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Abstract. The resonances associated with a fractional damped oscillator which is driven by
an oscillatory external force are studied. It is shown that such resonances can be manipulated
by tuning up either the coefficient of the fractional damping or the order of the corresponding
fractional derivatives.

1. Introduction

The simplest oscillating system (a harmonic oscillator) can be modeled by a mass at the end
of a spring which slides back and forth without friction. The motion is characterized by the
natural frequency of oscillation wy and the total stored energy E (which is a constant of motion
and defines the amplitude of oscillation) [1]. Actual oscillating systems present some loss of
energy due to friction forces so that the amplitude of their oscillations is a decreasing function
of time. However, the oscillations can be driven to avoid their damping down by the action
of a repetitive force F(t) on the system. Such a system is called driven damped oscillator [2].
An special excitation of the system arises when the frequency of the applied force matches the
natural frequency of the oscillator since the spectral energy distribution takes its maximum
value. The phenomenon, known as resonance, is a subject of study in classical mechanics,
electromagnetism, optics, acoustics and quantum mechanics, among other physical theories [3].

The present work is addressed to the study of the driven damped oscillator in the context
of fractional calculus [4-6]. That is, the second-order differential equation associated with the
Newtonian law of motion for a damped oscillator that is driven by an external force will be
substituted by a fractional differential equation of order 2a, with 0 < o < 1. Special emphasis
will be placed on the resonance phenomenon.

2. Fractional Oscillator with fractional damping

Given an oscillator of natural frequency wy, the general expression for the displacement of the
mass can be expressed as the integral equation [8,9]

z(t) = zo + It (o) + wils [T (2(2))], (1)

where zg and xy are constants of integration, and

L(z(t)) == / w(t)dt (2)
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represents the Riemman time-integration of xz(¢). The fractional generalization of (1) is
performed in two steps. First we replace I; with the Riemman-Liouville fractional time-integral
operator I [4-6], and wp with w§. The latter for consistency of units. Then we have

2(t) = zo + I* (o) + wg I [I* (z(t))], 0<a <1, (3)

Now, a fractional differential form of (3) can be obtained by applying twice the time-fractional

derivative operator of Caputo
DD%x(t) + wx(t) =0 (4)

(for details about the operator D® see, e.g., [5]). Let us introduce a ‘fractional damping’ which
is proportional to the fractional time-derivative of the position D%*z(t). That is

DDx(t) + 28° D% () + w®z(t) = 0. (5)

One can show that the solution of this last equation is of the form

__ Tt E Ot _ B _QL
#0) = (Bt (04) = Pt (-2
— W
(6)
23 (a)
+ M [Ea,l—a (7Q—ta) - Eoz,l—a (7Q+ta)] )
62a_wgo¢
where - i
z
Ea = 7 AN ; 5 P
5(2) ,;OF(CV’CW) Re(a) >0, Re(f) >0, zeC (7)

is the Mittag-Leffler function [7], and

Oy = % + /B2 — W

3. Driven fractional oscillator with fractional damping

Let us add a driving force at the right hand side of Eq. (5), we have
D*D%x(t) + fD%x(t) + w?®x(t) = focos (wt + ¢), (8)

where fj is a real constant. Applying the Laplace transform L and solving for X(s) = L[x(¢)]
we arrive at the expression

X(s) = fo

5C0S ¢ — wsin ¢ ] xos2e ! 4 (330 + Qﬂax(()a)> g1 o

(82 _|_w2) (820‘+2ﬂ0‘8°‘—|—w8a) 820‘—1-25“80‘4-&)%0‘

Making fo = 0 we see that the second term in (9) corresponds to transient oscillations because
there is no force present which can ensure their predominance; the corresponding inverse Laplace
transform has been evaluated in the previous section. In turn, for the inverse Laplace transform
of the firs term one has

g+iT o
z(t) = E, lim / et 5 scos;ﬁ wsin ¢ 3 ds. (10)
2mi T—oo Jo_ip (52 + w?) (82 + 2625 + wi?)
The integrand contains a branch point at s = 0 and simple poles at s = +iw, and s =

(Qpem) e Following [10] we find that x(t) is given as the sum of three contributions: z;(t),
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xo(t) and x3(t). The first one results from the calculation of (10) along the Hankel-Bromwich
path shown in Fig. 1 of Ref. [10], we obtain

xl(t)

_fo [ e [r?* sin(2ra) 4 28%r sin(na)]
S /0 (r?+w?)]

dr. 11
T rda 4 452020 4 o 4 JBapde cos(am) + 4B wd® + 2r2*wd® cos(2ar)] . (1)

The latter expression vanishes as ¢ — co. On the other hand, the sum of residues associated
with the poles s = (Qieﬂ“) 1o gives

z2(t) =

2et+ cos(m/a) 1,21 cos ¢ cos (t7+ sin(m/a) — (o — 2)) + % cos ¢ cos (ty4 sin(r/a) — )
W =) wh 7L+ 20272 cos (27/a)

9etv— cos(m/a) [oﬂ'y cos ¢ cos (ty- sin(m/a) — Z (o — 2)) + 2 cos ¢ cos (ty— sin(r/a) — 7r):|

YT (g =) wi 4% + 2022 cos (27/ )

2!+ c0s(7/@) w3 sin ¢ cos (ty4 sin(m/a) — Z(a — 1)) 4+ w7 sin ¢ cos (ty4 sin(m/v) — Z(a+ 1))
1 %) w4+ 4 + 2w?y2 cos (27 /)

9t~ cos(m/a) |:M°’ sin ¢ cos (ty— sin(r/a) — Z (o — 1)) +w’y2 sin ¢ cos (ty—sin(m/v) — Z(a+ 1))

12
’Yf_l(’Yi — %) wt 4+ 4% + 2w242 cos (27/a) » (12)

where v = Qi/ “. The term z3(t) is parameterized by the order of the Caputo operator D%,

the coefficient 8 of the fractional damping, and the natural frequency wg; the appropriate
combination of these three parameters produces zo — 0 as t — oo. Further details will be
reported elsewhere. On the other hand, the term associated with the poles s = +iw is of the
form

x3(t) = Acos(wt + 9), (13)

where the amplitude and phase are respectively given by

f \/w4a + wi® + 2w2ew2* cos (T — 2¢)) + 4w B [w“ﬁa + (w2 4 w2%) cos (% — 2¢)}
= 0 s

A w4 W3 4 2w22w2% cos (Tar) + 4w B [waﬁa + (w2 4+ W2%) cos (7")] ’ (14)
and
w?@sin (ra — @) + w2 sin + 28%% sin (T&
0 = arctan | — 5 ( 9) g (9) b ( 3a) . (15)
w2 cos (ma — @) + wi cos (@) + 23%w cos ()

As in the conventional case, the amplitude A of the oscillations dictated by x3(t) is proportional
to the amplitude fy of the driving force. At zero frequency w (i.e., for a constant driving force),
the quotient A = A/ fy becomes w, 2@ which, in turn, reproduces the (low frequencies) Newtonian
result for o = 1. At very high frequencies we find A ~ w™2%, so that the external driving force
is dominant. On the other hand, at w = wy with 8 and ¢ fixed, we find that A is as larger as «
approaches the value « = 1 and becomes smaller for o € (0,1/2). That is, given the fractional
damping parameter 3, the fractional system behaves as an underdamped oscillator for o« — 1,
and as an overdamped one if o approximates 1/2 from above.

The behavior of A is depicted in Fig. 1 as a function of the frequency w with ¢, wy and
B fixed, and for different values of a. For o = 1 (i.e., for the Newtonian case) we find that
A reaches its maximum value when the driving force oscillates at the natural frequency wy,
as expected. Such a large response of the system to the driving force is the fingerprint of a
resonance. Notice however that the maximum decreases and shifts to the left as « decreases.
That is, for « < 1 the resonance occurs at a frequency w which is lower than wy. The latter
means that the resonances can be controlled by fixing the fractional-damping parameter § and
tuning up the order of the fractional derivative D®. The same holds if one fixes the value of «
and adjust the fractional-damping parameter f3.
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Figure 1. (Color online) The quotient A = A/fy of the amplitude of oscillation A defined in (14) and the
amplitude fo of the driving force introduced in (8) with ¢ = 0, wg = 1, 8 = 0.1wo, for a = 0.99 (dotted-black),
a = 0.95 (solid-red), and a = 0.90 (dashed-blue).

4. Conclusions

Using fractional calculus one finds that the classical harmonic oscillator is affected by an ‘intrinsic
damping’ [8,9], such a damping is also present in the quantum-fractional case [11]. The response
of the classical fractional oscillator to the presence of a driving force has been already studied
in e.g. [10]. In this paper we have presented some preliminary results of our study on a driven
fractional oscillator which is affected by a fractional damping of the form % D%x(t), with D the
Caputo time-derivative operator and 0 < o < 1. In particular, we have shown that the resonance
phenomenon can be controlled by tuning up either the coefficient 8 of the fractional-damping
or the order « of the Caputo operator. Further results will be reported elsewhere.

5. Acknowledgments
FOR acknowledges the funding received through a CONACyT scholarship.

References
[1] French A P, Vibrations and waves, W W Norton, New York, 1971
[2] Taylor J R, Classical Mechanics University Science Books 2005
[3] Rosas-Ortiz O, Ferndndez Garcia N, Cruz y Cruz S, AIP Conf. Proc. 1077 (2008) 31
[4] Miller K S and Ross B, An introduction to the fractional calculus and fractional differential equations, John
Wiley, New York, 1993
[5] Podlubny I, Fractional Differential Equations, Academic Press, New York, 1999
[6] Hilfer R, Applications of Fractional Calculus in Physics, World Scientific, New York, 2000
[7] Erdélyi A, Higher Transcendental Functions, Vol. III, McGraw-Hill, New York, 1955
[8] Narahari A B N, Hanneken J W, Enck T and Clarke T, Physica A 297 (2001) 361
[9] Olivar-Romero F, A first approach to the fractional quantum mechanics, M.Sc. Thesis (in Spanish), Physics
Department, Cinvestav, México City, 2014
[10] Narahari A B N, Hanneken J W and Clarke T, Physica A 309 (2002) 275
[11] Olivar-Romero F and Rosas-Ortiz O, J. Phys. Conf. Ser. 698 (2016) 012025



