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ABSTRACT

In this thesis, we study gauge theories with A" = 2 supersymmetry in four dimen-
sions. The low energy effective action of these theories on their Coulomb branch
is described by a holomorphic function called the prepotential. In the first half,
we study linear conformal quiver theories with gauge group SU(2). These theories
have an SU(2) gauge group at each node of the quiver, and matter arranged in
the fundamental and the bi-fundamental representations, such that at each node
the S-function vanishes. To compute the prepotential for these theories, we follow
three different approaches. These are (i) the classic Seiberg-Witten approach, in
which we consider an M-theory construction of the Seiberg-Witten curve and the
associated differential, (ii) equivariant localization as developed by Nekrasov, and
(iii) the 2d/4d correspondence of the four dimensional gauge theory with the two
dimensional Liouville conformal field theory, as put forward by Alday, Gaiotto, and
Tachikawa. Matching the prepotential, we find out the precise map between the

various parameters that appear in the three descriptions.

In the latter half of the thesis, we study surface operators in the context of N' =
2* theories with gauge group SU(N). These theories describe the dynamics of a
vector multiplet, and a massive hypermultiplet in the adjoint representation of the
gauge group. Surface operators are non-local operators that have support on a two
dimensional sub-manifold of the four dimensional spacetime. They are defined by the
singularities they induce in the four-dimensional gauge fields, or can be characterized
by the two-dimensional theory they support on their world-volume. The infrared
dynamics on the world-volume of the two-dimensional surface operator is described
by a holomorphic function called the twisted superpotential. Using localization

techniques, we obtain the instanton partition function, and thereby the twisted

Xix



superpotential of these theories. This involves taking a suitable orbifold of the
original action without the surface operator. Imposing constraints from S-duality,
we obtain a modular anomaly equation for the coefficients that appear in the mass
expansion of the twisted superpotential. Solving the modular anomaly equation at
each order, and comparing with the results obtained from localization, we resum
the twisted superpotential in a mass series, whose coefficient functions depend on
(quasi-) modular forms and elliptic functions of the bare coupling constant and the
continuous (complex) parameters that describe the surface operator. This gives us
the entire tail of instanton corrections, at each order in the mass expansion. We
further show that our results for monodromy defects in the four-dimensional theory;,
match the effective twisted superpotential that describes the infrared properties of
certain two-dimensional sigma models coupled to N' = 2* gauge theories. This
provides strong evidence for the proposed duality between the two descriptions of

surface operators.
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Chapter O

Synopsis

Symmetry has played an important role in our understanding of modern physics.
Relativistic quantum field theories have Poincaré symmetry, which consists of Lorentz
and space-time translational symmetries. These are generated by bosonic genera-
tors. Supersymmetry is an extension of Poincaré symmetry in which one introduces
spinorial generators to the algebra. It is a continuous space-time symmetry that
pairs bosons and fermions. The advantages of introducing supersymmetry to the
symmetry algebra are manifold. From a particle physicist’s point of view, intro-
ducing supersymmetry cures quadratic divergences that appear when one computes
self-energy Feynman diagrams. From a more theoretical point of view, supersym-
metry gives good control over the dynamics of the theory. Supersymmetric theories
are closely related to integrable systems, which are exactly solvable. Exact com-
putations which are not possible in non-supersymmetric theories are made possible
by supersymmetry. These serve as useful examples to understand various strong-

coupling, and non-perturbative effects that appear in non-supersymmetric theories.

In this thesis, we study N = 2 supersymmetric gauge theories in four dimensions.

These theories stand midway between the most symmetric, and hence tractable

XX1X



N = 4 theories, and the A/ = 1 theories, that have the least amount of supersym-
metry. The study of N' = 2 theories was pioneered by the work of Seiberg and
Witten in [1,2]|. Since their work, tremendous progress has been made in the study
of these theories. We will make use of three different approaches to our study of
N = 2 supersymmetric gauge theories. These include the classic Seiberg-Witten
analysis, the techniques of equivariant localization as developed by Nekrasov in [3],

and the 2d/4d correspondence put forward by Alday, Gaiotto, and Tachikawa in [4].

Our interest is in N' = 2 super-conformal theories that have the added symme-
try of conformality. In [5], a large class of super-conformal theories called class S
theories, was realized by the compactification of (2,0) theory in six dimensions, on
Riemann surfaces with punctures. Particular theories of interest to us are i) linear
conformal quiver theories that contain products of SU(2) gauge groups. These have
matter arranged in the fundamental and the bi-fundamental representations such
that the [-function at each node vanishes. These theories are obtained by choos-
ing the Riemann surface on which the 6d theory is compactified to be a Riemann
sphere with punctures. We study the low energy effective action of these theories on
the Coulomb branch by computing the prepotential, and ii) N' = 2* theories which
describe the dynamics of a vector multiplet and a single massive hypermultiplet in
the adjoint representation of the gauge group, for which the corresponding Riemann
surface is a torus with a single puncture. We study the low energy effective action
of these theories in the presence of a surface operator by computing the twisted
effective superpotential. This describes the infra-red physics of the two dimensional
theory that lives on the world-volume of the surface defect. We study modular
properties of the twisted superpotential under the constraints imposed by S-duality.

This thesis contains the following chapters.

XXX



0.1 Seiberg-Witten theory

In this chapter, we briefly describe the Seiberg-Witten theory which sets the plat-
form for the work that is presented in the thesis. Seiberg-Witten theory and its
generalization to higher rank gauge groups in [6-8] compute the low energy effec-
tive action of N/ = 2 supersymmetric gauge theories on the Coulomb branch where
the gauge group SU(N) is broken down to its maximal torus. The Seiberg-Witten
approach is a geometric one, in which the prepotential that describes the effective
theory is given in terms of an algebraic curve and an associated differential, called

the Seiberg-Witten curve and differential respectively.

In the traditional Seiberg-Witten approach, the vacuum expectation values a; of the

D _ or

adjoint scalar and the dual variables a;” = g, correspond to period integrals of the

Seiberg-Witten differential along a symplectic basis of cycles on the Seiberg-Witten

curve.

ai:/.)\ and afz/ﬂ)\ (1)

7

The curve and the differential depend on the gauge theory parameters, in particular

on the gauge-invariant parameters u; that are coordinates on the moduli space of

D

vacua. This implies that the set of variables (a;, a;’) are functions of w;. By inverting

D

the functions a;(u), the dual periods a” (u) can be written as a”(a;). Thus we obtain

the relation,

daP 0*F

7

aai - 8ai8aj (2>

Integrating this formula twice, we obtain F as a function of the a;’s. However,

this procedure is rather cumbersome as the integrals leading to the dual periods

aP are often very difficult. In our approach [9], we circumvent doing the 3; set of
integrals that appear in (1), and make the computation of the prepotential much

more viable.
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Our study is in the context of linear super-conformal quiver theories with gauge
group SU(2). As shown in Figure 1, these theories contain products of SU(2) gauge
groups, and matter arranged in fundamental and bi-fundamental representations
such that the S-function at each node vanishes. We focus on cases with a single
node, two nodes, and for the massless case arbitrary number of nodes. The Seiberg-
Witten curve of these theories cover a Riemann sphere with n 4+ 3 punctures, where

n is the number of nodes in the quiver. The expressions for the curve and the

OO SN O

Figure 1: Linear Quiver with gauge group SU(2)

corresponding differential are obtained by considering a system of NS5-D4 branes
uplifted to M-theory [10]. The Gaiotto form of the curve when all the gauge groups

are SU(2) takes the form,

Paont2(t)
2t—t) .. (t—t,) (t—1)°

22(t) = (3)

where t;’s are the positions of the punctures on the Riemann sphere. These are
related to the gauge theory couplings as ¢; = t;/t;11, and P, 2(t) is a polynomial
of degree (2n + 2) which depends on the ¢;’s, the masses, and the Coulomb branch
parameters u;. The Gaiotto formulation of the curve (3) has the advantage that the

associated differential is readily given as,
A= x(t)dt (4)

Our approach to computing the prepotential makes use of what are called Matone’s

relations. The relevant relation takes the form [11],

OF
U= {Tr &) = ¢;— 5
(Tr @7) Ui (5)
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It was proposed in [12, 13| that U; should be identified with the residues of the

quadratic differential z%(¢)dt? at the various punctures of the curve (3),

Resi—, (2°(t)) = %: (6)

We now illustrate these ideas in the case of the quiver with two nodes, and gauge

group SU(2) [9]. The Seiberg-Witten curve in the Gaiotto form is,

20N pe(t)
v(t) = 2 (t —q)2(t — 1)2(qot — 1)’ (7)

where pg(t) is in general a sixth order polynomial in ¢, with the coefficient functions
depending on the masses, the coupling constants, and the gauge invariant Coulomb
branch parameters. The genus 2 Seiberg-Witten curve may be expressed in the

hyper-elliptic form,

v (t) = ps(t) = ¢ H(t ) (8)

where ¢;’s are the six roots of the polynomial, which are clearly branch points for
the function y(t). With a projective transformation we can fix three of them at 0,
1, and oo. If we call (7, (> and 2 the remaining three parameters corresponding to

the three independent anharmonic ratios of the e;’s, equation (8) reduces to

yQ(t):Ct(t—1)(15—C1)(75—C2)(t—5) : (9)

When the curve is put in this form, we can choose a symplectic basis of cycles {a;, 37}
on the Riemann sphere as shown in Figure 2, and then proceed to compute the

periods of the Seiberg-Witten differential and finally derive the effective prepotential.

However, for generic values of the masses of the matter hypermultiplets this method
is not practical since one cannot find the roots of pg(t) in closed form, and hence

only a perturbative approach in the masses is viable. We choose the following mass
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Figure 2: Structure of branch cuts and a basis of cycles for the Riemann surface

described by Eq (9)

configuration,
mi=me=mg=my =0 and mp=M (10)

for which the polynomial pg(t) in (7) can be factorized. For this mass choice, the

curve becomes

-~

xQ(t) _ C(t _ gi’:)(t — C)
t(t — q1)(get — 1)(t — 1)?

(11)

where (3, f and C' are functions of the couplings constants ¢;, the bi-fundamental
mass M, and the Coulomb branch parameters u;. The residue condition (6) takes

the form,

oOF oF
Resi—q, (2°(1)) = T Resi—1/q, (2%(1)) = —¢5 o (12)

The left hand sides of the above equations are functions of the gauge theory pa-

rameters, in particular of u;. We now compute the a-periods of the Seiberg-Witten

XXX1V



differential, and obtain a; (U;).

C(G—t)(t—C) dt
/ tlqr —t)(1 —qot) (1 —1)

Uy, + M? U, U,
U | 1-— — =
1 ( T 10?2 +Q24U12 41492 10,
) TUE — 10U, U, + 3U3 + M2(14U1 — 6U; + 3M2)
1

A similar period integral obtains for us as(U;). Inverting these relations, and inte-

grating over ¢; and ¢; we obtain the prepotential 9],

a? — a2+ M? a2 — a® + M?
F:a% Ingh—i‘ag loggs + 1 L ; + g2 2 ;
a? + a2 — M? 13a¥ — 14a2a2 + a2  9M?*  M?*(M? — 24>
F g8 2 i 1 1 105 2 | I ( _ 5)
4 64a1 32 64a7
+§ 13(13—14@;@%—1—@% 9M2+M2(M2;2a%) L (14)
64a; 32 64a;

0.2 Localization

In this chapter, we describe Nekrasov’s equivariant localization [3], and compute
the instanton partition function. The instanton partition function is typically di-
vergent, and in order to obtain finite results one considers the ()-deformed theory
which is obtained by a standard dimensional reduction from a suitable theory in
an appropriate supersymmetric background. The 2-background is parameterized
by two deformation parameters €; and ey that break the SO(4) symmetry down to
rotations on two planes. By equivariant localization, the moduli space of instantons
is localized to isolated points, and the instanton partition function of the quiver is

given by,

dXI quiver
2771 ki

(15)

1nst

XXXV



Here z?gger gets contributions from the gauge and matter sectors of the theory. The

configurations of x; that contribute to the integral (15) are in one to one correspon-
dence with a set of Young tableaux Y = {Y;} with k = ), k; number of boxes. The

instanton partition function can be rewritten as

Here the 1 represents the contribution at zero instanton number, and |Y;| is the total
number of boxes of the i-th Young tableau. The Zy, are then calculated using the

formalism of group characters. For the 2-node SU(2) quiver at one instanton [9],

Z(D,o\o,o) = H(Qal + 2mf + 6)

(2(11 + 2@2 + 2m12 + €)(26L1 — 2@2 + 2m12 + 6) 2
32 €169 a1(—2ay — €) i

Ze,0je,0) = [Z(@ 0l0,9)]

al——ai

(2&2 —+ 2@1 — 2m12 —+ 6)(2@2 — 2&1 — 2m12 + 6)

4
2 2
32 €1€9 ag(—2a2 — E) H( Gz + i + E)

F=3

Zle,00,0) =

Z(q ele,[]) — [Z(o7 o|0 7o):|

ax——ag

(17)
where € = ¢; + €. The instanton partition function at 1-instanton is then given by,

Zy=q1 Z1p + q2 Zo,1, wWith
Zl,O = Z(D,o|o,o) + Z(o, 0O, |e,e) > ZO,l = Z(o,o|[|,o) + Z(o,o|o,[]) . (18)
This can be extended to higher instanton orders to get

Zinst =1+ Z Zk1,k2 QTl q§2 (19>
k1,k2
The non-perturbative prepotential is given by,

~Finst = —€1€2 log Zinst = Z Fkl,kg q]fl QSQ . (20>
k1,k2
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Below we tabulate the first few prepotential coefficients Fy, j,, in the Nekraso-

Shatashvili limit [14] where we set €3 = 0 and each Fj, x, has a further expansion of

the form
Fopno = 3 Fp, € (21)
n=0
At order €2 we have |9
a?—a2 1 myme (m2, — a?
Fl(%) =1 Z 4 —(mlmz + 2(mq + mg)mys + mf2) + ! 2( 122 2)
: 2 2 242
13a} — 14a%a2 +ai 1
F2(0) = 1 22 4 —(m} + 16myma + m3 + 32(my + ma)mis + 18m,)
’ 64a7 64
mim3 + 2(m} + 8myma + m3)m?, + mi, + 2a3(mi — 8mims + mj — mi,)
64a?
3| 2m3mamt, + (m3 + m3)miy + 203(mim3 — (m3 + m3)m3y) + ay(m? + m3)|
a 64a’
smims (mi, — 2a3m3, + a3)
64a$
a?+a 1
Fl(,ol) = % + Z(?ﬂlmz + msmy + 2(?711 + mg)(mg + m4) — TTL%Q)
mimse (m3m4 — mf2 + a%) n msnmy (m1m2 — m%z + CL%) _ m1m2m3m4m%2
4a? 4a’ 4ata’
(22)
The other prepotential terms F , can be obtained from F}; by the operations
ar <> az, (my,ma) <> (M3, my), Mig <> —Mio (23)

This for the particular choice of masses (10) precisely matches the instanton prepo-
tential derived using the Seiberg-Witten curve and differential in the previous sec-

tion. We have also calculated corrections to the prepotential in the Q2-background.
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0.3 2d/4d correspondence

In this chapter, we use the 2d/4d correspondence which relates the instanton parti-
tion function of a linear quiver with gauge group SU(2)" to the n+ 3 point spherical

conformal block in two dimensional Liouville conformal field theory [4],

inst

n F
<vao (0) TT Vau (t) Vas (1) Viay (oo)> —N Zyw e 9% (24)
‘ {51,~~->£n}

We compute the correlator in a specific pair-of-pants decomposition of the (n + 3)
punctured sphere, and in each internal line only a primary field with specific Liouville
momentum and its descendants propagate. We take the degenerate limit in which
the (n + 3) punctured sphere becomes (n + 1) 3-punctured spheres. Relating the
conformal block to the instanton partition function of the gauge theory requires a
detailed map of the parameters that appear in the Liouville theory to those in the
gauge theory. While the ratios of global coordinates on the spheres are mapped
to the instanton counting parameters in the gauge theory, the Liouville momenta
that flow through the external and internal lines in the conformal block are mapped
respectively to the masses and the vacuum expectation values in the gauge theory.
The central charge of the Liouville theory is mapped to a particular combination
of the (2-deformation parameters €; and e€;. The Liouville theory also contains
information about the Seiberg-Witten curve. In order to see this, we consider the

conformal block with the additional insertion of energy-momentum tensor 7°(z),

2) = <Va0 (0) H?:l Vai (tl) T('Z)Van+1 (1 Van+2 (OO>>
) e O I Vi () Vo (1) Vo (00)) %)

Using the conformal Ward identities, and the operator product expansion of the
energy momentum tensor with conformal primaries, we obtain ¢,(z) to be of the
same form as z%(z) that appears in the Seiberg-Witten curve (3). The Q-deformed

prepotential is also obtained from the Liouville theory by considering a null-vector
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decoupling equation [15]. We consider the conformal block with the insertion of a

specific degenerate primary ®q(z),

U(z) = <Va0 (0) [ ] Ve (83) @21(2) V., (1)Van+2(00)> (26)

i=1

U(z) obeys a second order differential equation which in the Nekrasov-Shatashvili

limit takes the form of a Schrodinger equation,
d2
(—6%@ +V (z, 61)> U(z)=0 (27)
The potential takes the form,
Viz,e) = VO () + V() + EVA(2) (28)
For the 2-node quiver that we consider, the Schrodinger potential is [9],

VO (2) = ¢s(2)
(m1+ma+mg+my)qrqe (M1 +ma+2mi2) uga . (M3 + mg — 2mi2) Go

() —
Vi) 22(z—1)(z — q1q2) 22 (z — @) (2 — 142) 22(z—1)(z — q2)
) () — 1 1 B 1 B 1 3
Ve 422 4(Z—Q1CI2)2 4(2—612)2 4(2—1)2+4(2_1)
_ m _ T2 (29)

Wz2=D(z-q) 2(2-¢)(=-agp)

where 7, and 7, are functions of the instanton counting parameters. Here V(© has
the same expression that appears in the Seiberg-Witten curve of the undeformed

theory. In the Nekrasov-Shatashvili limit, ¥(z) has the following singular behaviour,

_W(z)

U(z)=e = (30)
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In order to solve (27), we make a WKB-like ansatz

W(z) = /Z P (', e)d (31)

and expand P in a power series in ¢, namely P (z,€,) = > oo €? P (2). With this

n=0

ansatz, (27) becomes
—P(Z, 61)2+61—+V<Z,€1) :0, (32)
Solving perturbatively in ¢, we obtain

PO(z) = /()

1d V(z)
O () = = — (0)
PP (z) = 5T log P (2) + 2P0
PW' () = PO (z)  VO(z)
2 (5) =
P(z) = 2P0)(z) 2P0 (33)

and so on. Since P (z)dz is simply the Seiberg-Witten differential of the unde-

formed theory, it is natural to define the deformed Seiberg-Witten differential as
Ae) =P(z,6) dz (34)
As in section 0.1, the a period integral is now readily calculated to obtain a;(U;),
a1 = d2(U) + 6aV(U) + P (U) + . .. (35)

A similar period integral is performed to evaluate as(U;). Inverting the expansion of
the periods order-by-order in €;, we determine the e¢; dependence of U; and U,. At
each order, the resulting expressions turn out to be integrable, and we recover the
prepotential. The zeroth-order term matches our results from the Seiberg-Witten

analysis in 0.1. The €; corrections precisely match the microscopic results obtained
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from the Nekrasov partition function via localization methods.

We obtained the prepotential of the simplest SU(2) linear conformal quiver theory
using three different approaches. One of our motivations to match the prepotential
from these approaches was that it requires us to find the precise map between
the gauge theory parameters, the geometric parameters that arise in the M-theory

construction, and the parameters in Liouville conformal field theory.

0.4 Surface Operators

In this chapter, we study surface operators in the context of N' = 2* gauge theo-
ries. N = 2* theories describe the dynamics of a vector multiplet and a massive
hypermultiplet in the adjoint representation of the gauge group which we take to
be SU(N). In the massless limit, this theory reduce to the N' = 4 super Yang-Mills
theory, and in the limit in which the mass is decoupled we obtain the pure NV = 2
theory. In the Gaiotto construction [5], NV = 2* theories are obtained by wrapping

M5 branes on a torus with a single puncture.

We study non-local operators called surface operators that have support on a two
dimensional plane inside the four dimensional (Euclidean) spacetime. In particular,
we parameterize R* ~ C? by two complex variables (21, 23), and place the defect
at z9 = 0, filling the z; plane. Surface operators can be defined by the transverse
singularities they induce in the four dimensional fields, or can be characterized by
the two dimensional theory they support on their world-volume. Our interest is in
Gukov-Witten like defects [16] which induce the following singular behaviour in the

gauge connection A,

A:Aud.’ﬂu ~ —dlag( ’}/1,"‘ ’71,727... 7#)/2’... 7’7M7"' ’f)/M ) d@ (36)
~ ~ RN P 7 ~—_—

ni n2 nm
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as r — 0. Here (r,0) denotes the set of polar coordinates in the zo plane, and the

~1’s constant parameters, where I = 1,..., M. The M integers n; satisfy
M
Y ng=N (37)
I=1

and define a vector 77 that identifies the type of the surface operator. This vector is
related to the breaking pattern of the gauge group on the two-dimensional defect,

namely

The type 1 = {1,1,...,1} corresponds to the full surface operator, and the type
1 = {1, N — 1} corresponds to the simple surface operator. There are two kinds of
defects, one realized by M2-branes and the other realized by M5 branes. Our interest
is in the latter kind, which from the six dimensional point of view correspond to co-
dimension 2 defects. In the presence of a surface operator, one can turn on magnetic
fluxes for each factor of the gauge group. Thus the instanton partition function
depends on, in addition to the vacuum expectation values of the adjoint scalar,
and the adjoint mass, a set of continuous complex parameters z; that combines
the electric and magnetic parameters. A holomorphic function called the twisted
effective superpotential W determines the dynamics of the effective two dimensional
theory living on the world-volume of the defects [17,18]. The instanton partition
function is obtained by suitably adapting equivariant localization to the case at hand.
This involves taking an orbifold of the original action without surface operator.
The logarithm of the resulting partition function exhibits both a four dimensional
and a two dimensional singularity in the limit of vanishing deformations. These
singularities are encoded respectively in the prepotential F and in a new function

W, the so-called twisted superpotential.

IOgZ — _‘F(ai7m7 617q) + W(ai7m7€17Q7Z>

(39)

€1€2 €1
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The latter depends, in addition to the vacuum expectation values of the adjoint
scalar and the adjoint mass, on the continuous parameters z; that characterize the

defect.

Treating N/ = 2* theories as massive deformations of the N' = 4 super-conformal
theory, the prepotential expanded as a power series in the adjoint mass parameter
has been shown to be tightly constrained by S-duality in [19]. The coefficient func-
tions are expressed in terms of (quasi)-modular forms of the bare coupling constant,

and the first few f, that appear at O(m*) are given by,

foda =0

2 6%
f2=1|m 7 log(2a)

1 2 E% ?
fi= g (=)

1 623 62
ﬁz_ﬁmmﬂ<(m%_j)(Mg+EQ_3&(ml_i)€O o

As for the prepotential, the derivatives of the coefficient functions that appear in

the mass expansion of the W,

W = i w,m" (41)
n=1

with respect to the complex parameters z;, obey a modular anomaly equation. Here
we focus on the SU(2) case which has a single complex parameter z that labels the

surface operator. The modular anomaly equation takes the form [20],

da

ow, 1 <=0f naw
——ﬁ _ZE: = =0 (42)

This can be solved to obtain the complete quasi-modular dependence at each order

in m. Combining results from localization, we can express the coefficient functions in
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terms of (quasi)-modular forms and elliptic functions of the bare coupling constant
7 and the continuous parameters z;. The first few coefficients in the SU(2) case are

given below [20],

" 24a
2
€1 € ~
w3 = 4a? (m2 B Zl> /
wl, = L (e_aY (e 4 (2E2 — By + 24Exf + 1445%) + 662 (B, — 1445°)
1152a? 4 4
/ €1 2 E% 2 E% ~/ 2~~~
ws = e |\ me= (B2 +12p) p " — 36€10p (43)

and so on. Similar resummation has been done for higher rank gauge groups up to
SU(7) for a variety of surface operators corresponding to various decompositions (38)
of the gauge group, and very general formulas for the mass coefficients at various

orders have been obtained [20]. These contain the entire tail of instanton corrections.

We make contact with known results in the pure gauge theory [21]. The pure gauge
theory is obtained by decoupling the adjoint matter hypermultiplet, which is carried

out by taking the following limit

m — oo, and ¢ — 0 such that ¢gm*" = (—=1)VA?" is finite (44)

where A is the strong coupling scale of the pure N' = 2 theory. In the presence of
a surface operator, this limit must be combined with a scaling prescription for the
continuous variables z; that characterize the defect. In the case when there is only

one such parameter x = e?™*, the scaling is

m — oo and z — 0 suchthat am® = (—1)P"'zg AV is finite. (45)

Here zy = €?™% is the complex parameter that labels the surface operator in the

pure gauge theory. We now restrict ourselves to the SU(2) case which has only
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one kind of surface operator, and which is labelled by a single complex parameter
x. Performing the limits in (44) and (45) on the results obtained for the N' = 2*

theories, we obtain

Y AT (LY A, A (1]
———=—a— — |2y + — — i+ —= | —— 2y +x0+ — + —
271 0z 2a \"° T 8a3 \'° z3 16a® \° 0 ro oz

+

+A—8 s i+§ x4+i +
167 \"° "2z 8 \'"

(46)

We now show that in a specific semi-classical limit, this is identical to the twisted
superpotential that one obtains when one couples a two dimensional CP' sigma

model to the pure N' = 2 four dimensional gauge theory.

For the pure gauge theory, the exact (in A) expression for the twisted superpotential
has already been obtained in [21]. The quantum corrected chiral ring relation for
the pure SU(2) gauge theory can be written in the following form [22]:

Py(y) = A? (xo + i) : (47)

Zo

where P,(y) is the quantum corrected gauge polynomial, given by

Py(y) =y* —a, (48)

@ is identified with the gauge invariant parameter on the Coulomb branch, and zy =
e?™0 ig identified with the continuous parameter that labels the surface operator
in the pure gauge theory [21,22]. The variable y is interpreted as the expectation
value of the twisted chiral ring element in the two dimensional theory and is related

to the twisted superpotential by the relation

1 oW

T 27 0z

Y (49)
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Since the effective twisted superpotential generates the quantum chiral ring in the
infra-red, it follows that for the simple surface operator 0.,V is simply given by

solving for y using (47):

1 ow _ A? 1\)?
Tma—%——\/a(lﬁ-?(xO‘F—)) . (50)

In order to compare this result with the result we obtained in (46), we have to take

a semi-classical limit of this exact result. We consider the limit,
AP << |a. (51)

In this limit, we can expand the exact expression in a power series in A. Expressing
@ in terms of the classical vacuum expectation value a using Matone’s relation, we
obtain a perfect match up to two instantons [20]. We have extended the check for

simple surface operators for higher rank gauge groups up to SU(7).

0.5 Conclusion

In this thesis, we studied N' = 2 theories in four dimensions on their Coulomb
branch, with and without the presence of surface operators. The low energy effective
action of such theories is described by two holomorphic functions, the prepotential
that determines the effective action of the four dimensional theory, and the twisted
superpotential which governs the infra-red behaviour of the two-dimensional theory
living on the world-volume of the surface operator. We have focused on comput-
ing these two functions. In the case of N' = 2 super-conformal linear quivers, we
computed the effective prepotential via the Seiberg-Witten curve and differential ob-
tained by an M-theory construction, and matched it with the results from equivariant

localization, and the 2d/4d correspondence. In doing so, we obtained a detailed map
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of the various parameters that appear in the three approaches mentioned above. In
the latter part of the thesis, we considered surface operators in the context of NV = 2*
theories. The effective superpotential was obtained by equivariant localization, and
the microscopic results were resummed into a mass expansion, where at each order
in mass, the coefficient functions were made up of (quasi)-modular forms and ellip-
tic functions of the bare coupling constant, and the continuous complex parameters
that label the surface operator. These results helped us make contact with known
results for the twisted effective superpotential for two dimensional sigma models

coupled to four dimensional SU(V) gauge theories, in a semi-classical limit.
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Chapter 1

Essential Supersymmetry

In this chapter, we give a lightning review of N’ = 2 supersymmetry, focusing only
on topics that are of relevance to the chapters to follow. We shall mostly stick to

the notations and conventions of [23].

1.1 Supersymmetry Algebra

The N = 2 supersymmetry algebra, in the presence of central charges is,

{Qar Qast = 2(0")a5 Py
{Qia Qé} = 2\/§EQB€IJZ )
{Qar, Qps} = 2V2e5e107 . (1.1)

where @, and Q, are the supersymmetry generators that transform respectively in

the (%, 0) and the (0, %) representations of the Lorentz group, the indices I and J

run from 1 to 2 for the 2 supersymmetries, and Z is the central charge. In a massive



theory, the central charge gives a lower bound on the mass of the states as,

M >V2|Z] . (1.2)

1.2 Representing the Algebra on Fields

In ordinary relativistic quantum field theory, various quantum fields carry different
representations of the Lorentz group. In the study of supersymmetric quantum field
theories, it is convenient to construct fields that carry a representation of the super-
symmetry algebra. This requires enhancing the usual space-time to a superspace,
which has spinor coordinates (6 and 6!) in addition to space-time coordinates. The

supersymmetry generators then have a natural action on the superspace, just as

1

Y

Lorentz generators have on the space-time. We will discuss the AV = 1 superspace
and generalize it to the NV = 2 case. Any function of the superspace coordinates
(xu, O, (%) is called a superfield. In general, a superfield contains too many compo-
nent fields to correspond to an irreducible representation of the N = 1 algebra. In
order to obtain an irreducible representation, one needs to impose supersymmetry
invariant constraints on the superfields. We will now see a few examples that are

relevant to our discussion.

1.2.1 AN =1 Chiral Multiplet

The N = 1 chiral multiplet is represented by a chiral superfield ® which satisfies
the condition,

Dy® =0, (1.3)

!The N = 1 algebra is obtained by setting Z = 0 in (1.1).



where D, is the super-covariant derivative —9/90% — ic*,0%0,. This forces the
functional dependence of ® to be ®(y*, #), where y* := z* +ifc”d. Thus, an N = 1

chiral superfield is expanded as,

O(y,0) = ¢(y) + V200(y) + 00F (y) | (1.4)

where ¢ and v are the scalar and the fermionic components in the chiral multiplet,
and F'is an auxiliary field required for off-shell closure of the supersymmetry algebra,
and vanishes on-shell. The anti-chiral multiplet can similarly be represented an
anti-chiral superfield ® which is annihilated by the super-covariant derivative D,.
Clearly, any arbitrary function of chiral superfields is also a chiral superfield, and
similarly for the anti-chiral superfields. A general function of (anti)-chiral superfields

is called the super-potential, which has the following expansion,

WD) = w(¢i+\f ewﬁeep-)

W5 9¢Z+09(8WF L oW wj). (1.5)

= Wio)+ 961 T 206:00,

(‘3@

In terms of the original variables (x#,6,0), the chiral superfield (1.4) takes the

following expansion,

®(z,0,0) = ¢(x) + 100”00, — —9292 O¢

+ V200 () — —=000,00"0 + 00F () . (1.6)

E

1.2.2 N =1 Vector Multiplet

The N = 1 vector multiplet V is a real superfield, i.e. V = V. After imposing the

reality condition on a generic superfield, and choosing the Wess-Zumino gauge, V'



takes the following form,
_ I 1
V = —00"0A, + 1000\ — 000\ + 5«9999D : (1.7)

Here V' belongs to the adjoint representation of the gauge group, V = V,T® where

T = T% are the group generators. The gauge field strength is,
Loy oy —ov
W, = gD e”" D,e™ " | (1.8)
which in terms of the components has the expansion,

-y a a 1 —v a ya
W, =T (—z)\a +0,D — 5(0“0 0)aFy, + 00" D\ ) : (1.9)

[ 2]

where F%, = 9,A% — 0,A% + f**° Al A, and D, = 9\ + f“bcAZXC.

1.3 Supersymmetric Actions

The most general N = 1 supersymmetric Lagrangian with both the gauge multiplet

and the charged chiral multiplet is,

L= Sihn (T Tr/de WaWa) + /d29d29‘ dle VP + /d26 W + /d2§ W,
m

(1.10)



where the A/ = 1 chiral superfield ® is in any given representation, and 7 = % + %

is the complexified gauge coupling. In terms of component fields,

1 a apv a Trapy 1 a ya 1 ana
;C— 4 QFHVFH +327T2F‘U‘VF ?/\ O'HDM)\ +2—92D D

+ (00 —14°T¢) (910 — IAMT¢) — b (Db — AT )
— DT — ivV20 TN + iV2PT "GN + F| F,

ow LY Fi- 1 9*wW 1 *°W

T et 201 20009, D000, Vi T Qw(ww% , (1.11)

where VW denotes the scalar component of the superpotential. The on-shell field
content of an N' = 2 vector multiplet is an N' = 1 chiral multiplet (¢,1)), and an
N = 1 vector multiplet (A, A,). Thus, the Lagrangian in (1.11) has all the fields, but
is not N' = 2 supersymmetric. N’ = 2 supersymmetry forces all the fields to be in
the adjoint representation of the gauge group. Since N' = 2 supersymmetry treats ¢
and \ on the same footing, the form of their kinetic terms in (1.11) suggests that the
N = 2 Lagrangian is a combination of the chiral superfield, and the vector superfield
Lagrangians, with the former multiplied by g%. The N = 2 supersymmetry sets the
superpotential W to zero, as it couples only to ¥*. Thus, the full Lagrangian with

N = 2 supersymmetry is,

1 _
L= 8—Im Tr [T (/ d*0 Wew,, + 2/d26’d20 qﬂe—wcp)]
T

_ izTr( Ry + (D) D46~ [0, 0P

9

3272 1
— A" DA — 5" Db — iV2IN, ]! —iﬂ[mu]gb) - (1.12)

N = 2 supersymmetry is made manifest by going to the N' = 2 superspace which

has two sets of spinor coordinates, (6,05, 50” 5,1) The N = 2 chiral superfield is



defined by the constraints,
DU =0, DgV¥ =0, (1.13)

where D, and Ba are the super-covariant derivatives with respect to # and 0 re-

spectively. The chiral superfield has an expansion of the form,
U = 0(F,0) + V26U U (5, 0) + 6°0. 99 (7, 0) | (1.14)

where §* = z* + ifot0 + iga“g. The N = 2 Lagrangian in terms of the N' = 2

superfield takes the compact form,
L= iIm Tr /d29d2§ 17'\1/2 (1.15)
47 2 ' '

Note that the N/ = 2 supersymmetric action is holomorphic in the fields, and in the
couplings, as it depends only on ¥ and 7, and not on ' and 7. In general, N' = 2
supersymmetry constrains the effective Lagrangian with at most two derivatives,

and not more than four fermions as,
1 ~
L= Ty / POLIF(V) | (1.16)
T

where F is the N/ = 2 prepotential. In N' = 1 superspace, the effective Lagrangian

takes the form,

L= SLIm ( / POF o (BYW T + 2 / d*9d* (@Tezgv)“fa@)) . (17

(e

where F,(®) = 25 Fu(P) = %. For the classical N = 2 super Yang-Mills

action in (1.15), the prepotential is given by,

1
‘Fclassical(\p) = 5 Tr T\IJQ . (118)



1.4 One-loop contribution to the Prepotential

Due to the non-renormalization theorem by Seiberg in [24], the prepotential has
been found to be perturbatively exact at one-loop. In this section, we compute this

one-loop correction for a pure theory with gauge group SU(N.,), following [23].

Classically, an A/ = 2 theory has the global symmetry group SU(2)gx U(1)g. While
the SU(2)g rotates the two 6’s into each other, the U(1)z gives them a phase. In
terms of field content, the fermions form a doublet, and the scalar and the gauge
field form singlets under the SU(2)g. At the quantum level, the U(1)z symmetry is

broken by the chiral anomaly,

. Nc Huy
8M]é‘ - —@FMVFM . (119)

Thus, under a U(1)g transformation, the Lagrangian changes as

alN,

o FF . (1.20)

5'Ceﬂ = -

Since (327%)! [ FFis an integer, the U(1)g invariance is broken to Z,y,. Demand-
ing that the Lagrangian changes as above, and focussing only on the relevant terms

from (1.12), we obtain,

1 2o R 1 i alN, _~
——Im [J—“” G (—FF+1FF)] = —Im [f”(cﬁ)(—FFJrlFF)] - SSFF
(1.21)
For infinitesimal «, we obtain the differential equation,
PF N, i
—_— = 1.22



which for N, = 2 integrates to give,

- 2
fl-loop(¢) = i¢2 lOg (%) . (123)

where A is a dynamically generated scale.

The one-loop correction to the prepotential may also be obtained from the S-function

of the theory. The one-loop SB-function of the theory is,

Blg) = g g (1.24)

which upon integration leads to

1 1 1 A?

In order to make contact with the complexified gauge coupling, we rewrite the above

as,

A 4dm 1 A2
F () 20
which gives,
0?F i ?
a2 = T(a) =10+ - log (F) : (1.27)

which upon integration gives,
i 3 ?
Flioop = — (—ZGQ + a”log (F)) : (1.28)

Although the prepotential is perturbatively exact at one-loop, it gets corrections at

all orders from the non-perturbative sector due to instantons. The contribution of



the k instanton sector to the prepotential is,

_S: ( 8T 2 k )
e inst — eXp _ 3
9

( 87r2k;) (A)‘““
=exp|——5 — .
99 a

Thus, the instanton sector of the prepotential takes the form,

00 A 4k
Fis = — 2
inst Z -Fk ( a ) a
k=1
For a conformal theory, there is only the bare coupling 7, and

Enst X eXp(27Ti7'0) :

(1.29)

(1.30)

(1.31)

The goal of Seiberg and Witten in [1] was to compute the Fj. In the first half of

this thesis, we describe various methods to compute these coefficients for a class of

theories.



Chapter 2

Seiberg-Witten Theory

Given a quantum field theory, one is often interested in the low energy effective
action. Starting from the original bare action with a momentum cut-off given by
1, the standard prescription to obtain the low energy effective action is to compute
the Wilsonian effective action. We integrate out modes above a particular mass
scale, say A, to obtain the effective action S[A] for the low lying states (F < A) in
the theory. However, such an approach fails when there is a moduli space, and the
masses of the states depend on the position on the moduli space. In such cases, the

Wilsonian approach fails, as it may lead to integrating out massless modes.

In this chapter, we describe the Seiberg-Witten theory which computes the low
energy effective action of N' = 2 supersymmetric gauge theories, which are known
to have a moduli space. The Seiberg-Witten theory for the pure SU(2) gauge theory
introduced in [1], later extended to higher gauge groups in [6-8], and to the cases
with matter in [2] concerns itself with understanding the low energy effective action
on the Coulomb branch of these theories. We restrict our attention to the pure
gauge theory with gauge group SU(2). This presents itself with enough details for

all the work that follows.
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2.1 Moduli space of vacua

We consider the pure V' = 2 gauge theory with gauge group SU(2). The Lagrangian

(1.12) has the scalar potential,

V(¢,01) = %Tr (6, 6] (2.1)

Supersymmetry preserving classical vacua do not require ¢ to vanish, but only re-

quires it to be valued in the Cartan sub-algebra of the gauge group, i.e.

Qb:%(lO'?), (2.2)

where a € C, and o3 = diag (1, —1). The vacua breaks the gauge group SU(2) down
to U(1), and for obvious reasons this is called the Coulomb branch of the theory.
There is a continuous family of vacua labelled by the vacuum expectation value of
the adjoint scalar ¢. The manifold of this family is called the moduli space of vacua,
and classically it is C. It is clear that a is not a gauge-invariant parameterization
of the moduli space, as there are Weyl reflections that change the vacuum by the

action a — —a. Gauge-invariant parameterization of the moduli space is given by,

u = %Tr »* (2.3)

. . 2 .
Semi-classically, u = %-. However, when one takes into account quantum fluctua-

tions, gauge inequivalent vacua are labelled by,
1 2
u= §<Tr o) . (2.4)

We now go back to the global symmetry group, discussed in section 1.4. Chiral
anomaly breaks the symmetry group SU(2)gx U(1)g to SU(2)g x Zg. Accounting

for the center of SU(2)z which is also contained in Zg, the symmetry group breaks

11



into SU(2)g X Zg/Zs. A non-zero vacuum expectation value for the adjoint scalar
further breaks the Zg to Z4. The non-trivial action of the global symmetry group
on the Coulomb moduli u is as, u — —u. Classically, there is a singularity at u = 0,
where the broken symmetry on the Coulomb branch is restored, and additional fields

go massless.

2.1.1 Metric on the Moduli Space

Let us denote the A" = 1 chiral superfield on the Coulomb branch by A. The effective
Lagrangian (1.16) on the Coulomb branch is,

1 L OF ) 12F
,C = Elm |:/d 08—AA+ /d eémwaw s (25)

where we have the notation d* = d?0d?*d. This can be viewed as a sigma-model
with a metric on the field space which in turn gives the metric on the moduli space,

0?F(a)

(ds)* = Im a2

da da = Im 7(a) da da , (2.6)

where a is the vacuum expectation value of the scalar component of A. As a har-
monic function cannot have a minimum, the metric Im 7(a) is not globally defined.
Thus, the requirement of positivity of the metric makes it clear that the description

in terms of a is valid only locally.

2.2 An Electric-Magnetic Duality

From the above discussion, it is clear that we require a different description of the

moduli space where Im 7(a) < 0. To obtain such a description, we consider terms

12



involving only the gauge fields in the N' = 2 Lagrangian (1.12). We have the terms,

%Im r(a) (F+ @'ﬁ)2 = ﬁlm 7(a)(F? +iFF) . (2.7)

Treating F' as the independent field, we implement the Bianchi identity dF' = 0
by coupling a Lagrange multiplier vector field Vp to a monopole. The monopole
satisfies,

e, F,, = 818 (x) . (2.8)

The Lagrange multiplier term is then,

1 . 1 [~ 1 _— ~
S_W/VDHEH P al,FpU:8—7T/FDF:16—7TR,e /(FD—IFD>(F+1F) (29)

where, Fp,, = 0,Vp, — 0,Vp,. Adding the Lagrange multiplier term to the action,
and integrating over F', we obtain,
Ly LY (Fp 4 iFp)? = —1 ! (F2+ﬁF) (2.10)
—Im —— = —1Im —— : .
327 T DD 167 T b bep
Comparing (2.7) and (2.10), the effect of the duality transformation is to replace the

gauge field A, which couples to electric charges, by the dual gauge field Vp, which

couples to magnetic charges, and transforms the complexified gauge coupling as,
1
T—=Tp=——. (2.11)
T

This is how electric-magnetic duality manifests itself in these theories. The action
(1.12) is also invariant under 7 — 7+ b = 6 — 6 + 27b, which requires b € Z.
These two transformations generate the SL(2,Z) duality group of the theory. A

general element of SL(2,Z) acts on the coupling as,

ar +b

T ——
ct+d’

(2.12)
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where ad—bc = 1, and a, b, c,d € Z. While 7 — —% corresponds to a dual description
of the theory, 7 — 7 + 1 corresponds to an actual symmetry of the theory. We will
now find out the magnetic variables ap corresponding to a. For this, we introduce
h(A) = 0F/0A. The complexified gauge coupling is then, 7(A) = 0h(A)/JA.
The scalar kinetic energy term in (2.5) becomes Im [ d*0 h(A)A. For the dual
theory, we introduce the variables Ap, Fp, hp (Ap) and 7p. From (2.11), we obtain
Ap = h = 0F/0A, and hp = —A. With ap = %—f, the metric (2.6) on the moduli

space takes the completely symmetric form,
ds? = Im dap da = —% (dapda — da dap) . (2.13)

We will now identify the class of local parameters in terms of which the metric can
be written as above. For this, we introduce the set a® = (ap,a), where a = 1,2,
and the antisymmetric tensor €, g with €; 2 = 1. The metric may then be rewritten

as,
—gp€ap - du di (2.14)

The metric has SL(2, R) invariance which preserves the e tensor, and commutes with

complex conjugation. The SL(2,R) group is generated by,

0 1 1 b
and . (2.15)

-1 0 01

The latter corresponds to 7 — 7+ b = 0 — 6 + 2wb which requires b € Z. Thus,

we again see that the theory enjoys an SL(2,7Z) duality.
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2.3 Monodromies on the Moduli Space

In section 2.1.1, we saw that the moduli space of vacua has singularities. Under-

standing the details of the singularity structure will help us solve the low energy

1

1a?. In this regime,

theory. At large |a|, the theory is asympotically free, and u =

the prepotential is approximated by the one-loop answer (1.23),

Fla) = %aQ log (a®/A?) . (2.16)

['he dual magnetic variables are then,
+—. 2.17
s ( )

Making a closed loop on the u-plane around u = 0, log u — log u + 27i, and loga —

log a + iw. Thus we get,

ap — —ap+2a

a — —a (2.18)

The monodromy matrix acting on (ap,a)’ is,
My = . (2.19)

The monodromy at infinity signals a non-trivial monodromy at a finite point on
the moduli space. Let us now try to understand the number of singularities that
might be there. If there is only one more singularity, it has to be at the origin of
the moduli space, else the u — —u symmetry on the u-plane, mentioned in section
2.1 is not respected. However, if there is only one singularity at a finite point

on the moduli space, it commutes with the monodromy at co, making a a good
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coordinate over the entire moduli space, in contradiction to what we saw in section
2.1.1. Thus, we require at least two singularities at finite points on the u-plane with
non-trivial monodromies around them. The R-symmetry group imposes that these
be at +ug and —ug. Singularities on the moduli space occur due to massive particles
going massless at these points. The naive intuition that these particles correspond
to gauge bosons leads to inconsistencies. The other massive states are monopoles
and dyons, that belong to hypermultiplets, and are BPS states. Seiberg and Witten
conjectured that singularities at finite points on the moduli space correspond to these
states going massless at the two chosen points. The hypermultiplet with monopoles
and dyons does not couple to the fundamental fields in our theory locally. However,
from section 2.2, it is possible to go to the dual description where these are locally

coupled to the dual fields.

The central charge in (1.2) is given by,
Z = ane + apny, , (2.20)

where n. and n,, denote the units of electric and magnetic charges respectively.
Let us suppose that at the point uy on the moduli space, magnetic monopoles go
massless. From the mass formula (1.2), and the form of the central charge Z in
(2.20), we have,

ap (up) =0 . (2.21)

As mentioned above, unlike electric charges, monopoles do not couple locally to
photons, but instead couples to the dual photon field. The low energy theory is

N =2 SQED. From the one-loop beta function, the magnetic coupling is,

Tp & 1 Inap . (2.22)
T
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Since ap is a good coordinate near g,
ap =~ co(u — ug) , (2.23)

where ¢y is come constant. Following the discussion in section 2.2, the electric

parameter a is obtained as,
i i
a(u) ~ ag + —ap log (ap) = ag + —Co (u — up)log (u — ugp) . (2.24)
When u circles around uyg, log(u — ug) — log(u — ug) + 271, and we obtain,

ap — ap

a— a—2ap (2.25)

Thus the monodromy matrix associated with a monopole going massless at uy is,
Muo = . (226)

The monodromy matrix corresponding to the third singularity is obtained from the

relation M, M_,, = M. This relation gives,

1 2
M_,, = . (2.27)

-2 3

The particle that goes massless to generate this singularity is described by the
condition, (n,,n.) M_,, = (nm,n.). This imposes the condition, n,, = —n. on

the charge of the dyon that goes massless at —uq.
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2.4 Solution

The Seiberg-Witten solution for the prepotential is described by an algebraic curve
and an associated differential. We follow the discussion in [8]. The quantum moduli
space of the pure gauge theory with gauge group SU(2) described above, coincides

with the moduli space of the elliptic curve,

Y’ = (2" —u)? — A (2.28)

We denote the four zero’s of p(z) = y*(z) by ef = —Vu+ A2 e] = —vu— A2, e; =
Vu — A? and ef = /u + A2 The basis for the homology cycles are as in the figure

below. Our goal is to compute the periods,

Wp 5, 9 [ ap s da

, 2.29
w ou ou | IS y(x,u) (229)

so that the prepotential is obtained by a simple integration of ap(a). In order to
compute the periods, we use the fact that the periods form a system of solutions of

the Picard-Fuchs equation associated with (2.28). The periods are given in terms of

18



hypergeometric functions,

an(a) :]iA: iA(a—l) P (%,%,2;1—@) ,
a(a):l{)\: L A=) ,R <_1 JPT ) S (2.30)

1+i 1177 1-a

where, o = X—i After inverting a(u), and inserting it into ap(u), the prepotential is

obtained by integration with respect to a. We obtain the instanton contribution,

L A\ 4
‘F'inst = _; Z«Fk (%) a2 ’ (231)
k=1
at the first few orders,
1 5 3
== = — =— ... 2.32
-Fl 27 -F2 647 ‘Fi’) 647 ( )

We have obtained the same results using Nekrasov’s methods.

In the following, we mention a check of the Seiberg-Witten solution described above,

following [25]. Let us for simplicity work at one instanton. We have,

0?F 3i A4
= = 2.
() da? 167 a* (2.33)
In the effective action on the Coulomb branch,
1
Lepr D 8—/d29 Im (7(a)W, W) . (2.34)
s
This gives,
Lopp D — A /d29 Ly e (2.35)
= 8w 16 at’® ‘

We now put to use the fact that a is a chiral superfield, and has the following
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expansion in N = 1 superspace,
a(f) = a+ V200 + . .. (2.36)

so that,

—4
at(f)=a? (1 + ﬂfw) ~at (1 + 209%2 + .. ) + ... (2.37)

a?

This gives the following contribution to the action,

3A* 90 N2 {12\ 20
EeffD—W/dee(@/))\)XE
15 A,
= 3 (2.38)

The four point function (1) A\) has been explicitly computed in the background of

a single instanton to match this answer.

2.5 Seiberg-Witten curves from M-theory

In this section, following [26], we review the M-theory construction [10]| of the
Seiberg-Witten curves for N' = 2 quiver gauge theories in four dimensions. This
will fix our conventions, and set the stage for the explicit calculations in the sections
that follow.

We begin with a collection of NS5 branes and D4 branes in Type ITA string theory,
arranged as shown in Table 2.1. The first four directions {z°, ', 2% z®} are longitu-
dinal for both kinds of branes and span the space-time R where the quiver gauge
theory is defined. After compacting the x° direction on a circle St of radius Rs,
0

we uplift the system to M-theory by introducing a compact eleventh coordinate x*

with radius Rjp. We finally minimize the world-volume of the resulting M5 branes;

20



iL‘O .%'1 .1'2 1.3 334 $5 $6 1’7 xS x9 1‘10

NS5 branes | — | — | — | — | = | — | - . . . .
D4 branes | — | — | — | — . . _ ) ) . _

Table 2.1: Type IIA brane configuration: — and - denote longitudinal and transverse
directions respectively; the last column refers to the eleventh dimension after the
M-theory uplift.

in this way we obtain the Seiberg-Witten curve for a 5-dimensional N = 1 gauge
theory defined in R*?® x S! which takes the form of a 2-dimensional surface inside
the space parameterized by {z* z°, 25 2'°}. To get the curve for the A" = 2 theory
in four dimensions, we first perform a T-duality along #° and then take the limit of

small (dual) radius. Thus, in terms of the dual circumference

2wl

p= R (2.39)

the 4-dimensional limit corresponds to f — 0. Let us now give some details.

2.5.1 Brane solution

We want to engineer a conformal quiver with n SU(2) nodes, two massive funda-
mental flavors attached to the first node, two massive fundamental flavors attached
to the last node and one massive bi-fundamental hypermultiplet between each pair

of nodes'. To do so we consider a brane system in Type ITA consisting of:
e n+1 NS5 branes separated by finite distances along the 2% direction; we denote
them as NSH; witht=1,...,n+ 1.

e Two semi-infinite D4 branes ending on NS5; and two semi-infinite D4 branes

ending on NS5,,,1; we call them flavour branes.

'With this field content, the S-function vanishes for each SU(2) factor; see (A.1).
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e Two finite D4 branes stretching between NS5; and NS5, forv=1,... n; we

will refer to them as colour branes.

In Fig. 2.2 we have represented, as an example, the set-up for the 2-node quiver

theory (n = 2).
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Figure 2.2: NS5 and D4 brane set up for the conformal SU(2) x SU(2) quiver theory

The brane configuration is best described in terms of the complex combinations

o' +iz® = 2nd/v and 2% +i2!? = s, (2.40)

or their exponentials

w=e s o= el and t = eh (2.41)

which are single-valued under integer shifts of 2% and 2!° along the respective cir-
cumferences. Notice that we have introduced factors of o to assign to v scaling

dimensions of a mass; this choice will be particularly convenient for our later pur-
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poses. For each NS5, the variable s; satisfies the Poisson equation in the v-plane [10]
V2si=f; (2.42)

where the source term in the right hand side describes the pulling on the i-th NS5
brane due to the D4 branes terminating on it from each side. For our configuration
this is simply a sum of four -functions localized at the relevant D4 positions in the
v-plane. We denote the positions of the flavour D4 branes on the left by (A(()l), A(()Z)),
those of the flavour D4 branes on the right by (A&)l, Aﬁ)l), and those of the colour
D4 branes between NS5; and NS5, by (AZ(I), AZ@)). Since z° is compact, we have
to take into account also the infinite images of these brane positions and hence the

solution of the Poisson equation (2.42) is

};i = f: {1og [6 (v— Agi)l) - 27rik‘] + log [5 (v— A,@l) - 27rik]
10

k=—00

(2.43)
— log [6 (U — Agl)) — 27rik;} — log [5 (v — AEQ)) — 27Tik‘] } -+ const.

fori=1,...,n+ 1. Using the identity

e x? sinh Tx
14+ 2] = 2.44
IT(1+ ) =0 (2.44)

k=1

and exponentiating the above result, this can be rewritten as

sinh (g (v— Az@l)) sinh (’g(v — Ai)l)>

(
el = ti '
(

sinh <§ (v — Agl))) sinh (g(v — A

(2.45)

where t; is related to the integration constant in (2.43). The asymptotic positions

of the NS5 branes can be obtained by taking the limits rev — —oo (i.e. w — 0)
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and realv — 400 (i.e. w — o0) and are given by

_ [ AsAS o _ _ )
e wo0 b A;(D}L(Q) =t e w—00 =
(2.46)
Here we have introduced tilded variables according to
A=A (2.47)

for any given A.

As argued in [10], the difference in the asymptotic positions of the NS5 branes is
related to the complexified UV coupling constant of the gauge theory on the color
D-branes; more precisely if we define

0@' 3 87'['

Ti:——Fl 3
™ g;

(2.48)

where 6; and g; are the f-angle and the Yang-Mills coupling for the SU(2) theory of

the i-th node, we have

Si — Si+1

RlO

TiT; ~

(2.49)

However, since the distance between the NS5 branes is different in the two asymp-
totic regions exp v — =00, there is some ambiguity in this definition. We fix it as

in [10,26] and use

t;

tit1

TiT;

g =e or, equivalently, t; =t, 1 H q; - (2.50)

j=i
The overall constant ¢,,; drops out from all equations and can be set to 1 with-
out any loss of generality. In subsequent sections we will confirm that the above
identification of the UV coupling constants is fully consistent with the Nekrasov

multi-instanton calculations.
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2.5.2 The 5-dimensional curve

The general Seiberg-Witten curve for the 5-dimensional theory defined on the color
D4 branes takes the form of a polynomial equation [10] in the ¢ and w variables

introduced in (2.41):
> Cpgttuw’ =0 (2.51)

p.q

Since there are always only two D4 branes in each region and in total we have (n+1)
NS5 branes, the polynomial in (2.51) must be of degree 2 in w and of degree (n+1)

in t. Of course, there are two equivalent ways of writing it. One is:
Ci: wQu(t) +wqQi(t)+Qo(t) =0, (2.52)
where the Q’s are polynomials in t of degree (n + 1); the other is:
Co: t""'P,(w)+t"Py(w)+ -t Pi(w)+ Py(w) =0, (2.53)

where each of the P’s is a polynomial of degree 2 in w. Using the known solutions

of t when w — 0 or w — o0, the form C; can be written as

n+1 n+1
o w [T (=67 +w@ut)+d [ (t-t") =0. (2.54)
i=1 =1

Having fixed to 1 the coefficient of the highest term w?t" !, in (2.54) there are (n+3)
undetermined constants in this equation: d’ and the (n + 2) coefficients of 2. On
the other hand, using the fact that when ¢ — 0 and ¢ — oo there are two flavour
branes at w = (gél), 121/82)) and w = (2&21, Xﬁl) respectively, we can write the form
Cy of the curve as

2 2

Co: t"H! H (w— Zﬁf_‘gl) +t" Py(w) + -t Pr(w) +d H (w— géa)) =0. (2.55)

a=1 a=1
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Again we have fixed to 1 the coefficient of the highest term w?¢"*!, but in this form
there are (3n + 1) undetermined parameters: d and the three coefficients for each of

the n polynomials Py’s.

Equating the two forms (2.54) and (2.55) allows us to find relations that determine
some of the curve parameters: for instance, by comparing the coefficients of w?t°

and w° " in the two expressions we get

n+1
d= (-1 [e ., a=A0A7, . (2.56)
=1

Similarly, by comparing the coefficients of wt® and w t"*! we find that the undeter-

mined polynomial Q»(t) in (2.54) takes the form

n n+1
Qa(t) = —(AL), + A ) T+ e th + ()" (AY + AP [ 6. (2.57)
k=1 =1

Proceeding in a similar way one can fix the coefficients of w? and w° in the n
quadratic polynomials P,’s of (2.55). In the end, all but n parameters in the Seiberg-
Witten curve are fixed; the n free coefficients that remain parametrize the Coulomb
branch of the SU(2)" quiver gauge theory. One subtlety is that the constant terms

in (2.54) and (2.55) match only if the following identity is satisfied:
n+1 n+1
(1) 72 ) _ 1) F(2 0
A9 A Lo = A, A2, T 259
i=1 i=1

Using the explicit expressions (2.46) for the asymptotic positions of the NS5 branes,
we see this is identically satisfied and both sides are equal to (A} 282)11&)1 AL Y12,
This shows that indeed the two forms C; and Cy of the Seiberg-Witten curve are fully

equivalent.
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2.5.3 The 4-dimensional curve

We now dimensionally reduce to four dimensions by first performing a T-duality and
then taking the limit 5 — 0. To find explicit expressions it necessary to introduce the
physical parameters of the 4-dimensional theory and rewrite the geometric positions
of the various branes in terms of these. In order to do this, for each pair of colour D4
branes we define the center of mass and relative positions in the v-plane according
to

for « = 1,...,n. The relative position «a; is identified with the vacuum expectation
value of the adjoint scalar field ®; of the i-th SU(2) factor in the quiver theory.

Furthermore we remove the global U(1) factor by requiring
A+ 4+4,=0, (2.60)

and identify the relative positions of the centers of mass with the physical masses of

the bi-fundamental hypermultiplets, i.e.

miiv1 = Az - Ai—‘rl (261)

fori=1,...,n—1. Finally, the physical masses of the fundamental hypermultiplets
attached to the first and the last NS5 branes are related to the positions of the
flavour D4 branes measured with respect to the first and last center of mass in the

v-plane, namely
my = A(()l) - Al , Mo = A[()2) - /_11 , Mg = Agzl—i)—l - An , MMy = A;Z_,')_l - An . (262)

All this is displayed in Fig. 2.2 for the case n = 2.
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Given this set-up, it is rather straightforward to obtain the 4-dimensional Seiberg-
Witten curve. However, in general it is not so simple to write explicit expressions in
terms of the relevant physical parameters. Thus, we discuss in detail the following
three cases:

e the conformal SU(2)" quiver with massless hypermultiplets;

e the SU(2) theory with N; = 4 massive fundamental flavours;

e the SU(2) x SU(2) quiver theory with generically massive hypermultiplets.

e The conformal SU(2)" quiver

When all matter hypermultiplets are massless the curve equation drastically simpli-
fies. Indeed, all stacks of colour branes have the same center of mass positions, so

that (2.60) implies that A; = 0 for i = 1,...,n. Moreover, setting to zero the four

fundamental masses implies that A(()l) = A(()z) = A&Zl = Agl = 0. Using this, we
have
10 =) =y (2.63)

where the constants ¢; are defined in terms of the gauge couplings ¢; according to

(2.50). The 5-dimensional curve (2.54) then becomes

n+1 n+1 n+1

w? [Jt—t:) - 2w(t”+1 - %Zn:ck t*— (=) Ht) +][t-t)=0. (264

We now take the 4-dimensional limit 3 — 0 after writing ¢, = cio+cp1 B+ cpafB2+- - -
and w = exp”. The O(8°) and O(B') terms yield algebraic constraints for ¢y and
cr1 that can be easily solved. Instead, the O(S?%) term leads to the 4-dimensional

Seiberg-Witten curve. Writing v = x ¢ and setting ¢,,.1 = 1, the curve becomes

Pn—l<t)
E(t—ta) - (= tn)(t = 1)

2 (t) = (2.65)
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where P,,_1(t) is a polynomial of degree n — 1, whose n coefficients parametrize the
Coulomb branch of the SU(2)"™ theory. This is precisely the form of the Seiberg-

Witten curve discussed in [5].

When the matter multiplets are massive, things become more involved. While it is
always quite straightforward to write formal expressions, it is not always immediate
to identify the meaning of the various coefficients in terms of the physical parameters
of the gauge theory. Thus to avoid clumsy general expressions we discuss in detail

the cases with n =1 and n = 2.

e The SU(2) theory with N; =4
When n =1 the formulee (2.59)-(2.62) lead to

A(()l) =my , Aéz) =msy , Agl) =a, A§2) =—a, Agl) =ms , Ag) =my,
(2.66)
where a is the vacuum expectation of the adjoint scalar field ®. Then the curve

(2.54) becomes

w?(t =)t = t8) —w [(mg )t — et + (g + mg)tﬁm)t?’]

gt — )t —13)) =0 (2.67)

where, according to (2.46) and (2.50),

~ o' 1 o0 ~  ~
#9 A — 10 = = ) = g, (2.68)

and we are using the tilded variables m; according to the notation introduced in
(2.47). To obtain the 4-dimensional curve we expand w, ¢ and all tilded variables

in powers of 3. The O(°) and O(') terms can be set to zero by suitably choosing
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the first two coefficients in the expansion of ¢, while the O(?) term yields the
Seiberg-Witten curve for the SU(2) Ny = 4 theory. The result is [26-28|

4
v (t—q)(t—1)—v [(m3+m4)t2—q Z myt+q(my+my) | +mgmyt>+ut+qmimy = 0.
- (2.69)
Here we have absorbed all terms linear in ¢ and independent of v by redefining ¢ into
a new parameter u. A simple dimensional analysis reveals that u has dimensions

of (mass)?. As pointed out in [5] it is a bit arbitrary to define the origin for this u

parameter when masses are present. Here we fix such arbitrariness by requiring
u | a’ . (2.70)

Shifting away the linear term in v in (2.69) and writing v = z ¢, we get [26-28]

2 Pu(t)
P = = =TT (2.71)

where Py (t) is a fourth-order polynomial in ¢ of the form

Pa(t) = —ut(t —q)(t — 1) + My(t) (2.72)

where we have collected in My(¢) all terms that depend on the masses. The explicit
expression of this polynomial is given in (B.1). Using it and choosing a specific

determination for the square-root, one easily finds

Restzo (.ZU(Z';)) = w , Rest:q (x(t)) — @ , (2 73)
ms +m ms—m '
Res;— (z(t)) = % , Resi—oo (2(t)) = %
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e The SU(2) x SU(2) quiver theory

For a 2-node quiver (see Fig. 2.2), the formulae (2.59)-(2.62) read

m m m m
Aﬁo):m1+%,f1§0) m2+$’A§1):al+£’Agl):—chﬁL%a
AgQ):CLQ_%, A§2):—a2—%7 Ag?’):m:),—%, A§3)2m4—@

where a; and as are the vacuum expectation values of the adjoint scalars ®; and

®, of the two SU(2) factors. With this configuration the 5-dimensional curve (2.54)
becomes

- g +
wTT (¢ =) —w (#1@ — et =t
i=1 Mmiz
o, (2.75)
— Vs (i + i) [T + mﬁi? T4 =0
i=1 =1

where the asymptotic values are

—— - 1
tio) tivmims té =tamia , téo) = —,
. . Mt (2.76)
o) = L 10 = 2 1) = /gy
mime mig
with
tl = {1942 , tz =2 . (277)
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We now take the 4-dimensional limit 5 — 0, proceeding as in the previous examples.

The resulting Seiberg-Witten curve is

VAt — 1) (t —ta)(t — 1)

4
—v (m3 + my — mlg) t3 — ((me — m12) tl + (m3 + my +m12) tg — m12)t2

f=1

4
+ <(m1 + mo — mlz) t1 + mi2 tg + (me + m12> tl tz) t— (m1 + o + mlg) tl tg]

f=1
miz mi2\ ,3 m%z 2 m%Q
+ (m3 T)( 4‘7)75 - (T_“2>t + (T‘“l)tﬂ
mi2 m
<m1 + T> ( mo + %) th t2] =0. (2.78)

Here we have exploited the freedom to redefine the arbitrary coefficients ¢; and ¢y

into the parameters u; and us for which we require the following classical limit

Uy = a3 and U = a5 . (2.79)

q1,92—0 q1,92—0

In Section 2.7 we will confirm the validity of this requirement.

In order to put the curve in a more convenient form, we shift away the linear term

in v in (2.78) and then write v = z ¢, obtaining

Ps(t)

2
= 2.
0= B - L= 1) (2:80)
where Pg(t) is a polynomial of degree six in ¢ of the form

with Mg(t) containing all mass-dependent terms. The explicit expression of this
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polynomial is given in (B.3). Using it we find

mp —m my+m
Resi— (z(1)) = ITQ , Resiy, (2(t)) = % . Resiy, (2(1)) = ma2
Res i (2(t)) = w - Resi (a(t) = T (2.82)

2.5.4 From the 4-dimensional curve to the prepotential

The spectral curve (2.80) encodes all relevant information about the effective quiver

gauge theory through the Seiberg-Witten differential

A= a(t)dt . (2.83)

If we differentiate A with respect to u; and ug, we get (up to normalizations which

are irrelevant for our present purposes)

O\ dt oA\ tdt
AR ARy 2.84
where
y2 = PG(t) . (285)

This is the standard equation defining a genus-2 Riemann surface. Such a surface
admits a canonical symplectic basis with two pairs of 1-cycles (ay, ) and (5, 52)
whose intersection matrix is a; Na; = B; N B; = d;5. The periods of the Seiberg-
Witten differential A along these cycles represent the quantities a; and aP in the

effective gauge theory, namely

1 1
ai=—-—¢ X\, a? =— ¢ ). (2.86)

271 J,,
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Through these relations, a; and aP are determined as functions of the u;’s (and,
of course, of the UV couplings ¢; and of the mass parameters). Inverting these

relations, one can express the u;’s in terms of the a;’s and, substituting them into

the dual periods, obtain a”(a). Since
OF
Dig) = 2.87
WPla)= 5 (2.87)

one can reconstruct in this way the prepotential F' (up to a-independent terms).
By comparing this prepotential with the one obtained from the multi-instanton
calculus via localization one can therefore test the validity of the proposed form of

the Seiberg-Witten curve.

However, an alternative and more efficient approach has been presented in [12,13] in
which the difficult computations of the dual periods a? are avoided and the effective
prepotential is directly put in relation with the residues of the quadratic differential

22(t)dt? in the following way

OF
ot;

Res—, (2°(t)) = (2.88)

As we will show in more detail below, assuming this relation and just computing the
a-periods of the Seiberg-Witten differential we can readily reconstruct F from the
spectral curve and check that it coincides with the effective prepotential F' computed
via localization up to mass-dependent but a-independent shifts (so that F and F
encode the same effective gauge couplings); the expression of these shifts is however

rather interesting, and we will comment on this in the next sections.

34



2.6 The SU(2) theory with N; =4

We show how to derive the effective prepotential for the SU(2) Ny = 4 theory
starting from the curve (2.71) and the residue formula (2.88) which in this case

reads
oF

Res;—, ($2(t)> = 8_q .

(2.89)

In doing this we do not only provide a generalization of the results presented in [13],

but also set the stage for the discussion of the quiver theory in the next section.

Using the curve (2.71) and the explicit expression of the polynomial P4 reported in
(B.1), the above residue formula leads to
OF 1—q

((1—q)7 =u—

q
9 5 (mF 4+ m3) + = (M1 + ma) (m3 + ma) + q (mims + mamy) .

2
(2.90)

Combining this with the residues (2.73) amounts to rewrite the Seiberg-Witten curve

(2.71) as
22(t) = (m1 —ma)®  (mi+ma)? (Mg +my)? B m2 4+ m3 + 2mazmy
4t® At—qP  At-1) 2(t — 1) 1
glg—1) OF '

tt —q)(t—1) dq

We now clarify the meaning of F. Imposing in (2.90) the boundary value (2.70) for
u, we easily find

oF s 1, 9

— =a — = 2.92
from which we deduce that F cannot be directly identified with the effective gauge

theory prepotential, whose classical term is in fact F,; = a?logq. Therefore, to

ensure the proper classical limit we shift F according to

F=F-— (mf+m3)logq , (2.93)

DN | —
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and rewrite (2.90) as

q(1 — q>8_q =u+ g (my + ma) (m3 + myg) + q (mymae + mamy) . (2.94)

The function F has the correct classical limit, but it is not yet the gauge theory
prepotential since it is determined by an equation in which the four masses do not
appear on equal footing. There are two independent ways to remedy this and restore

complete symmetry among the flavors, namely by redefining F as?

~ 1

I F=In+ 5 log(1 — q) (mq +mg) (m3 +my) (2.95)
~ 1

) F =L — 3 log(1 — q) (mimsg + mamy) . (2.96)

In this way, from (2.94) we get

OF; ,
I - q(l—q)a—IE(l—q)Ulzu—l—qufmf, (2.97)
q
f<f
) 8FH_ q /
I - q(1—q)a—q:(1—q)UH:u+§f§umfmf. (2.98)

The minor difference in the numerical coefficient in front of the mass terms in these
two equations is, actually, quite significant. In fact, as we will see, F} is the Nekrasov
prepotential for the SU(2) Ny = 4 theory, while Fyy is the SO(8) invariant prepoten-
tial that can be derived from the Seiberg-Witten curve of [2]| expressed in terms of

the UV coupling gq.

To verify this statement in an explicit way, we take

mi=me=m, mz=my=DM. (2.99)

2All other possibilities can be seen as linear combinations of these two. It is interesting to
observe that the shifts in (2.97) and (2.98) are directly related to the so-called U(1) dressing
factors used in the AGT correspondence [4].
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This is a simple choice of masses that allows us to exhibit all non-trivial features of

the calculation. With these masses the curve (2.71) becomes

22(t) = = 713)22(8_ e (2.100)
where
Po(t) = —Ct*+ (u(l +q) — q(m — M)* + ¢*(m + M)2>t - q(u —(1—q)m?*+ 2qu>
= 0(62 - t)(t — 63) (2101)
with
C =u+2gmM — M*(1 —q) . (2.102)

The expressions of the two roots e; and ez can be easily obtained by solving the

quadratic equation Py(t) = 0; in the 1-instanton approximation we find®

m?  m?(u® + M*u+ 2mMu — m?*M?)
62:q<1——+q +...>,

U3
— 14+ M? N M? (m2M2_m2u_2mMu_u2) (2,1()3)
€3 = u— M?2 q MOEE)

The Seiberg-Witten differential associated to the spectral curve (2.100) is

it possess four branch points at ¢ = 0, e5, e3 and oo and two simple poles at ¢t = ¢

and 1. This singularity structure is shown in Fig. 2.3. The cross-ratio of the four

3Here and in the following, for brevity we explicitly exhibit the results only up to one or two
instantons, but we have checked that everything works also for higher instanton numbers.
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T

%8
Il

Figure 2.3: Branch cuts and singularities of the a-period of the Seiberg-Witten
differential A\ of the SU(2) N; = 4 theory

branch points is

2 M2 . 2M2
¢ = 2zq(l—(m+ Juzm ) (2.105)
€3 u
L <(m2+M2)u3+2mM(m2+M2)u2 —2m2M2(m—|—M)2u—|—2m4M4) N
q 4
u

In the massless limit, note that the cross ratio reduces to the Nekrasov counting
parameter ¢, as expected. As always, we identify the a-period of the Seiberg-Witten

differential with the vacuum expectation value a, namely

1 ez—t 63—
= )\— R dt . 2.106
“T o €St ( / V 1—t)(g—1) (2.106)

It is important to stress that the a-cycle corresponds to a closed contour encircling

both the branch cut from 0 to e; and the simple pole of A at t = ¢, see Fig. 2.3.
With this prescription, the a-cycle has a smooth limit when the masses are set to
zero. This explains the two terms on the right hand side of (2.106): the residue over
the pole in ¢t = ¢, which in view of (2.73) is simply m, and the integral over the
branch cut. This integral is explicitly evaluated in Appendix C (see in particular

(C.9)); in the final result the mass term coming from the residue is canceled and we
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are left with

a

:m+ e i(_l)g(l/Q)( 1/2 >€g+1qe

1—gq l—q 5= n+1l)\n+l+1 eg+@+1/2

Ve i y (—pyeo (12 (12 c5"
1 - n+1 / e§‘1/2 '

-4 n=0 /=

(2.107)

Exploiting the expressions of the roots e; and es, it is not difficult to realize that the
right hand side of (2.107) has an expansion in positive powers of ¢ and that only a
finite number of terms contribute to a given order, i.e. to a given instanton number.

For example, using (2.102) and (2.103), up to one instanton we find

2 2 AmM M2 _ 2M2
a:\/a(Hq” et amu e m +> , (2.108)
4u
which can be inverted leading to
4 2,2 AmM 2 M2 2 2M2
u—a2(1—qa me” m2a2+ ¢ +) . (2.100)
a

This result allows us to finally obtain the prepotential. Inserting it into (2.97) we

get

(2.110)

a?  m?4+4AmM + M?*  m2M? N
2 2 2a2

FI_GQIOgQZQ(_+ +
On the right hand side we recognize the l-instanton prepotential for the SU(2)
N; = 4 theory obtained in Nekrasov’s approach described in Appendix A*. This
instanton prepotential follows from that of the U(2) theory after decoupling the U(1)
contribution and, as is well known, does not possess the SO(8) flavor symmetry of the
effective theory; however the terms which spoil this symmetry are all a-independent

(like for example the pure mass terms in (2.110)) and therefore are not physical. On

4For the explicit expression see for example Section 7 and Appendix D of [29], keeping in mind
that mghere — ﬂmlilere.
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the other hand, if we insert (2.109) into (2.98) we get

2

a?  miM?
FII_GQIqu:q(E—i— 2a2 > + ... (2111)

which is the 1-instanton term of the SO(8) invariant prepotential following from the
Seiberg-Witten curve of [2|. In this respect it is worth recalling that this curve,
differently from (2.71), is parametrized in terms of the IR coupling of the massless
theory Q©) which is related to the UV coupling ¢ by [30]

0 (0)

1= 2(Q") . (2112)

&

As shown for example in [29,31], if one rewrites the prepotential derived from the

Seiberg-Witten curve in terms of ¢ using (2.112) one can precisely recover the above

SO(8) invariant result.
The last ingredient is the perturbative 1-loop contribution which is given by”
(a —m;)?

A2
(2.113)

10> 1 i)
Foert = —2a” log % + 1 Z [(a + mi)Q log % + (a — mi)2 log
=1

(2

From the complete prepotential F = F' + Fl.,¢ one obtains the IR effective coupling

@ of the massive theory by means of
Q=¢e"  with 7ir=-—S . (2.114)

Notice that both F1 and Fip lead to the same () since they only differ by a-independent

terms. For our specific mass choice (2.99), up to 1 instanton we find

_ 9
Q_16

m?+ M?  m2M? a* + 3m2M*
1— + l4¢q——+... ] .

2 at 2a4

(2.115)

a

5See also (A.25), with obvious modifications, in the limit €, ez — 0.
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As is well-known, given () one can obtain the cross-ratio ( of the four roots e; of the

associated Seiberg-Witten torus by means of the uniformization formula

(o lazellesze) 0 Q) (2.116)

(e1 —e3)(ea —e4) B 9_§

which is the massive analogue of the massless relation (2.112). Using (2.115) and

expanding the Jacobi #-functions we find

m? 4+ M?  m2M?
(=q|l-— +

2 4
2 ! 2 4a 4 202 (02 2 47374 (2.117)
r m*+ M* m*+ M mM(m+M)+mM n
4 2a2 2ab 2a8 ad

It is not difficult to check that this expression exactly agrees with the cross-ratio
(2.105) upon using the relations between a and u given in (2.108) and (2.109), thus

confirming in full detail the consistency of the calculations.

2.7 The SU(2) x SU(2) quiver theory

We now consider the 2-node quiver theory whose Seiberg-Witten curve takes the

form (see (2.80))
Ps(t)

"0 = et -1

(2.118)

where the sixth-order polynomial Pg(t) is given in (B.3). In the following it will be
useful to use yet another form of the curve that can be obtained from (2.118) by

performing the rescaling (z,t) — (v g2 ', t ¢2). This yields

204\ _ pe(t)
T B - Pt =17 S
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where

ps(t) = Pslqat) g3 * = (ug — uat) t(t — 1)(t — q1)(gat — 1) + Mg(qot) ¢ * . (2.120)

In this form the two SU(2) factors appear on the same footing and their weak
coupling limit is simply described by ¢; and ¢, approaching zero. In this limit the
punctured sphere which corresponds to the denominator of (2.119) looks as depicted

in Fig. 2.4.

Figure 2.4: Punctured sphere in the weak-coupling limit

In general the polynomial pg(t) defined in (2.120) is of order 6, and thus the hy-
perelliptic equation (see (2.85)) identifying the genus-2 Seiberg-Witten curve can be

written as
6

v (1) =pe(t) = c [ [t —e) (2.121)

i=1
where ¢;’s are the six roots of the polynomial, which clearly are branch points for
the function y(t). With a projective transformation we can always fix three of them,
say e1, es and eg, in 0, 1 and oo and lower by one the degree of the polynomial in the
right hand side; if we call (7, (s and Zthe remaining three parameters, corresponding

to three independent anharmonic ratios of the e;’s, the equation (2.121) reduces to

) =ctt-1)(t—G)(t-G)(E-C) . (2.122)

When the curve is put in this form, we can choose a symplectic basis of cycles {a;, '}
in the Riemann sphere parametrized by the ¢t variable as shown in Fig. 2.5, and then

proceed to compute the periods of the Seiberg-Witten differential and finally derive
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the effective prepotential. However, for generic values of the masses of the matter

Figure 2.5: Structure of branch cuts and a basis of cycles for the Riemann surface
described by Eq (2.122)

hypermultiplets this method is not practical since one is not able to find the roots
of pe(t) in closed form and only a perturbative approach in the masses is viable
to derive the effective prepotential. On the other hand we can exploit the residue

conditions (2.88), which after the rescalings we have performed, take the form

_OF OF

ReSt:ql (172(75)) - a_ql ) ReSt:1/q2 (IQ(t)) = —q; 8_q2 , (2.123)

and through them obtain some information on the prepotential directly from the

quadratic differential. Evaluating the residues using the curve equation (2.119), we

find
OF 1
G(1—q)(1—qg) 7= = w1 —qug — 5 (M7 +mj3)
oq 2
+% ((ml + m2)2 + (m1 + mo — m12)2)
Qg -
+25 (ma +my) (mm - ,Z_; mf> (2.124)

9 4
919
_1T2 (mf2 + 2(m1 +mg — mlg) E my + 4m3m4>
r=1
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OF

32(1 = ¢2)(1 — q1g2) e = U — Qau1 + M3gMmy + %mlz (m12 +2mg3 + 2m4)
+%(m3 + m4) (m1 —+ mo — mlg) (2125)
R

4
(mfz + 2ma2 Z my + 2(my +ma) (ms +my) + 4m1m2> :
f=1

4

Combining these with the residues (2.82) suitably rescaled for the new poles, we can

rewrite the curve as

xQ(t) = (my — m2)2 (mq + m2)2 m%z (m3 + m4)2
A2 At —q)r (=17 4A(t—)?

_mi +m3 + 2mgmy + 2mi, @l —1) @+ (1) @

2(t — 1) tt—q)(t—1) dq  t(t —1)(t— ) Jg

(2.126)

which is a simple generalization of (2.91). We now investigate the meaning of the
function F appearing in the last two terms of (2.126). If we impose the boundary

conditions (2.79) on the u;’s, from (2.124) and (2.125) we obtain

oF 1
qla ﬁoza%_ﬁ(m%—'—m%)a
A laa (2.127)
oF -
—_— = Qa ™mamniy .
© aQ2 q1,92—0 2 s

Thus, in order to match with the classical prepotential F = a? log ¢ + a3 log ¢z, we

are led to the following redefinition

~ 1

F=F— §(m% +m3) log g1 + mzmaloggs . (2.128)

Just as we did for the SU(2) N; = 4 theory discussed in Section 2.6, here too we have
to make sure that all symmetries of the quiver model are correctly implemented. If
we just focus on the first group factor, we obtain an SU(2) theory with coupling

¢, and four effective flavors with masses {my, ma, as + mi2, —as + mi2}. Therefore,
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according to (2.95) we have to redefine F' by the term

1
5 (m1 + mg) (CLQ + Mg — a9 + mlg) lOg(l—ql) = (m1 -+ mg) mi2 log(l—ql) . (2129)

Likewise, if we focus on the second group factor, we find an SU(2) theory with
coupling ¢o and four effective flavors with masses {a; — mqa, —a; — mya, m3, my};
finally if we consider the quiver as whole, we have a "diagonal" SU(2) theory with
coupling ¢1¢> and four masses given by {mq, mg, ms, my}. All in all, in order to im-
plement all symmetries of the quiver diagram and its subdiagrams, we must redefine

F according to

F—F+ (my +mg) miglog(l — q1) — maz (ms + my)log(l — g2) (2.130)

1
+ B (m1 4+ mg) (ms + ma) log(1 — q1g2) -

It is interesting to observe that these logarithmic terms are like the U(1) dressing
factors commonly used in the context of the AGT correspondence [4]. Quite remark-
ably, if we combine (2.128) and (2.130), the two very asymmetric equations (2.124)

and (2.125) acquire a symmetric structure. Indeed, if we set

oF
Uy = ¢;— fori=1,2, 2.131
a4, (2.131)

then equation (2.124) becomes

(1 —a@)(1 = q1g2) Ur =ur — quua + %(mu (mm +2my + 2m2) + 4m1m2>

+ % ((7711 + mz) (m12 4+ 2ms + 2m4) + 2m1m2> (2.132)

2
- <m12 (m12 +2my + 2mg — 2m3 — 2m4) + 4ZmFMf/> ’

4
I<f

while the corresponding equation for U, following from (2.125) can be obtained from
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(2.132) with the replacements

Q> G, UL ug, (ma,ma) < (Mg, my) , Mag < —mag (2.133)

This is precisely the exchange symmetry that should hold in the 2-node quiver model
under consideration. The function F' therefore has all the required properties to be
identified with the effective prepotential of the SU(2) x SU(2) gauge theory. To check
this statement in an explicit way, we choose two mass configurations for which the
polynomial pg(t) in (2.119) can be factorized and its roots and period integrals can

be explicitly computed. Specifically we consider the following two cases:

A): mi=mo=m, M3=my="mi =0, (2.134a)

B)Z m1:m2:m3:m4:0, mlgzM. (2134b)

As we will see, these mass configurations allow us to make the point and exhibit

all relevant features while keeping the treatment quite simple.

2.7.1 The IR prepotential from the UV curve

Case A): With the masses (2.134a) the polynomial ps(t) of the Seiberg-Witten

curve becomes

pe(t) = t(t —1)(gat — 1) | (ug —ugt)(t — 1) + m*qu (gt +1 — 1 — uq2) | - (2.135)

If we factorize the term in square brackets we immediately bring the curve to the

form (2.122), with ¢ = —gous and

up + qua + m2@gp — VD~ up+ qus +mP@Eq + VD 1
G = , ¢= , G =—
2u2 2U2 q2

(2.136)



where

2
D = (w1 — quu2)” + 2m*qy |:Q1QQU1 +us(2—2¢1 — 2q1g2 + qfqg)} +miqlqs . (2.137)

Then the spectral curve (2.119) reduces to®

o —u2(t—C1)(t_Z)
v (t) = tt—1)(t—aq)* (g2t — 1)

(2.138)

For later purposes it is convenient to invert the relation (2.132) and the correspond-
ing one for U, in order express u; and us in terms of U; and U,. For the mass

configuration (2.134a) we get

ulZ( )U1+Q1( )U2 m2fh(1+Q2)>

(2.139)
Uy = ( )U2+(12( )U1 m*qqe -
The Seiberg-Witten differential associated to the curve (2.138) is
—uy(t = G)(t—C) dt
A= x(t)dt = , 9.140
" \/t<t—1><q2t—1> o (2110)

and its singularity structure is shown in Fig. 2.6. The periods of A along the cycles
a1 and ap are identified with the vacuum expectation values a; and aq, respectively.
Let us first consider the cycle a; and note that it surrounds both the branch cut

from 0 to ¢; and the pole in ¢t = ¢;. Thus we have

1 o /Cl—t dt
= 27 )\_ Resi—q, ( / 1—t 1—q2t) g —t

(2.141)

The integral over the branch cut can be evaluated as explained in Appendix C (see

in particular Eq. (C.12)); it contains a contribution that cancels the residue and the

6Note that in the massless limit we have {; — ¢; and E—) uy/us.
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Figure 2.6: Branch cuts and singularities of the a-periods of the Seiberg-Witten
differential A of the conformal SU(2) x SU(2) quiver

final result for a; is

"o \/(1 - q() Iglq q2) Z ( /2 )fn+£+1 g (2.142)
1 142 e

where the f,’s are the coefficients in the following Taylor expansion

namely

1) 2”: (1é2> (—2/2) (n :1/3 k) ZZQ“I/Q , (2.144)

£,k=0

Using the expressions (2.136) for the roots it is not difficult to check that a; has an
expansion in positive powers of ¢; and ¢ and that only a finite number of terms

contribute to a given instanton number. Substituting in the result the relations
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(2.139) we obtain the following weak coupling expansion’

Uy — U,) (Uy +m? Uy +m?)U.
a; = Ul 1 — ¢ ( 1 2) (2 1 m ) — 12 (1—77;)2 (2145)
v AU AU

) (U1 — UQ) <U1(7U1 — ?)Ug) (U1 + 2m2) + 3TTL4(U1 — 5U2)>

Let us now turn to the second period as along the cycle as. Referring to Fig. 2.6

we have
a
27 27T1 g t—l qzt—l)t—ql

L 1 \/Uzﬂ o)l —pls) 1 0
T Jo (1 —g22) (1 — q1g22) 2(1—2)

where the last step simply follows from the change of integration variable: t —

(2.146)

1/(g2z). This integral can be computed by expanding the factor in square brackets

in powers of z and then using
Loogm —~1/2
_ Az (—1)%( / ) . (2.147)
0 Vz(1—2) n

Inserting the root expressions (2.136) and exploiting the relations (2.139), we find

4T, — 4 — 142 A0,

U,-U U3 — 10U,Uy + 3U? U 2
\/U2<1—Q2 2 e 64(1]22+ ! ﬂ—i—
2

(2.148)

Note that the results (2.145) and (2.148) are perturbative in the instanton counting

paramaters ¢, and g9, but are exact in the mass deformation parameter m. We now

"For brevity we display only the results up to two instantons, but we have computed also higher
instanton contributions without difficulty.
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invert these weak-coupling expansions to obtain

2 2 2 2 2 2 2 2
— a5 o A7 — + a; 2“1"‘“2)

a a a
U, — g2 ( 1 2> ( 1
1=a] +q 5 +m —2a% + 1q2 1 +m 12

13a¥ — 14a2a2 + a? 9a? — 6a2a? — 3ak at — 6a%a% + Hat
+1< 1 143 2 4 224 139 2 4t d 13 2)

3242 164" " 3248 ’
(2.149)
a2 — a? a? + a2 a? + a2 13a% — 14a2a2 + a?
U, — o2 2 1 ( 1 2 o a7 2> 2 2 19 1
2 =05+ Q2 5 + q1G2 1 +m ia a5 3202
(2.150)

These two expressions are integrable, thus leading to the determination of F' (up to

g-independent terms)

a3 — aj a? — a3 a3 — a?
F o= allogaq+adlogg+q (2 4m? 22)+q2 :
2 2a1 2
2, 2 24 2
— 2.151
(13@1 — 14a2a3 + a3 2 9ai — 6a2a3 — 3@‘2l 4 a} — 6atal + 5a§‘)
! 64a? 32a} 64a$

This precisely matches the g-dependent part of the prepotential derived using Nekrasov’s
localization techniques in the quiver theory when we choose the masses as in (2.134a)
and set the Q2-deformation parameters €; to zero (see Appendix A for details, and in

particular (A.17)).

Finally, adding the g-independent 1-loop contribution Fe¢ (see Eq. (A.26)), we may

obtain the complete prepotential of the effective theory

F :F+ Fpert

4a? 4a3 1
=F — 2da} log%—2a210g /32 (a1+m) logw

2
— a
(a; —m)*log % + a3 log A_12

ai+a 1 a; — as)?
(aq + ag) log% + 5((11 - a2) log% .

(2.152)
_l’_

+

N~ N~
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This result represents a nice check of the spectral curve (2.138) and of the relations

(2.123).

Using all our findings so far, we can easily derive the weak-coupling expansions of

the roots (2.136) which are

m2 a2 — a2 a2 + a2
_ 1_ _> 1 2 41 2 2 41 2
G Q1< - ( +q@m 2] + q1g2m Ia]
a? — a2) (5at + Ta?a? + Ta?m? — 19a2m?
4 et = ) (5ai + Taids +Taj ) o) s
32ag
S O C 1 W S B e | R
a3 ! 2ai ? 2a3 1 2a2a3
9 (a% — a%) (a% — m2) (3@‘11 + a%a% + a%m2 + 11a§m2)
& 32a}
a? —a?) (7a? — 11a?
+ a5 (e 2)3(2a41 )y : (2.154)
2
and
1
— ={q2 . (2.155)
G2

We remark that (2.153) and (2.154) are perturbative in the ¢’s but are exact in the

mass parameter.

Case B): Let us now briefly consider the second mass choice (2.134b). In this

case the spectral curve (2.119) becomes

~

Ct—G)(t—7)

22(4) — 2.156
Q t(t — qu)(qat — 1)(t — 1) ( )
where
G = —duy —dus + M*(4 — 1 — @2 + 2q1¢o) — 4D
3 = )
8C (2.157)
5_ —4uy —dug + M?*(4 — 1 — 2 + 2q1¢2) + 4vD
= SC )
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with

R\ O '
= —U2 1 42 1 ¢4,
1 2
D = 1—6(4U1 +duy — M2 (4 — 1 — g2 + 2q1q2)) " + C(4us — 3M?qy + Mqugy) -

(2.158)
As in the previous case, it will prove useful to invert the relation (2.132) and the

corresponding one for Us; this leads to

2

M

=(1-q) Ui +a(l—q)U— TQ1(1+CI2) ;
M2

= (1 —Q2) U2+Q2(1 —(h) Uy — TQQ(1+QI) :

(2.159)

We now compute the a-periods of the Seiberg-Witten differential A = z(t)dt, whose
singularity structure is similar to the one shown in Fig. 2.6. The main difference is
that now ¢ = ¢, is a branch-point and not a pole, while t = 1 is a pole and not a

branch-point. Taking this into account we therefore have

(G-t —C) dt
N on / \/ t(qgr —t)(1 —qot) (1—1) (2.160)

After rescaling ¢ — ¢t, we can easily compute the integral as discussed in the

previous case expanding in powers of ¢ and exploiting (2.147). Making use of the

relations (2.159) to express the result in terms of U;, we obtain

U, + M? Us U,
= 1 — g —
a; = /Uy < a1 102 + @25 102 — 192 —— 10,

o TUE = 10U Us + 3U3 4+ M? (14U, — 6U, + 3M?) N
ql 64U12 DERIEY .
(2.161)

The second period ay can be calculated along the same lines and the final result can

be obtained from (2.161) by simply exchanging ¢; <> g2 and Uy <> Us. If we invert
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these formulee and then integrate over ¢; and ¢o, we get

2 2 2 2 2 2
ay —as + M as —ay + M
1 2 " 2 1

F = a?logq +a3logg +q

2 2
a? + a2 — M? 13a? — 14a%a2 + a2  9M?> M?*(M? — 242
+ i 1 2 +q%< 1 ;2 2 i ( _ 2))
4 64a3 32 64ai
§<13a§—14a§ag+a% 9M? N Mz(M2;2a%)) L (2.162)
64as; 32 64a3

This exactly matches the instanton prepotential derived using Nekrasov’s approach
in the quiver theory for the particular mass choice (2.134b) as one can see by com-

paring with (A.17).

Our results provide an explicit check of the UV equation of the Seiberg-Witten curve
and of the way in which the IR effective prepotential is explicitly encoded in it; this

will be confirmed in Section 3 by exploiting the AGT correspondence [4].

2.7.2 The period matrix and the roots

We now consider another approach to the derivation of the effective gauge theory
from the Seiberg-Witten curve, which is based on the computation of the period
matrix in terms of the roots of its defining equation (2.121). Taking the standard

basis of holomorphic differentials as

ottt
y(t)

wi

for i=1,2, (2.163)

we denote their periods along the cycles described in Fig. 2.5 as follows:

[e=@). [ o=@ (2.164)
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The period matrix 7 of the curve is given by
T =00 Qg - (2.165)

It is a symmetric matrix and has thus three independent entries 711, 799 and 715. In

terms of these we introduce the quantities

Q, = el . Qe = elmT22 7 Q\ — ol7T12 (2'166)

which will be conveniently used in the following. Given the period matrix 7, we
introduce the genus-2 6-constants defined as

e{g} = Zexp{m [(ﬁ+§)tr(ﬁ+§) + (ﬁ+§)t5’]} , (2.167)

nez?
where &, ¢’ are two 2-vectors; in what follows we will only need to consider the case

in which these vectors have integer components.

The Thomae formulee [32] can be used to express® the anharmonic ratios (i, ¢ and

Ein terms of the f-constants. Specifically, one has

10 11 10 00 00 11
62 62 62 62 62 62
00 00 00 11 . 11 00
(1= —F = = =, (Q=—F—= = =, (=—F = = =
01 00 01 11 11 00
62 62 62 62 62 62
00 00 00 11 11 00
- - T (2168)

Using (2.166) and(2.167), we find that (7, 1/ and ann be expressed as infinite

sums containing positive integer powers of (1 and ()5, and both positive and negative

8See for instance [33] and Appendix C of [34].
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powers of @ Up to second order in ()1 and ()3, we have

2 A 1\2 A2 1\2
G =01 ——=" (Q+1) 1—Q1M+Qz%—Q1Q28(QQTD (2.169)
+Q%3Q4+10Q3+18Q2+10Q+3+Q§(Q_1)2(QA2_4Q+1)+m]7
Q? Q*

1, 4Q-1? 2Q+1? _, 2(Q-1) 8(Q* —1)?
£:Q2 @ 1+QlT— QT_QIQQ# (2.170)
L QD@ 140+ Q§3Q4—10Q3+18Q2—10Q+3+m]7
Q? Q*

and
~ (O 2 4 R0
§=§gf3 L 8(Q: + Q: — 8Q1Qa) + (&5 + ) 1Y +§Q“)...].

(2.171)

As is well-known, the period matrix of the Seiberg-Witten curve is identified with
the matrix of the coupling constants of the low-energy effective theory, which are
expressed in terms of the prepotential F according to

O°F
6ai(9aj ’

ImiTy; = (2.172)
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Using the prepotential (2.152), from (2.172) and (2.166) we get

2 2V( 2 2 2 92
leql(al a3)(ai m)[1+q1(1 3ma2)_q2

16a} 2 2a} 2
2 (21@‘11 +3a3 2 21a%aZ + 1543 ol 3a} — 60a2a3 + 177a§)
"\ 64a} 16a¢ 64a$
3a? — 3a3 3m2a3
2 9] 2 2
2.173
2 _ 2 2 4 4
aji — a; (1 m ) q2 o 21las + 3aj
= 1— -4 — = - 2
@2 =& =5 [ M3 52) T T T
3a3 — 3a? 9a2 — a? 15a3 + a?
@ (ot —m? e et ) (2.174)
1 1 1
and
~  a; +a m2ay miay  , a’
= 1 — ot 2
@ a; — as Ta a3 N 2a3 © 16a3
al 3a’ay + 6a3 6a’ay + 8aja? — 15a3
(G T g T e ) | (2179)
1 1 1

These formulee represent the explicit map between the IR effective couplings and
the UV data of the quiver theory. Inserting the above expressions into (2.169)—
(2.171) we can derive the corresponding anharmonic ratios (i, Zand (s, and find
perfect agreement with the expressions in (2.153), (2.154) and (2.155)! The same
agreement is found also when we use the second mass configuration (2.134b) and
the corresponding prepotential (2.162), thus confirming the validity of the whole

picture.

Summarizing, we have verified that the Seiberg-Witten curve is correct since it re-
produces the correct prepotential of the low-energy effective field theory. In doing
so, we have also found the precise relations between the UV data, namely the in-
stanton expansion parameters qi, o (which encode the UV gauge couplings) and the

Coulomb branch parameters a, as on one side, and the IR couplings 711, 792, T12 (Or
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equivalently @1, @2 and @) on the other side. Such relations are given in (2.173)—

(2.175) which in turn follow from

10 11 01 11 00 11
02 02 02 92 92 02
00 00 1 00 11 R 11 00
(1= = = = :(Q), C_: == = :(Q),C: = = =
01 00 2 10 00 11 00
62 62 g2 g2 92 62
00 00 00 11 11 00
ST T ST T (2.176)

These relations are the genus-2 analogues of the well-known relation [30] that holds
in the SU(2) theory with N; = 4 and links the instanton counting parameter ¢ of
the UV theory to the effective IR coupling @ (see (2.116) for the massive theory
or (2.112) for the massless one). Note that in the SU(2), Ny = 4 case, for purely
dimensional reasons, the vacuum expectation value of the adjoint scalar cannot
appear in the massless UV /IR relation but, as we have just shown, this is no longer

the case for quivers with more than one node.
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Chapter 3

The Omega background and the

2d/4d correspondence

3.1 Nekrasov and the Omega background

The Seiberg-Witten solution was a giant leap towards our understanding of the low
energy physics of N' = 2 gauge theories. However, a direct computation of the com-
plete instanton contribution to the prepotential within the gauge theory was missing
until Nekrasov came up with his revolutionary work in [3]. We note that there were
a few successful attempts [24,35] at low instanton orders. At higher orders, due to
large instanton measures, the integrals involved became extremely hard. In order
to compute the instanton corrections, Nekrasov studied the gauge theory in what
is called the Q-background. The §2-background compactifies the instanton moduli
space, and makes it finite. This occurs very often in our computations, and we will

very briefly describe it.

N = 2 super Yang-Mills action in four dimensions is obtained from A = 1 super

Yang-Mills action in six dimensions after compactification. The undeformed theory
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is obtained by compactifying, say x* = 2* + 2rR, and 2° = 2° + 27 R5 in the six

dimensional flat space,

dsg = gdrtds” — dz®dx®, a = 4,5 . (3.1)

The 2-deformed theory is obtained by choosing the deformed metric,

453 = guo(da® + VI (2)da) (da” + V7 (2)da”) — dada (32)

where VF(z) = Q4 v and QF , are matrices of Lorentz rotations. The deformation

is parameterized by €; and ey as follows,

0 0 0 ¢

1 0 0 e 0
Q= — (3.3)

V2 0 —e 0 O

- 0 0 0

The partition function of the deformed gauge theory is given by,
7= Zid" (3.4)
k=0

where ¢ ~ A%V is the dynamically generated scale. For conformal theories, ¢ is
simply the bare coupling constant exponentiated ¢ = e*™™. The contribution of the

k'™ instanton sector to the partition function of the deformed theory is,

= d¢1Q ¢1) ¢1,(07, — )
Zy = 6162 %H P ¢I + ) H <¢%J _ 6%)(¢%J — 62) ) (35)

1<I<J<k 2
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where,

Qz) = [ +my) .
f=1

P(x)=]]@=-a), (3.6)
=1

and ¢r; = ¢r— ¢y, € = € +¢€5. The poles that contribute to the integral are classified
by partitions of the instanton number k, characterized by Young Tableaux. While
the Zj have an essential singularity as we turn off the deformation parameters, the

corresponding free energy,
F(a,€1,€2,q) = —e16alog Z(a, €1, €2, q) (3.7)

has a smooth limit. The claim of Nekrasov in [3] is that, this free energy in the limit
the deformation parameters vanish, matches the prepotential of the undeformed
gauge theory. These results have been succesfully compared with those obtained
from the more traditional Seiberg-Witten analysis. For details on the computation,
we refer to Appendix A. The e deformed free energy gives the graviphoton corrected

prepotential of the gauge theory.

3.2 The 2d/4d Correspondence

We now consider (2-deformed quiver theories with the goal of both confirming, and
extending the results of the previous chapter. We will also exploit the remarkable
2d/4d correspondence proposed by Alday-Gaiotto-Tachikawa (AGT) in [4]. This
correspondence states that the Nekrasov partition function of a linear quiver with

gauge group SU(2)" is directly related to the (n -+ 3)-point spherical conformal block
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in two dimensional Liouville CFT. Let us give some details’.

3.3 The AGT map

In 2-dimensional Liouville theory with central charge ¢ = 1 + 6Q?, let us consider

the conformal block
n+2

V() 3.8
<11:Jo: L( ) {&1,6n} ( )
where V,, denotes a primary operator with Liouville momentum « and conformal

dimension

A, =a(Q —a) . (3.9)

In (3.8) the subscript {&;, . ..,&,} means that the correlator is computed in the spe-
cific pair-of-pants decomposition of the (n + 3)-punctured sphere where only the
primary field with Liouville momentum ¢; and dimension Ag, plus its descendants

propagate in the i-th internal line (see Fig. 3.1). Furthermore, we take the degen-

21 29 “n+1

Al AQ An-{—l

A0 An-|-2
<0 A§ A£ Zn+2

Figure 3.1: Pair-of-pants decomposition of the spherical conformal block with (n+3)
punctures

erate limit in which the (n + 3)-punctured sphere reduces to a sequence of (n + 1)
3-punctured spheres connected by n long thin tubes with sewing parameters ¢;, as

shown in Fig. 3.2. If we denote the local coordinates on each 3-sphere by w;, then

'For a more extended and technical discussion see for example [36] or the review [37]
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the sewing procedure requires that

Wi41
w;

In the local coordinates of each sphere, the punctures are located at (0,1,00); in
particular all the unsewn external punctures are at 1 (except for the first and the
last one which are at 0 and oo respectively). However, if we use the local coordinates
of the last sphere as coordinates for the global surface, the sewing relations (3.10)

imply that the external punctures of the first n spheres are at
ti=][a for ie{l,...n}. (3.11)
j=i

This is precisely the same relation we found in (2.50). When written in terms of the

[ [222

Figure 3.2: Three-punctured spheres connected by long thin tubes, with sewing
parameters g;

t;’s, the conformal block (3.8) becomes [36]

(Vo 0) TTVarlt) Vs Vara(00)) =N Bl daAc)  (312)

where the prefactor

2

n n
—Aqg—Da;+A —Ag; | —Aoyt+Ag, -A —Aa, Ag,
_ 0 1 &1 i—1 i i ag a; &
N =t | |t. =t | Iti q; (3.13)
i=2 i=i

originates from the conformal transformations that move the vertices V,,, from 1 to ¢;,

while B(t;, Aq,, A¢,;) contains all other relevant information, including the structure
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function coefficients and the contribution of all descendants in the internal legs.

According to [4], it is possible to establish a correspondence between the conformal
block (3.12) and the partition function of the e-deformed SU(2)" quiver theory. To

do so, one has to identify ¢; with the gauge coupling of the i-th group factor, set

Q=a7t° (3.14)

\/€1€2 ’

and choose the Liouville momenta as follows:

Q  my—my Q  my+my
=5+ 57—, ==t =,
2 2\/6162 2 2\/6162
Q  mi1, :
= = — : f =2,...,n,
« NG or 1 n
0 o (3.15)
= < — L f ) = 1,..., y
13 5 — or ¢ n
oL@ matmy @ _ma—m
il 2 2‘/6162 ’ 2 2 2w/€1€2

where the m’s are the fundamental or bi-fundamental masses of the matter hyper-
multiplets as discussed in the previous sections, and a; is the vacuum expectation
value of the adjoint scalar of the i-th gauge group. From (3.9) and (3.15) one can

check that the conformal dimensions of the various operators are

A _ (61 + 62)2 - (m1 - m2)2 A _ (61 + 62)2 — (m1 + m2)2
a0 46162 ’ o 46162 ’
€1+ €)% —4m? |,
Aai:(l Qi s fori=2,...,n,
c162 (3.16)
2 _ 442 :
A&:(€1+f) % fori=1,...,n,
€1€2
A - (61 + 62)2 — (m3 + m4)2 A . (61 + 62)2 — (m3 — m4)2
Qn41 — ) Qn+42 —

4eq€9 dereg
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The remarkable observation of [4] is that?,

Finst

B(ti, Aais Ag;) = Zuyy e e (3.17)

where Fi,s is the Nekrasov instanton prepotential and Zy(;) ensures the correct
decoupling of the U(1) factors. This U(1) contribution can be explicitly computed

(see for example [36]) and the result is

n  n+l t —20;(Q—a ) n ntl
v =[] 11 (1 - —) = H H (1= g qi) 297 (3.18)

=1 j=1+1

The structure of these U(1) terms is actually quite simple: each factor in (3.18) can
be associated to a connected subdiagram with four legs that is obtained by grouping
together adjacent nodes of the quiver; the Liouville momenta of the two resulting
inner legs determine the exponent [4]. For example, for n = 1 we have just one
diagram with one node and coupling constant ¢; its inner legs carry momenta ay

and ag, and the corresponding U(1) factor is
(1 —g)2@mea), (3.19)

For n = 2 we have a subdiagram corresponding to the first node with coupling
constant ¢; and inner legs with momenta «; and as; a subdiagram with coupling
constant ¢, and inner legs carrying momenta «s and as, and finally a diagram with
the two nodes combined, which has coupling ¢;¢> and inner legs with momenta oy

and as. Thus the U(1) dressing factor is

(1 — qu) 2 (@) (1 — gp) 7202970 (1 — g gg) 2 (@7 0) (3.20)

2In our subsequent analysis we ignore the structure function coefficients in the conformal block
B. These are related to the 1-loop contribution to the prepotential while our focus is the instanton
part.
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This structure, which can be easily generalized to higher values of n, bears a clear
resemblance with that of the symmetry factors introduced in Sections 2.6 and 2.7 in
the redefinition of F (sec in particular (2.95) and (2.130)). In fact, the U(1) terms
(3.18) can be considered as the proper generalization in the e-deformed theory of
the symmetry factors discussed in the previous sections. Finally, combining (3.12)

and (3.17), we can write

(Vio® TLVorlt) Vo s (D Vialo)) =82 (3.21)
i=1 {51 """ &’ﬂ}
where
f(e) = —e1e2log N — €162 10g Zy(1y + Finss - (3.22)

3.4 The UV curve

The 2-dimensional Liouville theory also contains information about the Seiberg-
Witten curve of the 4-dimensional quiver gauge theory and its quantum deformation.
To see this let us consider the normalized conformal block (3.12) with the insertion

of the energy momentum tensor, namely®

Vao ) T Vau () T(2) Vs (1) Vs 2(00)
< )
(Vo 0) Ty Vo () Ve (Vo (00) )

3From now on we simplify the notation by omitting the subscript {{1,. .., &, } in the correlators.

05(2) = (3.23)

65



with |z| < 1. As shown in Appendix D, using the conformal Ward identities it is

possible to rewrite ¢5(z) as

Awy ~= A, A, Agy 50 A, + A, — A
(be 2) = 0 + i n+1 o 0 =1 i n4 n+2
2(2) 22 ; (z—1t;)2  (2—1)2 z(z—1)
L ti(ti—1) 9 E
—1 (t; 1 .
3t o (10 TV 00Ve 0

(3.24)
All terms on the right hand side of this equation are proportional to 1/(ej€;) since
both the conformal dimensions A’s and the logarithm of the conformal block scale
in that manner. Thus the following limit

lim [ —ee05(2)] = ¢2(2) (3.25)

€1,e2—0

is well-defined and non-singular. In this limit only the mass dependent terms of the

conformal weights contribute so that one finds

)2 2 om2 2
NENE S RS20 e et
4z 4(z —ty) — (z — t;) 4(z—1)
- -~ (3.26
B mi +m3 + 2mamy + 237 ,mi i ti(t;—1) OF (3:26)
2z(z—1) — 2(z—1)(z —t;) Ot
where
F= lim F(e) . (3.27)

€1,e2—0

$2(2) has the same form of x?(z) appearing in the expression of the Seiberg-Witten
curve of the quiver theories described in the previous sections (see for example (2.91)
or (2.126)). Indeed the mass terms are exactly the ones needed to produce the correct
residues of the Seiberg-Witten differential and coincide with those we have written
for the single node and the two-node quivers in Sections 2.6 and 2.7. Also the other
terms have the right structure, and thus what remains to be checked is whether the

function F in (3.26) coincides with the analogous quantity appearing in the Seiberg-
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Witten curve. We now do this check in the three cases we have analyzed in more

detail.

e The SU(2) theory with N; =4

For the SU(2) theory with Ny = 4 things are particularly simple, since in this case

there is only a non-trivial puncture at ¢; = ¢ and F defined in (3.27) becomes
I 2 L 2 1
F =a"logq— §(m1 + m3)logq + §(m1 + mso)(ms + my) log(l — q) + Finse - (3.28)

Using (2.93) and (2.95), one can immediately see that this agrees with the function

F appearing in the Seiberg-Witten curve (2.91).

e The SU(2) x SU(2) quiver theory

In the 2-node quiver there are two non-trivial punctures. In the above discussion
we have located them at t; = ¢1q2 and ty, = g9, while in the curve derivation of Sec-
tion 2.7 we have considered a different (though completely equivalent) configuration
with punctures at t; = ¢; and ty = 1/go. Thus, before comparing we have to make
the appropriate changes in the prefactor A/ which, being directly connected to the
factorization of the conformal block in pair-of-pants diagrams, crucially depends on
where the non-trivial punctures are located. If we set the punctures at t; = ¢; and
to = 1/q2, we have to use

Doy +A¢ Mgyt Aay—Aay
= qs .

(3.29)
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The corresponding expression for F is then

~ 1
F =allogq, + a3loggs — §(m? +m3) log ¢ + mzmy log g
+ mya(my + ms)log(l — q1) — mia(ms + my) log(1 — ¢2) (3.30)

1
+ §(m1 + ma)(mg + my) log(1l — q1q2) + Finst

which exactly matches the one appearing in the M-theory derivation of the Seiberg-
Witten curve, as one can see using (2.128) and (2.130). This same result can also
be obtained from the general expression (3.26) if we notice that under the change
of variables that maps (q1¢2, g2, 1) to (¢1,1,1/g2), the term of ¢9(2) proportional to
1/(z(z—1) produces an extra contribution to F modifying its expression and leading

to (3.30).

e The conformal SU(2)" quiver

When all masses are zero, F in (3.27) is simply

N
F= Z a? 1og q; + Fius: - (3.31)

i=1

Up to 1-loop t-independent contributions, this is precisely the prepotential F' of the
conformal quiver gauge theory, and thus the corresponding Seiberg-Witten curve

can be written as
n

Bo(z) = ; G _( e 2 A (3.32)

confirming in this case the direct identification of the residues at t; with the deriva-
tives of the gauge theory prepotential [12,13]. We can therefore say that the AGT
correspondence provides the analogue of the Matone relations [11]| for the quiver
gauge theory. One can go even further and map the curve (3.32) to that in (2.65)

obtained using the M-theory analysis, thus finding the explicit relation between the
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Coulomb parameters u; appearing there and the t;-derivatives of the prepotential.

3.5 The quiver prepotential from null-vector decou-

pling

We now present the derivation of the (2-deformed prepotential for the SU(2)™ quiver
model in the Nekrasov-Shatashvili limit [14]| using a null-vector decoupling equation
in the Liouville theory introduced in the previous section. The observable we con-
sider is the conformal block obtained by deforming (3.12) with the insertion of the

degenerate field ®94(z) of the Virasoro algebra [38], namely

n

(=) = (Vo (0) [T Ve (8) @2,1(2) Vs (1) Vi ao0) ) (3.33)

i=1

1 3 €9
Agy=—-—22 3.34
21 2 4e (3.34)
and satisfies the null-vector condition
AL
9 @) | g, (2):=0 . (3.35)

€9 dz?

This condition implies that W(z) obeys a second order differential equation that can
be obtained from the conformal Ward identities as discussed in Appendix D. If we

normalize the correlator (3.33) with the unperturbed one (3.21) and write

U(z) =e a2 d(z), (3.36)

69



then the differential equation for W(z) turns into the following differential equation

for ®(z)

n

e > 2:—1 0 tt;i—1) 0 1 ti(ti—1)  9F()\ Ag
Z (z( > *

0022 2(z—1)0z = \z(z-1D(z—t;)0t ee2(z—1)(z—1) I 22
LA, A, Agy 37 Ay + Doy + A, — Ay
+ Qg + ntl 0 =1 i s n+1 n+2 q)(Z) _ O )
; (z—1t;)2  (2—1)2 z2(z—1)
(3.37)

This equation is well-suited to take the Nekrasov-Shatashvili limit [14] in which

€ — 0 with €; # 0, provided we assume that

_W()

O(z)=e = (3.38)

where W (z) is regular in ;. Multiplying (3.37) by (—¢€1€2) and sending €; to zero,
the differential equation simplifies in a few ways: the linear derivatives in z and
t; drop out along with the term proportional to the conformal dimension Aj; of
the degenerate field. Furthermore, in the Nekrasov-Shatashvili limit the generalized

prepotential F(e) in (3.22) becomes

F(e) = F+eFY 4+ 3F® (3.39)

where the €; corrections arise from the explicit e-dependence of the prefactors N and
Zy()- Since the terms proportional to the conformal dimensions A,, yield contri-

butions at most of order €2, in the end we obtain the Schroedinger-type differential

equation:
) d
( — S5+ V(s 61))<1>(z> ~0, (3.40)
where
Viz,e) =VOR) +6 VI (2) + EVI(2) (3.41)
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v(z) = AN 3.42
() ; 1)z —t) ot (342)
1 & 1 1 n+1 (ti—1)  9F®
@) — - _ _
VL) 422 ; 4(z—t;)2  4(z—1)2 42 (z—1) z; (z—=1)(z—¢t;) ot;

Note that V) is the Seiberg-Witten curve of the undeformed theory. To solve (3.40)

we make a WKB-like ansatz for ®(z) writing

W(z) = / P e) de (3.43)

and then expand P in powers of ¢;

P(z,6) = f: €' PM(2) . (3.44)

n=0

Substituting in (3.40) we find

dP(Z, 61)

— P(z,61)* + &1 7

+V(z,61) =0, (3.45)
which in turn can be solved perturbatively in ¢;. The first few terms are

P(O)(z) =/ 0a(2) , (3.46a)
V(l)(z)
2P0)(z) ’
P<1>’(z) — PO (z) V()
2PO(z) | 2P0I(z)

PW(z) = — log PO>%) + (3.46b)

2

PO (z) = (3.46¢)

and so on. Since P (z)dz is simply the Seiberg-Witten differential of the un-

deformed theory, it is more than natural to define the deformed Seiberg-Witten
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differential as

Aeér) = P(z,e1)dz . (3.47)
The periods of A(e;) along the a;-cycles can then be interpreted as the a;’s in the
deformed theory, namely

1 S n (n _ w1
@ =5 ai)\(ﬁ):;q ag) with ag):% 4

P™(2)dz.  (3.48)

Clearly the above integrals depend on the prepotential F' and its t;-derivatives;
therefore we can use this information to fix the e;-dependence of F' by demanding
consistency, namely by choosing a;’s as independent variables and thus taking them
to be constant. Even if it does not seem so at first sight, this procedure is fully
equivalent to that used for instance in [39,40] to obtain the deformed prepotential
for the N' = 2* SU(2) theory or the N’ = 2 SU(2) theory with N; = 4. Indeed, also
in our case the periods a; which determine the monodromy properties of the wave
function ®(z), are constant, since the € (and ¢;) dependence of the prepotential is
fixed precisely to achieve this goal. It is remarkable that the prepotential obtained in
this way agrees with the one computed using localization methods in the Nekrasov-

Shatashvili limit.

3.5.1 The prepotential from deformed period integrals

We now illustrate the above procedure, focusing on the examples considered in the

previous sections.
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e The SU(2) theory with N; =4

When n = 1, the €;-terms of the potential in the Schroedinger-type equation are

my + ma + mg + my)

22(z —q)(z—1)
R i e VR e R e e

(3.49)

while V(©)(2) is given by the Seiberg-Witten curve ¢,(2).

To proceed we choose the same mass configuration that we have discussed in Sec-
tion 2.6, namely m; = my = m, mg = my = M, which allows us to write the curve

in the factorized form
Clea — 2)(z — e3)
2(z = 1)2(z —q)*

Here the roots e and e3 and the constant C' are the same as in (2.102) and (2.103),

$2(2) = (3.50)

but they are expressed in terms of the prepotential instead of the Coulomb modulus

u.

At order €, the period has already been calculated in Section 2.6 (see (2.108));

expressing it in terms of U = q 0F/0q, we have (up to 2 instantons)

2 2 2772
RO \/ﬁ{l—g@—i—(m +4mM+M)+mM>

4 U U?

q° 14m? + 48mM + 14M?  3m* + 16m*M + 60m2>M? + 16mM?3 + 3M*
- L (7 +

64 U U?

6m>M?*(m? + 8mM + M?)  15m*M*
+ o + =7 )+ } . (3.51)

At order ¢; we have instead
1 M [ d
o = o p PO | 2 (352)
271 J, 21VC Jo  \/z(ea — 2)(e3 — 2)

where in the second step we used (3.46b) and discarded the total derivative term.
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This integral can be evaluated as a power series and, up to two instantons, we find

M 2 2 AmM M2 2M2
m+ [1+q3U + U(m? + 4mM + M?) + 3m N (3.53)

20U 402

Using the formulee in (3.46) iteratively, we can easily compute the order € correction

to the period and get

a®=— 9|30 ¢y m2m? L (17U4 + 70U (3m? + 8mM + 3M?) (3.54)
16U 8U*

42U (m* + 20m2M? + M) — 5Um?M*(m® — 8mM + M?) + 35m4M4> T
So far, we have calculated the period integral as an expansion of the form
a=a"U)+eaU)+Ea?U) + ... (3.55)

We now invert this expression and determine how U should depend on ¢; so that a

be a constant. We can do this by writing
U=U9 46U +20% 4. (3.56)

and demanding consistency order by order in €;. Once U is computed, we can obtain
the deformed prepotential F' by integrating it with respect to (the logarithm of) g.
The zeroth-order term that we get in this way clearly coincides with (2.110), while

the first successive corrections are given by

2

FO :q(m+M)+%(m+M)+... :
2M? 2 m? + M?  2m* 4 16m>M? + 2M*
F@ — g( m ) q_<2 — 3.57
8 3 at - 128 3 a? * a’ (3.57)
15m?M?*(m? + M?)  21m*M*
- - +— ) -
a a

These precisely match the microscopic results obtained from the Nekrasov partition
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function via localization methods.

e The SU(2)x SU(2) quiver theory

When n = 2 the Schroedinger problem is algebraically more complicated, but still

doable. The e;-corrections of the potential V' are

VO (2) _(mit+ma+ms+ma)qge | (ma+ma+2maz)qige | (M3 + My — 2maz)g

22(2 = 1)(z — q1¢2) 22(2 — ¢2)(2 — 1q2) 22(z = 1)(z — q2)
1 1 1 1 3
(2 - = _ _
VL) 422 Az —q1q2)? 4z —q)? 4(z—1)? * 4z(z — 1)
. m _ T2
Z(Z - 1)(2 —q) z2(z—q)(z— 6116]2)
(3.58)
where
1—2(1 2 1 205 — 1
Ny = ( (1+q1)q + 30143) ’ 1y = (1 +5¢7g2 — 31 (1 + ¢2)) (359)
2(1 - Q1CJ2) 4(1 - Q1Q2)

To proceed we make the simplifying mass choices discussed in Section 2.7, see

(2.134).

Case A): In our present conventions the Seiberg-Witten curve takes the factorized

form

~

o —up(z — Q) (2 — @Q)
Pa(2) = 2(z=1)(z — q192)*(z — q2)

(3.60)

where the various constants are exactly those appearing in (2.136), with the wu;’s
written in terms of the U;’s using (2.139). Furthermore, with this mass choice the

first-order term of the potential simplifies to

() = Mgl + g —22)
V) 22— D(z—q)(z— qqe) (3.61)
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Using the same basis of a-cycles discussed in Section 2.7, we find that the first

correction to the a;-period takes the form

0 _ L pyge - M [P d (14 g — 22) |
ay 2mi jil (2)d= 2Vuz Joo \/2(q2Gi — 2) \/(1 —2)(qo — Z)(CDZ— z)

(3.62)
Note that, unlike the case of the undeformed period (2.141), now there are no poles
in the integrand and the integral can be done simply by expanding the second
factor of (3.62) in powers of z and writing the resulting integrals in terms of Euler

B-functions. In this way we find*

q Ul(UQ — 3U1) -+ m2(3U2 — U1>

4U12 +qga+ ... | . (3.63)

The first correction to the as period can be similarly performed and we obtain

(1) 3m q1q2
At order €2 we find
@ _ @ 2 277 2 2 s 2 2
16U 8
7712(21[]12 — 24U,U,y — 5U22) m4(2U12 — 25U,Us + 35U22)
+ + 5 ) + ..,
Ul Ul
(2) q2 2U12 - 7U1U2 + 17U22
= — 3+5 R 3.65
as NG { +oq1 + q 307 + ( )

Inverting the expansion of the periods order-by-order in €;, we can determine the
¢; dependence of U; and U;. At each order the resulting expressions turn out to

be integrable and the prepotential can be recovered. At order ) we get the same

4To keep the expressions compact we only exhibit the results up to 2 instantons. The calcula-
tions have been performed for higher instantons numbers as well.
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expression as in (2.151), while the corrections of order ¢ and € are

1
PO m<q1 + §qf +q1q2 + - ) : (3.66)
3ai — m2a} 3 7ai +m?a3 23a3 — ala3 + 2af
F(2) _ 1 2 e 1 2 2 2 12 1 367
Q1 T 8a + Q2 3 + 01G2 T 16l B 12841 (3.67)
o 23a] — aa3 + 2aj B m?(at + 15a3) N m*(2a] — 15a%a + 21a3) N
N 1284 12848 1284%

One can check that this precisely matches the e; corrections to the prepotential

obtained using Nekrasov’s analysis, thus validating the entire picture.

Case B): The Seiberg-Witten curve in this case is

~

Clz—qG3)(2 — q2 ()
2(z — @) (2 — q2)* (2 — 1)

Pa(z) = (3.68)

where the constants are the same as in (2.157) and (2.158), provided we write the u;’s
in terms of the U;’s by means of (2.159). For this mass configuration, the first-order

correction to the Schroedinger potential is

_MQ2(Z(1 —q) +a(l—q))

W5 —
) = e D)

(3.69)

and the a;-cycles are unchanged from the undeformed theory. Thus the period

integrals are straightforward to perform, leading to the following results

O - L fog o Mu i ioa)ia0
1 S, 2v/C Jo \/Z(Q1QQ —2) \/<Q2C3 ) (gel — 2)(1 = 2)

aM 3U — Uy + M? gy ]
= - L+ -=+...|. 3.70
2T, { N A0, 9 (3.70)
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At order €2 we find

@___ @

T/

17Uf — TU\U, + 2U3 — MP(21WU, — 4Uy) — 2M* |

3+5¢+q 302
1

(3.71)

The period integrals agk) along the as-cycle can be obtained from the above expres-

sions by the following symmetry operations
U1 g U2 s q1 < qo , M~ —M . (372)

Inverting as before the map between the a;’s and the U;’s, and integrating with
respect to the coupling constants ¢;, we find that the first e;-corrections to the

prepotential are

M
F(l):M<CI1—C]2)+—(CI%—CI§)+--- ;

2
PO _ 3(q1 + q2) N 74102 e 23a} — a2a3 + 2a3 — M?(4a? + a2) + 2M* (3.73)
8 16 ! 12844 '
61223@l —a?a3 + 2a} — M?*(4a3 + a?) + 2M* N
2 128a3

This perfectly agrees with the Nekrasov prepotential for this mass configuration.

Combining the results for the two different mass configurations with the symmetry
that exchanges the two gauge groups, the associated masses and coupling constants,
we can therefore claim that the results following from the null-vector decoupling
equation are completely consistent with the 2-deformed prepotential obtained from

localization in the Nekrasov-Shatashvili limit.
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Chapter 4

Surface Operators in Gauge Theories

4.1 Introduction

The study of how a quantum field theory responds to the presence of defects is a
very important subject, which has received much attention in recent years especially
in the context of supersymmetric gauge theories. In this section we study a class of
two-dimensional defects, also known as surface operators, on the Coulomb branch
of the N' = 2* SU(N) gauge theory in four dimensions'. Such surface operators
can be introduced and analyzed in different ways. They can be defined by the
transverse singularities they induce in the four-dimensional fields [16,42], or can be
characterized by the two-dimensional theory they support on their world-volume

[21,22).

A convenient way to describe four-dimensional gauge theories with N' = 2 super-
symmetry is to consider M5 branes wrapped on a punctured Riemann surface [5,10].
From the point of view of the six-dimensional (2,0) theory on the M5 branes, sur-

face operators can be realized by means of either M5 or M2 branes giving rise,

'For a review of surface operators see [41].
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respectively, to codimension-2 and codimension-4 defects. While a codimension-2
operator extends over the Riemann surface wrapped by the M5 brane realizing the
gauge theory, a codimension-4 operator intersects the Riemann surface at a point.
Codimension-2 surface operators were systematically studied in [43] where, in the
context of the of the 4d/2d correspondence [4], the instanton partition functions of
N =2 SU(2) super-conformal quiver theories with surface operators were mapped
to the conformal blocks of a two-dimensional conformal field theory with an affine
sl(2) symmetry. These studies were later extended to SU(N) quiver theories whose
instanton partition functions in the presence of surface operators were related to con-
formal field theories with an affine sl(N) symmetry [44|. The study of codimension-4
surface operators was pioneered in [38] where the instanton partition function of the
conformal SU(2) theory with a surface operator was mapped to the Virasoro blocks
of the Liouville theory, augmented by the insertion of a degenerate primary field.
Many generalizations and extensions of this have been considered in the last few

years [45-52].

Here we study N = 2* theories in the presence of surface operators. The low-
energy effective dynamics of the bulk four-dimensional theory is completely encoded
in the holomorphic prepotential which at the non-perturbative level can be very
efficiently determined using localization [3| along with the constraints that arise
from S-duality. The latter turn out to imply [53,54] a modular anomaly equation
[55] for the prepotential, which is intimately related to the holomorphic anomaly
equation occurring in topological string theories on local Calabi-Yau manifolds [56—
59]*. Working perturbatively in the mass of the adjoint hypermultiplet, the modular
anomaly equation allows one to resum all instanton corrections to the prepotential
into (quasi)-modular forms, and to write the dependence on the Coulomb branch

parameters in terms of particular sums over the roots of the gauge group, thus

2Modular anomaly equations have been studied in various contexts, such as the Q-background
[30,53,54,60-65], the 4d/2d correspondence [39,40,66], SQCD theories with fundamental matter
[53,54,67-69] and in N' = 2* theories [19,53,54,70-72].
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making it possible to treat any semi-simple algebra [19,70].

In this section we apply the same approach to study the effective twisted superpoten-
tial which governs the infrared dynamics on the world-volume of the two-dimensional
surface operator in the A/ = 2* theory. For simplicity, we limit ourselves to SU(XN)
gauge groups and consider half-BPS surface defects that, from the six-dimensional
point of view, are codimension-2 operators. These defects introduce singularities
characterized by the pattern of gauge symmetry breaking, i.e. by a Levi decomposi-
tion of SU(N), and also by a set of continuous (complex) parameters. In [73] it has
been shown that the effect of these surface operators on the instanton moduli action
is equivalent to a suitable orbifold projection which produces structures known as
ramified instantons [73-75]. The moduli spaces of these ramified instantons were
already studied in |76] from a mathematical point of view, in terms of representa-
tions of a quiver that can be obtained by performing an orbifold projection of the
usual ADHM moduli space of the standard instantons. In Section 4.2 we explicitly
implement such an orbifold procedure on the non-perturbative sectors of the theory
realized by means of systems of D3 and D(—1) branes [77,78]. In Section 4.3 we
carry out the integration on the ramified instanton moduli via equivariant localiza-
tion. The logarithm of the resulting partition function exhibits both a 4d and a 2d
singularity in the limit of vanishing Q deformations®. The corresponding residues
are regular in this limit and encode, respectively, the prepotential F and the twisted

superpotential WW. The latter depends, in addition to the Coulomb vacuum expec-

tation values and the adjoint mass, on the continuous parameters of the defect.

In Section 4.4 we show that, as it happens for the prepotential, the constraints
arising from S-duality lead to a modular anomaly equation for W. In Section 4.5,
we solve this equation explicitly for the SU(2) theory and prove that the resulting W

agrees with the twisted superpotential obtained in [39] in the framework of the 4d/2d

3We actually calculate the effective superpotential in the Nekrasov-Shatashvili limit [14] in
which only one of the (2-deformation parameters is turned on.
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correspondence with the insertion of a degenerate field in the Liouville theory. Since
this procedure is appropriate for codimension-4 defects [38], the agreement we find
supports the proposal of a duality between the two classes of defects recently put
forward in [79]. In Section 4.6, we turn our attention to generic surface operators in
the SU(V) theory and again, order by order in the adjoint mass, solve the modular
anomaly equations in terms of quasi-modular elliptic functions and sums over the

root lattice.

We also consider the relation between our findings and what is known for surface
defects defined through the two-dimensional theory they support on their world-
volume. In [21] the coupling of the sigma-models defined on such defects to a large
class of four-dimensional gauge theories was investigated and the twisted superpo-
tential governing their dynamics was obtained. Simple examples for pure N' = 2
SU(N) gauge theory include the linear sigma-model on CPY !, that corresponds to
the so-called simple defects with Levi decomposition of type {1, N — 1}, and sigma-
models on Grassmannian manifolds corresponding to defects of type {p, N — p}.
The main result of [21] is that the Seiberg-Witten geometry of the four-dimensional
theory can be recovered by analyzing how the vacuum structure of these sigma-
models is fibered over the Coulomb moduli space. Independent analyses based on
the 4d/2d correspondence also show that the twisted superpotential for the simple
surface operator is related to the line integral of the Seiberg-Witten differential over
the punctured Riemann surface [38|. In Section 4.7, we test this claim in detail by
considering first the pure N' = 2 gauge theory. Since this theory can be recovered
upon decoupling the massive adjoint hypermultiplet, we take the decoupling limit on
our V' = 2* results for W and precisely reproduce those findings. Furthermore, we
show that for simple surface defects the relation between the twisted superpotential
and the line integral of the Seiberg-Witten differential holds prior to the decoupling
limit, 4.e. in the N' = 2* theory itself. The agreement we find provides evidence for

the proposed duality between the two types of descriptions of the surface operators.
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4.2 Instantons and surface operators in N' = 2* SU(N)

gauge theories

The N = 2* theory is a four-dimensional gauge theory with N' = 2 supersymmetry
that describes the dynamics of a vector multiplet and a massive hypermultiplet in
the adjoint representation. It interpolates between the N = 4 super Yang-Mills
theory, to which it reduces in the massless limit, and the pure N’ = 2 theory, which
is recovered by decoupling the matter hypermultiplet. We will consider for simplicity
only special unitary gauge groups SU(N). As is customary, we combine the Yang-

Mills coupling constant g and the vacuum angle ¢ into the complex coupling

0 . 4r
T:%—Fl?, (41)

on which the modular group SL(2,7Z) acts in the standard fashion:

at +b

4.2
et +d (42)
with a,b,c,d € Z and ad — bc = 1. In particular under S-duality we have
1
S(r)=——. (4.3)

T

The Coulomb branch of the theory is parametrized by the vacuum expectation value

of the adjoint scalar field ¢ in the vector multiplet, which we take to be of the form

N
(¢) = diag(a, az, -+ ,ay)  with Y a,=0. (4.4)
u=1

The low-energy effective dynamics on the Coulomb branch is entirely described by

a single holomorphic function F, called the prepotential, which contains a classical
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term, a perturbative 1-loop contribution and a tail of instanton corrections. The

latter can be obtained from the instanton partition function

Linst = Z qk Zy; (4-5)
k=0
where
q= e27ri'r (46)

and 7, is the partition function in the k-instanton sector that can be explicitly
computed using localization methods?*. For later purposes, it is useful to recall that

the weight ¢* in (4.5) originates from the classical instanton action

1
Sinst = —2miT <—2/ Tr F A F) = 27tk (4.7)
R4

8

where in the last step we used the fact that the second Chern class of the gauge field

strength F equals the instanton charge k. Hence, the weight ¢* is simply e Sinst

Let us now introduce a surface operator which we view as a non-local defect D
supported on a two-dimensional plane inside the four-dimensional (Euclidean) space-
time (see Appendix F for more details). In particular, we parametrize R* ~ C? by
two complex variables (z1,22), and place D at zo = 0, filling the z;-plane. The
presence of the surface operator induces a singular behavior in the gauge connection

A, which has the following generic form [43,73]:

A:Aﬂdl'# ~ —dlag( fyl’... 7’-)/17’727"' ’72’... 7’7M7"' ’P)/M ) d@ (48)
N - / - -4 D g

ni n2 ny

as r — 0. Here (r,0) denotes the set of polar coordinates in the zo-plane, and the

40ur conventions are such that Zy = 1.
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~1’s are constant parameters, where [ = 1,--- , M. The M integers n; satisfy

M

> =N (4.9)

and define a vector 7 that identifies the type of the surface operator. This vector is
related to the breaking pattern of the gauge group (or Levi decomposition) felt on

the two-dimensional defect D, namely
SU(N) = S[U(n1) x U(ng) x -+ x U(nar)] - (4.10)

The type 7 = {1,1,---,1} corresponds to what are called full surface operators,
originally considered in [43]. The type 77 = {1, N — 1} corresponds to simple surface
operators, while the type 7 = {N} corresponds to no surface operators and hence

will not be considered.

In the presence of a surface operator, one can turn on magnetic fluxes for each factor
of the gauge group (4.10) and thus the instanton action can receive contributions
also from the corresponding first Chern classes. This means that (4.7) is replaced

by [38,42,43,73]

M
_ . 1 , 1
Sinst[n] = —2miT (@ /IRL4 TI‘F/\F> — 2mi E nr (%/;TI"FU(”I)) (411)

I=1

where n; are constant parameters. As shown in detail in Appendix F, given the

behavior (4.8) of the gauge connection near the surface operator, one has

M
1
3.2 TrF/\F:kjLZWm[,
R =1 (4.12)
1

% DTI"FU(nI) =my

with m; € Z. As is clear from the second line in the above equation, each m; repre-
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sents the flux of the U(1) factor in each subgroup U(n;) in the Levi decomposition

(4.10); furthermore, these fluxes satisfy the constraint

M
> mr=0. (4.13)
I=1

Using (4.12), we easily find
M
Siwst[7] = —2mirk — 271y (ny + 7y;)my = —2mir k — 2mit - m (4.14)

I=1

where in the last step we have combined the electric and magnetic parameters (17, vr)

to form the M-dimensional vector

This combination has simple duality transformation properties under SL(2,7Z). In-
deed, as shown in [42], given an element M of the modular group the electro-

magnetic parameters transform as

(veomr) = ()M~ = (dyr —enran = by (4.16)

Combining this with the modular transformation (4.2) of the coupling constant, it

is easy to show that

(4.17)

S(t;) = —-L . (4.18)

Using (4.14), we deduce that the weight of an instanton configuration in the presence
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of a surface operator of type 7 is

e*Sinst[m — qk e27rit_:7ﬁ ’ (419)

so that the instanton partition function can be written as

Zstlfi] =Y ¢" ¥ Zy ] (4.20)
e
In the next section, we will describe the computation of Zj 7 [7] using equivariant

localization.

4.3 Partition functions for ramified instantons

As discussed in [73], the N' = 2* theory with a surface defect of type i = {nq,--- ,ny},
which has a six-dimensional representation as a codimension-2 surface operator, can

be realized with a system of D3-branes in the orbifold background
CxC?/Zy xCxC (4.21)

with coordinates (z1, 22, 23, 24, v) on which the Z,,;-orbifold acts as

-1 27i

(22,23) = (W2, w  23), wherew =eM . (4.22)

Like in the previous section, the complex coordinates z; and 2z, span the four-
dimensional space-time where the gauge theory is defined (namely the world-volume
of the D3-branes), while the z;-plane is the world-sheet of the surface operator D
that sits at the orbifold fixed point zo = 0. The (massive) deformation which leads
from the N/ = 4 to the N' = 2* theory takes place in the (23, z4)-directions. Finally,

the v-plane corresponds to the Coulomb moduli space of the gauge theory.
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Without the Z,-orbifold projection, the isometry group of the ten-dimensional back-
ground is SO(4) x SO(4) x U(1), since the D3-branes are extended in the first four
directions and are moved in the last two when the vacuum expectation values (4.4)
are turned on. In the presence of the surface operator and hence of the Z,,-orbifold

in the (29, z3)-directions, this group is broken to
U(1) x U(1) x U(1) x U(1) x U(1) . (4.23)

In the following we will focus only on the first four U(1) factors, since it is in the
first four complex directions that we will introduce equivariant deformations to apply
localization methods. We parameterize a transformation of this U(1)* group by the
vector

. € € A A
€= {617 M27 M37 64} = {617 €2, €3, 64} (424)

where the 1/M rescalings in the second and third entry, suggested by the orbifold

projection, are made for later convenience. If we denote by

U= {11,113, 14} (4.25)

4

the weight vector of a given state of the theory, then under U(1)* such a state

transforms with a phase given by (327rif'€7 while the Z,;-action produces a phase

wh=ls,

On top of this, we also have to consider the action of the orbifold group on the Chan-
Paton factors carried by the open string states stretching between the D-branes.
There are different types of D-branes depending on the irreducible representation
of Zys in which this action takes place. Since there are M such representations, we
have M types of D-branes, which we label with the index I already used before.
On a D-brane of type I, the generator of Z), acts as w!, and thus the Chan-Paton

factor of a string stretching between a D-brane of type I and a D-brane of type J
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transforms with a phase w!~’ under the action of the orbifold generator.

In order to realize the split of the gauge group in (4.10), we consider M stacks of
ny D3-branes of type I, and in order to introduce non-perturbative effects we add
on top of the D3’s M stacks of d; D-instantons of type I. The latter support an

auxiliary ADHM group which is

In the resulting D3/D(—1)-brane systems there are many different sectors of open
strings depending on the different types of branes to which they are attached. Here
we focus only on the states of open strings with at least one end-point on the
D-instantons, because they represent the instanton moduli |77, 78] on which one

eventually has to integrate in order to obtain the instanton partition function.

Let us first consider the neutral states, corresponding to strings stretched between
two D-instantons. In the bosonic Neveu-Schwarz sector one finds states with U(1)*

weight vectors
{£1,0,0,0}p, {0,£1,0,0}¢, {0,04+1,0}9, {0,0,0+1}¢, {0,0,0,0}+;, (4.27)

where the subscripts denote the charge under the last U(1) factor of (4.23). They
correspond to space-time vectors along the directions z1, 22, 23, 24 and v, respectively.

In the fermionic Ramond sector one finds states with weight vectors
141 41 41
{ii,ii,ii,ii}i% (4.28)

with a total odd number of minus signs due to the GSO projection. They correspond

to anti-chiral space-time spinors®.

50f course one could have chosen a GSO projection leading to chiral spinors, and the final
results would have been the same.
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It is clear from (4.27) and (4.28) that the orbifold phase w2~ takes the values w°,
w or w™! and can be compensated only if one considers strings of type I-1, I-(I+1)
or (I + 1)-I, respectively. Therefore, the Zy;-invariant neutral moduli carry Chan-

Paton factors that transform in the (d;,d;), (d;,d;41) or (ds41,d;) representations

of the ADHM group (4.26).

Let us now consider the colored states, corresponding to strings stretched between a
D-instanton and a D3-brane or vice versa. Due to the twisted boundary conditions
in the first two complex space-time directions, the weight vectors of the bosonic

states in the Neveu-Schwarz sector are
{+3,£5,0,0}, (4.29)
while those of the fermionic states in the Ramond sector are
1 11
{0,0,45,+3},, - (4.30)

Assigning a negative intrinsic parity to the twisted vacuum, both in (4.29) and
in (4.30) the GSO-projection selects only those vectors with an even number of
minus signs. Moreover, since the orbifold acts on two of the twisted directions,
the vacuum carries also an intrinsic Z,;-weight. We take this to be w2 when the
strings are stretched between a D3-brane and a D-instanton, and wts for strings
with opposite orientation. Then, with this choice we find Z,,-invariant bosonic
and fermionic states either from the 3/(—1) strings of type I-I, whose Chan-Paton
factors transform in the (n;,d;) representation of the gauge and ADHM groups, or
from the (—1)/3 strings of type I-(I + 1), whose Chan-Paton factors transform in
the (d;,niy, 1) representation, plus of course the corresponding states arising from

the strings with opposite orientation.

In Appendix G we provide a detailed account of all moduli, both neutral and colored,
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and of their properties in the various sectors. It turns out that the moduli action,
which can be derived from the interactions of the moduli on disks with at least a
part of their boundary attached to the D-instantons [78], is exact with respect to

the supersymmetry charge ) of weight
(bbb ), (431

Therefore () can be used as the equivariant BRST-charge to localize the integral
over the moduli space provided one considers U(1)* transformations under which it

is invariant. This corresponds to requiring that
€1+€2+€3+€4:O. (432)

Thus we are left with three equivariant parameters, say €1, é; and e4; as we will see,
the latter is related to the (equivariant) mass m of the adjoint hypermultiplet of

N = 2* theory.

As shown in Appendix G, all instanton moduli can be paired in ()-doublets of the

type (¢Ya; ¥a) such that
Q¥a=%a, Qta=Q%0=Nata (4.33)

where )\, are the eigenvalues of Q?, determined by the action of the Cartan subgroup
of the full symmetry group of the theory, namely the gauge group (4.10), the ADHM
group (4.26), and the residual isometry group U(1)? with parameters satisfying
(4.32) in such a way that the invariant points in the moduli space are finite and
isolated. The only exception to this structure of ()-doublets is represented by the

neutral bosonic moduli with weight

{0,0,0,0}_, (4.34)
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transforming in the adjoint representation (d;, d;) of the ADHM group U(d;), which
remain unpaired. We denote them as y;, and in order to obtain the instanton
partition function we must integrate over them. In doing so, we can exploit the U(d;)
symmetry to rotate x into the maximal torus and write it in terms of the eigenvalues
X1, With 0 =1, .- d;, which represent the positions of the D-instantons of type
I in the v-plane. In this way we are left with the integration over all the x;,’s and

a Cauchy-Vandermonde determinant

M df

V= H H (Xr.o = Xr.r +00r) - (4.35)

I=1o0,7=1

More precisely, the instanton partition function in the presence of a surface operator

of type 7 is defined by

M
— — . — 1 dXI,O'
Zunal) = Y [] " Zianl) with Zyayli) = / T2 o, (436)

{dr} I=1 ' o=1

where zg4,) is the result of the integration over all Q-doublets which localizes on the
fixed points of Q?, and ¢; is the counting parameter associated to the D-instantons

of type I. With the convention that z(4,—¢; = 1, we find

_)Fa+1

2y =V [ [P’ , (4.37)

where the index « labels the ()-doublets and A\, denotes the corresponding eigenvalue
of Q2. This contribution goes to the denominator or to the numerator depending
upon the bosonic or fermionic statistics (F, = 0 or 1, respectively) of the first

component of the doublet. Explicitly, using the data in Tab. G.1 of Appendix G
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and the determinant (4.35), we find

M
XIO’ XI,7 + 5077) (XI,O — XIr + € + 64)
“dry = H H (x

Lo — X1+ €1) (X160 — X1,r + €1)

I=1o0,7=1

M dr d1+1 ~
(X1o — Xi+1,p + €1 + €2) (X160 — Xi41,p + €2 + €1)
DI IT e

Lo — Xi+1,p — €3) (X710 — X141,0 + €2)
I=1 o=1 p=1 P ¢ (438)

M dr ng

als XI,o + (€1+é2)+€4)
<1111 Tt @)

I=1 o=1 s=1 a[s XI,0

(XI,U —ary1 + 5(61 + é9) + 64)
X
U H H (XLJ — a1+ %(61 + €2))

where dpri1 = di, nars1 = ny and ap41+ = are. The integrations in (4.36) must be
suitably defined and regularized. The standard prescription [19,70,80] is to consider

ar,s to be real, and close the contours in the upper-half x;, -planes with the choice,

Imeys > Imés > Iméy > Ime; >0 , (439)

and enforce (4.32) at the very end of the calculations.

In this way one finds that these integrals receive contributions from the poles of
Z{d,}, which are in fact the critical points of Q. Such poles can be put in one-to-one
correspondence with a set of N Young tableaux Y = {Y;,}, with I = 1,--- M
and s = 1,---ny, in the sense that the box in the i-th row and j-th column of the

tableau Y7 s represents one component of the critical value:

XI+(—1)modM,o = ars + ((1 — 1) + %) a+(—-1+13)é. (4.40)

Note that in this correspondence, a single tableau accounts for d;! equivalent ways

of relabeling x7 .
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4.3.1 Summing over fixed points and characters

Summing over the Young tableaux collections Y we get all the non-trivial critical
points corresponding to all possible values of {d;}. Eq. (4.40) tells us that we get a
distinct x;,, for each box in the j-th column of the tableau Y71 1_jmod ar,s- Relabeling

the index j as

jg—=J+iM, (4.41)

with J =1,... M, we have

ni+i1—J

J M
Sy (4.42)
J=1 s=1 j

where YI(JS) denotes the height of the j-th column of the tableau Y7 5, and the subscript

index I +1 — J is understood modulo M.

The instanton partition function (4.36) can thus be rewritten as a sum over Young

tableaux as follows

M
1nst Z H q;lI(Y (443)
Y

I=1
where Z(Y') is the residue of 24,3 at the critical point Y. This is obtained by
deleting in (4.38) the denominator factors that yield the identifications (4.40), and

performing these identifications in the other factors. In other terms,

z)=v) [ RO, (4.44)

a:Aa(Y)#0

where V(Y') and \,(Y) are the Vandermonde determinant and the eigenvalues of

@Q?* evaluated on (4.40).

A more efficient way to encode the eigenvalues A, (Y") is to employ the character of
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the action of 2, which is defined as follows
Xay =Y (=) e (4.45)

If we introduce
dr nr

V= Z eiXI,o—%(€1+€2) ., Wr= Z eler s (446)
o=1 s=1
and
Th=¢e, Ty=¢€%, T,=¢%, (4.47)

we can write the contributions to the character from the various ()-doublets as in
the last column of Tab. G.1 in Appendix G. Then, by summing over all doublets

and adding also the contribution of the Vandermonde determinant, we obtain

M

Xy =1 =T [-A=T)VyVi+ (1 = TV ViTo + ViWr + Wi VI Ty
- (4.48)

As we have seen before, through (4.42) and (4.40) each set Y determines both the

dimensions d;(Y) and the eigenvalues \,(Y"). Thus, the character X (Y") associated

to a set of Young tableaux is obtained from Xy4,3 by substituting (4.40) into the

definitions of V7, namely

nr41—J
eia1+1—J,sT2J Z Tli_lTQjM_l . (449)

s=1 (6, J+IM)EY 11,6

M
53
J=1

By analyzing X(Y') obtained in this way we can extract the explicit expression
for the eigenvalues A\(Y') and finally write the instanton partition function. This
procedure is easily implemented in a computer program, and yields the results we
will use in the next sections. In Appendix (G.1), as an example, we illustrate these

computations for the SU(2) gauge theory.

In our analysis we worked with the moduli action that describes D-branes probing
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the orbifold geometry. An alternative approach works with the resolution of the
orbifold geometry [81,82]. This involves analyzing a gauged linear sigma-model that
describes a system of D1 and D5-branes in the background C x C/Zj; x T*5?% x R2.
One then uses the localization formulas for supersymmetric field theories defined on
the 2-sphere [83,84] to obtain exact results. This is a very powerful approach since
it also includes inherently stringy corrections to the partition function arising from
world-sheet instantons [81]. The results for the instanton partition function of the
N = 2* theory in the presence of surface operators obtained in [82] are equivalent

to our results in (4.38).

4.3.2 Map between parameters

One of the key points that needs to be clarified is the map between the microscopic
counting parameters ¢; which appear in (4.43), and the parameters (¢, t;) which were
introduced in Section 4.2 in discussing SU(/N) gauge theories with surface operators.
To describe this map, we start by rewriting the partition function (4.36) in terms
of the total instanton number k£ and the magnetic fluxes m; of the gauge groups on

the surface operator which are related to the parameters d; as follows [43,73]:
d1 =k s d[+1 = d[ + mr41 . (450)
Therefore, instead of summing over {d;} we can sum over k and m and find

T[] = (qr-an)* (@2 qu)™ (@3-~ qa)™ - (@)™ Zilii]  (4.51)

k,m
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Furthermore, if we set

qr = e¥mti—te) for T {2, M -1},
. M (4.52)
gy = ) and g = H ar ,
=1
we easily get
— miSM m — i Em —
Zing [l =Y qre?mEimmitmh) z, o = N gk e 7y ] (4.53)
ke, ke,

where in the last step we introduced m; such that that ), m; = 0 (see (4.13))
in order to write the result in a symmetric form. This is precisely the expected
expression of the partition function in the presence of a surface operator as shown
in (4.20) and justifies the map (4.52) between the parameters of the two descriptions.
From (4.53) we see that only differences of the parameters ¢; appear in the partition
function so that it may be convenient to use as independent parameters ¢ and the
(M — 1) variables

zy=1t;—1t; for J€{2,M} (454)

This is indeed what we are going to see in the next sections where we will show how
to extract relevant information from the the instanton partition functions described

above.

4.3.3 Extracting the prepotential and the twisted superpo-

tential

The effective dynamics on the Coulomb branch of the four-dimensional N' = 2*
gauge theory is described by the prepotential F, while the infrared physics of the
two-dimensional theory defined on the world-sheet of the surface operator is governed

by the twisted superpotential WW. The non-pertubative terms of both F and WV can
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be derived from the instanton partition function previously discussed, by considering
its behavior for small deformation parameters ¢; and €, and, in particular, in the

so-called Nekrasov-Shatashvili limit [14].

To make precise contact with the gauge theory quantities, we set

€4 = - — — (455)

where m is the mass of the adjoint hypermultiplet, and then take the limit for small

€1 and €. In this way we find [43]:

_ -Enst(el) + Winst(€1>

€1€2 €1

log Zinst [ﬁ] = + 0(62) (456)

The two leading singular contributions arise, respectively, from the (regularized)
equivariant volume parts coming from the four-dimensional gauge theory and from
the two-dimensional degrees of freedom supported on the surface defect D. This
can be understood from the fact that, in the (2-deformed theory, the respective
super-volumes are finite and given by [41,85]:
/ d*z d*0 — L and /d2xd29 — L . (4.57)
R R

4 €1€2 2 €1
€1,€2 €1

The non-trivial result is that the functions Fi,s and Wi, defined in this way are
analytic in the neighborhood of ¢; = 0. As an illustrative example, we now describe

in some detail the SU(2) theory.
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SU(2)

When the gauge group is SU(2), the only surface operators are of type 71 = {1, 1},

the Coulomb branch is parameterized by

(¢) = diag(a, —a) , (4.58)

and the map (4.52) can be written as

2miz

qlzg, Q=T =¢ (4.59)

where, for later convenience, we have defined z = (t; — ;). Using the results
presented in Appendix G.1 and their extension to higher orders, it is possible to

check that the instanton prepotential arising from (4.56), namely
Fist = — lim (6162 10g Zinst[1, 1]) (4.60)
ea—0

is, as expected, a function only of the instanton counting parameter g and not of x.

Expanding in inverse powers of a, we have
‘/—_.inst = Z fénSt (46]‘)
=1

where f, ~ a®>~*. The first few coefficients of this expansion are

f21r615+t1:0 for ¢ =0,1,---

inst 2 5% 5, 8 3
= (- D (2w )

3
: 1 €2\ 2
inst __ 2 1 2 3
=g (=) (e ag w40
inst 1 2 EG\%(o 0 2 2\ 2 2 2\ 3
6 :W<m _Z> (261q—3(4m —761)(] —8(8m —961)(] —i—)

(4'.62)
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One can check that this precisely agrees with the Nekrasov-Shatashvili limit of the
prepotential derived for example in [53,54]. This complete match is a strong and

non-trivial check on the correctness and consistency of the whole construction.

Let us now consider the non-perturbative superpotential, which according to (4.56)

18

]:inst )

Winst = lim (61 log Zinss[1, 1] +
ea—0 €9

(4.63)

Differently from the prepotential, Wi, is, as expected, a function both of ¢ and =x.

If we expand it as

Winst = »_ wi™ (4.64)
=1

with wibt ~ a!'~¢ using the results of Appendix G.1 we find

wpt = —(m =2 |( HLAE )+ (cH2ra)
b 2 2 3 4 T !
+< Lol )2+ (4.65a)
—_— f— PRI DRI . a
222z 1 ’
st 1< ) el> <x+x2+x3+x4+ >+<3c 1 N )
= ——|m° - — — J— J— J— .. -
Wy a 4 2 2 2 2 2 2z 1
11 ,
= 4+ = . 4.65b
(21'2 2x >q i }’ ( )
2 2 3
inst _ 2( 2_6_1> (f T o e > <_ z >
wh — - {4+2—I—4+x—|— (o3t
1 2
4. . 4.65
+(2x2+4x+ )q + 1 : (4.65¢)

and so on. For later convenience we explicitly write down the logarithmic derivatives
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with respect to x, namely

. 1
w/lz—(m—e—1> {(w+w2+x3+m4+---)—(——x+--->q

2 x
1 1 9
(== 4. 4.66
<x2+x+ >q + } ’ ( 2)
w'——l(m2—€%) <x+x2+3x3+2x4+ )+<x+1+ )
27 T4 4] \2 2 272 !
+(1+1+ )2+ (4.66b)
2 2x 1 ’ '
2 3
== D) | e ) (ST
Y= T\ 4[4+$+4+4x+ 1)
(1 + 1y )at + (4.66¢)
2 Adx 1 oRe
where w), == x %(w;“t). In the coming sections we will show that these expres-

sions are the weak-coupling expansions of combinations of elliptic and quasi-modular

forms of the modular group SL(2,7Z).

4.4 Modular anomaly equation for the twisted su-

perpotential

In [53,54] it has been shown for the N' = 2* SU(2) theory that the instanton ex-
pansions of the prepotential coefficients (4.62) can be resummed in terms of (quasi-)
modular forms of the duality group SL(2,7Z) and that the behavior under S-duality
severely constrains the prepotential F which must satisfy a modular anomaly equa-
tion. This analysis has been later extended to N/ = 2* theories with arbitrary
classical or exceptional gauge groups [19,65,70], and also to N' = 2 SQCD theories
with fundamental matter [67,68|. In this section we use a similar approach to study

how S-duality constrains the form of the twisted superpotential W.

For simplicity and without loss of generality, in the following we consider a full
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surface operator of type 7 = {1,1,---,1} with electro-magnetic parameters { =
{t1,t2,- -+ ,ty}. Indeed, surface operators of other type correspond to the case in
which these parameters are not all different from each other and form M distinct

sets, namely

Thus they can be simply recovered from the full ones with suitable identifications.

Before analyzing the S-duality constraints it is necessary to take into account the
classical and the perturbative 1-loop contributions to the prepotential and the su-

perpotential.

The classical contribution

Introducing the notation @ = {ay, as, -+ ,ay} for the vacuum expectation values,
the classical contributions to the prepotential and the superpotential are given re-
spectively by

Felass = WiT A - d (4.68)

and
Welass = 2mit - @ . (4.69)
Note that if we use the tracelessness condition (4.4), W,.ss can be rewritten as
N
Wclass = 27 Z Zrar (470)

1=2

where z; is as defined in (4.54).
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These classical contributions have very simple behavior under S-duality. Indeed

S(Fclass) = - fclass 5 (471&)

S(Wclass) = - Wclass . (471b)

To show these relations one has to use the S-duality rules (4.3) and (4.18), and
recall that
5(@) = av :

27 9a

and  S(dp) =—a, (4.72)

which for the classical prepotential simply yield S(a@) = 7 a.

The 1-loop contribution

The 1-loop contribution to the partition function of the 2-deformed gauge theory in
the presence of a full surface operator of type {1,1,---,1} can be written in terms

of the function

o (4.73)

s=0

d As 00 tsfleftz
V(@) = logTa(wler, 2) = - (F(s) /0 e (et 1))

where I's is the Barnes double I'-function and A an arbitrary scale. Indeed, as shown

for example in [82], the perturbative contribution is

10g Zper[1, 1, 1] = D [+ [%54]e2) = V(ow +m+ 3+ [52] )| (479)

u,v=1

UFEV

where a,, = a, —a,, and the ceiling function [y] denotes the smallest integer greater
than or equal to y. The first term in (4.74) represents the contribution of the vector
multiplet, while the second term is the contribution of the massive hypermultiplet.
Expanding (4.74) for small €; » and using the same definitions (4.56) used for the

instanton part, we obtain the perturbative contributions to the prepotential and the
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superpotential in the Nekrasov-Shatashvili limit:

‘Fpert = - 61211_{10 (‘5162 log Zpert[la 17 ) 1]) )

P

€2

(4.75)
Woert = lim <€1 log Zpert[1,1,- -+, 1] +
62*}0

Exploiting the series expansion of the y-function, one can explicitly compute these
expressions and show that Fpe precisely matches the perturbative prepotential in
the Nekrasov-Shatashvili limit obtained in [19, 65|, while the contribution to the

superpotential is novel. For example, in the case of the SU(2) theory we obtain

1 €2 4a 1 €2\ 2 1 €2\ 2 3¢2
I R L
pert = o\ = )08 (0 )T 182\ T 1) Tog0aa ™ T )\ T ) T

(4.76a)

(4.76b)

Note that, unlike the prepotential, the twisted superpotential has no logarithmic

term®. Furthermore, it is interesting to observe that

1 0Fpert

Woor = =100

(4.77)

4.4.1 S-duality constraints

We are now in a position to discuss the constraints on the twisted superpotential
arising from S-duality. Adding the classical, the perturbative and the instanton

terms described in the previous sections, we write the complete prepotential and

6 This fact is due to the superconformal invariance, and is no longer true in the pure N' = 2
SU(2) gauge theory, for which we find

4 6

2a €2 € €
o= —(2-21 —) S L
Whoert ( %8 N )"t 90a T 2880a% T 4032045
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superpotential in the Nekrasov-Shatashvili limit as

F:FClass+~Fpert+‘Enst :W176'6+Zf€(776) )

(=1

. N (4.78)
W = Wclass + Wpert + Winst = 2mi Z zrar+ Z U)@(T, 21, C_i)

=2 /=1

where for later convenience, we have kept the classical terms separate. The quantum
coefficients f, and wy scale as a®>~* and a'~¢, respectively, and account for the per-
turbative and instanton contributions. While f, depend on the coupling constant 7,
the superpotential coefficients w, are also functions of the surface operator variables

2y, as we have explicitly seen in the SU(2) theory considered in the previous section.

The coefficients f, have been explicitly calculated in terms of quasi-modular forms
in [19,65] and we list the first few of them in Appendix H. Their relevant properties

can be summarized as follows:

e All f, with ¢ odd vanish, while those with ¢ even are homogeneous functions

of @ and satisfy the scaling relation *
foo(T, X @) = N7 fo(7, @) . (4.79)
Since the prepotential has mass-dimension two, the fo, are homogeneous poly-

nomials of degree 2/, in m and ¢;.

e The coefficients fo, depend on the coupling constant 7 only through the Eisen-
stein series Fs(7), E4(7) and Fg(7), and are quasi-modular forms of SL(2,Z)

of weight 2¢ — 2, such that

for (—%, EL’) =772 fo(1, @) (4.80)

FEo—FEo+6

“To be precise, one should also scale A — AA in the logarithmic term of f5.
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where 6 = ==. The shift § in E5 is due to the fact that the second Eisenstein
series is a quasi-modular form with an anomalous modular transformation (see

(E.4)).

e The coefficients fy, satisfy a modular anomaly equation

Ofn | 1 - Ofan afy m
35, —42 : =0 (4.81)

which can be solved iteratively.

Using the above properties, it is possible to show that S-duality acts on the prepo-

tential F in the Nekrasov-Shatashvili limit as a Legendre transform [19, 70].

Let us now turn to the twisted superpotential W. As we have seen in (4.71), S-
duality acts very simply at the classical level but some subtleties arise in the quantum
theory. We now make a few important points, anticipating some results of the
next sections. It turns out that VW receives contributions so that the coefficients
wyp do not have a well-defined modular weight. However, these anomalous terms
depend only on the coupling constant 7 and the vacuum expectation values a. In
particular, they are independent of the continuous parameters z; that characterize
the surface operator. For this reason it is convenient to consider the z; derivatives

of the superpotential:

1 ow
() .—
W = omios, =a;+ E we (1,21,a (4.82)
where, of course, wél) = 5L g—lz"f.

Combining intuition from the classical S-duality transformation (4.71b) with the

fact that the zj-derivative increases the modular weight by one, and introduces an
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extra factor of (—7) under S-duality, we are naturally led to propose that

SWD) =rwi (4.83)

This constraint can be solved if we assume that the coefficients wél) satisfy the

following properties (which are simple generalizations of those satisfied by fy):

e They are homogeneous functions of @ and satisfy the scaling relation
wél) (1,21, Ad) = P wél)(T, 2r,4) . (4.84)

Given that the twisted superpotential has mass-dimension one, it follows that

wén must be homogeneous polynomials of degree ¢ in m and ¢;.

) on 7 and zr is only through linear combinations of

e The dependence of wél
quasi-modular forms made up with the Eisenstein series and elliptic functions

with total weight ¢, such that

(4.85)

We are now ready to discuss how S-duality acts on the superpotential coefficients

wél) . Recalling that

1 OF 1 9f o Of
S(d)=dp = ——=7d+ — = = (_, ——) 4.86
(@ =d> = o5z =7 om0 1253 (4.86)
where f = Fpert + Finst, We have
Sl =l 4 ~5.80)
Eo—FE2+6 (487)

I —
= TU)E )(T,Z[,&—i— —162 —gé)’
Eo—Fa+96
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where in the last step we exploited the scaling behavior (4.84) together with (4.86).

Using this result in (4.82) and formally expanding in §, we obtain

1 —
SOV) = WO (.74 4 3

T FEo—FE2+6 (4 88)
w0 5 (VD LOWT 0T 0(6%) |
B OB, 12 da  dad ‘
The constraint (4.83) is satisfied if
o1 an®
ow ow af:O7 (4.89)

o5, 12 od 9

which also implies the vanishing of all terms of higher order in 4. This modular

anomaly equation can be equivalently written as

ow" L1 — 0frpn Ow
0B, 124~ 0a  da

=0 (4.90)

where we have defined w[()l) =aj.

In the next sections we will solve this modular anomaly equation and determine the
superpotential coefficients wé]) in terms of Eisenstein series and elliptic functions; we
will also show that by considering the expansion of these quasi-modular functions
we recover precisely all instanton contributions computed using localization, thus
providing a very strong and highly non-trivial consistency check on our proposal

(4.83) and on our entire construction. Since the explicit results are quite involved

in the general case, we will start by discussing the SU(2) theory.
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4.5 Surface operators in N' = 2* SU(2) theory

We now consider the simplest N' = 2* theory with gauge group SU(2) and solve
in this case the modular anomaly equation (4.90). A slight modification from the
earlier discussion is needed since for SU(2) the Coulomb vacuum expectation value
of the adjoint scalar field takes the form (¢) = diag(a, —a) and the index I used in
the previous section only takes one value, namely I = 2. Thus we have a single z-
parameter, corresponding to the unique surface operator we can have in the theory,

and (4.82) becomes

1 ow
W' = = — 491
omi Dz “F Z wy (4.91)
with w) := = 68“;" , while the recurrence relation (4.90) becomes
-1
ow, 1 Ofp_p OW
il n— 4.92
o0E, + 24 —~ da Oa ( )
with the initial condition wy = —a. The coefficient w; and its z-derivative wj do

not depend on a and are therefore irrelevant for the IR dynamics on the surface
operator. Moreover, w| drops out of the anomaly equation and plays no role in
determining w; for higher values of ¢. Nevertheless, for completeness, we observe

that if we use the elliptic function

0

hu(2]7) = 271 0z

log 01(z|7) (4.93)

where 0;(z|7) is the first Jacobi #-function, and exploit the expansion reported in
(E.16), comparing with the instanton expansion (4.66a) obtained from localization,

we are immediately led to,

W), = (m - 6—1) <h1 + 1) . (4.94)
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By expanding h; to higher orders one can “predict” all higher instanton contributions
to w}. We have checked that these predictions perfectly match the explicit results

obtained from localization methods involving Young tableaux with up to six boxes.

The first case in which the modular anomaly equation (4.92) shows its power is the

case ¢ = 2. Recalling that the prepotential coefficients f,, with n odd vanish, we

have
owy, 1 Jfy w,
— )z = 4.95
0Fy 24 0a Oa ( )
Using the initial condition wj = —a, substituting the exact expression for f, given
in (H.1) and then integrating, we get
wy = L <m2 — 6—%> (E> 4+ modular term) (4.96)
27 24a 4) ' '

At this juncture, it is important to observe that the elliptic and modular forms of
SL(2,Z), which are allowed to appear in the superpotential coefficients, are polyno-
mials in the ring generated by the Weierstra function p(z|7) and its z-derivative
©'(z|7), and by the Eisenstein series F4 and Fjg. These basis elements have weights
2,3,4 and 6 respectively. We refer to Appendix E for a collection of useful formulas
for these elliptic and modular forms and for their perturbative expansions. Since w,
must have weight 2, the modular term in (4.96) is restricted to be proportional to
the Weierstrafs function, namely

1 €2 @)
/ 2 1
L A 4.97
Wy <m > (E2 + o 2) ( )

where « is a constant. Therefore our proposal works only if by fixing a single
parameter o we can match all the microscopic contributions to w/, computed in the
previous sections. Given the many constraints that this requirement puts, it is not
at all obvious that it works. But actually it does! Indeed, using the expansions of

E5 and o = % given in (E.2) and (E.17) respectively, and comparing with (4.66b),
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one finds a perfect match if @ = 12. Thus, the exact expression of wy is

1 €
r_ 2 __ -1 ~
Wy = 5 (m 1 ) <E2 +12 p) . (4.98)

We have checked up to order six that the all instanton corrections predicted by this

formula completely agree with the microscopic results obtained from localization.

Let us now consider the modular anomaly equation (4.92) for ¢ = 3. In this case

since w) is a-independent and the coefficients f,, with n odd vanish, we simply have

ows
— 4.
55 =" (4.99)

According to our proposal, wj must be an elliptic function with modular weight 3,
and in view of (4.99), the only candidate is the derivative of the Weierstraf function
¢. By comparing the expansion (E.18) with the semi-classical results (4.66¢) we

find a perfect match and obtain
wh = L (m2 - —) 5 (4.100)

Again we have checked that the higher order instanton corrections predicted by this

formula agree with the localization results up to order six.

A similar analysis can done for higher values of ¢ without difficulty. Obtaining the
anomalous behavior by integrating the modular anomaly equation, and fixing the

coefficients of the modular terms by comparing with the localization results, after a
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bit of elementary algebra, we get

1 € €2

r_ 2 -1 2_ 1

YT 115248 (m 4) {(m 4
2 2
_ 4 2 G 2 G
= g (=) (=

1 €2 €
r_ - 2 -1 2
Y6 = 1382404 <m 4) {(m

)5 59 -5

) (23 — By + 24B, 5+ 1445%) + 6.6 (By — 14437)|
(4.101)

2,2
i) (20E2 — 11E,E,; — AEg + 240E% 5 — 60E, &

2

+ 2160E, & + 86405°) + 2<m2 . %)ef (39E,E, + 56Eq + 1440, §

— 6480, p* — 120960¢°) — 240 €] (Es + 27Ey o — 21605°) |

and so on. The complete agreement with the microscopic localization results of

the above expressions provides very strong and highly non-trivial evidence for the

validity of the modular anomaly equation and the S-duality properties of the super-

potential, and hence of our entire

construction.

Exploiting the properties of the function h; defined in (4.93) and its relation with the

Weierstraf function (see Appendix E), it is possible to rewrite the above expressions

as total z-derivatives. Indeed, we find
1 €2
/ 2 1 !/
= — ——=)h
279 <m 4) L
2
€1 €
4=l (4.102)
1 62 62 / .
LT (m2 N Zl> {<m2 - Zl> (Bahn = 1) +6; h/{} ’
;@ 2 6% 2 6% B 2 E% E AV /
s = gar (= 3) | (m* = )+ 5 (B2 - e

We have checked that the same is

also true for wy (and for a few higher coefficients

as well), which however we do not write explicitly for brevity. Of course this is to

be expected since they are the coefficients of the expansion of the derivative of the
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superpotential. The latter can then be simply obtained by integrating with respect
to z and fixing the integration constants by comparing with the explicit localization

results. In this way we obtain®

with
1 > €
=5 ——h
2 Qa( 4) b
2
€1 5 €]
ws = g (m* = )M (4.104)
]_ 62 62 1 62
i = ga (2 = ) | (m* = D) (Bt )+ 0n 4 5 (2 = 2) (B2~ 1)

) ()2 + 5 (B2 — 6k,

2
+ i(mQ _ %) (E22 —E4):| ,

and so on. Note that, as anticipated in the previous section, the coefficients w,, do

not have a homogeneous modular weight.

4.5.1 Relation to CFT results

So far we have studied the twisted superpotential and its z-derivative as semi-
classical expansions for large a. However, we can also arrange these expansions
in terms of the deformation parameter ¢;. For example, using the results in (4.98),

(4.100) and (4.101), we obtain

W =—-a+> W, (4.105)
n=0

8We neglect the a-independent terms originating from (4.94) since they are irrelevant for the
infrared dynamics on the defect.

113



where

2 4 6

/ m m 2 ~ ~2 m
By +125) + —2(2F2 — By + 245, 5 + 144 _m
Wo = g0 (B2 +120) + 3055 (285 — Eu + 4B 6+ 140°) + 150 1oos

(20E3
— 11EyEy — 4Eg + 2403 § — 60E4 § + 2160E; §° + 86405°) + O(a™")

m2 4

_ ~\ =~ —6
Wi= 139+ g (B2 +120)p" + O(a™®)
1 m2
= (Ey+ 12 2F% —13E, + 24FE, o + 1872%° 4.106
Wi = =g (B2 +120) = 5300 (28 o+ UG+ 18725) (4.106)
4
— ———(12E3 — 69E,E, — 92E + 144E2 ¢ — 2340F
1059245 | 2 6 Ao g
+ 11664E, * + 1987205°) + O(a™")
W, = — ! o m’ (B +840)¢" + O(a™®)
3 16a2 96a4 \ :

and so on. Quite remarkably, up to a sign flip a — —a, these expressions precisely
coincide with the results obtained in [39] from the null-vector decoupling equation

for the toroidal 1-point conformal block in the Liouville theory.

We would like to elaborate a bit on this match. Let us first recall that in the so-called
AGT correspondence [4] the toroidal 1-point conformal block of a Virasoro primary
field V' in the Liouville theory is related to the Nekrasov partition function of the
N = 2* SU(2) gauge theory. In [38] it was shown that the insertion of the degenerate
null-vector V4 ; in the Liouville conformal block corresponds to the partition function
of the SU(2) theory in the presence of a surface operator. In the semi-classical limit
of the Liouville theory (which corresponds to the Nekrasov-Shatashvili limit e; — 0),
one has [38,39]

(V(0)Va,1(2))torus =~ N exp (— FWE ) , (4.107)

€1€2 €1

where N is a suitable normalization factor. In [39] the null-vector decoupling equa-

tion satisfied by the degenerate conformal block was used to explicitly calculate the
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prepotential F and the z-derivative of the twisted effective superpotential W' for
the N' = 2* SU(2) theory, which fully agrees with the one we have obtained using
the modular anomaly equation and localization methods. It is important to keep
in mind that the insertion of the degenerate field V5 in the Liouville theory corre-
sponds to the insertion of a surface operator of codimension-4 in the six-dimensional
(2,0) theory. In the brane picture, this defect corresponds to an M2 brane ending
on the M5 branes that wrap a Riemann surface and support the gauge theory in
four dimensions. On the other hand, as explained in the introduction, the results we
have obtained using the orbifold construction and localization pertain to a surface
operator of codimension-2 in the six dimensional theory, corresponding to an M5’
intersecting the original M5 branes. The equality between our results and those
of [39] supports the proposal of a duality between the two types of surface operators
in [79]. This also supports the conjecture of [86], based on [44,87,88|, that in the
presence of simple surface operators the instanton partition function is insensitive
to whether they are realized as codimension-2 or codimension-4 operators. In Sec-
tion 4.7.1 we will comment on such relations in the case of higher rank gauge groups
and will also make contact with the results for the twisted chiral rings when the
surface defect is realized by coupling two-dimensional sigma-models to pure N' = 2

SU(N) gauge theory.

4.6 Surface operators in N’ =2* SU(V) theories

We now generalize the previous analysis to SU(N) gauge groups. As discussed in
Section 4.2, in the higher rank cases there are many types of surface operators
corresponding to the different partitions of N. We start our discussion from simple

surface operators of type {1, (N — 1)}.
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4.6.1 Simple surface operators

In the case of the simple partition {1, (N — 1)}, the vector £ of the electro-magnetic

parameters characterizing the surface operator takes the form

F:{tb ta, ..., 1o } (4.108)

—_————
N -1

Correspondingly, the classical contribution to the twisted effective superpotential
becomes

N
Wetas = 2711~ @ = 27i (al Bt tsy ai> S (4.109)

i=2
where we have used the tracelessness condition on the vacuum expectation values

and, according to (4.54), have defined z =t — t;.

When quantum corrections are included, one finds that the coefficients w; of the
z-derivative of the superpotential satisfy the modular anomaly equation (4.90). The
solution of this equation proceeds along the same lines as in the SU(2) case, although
new structures, involving the differences a;; = a; —a;, appear. We omit details of the
calculations and merely present the results. As for the SU(2) theory, the coefficients
can be compactly written in terms of modular and elliptic functions, particularly
the second Eisenstein series and the function h; defined in (4.93). For clarity, and

also for later convenience, we indicate the dependence on z but understand the
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dependence on 7 in h;. The first few coefficients w; are

2 N /
- 2 6_1> hl(z) 4.11
wy (m 1 ; oy (4.110a)
2y & Ri(z) 1 €2 € al Ry (2)
wy = € (mQ—e—l) ! —|——(m2——1) (m—i——l) ! . (4.110b
30 4 J; az; 2 4 2 j7§:2 ayj aig ( )
/ 1 2 6% 2 E% / " 29 a 1
wh=g(m? = 3) | (7 = ) B hi() = W) + 661 G) | 3
j=2 L
€ €1\ hy'(z)
+ e (m2 - —1> (m + —) : (4.110¢)
4 2 j7§2 ai; aig
b= D) (m+ 2)’ G
6 4 ity 013 Gk Q1 7

and so on. We have explicitly checked the above formulas against localization results
up to SU(7) finding complete agreement. It is easy to realize that for N = 2 only the
highest order poles contribute and the corresponding expressions precisely coincide
with the results in the previous section. In the higher rank cases, there are also
contributions from structures with lesser order poles that are made possible because
of the larger number of Coulomb parameters. Furthermore, we observe that there

is no pole when a; approaches a; with j,k =2,---, N,

It is interesting to observe that the above expressions can be rewritten in a suggestive
form using the root system ® of SU(V). The key observation is that using the vector
t defined in (4.108) we can select a subset of roots U C @ such that their scalar
products with the vector @ of the vacuum expectation values produce exactly all the

factors of a;; in the denominators of (4.110). Defining
UV={ded|a t+2=0}, (4.111)

one can verify that for any @ € W, the scalar product & - @ is of the form ay;.

117



Therefore, wf in (4.110a) can be written as

wh = <m2 - %) 3 M(-a-1) _ (m2 = %) M (4.112)

aa aa
aevw aevw

where in the last step we used the fact that A} is an even function. Similarly the
other coefficients in (4.110) can also be rewritten using the roots of SU(NV). Indeed,

introducing the subsets of ¥ defined as *

-

V(@) ={fev|a f=1},

va, ) ={yev|a-y=5-7=1},

o]
Il

(4.113)

we find that wj in (4.110b) becomes

(4.114)

W = l(mz_ﬁ) {(mu% ZEzhi(o?-f) —h(a-t) +6€%Zh’1”(07-§) ]

S DS £ e

aeV FLye () (O_Z' C_i) (5 ) C_i) ('7'6)

1 RI(E -t
Gr Y X

&G‘IJEEQI(&)fVEq/(&7B’) (0_2 . 6) (/6 . EL‘) (,7 . d)

We observe that the two sums in the last two lines of (4.115) are actually equal

to each other and thus, taking into account the numerical factors, they exactly

9These definitions are analogous to the ones used in [19,70] to define the root lattice sums
appearing in the prepotential; see also (H.7).
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reproduce the last line of (4.110c). However, for different sets of roots the two sums
are different and lead to different structures. Thus, for reasons that will soon become

clear, we have kept them separate even in this case.

4.6.2 Surface operators of type {p, N — p}

We now discuss a generalization of the simple surface operator in which we still have

a single complex variable z as before, but the type is given by the following vector

F:{ t17 SRR tl; t?a R Z52 } ’ (4116)

J/ N J/
~ —~

p N-—p

In this case, using the tracelessness condition on the vacuum expectation values, the

classical contribution to the superpotential is

4 N p
Wt = 2 (tIZai ihY ) — orie Y (4117)
=1

i=1 j=p+1
where again we have defined z =t — t;.

It turns out that the quantum corrections to the z-derivatives of the superpotential
are given exactly by the same formulas (4.112), (4.114) and (4.115) in which the
only difference is in the subsets of the root system ® that have to be considered in
the lattice sums. These subsets are still defined as in (4.111) and (4.113) but with
the vector ¢ given by (4.116). We observe that in this case the two last sums in
(4.115) are different. We have verified these formulas against the localization results
up to SU(7) finding perfect agreement. The fact that the superpotential coefficients
can be formally written in the same way for all unitary groups and for all types
with two entries, suggests that probably universal formulas should exist for surface

operators with more than two distinct entries in the ¢-vector. This is indeed what
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happens as we will show in the next subsection.

4.6.3 Surface operators of general type

A surface operator of general type corresponds to splitting the SU(V) gauge group

as in (4.10) which leads to the following partition of the Coulomb parameters

a = { ai, - Qpyy, OQpi+1, °°° Qpi4ngy 'y AN—py+1, ---AN } s (4118)
N ~" ~~ v N -— ,
" 2 nm

and to the following t-vector

E:{tb ) tla t27 T t27 T tM? 7tM} (41]‘9)
N - \ - 7/ —  —
ni n2 nm
with
M
> np=N. (4.120)
I=1

In this case we therefore have several variables z; defined as in (4.54), and several
combinations of elliptic functions evaluated at different points. However, if we use
the root system ® of SU(N) the structure of the superpotential coefficients is very
similar to what we have seen before in the simplest cases. To see this, let us first

define the following subsets ' of ®:

\P]J:{&Eq)‘@"{+Z[—ZJ:0},

V(@) ={feVy,|a =1}, (4.121)

which are obvious generalizations of the definitions (4.111) and (4.113). Then, writ-

10When J = 1 one must take z; = 0.
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ing
1 oW I
wh = 0 4.122
o Oz =on e, Zw ( )
for [ =2,---, M, we find that the first few coefficients wy) are given by

i) = (m ——)Z > (0_207; , (4.123)

J#I aevry

2 "=
() _ € hi(a-t)
=) E & D
J£I &€V (04 a)
1 2 Wia-t
D) i
JA &€V few, @ (@) (8- a)
wh) = l(mz _ ﬁ) (mz B ﬁ) > Eyhi(a@-t) —hi(a-t)
6 4 4 R S o3
JAI G€V (a@-a)

1 ra -t
Ayy Yy x 2

J#I deVyy EEWIJ(&) YeVrs(a, q) (62 : 6) (6 ' 6) (’7 ' Ei)

S DS hi(&'f)h’lgc?(éf—ﬁ-f)

JEKFAL A1) Bel i (a) (0_2 ’ 5) (B -a

where the summation indices J, K, - - - , take integer values from 1 to M. One can

explicitly check that these formulas reduce to those of the previous subsections if

M = 2. We have verified these expressions in many cases up to SU(7), always

finding agreement with the explicit localization results. Of course it is possible to
(1)

write down similar expressions for the higher coefficients w, ’, which however become

more and more cumbersome as ¢ increases. Given the group theoretic structure of
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these formulas, it is tempting to speculate that they may be valid for the other
simply laced groups of the ADE series as well, similarly to what happens for the
analogous expressions of the prepotential coefficients [19]. It would be interesting

to verify whether this happens or not.

4.7 Duality between surface operators

In this section we establish a relation between our localization results and those ob-
tained when the surface defect is realized by coupling two-dimensional sigma-models
to the four dimensional gauge theory. When the surface operators are realized in
this way, the twisted chiral ring has been independently obtained by studying the
two-dimensional (2,2) theories [17, 18] and related to the Seiberg-Witten geometry
of the four dimensional gauge theory [21,22]. Building on these general results, we
extract the semi-classical limit and compare it with the localization answer, finding

agreement.

In order to be explicit, we will consider only gauge theories without (2-deformation,
and begin our analysis by first discussing the pure N’ = 2 theory with gauge group

SU(N); in the end we will return to the N' = 2* theory.

4.7.1 The pure N =2 SU(N) theory

The pure NV = 2 theory can be obtained by decoupling the adjoint hypermultiplet
of the N = 2* model. More precisely, this decoupling is carried out by taking the

following limit (see for example [65])

m— oo and ¢— 0 suchthat g¢m®Y = (—=1)VA* is finite, (4.126)
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where A is the strong coupling scale of the pure A/ = 2 theory. In presence of a
surface operator, this limit must be combined with a scaling prescription for the
continuous variables that characterize the defect. For surface operators of type

{p, N — p}, which possess only one parameter x = ¢*™#  this scaling is

m—oo and x—0 suchthat azm” = (=1"'zgAY is finite.  (4.127)

Here 2y = e®™#0 is the parameter that labels the surface operator in the pure theory

a la Gukov-Witten [16,21,22,42].

Performing the limits (4.126) and (4.127) on the localization results described in the

previous sections, we obtain

W' — ZW’L/ (4.128)
=1
where
, v/ Nl AN 1y 9 e .
Wi=—aimh <$0+;0>g@—7(”fo*;g)aai(gg)w“ ) (4129

We have explicitly verified this expression in all cases up to SU(7), and for the low
rank groups we have also computed the higher instanton corrections''. With some
simple algebra one can check that, despite the appearance, W' is not singular for
a; — aj when both 7 and j are < p or > p. This fact follows from the residue
condition satisfied by the original expression of the superpotential in the N = 2*

theory (see the remarks after (4.125)). Furthermore, one can verify that

N
> wi=0 (4.130)
=1

HFor example, for SU(2) and p = 1 we find

2

ol or )i )

6

16a®

1 1 A8
(x0+:130+ +— )+128 =
0 0

where a = ay.
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as a consequence of the tracelessness condition on the vacuum expectation values.

We now show that this result is completely consistent with the exact twisted chiral
ring relation obtained in [21]. For the pure N' = 2 SU(N) theory with a surface
operator parameterized by xg, the twisted chiral ring relation takes the form [21]

Pr(y) — AV (xo + xio) =0 (4.131)

with

Pn(y) =[] (v—e) (4.132)

i=1
where e; are the quantum corrected expectation values of the adjoint scalar. They

reduce to a; in the classical limit A — 0 and parameterize the quantum moduli

space of the theory. The e;, which satisfy the tracelessness condition

D ei=0, (4.133)

were explicitly computed long ago in the l-instanton approximation in [89, 90| by
evaluating the period integrals of the Seiberg-Witten differential and read
a2 11 R O(A™) (4.134)
e = a; 5 . :

8&1- i aij

The higher instanton corrections can be efficiently computed using localization meth-

ods [91-94], but their expressions will not be needed in the following.

Inserting (4.134) into (4.132) and systematically working order by order in AV it is

possible to show that the IV roots of the chiral ring equation (4.131) are

N N

1 1 AN 1\ 0 1
Zo Sk Qg 2 X 3&1 s as
J#i Jj#L Y
for i = 1,--- , N. Comparing with (4.129), we see that, up to an overall sign, y;
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coincide with the derivatives of the superpotential W, we obtained from localization.

Therefore, we can rewrite the left hand side of (4.131) in a factorized form and get

H y+W/) —Pn(y) + AV (xo + xio> =0 (4.136)

i=1

This shows a perfect match between our localization results and the semi-classical
expansion of the chiral ring relation of [21], and provides further non-trivial evi-
dence for the equivalence of the two descriptions. Let us elaborate a bit more on
this. According to [21], a surface operator of type {p, N — p} has a dual description
as a Grassmannian sigma-model coupled to the SU(N) gauge theory, and all infor-
mation about the twisted chiral ring of the sigma-model is contained in two monic

polynomials, ) and Q of degree p and (N — p) respectively, given by

p N N—p
= YA, Q)= v X . (4.137)
/=0 0

k=
with Xy = A = 1. Here, X are the twisted chiral ring elements of the Grassmannian

sigma-model, and in particular

1 ow

4.138
= o7 620 ( )

where W is the superpotential of the surface operator of type {p, N — p}. The
polynomial é encodes the auxiliary information about the “dual" surface operator
obtained by sending p — (N — p). The crucial point is that, according to the

proposal of [21], the two polynomials ) and @ satisfy the relation

Qy) Qy) — Px(y) + AV (:Bo + %) 0. (4.139)
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Comparing with (4.136), we are immediately led to the following identifications '

P N
=[[w+wW) . Qw=1]] w+W). (4.140)
i=1 j=p+1
Thus, using (4.138) and (4.128), we find
P
L oW ZW’ w’. (4.141)

2ri 820

This equality shows that our localization results for the superpotential of the surface
operator of type {p, N — p} in the pure SU(N) theory perfectly consistent with the
proposal of [21], thus proving the duality between the two descriptions. All this
is also a remarkable consistency check of the way in which we have extracted the
semi-classical results for the twisted chiral ring of the Grassmannian sigma-model

and of the twisted superpotential we have computed.

4.7.2 The N =2* SU(N) theory

Inspired by the previous outcome, we now analyze the twisted chiral ring relation
for simple operators in A/ = 2* theories using the Seiberg-Witten curve and compare
it with our localization results for the undeformed theory. To this aim, let us first
recall from Section 4.6.1 (see in particular (4.110) with ¢, = 0) that for a simple

surface operator corresponding to the following partition of the Coulomb parameters

{ a;, ;{aj withj;«éi};} : (4.142)

-~

N -1

12\We have chosen a specific ordering in which the first p factors correspond to the first p vacuum
expectation values a;; of course one could as well choose a different ordering by permuting the
factors.
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the z-derivative of the superpotential is

Wi/:—ai—kmzzh—/l—l—%g Z i

— Ui . Qg5 Qik
J#i J#EkF#L 4 143
m* [ By by — Y’ ny (4.143)
D P —L )+ 0o(m) .
6 (Z al; . Z @ aiksaié) (m )
J#i J JFEkALFE

Let us now see how this information can be retrieved from the Seiberg-Witten curve
of the NV = 2* theories. As is well known, in this case there are two possible
descriptions (see [72] for a review). The first one, which we call the Donagi-Witten
curve [95], is written naturally in terms of the modular covariant coordinates on
moduli space, while the second, which we call the d’Hoker-Phong curve [96], is
written naturally in terms of the quantum corrected coordinates on moduli space.
As shown in [72], these two descriptions are linearly related to each other with

coefficients depending on the second Eisenstein series Ej.

Since our semi-classical results have been resummed into elliptic and quasi-modular
forms, we use the Donagi-Witten curve, which for the SU(/N) gauge theory is an

N-fold cover of an elliptic curve. It is described by the pair of equations:

E E
y2o x3_ x4 26 F X.Y)=0. 4.144
48 864 3 N<y7 ) ) 0 ( )

The first equation describes an elliptic curve and thus we can identify (X,Y’) with

the Weierstraf function and its derivative (see (E.11)). More precisely we have

1

X:—@:—hHEEQ,
) | (4.145)
:_@’l:_hﬂ
2 21

The second equation in (4.144) contains a polynomial in y of degree N which encodes

the modular covariant coordinates Ay on the Coulomb moduli space of the gauge
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theory:
N

Ny, X, Y) = (=1)F A Py_i(y, X,Y) (4.146)

k=0
where Py are the modified Donagi-Witten polynomials introduced in [72|. The first

few of them are '*

Po=y*—m*X, Po=vy>—3ym*X +2m3Y | (4.147)

1
Pi=y*—6m*y* X +8ym’Y —m (3X2—ﬂE4> .

On the other hand, the first few modular covariant coordinates Ay are (see [72]):

A :Zaa-+m—2 N E, + (E2 E)ZL—FO(m‘S)
2 12\ 2 T ogg e T b 2 ’

i<j it Y

Az = Zala]ak 144 2

1<j<k , N , 7 ];ﬁz \ (4148)
m — m
A4 = | Z ;a0 + E( 9 ) E2 Z a;Q; + EE%

z<]<k<€ 1<)

a;a; a?

b ) [T sy Y 4 (V)] o)

288 a2, .

i<j k#L 1§ l]

and so on.

We now have all the necessary ingredients to proceed. First of all, using the above
expressions and performing the decoupling limits (4.126) and (4.127), one can check
that the Donagi-Witten equation Fy = 0 reduces to the twisted chiral ring relation
(4.131) of the pure theory. Of course this is not a mere coincidence; on the contrary
it supports the idea that the Donagi-Witten equation actually encodes also the
twisted chiral ring relation of the simple codimension-4 surface operators of the

N = 2* theories. Secondly, working order by order in the hypermultiplet mass m,

13The E, term in Py is one of the modifications which in [72] were found to be necessary and is
crucial also here.
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one can verify that the N roots of the Donagi-Witten equation are given by

h/ h/l
m [ —
P b Z
J#i J#EkF#L
"

m [ Byl — 1 % .
_?(Z a’ * Z az‘jaikaiﬁ)—i_O(m)'

ji g jEkACE

(4.149)

Remarkably, this precisely matches, up to an overall sign, the answer (4.143) for the
simple codimension-2 surface operator we have obtained using localization. Once
again, we have exhibited the equivalence of twisted chiral rings calculated for the
two kinds of surface operators. Furthermore, we can rewrite the Donagi-Witten

equation in a factorized form as follows
N
II(+wW)-Fv,xv)=0 (4.150)
i=1

which is the N' = 2* equivalent of the pure theory relation (4.136).

4.7.3 Some remarks on the results

The result we obtained from the twisted superpotential in the case of simple op-
erators is totally consistent with the proposal given in the literature for simple
codimension-4 surface operators labeled by a single continuous parameter z, whose
superpotential has been identified with the line integral of the Seiberg-Witten dif-

ferential of the four-dimensional gauge theory along an open path [38]:

W(z) = / Asw (4.151)

*

where 2z is an arbitrary reference point. Indeed, in the Donagi-Witten variables, the
differential is simply Asw (2) = y(2) dz. Given that the Donagi-Witten curve is an

N-fold cover of the torus, the twisted superpotential with the classical contribution
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proportional to a; can be obtained by solving for y(z) and writing out the solution

on the ith branch.

As we have seen in the previous subsection, the general identification in (4.151)
works also in the pure N' = 2 theory, once the parameters in the Seiberg-Witten
differential are rescaled by a factor of AV [21]. This rescaling can be interpreted as

a renormalization of the continuous parameter that labels the surface operator [97].

The agreement we find gives further evidence of the duality between defects realized
as codimension-2 and codimension-4 operators that we have already discussed in
Section 4.5.1, where we showed the equality of the twisted effective superpotential
computed in the two approaches for simple defects in the SU(2) theory. We have
extended these checks to defects of type {p, N — p} in pure N' = 2 theories, and to
simple defects in N = 2* theories with higher rank gauge groups. All these support

the proposal of [79] based on a “separation of variables” relation.
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Chapter 5

Conclusions

In the first half of this thesis, we considered SU(2)" super-conformal linear quiver
gauge theories, with special emphasis on the n = 1,2 cases. In this study, we
followed three different approaches based on (i) the analysis of the Seiberg-Witten

curves, (ii) equivariant localization, and (iii) the AGT correspondence.

Starting from the Seiberg-Witten curves obtained from the M-theory lift of a system
of NS5-D4 branes, we derived the instanton expansion of the prepotential. Here we
used a generalized residue prescription, along the lines suggested in [12,13], together
with global symmetry considerations. We also showed that the cross-ratios of the
branch points of the Seiberg-Witten curve, which depend on the UV parameters of
the theory, can be expressed in terms of ©-constants with period matrix 7;;, which
encodes the IR gauge couplings. This confirmed the nice geometric interpretation

of the Nekrasov counting parameters.

We then considered the AGT correspondence, and showed that the classical Seiberg-
Witten curve encoded in this approach matches the one obtained via the M-theory
analysis. Within this framework, we also investigated the 2-deformed quiver theory,

in the Nekrasov-Shatashvili limit. The deformed periods a; can be written as inte-
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grals of a deformed Seiberg-Witten differential. From this expression we extracted
the expansion of the prepotential to second order in the deformation parameter, and

matched this with the microscopic results a la Nekrasov.

To compare the results obtained from the two approaches, the key point is to express
all parameters in terms of gauge theory data, which are the masses and the bare
coupling constants associated with each gauge group. In the M-theory approach, the
parameters are geometric, and are related to the positions of the constituent branes
that engineer the quiver gauge theory. In the Liouville theory, the parameters are
the central charge of the CFT, and the Liouville momenta of the primary operators
involved in the AGT correspondence. After working out the detailed map between
the various parameters, we identified the quantum mechanical system that governs
the infrared dynamics of the SU(2)™ quiver gauge theory in the Nekrasov-Shatashvili
limit, for the cases n = 1,2. This allowed us to calculate the prepotential of the

gauge theory.

In the second half of this thesis, we studied surface operators on the Coulomb branch
of the four dimensional A/ = 2* theory with gauge group SU(N) focusing on the su-
perpotential WW. This superpotential, which describes the effective two-dimensional
dynamics on the defect world-sheet, receives non-perturbative contributions, which
we calculated using equivariant localization. Exploiting the constraints arising from
the non-perturbative SL(2,Z) symmetry, we showed that in a semi-classical regime
in which the mass of the adjoint hypermultiplet is much smaller than the classical
Coulomb branch parameters, (derivatives of the) twisted superpotential satisfy a
modular anomaly equation. The coefficients functions in the mass expansion are
linear combinations of elliptic and quasi-modular forms of a given weight. The
twisted superpotential can be written in a very general and compact form in terms

of suitable restricted sums over the root lattice of the gauge algebra.

The match of our localization results with the ones obtained in [21] by studying
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the coupling with two-dimensional sigma models is a non-trivial check of our meth-
ods. It also provides evidence for the proposed duality between codimension-2 and
codimension-4 surface operators in [79]. Further evidence is given by the match of
the twisted superpotentials in the N = 2* theory, which we proved for the simple

surface operators using the Donagi-Witten curve of the model.
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Appendix A

Nekrasov prepotential for quiver

gauge theories

We consider N = 2 quiver theories with a gauge group of the form [, SU(N;), and a
matter content specified by the numbers {n;} of hypermultiplets in the fundamental
representation of SU(;), and by the numbers {¢;;} of bi-fundamental hypermul-
tiplets which are fundamental under SU(XN;) and anti-fundamental under SU(N;).

The S-function coefficient for each SU(N;) factor is given by

Bi = —QNZ + Z Nj(cij + Cji) + TLj . (A].)

J
We restrict our attention to conformal theories such that the g-function vanishes for
every node. The basic quantity of interest is the multi-instanton partition function

which, using localization [3,98], reduces to

ki a dxr, uiver
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Here we adopt the same conventions used in [99] (see in particular Appendix A).

For instance, in the (k1, ko) instanton sector of a 2-node quiver theory we have

quiver __ _gauge _gauge _fund _fund _bi—fund
k1,k2 = 2k kg “ki Pk k1,k2 : (AS)

where, in a rather obvious notation, the various factors represent the contributions of
the different multiplets. As shown in [3,98] (see also [100,101]), the configurations of
X1, which contribute to the integrals in (A.2) can be put in one-to-one correspondence
with a set Young tableaux Y = {Y;} containing a total number k = ), k; of boxes,

and the instanton partition function can be rewritten as
Yi
Zinst = 1 + Z H ql |Z{Yi} . (A4)
Here, the 1 represents the contribution at zero instanton number, |Y;| is the total

number of boxes of the i-th Young tableau.

There is an algorithmic way to calculate the Zy;’s, using the formalism of group
characters, which now we briefly describe. For a given node i, we introduce the

characters associated to the gauge, flavour and instanton symmetries, namely:

N; n;
W=y e W=y e lmitdera) oy 2§ gilumiere) )

where the m’s are the masses of the fundamental hypermultiplets while ¢; and €5
are the parameters of the Q-background [3,98]. In addition to these, we also have

the characters associated to the Lorentz group, which are given by
T1 = e“l 5 TQ = eiQ . (A6)

For a quiver model specified by the data {n;,c;;}, the character for a given tableau
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Y is expressed in terms of the fundamental characters (A.5) as follows:
Ty = Z tij Lij — TF (A7)
i,J

with

. 1
i\ mi;—5(e1+e2
tij = 51']' — (i€ ( ) )) ,

Ty =-V;V;(1=T)(1 = Ta) + WiV + VLW T''T, (A-8)

Tp =) ViWp,

where m;; is the mass of the bi-fundamental hypermultiplets. Notice that the com-
bination m;;, €; and €, that appears in ¢;; is such that a flip in the orientation
of an arrow, which exchanges c;; and cj;, can be reabsorbed in the redefinition
my; <+ —myj; to leave Zy invariant. In what follows, we will often use the notation

m=m+ 3(e + ).

We now focus on the SU(2) x SU(2) quiver. The field content of this model is
specified by ¢19 = 1, ¢o; = 0, n; = 2 and ny = 2. The vacuum expectation values for
the two SU(2) factors are a; and ay. Using the notation T, = €'“, the fundamental

characters (A.5) are given by

Vi=T, Y T7'T5' + T, > T\,

(r,s)€Yay (r,s)€EY=q,
Vo=To, Y TT' T + Ty, Y, TT' T3,

(r,$) €Yy (r8)EY ay (A.9)
Wy =1, +T1,, , W1 =T 5, +T_5, ,
Wo=Tuy4+ T, Wea=T s;+T s,

For the quiver at hand, from (A.7) and (A.8) we find

Ty =T — T, Iy Ty ' Tio + Tos — Vi (T, + Tiy) — Vo (T + Try) - (AL10)

136



Ty can be explicitly calculated for a given arrangement of Young tableaux Y = {Y;}
and, from the exponents of its various terms, one can read off the corresponding

instanton partition function Zy;. For instance, in the one-instanton sector we find

(2ay + 2ay + 2mys + €)(2a1 — 2as + 2mys + €)

2
A = 2a; + 2
([T ele.®) DY — ]Hl( ay +2my +e)

Zio,le,0) = [Z@,-l-,-)] )

al——ai

(2as 4+ 2a1 — 2mqs + €)(2a9 — 2a; — 2mys + €)

4
H(Qag +2my +€)

Z —
(o.0(1.0) 32 €162 az(—2as — €) =3
Z(.7.|.7 D) — |:Z(.,.H:\ 7.):| ar—s—as )
(A.11)
where we have defined
€ = € + €g . <A12)

The 1-instanton partition function is then given by Z; = ¢1 Z1 0 + ¢2 Zo 1, with
210 = 2 efe0) T Lo, Djee) + 200 = Zia ol 1i0) T Lia,efe ) - (A-13)

In the same way one can calculate the higher instanton contributions, and obtain

the instanton partition function,

Zinst =1+ Z Zk1,k’2 Qicl q§2 <A14)
k1,k2

and the non-perturbative prepotential

Enst = —€1€2 log Zinst = Z Fkl,k’z C]fl QSQ . (A15)
k1,k2

Below we tabulate the first few prepotential coefficients Fy, », computed along the

lines described above. We write the results in the Nekrasov-Shatashvili limit where
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we set € = 0 and each F}, i, has a further expansion of the form
Fkl,kg = Z Flg?,)kz 6711 . <A16)
n=0

At order €2 we have

a?—a: 1 mims(m?2, — a3
Fl(%) = 1 2 4 —(mlmz + 2(my + mag)mys + mf2) +— 2( 122 2) ,
’ 2 2 22
(A.17a)
13a? — 14a%a2 + a} 1
FY9 =20 1272 4 (2 + 16mams +m3 + 32(my + ma)mas + 18m3,)
’ 64a7 64
mim3 + 2(mf + 8myms + m%)m%2 + miy + 2a3 (mf — 8mymg + m3 — m%2)
64a?
3|2m3mm3, + (m} + m3)miy + 2a3(m3m3 — (m? + m)mdy) + al(m3 + m3)|
a 64a}
64a® ’ ‘
a?+a2 1
FLOl) = % + Z(mlmQ + magmy + 2(m1 + mg)(mg + m4) — mfg)
myma (msmy — mi, + a3) N mzmy(mime —mi, + a?) B MyMaMamam3,
4a? 4a’ 4ata’
(A.17c)
At order €] we simply have
w_1 A
Fig = §(m1 +mg + 2mys) (A.18a)
my _ 1
Fyp = Z(ml + mgy + 2my2) | (A.18b)
Fl(}l) =my +mg+ms+my . (A.18c¢)
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Finally, at order € we find

3 myma(mi, —a3)
@ _2 12 2 A.19
1,0 8 + 8(14]% ? ( a')
7@ _ 23 B 2a3 + m? + m2 + 2m?,
207128 256a3
aj + 2a3((m1 — ma)® —miy) +mims + 2miy(my +ms)® +mi,
64af
15| ad(m? + md) + 203 (mim3 — miy(m3 + m3)) + 2mimdmd, + (m3 + m3)mi,
a 25648
2mitm(a} — mya3 + miy) .
12843 ’ '
P2 _ 7 mumgmamy(ai +aja3 +az) | muma(a3 —mi,) | mgma(ai —mi,)
L6 16atal 16a* 1643
mymamamam3,(a? + a3) (A.19¢)
16afja3 ' '

The other prepotential terms F} , can be obtained from F}; by the operations

ap <> as , (m1,ma) <> (M3, my) , Mg <> —Mig . (A.20)

An important check of these results is that Fj o with a; = 0 matches exactly the
k-instanton prepotential of the conformal SU(2) gauge theory with Ny = 4 if we
choose to label the Coulomb parameter of the gauge group by a; and take the four
masses to be given by

(m1,m2,m12,m12) (A.21)

(see for example [29], taking into account that mP®® = /2mt"®). These calculations

i

can be extended to higher instanton numbers without any problem.

We conclude by recalling the structure of the perturbative part of the prepotential

for the quiver theory. The basic ingredient is the double-Gamma function

d | A [>dt tlet@
(o) = oglaene) = 4 |55 [ e | A2
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where A is an arbitrary mass scale. For large values of z, the function ., ., has a

series expansion of the form

2 2 2 2

x x 1 x 1 x
761762(]:) = Z (3 - 10g F) bO — X (1 — Elog F) bl — ZlOngQ
x2—n <A23)
+ b,
nZZ3 n(n—1)(n — 2)
where the coefficients b,,’s are defined by
1 b
— — =) (A.24)
(I—eat)(l —e ') £ nl
For the SU(2) x SU(2) quiver the perturbative part of the prepotential is
fren =0 [7”‘2(2“” e (201) + Y 3 (202) + ey —20)
o Z (761762((11 + mf) + ’761762(_a1 + mf))
f=1,2
- Z (7&1,62 ((12 + fﬁf) + 751762(—CL2 + ﬁ/\lf>> (A25)
f=34

— ")/61,62 (a1 + a9 — T/fllg -+ 6) — ’}/61762(—0,1 + a9 — 7/7\112 + 6)

— Yeren (@1 — Qg — M2 +€) — Ve o (—a1 — ag — M2 + €)

where we recall that 7 stands for m + e, with € defined in (A.12) . The first line in
the above formula represents the contribution of the two adjoint vector multiplets,
the second and third lines represent the contributions of the fundamental hypermul-
tiplets of the two gauge groups, while the last two lines are the contribution of the

bi-fundamental matter.

This perturbative potential can be expanded for small €; and ey using (A.23). Up
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to order four in the masses and up to order two in the €’s we get

Fpert = - <CL% + a% + 112 (6 + 6162)) IOg 16
1 L 2¢ 1 a
9 ml -+ m2) —+ 12( € — 6162) 0g = A2
L L (2e2 log 2
9 m3 -+ m4) —+ 12( € — 6162) 0g — A2
2
1 1 1 +
+ (5 a; + (12 + §m§2 — ﬂ(62 — 26162)) 10g %
1 1 1 — ay)?
" (5 @ = az) + 5miy = (€ - 2“2)) log%
2( m3) — (€2 — 2e162) (m} + m3) B 2(m3 +mj) — (€ — 2e162) (m3 + m3)
24a3 24a3
miy (€2 — 26160) —2miy,  miy (€2 — 2€e162) — 2mi,
24(@1 + (12)2 24(04 - CL2)2
(m‘l1 + mg) (62 — 26162) N (m% + mﬁ) (62 — 26162)
48at 48a3

miy (€2 — 2e162)  miy (2 — 26169)

A2
Bl ta)? 48w —ap)? (4.26)

It is easy to check that in the limit €;,e — 0 we recover the expected expression of
the 1-loop prepotential for the linear quiver we have considered. Notice that only in
the massless undeformed theory the dependence on the arbitrary scale A drops out,

in agreement with conformal invariance.

141



Appendix B

Polynomials appearing in the

Seiberg-Witten curves

The fourth-order polynomial P, appearing in the numerator of the Seiberg-Witten
curve (2.71) for the SU(2) Ny = 4 theory is

4
Pat) =) Ct (B.1)
£=0
where

7
Co = Z(ml - m2)2 )
2
q
Cy = —qu + gmims — = [(mq + mya)(m3 + my) + mi +m3]

2
q ¢ - 2
OQ =u-+ qu + 5[(7711 + mg)(mg + m4) — 2m1m2 — 2m3m4] + Z(me) s
=1
Cy = —u+msmy — g[(ml + ma)(ms + my) + mj +mj]
1 2
04 == Z(m?, — m4) . (B2>
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The sixth-order polynomial Pys appearing in the numerator of the Seiberg-Witten
curve (2.80) for the SU(2) x SU(2) quiver theory is

6

Ps(t) = > _ Cpt* (B.3)

=0

where,

t2] t22 2
C(/) = — (ml — mg) 3

Ci = —tl t% (u1 — mlmg) + <m%2 — Zm% — 2m§ + 2m12(m1 + meo + m12)>

4
813 ( -
e <m12 + 2(my + ma + myo) me - 4m1m2) )
f=1
, ity 2 2
02 = T (4(U1 + UQ) — 7m12 — 2771,12(77111 + mg) — 4m1m2> + t2 Ul
ty 13
+ N <2U1 + (m1 4+ ma + maz)(mg + ma + miz) + mag(mg + my) — 2m1m2>
2 242 2
41 2 | 1115
—FZ (m1+m2—m12) +T <m12+m1+m2+m3+m4>
tity 2 -
— T <3m12 + 2m12(m1 + mo + mlg) — 4(m1 + mg) Z mf + 4m1m2>
f=1
t
Cé = _Zl (4u2 + m%Q — 2m12(m1 + m2)> — tQ (U1 + Ug — mf2)
t1t
— % <2U1 + 211,2 — 6m32 — mlg(ml + mo — M3 — m4) + 2(m1 + mg)(mg —+ m4)

t2
— 2mymg — 2m3m4> - El(ml +mg — mm) (m1 + mg +m3 +my — m12)

" tQt 4 4
— ZZ <4u1 + mfg + 2m12(m3 + m4)> + 172(77”&12 — me> (m12 — me>

f=1 f=1
i t2
- _122 (maz 4+ mg + my) (maz + my 4+ ma +ms +my)
t ts ) \ )
4 (5m12 = 2mag(my +ma) — 4(ma + mo)(mg +ma) — dm — dmgmy — 4m4> :
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t
= u2+§1 <2uQ + mfg — mya(2my + 2mgy + mg + myg)+(my + ma)(ms + my) — 2m3m4>

t
+ Z2<4U1 + 4U2 - 7m%2 + 2m12(m3 + m4) - 4m3m4)

t 2
+ 1 1 <m12—2m122mf+2z mfmf/+sz> m12+m3+m4)
f<f
i1t
- % (5m12 2mia(ms + my) — 4(my + ma)(ms + myg) — 4m3 — dmamy — 4mi> :

4
t
Cl = —us + mamy — Zl (m%2 +2(mg +my —mg) Y my — 4m3m4>

f=1
t
+ 42 <m12 2m3 QmZ —2(m3 +my — m12)m12> ,
1
C/ _( m4)2
4

where t; = ¢1¢2 and ty = gs.
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Appendix C

Some useful integrals

The calculation of the periods of the Seiberg-Witten differential A requires the eval-

uation of integrals of the following types

_l/ 1/Z_t—f<t) dt for |q| <1, (C.1)
T Jo t qg—t

/ Z_tf dt (C.2)

1—t

and

where f(t) is a function admitting a Taylor expansion ) f,t". Using the identities

1) _ > qﬁil (f(q) - >k qf) (C.3)

—t
q n=0 l=n+1

and

/OZ - Lo — (“1)vn <n14/—21> ot (C.4)

we can prove that
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On the other hand, from

LN T (C.6)
1-t 3=
and (C.4), we have
— n ]'/2 n+1
L=) > (-1 (n ) 1) fo" (C.7)
n=0 (=0

These results can be used to compute the periods of the Seiberg-Witten differential.
For example in the SU(2) Ny = 4 theory considered in Section 2.6, we can rewrite

the last term of (2.106) as

C €2 €y — €3 — €3 — C
:%/0 \/ tt(\/ t_\/l_tt>dt 1((11—12) (C.8)

q—1

where I; and I are as in (C.1) and (C.2) with z = eg and f(t) = \/e3 —t . Then,
from (C.5) and (C.7) we get

(VT e SR () )

n=0 (=0

_ i zn:(_l)(nm (n1f1) (1£2> 62’%}2) _ (C.9)

n=0 ¢=0

This is the result used to obtain (2.107) in the main text.

In the quiver theory described in Section 2.7 we had to compute the integral (see

G Cl—t dt
/ \ \/1—t Y1 o) @1t (C.10)

which is again of the type I} with z = (3, ¢ = ¢; and

f(t) = \/( wl 1) (C.11)

1 —1t)(1 — got)

(2.141)
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Using (C.5) we then find

’_ UQ(Z_ q1) o Ug(ql — Q1 < 1/2 > 1
’e \/(1 —q)(1 — 1) \/Q1(q1 — 1) (q1q2 — 1) ZZ Jrrenn G @
(C.12)

where the f,,’s are the Taylor expansion coefficients of the function (C.11). This is

the result used to obtain (2.145) in the main text.
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Appendix D

Conformal Ward identities

The chiral blocks that are relevant for the discussion in Sections 3 and 3.5 are

<T(Z):ﬁvai(zi)> - :‘lzo ((2 éa;i)Q = 2 8zz> <Ti_[ Vo (2 > ’
< 2) Do ( ﬁVa, (2 > = nZ:H ((z éa;i)Q + B _1 . aazz) <®271(z)7ﬁ2Vai(2i)> -

=0 =0
(D.1)

We can simplify the right hand sides by imposing the constraints that follow from

the global conformal invariance of the theory. For an (n + 3)-point correlator these

are:
n+2
K,@<Hvai(zi)> —0 for k=-10,1, (D.2)
1=0
where
n+2 R n+2 a N n+2 a
-1 = Z: 821 AO = Z(; <Z,L' azz + Az> y A1 = z_; (Zf 8zi + 221A1> (DB)

are the generators of the global conformal group. The relations (D.2) allow to express
the derivatives with respect to, say, zg, 2,41 and 2,9 in terms of the derivatives with

respect to the remaining n coordinates. If we fix 2z = 0, 2,1 = 1 and z,,2 = 00,
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we have

i = - Z ((Zz - 1) J + Aai) + AO10 + AOén+1 o AOén+2 ’

0 - o
= - i An ) = Any — Aq A, (D.4)
3zn+1 ; (Z azi + 1) 0 n+1 + nt2 )
0
=0.
aZn+2

Applying these relations to the first correlator in (D.1), we get

<T(Z)h Vaz<zl)> ) [Zﬂ: ((2 éa%)Q " Z(Zzi(zll)(_zl—) zi) 8821) " AZ;O " (zAian)z

=0 i=1
Yo A A+ A0 — A, n+2
_2in SEETTE + ] <illvai(zi)>

(D.5)
where, both in the left and in the right hand side, it is understood that zyg = 0,

Zny1 = 1 and 2,49 = 00.

Proceeding in a similar way, we can rewrite the second correlator in (D.1) as

<:T(z)<1>2,1(2)5 h Va(zz)> = [i <(2 éa;)Q + z(zzi(zll)(_zl_) ) aazz) 2z—1 0

Pl p C2(z—1)8z
Aoy Doen S Aa+ A+ A+ A0, — A, e
0 n+1 _ 1= 7 0 n+1 n+2 @ ” S )
+ 22 + (z —1)2 z2(z—1) < 2,1(z)gvl(z)>

(D.6)
To make contact with the discussion in Sections 3 and 3.5, we should notice that
the punctures z; have been denoted by ¢; and that these are related to the gauge
couplings according to ¢; = t;/t;11. Using this we can obtain from (D.5) and (D.6)

the formulee (3.24) and (3.37) of the main text.
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Appendix E

Useful formulas for modular forms

and elliptic functions

In this appendix we collect some formulas about quasi-modular forms and elliptic

functions that are useful to check the statements of the main text.

Eisenstein series

We begin with the Eisenstein series F»,, which admit a Fourier expansion in terms

2miT

of ¢ = e“™ of the form

2 oo
Ey =1+ =) ;@nl(k)qk : (E.1)
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where 0,(k) is the sum of the p-th powers of the divisors of k. More explicitly we

have
Ey=1-24) o1(k)g" =1 24g — 72¢° — 964> — 168¢* +---
k=1

E;=1+240)  o3(k)q" = 1+ 240 + 2160¢> + 6720 + 17520¢" + - - - ,
k=1

Eg=1-504) o5(k)q" =1 - 504q — 16632¢” — 122976¢° — 532728¢" + - - - .
k=1
(E.2)

Under a modular transformation 7 — g:is, with a,b,¢c,d € Z and ad — bc = 1, the

Eisenstein series transform as
6
Ey = (cr+d)? BEy+—c(cr+d), Ey— (ecr+d)*E;, Es — (ct+d)°Es . (E.3)
i

In particular, under S-duality we have

By(r) = By~ ) = (Bul(r) +6)

Eu(r) = B (—%) — 1B, (7) (E.4)

Es(T) — FEs (—%) = 7% Eg(7)

where § = 5.

T™T

Elliptic functions

The elliptic functions that are relevant for this thesis can all be obtained from the

Jacobi 6-function

Ou(2r) = 3 @2 (—a)nD) (E.5)
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where # = e*™*. From 0, we first define the function

1 0 0
hy(z|T) = 5155 log 6, (z|T) = To log 61 (z|7) , (E.6)
and the Weierstralt p-function
0? 2
p(z\T) = —ﬁlOg 91<Z|T) — EEQ(T) . (E?)

In most of our formulas the following rescaled gp-function appears:

5(zlr) = @Z’;) - x%(w% log 01 (/7)) - 1—12E2(T) , (E.8)

which we can write also as

elr) = Wi (elr) = =5 Falr) (5.9

Another relevant elliptic function is the derivative of the Weierstraf function, namely

' (2l7) = 5= 5-0(T) = x%ﬁ(ZIT) = hi(z|7) . (E.10)

The Weierstrals function and its derivative satisfy the equation of an elliptic curve,

given by
E E
' (2|T)? + 4§ (2|7)P — = Blz]T) — = =0 E.11
5 (el )? + 4T = T2 f(elr) — 55 =0 (B.11)
By differentiating this equation, we obtain
~// ~ 2 E4
p"(2lr) = =6 p(=|7)" + o (E.12)
which, using (E.9) and (E.10), we can rewrite as
E2 - E
B (=) = =6 (B (2I7))” + Ba b (2lr) = =5 = . (E.13)
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The function hq, p and g’ have well-known expansions near the point z = 0. How-
ever, a different expansion is needed for our purposes, namely the expansion for
small ¢ and x. To find such an expansion we observe that ¢ and x variables must
be rescaled differently, as is clear from the map (4.52) between the gauge theory
parameters and the microscopic counting parameters. In particular for M = 2 this

map reads (see also (4.59))

q=qq9 , T =(2, (E-14)

so that if the microscopic parameters are all scaled equally as ¢; —> Ag;, then the

gauge theory parameters scale as
q— Nq T = Ar . (E.15)

With this in mind, we now expand the elliptic functions for small A and set A = 1 in
the end, since this is the relevant expansion needed to compare with the instanton

calculations. Proceeding in this way, we find *

a(ala) = (Al )|

1 2 3 2
:[———l—/\(g—m)+)\2(q——x2>+)\3<q—+q——ql’—x3>
2 x x? 2 x

3
—/\4x4+/\5(q——q2x—x5)—)\G(q2x2+x6)+~~]
x A=1
1 2 3., .4, 5 6 1
:—§—<x+x +r+x +x +uw +--->+(;—x>q

1 1 1 1
t(gro—e—a?) @t (ot )i (E.16)
X x X xr

'Depending on the context, we denote the arguments of the elliptic functions by either (z|7) as
we did so far, or by their exponentials (z|q) when the expansions are being used.
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Flela) = GO|N)|

[N 2 var)

2
—-A3<3q 4—qx—+3x3>4—A4

- 4a%) + -hzl (E.17)

1
:—E—({L'—I—QZB + 32 4 42t + > (——2+x>q

2 1 3
_<_2_|___6_|_...>q2_i3_|_
xXr e xr

F(el) = §'al¥q)|

=M o) ¥ (ﬁ“* )

9 2
—l—/\3<$q3 +q——qm—9m>—16)\4m4+---}

A=1
1
—<x+4x2+9x3+16x4+--->+(——x>q
x
9¢°
e

4 1
+(7+—+~)f+ +e (E.18)
x x
As a consistency check, it is possible to verify that, using these expansions and
those of the Eisenstein series in (E.2), the elliptic curve equation (E.11) is identically

satisfied order by order in A.

As we have seen in Section 4.2, the modular group acts on (z|7) as follows:

aT~|—b>

() = <c7'~|— d ‘ cT +d (E.19)

with a, b, c,d € Z and ad — bc = 1. Under such transformations the Weierstraf func-

tion and its derivative have, respectively, weight 2 and 3, namely

z at +b
ozlr) = (| =) = (T + ol -
E.20
, , ar +b ,
o' (:Ir) = o' (| ) = e+ ) 0 el

Of course, similar relations hold for the rescaled functions g and ¢’. In particular,
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under S-duality we have

elr) = 3(-2| - 2) =7 aln)
R (E.21)
§(Ar) > &' (=2 | = 2) = =T F'(elr)
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Appendix F

(Generalized instanton number in the

presence of fluxes

In this Appendix we calculate the second Chern class of the gauge field in the

presence of a surface operator for a generic Lie algebra g.

Surface operator Ansatz

A surface operator creates a singularity in the gauge field A. As discussed in the
main text, we parametrize the space-time R* ~ C? by two complex variables (z; =
pel? . z = re?), and consider a two-dimensional defect D located at z, = 0 and

filling the z;-plane. In this set-up, we make the following Ansatz [43]:

A=A+g(r)dd, (F.1)
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where A is regular all over R%, and g(r) is a g-valued function which is regular when

r — oo. The corresponding field strength is then,
F:=dA—iANA=F +d(g(r)dd) —idd A [g(r), 4] . (F.2)
From this expression we obtain,

Tt FAF=TrFAF+2Tr <d(g(r)d0)/\ﬁ> —2iTr (d@/\[g(r), A]/\ﬁ)
— TeFAF +2Tr d(g(r)dd A F) + 2 Tr (g(r)d@/\(dﬁ—iA\/\ﬁ—iﬁ/\A\»

(F.3)
The last term vanishes due to the Bianchi identity, and we are left with,
Tt FAF =Tr FAF+2Trd(g(r)do A F) (F.4)

We now assume that the function g(r) has components only along the Cartan di-

rections of g, labeled by an index ¢, such that,
lim g;(r) = —7; and  lim g;(r) =0 (F.5)
This means that near the defect the gauge connection behaves as,
A=A, do" ~ —diag (71, , Vrank(e)) 40 (F.6)
for r — 0. Using this in (F.4), we have

TIFAF=Te FAF+2) d(gi(r)dd A F) (F.7)

Notice that in the last term we can replace 1?7\’Z with F; because the difference lies

entirely in the transverse directions of the surface operator, and thus does not con-
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tribute in the wedge product with df. Since the defect D effectively acts as a
boundary in R* located at r = 0, integrating (F.7) over R* we have,
1 1 [l Vi
— | TFANF=— | TrFAF — | F,=k My F.8
871'2 R4 ' 87T2 R4 ' +zl:27T/D +zz:'7m ( )
Here we have denoted by k the instanton number of the smooth connection A and

taken into account a factor of 27 originating from the integration over #. Finally,

we have defined
1

:%D

my;

These quantities, which we call fluxes, must satisfy a quantization condition that
can be understood as follows. All fields of the gauge theory are organized in rep-
resentations of g and, in particular, can be chosen to be eigenstates of the Cartan
generators H; with eigenvalues )\;. These eigenvalues define a vector X = {Ai}, which
is an element of the weight lattice Ay, of g. Let us now consider a gauge transfor-
mation in the Cartan subgroup with parameters & = {w;}. On a field with weight
X, this transformation simply acts by a phase factor exp (icU . X) From the point of
view of the two-dimensional theory on the defect, the Cartan gauge fields A; must

approach a pure-gauge configuration at infinity so that
A; ~ dw; for p— oo, (F.10)

with w; being a function of ¢, the polar angle in the z;-plane. In this situation, for

the corresponding gauge transformation to be single-valued, one finds

S(p+2m) - X = B(¢) - X+ 2mn (F.11)
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with integer n. In other words, & - X must be a map from the circle at infinity S7°

into S7 with integer winding number n. Given this, we have

2mm; = / F = j{ dw; = w;(¢ + 27) — wi(9) . (F.12)
D i
Then, using (F.11), we immediately deduce that
m-\NeZ, (F.13)

which amounts to saying that the flux vector m must belong to the dual of the
weight lattice of g:
m e (Aw)* . (F.14)

The SU(N) case

For U(N) the Cartan generators H; can be taken as the diagonal (/N x N) matrices
with just a single non-zero entry equal to 1 in the i-th place (¢ = 1,--- , N). The
restriction to SU(N) can be obtained by choosing a basis of (N — 1) traceless gen-
erators, for instance (H; — H;11)/+/2. In terms of the standard orthonormal basis
{&;} of RM, the (N — 1) simple roots of SU(N) are then {(&] — &), (€s — €3),- - }
and the root lattice Ag is the Z-span of these simple roots. Note that Ag lies in a
codimension-1 subspace orthogonal to ), €;, and that the integrality condition for
the weights is simply « - X € Z for any root &. This shows that the weight lattice
is the dual of the root lattice, or equivalently that the dual of the weight lattice is
the root lattice: (Aw)* = Ag. Therefore, the condition (F.14) implies that the flux

vector m must be of the form

ﬁlznl(a —é’g)+n2(€2—€3)+---+nN_1(€N_1 —é}v) with n; € Z . (F15)
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This simply corresponds to
B=> m& withm;€Z and > m;=0. (F.16)

The fact that the fluxes m; are integers (adding up to zero) has been used in the

main text.

Generic surface operator

The case in which all the 7;’s defined in (F.5) are distinct, corresponds to the surface
operator of type [1,1,...,1], also called full surface operator. If instead some of the
v;’s coincide, the surface operator has a more generic form. Let us consider for

example the case in which the SU(V) gauge field at the defect takes the form (see

(4.8)):

A:Aﬂd‘x# = _dlag(,}/h s V1 Y2y Y2y T YMy T YM > d&, (F17)
VvV 7\ TV - vV

ni n2 nym

for r — 0, which corresponds to splitting the gauge group according to
SU(N) — S[U(n1) x U(ng) x -+ x U(na)] - (F.18)

The calculation of the second Chern class (F.8) proceeds as before, but the result

can be written as follows

M

o TrF/\F_k:—i—ny]m[ (F.19)

with

ny
mr = ;m / Z / Tr Fyn,) - (F.20)
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Here we see that it is the magnetic flux associated with the U(1) factor in each
subgroup U(n;) that appears in the expression for the generalized instanton number

in the presence of magnetic fluxes.
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Appendix G

Ramified instanton moduli and their

properties

In this appendix we describe the instanton moduli in the various sectors. Our results

are summarized in Tab.G.1.

Let us first consider the neutral states of the strings stretching between two D-

instantons.

e (—1)/(—1) strings of type I-I: All moduli of this type transform in the adjoint
representation (d;,d;) of U(d;). A special role is played by the bosonic states created
in the Neveu-Schwarz (NS) sector of such strings by the complex oscillator ¥ in
the last complex space-time direction, which is neutral with respect to the orbifold.
We denote them by x;. They are characterized by a U(1)* weight {0,0,0,0} and a
charge (+1) with respect to the last U(1). The complex conjugate moduli 7, with
weight {0,0,0,0} and charge (—1), are paired in a @-doublet with the fermionic
moduli 7; coming from the ground state of the Ramond (R) sector with weight
{— i, -1 —%, —%} and charge (—%) All other moduli in this sector are arranged in

272
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()-doublets. One doublet is (A7, M;'), where A7 is from the ¢** oscillator in the
NS sector with weight {+1,0, 0,0} and charge 0, and M;" is from the R ground state
{—i— %, —%, —%, —%} with charge (—1—%) Another doublet is (A7*, M;*), where A7* is
from the ¥* oscillator in the NS sector with weight {0,0,0,+1} and charge 0, and
M;* is from the R ground state with weight {— 1 —1 —1 411 and charge (+1).
Also the complex conjugate doublets are present. Finally, there is a (real) doublet
(A1, Dr) where A; is from the R ground state with weight {+ %, —I—%, +%, +%} and
charge (—3), and Dy is an auxiliary field, and a complex doublet (A7*, D7) with A}
associated to the R ground state with weight {—l— %, —%, —%, —I—%} and charge (—1),

2

and D}' an auxiliary field.

e (—1)/(—1) strings of type I-(I + 1): In this sector the moduli transform in
the bi-fundamental representation (d;,d;;;) of U(d;) x U(d41). In order to cancel
the phase w™! due to the different representations on the Chan-Paton indices at the
two endpoints, the weights under spacetime rotations of the operators creating the
states in this sector must be such that I — I3 = 1. In this way they can survive the
Zyr-orbifold projection. Applying this requirement, we find a doublet (A7, M;?),
A7 is from the 1 oscillator in the NS sector with weight {0,+41,0,0} and charge 0,
and M7? is from the R ground state {— 1,+1, —1 —1} with charge (+3). Another
doublet is (A3, M*) where A7 is from the 1)* oscillator in the NS sector with weight
{0,0,—1,0} and charge 0, and M;? is from the R ground state {—i— %, —1—%, —%, —I—%}
with charge (+3) . Furthermore, we find two other complex Q-doublets, (A7, D}?)
and (A7, D7®) where A\7* and A} are associated to the R ground states with weights
{— %, —i—%, —%,4—%} and {—l— %, —l—%, —%, —%} and charges (—%), while D7? and D7 are

auxiliary fields. Also the complex conjugate doublets are present in the Z,,/-invariant

spectrum, and arise from strings with the opposite orientation.

'Notice that this last doublet is actually the complex conjugate of a Q-doublet of type (I+1)-1,
which is made of (A7®, M[?) with A7® corresponding to the weight {0, 0, 1,0} and M® correspond-
ing to the weight {f %, f%, +%, f%}
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e 3/(—1) strings of type /-I: These open strings have mixed Neumann-Dirichlet
boundary conditions along the (z1, 29)-directions and thus the corresponding states
are characterized by the action of a twist operator A [78]. We assign an orbifold
charge w™2 to this twist operator, so that the states which survive the Z,;-projection
are those with weights such that Iy — I3 = 1/2. The moduli in this sector belong to
the bi-fundamental representation (n; x d;) of the gauge and ADHM groups, and
form two complex doublets. One is (wy, p;) where the NS component w; has weight
{—i— %, —l—%, 0, 0} and charge 0, and the R component p; has weight {0, 0, —%, —%} and
charge (+31). The other doublet is (4}, h}) where i} is associated to the R ground
state with weight {0,0, —%,—i—%} and charge (—%), while A/ is an auxiliary field.
Also the complex conjugate doublets, associated to the (—1)/3 strings of type I-1,

are present in the spectrum.

e (—1)/3 strings of type I-(I + 1): These open strings have mixed Dirichlet-
Neumann boundary conditions along the (z1, z2)-directions and transform in the
bi-fundamental representation (d; x fi;;1) of the gauge and ADHM groups. As
compared to the previous case, the states in this sector are characterized by the
action of an anti-twist operator A which carries an orbifold parity wt3. Thus the

Zy-invariant configurations must have again weights with I, — I3 = % in order
to compensate for the w™! factor carried by the Chan-Paton indices. Taking this
into account, we find two complex doublets: (w;y,/i;) where the NS component
w; has weight {—|— %, —i—%,0,0} and charge 0, and the R component [i; has weight
{0,0,—1,—1} and charge (+1), and (i1}, 1) where ji, is associated to the R ground
state with weight {0, 0, —%, +%} and charge (—%), while ﬁ’l is an auxiliary field. Also
the complex conjugate doublets, associated to the 3/(—1) strings of type (I + 1)-1,

are present in the spectrum.

Notice that no states from the 3/(—1) strings of type I-({ + 1) or from the (—1)/3
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Doublet | (—)F=|Chan-Paton| U(1)*charge Q?%-cigenvalue A\, Character
(Xr1,71) + (ds,dp) {0,0,0,0} XI,oc — XI,7
(A7 M| + (ds,dp) {+1,0,0,0} XI,o = X1+ € ViViTy
(AP, M)+ (dr,dy) {0,0,0,+1} XI,0c — XI,r + €4 ViVt
(A1, Dr) - (dr,d;) | {+3.+5.+5.+3} XI,o — XI,r
(A5 DY) | - (dr,dr) | {+3.-3-3,+3} XI,oc — XI,r €1+ € ViV T,
(A7, M) + (d7,dr41) {0,+1,0,0} XI,c = XI+1,p T+ €2 Vi ViTa
(A2.DP) | — | (drdi) | {-3+45.-3.+3} XI,o = XI+1,p+ €2+ € Vi Vi1,
(A7, M) | + (d7,dr41) {0,0,-1,0} XI,oc — XI+1,p — €3 Vi Vi 121,
(AP, DP) | - | (drdig) | {+345-3.-3} XI,o — XI+1,p + €1+ é2 Vi ViTi T
(wr, jur) + (nr,dj) {+3.+1,0,0} ars — X1,0 + (€1 + é2) VW,
(1Y) - (nr,dy) {0,0,—1,+3} ars — X1,0 + 3(€1 + &) + €4 —ViWiTy
(r, fir) + | (dr,fr41) {+4.+3,0,0} XI,o — Q141 + 3(€1 + €2) Wi ViITh'T,
(i i) | = | (drdre) | {0,0,-2 43} | X1o —arsig + s(a + &) tes | Wi VITITRTY

Table G.1: The spectrum of moduli, organized in doublets of the BRST charge @ (or
its conjugate Q). For each of them, we display their statistics (—)*, the represen-
tation of the color and ADHM groups in which they transform, their charge vector
with respect to the U(1)? symmetry, the eigenvalue A\, of Q? and the corresponding
contribution to the character. The neutral moduli carrying a superscript z1, 2o, 23
or z4, and the colored moduli in this table are complex.

strings of type (I + 1)-I survive the orbifold projection. Indeed, in the first case
the phases w™2 and w! from the twist operator A and the Chan-Paton factors
cannot be compensated by the NS or R weights; while in the second case the phases
w*2 and wt! from the anti-twist operator A and the Chan-Paton factors cannot be

canceled. All the above results are summarized in Tab. G.1 which contains also

other relevant information about the moduli.

As an illustrative example, we now consider in detail the SU(2) theory.
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G.1 SU(2)

In this case we have M = 2, and thus necessarily ny = ny = 1. Therefore, in the
SU(2) theory we have only simple surface operators. Furthermore, since the index
s takes only one value, we can simplify the notation and suppress this index in the

following.

Each pair Y = (Y1,Y2) of Young tableaux contributes to the instanton partition
function with a weight qfl qu where d; and dy are given by (4.42), which in this case

take the simple form [43]

dy = Z (Y12j+1 X Y22j+1) ’ dy = Z (Y12j+2 4 Y22j+2) ' (G.1)

J J
with Y} representing the length of the kth column of the tableau Y;.

Let us begin by considering the case of pairs of Young tableaux with a single box.
There are two such pairs that can contribute. One is Y = ([, ®) corresponding to

d; =1 and dy = 0. Using these values in (4.38), we find

(€1 + €4) (a1 = X1,1+ %(61 + &) + 64) (X1,1 —az + %(61 + é) + 64)

z 1,0} = ~ ~ (G2>
o €1 €4 (al — X117+t %(61 + 62)) (Xl,l —az + %(61 + 62))
Due to the prescription (4.39), only the pole at
1 .
X1,1 = a1+ 5(61 +é) (G.3)
contributes to the contour integral over y; i, yielding
7 _(atea)(antatétea)  (atea)@dadte+edt ) (G.4)
(0e) €1 (a1a + €1 + é) €1 (4a + 2€; + €2) ’

where in the last step we used the notation a;s = a1 — as = 2a and reintroduced
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Y |weight poles Ty
— 1 ~
(D D) 419 X1 =ats (61 * 62) (e1t€4)?(datea+2es)(—datea+2es)
) 142
X2,1 = Q2 + % (61 + gg) e%(4a+52)(_4a+62)
— 1 ~
(D:‘ .> 014 X =at 2 (61 * 62) (e1+ea)(e2+ea)(datea—2eq)(4da+2e1+e2+2€4)
’ - X2,1 = X1,1 + €2 e1€2(4ate2)(4da+2€e1+e2)
— 1 ~
(o, (1) quq Xan = a2t 3 (e + &) (e14€4)(e2+€a)(—4ater—2eq)(—4a+2er +ex+2e4)
| - X1,1 = X2,1 T €2 e1€2(—4a+e2)(—4a+2e1+e2)
— 1 ~
<H .) q2 Xl,l = a1 + 5 (61 + 62) (61+64)(251+E4)(4a+261+62+254)(4a+461+62+264)
| 1 X12 = X1,1 T €1 2¢2(4at2e1 +€2) (4a+4e; +ea)
— 1 ~
<. H) q2 X2,1 — a2 + 5 (61 + 62) (51+E4)(261+€4)(—4a+261+62+254)(_4a+461+62+264)
, ’ X22 = X2,1 T €1 2¢2(—da+2e1 +€2)(—4atde; +e2)

Table G.2: We list the tableaux, the weight factors, the pole structure and the
contribution to the partition function in all five cases with two boxes for the SU(2)
theory.

€o = 2€y. A similar analysis can be done for the second pair of tableaux with one

box that contributes, namely Y = (e, [J) corresponding to d; = 0 and dy = 1. In

this case we find

. (61 + 64) (—4& + 261 + € + 264)
o) — €1 (—4a + 2€; + €) '

(G.5)

In the case of two boxes, we have five different pairs of tableaux that can contribute.
They are: Y = (0,0), Y = ([T,e), Y = (e,[11), Y = (H,o) and Y = ("H)'

The contributions of these five diagrams are listed below in Tab. G.2.

Multiplying all contributions with the appropriate weight factor and summing over

them, we obtain the instanton partition function for the SU(2) gauge theory in the
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presence of the surface operator:

(61 + 64) (4(1 + 261 + € + 264) (61 + 64) (—4@ + 261 + €+ 264)
+q2
€1 (4a + 2€; + €3) €1 (—4a + 2€; + €3)
(61 + €4) (261 + €4) (da + 2€1 + €9 + 2¢4) (4a + deg + €9 + 2¢y)
262 (4a + 2¢1 + €) (4a + 4e; + €)
(€1 + €4) (261 + €4) (—4a + 2¢; + €3 + 2¢4) (—4a + 4eg + €2 + 2¢4)
262 (—4da + 2¢; + €3) (—4a + 4ey + €3)
4 (61 + 64)(62 + 64)(4@ + €2 — 264)(4@ + 261 + €+ 264)
s 61€2<4CL + 62)(4& -+ 261 —+ 62)
i (61 + 64)(62 + 64)(—4& + €2 — 264)(—4(1 + 261 + € + 264)
6162(—4CL + 62)(-4& + 261 -+ 62)
(€1 + €4)?(4a + €3 + 2¢€4)(—4a + €3 + 264)>
+ 2
€1(4a + €)(—4a + €)

Zinst[L 1] =1 + q1

+ ¢}

+ ¢}

(G.6)

where the ellipses stand for the contributions originating from tableaux with higher
number of boxes, which can be easily generated with a computer program. We have
explicitly computed these terms up six boxes, but we do not write them here since
the raw expressions are very long and not particularly illuminating. To the extent
it is possible to make comparisons, we observe that the above result agrees with the
instanton partition function reported in eq. (B.6) of [43] under the following change
of notation

Q—Y, G@—oT, €@—-—m, 2a—2a+3F. (G.7)

Note then that the mass m appearing in [43]| is the equivariant mass of the hy-

permultiplet [102], which differs by e-corrections from the mass we have used (see

(4.55)).
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Appendix H

Prepotential coefficients for the

SU(N) gauge theory

The prepotential F of the N' = 2* SU(N) gauge theory has been determined in

terms of quasi-modular forms in [19,65]. Expanding F as in (4.78), the first few
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non-zero coefficients f, in the Nekrasov-Shatashvili limit turn out to be

1y, 4 Ay — Ay 2 , € N
fo= (=) Dtes (B )+ v (m = e,

uFv
1 €2\ 2
f4——ﬁ<m2—zl> E202>
1 2v2 [ [2 ?
fo _ﬁ(mZ_% {[g<m2_%>(5E§+E4)—66%E4:|C4

)
+ 1<m2 — %) (E3 — Ey) 02;1,1} ;

fs = ! (mz_e

1728

2 2 2 €1)? 3
)< 5o (m? = ) (17583 + S4B, B4+ 11E)

(I.1)

(H.2)

(H.3)

24 ¢ €2 24 ¢4
- (mz _ Zl> (TE2Eq + 3Eg) + - EG} Cs
1 €2 €
— s (m*=) {(mQ — 0 (555 — 82y — 285) — 6. (B B — E6)} Cia
1 e[ 1 €2
- = (m2 - —> — <m2 - —) <5E23 - 3E2E4 - 2E6) -3 62 (E2E4 - Eﬁ) 03-3
5 47112 4 ’
1 2 €\?/ 3
+ ﬂ <m — Z) (E2 — 3E2E4 + 2E6) 02;171,171 (H4)
Here E5, E, and Eg are the Eisenstein series and
= o1k 1
10gﬁ=—Z“1( )qkz——logqﬂogn (H.5)

k 24

k=1

with 7 being the Dedekind n-function. Finally, the root lattice sums are defined by

1
Cn;m1,m2,~~~7mk = E : E : =

GED F) £ Fyt - #FED(A)

where @ is the root system of SU(N) and

@) ={fecov|a f=1}.
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We refer to [19] for the details and the derivation of these results. Notice, however,
that we have slightly changed our notation, since fi™ = ffhe By expanding the
modular functions in powers of ¢ and selecting SU(2) as gauge group, it is easy to
show that the above formulas reproduce both the perturbative part and the
instanton contributions, reported respectively in (4.76a) and (4.62) of the main

text.

171



Bibliography

[

2]

[5]

6]

N. Seiberg and E. Witten, Monopole condensation, and confinement in N=2
supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994) 19-52,

arXiv:hep-th/9407087.

N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking
in N=2 supersymmetric QCD, Nucl. Phys. B431 (1994) 484-550,

arXiv:hep-th/9408099 [hep-th].

N. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv.

Theor. Math. Phys. 7 (2004) 831-864, arXiv:hep-th/0206161.

L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouuville correlation functions
from four-dimensional gauge theories, Lett. Math. Phys. 91 (2010) 167-197,

arXiv:0906.3219 [hep-th].

D. Gaiotto, N=2 dualities, JHEP 1208 (2012) 034, arXiv:0904.2715

[hep-th].

A. Klemm, W. Lerche, S. Yankielowicz, and S. Theisen, Simple singularities
and N=2 supersymmetric Yang-Mills theory, Phys. Lett. B344 (1995)

169-175, arXiv:hep-th/9411048 [hep-th].

P. C. Argyres and A. E. Faraggi, The vacuum structure and spectrum of N=2
supersymmetric SU(n) gauge theory, Phys. Rev. Lett. 74 (1995) 3931-3934,

arXiv:hep-th/9411057 [hep-th].

172


http://dx.doi.org/10.1016/0550-3213(94)90124-4
http://arxiv.org/abs/hep-th/9407087
http://dx.doi.org/10.1016/0550-3213(94)90214-3
http://arxiv.org/abs/hep-th/9408099
http://arxiv.org/abs/hep-th/0206161
http://dx.doi.org/10.1007/s11005-010-0369-5
http://arxiv.org/abs/0906.3219
http://dx.doi.org/10.1007/JHEP08(2012)034
http://arxiv.org/abs/0904.2715
http://arxiv.org/abs/0904.2715
http://dx.doi.org/10.1016/0370-2693(94)01516-F
http://dx.doi.org/10.1016/0370-2693(94)01516-F
http://arxiv.org/abs/hep-th/9411048
http://dx.doi.org/10.1103/PhysRevLett.74.3931
http://arxiv.org/abs/hep-th/9411057

[8] A. Klemm, W. Lerche, and S. Theisen, Nonperturbative effective actions of
N=2 supersymmetric gauge theories, Int. J. Mod. Phys. A11 (1996)

1929-1974, arXiv:hep-th/9505150 [hep-th].

[9] S. K. Ashok, M. Billo, E. Dell’Aquila, M. Frau, R. R. John, and A. Lerda,
Non-perturbative studies of N=2 conformal quiver gauge theories, Fortsch.

Phys. 63 (2015) 259-293, arXiv:1502.05581 [hep-th].

[10] E. Witten, Solutions of four-dimensional field theories via M theory,

Nucl. Phys. B500 (1997) 3-42, arXiv:hep-th/9703166 [hep-th].

[11] M. Matone, Instantons and recursion relations in N=2 SUSY gauge theory,

Phys. Lett. B357 (1995) 342-348, arXiv:hep-th/9506102.

[12] A. Marshakov, Tau-functions for Quiver Gauge Theories, JHEP 1307 (2013)

068, arXiv:1303.0753 [hep-th].

[13] P. Gavrylenko and A. Marshakov, Residue Formulas for Prepotentials,
Instanton Expansions and Conformal Blocks, JHEP 1405 (2014) 097,

arXiv:1312.6382 [hep-th].

[14] N. Nekrasov and S. Shatashvili, Quantization of Integrable Systems and Four

Dimensional Gauge Theories, arXiv:0908.4052 [hep-th].

[15] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov, Infinite Conformal
Symmetry in Two-Dimensional Quantum Field Theory, Nucl. Phys. B241
(1984) 333-380.

[16] S. Gukov and E. Witten, Rigid Surface Operators, Adv. Theor. Math. Phys.

14 no. 1, (2010) 87-178, arXiv:0804.1561 [hep-thl].

[17] E. Witten, Phases of N=2 theories in two-dimensions, Nucl. Phys. B403

(1993) 159222, arXiv:hep-th/9301042 [hep-th].

173


http://dx.doi.org/10.1142/S0217751X96001000
http://dx.doi.org/10.1142/S0217751X96001000
http://arxiv.org/abs/hep-th/9505150
http://dx.doi.org/10.1002/prop.201500012
http://dx.doi.org/10.1002/prop.201500012
http://arxiv.org/abs/1502.05581
http://dx.doi.org/10.1016/S0550-3213(97)00416-1
http://arxiv.org/abs/hep-th/9703166
http://dx.doi.org/10.1016/0370-2693(95)00920-G
http://arxiv.org/abs/hep-th/9506102
http://dx.doi.org/10.1007/JHEP07(2013)068
http://dx.doi.org/10.1007/JHEP07(2013)068
http://arxiv.org/abs/1303.0753
http://dx.doi.org/10.1007/JHEP05(2014)097
http://arxiv.org/abs/1312.6382
http://arxiv.org/abs/0908.4052
http://dx.doi.org/10.1016/0550-3213(84)90052-X
http://dx.doi.org/10.1016/0550-3213(84)90052-X
http://dx.doi.org/10.4310/ATMP.2010.v14.n1.a3
http://dx.doi.org/10.4310/ATMP.2010.v14.n1.a3
http://arxiv.org/abs/0804.1561
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://arxiv.org/abs/hep-th/9301042

18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

27]

A. Hanany and K. Hori, Branes and N=2 theories in two-dimensions, Nucl.

Phys. B513 (1998) 119-174, arXiv:hep-th/9707192 [hep-th].

M. Billo, M. Frau, F. Fucito, A. Lerda, and J. F. Morales, S-duality and the
prepotential in N = 2* theories (I): the ADE algebras, JHEP 11 (2015) 024,

arXiv:1507.07709 [hep-th].

S. K. Ashok, M. Billo, E. Dell’Aquila, M. Frau, R. R. John, and A. Lerda,
Modular and duality properties of surface operators in N=2%* gauge theories,

arXiv:1702.02833 [hep-th].

D. Gaiotto, S. Gukov, and N. Seiberg, Surface Defects and Resolvents, JHEP

09 (2013) 070, arXiv:1307.2578 [hep-th].

D. Gaiotto, Surface Operators in N = 2 4d Gauge Theories, JHEP 11 (2012)

090, arXiv:0911.1316 [hep-th].

L. Alvarez-Gaume and S. F. Hassan, Introduction to S duality in N=2
supersymmetric gauge theories: A Pedagogical review of the work of Seiberg
and Witten, Fortsch. Phys. 45 (1997) 159-236, arXiv:hep-th/9701069

[hep-th].

N. Seiberg, Supersymmetry and Nonperturbative beta Functions, Phys. Lett.
B206 (1988) 75-80.

D. Finnell and P. Pouliot, Instanton calculations versus exact results in
four-dimensional SUSY gauge theories, Nucl. Phys. B453 (1995) 225-239,

arXiv:hep-th/9503115 [hep-th].

L. Bao, E. Pomoni, M. Taki, and F. Yagi, M5-Branes, Toric Diagrams and

Gauge Theory Duality, JHEP 1204 (2012) 105, arXiv:1112.5228 [hep-th].

T. Eguchi and K. Maruyoshi, Penner Type Matriz Model and Seiberg- Witten
Theory, JHEP 1002 (2010) 022, arXiv:0911.4797 [hep-th].

174


http://dx.doi.org/10.1016/S0550-3213(97)00754-2
http://dx.doi.org/10.1016/S0550-3213(97)00754-2
http://arxiv.org/abs/hep-th/9707192
http://dx.doi.org/10.1007/JHEP11(2015)024
http://arxiv.org/abs/1507.07709
http://arxiv.org/abs/1702.02833
http://dx.doi.org/10.1007/JHEP09(2013)070
http://dx.doi.org/10.1007/JHEP09(2013)070
http://arxiv.org/abs/1307.2578
http://dx.doi.org/10.1007/JHEP11(2012)090
http://dx.doi.org/10.1007/JHEP11(2012)090
http://arxiv.org/abs/0911.1316
http://dx.doi.org/10.1002/prop.2190450302
http://arxiv.org/abs/hep-th/9701069
http://arxiv.org/abs/hep-th/9701069
http://dx.doi.org/10.1016/0370-2693(88)91265-8
http://dx.doi.org/10.1016/0370-2693(88)91265-8
http://dx.doi.org/10.1016/0550-3213(95)00318-M
http://arxiv.org/abs/hep-th/9503115
http://dx.doi.org/10.1007/JHEP04(2012)105
http://arxiv.org/abs/1112.5228
http://dx.doi.org/10.1007/JHEP02(2010)022
http://arxiv.org/abs/0911.4797

28]

29]

[30]

[31]

32]

33]

[34]

[35]

[36]

37]

T. Eguchi and K. Maruyoshi, Seiberg- Witten theory, matrix model and AGT

relation, JHEP 1007 (2010) 081, arXiv:1006.0828 [hep-th].

M. Billo, L. Gallot, A. Lerda, and 1. Pesando, F-theoretic vs microscopic
description of a conformal N=2 SYM theory, JHEP 11 (2010) 041,

arXiv:1008.5240 [hep-th].

T. W. Grimm, A. Klemm, M. Marino, and M. Weiss, Direct Integration of
the Topological String, JHEP 0708 (2007) 058, arXiv:hep-th/0702187

[HEP-TH].

M. Billo, M. Frau, L. Gallot, and A. Lerda, The exact 8d chiral ring from 4d

recursion relations, JHEP 1111 (2011) 077, arXiv:1107.3691 [hep-th].

J. Thomae, Beitrag zur Bestimmung von 6(0,0,...,0) durch die
Klassenmodulus algebraischer Functionen, Journ. reine angew. Math. 71

(1870) 201-222.

V. Z. Enolskii and P. Richter, Periods of hyperelliptic integrals expressed in
terms of 0-constants by means of Thomae formulae, Phil. Trans. R. Soc. A

366 (2008) 1005-1024.

L. Martucci, J. F. Morales, and D. R. Pacifici, Branes, U-folds and

hyperelliptic fibrations, JHEP 1301 (2013) 145, arXiv:1207.6120 [hep-th].

N. Dorey, V. V. Khoze, and M. P. Mattis, A Two instanton test of the exact
solution of N=2 supersymmetric QCD, Phys. Lett. B388 (1996) 324-330,

arXiv:hep-th/9607066 [hep-th].

V. Alba and A. Morozov, Check of AGT Relation for Conformal Blocks on

Sphere, Nucl. Phys. B840 (2010) 441-468, arXiv:0912.2535 [hep-th].

J. Teschner, Fxact results on N=2 supersymmetric gauge theories,

arXiv:1412.7145 [hep-th].

175


http://dx.doi.org/10.1007/JHEP07(2010)081
http://arxiv.org/abs/1006.0828
http://dx.doi.org/10.1007/JHEP11(2010)041
http://arxiv.org/abs/1008.5240
http://dx.doi.org/10.1088/1126-6708/2007/08/058
http://arxiv.org/abs/hep-th/0702187
http://arxiv.org/abs/hep-th/0702187
http://dx.doi.org/10.1007/JHEP11(2011)077
http://arxiv.org/abs/1107.3691
http://dx.doi.org/10.1007/JHEP01(2013)145
http://arxiv.org/abs/1207.6120
http://dx.doi.org/10.1016/S0370-2693(96)01085-4
http://arxiv.org/abs/hep-th/9607066
http://dx.doi.org/10.1016/j.nuclphysb.2010.05.016
http://arxiv.org/abs/0912.2535
http://arxiv.org/abs/1412.7145

38]

[39]

[40]

|41]

[42]

[43]

[44]

[45]

|46]

[47]

L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, Loop and
surface operators in N=2 gauge theory and Liouville modular geometry,

JHEP 1001 (2010) 113, arXiv:0909.0945 [hep-th].

A .-K. Kashani-Poor and J. Troost, The toroidal block and the genus

expansion, JHEP 1303 (2013) 133, arXiv:1212.0722 [hep-th].

A.-K. Kashani-Poor and J. Troost, Transformations of Spherical Blocks,

arXiv:1305.7408 [hep-th].
S. Gukov, Surface Operators, arXiv:1412.7127 [hep-th].

S. Gukov and E. Witten, Gauge Theory, Ramification, And The Geometric

Langlands Program, arXiv:hep-th/0612073 [hep-th].

L. F. Alday and Y. Tachikawa, Affine SL(2) conformal blocks from 4d gauge

theories, Lett. Math. Phys. 94 (2010) 87-114, arXiv:1005.4469 [hep-th].

C. Kozcaz, S. Pasquetti, F. Passerini, and N. Wyllard, Affine si(N)
conformal blocks from N=2 SU(N) gauge theories, JHEP 01 (2011) 045,

arXiv:1008.1412 [hep-th].

M. Taki, On AGT Conjecture for Pure Super Yang-Mills and W-algebra,

JHEP 05 (2011) 038, arXiv:0912.4789 [hep-th].

A. Marshakov, A. Mironov, and A. Morozov, On AGT Relations with
Surface Operator Insertion and Stationary Limit of Beta-Ensembles,

J.Geom.Phys. 61 (2011) 1203-1222, arXiv:1011.4491 [hep-th].

C. Kozcaz, S. Pasquetti, and N. Wyllard, A & B model approaches to surface
operators and Toda theories, JHEP 08 (2010) 042, arXiv:1004.2025

[hep-th].

176


http://dx.doi.org/10.1007/JHEP01(2010)113
http://arxiv.org/abs/0909.0945
http://dx.doi.org/10.1007/JHEP03(2013)133
http://arxiv.org/abs/1212.0722
http://arxiv.org/abs/1305.7408
http://arxiv.org/abs/1412.7127
http://arxiv.org/abs/hep-th/0612073
http://dx.doi.org/10.1007/s11005-010-0422-4
http://arxiv.org/abs/1005.4469
http://dx.doi.org/10.1007/JHEP01(2011)045
http://arxiv.org/abs/1008.1412
http://dx.doi.org/10.1007/JHEP05(2011)038
http://arxiv.org/abs/0912.4789
http://dx.doi.org/10.1016/j.geomphys.2011.01.012
http://arxiv.org/abs/1011.4491
http://dx.doi.org/10.1007/JHEP08(2010)042
http://arxiv.org/abs/1004.2025
http://arxiv.org/abs/1004.2025

[48] T. Dimofte, S. Gukov, and L. Hollands, Vortex Counting and Lagrangian
3-manifolds, Lett. Math. Phys. 98 (2011) 225-287, arXiv:1006.0977

[hep-th].

[49] K. Maruyoshi and M. Taki, Deformed Prepotential, Quantum Integrable
System and Liouville Field Theory, Nucl. Phys. B841 (2010) 388425,

arXiv:1006.4505 [hep-th].

[50] M. Taki, Surface Operator, Bubbling Calabi-Yau and AGT Relation, JHEP

07 (2011) 047, arXiv:1007.2524 [hep-th].

[51] M. Bullimore, H.-C. Kim, and P. Koroteev, Defects and Quantum
Seiberg- Witten Geometry, JHEP 05 (2015) 095, arXiv:1412.6081

[hep-th].

[52] B. Assel and S. Schifer-Nameki, Siz-dimensional origin of N =4 SYM with

duality defects, JHEP 12 (2016) 058, arXiv:1610.03663 [hep-th].

[53] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Deformed N=2
theories, generalized recursion relations and S-duality, JHEP 1304 (2013)

039, arXiv:1302.0686 [hep-th].

[54] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Modular anomaly
equation, heat kernel and S-duality in N = 2 theories, JHEP 1311 (2013)

123, arXiv:1307.6648 [hep-th].

[55] J. Minahan, D. Nemeschansky, and N. Warner, Instanton expansions for
mass deformed N=4 superYang-Mills theories, Nucl. Phys. B528 (1998)

109-132, arXiv:hep-th/9710146 [hep-th].

[56] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Holomorphic anomalies
in topological field theories, Nucl. Phys. B405 (1993) 279-304,

arXiv:hep-th/9302103 [hep-th].

177


http://dx.doi.org/10.1007/s11005-011-0531-8
http://arxiv.org/abs/1006.0977
http://arxiv.org/abs/1006.0977
http://dx.doi.org/10.1016/j.nuclphysb.2010.08.008
http://arxiv.org/abs/1006.4505
http://dx.doi.org/10.1007/JHEP07(2011)047
http://dx.doi.org/10.1007/JHEP07(2011)047
http://arxiv.org/abs/1007.2524
http://dx.doi.org/10.1007/JHEP05(2015)095
http://arxiv.org/abs/1412.6081
http://arxiv.org/abs/1412.6081
http://dx.doi.org/10.1007/JHEP12(2016)058
http://arxiv.org/abs/1610.03663
http://dx.doi.org/10.1007/JHEP04(2013)039
http://dx.doi.org/10.1007/JHEP04(2013)039
http://arxiv.org/abs/1302.0686
http://dx.doi.org/10.1007/JHEP11(2013)123
http://dx.doi.org/10.1007/JHEP11(2013)123
http://arxiv.org/abs/1307.6648
http://dx.doi.org/10.1016/S0550-3213(98)00314-9
http://dx.doi.org/10.1016/S0550-3213(98)00314-9
http://arxiv.org/abs/hep-th/9710146
http://dx.doi.org/10.1016/0550-3213(93)90548-4
http://arxiv.org/abs/hep-th/9302103

[57] E. Witten, Quantum background independence in string theory,

arXiv:hep-th/9306122 [hep-th].

[58] M. Aganagic, V. Bouchard, and A. Klemm, Topological Strings and (Almost)
Modular Forms, Commun.Math.Phys. 277 (2008) 771-819,

arXiv:hep-th/0607100 [hep-th].

[59] M. Gunaydin, A. Neitzke, and B. Pioline, Topological wave functions and

heat equations, JHEP 0612 (2006) 070, arXiv:hep-th/0607200 [hep-th].

[60] M.-x. Huang and A. Klemm, Holomorphic Anomaly in Gauge Theories and
Matriz Models, JHEP 0709 (2007) 054, arXiv:hep-th/0605195 [hep-th].

[61] M.-x. Huang and A. Klemm, Holomorphicity and Modularity in
Seiberg- Witten Theories with Matter, JHEP 1007 (2010) 083,

arXiv:0902.1325 [hep-th].

[62] M.-x. Huang and A. Klemm, Direct integration for general 2 backgrounds,

arXiv:1009.1126 [hep-th].

[63] D. Galakhov, A. Mironov, and A. Morozov, S-duality as a beta-deformed

Fourier transform, JHEP 1208 (2012) 067, arXiv:1205.4998 [hep-th].

[64] N. Nemkov, S-duality as Fourier transform for arbitrary e, €,

arXiv:1307.0773 [hep-th].

[65] M. Billo, M. Frau, F. Fucito, A. Lerda, J. Morales, et al., Modular anomaly
equations in N = 2* theories and their large-N limit, JHEP 1410 (2014)

131, arXiv:1406.7255 [hep-th].

[66] A.-K. Kashani-Poor and J. Troost, Quantum geometry from the toroidal

block, JHEP 1408 (2014) 117, arXiv:1404.7378 [hep-th].

178


http://arxiv.org/abs/hep-th/9306122
http://dx.doi.org/10.1007/s00220-007-0383-3
http://arxiv.org/abs/hep-th/0607100
http://dx.doi.org/10.1088/1126-6708/2006/12/070
http://arxiv.org/abs/hep-th/0607200
http://dx.doi.org/10.1088/1126-6708/2007/09/054
http://arxiv.org/abs/hep-th/0605195
http://dx.doi.org/10.1007/JHEP07(2010)083
http://arxiv.org/abs/0902.1325
http://arxiv.org/abs/1009.1126
http://dx.doi.org/10.1007/JHEP08(2012)067
http://arxiv.org/abs/1205.4998
http://arxiv.org/abs/1307.0773
http://dx.doi.org/10.1007/JHEP10(2014)131
http://dx.doi.org/10.1007/JHEP10(2014)131
http://arxiv.org/abs/1406.7255
http://dx.doi.org/10.1007/JHEP08(2014)117
http://arxiv.org/abs/1404.7378

[67] S. K. Ashok, M. Billo, E. Dell’Aquila, M. Frau, A. Lerda, and M. Raman,
Modular anomaly equations and S-duality in N' = 2 conformal SQCD, JHEP

10 (2015) 091, arXiv:1507.07476 [hep-th].

[68] S. K. Ashok, E. Dell’Aquila, A. Lerda, and M. Raman, S-duality, triangle
groups and modular anomalies in N' =2 SQCD, JHEP 04 (2016) 118,

arXiv:1601.01827 [hep-th].

[69] M. Beccaria, A. Fachechi, G. Macorini, and L. Martina, Ezact partition
functions for deformed N = 2 theories with Ny = 4 flavours, JHEP 12

(2016) 029, arXiv:1609.01189 [hep-thl].

[70] M. Billo, M. Frau, F. Fucito, A. Lerda, and J. F. Morales, S-duality and the
prepotential of N = 2* theories (II): the non-simply laced algebras, JHEP 11

(2015) 026, arXiv:1507.08027 [hep-th].

[71] M. Beccaria and G. Macorini, Ezact partition functions for the Il-deformed
N =2* SU(2) gauge theory, JHEP 07 (2016) 066, arXiv:1606.00179

[hep-th].

[72] S. K. Ashok, M. Billo, E. Dell’Aquila, M. Frau, A. Lerda, M. Moskovic, and
M. Raman, Chiral observables and S-duality in N = 2* U(N) gauge theories,

JHEP 11 (2016) 020, arXiv:1607.08327 [hep-th].

[73] H. Kanno and Y. Tachikawa, Instanton counting with a surface operator and

the chain-saw quiver, JHEP 06 (2011) 119, arXiv:1105.0357 [hep-th].

[74] V. Mehta and C. Seshadri, Moduli of vector bundles on curves with parabolic

structures, Mathematische Annalen 248 205.

[75] 1. Biswas, Parabolic bundles as orbifold bundles, Duke Math. J. no. 2,
06305-325.

179


http://dx.doi.org/10.1007/JHEP10(2015)091
http://dx.doi.org/10.1007/JHEP10(2015)091
http://arxiv.org/abs/1507.07476
http://dx.doi.org/10.1007/JHEP04(2016)118
http://arxiv.org/abs/1601.01827
http://dx.doi.org/10.1007/JHEP12(2016)029
http://dx.doi.org/10.1007/JHEP12(2016)029
http://arxiv.org/abs/1609.01189
http://dx.doi.org/10.1007/JHEP11(2015)026
http://dx.doi.org/10.1007/JHEP11(2015)026
http://arxiv.org/abs/1507.08027
http://dx.doi.org/10.1007/JHEP07(2016)066
http://arxiv.org/abs/1606.00179
http://arxiv.org/abs/1606.00179
http://dx.doi.org/10.1007/JHEP11(2016)020
http://arxiv.org/abs/1607.08327
http://dx.doi.org/10.1007/JHEP06(2011)119
http://arxiv.org/abs/1105.0357
http://dx.doi.org/10.1215/S0012-7094-97-08812-8
http://dx.doi.org/10.1215/S0012-7094-97-08812-8

[76]

7]

78]

[79]

[80]

[81]

82|

[83]

[84]

B. Feigin, M. Finkelberg, A. Negut, and L. Rybnikov, Yangians and
cohomology rings of laumon spaces, Selecta Mathematica 17 no. 3, (2011)

573-607. http://dx.doi.org/10.1007/500029-011-0059-x.
M. R. Douglas, Branes within branes, arXiv:9512077 [hep-th].

M. Billo, M. Frau, I. Pesando, F. Fucito, A. Lerda, and A. Liccardo,
Classical gauge instantons from open strings, JHEP 02 (2003) 045,

arXiv:hep-th/0211250.

E. Frenkel, S. Gukov, and J. Teschner, Surface Operators and Separation of

Variables, JHEP 01 (2016) 179, arXiv:1506.07508 [hep-th].

G. W. Moore, N. Nekrasov, and S. Shatashvili, D-particle bound states and
generalized instantons, Commun. Math. Phys. 209 (2000) 77-95,

arXiv:hep-th/9803265.

G. Bonelli, A. Sciarappa, A. Tanzini, and P. Vasko, Vortex partition
functions, wall crossing and equivariant Gromouv- Witten invariants,
Commun. Math. Phys. 333 no. 2, (2015) 717-760, arXiv:1307.5997

[hep-th].

S. Nawata, Givental J-functions, Quantum integrable systems, AGT relation
with surface operator, Adv. Theor. Math. Phys. 19 (2015) 12771338,

arXiv:1408.4132 [hep-th].

N. Doroud, J. Gomis, B. Le Floch, and S. Lee, Ezact Results in D=2
Supersymmetric Gauge Theories, JHEP 05 (2013) 093, arXiv:1206.2606

[hep-th].

F. Benini and S. Cremonesi, Partition Functions of N' = (2,2) Gauge
Theories on S* and Vortices, Commun. Math. Phys. 334 no. 3, (2015)

1483-1527, arXiv:1206.2356 [hep-th].

180


http://dx.doi.org/10.1007/s00029-011-0059-x
http://dx.doi.org/10.1007/s00029-011-0059-x
http://dx.doi.org/10.1007/s00029-011-0059-x
http://arxiv.org/abs/9512077
http://arxiv.org/abs/hep-th/0211250
http://dx.doi.org/10.1007/JHEP01(2016)179
http://arxiv.org/abs/1506.07508
http://dx.doi.org/10.1007/s002200050016
http://arxiv.org/abs/hep-th/9803265
http://dx.doi.org/10.1007/s00220-014-2193-8
http://arxiv.org/abs/1307.5997
http://arxiv.org/abs/1307.5997
http://dx.doi.org/10.4310/ATMP.2015.v19.n6.a4
http://arxiv.org/abs/1408.4132
http://dx.doi.org/10.1007/JHEP05(2013)093
http://arxiv.org/abs/1206.2606
http://arxiv.org/abs/1206.2606
http://dx.doi.org/10.1007/s00220-014-2112-z
http://dx.doi.org/10.1007/s00220-014-2112-z
http://arxiv.org/abs/1206.2356

[85]

[86]

87]

33

[89]

[90]

[91]

92|

193]

M. Billo, M. Frau, F. Fucito, and A. Lerda, Instanton calculus in R-R
background and the topological string, JHEP 11 (2006) 012,

arXiv:hep-th/0606013.

N. Wyllard, Instanton partition functions in N=2 SU(N) gauge theories with
a general surface operator, and their W-algebra duals, JHEP 02 (2011) 114,

arXiv:1012.1355 [hep-th].

H. Awata, H. Fuji, H. Kanno, M. Manabe, and Y. Yamada, Localization with
a Surface Operator, Irreqular Conformal Blocks and Open Topological String,
Adv. Theor. Math. Phys. 16 no. 3, (2012) 725-804, arXiv:1008.0574

[hep-th].

N. Wyllard, W-algebras and surface operators in N=2 gauge theories, J.

Phys. A44 (2011) 155401, arXiv:1011.0289 [hep-th].

E. D’Hoker, I. M. Krichever, and D. H. Phong, The effective prepotential of
N = 2 supersymmetric SU(N(c)) gauge theories, Nucl. Phys. B489 (1997)

179210, arXiv:hep-th/9609041.

S. G. Naculich, H. J. Schnitzer, and N. Wyllard, The N = 2 U(N) gauge
theory prepotential and periods from a perturbative matriz model calculation,

Nucl. Phys. B651 (2003) 106-124, arXiv:hep-th/0211123 [hep-th].

N. Nekrasov and V. Pestun, Seiberg- Witten geometry of four dimensional

N=2 quiver gauge theories, arXiv:1211.2240 [hep-th].

F. Fucito, J. Morales, D. R. Pacifici, and R. Poghossian, Gauge theories on
Q-backgrounds from non commutative Seiberg- Witten curves, JHEP 1105

(2011) 098, arXiv:1103.4495 [hep-th].

F. Fucito, J. F. Morales, and D. R. Pacifici, Deformed Seiberg-Witten Curves
for ADE Quivers, JHEP 1301 (2013) 091, arXiv:1210.3580 [hep-th].

181


http://arxiv.org/abs/hep-th/0606013
http://dx.doi.org/10.1007/JHEP02(2011)114
http://arxiv.org/abs/1012.1355
http://dx.doi.org/10.4310/ATMP.2012.v16.n3.a1
http://arxiv.org/abs/1008.0574
http://arxiv.org/abs/1008.0574
http://dx.doi.org/10.1088/1751-8113/44/15/155401
http://dx.doi.org/10.1088/1751-8113/44/15/155401
http://arxiv.org/abs/1011.0289
http://dx.doi.org/10.1016/S0550-3213(97)00035-7
http://dx.doi.org/10.1016/S0550-3213(97)00035-7
http://arxiv.org/abs/hep-th/9609041
http://dx.doi.org/10.1016/S0550-3213(02)01120-3
http://arxiv.org/abs/hep-th/0211123
http://arxiv.org/abs/1211.2240
http://dx.doi.org/10.1007/JHEP05(2011)098
http://dx.doi.org/10.1007/JHEP05(2011)098
http://arxiv.org/abs/1103.4495
http://dx.doi.org/10.1007/JHEP01(2013)091
http://arxiv.org/abs/1210.3580

[94]

[95]

196]

197]

98]

199]

[100]

[101]

[102]

M. Beccaria, A. Fachechi, and G. Macorini, Chiral trace relations in

Q-deformed N = 2 theories, arXiv:1702.01254 [hep-th].

R. Donagi and E. Witten, Supersymmetric Yang-Muills theory and integrable
systems, Nucl. Phys. B460 (1996) 299-334, arXiv:hep-th/9510101

[hep-th].

E. D’Hoker and D. H. Phong, Calogero-Moser systems in SU(N)
Seiberg- Witten theory, Nucl. Phys. B513 (1998) 405-444,

arXiv:hep-th/9709053 [hep-th].

D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-Crossing in Coupled 2d-4d

Systems, JHEP 12 (2012) 082, arXiv:1103.2598 [hep-th].

N. Nekrasov and A. Okounkov, Seiberg- Witten theory and random partitions,

arXiv:hep-th/0306238.

M. Billo, M. Frau, F. Fucito, L. Giacone, A. Lerda, J. F. Morales, and
D. Ricci-Pacifici, Non-perturbative gauge/gravity correspondence in N=2

theories, JHEP 1208 (2012) 166, arXiv:1206.3914 [hep-th].

U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, Multi-instanton calculus

and equivariant cohomology, JHEP 05 (2003) 054, arXiv:hep-th/0211108.

F. Fucito, J. F. Morales, and R. Poghossian, Instantons on quivers and

orientifolds, JHEP 0410 (2004) 037, arXiv:hep-th/0408090 [hep-th].

T. Okuda and V. Pestun, On the instantons and the hypermultiplet mass of
N=2% super Yang-Mills on S*, JHEP 1203 (2012) 017, arXiv:1004.1222

[hep-th].

182


http://arxiv.org/abs/1702.01254
http://dx.doi.org/10.1016/0550-3213(95)00609-5
http://arxiv.org/abs/hep-th/9510101
http://arxiv.org/abs/hep-th/9510101
http://dx.doi.org/10.1016/S0550-3213(97)00763-3
http://arxiv.org/abs/hep-th/9709053
http://dx.doi.org/10.1007/JHEP12(2012)082
http://arxiv.org/abs/1103.2598
http://arxiv.org/abs/hep-th/0306238
http://dx.doi.org/10.1007/JHEP08(2012)166
http://arxiv.org/abs/1206.3914
http://arxiv.org/abs/hep-th/0211108
http://dx.doi.org/10.1088/1126-6708/2004/10/037
http://arxiv.org/abs/hep-th/0408090
http://dx.doi.org/10.1007/JHEP03(2012)017
http://arxiv.org/abs/1004.1222
http://arxiv.org/abs/1004.1222

	List of Figures
	List of Tables
	Synopsis
	Seiberg-Witten theory
	Localization
	2d/4d correspondence
	Surface Operators
	Conclusion

	Essential Supersymmetry
	Supersymmetry Algebra
	Representing the Algebra on Fields
	
	

	Supersymmetric Actions
	One-loop contribution to the Prepotential

	Seiberg-Witten Theory
	Moduli space of vacua
	Metric on the Moduli Space

	An Electric-Magnetic Duality
	Monodromies on the Moduli Space
	Solution
	Seiberg-Witten curves from M-theory
	Brane solution
	The 5-dimensional curve
	The 4-dimensional curve
	From the 4-dimensional curve to the prepotential

	
	
	The IR prepotential from the UV curve
	The period matrix and the roots


	The Omega background and the 2d/4d correspondence
	Nekrasov and the Omega background
	The 2d/4d Correspondence
	The AGT map
	The UV curve
	The quiver prepotential from null-vector decoupling
	The prepotential from deformed period integrals


	Surface Operators in Gauge Theories
	Introduction
	
	Partition functions for ramified instantons
	Summing over fixed points and characters
	Map between parameters
	Extracting the prepotential and the twisted superpotential

	Modular anomaly equation for the twisted superpotential
	S-duality constraints

	
	Relation to CFT results

	
	Simple surface operators
	
	Surface operators of general type

	Duality between surface operators
	
	
	Some remarks on the results


	Conclusions
	Nekrasov prepotential for quiver gauge theories
	Polynomials appearing in the Seiberg-Witten curves
	Some useful integrals
	Conformal Ward identities
	Useful formulas for modular forms and elliptic functions
	Generalized instanton number in the presence of fluxes
	Ramified instanton moduli and their properties
	SU(2)

	

