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We study the flow equation of the O(N) ¢* model in d dimensions at the next-to-leading
order (NLO) in the 1/N expansion. Using the Schwinger—Dyson equation, we derive 2-pt and
4-pt functions of flowed fields. As the first application of the NLO calculations, we study the
running coupling defined from the connected 4-pt function of flowed fields in d + 1-dimensional
theory. We show in particular that this running coupling has not only an ultraviolet fixed point
but also an infrared fixed point (Wilson—Fisher fixed point) in 3-dimensional massless scalar
theory. As the second application, we calculate the NLO correction to the induced metric in
d + 1 dimensions with d = 3 in the massless limit. While the induced metric describes a
4-dimensional Euclidean Anti-de-Sitter (AdS) space at the leading order, as shown in the pre-
vious paper, the NLO corrections make the space asymptotically AdS only in the UV and IR
limits. Remarkably, while the AdS radius does not receive an NLO correction in the UV limit,
the AdS radius decreases at the NLO in the IR limit, which corresponds to the Wilson—Fisher
fixed point in the original scalar model in 3 dimensions.

Subject Index B32, B34, B35

1. Introduction

In the previous paper (Ref. [1]), the present authors studied the proposal (Ref. [2]) that a (d + 1)-
dimensional induced metric can be constructed from a d-dimensional field theory using gradient
flow (Refs. [3-6]), applying the method to the O(N) ¢* model. We showed that in the large N limit
the induced metric becomes classical and describes Euclidean Anti-de-Sitter (AdS) space in both
ultraviolet (UV) and infrared (IR) limits of the flow direction. The method proposed in Ref. [2] may
provide an alternative way to understand the AdS/CFT (or more generally gravity/gauge theory)
correspondence (Ref. [7]), and the result in Ref. [1] might be related to the correspondence between
O(N) vector models in d dimensions and (generalized) gravity theories in d + 1 dimensions (Ref. [8]).

To further investigate a possible connection between Refs. [1] and [8] at the quantum level, one
must calculate, e.g., the anomalous dimension of the O(N) invariant operator ¢ (x), which requires
the next-to-leading order (NLO) of the 1/N expansion for the flow equation to evaluate necessary
quantum corrections. Since the method employed in Refs. [1,2] is a specific one adopted for the large
N limit, some systematic way to solve the flow equation in the 1/N expansion is needed.
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In this paper, we employ the Schwinger—Dyson equation (SDE) to solve the flow equation in the
1/N expansion for the O(N) invariant ¢* model in d dimensions. Using this method we explicitly
calculate the 2-pt and 4-pt functions at the NLO.

As the first application of the NLO calculations, we define a running coupling from the connected
4-pt function of flowed fields, which runs with the flow time ¢ such that # = 0 corresponds to the UV
limit while # = oo is the IR limit. This property establishes that the flow equation can be interpreted
as a renormalization group transformation (see Ref. [9] as an earlier attempt). In particular at d = 3,
we show that the running coupling so defined has not only an asymptotic free UV fixed point but
also a Wilson—Fisher IR fixed point for the massless case.

As the second application, we investigate the NLO correction to the induced metric in 3 + 1
dimensions from the massless scalar model in 3 dimensions. In the massless limit, the whole
4-dimensional space becomes AdS at the leading order, as shown in Ref. [1]. The NLO correc-
tions give a small perturbation to the metric, which makes the space asymptotically AdS in UV
(t = 0) and IR (¢ = oo) limits only. A remarkable thing is that, while the NLO corrections do not
change the AdS radius in the UV limit, the AdS radius is reduced by the NLO correction in the IR
limit, which corresponds to the Wilson—Fisher IR fixed point of the original theory. In other words,
a nontrivial fixed point in the field theory leads to a change of the AdS radius in the geometry at
NLO. The induced metric at NLO describes a 4-dimensional space connecting one asymptotically
AdS space at UV to another asymptotically AdS space at IR, which have different radii.

This paper is organized as follows. In Sect. 2, we first introduce the O(N) invariant ¢* model
in d dimensions. We then formulate the Schwinger—Dyson equation (SDE) for the flowed fields,
and solve it to derive 2-pt and 4-pt functions of flowed fields at the NLO. In Sect. 3, we define
a running coupling from the connected 4-pt function of flowed fields and investigate its behavior
as a function of the flow time 7. In Sect. 4, we study the induced metric from the 3-dimensional
massless scalar model at the NLO. We finally give a summary of this paper in Sect. 5. We col-
lect all technical details in appendices. In Appendix A, using the SDE, we present results at the
NLO in the 1/N expansion of d-dimensional theory, necessary for the main text. We also perform
the renormalization of d-dimensional theory at the NLO, and explicitly calculate renormalization
constants for various d. In Appendix B, we give detailed derivations of solutions to the SDE for
the flow fields at the NLO. We explicitly evaluate 2-pt and 4-pt functions of the flowed field in
Appendix C while in Appendix D we derive the induced metric for the massless scalar theory in 3
dimensions.

2. 1/N expansion of the flow equation in d + 1 dimensions
2.1. Model in d dimensions

In this paper, we consider the N-component scalar ¢* model in 4 dimensions, defined by the action

2 d. | Lok 1 2 U 2. \\2
S, u) :N/d X [53 (P(x)'akﬁﬂ(x)-i-?w (X)+I(<P (X)) ] (1)

where ¢“(x) is an N-component scalar field, ( - ) indicates an inner product of N component vectors
such that goz(x) =px)-pk) = Zivzl e? () p?(x), uz is the bare scalar mass parameter, and u is the
coupling constant of the ¢* interaction, whose canonical dimension is 4 — d. While it is consistent
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to take u as N independent, as will be seen later the mass parameter 2 is expanded as

1
2 2 2
= — e )
W= (2)
where ulz is cut-off dependent in order to make the physical mass finite, order by order, in the 1 /N
expansion.

This model describes the free massive scalar at « = 0, while it is equivalent to the nonlinear o

model (NLSM) in the # — oo limit, whose action is obtained from Eq. (1) as

N
S(L) = ﬁ/a"”x o) o), o) =1, (3)
with the replacement
o) = VAgh), A= lim ———. @)
U—> 00 6'u

Some regularization that preserves O(N) symmetry is assumed in this paper, so that we can always
make formal manipulations without worrying about divergences.! Calculations of 2-pt and 4-pt
functions at the NLO of the 1/N expansion in d dimensions will be given in Appendix A.

2.2.  Flow equation in the 1 /N expansion

In this paper, we consider the flow equation, given by

1 881z, up)

o .
27? D= N T

= (O-#) ¢ - Lo, ()
¢

¢*(0,x) = ¢ (x),

where Mj% and uy can be different from w? and u in the original d-dimensional theory. As in the case
of d dimensions, uy is kept fixed and N independent, whereas ,u} is adjusted as

= 24
- en?

1
W2=m—Lzmp,  Zomp) = | Dg—s, 6)

where my is a renormalized mass. The flow with s = p and uy = u is called gradient flow, as it is
given by the gradient of the original action.
In the case of free flow (uy = 0), the solution is easily given by

9°(t.%) = oxp (1O = 1)) 0" (). ()

We therefore consider the interacting flow (uy # 0) hereafter unless otherwise stated.
The above flow equation leads to the SDE (Ref. [10]) as

ad
(DLg"@)0) = =L@ @82 0). Dl =2 - @-ud. ®)

!'We will call the infinite cutoff (A — oo) limit the “continuum limit”.
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where z = (¢,x), O is an arbitrary operator, and the expectation value (O) should be calculated in d
dimensions as

1
@) = [ DAO@ e (-Swha). Z= [ 1Ddew(-Sulw).  ©)
If we take O = ]_[lzifl ¢“% (z;), the SDE becomes

u

aay--ax,—1 Ly abbay--ay,—1

D/erzn " (Zazla---,ZZn—l) = _6]V_2 F2n+2 " (Z;Z:Zazla---,ZZn—l)a (10)
b

where I, is the n-point function defined by
n
COan(zy, .. z,) = N"‘1< I1 ¢“f<zl->> =T, [12--nl, (11)
i=1

which is analogous to the d-dimensional counterpart in Eq. (A.3). We consider only the symmetric
phase in this paper, where I'y,_1 = 0 for all positive integers 7.

We consider the next-to-leading order of the 1/N expansion, so that the following two SDEs need
to be considered:

u
Dl o121 = —6]V—f2ZF4[1bb2], (12)
b
ur
D} Ty[1234] = — 0 Xb: Te[165234], (13)
where z; = z1, so that the sum over b runs over the O(NV) index only.

The connected parts of 4-pt and 6-pt functions are introduced as

[4[1234] = K4[1234] + N {T2[12]72[34] + T2 [13]172[24] + o[ 14]173[23]}, (14)
T6[123456] = K¢[123456] + N {['2[121K4[3456] + 14 perms.}
+ N2 (5[ 12]T2[34]72]156] + 14 perms.} . (15)

Furthermore, decompositions in O(NV) indices are given by

[o[12] = 6T (21, 22), (16)
Ka[1234] = §9128U%K (21,22, 23,24) + 2 perms., (17)
K[123456] = §4192§D% 55U H (21,29, 23, 24; 25, 26) + 14 perms., (18)

where ['(z1,22), K(z1,22;23,24), and H(z1,22;23,24;25,2¢) are invariant under the exchange of
arguments such that zp; | <> zp; or (z2i-1,22i) <> (22j-1,22)).
By expanding I', K, and H as

o0 o0 o0
Fl Ki Hl
r=> v K=X . H=) (19)
i=0 i=0 i=0
the above two SDEs are reduced to
D{o(12) = == ro(12)To(1) (20)
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at the LO of the 1/N expansion, and

Diri(12) = —% [Ko(12; 11) + To(12)I'y (11) 4+ T (12)To(11) + 2T(12)T(1D)], (1)

D{Ko(12;34) = —%f [To(12)Kop(11;34) + I'o(11)Ko(12;34) +2T79(12)"g(13)I0(14)]  (22)

at the NLO.

2.3.  Solutions to the flowed SDE at NLO

The solutions to the SDE at NLO are summarized below. Details of calculations can be found in
Appendix B.
At the NLO, the 2-pt function is given by

(@ (219 (22))

_Baay Z(my) / exp (=1 (1 + 12)) exp (ip(x1 — x2))
N (@@ @)'? p*+m?

1
[1 + ﬁGl(t1,f2|p):|a (23)

where ¢ (¢) is defined in Eq. (B.7), and the NLO contribution G (¢1, £ |p) is given in Appendix B.3.2.
In the continuum limit, ¢ (¢) approaches ¢o(¢) and is finite as long as ¢ > 0, where

exp (—2p2t) _exp (Ztmz) mi 2

= (1 —d/2,2tm? 24
p2+m2 (47T)d/2 ( /a m”) ( )

So(t) = /DP

with the incomplete gamma function I'(a, x), while Z(m/) diverges atd > 1.
The leading contribution of the connected 4-pt function appearing at the NLO of'the 1/N expansion
can be obtained as

1
(@ (21 (22)9" (23)9™ (24))c = V3 [8a1ay8a304K0(12; 34) + 2 perms. ], (25)

where

Ko(12;34) = fdP4 2(12;34]12; 34),

(Z(mf) ) 12 exp (ipj;) exp (= p7ty) 26)

4
dPs = | | Dp;
=176 P4

j=1
2(12:34]12;34) = X (23]12;34) + X (13]21;34) 4+ X (24]12;43) + X (14]21; 43)

+ Y (2]12;34) + Y(1]21;34) + Y(3]43; 12) + Y (4]34; 12)

+ Z(]12;34). (27)
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Here the variables to the left of the vertical line refer to flow times and those to the right refer to
momenta. Explicitly we have in the continuum or NLSM limits,

X(t1,1]12;34) = 83 + m®) (p} + m?)

N 15
X / dsy / dsyexp (s1(p3 — pD)) exp (s2(p3 — p3)) @ (s1,520p34),  (28)
0 0

t
Y(t]21;34) = §(p? + m2)f0 dsexp (s(p] — p3)) ¥ (s]34), (29)

2

Z(12;34) = -§———
4 ) 6/u+ B(0|p34)

(30)

where § = 27)?8(p1 + pa + p3 + pa), p3a = p3 + pa,

exp (—t(q} +¢3))

(612+m2)(612+m2)(2n)d8(q12_Q)’ qg2=q +a, Gl
1 2

B(t1Q) = /Dqquz

and thus B(0|Q) = B(Q?), defined in Appendix A. Here v and w satisfy

p(t]34) + AtdSK(t,s|p34)W(S|34) =0, (32)
p(t1,110) — 2 /O ! sy K(t1,5110) /0 2 K (2,:10) (51, 5210) = 0, (33)
where
K(t,s10) = / Dq1Dg> 2n)48(q12 — 0) 2 Sl Jrq?fn; =99), (34)
p(1134) = exp (153 + D)) — % (35)
p(11,1210) = Bt +1]0) — %. (36)

The derivation of these results is given in Appendix B.

3. Running coupling from flowed fields
3.1. Definitions

Using the connected 4-pt functions g = SQ for the flow fields given in Eq. (25), we define the
t-dependent dimensionless coupling as

g(t) = =38, t; 1, t|{plsym ) >~/ (37)

where {p}sym. is given by p?t = 3A/4 (i = 1 ~ 4) and p},t = p3,t = A (p;; = p;i + p;), which is

£2-d/2

the symmetric point for d > 2, and is introduced to make the coupling dimensionless. Here

A is an arbitrary dimensionless constant but we can take A = 1 without loss of generality by the
rescaling t — At. Explicitly we have

gt ;1,11 {plsym.) = 4X (¢, t1{p)sym.) + 4T t1{p}sym.) + Z(|{plsym.)» (38)
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where we remove § by defining O = §O for O =g, X,Y,Z, and
)A((l1,t2|12;34) = (p% + mZ)(p§ +m?)

n 15
X / dsi / dsy exp (s1(p3 — pD) exp (23 — p7)) w(s1,20p34),  (39)
0 0

t
Y(t12;34) = (5 + mz)/ dsexp (s(v3 — p])) ¥ (s134), (40)
0

u

Z(12;34) = - — ———
( ) 3 1+ ¢B(O0|p3a)

(41)
3.2.  Free flow

For simplicity, we first consider free flow, where g(¢,#; ¢, t|{p}sym.) = Z (H{p}sym.). Taking A =1,
the running coupling is given by

ut2—d/2
g)= —5—, (42)
1+ -=B(1/1)
6
where B(p?) = B(O|p).
321 d=2
In 2 dimensions, we obtain
ut
g = t 1 , (43)
1+ " 7 tanh ™! ———5
6 (1 + 4m2t) (1 + 4m21)
which behaves in the UV limit (+ — 0) and the IR limit (+ — 00) as
ut
[—urlogdnyazey 0 =0
gt) ~ e (44)
- — 00, =00
1 4 u/(247wm?)
In the massless limit m? — 0, we have
e (45)
e
N log(m?t)
322, d=3
At d = 3, the running coupling is given by
uv/t
g = (46)

7 1 ’
1+ u«_/_ arctan i
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which behaves as

u~/t N
1+ u+/1/48 47)
u/t
1+ u/(487m)

g(t) ~
0, t = oo.

In the massless limit, we have

u\/; — 0, t— 0,

e 48
1 + u/t/48 — 48, t— o0, %)

g =

which correspond to the asymptotic free UV fixed point and the Wilson—Fisher IR fixed point,
respectively.

323. d>4
Since B(Q?) diverges as AY~* (log A at d = 4) at d > 4, the running coupling vanishes as the
cut-off is removed (A — 00). Thus the theory is trivial in the continuum limit at d > 4.

3.3.  Interacting flow in the massless limit at d = 3

3.3.1. Massless limit

We next consider the interacting flow case, where we need to evaluate Xand ¥ , which are difficult
to calculate in general. We therefore consider the massless limit.> In this limit, the kernel function
is reduced to

K(t,5|{p}sym.) = DV*7Vko(Dt, Ds), (49)
where
e Wl—d/2 pl p (w— v)zz
_ /22 A
ko(w,v) = 2T (2 )il2 /0 dzz exp|: T i|, (50)

and we regard D = Q> = A/t as an independent variable. Here the z integral is convergent for
d > 2 while the bubble integral B(0|Q) is finite for d < 4. We thus concentrate on the d = 3 case
hereafter.

In this limit, we obtain (see Appendix C for details)

A . (D) o u
Z(plym) = ~16VD—— o D= (51)
7t phem) = D D (a) — 852 (a) L)L (52)
sym. 4 0 0 1+ (D) >
N 9 u(D
X(t.1(plsm) = 7cVD { E0(A) — 4{5&”@)}2%} , (53)

2 We will indicate the massless limit by the subscript .
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where
. A ,
(A = / dwow), i=1,2, (54)
0
A A
EO(A)=/ dw/ dv Qo(w, v), (55)
0 0

and ¢(()i) and ¢ are solutions to the integral equations

e W2 4 / v ko(w, v) 85" (v) = 0, (56)
0

bo(w) + / " v kow,v) o (v) =0, (57)
0

Bo(w + v) — 2 / dx ko (1, %) / dy ko(v, ) Q0 (x,7) = 0, (58)
0 0

where bo(w) is the massless bubble integral given by Eq. (C.3). These equations can be solved
numerically, and at A = 1, e.g., we have &) (1) = —14.8440(1), £ (1) = —1.60557(1) and
Eo(1) = 16.6753(1).

3.3.2.  Running coupling and the B function
Using the above results, the running coupling at d = 3 is given by

u(A)t u

=G G , u(A) = ——,
go(u) 1+ 21+E¢(A)ﬁ u(A) PV

(59)
where 1 = 1/4/f and
2
G = —9vA [éél)(A) + %EO(A)], G, = 48VA [1 + Zgg%)} > 0. (60)

With the numerical values given above we obtain G; = 21.0378(1) and G, = 2.00105(1) at A = 1.3
We then calculate the g function for go(1) as

d ~G -G e
Blgo) = Ma—go(u) _ (go(u) 1 2)(go () 1)’ 61)

I G2
which becomes zero at gg() = G and go(w) = G1 4+ G2. The coupling go(u) near G| behaves as
2

u 3
W =G =Coy >0, p—o0,  Cuy= [1 + Zséz)m} (62)

approaching the UV fixed point from above, while near G1 + G, we have the IR fixed point

3 2
go(w) — G — Gy =~ —CIR% >0, pu—0  Cg= {48~/K [1 + Zsé”(A)]} , (63)

3 It turns out that G,(A) has only one zero at A = 0.36228(1).
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where the coupling approaches from below the Wilson—Fisher fixed point in 3-dimensional scalar
theory. Note that the derivative of the 8 function with respect to gg at the fixed point becomes

dpB(go) _ -1, go=0Gy,
dgo 1, go=G+ Gy,

B'(go) = (64)
which should be compared with the same quantities calculated for the standard running coupling
in the 3-dimensional massless theory in Ref. [11], where B/(0) = —1 (UV) and B/(48) = 1 (IR).
The derivative of the B function at the fixed point gives the anomalous dimension of the operator
conjugate to the coupling in the conformal theory at the fixed point, and thus is universal. Our flow
coupling indeed satisfies this condition and the derivatives at the two fixed points agree with those
for the conventional definition of the coupling. This establishes that our flow coupling gives a good
definition of the running coupling of the theory. The scaling dimension y of the operator conjugate
to the running coupling gy is given by y = d + '(go), so that yyy = 2 and yir = 4 in this model.
Interestingly yyy = 2 corresponds to the canonical dimension of the ¢* operator in 3 dimensions,
which is the interaction term in our theory.

By the redefinition of the coupling as g(t) = (go(w) — G1)/Ga, the corresponding 8 function is
simplified as

9
ﬁ@)zugﬁwﬂ)=g00@uo—ll (65)

4. NLO corrections to the induced metric

In Ref. [1], the induced metric has been calculated from the flowed scalar field in the large N limit.
It has been shown that the metric from the massive scalar field describes a space that becomes the
Euclidean AdS space asymptotically in both UV and IR limits, where the radius Rr in IR is larger

than the radius Ryvy in UV since
d—2
2 2 2
Ry = > Rir < Rir, (66)

while the metric describes the whole AdS space in the massless limit with the radius Ryy. In this
section, we consider the NLO correction to the induced metric in the 1/N expansion as another
application of the NLO calculation, in particular, in the massless case at d = 3, in order to see
whether the space remains AdS or not and how the radius changes at the NLO.

4.1. Induced metric at the NLO
The vev of the induced metric is defined from the normalized flowed field as (Ref. [1])
8uv(@) = R§(3,09(2)8,0°(2)) (67)

with some length scale Ry, where z = (t = 24/t,x) and w,v = 0,1,...,d. Here 0%(z) is the
normalized flowed field such that (62(z)) = 1, and the corresponding 2-point function is explicitly
given at the NLO as

(0 (z1)0%(22)) =

sa1a 1 (1 B §1(t1)+§1(t2)>
N (2o(t)o(t2))/? 2N

—p2(t + ¢t j - Gi(t,t
5 /‘Dpexp( p-(t1 + 22)) GXS (ip(x1 —x2)) [1 L 1(71, 12|p)
p°+m N

], (68)
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where

O = —HGGp), H <t|>]—/DM
&1 —é_() 1 14 [ tp)] = pp2+m2

After some algebra (see Appendix D), we obtain

2 2

R o Ryt
gij (1) =y p DA Gj=1,2,...,d), goo(7) = —T&A(Z),
where

sy = L0

2 %o(0)

AT 1(t)5

and A (¢), given in Appendix D, in general is a very complicated function.

4.2. Induced metric in the massless limitatd = 3
In the massless limit at d = 3, the metric at the LO is given by

2 2
gij(1) = 51“&, goo(t) = ﬁ,
/ V372 272

which describes the AdS space for all 7.
At the NLO, 41 (¢) is given by

A1<t>=LfDQh (H— D)oy
2/ T WAL 48,/0%

(0 (1 + 3u(0*)V1)

3A1(t) = ——— | DO hiota1 (O?
1 A1(1) 0 hiotal (O7) (1+it(Q2)\/;)3

v’_

which leads to
2

(0 =355 |14 % [ DO (@)
8ij(t) = 372 N total

(0 }
(1+u(0?)7/2)2 ]

u(0H (1 + 3it(Q2)r/2)]
(1+u(0)7/2)} |

R% 2 2
goo(t) = 372 1+ N DQ hiota1 (O7)
where Aoia1 (0?) is a function given in Appendix D.

4.3. UV and IR limits
The above expression in the UV limit (z — 0) leads to

2

R
gij(1) = 3:‘1‘3—02 [1 + % /Dthom(Qz)ft(Qz)}, T — 0,

2
RO

goo(7) =~ 272 [1 + 55 /Dthotal(Q u(Q )] T—>0,

S (|p).

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

which shows that the NLO correction is less singular than the LO contribution. Therefore the space
becomes asymptotically AdS in the UV limit at the NLO whose AdS radius is equal to that at

the LO.
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We cannot naively take the T — oo limit in Egs. (75) and (76), on the other hand, due to the
enhancement of the UV contribution of the Q integrals. Careful evaluations of these Q integrals in
Appendix D give

R% r R(Z) r
a@ =zl [1+5] amm=5[1+5] t—o (79)
where » = —0.41869(1).* Therefore, the space becomes asymptotically AdS again in the IR limit,
whose radius, however, is smaller than that in the UV limit.> The induced metric at the NLO describes
a 4-dimensional space that is asymptotically AdS in both UV and IR regions with different radii but
non-AdS in between.

It is clear that the NLO correction to the AdS radius in the IR limit is related to the Wilson—Fisher

fixed point in the original 3-dimensional scalar theory, since Egs. (75) and (76) can be written as

R2
gij(t) = &-jﬁ [ AN /Dthotal(Q )B(g 484/ 0 ))] (30)
R? 1
goo(t) = ﬁ [1 AN DO hyotal (0% {1 + ——} B(g(48u4/ O ))] (81)

where u = 1/4/t = 2/7, and B(g(x)) is the B function for the running coupling g(x) from the
free-flow field defined in the previous section with A =1 as
g(g —43)

,B(g):T, g(x):48x+u.

(82)

5. Summary

In this paper, we studied the flow equation of the O(N) ¢* model in d dimensions at the NLO in the
1/N expansion, employing the Schwinger—Dyson equation. We calculated the 2-pt and 4-pt functions
at the NLO.

As an application of the NLO calculation, we investigated the running coupling defined from the
connected 4-pt function of flowed fields. In particular at d = 3 in the massless limit, we showed that
the running coupling has two fixed points, the asymptotic free one in the UV region and the Wilson—
Fisher one in the IR region. We also derived the corresponding 8 function. Our study suggests that
the flow equation can be interpreted as a renormalization group transformation.

We also calculated the NLO correction to the (d 4+ 1)-dimensional metric induced from the massless
scalar field theory at d = 3. In the massless limit, the whole 4-dimensional space becomes AdS at the
LO of the 1/N expansion (Ref. [1]). We found that the NLO corrections give small perturbations to
the metric, which make the space only asymptotically AdS in both UV (¢t = 0) and IR (¢ = 00) limits.
In addition, while the NLO corrections do not change the AdS radius at the LO in the UV limit, the
AdS radius is reduced by the NLO correction in the IR limit, which corresponds to the Wilson—Fisher

* This is independent of u; 0 (the interacting flow). In the case of free flow (uy = 0), however, r =
8/3mw? ~0.27019.

5 It is interesting and also suggestive to see that the F-coefficient of the 3-dimensional O(V) scalar model
is given by Fig = Fyy — £(3)/(872) + O(1/N), where Fyy = NFs with Fg ~ 0.0638 as an example of
a conjecture, the so-called “F-theorem”, which claims that the F-coefficient monotonically decreases along
an RG trajectory connecting two 3-dimensional CFTs. Furthermore, in the holographic dual picture, the
F-coefficient is proportional to the AdS radius squared. (See Ref. [12] and references therein.)
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IR fixed point of the original theory. The nontrivial fixed point in the field theory appears as a change
of the AdS radius at the NLO. The induced metric at NLO describes a 4-dimensional space that
connects one asymptotically AdS space at UV to the other asymptotically AdS space at IR.

This paper contains two important messages. One is that the flow equation can provide an alternative
method to define a renormalization group transformation. The other is that the massless scalar field
in d dimensions plus the extra dimension from the RG scale not only generates a (d + 1)-dimensional
AdS space at LO (Ref. [1]) but also gives an NLO correction, which makes the (d + 1)-dimensional
space asymptotically AdS only in the UV and IR limits at d = 3. In particular, the AdS radius in
the IR limit, which corresponds to the Wilson—Fisher fixed point, becomes smaller than that in the
UV limit, which is equal to the radius at the LO. Although the relation found in this paper between
the massless scalar field theory and the induced geometry is very suggestive, further studies will be
needed to establish an alternative interpretation of AdS/CFT correspondences proposed in Ref. [2]
in terms of field theories.
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Appendix A. The 1/N expansion in d-dimensional theory

In this appendix, we consider the 1/N expansion in d-dimensional theory.

A.1.  Schwinger—Dyson equation (SDE)

In order to perform the 1/N expansion, we consider the SDE of this model, which can be written
compactly as

(BiX o) = (X[@IoyS(1?, u), (A1)
where 8?(01’ () = 8%8@ (x — y)e with a small parameter €, so that
8IS, u) = Ne [ (=D + u)g" @) + 50" @’ | (A2)
Here the vacuum expectation value of an operator O is defined in Eq. (9).
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We define 2n-point functions I'y, as®

2n
DU (e o, ) = N2 <H so“f(x,->> = Iy [12--- 2n)], (A3)

i=1
which can be written in terms of their connected parts K5, as
[4[1234] = K4[1234] + N {T2[12]T2[34] + ['2[13]172[24] + I [14]T2[23]}, (A4)
['6[123456] = K[123456] + N {I"2[12]K4[3456] + 14 perms.}
+ N2 {[5[12]T2[34]T[56] + 14 perms.}, (A.5)

and so on. As mentioned in the main text, we assume we are working in a phase where O(N)

symmetry is not broken. We therefore do not add the external source term Ag(x) to the action, so

that the action has symmetry under ¢ — —¢, which implies ['p,,_; = 0 for all positive integers ».
In terms of these, the SDE for X (¢) = ¢ (x;) becomes

812 = (=04 D) T2l12] + 505 D (Kalbb12] + N (TalbbIa[12] + 2Ta(b1I2[621)) . (A6)
b

where 81, = §91928@) (x1 — x2) and x;, = x1, so that b in the summation runs over the O(N) indices
only.
For X (¢) = ¢ (x2)9% (x3) 9™ (x4), on the other hand, we have

1
812T[34] + 2 perms. = (—0 + u2)y, ~ (Kal1234] + N (T2[12]2[34] + 2 perms.})

u
+ 55 O (Kslbb1234] + N {Ta[bbIK4[1234] + 14 perms.)
b

+ N2 {T2[bb]T5[12]T2[34] + 14 perms.} ), (A.7)

which can be simplified by using Eq. (A.6) to
u

_ 2
0= (=0 + u)x, Ka[1234] + 3IN2

Z(K(,[bb1234] + NI'2[bb]K4[1234]
b

+ 2N {T"2[b11K4[5234] + T'2[b2]1K4[1534] 4+ I'2[63]1K4[12b4] + I'2[b4]1K4[123D]}
+ N {T2[12]K4[bb34] 4+ T'2[13]K4[62b4] 4 I'2[14]1K4[5235]}

+ 2N? ([ [b2]T2[b31T5[14] + Ta[b2] T [A4IT2[13] + Fz[b3]Fz[b4]F2[12]}>- (A.8)

Using the O(N) symmetry and assuming translational invariance (e.g., infinite volume or periodic
boundary condition), we can write

[o[12] = 81T (x12), X[2 =X] — X2 (A.9)
K4[1234] = §U12§D%K (x1,x2; X3, X4) + 2 perms., (A.10)
K[123456] = §9192§939%4§959% H (x1,x2; X3, X4; X5,X6) + 14 perms., (A.11)

® Note that we use the same notation I',, for the 2n-point functions in both & and d + 1 dimensions, since
no confusion may occur.
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where K (x1,x2;x3,x4) is invariant under 1 <> 2 or 3 < 4 as well as (12) < (34), and similar
invariances hold for H (x1, x2; x3, X4; X5, X¢).
We finally obtain

8@ (xy —x2) = [(—D + 1)y + %r(m] F(x12)
u
_|_

2
IV [(1 + ]V) Kx1,x15x1,%2) + 2F(O)F(x12)], (A.12)

and

2
0= [(—D + 1y + % (1 + N) F(O)} K (x1,x2;x3,%4)

u 2 2
+ §F(X1z) [2F(x13)1“(x14) + (1 + ]V) K(x1,x15x3,x4) + NK(XI=X3;XI,X4)]

2 2
+ % [(1 + N) H (x1,x15x1,%2;X3,%4) + NH(xl,x23xlax3;x1,X4)]

2u
+ AN [T (x13)K (1,225 x1,x4) + T'(x14)K (x1,x25 X3, x1)] . (A.13)

A.2. LOin the 1/N expansion

We introduce the 1/N expansion as

o0 o0
P =) N T2,  K@,xsx,xa) = ) N Ki(r1,x2;x3,%4), (A.14)
i=0 i=0

and so on, together with u? = Y 220 N2,
At the LO of the 1/N expansion, Eq. (A.12) in momentum space becomes

1= <p2 + 1§+ g / Dq Fo(q)) To(p), Tokx) = / DpTo(p) exp (ipx) , (A.15)

which can easily be solved as

1

Fop) =

2_ 2, U
m _;L0+EZ(m), (A.16)

where m > 0 is the renormalized mass and Z(m) is given in Eq. (6). Thus the 2-pt function at the
LO becomes

5 exp (ip(x — ¥))
a b
_ 0 px — ) A.17
(" ("0 = (R (A.17)
Equation (A.13) at the LO leads to
u
(=0 + m*)y, Ko(x1,X2; X3, X4) + gro(X1z)Ko(X1,x1;x3,x4)
2u
= ——T(x12)Co(x13)Co(x14). (A.18)

3!
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Introducing a function Gy (p1, p2, p3,p4) to rewrite Ko(x1,x2,x3,X4) as

4 ,
exp (ip;x;)
Ko(x1,x2;x3,%4) = {H/Dpi%] Go(p1,p2p3,p0) 20 8(p1 + p2 + p3 +pa), (A.19)
= i

we obtain

2u

G 5 s > ) =G + ) = T 5 > A.20
0(P1,P2,03,P4 o1 +p2 6+ uBG2y) (A.20)

where p12 = p1 + p2, and

2n)?8(q1 +92 — 0) 1 6(A° — q7)
32=/DD =/d/D . (A2l
(@) sy e el NS (L L S Sy pape o1y (A.21)

This agrees with the previous result obtained by a different method (Ref. [11]). Here we specify the
way we introduce the cut-off A for the case where B(Q?) diverges.

A.3. NLO correction to the 2-pt functions
Let us consider the NLO correction to the 2-pt function [';. At the NLO, Eq. (A.12) leads to

u u
0= (—0+m*)T(x12) + {5(22("1) +y) + M%} Co(x12) + gKo(X1,X1;X1,X2), (A.22)

Y = f DgT1(9), (A.23)

which can be solved in momentum space as

Fip) = s (1 + g +3509)) (A24)

(pz
where

DO 6

2y _
S = (» — 0)2 +m? 6+ uB(0?)’

(A.25)

and the condition for y; is solved as

2
_mBO + G _ / DQ
1+ 4B(0) ° G = 6 1 B(0?) dm2 B(0Y). (A.26)
Substituting Eq. (A.26) into Eq. (A.24), we finally obtain
Ti(p) = TR )2 {g(p )+ C} (A.27)
where
20 DO { 1 1 2 }
g —/ g+B(Q2) (O +p)?2 +m? + O—pl4m Ot m2|’ (A.28)
2
; [ &) / DQ 2
c=c - G = A.29
1 1+ £B(0) g + B(0)’ g + B(O?) (Q* +m2)’ ( )
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and g(p?) can be expanded as
g =21p* +gh, 2p*) = 00", (A.30)

where

_ 2 DQ 4—-d 4m?
“a= 3/ 6/u + B(Q?) |:(Q2 +m2)2 (02 _|_m2)3i|' (A.31)

A.4. Renormalization

Let us now consider the renormalization of the theory.
Our renormalization condition for the renormalized 2-pt function I'r is given in momentum
space as

TR'p) ~p? +m?,  p*~0, (A.32)
where m is interpreted as the renormalized mass, which is independent of both N and the cut-off.

Relating the bare field to the renormalized field by the renormalization constant Zr as le{/ zgoR =@,
we explicitly obtain

~ ~ 1 1
ZrTr(p) =T () = +0(—). (A.33)
2 2, ] 2 N2
pe+me+ =X1(p?)
N
where

() = Zip* + C + (Y. (A.34)

At the LO of the 1/N expansion, the above condition implies
U =t — %Z(m), Zr =1, (A.35)

where Z(m) is potentially divergent at d > 1. We therefore introduce the momentum cut-off A to
regulate the integral, and ,u% is tuned to cancel the effect of Z(m) including such divergences, in
order to keep the renormalized mass m finite and constant. The lattice regularization or dimensional
regularization is more consistent than the momentum cut-off, but calculations become much more
complicated in the lattice regularization or power divergences are difficult to deal with in the dimen-
sional regularization. Since the momentum cut-off is enough to see the leading divergences, we adopt
it in this paper.
At the NLO, the renormalization condition implies

Z 5 u ) U
ZR=1—— =(14+-B VA - A.
R=1-%.  ui=(1+280) zim’ + 2C. (A36)

where

2 6
C = —/ bo [dB(Q) 2u +B(O)] (A37)

S+BQY | dm* Q2+ m?
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The renormalization condition for the coupling, which first appears at the NLO of the 1/N expan-
sion, is given by GO(Q2 =s) = —u,(s)/3, so that u,(s) is regarded as the renormalized coupling at
the scale s. Equation (A.20) thus leads to

u

= A.38
ur(s) [T 150 (A.38)
where B(0Q?) is divergent at d > 4. Therefore the renormalized coupling goes to zero as
~—— >0, A A.39
up(s) B() g — 0 ( )
at d > 4. This indicates the triviality of the <p4 theory at d > 4.
A.5. Renormalization constants
Here we explicitly evaluate the renormalization constants.
A5l d=1
Atd =1, ;L(Z) is finite since
1 A
Z(m) = — arctan | — (A.40)
Tm m
is finite, and the coupling is also finite and nonzero since
1 1
B 2= ~ + e, 2—>oo A.41
R 0 (A41)
has a finite limit as A — oo.
The most divergent part of Z; is given by
[Pt "
—_— u # 0o
2 2y2° ’
7 ~ Q%+ m?) (A42)

- DO 6

/ BQH (@ +m? T
which shows that Z is finite for all « including # = co. Equations (A.36) and (A.37) thus tell us that
M% is also finite for all # including u = oo, and therefore, there is no divergence at d = 1 up to the

NLO.

AS52. d=2
Atd =2, M% is logarithmically divergent since
2 o U N 1 A? +m?
On the other hand, B(Q?) is finite since
1 QZ 1/2
) tanh ((m) 1 | 0> ) | 0?
B = ~ = - = -1 .- A.44
O @ a2 T 70D <°g m? ) o A4
dB(0Q?) 2B(0) 2m>  Q?
~— 1 log = +--- B(0) = —— A.45
e 07 1 4t + o7 85 to | BO) = —s, (A.45)
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so that the renormalized coupling becomes

©) 6u 12 us (A.46)
uy(s) = o~ , — 0. .
: - N 1275 + ulog(s/m?)
tan (S+4m2>
6+ u 72
7 (s(s + 4m?))
The most singular term of Z; for u # oo becomes
7z~ Y / po— > (A.47)
1= 6 (QZ + m2)2 i ’
which is manifestly finite, while at # = oo we have
D 2 4m?
ZIZ/ Qz[ 2 22 2m23]’ (A48)
B(Q?) L(Q* +m*)~  (Q°+m?)
which diverges as Z; =~ log (log Az).
The most divergent part of u% is given by
—3Zms (=1, w# oo,
,u% = u A% + 4m? (A.49)
—log{ ——— |, u— oo.
127 4m?
A53. d=3
Atd =3, M% is linearly divergent as
5 5 U 1 A
no =m" — —Z(m), Z(m) ~ > A —marctan | — ) |, (A.50)
6 2 m
while B(Q?) is finite as
1/2 3
1 0? 1 m 2m
B(0%) = ——— arct = ~ — e A.51
)= o e <<4m2) ) 5101 2707 T3 T 9D
dB(0?) 2B(0) 1
= — , BO0)=—, A.52
dm? 0? + 4m? ©) 8rm (A.52)
and the renormalized coupling becomes
6
Uy (s) = ! ~— " 5. (A.53)
6+ ! arctan ( i )]/2 1+L
47 /s 4m? 48./s
The most singular term of Z; for u # oo becomes
7 =Y / po— (A.54)
1= 9 (QZ + m2)2 ’ ’
which is manifestly finite at d = 3. On the other hand, at u = oo we have
2 ( D 1 4m?
7 == / Q . , (A.55)
3J B L@ +mH)? (Q*+m?)
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whose divergent part becomes

4 2

The most divergent part of u% becomes

2. ) 3
My =

2u log A? — 00
—m—lo , u )
om3 8

A54. d=4
Atd =4, M% is quadratically divergent as

2 2
2 o U N 1 2 2 A+ m

On the other hand, at d = 4 we have
1 A2 242 —2A2 2
B(Qz) = 3 log <—72n> + 2 Q + n 172 tal’lh_1 (%)
(4m) m (Qz(Qz + 4A2m)) 0° +4A;,

172 12
_5 (M) tanh—"! (Q_Z) ,
0? 0? + 4m?

1 A2 A?
B(0) = —— [log—m — —} A2 = A% + P,
(4m)2 m> A2 "

172

which diverge logarithmically, so that u,(s) = 0 as A — oo.
Since tanh ™! (x) ~,_ | —% log (lz;x), we have
Q2

A YT

6 A m
BO) + - =B(¢e"), ¢'= R
D2 2 6 2 1
B(q~,0) = —cplogq +;+C0F(¢] ), CO:W’

where

172

242 +2) o P
F(q )—Wtanh <—q2+4

Let us now consider the continuum limit of Z;. By rescaling the momentum, we have

a? 1 tdt
7 =—— _ .
87 Jo B(t,a?)(t + a?)3

As @? — 0in the A — oo limit, we have

/1 tdt N/l tdt
0 B(t,a®)(t+a2)3  Jo B(t,0)(t +a?)?
/1/2 ¢ dt /1 ¢ dt
= — |
0 B(,0)(+a?)? 1/2 B(1,0)(t + a?)3
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where the second term is finite in this limit, while the first term is bounded from above:

Bit,0)(t+a2)3 ~ coJo (t+a?)dlog(t+a?)

/‘/2 tdt - 1 [l2 ¢ dt
0

rr!

1 5 e (—loga?) .
= — | log|loga“| + Z ————— + (finite terms) |, (A.66)
o

r=1

so that Z; in Eq. (A.64) vanishes as o> — 0.
The most divergent part of /,L% becomes

A2 1 T (a2 -6
T E 312/ dqz( olla) — o/ ) (A.67)
3167 o 1 \collogg? — F(gd)) — 6/u

2 2
q q-+6
T(qz)Elogq2+1_q2+4 (1+q2+2F(q2)),

where 4 is finite, but is not universal as it depends on how we regulate the integral.

A55 d>4
Atd > 4, 3 is O(A972) as

d d—2
(47T)d/2(d —29r(1+d/2)

W3 = m? — %Z(m), Z(m) ~ (A.68)

We also write

1 A d—1
B(Q?) = d / dx / P dp - (A.69)
(4m)42T (1 +d/2) Jo 0 [p?+m?+ 0%x(1 —x)]

from which we obtain

B(Q%) = A5 (% %) . B,0)= 7 c_l B (471)d/2F1(1 YL (A.70)
dl; EnQ;) = —2A% 5B, (% Z-Z) , (A.71)
where
B, a?) = d f i / 1 v ldy , (A.72)
Am)d2T (1 +d/2) Jo 0 [2 + 02+ ¢2x(l —x)]2

d ydﬁldy

1 1
B(q?a?) = /d / AT3
@ =amarraram b © s b2 +a?+ gl -] (A7

so that B(Q?) = O(A?=*). As in the case at d = 4, u,(s) = 0 in the limit that A — oo.
By the change of variable Q9 = Ag in Eq. (A.31) and then taking the limit A — oo, we obtain

2(4 — d) / Dg 1
Zy="""7 . — A.74
1 d  Jp< Bg?,0) (¢%)? A.74)

The fact that B(O, 0) # 0 establishes that Z; is finite at d > 4.
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The most divergent part of /L% is given by

) u
Hi = =3 Zmsy, (A.75)
where
Ugd=ldg (B0,0) .
— (-2 / 7_da (BOO 5 2.0 (A76)
0 Bg*0)\ ¢

with the change of variables as g> = Q?/A?. It is easy to show that 8; is finite.

Appendix B. Solving the SDE for the flow equation

In this appendix we explicitly solve the SDE in d 4 1 dimensions, in order to obtain the 2-pt and
4-pt functions for the flow fields at the NLO.

B.1.  Solution for T’y

We first solve the equation at the LO for I'g. If we introduce one unknown function F (¢, p) as

F(tl,p)F(tz,p)
pr+m

with the initial condition (0, p) = 1, we have

ro2) = [ op 0 (~0 + iht + ) exppr —x2)) (B

F(t,p)F(t, .
p{ro2) = [ DL(’Z“’) p (0 + 1P (0 + 1) exp (pr —x2)), (B2)

_%FO(lz)ro(ll) — _”zf/DpF(tlap)F(tz,P)

p2 + m2
x exp (=% + 1)1 + 1)) exp (ipxr — %)) To (e, (B.3)
2
Po(t) = To(11) =po 2(+“’p2) xp (=207 + udn), (B.4)

where F means a ¢-derivative of F. Then, the SDE, Eq. (20), becomes

Ftp) _ ur
Fop) 6 Lo (?), (B.5)

which tells us that F'(¢, p) is independent of p, so we put F(¢,p) = F(¢). The above equation is thus
reduced to

) = =LF 0 exp (~2u1) S0(0), (B.6)

where ¢o(¢) is defined in Eq. (24), whose solution is given by

F2) =1+ 2L f ds £o(s) exp( 2,ufs> = exp( 2Mfz) g(( )) () = &o(t) + A (B.7)

where my is defined in Eq. (6) and

2 4 m2\ exp (2tu?) — exp (—21p?

A(t) = exp (2t,ujg> (Z(mp) — Z(m)) + /Dp <pz T m2 P2+
S
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In the case of the interacting flow with uy > 0, u}% negatively diverges as Z(my) — +o0 in the
continuum limit at d > 1 or as uy — +o00 in the NLSM limit. In these limits, A(#) vanishes as

2
Hj—=00 1y

220(2) — Co(2)/2
lim A(z):—mf“() o/ +0(1/u}‘) (B.9)

for z > 0. In the case of free flow (uy = 0), we simply have F(r) = 1.

We then obtain
Z(my) _ / Dy XP (—p? (1 +t2)) exp (ip(x1 —X2)) ur £0,
Fo(12) = | €@e@nY p*+m (B.10)
exp (— (P + 1) (t1 + 12)) exp (ip(x1 — x2)) '
/nl&j T a2 ; up = 0.
pr+m

B.2.  Solution for K,

We consider Ky, which appears in the NLO. The equation for Ky in Eq. (22) is closed, once I'g is
obtained. Using Eq. (26), we have

Dl Ko(12;34) = /dP4 [FE 1; +a,1]g(12 34(12;34)

_ /dP4 [—%sz(tl)exp <—2M}t1) o) + atl]g(12;34|12;34), (B.11)

Fo(12)To(13)T(14) = / dPsb (p} + mFA ) exp (=202 ) exp (0} — 3 — p} = pdnn),

(B.12)
To(11)Ko(12;34) = F2(11) exp (—2M}t1) Zo(th) / dP4 g(12;34]12;34), (B.13)
To(12)Ko(11;34) = F2(1) exp <—2M}t1) / P48 (03 + m*) exp (11 (% — 1))
eXp —11(q} + 45)
< [ Daipg NN ) o11:3410142:34) (B.14)
(ql m?)(q3 + m?)
so that the SDE leads to
,g(12;34]12;34) = —LF () exp (<26 ) (0 + ) exp (110 = D)
Q 2 2
X 8[2 exp (—t1 3 +p4))
exp (—11(q + ¢3))
Dq1Dq> g(11;34]q192;34) |. (B.15)
/ (g% + m>) (g3 +m?)
From Eq. (B.15), one can easily see d;,9;,g(12;34/12;34) = 0, which implies
2(12;34|12;34) = X (23|12;34) + X (13|21;34) + X (24]12;43) + X (14]21;43)
+ Y (2]12;34) 4 Y (1]21;34) 4 Y (3]43; 12) 4 Y (4[34; 12)
+ Z(|12; 34), (B.16)
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where we require that X and Y satisfy

X(t,7'|12;34) = X (7/, 7|43;21), X(7,0[12;34) =0, (B.17)

Y(r]12;34) = Y(r|12;43), Y (0]12;34) = 0. (B.18)

Since g(12;34]12; 34) agrees with the amputated connected 4-pt function in d-dimensional theory
att; =0( =1,2,3,4), we obtain

A 2

I — (B.19)
6/u+ B(0|p34)

Z(|p1,p2,p3,p4) = —
where B(¢|Q) is defined in Eq. (31). Then one can easily check that g satisfies the required symmetries

2(12;34]12;34) = g(21;34]21;34) = g(12;43]12;43) = g(34; 12|34; 12). (B.20)

B.2.1. Solution for Y
Terms that depend only on # in Eq. (B.15) can be written as

u A
3, Y (1121;34) = —?sz(t) exp (-2@%) (p +m*) exp (1] — p3)) 8

exp (—1(q} + 43)) Y (tlq1,42:34)
x| e + [ DgiDg, . @2
[ (g7 + m?)(q5 + m?)
where p(¢]34) is defined in Eq. (35). To solve this equation, we set
t
Y(t|21;34) = S} + m?) / dsexp (s(p] — p3)) ¥ (s134), (B.22)
0
satisfying Eq. (B.18). Equation (B.21) is reduced to
) 2 !
Y (134) = —LF2 0y exp (~207 ) | p(2134) + /O ds K (1, 5p3a) ¥ (5134) |, (B.23)

which shows v does not depend on pj, pp, where K is defined in Eq. (34). Since
urF 2(¢) exp (—21,uj%) = urZ(my)/¢(¢) goes to infinity in the continuum limitatz > O andd > 1 or
in the NLSM limit uy — 00, Eq. (32) must hold in either of the two limits.

B.2.2.  Solution for X
We next consider the solution for X. Terms depending on both #; and #3 in Eq. (B.15), and thereafter
replacing 73 by #, and interchanging p; <> p3, gives

u N
0 X (1,1012:34) = =L 21 exp (<201 ) 03+ ) exp (163 — D)8 [ DarDas

exp (—t1(q} + 43))
(@3 +m?) (g5 +m?)

{2X (11,2191, 925 34) + Y (12143591, 92)},  (B.24)
where

t
Y(t143;q1,92) = Q) 834 + q12) (p3 + m?) /0 dsexp (s(p3 —pd)) ¥ (slg1,q2).  (B.25)
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We define
8,2 8t1X(t1, 1|12;34)
=53 +m®) (P} +m*) exp (1 (@3 — pD) exp (23 — pD)) B(t1, 121125 34), (B.26)

where properties of X imply B(#1,12|12;34) = B(f2,11143;21) and B(¢,0]12;34) = B(0,1|12;34) =
0. Then the above equation becomes

) _ W _ 2
ﬂ(tlat2|12934) — 6F (tl)eXp 2t1Mf

1
X [g(tl,t2|p34) +2/ dsy /DQ1D612(27T)d5(6112 + p34)
0

L oxP (=t +sDg — (t1 —51)93)

ﬂ(S1,12ICI1,qz;34)} (B.27)
qi +m?

where

(g% + ¢
g(t1,10) = / Dmez(zmda(me)pr( NG HD) ) (B.28)

g7 +m?) (g5 + m?)

Since the above expression tells us that 8 depends only on p34, we can write

B(t1,1112;34) = w(t1, |p34) = w(t1, 2] — p3a), (B.29)

so that we have
w(ttlpw) = —=-F(1) exp (~20147)
x [g(ll,t2|p34) + 2f0t1 dSlK(tl,Sl|p34)w(81,t2|p34)], (B.30)
which is reduced to
g(tnl0) +2 | Y dsiK 11511000651, 210) = 0 (B31)

in the continuum limit or NLSM limit. Equation (B.31) leads to Eq. (33) in the main text, since
)
/ dsy K(t2,52|10)g(t1,5210) = —p(t1,2]0). (B.32)
0

B.3. Solution for I';

B.3.1. SDE at NLO
The SDE for I'; is a little modified as

DiT1(12) + 41} To(12)

_ —%f[Ko(lz; 11) 4+ To(12)T1(11) + T (12)To(11) + 2r0(12)r0(11)], (B.33)

2
12 1
where we replace ,u]% by /,LJ% + Tl’f, so that D{ — D’I + N ,u% /- Here u% f is given by Eq. (A.36)

with the replacements u, m — uyg, my.
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We parametrize I'| as

exp (— (P + 1) (11 + 12)) exp (ip(x1 — x2))

r'(12) :F(tl)F(tg)/Dp Gi(t1,2lp)  (B.34)

p2 +m2
with the boundary condition
Zi(p)
G1(0,0lp) = b(p) = ————, B.35
10.01) = bip) = — 7 (B.35)
where X (p) is the self-energy at the NLO in d-dimensional theory.
The NLO SDE becomes
u
0, G101, 2lp1) + ity = =L F2 () exp (<2047 HIGi (1.1 p)] + e alpr) . (B36)
where H is defined in Eq. (69) and
_ W 2
Mhstolpn) = —F () exp ( =2ty ) Alhs 21p), (B.37)
4 2
Dp; exp (—t1p;
A(t1, t2lp1) = 2¢0(t1) + exp (1p7) / W{Z(IN;M) +2Y(1]34;21)
i=2 pi+m
+2X(11]12;34) + Y(1]12;34) +2X (21]21;34) + Y(2|21;34)}. (B.38)

Using solutions X and Y, we have, in the continuum limit,

¢ 2 .2 2]
M lp) = / dpy ;Q(ilmzp 2) [wmuz) + (3 +m?) fo ds exp (573 — p}) (1. slp12)
2

15}
+ (i + mz)fo ds exp (s(p? —p%))w(tl,slpu)] (B.39)

Since the right-hand side of Eq. (B.39) is finite, A(#1, 2|p) — 0 in the continuum limit.

B.3.2. Solution to the SDE
Let us define

Gi(t1,t2lp) = b(p) + «(t1,12|p) + H(t1) + H(2) (B.40)

with k (¢1, t2|p) = x (2, t1|p) and « (0, 0|p) = H(0) = 0, where

ok (t1, 12|p) = At1, 12|p), (B.41)
dH (¢
dt( ) - —%sz(t) exp (—2m}> [H G\t tlp)] — 2C()81]. (B.42)

The second equation (B.42) can be rewritten as

dH() __w
dt 6

(1) exp (—2013) 60 (OH (1) + bo(t) + k0(6) — 20 (081], (B43)
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so that we have in the continuum limit

b
H) = —%m,

where we define bo(r) = H[b(p)] and ko (¢) = H[x (,t|p)].
The first equation (B.41) can be solved as

k(t1,lp) = ka(t1, t2|p) + ki (t1|p) + ki (t21p),
where
t
ki (tlp) = f ds 11 (s1p),
0

exp ((p* — ¢*)1)
q2 + m2

A(tlp) = /Dq Y (tp,q)

t
+/ ds/Dq exp (7 — )t — 9) 0 (1,5]0),
0

(B.44)

(B.45)

(B.46)

(B.47)

I3t t p2+m2 ) )
ka(t1, t2lp) = /0 ds, /0 ds» / DyZ s exp (7 = st +52) 061,210 (B4S)

withQ =p+¢q.

Appendix C. Calculations in the massless limit atd = 3

It can be shown that the flow bubble integral can be represented as

t 1
B(t|{plsym) = —Zfo ds K (s,0/{p}sym.) + BO[{p}sym), BOl{plsym.) = ol

which can be rescaled as

1
B(t|{p}sym.) = ﬁbO(Dt)’
where
bo(w) = 1 — ﬂ 1 d_xe—wx 1 ﬂewzx/Z
8 20m 2 )y 55 Jo EO
Rescaling,

p(El{plsym) = Ro(Dt, D), Y (tl{plsym) = v/Do(D1, D),
the integral equation for v in the massless limit is written as

w
Ro(w, D) +/ dv ko(w,v)¢o(v,D) =0,
0
where

_ —3w/2 _ u(D) _ o u
Ro(w,D) = e Sbo(W)—l D) u(D) = 187D
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Since the problem is linear, we can write

(M @ u(D)
w,D 8 C.7
po(w,D) = ¢y (W) — ¢()1+(D) (C.7)
where ¢(’) i = 1,2 solve the momentum-independent Egs. (56) and (57). We thus finally obtain
Eq. (52).
As the source term can be rescaled as
(&, sl{p}sym.) : bo(D(t + 5)) — 8bo(Dt)bo(Ds) uD) (C.8)
K = — s)) — §) ———— .
P, sym. \/5 0 0 0 1 + il(D) s
the equation for w in the massless limit is written for w (¢, s|{p}sym.) = VD Wo(Dt, Ds, D) as
u(D)
bo(D(t — 8by(Dt)by(Ds) ————
o(D(t +5)) 0(Dt)bo( S)1+i¢(D)
Dt Ds
:2/ du ko (Dt, u)/ av ky(Ds,v)Wy(u,v, D), (C.9)
0 0
which can be solved as
D)
Wo(w,v,D) = Q 46 ()p® (1) —1¢ C.10
ow,v,D) = Qo(w,v) —4¢y" (W)py " (v )1+ aD)’ (C.10)

where Qg solves the momentum-independent (D-independent) equation (58). We thus obtain Eq. (53).

Appendix D. Induced metric in the massless limit atd = 3
D.1. Induced metric

The space component of the induced metric is given by

RZ Gi(t,
gj(z) = 8ijd§o(zt) (1 - ;1]\(;)) H |:p2 (1 + %)] . (D.1)

We then evaluate

0
&1(t) = TH[Gl(f gl =281, H[ =),  Hp*l=— zé“;(t),

HIp*Gi(t,t|p)] = HIME 1]p)] + LoD H (1) — 3;Z0(1)81 = Lo(t)dH (1) — 8,50 ()31, (D-3)

(D.2)

where in the last equation we use H[A(z, ¢|p)] = 0. Altogether we obtain

81(0(0 (1)( ) _ atH(t)

2d¢0(t) T4 (D4)

2j(2) = ;R [g(%) + %g“)(t)}, gV =~

The time component is evaluated as

RZ exp (—p* (11 + 1)) Gi(11, 12lp)
3 0 / D, 14 —2= D.5
ot = 0 |:(C0(t1)§o(tz))l/2 RN T n=tr=t >

© T
R 800 ) + go() () (D.6)
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where
Gi(t1,12lp) = =281 + Gi (1. talp). (D.7)
The leading term is
g0 (1) = —82 [log £o()] (D.8)

and for the NLO term we have

1 1) I(t1,12)
=& (1) = N —— , D.9
1 500 T .
where
—pX(t +
I(t,1) = f pp P (12 D& 1. 0lp). (D.10)
‘With this notation,
W, 1 @@’ B 1 9o (®) 1
- L) = i g0 (G0 MG D+ o dndal ) e O
Since
I(t,1) = H[G1(t, t]p)] = 0, (D.12)

the first two terms vanish. Further,
dn 0l (11,12, _, _, = H[@H?C1 (4, tlp)=2p* A, 1)+, (1, t2lp) |, _, ] +0:H (), Lo (1), (D.13)
Using the identities
HIME ] =0, HIp*Gi(t,tp)] = Lo(0) 8,H (1) (D.14)
and their derivatives, this can be further simplified:
Oy 1 (11,02, _,_, = =5 SO H (@) + H[d, M1, 12lp) |, _, — ir (2, 2]p) /2. (D.15)

Here the second term vanishes and we finally obtain

t
gl = —5 OPH®). (D.16)

D.2. Calculation of H(t) in the massless limit
We recall the definition of H (¢) as

Ht) = —% 8 (D.17)
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where
bo() = HIB@),  xo() = Hix (2. (p)] (D.18)
with
bp) = —pflT(’Zz, (1, 11p) = ka(t.11p) + 21 (1]p). (D.19)

Here k1 and k; are given in Egs. (B.46), (B.47), and (B.48).
Hereafter we consider the massless limit at d = 3, where we have o(1) ™' = 2(27)3/2/1.

D.2.1. Calculation of by(t)
We first calculate bg(¢). In the massless limit, we have

_ bo(1) exp 2p ) 2
0 ==~ 2;o<r)/ P S (B-20)

since C = Zim? = 0 and

2y ¥ D9 { 1 _ L} 21
$PI=3 ] Tvaen (©0+p? ~ (B-21
After rescaling, we obtain
— 2 \/;
Hyt) = [ DOy —1EIVE D.22
b(2) / 0 b(Q)1+ﬂ(Q2)ﬁ, (D.22)

where

2 1 1
() _32f¢_\/>/ Lp exp(p2>2 r) {(Q T @}' (0-23)

D.2.2. Calculation of ky(t)
For this we need i and w in the massless limit, which can be obtained as

2
wo<t|p,q)=\/§[¢o<gzt,z> 8902 (0 = L +(Q( 2} (D.24)
09
2
n(1:510) = /02| 20(@1. 0% — 40P @oal @2l 02s)

with z = (p? + ¢*)/Q?, where ¢(()2) and ¢ have already been obtained in Sect. 3, while ¢y satisfies
e W+ / dx ko(w,x)¢@o(x,z) =0, (D.26)
0
instead of Eq. (56), and thus ¢g(x,3/2) = qﬁ(()l) (x).
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Using these, we first calculate

o 2 t 2 _ 2
o= pp2 ) [ as [ 0™ & =99 o515,
Zo() p 0 q

1 - 2\/;
=HD© /D /d 0% hy (x, 2&, D.27
o (0) + 0 A x ¢y (Q7x) 11(xQ)1+iz(Q2)\/Z ( )

where H,El) (0) is some constant and

—(2 — 2 2
B, 00 = 32V /02 / DpDg @ysig 4 p— 0) P pZ;ip ) (pog)

Similarly we have

92 t
HO (1) = _;Ol(z) / DpE (p22p /) /0 ds f Dq exp ((7* — ¢%)s)

X /0 dr exp ((q2 —pz)l’) wo(s,7|Q)

1 X
_ HO(0) +2 / DO / dx 62 (0%) / iy 62 (0%) hio(x — v, 0%)
0 0

(Ot

T aOr (b:29)

where

—(2 — 2 .2
hio(z, 0%) = 8v/2v7, 02 f DpDg @mstg +p— 0P p?p ) a0

The last contribution becomes

HO (1) = —2;(1) / Dpexp (—2p*t)

t 2 2 t
y / dS/Dq eXp ((pqz q )S) / dr exp ((pZ _ qZ)r) CUO(S,V|Q)
0 0

1 1
= HP(0) + / DQ / dx ¢ (%) / dy ¢ (%) 102 — x — v, 0%)
0 0

#(QHV1
e D.31
a0 (B30
D.3. Total contributions
We thus obtain the H (¢) as’
=2
- (01— @OV 32
H@) =HO) + [ DO @) (D.32)

" Here H (0) is potentially divergent but it does not contribute to the metric.
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where

H(0) = HY(0) + H?(0) + H®(0) + 61, (D.33)

1 X
hiowal (0%) = hp(0%) + fo dx ¢ (0%0) {hu<x,Q2>+2 fo dy 9§ (Q*)ho(x — y,0%)

1
+ /0 dy ¢> (O*)h1o(2 — x — v, Qz)} : (D.34)
which leads to Egs. (73) and (74) by 41(¢) = 0,H (¢) and 9:41(¢) = 8t2H ().

D.4. IR behaviors

D.4.1. Some definitions
We write the NLO induced metric as

R} R(0) Ry [ | RO
glj(f) = 5,_']' {1—2(; |:1 + T:” , g()()(‘lf) = —fat {8—? |:1 + T:| ) (D35)

where the relative correction is a sum of four contributions:

3
R(t) = Ry() + Y RO(1),  Ry(t) = 4t8,Hy (1), RV (1) = 40, H (1). (D.36)
i=1

We also introduce G(v) by

(27.[)3/2
Jv
and use the time variable 7 = u«/?/48.

In the following we will use the fact that a double 3-dimensional integral of any function depending
only on the absolute values p, ¢, and |Q|, where O = p + ¢, can be written

o ) = Gv), GO)=1/8, G)~ exp(—v/2), v — 0o (D.37)

/Dp/qu(p,q,Qz) - /Ooopdp /Oooqdq /((W)Z a0’ (p.q,0°). (D.38)

Q2m)* q—p)>

D.4.2. The Ry contribution
Here we can do the angular part of the Q? integral analytically and find

32T [ gqdgq
Ry(f) = , D.39
0= /0 A o) (D.39)
where
> dp @+q9> 4p
ob(q) = ¢° /0 3 P (—2p%) {ln 0—a? ;}, (D.40)

which behaves as pp(¢) = O(g) for small ¢, while

2
op(q) ~ \/3—_;, (D.41)
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for large ¢. Thus we can establish that R, (#) = O(T) for small ¢, while for large ¢,

8

= Ry(00) = 35 = 027019, (D.42)
D.4.3. The R,((l) contribution
We have

1 2 2

dx exp (—p*2—x) —¢°x)  |QIT
&Wo=4ﬂhﬁfb/bu/—— G(0%). (D.43)
0 I P*q? (T +10)? o

Doing the ¢? integral first and introducing x = y? we can rewrite it as

32 (% dp 2/“ L [OT e (@ =)
2T P () [ a0 / dy G (O dq
mJo p (=27) 0 (T+Q)2 Q) q*
(D.44)
After some further rescaling we get
64 [ or
RV 1) = ——f dQ ——— pl D.45
o= | do G om @, (D.45)
where
M *dp 2 [ 2y (P
o (0) =/ —exp(—2p )/ dzGzHY [ =.,z2), (D.46)
o P 0 0
1+e
Y(e,2) = / 5 o ((e2 — £9)2%) = 2e exp (—2°) + O(e?). (D.47)
[1—¢]
From this we see that pKI)(Q) O(Q) for small O, while
> n [ 2 2
1)(Q) ~ é dp exp (—2p )/0 dz G(z°) exp (—z )
1 yw\1/2 [
=_(Z dz G(z* 72 D.48
Q<2) /0 4 (z)exp( Z) ( )
for large O, so that we numerically obtain
r(D = R (c0) = o / Oodz G(z*) exp (—2%) = —1.14734. (D.49)
K K /271_ 0
D.A4.4. The R,((z) contribution
Similarly
T
R (1) = 16727 /D /D / —_G(0*")G(0%)
sl AV ¢7T+@w ee
exp (—2p
x—%?—lwﬂwﬁn%u—wy (D.50)
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Doing the ¢ integrations first, we have

% dp
@ — e _2p?
R (1) = 6427 / dQ———— T + Q)2 / . exp (—2p°)

2.2 2.2 O+ 2 22 2 2
dx dyG(QX)G(Qy) eXp((p g —y%)) dg’.

The ¢ integral can be done analytically and we find

RO() = 12837 / 40 o )

(T+Q

where

oo ] z
o2 Q) = / d—pexp(—2p2) f dz / dw G(z%) G(w?)
p 0 0

exp (w? —z

2

2
2
R )sinhgp(zz—wz).

Thus ,0(2) O(Q) for small Q, while
o0 V4
(2) Q) ~ —/ dp exp Zp / dz/ dw G(z2) G(wz) exp (w2 — 22)
0 0
for large O, and

o0 z
r® = RP (00) = 1287 /0 dz /0 dw G(z*) G(w?) exp (w?* — z%) = 0.45846.

D.4.5. The R,((3) contribution
For R,(<3) we find

RO () = 3227 / 40 )zpé” 0

(T+Q

with

PO (0) = f dx / dy / pdpexp (=297 + P22 +37) GOPDG(OM?)

/<Q+p> exp (<4202 +)7)
X

2 dq’
(Q-p)? q

After rescaling,

0= 5 f dz f dw GGP) Gw) f pdpexp (~2%) 2 (g,zuwZ),

where

1+e —A 2
Z(e,A) =2exp (A82) / exP(—E)dg ~dse ™, £ 0.

b
[1—e| &
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Thus p&> (Q) = O(Q) for small Q, while

p®(Q) ~ é /OO dz foo dw G(z%) G(w?) /oop2dp exp (~2p° — 22 — w?)
0 0 0

12 [ [o° 2
- (%) ( /0 de(22>exp(_z2)) > (D.60)

for large O, which leads to
7 = RO (c0) = 0. (D.61)

Thus the total relative correction is negative:

r=ry+r®D 4P 418 = —0.41869. (D.62)
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