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Abstract

We establish rigorously the regularization of the p-adic open string amplitudes, with Chan-Paton rules
and a constant B-field, introduced by Ghoshal and Kawano. In this study we use techniques of multivariate
local zeta functions depending on multiplicative characters and a phase factor which involves an antisym-
metric bilinear form. These local zeta functions are new mathematical objects. We attach to each amplitude
a multivariate local zeta function depending on the kinematic parameters, the B-field and the Chan-Paton
factors. We show that these integrals admit meromorphic continuations in the kinematic parameters. This
result allows us to regularize the Ghoshal-Kawano amplitudes. The regularized amplitudes do not have ul-
traviolet divergencies. Due to the need for a certain symmetry, the theory works only for prime numbers
which are congruent to 3 modulo 4. We also discuss the limit p — 1 in the noncommutative effective field
theory and in the Ghoshal-Kawano amplitudes. We show that in the case of four points, the limit p — 1 of
the regularized Ghoshal-Kawano amplitudes coincides with the Feynman amplitudes attached to the limit
p — 1 of the noncommutative Gerasimov-Shatashvili Lagrangian.
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1. Introduction

The deep connections between p-adic analysis and physics are a natural consequence of the
emergence of ultrametricity in physics, which means the occurrence of ultrametric spaces in
physical models, see e.g. [1-9] and the references therein. The existence of a Planck length
implies that the spacetime considered as a topological space is completely disconnected. The
points (which are the connected components) play the role of spacetime quanta. This is precisely
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the Volovich conjecture on the non-Archimedean nature of the spacetime below the Planck scale,
[2,3], [8, Chapter 6]. Ultrametric spaces have also appeared in models of complex systems. A
central paradigm in the physics of certain complex systems (for instance proteins), asserts that
the dynamics of such systems can be modeled as a random walk over the leaves of a rooted
tree. This tree is a finite ultrametric space constructed out of the energy landscape. Mean-field
approximations of these models drive naturally to models involving p-adic numbers, see e.g.
[7,10-12], and the references therein.

In the last forty years, the above mentioned ideas have motivated many developments in quan-
tum field theory and string theory, see e.g. [1,5,13,14], and more recently, [15-28].

In string theory, the scattering amplitudes are obtained integrating over the moduli space of
Riemann surfaces. Even for tree-level amplitudes (on the sphere for closed strings and on the disk
for open strings) N-point amplitudes are difficult to compute beyond four points. Moreover, the
convergence of these integrals is not evident by itself [29,30]. Recently, in [31] was established in
a rigorous mathematical way that Koba-Nielsen amplitudes are bona fide integrals, which admit
meromorphic continuations when considered as complex functions of the kinematic parameters.

String theory with a p-adic world-sheet was proposed and studied for the first time in [32].
Later this theory was formally known as p-adic string theory. The Adelic scattering amplitudes
which are related to the Archimedean ones were studied in [33]. The tree-level string amplitudes
were explicitly computed in the case of p-adic string world-sheet in [34] and [35]. These ampli-
tudes can be formally obtained from a suitable action using general principles [36]. A general
treatment, starting by describing a discrete field theory on a Bruhat-Tits tree and obtaining the
tree-level string amplitudes ([34]), was established in [37]. Similarly as in the standard string the-
ory, in p-adic string theories it is difficult to determine the convergence region in the momentum
space, however this was done precisely for the N-point tree amplitudes in [38]. In this article
we show (in a rigorous mathematical way) that the p-adic open string N —point tree amplitudes
are bona fide integrals that admit meromorphic continuations as rational functions, by relating
them with multivariate local zeta functions (also called multivariate Igusa local zeta functions
[39-41]).

In p-adic string theory the limit p — 1 is very intriguing since it seems to be related to the real
versions of these theories [36,42]. This limit is special since the effective theory shows that it is
related to physical string theories such as the boundary string field theory [43]. Another interpre-
tation of the limit p — 1 was given in terms of the renormalization group scaling transformation
in the Bruhat-Tits tree for some suitable p [44]. In the worldsheet theory we cannot forget the
nature of p as a prime number, thus the analysis of the limit is more subtle. The correct way of
taking the limit p — 1 involves the introduction of finite extensions of the p-adic field Q,. In
[45] the limit p — 1 was discussed at the tree-level string amplitudes. We provided a rigorous
definition of this limit using the theory of topological zeta functions due to Denef and Loeser
[46,47].

In ordinary string theory the effective action for bosonic open strings in gauge field back-
grounds was discussed many years ago in [48]. The analysis incorporating a Neveu-Schwarz B
field in the target space leads to a noncommutative effective gauge theory on the world-volume of
D-branes [49]. The study of the p-adic open string tree amplitudes including Chan-Paton factors
was started in [34]. However the incorporation of a B-field in the p-adic context and the compu-
tation of the tree level string amplitudes was discussed in [50,51]. In these works it was reported
that the tree-level string amplitudes are affected by a noncommutative factor. In [50] Ghoshal
and Kawano introduced new amplitudes involving multiplicative characters and a noncommuta-
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tive factor. These amplitudes coincide with the ones obtained directly from the noncommutative
effective action [52].

In the present article we study the p-adic string amplitudes, with Chan-Paton rules and a
constant B-field, introduced in [50], by using techniques of multivariate local zeta functions.
The N-point, p-adic, open string amplitudes, with Chan-Paton rules in a constant B-field, have
the form

[T b=l )

1<i<j<N
QN = =
P

/1 N

X exp 5 Z (kiOk;j)sgn, (x; —x;) dei, (D)
1<i<j<N i=1

where N >4, k= (ky, ..., ky), k; = (ko,,-, . ..,kl,,-), i=1,...,N,is the momentum vector of

the i-th tachyon vertex operator (with Minkowski product k;k; = —ko ko, j + k1,;k1,j + -+ +
ki ik;, j) obeying

N
Z"fz"’ kikj=2fori=1,...,N, ?)
i=1

H; (x;) = %(1 + sgn (x)), sgn,(x) is a p-adic version of the sign function, @ is a fixed anti-
symmetric bilinear form, and ]_LN= 1dx; is the normalized Haar measure of Qg . A symmetry
requirement for this theory is that the sign function be odd, meaning sgn, (—x) = —sgn_ (x).

Unfortunately, this theory is not invariant under projective Mobius transformations and con-
sequently the normalization x; = 0, xy—1 = 1, xy = 00 can not be carried out. This is a
consequence of the fact that Q, is not an ordered field. Anyway, in [50] the authors assumed
a such normalization, which is equivalent to assuming that the vertex operators are inserted in
the boundary of the Bruhat-Tits tree at ‘non-generic points’. Taking the normalization x| = 0,
xny—1 =1, xy = 0o, the amplitude takes the form

N-2
i kn_1k;
AN (k. 0,7) = / [T b5 11— 1 He () He (1= )

Qi i=2
kik;
X 1—[ |xi—xj|p ;s (x,-—xj)
2<i<j<N-2
«/—_1 N-2
X exp)—~— Z (ki0k j)sgn, (x; — x;) dei. (3)
1<i<j<N-1 i=2

We have called such integrals Ghoshal-Kawano amplitudes. The main goal of this article is the
study of the amplitude AYY) (k, 6, 7) using twisted multivariate Igusa’s local zeta functions. We
attach to AY) (k, 0, 7) the following Igusa type integral:

N-=-2
2 s 50r= [ TT bl =l He o e (- x)

3 i=2
Q)
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X H |x,’—Xj

J He (xi — x;))

2<i<j<N-2
\/_—1 N N-2
X exp - ‘ Z sijsgn; (x; —x;) de,-, 4)
I<i<j<N-1 i=2

where the s;; are complex symmetric variables and the ;; are real antisymmetric variables.
We have called integrals Z®) (s, ¥, ) Ghoshal-Kawano local zeta functions. As a consequence
of the presence of the Chan-Paton factors, the normalization x; =0, xy_; = 1, xy = 0o and
the requirement that sgn (—x) = —sgn, (x), the integration in (4) is actually on Zg =3 (the
N — 3-dimensional unit ball). This fact implies that turning off the background B-field, the am-
plitude AN (k, 6, ) does not reduce to the p-adic open string amplitude at the tree level. This
fact was already noticed in [50], in the case N = 4. We show that integrals Z w )(s, ¥, T) can be
expressed as finite sums of a new type of twisted multivariate Igusa’s local zeta functions, and
by using the techniques of [39,53], we establish that ZV) (s, ¥, r) admits a meromorphic contin-
uation as a rational function in the variables p =51, p~*W-0j  p~Sii Furthermore, ZN) (s, ¥, 1)
is holomorphic in

ﬂ S,’jE(Cd; Z Nij,kRe(Sij)+)/k>0, forkeT }, 5
H i,jeM
where N;jr € N, yx,d € N\ {0}, and M, T are finite sets, and the real parts of its poles belong
to the finite union of hyperplanes of type

H=1sij E(Cd; Z Nij’kRe(Sij)—i-)/k:O, forkeT
ijeM

We regularize the amplitude AN (k, 6, ) by redefining it as

AN (1,0,7) =2 (5,5, 7) | 5;=kik; -
Sij=kik;

in this way AY) (k, 0, 7) is a well-defined meromorphic function of the kinematic parameters
kik;, which agrees with integral (3), if it exists. As a consequence of the description of the poles
of Z(\) (s,5,7), AN (k, 6, 7) is defined for arbitrary large momenta, since in (5) the values k;k ;
can take arbitrarily large values. This fact is not valid for the p-adic Koba-Nielsen amplitudes,
see [38], and [31], since Ghoshal-Kawano amplitudes are supposed to be generalizations of the
p-adic open amplitudes at the tree level, we conclude that the normalization x; =0, xy_1 =1,
XN = 00 is not possible in the presence of a background B-field. In a forthcoming article we
expect to study amplitudes (1). It is worth to mention here that the Ghoshal-Kawano local zeta
functions are new Igusa-type integrals coming from p-adic string theory.

The construction of a physical theory over a p—adic spacetime (worldsheet in our case) raises
the question about the physical meaning of the prime p. The spacetime is a quadratic space
@ 2’ , q), where q is a quadratic form, and consequently, the spacetime depends on the pair (p, q).
In this article, we require p = 3 mod4 and © € {p, ep} in order to have the symmetry sgn, (—x) =
—sgn, (x).

This article is organized as follows. In section 2, we study the limit p — 1 in the noncommu-
tative version of the effective action discussed in [52]. We describe the noncommutative version
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of the Gerasimov-Shatashvili action and find explicitly its four-point amplitudes. In section 3, we
review the basic aspects of the twisted, multivariate Igusa’s local zeta functions. The local zeta
functions required here are a variation of the ones considered in [53]. Sections 4-5 are dedicated
to establish the meromorphic continuation of Ghoshal-Kawano local zeta functions. Sections 6
and 7 are devoted to give the explicit calculation for the 4-point and 5-point amplitudes. The
4-point amplitude was already obtained by Ghoshal and Kawano in [50] under certain hypothe-
ses and the 5-point amplitude is new. In section 8, we compute the p — 1 limit of the p-adic
4-point and 5-point amplitudes. We verified that the p — 1 limit of 4-point amplitude coincides
with the Feynman amplitude computed from the noncommutative Gerasimov-Shatashvili action
in section 2. The final remarks are collected in section 9. Finally in the Appendix, we review the
basic aspects of the p-adic analysis, and introduce some notations and conventions used along
this article.

2. The limit p — 1 in the effective action with a B-field
2.1. The limit p — 1 in the noncommutative effective action

In [52], it was considered a noncommutative action as the effective action of the theory of
p-adic open strings with a B-field. The corresponding action in the D-dimensional spacetime is
given by

IR A N GER U VS S
S(¢)—g2p_1fd x( 2¢*P2¢+p+1(*¢)p > (6)

where g and A are the coupling constant and the Laplacian, respectively, and (x¢)? is defined
by ¢ x¢p - --x¢@ p-times. Here x is the Moyal star product, which is defined for any suitable pair
of smooth functions f and g as

0

_ L guy 3
(fxg)x)=exp| 5 Tyt oY

)f(X+y)g(x+z)

y=z=0

The corresponding equation of motion is given by

PTG = (x)P. 7

The solutions of this equation are defined in the target space R”, where p plays the role of a real
parameter. In particular the limit p approaches to one makes sense.

Now following [42], by considering the Taylor expansion of exp(—%A log p) and
exp(plog(x¢)) at p =1, and keeping only the linear term, we get

Ap = —2¢ xlog(x¢), (®)
where log(x¢) = ¢ — %qﬁ * ¢ + %qb * ¢ *x ¢ — ---. Thus the heuristic p — 1 limit leads to a
noncommutative version of the Gerasimov and Shatashvili Lagrangian:

s@) = [ avx <<a¢>)2 - V(*¢>)>, ©
where

(x¢)*

V($) = (x¢)” » log [7 :
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In noncommutative field theory, it is well known that the nontrivial noncommutative effect
comes from the potential energy of the Lagrangian. The propagators associated with the kinetic
energy of the Lagrangian are the same as the ones of the commutative theory. Thus the free
Lagrangian with an external source J(x) is

So(é) = / dPx[(06)* + () + T () ().

The propagators are given by x;; = k,k;ﬁ-l’ where k;, with i = 1,..., N, are the external mo-
menta of the particles. The Feynman rule for the interaction vertex can be obtained in the
noncommutative theory by considering the cubic, quartic, etc. interaction terms and computing
the correlation functions, see for instance, [54,55].

2.2. Amplitudes from the noncommutative Gerasimov-Shatashvili Lagrangian
In this subsection we show how to extract the four-point amplitudes from the noncommutative

Gerasimov-Shatashvili Lagrangian (9). In order to do that, we first require to study the interacting
theory. The generating functional of the correlation function for the free theory is given by

ZolJ]1=NTdet(A — 1)]71/2 exp{ - ;—h/de/de’J(x)GF(x - x/)J(x/)},
where G g (x —x') is the Green function of time-ordered product of two fields of the theory, N is a

normalization constant, [det(A — 1)]~!/? is a suitable regularization of the divergent determinant
bosonic operator. The noncommutative action is given by

S(¢) = / dPx[(0¢)” +¢* — U ()], (10)
where U (x¢p) = 2(x¢)* * log(x¢). We expand U (x¢) in Taylor series as follows:

Up)=A¢p*xp+Bopxpxdp+Choxpxpxp+---, (11)
WhereA_—— B=8and C =—6.

The generatlng Z[J] functional incorporating the interaction is given by

Z[J]—exp{zs /dD (—m ) (—ih ) )
6h 8J(x) 8J (x)
v [ () (-055) (15555
—— | d x| —ih * ih ih
) 8J(x) 8J(x) 8J(x)
61 D . 8 .
e ( haJ(x)>*< ’w(x)) ( b‘J(x))

)

We are interested in checking whether connected tree-level scattering amplitudes of this theory
match exactly with the corresponding p-adic amplitudes in the limit when p tends to one. The
computation of the field theory performed here will be compared to the computation of the p-adic
string amplitudes at section 8.
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2.3. Four-point amplitudes

In this subsection we consider the quartic term from the potential (11). The expansion of the
exponential function of this term in the interacting generating functional is expressed as

_ .3 D ) ) ) )
ZUl=---+6ih /d "{(aux))*(aux))*(w(x))*(M(x))}ZO“H

=...+6iR° lim lim / dPy1dP y,dP y3dPy,

X=Y1=Y2=Y3=Y4 wi=wr=w3=w4=0

j a d ] il il
X exp { Zomm } exp { L ToRr—y }
2 dwy! dw 2 ow3” Jwy

Vom0 (707 ) (765 7 ) (7 7 ) | 07
8J(y1+w1) /\8J(y2 +w2) / \8J(y3 +w3) ) \ 8 (ya 4 wa)

b (13)

A straightforward computation of the 4-point vertex gives

8*Z[J]
8J (x1)8J (x2)8J (x3)8J (x4) | j—p

0160 0300 0100 0,00
= --+768ih3dex cos 7% cos 374 + cos 7% cos 27 %4
2 2 2 2
01004 02003
+cos< > )cos(T)}[—ﬁGp(x xl)][—ﬁGF(x—xz)]

X [——GF(X—X3)][——GF(X—X4)] s (14)

2h 2h

where Gr(x — y) is the propagator and 923 4 are the partial derivative with respect to the
coordinates xp, x2, x3 and x4, respectively.

The interaction term 8(x¢)> in the Lagrangian gives also a non-vanishing contribution to
the 4-point tree amplitudes of the second order in perturbation theory. They are described by
Feynman diagrams with two vertices located at points y and z connected by a propagator G g (y —
z) and with two external legs attached to each vertex. In this case the amplitude is computed from
the relevant part of the generating functional:

64n* | dPy ( )3< 8 )32 J (15)
Ul= ot / / 51 ) \Msi) VIt

This expression can be written explicitly in terms of the Moyal product as

Z[J]

=..-+64n* lim lim lim /dDyldDydey3dDz1dDzdeZ3

Y=Y1=Y2=Y3 2=21=22=23 wi=wy=w3=w4=0
] d d ) d ad
X exp Z_GMIVI—M—W eXp l_9M2V2—
2 ow| " dw, 2 8w Bw

Nror o) o ran) (76|
8J(y1 +wi) J\8J(y2 +w2) J\8J(y3)
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8 S 5
X {(3](Z1 +w3)>(51(22+w4)>(6J(Z3)>}Zo[J]+...

The connected 4-point amplitudes at the second order coming from the cubic interaction 8(x¢)3
yields to

§*Z[J]
8J (x1)8J (x2)8J (x3)8J (x4) | j—p

+8192h4/dD /dD |:——GF()’_Z)j|
feos (27 (°57)
X 3 COS COoS
2 2
X{[—ﬁGF(y xl)i||:_ﬁGF(y x2)i||:—ﬁGF(Z xS)M_EGF(Z_M)}
+|:_EGF(Z_)CI{||: 2hGF(Z_x2):||:_%GF(}]_XS):H:_ﬁGF()’_)M)i”
+COS(81983>COS<32934>
2
XH:——GF(Y M——GF(Z XZ)][—ﬁGF(y x3)i||:—ﬁGF(Z—X4):|

+ [— G —xl)} - —GF<y —Xz)][— Z’—th —x3>[ — LGy —m“

01604 0,003
+cos( > )cos( > )
x {[— ~Gr(z —xl)][— ~Gr(y —x2>] [ - ’—GF(y —x3>} [ - EGF(z —x@}

+|:—EGF()’ xl):||:_%GF(Z XZ)]I:_ﬁGF(Z X3)|:_EGF()’_X4):“}
+en (16)

This total amplitude corresponds exactly to the sum of the partial amplitudes associated to the
channels s, ¢ and u. The sum of (16) and (14) constitutes the 4-point amplitude (at the tree-level).
This amplitude agrees with the limit p — 1 of the sum over the permutations of the momenta k;
of the 4-point p-adic amplitudes computed in section 6. The details of this calculation are given
in section 8. Moreover, five-point non-commutative amplitudes (and higher-order amplitudes) in
the limit p — 1 can be computed following a similar procedure, but it will not be performed
here.

3. Multivariate local zeta functions

For the notation and the definition of basic objects such as multiplicative characters, sign func-
tions, Haar measure, etc., the reader may consult the Appendix. In this section we review some
basic aspects of the twisted multivariate local zeta functions. The meromorphic continuation of
the local zeta functions play a central role in sections 4 and 5.
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Let fi(x),..., fu(x) € Qp[x1,...,x,] be non-constant polynomials, we denote by D :=
U?’zl fl._l(O) the divisor attached to them. Let i, ..., x» be multiplicative characters. We set
=t fm)s X=X -5 Xm), and § := (51, ..., 8,) € C™. The multivariate local zeta
function attached to (f, x, ®), with ® a test function (i.e. a locally constant function with com-
pact support), is defined as

m n
Zo(s.x. )= / O (0 [T e (ficom /ol [ T, (17
Q’;, D i=1 i=1
with Re(s;) > O for all i. Integrals of type (17) are holomorphic functions in s, which admit
meromorphic continuations to the whole C™, [53, Théoreme 1.1.4.], see also [39]. More pre-
cisely, the integrals Zg (s, x, f) admit meromorphic continuations as rational functions in the
variables p~*1, ..., p~¥. Let us emphasize that the notation x; (ac(x)), x # 0, means that the
character x; depends only on the angular component of x, see Appendix.
We need a variation of the Loeser result [53, Théoreme 1.1.4.], more precisely, when each
Xi o ac is the trivial character xuiy (x) or sgn, (x). We denote by x; one of these characters. This
last function is a multiplicative character on Q;, but it depends on the angular component of
x and on the order of x. By using Hironaka’s resolution of singularities theorem, see e.g. [39],
Zo (s, X, f) can be written as linear combination of integrals of type
r
[T {3 =t (o) f .

c+peZh j=1
where ¢ = (¢1,...,cp) € Q’;,, 1 <r <n, N; ; are nonnegative integers fori € {1,...,m}, jeT,
and v; a positive integer, for j € 7 (a finite set), see proof of [39, Theorem 8.2.1] and [53,

Théoréeme 1.1.4.].
Then, we have to study the meromorphic continuation of an integral of type

iy Nijsitvj—1 __ Nij
ro= [ Il s (s
¢j+pZy
since the one corresponding to the trivial character is already known, see e.g. [39, Lemma 8.2.1].

Several cases occur. If ¢; ¢ p°Zp, by using the fact that |-, and sgn, (-) are locally constant
functions we get that

16) = p e 2N g ().

In the case ¢; € p°Z,, we have

]

M Nijsitvi—1 Nij
1(s)=2/ [y [ M st (3 d
l:eplZ;
o
=12 =3Iy Nijsitvj) gon i Nij
— p i . )sgny p sgny ' (u)du
I=e

z;

:J(s)f sgnivi’j (u)du,

zy
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where y; = plu.
Now if T = ¢, sgn, (u) = (=1)”"*™ =1 for any u € Z, then f2; sgnt (wydu =1— p~!
In the case 7 # ¢,

. 1—p~ ! if N;;iseven
f sgni (u) du = o
0 if N,"j is odd.

z,

By using that

N; i IN; i
sgn; (pl) =sgn; "’ (p) = {

we have

1 if [iseven

sgnt™ (p) if  1is odd,

o0
J(s) = Z p*l(zlmzl Ni,jsi+Uj)Sgn{[N’\j (p)

e

~
I

WK

p_(k+e)(2:’n:l Nivj5i+vj)sgn (pk+e)

k=0
S kN,
=p e(XiL) Nijsitv;) sgn Z p- = 1J5[+Uj)sgnr M (p).
k=0
If Ny, ; is even
o0
J(s) = pe(Xi Nupsike) 7 k(X Nejsich)
k=0

—e(X27L) Nijsi+vj)
1 — p~ Xt Nijsi—vj -

If N;,j is odd, we have I (s) = 0. In conclusion, since Zg (s, x, f) is a finite linear combination
of products of integrals of type I (s), then Zg (s, x, f) admits a meromorphic continuation as a

rational function in the variables p~*!, ..., p~5» . More precisely,
Le,x (s)
Zo(s.X. /)= - : (18)
I1 (1 — p Xz Nf,ij—Uj)
JjeT
where L@,y () is a polynomial in the variables p™1,..., p™", and the real parts of its poles

belong to the finite union of hyperplanes

m
ZNi,jRe(si)+vj =0, forjeT.
i=1

This result is a variation of [53, Théoréme 1.1.4.].
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4. The Ghoshal-Kawano local zeta function

From now on, we use 6 to denote a fixed antisymmetric bilinear form. In [50] Ghoshal and
Kawano proposed the following amplitude (for the N-point tree-level, p-adic open string ampli-
tude, with Chan-Paton rules in a constant B-field):

N-2

: kyn_1k;
AN (e, 0,7 x1, x51) = / T b5 10— x5 He () He (1 - x7)
Qﬁ'%\D i=2
kik;
X 1_[ ‘xi—xjp ’Hr(x,-—xj)
2<i<j<N-2
\/_—1 N-=-2
X exp 5 Z (kiOkj)sgn, (x; —xj) de,-,
1<i<j<N-1 i=2
where N >4, k= (ky, ..., ky), k; = (ko,,-, . --,kl,i), i=1,...,N,is the momentum vector of

the i-th tachyon (with Minkowski product k;jk; = —ko ;ko, j + k1,ik1,j + --- + ki,;k; ;) obeying
to (2) and ]_[lNz _zzdxi is the normalized Haar measure of Qg =3, and

N-2
D:={(x2,...,xN_2) EQZIY_S; ]—[Xi (I —x;) l_[ (xi _x/) =0

i=2 2<i<j<N-2

In the bosonic string theory I = 26, however, this choice of the dimension does not play any role
in our calculations.
In order to study the amplitude AN (k, 6, 7; x1, xy_1), we introduce

N-2
s = (sij) = U5 {s1sv-1yi } UUs<icjen—a {sij} € C9
a list consisting of d complex variables, satisfying s;; = s;; for any i and j, where

N-=-3

2(N—3)+< ) if N>5 :N(N—3)

d:= >
if N=4

Furthermore, we introduce the variables 5;; € R, for 1 <i < j < N — 1. We denote by § = (E, j)
for] <i<j<N-—1.Weset

N-2

. i S(N—-1)i Sii
Fee,s,0) =[]l l—xilp" " Hee He(1—x) [ 1 —xjlp He(xi —x)),

i=2 2<i<j<N-2

and

~J=1
2

Z S]ngnr(xl—Xj) X
2<j<N-1

E(x,5,7;x1,XN_1) :=€Xp

Z Siv—nsgng (x; —xn_1) | ¢ X (19)
2<i<N-2
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V=1 3

exp 2

sijsgnf(xi —x]')
2<i<j<N-2

Later on, we will use the convention x; = 0, xy_1 = 1 and xy = 00. Now, we define the Ghoshal-
Kawano local zeta function as

N-2
ZM (5,5, T3 x1,08-1) = / F(x,s,DE®,5,1;x1,xv-1) [ | dxi. (20)
QYD i=2

For the sake of simplicity, from now on, we will use QIIY ~3 as domain of integration in (20).
By using that |E(x,s, t; x1, xy—1)| = 1, |Hy (x;)| < 1, |H; (1 — x;)| < 1, for any {, and that
|H,(x,- — xj)| <1, for any i, j, we have

‘Z(N)(s,?, TQXI,XN—I)‘

N-2 R( ) R N-2
. e(S(N=-1)i ii
= / 1_[ Ixi|l;e(s“) 11 —xifp " l_[ |xi —Xj|pe(sj) l_[dxi
Q) i=2 2<i<j<N—-2 i=2
=Z™ (Re(s)),

where Z(V) (s) is the Koba-Nielsen string amplitude studied in [38], see also [31]. Since this last
integral is holomorphic in an open set X ¢ C4, we conclude that

Z(N)(s,'E, 7) is holomorphic in s € K for any 5, 7, x1, xy_1.

Weset T :={2,..., N — 2}, and define for I C T, the sector attached to I as
Sect(I) = {(xz, e aNe) €QN T x|, <1 Sie 1}.

Then Q)3 = ||,z Sect(I) and

ZNM 5 rxnxy-) =Y 2 6.5 tix ), @1)
ICT
where
N-=-2
ZM (5.5, ix1, 0y 1) = / F(x,s,0)E®,5,;x,xx-1) [ [ dxi.
Sect(I) i=2

We now notice that Z;N)(s,?, T;x1,XxN—1) =0 if I # T. Indeed, in the case I =T I #
@, F(x,s,7) =0 due to the fact H;(x)H,(—x) appears as a factor in F(x,s, ), and that
H;(x)H;(—x) = 0. For this reason, we redefine the Ghoshal-Kawano local zeta function as

N-2
ZM (s, 5, tix a1 = / Fx.s,T)E®.5, tix1,xn-1) [ [ dxi. (22)

N-3 i=2
Zy
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5. Meromorphic continuation of Ghoshal-Kawano local zeta function
5.1. Some formulae

ForseR and x € Q, \ {0},

exp { _\/2__“ sgnf(x)} =cos (g) —J=1 sgn_ (x) sin <§> . (23)

By using this formula, and the convention x; =0, xy_; = 1, we obtain that

—J _
exp{ \g_< > sljsgnr(—xj)>}=lc{zz C1®Hsgnr(xj);

2=j=N-1 o N—1) jel
—J—1 _
exp ) — Z Sivensen, (=D | = > DJCs)Hsgnf(l —x));
2<j<N-1 JC2,..,N=1} jel
—J=1 ~
exp > ‘ Z sijsgn; (x; —xj)
2<i<j<N-2
= Z Dk (8) l_[ sgn, (x; — x;),
KC{2<i<j<N-2} i,jek

with the convention that | jen = 1. Here, using (23), we can see that C;, D; and Dg are com-

plex functions depending on cos (%) and sin (%) In conclusion,
E(x,5,7):= Z E; kG ]_[sgnf(xj) l_[sgnr(l —xj) ]—[ sgn, (Xi — x;). (24)
1,J,K jel jeJ i,jeK

In a similar way, we obtain that

N-2
[[HGoH(=x)  []  HeGi—x))

i=2 2<i<j<N-=-2
= > ersk| [sen ) [ [senc (1 —x) [] sen (xi —x)), (25)
1,J,K jel jeJ i,jekK

where the e; ; ks are constants.
5.2. Meromorphic continuation of AUR (s,5,7)
We assume the normalization x; = 0, xy—1 = 1, xy = oo, and denote the correspond-

ing Ghoshal-Kawano zeta function as Z®)(s,¥, 7). By using formulae (23)-(25) and (22),
ZWM)(s,¥, 7) is a finite sum of integrals of type

N-=-2
C® [ []mlim—xy™™  T] i —xil TTae @) [T xe(1—x))

ZV3 i 2<i<j<N-2 Jel jet
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N-2
< T1 xeGi —x)) [ ] dxi,
i,jekK i=2
where C(5) is an R-analytic function, x, denotes the trivial character or sgn,. This formula
implies that Z(")(s,¥, 7) is a linear combination of multivariate Igusa local zeta functions
with coefficients in the ring of R-analytic functions in the variables §. Consequently, by (18),
ALY (5,7, v) admits a meromorphic continuation as a rational function in the variables p~51/,
p*W=-0j  p~Sij and the real parts of its poles belong to the finite union of hyperplanes of type

H= sij € Cd; Z N,'j’kRe(Sij) + =0, forkeT;,
ijeM
where N;j € N, yp € N\ {0}, and M, T are finite sets. Furthermore, ZM (5,5, 7) is holomor-
phic in

(1]sij € cY Z NijkRe(sij) + v >0, forkeT
H ijeM

5.3. Meromorphic continuation of ZWM) (5,5, T) without the normalization x; =0, xy_1 = 1

The Ghoshal-Kawano local zeta function depends on x1, xy_1, i.e. ZWM (5,5, 7:x1, xn—1). In
[50], the corresponding amplitude was considered in the case x; =0, xy—1 = 1, xy = 00. Our re-
sult about the meromorphic continuation of Z (N (s, 5, 7) is also valid for ZM) (s, 5, 75 x1, xy—1).
Indeed, by using that

w

Zg_3 = ]a; +png_3,
i=1

where W, L are positive integers, later on we will require that L be sufficiently large, and a; €

ZIIY =3 for any i. With this notation, we have

w
zZM (5,5 tixnxv) =Y Z0N (5.5, T, xv),

i=

where
N-=-2
ZiN)(s,’f,r;xl,xN_l):z f F(x,s,r)E(x,?,r;xl,xN_l)de,-,
b+plzh i=2

see (19). The meromorphic continuation of Zl(,N)(s,E', T;X1,XN—1) can be obtained by the
methods presented in Sections 5.1-5.2, by computing a Taylor expansion of the polynomial

N-2
[ % (1 —xp) H25i<j5N_2 (xi — xj) near b.
6. Explicit computation of Z? (s, s, 1)
In this section we compute the Ghoshal-Kawano local zeta function for four points:

- i , ‘ -
29,5, vy =exp {353} [ 10l 1 = xal? He (x2) He (1 = 22) EY (02,5, 1) dxa,
Z

p
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where
(x2,5, 1) := (x2,512, 532, T) = €exp 3 s128gn, (x2) + 523880, (1 — x2) | 1.

We recall that Ghoshal and Kawano take x| =0, x3 = 1, x4 = 00. By using the fact that sgn_(y) €
{1, —1} and H; (y) € {0, 1}, one verifies that

exp { % <Flzsgnr (xz)) }Hr (x2) =exp (%’512) Hr (x2),

exp { % (Ez3sgnr(1 — xg)) }HT (1 —x2) =exp (%@3) Hy (1 —x2),

and consequently,

- i (- -
E® (12,532) =exp { 5 (m + S23) } :

and

~ I~~~
zW(s.5.7) =6XP{§(813 + 512 +S23>} S 1xal)2 11 = 22|32 Hy (x2) H (1 — x2) dxa.
z

p

We first compute some p-adic integrals needed in this section.
6.1. Some p-adic integrals

6.1.1. Formula I
Assume that § C Z), \ {0} satisfies —S = §. Then, for 7 € {p, ep}

[ 1xal)2 sgn, (x2)dx2 =0.
s

This formula follows from changing variables as x; = —y and using the fact that sgn;(—y) =
—sgn.(y).
6.1.2. Formula 2

If p=3mod4 and 7 € {p, ep}, then

1 L p—3
S(x,p)i=— Y H()H(1— j)="——
P 4p

From table (58), for j =2,...,p—1,
| . .
Hr<j>Hr<1—j)=—{1+(i)H1—(—’ 1)}
4 P p
and thus
! R (i) K (i=1\ &~ (i)(i-1
S(t,p)i=—1Ap—2+ L) - CAN L)L
P ap |” jz_;(p> Z( p ) Z(P)( p >

p—1
Now by using that ) (%) =0, we get that
k=1
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p—1 . p—1 ,. p—2
-1 k -1
()= X (5)-2()=- (%) -+
j=2 p j=2 p =1 \P p
and thus
p—2
k+1 k
sl S ()
p p p
To compute
p—2
k+1 k
£ () (),
e p p
we define

; 1 .
Ajj = {ae{l,...,p—Z}; (z) = (—1)" and (i) =(_1)J}’
p p
then {1,..., p —2} =A00|_|A01|_|A10|_|A11 and
L(z, p) =#Ag0 —#Ao1 — #A10 + #A11.

Now, if p =3 mod4, then

—3 1
#Agp = #A10 = #A1) = pT,and#Am - %, (26)

see e.g. [57, Chapter 9, Exercise 5 in p. 201], and therefore

1
L(t, p) =#Ap —#Ao1 =—1,and S(7, p) = 4—(p -3).
p

6.1.3. Formula 3
Set

I(s,7) = [ |x2l}2 |1 = x2l}2 Hr (x2) Hy (1 = x2) dxa.

Zl’
Then
-3 —1—s12 1— -1 —1—s37 1— —1
1s,y="24"7 (_l_p ), 2 (_l_p ) 27)
4p 2(1 —-p 312) 2(1 -p 332)
By using the partition
—1.
Zp = I_lfz()] + Pzp (28)

and the fact that

He (x2) |j4pz,= He (j) for j #0 and Hy (1 = x2) |4 pz,= He (1= j) for j #1, (29)

we have

Is.0)=Y"201(s. 7). (30)

where
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Li(s, D)= [ |x2f? 1 = x2l? He (x2) Hr (1 = x2) dxa.
J+rZ,

If j #0, 1, then
Ii(s,v)=p 'H. (j)H, (1 - j). (31)

If j =0, then by using Formula 1,

1 1
(s, )= [ |al? H ()da =2 [ laf?do+ s [l s (n)dx

PZP 2PZ17 pZ,,
1 ) 1 —1—5‘12 1 _ —1
=3 [ alPdn=3"— (_l_si ) (32)
pZ, 4
The case j = 1 is similar to the case j =0,
1 —1—s53 1— —1
heo= [ -l B —xdn =t P (33)
2 1— p—l—S32
14+pZ,
Formula (27) follows from (30) by using (31)-(33) and Formula 2.
6.2. Computation of Z® (s,5, 1)
In conclusion,
ZW(s,5, 1)
i ~ ~
=exp {5(813 +512 +S23)} I(s,7)
. —1—s12 —1 —1—s32 -1
i~ o fpm3 (=) R (-pTY)
=expy=(s13+512++s + +
P { 2( 13 12 23)} ( 4p 2 (1 _ p—l—slz) 2(1 _ p—l—s32)
(34)
is holomorphic in
Re(sy2) > —1 and Re(s3p) > —1. 35)

The above formula for Z©® (s,s, T) was also obtained in [50].
7. Explicit computation of Z®) (s, ¥, 1)

In this section, using the normalization x| = 0, x4 = 1 and x5 = 00, we compute the amplitude
for five points:

79,5, 1) = / E®(x2,x3,5, 1) F (x2, x3, 5, T)dx2dx3,
z;

with
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E®(x2,x3,5,7)

— /_1 - - -
=CXP{ 2 <S14Sgnf(—1)+S128gn,(—X2)+S13Sgnf(—x3))

—J=1/_ ~ ~
X exp { > <S4zsgnr(1 — x2) + 543sgn, (1 — x3) 4+ 523580, (x2 — X3)>

and

FO(x,x3,5,7) = [x2l§2[x3] 53] 1 — x2] 521 — x3]53 3 — x3323
X Hy (x2) Hy (x3) He (1 — x2) He (1 — x3) Hy (x2 — x3).

Using the reasoning given at the beginning of the previous section we have

E(5)®=€XP{ <314 +512+513 +§24+§34+§32)}

and then
29,5, 1) = EC ®L(s, 1),
where

L(s, )= / F(5>(x2,x3, s, T)dxodxs3.
zj

First we give some formulae needed in the following calculations.
7.1. More p-adic sums and integrals

7.1.1. Formula 4

19

(36)

(37)

For A Cc{1,2,..., p — 1}, by using that H;(x) = %(1 + sgn, (x)), where the sign function
sgn, is given in Table (58), and that sgn, (—x) = —sgn,(x), for p =3 mod 4 and 7 € {p, ep},

we have
i HAYHA — 1)  [#A
V(A,p,r):z'Z Ht(i—j)=f=<2>.
i,jeA
i+
Indeed

VA, p,1)= Y Heli— )+ Y He(=( =)= Y [Heli — j)+ He (=G — j)]

i,jeA i,jeA i,jJeA
Jj<i i<j Jj<i
1 . . #A
SZ )G 2-0
i,jEA p p i,jJEA

j<i j<i

)
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7.1.2. Formula 5
If p=3mod4and t € {p, ep}, then

p—1
T'(p,t):= 7 Z He())H: (1 —i)He ()H)H: (1 — j)H: (0 — J)
li;&jz
(=3 -7
N 32p2? '

We define B :={ke{2,3,...,p—1}; H (k)H; (1 — k) =1}. Then by using the results and no-
-3

tation given in the proof of Formula 2, we have #B =#A 19 = 4 , and
#B I (p=3\(p-T7 (p=3)(p—=T)
ron=p X0 =5(5) =5 (55) (57) -
i,jeB p p
i#]

7.1.3. Formula 6
We set fora, b, ce C,

Loo(a, b, c) := % / |x2|;|x3|l[’,|x2 - X3|;dxzdx3, for Re(a), Re(b), Re(c) > 0.
(rZ,)*
Then Loo(a, b, c¢) has a meromorphic continuation to the whole complex plane given by
Loo(a, b, c)

1 pfafbfL'fZ (1 _ pfl) ; pflfu (1 _ pfl)
T8 11— pab2 p(p=2+ = p-1-a + 1= p-1-b

p e (1=p7") }

1— p—l—c

+

In order to compute Log(a, b, c), we introduce the following subsets:

S]}s
P

X2

X3

= {(Xz,m) € (pr)z;

= {(X2,X3) € (pZ,)*: i—z , < 1} .
Then
(pr)2 N {(xz,x3) € (pr)2 ;X0X3 = 0} = Al |B, (38)

and Loo(a, b, ¢) = L§ (@, b, ¢) + LS (a, b, ¢), where

A
L@ beeri= ¢ [ batihulin - xldudx,

and
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(B) 1 b
Lo (@.b.c):=¢ / X2l lx3 1} Ix2 — x3]5,dxodxs.
B

We compute first L(()g) (a, b, c), by using the following change of variables:
X2 =uv, X3 =1u.

Then dxydx; = Iulpdudv and

A 1
Lig'@.b.c) = ¢ |5 ol o — 11 dudv

PLyXZ,

1
_ a+b+c+1 aj,, _ 11¢
=3 /|u|p du /|v|p|v llpdv
pZy Zp

1 —a—b—c-2 1— —1
= - 7a7(b7c7p2 )J(a,c).
8 1—-p

By using partition (28),

p—1
J(a,c)= > Ji(a,c).
i=0
Fori #0,1,

s@o= [ wig-1gdv=p,
i+pZ,

and the contribution of all these integrals is

p—1
Y Jita,c)=p t(p-2).
(=2

Fori =0,

p,]fa (] _pfl)
l_pflfa

D= [ wlgdo=
pZ)
Fori =1,
pflfc(l _pfl)

Ji(a,c)= f v —1]5dv = —

1+PZ13
Therefore, from (40)-(43),
L (a,b,c)
1 pfafbfc‘fZ (1 _ pfl)

21

(39)

(40)

(41)

(42)

(43)

pflfa (] _pfl) p,],c (] _pfl)

{p‘1<p—2)+

) 1— p,a,b,c,2 1— pflfa

Now we compute ng)(a, b, c¢), by using the following change of variables:

1— pflfc
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Xo =1, x3=zt. 44)

Then dxydx3 = |t], dzdt and

1 1
(B)(a b C) / |t|?7+b+c+1 |Z|Z|1 — Z|cl;dzd[ = g / |t|l;)+h+£'+1 |Z|};|dzdt

(PZP)2 (pr)z
1 p—a—b—C—Z (1 _ p—l) p—l—b (1 _ p—l)
= g 1— p—a—b—c—2 1— p—l—b '

7.1.4. Formula 7
Fora,b,ceC,
1
L(()i)) (a,b,c,7) = 3 f |x2|?,|x3|f,|x2 — x3|§,sgnr (x2)sgn, (x3)dxpdx3
(I’Zp)2

B lp7a7b7c72 (1 _ pfl) {_p—l N pflfc (1 _ pfl) }

- 8 1— pfafbfL'fZ 1— p,1,C

for Re(a), Re(b), Re(c) > 0. By using partition (38), we get that L(l)(a b,c,7) =
(1 A)(a b,c,t) + L(l B)(a b,c,7). We compute integral L( )(a,b,c,r), respectively
L(1 B)(a,b,c, 7), by using change of variables (39), respectively (44), as follows:
00 y g g p

L™ (a,b,c,t) = / u| e dy /|v|“|v— 11sgn, (v)dv
pZp Z)
1p~¢ b—c—2 1— —1
zgp l_p_a_(b_c_’; )K(a,c,r).
By using partition (28),
p—1
K(a,c,t)= ) Kj(a,c,1).
j=0

For j #0,1,K;(a,c,7) = p_lsgnr (j), thus, the contribution of all these integrals is

ZK(acr)—p ZSgn(J)—p Z( )——

j= j=2
For j =0, by using the Formula 1, K¢(a, ¢, t) =0. For j =1,

Ki(a,c,t) = / |v—1|;sgnr(v)dv= / |v—1|§,dv

1+pZ, 14+pZ,

—1—c —1

p e (1=p7)

= / lpdv=——
Z

p—l—c

In conclusion,
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(1.A) B lp—a—h—c—Z (1 _ p—l) . p—l—c (1 _ p—l)
Ly, (a,b,c,7)= - —_—
8 1 — p7a7b7c72 1— p,],L

Now, by Formula 1,

1
LM @b =t e [ugerertant [ sen @z <o

pr PZp

7.1.5. Formula 8
Fora, b, c € C, we set

@b e t) e L @b c
Lo (a.b.c.7):=¢ X2l X3l 1x2 — x3[}, sgng (x2)sgn, (x2 — x3)dxadxs.
(I’Zp)2
Then

LD, b.c.t)y=LY (@ c.b. 7).

This identity is obtained by changing variables as u = x2, v = x — x3, and using Formula 7.

7.1.6. Formula 9
Fora, b, c € C, we set

1
3 .
LQ@beni=g [ infinlio -l s Gosen o - wdnds,

(P Zp ) ?
Then

LY@, b,c,t)=—LE b,a,c, 7).

This formula follows from Formula 8 by changing variables as (x3, x3) — (x3, x2).
7.2. Computation of Z9) (s, 5, )

The computation of z® (5,5, ) is reduced to the computation of integral L(s,T), see
(36)-(37). By using the partition

p—1
Zy= 1 (i+p2,) x (j+pZp),
i,j=0

we have

p—1
L(s.T)= Y Lij(s.7)

i,j=0
where
Lij(s,7) = FO (x2, x3, 5, T)dxadxs3.

i+pZipxj+pZ,
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The calculation of these integrals is achieved by considering several cases.
Casei,je{2,3,....,p—1}andi # j.
In this case, by using that H; li+pz,= He () fori e{l,...,p—1},

Lij(s. 1) = p ?Hy(i)H; (1 — i) Hy (j)He (1 — i) Ho (i — j).

Now by using Formula 5, the contribution of all these integrals is

p—1

(p=3)p—-T7
[IX::ZL,-j(s, T) = e (45)
i#j

Casei,je{2,3,....,p—1}andi =j.
In this case, by using (32),

Lit=HOH -0 [ o xl He - x)dady

i+pZpxi+pZ,

—HOH =) [ =l He G — ) dad

(I’ZP)Z
= p ' H (D H- (1~ 1) / 0232 He (x2)dixy = p~ " Hy (i) He (1 — i) Io(523. 7)
PZp
iy p T —ph
=P HOH (1= D5 s
Now, by using that p =3 mod4, T # ¢, and Formula 2, the contribution of all these integrals is
—1—s23 -1 p—l —1=s23 -1
p d-p )1 : . pP=3\»r d-pr7)
= Y H:(HH (1 - j)= — (46)
21=p=7™) piz 8p (1 —p=i72)
Casei=1and j =0.
In this case by using Formula 1,
Lio(s, 1) = 11— x21321x31,)° He (1 — x2) He (x3)dx2d X3

1+I7Zp X])Z],

- /Il—lef,szr(l—xz)dxz / [ 182 H (x3)dlxy
1+pZ, pZLy

= [|x2|j‘;‘2H,(—x2)dx2 /IX3|§,‘3HT(X3)dX3

PZp I’Zp

1 ) 1 '
=15 [ rpant s [ iy
pr
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2
1= p~! —2—s542—513
_(=r7) b . @7)
4 (L=prime)(l—pion)
Casei=0and j = 1.
Since
H, (x2 — ‘ — Hy(~1)=0,
(X2 —x3) pZyx14pZ, (=1
we have Lo (s, ) =0.
Casei=j=0.

In this case,

Loo(s,7) = / X212 13173 X2 — X312 He (x2) Hy (x3) Hr (x2 — x3)dx2d x3.
(PZI’)z
By using that

1
Hy (x2) Hy (x3) Hy (x2 — x3) = 3 {1+ sgn, (x2) + sgn, (x3) + sgn, (xa — x3)
+sgn_ (x2)sgn, (x3) + sgn, (x2)sgn, (x2 — x3) + sgn, (x3)sgn, (x2 — x3)
+sgn, (x2)sgn, (x3)sgn, (x2 — x3)} ,

and the notation introduced in Formulae 6 to 9, we have

1 2
Loo(s, t) = Loo(s12, 513, $23) + L(()o) (512,513,523, T) + Léo) (512,513, 523, T)
3
+L(()0)(S12,Sl3,S23, 7)

(1) 1)
= Loo(s12, 513, 523) + Ly (512, 513, 523, T) + Ly (512, 523, 513, T)

1
- L(()o) (513,523, 512, T) » (43)

the integrals involving an odd number of sign functions vanish. This fact can be established by a
suitable change of variables as in Formula 1.

Casei=j=1.

In this case,

Lyi(s,7)

/ [T —x2] 211 — x313,% %2 — x31 37 Hr (1 — x2) Hy (1 — x3) Hy (x2 — x3)dx2dx3.
(H‘I’ZP)Z

Now by changing variables as u =1 — x2, v =1 — x3, we get

Lii(s,7)

= / [l vl 5P | — v} He (u) He (v) He (v — u)dudv
(pr)z
_I LD _ O O
= Loo(s42, 543, 523) + Ly (542, 543, 523, T) — Ly (s42, 543, 523, T) — Ly (542, 543, 523, T)
1 1 1
= Loo(s42, 543, 523) + L(()o) (842, 843,523, T) — L(()o) (42, 523, 543, T) + L(()o) (843, 523, 542, T)

(49)



26 H. Garcia-Compedn et al. / Nuclear Physics B 951 (2020) 114904

Casesi =0and j €{2,3,...,p—1}orie{2,3,...,p—1}and j =1.
In these cases,
Loj(s,t)=Lii(s, ) =0. (50
The vanishing of the integral Lo (s, 7) follows from
Hi (x3)Hy (x2 — x3) _ =H:(j)H:(—j)=0.
PLpxj+pZLy

The other case is treated in a similar way.
Caseie€{2,3,...,p—1}and j =0.
By using (32),

Lio(s, 7) = H} (i) H (1 — i) He (1) / x313)% Hr (x3)dx2d x3

i+pZipyxply
=p ' Hc (i) Hc (1) / %333 He (x3)dx3 = p~ ' He (i) He (1 — D) Io(s13, T)
PZ,
. e —-ph
=p H:(i)H; (1—1) — (51
20 =p “3)

Now, using Formula 2, the contribution of all these integrals is

pna-p 1 p=3\p ' -ph
ZL’O(S = 2(1 — p~1=n) pZH (O (1_1)_< 8p ) (1—pt=sn)

(52)
Casei=1land j€{2,3,...,p—1}.
This case is similar to the previous one,
p-l p-1 —l-sp -1
-l : ~_(P=3\p (I1-p7)
;le,r)—p Io<s4z,r>jz_;Hf<J)Hf<1—J>—< T ) a=p=T=ay - Y

In conclusion, from (36), (37), and (45)-(53), we have
(P=3 =7 (p - 3) [p”zm -

Z(S)(S,EJ) — E(5)® {

32p? 8p (1—p~i=s)
p_'—pTH  pTlTea- p‘l)} (1-p71) pinTw
(1 — p~1=s13) (1 — p~1=sm) 4 (1 — p—l—S13) (1 _ p—1—542)
I
4 1 — p—si2—s13—s3—2 2 2p 1 — p1-s2 1 — p~1-s13

1 —S4)—8543—523—2 1 — -1 1 3 —1—s23 1 — —1 —1—s40 1 — -1
L (p)[ 3.0 (1=p7")  p (p)”.

4 11— pse—si—sn2 2 2p 1—p~l-s23 + 1 —p-li—sa
(54)

Z®)(s,7¥) is a holomorphic function in
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Re(si3) > —1;  Re(sz3) > —1;  Re(sg) > —1;
Re(s12 + 513 +523) > —2;  Re(sqn + 543 +523) > —2.

8. The limit p — 1 of the Ghoshal-Kawano amplitudes

In [45] we established that the limit p approaches to one of p-adic open string amplitudes at
the tree-level can be defined rigorously by using the Denef and Loeser theory of topological zeta
functions [46]. Notice that the calculations involving the limit p — 1 in the case of the effective
action are performed in R”, meanwhile the calculations involving the limit p — 1 in the case of
p-adic string amplitudes are performed in Q2 and in the p-adic topology the limit p — 1 does
not make sense. However, surprisingly, the computation of the limit p — 1 (considering p as a
real parameter) of the p-adic open string amplitudes gives the right answer! In this subsection we
compute limit p — 1 (considering p as a real parameter) in the cases N = 4, 5. The computation
of the limit p — 1 in the general case require the so called explicit formulas, see [45] for further
details.

The limit p — 1 of ZM (5,5, 1), N =4, 5, with p = 3 mod4, are given by

V=1 1 1 1
lim Z®(s,5,7) =ex 513+ 512 + 5 {——+ + }
Jim ( ) P\ (513 + 512 +523) 5t 6n D T 26m 1D
(55)
for T € {p, ep}, and
3 1 1 1
lim z<5>(s,§)=E<5)(s‘){—— — —
p—1 16 4(s3+1) 4(siz3+1)  4(sa2+1)
+ 1 + : [ 1+ b }
e+ D13 +1)  4(s12+s13+523+2) (s23+1)  (s13+1)
+ : [ LI “ (56)
4 (s42 + 543 + 523 +2) (s3+1)  Ga+D])

In the case N =4, after the appropriate sum over the permutations of the momenta k;, the am-
plitude agrees with the Feynman amplitude obtained from the noncommutative version of the
Gerasimov-Shatashvili action with a logarithmic potential (9).

9. Final remarks

In the present article, we study the Ghoshal-Kawano amplitudes for p-adic open strings at
tree-level [50]. These amplitudes include Chan-Paton factors and an external B-field.

In section 2 starting from the noncommutative effective action (6) discussed in [50,52], in
the present article, we obtain the corresponding tree-level four-point amplitudes (34) in the
limit p — 1. This result was achieved by adapting the heuristic approach given in [42] for the
noncommutative case. By an explicit computation using the noncommutative field theory [54,
55], we determine the four-point amplitude at the tree level coming from the noncommutative
Gerasimov-Shatashvili Lagrangian. This amplitude is the sum of the expressions (14) and (16).
The first one represents the noncommutative vertex four-point function and the second one is the
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superposition of the amplitudes corresponding to the noncommutative channels s, ¢ and u. The
calculated tree-level amplitude is completely described by planar Feynman diagrams and con-
sequently the noncommutativity effect arises as a global phase factor in front of the amplitude.
Five-point amplitudes (or higher-order amplitudes) can be also computed in a straightforward
way following the same procedure.

The study of the p-adic Ghoshal-Kawano amplitudes requires the use of multivariate local
zeta functions involving multiplicative characters and a phase factor including the noncommu-
tative parameter 6. These are new mathematical objects. We call these objects Ghoshal-Kawano
zeta functions. In sections 4 and 5, by using Hironaka’s resolution of singularities theorem, we
prove that these integrals admit meromorphic continuation as complex functions in the external
momenta of the N external particles.

Four and five point amplitudes were computed explicitly in sections 6 and 7, see (34) and (54).
The four-point amplitude (34) coincides with the one obtained in [50]. The five-point amplitude
was not obtained previously.

In section 8 we study again the amplitudes from the worldsheet view point. We compute
the limit p — 1 for four and five point amplitudes resulting in the formulae (55) and (56), re-
spectively. The four-point amplitude (55) agrees with the heuristic computation given by the
superposition of formulae (14) and (16).

As we mentioned before, in the computation of Ghoshal-Kawano amplitudes at the tree-level,
the noncommutative effect coming from the constant B-field arises only as a global phase factor
because only planar diagrams are involved. In the computation of amplitudes at one-loop or
multi-loops, non-planar diagrams systematically arise. It would be very interesting to study the
possibility of finding a non-trivial noncommutative effect, as the IR/UV mixing, as a result of
the contribution of one-loop non-planar diagrams. Probably the multi-loop analysis of the p-adic
string theory studied in [56], will play an important role for the analysis of the IR/UV mixing
and other interesting effects of the B-field in p-adic string theory amplitudes.

On the other hand, we think that the study of the amplitudes (1) without the ad hoc normaliza-
tion x; =0, xy—1 = 1, xy = 0o may provide new insights on the effects of the B-field in p-adic
string theory amplitudes. However, the study of these amplitudes is more involved than the one
done here. Some of this work is in progress and will be reported elsewhere.
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Appendix A. Basic aspects of the p-adic analysis

In this appendix we collect some basic results about p-adic analysis that will be used in the
article. For an in-depth review of the p-adic analysis the reader may consult [5,58,59].

A.l. The field of p-adic numbers
Along this article p will denote a prime number different from 2. The field of p—adic numbers

Q) is defined as the completion of the field of rational numbers Q@ with respect to the p—adic
norm | - |,, which is defined as
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0 if x=0
x|, =
b pV if x=pre,
where a and b are integers coprime with p. The integer y := ord(x), with ord(0) := 400, is
called the p—adic order of x.
Any p—adic number x # 0 has a unique expansion of the form

00
x = pord(x) ijpj’
j=0

where x; € {0,..., p — 1} and x¢ # 0. In addition, any non-zero p—adic number can be repre-
sented uniquely as x = p®?®gac (x) where ac (x) = Z?‘;o xjpj, xo # 0, is called the angular
component of x. Notice that |ac (x)[, = 1.

We extend the p—adic norm to Q7, by taking

1]l := max |xilp, forx = (x1,....x0) € Q).
<i<n

We define ord(x) = minj<;<,{ord(x;)}, then ||x||, = p~°"¢*). The metric space (QZ, Il - ||p)

is a separable complete ultrametric space. For r € Z, denote by B/ (a) = {x € Q;’,; [lx —all, <
p"} the ball of radius p” with center at @ = (ay,...,a,) € Q’;, and take B/'(0) := B!'. Note
that B'(a) = By(a1) x --- X By(ay), where B, (a;) :={x € Qp; |x; —a;|p < p"} is the one-
dimensional ball of radius p" with center at a; € Q. The ball Bjj equals the product of n copies
of By = Z, the ring of p—adic integers of Q ,. We also denote by S} (a) = {x € Q’;; [lx—all, =
p"} the sphere of radius p” with center at a = (ay, ..., a,) € Q”, and take S (0) := S”*. We no-

n
tice that S} = Ly, (the group of units of Z ), but (Z;) C Sg. The balls and spheres are both

open and closed subsets in Q' In addition, two balls in Q’, are either disjoint or one is contained
in the other.

As a topological space (Q’;, [ 1] p) is totally disconnected, i.e. the only connected subsets
of QY are the empty set and the points. A subset of Q7, is compact if and only if it is closed and
bounded in Q7 , see e.g. [5, Section 1.3], or [58, Section 1.8]. The balls and spheres are compact

subsets. Thus (Q';,, [l p) is a locally compact topological space.

A.2. Integration

Since (Qp, +) is a locally compact topological group, there exists a measure dx, which is
invariant under translations, i.e. d(x + a) = dx. If we normalize this measure by the condition
fZ dx =1, then dx is unique A such measure is called the Haar measure of (Q, +). In the
n- dlmenswnal case, (Q7}, +) is also a locally compact topological group. We denote by d"x the
Haar measure normahzed by the condition |, z d"x = 1. This measure agrees with the product
measure dxj ---dx,, and it also satisfies that a?;1 (x+a)=d"x,fora e Q’;,

A function h : U — Q,, is said to be analytic on an open subset U € Q" if for every b =
(b1, ..., byp) € U there exists an open subset UcU,withbeU,anda convergent power series
ZzEN” ai (x — b) forx = (x1,...,xn) €U, such that h (x) = ZzeN" ai (x — b forx € U, with

i = (i1, i) and (x — .b)l =TT} (x; —bj) 7. In this case, ax Zh(X) =) e a,m (x —b)
is a convergent power series.
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Let U, V be open subsets in Q;’,. Amapping H:U — V,H = (Hy, ..., H,) is called analytic
if each H; is analytic. The mapping H is said to be bi-analytic if # and H ! are analytic.

A.2.1. Change of variables formula
Let Ko, K| C Q’;, be open compact subsets, and let H = (Hy, ..., H,) : K| — Ko be a bi-
analytic map such that

JH;
det (y) | #0, for ye Kj.
ay;

If f is a continuous function on Ky, then

det [aH" (y)]
dy;

For the proof of this theorem the reader may consult [39, Prop. 7.4.1] or [60, Section 10.1.2].

d"y, (x=H()).
p

[f@) d"x= [f(H(®)
Ko K

A.3. Some arithmetic functions
In this section we review some arithmetic functions that we shall use throughout this article.

A.3.1. Multiplicative characters
A multiplicative character (or quasi-character) of the group (Q;, ) is a continuous homo-

morphism y : Q[X, — C* satisfying x (xy) = x (x) x (). Every multiplicative character has the
form

x (x) = |x]}, xo (ac(x)), for some s € C,

where g is the restriction of x to Z*, which is a continuous multiplicative character of <Z; )

into the complex unit circle.

A.3.2. The Legendre symbol
For a an integer number and p a prime number, the Legendre symbol is defined as

p

<a > 1 if x?=a mod p has a solution
| =1 if otherwise.

The following formulas are used in several calculations in this article:

1 —1 o 1 if p=1mod4
B @)
14 4 —1 if p=3modA.

Takeforxe@x,ac(x)zxo—l-xlp-l-...EZ;,then
Q, — {1}
X0
X — (p)

is a unitary multiplicative character.
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A.3.3. The sign function
We review the p-adic sign function, which is a multiplicative character with values in {£1}.

- 2
We denote [Q ;] the multiplicative subgroup of squares in Q7 i.e.

12
[Q;_ ={a GQp;a=b2 for somebeQ;}.

For p#2,and e €{l,..., p — 1} satisfying (%) = —1, we have

2
Qy/[Q;] =t.e p.ep).

This means that any nonzero p-adic number can be written uniquely as

2
x =r1d?, withaeQ; and 7 EQ;/[Q;] .

For a fixed T € {¢, p, ep}, and x € Q*, we set

1 ifx=a®>—tb*fora,b
sgn, (x) = o =a”=rbfora.beQy (57)
—1 otherwise.
The following is the list of all the possible p-adic sign functions:
p=1mod 4 p =3 mod 4
sgn, (x) = (= 1)) sgn, (x) = (=D
— (% — (—1)erd() (x (58)
sen, (¥) = (%) sgn, (x) = (1) (1)

sgn, (x) = (—1)0rd ();_0) sgn,, (x) = (%0) ,

see [23]. Then sgn, is a multiplicative character, and a locally constant function in Q’, more
precisely, sgn, (x — y) = sgn_(x) if ord(y) > ord(x).

We take p =3 mod 4 and t € {p, ep}, to have sgn_ (—y) = —sgn_(y), for any y € Q;. In
all the calculations involving sgn, we assume that p =3 mod 4 and 7 € {p, ep}. We define the
Heaviside step function as

N 1 1 ifsgn;(x)=1
Hy(x):=H; (x) = - (1 +sgn,(x)) = . (59
2 0 ifsgn,(x)=—1,

forany x € Q ;. It is convenient to set
4 1
Hr (x) = E(l + Sgnr(x))-
The following properties are useful:

Hy (x)H: (x) = H (x); H:(x)+H; (x)=1; H:(x)H (x) =0;
Hy(xy) = Hi (x)H: (y) + H (x)H (y).
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