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In the article we investigate the sets of orthogonal projections which satisfy the linear relation

n
> a;P; =1, a; > 0, up to unitary equivalence. A problem of unitary classification of four
=1

f)rojections that satisfy the linear relation a3y Py + s Py + asPs + ayPy = I, a; > 0 is
considered in [1-4]. We present a new method for solving this problem that is based on
functors of Coxeter, which are analogous to those introduced in [5].

n
Let B,.a = C{p1,p2,-..,pn |p? = pi = p!, > aip; = e) be a x-algebra, where the vector
i=1

n
a=(a,a2,...,an), a; > 0,3 =1,...,n; A= > «;. We study its representations, up to
i=1
unitary equivalence, in the category of Hilbert spaces. Define 3, as a set of @ such that the
category of representations Rep %n,& is not empty.
1. Let us consider some properties of 3, 4.

Lemma 1. If & € ¥, then A > 1.

n n

Proof. Let 7 be a representation of the algebra B, 5: > a;m(p;) = I then ) o;(1 — m(p;)) =
i=1 i=1

(A —1)I. Since the operator at the left hand-side is positive then A > 1. [

Lemma 2. If A =1 then d € ¥, and the algebra B,, 5 has (up to unitary equivalence) only one
irreducible representation m : w(p;) = 1.

n
Proof. If A=1 then > o;(I —7(p;)) =0and foralli =1,...,n: n(p;) = I. |
i=1
Definition 1. The algebra 3,, 5 and the vector @ are called reduced if there exists such a number
ip that for all representations 7 of the algebra we have 7(p;,) = 0 or there exists a number jj
that for all representations 7 of the algebra we have m(p;,) = 1.

Remark 1. In the case of mapping of a reduced algebra to its enveloping C*-algebra the
elements p;, and pj, — e belong to the *-radical, and the corresponding C*-algebra will be
generated by less than n linear connected projections.

Lemma 3. Ifd € ¥, : 3oy, > 1 then for all representations m of the algebra B, &: 7(pi,) =0,
e.g. the algebra *B,, 5 is reduced.

Proof. Take an arbitrary representation 7 of the algebra B, 7 then » a;7(pi) = I — a7 (piy)-
iio

The operator at the left-hand side is positive. But the operator at the right-hand side is positive

when 7(p;,) = 0 only. [
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Lemma 4. If @ € ¥, and the algebra *B,, 5 is not reduced then A < n.

Proof. If A > n, then there exists a number ip : o, > 1 and according to the Lemma 3 the
algebra ‘B, 5 will be reduced. |

Let X! =%, N(0,1)" e.g. XL consists of such points @ € ¥, that 0 < a; < 1.

Our aim is to describe the set 1 (1 < A < n) and the set of representations of corresponding
algebras. There are reduced and nonreduced ones among such class of algebras.

We define functors S and 7' (analogy with [5]), which act on the set of categories Rep B, 5-
They are equivalences of categories (if Rep B, 4 is not empty, then S(Rep‘B,, 5) (or T'(Rep B a))
is not empty and they are equivalent).

Let us define the functor T' (functor of hyperbolzc reflection).

Let a € 3¥,, A> 1, 7 € RepP,, 4, then E a;m(p;) = I and E a;(I —m(p;)) = (A—1I or
i=1

> ag I —7(pi)) = I. Define T'(7)(p;) = I — m(p;). Thus, we obtain the functor
i=1

T:Rep g‘pny(al,am--,an) — Rep sBn,(% 2,20 )

which is defined when A > 1.

It is easy to check that this functor is equivalence of categories (the corresponding algebras
are isomorphic).

Let us define the functor S (functor of linear reflection).

Let @ € BL, Z a;m(p;) = I and 7 be a representation of the algebra B, 5 in the Hilbert

space Hy. Since 7T(p1) is a projection then m(p;) = I';T'}, where IT'; is the natural isometry of the
space H; = Imm(p;) to Hp.

Let H=H,® Hy & --- ® H,. Define the linear operator I' : H — Hjy that is given by the
matrix

P=(vailt yals - Japla).

n
Since I'T* = Z o I = Z im(pi) = Ip,, I'" is a partial isometry from Hp to H. Let
=1 =

Hy = (ImI™)* and A* is the natural isometry of Ho to H then U* = (I'*, A*) be a unitary
operator from HO ©HytoH. As H=H® Hy® --- P H,, the operators A and U have the
Peirce decomposition

:(\/1—041A1 \/1—062A2 \/1—CknAn),
U= N{TRN NCTITIEEE Vvon 'y
N \/1 —OzlAl \/1 —CYQAQ \/1 —OénAn .

Since U is a unitary operator and I';I; = Ip,, it is easy to obtain that AYA; = Iy, and
AAT = Q; are orthoprojections in the space Hy. From AA* =1 o (A is an isometry) it follows

that fj(l — o) AAT = Z(l —o)Qi =1,

i=1 i=1
Define S : m — 7, where 7(p;) = Q;. From the condition > (1 — a;)Q; = I we have

7 € ObRep Py, (1—a1,1-as,...,1—a,)- One can see (in analogy with [5]), that the functor

S Rep sT’gn,(oq7042,...,0471) - Repg’pn,(l—al,l—az,...,l—an)a

where 0 < o; < 1 (therefore, 0 < A < n), is an equivalence of categories.
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Let m be a representation of the algebra ‘3, 5 in a finite-dimensional space H. We shall call
the vector (d;dy,ds,...,dy), where d = dim H, d; = dimIm 7 (p;), the generalized dimension of
the representation .

The functors T and S induce actions on the set of vectors @, on sums of their coordinates A
and on generalized dimensions of representations of algebras ‘B, .

It it easy to check that

a1 a2 (o7
T(a17a27-..aan):(A_l’ﬁ,...,A_1>, T(A):H7

T(d;dr,ds, ... dn) = (d;d — di,d — da, ...,d — dy),
Slag,ag,...,an) =1 —a, 1 —ag,...,1—ay), S(A)=n— A,

S(d;dy,dy, ... dy) = (Zdi —d;dl,dg,...,dn> .
=1

Define the functors of Coxeter as ®+ = TS and &~ = ST. ®T is defined when A < n — 1,
@ € XL, ® is defined when A > 1, T(&) € (0,1)". Since T? = Id, S? = Id, then ®*®~ = Id
and &~ &+ = Id.

Let @t(F) = ¢+ +(k-1),

Lemma 5. lim &%) <1 + ﬁ) = n-vn-—on ”52_4” and intervals

k—o00
1 1 1 k—1 1 k 1
[1,1+m), [1+m7‘1’+ (1+m)), e [‘PH )(1+m) , &R (1+m)),
do not intersect and cover the interval |1, 22— V72LL4")

Proof. It is easy to show that ®*(1) = 1+ ﬁ and the sequence &+ (¥) (1 + ﬁ) is increasing.

Since it is bounded by 2, the limit a of the sequence exists and it is a fixed point of the map

®+(A) = 1 + —2—. From the equation 1 + —-— = q (taking into account that a < 2) we
obtain g = 2=y =4n [ |

2

Lemma 6. @ € ©},0 < A< %, if and only if T(@) € S}, and § < T(A) < n.

Proof. Obviously, the map S sets one-to-one correspondence between points of X! with the
sum A < n and points X} with the sum n — A. [

Lemma 7. Ifn—1< A <n then d ¢ ZL.

Proof. If n—1 < A < n then 0 < S(A) < 1, whence, by the Lemma 1, S(&) ¢ ¥,, and it means
that @ ¢ 1. [ |

Lemma 8. Ifd € X, A# 1 and B, 5 is not reduced then 7 <1 and A > =

n—1-°

Take any representation 7 of the algebra 3, 5. Denote 7 as the correspondent representation
of the algebra B, () then by the lemma 3 7 (p;,) = 0, so 7(p;,) = I and B, 5 is reduced.
If for all 7 : Aofl <1 then ﬁ <n and from here A > 5. |

Proof. If there exists a number iy that Xiol > 1, then the algebra P, r5) will be reduced.

2. Now we describe X1, when n = 3 and n = 4.

Lemma 9. Let a = (a1,a2,a3) € 3. Then for some subset J C {1,2,3} : > a; = 1 or
1€J

a1 + as + a3 = 2. To every pointed subset J, there corresponds a unique one-dimensional

irreducible representation w: w(p;) = 1,1 € J, and w(p;) =0, 1 ¢ J. If aq1 + ag + a3 = 2 then,

furthermore, the algebra has a unique, up to unitary equivalence, irreducible two-dimensional

representation.
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Proof. The proof reduces to an easy computation, when taking into account that an irreducible
pair of orthoprojections is a one-dimensionally or unitary equivalent to a pair

10 N
P, = P, = 1. |
! (0 1>’ 2 (\/T——TZ 1—T>’ O<7<

Lemma 10. If @ € B}, 0 < A < 2, is reduced then the following condition, which we will call
the R-condition, is satisfied: 3 J C {1,2,3,4} : Ejcqa; =1 or Ja, : 2 — A = .

Proof. There are two possible cases.
1) Let 7(ps,) = 0 then > ayw(p;) = I. Let & be obtained from & by omitting the coordi-

nate «;,. Obviously, @ € EZ?OSO > o; =1, for some subset J C {1,2,3,4}\ {io}, (if Z a; =2,
then A > 2). < .

2) If for all 7 : w(ps,) = I then Z a;m(p;) = (1 — vy, ). The operator at the left hand-side is
positive. From here a;, < 1. If aioliol, then the R-condition is satisfied, else Z 1_0‘;1_0 m(pi) = 1.
From the previous lemma we have either: a) Z;} 1‘_’&4 = 1, for some subset J Z?0{1, 2,3,4}\ {io},
hence g;]ai+a4 =1lorb) 12&4 + 1234 + 13‘34 =2 a1tastaz=2(1l—-ay)and2—A=ay. A

Note, that if @ satisfies R-condition then & is not necessary reduced.
Lemma 11. If @ € ¥4\ 3} then T(&) satisfies R-condition.

Proof. From the condition @ € ¥4 \ X}, we obtain a;, > 1 for some ig. Suppose a;, > 1,
7 € Rep Py (g then, by the Lemma 3, T'(7)(p;,) = 0. From here 7(p;,) = I, so @ is reduced.

Assume «;, = 1. From T(a) = (Aa o2, A &) = §1a¢ 524, ;30[7 54& , the
i iy iF iy

bN
L
BN
L
T

sum » =~ =1, so T'(@) satisfies R-condition. |
J#io i;() @i

From Lemmas 2, 3, 8, 10, it follows

Lemma 12. If1<A<1+ % then & satisfy R-condition.

L =
n—2In=4
Using the lemmas proved above, we obtain:

4

Theorem 1. Let @ = (a1, a2, a3,04), 0 < oy < 1, A=Y «y, X} be the set of such & that the
i=1

algebra P4 5 has a nonzero representation.

1) Dimensions of all irreducible representations of the algebra By 5 are finite.

2) If A =1 then @ € ¥} and the corresponding algebra Ba,a has a unique irreducible repre-
sentation w, which is a one-dimensional representation and w(p;) = 1.

3) If A =2 then @ € X2} and all irreducible representations has dimension one or two (their
description see in [4]).

4) The functor S is equivalence of categories of representations of “symmetry” algebras
B, (@ra2,a3,01) W4 Py (1—a1,1-az,1-as,1-as)s & € Y4, with the center of symmetry A = 2.

5) Every point @ € 1,1 < A < 2, or satisfies R-condition or ®~(a) belongs to ¥}.

6)d e X, 1<A<2ifand only if ®=*)(@) satisfy R-condition for some k.The number
k is bounded by N : ®~N)(A) e [1,%). The functor ®=*) is equivalence of categories of
representations of algebra B, 5 and reduced algebra ‘Bn7¢_(k)(&).

The theorem allows us to reduce the solution of the problem about belonging of a point & to
¥ to verifying R-condition for some another point.
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