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Abstract

We present a general study of 3-point functions of conformal field theory in momentum space, follow-
ing a reconstruction method for tensor correlators, based on the solution of the conformal Ward identities
(CWT’s), introduced in recent works by Bzowski, McFadden and Skenderis (BMS). We investigate and
detail the structure of the CWT’s, their non-perturbative solutions and the transition to momentum space,
comparing them to perturbation theory by taking QED as an example. We then proceed with an analysis
of the T'JJ correlator, presenting independent and detailed re-derivations of the conformal equations in
the reconstruction method of BMS, originally formulated using a minimal tensor basis in the transverse
traceless sector. A careful comparison with a second basis introduced in previous studies shows that this
correlator is affected by one anomaly pole in the graviton (T) line, induced by renormalization. The result
shows that the origin of the anomaly, in this correlator, should be necessarily attributed to the exchange of
a massless effective degree of freedom. Our results are then exemplified in massless QED at one-loop in
d-dimensions, expressed in terms of perturbative master integrals. An independent analysis of the Fuchsian
character of the solutions, which bypasses the 3K integrals, is also presented. We show that the combina-
tion of field theories at one-loop — with a specific field content of degenerate massless scalar and fermions
— is sufficient to generate the complete non-perturbative solution, in agreement with a previous study in
coordinate space. The result shows that free conformal field theories, in specific dimensions, arrested at
one-loop, reproduce the general result for the 7'/ J. Analytical checks of this correspondence are presented
ind = 3,4 and 5 spacetime dimensions. This implies that the generalized 3K integrals of the BMS solution
can be expressed in terms of the two single master integrals By and C of 2- and 3-point functions, with
significant simplifications.
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1. Introduction

The analysis of multi-point correlation functions in conformal field theory (CFT) is of out-
most importance in high energy physics and in string theory, where exact results for lower
(2- and 3-)point functions are combined with the operator product expansion (OPE) in order
to characterize the structure of correlators of higher orders. This is the key motivation for a boot-
strap program in d = 4 spacetime dimensions.

The enlarged SO (2, 4) symmetry of CFT’s — respect to Poincaré invariance — has been es-
sential for establishing the form of some of their correlation functions. For 3-point functions, the
solution of the conformal constraints in coordinate space allows to determine such correlators
only up to few constants [1,2], which can then be fixed within a specific realization of a theory.
In the case of a Lagrangian realization of a given CFT, such constants are expressed in terms
of its (massless) field content (number of scalars, vectors, fermions), according to rather simple
algebraic relations.

Except for perturbative studies performed at Lagrangian level, such as in the case of the N =4
super Yang—Mills theory, which reach considerably high orders in the gauge coupling expansion,
most of these analyses are performed in coordinate space, with no reference to any specific
Lagrangian.

There are obvious reasons for this. The first is that the inclusion of the conformal constraints is
more straightforward to obtain in coordinate space, compared to momentum space. The second is
that the operator product expansion (OPE) in momentum space is difficult to perform, especially
for correlators of higher orders (> 3), in the Minkowski region. However, there are also some
advantages which are typical of a momentum space analysis, and these are related to the avail-
ability of dimensional regularization (DR), at least at perturbative level, and to the technology of
master integrals, which has allowed to compute large classes of multiloop amplitudes.

Another advantage has to do with the identification of the conformal anomaly [3], which
can be automatically extracted in DR (in d spacetime dimensions), being proportional to the
1/(d — 4) singularity of the corresponding correlators. In coordinate space, instead, the anomaly
contributions has to be added by hand by the inclusion of an inhomogeneous local term (i.e. by
pinching all of its external coordinates), whose structure has to be inferred indirectly [1].

Finally, a crucial issue concerns the physical character of the anomaly, which does not find any
simple particle interpretation in position space, while it is clearly associated to the appearance of
an anomaly pole in momentum space [4—6] in an uncontracted anomaly vertex. One finds, by a
perturbative one-loop analysis of any anomalous correlator, that the anomaly is always associated
with such massless exchanges in the corresponding diagram. It is therefore possible to identify
them as effective degrees of freedom induced by the anomaly, present in the 1PI (one-particle
irreducible) effective action. The physical significance of such contributions has been stressed in
several previous works [4,6,7] along the years. They have recently discussed in condensed matter
theory in the context of topological insulators and of Weyl semimetals [8,9].

One of the goals of our work is to compare and extend previous perturbative analysis of the
T JJ correlator with more recent ones based on the solution of the conformal Ward identities
(CWT’s) in momentum space [ 1 [-14]. This correlator is the simplest one describing the coupling
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of gravity to ordinary matter in QED and it has been investigated in perturbation theory from
several directions [15-19].

1.1. Direct Fourier transform and the reconstruction program

In principle, one can move from coordinate space to position space in a CFT by a Fourier
transform. This was the approach of [20] for 3-point functions, which can be explicitly worked
out by introducing a regulator () for the transform very much alike DR. The regulator serves
as an intermediate step since some of the components of the correlators in position space are ap-
parently non-transformable. It has been shown that 1 /@ poles generated by the transform cancel
in all the correlators analyzed, giving a complete expression for these in momentum space. The
result is expressed in terms of ordinary and logarithmic master integrals of Feynman type, for
which, in the latter case, it is possible to derive recursion relations as for ordinary ones [20]. The
advantage of such approach is of being straightforward and algorithmic. It may be essential and
probably the only manageable way to re-express the bootstrap program of CFT’s in momentum
space beyond 3- and 4-point functions, from the original coordinate space analysis. Consistency
with the analysis presented in [20] implied rather directly that such logarithmic integrals had to
be re-expressed in terms of ordinary Feynman integrals. In fact, it was shown in the same study
that the TJJ correlator was entirely reproduced by a free field theory in coordinate space. Our
analysis in momentum space is in complete agreement with this former result.

1.2. Reconstruction

An alternative method has been developed more recently, based on the direct solution of the
conformal Ward identities in momentum space. The method has been proposed in [14] and [24]
for scalar 3-point functions and extensively generalized to tensor correlators in [14].

Several issues related to the renormalization of the solutions of the conformal Ward identities
have been investigated in [12,13], adopting the formalism of the 3K integrals (i.e. parametric
integrals of 3 Bessel functions). Several analyses in momentum space, for specific applications,
have been worked out [10,23], but the generality of the approach is clearly a significant feature
of [14], which reconstructs a tensor correlator starting from its transverse/traceless components
and using the conservation/trace Ward identities (local terms). The latter are reconstructed from
lower point functions.

The result is expressed in terms of two sets of primary and secondary conformal Ward identi-
ties (CWD’s), the first involving the form factors of the transverse/traceless contributions, which
are parametrized on a symmetry basis, the second emerging from CWI’s of lower point func-
tions. For 3-point functions, the secondary CWI’s involve conservation, trace and special WT’s.
In all the cases, the reconstructed solutions for 3-point functions can be given in terms of gener-
alized hypergeometrics of type Fy, [20], also known as Appell’s hypergeometric function of two
variables (Fy), related to 3-K integrals [14].

1.2.1. The anomaly pole of the TJJ

One of the results of our analysis will be to show how such contributions originate from the
process of renormalization, taking as an example the case of the 7'J J, filling in the intermediate
steps of the discussion presented in [22]. We follow the general (BMS) approach introduced in
[11] for the solution of the conformal constraints, which we detail in several of its parts, not
offered in [11]. It has been compelling to proceed with an independent re-derivation of all the
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lengthy equations. The method can be directly generalized to higher point functions and imple-
mented algorithmically, as we are going to show in a separate work. When coming to discuss the
momentum space approach in CFT, there are several gaps in the literature, which are of method-
ological nature and need to be addressed. These concerns the correct form of the differential
equations, the treatment of the derivatives of the Dirac §’s induced by momentum conserva-
tion, violations of the Leibnitz rule for the special conformal transformations, or the choice of
the Lorentz (spin) singlet operator in the action of the conformal group on a specific correlator.
These are points that we will address systematically. We will illustrate how to merge the results
of the BMS approach on the structure of the minimal set of (4) form factors (the A-basis), so-
lutions of the CWTI’s for the T JJ correlator, with a basis of 13 ones (the F-basis) defined in
previous perturbative studies. We will show how to extract from the F-basis 4 combinations
of the 13 and we will verify that they respect the scalar equations identified within the BMS
approach.

The use of this second basis is essential in order to prove that the WI's and the renormalization
procedure for this correlator, imply that the anomaly can be attributed to the appearance of an
anomaly pole in a single tensor structure of nonzero trace.

1.3. Our work

As we have just mentioned, one of the goals of this work, in a first part, is to present a system-
atic approach to the analysis of the CWI’s in momentum space, closing a gap in the literature.
The transition to momentum space raises the issue of how to include momentum conservation
(i.e. translational invariance in coordinate space) in the presence of the dilatation and the special
conformal generators. We will be dealing, in particular, with a rigorous treatment of such con-
tributions which show up after a Fourier transform of the conformal generators to momentum
space.

We are going to investigate in detail the role of these contributions relying on the theory of
tempered distributions. In particular, the discussion of these terms will be performed using a
Gaussian basis which converges — in a distributional sense — to a covariant § function in D =4
and allows to define a formal calculus for such distributions.

Such contributions do not cancel, but lead to specific forms of the conformal generators in
momentum space which are, however, in agreement with those presented in [14,21,24]. We define
operational methods for the treatment of the covariant derivatives of § functions in a consistent
way, which may find application also beyond the scope of the current treatment, being quite
general.

In a second part we move to discuss scalar and tensor correlators and the solutions of the
CWT’s. We elaborate, in particular, one the apparent violation of the Leibnitz rule for the special
conformal (SC) generator (K*), which emerges whenever we impose momentum conservation
and eliminate one of the momenta, and the symmetric action of this operator, at an intermediate
stage, is not evident. In position space this corresponds to choosing one coordinate to be zero, and
treating the corresponding operator in a given correlation function, as spin singlet. The derivation
of the constraints on the form factors is performed, in our case, by using Lorentz Ward identities,
on which we elaborate in detail, confirming the results of [14]. We show how different choices
for the singlet operator leads to an equivalent set of conformal equations. We then illustrate how
to derive the solutions of the various form factors using some properties of the hypergeometric
equations, bypassing the 3K integrals, showing that the Fuchsian indices of all the equations
remain the same for all the solutions.
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Such analysis is followed by a perturbative study of 7JJ correlator in the transverse trace-
less basis both in QED and in scalar QED, deriving the associated anomalous conformal Ward
identities from this perspective.

In the final part of our work we show how the perturbative solutions for the A;, which are
given in an appendix, reproduce the exact BMS result in a simplified way. We use the cases of
d =3 and d =5 to show the exact correspondence between the two. This correspondence is
studied by fixing an appropriate normalization of the photon two-point functions, on which we
elaborate. This shows that the choice of different perturbative sectors (scalar, fermion) in both
cases are sufficient to reproduce the entire nonperturbative result. This implies that only arbitrary
constant in the nonperturbative solution, expressed in terms of the 3K integrals, has to simplify
and be expressible in terms of simple integrals By and Co, the scalar 2- and 3-point functions. In
our conclusions we briefly comment on the possible origin of such simplifications.

2. Special conformal Ward identities in the operatorial approach

In this section, to make our treatment self-contained, we briefly illustrate the operatorial
derivation of the CWT’s for correlators involving 3-point functions of stress energy tensors.
An infinitesimal transformation

xH ) = x"H(x) = x* + o (x) 2.1)

is classified as an isometry if it leaves the metric g,,(x) invariant in form. If we denote with
g,y (x) the new metric in the coordinate system x’, then an isometry is such that

8w (X)) = guv (). (22)
This condition can be inserted into the ordinary covariant transformation rule for g, (x) to give
axP 9x°
/ / /
8 (x) = ax—,umgm(x) = guv(x") (2.3)

from which one derives the Killing equation for the metric

V¥ 00 guv + &uo v’ + govd,v° =0. 2.4)
For a conformal transformation the metric condition (2.2) is replaced by the condition

8 () =Q g, (x) (2.5)

generating the conformal Killing equation (with Q(x) =1 — o (x))

V¥ 00w + 8o v + 8ovd, 07 =20g,,. (2.6)
In the flat spacetime limit this becomes
1
Oy vy + 0yvy =20 Ny, 02584). 2.7

From now on we switch to the Euclidean case, neglecting the index positions. Using the fact that
every conformal transformation can be written as a local rotation matrix of the form

ax'#

0x%

we can first expand generically R around the identity as

R =

(2.8)
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R=1+[e]+... 2.9

with an antisymmetric matrix [€], which we can re-express in terms of antisymmetric parameters
(tps) and 1/2d (d — 1) generators X, of SO(d) as

1
l€lpa = 5o (Eﬂ(’);ux
(Z00) 100 = puboe = Spadoys (2.10)

from which, using also (2.8) we derive a constraint between the parameters of the conformal
transformation (v) and the parameters 7, of R

1
Rua = e+ Tua = e+ 5t 2.11)

with 0jq V) = 0V — Iy Vg
Denoting with A 4 the scaling dimensions of a vector field A, (x)’, its variation under a con-
formal transformation can be expressed via R in the form

AP (") = QR R, A% (x)
1
= —cr-i—...)AA(SW-i-Ea[avM] +..)AY(x) (2.12)

from which one can easily deduce that

1
SAF(x) =AM (x) — A (x) = —(v- 30 + Apo) AP (x) + Ea[avﬂ]Aa(x), (2.13)
which is defined to be the Lie derivative of A* in the v direction, modulo a sign

LyAM(x) = —8 A (x). (2.14)

As an example, in the case of a generic rank-2 tensor field (¢! X) of scaling dimension Ay,
transforming according to a representation D§ (R) of the rotation group SO (d), (2.12) takes the
form

¢'1 K (') =% D}, (R)DE, (R)¢" X' (x). (2.15)

In the case of the stress energy tensor (D(R) = R), with scaling (mass) dimension A7 (A7 =d)
the analogue of (2.12) is

T/ (x") = QA RE R T (x)
=1-Ar0+..)0ua + %Bwvu] +..)Gua + %B[QUM +..)T*(x) (2.16)
where 09[4 v, = 0y vy — 0, vy. One gets
ST (x)=—=AroTH —v .- aTH (x) + %8[(111,“ T + %B[UUQJT““. 2.17)
For a special conformal transformation (SCT) one chooses

v (x) = byx? = 2x,b - x (2.18)

with a generic parameter b, and 0 = —2b - x (from 2.7) to obtain
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ST (x) = —(b%x% — 2x%b - x) 3, T (x) — Apo TH (x) + 2(bpxq — bax, )T
+ 2(byxg — bexy) TH(x). (2.19)
It is sufficient to differentiate this expression respect to b, in order to derive the form of the
SCT K“ on T in its finite form
0
v — v —
KETH (x) = 8, T (x) = @((ST’“’)

= —(x23K —2x,ex - DTH (x) + 2A7x, THY (%) + 2(8 e Xor — B X)) T (%)
+2(8icv X — Seucxy) THE. (2.20)
The approach can be generalized to correlators built out of several operators. In the case of a
T JJ correlator,
DAY (xy, x0, x3) = (TH (x1) T (x2) TP (x3)) (2.21)
with a vector current of dimension A ;, the CWTI’s take the explicit form
3
KRTHYB (xy, X2, x3) =ZKi?,;ala,(xi)rwaﬁ(xl,Xz,x3)
i=1
+2 (8" x1, — 85x{") TPYP 42 (8 x1, — 85x)) TP
2 (5% x2p — 85x5) TP 42 (5/’%,, _ 5;x§’) rHver ),
(2.22)
where

.K —
Lscalar —

d
+2xx] o

is the scalar part of the special conformal operator acting on the iy coordinate and A; =
(At, Ay, Ay) are the scaling dimensions of the operators in the correlation function.

—x} +2A;xf (2.23)
0X,

2.1. Constraints from translational symmetry and the Leibniz rule

One of the main issues, when moving to momentum space, is to include the constraint from
translational symmetry on a tensor correlator. The inclusion of this constraint at the beginning,
for a tensor 3-point function of the form

(H{"" (e HY? ™ (x2) HYPV (x3)), (2.24)
with each of the H;’s of scaling dimensions AIH , reduces it to the form

(H{"" (x13) Hy 2" (x03) HY2™(0)), (2.25)

and the action of K*, the special conformal generator, on (2.24) and (2.25) will obviously change.
The transition to momentum space in the two cases above takes to two different forms of the
special CWI. The first form will be symmetric in momentum space, but at the cost of generating
derivatives of the delta-function, which enforce conservation of the total momentum, while the
second one will be asymmetric, treating one of the momenta as dependent from the other two.
The final result for the scalar equations of the corresponding form factors will obviously be
symmetric respect the three momenta.
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In particular, the Lorentz (spin) generator, in the case of (2.25), will act only the indices of Hj
and Hj, but not on those of Hj, although the differentiation respect to the 4-momentum p3 will
be performed implicitly by a chain rule in this second case, once we move to momentum space.

We are going to illustrate this point in detail.

Identifying K} Hi” " with the expression (2.20) (with A7 — A lH ), then the action of the spe-
cial conformal transformation on (2.24) will take the forms

3
K(H!"™ (e Hy? () YV () = K (H{™ () Hy 2 () B (03)
i=1
= ¢ PO KN (HI (i3 Y (n23) HY 7 (0)
(2.26)

with P the total translation operator (P = P} + P> + P3) and
K* = eiPx3 KKe—iPx3' (2.27)
Using the relations of the conformal algebra

[K¥, P']1=2i(f""D + M*"),  [D, P"]=—iP"

[MKV, P/l.] — _i(nK/,LPV _ n/,LUPK),
and expanding (2.27) we obtain the relation
2
K = K* + ix3u[P*, K]+ —x3,030 [P, [P”, K*]] + ...
2 (2.28)
= K" +2x5 D + 2x3, M*"* — 2x5 x3, P" —{—x%P",

since the commutator of higher order vanish.
The explicit form of the operators (dilatation, Lorentz and special conformal) D, M*¥, K* is
K*=KY+ K5+ KX, D=Di+ Dy + D3, M* =M}"" + M)"" + M} and

a a
KUY g v v R
Mi _Li +Zl . L[—l(xl le—xlvw), (229)
split into angular momentum (L) and spin (X). We illustrate this crucial point in some detail,
since it shows how the action of the Lorenz generators on the field at x3 vanishes. We get (using

P =id/0xf)
K¥ = x{ph —2x¥x1, pY — 2ix¥ Ay — 2x1, 2K
+ X3 P — 2x5 X0, Py — 2ix5 Ay — 2x7, 5"
+ x5 P8 — 2x5x3, Py — 2ix5 Ay — 2x3, 55"
+2ix5 (A + Ao+ Az) 4+ 2x5 (X1, p] + x20 Py + X3, P3)
+2x3, (7Y + 257 + 25Y) 4 2x3, (x| p] — x{ p] + x5 py — x5 p5 + x5 p3 — x5 p5)
s

— 2x5x3, (Y + PY + PE) + x3(BY + P + pY)
(2.30)

which shows the cancellation of the contribution from the generator M3 since
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K = (x1 —x3)? ¥ = 2(x% = x)(x1y — x30) p1¥ — 20 (xF — xX$) A1 — 2(x1y — x3,) 2K
+ (X2 — x3)% P — 2(x5 — x%) (x20 — X30) Py — 20 (x5 — X5)Ag — 2(x2y — x3,) Z5.
(2.31)

Notice that both X1 and ¥, denote the two spin matrices, which act only on H; and H». In other
words, in coordinate space the choice x3 = 0 implies that H3 behaves as a Lorentz singlet respect
to the spin part. The result can be rewritten in the compact form

K = K5 + K5, (2.32)
where the action of K ’1‘3 on a rank-2 tensor H*", for instance, is given by
K“H" (x13) = K egpqr (x13) H' + 2 (8" x13, — 85 x15) H"
+2(8%x13p — Sf)xig) HH*P, (2.33)

with Kcqiqar (x13) being given as in (2.23) with x; — x13 and A; — Ap, and we obtain the
equation

0= K" (H{"" (x1) Hy*" (x2) H}?" (x3))
=7 (K + K53) (H{" (x13) HY? (ra3) HY ™ (0). (2.34)
Notice that the solution of this equation can be obtained by solving the reduced equation
(K5 4+ K5) (H{" (x13) Hy " (x23) H3 7 (0)) = 0 (2.35)

which is equivalent to finding the solution of (2.34) with x3 = 0 and acting afterwards with the
translation operator e~/ ¥3 to restore the full dependence on the third coordinate. Setting

X PV (x5 x13) = (HY (3) HY? 2 (xo3) HY 2 (0)), (2.36)

anticipating the discussion that will be presented for these equations in momentum space, the
special CWI then can be cast into the form

/ d*prd* pye™! PRI (KK 4+ KX Yy (p1, p2) =0 (2.37)
giving
(K5, +K5)x(p1, p2) =0. (2.38)

Notice that the previous form of x (pi1, p2), which is a function of the independent momenta
p1 and p;, conjugate to x12 and x13, is the final form of the function, having re-expressed p3
in terms of p; and p;. In a direct explicit computation, one has to act with the transforms of
K*(x12) and K*(x13), that we denote as K“(p;) and K“(p3), on the transform of the initial
correlator

(K*(p1) + K*(p2))(H{" (p1) Hy*"* (p2) H3(p3)) =
= / d?x13d"xo3 7 P1RTIP (KX (x12) 4+ K* (x13))

X (H{™" (x13) HY?" (x23) HY™ (0)) (2.39)
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with p3 — p3 = —p1 — p> and the Leibniz rule is violated. The symmetry respect to the external
invariants ( p%, p%, p?) of the conformal generator is only reobtained at the end, after applying
the chain rule for the differentiation of p3 respect to the two independent momenta.

The final result is that in momentum space we can treat H3(p3) as a single particle operator,
in the sense that the differentials in p; and p; will act separately on H; and H», but also on H3
implicitly, via a chain rule.

At the same time, as clear from (2.31), the spin rotation matrix 3" contained in the Lorentz
generator MMV will act only on H; and H;, treating H3 as a Lorentz (spin) singlet. We will
present on the sections below complete worked out examples of this action. Since we are free
to set any of the 3 coordinates to zero, the intermediate steps of the computations of the CWI’s
will be completely different, and the choice of the Lorentz singlet operator can be dictated by
convenience.

The choice of the point x which will be set to zero (e.g. x3 = 0) is obviously arbitrary, but
preferably should be suggested by the symmetry of the correlator. For instance, for correlators
such as (T (x1)T (x2)T (x3)) and (T (x1)T (x2) O (x3)) setting x3 = 0 and removing momentum
p3 in terms of pp and p» is the natural choice. In the (T (x1)J (x2)J(x3)) case it is convenient to
set x; = 0 and re-express the momentum p; in terms of p; and p3.

3. The conformal generators in momentum space

In this section we discuss two formulations of the dilatation and SCT’s, with the goal of clar-
ifying the treatment of the constraints coming from the conservation of the total momentum in a
generic correlator. We will be using some condensed notations in order to shorten the expressions
of the transforms in momentum space. We will try to avoid the proliferation of indices, whenever
necessary, with the conventions

D) = (P ()E(x2) . Pu(xn)) =PRI

dp=dpidp;...dps @(p) = P(p1, p2,---s Pn)- (3.1)

It will also be useful to introduce the total momentum P = Z;f:l Dj-
The momentum constraint is enforced via a delta function §(P) under integration. For in-
stance, translational invariance of ®(x) gives

(x) = / dp5(P)ePED(p1. pa. p3). (3.2)
In general, for an n-point function ®(x1, x2, ..., X,) = (¢1(x1)P2(x2)..., (x,,)), the condition of
translation invariance

(D1(x1)P2(x2),s -+ - P (xn)) = (D1 (x1 + @)Pp2(x2 + @) ... Pn (xn + @) (3.3)

generates the expression in momentum space of the form (3.2), from which we can remove one
of the momenta, conventionally the last one, p,, which is replaced by its “on shell” version

Pn=—(P1+p2+...pn-1)
DX, X2, s Xp) = / dp]dpzmdpn_lei(Plxl+P2x2+...17:171xn71+ﬁnxn)q)(pl P2 ﬁn)
(3.4)
We start by considering the dilatation WI.
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The condition of scale covariance for the fields ¢; of scale dimensions A; (in mass units)

DX, AXD, -y Axn) = A2 (X1, X2, .., Xn), A=A+ A +... A, (3.5)
after setting A = 1 4 € and Taylor expanding up to O (¢€) gives the scaling relation
“ 9
(Dn+A)¢EZ(x78x—q+Aj> D(x1,x2,...,x,) =0, (3.6)
Jj=1 J
with
n 8
D, = X;xjfm (3.7)
]: J

The corresponding equation in momentum space can be obtained either by a Fourier transform
of (3.6), which can give either symmetric or asymmetric expressions of the equations in the
respective momenta p; or, more simply, exploiting directly (3.5). In the latter case, using the
translational invariance of the correlator under the integral, by removing the §-function con-
straint, one obtains

D(Ax1, Ax2, ..., AXxp,)

:/ddplddpz...ddpn_lei)»(mxl+P2x2+~~17n—|xn—1+ﬁnxn)q)(p1,p2’.“’ﬁn)

=A—A/ddplddpz...ddpn,le“m’”+P2x2+'~1’n—1xﬂ—l+ﬁm>q>(p1,pz,...,ﬁn). (3.8)

It is simply a matter of performing the change of variables p; = p; /A on the rhs of the equation
above (first line) with dpj...dp,—1 = (1/2)@=Dddp| . .a?p! | to derive the relation

1 P1 D2 P _A _
W‘D(T,T,,T)Z)\. q)(pl,pz,,pn) (39)
Setting A = 1/s this generates the condition
sV D (spy, spa, ... 5P,) = P(PLy P2, D) (3.10)

and with s ~ 1 4 €, expanding at O (¢) we generate the equation

n n—1

9 _
E:Aj—(n—l)d—E p‘;apj ®(p1, p2,---» Pp) =0. (3.11)
j=I j=l1 J

It is straightforward to reobtain the same equation from the direct Fourier transform of (3.6) if
we use translational invariance since

Dy + A)D(x1,...,x,) =

= (D, + A)/ddp] o dhpS(P) PP D (py L pp)

n n—1 )
- (Lo S

; : 0xip

j=1 i=1

X d>(pl9"-9pn—11 p_n)

/ddpl . .ddpn_leiplxlll‘l’mpnflxn—l n
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n n—1
9 .
= / ddpl .. .ddpnil Z A] + Zp] ap elplx]tl+---[7;1—1xn—ln
j=1 j=1 /

X ®(p1,..., Pu—1, Pn)- (3.12)

At this point we perform a partial integration n — 1 times, moving the derivatives from the expo-
nential to the correlator @ to reobtain (3.11)

0: (DH+A)CD(-xla-'-a-xl’l)

:/ddpl. a1 ZA —(n—1)d - Zp—

x @ (py, ...,pnq,pn)e’f’“""*"-’f’"—"‘"—ln. (3.13)

A rigorous way to reobtain this result is to consider directly the conformal algebra for the di-
latation operator D = (i D, + A) and use the commutation relations. For our purpose we can
consider a realization of ®(x1, ...x,) via some operators O;(x;)

D(01(x1)...04(xa)) = ) D(xj) (O1(x1) ... Oy (x2))
j=1

ZA +Zx]a 7 [(0161) ... On (). (3.14)

This n-point function is translatlonally invariant, so that we can shift the fields using the
translation operator exp(i P - x,), with P the total translation operator P = Z?:l P;

D(O1(x1)...0p(xn)) = P D' (O1(x1 — xp) ... On(xn—1 — ) 0 (0)) =0 (3.15)

o
D' = Pu p i Fu :Zﬁx:‘ XX [Py,,[...[Py. D]...1]. (3.16)

Using the commutation relations of the conformal algebra, there are at most two non-vanishing
terms in this sum. Evaluating the finite multiple commutators we get

D'=D+ix![P,,D]=D—x"P, (3.17)
and explicitly
n n
D = Z [Aj +x;(Pj)v:| —x,‘,’ Z(Pj)v
j=I j=I
n—1 n n—1 9 n
:Z(xj—xn)v(Pj)erZAj = Z(xj—xn)vgj +ZA]-, (3.18)
j=1 j=1 j=1 v j=1

Notice that the solution of (3.15) can be obtained by solving the reduced equation

D/(Ol(xl —Xn) ... On (1 — x,) 0,(0)) =0 (3.19)
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and then acting with a total translation. In momentum space this relation generates the Ward
identity

f l_[ ddx] eix1~[71+...ipn-xn D/ <O] ()C] _Xn) . .On(xn,] _ xn)on(0)> _ O’ (320)
that is
n n n—1
0
d d (d) . . a

/d p1...d%p,s ij ZAJ _(”_1)61__2”/37

Jj=1 j=1 j=1 J
X (O1(p1) ... On(pn—1) On(pn)) =0, (3.21)

where p, = — 3 1P

If we decided to work with symmetric expressions of the transform, the approach would be
more cumbersome since it would involve §’ (derivative) terms in the integrand. We are going
to discuss this second approach both for the dilatation and for the special conformal transfor-
mations. It requires a brief digression on the use of some relations for the covariant §-functions
which we are going to formulate below and that will be essential in order to clarify the correct
way to treat such contributions.

3.1. Delta calculus and symmetric Gaussians

It is possible to derive a formal calculus for the derivatives of §¢(P) using as defining condi-
tions that, for a generic function f(p) which is regular at P* = 0 the rules

/d"P 3 8Y(P) f(P) = —0,.f(0) (3.22)
and
/ddP 3508%(P) f(P) = 853, f (0) (3.23)
hold. For instance one easily obtains formally
3 d
3,89 (P) = pa —s4(P) = 28d(P)P"‘, (3.24)

which can be checked using the following rule for symmetric integration in (3.22)

/dd 8P )Potpﬂf(o) L8, (3.25)

where f(0) is a constant. Slmllarly, one can show that

d o d( )
d“P P ) = (3.26)
which is consistent with the fact that the integral
f d?Pa,84(P)=0, (3.27)

has a zero boundary value. Notice that (3.26) can be extended to the more general form
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d
/ddP pa? Iﬁf) f(P)=0, (3.28)

if the function f(P) is regular at P =0.

To derive such relations on a rigorous basis, we need to introduce a suitable family of functions
converging to the 8¢ (P) in the distributional limit.

We will be needing the relations

d-2

D—1
s@=J]s@) C@...001)=]]sine! """
=1 =1

3(P)5(2)

84(P) = ,
(P) Pd_IC(Ql,...,Od_l)

(3.29)

between the cartesian and the polar coordinates versions of the delta function. Then clearly

o) T T 2
/ddPSd(P) =/dP/d91 /dez.../ded,la(ma(szd): 1. (3.30)
0 0 0 0

It is easily shown that the integral of a vector n of unit norm, expressed in the same variables

n%@1,...,04—1) = (cosBq,cosBsinby,...,sinfy_1...sinb;),
0<6;,<m,i=1,2,...d -2, 0<6,;_1<2m, (3.31)
vanishes
/dQn“(@l,...,Gd_l)zo, dQ2=d01d6,...d0;_,. (3.32)

These relations will be used to parametrize the tensor integrals over the (total) momentum
P" of the correlators as n**| P|, with | P| being the magnitude of P. Notice that respect to the
d-dimensional angular integration measure d 24, d<2 is stripped of the angular factors

d-2
dQq=dQ [ [sing/ """ (3.33)
=1
The vanishing of (3.32) is simply due to the symmetry of the angular integrations. This may
not be obvious if we separate the angular from the radial parts of the § function and performs the
angular integration first, since the d-dimensional rotational symmetry is broken

/dQn“(Ql,...,Gd_l)(S(Q) = 50, (3.34)

where the nonzero component surviving in (3.34) depends on the directions chosen for the polar
axis, and the integration measure has been stripped off of the angular factors. Notice that only
one component (1n°), proportional to cos;_1, is nonvanishing after the integration with §(2),
the remaining ones being zero. Therefore, the vanishing of (3.26) has to be shown by using a
rotationally symmetric sequence of functions which avoid the formal manipulation in (3.32). For
this purpose we use a sequence of normalized Gaussians

p2

1 _Pr2
— 2
G = Gy

/a’dPGk(P) =1 (3.35)

converging to 8¢ (P) as k — 0. We need to consider the distributional limit of
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o0
PCt
/ddPﬁGk(P)szd_zdP Gk(P))/n“(Ol,...,Qd_l)de
0
1

T 2 2ndl2kd/2 12

which vanishes after angular integration since

d—1
(= )/n“(@l,...,ed_l)dﬂd (3.36)

Y“(n)E/n“(Gl,...,Od_l)de:0 (3.37)

with the boundaries given in (3.31). Therefore, the correct angular average should be taken before
the distributional limit of kK — 0, giving a vanishing result, thereby proving (3.26). The result
for the rank-2 integral in (3.25) which has been justified above by covariance and symmetric
integration, can also be obtained by a similar method. In this case we get

d Papﬂ i d—1 off
/d P Gk(P)=/P G (P)dP Y (n), (3.38)

0

where we have defined the angular part

Y (n) f G, g )d = vy vy = E (3.39)
n)= [ n®n s, 04 = — s = . .
1 d—1 4=V d I'ld/2]
Also in this case the integral (3.38) is factorized with
o
d—1 1
dPP“" Gy(P)=—, (3.40)
Va
0
which is independent of the k parameter of the distributional limit. Therefore
o pp *® 1
PP
/ddP 3 Gk(P):/Pd_le(P)dP Y“ﬂ(n)zng"‘ﬁ (3.41)

0

for any value of the parameter k. This takes directly to (3.25) if the parameter of the Gaussian
family approaches k = 0 in order to extract the value of a test function f(P) at P =0.

One can expand on this result using the rules of the ordinary calculus formally, by taking
multiple derivatives of §(P) using (3.22), which imply that

35087 (P) = dp (-%5%}))1)“)

dd+2) 4 d
=———384(P)P* PP — —59(P)s*P. 3.42
R 5284(P) (3.42)
These correctly generate (3.23) using symmetric integration

1
d(d+2)(

84(P
/d"P ( )P‘)‘PﬁP"P"f(O) = 8°P8ro + 50 5P 4 527 5PP) . (3.43)

(P2)2
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Another useful relation is

o 0
Zp,—sd( )—lejaPaa%

= PY9,8%(P) = —d 8(P), (3.44)

using (3.24), which is of immediate derivation. We will be using the relations above to illustrate
the elimination of one of the momenta from the differential equations which characterize the
CWT’s in momentum space.

3.2. The dilatation Ward identity with one less momentum

We can reobtain the results of the previous sections for the dilatation WI by using the calculus
derived above. The dilatation Ward identity of (3.6) can indeed be written in a (p1, p2, ... pn)
symmetric form using

. 9
Z( aa+A>q>(-xlax25"'axn)

j=1 j

3
9 .
= (’973—01 +A1> /dd_l’e’ﬁfs(f’)q’(ﬁ)
j=1 Y

3
d d
/d p8d(P)e'x XEA —nd — ija 7 | 2@+ 8iem: (3.45)
J
with
8t = /w’_ppaaasd(P)e’ﬂqn(g) :d/d‘f_pad(P)e"&qxg), (3.46)

where we have used (3.44). Inserting (3.46) into (3.45) we obtain the symmetric expression of
the scaling relation in momentum space

n

Z(x“i+A~> D (x1,x2 Xn)
j o J ’ RO g /)
8xj

j=1

/ddp s4(Pye'rx ZA —(n—1d— Zp/ o P(p). (3.47)
j=1
The expression given above depends only on n — 1 momenta, since one of them can be elim-
inated. If we choose as independent ones py, ... p,—1 with (p1,..., py) = (P1,.-., Pn—1, P),
and define ¢ = p1 + p2...+ pu—1, then the dependence on p,, in (3.47) can be re-expressed in
terms of the total momentum P and of the sum of the independent momenta g as

®(p)=P(p1,.... pn—1, P)  py=P*—q"

n—1

Z d><p> Zp,aiﬂ(pl,. - Pn1, P)

+(P*—q%)

BP“ q)(pl»'-'pn—lvp)' (348)
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The last (n;,) term in (3.47) is given by

3
on E/ddpéd(P)elpx “p—a¢>(£). (3.49)

n

Rewriting the exponential as ¢'PX 5 o (P1Xintpaot-n—in+iPxn) gnq using the 87 (P) to remove
the P - x,, term, o, takes the form

on = / d?p1d?py...d" pu_1d? P 8T (P)e! PP P
P a0 O P
x(P—q) Pa (p1s---Pn-1, P)

J— / ddplddPZ . 'ddpn_leip]xln'H[)ZXZn+-'-il7n—1xn—lnq05

9
x/ddP T pa O Pae, P)8¢(P). (3.50)

Notice that in the expression above we have removed the 84(P)P aga ®(p) term, which after a
partial integration becomes

/ddp(gd(p)Pa d q;(p]" Pn—1, P)eiplXln+ip2x2n+-<-ipn—1xn—ln

:/ddPeip"”"+i1’2x2’1+"'ip”*1x"*‘" <—d+P°‘ 5d(P)> ®(p1,...pu—1, P) (351

ap*

and vanishes by (3.24). Similarly, we derive the vanishing relation
0
/d"P P e ®(p1, a1, P (P) = d / d"Pa"(P) SOP1 e pat. P)

=d/ddP8d(P) ®(pi1,...pn-1,0) (3.52)
=0 (3.53)

which has been obtained as a result of (3.26) and (3.28). Therefore we find that o,, = 0, reobtain-
ing the expected scaling equation in momentum space

ZA —(n—1yd - Zp,a a | @1 put. o) =0. (3.54)
j=1

3.3. Special conformal WI's for scalar correlators

We now turn to the analysis of the special conformal transformations in momentum space. In
this second case the §’ terms cancel identically. Also in this case we discuss both the symmetric
and the asymmetric forms of the equations, focusing our attention first on the scalar case. The
Ward identity in the scalar case is given by

n

9 9
Z( X o +2xKX°‘a 3 +2AJ'X§) P (x1,x2, ..., %) =0 (3.55)
j=1 J

which in momentum space, using
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3 3 .
—i—  — = ip" 3.56
xj—> 18p1 8xj_)lpf ( )
becomes
Z/ P —2p® « 8 _ 2AJ-i eLxsd(PYp(p) =0, (3.57)
Ia aap J 8pa3p 8p'](~ =

where the action of the operator is only on the exponential. At this stage we integrate by parts,
bringing the derivatives from the exponential to the correlator and on the Dirac § function ob-
taining

f d? pe'PX KX (p)8?(P) + 8/ = 0 (3.58)

in the notations of Eq. (3.1), where we have introduced the differential operator acting on a scalar
correlator in a symmetric form

Kkzi: pK.a—2+2(Aj—d)i—2p°.‘872 : (3.59)
s =\ opsops ap’ T opopg

Some of the terms containing first and second derivatives of the Dirac delta function can be
rearranged using also the intermediate relation

Kk od k 82 o 82 0 d
K‘YS (P): P W—ZP W-}-Z(A—nd)m 1) (P)
34(P)
— k
=2d(dn—d - NP~
n
:—2(dn—d—A)—8d(P), A=) Aj, (3.60)
0P

j=1
where we have repeatedly used (3.24) together with (3.42) and (3.44). Combining all the deriva-
tive terms, on the other hand, we obtain

| 0 . 9 d
Blerm = f dipe?*| —25'(P) ) (”7W -7} @> ®(p)
j=1 J J

ad
0 s(p) Z(A — P )= =1d | o(p)
Pj

8 P¥
(3.61)
Notice that such terms vanish by using rotational invariance of the scalar correlator
3
0 d
> (e o oy =0. 362
= p] Pj -

as a consequence of the SO(4) symmetry
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3
D L () (@ (1) (x2)¢ (x3)) =0, (3.63)
j=1
with
Lyy(x) =i (x,0, —x,0,) (3.64)

and the symmetric scaling relation,

ZA —Zp]——(n—l)d P(p) = (3.65)

where we have used (3.24). Using (3.60) and the vanishing of the &/,
CWTI on the correlator ®(p) then takes the symmetric form

term terms, the structure of the
92 92

ad
d_ ipx L d _
E /d pe£= (pja 8 : 2p]a “8 % +2(A;—d apK>¢(£)5 (P)=0. (3.66)

J

This symmetric expression is the starting point in order to proceed with the elimination of one of
the momenta, say p,. Also in this case, one can proceed by following the same procedure used
in the derivation of the dilatation identity, dropping the contribution coming from the dependent
momentum p,,, thereby obtaining the final form of the equation

= 92 d 92
e 4 2(Aj —d)—— = 2p% ——— | ®(p1, ... Pu—1, Pn) =0. 3.67
J;(p, e +2(4; )apj P; 8p§3p‘;> (P1s- - Pn—1, Pn) (3.67)

Also in this case the differentiation respect to p, requires the chain rule. For a certain sequence
of scalar single particle operators

Q(p1s - Pn—1s Pn) = (@ (P1) ... (Pn)) (3.68)

the Leibnitz rule is therefore violated. As we have already mentioned, the complete symmetry of
the solution respect to the three momenta is however respected. We will now move to a discussion
of the general structure of the method, focusing first on scalars and then on tensor correlators.

4. Reduction of the action of K*

scalar

In the case of a scalar correlator all the anomalous conformal WI’s can be re-expressed in
scalar form by taking as independent momenta the magnitude p; = ,/ pl.2 as the three independent
variables. Defining F(p1, p2) = ®(p1, p2, p3) and using the relation

o OF oF ad ad P

NW—+pi—=pi—+p—+p— “4.1)
Upre 702 ppe ap1 ap> ap3

the anomalous scale equation becomes

3
a _
(A—zd—Zp,-a—p_) @(p1. p2. p3) =0. 4.2)
i=1 !

The relation above is derived using the chain rule
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00 _pf e p oo ws)

ap!"  pi Opi  p3 dp3’

It is a straightforward but lengthy computation to show that the special (non anomalous) con-
formal transformation in d dimension takes the form, for the scalar component

Kscalarkq) =0 4.4)
with
3
K‘;{calar = Z P:'( K; 4.5)
i=1
32 d+1-2A; 9
K= + L (4.6)
dpidpi pi api
with the expression (4.5) which can be split into the two independent equations
BRE 1 00 RR 1 00 .
+——[d+1-2A)——F— ———@d+1-2A3)=0 i=1,2. 4.7)
0pidp;  pi p; op3dp3  p3 p3

Notice that in the derivation of (4.5) one needs at an intermediate step the derivative of the scaling
WI

BRI N BRI (A—2d— 1) D 2P “8)
1 2 =(A—-2d—-1)——p3 . .
u 0p3dp1 u op3dp2 ap3 u 0p3dp3
Defining
Kij=K:—K; 4.9)
Egs. (4.7) take the form
=0 and K5, =0. (4.10)

5. Transverse Ward identities

To fix the form of the correlator we need to impose the transverse WI on the vector lines and
the conservation WI for 7#". In this section we briefly discuss their derivation and their explicit
expressions. We consider the functional

W[g’A]:/D&Dwe—(so[gﬁlf]-i-sl[z‘\ﬂlf]) (5.1)

integrated over the fermions ¥, in the background of the metric g, and of the gauge field AY,.
In the case of a nonabelian gauge theory the action is given by

1 _
Solg, A, W]Z_Z/d4x\/ _ngZVFMUa+/d4xV _gxil//VHDlU//

Sl[g,A]=/v—ngﬁA““ (5.2)

with
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Ffl, = VuAY = Vo AG + g f°A7 A
=0, A% — 0,A% + g f AL A,
VAV =9, A 4T, AM (5.3)
with J#4 = g y* Ty denoting the fermionic current, with 7% the generators of the theory

and V,, denoting the covariant derivative in the curved background on a vector field. The local
Lorentz and gauge covariant derivative (D) on the fermions acts via the spin connection

agpa L ab
Dy = (8H1// +ALT + S m) " (5.4)

having denoted with ab the local Lorentz indices. A local Lorentz covariant derivative (D) can

be similarly defined for a vector field, say V<, via the Vielbein egﬂ and its inverse e(i“

D, Vi= aﬂvﬂ+w:‘—@vé (5.5)
with

v, v’ :eQ”DMVg (5.6)
with the Christoffel and the spin connection related via the holonomic relation

b

Fl‘iv = egf’ (aﬂea} + wiéei,) . 5.7

Diffeomorphism invariance of the generating functional (5.1) gives
sW sW
d a —
/d X (5&“) 88w (x) + W(SAM(XO =0 (5.8)

where the variation of the metric and the gauge fields are the corresponding Lie derivatives, for
a change of variables x* — x* + €/ (x)

SAZ(x) = —VO(AZE“ — ALV, €
dguy = —Vyuey — Vi, 5.9)
while for a gauge transformation with a parameter 6(x)
SAY =D, 0°=08,0"+g.f*"Aboc. (5.10)
Using (5.9), Eq. (5.8) becomes

5(So+ S 5
0= /d4x 0050 50+ 25 5pa
8guv SAY, ®

= </ d*x /=gy [VuT™ + (V, AS — Vo AQ)JH 4V, T AS e”(x)> (5.11)
while the condition of gauge invariance gives
dx W saae [ [ 4 V=g J'D 6%)=0 (5.12)
XSAZ W= xv/—8xJy' D, = .

which, in turn, after an integration by parts, generates the gauge WI

(Vi "y = ge fP (I AR (5.13)
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Inserting this relation into (5.11) we obtain the conservation WI
(V“Tw)—i—Fﬁv(J““):O. (5.14)
In the abelian case, diffeomorphism and gauge invariance then give the relations

0=V, (T"") + F*" (J,)

(5.15)
0= Vi <Jv)
with naive scale invariance gives the traceless condition
guv (TH*") =0. (5.16)

The functional differentiation of (5.15) and (5.16) allows to derive ordinary Ward identities for
the various correlators. In the T J J case we obtain, after a Fourier transformation, the conserva-
tion equation

Piv (T (p1) JH2(p2) I3 (p3))
= 4[8"192 poy (J*(p1 + p2) I3 (p3)) — Py (J"2(p1 + p2) T (p3)) ]
+ 481113 p3; (JH(p1 + p3) T2 (p2)) — i (J*3(p1 + p3) I (p)) ] (5.17)

and vector current Ward identities

P2y (TH™N(p1) T2 (p2) TH3 (p3)) =0 (5.18)
D3y (TH N (p1) JH2(p2) TH3 (p3)) =0, (5.19)

while the naive identity (5.16) gives the non-anomalous condition

Sy (THM N (p1) JH2(p2) T3 (p3)) =0, (5.20)
valid in the d # 4 case. We recall that the 2-point function of two conserved vector currents J;
(i =2,3) [24] in any conformal field theory in d dimension is given by
(JE(P)IL (=) =8y s (13T ) 7 (p) (pP) 227412,
w2 Td)2—Ay)
T 4A2—d)2 ['(Ay) ’

with c123 an overall constant and A, =d — 1. In our case Ay = A3 =d — 1 and Eq. (5.17) then
takes the form

r; (5.21)

Py (T (p1) TH2(p2) T3 (p3))

V1

P2 A Py
=4c1o3ly | 82— (p3) — —5 "3 (p3)
(p3)dr2= (p3)dra=a2
Vi
P3a A Ps3
5"1#3 n2 _ 12%7%] . 522
+ )i v (p2) T v (pz)> (5.22)

Explicit expressions of the secondary CWI’s are determined using (5.18) and (5.20) and the
explicit form (5.22).
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6. TJJ reconstruction the BMS way

We are now going investigate the BMS approach, which is technically quite involved, high-
lighting several steps which are crucial in order to clarify the basic structure of the method. The
method is exemplified in the case of the 7'J J. Several intermediate steps, which we believe are
necessary in order to characterize the approach, have been worked out independently and are
based on the use of the Lorentz Ward identities.

Given the partial symmetry of the 7' J J correlator, for instance, respect to the 7T T case, one
can choose as independent momenta either p; and p, or, more conveniently, p, and p3, given
the symmetry of the two J currents.

With the first choice, outlined below, the current J(p3) is singlet under the (spin) Lorentz
generators. With the second choice, the two currents are treated symmetrically and the stress
energy tensor is treated as a singlet under the same generators. The derivation of the CWI’s
in this second case will be outlined in section 7. The equations obtained in the two cases are
obviously the same.

First of all we discuss the canonical Ward identities for the (T'JJ) correlation function in
momentum space. From the general definition of the global Ward identities in position space

3
D G (TH (xy) T2 (x) JH (x3)) = 0, (6.1)
j=1
where G is the generator of the infinitesimal symmetry transformation. The dilatation Ward
identities take the form

2
ad

> Aj—(n—1d - p7_apa (TH" (p1) T2 (p2) T (p3) - (6.2)

j j=1 J

To proceed towards the analysis of the constraints, it is essential to introduce the Lorentz covari-
ant Ward identities

d
Z [ } (THH(p1) I (p2) I (p3))

P
= / ap]ll. apjv

2 (85,80 — 8l 8 ) (T (1) 72 (p2) 7 ()

+ (85,8142 — 81 8VH2) (THIV (1) T®2(pa) J*3 (j3))

+ (8, 81H3 — 84 8V ) (TH (p1) T2 (p2) T*(P3)) (6.3)
where
sVl (T'”)O“ JH g3y = %(5\)#1 (TV191 JH2 JH3y 4 VI (T 1 Jl2 Jll«3>)’ (6.4)

and finally the special conformal Ward identities

il g 0 Jd 9
0= 28 —d)— —2p%— —— + —
Z[(, o " a (p»Ka?aij

Jj=1 Pj
X ATH™M (py) T2 (p2) JH3(p3))
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0 0
+4 ((SK(M 3p“l _ 5513)»(#1 &,j) (Tm)al (p1) J*2(p2) I*3 (p3))
1 1

d 0
28— — 8, 82— | (T (p1) J*2(p2) T3 (53)) . (6.5)
ap, ap5

which we will use in the next sections in order to determine the tensor structure of this correlator.
6.1. Projectors

The basic observation in the BMS approach is that the action of the special conformal, trace
and conservation (longitudinal) WI’s take a simpler form if we enforce a decomposition of the
tensor correlators in terms of transverse traceless, longitudinal and trace parts and project the
Ward identities on the same subspaces. Recall that for a symmetric tensor such as the EMT, this
decomposition is performed using the following projectors

php 8 1
ml =8k — pz"‘, ngf:—d_ln(ff (6.6)

1 1

Mop =3 (”‘5”5 +ﬂ§ﬂ$> —g " e (6.7)
1 PaP pp’

Top = ppﬁ (p“a; + pVol — ‘;—2"“(3“” +(d—2) s ) (6.8)
1

Log=7 (Tog +Tha) iy =76 (6.9)

with
Sop = Mg + Tig (6.10)
Shp=Lip + 108 (6.11)

The previous identities allow to decompose a symmetric tensor into its transverse traceless
(via IT), longitudinal (via £) and trace parts (via 7), or on the sum of the combined longitu-
dinal and trace contributions (via ¥). We are now going to illustrate the approach in the case of
the TTT correlation function. The transverse traceless projections will be denoted as (#) and the
trace parts with (s). We will be denoting such correlator as ¢ and try to resort to a condensed
notation in order to characterize the algebraic structure of the procedure. For a rank-6 correlator
of 3 T’s, ¢ will denote the tensor

¢ =(T"" (pT""™ (p2) T3 (p3)). (6.12)

We can act on this correlator with the two projectors IT and X on each (combined) pair of indices
and momenta. For instance, the transverse traceless part of ¢ is obtained by acting with 3 T1
projectors on the indices of the EMT’s

¢ =TI 13¢ (6.13)
=iy g Tl 2T 2 (TP (p) TP (p2) TP (p3)), (6.14)
where IT; gl'g; = 1'[51’;: (p1). Similarly, the remaining 7 components of the ¢ correlator can be

obtained by acting with all the other combinations of projectors (X, IT), to obtain
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¢ = ¢ttt + ¢tst + ¢tss + ¢sss + ¢stt + ¢sst + ¢sts- (6~15)

Acting with the special conformal transformation K* (both with the scalar and the spin parts) on
¢ we can again project the result onto the orthogonal subspaces ¢z, tss, etc., and try to solve the
equations separately in each of these 8 sectors. In our condensed notation the equation for the
special conformal transformation takes the form

¢ =K“p=0, (6.16)
and its projection into the 8 independent sectors, such as, for instance

¢ =T L T3K ¢ =0, (6.17)
¢;“EE]HQH3KK¢=O, d)‘;stEZ]Ezn_zKK(f):O,... (6.18)

and so on, can be obtained by the action of the IT’s and X¥’s on (6.16). It is important to realize
that only the equation ¢,,, = 0 involves 3-point functions beside 2 point functions, and needs to
be solved. The remaining sectors do not give any new equation, since they involve only 2-point
functions, being related to the conservation and trace WI's. However they define consistency
conditions for lower point functions that will introduce some constraint on the arbitrary constants
appearing in the solutions of the primary WT’s.

To illustrate these points we will treat the correlators ¢, ¢ as vectors in a functional space on
which the K* operator will act both in differential form and algebraically via its spin rotation
matrices. For instance we define

11t = Py, where Py = I I 13, ¢pgr = Prsr with P, =111 20103, ... (6.19)

and similarly in the other cases. In general, it is convenient to characterize the action of K* on
each subspace via a projection, such as

WD = Py K Py g™ = Py K Prh, ... (6.20)

and so on, for a total of 64 = 8 x 8 sectors. In the first expressions above, for example, the original
transverse traceless projection (¢¢¢) is acted upon by K* and then it is re-projected onto the #¢¢
sector. There are several simplifications among these matrix elements. For example, a direct
computation, that we will prove below, gives

RYI!KKPZII¢=Oa PtStKKPttt¢=Oa Ptl‘SKKPl‘ttd’:Ov'-- (621)

showing that the ¢;;, amplitude is mapped only into another amplitude in the same 7¢¢ subspace
by the action of K*.

6.1.1. Endomorphic action of K* on the transverse-traceless sector
K* acts as endomorphism on the transverse traceless sector of a tensor correlator. To illustrate
this point we consider the case of the 7T T, though the approach is generic. Define

Y RIVIN2V2U3V3 1—[15;/‘;; 1-[252252 1-[35;/13’; (Ta1ﬁ| TOlzﬂz T0t3/33> (622)

to be the transverse traceless projection of the T7TT. One can check the transversality of the

action of Ky, . (the other contribution of K* being similar) by contracting ¥ with p;
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Pl IKK Y H1VIH2V2 14303

1scalar

32 32
zpapﬂl + pr/“ ) Y H1VIH2 V2 p3V3
( T aptapt TN apfopy

d d 0
— —Zpa— (1)# YM1V1M2V2M3V3> + ZpM Y HIVIH2V2[3V3
Popt \Tt opy rf

0 0 0
+ p¥ YM1V1M2V2M3U3> _ K YHIVIK2VIU3 V3
P 3 (pl p<1x P aplltl

YRVIK2V2UIVS _ ) pRVILVIUIVS _ ) K 8_ Y HIVIH2V2U3V3 (6.23)

lap#l

apy 1

where we have rearranged the partial derivatives. For the spin part we obtain

0

d
M1 gk MIVIH2V2IU3V3 _ A M1 K _ Ska Qv U2V U3V3
Py K]Ypl Y —2[71 (5 ap® 8 M1 Y

1 Py
+ 217’1“ (5”1 aia _ Sk ?}. ) Y 12V (433
P1 P
_ 2p1 3p1 L YXVIH2V2[43V3 2pﬂl 8#1 YK VIH2V213V3
+ 2y VIS (6.24)

Adding (6.23) and (6.24) it is shown that

P R Ky rvinavaisvs — o, (6.25)
which clearly holds for the entire K operator since I1; filters to the left of K7, obtaining

piTK Y IVIR2EYS — (), (6.26)

Notice that in the derivation of this result the nonlinear character of the action of K ;‘L alar> Which
induces mixed derivative terms does not play any role. Due to the trace-free property of the

projectors, then we obtain in our condensed notation

Elde)[” == 0. (6.27)

The solution of the CWI’s are then constructed, in this method, by acting on the entire correlator
having parametrized its transverse traceless parts in therms of a minimal set of form factors plus
trace/longitudinal terms (the semilocal or pinched terms). Semilocal terms are those containing a
single delta function which will pinch two of the three external coordinates. The term ultralocal
(or local) refers to the contribution of the anomaly itself, which is obtained when all the 3 point
of the correlator coalesce.

6.2. Application to the TJJ

Turning to the T'JJ case, we can divide the 3-point function into two parts: the transverse-
traceless part and the semi-local part (indicated by subscript loc) expressible through the trans-
verse and trace Ward Identities. These parts are obtained by using the projectors IT and X,
previously defined. We can then decompose the full 3-point function as follows
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(THIVE JH2 JH3) = (Hv1 jR2 jR3) g (THRIVE JR2 ji8) 4 (THIV i JH3)
oc oc
 {te T I — (TR R Y — (ol ot 1)

loc
T ) R . (6.28)
All the terms on the right-hand side, apart from the first one, may be computed by means of
transverse and trace Ward Identities. The exact form of the Ward identities depends on the exact
definition of the operators involved, but more importantly, all these terms depend on 2-point
function only. The main goal now is to write the general form of the transverse-traceless part of
the correlator and to give the solution using the Conformal Ward identities.
Using the projectors IT and 7 one can write the most general form of the transverse-traceless
part as

(1 (p) 1 (p2) 4 (p3)) = Tl (P02 (p2)lfd (p3) X“1F1 o35, (6.29)

where X 119393 5 a general tensor of rank four built from the metric and momenta. We can enu-
merate all possible tensor that can appear in X%1#1 %393 preserving the symmetry of the correlator,
as illustrated in [14]

("1 (p1) j** (p2) j"3 (p3))
_ ngll/;: 7725227735; (Al pglpglpgzptlxz 1A Soczaapglpgl T As 5a|a2p§51pt1¥3
FA3(p2 <> p3)81% pht p + Ay 8"‘1“38"2’31) , (6.30)

where we have used the symmetry properties of the projectors, and the coefficients A; i =
1, ..., 4 are the form factors, functions of plz, pg and p%. This ansatz introduces a minimal set of
form factors which will be later determined by the solutions of the CWI’s. For future discussion,
we will refer to this basis as to the A-basis.

We can now consider the dilatation Ward identities for the transverse-traceless part obtained
by the decomposition of (6.2). We are then free to apply the projectors IT and 7 to this decom-
position in order to obtain the final result

3 2
9
0=TI" L (P02 (p)mld (p3) | Y Aj—2d =) p?‘—apq [Alpg‘pzﬂlpgzp?
j=1 j=1 J

+ A28% 31 pft 4 A367192 pl pi 4 A3 (py > p3)8NI% Pl P+ Ags® 8"2/"}.
6.31)

It is possible to obtain from this projection a set of differential equations for all the form factors.
These equations are expressed as

3 2
d
2d + N, — j§_lﬁ Aj+ j§_lj Pigpa | AP p2o P9 =0 (6.32)

where N, is the tensorial dimension of A,, i.e. the number of momenta multiplying the form
factor A, and the projectors IT and 7.
Turning to the special CWT’s, (T'J J) in (6.5), we can write the same equation in the form

K (TH (py) 12 (p2) 11 (p3) = 0, (633)
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where K is the special conformal generator. As before, we introduce the decomposition of the
3-point function to obtain

0=K* [ (PHIV1 2 ) (VY e Gy g 2 sy v i i

VL (2 -p3 HIVE (2 23 Hivy M2 243 H1VL M2 -3
+<tloc JiocJ >+<tloc Jioc J )+<t Jioc ]loc>+(tloc ]loc]loc)i|'

(6.34)

In order to isolate the equations for the form factors appearing in the decomposition, we are free
to apply the projectors IT and 7 defined previously. Through a lengthy calculation we find

A (p) 2 (p2) w3 (p3) K* (A1 j12 j13)

[ 4d
— TIP1O1 P2 L3 KLl oV JH2 TH3
- HI/-IVI T Ty 2 8 Pag (T JERIT)

L P1
0 (px 2 (p)m i (p3) K ("1™ j12 j*9)
=1 f s | 20 gy (1 2y
L 7 J
T2 (p) 2 (p)ld (ps) KX (191 j122 j12)
= l'[ﬁllf)ll nl/jg nllg % 813 pags (T Jh2 gos) (6.35)
3 .

and all the terms with at least two insertion of local terms are zero. T We have verified, as
expected, that the equations above remain invariant if we choose as independent momenta p;
and p3 while acting on p; indirectly by the derivative chain rule. More details on this analysis
will be given in a section below. In this way we may rewrite (6.5) in the form

0=T129 ()2 (p2)7 3 (p3) (K (TH (p1) J* (p2) J’”(Ps)))
=5\ (P73 (p2)7 i (p3) { K* ("1 (p1) j" (p2) "3 (p3))

4d
3 0 iy (T ()2 (p2) I ()
1

2(d -2 2(d -2
+ ( p2 )chuzpzaz (Ta1v1J012Ju3> + ( p2 )5’(”3[73013 (TUIVIJHZJ%)}.
2 3

(6.36)

The equation above is an independent derivation of the corresponding BMS result, which is not
offered in [14]. Notice that our derivation, which details the various contributions coming from
the local terms in the 7'J J, has been derived using heavily the Lorentz Ward identities.

The last three terms may be re-expressed in terms of 2-point functions via the transverse Ward
identities. After other rather lengthy computations, we find that the first term in the previous
expression, corresponding to the transverse traceless contributions, can be written in the form
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o (p)xf2 (p) 7 (p3) [K“ (v (pl)j“z(pz)j‘“(pa))}
=70 (P72 (p2)7 3 (p3) X
x [pf(Cn PI Y Py PR+ Crp 89243 pht pIt 4 C138H112 pyt i + C148M1443 plt pht?

+ C1s8"128MI) 4 p5 (Co1 py 7 Py ' Py + €2 89289 py !yl + CadH 112 py ! iy
+ C245’““3p pﬂz + C253M|M23V1M) + SILIK(CM Pl p2 p3 + Cx 3M2M3p‘2’1
+C33 Sﬂzvlpllﬂ + C3a 5#31111752) + §Hak (C41 plalglpz +Csp 5#1#31];1)

+8M5(Cs1 p5? py' py* + Csa 84112 p)! )} 6.37)

where now C;; are differential equations involving the form factors Ay, Az, Az, A4 of the
representation of the (¢jj) in (6.30). For any 3-point function, the resulting equations can be
divided into two groups, the primary and the secondary conformal Ward identities. The primary
are second-order differential equations and appear as the coefficients of transverse or transverse-
traceless tensor containing pj and p5, where « is the special index related to the conformal
operator K*. The remaining equations, following from all other transverse or transverse-traceless
terms, are then secondary conformal Ward identities and are first-order differential equations.

6.3. Primary CWI's
From (6.36) and (6.37) one finds that the primary CWT’s are equivalent to the vanishing of the

coefficients Cy; and Cz;j for j =1,...,5. The CWI’s can be rewritten in terms of the operators
defined in Eq. (4.9) as

0=C1=Ki34; 0=C21 = K234
0=Cn=Ki3A2+24, 0=Can = KAz

0=Ci3= K345 — 44, 0=Cr3 = Ka3A3 — 44,
0=Ci4=Ki13A3(p2 < p3) 0= Ca4 = K23A3(p2 <> p3) +4A,
0=Ci5=K13A4 —2A3(p2 <> p3) 0= Cy5 = K23A4+2A3 —2A3(p2 <> p3)

(6.38)
6.4. Secondary CWI’s

The secondary conformal Ward identities are first-order partial differential equations and in
principle involve the semi-local information contained in j.. and #/... In order to write them
compactly, one defines the two differential operators

Ly =p1(P3 4 P2 — Py = 207 py
1 2 3 ap] 1 8P2
+[@2d - A1 =280+ N)p} + QAL — d)(p} — pD)] (6.39)

0
R=pi—— — QA —d). (6.40)
api
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The reason for introducing such operators comes from (6.37), once the action of K* is made
explicit. The separation between the two sets of constraints comes from the same equation, and
in particular from the terms trilinear in the momenta within the square bracket. One needs also
the symmetric versions of such operators

Ly =Ly, withp; < prand Aj < Ag, (6.41)
R =R, with p; — py and A1 — As. (6.42)

These operators depend on the conformal dimensions of the operators involved in the 3-point
function under consideration, and additionally on a single parameter N determined by the Ward
identity in question. In the (7T'JJ) case one finds considering the structure of Eqgs. (6.36) and
(6.37)

2
1

2
1

| (6.43)
C33=——[LsA3 —2R A4]
1
1
Cu=—— [L4 A3(p2 <> p3) +2R Ay = 4pTAs(p2 < p3)]
1
1
Cy1 = — [L5 A1 —2R'Ay + 2R A3]
12}
1
Cp=— [ L} As(p2 & p3) + p3 (442 — 243) + 2R As
”1 2 (6.44)
Csi = - [(Ls— LY)A1 —2Q2d + R+ R') A2 +2(2d + R + R A3(p2 <> p3)]
3
1
C= 3 (L2 = L) A3 = 4p3A2 +2p3A3(p2 > p3) +22d =2+ R+ R) A4
From (6.36) and (6.37) using (5.22) the secondary CWT’s take the explicit form
16dci23 1y 1 1
C31 =C41 =C42=C51 =C52=O, C32= ’
P [(,, 30 (p%)ao}
16dcio3 Ty 16dcio3 Ty
33= "5 S5 - 34 = T 2 g
pi(p3)°0 pi(p3)o
(6.45)

where in our o9 = d/2 — A;. Expressed in this form all the scalar equations for the A; are not
apparently symmetric in the exchange of p> and p3, and it may not be immediately evident that
they can be recast in such a way that the symmetry is respected.

7. Symmetric treatment of the J currents

Let’s now consider p; as dependent momentum, showing the equivalence of the CWTI’s with
this second choice. As we have just mentioned above, this choice is the preferred one in the
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search for the solutions of the 7JJ. In this case, the action of the spin (Lorentz) part of the
transformation will leave the stress energy tensor as a singlet, acting implicitly on p; via the
chain rule. As we are going to show, the resulting equations will be linear combinations of the
original part. This extends the analysis presented by BMS.

The structure of the decomposition in (6.30) of the (7'J J) correlator is still valid but now the
explicit form of the special conformal operator K* has to be modified as

3

0 9 9d a 9d
KX (THIVL JH2 JU3y — 2UA; —d _ 06
{ >,§2[(’ o W (p,»ap/am}

X (THY (p1) JH2(p2) I (p3))

) (THY(pr) J* (p2) T3 (p3))

9 9
+2( 8 — — 85 82—
( apy> " apy

ad d
2|8 s — 85, 8 — | (TH1 (1) M2 (p2) T (p3))
apy’ 31’3
(7.1)
where p|' = —ph — p4 . Considering the SCWTI’s for the 3-point function we can write

K“(pa, p3)(T*" (p1) JH2(p2) JH3 (p3)) =

in which we have stress the p, and p3 dependence of the special conformal operator. Then one
has to take the decomposition of the 3-point function as in (6.30) and using the relations (6.35),
that are still valid in this case, one derives (6.36), in which now the K operator is defined in terms
of py and p3 only. As in the previous case, one finds CWI’s which are similar to those given in
(6.37)

A (p)m 2 (p2) 3 (p3) [KK {1 (pr) j*? (Pz)Jm(P3)>:|

=170 (P72 (p2)7[3 (p3) x

x [pﬁ (Cn PPy Py A2+ Cra 8723 pht pit + C138M172 py' pi® + C 148173 pl! phi?
+ 5158“‘“28””‘3) + Ph (521 PiEph! py' pi? 4 Co 87243 ph! pit + Co38™1H2 py! pl?
+ Co48M1H3 p31 ph? + 6253“'“23”‘”3) +5“’K(631 Py pi2 4 C3p 81213 p)!
+ C33 82" pl + C34 813" p?z) + §H2* (641 PPy Py + Can 5’““317;1)
4 ghax (651 Pl phipht +6523M'“2pl2)1):|. (7.2)

In this case we obtain the primary WI’s by imposing the vanishing of the coefficients Ci j» for
i=1,2and j=1,...,5. In this way we get
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0=C11 = K2 A 0=Cy = K314,

0=Crp =Ky Ay — 24, 0=Cp =K31Ar — 24

0=_Cr3 = K243 0=Co3 = K31A3 + 44, (7.3)
0=Cis = K21 A3(p2 <> p3) +4A; 0= Co4 = K31A3(p2 <> p3)

0=_C\s = Ky A4+ 243 0= Cps = K31 A4 + 2A3(p2 < p3)

and it is simple to verify that these equations are equivalent to those given in (6.38). In the case of
the secondary WI’s we have to consider some further properties of the form factors. For instance
the coefficient C31 has the explicit form

Gy == [pz(p2 - p5+ Pz)iAl —~ Pzpzifh -~ P2P3iAl + 193’—a A
2 ! 25 8 1 9ps 252 9ps 3 9ps
0 0 0 d
— pp—A3 — p3—A3+ pr—A3(p2 <> p3) + p3—A3(p2 < p3)
p2 op3 op2 op3
—6(p3 — p3AI — 4(A3 — As(pr < p3))} (7.4)

in which it is possible to substitute the derivative with respect to p3 in terms of derivatives with
respect to pp and pp using the dilatation Ward identities

2
9 1 9

— A, =—|(d—-2—=NyA —§ —A } (7.5)
ops " P3[ o jzlpjapj !

Using the identity given above in (7.4), one derives the relation

C31 = %[L4A1 + R A3 —RA3(P2<—>P3)} (7.6)
1

with the identification of the differential operators L and R defined in (6.39) and (6.40). In this

way it is possible to show that all the coefficients related to the secondary Ward identities are the

same of those obtained with p3 as the dependent momentum. This argument proves that in spite

of the choice of the dependent momentum, the scalar equations for the form factors related to the

CWT’s remain identical.

8. The Fuchsian approach to the solutions of the primary CWI’s and universality

In this section we are going to investigate the Fuchsian structure of the equations. The goal of
the section is to present a new method of solution which differs from the one based on 3K inte-
grals presented in [14]. We should mention that the number of integration constants introduced
by the primary CWT’s, using this method, may not necessarily coincide with those presented in
[14], and the constraints imposed by the secondary CWIs, that we will not discuss, will obviously
be different.

The goal of this section is twofold. We want to show first of all that the Fuchsian exponents
(defined as (a;, b;) below), are universal and characterize the entire system of equations. In the
scalar case, as well as for all the 3-point functions that we have investigated, we have verified
that always the same set of exponents (a;, b;) are generated.

The second important feature is that the method allows to characterize particular solutions of
4 and higher point functions in some restricted kinematics, allowing a significant generalization
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of the analysis presented here, with new special functions appearing in the solutions. Details of
this study will be presented in a separate work.

Being the CWI’s a system of equations, we will first solve for each of the form factors, starting
from the equations for Aj, which are homogeneous, and then proceed towards the inhomoge-
neous ones, from A, to A4. For each form factor we identify the general solution and a particular
solution, which are added together. Then we impose the symmetry constraints on the two vec-
tor lines, due to Bose symmetry. For example, the solution for A, will constraint the constants
appearing in the general solution of A1, and so on for A3 and A4. The independent constants of
integration are identified only at the end, once all the constraints from A to A4 are put together.
We have included a small section where we summarize the final expressions of the form factors
by this method.

8.1. Scalar 3-point functions

To illustrate our approach we start reviewing the case of the scalar correlator ®(p1, p2, p3),
which is simpler, defined by the two homogeneous conformal equations

K3n®=0 Kyd=0 8.1)

combined with the scaling equation

3
3
Zpiyob:(A —2d)®. (8.2)
im1 Pi

Following the approach presented in [24], the ansatz for the solution can be taken of the form

(p1, p2, p3) = pR x4y F(x, y) (8.3)

2 2
with x = p—% and y = p—%. Here we are taking p; as “pivot” in the expansion, but we could
p p

equivalently1 choose any olf the 3 momentum invariants. ® is required to be homogenous of degree
A — 2d under a scale transformation, according to (8.2), and in (8.3) this is taken into account
by the factor p1A_2d. The use of the scale invariant variables x and y takes to the hypergeometric
form of the solution. One obtains

] 92 92
219 =4p; xEy7 x( x)8x8x+( X‘H’)ax xyaxay y oydy
0 G
+Dy—+(E+—))F(x,y)=0 (8.4)
dy X

with
3d d
A=D=A2+A3—l—2a—2b—7 y(a)=2a+E—A2+l

G= %(d+2a—2A2)

1
E= —Z(Za +2b+2d — A — Ay — A3)2a+2b+d — Az — Ay + Ay). (8.5)
Similar constraints are obtained from the equation K3;® = 0, with the obvious exchanges
(a,b,x,y)— (b,a,y,x)
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9 9 92 92
K —4 A=2d-2 a. b 1— Al N _2 2
319 =4p) x4y7 ¥ ( y)8y8y+( y+y)ay xyaxay v
/ a i G/
+Dx—4+(E'+—)|F(x,y)=0 (8.6)
ax y
with
l4 / / d
b
G’:E(d—i—Zb—ZAg)
E'=E. 8.7)

Notice that in (8.6) we need to set G/x = 0 in order to perform the reduction to the hypergeo-
metric form of the equations, which implies that

a=0=aqg or azAz—EEm. (8.8)

From the equation K3;® = 0 we obtain a similar condition for b by setting G’/y = 0, thereby
fixing the two remaining indices

d
b=0=by or b=Ay—z=bh (8.9)

The four independent solutions of the CWI’s will all be characterized by the same 4 pairs of
indices (a;, bj) (i, j =1, 2). Setting

1 1
a(a,b) =a+b+%_E(A2+A3_A1) ﬂ(a,b)=a+b+d—§(A1+A2+A3)
(8.10)
then
E=E'=—a(a,b)B(a,b) A=D=A"=D"=—(a(a,b)+Ba,b)+1), (8.11)
the solutions take the form
(aa,b).i+j) (Ba,b),i+j)x" y/
(y(@), i) (y'(b), j) il j!
(8.12)

Fa(a(a,b), Ba,b); y (@), y' )i x, ) =y )

i=0 j=0

where (o, i) = I'(a +i)/T(a) is the Pochammer symbol. We will refer to « ... y" as to the first,
..., fourth parameters of Fj.

The 4 independent solutions are then all of the form xy? F4, where the hypergeometric func-
tions will take some specific values for its parameters, with @ and b fixed by (8.8) and (8.9).
Specifically we have

®(p1, p2, p3) = pi Y _cla,b, A)xy" Fa(a(a,b), B(a, b); y(a), y'(b); x,y) (8.13)
a,b

where the sum runs over the four values a;, b; i =0, 1 with arbitrary constants c(a, b, 5), with
A = (A1, Az, Az). Notice that (8.13) is a very compact way to write down the solution. How-
ever, once this type of solutions of a homogeneous hypergeometric system are inserted into an
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inhomogeneous system of equations, the sum over a and b needs to be made explicit. For this
reason it is convenient to define

d Ary+Az3— A A+ Ay + Aj
ag=alag, bg) = - — ——F—, Po=pby) =d — ———,
2 2 2
d , d
VOEJ/(ao)=§+1—A2, VOEJ/(bo)=§+1—A3, (8.14)

to be the 4 basic (fixed) hypergeometric parameters, and define all the remaining ones by shifts
respect to these. The 4 independent solutions can be re-expressed in terms of the parameters
above as

S1 (a0, Bo: Y0, Yo: X. ¥) = Falao, Bo; vo. Vg; X, )

zii(ao,i+j)(ﬁo,i+j)x_iyj

= 8.15
o, D) (vg ) it ! ®1

i=0 j=0
and
Sa (0, Bos v0, ¥y X, V) =x T Falog — o+ L, o —vo + 12— yo, ¥ x,y), (8.16)
S3(@0, Bos 10, ¥§; X, ¥) = ¥ 770 Fa(ao — v§+ 1, Bo — ¥4+ 1 10, 2 — v %, ), (8.17)
S0, Bo: Y0, Yoi X, ¥)
= x0T Fylan — o — 15+ 2, B0 — o — ¥ +2:2— v0, 2 — ¥ X, ¥) - (8.18)

Notice that in the scalar case, one is allowed to impose the complete symmetry of the correlator
under the exchange of the 3 external momenta and scaling dimensions, as discussed in [24]. This
reduces the four constants to just one. We are going first to extend this analysis to the case of the
A1 — A4 form factors of the TJ J.

8.2. Form factors: the solution for Ay

The solutions for the form factors A — A4 can be derived using a similar, but modified
approach, being the equations also inhomogeneous. As previously we take as a pivot pf, and
assume a symmetry under the (P»3) exchange of (p2, Az) with (p3, A3) in the correlator. In the
case of two photons A, = A3 =d — 1.

We start from A by solving the two equations from (6.38)

Ky A1 =0 K31A; =0. (8.19)
In this case we introduce the ansatz
Ar=pp 2y F(x, ) (8.20)

and derive two hypergeometric equations, which are characterized by the same indices (a;, b;)
as before in (8.8) and (8.9), but new values of the 4 defining parameters. We obtain

A1(p1, P2, p3)

=pP 24y e Wia. b, A)x*y’ Fy(a(a. b) +2. f(a.b) + 2y (@), ¥/ (b): x. )
a,b
(8.21)
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with the expression of a(a, b), B(a, b), y (a), y’(b) as given before, with the obvious switching
of the A; in order to comply with the new choice of the pivot ( p%)

d 1
ala,b)=a+b+-— (At A3 — Ay

1
la.b)=a+b+d—(A+Ar+As) (8.22)

which are P,3 symmetric and
d
y(a):2a+§—A2+l

d
y'(b)=2+5 — A3+ 1 (8.23)

with Py3y (a) = y'(b). If we require that Ay = A3, as in the T'J J case, the symmetry constraints
are easily implemented. Given that the 4 indices, if we choose p; as a pivot, are given by

d d
ao:O,bo:O,alez—E,bl=A3—§ (8.24)

clearly in this case a = b and y (a) = y (b). F4 has the symmetry
Fa(a, By, v %, 9) = Fale, B5 v/, 3 v, %), (8.25)
and this reflects in the Bose symmetry of A if we impose the constraint

cW(ay, bo) = ¢V (ao, by). (8.26)
8.3. The solution for Aj

The equations for A, are inhomogeneous. In this case the solution can be identified using
some properties of the hypergeometric differential operators K;, appropriately splitted. We recall
that in this case they are

Ky Ay =2A, (8.27)
K31A, =2A;. (8.28)

‘We take an ansatz of the form

Ax(p1, p2, p3) = pR 2 F (x, y) (8.29)

which provides the correct scaling dimensions for A,. Observe that the action of K»; and K3 on
Aj can be rearranged as follows

g _ 0
K21 Ay = 4x%yb pA=2 4(K21F<x,y)+aF(x,y>> (8.30)

—od—af = d
K314y =4xy" pp=* 4(K31F<x,y)+5F(x,y>> (8.31)

where
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_ 3?59 9?
Ky Fx,y)={x(1 —x)— —y*— -2
20F(x,y) {x( )c)a)62 y 0y xyaxay

3
+[(y(@) — 1) — (a(a,b) + B(a, b) +3)x]a—x

— 0
+ M — (a(a,b) + B(a,b) + 3)y@ —(@+ DB+ 1)}F(x, ¥)s
(8.32)
and
_ % 59 e
K31A; = l—y)— —x"— =2
3142 {)’( y)ay2 X 8x2 xyaxay
d
+ [ ) = 1) — (ala, b) + Bla, b) + 3)y]5
b(b—by) a
+ Yy (a(a,b) + B(a,b) + 3)?65 —(a(a,b) + D(B(a,b) + 1)
X F(x,y). (8.33)
At this point observe that the hypergeometric function solution of the equation
K> F(x,y)=0 (8.34)
can be taken of the form
o (x, y)
=p 7Y P (@, b, B)xy? Fa((a, b) + 1, B, b) + 1y (@) = 1,7/ (b); x,3)
a,b
(8.35)

with ciz) a constant and the parameters a, b fixed at the ordinary values (a;, b;) as in the pre-
vious cases (8.8) and (8.9), in order to get rid of the 1/x and 1/y poles in the coefficients of
the differential operators. The sequence of parameters in (8.35) will obviously solve the related
equation

K310 (x,y) =0. (8.36)

Eq. (8.34) can be verified by observing that the sequence of parameters («(a, b) + 1, B(a, b) +
1y (a) — 1) allows to define a solution of (8.33) set to zero, for an arbitrary y’(b), since this
parameter does not play any role in the solution of the corresponding equation. The sequence
(a(a,b)+1, B(a, b)+ 1, y'(b)), on the other hand, solves the homogeneous equations associated
to K31 (i.e. Eq. (8.36)) for any value of the third parameter of F4, which in this case takes the
value y (a) — 1. A similar result holds for the mirror solution

% (x, y)

=pi 7Y Pla b, A)x®y? Fa(ala, b) +1, Bla, b) + Ly (@), v (b) — 15 x, y)
a,b
(8.37)

which satisfies

K3®P(x,y)=0  KnoP (x,y) =0. (8.38)
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As previously remarked, the values of the exponents a and b remain the same for any equation
involving either a K; ; or a K; j» as can be explicitly verified. This implies that the fundamental
solutions of the conformal equations are essentially the 4 functions of the type Si, ... S4, for
appropriate values of their parameters.

At this point, to show that F and F3 is a solution of Eqs. (8.27) we use the property

APTI Fale, B y1, y25 X, Y)
axPayd

_ (a,p+q)B.p+q)
1, P (V2. 9)

which gives (for generic parameters «, 8, y1, ¥2)

Filao+p+qg.B+p+qg;vi+piva+q;x,y) (8.39)

dFs(a, Bs y1, v2; X, o
4( /3)/1 V2 y):y—ﬁF4(a—|—],lB—|—],y1—|—],y2’x,y)
1

0x
0F4(a, B; v1, v2; X,
4 (e ﬁa”yl v2: X, y) =(;—ﬁF4(ot+1,/3+1,V1,V2+1,X,Y)~ (8.40)
2

Obviously, such relations are valid whatever dependence the four parameters «, 8, y1, y» may

have on the Fuchsian exponents (a;, b;). The actions of K> and K31 on the <I>g)’s i=1,2)in
(8.37) are then given by

- 3

2 —2d— 2
K@V (x, y) =4pf 274y e @, b, A)xyP
py ax

x Fy(a(a.b) +1,B(a,b) + 1;y(a) — 1,y (b); x, )

(a(a,b) + 1) (B(a,b) + 1)
(@ =1

ogd— 2 -
=4plA 2d 4265)(0,17, A)xayb
a,b

x Fy(a(a,b) +2, B(a,b) +2; y(a), ' (b); x, )
K302 (x,y) =0 (8.41)
—d— - ad
K319y (x, y) = 4pf 27y i@, b, A)xyP o~
a,b ay

x Fa(a(a,b) +1,B(a,b) + 15y (@), y'(b) — L; x, y)

L A—2d—4 @ - 4 plala,b)+1)(Ba,b)+1)
=4p] %’:cz (a,b, A)x“y ') — 1)
x Fy(a(a,b) +2,B(a,b)+2;y(a),y'(b); x, y)
Kn®P (x,y) =0, (8.42)

where it is clear that the non-zero right-hand-side of both equations are proportional to the form
factor Aj given in (8.21). Once this particular solution is determined, Eq. (8.21), by comparison,
gives the conditions on ng) and ng) as
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y(a) -1

) Y (1) X
c/(a,b,A)= Y@@ b+ D@t c“(a,b,A), (8.43)
P (a.b, A) = y ) —1 cD(a,b, A). (8.44)

2(a(a,b) + D (B(a,b)+ 1)

Therefore, the general solution for Ay in the TJJ case (in which y(a) = y’(b)) is given by
superposing the solution of the homogeneous form of (8.21) and the particular one (8.35) and
(8.37), by choosing the constants appropriately using (8.44). Its explicit form is written as

Ap=pp 272y xlyh [c%z, b, A) Fa(a(a,b) + 1, (a.b) + Ly (@), y'(b): x., y)
ab

(y(a) = 1)cW(a, b, A)
2(a(a,b) + D) (B(a,b) + 1)

(F4(Ol(a, b)+1,B(a,b) + 1 y(a) — 1,y (b); x, )

+ Fu(a(a,b) + 1, B(a,b) + 1; y(a), y'(b) — l;x,y)ﬂ,

(8.45)
since y (a) = v'(D).

8.4. The solution for A3

Using a similar strategy, the particular solution for the form factor A3 of the equations
K21A3=0 K31A3 = —4A, (8.46)
can be found in the form
P (x, y)

= pP M2 " e (a. b, A)xyP Fa(a(a, b) + 1, Bla. b) + 1y (@), ¥/ (b) — 11 x. y).
ab
(8.47)

Also in this case the inhomogeneous equation in (8.46) fixes the integration constants to be
those appearing in A
y'(®) -1
(a(a,b)+ D(Bla,b)+ 1)

Therefore the general solution of the equations (8.46) can be written as

Pa, b, A)y=— D, b, A). (8.48)
Ay =pp T2 a0yt [c@(a, b, R) Fy(e(a,b) + 1. B(a.b) + 1: y (@), y'(b): x. )
ab

@ —=1cMb,A)
(a(a,b)+ 1)(B(a,b) + 1)

x Fy(a(a,b) + 1, B(a,b) +1; y(a),y'(b) — 1; x, y):| (8.49)

since y (a) = y/(b) in the T J J case.
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8.5. The A4 solution

The last pair of equations
K21 Ay = —2A3 K31A4 = —2A3(p2 < p3) (8.50)

admit three particular solutions

O = pp MYy V@, b, A) Fyala,b). pa.b).y(@ — Ly'(b).x.y)  (851)
ab

@3 = pi=2 3" x9y0 ¢V (a, b, A) Fa(er(a. b). B(a.b). y (@), y'(b) = 1.x,y)  (8.52)
ab

oY = pi2 3" x9y0 eV (a, b, A) Fa(er(a, b). B(a, b). y (@) — 1,y (b) — 11 x, y)

ab
(8.53)
with the action of K71 and K3; on them as
@ A=2d—2 a.b 4 = ala,b)B(a,b)
Ky ®," =4p xy’ e, (a,b, A) ————
: : %: ! (y(@—1)
x Fy(a(a,b) + 1, B(a,b) +1,y(a),y'(b), x,y) (8.54)
K3 0P =0 (8.55)
Kn®Y =0 (8.56)
@ A—2d—2 a.b 4 - ala,b)B(a,b)
K319, =4p x*y’c,’(a, b, AN) ————
R T %: 2 (' ®) — 1)
x Fy(a(a,b) + 1, B(a,b)+1,y(a),y'(b),x,y) (8.57)
“4) A=2d—2 a b 4 < ala,b)B(a,b)
Ky ®y," =4p xy’ ey’ (a, b, A) ————
’ : %: : (y(@—1)
X Fi(e(a,b) + 1, B(a,b) + 1,y(a), ¥y’ (b) — 1;x,y) (8.58)
) A—2d—2 a.b 4 = a(a,b)B(a,b)
K319y =4p x*y’cy’(a, b, AN) ————
SR %: 3 ')~ D)
x Fa(o(a,b) +1,B(a,b)+1,y@) — 1,y (b); x,y) (8.59)

The inhomogeneous equations (8.50) fix the integration constants to be those appearing in A3
and A3(p2 <> p3) as

@___@=D o, :
T 2@ b)) C @b 8) (0
w___O=D 6, (8.61)

2 T T4 b)Ba,b)

& _ @@b)+ D(B@.b)+1)
37 2a(a,b)B(a,b)

cV(a, b, A). (8.62)
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Finally, using the properties y (a) = v’ (b), we give the general solution for the A4 as

Ag=pp 2y xtyh [c“” (a,b, A) Fa(a(a, b), B(a, b), y (@), 7' (b); x, y)
ab
(ax(a,b)+ 1)(B(a,b) + 1)

2a(a,b)B(a,b)
X F4((X(d,b), :B(asb)v J/(a) - 17 J//(b) - 11 X, y)

_ (y(a)—1) 3) 2 _ ’
Ta@.b)pab (a,b,A) <F4(Ot(a,b),ﬂ(a,b),y(a) Ly (b),x,y)

c(l)(a, b, 3)

+ F4((X(a, b)v 18(“5 b)v V(a)» V/(b) - l7x’ y))}
(8.63)

Notice that, differently from this case, number of free constants can be significantly reduced in
the case of a fully symmetric correlator, such as the 77T T, where the number of constants reduces
to 4, as in the BMS case.

8.6. Summary

To summarize, the solutions of the primary WI’s in the 7'J J case are expressed as sums of 4
hypergeometrics of universal indicial points

d d
ap=0, byg=0, a1=A2—§, bl:AS_E (8.64)

and parameters

d 1 1
Ol(a,b)=ﬂ+b+§—E(A2+A3—A1), ﬂ(a,b)=a+b+d—§(A1+A2+A3)
(8.65)

d d
V(fl)=261+§—A2+1, y’(b)=2b+§—A3+1, (8.66)

where Ay = A3 =d — 1 and A| =d. In particular they are given by
Ar=pP2 7Y " cWia, b, M) xy? Fy(ea. b) + 2, a. b) + 2 y(a). y'(b): x. y)

a,b
(8.67)

Ay=pP 722y " xyh [c‘”(a, b, A) Fy(a(a,b) + 1, B(a, b) + 1y (@), y'(b): x, )
ab

(y(@) = 1)cW(a, b, A)
2ala, b) + 1)(Bla,b) + 1)

<F4(Ol(a, b)+1,B(a,b) + 1;y(@) = 1,y (b); x, )

+ Fua(a,b) + 1, B(a,b) + 1,y (@), y'(b) — L x, y))}

(8.68)
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Ay=pp 272y xayb [c“)(a, b, A) Fy(a(a, b) + 1, B(a.b) + L; v (@), ¥'(b): x, y)
ab

(@ =1cDa,b,A)
(a(a, b) + 1)(Bla,b) + 1)

x Fa(a(a,b) + 1, B(a,b) +1; y(a), y'(b) — 1; x, y):| (8.69)

Ag=pp Y x y”[c“”(cz, b. A) Fy(a(a.b), B(a,b). y (@), y'(b); x, )
ab
(ax(a,b)+ 1)(B(a,b)+ 1)

2a(a,b)B(a,b)
x Fy(a(a,b),B(a,b),y(@ —1,7'(b) = 1;x,y)

_ (y(a)—1) ©) X . /
Ta@.bpab (a,b,A) (F4(Ot(a,b),ﬁ(a,b),)/(a) Ly (b),x,y)

c(l)(a,b, A)

+ F4(C¥(Cl,b), ﬂ(a7b)v y(a)s V/(b) - lv-x» )’)>]
(8.70)

in terms of the constants c¢”) (a, b) given above. The method has the advantage of being generaliz-
able to higher point functions, in the search of specific solutions of the corresponding correlation
functions.

9. Perturbative analysis in the conformal case: QED and scalar QED

In this section we turn to discuss the connection between the solutions of the CWT’s presented
by BMS and the perturbative 7'J J vertex. The QED case has been previously studied in [4,7],
where more details can be found. The expressions of the form factors had been given in the
F-basis of 13 form factors, which will be reviewed in the next section. We will have to recompute
them in order to present them expressed in terms of the two basic fundamental master integrals
By and Cy of the tensor reduction rather than in their final form, given in [7].

Here we are also going to introduce the diagrammatic expansion for the 7'J J in scalar QED,
since it will be needed in the last part of the work when we are going to compare the general
BMS solution against the perturbative one ind =3 and d = 5.

The quantum actions for the fermion field is

i

S rermion = 5 f d'x e el [Yy* (D) — D)y ¥], 9.1)
eg is the Vielbein and e its determinant, with its covariant derivative D/, as
1
DM=8M+ieAM+FM=8M+ieAM+EE“beZVMebg. (9.2)

The %¢” are the generators of the Lorentz group in the case of a spin 1/2-field. The gravitational
field is expanded, as usual, in the form g, = 1, + A, around the flat background metric with
fluctuations 4. As usual, the Latin and Greek indices are related to the locally flat and curved
backgrounds respectively. We take the external momenta as incoming. In order to simplify the
notation, we introduce the tensor components
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ARIVIHY — anVl nlw _ 277“(’“ nUI)V 9.3)

where we indicate with the round brackets the symmetrization of the indices and the square
brackets their anti-symmetrization

,’M(m nm)v = %(num 1 4 gtV nuw) 9.4)
and the vertices in the fermion sector are
Vi kiko) = —iey” ©)
i
V;Lwllft/i (p1ki1, ko) = 3 ARy, (ky + ko) ©.6)
V#J]vz/flil/ffz(kl,kz) = %Amvmzu Vi S

In the one-loop approximation the contribution to the correlation functions are given by the
diagrams in Fig. 1, with vertices shown in Fig. 2. We calculate all the diagram contributions in
momentum space for the fermion sector as

DHIVIERIS (py, p3) = (TH1V (p1) J"2 (p2) I3 (p3)) p
2

2
=2 (Z Vplf:]ivll/vﬂ&? (Pl , D2, p3) 4 Z W;:l["l//&l/«} (Pl . D2, p3)) (98)
i=1 i=1
where the Vf; terms are related to the triangle topology contributions, while the Wg ; terms
denote the two bubble contributions in Fig. 1. All these terms are explicitly given as

V[l;llull/«Z#.?
I
@)l
HIvicp Ha _ H3 _
T VIS ) (£ p) Vi VSt p) (- )
= p2(C+p3)
9.9)
V;;“;lmm

,3/ de
= —1
@2m)

Riv W "3
) Te[ VI (€= pa, £ p2) (L4 o) VI2 (L= po) VIS (€04 p) (£ ps) ]

€2(¢ = p3)* (€ + p2)?

(9.10)
H1VIK2 13
s __ [ 4% Te[ VIS4 pa, €) (L+ pa) VIS (€ €+ pa) ] o
i (2m) (L + p3)? ‘
H1vip3 H2
s __a 40 TV €m0 W+ ) Vi 4 po ] o)
F2 - .

(2m)d 02 (€ + p2)?
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Fig. 1. One-loop diagrams for the TJJ in QED (continuous fermion lines). A similar set of diagrams describes the scalar QED case (dashed lines), by replacing the internal

fermion with a charged scalar.
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9.1. The T JJ in scalar QED

Now we turn to consider scalar QED. The action, in this case, can be written as

smzar=f d'x =g <|D#¢|2+(‘J—Z)R|¢|2) (9.13)
8d—-1)

where R is the scalar curvature and ¢ denotes a complex scalar. We have explicitly reported

the coefficient of the term of improvement, and with D ¢ = 9,¢ + ie A, being the covariant

derivative for the coupling to the gauge field A,. At one-loop the contribution to the T'JJ is

given by the diagram in Fig. 1, with the obvious replacement of a fermion by a scalar in the

internal loop corrections. In this case they are given by

3
(T (p1) JH2(p2) I (p3))s =2 (Vsmwz’”(m, P2, )+ Y W (o o, P3))

i=1

(9.14)

where the Vg terms are related to the triangle topology contribution and the Wy ;’s are the three
bubble contributions in Fig. 1. All these are explicitly given as

V;IUIHZIB(pl, P2, p3)
3 [ dh Vige-(€—pa, €+ p3) Vigs (€€ — p2) Vg (€, £+ p3)

=i 9.15
Q2m)d €2 (€ — p2)* (L + p3)? ©-15
i - i / dhe Vrgg- 4+ p1 O ViGes. (6 L+ p1) ©.16)
S, 1 P1, P2, p3) = 2 (27T)d £2(£+p1)2 .
. HivIL %
WMIVIMZMB( )= f ddﬁ VT}¢1¢*Z £+ p3, 0 Vj¢:¢* £, £+ p3) ©9.17)
S,2 P1, p2, P3 2 (27T)d 62(€+p3)2 .
; H1VIA3 w
e P / A0 Vijpgs €+ p2. O Vg (L. L+ po) 0.18)
S,3 P, p2, p3) = 2 (27T)d 62(£+p2)2 .
where we have included the symmetry factors and the vertices are given by
V}‘¢¢*(k1,kg):ie(k{‘+k§) (9.19)
i
Viag (P k) = S AR ey +i (P p} =0 p}) (9.20)
ie
Vijese ki, ko) = 5 AP ey A+ Kog) ©.21)
V] k1, ko) =20 € 142 (9.22)

where x = (d — 2)/[8(d — 1)] is the coefficient for the term of improvement. They are shown in
Fig. 2.
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Table 1
Basis of 13 fourth rank tensors satisfying the vector current conservation on the external lines with momenta p and g.

kzg/“) _ k/LkV) b (-9
R L )

(
(
3 (P2 —4pp* ) uf (p.g)
(
(
(

4 pPghy — 4p“p“) w* (p.q)

5 q*g" —4q"q”> u? (p.q)

6 q%g" —44“61“) w (p.q)

7 [p-ag"” —2q"p" + p'q")]uP (p.q)

8 [p-qg"’ —2(g"p" + ptq") ] w* (p.q)

9 (17 qp® — pzq") (PP (a"p" + pHq") — p-q (&P p" + gPH p¥)]

10 (p-gq? —q*pP)[a* (4" P" + P"q") — p-q (8 q* + g% q")]
1 (peap® = p20%) [24Pa"q" — 4> (PVq" + gPiq")]
12 p-aqP —a?pP)[2p% pPp¥ — p? (g pH + g% p¥)]

(
13 (phq" +p"q")g% + p-q (g% gPH + g gPV) — gtV uP — (gPV pH + gPlpY)q® — (g%VqH + g%Hq") pP

10. The F-basis of the expansion for the 7'J J in QED

The T'JJ amplitude can be expanded on the basis proposed by Giannotti and Mottola [4], in
terms of 13 independent tensors structures given in Table 1. In this scheme, the amplitude can be
written as

13
THIIRIS (py, p3) =) Filsis1,52, 001/ (pa, p3), (10.1)
i=1
where the invariant amplitudes F; are functions of the kinematic invariants s = p% = (p2+p3)2,
s1= p3, 52 = p3, and the /""" form the basis of independent tensor structures.

This set of 13 tensors is linearly independent in d dimensions, for generic k2, p?, ¢2 different

from zero. Five of the 13 are Bose symmetric,

P )=t q, p),  i=1,2,7,813, (10.2)
while the remaining eight tensors are Bose symmetric pairwise

5 (p.g) =17 (q. p) . (10.3)

" (p.g) =1 q. p). (10.4)

5P (p.a) =115 (q. p). (10.5)

lﬁvaﬂ (p.q) = t{izwsa @, p). (10.6)
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In the set are present two tensor structures
u(p.g)=(p )8 —q“p”. (10.7a)
w(p.q) = p*a*¢" + (p-9)p*q” —a*p" P’ — p*q°4" (10.7b)
which appear in ¢ and 1, respectively. Each of them satisfies the Bose symmetry requirement,
u(p,q) =u"(q, p), (10.8a)
w* (p, q) =wP*(q, p). (10.8b)

and vector current conservation,

Pt (p,q) =0=qpu*?(p,q), (10.92)
Paw™ (p,q) =0=qpuw*(p.q), (10.9b)
obtained from the variation of gauge invariant quantities F,, F** and (9, F¥ D@ F iy
82{Fy, F* (0
u(p.q) = /d“ /d4y girtigy S U O] (10.10)
8Aa(x)Ag(y)
o 823, F 9, FYH(0
waﬂ(l?,q)=§/d4x/d4y P rHiay {52 W )}. (10.11)
a(X)Ap(y)

All the f;’s are transverse in their photon indices
qati/wotﬁ -0 pﬁtilwaﬁ —=0. (10.12)

1y ...13 are traceless, #1 and t, are tracefull. With this decomposition, the two vector Ward iden-
tities are automatically satisfied by all the amplitudes, as well as the Bose symmetry.

Coming to the conservation WI for the graviton line, this is automatically satisfied by the two
tensor structures f; and t;, which are completely transverse, while it has to be imposed on the
second set (#3...713) giving 3 constraints

—p*Fs+ (Bq* +4p-@)Fs+Qp* + p-q)F1 — p*q*Fio — p*(p* + p - @) Fo

p*q*Fi1 =0,
P*Fi—(3q* +4p-q)Fs— Qp*+p-@)Fs— p-qFio+(¢* +2p-q¢)F11 =0
—p-q(PP+p-OF—q*g*+p-q) Fu + Fi3 + TI(p?) =0, (10.13)

plus 3 symmetric additional ones, obtained by the exchange of the two photon momenta and the
symmetries of the form factors corresponding to (10.3)

F3(p,q) = Fs5(q, p)., (10.14)
Fu(p,q) = Fo(q, p), (10.15)
Fo(p,q) = Fio(q, p), (10.16)
Fui(p,q) = Fia(q, p). (10.17)

In other words, if we decided to identify from the F3... Fj3 components a complete transverse
traceless sector, using (10.14) and (10.13) we would identify only 4 components in this sector.
Such 4 components, obviously, would be related to the transverse and traceless form factors
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(Aq...Ay) introduced in the BMS parametrization. Their explicit expressions will be given be-
low. An important aspect of the F-basis is that only I-form factor has to be renormalized for
dimensional reasons, the others being finite. Such form factor, F13, plays an important role in the
description of the behavior of the trace parts of the same expansion, which involve #; and £, (i.e.
Fi and F?).

10.1. Dilatation Ward identities in the F-basis

The identification of the combination of form factors F; which span the transverse traceless
sector of the correlator can proceed in several ways. In this and in the next section we will
proceed by starting from its general expansion in the F-basis, and perform a transverse traceless
projection, after acting on it with the dilatation and the special conformal transformations. This
allows to gather the result of the action of the dilatation in terms of coefficients D; in the form

B _ar o3

0=} (pO7TE2 (P27l (p){ D1 p3' Py P37 Pl
+D, 80{20631);‘1172/31 + D360”“2p§l + p(;u Dy 80““3172’31]);2 + Ds 80110!33‘12/31}
(10.18a)

where D;, i =1,...,5 are differential operator acting on the F; form factors. In order to ver-
ify the previous relation, the coefficients D; multiplying the independent tensor structures have
to vanish, giving a set of differential equation for particular combination of the F;’s. The first
equation for D will be of the form

3
d
D1=4|:Zp,-a—p—(d—6)i| (F; — F3 — Fs)

i=1

3 3
d d
~2p3 [Zma—p —(d—8>} Fo —2p3 [Zpig —<d—8)} Fio=0
1

i=1 i=1 i

(10.19)
which can be rearranged as
29
D) = (Z PGy~ d— 6)) [4(F; — Fs — F3) —2p3Fy — 2p3Fi0] =0, (10.20)
i=1 !

and similarly for the other D;’s, which correspond to

’%
- 0
D, pi— —(d~— 4))
(; api

x [2(pT — p3 — p})(F7 — Fs — F3) — 4p3p3(Fo — Fs + F4) —2F;3] =0 (10.21)

l

3
d
D3 = (§ Pigy = 4)) [P3(PT — p3 — P Fi0—2p3 pyF12 —2F13] =0 (10.22)
i=1

3
9
Dy = (Z P~ d- 4)> [P3(pT — p3 — P3)Fo —2p3p3Fi1 — 2Fi3] =0  (10.23)

i=1
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3
3
Ds = (Zl’ia—p, —(d—2)> [(p} — p3 — P Fi3] =0. (10.24)

i=1 !

This allows us to identify specific combinations of the F’s which will span the transverse trace-
less sector of the T'J J.

10.2. Special conformal Ward identities in the F-basis

A similar approach can be followed in the case of the primary and secondary CWTI’s. Also in
this case we project the special CWTI’s onto the transverse traceless sector, obtaining

0=T% (p)7 2 (p2)7 [ (p3) { K* ("1 (p1) j**(p2) J" (p3))

4d
+ ?5““ Piay (T (p1) "2 (p2)J " (p3)) } (10.25)
1

where we have used the conservation Ward Identities

P2y (T (p1) JH2(p2) JH3(p3)) =0
Paps (TH™M (p1) J"2(p2) J*3(p3)) =0. (10.26a)

Also in this case one can express the first term in (10.25) in the form of (6.37) in order to
isolate the primary and secondary WI’s for the form factors.

10.3. Primary WI’s

A first set of primary conformal WTI’s is given by

0=K13[4(F7 — Fs — F3) — 2p3 Fy — 2p3 Fio] (10.27a)
0=K13[2(p} — p3 — p})(Fy — Fs — Fs3) — 4p} p}(Fs — Fs + F4) — 2F13]

+2[4(F; — Fs — F3) — 2p3Fy — 2p3 Fyo] (10.27b)
0 =K13[P§(P12 — p3— p3)Fio—2p3 p3Fin — 2F3]

— 4[4(F; — Fs — F3) —2p5Fy — 2p3 Fyo] (10.27¢)
0=K13[p3(p} — p3 — p)Fo — 2p3p3Fi1 — 2F13] (10.27d)

0=Ki3[(pi — p3 — P F13]) = 2[p3(pi — p3 — ) Fo — 2p3p3 Fii —2F13]  (10.27¢)
and a second set as

0=K3[4(F; — Fs — F3) —2p3Fy — 2p3 Fyg | (10.28a)
0=Kx[2(pi — p5 — p3)(F7 — Fs — F3) — 4p3p3(Fs — Fy + F1) —2F13]  (10.28b)
0 =K23[P§(P12 — p3— p3)Fio —2p3 p3Fin — 2F13]

— 4[4(F7 — F5 — F3) — 2p§F9 - ZP%Fl()] (10.28¢)
0 =K23[P§(Pf — p3 — P Fo —2p3p3F11 — 2F3]

+4[4(F7 — Fs — F3) = 2p3Fy — 2p3 Fio| (10.28d)
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0=Ka3[(p7 — p3 — P F13] +2[P3(pi — P3 — p3) Fio — 2p3 p3 Fia — 2F13]
— Z[pg(p% — p% — p%)Fg — 2p§p?2,F11 — 2F13]. (10.28e)

It is clear from the way in which we have organized the contributions in square brackets ([ ]) that
they correspond to the same structures identified in the projections of the dilatation WTI’s.

10.4. Secondary WI’s

For completeness we list the secondary Ward Identities obtained in a similar way, which are
given by

0= L5[4(F7 — F3 — F5) — 2p; Fy — 2p3 Fio]
+ 2R [p2(p? — p3 — p3)Fio — 2p3 pF1n — 2Fi3]

—2R'[2(p} — p3 — p3)(F; — Fs — F3) — 4p3 p3(Fs — Fs + Fy) — 2Fy3]
(10.29)

0= Li[p3(p} — p3 — P} Fo — 2p3p3F11 — 2Fy3]
—2p3[p2(p? — p} — P Fio — 2p3 p3F12 — 2Fi3]
+4p3[2(p} — p3 — phH(Fr — Fs — F3) — 4p3 p3(Fo — Fs + F) — 23]

+2R[(p} — p3 — P3) F13] (10.30)
__i _ _ _ 2 _ 2
0= e L4[4(F7 — F3 — F5) — 2p5 F9 — 2p5 Fio]

1

+ R[p3(pi — p3 — P3)Fio —2p3 p3F12 — 2F13]

— R[p3(p} — p3 — p})Fo —2p3p3 Fi1 — 2F13]}
4df ,
+ ? p3(p1-p3—p1-p2—p2-p3)Fio—4F3p1- p2
1

— p3p3(Fi1 — Fio) +4Fsp1 - p3+2(p1 - p2 — p1 - p3) Fy

+p3(p1-p3—p1 ~P2+P2~p3)F9] (10.31)
2
0= —?{ La[2(p} — p3 — pR)(Fy — Fs — F) — 4p3 p(Fs — Fy + Fy) — 2Fi3)
2

— p3(p? = p3 — pH(PIF10 — PIFe) +2p2p3pi(Fia — Fu)}
4d
+ ?[(pﬁ — pFi3+ (p3 + pl — p3 —2p1P3) F3 +2p3p3(pt + P — P3) Fa
1
+ (2pip3 — pt — p5 + P Fs +2p3p3(p3 — p3 — pD Fe +2p3p3(p3 — p3) Fs

+(p3 — p3 + Pipi — PIP3) Fi] (10.32)
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0= —#{Lz;[p%(p% — p3 — p3)Fi0 —2p5 p3Fi2 — 2F13] = 2R[(p] — p5 — p%)FB]}
1
" %[m - p3p2- p3p3Fio + p.p2p3p3Fiz — p3Fis) (10.33)
1
0= _pi%{u[pg(p% — P} — PDFo—2p3piFu1 — 2F13] + 2R[(p] = p3 — p3) Fis)

—4pi P30} — P} - PDFo — 203 p3 1 — 23]}

4d
+ ?[pﬁpipl -p3Fi1+ p3Fi3+ p1 - pap3ps - paFo)l. (10.34)
1

We are now going to use the results above in order to identify the link between the two trans-
verse sections in the F-basis introduced by the perturbative expansion and the A-basis of the
transverse traceless sector. Notice that the 13 form factors of the F-basis form a complete basis
in d-dimensions, and have some nice properties, as we are going to emphasize below.

10.5. Connection between the A- and the F-basis
By a direct analysis of the previous primary and secondary constraint in the F-basis, using

the equations given in Sections 6.3 and 6.4 for the A; form factors, we obtain the relations which
define the mapping between the transverse traceless sectors in the two basis, which is given by

Al =4(F; — F3 — Fs) — 2p3Fy — 2p3 Fyg (10.352)
Ay=2(pi — p3 — p3)(F1 — Fs — F3) = 4p3 p3(Fs — Fs + Fa) — 2F13 (10.35b)
A3 = p3(p — p3 — pDF10 — 2p3 PiFi2 — 2F13 (10.35¢)
A3(p2 < p3) = p3(pi — p5 — p3)Fo — 2pip3Fiy — 2Fi3 (10.35d)
As= (p{ — p3 — P Fia. (10.35¢)

It is worth noticing that the form factor A3 and its corresponding A3(py <> p3) are well-defined
since

Fio(s; s1,52,0) = Fo(s; 52,51,0),  Fia(s; s1, 52, 0) = F11(s; 52, 51, 0). (10.36)
Going back to the full perturbative amplitude we can re-express the entire correlator as
(TH™ (p1) J*2(p2) T (p3))
= ("1 (p1) "2 (p2) JM (p3)) + (i (p1) T2 (p2) T (p3)) (10.37)

where the semi-local term is expressed exactly as

(#1 (p1) J*2 (p2) T*2 (p3)) =

B v
plﬂ][ (11 gvp) Ploy Upv P Py
=——|2p;" '8, — ———= """+ (d —2)
pr L0 (d—1)< ri

X (T*1P1(p1) J*2(p2) J* (p3)) (10.38)

and the transverse traceless part is reconstructed as
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(1 (1) J2(2) 72 (3)) pers = Mg gy (POTLE(P2) T (p3) %
X { [4(F7 — F3 — Fs) = 2p3 Fo — 2p3 Fio] p3' )" p2 p}°

+[2p} — P2 — PH(Fy — Fs — F3) — 4p3p}(Fs — Fs + Fa) — 2F13] 6229 pS' pb!
+[P3pt - p2 — P Fi0 — 23 p3Fip — 2F13] 84192 ph' p%

+ [P} — P} — P Fo — 2p3 P2 Fi1 — 2F13] 1% pb' p3?
+ [(p7 — p3 — p3) F13]8*1®38%2F } (10.39)

Notice that neither F| nor F> will be part of the local contributions since they are both completely
traceless. Therefore in the F'-basis, the contributions appearing in (10.38) will be combinations
of F3... Fj3 which are independent from the 4 combinations of the F’s identified by the mapping
(10.35).

Since we are still defining the correlator in d-dimensions, and it is conformal in this case, then
its d-dimensional trace has to vanish. This condition brings in two additional constraints on the
two form factors F7 and F,, which now enter into the analysis,

(d—4)

=———[Fis—p3Fs—p3Fs—pr-p3 Fr (10.40)
p%(d—l)[ ]
d-4 ., 5

=———|ps Fa+p3sFs+p2- p3 F3|, (10.41)

which will be important for the renormalization procedure and the identification of the anomaly
term.

We remark that the independent analysis of A4 [13], which has essentially the same structure
as Fj3, as one can immediately realize from (10.35), shows that in a general conformal field
theory the singularity of F3 can only be of order 1/(d — 4) and not any higher. We are now
going to test such general analysis to the specific case of QED at one-loop.

10.6. Fi3in QED
The expressions of the 13 F; form factors in d-dimensions are shown in the appendix. The

renormalized results in d = 4 have been given in [7]. Notice that we have expressed their expres-
sions directly in terms of the two master integrals

alt 1
Bus.0.0= [ £ e = B0
. )_L/ddl 1 (10.42)
0O =5 [ e =g @+ ) |

which will be useful for the discussion of the action of the conformal generators on each of them.
Introducing the variables o = s2 —2s(s1 + 2) + (51 — 52)% and y =5 —s§1 — 52, F13 takes the
form
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272252
(d—2)(d—1)do?

F13.4(s,51,5) = { —255[(d* —3d +4)(s +s1) — 4(d — 1)s1]

2,2
42— 3d + B[ —s)* + s3]} Bos) — e BPo? — P35t
+( + )[(s s1) +s2] 0(s) - D@ —DdoZy o [ s
—253(Ts1 + 9s2) + 8s2(3s% + 35152 +4s§) —25(s1 — $2)>(9s1 + 1152) 4+ 5(s1 — s2)4]
+2d[25* — 1153 (s1 + 52) + 57 (2157 + 245152 + 1953) + 5(— 1757 + Ss{s2 + 255153

— 13s§’) + (51— sz)3(5s1 — 3sz)] + 851 (s3 — 3s2(s1 +s57) + 3s(sf — s%) — (51— S2)3)}

w2e2sy

(d —2)(d — do?y
+353) — 25(s1 — 52)> (1151 +952) + 5(s1 — 52)*] +2d[25* — 1153 (51 + 52) + 52(1957
+ 245152 + 21s§) + s(—13s13 + 25s12sz + 5sls% — 17s§’) + (51— sz)3(3s1 — 5S2)]

x Bo(s1) — {d302 — d*[3s* — 253 (951 + Ts2) + 852 (4s7 + 35152

+ 8sz[s3 — 3s2(s1 +s57) — 3s (s12 — sg) + (s1 — S2)3]}Bo(sz)

47‘[26‘2S2S1S2(d0 + 85152)
(d —2)do?y
which we will study in the d — 4 limit. As discussed in [4] [7], the singularity of this form factor
comes from the scalar form factor IT(p?) of the photon 2-point function (JJ). The singularity
of this correlator will be at all orders of the form 1/¢ in a conformal theory and not higher. This
is a crucial point in the proof which is clearly not satisfied in a non-conformal theory. In fact, the
only available counterterm to regulate a conformal theory is given by

1
- / d*xJgF F* (10.44)
€

which renormalizes the 2-point function (J J) and henceforth F13. Explicit computations in QED
at one-loop, where the theory is conformal, show that

Co(s, 51,52), (10.43)

1
Fi3=Go(p}, p3, p3) — 3 [T1(p3) + T(pd)] (10.45)

We just recall that the structure of the two-point function of two conserved vector currents of
scaling dimensions 11 and n; is given by [24]

dj2 (/2 — o B
af, T d/2=m) ( op PP 2vm—d/2
GV (p) _87)1772 Cvi2 4771_d/2 F(T]l) p2 (p ) ’ (1046)

with cy 12 being an arbitrary constant. It will be nonvanishing only if the two currents share the
same dimensions, and it is characterized just by a single pole (to all orders) 1/€ in dimensional
regularization. The divergence can be regulated with d — d — 2¢, and expanding the product
I'(d/2—n) (p*)"~%?in 10.46 in a Laurent series around d /2 — = —n (integer) one can extract
the single pole in 1/¢ in the form [24]

C(dj2— ) (P72 = % (—é U4+ 0(e)> (P2, (10.47)

where 1 (z) is the logarithmic derivative of the Gamma function, and € takes into account the
divergence of the two-point correlator for particular values of the scale dimension 7 and of the
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space—time dimension d. In the QED case, the renormalization involves only the master integrals
Bo(s;), which gives (d =4 — 2¢)

2 2,2 .
Fia= 72 4 B/, (10.48)
3e

implying that F; (from (10.41)) will be given by

2¢€ 27 e? fin
Fi = s = + F5" ), (10.49)

which in the d — 4 limit gives

4 2
lim Fy = —~ (10.50)
d—4 9 s

showing the appearance of an anomaly pole in the single form factor which is responsible for the
trace anomaly.

It is quite obvious that the non-perturbative analysis of [13] in the A-basis and the perturbative
ones in the F'-basis are consistent. There is some additional important information that we can
extract in the latter basis if we go back to the two equations in (10.41).

1. From the finiteness of all the form factors, except for Fj3 which is regulated with a 1/¢
divergence, it is obvious that in the limit of d — 4, as a result of (10.49), F is nonvanishing
and exhibits a 1/ p% = 1 /s behavior. Therefore, the emergence of Fj in d = 4 as a form factor
which accounts for the anomaly is a nice feature if this general analysis. It shows how to link an
anomaly pole to the renormalization of a single form factor in the expansion of the correlator.

2. At the same time, it is possible to check explicitly from its d-dimensional expression shown
in (A.6) that the second form factor F, vanishes as d — 4, proving that there will be one and
only one tensor structure of nonzero trace.

3. Although the results above are fully confirmed by the previous perturbative analysis, they
hold generically (non perturbatively) in the context of the conformal realizations of such corre-
lator.

A natural question to ask is what happens to the tensor structures f,...#13 as we move
from d to 4 dimensions. The answer is quite immediate. We contract such structures with the
d-dimensional metric g,,(d) and perform the d — 4 limit. One can easily check that 19, #19, #11
and t17, remain traceless in any dimensions, while the remaining ones become traceless in this
limit. For instance

g (@i = (d — HIPu (p, q)
g (@)ty" P = (d — KW (p, q), (10.51)

and similarly for the others. Therefore, in the d — 4 limit, the F-basis satisfies all the original
constraints and the separation between traceless and trace-contributions which were described in
Sect. 9.

10.7. Implications
We may summarize the result of this section by saying that the emergence of an anomaly pole

in the T'J J is not limited to perturbation theory but is a specific feature of the non-perturbative
solution as well. The perturbative description offers a simple view of why this phenomenon
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U VYRV Ve —i
(a) (b)

Fig. 3. (a): Dispersive description of the singularity of the spectral density p(s) as a spacetime process. (b): The exchange
of a pole as the origin of the conformal anomaly in the TJJ viewed in perturbation theory.

takes place. In the dispersive representation of the unique form factor which is responsible for
the appearance of the anomaly (F7), this phenomenon is related to the exchange of a collinear
fermion/antifermion pair in the s variable (p(s) ~ 8(s)) (see Fig. 3). This configuration provides
a contribution to the anomaly action of the form

2
Spole = —ﬁ / d*xd*y (Oh(x) — 0,0,h"" (x)) 05 | Fap () F* () (10.52)
In view of the equivalence between the perturbative and the nonperturbative solution for the A;
(and henceforth for the F-basis), which will be discussed in section 13, it is obvious that this
phenomenon is lifted from its perturbative origin and acquires a general meaning. We refer to
[4,25] for a general perturbative analysis of the spectral densities for such type of vertices.
There is no doubt that this is a one-loop phenomenon in QED which is obviously violated at
higher orders, since the theory, in this case, ceases to be conformal. However, as we are going to
show in the next section, the one-loop expression in QED reproduces the entire non perturbative
conformal BMS solution, and this explains why our proof should be considered a definitive proof
of the fact that, at least for this correlator, the exchange of effective massless interactions is the
key signature of the conformal anomaly.

11. Conformal Ward identities and the perturbative master integrals

We now turn to illustrate the action of the conformal generators on the d-dimensional expres-
sions of the F;, showing that they are indeed solutions of the corresponding CWTI’s. We will first
elaborate on the action of the conformal generators on the simple master integrals By, Co. Such
an action will be reformulated in terms of the external invariant of each master integral, starting
from the original definitions of the special conformal K* and dilatation D operators.

Understanding the way the conformal constraints work on perturbative realizations of confor-
mal correlators is indeed important for various reasons. For instance, one can find, by a direct
perturbative analysis simpler realizations of the general hypergeometric solutions of the CWI’s
for the A;, while, at the same time, one can test the consistency of the general approach imple-
mented in the solution of the conformal constraints which does not rely on an explicit Lagrangian
but just on the data content of a given CFT. We are going to show that indeed such is the case and
that the d-dimensional form factors given in the appendix satisfy all the conformal constraints
corresponding to the dilatation and special conformal WT’s.

11.1. The conformal constraints on the external invariants
The action of the special conformal transformations K* and of the dilatations D on them, will

require that K;;, Ly, R in (4.9), (6.39) and (6.40) be expressed in terms of the three invariants
s, 51 and 5.
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Taking the four-momentum p’f as independent, we will be using the chain rules

9 ad d
S T S . (11.1)
P, p1 dpr - p2 9p2
0 a 0
=P 2 P T (11.2)
ap3 p1 Op1  p3 9p3
and by taking appropriate linear combinations of these relations we obtain the system of equa-
tions
o pht o p2-p3 9
mo o oppm )T\ peps I '
P3 5o = P3 5T P2 p3 3

Solving the system above for the derivative of the magnitudes of the momenta we obtain the
relations

9 _ p2D3 pepsfopw 0w 0N (0
a2 \(p2-p2—p3p3)| ps \Copy T opk Zopy P oph )]

(11.4a)
0 p2p3 [ u 0 u 0 p2p3f 0 ERY
= P2\P3 7w~ P3|~ Py~ Prm )|
ap3 ((pz p)=p3pd |\ ey T aph p2 \"?opy T2opy )]
(11.4b)
Afterwards, by taking other linear combinations we obtain
o wo _ o, 9 _ PPy d
Py 3r T P35, = Plgp; = Tpy ip
) (11.5)
m_9 o _, 9 _ pip3 9
P3 5pm P2 5,m = Plipr — “py Bp3
which, combined together, give
P = P2 p3 [m B3 (s p3) + p2)
R . 3) Py —=
ipr \(p2-p3)*—p3p3) L paps 3 apl
P2 p3 n ou 0 P2 n ou 0
+ (P2-p3)+p3) Py - — —((P2-p3) +P3) Py —&
P3 2 pu 0
——((p2-p3)+p3)p —} (11.6)
with the four-vector forms of the derivatives rearranged as
w 0 d—4)
P53 7 Bo(s) = (s + 51— 52) Bo(s) (11.7a)
op; 2s
a d—-4)
Ps — Bo(s) = (s —s1+52) Bo(s) (11.7b)
op, 2s
uw 0 d—-4)
Py 7 Bo(s) = (s —s1+52) Bo(s) (11.7¢)
ops3 2s
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8B() W=D+ ) Bo(s)
= s+s51—8 s).
P3 8 ols 25 1 2) bo
Inserting these expressions in (11.4) and (11.6) we obtain the relations
d a d
pi—Bo(s) =(d —4) Bo(s), ——Bo(s) =0, —Bo(s) =
ap1 ap2 ap3

The four-derivatives of Bgy(s1) are computed in a similar way, obtaining

d
pg@? Bo(s1) = (d —4) Bo(s1)

2
0 d—4)

K By(s)) = s — 81 —852) Bo(s
D3 P 0(s1) > ( 1 —52) Bo(s1)
0 7 Bo(s1) = ? Bo(s1) =0
K s1) =0,

pza 0 1 81); 01

giving

d—4)

0 0
p17—Bo(s1) =0, —Bo(s1) =
ap1 ap2

Finally, for the scalar 2-point function By(s2) we obtain

d 0

I3 I3

Py — Bo(s2) = p3 — Bo(s2) =0
2 Bpg 3 8p’2L

— D (¢ 51 —52) Bo(s2)

p“aBm
—u bos1) =

d
p‘;a—u Bo(s1) = (d — 4) Bo(s2),
%)
and

0 0 d (d—
p17— Bo(s2) =0, —By(s2,0,0) =0, —Bo(s2) =
api op2 op3

0
Bo(s1), 8—17330(S1)=O.
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(11.7d)

(11.8a)

(11.92)

(11.9b)

(11.9¢)

(11.10a)

(11.11a)

(11.11b)

(11.11c)

4
Bo(sy). (11.12a)

Finally, we consider the action of these operators on the scalar integral Cy(s, s1, s2), obtaining

the relations

—3)

[Bo(s1) — Bo(s2)]

n (d—06)s +(d—4)(s1 —52)

d d
Ph—= op" 7 Cols, s1,82) =

> Co(s, s1,52)
D (d-3)
ot o Cols. 51.57) = . [(s1 = $)Bo(s2) + s Bo(s) — s1Bo(s1)]
2
L= 4)(s—2sslifs+s1 52 Co(s.51.5)
LD (d—3)
Py — Cols, s1,52) = [(s2 = 5)Bo(s1) + s Bo(s) — 52 Bo(s2)]
8[73 582

(d 4)(s —s52)(s — 51 +52)
25 857

Co(s, 51, 52)

(11.13a)

(11.13b)

(11.13¢)
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9 d—-3
pél'@ Co(s, s1,8) = ( P )[BO(SZ) - BO(Sl)]

n (d—6)s —(d—4)(s1 —s2)
2s

Using the relations given above, after some algebra, we obtain the expressions

Co(s, 51, 52). (11.13d)

0
o= ﬂ{z(d —3)[(s + 51 — 52) Bo(s1) + (s — 51 + 52) Bo(s2) — 25 Bo(s)]
P1 os

+[(d = (51 — 52)* — (d — 2)s* +25(s1 +52)] Co(s, 51, S2)} (11.14a)

d
—Cy = ﬂ{zw — 3)[(s + 51— 52) Bo(s) + (51 + 52 — 5) Bo(s2) — 251 Bo(s1)]
P2 o051

+ [252(s1 — (d = 4)s) + (s — s1)((d = Ds + (d — 2)s1) + (d — 4)s3]

X CO(SvsI:SZ)} (11.14b)

d
a—Co =2 {Z(d —3)[(s — 514 52) Bo(s) + (s1 + 52 — ) Bo(s1) — 252 Bo(s2) ]
P3 052

+[(d = (s = s1)* = (d = 2)s3 +252(s + 51) ] Co s, sl,sz)}. (11.14c)

At this point, one can write the operators K, Ly and R of the special CWT’s in terms of the
three invariants s, s; and s> as

d 1 9 ad 1 0 ad 1 9
—_— =, —_— = —_— =, (11.15)
ds  2p1dp ds1 2p2dp2 dsy 2p3 dp3
and from the explicit form of the K; operator in (4.9) we obtain
32 3 ,
Ki=6jy1|4sj—+2d+2-2A)— |, i=12,3, (11.16)
stz. s

where we have set so = .
In the same way, we find that the operators Ly and R, from their defining expressions (6.39)
and (6.40), take the form

3 ]
Ly =2(s+s —sz)s£+4ss1 — +[@d— A1 —2A2+ N)s+ QA —d)(sy — s1)]

051
11.17)
d
R=2s — — (2A| —4d), (11.18)
as
while their symmetric versions are given by
Ly =Ly withs < sjand A < A (11.19)
R' =R with s+ s; and A = As. (11.20)

‘We then obtain
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4(d —4)
K12 Bo(s) = K13 Bo(s) = — S By(s,0,0), K23 Bo(s) =0
2(d —4)
K31 Bo(s1) = K23 Bo(s1) = — 1 By (s1), K13 Bo(s1) =0
2(d —4)
K31 Bo(s2) = K32 Bo(s2) = — 5 By (s2), K12 By(s2) =0, (11.21a)

K12 Co(s, 51, 52)

- 4(Sds;a3) [ = (57 + (5 = 251)(51 = 52)) Bo(s2) +5(s + 551~ 52) Bo(s)

— 251 (2s +51—52) BO(SI):|

+ [4(d —3)(3s —3s1 —s2)s51+2(d —4)(s — 2s1)a] Co(s, s1,52) (11.22a)

s8510

Ka3 Co(s, s1,52)
4d-3)

[(n —82)(s — 51 —82) Bo(s) +51(s1 — 5 +252) Bo(s1)

518520
+52(s — 351 — 52) Bo(Sz)} + m[z(d —4)(s1 — 52)[(s — 51)* — 25 52 + 53]
152
+4(d —2)(s1 —52) 51 sz] Co(s, s1,52) (11.22b)

K13 Co(s, s1,52)

- 4idsz_a3) [ — (5% + (s = 252)(s2 = 51)) Bo(s1) + s(s — 51+ 552) Bo(s)

— 25225 — 51+ 852) Bo(Sz)]

+ [4(d —3)(3s — 350 —s51) 8550 +2(d —4)(s — 2sz)a] Co(s, s1,52), (11.22¢)

8§20

while the action of the operators Ly and R on By(s) is given by

Ly Bo(s) =[(N —2)s — 4s1 +4s2] Bo(s)
Lly Bo(s) =[(d + N —7)s1 + (d — 2)(s2 — s)] Bo(s)
R By(s) = —4By(s)
R Bo(s) = —(d — 2) By(s), (11.23a)

and on By(sy)

Ly Bo(s1) =[(d + N —6)s +d(s2 — 51)] Bo(s1)
Ly Bo(s1) = [(N —3)s1 — 25 + 252 Bo(s1)
R By(s1) = —d Bo(s1)
R By(s1) = =2 By(s1). (11.24a)
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Similarly, for By(s2) we obtain

Ly Bo(s2) =[(N —d +2)s +d(s2 — s1)] Bo(s2)
Ly Bo(s2) = [(N —d + 1)s; + (d — 2)(s2 — 5) ] Bo(s2)
R Bo(s2) = —d Bo(s2)
R’ Bo(s3) = —(d — 2) By(s2), (11.25a)
and for Cy(s, s1, 52)

Ly Co(s. s1,52) =2(d —3)[ Bo(s1) — Bo(s2) ] + [(N —4)s — 4(s1 — 52)|Co(s. 51. 52)
Ly Co(s, s1,52) =2(d — 3)[ Bo(s) — Bo(s2)] + [(N — 5)s1 — 2(s — $2)]Co (s, 51, 52)

2(d —3)
R Co(s,s1,52) = T[(S + 51— 52) Bo(s1) + (s — 51 + 52) Bo(s2) — 25 Bo(s) ]

2 2 2
+ ;[— (d — 1)s> + (d + Ds(s1 + 52) — 2(s1 — 52)°]Co (s, 51, 52)

/ 2(d - 3)
R Co(s,s1,82) = T[(S + 51— 52) Bo(s) + (—s + 51+ 52) Bo(s2) — 251 Bo(s1) ]

2
= ~[s61—dsi = 292) + (51 = 52)(d = D)s1 = 52051 = $2) +57]
x Co(s, 51, 52). (11.26a)
Using the explicit expressions of the form factors F; presented in the appendix, we have explicitly
verified that they satisfy all the conformal constraints, once the action on the two master integrals

is re-expressed according to the derivative rules that we have derived in this section in terms of
the external invariants.

12. Renormalization and anomalous Ward identities in QED

In this final section we turn to the derivation of the anomalous CW/I’s for this correlator in
QED. We recall that the singularity in the form factor F3, which is the only one which is affected
by the renormalization of the F-basis, can be removed by using the counterterm

/d4x«/—gF,wF’“’. (12.1)

After the renormalization procedure in the F-basis, the renormalized expressions of the A; form
factors are obtained using the mapping (10.35). One can then derive renormalized anomalous
(dilatation, primary and secondary) WI’s. Using the explicit expressions of the A; given in the
appendix, and performing the renormalization, we obtain

.9 9
Zpl—+2 A1:O=—/,L—A1 (122)
; api o

i . 0 AR_Snzez_ 0 AR (12.3)
: plapi 2= 73 < Maﬂ B .

2.2 )

23: 9 ) A% =S e AR (12.4)
g — <> = = — —_— .
: Pi Op; 3(P2<p3 3 U«au 3
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3 a 4 J
§ — 2 ) AR - 225 — 5y —50) = —pu—AR, 12.5
< : Di o ) 4 37 (s —51—52) Mau 4 (12.5)

for the dilatation WT’s, while for the primary CWI’s we obtain

KA1 =0 K2»3A1=0
K]3A§ =24, K23A§ —0
Ki3A3 =44, K AR =44,

R _
Ki345(p2 < p3) =0 K3 Af(py < p3) = —44,

16 2.2
e KpAf = —2A5 + 245 (p2 < p3).

3

Ki3Af =245 (p2 < p3) —
(12.6)

In all the equations e is the renormalized charge and can be traded for B(e) by the relation
B(e)/e = e*/(127?). For the secondary CWI’s we obtain

LsAy + RAR — RAX(pr < p3) =0
Ly AR — 5 (AR — AR (p2 < p3))

16 24
— gnzez [3s1 BR(51.0,0) — 35288 (55,0,0) — 51 +s2] i Enzeu

32 48
LyAf —2RAf = Tt s, [1 — 3B (5,0, 0)] + 5l

(12.7)
32
Ly AR(py <> p3) + 2R AR — 45AR (py < p3) = Enzezsl [3B§(s1, 0,0) — 1]
R R R
L3 AT —2R'A5 +2R'A$ =0
16
L) AR(p2 <> p3) + p34AR —248) 1 2R AR = ?nzezsl,
where we have used the relations
d Sii
B—SiBg?(sj,o,O):—SLifi:o,l,z (12.8)
where 5o = s and
d 1
35 Co= = [s(s1 + 52 —5)Co + Bo,r(s1)(s + 51 — $2) + Bo,r(52)(s — 51 + 52)
—2s B(),R(s)] (12.9)
0 1
e Co= o [s1(s + 52— 51)Co + Bo,r(s)(s + s1 — 52) + Bo,r(s2) (51 — 5 + 52)
— 251 Bo,r(s1)] (12.10)

0

1
— Co=—— [s2(s + 51 — 52)Co + Bo,r(s1) (52 + 51 — 8) + Bo,r(s)(s — 51 + 52)
057 KX

— 25 B()’R(Sz)]. (12.11)
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We have defined o = 52 — 2s(sy +52) + (51 — 52)% Bo.r(s) = Bo.r(5:,0,0) =2 — log (—%)
and, for simplicity, Co = Cy(s, 51, 52).
In d = 4 the operator K; and L y take the forms

2 9 82 2
Ki=d4s— —4—, Kry=4dsi;—, Kz=dsr— 12.12
TN T ey PTG T (1212
0 0 0
Ly=2s(s+s1—50)—+4ss1— +[(N =2)s +4(s2 — s1)], R=2s ——4
as a8 as
(12.13)
/ ) 9 / 9
Ly =2si(s+s1—s2)— +4ss1— +[(N —3)s1 +2(s2 — 5)], R =251 — —2.
381 s 01
(12.14)

13. Comparing the 3K solutions of BMS with the perturbative result in QED

The perturbative analysis presented above provides a significant check of the consistency of
the BMS approach for 3-point functions. However, at the same time, it carries a lot of insight
about the connection between CFT’s realized by free field theories and the structure of the cor-
responding nonperturbative solutions. In order to clarify this point we proceed with a direct
comparison between the expressions of the A; given in the appendix and the analogous results
for the same correlator given in [14]. The A;’s given in the appendix have been obtained by the
recomputed F;’s.

The final outcome of this analysis will be, by this direct check, that free field theories com-
pletely saturate the general nonperturbative solution, providing drastic simplifications of the
results presented in [14]. As already mentioned, the latter have been presented in the form of
parametric integrals of 3 Bessel functions, which obviously amount to linear combinations of
Appell functions, originally introduced in studies of the AdS/CFT correspondence.

To make our treatment self-contained we need to provide some basic description of the struc-
ture of the solutions obtained by BMS in their analysis and then we will establish a direct link
between these expressions and the simplified ones given in the appendix, corresponding to the
perturbative A;’s. The BMS solutions take the form

A1 = a1 J41000]

Az = a1J31100] + @3J2[000]

A3 =2a1J31001] + @3 J2[000]

Aq = 2ay1 210117 + @3J11010] + 4 Joj000] (13.1)
where the J,[x,k,k;) are integrals corresponding to hypergeometric functions F4 of 2 variables.
In general they are defined as

Inlkikaks] = Ldj2=14n1p1 52831 (13.2)

where

o o

o
ly[6107031(P1, P2, P3) = f dxx p,-’Ka_, (pjx) (13.3)
0 Jj=1
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with 8; = A; —d/2 + k;. In our case A1 =d and Ay = A3 =d — 1. The parametric integral is
expressed in terms of products of modified Bessel functions K, (x) of second kind. The explicit
expressions of such integrals have been worked out in [14]. All the J integrals appearing in the
solution correspond to master integrals of the form [24]

dil 1
Qo) (123 ((+ p)?)2 (1 — p)>)™’

which can be directly connected to 3-point functions of scalar operators, of suitable scaling di-
mensions A; by the relations

dpy dp, d?ps
2m)? 2m)d 2n)d

J(vi, v, v3) = (13.4)

Qm)?8D(p1 + pa + p3) J(v1, va, v3)e PIAITIP2I2TIPIA

. 1 L d/2—v)d/2 —vy)['(d/2 — v3)
T g+t p3d/2 Cw)T () (13)
1
13.
X (x122)d/2—u3(x%3)d/2—m (xgl)d/Z—vz ’ (13.5)
with

Al=d—vy—v3, Ary=d—vi —v3, Az=d—vi—1 (13.6)

1 1
vl:E(d+Al_A2_A3) V2=§(d_A1+A2_A3)’

1
v3=5(d = Al= Ay +A3) (13.7)

An equivalent expression of the master integral J(vy, vz, v3) can be obtained combining the
expressions above in the form

q—d/204=3d/2 d/2—vy—vy _d/2—vi—v3 d/2—vi—w
J (v, vz, v3) = P 12 P3
F)T(w)T'(v3)I'(d — vy — v —v3)

[e¢]

« / dxx Ky (1) Ko (P20 K (p3x) (13.8)
0

An alternative expression for this integral can be found in [24]. Notice that if we plug the scaling
dimensions of T#” and of the current J”, for instance in Jojoo0;, We encounter divergences
which need to be regulated using a rather complex scheme which has been discussed in [14].
This implies that the coefficients of the scalar 3-point functions contained in the J integrals
correspond to generalized master integrals with indices v; which are real numbers rather than
just integers, as in the case of ordinary perturbation theory, for instance in QCD. This sets them
apart from the standard integrals appearing in massless theories at higher orders.

Because of this, it is not obvious that the general 3K solution can be directly related to the
simple master integrals which appear in the A;, given in the appendix, containing the two master
integrals By and Cy. In fact, all the relations presented in [14] which allow to connect various
J integrals are, therefore, unrenormalized and need to be expanded in a regulator in order to
generate the final expressions for each form factor. This, unfortunately does not allow to recog-
nize that such solutions can be drastically simplified. By the same token, the solutions that we
have provided for the A; using the Fuchsian analysis of section 8 cannot be easily recognized for
being related just to ordinary By and Cp master integrals.
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We are now going to show that the same information provided by the J integrals is entirely
reproduced by the perturbative solution in a simplified way. This clearly implies that there are
significant cancellations among the contributions coming from different J integrals in the BMS
solution, in whatever form they are written, which are far from being evident. The latter, obvi-
ously, remains essential in order to determine the minimal set of constants which characterize the
general conformal solution and allow to establish a link between this and the perturbative result,
but their significance probably stops here.

In order to establish this link, we consider different field theories in various dimensions char-
acterized by a generic number of degenerate massless fermions, say ny,, which, as we are going
to show, will be taking the role of 1 in the final solution. Let’s investigate this point.

As shown in [14], the secondary CWTI’s allow to express the 4 constants ¢; in terms of o
and the normalization of the 2-point function C;. These relations, in general, involve a regulator,
except for specific dimensions. In d =3 and d = 5, for instance, the correlator is finite and the
relation between the perturbative and the non perturbative expressions of the A; is transparent
and can be worked out analytically.

We start from the two point functions, since the C; presented [14] and in free field theory
(QED) must be matched. In [14] the normalization of the JJ correlator is defined by the relation

d
(J (p) IV (=p))=Cya"(p)l <1 5 %) pire (13.9)

while in our case, in conformal QED, we find in dimensional regularization

2% e (d —2)

(JM(p)J"(=p)) = p* 7 (p) Bo(p?,0,0)

d—1
2% 2 (d — 2) T (p) d 2 D

- [r<——1>} r(z——>p“, (13.10)
d—DT(d-2) 2 2

having used the explicit expression of the two point scalar integral (13.15).

In odd spacetime dimension n (d = n + €), the limit € — 0 is finite and then the comparison
between (13.9) and (13.10) gives the value for the normalization constant C; of the two point
function (J J) as

_wte@-» [r-yl're-9)
d-1DHI'@d-2 r(-9)

Cy (13.11)

It is simple to verify that the values of C; in the d =3 and d =5 are those given by (13.11), in

fact
3 -1 3 2
C, 123 qig [r(lﬂ [r(_l)] __Te (13.12)
2 2 2
3 9 2 -1 I 2
o BEEQT -5
2T (3) 2 2 2 32

With this information, we can proceed further, showing that the expressions of the A;’s presented
in section A agree with those determined in the nonperturbative solution.
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13.1. Explicit result in d =3 (QED and scalar QED)

We consider the fermion and the scalar contribution combined together, selecting an arbitrary
number of massless fermions and scalars running inside the loops, with constants nyr and ng
related to this condition.

In the particular case of d = 3 there are simplifications both in the exact and the perturbative
solutions. The scalar integral By is given by

d d 2 d
1 l 2 £-1)|'re2-5
Bo(5.0,0) = d'e — o=Z E (t-nI'r( %) (13.14)
lT[Z £=(€ = p1) 720(d—-2) (p%)sz
for which in d = 3 becomes
732
P1

where p1 =|p1| =,/ p%. The scalar 3-point function Cyp can be simplified using the star-triangle
rule for which

dix
[(x —x1)2] [(x — x2)2]%2 [(x — x3)%]%3
v = . d)2
Yiai=d _ in v(al)v(ai)V(as) _ (13.16)
[(r2 — x3)2127% [(x] — x2)2]2 793 [(ox) — x3)2]2 72
where
r (”—1 — x)

v(x) = T (13.17)

which holds only if the condition ) ; a; = d is satisfied. In the case d = 3 (13.16) is proportional
to the three point scalar integral, and in particular

dde 1
i3 2 — p2)2(L+ p3)?

Co(plz,p§,p§)=/

_/ d'k 1
) igd (k= p)?(k+ p3)2(k+ p3 — p2)?
5 7372

d 3
-1 -
[Fz-1)] 1= : (13.18)
(p )7—1(,7 )7_1(p )7—1 P1P2 D3
The explicit expression of the form factors in d = 3 using the perturbative approach to one
loop order, can be found by substituting the expression of the scalar integral, using (13.15) and

(13.18), and then considering the limit d — 3 for all the form factors. The scalar and the fermion
cases contribute equally, modulo an overall constant, giving

A _ <n3e2(8nF +n5)> 2(4p1 + p2+ p3)
hp=3 6 (p1+ p2+ p3)*

A _(n3e2(8nF+n5)> pr _(n3e2(8nF—n5)>
2= 6 (p1+ p2+ p3)? 2

(13.19)
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(p1+ p2+ p3)?

(13.20)
(ﬂ3€2(8np + ns))
A3 p—3 =

(=2p% = 3p1p2 +3pips — p} + p)

(p1+ p2+ p3)?

3,2 8 _ 2

B (7‘[ 2 (8np ns)) (2p +p2+P32) (13.21)
2 (p1+ p2+ p3)

B B (n3e2(8nF + ns)> Q2p1+ p2+ p3) (P} — (P24 p3)* +4p2p3)
D=3 6 2(p1+ p2+ p3)?

3.2 2
8np — 2
<71 e“(8np ng)) Pi (13.22)
4 (p1+ p2+p3) — p2—p3

which coincide with the solution given by BMS in the limit d = 3, modulo the identification of
the constants

6

3,28 52 (Snp—
al:(@), o= w . (13.23)

13.2. Explicit result in d =5 (QED and scalar QED)

The case d =5 is slightly more involved. In fact, while the result of By is still the same, the
explicit form of the Cy needs some manipulations. We start from the star-triangle relation (13.16)

/ d?x

[ —x1)212 [(x — x2)2][(x — x3)?]?

- _d)2

d=5 _ i v(2)v(121v(2) i (13.24)
[(ra — x3)212 72 [(x1 — x2)212 72 [(x) — x3)2]2 7!

_in? 1

2 [ — 23212 [ — x2)2]1 2 [(x) — x3)213/2 (13:25)

and use an integration by parts to reduce the left-hand side. In particular, by setting x| — py,
X2 = —p3, X3 = p1 — p3 we obtain

d?x

_ d9x
—x2)2][(x —x3)212

/ [(x —x)22[(x [((x — pD)? PP [(x + p3)?1[(x — p1 + p3)?)?

B die it
- / [0 (¢ — p)? [(L+ p3)*P> 2 pi pa p3
(13.26)
and

/ die
[(O21? (£ — p2)? [(L + p3)?]?

d
in2(d—d[(d—6)(s —s1)% = (d —4)s% + 252(s +51)
= [ 5 2 ] Co(s, s1,52)
4s 5155
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Cint @ =3)[[d = 6)s —51) + (d —4)5]

25 851 s% Fol 0.0
. d
. in?(d—3)[(d—-6)s ;n) —(d —4)s:] Bo(s1,0,0)
255185
. d
RAlGRE) CRl R R CREIL PR (1327)
255185

where s = p%, s1 = p% and s, = p% as previously. Inserting this expression into Eq. (13.25) and
solving for Cop, in d = 5 one finds

73/2
Co(s, s, 8) = ———. (13.28)
pr+p2+p3
From (13.14) the By is calculated in d =5 as
7302
Bo(s,0,0) = —Tpl. (13.29)

Plugging these results into the general form of the A; given in appendix A we find

7'[462(8?1[? +ng)
120(p1 + p2 + p3)3

+15p1(p2 + p3) ((Pz +p3)’ P2P3) +3(p2 + p3)? ((pz +p3) + pzps) ]
(13.30)

2
Ald=s = [41041‘ +20p7 (p2 + p3) + 4p7 (7(172 +p3) + 6P2P3>

wte’ pi8nr +ns)
120(p1 + p2 + p3)*

Ap =5 =

x [(m + P2+ p3)® + (pip2+ pips+ p2p3)(p1 + p2+ p3) + 3p1p2p3]
74e2(24nyp — ny)
48(p1 + p2+ p3)3

2
+9p1 (pg +2p3ps+2pap3 + p§> +3(p2 + p3)? ((pz +p3) - pzps)]
(13.31)

2
204+ 60302+ p3) +20% (5(p2 + 13)* + p2p3)

742 8nr +ns)
240(p1 + p2 + p3)*

+ p} (1993 — 4003 ps + 24p2p3 + 15p))

As s = [(=207 = 8pi(p2+ p3) = 80} p2(2p2 + 3p3)

—3(p2 — p3)(p2 + p3) (p§ +3p2p3+ p%) 4pi+p2+ p3)]
n462(24np —ng)
48(p1 + p2 + p3)?

+9p1 (pS +2p3p3 +2p2p3 + p§) +3(p2+ p3)? (p§ + pap3+ p%) ]
(13.32)

[217‘1‘ +6p3(p2+ p3) +2p} (517% +6paps + 5p§)
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7'[462(8np +ng)

Agd=5= [2 ®+6p7(p2+p3)+4 4<2(2+ 32— P2 3)
480(ps + pa + pa? LT T OPEPR T PITARIATI 2T AT P2l
+pi ((pz +p3)’ + pzps) (3p1 (p2+p3) —T(p2+ p3)* + 32p2p3>
—3(p2+ p3) ((pz +p3)’ - 4p2p3) ((pz +p3)°+ pzpz) Gpi+p2+ pz)]
4,2
ne(24np—ns)[ 5 4 3( 2 2
- 2+4(2+3)+4<+23~|—)
96(p1 + 2+ p3)? Pi pi\p2+p Pi\P2 T P2P3 T D3
— pi(p2+p3) (p% —5pap3 +p§) —6p1 (p‘z1 + p3p3+ papy +p§‘)
=32+ p3* (P2 = p2p3+13) | (13.33)
in agreement with the solution given by BMS in the limit d = 5, with the identifications
4.2 L)
8 3mr2e~(24np —
o = (TE@ETR)N o (3m2ef@ang mns) ) (13.34)
240 128

This shows that, after fixing the normalization of the 2-point function, we are essentially left,
both from the perturbative and the non perturbative side, with the same solution.

14. Comments

There are several obvious conclusions that we can draw from this comparative study of the
T JJ that we are going to briefly summarize.

The A; computed in perturbation theory satisfy the same anomalous conformal Ward identi-
ties as the nonperturbative ones, as shown by us in the previous sections for d = 4.

They both satisfy homogeneous (non anomalous) CWT’s in general (d) dimensions.

In d =3 and d = 5 the two solutions completely match, having consistently matched the
normalization of the JJ 2-point function in the two separate cases.

In d = 5, where the corresponding field theory is nonrenormalizable, the perturbative
computation still matches the nonperturbative one. This obviously occurs because the non-
renormalizability of the theory does not play any role, being the matching between the two
theories a purely one loop result (one loop saturation).

We conclude that, at least for the T JJ, free field theories in momentum space at one loop
provide the same information derived from the non-perturbative solutions, and the two can be
freely interchanged, being equivalent. The two analytical derivations are therefore expected to
coincide for any dimension. Obviously, as already mentioned, this implies that there should be
significant cancellations among the contributions of the 3K integrals or those given by us in 8.6
in such a way that they can be expressed in terms of the elementary master integrals By and Cy.

The two expressions of A, which is affected only by a single integration constant ¢, in the
two forms given in section A and in Eq. (13.1), show quite directly that J4o00; can be expressed in
terms of the elementary master integrals present in the perturbative expansion. Direct checks for
the other J integrals appearing in the expressions of A», A3 ... and so on, are harder to perform,
since each of these form factors depends on at least two J integrals, as evident from Eq. (13.1).

14.1. Coordinate space analysis

We should mention that this result is not unexpected, since it had been shown in ([20] sec-
tion 3) that the solution for the 7JJ (but also for the TOO and JJJ) in coordinate space
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presented by Osborn and Petkou [1] could be completely reproduced by the simple one loop
diagrams of scalar QED and QED using fermion and scalar sectors. These correlators had been
shown to be “completely integrable”, in the words of [20], which meant that it was possible for
such expressions to proceed with a direct Fourier transform to momentum space without the need
of introducing an extra regulator (w) for the transform.

The fact that the nonperturbative solutions are mirrored by the perturbative ones, shows that
result obtained at one loop in the perturbative description are automatically inherited by the
nonperturbative one, being identical in the case of 3-point functions. The complex machinery of
the general solutions, both in coordinate and in position space, can be completely reproduced by a
simple one-loop analysis. Since conformal symmetry for 3-point functions is “saturated” at one
loop, this explains why radiative corrections in such correlators which preserve the conformal
symmetry are necessarily bound to be proportional to the one-loop result, as in the case of the
AV'V diagram, for instance.

We are then entitled to come to immediate conclusions concerning the analysis presented in
[7] in regards to the emergence of anomaly poles in one-loop QED, which are not artifact of
perturbation theory, but are naturally part of the nonperturbative solution and are protected by
the conformal symmetry.

15. Summary and conclusions

We have presented a general discussion of the transition from position to momentum space
in the analysis of tensor correlators, clarifying some aspects of the realization of the conformal
generators in this space. We have illustrated how to handle the derivative of the § functions of
momentum conservation, giving a direct derivation of the correct forms of the equations. We
have also shown how to proceed with the treatment of the dependent momentum, when acting
with the conformal generator on each of the independent momenta.

Then we have moved toward a direct analysis of the TJJ vertex, detailing some of the
involved intermediate steps, technically demanding, used in the BMS reconstruction of such
correlator.

In a recent work [22] we have presented the physical motivations, derived from combined
perturbative and non perturbative studies of the 7JJ vertex, why anomaly poles in anomaly
vertices should be considered the key signature of the conformal anomaly. The goal of this work
has been to fill in the intermediate steps of our previous analysis. The presence of such massless
degrees of freedom generated in the presence of anomalies shows that they are not an artifact of
perturbation theory.

We have studied a simple instantiation of such vertex in massless QED, and confronted it with
the general approach for solving the conformal constraints in momentum space for scalars [7,11]
and tensor correlators [11,13]. Such solutions do not rely on any Lagrangian realization and are,
therefore, very general. In this way it is possible to establish an important connection between
perturbative and non-perturbative approaches, in the analysis of specific correlators, which brings
to significant simplifications of the general result.

Even though massless QED is not a conformal theory, the violation of conformality is asso-
ciated to the B-function of the running coupling constant and, exactly for this reason, specific
correlation functions containing one or more insertions of stress—energy tensors play, in this con-
text, an important role, due to the trace anomaly.

There has been considerable interest in the analysis of the breaking of the conformal sym-
metry in realistic non-conformal theories such as QED and QCD, and in their manifestations
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through higher perturbative orders [26,27]. In this respect, the analysis of exact solutions, at least
for 3-point functions, may shed light on the manifestation of the conformal breaking, which is
obviously associated to a non-zero 8 function and, according to our analysis and to the analysis
of [4,5,7], is accompanied by the appearance of an anomaly pole in the effective action.

We have shown that the one loop result in perturbation theory saturates the nonperturbative
solutions. This implies that the main master integrals necessary to expand the nonperturbative re-
sult should turn out to be just By and Cy, in agreement with former analysis in coordinate space.
These analyses share the goal of establishing the form of the anomaly action and address its non-
locality, given their role in describing the breaking of conformal symmetry. It is not surprising,
therefore, that such massless interactions have received attention in the investigation of the role
of the chiral and of the conformal anomalies in topological insulators and in Weyl semi-metals,
as recently emphasized in [8,9]. The study of such materials provides a direct application of the
properties of the vertices that we have been interested in. Obviously, the parallel study of per-
turbative and non-perturbative methods stops at the level of 3-point functions, since higher point
functions need to be bootstrapped. However, the connection found in our work clearly indicate
that the possibility of studying a skeleton expansion of realistic field theories, with conformal
vertices arrested to one-loop order, could provide a complementary way to investigate the boot-
strap program for higher point functions is CFT’s.

One obvious question, emerging from this analysis, is if this result can be generalized to more
complex correlators, such as the TTT, where more integration constants are present and for which
a coordinate space analysis of such correlator has not been related to the free field theory result.
We plan to address this issue in related work.
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Appendix A. Form factors contributions
A.l. Form factors A; in d dimensions

We present the expressions of the form factors A; in the massless limit in D-dim. These
2

relations will be functions of the three invariants s, s; and s, and we have defined o = s~ —
2s(s; + s2) + (51 — 52)% and y=85—5 —5

167225>
(d—2)(d — 1)do*
— (51— 52)%) = 2515207 [(s1 — 52)% — 52| + 4d?s12[s7 (51 + 52) — (¥ + ) (51 — 52)°
—4s5 51 sz] + szd(Ss2 + 125851 — 5312)(s — s1)2 — 2s§(5s3 + 12s2s1 + 17ss12 — 23?)

Ara(s,s1,8) = {2)/[ —2s2(s +2s1) + (s — s1)2 —}—sg](sz +sy

4n2ezs1
d—-2)d—-1do*

—553(s +51) — (s —51)° + 55 + 253 (55 +51)(s +251)}Bo(s) —
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X {8(13s2 so(s + 851 — sz)y2 + Zd[s6 — 2s5(sl + 3s7) — s4(s1 —352)(5s1 + 352)

+ 4s3s1 (SS% + 2s185) — 11s§) — 52(s1 — sz)(25s? + 37s%sz + 59s1s% — 9s§)

+ 2s(s1 — 32)3(7s12 + 1251852 — 3s§) — (51— sz)5(3s1 — sz)] + dz[s6 — 2s5(3s1 + 557)

+ (51— 52)° + 5* (1557 + 505152 + 3153) — s> (557 + 175752 — 95153 + 11s3)

+ s2(s1 — sz)(15s]3 + 35s%sz + 77s1s% — 31s§) —2s(s1 — sz)4(3sl + 5S2)] + 8s1(y
4]‘[262S2

(d—2)(d— 1)do*

+ 252)(252 —s(s1+52) — (51 — sz)z)(o - 2ssz) }Bo(sl) —

x {8d3s2s1 (s — 51+ 52)y% +d*[s® — 257 (551 + 3s52) + 57 (3157 + 505152 + 1553)

— 4s3(11s? — 9525y + 175155 + SSS) + s2(31s;1 — lOSs?sz + 425753 + 20s1s§ + 15s§)
—25(s1 — 52)* (551 +352) + (51 — 52)°] + 2d[s® — 257351 +52) + 5 (95] + 125152
— SS%) + 4s3sz( — 117 4 25150 + 5s22) — s2(9s;1 — 68s%sz + 225753 + 12s1s§ + 25s§)
+25(s1 — 52)> (357 — 125152 — 753) — (51 — 352) (51 — 52)° | + 852[25” — Ts* (51 + 52)
+ s3( — 4s12 + 85152 + 8s22) + s2(8s? — 6s12sz — 2s§) +2s(s1 — S2)3(S1 + 52)
167262525152
(d —2)do*
+ sz( — 3s12 + 85152 — 3322) + s(3s? — 7s12sz — 7s1s§ + 3s§) — (51— sz)z(sl2 + 45152

— (51— 52)5]}30(52) + {dz(sz — (51— 52)%)y? +2d[s7 (51 + 52)
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47262 52
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d—do? 22{12( )Co( ) (A4)
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( 2) 152)Co 1,82

A.2. Form factors F; in d-dim

We present here the expressions of the invariant amplitudes in the massless limit in d-
dimensions, previously given in d = 4. These expressions will be functions of the three invariants
s = p%, §2 = p% and 5o = p% and are explicitly given as
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+ 45125 +51)] — 2ds3[(d — 15> + (13 = Td)s* 51 + (9 — 5d)s 57 + (11 — 5d)s7
+55[3(d — Dd's +d s1(5d —7) — 4s1] + (d — Dsa(s — s1)*[d(s — s1)(3s + 5s1)

{2s§[_d2(‘2+10“1+5s%>+d(s+s1>(s+9s1)

+ 85125 +51)] — (s —s)*[(d — Dd's — s1(d —3) —4s1] — (d — 1)ds§} Bo(s1)

2n% e (d — d)sy
3(d —2)(d—1dso3
+ s7(s —51)(5s3 +s2s1 + ISsz — 5s13) — 5s§(s +51) — (s —s1)4(s +51) —l—sg]
+do[7s22(s +51) — S5s7(s — s1)2 + (s — sl)z(s + 1) — 3s§] + 45y (s + 51 — 52)
42 e (d —d)s sy
3(d—2)do3

{d2 [ZSS (5s2 + 6551 + SS%) — 2s§(5s3 + 3s2s1 —5s s% + 5317’)

X [a—Zssl]}Bo(sz)— {d[—s3+3s2(s1 + 57)

— (51 —52)*(y +25)] +8s S1sz} Co(s, 51, 52) (A.5)
472 2 (d — 4)
3(d —2)(d — 1)d o3
—(d = Ds* +4(d —3)s> (51 + $2) +4(d — Ds(s1 +52)[s7 — 45152+ 53] —d(s1 — 52)°
472 e (d — 4)s
3(d —2)(d — 1dso3

Fa(s,s1,5) = {2s2[2d2 5152 = 3(d — 2)s7 —3(d — 2)s3 ]

X [Z(Zd —3)s150 + s12 + s%]} Bo(s) — {4d2 s s2[(s — s2)2 — slz]

472 e2(d — 4)s9
3(d —2)(d — hdso?

+do(oc —4ssy)+4s1(s —s1 +852)(0 — 2szs)}Bo(s1,O, 0) —

x {4d2ssl[(s — s =53] +do (o —dss1) +4s2(s + 51— $2)(0 — 2ss1)}30(sz, 0,0)

872(d —4)e? sy 52
3(d —2)do3

{SS s1s2+dy [s2 — (51— sz)z]} Co(s, s1,52) (A.6)

72 e?

3(d —2)(d — 1)do*
+4(d(11 —d(4d +9)) + 8)s 51 +3(d — Dd(@dd — T)s7] — s2(s —s)*[((d — 1)d + 24)
x 52 +8(d((d —2)d +8) — 4)s 51 + (d — 1)d(4d — 9)s?] + 53[2(5d (2d — 11) + 84)s*
+ (d(d(32d — 35) — 121) + 64)s? 51 +2(d(3d (4d — 17) +74) +4)s s{ — (d — 1)d

x (8d — 13)s7] + s3(s — s1)*[6((d — 6)d + 28)s> + (d(d(4d — 93) + 37) + 64)s% sy
+2((149 — 84d)d + 4)s s +3(d — d(4d — T)s3] + 8(d(d(d + 33) — 50) — 8)s 57

F34(s,51,82) = F54(s,52,51) = {SS[ —3(d(5d — 21) + 8)s”
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—(d - 1d@®d — 13)s{] + s3[ (519 = 3d)d — 272)s* — 8d((d — 18)d — 7)s> 5
+2(d(67 — d(28d + 111)) + 168)s? s7 + 53[2(d(3d — 8) — 4)s — (d — 1)d(4d — 9)s1]

72ets

6(d —2)(d — 1)dso?

+ (s —sD°[2(d = 4)s — (d — Ddsi] — (d — 1)ds§}30(s, 0,0) +

X {d3 [sg(le2 + 46551 + 21512) + sz(752 + 10ss1 + 7s12)(s — s1)4 + s§(19s3

— 105s2s1 — 39ss12 — 35sf) — 522(3s3 — 17s2s1 + 25ss% + 21sf)(s — s1)2 + (s — s1)7
+53(— 295% + 68575y + 505257 + dssi + 35s7) — sS(17s +Ts1) +57]

+d*[ — 355 (47s% + 66551 +39s7) + s2(s — 51)* (2557 — 34551 — 4757) + 53 (16957

— 855251 4 287557 + 205s13) —353(s — s1)2(7s3 — 107s%s) — 47ss? — 45s13) - s;(7ls4
+20s%s1 — 38s%s7 + 116557 +21557) + 55(49s + 37s1) — (55 — Ts1) (s — 51)° — 557
+2d[2s5(51s% + 32551 +2957) — 2s2(s — s1)* (1157 — 24551 — 23s57) — 53 (169s°

— 25251 + 65557 + 12057) — 53 (s — s1)% (35> + 825251 + 123557 + 11257) + 253 (55s*
— 365751 — 345?57 + 4ss] +75s7) — 55255 + 1651) + (s — 51)°(5s — 8s1) + 257

+ 16s; (S2 +5(7s2 — 2s1) + (51 — S2)2)(0 —2s85)y(s —s1+ 52)} By(s1,0,0)
nlels;

+ 6(d —2)(d — 1)dso*

— 73sis2 — 395153 — 35s3) + 57 (= 12557 + 1165755 + 825153 — 445153 + 3553)

+ s2(51 —5) (6951t — 36s13s2 — SZS%S% — 36s153 + 21s§) —s5(s1 — 52)3(17513 + 5s1252

+ 35153 +753) + (51 — 52)7 | + d*[s7 +5%(s2 — 3551) + 57 (16557 + 1665155 — 2753)

— 54(335s7 + 3815752 + 1695153 — 8553) + 57 (35557 + 100752 + 4985753 + 45155

— 12553) — s2(s1 — 52) (2015} — 1105752 + 4525753 + 625155 + 9953) + 5(s1 — 52)°

X (55sf — 69s1252 + 531s22 + 41s§’) — (581 = 72)(s1 — sz)6] + Zd[ —s'+ 2s6(7s1

+ 11sp) — s5(57s% + 1765152 + 87s§) + 2% (55513 + 190s%sz + 221s1s% + 70s§)

— s3(1 1557 + 288s13sz + 5025753 + 312s1s§ + 95s§) +25%(s1 — 52) (33S;1 + 40s?sz

+ 162s%s22 + 8s1s§ — 3s§) —5(s1 — 52)3(19s13 — 7s%sz + 77s1s% + 23s3) +2(s1 — sz)5

X (s% — 35152 + 455)] + 16sz(s2 +5(7sy — 2s1) + (51 — sz)2) (o —2s sl)y (s + 51

{d3 [s7 + 7s6(s1 —52) — 3s5(s1 —852)(17s1 + Ts2) + s4(115s?

27T2€2S1S2
3(d —2)do*
—(d — )ds?) +s2(s —51)*(3(d — T)ds* — ((d + 37)d + 16)ss1 + 2(d — 1)ds})
+253((5d — 23)ds® +6((d + 3)d + 8)s*s1 — (d + 8)(5d + 1)ss} +2(d — 1)ds3)
—s3(s —s1)(3(d — 17)ds + ((13d + 59)d + 96)s*s1 + ((d — 9)d — 16)ss7
—(d—1)ds}) +ds3(3(d + 1)s —2(d — D)s1) — (d — Dd(s — 51)° (25 + 1)

- sz)} By(s2.0,0) + {[sg‘(—lz(d — Dds* + ((d +55)d + 16)ss1

+(d - 1)ds§} Co(s.51,52,0,0,0) (A7)
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n2e?

3(d —2)(d — 1)do*s
+136)s153 + 5(d(3(2d — 7)d + 35) — 8)s; +4(d((d — 9)d +9) — 34)sts2 — 30

x ((d — 3)d +4)s3 | +252[2( — 39d* + d + 44)sis3 + ((3(5d — 18)d + TT)d + 28)s7

— ((3(8d — 69)d + 205)d 4 92)s}s2 + 2(((3d — 64)d + 19)d + 60)s3s5 + ((3d(d + 10)
— 67)d +28)s153 — 3(3(d — 3)d +4)s3] +3((d — 3)d + 8)s” +25°((d((3d — 16)d
+35) = 52)s1 — 3(3(d — 3)d +20)s2) + 5°[((3(39 — 10d)d — 217)d + 160)s]
+2((=3(d — 17)d — 86)d + 152)s152 + 15(3(d — 3)d + 16)s3] +s°[ — 5((12d — 41)d
+ 63)d + 8)s7 4+ 4(((5d — 61)d + T4)d + 48)s357 4+ 2(d(11(2d + 5)d + 61) — 72)s753
+4(((3d — 5)d +36)d + 8)s153 + 15(3(d — 3)d + 8)s3 ] — s(s1 — 52)*[((3(2d — 9)d
+35)d + 16)s7 — 2(((11d — 78)d + 55)d + 24)s3s52 + 2(d(d(13d + 27) — 34)

— 24)s1s3 +2((3d(d +2) — 5)d + 8)s153 — 3(d — 3)ds5 | — 2(d — Ddsy(s1 — s2)*

n2e?

3(d —2)(d — dso*
+ 85%) — ZSSS (3s2 — 12ss1 + s12) + s2(952 — 851 — 4s12) (s — s1)3 — ZS% (3s4 + s3s1

+ szsl2 — 9ssf + 4sf) — sg(Ss +4s1) — 3s(s — sl)s] + d2[12s7 — s6(59s1 + 48s7)
+25°(57s7 + 235152 + 3653) + 5% (— 1055 + 1625152 + 235153 — 48s3) + 457 (10s}
— 69s13s2 — 45slzs% + 13s1s§ + 353) + s2s1(sl — sz)(sz + 119s1252 + 169s1s§ + 61s§)
—2ss1(s1 — sz)3(3s12 + 65150 — s22) +51(s1 — sz)6] + d[ — 957 +16s%(2s; + 3s2)

— s7(17s7 + 625152 + 10553) — 4s*(s1 — 52) (2057 + 535152 + 30s3) + 57 (16557

+ 2445755 + 14sis3 — 1245153 — 7553) — 8s%(s1 — 52) (1757 + 225752 + 8s7s3

+ 10s1s§’ + 333) +s(s1 — sz)3(53sf + 57s12sz — slsg + 3s§’) —4s1(s1 — sz)5 2s1 — sz)]
—8s1(s — 51+ sz)(s2 —2s(s1 +250) + (s1 — sz)z) [3s3 — 2s2(2s1 + 350) + s(—s%

2,2
{d3s[s§ (63s2

Faa(s,s1,82) = Foa(s,52,51) = {2S4[ — (64> +45d —31)d

X [2(2d —3)s1850 + slz + szz]}Bo(s, 0,0) + {2d3s [sg (9s2 — 5557

wTe
6(d —2)(d — )dsas
+ 90ss1 + 79s12) + ZISg(s — 51)2(552 + 6551 + SS%) + s2(s — 31)4(21s2 — 18ssq
+ SS%) — 53(105s3 + 8752s1 + 23ss12 + 137s%) — s%(s — 51)2(63s3 — 63s2s1 + s512
+31s7) = 2153(s +51) = 3(s — 51)%(s + 51) + 357 ] + d?[ — 355(93s> + 100s%s,
+ 89557 — 1057) — s2(s — 51)* (6957 + 28s%s1 + 65557 — 257) + 53 (4355 + 245575,
+ 5175257 + 475557 — 40s7) + 353 (s — 51)*(75s* + 5351 — 1195757 + 79557 — 4s7)
+55(— 4055 +210s"s1 + 186577 -+ 3285257 — 477ss] + 30s7) + s (251 — 155)
+355(s 4+ 51)(33s — ds1) + 9s(s — s1)°(s +51)] + 2d[s5(— 357 + 17551 + 44s])
—53(s —s1)? (5s2 + 23581 — 4s12) (9s2 —8ss1 + 7s12) + 2s§ (9s3 + 525251 4 39557
—50s7) + 2s2(s — s1)* (957 + 165251 + 15557 — 257 ) — 53 (455" + 3395751 + 2595757
+ 373557 — 120s7) + 453 (155° + 825%s; — 805757 — 865257 + 121557 — 20s7)
—3s(s — s1)6(s +51) — 8s1s;] — 16s%(s + 851 — sz)(a —2s sl)[3s3 — 2s2(2s1 + 357)

+ 85152 + 3s§) + 2s1(s1 — sz)z]} By(s1,0,0) +
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n2e?

+S( — S12 + 85152 + 3S%) + 2s1(s1 — S2)2]} By(s2,0,0) + W

x {6ds§[ —(d—1Ds?+(d+11)ss1 — 2(d — Dst] — 2dsa(s —s1)*(3(d — 5)s?

+(d —25)ss1 — 2(d — )s7) — 53[3(d + 10)ds> + 2(5d(d +2) — 48)s*s; + (d(11d
+38) — 64)ss7 — 8(d — Ddsi] — s3(s — s1)*[3(d +20)ds® — 6((3d +2)d + 16)s7s
—((13d +4)d + 64)ssf +12(d — D)dsi ] +4s53[3(d + S)ds* — (7(d + 5)d + 48)s7s
+ ((7d + 55)d + 64)s%s§ — ((5d + 17)d + 32)ss; +2(d — D)ds{]| + ds$(3ds

+4(d — 1)s1) +3(d —2)ds(s — 51)6}C0(s, 51,52) (A8)

27262
3(d —2)(d — )do*y
s6((d(lld +37) — 192)s12 +2(d((4d — 5)d + 5) — 136)s15p + (d(11d + 37)

Fr.4(s,51,50) = — {4(d — s —2(d(d + 10) — 44)s7 (51 + 52)

- 192)s§) —25°(s1 + Sz)((d(l2d +13) — 100)s? + 2(d(4d (3d — 8) — 23) — 8)s152
+(d(12d 4 13) — 100)s§) +5*[5(d(5d — 1) — 16)s] +4((3d — 7)(9d — 1)d + 8)s7 52

+2(d((20d — 177)d + 57) — 128)s?s5 +4((3d — 7)(9d — 1)d + 8)s155 + 5(d(5d — 1)
—16)s3] = 253 (s1 + 52)[((5d — 8)d + 12)s] +4((14d — 37)d + 36)d + 8)s}s2
—2(((44d — 47)d 4 20)d + 172)s7s3 4+ 4(((14d — 37)d + 36)d + 8)s1s5 + ((5d — 8)d
+12)s3] = s*[(d(3d +5) — 32)s8 +2(((61 — 24d)d — 129)d + 8)s]s2 + ((48d
—355)d + 363)d + 448)s}s3 + 4(d(147d 4 73) — 376)s3s3 + (((48d — 355)d + 363)d
+448)s7s3 +2(((61 — 24d)d — 129)d + 8)s153 + (d(3d +5) — 32)s3] + 2s(s1 — 52)°

x (s1+52)[(d2d — 1) — 4)s] +8(1 — 4d)s7s2 +2((69 — 2d (2d +25))d + 12)s7s3
+8(1 —4d)sis3 + (d(2d — 1) — 4)s3 ] — (d — Dd(s1 — 52)* (51 + 52)*(2(2d — 3)s15

e2nls

3(d —2)(d — Ddsy2c*
+ 45515 +457)s + 25(2095% + 214515 + 101s7)s5 — 2(316s* + 4275157 + 195575

+ 189575 — 7s7)s5 +2(2935° + 373s15* — 465757 + 130575 +217s7s — 7s])s3 — 25
X (s — s1)(169s + 236s1s — 2s1s — 68s1s — 143s1)s2 +2(s — s1) (59s +75s1s
+ 33s s2— 67sls — 4sl)s2 (s — sl) (23s — 3s1s — 39s1s — SSl)sz + (s — sl)8

x (25 +51)]d® + [555 — (985 + 27s1)s5 + 2(278s% + 229sys + 24s7)s; — 2(784s°

+ 875515 + 533s{s + 4s7)s$ +2(1295s + 13255157 + 1790s{s% + 861575 — 39s7)s3
—2(1330s° + 618s1s* + 1515s2s3 + 743575 + 1023s7's — 4557)s5 + 2(s — 51)(854s°
+317s1s* + 185s2 34 19s — 803s1 s+ 4sl)s2 2(s — s1) (328&4 + 2215183

— 3585752 — 407s7s — 24s7)s3 + (s — 51)° (1335 + 395157 — 211575 — 3357) 52

— (55 = Ts)(s —s1)7 25 +s)]d? +2[ — 255 + (415 + 1251)s3 — (247s% + 198515

+s$+s§)}30(s,o, 0) — {[—s§+(28s+5s1)s§ —2(79s2
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+2857)s] + (74353 + 7555157 + 70657s + 2057 )55 — (1315s* + 1048s1s> + 242357s>
+ 1470s7s — 32s)s3 + (1457s° + 101s15* +243157s> + 20115752 + 1748s]s — 6857)
x 53 — (s — 51)(1021s° — 213sy5* + 517s7s” — 81957 5% — 130255 +28s7)s3 + (s

— 51)°(4375% — 20515 — 5955752 — 706s7s — 28s7)s3 — (s — 51)° (1035 — 415,57

— 224sts — 3057 )52 + (s — 51)7 (25 + 51) (55 — 8s1) |d + 1651 (s* — 2(s1 + 250)s

+ (s1 — S2)2) (s —s1+52) [2s5 —T7(s1 + sz)s4 + 2(4s]2 + Tsp81 + 4s§)s3 —2(s1 + sz)3

x 5% = 2(s] + 5257 — 245357 + 5351 +53)5 + (51 — 52)2(51 +52)°] }BO(SI)

eznzsz
©3(d—2)(d — Ddsy2o*
+55s1)s5 — 2(21s* + 1515157 +22257s% + 143s(s + 7s7)s3 +2(425” + 110s;5*
+ 2215753 4+ 75575 4 217s7s + 7315)531 + 2s(—42s5 4 35s15* 4 665752 + 130s7s
- 189sf)sg +2(s — s1)2(24s5 — 55515% — 1495753 — SS?SZ +93s7s — 4sf)s§
— (s — s1)4(15s4 — 58s1s3 — 118s%s2 + 70s13s — SSf)sz + (s — s1)6(2s3 — 11s1s2
+22sfs —s7)]d> + [ — 753 + (40s + 33s)s3 — 2(37s — 23515 + 24s7)s; —2(7s°
+382s15% + 33551 + 457 )s5 + 2(140s* + 9215157 + 791s{s% + 807s7s + 4557 )s3
— 2(259s° + 835515 — 98s7s? + 8225752 + 1023s)s + 39s])s3 +2(2455° + 415157
— 1002s{s* — 166575 — 743s]5? + 861575 — 4s7)s3 — 2(s — 51)*(133s” — 1965y s*
— 562575 — 796575 + 485s{s — 24s7)s3 + (s — s)* (795" — 310s15° — 1885757
+ 350s%s - 27s?)sz —(s— s1)7(10s2 — 63515 + 5s12)]d2 + 2[8s§ —153s + 2s1)s§
+ (81s% — 74s1s +28s7)s] + (21s° + 779s15% + 622s1s + 287 )s5 — (315s*
+ 16325157 + 14395752 + 1330575 + 68s1)s5 + (5675° + 1165s1s* + 325s75°
+483s75% + 1748s7's + 325755 + (— 52558 4 3505157 + 582575 + 133657 5°
+2011s7s% — 1470s7s +2057)s3 + (s — 51)%(279s° — 453515* — 409575 — 109557 5?
+650sts — 28s7)s3 — (s — s)*(81s* — 232515 — 835752 + 150s7s — 1257)s2
+ (s — s1)6(10s3 — 43s1s2 + 29s]2s — 2s?)]d + 16(0 —2s sl)(s + 51— sz)sz[2s5
—T7(s1 + sz)s4 + 2(4512 + 7s281 + 4szz)s3 —2(s1 + sz)3 2_ 2(si1 + szs]3 — 24s§s12

{[sg — (6s + 5s1)s§ + 2(6s2 —Ts1s + 4s12)sz + 2ss1(71s

4nze2s1sz
3(d —2)do*y?
+2((3d +19)d + 8)ss1 — 4(d — 1)ds}] + 2553 (2(13d — 22)ds* — ((11d + 69)d
+16)s51 + (5d + 1)(d + 8)s7) + 2s52(s — s1)*(2(4d — 13)ds* + ((d + 7)d + 16)ss
+((3d +19)d + 8)s?) — d(s — s1)°[2(d — 4)s* —4(d — 1)ss1 — (d — Ds{] + 53 [5d (37
—19d)s* 4 4(d(11d + 30) — 8)s3s1 + (d(11d 4 63) — 32)s>s7 — 2((7d + 61)d
+ 16)ss7 +6(d — 1)ds}] + 2553 [(47d — 107)ds* +2(d (35 — 19d) + 32)s>s1 — 24((d
+9)d +2)s%s7 +2((11d + 61)d + 192)ss7 — ((7d +61)d + 16)s]] — 53 (s — 51)*[(53d

+ 5351 +53)s + (51 — 52)% (51 + 52)°] }BO(SQ, 0,0) + {sg [a(17 — 11d)s?
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— 143)ds* +4((3d + 11)d +28)s>s1 — d(19d + 239)s%57 — 2((d + 45)d + 8)ss7

+4(d — 1ds?] = 2(d — Ddss] + (d — ds} }Co(s’ S1:52) 4
o o dre (d® +d +16)s° + (d(3(d — 4)d + 11) — 56)
8,d(S,581,82) = 3(d —2)(d — do* ’

x 57 (s1 +52) + 5*[(3(13 — 4d)d — 55)d + 64)s] + 2((d(4d + 21) — 21)d + 56)s15>
+((3(13 = 4d)d — 55)d + 64)s3]| + 25> (51 + 52)[(d((9d — 28)d + 45) — 8)s7 — 4(((5d
—8)d + 14)d + 10)s152 + (d((9d — 28)d + 45) — 8)s3 ] + s*[ — ((3(4d — 13)d + 65)d
+16)s7 +4((3(d — 9)d + 34)d + 20)s352 +2(d(85d — 7) — 144)s353 4+ 4((3(d — 9)d
+34)d + 205153 — ((3(4d — 13)d + 65)d + 16)s3 | + 5(s1 — 52)*(s1 +52)[((3(d — 4)d
+19)d + 8)s7 — 2(((d — 36)d + 37)d + 16)s152 + ((3(d—4)d + 19)d + 8)s3 ] + (d—1)
7'[262

3(d —2)(d — Ddso*(s — 51 — 52)

x d(s1 —$2)*(22d — 3)s152 + 57 + 53) }Bo(s) +

x {s[3s; —53s +s1)s5 + (27s2 + 82515 + 47s12)s§ — (ISS3 + 287s15% + 105575

+13757)s3 + (— 155* + 4285157 — 665757 + 92575 + 137s7)s3 + (s — 51)(27s*
—280s1s> — 1857s% + 32575 +47s7)s3 — (s — 51)° (s +51)(155% — 68515 + 557 )52
+3(s —51)° (s +51)2]d> + [ = 95% + (5351 +4552)s” — (15557 + 2645251 + 8153 )s°
(297s1 + 6915257 + 5995351 +45s2)s - (385s1 + 8225757 + 1965757 4 8185351
— 45s2)s + (319s1 + 275szs1 2s1 1346s2s1 + 7O7s2s1 — 81s2)s — (51— 82)
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