic expansion, and we denote it by + o(§)d¢.

Remark 4.7. Two remarks are in order here. First note that the cut-off integral of a
symbol is independent of the choice of N. Second, it is also independent of the choice

of the cut-off function y.

We now give the definition of the canonical trace for classical pseudodifferential

operators on Ay.

Definition 4.8. The canonical trace of a classical pseudodifferential operator P €

U%(Ap) of non-integral order « is defined as

TR(P) := o ( / ap<s>ds) .
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In the following, we establish the relation between the TR-functional and the usual
trace on trace-class pseudodifferential operators. Note that any pseudodifferential op-

erator P of order less that —2, is a trace-class operator on H( and its trace is given

by
Tr(P) = ¢o (/R? UP(f)dﬁ) :

On the other hand, for such operator the symbol is integrable and we have
Fortre= [ orie (48)
Therefore, the TR-functional and operator trace coincide on classical pseudodifferential

operators of order less than —2.

Next, we show that the TR-functional is in fact an analytic continuation of the

operator trace and using this fact we can prove that it is actually a trace.

Definition 4.9. A family of symbols o(z) € Sg(z) (Ap), parametrized by z € W C C, is

called a holomorphic family if

i) The map z — «(z) is holomorphic.

ii) The map z — o(z) € SS(Z) (Ap) is a holomorphic map from W to the Fréchet space
Sc(Ap).

i is holomorphic for any j, where

iii) The map z + 0(2)qa(2)—;

3(2)(€) ~ > X(€)0(2)a(z)—;(€) € S5 (Ap). (4.9)
J

iv) The bounds of the asymptotic expansion of o(z) are locally uniform with respect
to z, i.e, for any N > 1 and compact subset K C W, there exists a constant

CN,K,a,3 such that for all multi-indices o, 3 we have

3°0° | 0(2) = 3 X0 (2)at)—j | (©)]] < On.kasl[FeEI N4
J<N

A family {P,} € ¥(Ay) is called holomorphic if P, = F,.) for a holomorphic family
of symbols {o(z)}.
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The following Proposition is an analogue of a result of Kontsevich and Vishik[16],

for pseudodifferential calculus on noncommutative tori.

Proposition 4.10. Given a holomorphic family o(z) € SZ(Z)(AQ), z e W C C, the map

o folo@ae,

is meromorphic with at most simple poles located in
P={zeW; a(z) € ZN[-2,+00]}.

The residues at poles are given by

1
Res,—z, j[a(z)(f)dﬁ = ~ o (o) /§|—1 o(z0)—2dE.

Proof. By definition, one can write o(z) = Z;V:o X(€)0(2)a(x)-i(€) + o (2)N(€), and by

Proposition 4.5 we have,

Fotrods= [ o+ Z / o (6)

R (1)

N

3 e fo e O
2 ;

Now suppose a(zg) + 2 — jo = 0. By holomorphicity of o(z), we have a(z) — a(zy) =

o/ (20)(z — z0) + o(z — 2). Hence

1
Res,—., for(z)(g)ds e A  o0)-a(e)ae.

O]

Corollary 4.11. The functional TR is the analytic continuation of the ordinary trace

on trace-class pseudodifferential operators.

Proof. First observe that, by the above result, for a non-integer order holomorphic
family of symbols o(z), the map z —  o(z)(£)d¢ is holomorphic. Hence, the map
o +— Fo(§)d¢ is the unique analytic continuation of the map o — [p. 0(£)dé from
S572(Ap) to Sle(Ag). By (4.8) we have the result. O
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Let Q € \Ifgl(Ag) be a positive elliptic pseudodifferential operator of order ¢ > 0. The
complex power of such an operator, Qé, for Re(z) < 0 can be defined by the following

Cauchy integral formula.

z L z _ -1
Q= /% M(Q — N) "\, (4.10)

Here A% is the complex power with branch cut Ly = {re®,r > 0} and C, is a contour

around the spectrum of () such that
Co Nspec(@\{0} =0,  LyNCy =10,

Cy N {spec(a(Q)*(€)), € # 0} = 0.

In general an operator for which one can find a ray L4 with the above property, is
called an admissible operator with the spectral cut Ly. Positive elliptic operators are
admissible and we take the ray L, as the spectral cut, and in this case we drop the index
¢ and write Q7.

To extend (4.10) to Re(z) > 0 we choose a positive integer such that Re(z) < k and
define

Q; = Q'Q; "
It can be proved that this definition is independent of the choice of k.

Corollary 4.12. Let A € V5 (Ag) be of order a € Z and let QQ be a positive elliptic

classical pseudodifferential operator of positive order q. We have

1
Res,—0TR(AQ*) = —Res(A).
q

Proof. For the holomorphic family o(z) = 0(AQ %), z = 0 is a pole for the map z —
+ 0(2)(€)d¢ whose residue is given by

Res,— (z > fa(z)({)dﬁ) = _a’tO) /§|=1 o_2(0)d¢ = —alto)res(A).

Taking trace on both sides gives the result. O

Now we can prove the trace property of TR-functional.
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Proposition 4.13. We have TR(AB) = TR(BA) for any A,B € V,(Ap), provided
that ord(A) + ord(B) ¢ Z.

Proof. Consider the families A, = AQ* and B, = BQ* where @ is an injective positive
elliptic classical operator of order ¢ > 0. For Re(z) <« 0, the two families are trace class

and Tr(A,B,) = Tr(B,A,). By the uniqueness of the analytic continuation, we have
TR(A,B,) = TR(B,A,),

for those z for which 2¢gz + ord(A) + ord(B) ¢ Z. At z = 0, we obtain TR(AB) =
TR(BA). O

4.3.3 Log-polyhomogeneous symbols

Proposition 4.10 can be extended and one can explicitly write down the Laurent ex-
pansion of the cut-off integral around each of the poles. The terms of the Laurent ex-
pansion involve residue densities of z-derivatives of the holomorphic family. In general,
z-derivatives of a classical holomorphic family of symbols is not classical anymore and
therefore we introduce log-polyhomogeneous symbols which include the z-derivatives of

the symbols of the holomorphic family o(AQ™?).

Definition 4.14. A symbol o is called a log-polyhomogeneous symbol if it has the
following form
o(€) ~ DD ga—ju(€)log' €] 1€l >0, (4.11)
720 1=0

with o,_;; positively homogeneous in § of degree a — j.

An important example of an operator with such a symbol is log Q where Q € V7, (Ay)
is a positive elliptic pseudodifferential operator of order ¢ > 0. The logarithm of ) can
be defined by

d

d .
logQ:Q@ Q IZQ@
z2=0

1

/ NTHQ - N)a
C

z=0 2m
It is a pseudodifferential operator with symbol

d

o(log Q) ~ o(Q) xo( =

OQ21>, (4.12)

z=
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where x denotes the products of the pseudodifferential symbols. Using symbol calculus
and homogeneity properties, we can show that (4.12) is a log-homogeneous symbol of

the form

o(log Q)(§) = qlog [§|I + ou(log Q)(E),

where o.(log Q) is a classical symbol of order zero. This symbol can be computed using
the homogeneous parts of the classical symbol ¢(Q%) = >272, b(2)4:—;(€) and it is given

by the following formula (see e.g. [19]).

oa(logQ)(§) = (4.13)
S X 0@ 7 e D /16D

k=0 i+j+|a|=k z=0

For an operator A with log-polyhomogeneous symbol as (4.11) we define

res(A) = /|£1 o_2,0(&)dE.

By adapting the proof of Theorem 1.13 in [22] to the noncommutative case, we have
the following theorem which is written only for the families of the form o(AQ~*) which

we will use in Section 4.5.

Proposition 4.15. Let A € V% (Ag) and Q be a positive , in general an admissible,
elliptic pseudodifferential operator of positive order q. If a € P then 0 is a possible
simple pole for the function z — TR(AQ™?) with the following Laurent expansion around

TR(AQ ) = ;Res(A)i
+ ©o <J[ o(A)(&)dE — ;res(A log Q)> — Tr(Allg)
()
- Z(—U’“W
k=1
« (1 ([ oatos@©0e - i res(Alor @) ) - T(Allo )'ig)
+ o(25).

Where 1lg is the projection on the kernel of Q.
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For operators A and @ as in the previous Proposition, we define the generalized zeta

function by
C(A,Q,z) =TR(AQ™7). (4.14)

From Proposition 4.10, it follows that ((A, @, z) is meromorphic function with at most
simple poles. Moreover, by Corollary 4.11, it is obvious that ((A4, @, z) is the analytic

continuation of the zeta function Tr(AQ™?).

Remark 4.16. If A is a differential operator, the zeta function (4.14) is regular at z = 0

with the value equal to

o0 ( Fotaes - resta 1og@>) ~ Te(ATlg).

4.4 Cauchy-Riemann operators on noncommutative tori

In [23], Quillen studies the geometry of the determinant line bundle on the space of all
Cauchy-Riemann operators on a smooth vector bundle on a closed Riemann surface.
To investigate the same notion on noncommutative tori, we first briefly recall some
basic facts in the classical case on how Cauchy-Riemann operators are related to Dirac
operators and spectral triples. Then by analogy we define our Cauchy-Riemann operator

on Ay, and consider the spectral triples defined by them.

Let M be a compact complex manifold and V' be a smooth complex vector bundle
on M. Let QP9(M, V') denote the space of (p,q) forms on M with coefficients in V. A
0-flat connection on V is a C-linear map D : Q"9(M,V) — Q% (M, V), such that for
any f € C®(M) and u € Q"O(M, V),

D(fu) = (0f) ® u+ fDu, (4.15)

and D? = 0. Here to define D?, note that any O-connection as above has a unique

extension to an operator D : QP4 (M, V) — QP9+t (M V), defined by

Da®p)=0a@u+ (=1)PTa A Du, acQPUM), uecC®V).

We refer to 0-flat connections as Cauchy-Riemann operators. A holomorphic vector
bundle V has a canonical Cauchy-Riemann operator 9y : Q°(M,V) — Q%Y(M,V),

whose extension to Q0*(M, V) forms the Dolbeault complex of M with coefficients in
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V. In fact there is a one-one correspondence between Cauchy-Riemann operators on V'
up to (gauge) equivalence, and holomorphic structures on V. We denote by A the set

of all Cauchy-Riemann operators on V.

Any holomorphic structure on a Hermitian vector bundle V' determines a unique
Hermitian connection, called the Chern connection, whose projection on (0, 1)-forms,

V%1 (M, V), is the Cauchy-Riemann operator coming from the holomorphic structure.

Now, if M is a Kahler manifold, the tensor product of the Levi-Civita connection for
M with the Chern connection on V defines a Clifford connection on the Clifford module
(A%F @ A%7) ® V and the operator Dy = v/2(dy + 95;) is the associated Dirac operator
(see e.g. [14]). Any other Dirac operator on the Clifford module (A%T @& A%~) ® V is of
the form Dy + A where A is the connection one form of a Hermitian connection. This
connection need not be a Chern connection. However, on a Riemann surface (with a
Riemannian metric compatible with its complex structure) any Hermitian connection on
a smooth Hermitian vector bundle is the Chern connection of a holomorphic structure
on V. Therefore, the positive part of any Dirac operator on (A%’ @ A% @ V is a
Cauchy-Riemann operator, and this gives a one to one correspondence between all Dirac

operators and the set of all Cauchy-Riemann operators.

Next we define the analogue of Cauchy-Riemann operators for the noncommutative
torus. First, following [7, 10], we fix a complex structure on Ay by a complex number 7

in the upper half plane and construct the spectral triple

0 o
(Ag, Ho ® H*, Dy = ( 50 )), (4.16)

where 0 : Ay — Ay is given by 0 = §; 4+ 702. The Hilbert space H is obtained by GNS

construction from Ay using the trace g and 0* is the adjoint of the operator 0.

As in the classical case, we define our Cauchy-Riemann operators on Ay as the
positive part of twisted Dirac operators. All such operators define spectral triples of the

form

0 O + o
(Ag. Ho@ HO Dy = “ ),
O+a 0

where o € Ay is the positive part of a selfadjoint element

0 *
A:( j )eQ}JO(Ag).
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We recall that Q}DO (Ap) is the space of quantized one forms consisting of the elements
> a;[Dy, b;] where a;,b; € Ap [4]. Note that the in this case, the space A of Cauchy-

Riemann operators is the space of (0, 1)-forms on Ajy.

We should mention that in the noncommutative case, in the work of Chakraborty and
Mathai [2] a general family of spectral triples is considered and, under suitable regularity
conditions, a determinant line bundle is defined for such families. The curvature of the
determinant line bundle however is not computed and that is the main object of study

in the present paper, as well as in [23].

4.5 The curvature of the determinant line bundle for Ay

For any a € A, the Cauchy-Riemann operator

8a=5+a:7'[0—>7'[0’1

is a Fredholm operator. We pull back the determinant line bundle DET on the space
of Fredholm operators Fred(Ho, H*!), to get a line bundle £ on A. Following Quillen
[23], we define a Hermitian metric on £ and compute its curvature in this section. Let

us define a metric on the fiber
Lo = A" (ker 0p)* @ A™* (ker 07%).

as the product of the induced metrics on A™ (ker d,)*, A™ (ker 0}, with the zeta
regularized determinant e 20 Here we define the Laplacian as A, = 9/0, : Ho —

Ho, and its zeta function by
((z) = TR(AL").

It is a meromorphic function and by Remark 4.16 it is regular at z = 0 . Similar proof

as in [23] shows that this defines a smooth Hermitian metric on L.

On the open set of invertible operators each fiber of £ is canonically isomorphic to
C and the nonzero holomorphic section ¢ = 1 gives a trivialization. Also, according to

the definition of the Hermitian metric, the norm of this section is given by

lo|? = e ¢2a (). (4.17)
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4.5.1 Variations of LogDet and curvature form

We begin by explaining the motivation behind the computations of Quillen in [23].
Recall that a holomorphic line bundle equipped with a Hermitian inner product has
a canonical connection compatible with the two structures. This is also known as the
Chern connection. The curvature form of this connection is computed by 99 log ||o||?,

where ¢ is any non-zero local holomorphic section.

In our case we will proceed by analogy and compute the second variation 9 log ||o||?
on the open set of invertible index zero Cauchy-Riemann operators. Let us consider a
holomorphic family of invertible index zero Cauchy-Riemann operators D,, = 0 + o,

where «a,, depends holomorphically on the complex variable w and compute
5u0uCA(0).
One has the following first variational formula,
6wC(2) = 0,TR(A™?) = TR(6,A %) = —2TR(6,AAT*71),

where in the second equality we were able to change the order of §,, and TR because of

the uniformity condition in the definition of holomorphic families (cf. [21]).

Note that, although TR(A™?) is regular at z = 0, TR(6, AA~*~1) might have a pole
at z = 0 since 6, AA™*71|,_yg = 0,AA"! is not a differential operator any more and

may have non-zero residue. Around z = 0 one has the following Laurent expansion:
_ZTR(éwAAizil) = —Z(g + ago + a1z _|_ « o )
z

Hence,
d

dz

= —ayp.
z=0

6wC(Z)’z:0 = —a-1, 5w<(z)

Using Proposition 4.15 we have

u¢'(0) = 560 (2)

= —¢p (1[ (S, AATY)(&)dE — %yfesx(awAA*1 log A)) :
2=0

To compute the right hand side of the above equality, we need to note that since D,,

depends holomorphically on w, §,,D* = 0 and hence

OwA = 0, D*D + D*6,,D = D*§,,D.
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Since d,, D is a zero order differential operator, we have
—0 ( o(D*6,DATY)(€)dE — ;res(D*éwDA_llogA)>
= —o ][a (6, DATID*)(€)dE — ;res(éleogAAlD*)>

= —%0

/\/\

5D ( DY)(€)de — Jres(log A D™ >>)

= —o (6D J),

where

1
J = ][U(Dl)(f)dﬁ = ires(log(A)Dfl).
The reader can compare this to the term J in Quillen’s computations [23].
Now we compute the second variation d.50,,(’'(0). Since D,, is holomorphic we have

(Su—](SwC/(O) = —®0 ((stéu—]J) .

Next we compute the variation d;J. Note that since D,, is invertible, D, ! is also
holomorphic and hence §5F o(D71)(€)dé = 0. Therefore

dpd = 0 <][J(D_1)(§)d§ - ;res(logAD_1)> = —% ores(log A D7),

Thus, we have shown that

Lemma 4.17. For the holomorphic family of Cauchy-Riemann operators D,,, the second

variation of ¢'(0) reads:
1
056,C (0) = 5900 (5wD5@res(logAD_1)) .

O

Our next goal is to compute §zres(log A D). This combined with the above lemma
shows that the curvature form of the determinant line bundle equals the Kéahler form on

the space of connections.
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Lemma 4.18. With above definitions and notations, we have

o (ata + (atrae
o 20(logAD™") = (€2 + 2Re(T)&1& + |T|2€2) (€1 + T&2)

g (S ) o
& € €+ 76

and

Spres(log(A)D™1) = 73(7) (6wD)*.

Proof. By writing down the homogeneous terms in the expansion of g, (log A) and

o(D~1) and using the product formula of the symbols we see that

o-90(log AD™") ~ 01 9(log A)o_1(D ") + oo o(log A)o_o(D7).

Starting with the symbol of A, we have
o(A) = & + 2Re(7)6162 + 716 + (a + a")&1 + (Ta + 7a7)& + 07 ().

Then, the homogeneous parts of o((A — A)™1) = >_jb-2—j is given by the following

recursive formula

bos = (A —0a(A)) 7Y,

b_g_j = —b_2 Z 870’2—k(A)57b—2—l/7!7
kHl+|y|=5,1<j

which gives us
1

b2 =T (& + 2Re(7)616 + |T|263)’

and
1

b= (@t 2Re(r)ak § 7))

((a+a")& + (Ta+T1a™)E) .

Also, A% is a classical operator defined by

1
A= — [ N¥*(\=A)"tax
27Ti C ( ) ’
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with the homogeneous parts of the symbol given by

1
b(z)zz_j = ng_j<AZ) = / )\Zb_g_jd/\.
C

211
Hence we have

1 1

b(z)y, = i /C )‘Z)\ — (€2 + 2Re(1)&1&2 + |T|2§§)d)\
= (& + 2Re(1)6162 + |7763)”
by, = L [y (atab+(Fatrade)

2mi Jo O (A — (€0 + 2Re(1)€16 + | 7[263))2
= 2(&] + 2Re(T)61&2 + | 72€0))* 7 (e + )€1 + (Fa + Ta™)&) .

Using (4.13) and what we have computed up to here, it is clear that

a0,0(log A)(€) = aa(A) €] % B b(z = 1),, 5 (€/I€])
= o2(A)[¢]7? d% B (€ + 2Re(r)&1&2 + |71763) /1€

= log((&1 + 2Re(1)&1 & + |TI°63) /1€1°).
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Note that the above term is homogeneous of order zero in &.
o-1,0(log A)(§)

d

= Z aaao_2_i(A)5a|§‘—2—j @ b(Z - 1)2z—2—j (S/KD
it+j+lal=1 =0
d
= oa(A)¢] 7 &, b(z = 1)y, 5 (£/I€])
d
+o1(A)[¢]7? e - b(z = 1)y, 5 (£/1€)

_ 1 —log(&f +2Re(T)61&2 +|7[°€3)/I€]°)
(&2 + 2Re(7)&162 + |7]263)
log(£F 4 2Re(7)&1&2 + |717€3)/1€1%)
£ 4 2Re(1)&162 + |7|265

[(a+a")6 + (Fa + 7a%)&,)]

[(a+a®)é + (Ta + T7a™)&]

= (& + 2Re()&1&2 + |7[°6) 7! [(a + a)é1 + (T + Ta")o]

Next we compute the symbol of D~!. The symbol of D reads
o(D) =& +1&% + a.

We need to compute the homogeneous parts of order -1 and -2 of D~!. By using recursive

formula for the symbol of the inverse we get:

o 1(D7Y) =01 (D)" = (& +7&)

o oD =—01(D7) Y 9o1_y(D)5o_1(D7)/y!
k+|yl=1

= —a_1(D")?09(D)

= —(& + 7)) 2
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Finally, we have

o_20(log A Dil) = 0_170(10g A)a_l(Dfl) + 0p,0(log A)O'_Q(Dil)
= (6] + 2Re(T)&1& + |7123) " H(& + 7&) T (a4 a*)ér + (Ta+ Ta™) &)
—log((£F + 2Re(7)616 + |717€3) /1€1) (&1 + 7&2) .

Therefore, we compute the variation:

550 -2,0(log AD™") = (6 + 2Re(1)616 + |71763) " [(0a0)é1 + (T600™)&] (61 + 7€) 7!
= (& + 2Re(1)616 + |7°63) " (600™)
= (& + 2Re(1)&1& + |71°65) ' (6w D)". (4.18)

In order to compute the variation of the residue density, we need to integrate (4.18) with

respect to & variable:

Sgres(log(A)D™1) = /IE H(g% + 2Re(7)&1& + |72€3) Y (6 D) dE = 5 i

7(T)

(6 D)".

Note that we have used the normalized Lebesgue measure in the last integral (see (4.2)).
O

We record the main result of this paper in the following theorem. It computes the
curvature of the determinant line bundle in terms of the natural Kahler form on the

space of connections.

Theorem 4.19. The curvature of the determinant line bundle for the noncommutative

two torus is given by

550wC’(0) = ——— 0 (6 D(8wD)") . (4.19)

A7 (7)
O

Remark 4.20. In order to recover the classical result of Quillen for # = 0, we have to
take into account the change of the volume form due to a change of the metric. This

means we have to multiply the above result by (7).
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