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Abstract

We make a new attempt at the recently suggested program to express knot polynomials through topologi-
cal vertices, which can be considered as a possible approach to the tangle calculus: we discuss the Macdon-
ald deformation of the relation between the convolution of two topological vertices and the HOMFLY-PT
invariant of the 4-component link Lg, g, which both depend on four arbitrary representations. The key point
is that both of these are related to the Hopf polynomials in composite representations, which are in turn
expressed through composite Schur functions. The latter are further expressed through the skew Schur
polynomials via the remarkable Koike formula. It is this decomposition that breaks under the Macdon-
ald deformation and gets restored only in the (large N) limit of A*! — 0. Another problem is that the
Hopf polynomials in the composite representations in the refined case are “chiral bilinears” of Macdonald
polynomials, while convolutions of topological vertices involve “non-chiral combinations” with one of the
Macdonald polynomials entering with permuted ¢ and q. There are also other mismatches between the Hopf
polynomials in the composite representation and the topological 4-point function in the refined case, which
we discuss.
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1. Introduction

Recently in [1] we started a new program to construct link polynomials (LP)! [2] from topo-
logical vertices (TV) [3]. It is one of possible realizations of the tangle calculus [4], and it is
also important for a still missed reformulation of knot calculus in the standard language of ma-
trix models [5]. As the first example, we took in [1] the 4-component link Lg,g, because LP in
this case are essentially made of those for the Hopf link, when they are just convolutions of two
TV.” Though conceptually the relation between the LP and the TV is very plausible and long
expected, a practical comparison is somewhat difficult. One of the main reasons is that related to
the TV are the colored LP, moreover, the relevant ones are those in composite representations,
which essentially depend on the rank of the gauge algebra, i.e. on N for SL . In such situations,
the very definition of A-dependent LP (A = ¢" or tV) requires some care and involves a kind of
projective limit, which leads to what we call the uniform LP, see [9]. Therefore before going deep
into the study of TV — LP constructions, one should better understand how this uniformization
works. In the case of the HOMFLY-PT LP for the Hopf link, it was thoroughly investigated in
[10], and this was what made possible the Lg,g study in [1]. The natural next step is to lift the
construction from the HOMFLY-PT to hyperpolynomials, i.e. from the Schur polynomial based
expressions to those based on the Macdonald polynomials and thus depending on three rather
than two parameters: A, g and 7.

Unfortunately this runs into a set of problems, which we discuss in the present paper.

The first problem is the recently demonstrated [ 1 1] complexity of uniformization for the com-
posite Macdonald polynomials3 and a failure of the Koike formula [10,12,13], which describes
the composite Schur functions and plays the central role in the HOMFLY-PT case. We review
the Schur case and the problem with Macdonald lifting in sec. 3.3. Deviations from the Koike
formula are two-fold: there are many more terms in decomposition of the Macdonald composites
and the coefficients contain new A-dependent denominators. The first issue is not obligatory a
disaster, because even in the Schur case the convolution of TV provided a sum over composite
Hopf LP, so that the Lg,g LP for given representations was just a single (“dominant”) term in
this expansion, thus one could hope that this “projection” just gets somewhat more involved after
the g, t-deformation. However, the A-dependent denominators are far less pleasant: they have
few chances to be reproduced within the TV calculus. The story is actually quite a usual one for
superpolynomials, where answers at particular N (Khovanov-Rozansky polynomials [14]) are
related to the A-dependent quantities by a conceptually obscure DGR trick [15]. It looks like,
perhaps unexpectedly, the situation is going to be the same even for the hyperpolynomials, at
least in the composite (i.e. N-dependent) representations.

The second problem is a peculiar chirality of the Macdonald polynomials, which are not
symmetric under permuting the ¢ and ¢ parameters: ﬁq,t{p} = M; ¢{p} # My {p}. As we

1 HOMFLY-PT invariants and their q, t-deformations with the help of Macdonald functions (“hyperpolynomials™)
for links are not quite polynomials, which is also not the case for unreduced invariants of knots, this is because of
easily controlled factors in denominators expressed through dimensions, quantum or Macdonald, therefore calling them
“polynomials” is a rather light abuse of terminology, which is now broadly accepted.

2 In fact the well known LP for the Hopf link were actually used to deduce explicit expressions for the TV, though
nowadays there are more direct ways to do it directly from representation theory of the DIM algebra [6-8].

3 Studied in [11] were actually the much more general Kerov functions in composite representations, which helped to
demonstrate what a non-trivial property uniformization is. It is absent for the generic Kerov functions (the N-dependence
can not be efficiently encoded in terms of a controllable dependence on a parameter like A) and emerges as a miracle
only at the Macdonald locus.
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explain in sec. 6, the Hopf LP are chiral bilinears, M - M, while the convolutions of TV are
non-chiral M - M, and thus they are different. This is not an innocent problem: non-chirality
in convolutions is required by a counterpart of the charge conservation: the 2-point functions
(el ™) (iB9©)) £ () for f = —a. Thus building a chiral bilinear as an average in the network
models [16,17] is a quite a challenge requiring new ideas and insights.

Last, but not least, another recent development [18] was a demonstration that rectangularly
colored knot hyperpolynomials in the particular case of twist knots can be related to the shifted
rather than skew Macdonald polynomials. There is no true difference between those in the Schur
(HOMFLY-PT) case, but there is after the ¢, t-deformation. One can not exclude that this change
skew —> shifted is the right thing to do not only for the twisted knots and not only for
rectangular representations, and one should look for decompositions of composites and for the
refinement of TV in these terms. This, however, remains a subject for the future work.

Notations. Various quantities introduced and used throughout the text are:

h,,: the Macdonald hook length, (123)

fu: the framing factor due to Taki [19], (41)

[[i4]]: the norm of the Macdonald polynomial M,,, (122)
Dyy,5,): a factorized combination, (76)

Md,, : the Macdonald dimension, (42)

Xi=|pal+ el + (2] + A2

Plljap " the Hopf hyperpolynomial, (39) and (40)

° [PEKP f]o: the Hopf invariant leading behavior at A — 0

Time variables:

o p:(52)

*(Mv)t) (33)

° p*(ll A) *(M'A)(A_l,q_l,t_l)

Topological 4-point functions:

Z[“* i

b,
Z”[Ai ] (67)
o[ Jl:

We also use the following notation:

} (65) and (81)

:| 1 (66) and (84)

-1
. g | .. , 1
. i| Z |: o } pe i| and similarly for Z' and Z

{x}:= X —x"
X(q.1) = X(t.q)
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F(x) a symmetric function of variables x;
F{px}  asymmetric function as a function of the power sums py
RY the Young diagram conjugate to R
|R| size of the Young diagram

We choose the standard order of arguments (A, q,t). This means that, e.g., the notation
X (A, t,q) denotes the permuted arguments g and ¢. Various quantities related with the Mac-
donald polynomials can be found in the Appendix. Throughout the text, we omit the U (1)-factor
from the normalization of the Hopf hyperpolynomial. We also sometimes omit the subscript k of
time variables pi, when it should not lead to a misunderstanding.

Notice that we make a change of parameters (g, 1) — (g2, t*) in the Macdonald polynomials
as compared with [20].

2. The outline of the paper

2.1. Summary of [1]

In [1], we studied the interplay of three objects: M1
A. The four-point function, M

3

Ly puasda g = Z(—Az)‘s‘cémhcévﬂzkz A (D
3
w2
obtained by the convolution of two topological vertices,

Cepr=q"P7"® - Schur, (p@} - " Schurg/, {p™} - Schur; / {p™7) )

n
(for the notation, see (42) and (52) at t = q).
B. The HOMFLY-PT polynomial for the four-component link Lg,g, which depends on four
representations and coincides with the HOMFLY-PT polynomial of the 2-component Hopf
link:

Lgus _ Z A m Hopf
Hm,kl,uz,kz_ Nklkz Nuluz Hk,u 3)
LEA] ®y
HELI Ry

as follows from the picture, where Lg,g is on the left and Hopf = Torus> 2 is on the right
(N}, ., are the Littlewood-Richardson coefficients):

!

7 Q
.

H2
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C. The HOMFLY-PT polynomial for the Hopf link in composite representations (see (32) at
t=q):

Hopf _ (L1, 42)
H(Ml,ﬂz)x(kl,kz) = Qd (), uy) - Schurg sy {p LI

= Q3 1) - Schur(y, i) {p**142)) &)

which involves a peculiar Schur function in the composite representation (w1, w2) (see (29)
att =gq)

Schur,, ,uz){P*V} = Z(_)Inl : SChuer/n{P*V} : SChur#z/nV{B*V} (5)
n

Here Qd,,, ,.,) are the quantum dimensions of the composite representation (i1, 2) [10].
We call this formula the Koike formula, [12].

The central claim of [1] was that the four-point function coincides with the dominant con-
tribution to the sum in 7{1®s, which is exactly the Hopf polynomial colored with two

. . Hopf
composite representations, H ( mp 1) X (M1 h2)?

4-point function

Hopf polynomial
——
f_'/—
Lgps Lgns Zul,uz;ll,lz Hopf
g :=Pr[H = bz rbi2 gy (6)
HIXALX (2 XA AL p2,0 | Z5.0.0.0 (MA2) X (e, p2)

Lg,g polynomial

2.2. Macdonald deformation

The goal of the present paper is to consider a modification of all these ingredients under the
(g, t)-deformation which changes the Schur to the Macdonald polynomials, and the HOMFLY-
PT polynomials to the hyperpolynomials [22-24].

A’. The Macdonald deformation(s) of Z is well known: it is made from the convolution of
refined topological vertices [21,25]. However, there are many problems beginning with ex-
istence of different functions that are not obviously equivalent, and ending with asymmetry
of the emerging refined 4-point function.

B’. The topological relation (3) between the Lg,s and Hopf links now has no any immediate
implication for the super- and hyper-polynomials: it is yet unclear if the former exist at all
in arbitrary (non-antisymmetric) representations, and if the latter can be defined for arbitrary
knots and links and are invariants under the Reidemeister moves.

C'. Expression like (4) exists for the Hopf hyperpolynomials in ordinary representations, but its
lifting to composite representations is a non-trivial issue. Whatever it is, it is inconsistent
with (5): the composite Hopf hyperpolynomial is not decomposed into skew Macdonald
functions.

2.3. Macdonald deformation breaks (6)

It turns out that, in the refined case, the correspondence (6) is no longer correct. In fact, there
are several problems related to this case. We list them here, and discuss the details further in this

paper.
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1. First of all, in the refined case, there are several distinct 4-point functions that have the same
unrefined ¢ = ¢ limit. Indeed, one can produce the 4-point function convolving two topolog-
ical vertices (60) in the third, second, or first index, with the second index corresponding to
the preferred direction [8,25], they all coincide in the unrefined case due to the cyclic sym-
metry of the topological vertex in that case. We denote these three possibilities Z, Z” and
7/ accordingly (see (65), (67) and (66)). The rules of constructing the 4-point functions can
be directly obtained from the quantum toroidal (Ding-Iohara-Miki) algebra description, with
the topological vertex being an intertwining operator of three Fock representations [8].

In the refined case, these three functions are different. However, in the case of two non-trivial
and two trivial representations, different 4-point functions still describe the (refined) Hopf
link invariant, the Hopf hyperpolynomial [22-24,26]. For instance,

z[gg}m,q,n:z[ﬁ ﬂ(Aq/mq)

= (=DHAM g c (A7 1 g)

Hopf , , — -1 .-
P oAl g eh (7)

where the invariant on the r.h.s. describes the mirror-reflected Hopf link. Similarly, for the
other 4-point function,

@[@@ ‘ M}(A’q’t):@[w

[p]+IA|
:(A%) for Cu(A gt - PR AT g™ (®)

and for the third 4-point function (with the internal edge along the preferred direction) this
is correct only at A =[1]:

779 | 9 ARG
Z[A L |@an =777

A Hopf 1 .1 —
= (=E)T A A g ©)

The latter invariant on the r.h.s. again describes the mirror-reflected Hopf link.
The coefficients are the ratios of products of simple factors,
Md,v(Aq/t.q.1)

Md,v(A,q,1)

QQ] (Aq/t,t,q)

A
@} (Ag/t,t,q)

Cu(A,q,t):= (10)

2. However, different 4-point functions far do not coincide when all the 4 representations are
non-trivial, the case expected to correspond to the Hopf hyperpolynomial in the composite
representation. Moreover, the difference is quite strong and manifests itself in different ways.

3. Coincidence disappears already in the case of two non-trivial representations in the both
preferred directions or both unpreferred directions (see sec. 5.3), which describes, in the
unrefined case, the quantum dimension of the composite representation:

pmi| 9. | u2 Hopf
Z[@ Mz]’ Z[m %] ]#P(m,uz),(@,@) (11)
where the last quantity is still equal to the Macdonald dimension of the composite represen-
tation (w1, 12).
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4. Another drawback of the refined 4-point functions is that they are not symmetric in the case
of four different representations under the permutation (1, 12) <> (A1, A2), which is the
case for the Hopf link invariant, since it corresponds to just interchanging the Hopf link
components. Instead of this, there is only the property

Z 1| A2 AlLZ
Z[M Mz] (A’q’t)_z[)uz
5. Discrepancy between the full-fledged 4-point functions and Hopf polynomial, which is dras-
tic for generic A, nearly disappears in the limits when A — 0 or A — oo. Still an important
difference persists. The refined topological string functions have a “chirality” structure dif-
ferent from that of the Hopf hyperpolynomial: both are decomposed, but differently. The
hyperpolynomial becomes

Hopf A—=0 [ SHopf Hopf
Plur. i), .2 [PM,M 0 Pz 0 (13)

Al
M1

}(Aq/t,t,q) 12)

where we denoted the Hopf hyperpolynomial at A — 0 as [PHOpf

s, “2]0’ while the 4-point

function is

A A—0 Hopf Hopf
7 | M 20| pHo -[79 PV] 14
|: w2 A2 Mand |y LA do (14
Here bar denotes a peculiar conjugation, provided by the permutation of g and ¢. One can
see that this string function is a non-chiral product of the two factors with permuted ¢ and

t with respect to each other. At the same time, these two factors are of the same chirality in
the Hopf case.

In the next subsection 2.4, we provide the simplest example to illustrate these problems and
explain why they are not so easy to avoid.

2.4. First level contributions to the partition function

One may think that the problems just described could be cured by changing the basis: in
principle, one has to compare [26] the generating function of Hopf link invariants in the refined
Chern-Simons theory,

Hopf Vi i Vi i
Zes(Ui, Uz, U3, Ug) =) P ) iy Mit (UD My (Un) M, (Us)Mo, (Us) - (15)

Mi A

and the open string partition function with four holonomies U;, i =1, 2, 3, 4,

A2

Ziir (U1, Uz, Us, Uy) 1= ) 2[’“ o

Al
HisAi

} Vi (UD) Vi, U2) Vi, (U3) Vi, (Us) (16)

where V), (U) is a (graded) basis of symmetric functions. Item 5 of the previous subsection makes
a hint that some of these functions would be better not MM(U ), but substituted by M, (U), or
M,,v(U) in order to compare with the Hopf polynomial. We discuss this issue in sec. 7.
However, it does not solve the problem: these two partition functions do not coincide. Indeed,
consider the first level representations, where there is only one symmetric function and, hence,
the corresponding coefficients of the partition functions should be proportional to each other.
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This is, however, not the case. Indeed, when one of the Hopf components is colored with the
fundamental representation, and the other one with the adjoint representation (see the notations
in (47), (78)),

Mdqiy.1p)

P, iy = 0

(=@ +2)a—(P=w/@?+q?)a™] a7

while

=M1 @7
Z\ 0

(7 |~ Panm [(lz —(t/q)* + q’z) (18)

{Aq/t}]
{q}

These two expressions are different! Moreover,

111 | 1117 _ {Aq/1)
L] 2 ] (1)%(g)

+ A/ t/9) +47)] 19)

N)

(@A (@2 = @/0* +17) = A+ D = @/ +47)

and there are two more expressions with two other locations of &, related to (18) and (19) by the
rule (12). This is just a manifestation of the fact that, while the Hopf hyperpolynomial is sym-
metric w.r.t. permuting the components, the four-point function is not! Hence, they are, indeed,
different quantities.

Similarly, when the both representations are adjoint, the hyperpolynomial

{Ag/t}
P =D R? 1+
(L0, (L[] (11,010 ([1],[11>< + Allghi)

X [(Clt + (qt)—l){Aq/t} _ {qu/ﬂ}r) _

Ag/t
= D R, (—1 + {i‘%q/}{}t} [A : <q2 —(q/D*+ t_z)

= % (=9’ + q—z)]2) (20)

while the 4-point function is

Z [[[1]] {1} ] ~ D([l],[l])<—1 + |:(6]2 _ (q/t)2 + t2){ Q/l}j|

{g}
2 2 A ] _
~[(q t/q)" +1 )_{t}D_

N _ {AHAq/t} 1 _, _ 2 2
—Dm],[l])( 1+—{q}{t} (q (/1) +1t )
(2= + t—2)> 21)

The two expressions are again different: they are constructed from the same elementary block
£:=q%>— (t/9)*> +t~2 and &, but in different ways. Surviving in the limits A*! — 0 is the
square of one of the two underlined structures in (20), what makes the limits “chiral”, while (21)
is rather a “non-chiral” product of two conjugate factors (i.e. “a modulus squared”).
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Similar formulas emerge for the other topological functions. For instance,
2 | [1111] 71| ] (] | [1]
VA =7 =7 22
[ ‘[1][11] [[1] [1]} [[1] [1]} 22

For the origin of these identities, see sec. 7.
The structure of answers in this case is

PR 1 ’
eI —

O] A /
Pl ~ ML D) - (- S i) (4

The difference is in three points: the common factor in the second formula is the Macdonald
dimension of the adjoint representation, (47), which is not equal to D((1,117), (78); —1 in the first
formula is substituted with a non-unit term in the second one, and, in the product of the first
Macdonald polynomials, that is, of pj, the time-variables are different.

In the next sections, we demonstrate that these problems remain just the same for generic
quadruples of representations (i.e. pairs of composites), no new complications seem to emerge;
thus their resolution, if any, at the level of two adjoint representations can be sufficient to under-
stand the situation in general.

3. Composite Macdonald polynomials
3.1. Composite representations

Composite are representation of SL y described by the N-dependent Young diagram

(R,P)z[r1+p1,...,rzR+p1,p1,...,p1,p1—pzp,p1—pzp_l,...,pl—pz]
e e’

N—Ig—Ip
lp
P P hp=lpy=p
I
N

The ordinary N-independent representations in this notation are R = (R, &), there conjugate
are R = (&, R). The simplest of non-trivial composites is the adjoint (1, 1) =[2, 1V 2.

3.2. Symmetric functions and diagram dependent time variables

Let us consider a symmetric polynomial of N variables x; (which are sometimes called Miwa
variables). We will mostly consider it as a polynomial of time variables (power sums)
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Dk = lek (25)

In fact, for the proper taking into account the U (1)-factor in the Hopf invariants (see a discussion
in [4,10]), we should multiply all the x; by a common factor
_L

> (1‘[ x,.> . (26)

in order to have the product [ [; x; = 1. We will also consider the power sums of inverse Miwa
variables, and denote the corresponding quantities as

7% N N % N
() £ e (i) S
i=1 i=1 i=1

From now on, for the sake of brevity, we omit the U (1)-factor from the definition of the time
variables and, hence, from the Hopf invariants, the factor being easily restored.
Now, one can parameterize the Miwa variables as

xp = 2N 2 (28)
and v; are the free parameters. With this normalization, we have
Ak — ATk
1% —k 2i—1k
P = tAT Zl(’ K -1
Ak — Ak .
B = A T - 29)

with A := V. Choosing v; = g/, we will associate further the deformation of the topological
locus by a Young diagram pu = [ > po > ... > py, > 0]:
Ak — Ak :
ko —k Qi—Dk ¢ —2kp;
P = +A Zr (4 1) (30)
l
and
(L *oa—1 —1 —1 A —A” ¢ k Qi—Dk, 2kn
P A g = (AT g T = S AR Y P - ()

i
A lifting of (31) to composite representations . —> (i, A) is also straightforward: one associates
with v; the setof g, i=1,....1,and g %, i =1, +1,...,1, +1,

Ak — Ak , :

*(,A) _ —k 2i—Dk (| —2ku; k 1=200k (. 2k;

B = e p AT Y >(q " —1)+A Y 120 (q —1) (32)
i i

With the U (1)-factor taken into account, this expression would be [11]
2k

*( » _ Toak—at k Qi—Dk [, —2k
1. i - i— —2kpi _
Hqu '(zk—t—k +A Xi:t (4724 1)
+ Ath(l—2i)k<q2kAi _ 1)) (33)
i
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3.3. On Macdonald deformation of the Koike formula

The basic special function associated with representation is its character expressed through
the Schur functions, Schur(g ¢ {p} = Schurg{p}. For composite representations one needs their
generalization, the composite Schur functions [10,12,13]. Because of explicit N dependence,
they are not easy to define for arbitrary (generic) values of time-variable pi. Fortunately in most
applications we need their reductions to just N-dimensional loci p;*. At these peculiar loci, the
composite Schur functions can be defined by the uniformization trick of [10], and they possess
a nice description as a bilinear combination of skew Schur functions. For an arbitrary composite
representation (R, P) made from a pair of Young diagrams R and P, there is the Koike for-
mula [12]

Schur(r,p (™} = D ()" - Schurgy {p*™} - Schurp . (™} (34)
n

Note that 1 in the second factor is transposed. If the U (1)-factor, (26) is not taken into account,

=21 v
there is an additional factor of (]_[l v,-) P” on the r.h.s. of (34).

In the case of Macdonald functions, the situation gets more involved. Uniformization still
works, but it provides non-trivial expressions with additional poles in A in denominators, e.g.
already for the adjoint Macdonald dimension, i.e. value of the corresponding Macdonald poly-
nomial at the topological locus pj := {AK} {25}, one gets Md 1)1 = % instead of

naive {A{qq}}#, it is this complicated expression which satisfies the uniformization request

Md iy, | 4_v = Mdp 1v-21| 4 v

There are three basic modifications of (34) in the Macdonald case:

(i) The skew Macdonald polynomials emerge (instead of the skew Schur polynomials) only
in the limit A — oo.

(i) The sum turns into a double sum over arbitrary diagrams 7; and 7, of equal sizes, but
there is no requirement that 1, = nlv.

(iii) The coefficients become rational functions of g and 7. These coefficients are constructed
by the uniformization procedure [9,27]: one considers the composite representation at various
values of N, when it is just ordinary representation, and then parameterizes the dependence of
coefficients on N via the uniformizing parameter A :=t". To put it differently, the composite
Macdonald polynomial as a symmetric function of x; is defined by the stability condition: for
i=1,..,.N

Mr,py(xi) = M5 g, (Xi) (35)

where [P, R]y is the Young diagram as in the figure of sec. 3.1. Surprisingly, the dependence on
N is given by rational functions of A. Thus, generally the coefficients are rational functions of
A, g and ¢. For instance,

Mz 1)) (xi) = M[l](x,'_l)

{AHq}

L) — ; -1 -
M,y (i) = M Ce) M () {t}{Aq/1}

(36)
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In other words, (34) is substituted by
Mg p){p™} = Mr{p™}- Mp{p™*}
+ ) (=D)RTRIBRR (A g, 1) My {pT) - M, (p*) (3T)
1£11<IRI.162]<| P|
IR|=I¢11=IP|—%2]
For instance, in the case of the composite representation ([2 1], [2, 1]), this formula is

*X}

M@, 11,2,10{P™} = M {p™} - My {p™} - ([21][21]) Mpi{p™} - Mpzi{p

[.1] 2LIL1]
=By - Mune™ - Mo nlp™) = =By p.)
: (M[Z]{P*x} ' M[l,l]{B*x} + M {p™}- M[z]{g*x})

<z

The coefficients B are quite tedious, their manifest expressions can be found in [11].
4. Refined Hopf link invariant
4.1. Hopf link hyperpolynomial

The refined Hopf link invariant, i.e. Hopf hyperpolynomial is defined by the formula [26]

P = Md;, - My, (p}") (39)
which coincides with the refined version [23] of the Rosso-Jones formula [28]
f
PP = fifu > NI f7'-Md, (40)
neEA®u
Here
f[l, — (_Cl‘l)w qv/(u)t—v(u) — (_l)lul qZM,-Z t—ZM,-Vz (41)
is the framing factor [19] and
Md, = Mn{p*g}, v(A) = 22(1’ —Dxri, V() :=vQAY) (42)
Hopf Hopf

The definition (39) coincides with [22-24]. One can check that P,

Note that in (39) we have omitted the U (1)-factor g 2y s [4,29—3 1] because of choosing the
time variables (32) instead of (33). In (40), this U (1)-factor would be guaranteed by the proper
choice of the framing factor: the unit of the unrefined framing factor ¢©2*), where C, (1) is the
second Casimir operator of SLy becomes in the refined case

=P, asitshould be.

Ca) _ gV G0 —v () HiIN = /N (2)'“‘ gV 10 =G0 IN =l /N

t
= (=)l gluIN g =Iul?/N g (43)

q =q

The multiplier (— D) ¢IHIN drops off (40) because of the condition |A| + || = ||, and g~ I#*/N

becomes g A in this formula, which is the U (1)-factor. Such a choice of framing corresponds
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to the standard, or canonical framing [4,29-3 11.* However, we omit the U (1)-factor in order not
to overload the formulas.

4.2. Hopf link hyperpolynomial in the composite representations

The definition (39) can be straightforwardly extended to the composite representations. That
is, the Hopf hyperpolynomial with the components colored with two composite representations

(1, u2) and (Ag, A7), is given by

Hopf *(,n2)
Py i), 0 ey =My u0) - My ) (Py HLH2) (44)

There are two possibilities to evaluate this quantity: one can construct an uniformization of
the corresponding composite Macdonald polynomial, see sec. 3.3, or one can construct an uni-
formization of the entire Hopf hyperpolynomial. In the latter case, one has to define the Hopf
refined invariant in a composite representation (R, P) with the stability condition:

Pr.p).s.(A=t") =P g 5010 A=1") (45)
For instance, in the case of two adjoint representations ([1], [1]), one constructs the adjoint-
adjoint refined invariant by the property P11.(17).11.17) (A =) = Pra.iv-17,[2,18-13. This defi-
nition coincides with the definition due to I. Cherednik of the DAHA invariant in the composite
representation [27] (though they did not consider links and did not consider dimensions). Then,
one can obtain (see (36))

(a1 + @) 4a/1) — (Ag? /1)
"

P, qu,un =Mdqu,ap | —Raqunn +

(40)

where
_Agaia/ (AN

Md 1.1y = PlAq] (LD = (47)

4.3. AT — 0 limit of the Hopf hyperpolynomial
A =0 limit

Let us discuss what is behavior of the Hopf hyperpolynomial in the limit of A — 0. Then, the
leading behavior of time variables in (44) is

(up) AZ0 1 1 Qi—1k ( —2ku
PR (—WJFZI (q —1) (48)
i

wnazgo L 1 Qi—Dk(,—2khi _
i Ak tk—t—k+Zt l g ! “49)
l

4 In practical terms, this framing with the U (1)-factor taken into account is characterized by the quasiclassical expan-

sion of the reduced link invariant, ¢ = el L= eﬁh, A = eV without the linear term in /:

H=1+0 a4 02).
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This means that, in (37), the contribution of each term in the sum is A~IRI=IPIH&1+1821 and the
most singular is the first term Mz{p*¥}- Mp{p*"}. In other words, we obtain

Hopf A—0

P(m,m),(m,xz) ~ A_Mll_mlMd(Ml’Mz)WMleW)»z,uz (50)
where

We =M 0" —a7* 137 mhkv —(1Y)

=M | = P GO (5

and we introduced the new time variables that will be of use hereafter,

1
(M) ZqQIL,k (1 21)k — — +Zt(1 21)k(q2/,L, _1)
i=1
1 k —k (1-2)k (2j—1Dk
=m+(‘] —q )-Zt q (52)
i,jeu

so that (48) is expressed through them,
1

_ Qi—k (, ~2kpi _
e h (q ]>
i

@ —a* _wy_ w (1)
=) _ (w n
i —— ‘D =Py ’q%q‘l,t%t_ =Py (53)
and one can use (139).
Similarly,
A0 4—lm=lial
Mdo ) = A” Wi oW, o
*|M1|*|I/-2|h h“z (2) (D)
(—A) A M wy (P M, y {7} (54)
m1 g
Thus, finally,
pHopf 30 (—A)~ |E\h
(11,12), (A1,22) thMl
E}»;EV«Z M —(llflv) M —(2) M —(ﬂ;) H — (@)
T, M P wy 0N A My P uy {7}
(55)

Since the expression in the first brackets is the Hopf hyperpolynomial at A — 0 with components
colored with A1 and w1, it is symmetric w.r.t. permuting A and p1. Similarly, symmetric is the
expression in the second brackets, and the whole formula (55) is clearly symmetric with respect
to interchanging (w1, 2) <> (A1, A2) as it should be:

,PHopf AzO [PHOPf :IO . [PHOPf ]0 (56)

(1,12), (A1,22) AL, H1 A2, 42

where we again used formula (137) and denoted the Hopf hyperpolynomial at A — 0 as
Hopf
[P)»z,uz:lo'
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A = oo limit

Similarly, the A = oo limit is described by leading behavior of the time variables

w(u,n) A0k 1 1=20)k [ 2k
VA
i

A—00 1 .
w(,h) A0 4k =2k ( 2ku;
p; ~ A (7;k—z—k+zt (q 1)) (58)
l

which means that, in (37), the contribution of each term in the sum is AIRIHIPI=IG1=182] and the
most singular is again the first term Mg{p*"}- Mp{p*"}. Performing calculation similar to the
previous paragraph, we obtain

Hopf A2 Az [ gl | pHopf —1 -1
G Gy S AT A P (Ad™ 17 |

(59)
.[Nuz\ﬂhlpﬁ‘?ffl (A. q—l’t—l):lo

where we introduced the notation ¥ := || 4 |u2| + |A1] 4 |A2]. The only difference with (56)
is inverting the parameters ¢ and ¢ (and simple matching the degrees of A), while the answer
still expresses via the behavior of the ordinary Hopf hyperpolynomials at the vicinity of A =0.
This is not at all surprising, since they behave at A — oo trivially, while the composite Hopf
hyperpolynomial does not.

5. Convolution of refined topological vertices
5.1. Refined topological vertex and four point functions

The original definition of the refined topological vertex, [25] was’
_ g\ In—Igl — Ly
@ =f mup @YY (1) Meg{ P} s | DBV 60)
n

(see also [17, egs. (95)]). We will need also the vertex with raised/lowered indices
CPug(g, 1) i= (=PRI, 8 ¢ g) (61)
Within the DIM approach, [8,17] the refined topological vertices are just the intertwiners
between a “horizontal” Fock representation and a tensor product of one “horizontal” and one

“vertical” Fock representations.
We choose level (1, 0) as the canonical choice for the horizontal representation:

W) : FOV @ FLO s F.D

—uv
(62)
) FLD — FOD g FOO

5 Compared with the original convention in [25], the index for the preferred direction has been raised to respect the
definition of DIM intertwiner. Consequently the lower/upper index corresponds to outgoing/incoming arrow in the cor-
responding diagram.
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Then, the topological vertices in these DIM terms are [8, sec. 4.4] (in this section we mark by
red® the preferred direction, associated with the vertical representation)’:

n

(K
G (q. ) ~ I(IHHA) = v (63)

Ch (g, 1) = (=DHFIFVIC, Y (1 gy ~ AW, =

(64)

Note that as a consequence of the chosen position for the preferred direction index, we now
have a complete correspondence; lower/upper index < incoming/outgoing arrow.

5.2. Four point functions by gluing the refined topological vertex

There are three possible gluings along (1, 1), (1,0) and (0, 1) directions. (These slopes can
be identified with 5-brane charge.) The first two are gluing along the unpreferred direction, while
the last one is gluing along the preferred direction, which is qualitatively different from the
former gluings. The gluings along (1, 1) and (1, 0) directions are geometrically related by the
flop transition (the change of the sign of the Kéhler parameter), or the exchange of W and W*
from the DIM viewpoint. On the other hand, there seems no simple relation between the gluings
of unpreferred and the preferred directions. The gluing rules have been checked in [8, sec. 4.5]
from the DIM principle. The three different 4-point functions look as follows (the other two
4-point functions which are irrelevant for our purposes here have been considered in [8,25]):

(1) Gluing along (1, 0) direction [8, Case 2 (Fig. 5)]:

M1 A2

H“1
Z[M

Ay l&] yEY
= - Co M8 (g, )Cov 28 (¢, PR
sz} 25 (—0)F1C, M5 (. DGy (1) o

= (A2 Wy, (¥ 11)

6 For interpretation of the colors, the reader is referred to the web version of this article.
7 To match the above diagram with [17, egs. (93,94)], we have to make a reflection of all the edges w.r.t. the vertex (the
origin). This does not change the incoming/outgoing direction, but the sign of level (slope) is flipped.
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(2) Gluing along (1, 1) direction [8, Case 3 (Fig.6)]:

H1Aq . A VY (U*)H
Z/[ um} - ;(_Q)E'Cé“‘ g.0Ce M2 (1,q) < 5, Wi,
= (MWW, |A2) s (66)
(3) Gluing along (0, 1) (the preferred) direction [8, Case 1 (Fig.4)]:
%) /4
R —
Z// )"3 )"4\( I Z(_Q)E‘C 513( C Sv)»il t A ZW&@(\P*)S
)\'1 )\\/ — Al q, ) XX (1q) — &
2 £ ——
)}/ A3
= (Al ® (Aal | D We ® (W) | [12) ® |11) (67)

3

The notation is evident: the two lower/upper indices correspond to incoming/outgoing arrows,
while the first/second column is associated with the first/second vertex. We also introduced into
the definition an additional transposition of the Young diagram entering the second vertex to have
some more symmetric expressions.

We discuss below all these three different 4-point functions, in particular, how they can be
evaluated (if any). Note that all these functions celebrate the property

. A ~ Al
z[‘f1 Mﬂm,q,n:zm /fl (Aq/t,1.9)
= H1 A sy M2 i
7 [ MMJ(A,q,t)_Z [ ik | (Agq/t,t,q)
ZA[A;I i‘z‘]m,q,mﬂ”[ﬁ i; (Agq/t.1,9) (68)

This property reduces the number of distinct functions in the case when two of the Young dia-
grams are trivial (see secs. 7 and 8).

5.3. Four point function with the internal edge along the unpreferred direction Z.

We consider in detail the four point function with the internal edge along the unpreferred
direction &. It is

1
z[Al

where Q = A2q/t. After using the Cauchy formula (136), it is equal to

A2
2

} =Y (—0)F1C,, M5 (g0, (1. q) (69)
§
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2.2 2
w1 | Az 1% A q [ 2 A“g\—lo]
o[ 2] 22 2] M X () (-
[M ,uzi| [@‘ ] (:2) MXIJ;Z (=47 1 x
—( W)y w75 —
X My {(=1)"p, auy My i A(=D T 2 My 1o (P2 - My s (p 1)
(70)
where NV, u,) is defined to be
ko () —(r2)
exp <_Zk 0 Pkk Pk )
Niatgiz = My, (P2} M1, (72 0k p@p@ 7D
o (5, )
Since the p-independent factor is
1 ok ad . .
eXp _ . — (1 _ Qq—2!+lt—2]+l) (72)
S =
we obtain
Qk (1) = (m) e ) it niin
exp —Zf =gu1uz(A,q,l)"1—[ (11— A%q 2272042 =
k i,j=1
[ie1l ’ ’ —
— (_A%) U (= Ayl g D=0 /2, 0 ) v 2y s
S . .
x> (=DM, /6 (Ag /1) - Mdyyjov - [ (1= A%q72F2¢7%) (73)
ij=1
where the standard Nekrasov factor
Gun(A.g.ni= [ (1-a%2igh242)
(i, j)en”
% l—[ ( A2 2= 2q72)\v+21> (74)

(i,j)er

and Md,/, is obtained by the specialization py = pfz in the skew Macdonald polynomial
M, ;s {pi} and the substitution A — Ag/t in the argument of this quantity is manifestly indi-
cated.
Now, since
V(W/24=v(w)/2
M pPy=1—1 75
u{p } hu(‘], 0 (75)

we finally obtain

w2l
Ny = fmfuzA““I(A ) Z( 1)‘U‘Md/L1/o(ACI/I) Mdm/gv

D(M] 12)

= fu T Al (A1) p (76)
. m1d o . (1, 142)
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Dy ,11,) 18 not a Macdonald dimension of the composite representation, though it becomes the
quantum dimension at f = ¢, as it has to be. For instance, the Macdonald dimension of the adjoint
representation is (see (47))

{Ag}{A/t}{A}
Mmd S al: A el kel 77
([11,010) PlAg/1) (77
while
AgH{A
D([l],[l])(AJ],f):M (78)

{tHq}

Note that, similarly to the Macdonald dimensions, D, ., is always factorized due to (73). More-
Do) =Md, | d Dz ) = Md,.

OVer, D(u.2) "l ass agi and Dz, p) 0

Now we can use the identity (132) in order to get

AZQZ Iml — W — -
Z(_ 2 ) ~MAIV/’71{(—1)k+1pk I }‘Mm/o{P/(cM)}Z
n
Ag\lolr  Ag\IMl ~— Agr—F_ @) — SN
:(T) (_7) -ZMAY/m{_(T) Pr ].Mm/(,{(7) pkuz}:
il

- () () e () )

Similarly, the second sum is proportional to

') (80)

Thus, restoring all the factors, we finally obtain [25]

-1
| A2 K1 | A2 g | o
Z =7 -7
Gl e 2]
[2l A1l -
— (_I)IMIHAzlAz(%) 2 lfmfuzD(m,uz)X

k —k v

=7 A — A —(uf)

X S0 Wy {(5) P - (4)

& y)
My o (AR — Ak p )

—k
MAE//UV{Akp](CMI) —A kpk 2

81)

where we introduced the normalized function Z and use this notation for the normalized 4-point
functions hereafter.

5.4. Four point function with the internal edge along the other unpreferred direction 7/

Instead of (65), one can convert two refined topological vertices in the other unpreferred
direction:

7/ |:Ml)\1

e j| — Z(_Q)IEICEMM (q, I)Cgvuz)»z (t,q) (82)
&
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One can calculate this expression similarly to the previous paragraph using that

M, { p@ } £\ 1 )

m=<—c—]> S 1wl (83)
In fact, as follows from the manifest form of the vertex (60), this case is obtained from the

previous one by conjugation of diagrams, changing signs of time variables and permuting ¢ and
t in the Macdonald factors in the sum:

i;[ﬂlkl

[Aal+lpal——1
= (_1)\/A1\+|/A2\A2<%> Fa fMl

Mzkz]

el Pllal P Doy %
k v —k
Ag\F i)
x Y U(—l)“".MM/O{—( ,‘1) pe +(A,‘1) p,ﬁ”‘)}

Vi —u) —k—
Mo (AP + AT

(84)
This means that the relation of the two 4-point functions is manifestly described by the formula
= | m1Al o | A -1
VA A,g,t)=N-Z 2 (A1, 85
[ MZM]( q:1) [le m}( q) (85)
where the framing coefficient is
T (=)l
N = (AZC?]) evrrE (86)

fll«l?uzf)»l?kz

The equality (85) is related to the flop operation discussed in [25] with an additional transforma-
tion, (68).

5.5. Four point function with the internal edge along the preferred direction Z"
Instead of (65), one can also convert two refined topological vertices in the preferred direction:
A3

Z//

Al
However, this case is hard to deal with, because one can no longer use the Cauchy formula (136).
What one can do is to calculate this sum term by term in powers of Q. Since the normalized
4-point function is a finite degree polynomial of A [32], at any concrete representation it can be

manifestly calculated.
One can, however, calculate this four point function in the special case of two empty Young

diagrams:
& _1—=—1 /g \|2l=1nl
k2i| = ‘f)tl .flz (?)

n| A1
2|’

x Y (0 Ml p VM (5015, P | W {5 | =
§

iﬂ =Y OFCL P @.nCLE (1 q) ®7)
§
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89) ,_1——1 — g\ *21=I]
= 1 o Mo 0, () (1)

x 3~ Mg {pim}ﬁgv {5192)} _
§
_ fk_ll?);] MM{p(z)}ﬁkz{ﬁ(g)}(%)IMI-IM|

k o, (A1)=(A2)

k
where we used the formula [20, sec. 6, eq. (6.6)] (see also [26])

M, (p™) My (p™)

= (39)

My, (p®@) My (p@)
Thus, we arrive at (see (71))

=[x | @] g\ Pal=ml

2] 2]~ T
and, using (76), we finally obtain

=[x | @] q\2x2l=1n1]

7/ @1 s — (?) AI)‘”HM'D(M,)Q) 91)

A similar calculation for the particular case of Z” |:® ‘ A2 j|

M| O
Z// [®

A | 9D

A2 i| — (_])M] [+122]

x Y (=0 M p WM (p M | = B Y| - 2P| D)
3

is not immediate because of the minus signs in the arguments of the Macdonald polynomials so
that formula (89) can not be used. We will return to this issue in sec. 7.

6. Hopf hyperpolynomial versus refined topological 4-point functions

As we discussed in sec. 2.4, the Hopf hyperpolynomial in composite representations is not
equal to any of the refined topological 4-point functions. However, it is instructive to compare
their A*! — 0 behaviors in order to see they are quite similar, the only difference being that
the topological 4-point functions are non-chiral products of two factors with permuted ¢ and ¢,
while the Hopf hyperpolynomial is a product of the same factors but of the same chirality.

A — 0 limit

In this limit, one has to leave only the first term in each sum over £ in (65), (66), and (67).
This means that

m1
Z[M

A A=0 —_— —(u 7T — M
Hﬂ R My, (p Oy (0 VP (52 Y My () ©3)
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and similarly for Z'. However, a finite sum remains in Z."”:

sl A3 | Aq i~ g\ Imi=1a3|+[r2|=In2l
z [)\.1 )in| f?»s f?»z Z<_?> ’
n,n2
)| 77 —(2) (2)
"M/, { } Mkv/n [ Py } 'Mkz/nz{pk } 'MAX/r;ZV{ — Dy } %94)

For small representations, these expressions can be compared with the Hopf hyperpolynomial:
for instance, for the two adjoint representations they are equal to

2 _ 1 -2 2 1 -2
Z[[l] [11] :z”[“] [1]} I e R e )
(1] 1], [1] ] [1] (12 {q)?
while the Hopf hyperpolynomial in this case has the A — 0 asymptotics
2
2 2 -2
Hopf _aftt g =1+t
=A e 96
[P([I],[l]),([l],[ll)]o (qz BE 96)

It is clear that, in the topological case, the answer is a product of two factors, which exchange
upon permuting g and ¢, while the Hopf hyperpolynomial is a square of one of these terms.
One may say the Hopf hyperpolynomial has a kind of “chiral structure”, while the topological
amplitude corresponds to “non-chiral” combination.

In higher representations, such a simple relation with the Hopf hyperpolynomials disappears.
It is, however, present in Z', which can always be expressed in the A = 0 limit through the Hopf
hyperpolynomials®:

Z/ |:/-’L1)"1

Mz?»z]

A=0 o\ Dal—=IM] -1 — ()T =
~ ()R M (PP M (p Y M  (P ) M, (P4} =

_ A2l=Ir1] p—17—1 H0pf 1 -1 Hopf 1 1
=A% ()R P (g [P g

o7

We still observe the same phenomenon: this expression is a product of two terms of different
“chirality”, while the corresponding Hopf hyperpolynomial asymptotics (56) is a product of two
terms of the same “chirality”. In other words, the answers in this case would coincide if one
permutes ¢ and ¢ in one of the factors.

A — oo limit
This limit of the topological 4-point functions is not as simple as their A — 0 limit. In the

case of Z and Z/, one use the manifest expressions (81) and (84) accordingly. For instance, one
can immediately obtains from (81)

8 H0pt — 1yl -2 -2 [ H0pf -1 —1]
Notethat[ A v(q t)] =(-D [1Al] [l A2, Mz(t )0-
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ML | A2
Z
[?»1 M2:|
A=00 D Mil=lral » =
~ (AT DT i f i M ()
Mo (P} M, {ﬁm)] My { pwl)] - (98)

t

20a — Hopf 1 -
= (—AD)E (9) A1 (_g)|#1|+\ﬂ~2| FinT o [Alm‘ﬂhlpxlvoiz(*‘” g 1)]0

: [sz\+|xz|pfv°if] (A, g, t—l)]o
29

which has to be compared with (59).
At the same time, from (84) it follows that

~ T i A=oo (24 \* ! )M, (p?
Z/|:V“1 :| ~ <_A _) — M, {p?} - M, (PP}
U2 Ao t fmfuzf)»lsz " "
.MM{ - p(“z)} -sz{ _ﬁ(#‘v)} ©9)

and the comparison with the Hopf hyperpolynomial asymptotics is not immediate.

Thus, we observe that only Z' at A — 0 and Z at A — oo can be directly compared with
the asymptotics of the Hopf hyperpolynomial, while comparison of the other 4-point functions
with the Hopf asymptotics is not that immediate because of minus signs in the arguments of
Macdonald polynomials, and requires an additional changing basis. We discuss this issue in the
next section.

7. Topological vertex and Hopf invariant: changing basis

7.1. Hopf hyperpolynomial and the 4-point function with 2 non-trivial Young diagrams

The sum over unpreferred direction. The relation of the Hopf hyperpolynomial with the topo-
logical 4-point function with only two non-trivial Young diagrams and the internal edge along the
non-preferred direction is known since the paper [25] and can be easily obtained from formulas

(81), (84). Indeed:

A2
"2

M1

e Onecanput ur =i =9 (or uq =)\2=®)in’Z\|:)L
1

A[MM

i| in order to get formula (7), or

toputur = =JOrur=rxn=9)in7Z’

i| in order to get (8).

K2 A2
inZ|" |22 2| m1 .
e Onecanalsoput A\ == inZ and 7/ o der o st
put Aq 2 [M Mz} [ M2k2:| g
AR gylml o —
Z[Q’ Mz}:(_A)MMlM(?) Jur 1 D ) (100)
7z | "M? — (— Ayl (Z)"“' 22D
g [ Mzg}_( A4) p et 17 1m2l 17Dy vy (101)
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As we already mentioned earlier, these quantities though being products of simple factors are
still not associated with hyperpolynomials of the unknot, i.e. with Macdonald dimensions of
the composite representations.
e There is also the third possibility: one can put u; = A1 = & (or up = Ap = ) in
Z[lil1 ﬁi],ortoputm:M =@ (orpuy =iy =0)inZ/ K1 2 ko
one obtains an additional minus sign in the arguments of the Macdonald polynomials in (81)
and (84), which does not allow one to associate it with the Hopf hyperpolynomial:

z[@

. In this case,

16}

A - = Voo o=
M}=<—A>'”'“'f,,Md,L-MAv{—pZ“ @) (102)
where we used that

AR = AT = @ (103)

Let us note, however, that changing the basis would correct this problem. Indeed, consider
the open string partition function with two holonomies Uy, U,, the corresponding time vari-

ables being E,El) =tr U{‘, 152) =tr Ué‘:

Zr(0,U1,0,U) := ZZ |:®® ‘ i‘ci| 'Mu(S(l)) .MA(EQ)) _
oA

p k

_ Ak v
=Y (~A)MF, - Md, - exp (Z —p @ h -é,i”) MMy 104)
"
This partition can be transformed to
Z4r(0,U1,0,Up) = Y (=AW HF, M, - m {p @)

s
MDY M {—£P) =

— My Hopt
— Z(_l)llublA\MlJr\MfuE . PMSLP (A,t,q)
WA
My EW) M~} (105)
o In the last possible case of 1 =y = @, one can again get the D, ., like (100) after
changing the basis:

S

g\ 1Ml P _
= 0 AR (D) 72 0T Doy - Moy | = 69000, { -6
Alsh2

(106)

Sum over the preferred direction. A similar trick with changing the basis would help in the
case of the internal edge along the preferred direction, (67). First of all note that there are 4
A | Ag
A | A2
M=l =0, =A3 =0 and A, = Ay = . Let us consider all of them:

essentially different cases for 7 |: :| with two non-empty Young diagrams: | = A4 = &,
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o The first case was considered in (91) and is equal to Dy, 35)-
e The second case reduces to the formulas obtained in [26]. Indeed, they obtained

=4 || _ o _
. [é’;}m’q’”:(_f‘)“ (-AD)" £ PR AT g o)

However, the definition of the topological vertex in [26] differs from (60) and is not consis-
tent with the DIM algebra, it is defined as

Mé(q l‘)—f M {p(g)}z<%>|fll—\5\M {p(l)] MAv/ VH( 1)kp(u )}
n

(108)

There is an additional minus sign in the argument of the last Macdonald polynomial in this
formula as compared with (60), and it is essential for the representations at higher levels,
it does not influence only the fundamental representation, hence (9). Thus, the additional
minus sign would again prevent associating the topological 4-point function with the Hopf
hyperpolynomial. Hence, we can again repeat the trick with changing the basis:

Zg;,.(0,Uy, Ua, 0)
:ZZ?[‘; ’ ;}(A,q,t).Mu{gm]ﬁw{gm}N
WA
NZ(_Q)‘“\fA_1<%>|M.Mg{p(@)]ﬁ { (:a)} Mv{(_l)kJrlp]Ea)}M {p;{o)]
WA
M, {E(l)}M)LV{é(Z)}

=0 (D) o | o [P a1 [t [ -1 )

WA
M { S(l)]MV{—é‘(Z)}"’

2|l +IA]
Z ( ) Al ~P§3pvf(A_l,t_l,q_l)

oA

MM[ —é(l)]MAv[ —.g@)} (109)

1
. . g | g . .
where we omitted the normalization factor Z” |: > ®i| from the intermediate expres-

sions.
e The third case is described by (92). One can similarly remove the minus signs in (92) by
changing the basis, which would immediately allow one to evaluate it:

2/, (U), U2,0,0)= Y Z" [i )g} .M/\l{g(l)}ﬁkz{g@)} —

A2

2|z |=l21] —
= Z AlMlH)L2| (%) D(M,kz) 'MM{ - ga)}MAz{ - 5(2)} (110)

Al,A2
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A3
Al
whatever the signs in the arguments of the Macdonald polynomials are.

e At last, in the fourth possible case of vz

gl . . .. .
o :|, it is difficult to present summation

7.2. Topological 4-point function and the Hopf hyperpolynomial in the A*' — 0 limit

As we observed in sec. 6, in the limit of A — 0, only one of the 4-point functions, 7/ is
associated with the product of the Hopf hyperpolynomials in this limit, (97). The reason is again
an additional minus sign in the argument of the Macdonald polynomials in (93) and (95). Hence,
we can again change the basis in order to establish a link to the Hopf hyperpolynomial in this
limit. For instance, one can introduce the generating function

Zstr (U1, Uz, U3, Uy)

~ A —
- x| e s e e fe}an
w1, p2,A1,42
and re-expand it into the basis with changed signs of the time variables 5(3 .

Zsr (U1, Uz, U3, Uy)

=l
= Y Z[kll

2 e o fe o f e -0 an

H1,p2,A1,42
This gives:
~ A v
Z[lﬁ 2} N My (p Y My (P VM, (P My (1) =
g\ lmal=lutl — _———2 T _Honf —Hopf
=0 (1) Bl 2 [P ] [P (113)

It also works similarly in the limit of A — oo: only Z is associated with the product of
Hopf hyperpolynomials in this limit, (98), while, say, Z' (99) does only after changing the basis:
defining

_y[r(Ul ’ U27 U37 U4)
_ Z 7 [ n1Al
K142, h1,02
and re-expanding it into the basis

_y[r(Uls U2a U37 U4)

_ Z Z,[MM

1,142,01,A2

MZM}MM{%-(D} {g(z)} {5<3>}M {5(4)} (114)

wo )in| My, {5(1)}M/tz {E(z)}ﬁkf{ - 5(3)}MA;{ — 5(4)}

(115)

one obtains

Z/|:M1?»1

g\ 2lm2| g\ 1 1+ - —
Wz]z(mz(?) (-9) STy - THTT - N2l

I:All/«lH'l)‘Zl’]DHOpf (A1 l’q—l)] [A\M2\+|A1|73Hopf (A,q —1)]0 (116)
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7.3. Topological 4-point function and the Hopf hyperpolynomial in the generic case

Note that the topological 4-point functions has to be covariant under changing the preferred
directions because of the spectral duality of the DIM algebra, [7,33]. This means that the properly
defined partition functions should be invariant, and have to be obtained from the same partition
function upon using different bases of symmetric functions. As a particular corollary, they have
to coincide at the first level, since, at this level, there is only one symmetric function. This is,
indeed, the case: (22).

Let us look at the next non-trivial level. Then, introducing the normalized 4-point function Z,
we immediately realize that

[rl+1
q h
YT (R) e
W12
.’Z\[Ml ]](A—l P )H {%-(l)}M {5(2)}_
[1] ) 1, g H“1 Mn2 -
-7 [“] ‘ o }(A 4. 0M, (~5 V) My (—5?) (117)
SN

In the general situation, one has to consider the three functions (using (137) and rescaling
£® one can definitely remove all transpositions of the Young diagrams from the basis vectors
in these formulas)

Zsr (U1, Uz, Uz, Uy)

5l m
= Y Z|:A11

W1, p42,h1,2

2] W (6t 6 s[5 f5)

Z;["(Ulﬂ U25 U37 U4)

zm,g;l,kzi/:l“k] Mzkz]'Mmlé(l)} {<2>} {5(3)] {§(4>]
Z!,.(Uy, Uy, Us, Us)
= ) 27331 Hﬂ {.f;m}MA {g@] [ga)}M {$(4)} 118)
A1,A2,A3,A4 -

and one may expect that there exists an invariant partition function of four open strings given by
a unique function Z(Uy, U, Uz, Uy) so that, in order to obtain the 4-point functions (65), (67)
and (66), one has to expand it into the corresponding bases with proper changing of variables. As
soon as at the level 1 there is only one symmetric function p; = ) ; x;, i.e. the unique element
of the basis, all the functions Z, Z' and Z” should coincide in this case. We observed it in
(22).

A specific choosing the (graded) basis, however, can not allow one to associate the topological
4-point function with the Hopf hyperpolynomial in the composite representation, since they differ
already at the first level: see sec. 2.4, where there is only one symmetric function.
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8. Summary

In this paper we analyzed the relation between the 4-point functions in the DIM based network
model and the Hopf hyperpolynomial. This is an attempt to extend our result (6) from [1] in the
non-refined case, g = ¢, when the 4-point function coincides with the HOMPLY-PT invariant for
the Hopf link colored with two composite representations, which, in turn, is the leading term
of the expansion for the HOMFLY-PT invariant for the non-torus 4-component link Lg,g. In
the present (refined) case, the situation is much more involved. There was a general expectation
that the correspondence should lift to the level of hyperpolynomials and the refined topological
vertices. We demonstrated that the things are not so simple.

One of the problems is that, in the refined case, there is no distinguished basis in which the
TV has an explicit cyclic symmetry, and, in any basis, there are three non-coincident 4-point
correlators though related by the spectral duality [7,33]. At the same time, the Hopf invariants
look distinguished and should be associated with some distinguished basis. Moreover, the 4-point
correlator Z” with all external legs of the same type (“horizontal””), which one could hope to have
a better symmetry property, is the most difficult to calculate.

Below we summarize various properties of the 4-point functions, their interrelations and re-
lations with the Hopf hyperpolynomial in a brief and pictorial way. In the figures, we draw
the 4-point functions in the DIM picture [8,17], where all non-vertical lines are depicted
horizontal with an assigned central charge (here is either (1,0) for the Fock representation
FLO or (1,1) for the Fock representation F-1). Explicit expressions for the arguments
of Macdonald polynomials in the first figure can be read off from formulas (81) and (84).

IM]
slmlra]_ M A2 plrani (1, 1)
Z|:)~1 Mz]i ~ Doun Z( r v/“{ Aalt| ] Ms e {P }
Hn2
q<—t
A<« A7!
hi «— 1)
M1 <> K2
TM]
1Al _ A2 A plny) (2.1
Z/[ 2)4]7 D% n) Z( ) MAI/O[ 1/Aq : } Mkz/n {PI/A : }
7
>z (UM 0 e, -~
[]] A Ao
A3.h4
~ Z CcH1s }LZZ/ /12[']‘ i Mu|(S)M/‘2(g)
A2 Ad Wi
A3 |Ag
4
AMNE
S| A3

Remarkably, the two functions Z and Z’ are related by the transformation in the box, see
(85). This connection is related to the flop operation discussed in [25] with an additional trans-
formation, (68). This relation is not apparent symmetries of the network diagrams (reversion of
arrows for A’s and w has clear interpretation in this transformation, but interchange of ©1 and w»
is not). This newly emerging after summation over intermediate states effective symmetry is a
manifestation of the SL (2, Z)-duality of the DIM algebra [7].
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Another one relates this symmetry-related pair Z = Z' and Z. At the DIM level, these are
essentially different quantities, still they are related by the spectral duality and, at the technical
level, by a “change of basis” like

77 |0 2l 57 e _£®
>z | | e 100062

~ Z CHM2 (g, 1) - Z/I:IL‘L2 1] ‘

1,42

M (€] (@)
M] 1]}MM1{§ }Mﬂz{s }

with some coefficients C*1-#2(q, t). For the diagrams A3 and A4 larger than [1], one has to change
the basis of all four Macdonald polynomials, and what remains is just a single linear relation
between the functions at the Lh.s. and r.h.s. unless one allows the coefficients C*!"#2 depend also
on A.

Thus, the choice of a proper basis looks very essential for establishing any relations between
the 4-point functions and the Hopf invariants. However, we demonstrated that the Hopf hyper-
polynomial in composite representations does not coincide with the refined 4-point function in
any basis: first of all, it realizes a chirality property, that is, these Hopf hyperpolynomials are
“chiral” bilinears of Macdonald functions M - M, while convolutions of the topological vertices
involve non-chiral combinations M - M. This is illustrated with the figure, where the bold arrow
means an additional changing the basis (see sec. 7.2) and underlining the Hopf hyperpolyno-
mials means the change (g, t) — (g~ ', t~1). Note that the substitution (¢,1) — (+~1,¢~") is
equivalent, up to a factor, to transposition of all Young diagrams.

_ Hopf] . I:fHOp'r ] I:,PHopf] . I:,Panf:I A=0
ll.] Az / nii o 1242 Jo re fo [Prama g L0 o
)“ “2 i : . (G11.122). 01 72)
= — opf Hopf Hopf Hopf /
A=oo —M “2]0 [Bftv #1]0 [Eklvuz]o' [Bluu]o A=o0
_ pHopt ] |:,PH0PI ] [PHopf] I:,Panf:I Ao
A A A B ° VNS
Z,[MM T—J— / Bunly 22 do R e pHopt
H2 )Lz \ Hopt Ho (1t1,12), (A1,A2)
~ pf Hopf Hopf 1 _—
A=oo ’| /“:|0' [P)~§~u|]0 [B‘Mvuz]o' [Ekz.m]o A=00

We can observe that, in the A = 0 limit, the answers both for the 4-point functions and for
the Hopf hyperpolynomial in the composite representation are factorized into the entries that
depend on the pairs of Young diagrams associated with the first and second vertices accordingly.
Moreover, all these entries are the corresponding Hopf invariant asymptotics, up to possible
permutation of g and 7. At the same time, in the A = oo limit, the structure of answers remains
the same, the pairs of the Young diagram being associated with the first and second vertices after
the conifold transition, as it should be. Hence, both for the 4-point functions and for the Hopf
hyperpolynomial in the composite representation have similar “initial” conditions at A =0 (up
to possible permutation of ¢ and ¢) and respect the conifold transition, still, the continuation to
non-zero A seems to be different.

Thus, the situation is even worse than the different chiral structures of the two quantities:
the example of lower rank representations demonstrates that the difference is much deeper, see
sec. 2.4. Another drawback of the refined 4-point functions is that they are not symmetric under
the permutation (pt1, 42) <> (A1, X2), which is the case for the Hopf link invariant, since it just
interchanges the Hopf link components.
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At the same time, the 4-point functions with only two non-trivial diagrams are often associated
either with the Hopf hyperpolynomials, or with the Macdonald dimensions. In order to illustrate
this better, we collect together all such cases here. Here ¢b means an additional changing the
basis.

I
7 | #1 A . M A2
Ar|pz |
na
(%]
b b H f
h 22 % Dgy = P, TUAl/q.q.1)
%]
~ Hopf 1t 11 ~ Hopf -1 ,—1
d 5,;,5) PIRA g )
, M1
¢ Hopf
~ P,T(A L) g 2 ~ Dguw
w2
o
7 H1At . A T A
2o | T
na
T@ @
ch T cb H f
A2 2N Dy <) LR PR AT g, 1)
T@ TM
i i
%) Ao~ Hopf(A[/q q—l t_l) A g o Hopf(A l_l,q 1)
TG TM
TM . 251
A g & pHopf %) T g
(A7l q.1) D(MZ,MY)

,mv
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) A
= | A3 |Ag
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~ Dayay ~ Digag
M %] (%) A3
— I 5
A %) %) [%]
—_— >
b Hopf , , _
~ PR AT g, 1,9) ~ 2
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The clear correspondences between the Hopf hyperpolynomials and the 4-point functions
with only two non-trivial diagrams probably mean that the gluing of two vertices together is
inconsistent with the group properties, that is, with the composite representations. To put it dif-
ferently, conjugation of the representations in the Hopf hyperpolynomial is not consistent with
the topological vertex picture.

It looks so that all the problems described are intimately related to the presence of two dif-
ferent families of Macdonald polynomials M and M in the topological vertex. At the unrefined
(Schur) level, they just coincide, but, at the Macdonald level, they get unrelated. The two fam-
ilies correspond to building the Macdonald polynomials, and, more generally, Kerov functions,
by triangular transformations of the Schur polynomials [20,34,36], which start from two opposite
ends: M are associated with the lexicographic ordering, beginning at antisymmetric representa-
tions, while M, with the inverse one, beginning at symmetric representations. The fact that the
pair (M, M) is associated with the bra/ket states in the network models is the basic one in repre-
sentation theory of the DIM algebra, and it is very difficult to change. Our claim is that it results
in a drastic deviation between the network correlators and knot hyperpolynomials. This makes
the tangle calculus program in the refined case much less naive and more challenging. One may
expect many new and surprising discoveries on this way.

What we discussed in this paper is just the bottom line of the following hypothetical table:

MacMahon representations multi-graded knot invariants
1 1
DIM network models [16,17] PRIN link hyperinvariants
built from arbitrary graph built from arbitrary link diagram
1 1

~9

4-point function > Hopf link
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We explained certain difficulties in building the equivalence in the box. But most important
is that the both sides have their own far-going generalizations: one can construct from the topo-
logical vertices multi-point functions associated with arbitrary networks. The Hopf link is just
a simplest member of the family of all knots and links, constructed from the /ock and more
complicated elementary tangles as explained in [4]. Since the bottom line in the table identifies
(currently with reservations) the lock with the pair of topological vertices, one can hope that
generic networks will be similarly related to generic link diagrams, though there is a long way to
go in order to understand, if this relation indeed exists and what it is. Importantly, this relation
should be “functorial” w.r.t. the relation between Young diagrams at the Lh.s. and representa-
tions at the r.h.s.: the difficulties with establishing this property at the bottom line was the main
subject of the present paper: we have not tamed them completely, but demonstrated that the hope
persists. This complements another non-trivial piece of evidence: that hyperpolynomial and even
superpolynomial calculi actually preserve some crucial implications of the Reshetikhin-Turaev
representation theory approach [37], especially the evolution properties as originally suggested
in [23,38] and now broadly checked within various contexts [18,24,39-42].

Furthermore, both columns have further generalizations: to the MacMahon representations
on the DIM side and to multi-graded knot invariants on the link side. At the moment they have
nothing in common: the MacMahon representation means lifting from the Young diagrams to the
plane partitions [43], of the multi-gradings only the fourth is currently under study [44—47]. Still,
the very existence of further generalizations opens a very broad perspective for the study of tangle
calculus, the ambitious program [1,4] to relate link hyperpolynomials with representation
theory of DIM-like algebras. We hope that this paper is a good illustration of what are the kind
of obstacles to overcome on this long way.
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Appendix A
A.l. Macdonald polynomials

The Macdonald polynomials
Mg =Y Kgrg(q.t) - Schurg (119)
0

where the Kostka-Macdonald coefficients Kro(g, t) are Laurent polynomials in ¢ and ¢ with
positive integer coefficients [48], and Krr(q,t) =1, Kro(g,t) =0 at Q > R, with the lexico-
graphical order of partitions. They are defined by the orthogonality condition

<MR, MR/> —0 unless R=R' (120)
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with the scalar product induced by

{q%}

) (121)

< Pa,pPa >=2A8AN l_[
i

where z is the order of automorphism of the Young diagram A and we have scaled the original
inner product of Macdonald [20] by the factor of (¢/7)!2!. These conditions unambiguously
define the Macdonald polynomials. In particular, the full orthogonality relations look like

hgv
(Mr. M) = 55 5 e = IRIP 81 (122)
where
ho(g.0) = [ (@7 —gimd =i (123)
i,jev

The dual Macdonald polynomials are defined as

hR
Qr ==

hpe

Mpg (124)

In fact, instead of the orthogonality relations, one can use a determinant formula [49]

Mg="0g - det C;’g (125)

here the fi f th ix, %) = Schurg { £} 11 oth c® _[s,]"
where the first row of the matrix, Cp ) = Schurg mpk and all others are: Cp, = SQ .

SLHR-1(Q)

Here S¢g :=det; j Sg;—i+j - S and [S Q] denotes the sum of all ordered terms (taken

with signs) in Sp of the cycle type P, with each term S, ...S;,, n = |R| substituted by the

F(R,[ik]) :== Y 71—, ( Ri _ qZ’k) 12"=2k with taking into account the signs. The normalization
factor is
hrv 1
Ng = s ]‘[ c“” (126)
O>R

For instance, consider Q =[2, 1, 1, 1]. Then,

Sy S35 0S4 S5
So S1 S S

So=1"y s(l) Sf S; - So="..— 5251528080 — $252808150 + ... (127)
0 0 S S

which, e.g., for R=[1,1,1,1,1] and P =[2, 2, 1] gives rise to

([1,1,1,1])
C([] 1,1, 1 1]) [S ]
[211] 1 = | P L LT 2.1.1]

=-F(1,1,1,1,1],[2,1,2,0,0) — F([1,1,1,1,1],[2,2,0,1,0]) =
=@ - D+ g+ g7t =1 =1 —2) (128)
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A.2. Skew Macdonald polynomials

Like skew Schur polynomials, skew Macdonald polynomials for ordinary representations R =
(R, @) are defined as functions of arbitrary time-variables. Let us define the skew Macdonald
polynomials by the expansion

M (pV + pP) =" Myyulp)- Mu(p®) (129)
o

which is unambiguous. This implies

M {p +p? + pOy ="M {p™}- M {p® + p©)

n
=Y M (p "} My {p®} - My (pP) (130)
TRV
On the other hand,
M {p M +p@ 4 pD) =3 MuplpV + p@) - M (p) (131)

v

Since the Macdonald polynomials form a full basis of symmetric functions at each level, it fol-
lows that

Mypdp™ + pPy =" M dp™) - My (p®) (132)
n

The skew Macdonald can be effectively calculated from the corresponding Littlewood-
Richardson coefficients

Mepy{p} =Y NE . - M(p} (133)
¢

where N are the (g, t)-dependent structure constants

Mg, {p} Mg,{p} =) N% o Mo{p} (134)
0

Note that in (133) they depend on transposed diagrams. One can also define the dual skew-
polynomials by the counterpart of formula (133)

Qrm{py =Y NE - 0(p) (135)
¢
The Cauchy formula for the skew Macdonald polynomials is
D (=0 ! My, {p) - Mgv (P} = (136)
&
= exp <_ Z %) . Z(_Q)lmlJrlnzlf\U\ 'va/ff{p/} . anv/gV{P}
k o

We will also need the formula that relates the Macdonald polynomials of the conjugated par-
titions:
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h, hyv q“—q7* k
—My = —Mv; v — ——F(—1 137
M [hw (- g ¢ )”)qe, (137)
It follows from [25, eq. (B.13)]
k_ ,—k
hy, M, = [;WMAV(_ %(—1)’%)] (138)
gt

and the definition of the skew Macdonald polynomials (129).
Similarly,
Ryl il

MAV/nV{(—l)k“ﬁi“ )} == M)\/n{ —&(’”} = —2Mx/n{ —&(")} (139)
oy 121

where p(q.1) == pi(qg~". t7").
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