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Abstract: This article is a review of what could be considered the basic mathematics of
Einstein—Cartan theory. We discuss the formalism of principal bundles, principal connections, curvature
forms, gauge fields, torsion form, and Bianchi identities, and eventually, we will end up with
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1. Introduction

The formulation of torsion gravity and the consequent coupling with spin rely on a different
formulation compared to the one of original works on General Relativity. This formulation regards
geometrical objects called principal bundles. In this context, we can formulate General Relativity
(or Einstein—Cartan—Sciama—Kibble (ECSK) theory in the presence of torsion) with a principal connection,
which can be pulled back to the base manifold in a canonical way and further restricted to the only
antisymmetric component, giving birth to the well-known spin connection. This process shows the
possibility of formulating General Relativity as a proper gauge theory rather than using the affine
formulation and Christoffel symbols I'. What permits the equivalence of the two formulations is a bundle
isomorphism called tetrads or vierbein, which is supposed to respect certain compatibility conditions. Then,
we can define the associated torsion form and postulate the Palatini—-Cartan action as a functional of such
tetrads and spin connection. This leads to ECSK field equations.

We will first set up all the abstract tools of principal bundles, tetrads, and principal connection;
secondly, we will derive the Einstein—Cartan-Sciama—Kibble theory in its implicit version; and finally,
we will discuss conservation laws coming from local SO(3,1) and diffeomorphism invariance of
ECSK theory.

Throughout the article, we will give theorems and definitions. However, we would like to stress that
hypotheses for such theorems will often be slightly redundant: we will take spaces and functions to be
differentiable manifolds and smooth, even though weaker statements would suffice. This is because we
prefer displaying the setup for formalizing the theory rather than presenting theorems and definitions
with weaker hypotheses that we will never use for the theory. Nontheless, we will specify where such
hypotheses are strengthened. In spite of this, the discussion will be rather general, probably more general
than what is usually required in formulating ECSK (Einstein—Cartan-Sciama—Kibble) theory.
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2. Bundle Structure

The introduction of a metric ¢ and an orthogonality relation via a minkowskian metric 7 are two
fundamental ingredients for building up a fiber bundle where we want the orthogonal group to act freely
and transitively on the fibers. This will allow us to have a principal connection and to see the perfect
analogy with an ordinary gauge theory ([1] chapter III).

Such a construction underlies the concept of principal bundle, and tetrads will be an isomorphism from
the tangent bundle! TM to an associated bundle V.

2.1. G-Principal Bundle

We give some definitions?.

Definition 1 (G-principal bundle®). Let M be a differentiable manifold and G be a Lie group.

A G-principal bundle P is a fiber bundle 7t : P — M together with a smooth (at least continuous) right action
P : G x P — P such that B acts freely and transitively on the fibers* of P and such that 71(PB¢(p)) = 7t(p) for all
g€ Gandp € P.

We need to introduce a fundamental feature of fiber bundles.

Definition 2 (Local trivialization of a fiber bundle). Let E be a fiber bundle over M, a differentiable manifold,
with fiber projection 7t : E — M, and let F be a space®.
A local trivialization (U, ¢y1) of E, is a neighborhood U C M of u € M together with a local diffeomorphism.

pu:UxF — m H(U) 1)
such that w(@u(u, f)) =u € U forallu € Uand f € F.
This definition implies 77~ (1) ~ F Vu € U.

Definition 3 (Local trivialization of a G-principal bundle). Let P be a G-principal bundle.
A local trivialization (U, ¢11) of P is a neighborhood U C M of u € M together with a local diffeomorphism.

oy :UxG— m YU) 2)
such that (@ (u,g)) =u € U forallu € Uand g € G and such that

o' PBs(p) = o' (P)g = (1,8)g = (u,8'3). 3)

Disjoint union of tangent spaces: TM = Uyepm{x} X TxM

References [2—4] are recommended for further details.

We give the definition based on our purposes; in general, we can release some hypotheses. In particular, G needs to be only
a locally compact topological group and M needs to be a topological Hausdorff space. This definition is a version with a stronger
hypothesis than the one contained in Reference [5].

4 Fibers are 71 (x) Vx € M.

In the present case, F will be a differentiable manifold, a vector space, a topological space, or a topological group. Furthermore, if
we write “space”, we mean one among these.
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Observation 1: A fiber bundle is said to be locally trivial in the sense that it admits a local trivialization for
all x € M, namely there exists an open cover {U;} of M and a set of diffeomorphisms ¢; such that every
{U;, ¢;} is a local trivialization®.

Here, we recall the similarity with a differentiable manifold. For a manifold when we change
charts, we have an induced diffeomorphism between the neighborhoods of the two charts, given by the
composition of the two maps.

Thus, having two charts (U;, ¢;) and (U;, ¢;), we define the following:

g0 (U NU;) — (U N U). )

At alevel up, we have an analogous thing when we change trivialization. Of course, here, we have
one more element: the element of fiber.

Taking two local trivializations (U;, ¢;) and (U}, ¢;) and given a smooth left action 7 : G — Diffeo(F)
of G on F, we then have

(97 0 9)(x f) = (0 T(gy(0)(F)  VrelnUyfeF. ©)

where the maps g;; : U; N U; — G are called the transition functions for this change of trivialization and G
is called the structure group.
Such functions obey the following transition functions conditions for all x € U; N U;:
- Gilx) =id
- gij(x) = (gji(x) !
- gZ](X) :gik(x)gkj(x) forall x € Lliﬂukﬂllj.

The last condition is called the cocycle condition.

Theorem 1 (Fiber bundle construction theorem). Let M be a differentiable manifold, F be a space, and G be a Lie
group with faithful smooth left action T : G — Diffeo(F) of G on F.
Given an open cover {U;} of M and a set of smooth maps,

ti]'iuiﬂu]'—)G 6)

defined on each nonempty overlap, satisfying the transition function conditions.
Then, there exists a fiber bundle 7t : E — M such that

- Y x)~FforallxeM
—  its structure group is G, and
—  itis trivializable over {U; } with transition functions given by t;;.

A proof of the theorem can be found in Reference [6] (Chapter 1).

2.2. Coframe Bundle and Minkowski Bundle

It is clear now that having E as a fiber bundle over M with fibers isomorphic to F and F’ as a space
equipped with the smooth action 7' of G, implies the possibility of building a bundle E’ associated to

6 The bundle is said to be trivial if U = M.



Universe 2019, 5, 206 4 0of 22

E, which shares the same structure group and the same transition functions g;;. By the fiber bundle
construction theorem, we have a new bundle E’ over M with fibers isomorphic to F'.

This bundle is called the associated bundle to E.

Depending on the nature of the associated bundle’, we have the following two definitions:

Definition 4 (Associated G-principal bundle). Let 7t : E — M be a fiber bundle over a differentiable manifold
M, G be a Lie group, F' be a topological space, and 3 be a smooth right action of G on F'. Let also E’ be the associated
bundle to E with fibers isomorphic to F'.

If F is the principal homogeneous space® for 53, namely R acts freely and transitively on F', then E' is called
the G-principal bundle associated to E.

Definition 5 (Associated bundle to a G-principal bundle). Let P be a G-principal bundle over M, F' be a space,
and p: G— Diffeo(F’) be a smooth effective left action of the group G on F'.
We then have an induced right action of the group G over P x F' given by

(n,f) %8 = (PBe(p)p(~H) (). )
We define the associated bundle E to the principal bundle P, as an equivalence relation:
/
E=pPx,F=*F ®)

where (p, f') ~ (Bg(p),p(g~ 1) (f")), p € P, and f' € F' with projection 7, : E — Ms.t. mo([p, f']) = n(p) =
x € M.

Therefore 71, : E — M is a fiber bundle over M with 7, I(x) ~ F/ forall x € M.

Observation 2: The new bundle, given by the latter definition, is what we expected from a general
associated bundle: a bundle with the same base space, different fibers, and the same structure group.

Idea: We take a G-principal bundle P as an associated bundle to TM, and we build a vector bundle
associated to P with a fiber-wise metric 7. We shall call this associated bundle V.

First of all, we display the G-principal bundle as the G-principal bundle associated to TM.

Definition 6 (Orthonormal coframe). Let (M, g) be a pseudo-riemannian n-dimensional differentiable manifold
and (V,17) be an n-dimensional vector space with minkowskian metric 1.
A coframe at x € M is the linear isometry.

e = {ye: TeM — V| we'n =g 1"’ = g}, ©)

equivalently ye® forms an ordered orthonormal basis in Ty M.
An orthonormal frame is defined as the dual of a coframe.

7 We will be dealing with two particular types of associated bundles: a principal bundle associated to a vector bundle and a vector

bundle associated to a principal bundle.

8 The space where the orbits of G span all the space.
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Observation 3: Locally, coframes can be identified with local covector fields. A necessary and sufficient
condition for identifying them with global covector fields (namely a coframe for each point of the manifold)
is to have a parallelizable manifold, namely a trivial tangent bundle.

Definition 7 (Orthonormal coframe bundle). Let (M, g) be a differentiable n-dimensional manifold with
pseudo-riemannian metric g and T*M be its cotangent bundle (real vector bundle of rank n).

We call the coframe bundle F5,(M) the G-principal bundle where the fiber at x € M is the set of all orthonormal
coframes at x and where the group G = O(n — 1,1) acts freely and transitively on them.

The dual bundle of this is the orthonormal frame bundle, and it is denoted by Fp (M), made up of
orthonormal frames (dual of orthonormal coframes).

Observations 4:

i.  The orthonormal frame bundle is an associated G-principal bundle to TM.

ii. ~ We can consider the Minkowski bundle V the vector bundle over M with fibers V. It is clear that such a
bundle and Fp (M) are one of the associated bundles of the other via action of the orthogonal group
O(n —1,1). Therefore, V := Fo(M) x, V, where p is taken to be the fundamental representation of
O(n—-1,1).

iii. ~ We stress that this bundle V is not canonically isomorphic to TM; in general, there is no canonical
choice of a representative of ye of the equivalence class [ye,v] € V, of which the inverse ye~!(v) gives
rise to a canonical identification of a vector in TyM. Namely, fixed a v € V, not all choices of e
give rise to a fixed vector X € TyM. As a matter of fact, the reference metric fixed on V does not
allow in general the existence of a canonical soldering (Section 7). In Reference [7], it is shown how
to define the Minkowski bundle without deriving it from Fp(M); the authors refer to that as fake
tangent bundles.

iv.  If the manifold is parallelizable, we have the bundle isomorphism e : TM — V, which is given
by the identity map over M and e : TxM — V Vx € M. It can be regarded as a V-valued 1-form
e € OY(M,V). We can identify e with an element of Q' (M, V), thus with global sections of the
cotangent bundle such that, at each point in M, the corresponding covectors ye® obey 7, ve?ve? = g.

We are now ready to define tetrads.

Definition 8 (Tetrads). Let p : O(3,1) — Aut(V) be the fundamental representation.

Tetrads are the bundle isomorphisms e : TM — V. They are identifiable with elements e € Q' (M, V), and if
M is parallelizable, tetrads can be identified with QY (M, V) > e®v, such that {v,} is an orthonormal basis of V,
e" € QY (M), and nee’ = g.

3. Principal Connection

Is there any difference?

In the ordinary formulation of General Relativity (as in the original Einstein’s work, for instance), we
have objects called I's, which are coefficients of a linear connection V and thus determined by a parallel
transport of tangent vectors.
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The biggest advantage of treating O(3,1) as an “explicit symmetry” of the theory is that we have
obtained the possibility of defining a principal connection, which is the same kind of entity we have in an
ordinary gauge theory”.

3.1. Ehresmann Connection

If we consider a smooth fiber bundle v : E — M, where fibers are differentiable manifolds, we can of
course take tangent spaces at points e € E. Having the tangent bundle TE, we may wonder if it is possible
to separate the contributions coming from M to the ones from the fibers.

This cannot be done just by stating TE = TM & TF, unless E = M X F is the trivial bundle. Namely,
we cannot split directly vector fields on M from vector fields on the fibers F.

We can formalize this idea: use our projection 7t for constructing a tangent map 77, = drr : TE — TM,
and consider its kernel.

Definition 9 (Vertical bundle). Let M be a differentiable manifold and 7 : E — M be a smooth fiber bundle.
We call the sub-bundle VE = Ker (7, : TE — TM) the vertical bundle.

Following this definition, we have the natural extension to the complementary bundle of the vertical
bundle, which is somehow the formalization of the idea we had of a bundle that takes care of tangent
vector fields on M.

Definition 10 (Ehresmann connection). Let M be a differentiable manifold and 7t : E — M be a smooth fiber bundle.
Consider a complementary bundle HE such that TE = HE © VE. We call this smooth sub-bundle HE the
horizontal bundle or Ehresmann connection.

Thus, vector fields will be called vertical or horizontal depending on whether they belong to I'(VE) or
I'(HE), respectively.

3.2. Ehresmann Connection and Horizontal Lift

We recall the case of the linear connection V; it was uniquely determined by a parallel transport procedure.
In the case of a principal connection, we have an analogous.

Definition 11 (Lift). Let 7r : E — M be a fiber bundle, M be a differentiable manifold, x € M and e € E such that
nt(e) = x.
Given a smooth curve y : R — M such that y(0) = x, we define a lift of y through e as the curve ¥, satisfying

7(0)=e and 7(y(t)) = (t) Wt (10)
If E is smooth, then a lift is horizontal if every tangent to  lies in a fiber of HE, namely
’7(1’) S HE,?(t) Vt. (11)

It can be shown that an Ehresmann connection uniquely determines a horizontal lift. Here, it is the
analogy with parallel transport.

Think of (U(1), A,) for electromagnetism.
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3.3. Connection Form in a G-Principal Bundle

We now focus on the case where the smooth fiber bundle is a G-principal bundle with smooth
action .

Here, we need a group G, that we generally take to be a matrix Lie group. We then have the
corresponding algebra g, a matrix vector space in the present case.

The action 3 defines amap ¢ : g — T'(VE) called the fundamental map'®, where at p € P, for an element
¢ € g, it is given via the exponential map Exp : g — G.

d
Up(é’) = ameﬂf (P) |t:0' (12)
The map is vertical because
d d
7.0p(@) = S (B ()], = ;77(P) = 0. 13)

Thus, the vector 0, () is vertical and it is called the fundamental vector.
Before proceeding, we need some Lie group theory.

Recall of Lie machinery: Let G be a Lie group (a differentiable manifold) with g as its Lie algebra and
Vg, h € G. We define:

- Lg: G —= Gand Ry : G — G, such that L¢h = gh and Rgh = hg are the left and right actions,
respectively;

- the adjoint map Adg : G — G via such left and right actions is Adg := Lg o R,-1, namely Adgh =
ghg~!. Tt also acts on elements of the algebra & € g as Adg : g — g via the exponential map!!

d

d
Adgf = £ ((LgoRy-1) (%)) ], o = 5, (8¢°s ™) |,y (14)

=gég ! €g,

where the last two equalities hold in the present case of matrix Lie groups. This is not to be confused
with the adjoint action ad : g x g — g, which is generated by the derivative of the adjoint map with
g = e and x € g, such thatad, ¢ = [, J;

- theleft invariant vector fields v € T(TG) as Lg« 0 v = v, namely v(g) = Lg:v(e);

—  the Maurer—Cartan form is the left invariant g-valued 1-form 8 € Q!(G, g) defined by its values at g.

O = Lg,l* :TeG — T.G =g (15)

For any left invariant vector field v, it holds Vg € G that 63(v(g)) = v(e). Therefore, left invariant
vector fields are identified by their values over the identity thanks to the Maurer—Cartan form 6. So
we can state ([8]) that this identification v(e) +— v defines an isomorphism between the space of left

It turns out that it is an isomorphism, since B is regular.

We stress that the exponential map is not an isomorphism for all Lie groups; thus, the elements generated by the exponential map
belong, in general, to a connected subgroup of the total group, which is usually homeomorphic to its simply connected double
cover. More in general, the isomorphism is between a subset of the algebra containing 0 and a subset of the group containing the
identity. Moreover, for a compact, connected, and simply connected Lie group, the algebra always generates the whole group via
the exponential map.
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invariant vector fields on G and the space of vectors in T, G, thus, the Lie algebra g. For matrix Lie
groups, it holds that 6, = ¢~ 1dg.

By definition, the action of an element of the group on P is q3g : P — P, and therefore, it defines
a tangent map Pg.: TP — TP, for which the following Lemma holds:

Lemma 1.

Py 00() = 0(Adg18). (16)

Proof. Atp € P

d d
mg*ap (6) = a ((mg o mgté)(p)) ’t:O = a ((mg © g‘pefé' © mg—l © gpg)(i’)) !t:O’ (17)
we then use the fact that By o Pz o P -1 = B g leftg = Py Ady e!¢ and the identity for matrix groups
Adget® = ¢!Ads¢ to get the following:

d
mg*ap(‘:) = ar (met(Adgflé) (‘Bg(P))) |t:0 = J‘Bg(p)(Adgfl‘:)' (18)

O

It is time to define what we were aiming to define at the beginning of the section: the connection form.

Definition 12. Let P be a smooth G-principal bundle and HE C TP be an Ehresmann connection.
We call the g-valued 1-form w € QY (P, g), satisfying

] = , ¢ €C®(P,
ooy {E i o=0l@) sy .
0 if v horizontal,
the connection 1-form.
Proposition 1.
Pew = Adgrow. (20)

Proof. Suppose v = 0(&), since the other case left is trivial.
We can carry out some calculations on the left-hand side, and following from the definition of
pull-back and Lemma 1, we have

(Fzw) (0(8) = w(FPgx 00(0)) = w(e(Adg1(8)) = Adg-1(0). (21)
Then, we only need to manipulate the right-hand side as
Adg ((0(8))) = Adgr (£). 22)
Both times, we used just the given definition of connection 1-form (Equation (19)). O

Remark 1. This last Proposition is called G-equivariance. It can be imposed instead of by assuming that HE is
an Ehresmann connection, and then HE can be shown to be such an Ehresmann connection.
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Another fundamental concept is given in the following:

Definition 13 (Tensorial form). Let p : G — Aut(V) be a representation over a vector space V and « € QF(P, V)
be a vector valued differential form.
We call « a tensorial form if it is the following:

—  horizontal, i.e., a(vq, ..., vx) = 0 if at least one v; is a vertical vector field, and
- equivariant, i.e., forall g € G, P = p(gHoa.

We define horizontal and equivariant forms as maps belonging to Q& (P, V).

Observation 5: The connection form w is not, in general, horizontal; thus, it is not a tensorial form,
w ¢ QL(P, g). This will be clear when taking into account how the gauge field transforms under a change
of trivialization in Section 4.

3.4. Curvature Forms

Given our connection 1-form w, we can proceed in two ways: the first consists in taking a map called
the horizontal projection and in defining the curvature as this projection applied on the exterior derivative
of w. In this way, we naturally see that curvature measures the displacement of the commutator of two
vectors from being horizontal.

We will proceed in a different way though. We will define the curvature through a structure equation.

Definition 14. Given w € QY (P,g), a principal connection 1-form, the 2-form Q0 € QZX(P,q) satisfies
the following:

Q:daH—%[w/\w] (23)

whic is called curvature 2-form.

In Equation (23), [w A w] denotes the bilinear operation on the Lie algebra g called differential Lie
bracket. It is defined as follows:

@ An)(,0) = 3 (lw(w), 7(0)] ~ [w(2), 7 (w)]), ()

where 1 and v are vector fields.
It follows straightforwardly that, if we take two general horizontal vector fields u,v € T'(HE) and we
use the ordinary formula'? for the exterior derivative of a 1-form dw(u, v) = uw(v) — vw(u) — w([u,v]),
since w(u) = w(v) =0, we get
Q(u,v) = —w([u,v]). (25)

We see that () measures how the commutator of two horizontal vector fields is far from being
horizontal as well.

12 Here, we regard w(u) as a function w(u) : P — g belonging to the algebra of smooth functions to g, C*(P, g).
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4. Exterior Covariant Derivative

4.1. For an Ehresmann Connection HE

Observation 6: QE(P, V) is not closed under the ordinary exterior derivative. In that sense, if
€ Q]é (P,V), then da ¢ ngl (P, V). This is what a covariant differentiation will do instead.

The idea of a covariant exterior derivative for a connection HE is, given such an Ehresmann connection
HE, the one of projecting vector fields onto this horizontal bundle and then feed our ordinary exterior
derivative with such horizontal vector fields.

First of all, we define a map acting as a pull-back. Namely that, given a map / : TP — HE such that,
for all vertical vector fields v, we get I o v := hv = 0 (called the horizontal projection), we define the dual
map h* : T*P — HE" such that, for a € Ql(P, V) and V a vector space, we have h* oo := h*a = a o h.

Definition 15 (d"). Let P be a G-principal bundle, V be a vector space, and « € (Y<(P, V) be an equivariant form.
We define the exterior covariant derivative d" as a map d" : QX(P, V) — Q’grl (P, V) such that

dhzx(vo,..., vr) == h*da(vy, ..., v¢) = da(hv, ..., hoy), (26)
where vy, ..., vy are vector fields.

It depends on the choice of our Ehresmann connection HE, which reflects onto the horizontal
projection /; that is why we have the index ".

Observation 7: We can make our covariant derivative depend only on w, if we restrict it to only forms
in Q’é (P, V) and if we consider the representation of the algebra induced by the derivative of p that we
denote dp : g — End(V). Then, we have dp o w € Qf(P,End(V)).

4.2. For a Connection Form w

Definition 16 (d.,). Let P be a G-principal bundle, V be a vector space, and « € Q’é(P, V) be a tensorial form.
We define the exterior covariant derivative dy, as a map de, : (P, V) — QI&H (P, V) such that'3

dpa =da +w Ndp

27
=da+dpow Aa. @7)
Remark 2.
~  Weobserve that d2,a # 0 for a general x € QO (P, V), but it is easy to show that it holds'
da=QAgpa, (28)

Thus, for a flat connection such that Q) = 0, we have d?a = d*x = 0.

13 For a general k-form:
1 .
(W Adp ) (01, ., Vpy1) = Ao Y_sign(@)dp(w(Vy(1))) (2(Vg(2)s s Vo(k11)) -
o

14 See the first Bianchi identity in Equation (56) for the proof.
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—  We have observed that w & Q};(P,g). Therefore, d,w is not well defined. However, we can consider
d'w € QZG(P,g), and this is precisely our curvature Q) = dw + %[w A w), where the anomalous %factor
comes from the “non-tensoriality” of w. As a matter of fact, there is no representation that would make the %
term arise if we considered d ,w instead.

—  The fact that d,, is not well defined for non-tensorial forms does not mean that w defines a less general derivative
than what d" does. As a matter of fact, HE could be defined starting from w, as we mentioned above, since
HE = Kerw.

5. Gauge Field and Field Strength

5.1. Make It Clear

Definition 17 (Gauge field). Let P — M be a G-principal bundle, G be a Lie group with g as the respective Lie
algebra, {Uﬁ} be a cover of M, and sg : Ug — P be a section.
We define the gauge field as the pull-back of the connection form w € Q'(P, g) as

Ap=spw € Q'(Ug, g). (29)
We notice that, under a change of trivialization, such a gauge field changes via the action of the
adjoint map.
In fact, we have the following:

Lemma 2. The restriction of w to 71~ (Ug) agrees with

wp = Adggl o Ag+ gEG, (30)

where gp n’l(uﬁ) — G is the map induced by the inverse of the trivialization map ¢ defined in Equation (2),
and with Adg—l, we intend for the adjoint map at the group element given by glg(p)_1 atapoint p € ! (Up).
B

The proof comes from the observation that Equations (19) and (30) coincide in al (U/g) for both a
horizontal (for which they are zero) and a vertical vector field.
Thanks to this, we easily have the following:

Proposition 2. Let G be a matrix Lie group. Then it holds the following transformation for a gauge field:
Ap = 8py A8y — A8p185- (31)

Proof. Using Equations (29) and (30) for all x € Ug NU,,

Ap = spw
= Spwp = Spwy
=sp (Adg;1 oAy +g56) (32)
= Adgﬁ,; oAy + 8550 (using gy 0sp == gp, : Ug NUy — G)
= Adgm o (A'Y — g‘Z,YO) (Adgm ogz,ye = —g;ﬁG),

which reduces to the assert for matrix Lie groups. O
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Observations 8:

i.  We observe that a local gauge transformation of the gauge field corresponds to a change of
trivialization chart.

ii.  Non-tensoriality of w was given by the fact that it is, in general, not horizontal. For the gauge field
A, we can generalize to forms on M the concept of tensoriality /non-tensoriality by noticing that
a form obtained by the pull-back of a tensorial form, denoted with f € Q%; (P, V), would transform
differently compared to A, namely as

tp:=spt = gmt,yg/;:. (33)

The Maurer—Cartan form 6 reflects the non-horizontality of w to the gauge field, from Equation (30).

iii. A difference of two gauge fields like A — A’ transforms as Equation (33). In fact, the transformation
rule is one of a tensorial form, since the Maurer-Cartan forms simplify.

iv.  We notice that (iii) is a particular case of a more general one. Indeed, it is possible to show with proof
in Reference [2] (Chapter 5) that Q% (P, V) 2 QF(M, P x,, V). This is essentially due to the fact that,
thanks to the equivalence relation of the associated bundle and the gluing condition of sections on
overlaps, the pull-backs by sections sy : Ug — P give a one-to-one correspondence between these
two spaces. Therefore, we can obtain forms with a tensorial transformation like Equation (33) just by
taking the pull-back of tensorial forms on P; these will be forms on M with values into the associated
bundle P x, V.

v.  Observations (iii) and (iv) ensure that an object built with gauge fields Az € Ql(ll/g, g) (which
transform on overlaps by Equation (31)) will be in O?(M, P x o4 g); see Observation 9.

Claim. This gauge field defines an exterior covariant derivative for bundle-valued forms on M. We denote such a
map with

da: QF(M, P x, V) — QF LM, P x, V). (34)

Anyway, we will further develop this argument in Section 6.1.
We can proceed analogously and can define the pull-back of the curvature:

Definition 18 (Field strength). Let P — M be a G-principal bundle, G be a Lie group with g as the respective Lie
algebra, {Uﬁ} be a cover of M, and sg : Ug — P be a section.
We define the field strength as the pull-back of the curvature form Q € Q2 (P, g) as

Fg =530 € OF(Ug, 9), (35)

which, by definition of (), is
Fg=dAg + %[Aﬁ/\A/g}. (36)
Similarly to what we have done for the gauge field, we can show!® that the field strength transforms as

Fg = Adg,, o Fy = g, F185,, 37)

15 Using the Cartan structure equation for 6, 46 = —1[6,6].
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where the last equality holds for matrix Lie groups with ¢ and ¢! in G. This is indeed the transformation
of a tensorial form, as in Equation (33).

Observation 9: Thanks to our previous observation, i.e., there is a canonical isomorphism between
QL (P, V) and OF(M, P x, V), we can relate Q2 and Fg with a form'® F4 € O?(M, adP). Namely there is
a canonical isomorphism sending Q) € Q% (P, g) to F4 € Q?(M,adP). Indeed, given the transformation
law for the field strength in Equation (37), we see that {Fg} is horizontal and equivariant and, thus,
forms a global section belonging to Q% (M, adP), which is usually denoted as Fj.

The notation F, stresses that it is obtained from gauge fields in Q! (Ug, 9)-

In the case of a trivial bundle, it is also possible to define a global gauge field A € Q' (M, g).

5.2. 2nd Bianchi Identity

Consider d4 : Q(M, P x, V) — Q1(M, P x, V) as the exterior covariant derivative and F4 €
O?(M, ad P) as the field strength.
Then, we have the following:

Proposition 3.

daFa =0. (38)
This is the second Bianchi identity.
Proof. Given 1
Fq :dA—f—E[A/\A], 39)
then
daFy = dFy + [A N Fy]
:dZA—i-%d[A/\A}+[A/\dA]+%[A/\[A/\A]] 0
:%[A/\[A/\A]] (d*A = 0and %d[A/\A] = —[ANdA)])
=0. (because of Jacobi identity)
O

6. Affine Formulation

In the usual formulation of General Relativity, one defines a covariant derivative V, which is a map
among tensors. Then, one can define curvature and torsion and eventually get the field equations for
ECSK theory or General Relativity by setting torsion to zero.

One may wonder if this latter formulation is equivalent to the one we have been implementing
through principal bundles and principal connection.

The answer is positive and is given in the next two sections.

16 Where we have introduced the notation QF(M, P x 54 g) = QF(M, adP).
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6.1. Affine Covariant Derivative

We have built our setup by taking p to be the fundamental representation of O(3,1), P = Fo(M),
and V = Fo(M) x, V to be the Minkowski bundle, as in (ii) of Observations 4. Therefore, as mentioned
above, the isomorphism between QF (P, V) and QF(M, P x,, V) allows to define an exterior covariant
derivative of forms in Q' (M, V):

dy: QF(M, V) = QMM V). (41)

In this way, we have a covariant differentiation for V-valued differential forms on M and, thus,
also for tetrads, since e € Q! (M, V).

Since we note that dp induces a one form dp(A) € Q' (M,End(V)), we can further define another
kind of derivative that “takes care” of internal indices only; in particular, this will not be necessarily a map
between differential forms.

This derivative in components reads, for ¢ € I'(V),

(Da@)l = (049" + Afp9?) (42)
and, for a € Qk(M,V),

b
(DAa);lﬂq...l/k = (aﬂagl...vk + Aflcﬂcbavl...l/k)’ (43)

which shows that it does not map « to a differential form.

Now, we immediately apply the inverse of a tetrad to D 4¢ and identify it with V.

In fact, we take a vector field X € T(TM), feed the tetrad e with it, then apply'” D to get D (ixe),
and finally pull it back with the inverse of the tetrad é.

In components, this reads as follows:

(Dalixe)),, = Du(eiX") = 3u(efX") + wj uce; X", (44)

where, for reasons of metric compatibility'® with 7, we have the only antisymmetric part of the gauge
field, for which we used the notation Aj,. = wﬁbiybc.

Be aware: Do not get confuse. We shall refer to w € Q' (M, A?V) as the spin connection. To stress that we
want D 4 to depend on the spin connection only, we shall denote it with D,.
Pulling back via ¢, we obtain

27 (Du(eX")) = &7 (9u(efX") + wilnpce; X*). (45)
We define the Christoffel symbols I, as
IY, =é; (Dye;
nv B ;T( u 1/) (46)

7 (Opel + Wil mpeey)

17" Here, we use the so-called interior product, i.e.,a map 1z : QF(M) — QF~1(M), such that (iza) (X1, ..., Xx—1) = (& X1, ... X4—1),
for vector fields &, X1, ... Xj_1. Furthermore it respects 1z (a A B) = (1za) A B+ (—1)a A (1zB), where & € QOF(M). Therefore, it
forms an antiderivation. The relation with the Lie derivative is given by the formula Lza = d(iza) + izda, called the Cartan
identity. The interior product of a commutator satisfies [y y] = [Lx, 1y], with X and Y vector fields.

18 In fact, imposing the condition of D47 = 0 implies the antisymmetry of the gauge field.
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and, thus, we get
VyXU = EZ(DV (Eﬁxv)) = a}[XU + 1-'Z]/)(V/ (47)

which is the covariant derivative well known in General Relativity.
We can also see what the curvature form is in terms of the commutator of two derivatives, given by
the only antisymmetric part of the connection.

Then,
F jantis = Fy (48)
and it is given by
(DypDy¢)" = (0™ + Wi aew ) ued” = Fied’, (49)
where A[H BV] = Ay B, — A, Bﬂ is our convention for the antisymmetrization. The fact that F, is a 2-form
shows that Fﬁﬁ = —Fﬁﬁ ; furthermore, metric compatibility ensures also Fﬁfi = —Fﬁﬁ, therefore F, €
OZ (M, A?V).

Observation 10: We see!” that, here, the bundle metric 77 acts as a map 7 : Q?(M, A2V) — Q?(M,End(V))
isomorphically; thus, it permits to identify elements of the second exterior power A% with linear maps
given by the fundamental representation of the algebra g = s0(3,1). We can introduce the notation for
the wedge product in the fundamental representation as A iz namely for, say, an o« € ok (M, V), we have
(WAfa)t = W tpe A aC.

6.2. Riemann Curvature Tensor
We can now consider the commutator of two affine covariant derivatives and use Equation (47), getting

(Vi Vi X)? =& (D Dy (1xe))" = & Fiiomucel, X (50)

H

We identify the Riemann tensor

Ryve” = ] Fiyieelys (51)
the Ricci curvature tensor
Ryw = Rycfwg = égFZgﬂbce(cu (52)
and thus the Ricci scalar
R = g"Ryw = Egé?]ﬁdeégp;(brﬂbcez; = —Eﬁé‘b"Fﬁfﬁ- (53)

It follows the antisymmetry of the Riemann tensor in the indices yv and we, but it is important to
note that we cannot ensure any symmetry in the Ricci curvature instead due to the presence of torsion.

7. Torsion

Here, we start focusing on the importance of torsion, which arises quite naturally as curvature does.

19 We denote the metric acting on the bundle and the metric acting on the fibers in the same way; however, we will usually deal

with elements of the fibers.
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7.1. Torsion Form

Definition 19 (Solder form/soldering of a G-principal bundle). Let 7t : P — M be a smooth G-principal
bundle over a differentiable manifold M, p : G — Aut(V) be a representation, and G be a Lie group.

We define the solder form, or soldering, as the vector-valued 1-form 8 € QL (P, V) suchthat : TM — P X,V
is a bundle isomorphism, where § € QY (M, P x, V) is the associated bundle map induced by the isomorphism of
QL(P, V)= QYM,P x, V).

Observations 11:

—  The choice of the solder form is not unique, in general.

—  We can observe that, taking P = Fo(M), p as the fundamental representation of O(3,1), and V as the
vector space with reference metric 77, 8 corresponds to our definition of tetrads. The different choices
of soldering give rise to different tetrads.

—  In the case that P = Fp(M) and that the associated bundle is simply chosen to be TM, the solder
form is called canonical or tautological. Since the associated bundle TM sets the bundle isomorphism 8
to be the identity map id : TM — TM.

—  In Observations 4, we mentioned that the Minkowski bundle cannot be canonically identified with
the tangent bundle itself; indeed, we fixed a reference metric #, which cannot be pulled back by the
identity map to give the metric on TM in general, and thus, the solder form is not canonical.

The soldering of the principal frame bundle allows us to define the torsion form?’.

Definition 20 (Torsion form). Let P = Fo(M), p : O(3,1) — Aut(V) be the fundamental representation, V be
a vector space with reference metric 1, and 6 € QF (P, V) be a solder form.
We define the torsion form © € Q4 (P, V) as follows:

@ =d,0 =db+wAf6. (54)

7.2. Torsion in a Local Basis

We would like to express the torsion form in terms of tetrads and the gauge field.
In Reference[9], a formula is given and it is obtained by applying the previous definition of the torsion
form under the canonical isomorphism QF (P, V) = QF(M, V); therefore yielding

O = (de)" = de” + APnpe A el (55)

7.3. 1st Bianchi Identity

Proposition 4. Following our previous definitions, we have
dw® = QAf 0, (56)
which is called the first Bianchi identity.

Proof. For this proof, we prefer using Equation (26).
We consider three vector fields u, v, w € T(TP). By definition, it follows

20 Torsion can be defined for every principal bundle, but physics arises when considering the frame bundle.
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d"O(u,v,w) = dO(hu, hv, hw)
= (dw Af 0 — w AfdO)(hu, hv, hw)  (because of Equation (54)) )
= dw As 0(hu, ho, hw)  (because of Equation (19))
= QA 0(u,v,w).

The last equality holds because of tensoriality of § and the second remark in Remark 2. O

This proposition is a natural consequence of the property of the covariant differential expressed in
Equation (28).

7.4. Torsion Tensor

Definition 21 (Torsion tensor). Given two vector fields X,Y € T(TM) and a 1-form T € Q' (M), we define the
torsion tensor field Q as the tensor field of type—(%) such that

Q(X,Y;1) ==1(Q(X,Y)) = t(é(dae(X,Y))). (58)
It is evidently antisymmetric in X, Y, by definition.
Proposition 5. We have the following formula:
Q(X,Y) =VxY —-VyX—[XY] (59)

and, in components, it reads
Qu” = -cy, (60)

where Cj, = 0 in a holonomic basis for X and Y and V is the covariant derivative®!.

Proof. Recalling the definition of torsion
Q=c¢é-(dwe) = és(dwe)”, (61)

it follows
Za(dwe)” =7 (9" + Wiy, 1/])dx” Adx' @ 9y

&

= (14, —T19 )dx"/\dx"@&a (T, = &5 (Dyef).) (62)
Q Tdxh /\dx‘/®8(7,

then Q" =Ty, —I7,. O

We have now set up all the background for building our theory and for discussing field equations of
ECSK theory.

21 See Reference [10] for references about this.
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8. Field Equations and Conservation Laws

We present here field equations for ECSK theory??. Thus, we will neither assume the possibility of
a propagating torsion (and we will always keep non-identically vanishing Riemann curvature [14]) nor
display a lagrangian for a totally independent torsion field; rather, we will only set the Palatini—-Cartan
lagrangian for gravity, as done in Reference [15], and a matter lagrangian as the source. This theory is
known as Einstein—-Cartan-Sciama-Kibble gravity (ECSK).

In the present case, torsion reduces to an algebraic constraint. This is a consequence of making torsion
join the action of the theory as only contained in the Ricci scalar because of a non-torsion-free connection
and not with an independent coupling coefficient. In works like References [16-19], torsion is present as
an independent part (independent coupling coefficient) of the action and it does propagate.

This is why the ECSK is considered as the most immediate generalization of General Relativity with
the presence of torsion.

Therefore, we wish to eventually obtain an action of two independent objects, tetrads and connection,
where this latter action should give rise to equations for curvature when varying tetrads and for torsion
when varying the connection.

We will focus more on the geometrical side of these equations and we will not dwell on deepening
matter interaction (couplings, symmetry breaking, etc.), as done for instance in References [20-24].

8.1. ECSK Equations

ECSK theory with cosmological constant belongs to the Lovelock—Cartan family, which describes the
most general action in four dimensions such that this action is a polynomial on the tetrads and the spin
connection (including derivatives), is invariant under diffeomorphisms and local Lorentz transformations,
and is constructed without the Hodge dual?.

Recalling that we will refer to A as w and stressing that it must be only the antisymmetric part,
the notation for d 4 becomes d,,.

We will be dealing with a variational problem given by an action of the kind

S= SPC + Swmatter, (63)

where the Palatini—Cartan action is
1 Ay
Spc[e,w]:/MTr [Ee/\e/\Fw—i-ae]. (64)

The wedge product is defined over both space-time and internal indices as a map?*A : OF(M, APV) x
OH(M, ATV) — QFFI(M, APT1V) and the trace is a map Tr : A*Y — R, normalized such that (for v;
elements of a basis in V) Tr[v; A v AN vk A v = ¢ijri- The choice of the normalization of the trace works
as a choice of orientation for M (since the determinant of a matrix in O(3,1) may be +1). Therefore, we
reduce the total improper Lorentz group O(3,1) to the only orientation preserving part, which is still
not connected, SO(3,1). This gives an invariant volume form on M. In this way, we consider sections of
AFT*M @ APY.

22 Some classical works about ECSK theory and General Relativity with torsion, like References [11-13].

23 GSee Reference [25] for details.
2 gych that, for &« € QF(M, APV) and B € Q! (M, A7V), we have a A B = (—1)kPI+D) g A o,
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Be aware: Later on, we will make explicit some indices and keep implicit some others; for this purpose,
we will specify what kind of wedge product we are dealing with, even though it will be evident because it
will be among the implicit indices.

We recall the definition of F,, and deduce the identity for its variation
SwFew = dewdw, (65)

where we stress that, despite w being non-tensorial, éw is instead, and therefore, it transforms under the
adjoint action (as F,, does) like in Equation (33). That holds because éw may be regarded as a difference of
two spin connections.

The action for the matter is of the kind

Smatterle, W, @] = K /M Tr[L(e,w, ¢)], (66)

where L is an invariant lagrangian density form with the proper derivative order in our variables, ¢ is
a matter field, and « is a constant.

Such matter lagrangian is supposed to be source for both curvature and torsion equations, namely it
will be set for fulfilling some conditions fitting the theory.

Therefore, varying the actions in Equations (64) and (66) and considering Equation (65), we have?

[y Trlde A (e NFo+ 5e3)] = [, Tr[kSE Ade]

| oL 67)
Sy Tr[3dw(e Ae) A dw] = [y Trlcss Adw),
which is equivalent to
€apcae’ NFE + Segpeae’ Nef Ned = K‘ST;E[HL] = xT,
)  n o) i (68)
jeubcddw (6 Ne ) = K5om T KXgp
where the wedge product here is only between differential forms.
Setting A = 0 and in performing the derivative, Equation (68) can be rewritten as
8ubcdeb A Fcf;d =T, (69)

€abed QC A ed = KZabr

where we have set Q = de.

These are equations for the ECSK theory in their implicit form?®, where T and ¥ are related to,
respectively, the energy momentum and the spin tensor, once pulled back.

By making all the indices explicit, as given in Reference [20], and properly setting x according to
natural units?’, Equation (69) takes the following form

G],”/ - 87TT]/“/

70
Qu’ = —167%,,". 7o

25
26

Omitting equations of motion % = 0 for the matter field, which have to be satisfied for conservation laws anyway.
Without making space—time indices explicit.
%7 All fundamental constants = 1.
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Observations 12:

i. T,y is not symmetric, as expected from the non-symmetry of the Ricci curvature Ry, .

ii.  We stress that, even though e is an isomorphism, the map e A - : QFK(M, APV) — QFH1(M, APT1V) is
not an isomorphism, in general. In fact, taking % = 0 (with A = 0) in Equation (67) does not imply
F., = 0, which would imply a flat connection.

iii.  Setting % = 0in Equation (67), one recovers the condition of vanishing torsion (hence, a Levi-Civita
connection) and, therefore, the Einstein equations.

iv.  Itis interesting to note that, requiring a totally antisymmetric spin tensor, sets the total antisymmetry
of the torsion tensor. Namely, in the case of a totally antisymmetric 2, we need to couple the only
totally antisymmetric part of torsion into the geometrical lagrangian. This is further discussed in
Reference [20].

8.2. Conservation Laws

We have two symmetries, i.e., local Lorentz transformations and diffeomorphisms. They are
continuous symmetries, and as such, we expect two conservation laws. Since we are dealing with
local symmetries, we shall not find two conserved currents but rather two relations for the variations of
the matter lagrangian w.r.t. e and w.

These relations directly imply the Bianchi identities of Equations (38) and (56), but we could also
do the converse, namely assuming Equations (38) and (56) and then deriving such conservation laws.
This means that conservation laws are a consequence of symmetry on the one hand, implemented via the
following symmetries (respectively diffeomorphisms and local SO(3, 1))

556” = £§e" = zgde“ + dlgea (71)
(5§w“l’ = ng”b = lgdw”b + dtgw”h,
where ¢ is the generator vector field,
oae® = ACppef 72)
Spw® = —d, AP A €s0(3,1),

or a direct consequence if we impose field equations and, thus, gravitational dynamics and Bianchi
identities on the other hand.

We will follow the shortest derivation, namely to implement the Bianchi identities of Equations (38)
and (56) on field Equation (69).

Thanks to Bianchi identities, left hand side of field Equation (69) can be rewritten in the following way:

dw (Sabcdeb A thJd) = LﬂQb A (Sbcdeec A FZE) + lﬂFf;C N (ShcdeQd A ee) (73)
dew (eabchC A ed) = _%(Sacdeec A nge N ey — Epege” N le)e A ea)/
where 1; = 17, and e, = 1,.€°.
However, because of the same field in Equation (69), they reduce to
doTo = 1aQP ATy + 1,FEE AT
wla aQ b atew be (74)

dwzﬂb = %T[a A Eb],

In References [26,27], a more detailed discussion can be found. These are conservation laws for ECSK theory.
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In components, as given in Reference [20], they read

VuTH + Ty QP — £5pRFFY =0 75)
ViZow! + 3 Tjpw) =0

9. Conclusions

We have set up all the mathematical background for building ECSK theory, eventually achieving field
equations and conservation laws.

In ECSK theory, torsion is only an algebraic constraint and it does not propagate. This is a natural
consequence of inserting torsion into the theory without an independent coupling coefficient but
simply generalizing the Einstein-Hilbert action (or Palatini action in our formulation) | R,/—gd*x to
a non-torsion-free connection V (or spin connection in our case). In this case, the Ricci scalar contains both
curvature and torsion.

It is possible to immediately recover General Relativity by imposing the zero torsion condition, which,
in the considered theory, translates to letting the matter field ¢ generate a null contribution to the spin
tensor ZW”. The most natural matter fields which would fit with the theory are spinors; indeed, spinors are
the way in which we can have a non-vanishing spin tensor which is also dynamical because of equations
of motion for the spinor field.

This review does not want to substitute the well-known literature but to just give a self-contained
and mathematically rigorous introduction to ECSK theory, providing also some references for deepening
knowledge in the present subjects. Also, we intentionally did not dive too deeply into physical applications
to cosmology (like done in References [28-33]), that might be a valid argument for writing another review
article.
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