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Abstract

This thesis makes manifest the roles of the normed division algebras R, C,H and
O in various supergravity theories. Of particular importance are the octonions O,
which frequently occur in connection with maximal supersymmetry, and hence also
in the context of string and M-theory. Studying the symmetries of M-theory is
perhaps the most straightforward route towards understanding its nature, and the
division algebras provide useful tools for such study via their deep relationship with
Lie groups.

After reviews of supergravity and the definitions and properties of R, C, H and
O, a division-algebraic formulation of pure super Yang-Mills theories is developed.
In any spacetime dimension a Yang-Mills theory with Q real supercharge compo-
nents is written over the division algebra with dimension Q/2. In particular then,
maximal @ = 16 super Yang-Mills theories are written over the octonions, since
O is eight-dimensional. In such maximally supersymmetric theories, the failure of
the supersymmetry algebra to close off-shell (using the conventional auxiliary field
formalism) is shown to correspond to the non-associativity of the octonions.

Making contact with the idea of ‘gravity as the square of gauge theory’, these
division-algebraic Yang-Mills multiplets are then tensored together in each spacetime
dimension to produce a pyramid of supergravity theories, with the Type II theories
at the apex in ten dimensions. The supergravities at the base of the pyramid have
global symmetry groups that fill out the famous Freudenthal-Rosenfeld-Tits magic
square. This magic square algebra is generalised to a ‘magic pyramid algebra’, which
describes the global symmetries of each Yang-Mills-squared theory in the pyramid.

Finally, a formulation of eleven-dimensional supergravity over the octonions is
presented. Toroidally compactifying this version of the theory to four or three
spacetime dimensions leads to an interpretation of the dilaton vectors (which or-
ganise the coupling of the seven or eight dilatons to the other bosonic fields) as the

octavian integers — the octonionic analogue of the integers.
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1. Introduction

1.1. Supergravity, Superstrings and M-Theory

The goal of high energy physics is arguably to determine the fundamental micro-
scopic constituents of the universe and the basic rules that govern their interactions.
For most theorists, the hope is that there are simple, logical organising principles
underlying the structure of these elementary building blocks, which might allow us
to paint an essentially complete picture of their properties and behaviour in the
form of one or two short equations — a ‘theory of everything’.

Quantum field theory and the Standard Model of particle physics have given
us a powerful description of this microscopic world, bringing into focus the realm
of quarks, leptons and gauge bosons, the ingredients required to explain all non-
gravitational phenomena observed so far. To incorporate gravity into this quantum
picture requires a marriage between the Standard Model and Einstein’s theory of
general relativity, which stipulates that at the macroscopic scale gravity is the man-
ifestation of the smooth curvature of spacetime. However, the basic frameworks of
quantum field theory and general relativity are infamously incompatible; unlike the
field theories describing electromagnetism and the weak and strong nuclear forces,
general relativity is not renormalisable, and hence any naive attempt to calculate
graviton scattering amplitudes (beyond one loop [2] 3]) is thwarted by untameable
divergences.

In the early 1980s many physicists believed that a candidate ‘theory of everything’
was Cremmer and Julia’s theory of eleven-dimensional supergravity [4, [5]. The
vital ingredient in this theory, and a protagonist in this thesis, is supersymmetry, a
symmetry which unites fermions and bosons. Intriguingly, supersymmetry requires
the existence of Einstein’s gravity [6], as well as placing an upper limit [7] of eleven
on the number of spacetime dimensions D. The ultraviolet (UV) behaviour of
supersymmetric quantum field theories also tends to be good [§], due to cancellations
between divergences coming from bosons and divergences coming (with the opposite
sign) from fermions, so it was hoped that this might render D = 11 supergravity

renormalisable.

13



Far from being a disadvantage, the seven extra dimensions of the theory are a
potentially great asset, thanks to the techniques of Kaluza-Klein reduction [9] [10),
1T}, 12 13]. Supposing that the extra dimensions take the form of some compact
seven-manifold M7 of length scale L, then at scales much larger than L the low-
energy effective theory is not only four-dimensional, but also turns out to have a
gauge symmetry: the isometry group [I4] of M7. In other words, the existence
of extra dimensions might reveal the origin of the Standard Model’s mysterious
SU(3) x SU(2) x U(1) gauge symmetry, which serves as its (slightly ad hoc) or-
ganising principle; in the low-energy four-dimensional physics this symmetry would
be a remnant of the underlying higher-dimensional gravitational theory’s invariance
under general coordinate transformations.

One seemingly attractive feature of D = 11 supergravity came from Witten’s
discovery [I4] that seven extra dimensions are the minimum required to produce
the Standard Model’s gauge group via Kaluza-Klein reduction. This means that a
world with eleven spacetime dimensions is singled out both from above and below,
by supersymmetry and the Kaluza-Klein theory of the Standard Model, respectively.
Is this a profound clue about nature, or just a strange coincidence? Or both? The
answer remains to be seen.

For a while, interest in eleven-dimensional supergravity faded as it appeared to be
non-renormalisable after all, and there were difficulties obtaining the chiral fermions
of the Standard Model by Kaluza-Klein reduction [14]. Moreover, by 1984 ten-
dimensional superstring theory was gaining popularity [15] [16], 17, 18] and seemed
promising as a unified and apparently UV-finite theory of all particles and interac-
tions, including quantum gravity. Its central idea is that at the Planck scale any
individual particle is a tiny one-dimensional (supersymmetric) string, and that the
particular quantum-mechanical vibrational mode of this string dictates its corre-
sponding particle type. It is in this sense that string theory’s description of particle
physics is unifying; each particle type is a different manifestation of the same un-
derlying object. In particular, there is a vibrational mode with the properties of
a massless spin-2 particle, which may be identified with the graviton. Better yet,
quantum consistency of superstring theory demands that its low-energy field theory
approximation is equivalent to general relativity — or rather to its supersymmetric
generalisation in ten spacetime dimensions.

Unlike the unique D = 11 supergravity theory, there are several (anomaly-free)
D = 10 supergravities, each of which is the low-energy description of one of five
distinct consistent string theories known as Type I, Heterotic SO(32), Heterotic
Es x Eg, Type IIA and Type IIB [I5], 16, 17, 18]. The five string theories are

14



distinguished by fundamental assumptions regarding basic features of their strings,
such as whether the strings are oriented or unoriented, or whether they may be open
line segments or only closed loops. Remarkably in the 1990s it was discovered that
the five theories are connected to one another via a web of dualities, that is, they are
equivalent to one another upon taking various limits [19, 20} 21, 22]. For example the
Type I theory in the limit of strong coupling is equivalent to the Heterotic SO(32)
theory with weak coupling [19, 21], and vice versa. Because of this web of dualities,
the five string theories are now understood to be limiting cases of a single theory,
dubbed M-theory, which is yet to be properly defined.

At its fundamental level M-theory is thought to include extended vibrating objects
of various dimensionalities called branes [22], 23]. Just as the D = 10 supergravity
field theories correspond to the low-energy physics of strings, it is believed that the
low-energy physics of M-theory is described by none-other than D = 11 supergrav-
ity. For this reason, there is as much interest in supergravity in ten and eleven
dimensions today — and in supergravity more generally — as there was in the 1970s
and 1980s. These supersymmetric generalisations of Einstein’s theory are perhaps
the best handle we have on working towards an understanding of M-theory, as well

as its hoped eventual reduction to the Standard Model.

1.2. Octonions and Supergravity

Complex numbers, ubiquitous in modern physics, generalise the real line to the
complex plane. It is natural to ask whether this can be taken further; are there
higher-dimensional number systems whose mathematics may have some utility or
significance in physical theories? In fact, there is a set of precisely four such number
systems, the so-called normed division algebras — the real numbers R, the complex
numbers C, the quaternions H and the octonions O — and they all have roles to play
in physicd}

A recurring theme in the study of supersymmetry and string theory is the con-
nection to these four special algebras. See, for example, references [24], 25, 26], 27,
28, 291 130, 311, B2, [33], 34]. The octonions, titular in this thesis, are perhaps the most
intriguing and the most mysterious of these. Not only do they hold an exceptional
status as the largest division algebra, but they may be used to describe representa-

tions of the Lorentz group in spacetime dimensions D = 10, 11 — dimensions that are

In fact, there is actually another useful series of algebras that generalise R, € and H: the Clifford
algebras, CI(IN). They begin as C1(0) = R, Cl(1) = C, CI(2) & H, but they depart from the
division algebras at Cl(3) = H @ H and continue from there on to N — oo in terms of matrices
over R, C and H. These will be introduced in Chapter
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themselves distinguished as those preferred by string and M-theory, as well as be-
ing the maximum dimensions typically allowable for rigid and local supersymmetry;,
respectively.

The aim of this thesis is to make manifest the roles of the four normed division al-
gebras R, C, H and O in various supergravity theories. The octonions will frequently
appear in connection with maximal supersymmetry, and hence also in the context
of string and M-theory. Studying the symmetries of these theories is perhaps the
most straightforward route towards understanding their nature, and the division
algebras provide natural building blocks for such study via their deep relationship
with Lie groups. In particular, as will be demonstrated in the chapters to come,
exceptional groups such as Eg are inherently octonionic in structure and often arise
as the symmetries of supergravities [4, [35], strings [36] and M-theory [37, [38].

After a brief review of supersymmetry and supergravity in Chapter 2, Chapter
will provide a detailed introduction to the normed division algebras and their
relationship with triality, a pivotal cog in the machinery of string theory [36} 39, [16].
Chapter 4] will build on a well-established description of minimally supersymmetric
Yang-Mills theories in dimensions D = 3,4,6 and 10 in terms of R, C, H and O [24]
31], and by dimensional reduction extend this description to incorporate additional
supersymmetries and to include any spacetime dimension 3 < D < 10. Maximally
supersymmetric Yang-Mills theories, which are descended from D = 10, are all
written over the octonions in this formalism.

Chapter 5] will introduce the idea of ‘gravity as the square of gauge theory’, and in
this spirit the division-algebraic Yang-Mills multiplets will be ‘multiplied’” together
to produce supergravity theories valued over tensor products of division algebras. In
D = 3 this leads to a set of supergravities whose global symmetry groups correspond
to a famous set of Lie algebras called the Freudenthal-Rosenfeld-Tits magic squard?}
which will also be introduced in Chapter

In D = 3 there are four super Yang-Mills theories (N = 1,2, 4,8), whilein D = 10
there is just one (N = 1); hence ‘squaring Yang-Mills’ in the range 3 < D < 10 leads
to a pyramid of supergravity theories, which will be the subject of Chapter [f] Type
IT supergravity sits at the apex in D = 10, while the magic square supergravities
populate the 4 x 4 base of the pyramid in D = 3. The magic square algebra of
Freudenthal-Rosenfeld-Tits will be generalised to a ‘magic pyramid algebra’, which
describes the global symmetries of each Yang-Mills-squared theory.

Finally, in Chapter [7, a formulation of eleven-dimensional supergravity over the

2Note that the magic square has appeared before in supergravity in an almost entirely different
context [25] [26], with each of its four rows in a different dimension D = 3,4,5,6 (and with
different real forms of its Lie algebras).

16



octonions will be presented. Toroidally compactifying this version of the theory to
four or three spacetime dimensions leads to an effective Lagrangian written in terms

of the octavian integers [40], 41] — the octonionic analogue of the integers.

1.3. Conventions and Units

All physics in this thesis will be expressed in natural units, with ¢ = h =G = 1. The
metric will have ‘mostly plus’ signature (—, 4+, +,- -+ ,4) in any number of spacetime
dimensions D.

When dealing with decompositions of Lie algebras, the direct sum symbol & will
be reserved to sit between commuting Lie subalgebras, while + will denote the direct

sum for subspaces that do not commute with these subalgebras — for example,
so(m+n) = so(m) @ so(n) + R™ @ R". (1.1)

Similarly, the symbol & between two commuting Lie algebras will denote ‘direct

subtraction’, e.g.
u(n) ou(l) = su(n), (1.2)

while the symbol — will denote the removal of a subspace that does not commute

with the rest of the algebra, as in
so(m+n) —R™®R" = so(m) & so(n). (1.3)

Also note that direct sums and direct products of vector spaces will be used inter-
changeably wherever such operations are essentially indistinguishable — for example
R*~R @ R.
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2. A Review of Supersymmetry

and Supergravity

This chapter reviews the basic ideas and features of supersymmetric theories, mostly
at the classical level. Although the quantum properties of supersymmetric field
theories make up a rich subject, they will mostly be beyond the scope of this thesis,
whose focus is at the level of Lagrangians and their symmetries.

The first section is an illustration of the basic features of a theory with a global
supersymmetry by means of a simple ‘toy’ model, roughly following the exposition
in [42]. Then comes a brief introduction to super Yang-Mills theory, followed by a
review of supergravity and the all-important eleven-dimensional theory. The final
two sections will demonstrate the techniques of Kaluza-Klein reduction on a torus

T? and examine the symmetries of the resulting lower-dimensional theories.

2.1. The Basics of Rigid Supersymmetry

Consider the simple theory of a free scalar field ¢ and Dirac spinor field v, both of

mass m:
S = / d*z (—10,00" ¢ — iy 0,00 — tmP¢® + imapy)) . (2.1)

The Lagrangian is invariant — up to a total derivative — under the following trans-

formations [8]:
0¢ =&, o= 3(7"0, +m)oe, (2.2)

where € is some constant spinor parameter. This is called a supersymmetry. The
transformations ‘rotate’ a bosonic field into a fermionic one, and vice versa. In
general the set of fields rotated into one another by supersymmetry transformations
is called a supermultiplet — in this case this is just the pair {¢,¢}. Thanks to

Noether’s theorem, this symmetry implies the existence of a conserved current

T = (70 — mp)y'. (2.3)
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Note that this supercurrent is a vector-spinor quantity. There is also a corresponding

conserved spinor supercharge, which can be expressed in the usual form:

Q= /de T (x,1). (2.4)

The total number of supercharges — equal to the number of independent super-
symmetries — is usually denoted by A. The theory above has N' = 1 since there
is just one set of transformations and one corresponding spinor supercharge. The

supercharge generates the supersymmetry transformations via Poisson brackets,

0p = [EQa ¢]PB = i€y, oY = [EQ7 w]PB = %(’Yuau + m)(ﬁ@ (2-5)

where the Poisson bracket between any two functions F' and G of the fields and their

conjugate momenta is defined as

_ [z ( OF 0G  OF G
[F, Gles '_/ 4 (5@(5) OIL(Z)  OII(Z) 6<I>i(f))’ (26)

where the sum ¢ runs over all fields ®° in a given theory and their momenta IT;.
Of course, to see any interesting physics one must consider an interacting field

theory, such as that introduced in the following section.

2.2. Super Yang-Mills Theory

Super Yang-Mills theory (SYM) is, as the name suggests, the supersymmetric gen-
eralisation of pure Yang-Mills theory. As such, the four-dimensional N' = 1 theory
contains a massless gauge boson A;‘, where the index A =1,--- ,dim[G] labels the
adjoint representation of some simple, compact, non-Abelian gauge group G. Its
‘superpartner’ is a massless Majorana spinor A sometimes called a ‘gaugino’. The

action is

S = / dw (=1 F FA — I DY) (2.7)
with the covariant derivative and field strength given by the usual expressions

DA = 0,0 + gfpc ATXY,

(2.8)
Fi = 0,A) — 0,A% + gfpc AT AC.

Again up to a total derivative, the Lagrangian is invariant under the supersymmetry
transformations

SAG = —tey, M, oA = 1FA A", (2.9)

v
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where in general the matrix v#1#2-# is defined as the antisymmetrised product of r
gamma matrices
o ’y[‘”y”? .. .’y“’"] (2.10)

and is called the rank-r Clifford algebra element. A very important term of the form
fec? (5\3 'y,,)\c) (?y”)\A) arises in the variation of the Lagrangian, which vanishes by
virtue of a special spinor identity [I5] that holds only in dimensions D = 3,4, 6, 10.
A proof of this will be given in Chapter

The fact that a super Yang-Mills theory with supermultiplet {4,, A} exists only
in these particular dimensions can be understood by counting the on-shell degrees
of freedom of the fields; it is a basic requirement for a non-trivial supersymmetric
theory that the numbers of bosonic and fermionic on-shell degrees of freedom are
equal — see Section [2.4] In D dimensions a vector field carries D — 2 on-shell degrees
of freedom, which matches that of a single spinor only when D —2 =1,2,4,8, since
the number of degrees of freedom for a spinor is always a power of 2.

This is a first hint that the division algebras R, C, H, O might be related to super-
symmetry; the number of bosonic (fermionic) on-shell degrees of freedom in SYM
can be either 1, 2,4 or 8 — precisely the dimensions of R, C, H and O. This is indeed

no coincidence, as will be demonstrated in Chapter [4

2.3. Supersymmetry Algebras

It is instructive to consider the commutator of two successive supersymmetry trans-
formations with independent parameters €; and €. In the case of the SYM example
above, a straightforward calculation using the supersymmetry transformations gives
A A i (= A

(51 (5214”) — 62(5114#) = — (61’}/”62)F

% v
. 4 (2.11)
51(62A%) — G2(61AY) = —L (e e2) DA + (2 (e DA )er — (1 45 2)),

which, on substitution of the fermionic equation of motion v*D,A* = 0, becomes

simply:
A v A
[(51,(52]14“ =qQ FVM’ (212)
[51, 52})\14 = a“D#)\A, with a" = —%El’}/HEQ.

The commutator of the two supersymmetry transformations is thus a translation
— in this case a gauge-covariant one. That a supersymmetry transformation is the
‘square root of a translation” demonstrates the crucial point that supersymmetry is

to be regarded as a spacetime symmetry rather than an internal one. This can also
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be seen from the fact is that the associated conserved charge is a spinor, and hence
transforms non-trivially under the Lorentz group, meaning supersymmetry does not
commute with Lorentz transformations.

Using equation one can write the transformations in terms of Poisson brack-

ets with the supercharge ):

[517 52]14;? = [€1Q7 [gQQa Aﬁ]PB} PE (1 < 2)

N (2.13)
= Hnga €2Q]PB7 A:U']PB :
However, this gives a translation by a*, which can be written as
[[EIQ7 €2Q}PB7 Aﬁ] PB _%€17U€2 [Pm Aﬁ]PBJ (2'14>

where the momentum P, is the conserved charge associated with translational sym-

metry, obtained from the energy-momentum tensor 7),,:

a:/fﬂm (2.15)

In fact, equation ([2.14]) holds not just for Aﬁ, but for any field in a supersymmetric

theory; thus in general

[6Q, &Qlrs = — 567 €2 P, (2.16)

Then, since €; and €, are arbitrary, one can strip them from this equation (making

use of the anti-commutativity of fermionic quantities) and conclude that:

{Qom QB}PB = _%(’YM)O/BPM, (2.17)

where «, # are spinor indices and curly braces denote the Poisson bracket of two
fermionic quantities. Equation ([2.17)) expresses the relationship between supersym-
metry and translations — the former as the ‘square root’ of the latter — at the level

of classical conserved charges. Similarly one can show that

{QOH Q/B}PB = 07 [Qa, PN]PB = O; (218)

and since (), transforms as a spinor under Lorentz transformations, its Poisson
bracket with the associated conserved charge J,,, the angular momentum tensor, is
given by

[Qon J/J,Z/]PB = _%(’Y/J,V>QBQB~ (2].9)

Along with the usual brackets between P, and J,,, equations (2.17), (2.18) and
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(2.19) make up the classical N' = 1 super-Poincaré algebra in terms of conserved
charges. When the theory is quantised, the fields — and hence also the conserved
charges — become operators acting on a Fock space. The charge operators act as
generators for the symmetries to which they each correspond via Noether’s theorem,
and their Poisson brackets usually become algebraic commutators: |-, -|pg — —i[-, -]
However, because the supersymmetry generators (), are anti-commuting spinor
quantities, the [@Q, Q] Poisson brackets become anti-commutators in the quantum

theory:
{Qow Qﬁ} - %(7“)0/8P,u7 {Qa7 Qﬁ} = 0. (220)

For theories with extended supersymmetry, meaning N' > 1, there are N/ super-
charges Q! with I =1,--- | A. These obey the algebra

{QL. Q%) = 3(v")a" P}, (2.21)

while for the {Q[, @3} bracket the index structure suggests the new possibility of
including antisymmetric ‘central charges’ Z!/ = —Z7! appearing on the right-hand
side:

[QL.Q}} = CupZ", (2.22)

where C, 3 is the charge conjugation matrix, which raises and lowers Majorana spinor
indices. The central charges are ‘central’ in the group-theoretic sense in that they
commute with all the generators of the super-Poincaré groupﬂ.

In general there is a group R of linear transformations that preserve the super-
algebra — its automorphisms. This automorphism group (excluding the Poincaré
group itself) is called the R-symmetry. Its transformations simply act like rotations
on the set of supercharges and commute with the Poincaré generators P, and J,, .
To see the R-symmetry in D = 4 it is useful to choose the Weyl representation

representation for the gamma matrices:

0 ot
- , 2.23
gl (Ju 0 ) (2.23)

where o# are the set of Pauli matrices o?, i = 1,2, 3, with the identity included for

the zero-component:

ot

(+1,0%),
(—1,0%.

o (2.24)

5—#

Ou

n general the center of a group G is the set of elements Z(G) that commute with every element
of the group: Z(G) ={z € G|Vg € G,zg = gz}.
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Then one finds that since the supersymmetry generator Q% is a Majorana spinor it

has the form
Qi = ( {a 57 Qj}Qv _Q}1> . (225>

Thus, since the second two components are Hermitian conjugates of the first two
(still considering the supercharges as quantum operators), any complex linear trans-
formation of the generators will need to transform the second two components in
a conjugate representation to that of the first two. Then for any Q! satisfying the
(anti-)commutators and above, the algebra is invariant under

(@1 @) » Uy (@l @), (2.26)

where U is a unitary matrix UUT = UTU = 1. Thus the algebra has a chiral U(N)
R-symmetry when D = 4.

In the case of N' = 1 supersymmetry in D = 4, although there is only one ) there
is still a U(1) R-symmetry. Here equation can be written in terms of the full
Majorana spinor )

Q—e"Q, 6eR, (2.27)

where 7, (sometimes called ~5) is
1 0
01,23
« =1 = . 2.28
Y =YYy (0 —]1) (2.28)

This U(1) symmetry is realised in the N' = 1 super Yang-Mills theory by the invari-
ance of the Lagrangian (2.7 and transformation rules (2.9) under

M et p\A, (2.29)

Note that 6 is a constant so this is a global symmetry. In most supersymmetric
theories in this thesis the R-symmetry will appear as a global symmetry of the

Lagrangian.

2.4. Supermultiplets

A natural question to ask when constructing theories is what kind of supermulti-
plets exist in four spacetime dimensions when there are N supersymmetries. Only
massless multiplets will appear in this thesis. The simplest way to derive the pos-
sible supermultiplets is to consider quantum particle states transforming under the

supersymmetry generators. These states must form a representation of the su-
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persymmetry algebra, i.e. transform into one another under the action of the Q!
operators, so the goal is to determine a basis for such a set of states transforming
irreducibly under supersymmetry.

Since the supercharges Q' commute with translations P,, supersymmetry trans-
formations must preserve the momentum of on-shell states. As a result one may
simply set p* = (|E|,0,0, E) for any state for the remainder of this discussion with-
out loss of generality. Then, since all particle states are assumed to have momentum
p* of this form, a one-particle state |h) is entirely specified by its helicity h = +s,
where s is the particle’s spin. Helicity can be defined as the eigenvalue under the
operator J3 = Jj5, which generates the little group SO(2) — the subgroup of SO(1, 3)
that preserves the form of p# abovdﬂ.

Using the Weyl basis (2.23) and the corresponding form of @7 in (2.25)), the
{QF, Qi} anti-commutator becomes

(1. QN y =0,  {QLQh,} =0d}E| (2.30)

for the components Q1 and QI. The Q! operator produces unphysical states of zero

norm, since for any state |¢),

2
(WHQL Q1 w) =2|Qp[¥)[" =0, (no sum on 1), (2.31)
Hence Q and Q}l can be ignored. As for the Q! operator, it is useful to define a
normalised version o := |E|~'/2Q} so that
{a al} =61, {a!, 0’} = {a},al} = 0. (2.32)

Then, using the super-Poincaré algebra it is easy to show that
(7%, al] = —4al,  [J%,0'] = 3o, (2.33)

i.e. one may view of as having helicity 1/2 and a} as having helicity -1/2. Thus each
supersymmetry generator Q! corresponds to an anti-commuting lowering (raising)
operator o} (o), which lowers (raises) the helicity of a state by 1/2. Define the
‘vacuum’ state |hg), with ho any positive or negative integer or half-integer, to be
such that

ol|he) =0,  J*|ho) = holho), ¥ I=1,--- N. (2.34)

2Note that the little group in D dimensions is actually ISO(D —2), but the translation generators
are neglected since they annihilate physical states, leaving only SO(D — 2) with a non-trivial
action.
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The representation will then have a basis built up by acting with successive a;

operators on |hg):
[ho), ajlho), ajablhe), ajahallho), - ajal,--af ko). (2.35)

A state with m lowering operators has helicity ho — %m. The lowering operators
anti-commute with one another, so each level comes with its I,J, K,--- indices
antisymmetrised. Thus the multiplicity of states at level m is the binomial coefficient
(QZ ), and there are 2V states in total. Furthermore, since the a} operators transform

under R-symmetry U(N) = SU(N) x U(1) as

ol = U0l U e SUN), 0eR, (2.36)

the states at level m transform as the m-index antisymmetric tensor representation
of SU(N) with charge m under the U(1) factor:

O‘RO‘L e a}m|h0) — ™ U, UL, UImeajrhozL e aTJm ho) (2.37)
For every supermultiplet the total number of bosonic and fermionic states must
be equal; if hg is an integer then states with odd numbers of a} operators have

2N=1 of these in total, while states with even

half-integer helicity and there are
numbers of oz} operators have integer helicity and again there are 2V~! of these.
The argument is the same with (odd and even reversed) when hy is a half-integer.

As an example, consider hg = 1 with N' =2 — so I = 1,2 and the R-symmetry
group is U(2). There is one state |1) with helicity 1, two states [1/2); = al|1)
with helicity 1/2 and one state |0);; = alaf|1) with helicity 0 (note that the N-
index antisymmetric tensor is a singlet under SU(N) since it is proportional to
the invariant epsilon tensor ey, p,...1,,). Group theoretically these transform as the
representations 1, g, 2%71 and 1o, where the first subscript indicates the helicity
and the second is the charge under the U(1) factor of the R-symmetry U(2) =
SU(2) x U(1).

There is slight a subtlety in the above example: since any physical space of states
must include both helicities h = +s, one must add to the irreducible multiplet above
its CPT-conjugate, giving a reducible representation of the supersymmetry algebra.
The CPT-conjugate multiplet is obtained by starting with | —hg) as the vacuum and
acting successively with o operators, raising the helicity of the states. Thus the
CPT-conjugate representations for hg = 1 and N’ = 2 are 1_, 2_%7_1 and 1o _s.

In total this means that the corresponding theory’s field content should be a spin-
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1 vector A, two spin-1/2 fermions A; and a complex scalar field ¢, transforming

on-shell as the representations
AN . ]_1’0 -+ ]_,1707 )\[ : 2%’1 + 27%771, (b : 1072, ¢* : 107,2 (238)

of U(1)gr x U(2), where U(1)sr = SO(2) is the spacetime little group. This is the
field content of AV = 2 super Yang-Mills theory, which will appear several times in
the coming chapters.

For typical supermultiplets the CPT-conjugate must be added as above. However,
in the special cases when N = 4|hg|, the initial multiplet in is already self-
conjugate. For example, consider the special case of N = 4 and hy = 1 with

multiplet content
AM : 1170 + 1,174, )\] : 4%71 + 4_1:7%73, ¢[1J] : 6072. (239)

These are the fields of N' = 4 super Yang-Mills. Note that it is the mazimal theory
containing spins s = |h| no greater than 1; starting from hy = 1, if N were any
greater then the helicities would be lowered beyond —1. Again there is a subtlety,
which is that the U(1) R-symmetry charges do not match up for the positive and
negative helicity states. This means that this group is not compatible with the
spacetime little group U(1)sr and hence cannot be a physical symmetry. The charges
on the right may simply be discarded. In general then for multiplets with N = 4|k,
the physical R-symmetry group is SU(N) rather than U(N).

The other particular case of interest is N' = 8, hy = 2 with R-symmetry SU(8).

Here the multiplet content is

Guv - 12+1—27
V,r: 8z +8_s,
2 2

AH[IJ] : 281 —|—%,1, (240)
)\[]JK] : 56% +%7%,
OuIKL) 700.

Since the highest spin in this multiplet is 2, it contains a graviton and hence corre-
sponds to a supergravity theory. Also note the presence of eight spin—g fields. These
represent fermionic vector-spinors called ‘gravitinos’ (or sometimes ‘gravitini’ is used
for the plural), which will be discussed in the following section. Any multiplet with
ho = 2 must contain A gravitino fields transforming in the fundamental rep of the
R-symmetry U(N) (or SU(N)), since they correspond to the states |3/2); = a}[2).
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By the same argument used for N' = 4 super Yang-Mills above, the N' = 8
multiplet is the largest containing spins s = |h| no greater than 2. Because consistent
interacting theories with spins greater than 2 are very difficult — if not impossible —
to write down, the N' = 8 theory is considered the maximally supersymmetric field
theory.

Before moving onto supergravity proper there is a little terminology to define. A
supermultiplet is often referred to by the name of its field with the highest spin. A
gravity multiplet has highest spin 2; a vector multiplet has highest spin 1; a chiral
multiplet (or Wess-Zumino multiplet) has highest spin 1/2 (this particular name
is reserved only for N' = 1); a hyper-multiplet has highest spin 1/2 (this time for
N = 2 only). Analogous multiplets also appear in spacetime dimensions D # 4 —

see [43] for the original and complete survey.

2.5. Local Supersymmetry: Supergravity

In the field theories discussed above, the supersymmetry parameter € is a constant
spinor; the symmetry is global. However, since any realistic field theory must ulti-
mately contain gravity, the problem arises that on a non-trivial spacetime manifold
a ‘constant’ spinor is no longer well-defined in genera]ﬂ. This is easy to see, since if
¢(x) is constant in the whole of some coordinate patch U4; with coordinates x, then on
the overlap with another coordinate patch Us with coordinates 2/, in general, e(z’)
will not be constant. Therefore, if gravity is to be included in a supersymmetric
field theory one must replace € — €(x), making supersymmetry local.

Conversely, by the following argument, local supersymmetry requires gravity. The
commutator of two supersymmetry transformations with parameters €; and e, yields
a spacetime translation by a* = —%%17“62. Thus letting €; and €5 depend on the
spacetime coordinates x results in a local translation, i.e. an infinitesimal general co-
ordinate transformation[} Therefore local supersymmetry implies general coordinate
invariance and hence requires gravity. Supergravity is this marriage of supersym-
metry and gravity.

A local symmetry needs a gauge field, which acts like a connection, allowing one
to define covariant derivatives. In the case of local supersymmetry this gauge field

is the fermionic vector-spinor gravitino ¥,. Also known as a Rarita-Schwinger field,

3The closest thing to a ‘constant spinor’ is a covariantly constant spinor, but this will still in
general depend on the manifold’s coordinates.

4For any tensor field T, the change due to an infinitesimal local translation along a vector field &
is a Lie derivative 07" = L 1", but this is just the change under an infinitesimal diffeomorphism.
Therefore infinitesimal local translations and diffeomorphisms have the same effect.
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in four dimensions the gravitino is a spin—g field and is sometimes referred to as the
‘superpartner’ of the spin-2 graviton. As demonstrated in the previous section, any
supersymmetric multiplet that contains the graviton — and has spins < 2 — must
also contain at least one gravitino. More precisely, a theory with extended local
supersymmetry A’ > 1 must have N gravitino fields — one to gauge each of the N’
independent supersymmetries.
The action for a free massless Rarita-Schwinger field in D-dimensional Minkowski
spacetime is [42]
S =— / dPx i, 4"P0, W, (2.41)

where v#** is the rank-3 Clifford algebra element
P = iy, (2.42)

Note that is the most obvious action to write down that is Lorentz-invariant,
quadratic in ¥,, Hermitian and first order in derivatives; this is everything one
might reasonably expect from the action of a relativistic fermion, given the features
of the Dirac action for an ordinary massless spin—% field. In this thesis all Rarita-
Schwinger fields will be massless, but in general a mass term —mW¥,vy* ¥, may also
be added.

Just as the Maxwell action has a gauge symmetry under the replacement A, —
A, + 0,0, the Rarita-Schwinger action is invariant up to a total derivative
under

U, = U, + 0y, (2.43)

where €(z) is an arbitrary spinor parameter. This gauge symmetry makes the grav-
itino a suitable gauge field for local supersymmetry.

For a supergravity theory the gravitino and any other fermions must be described
in curved spacetime. In general in a gravitational theory, since a spinor is defined
to transform in the double cover of the Lorentz group Spin(1l, D — 1), it must be
described by its components in a local Lorentz frame. This requires the vielbein
field e (), which relates the curved-space metric g,, () to the ordinary Minkowski

metric 7y, = diag(—1,1,--- ,1):

a

g,uu(x> = eu(x)ef’,(x) Nab- (2'44>

This equation is invariant under local Lorentz transformations ef,(x) — A%(x)eb (x).
Thus the indices a,b are referred to as local Lorentz indices and are raised and

lowered using n® and 1, respectively.
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In the vielbein formalism for general relativity, e, becomes the central dynamical
field in place of g,,, and carries the same information. As a4 x4 matrix e} has a priori
D? components in D dimensions, but since it is only defined up to a local Lorentz

1

transformation one must subtract dim[O(1, D—1)] = 3 D(D—1) components, leaving

a total of %D(D + 1) — precisely the same number as the usual symmetric matrix

Guv-
The analogue of the affine connection I'} | in this language is the spin connection
w,®, which is defined to be the gauge field associated with local Lorentz transfor-

mations, and thus transforms as
W, = A0, + AT W, S A, (2.45)

i.e. as a Yang-Mills field with gauge group O(1, D — 1). The covariant derivatives

of Lorentz vectors and tensors may then be defined in the usual way; for example,
D, V*=09,V* +w, V. (2.46)

For a metric-compatible connection, the spin connection is related to the connection
coefficients I') ) by
W'y = €, (0M6Z + FZpeg) = e, Vuey, (2.47)

where e is the inverse of the vielbein.
Since the generators of Lorentz transformations for spinors are %%b, the Lorentz-

covariant derivative for a spinor field ¢ (z) is defined as

D,y = (au + iwu“b%b) . (2.48)

With the above definitions in place, it is simple to write down the action for

D = 4, N = 1 supergravity with the single gravity multiplet {g,.,, V,} or {e}, ¥,}:

S = / d*z/—g (R —i¥,~""D,V,) , (2.49)
where R is the Ricci scalar. The supersymmetry transformations are

de vV, U, = D,e. (2.50)

= e

Note that the action (2.49)) assumes a first order formalism in which e, and w,® are
treated as separate independent variables, with R = R(w) treated as a function of

w rather than e. To obtain a second order action one must vary first with respect to
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the spin connection to obtain its equation of motion, which may then be substituted
back into ([2.49)).

2.6. Eleven-Dimensional Supergravity

A spinor of the Clifford algebra in D dimensions has 21°/2] components, where | D /2]
is defined to be the integer part of D/2, i.e. equal to D/2 when D is even and (D —
1)/2 when D is odd. In Section[2.4)it was demonstrated that with D = 4 the maximal
supergravity has N’ = 8. Since a Majorana spinor in D = 4 has 4 components this
means that the 8 supercharges of the A/ = 8 theory make up 32 components in total.
This matches the dimension of a single spinor supercharge in D = 11, which means
that D = 11, N' = 1 supergravity must have the maximum dimension possible for
a supersymmetric theory. This is equivalent to the requirement that there are no
spins greater than 2 in the supersymmetry multiplet.

Having established that D = 11 is the maximum dimension for supersymmetry
with a unique NV = 1 theory, it is natural to ask what this theory’s field content and
Lagrangian look like. As an A/ = 1 supergravity theory it must contain a massless
graviton g,, and a gravitino ¥,. The little group SO(D — 2) for D = 11 is SO(9)
and the graviton’s on-shell degrees of freedom must transform as the symmetric
traceless representation 44, while the gravitino’s transform as the vector-spinor 128.
This means there is mismatch of 84 degrees of freedom between the bosonic and
fermionic sectors. Fortunately there is a representation of precisely this dimension,
the 3-form C\,),
representation of SO(9). Thus one expects the supermultiplet in eleven dimensions

whose on-shell degrees of freedom transform as the irreducible 84

to have field content
{Gus Crawps Uy} (2.51)

Cremmer and Julia derived the Lagrangian of the corresponding theory. Their

method was simply to write down the kinetic terms
£ =v=g(R— i7" D, W, — LFyu F°), (2.52)

where F},,,, = 40),C,, is the field strength of the 3-form field. Then, a sensible

ansatz for the supersymmetry transformations is

09 = 1 (1))
0Cwp = 2 (1Eyu V) (2.53)
0V, = c3Dye + TP F, pore,
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where ¢, ¢2, c3 are constants to be fixed and I'V?°7, is a linear combination of prod-
ucts of gamma matrices to be determined. Varying the Lagrangian with respect
to these transformations one finds that various corrections and interactions must
be added and eventually, after many calculations, the full supersymmetric theory
is obtained. The interaction terms are not given here but will be presented in an
octonionic formalism in Chapter 7.

As a theory with the mazimal number of dimensions for mazimal supersymmetry,
eleven-dimensional supergravity is certainly singled out as special. It should also be
the low-energy limit of M-theory, the speculated eleven-dimensional master theory
that contains in various limits the five ten-dimensional string theories. By the
process of dimensional reduction introduced in the following section, the D = 11
supergravity also leads to maximal supergravity theories for all D < 11 — including
the N/ = 8 theory in D = 4 — as well as truncations to a myriad of non-maximal

supergravities.

2.7. Kaluza-Klein Theory

String theory predicts that the world has ten spacetime dimensions, while its con-
jectured parent M-theory goes precisely one step further, predicting eleven. One
way to reconcile this with the apparent four-dimensional universe is to use Kaluza-
Klein theory. In general this is a technique for recovering a low-energy effective
D-dimensional theory from a higher-dimensional (D + d)-dimensional theory. The
most remarkable aspect of the idea is its scope for unification; gauge symmetries in
D dimensions are interpreted simply as gravitational symmetries in D + d dimen-
sions. The key is to assume that the (D + d)-dimensional spacetime Mp, 4 locally

takes the form of a product manifold
MD+d ~ MD X ./\/ld, (2.54)

where M, is a compact d-manifold whose size (with respect to the metric on Mp.4)
is very small compared to the energy scales of interest, such as those probed by cur-
rent particle accelerators. The resulting effective theory appears to have spacetime
Mp, with only D observable dimensions.

As a simple example, consider the theory of a massless real scalar field ® in D+ 1

flat dimensions satisfying the Klein-Gordon equation

Owpin® = 0, (2.55)
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where O(py1y = Oy 0™ with M =0,1,---, D. Suppose that the spacetime manifold

is a product of D-dimensional Minkowski space R*”~! and a circle S?,
Mpy =RV St (2.56)

One may parameterise such that the first D coordinates *, u = 0,---,(D — 1),
refer to RHP~1 while the (D + 1) coordinate 2P =: z is the coordinate on S*. This

means that z is periodic,
z~z4+2mnR, n €7, R = constant, (2.57)

where R is the radius of the circle. One may Fourier expand ® in the circular
dimension, so that
Ozt 2) = Z ®,, (z#)em*/ B (2.58)
nez.
for Fourier modes ®,,(z#), which depend only on the D extended dimensions. Sub-
stituting this into the Klein-Gordon equation gives

(D(D) - %f) @, (") = 0, (2.59)

where Opy = 0,0". This is the equation of motion for a scalar field of mass |n|/R;
in the D-dimensional theory the massless (D + 1)-dimensional field ® () appears
as an infinite tower of massive scalars ®,,(z#). Since the extra dimension is intended
to be unobservable, R is taken to be very small compared to the physical scale of
interest, which means that the mass |n|/R is very large for n # 0. These modes
are not excited at low energies. Thus in the low-energy physics only the massless
zero mode ®q(z*) is detectable and one may truncate all @, (2#) with n # 0 from
the theory by setting them to zero. By equation this is equivalent to setting
0,9 =0, i.e. demanding that ® is independent of the compact coordinate z. This is
the typical procedure of Kaluza-Klein reduction: a compactification and a truncation
to the massless sectoil]

Since any free dynamical field satisfies the Klein-Gordon equation, the same ar-
gument must also apply to spinors, vectors, Rarita-Schwinger fields and tensor
fields on any (D + d)-dimensional background of the form RYP~! x T¢ where

T? = S* x S*... x S is the d-torus. The set of higher-dimensional coordinates

5A subtlety is that these truncations must be consistent. That is, one must check in the field
equations that the massive modes are not sourced by the massless modes, as this would pre-
clude setting the massive modes to zero. However, for Kaluza-Klein reduction on a circle the
truncation is always guaranteed to be consistent.
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{xM} may be split into {z#, 2™}, where z* are coordinates on R'P~! and 2™ are

coordinates on 7,
w=0,1--- (D—-1), m=1,---.d, (2.60)

and the low-energy physics depends only on field configurations that are independent
of the 2™ directions. As a result one may formally just write 0,, >~ 0 to obtain the D-
dimensional theory. However, for fields carrying non-trivial Lorentz representations
one must also decompose their components into irreducible representations of the
lower-dimensional Lorentz group.
For example, a massless Maxwell 1-form field A,; becomes a D-dimensional 1-form
A, and d scalar fields A,,. With 0,,Ay = 0 the Lagrangian simply becomes
— 1Py = —L(F, F" + 2F,,F"") = —1F,, F" — 19,A,0"A™,  (2.61)
as expected for the Lagrangian of d massless scalars and a Maxwell field in D
dimensions. Note that the scalar fields A,, have an internal global SO(d) symmetry
under rotations A™ — O™, A" with O € SO(d). This is just the residual symmetry
from breaking the higher-dimensional Lorentz group SO(1, D+d—1) into SO(1, D —
1):
SO(1,D —1) x SO(d) c SO(1,D+d —1). (2.62)

The same logic applies to any p-form field Ay sz, in D + d dimensions; in
pipz-ys @ distinet (p — 1)-forms

.. and so on.

the D-dimensional theory this becomes a p-form A

Az py—1yms (;l) distinct (p — 2)-forms A

L2y

For spinor fields a complete and general treatm(gnt) requires more detail on Clifford
algebras than will be presented here. However, the key is that a spinor A5, where
@ is a spinor index of SO(1, D + d — 1), may be written as A,,, where « is a spinor
index of SO(1,D — 1) and a is an internal spinor index of SO(d).

For a Rarita-Schwinger field V5 the vector index must also be decomposed into
@ and m. A particularly relevent example is D = 4 and d = 7: the reduction of a
gravitino in eleven dimensions down to D = 4. In this case & = 1,---,32. Then
one may write & as a composite index & = aa, where o = 1,--- ,4 is the Majorana
spinor index of SO(1,3) and @ = 1,---,8 (since 4 x 8 = 32). Thus the gravitino
Uira = Yarae in D 4+ d = 11 becomes eight D = 4 Majorana gravitinos ¥,., (with
pw=0,1,2,3) and 7 x 8 = 56 Majorana fermions VU,,,, (with m =1,--- 7).

A more involved but more interesting torus reduction is that of gravity. Consider
pure Einstein gravity in D+d dimensions with a spacetime that is locally a (warped)

product Mp x T¢ where Mp is a Lorentzian D-manifold. The full metric Gan
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decomposes into a D-dimensional metric G, d vector fields G, = Gy, and %dz(d—i—
1) scalar fields packaged in a symmetric matrix G, = Gp,. As argued above, in
the low-energy physics each of these fields is independent of the torus coordinates
zZ™.

The following particular choice of metric ansatz turns out to give a straightforward

Lagrangian for the lower-dimensional fields:

G — G Gun _ ezwg#,,—i-eQWAffA’,}an eQBWan.AL”  (263)

where M,,,,, = M, is taken to be in SL(d, R); its determinant has been factorised
to give the exponential factor e2?¢, so that (e?*#)? is the volume of the d-torus as
a function on M p. After a suitable choice of the constants a and [ in terms of D

and d, the Einstein-Hilbert Lagrangian becomes

V—GRg =+/—g (Rg — %@gp@”@ + i@Mana“M”m — ie%”]:ﬂ./\/lmn]:”’”) ,
(2.64)
where F}, = 0,A) — 0, A7, the matrix M™" is the inverse of M,,, and c is a
constant depending on D and d. This is precisely the Lagrangian one would hope
for: the D-dimensional Einstein theory coupled to scalars and Maxwell-like vectors.
Note however that the scalars couple non-canonically to the kinetic term of the
vector fields. This is not a problem in general, but was actually what ruled out
Kaluza and Klein’s original theory as a unification of gravity and electromagnetism
(the special case with D =4 and d = 1).
The (D + d)-dimensional gravity theory is of course invariant under general coor-

dinate transformations (GCTs). For a small change in the coordinates
S = —eM (), (2.65)
the metric transforms via a Lie derivative
§Gun = EP0pGary + GpyOné" + Gupong”. (2.66)

In general such a transformation does not preserve the metric ansatz and so
will not be a symmetry of the D-dimensional theory. However, if £ is chosen to
be independent of the z™ coordinates, 0,6 = 0, then the metric ansatz
will be preserved. In this case, splitting equation into its lower-dimensional
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components according to (2.63|) gives

09w = § 0o + GowOuE” + 905",
SAT = EPO,AT + ATDLE + D,
IMn = PO, Mo,
Sp = €70,

(2.67)

Thus the higher-dimensional GCT leads to a lower-dimensional GCT as well as a
gauge transformation for each of the Maxwell fields, 0 AT = 0,0™ with 0™ = ™.
In this framework the U(1) = S! gauge symmetry of each vector field simply corre-
sponds to the residual general coordinate invariance of each circular extra dimension.
This demonstrates the powerful potential for unification offered by Kaluza-Klein the-
ory; gauge symmetries are simply special cases of higher-dimensional gravitational
symmetries.

There are in fact more (D + d)-dimensional GCTSs that preserve the metric ansatz
. It is easy to check that one may allow the diffeomorphism parameters £™ to

depend linearly on the torus coordinates z™:
E=9"z2"+0", (2.68)

where S™,, is a constant matrix belonging to the Lie algebra sl(d, R), i.e. real and
traceless (S™,, = 0), and 0™ (2*) depends only on the z* coordinates. Again, taking
lower-dimensional components of equation ([2.66]) using (2.63]) shows that this results

n
(SAZ1 = SmnAZ,

(2.69)
5an = SpmMpn + Spanpa

while g, and ¢ remain invariant (here §™ has been set to zero). Thus the Lagrangian
(2.64) is invariant under the SL(d, R) transformations (2.69). Furthermore, the full
symmetry is GL(d, R) = SL(d, R) x R, since the Lagrangian is also invariant under

constant shifts of ¢ combined with scaling A7":

o) —px)+k EkEeR

Al (z) — e_CkAZ"”.

(2.70)

Because (€2°9) represents the volume of the d-torus, this shift corresponds to the

symmetry under scaling or ‘dilating’ its overall sizeﬁ. The ¢ field is usually called a

SMore precisely, this comes from combining the symmetry of the higher-dimensional Einstein
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dilaton due to this fact.
To gain a better understanding of the scalar kinetic term i@uj\/lmn(‘?“/\/l”m in
([2.64) it is useful to consider the higher-dimensional vielbein Ej;4, satisfying

napEx*Ex® = Gun, (2.71)

so that the A, B indices label local Lorentz frames. These indices then split into
a=0,1---,(D—1)and i = 1,---,d. Due to the local Lorentz-invariance of
equation (2.71) under Ey A — A4 p(z)Ey®? with A4 nep AP g = nap, it is possible

to choose a gauge such that the vielbein corresponding to G,y above is upper-

ap ,a By i Am
A [e%Fel PPV AT
Ey* = < 0o ey i | (2.72)

triangular:

where V,,,* € SL(d, R) is like the vielbein for M,

and ef, is the D-dimensional vielbein for the metric g,,,. Equation (2.73)) is invariant
under

V! = O(2)Vn?, (2.74)

where O'; is a d X d unimodular orthogonal matrix. This local SO(d) symmetry is
hence also a symmetry of the Lagrangian (2.64), and simply represents the redun-
dancy in using a unimodular d x d matrix V,,* to package fewer than d? — 1 scalars
(3d*(d 4+ 1) — 1 scalars, to be precise). The higher-dimensional origin of this sym-
metry is that the upper-triangular gauge in is preserved under block-diagonal

local Lorentz transformations Ey 4 — A4p(x)Ey?® of the form

Aab(l') 0

Mp(z) = ( ) oij(x)> € SO(1, D — 1) x SO(d), (2.75)

where A%, is a Lorentz transformation in D dimensions and O'; is orthogonal.

The scalar fields in the kinetic term i@uana“M"m describe a non-linear sigma
model. This is a scalar field theory where the scalars are smooth maps from space-
time to another manifold, called the target space or ‘scalar manifold’. For example,
consider N + 1 scalar fields ¢;, i = 1,--- (N + 1), described by the Lagrangian

equations under scalings of the metric by a positive constant Gyrnv — € Gy, k1 € R, with
uniform scaling of the torus 6z = ko2™. The constant shift & of ¢ is then a linear combination
of k1 and ky. See [44] for more detail on this.
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L= —%aﬂqﬁiaﬂgbi subject to the constraint that ¢;¢; = 1. These scalars are maps
from spacetime to the unit sphere S%. Since V,,’ only appears in the Lagrangian
via M, which is invariant under , V' and O%;(z)V,,’ are physically indis-
tinguishable, and V,,” € SL(d, R) is essentially only defined up to an SO(d) transfor-
mation. Thus the scalar fields in V,,* parameterise the non-compact coset manifold
SL(d,R)/SO(d). Note that the coset SL(d, R)/ SO(d) has dimension 1d*(d+1) —1,
as required, since this is the number of scalar fields described by the original matrix
M.

To construct more traditional kinetic terms of the form —%augba”gb + .-+, a gauge
must be chosen for the coset representative V,,!, with a particular labelling of its
components in terms of the individual scalar fields it parameterises. This can be
achieved by working directly with the Lie algebra sl(d,R). As a specific example,
consider the d = 2 case. The Lie algebra sl(2, R) has basis

H:<1 0), E+:<0 1), E_:<0 0), 276)
0 -1 00 10

with commutators
[H,E,]=2E,, |[H E-]=-2E_, [E,FE_|=H, (2.77)

so E is positive-root generator and E_ is a negative root generator under the
Cartan subalgebra, which in this case consists of the only diagonal generator H. A

convenient choice of upper-triangular 2 x 2 coset representative turns out to be

1 ld) ld)
p = edoigen _ (€00 ) (L) (e xer .19
0 e22)\0 1 0 e2¢)’

which gives

. ¢ ¢
M = ViVl = [ € Xe . (2.79)
Xe¢’ X2€¢ +e?

Substituting M,,,, into the kinetic term gives
10, My 0" M™ = =19, 00" ¢ — 12?0, x0"x. (2.80)

In this form the physical content is easier to see, but the SL(2,R) symmetry that

acted linearly on the matrix M,,,, is no longer manifest. Its action on the individual
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fields ¢ and x is non-linear and rather complicated:

e? — (Cx + D)%e? + C%e?,

(2.81
xe? = (Ax + B)(Cx + D)e? + ACe™?, )

where A, B, C, D are the parameters of the finite linear transformation that acts on

Mo

<A B) = ()", = AD-BC=1. (2.82)
C D

In the general case, with Lie algebra sl(d, R), constructing the scalar coset La-
grangian works analogously. The Cartan subalgebra consists of the basis of traceless
d x d diagonal matrices H, written here all together as a (d — 1)-component vec-
tor. The positive-root generators are matrices E;;, ¢+ < j, which have components
(Eij )kt = 0i0;1, i.e. the ij™ element of Ej; is equal to 1 and every other element is

zero. The commutators can be written as
[H,E;;) = b Eyj, i< j (nosum), (2.83)

where {5”} with i < j is the set of positive root vectors.

In analogy with equation ([2.78), a useful parameterisation of V is the upper-
triangular matrix

L
V= ex®@H T exsloF, (2.84)
i<j

Then one may form M = VTV and the scalar Lagrangian can be written in terms
of the individual fields as

LMo MY = 18,6 0"G — L3 P00, ;0" (2.85)

i<j

The root vectors l;ij in this context are often referred to as ‘dilaton vectors’, since
each of the ¢ fields is a dilaton representing the radius of one of the circles of the
d-torus (overall ¢ and qg are just the diagonal components of the original metric on
the torus). In Chapter 7 they will be connected with the octonions in a surprising
way.

It is also important to note that since all fields in a gravitational theory with mat-
ter couple to the metric (via GMY factors which contract their kinetic-term indices,
as well as the determinant factor v/—G), one must use the ansatz to carefully
determine the couplings of the various lower-dimensional fields. In particular, after

some field redefinitions, the lower-dimensional theory may be parameterised such
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that every bosonic field (except for the metric) has an exponential coupling et as
a factor appearing in its kinetic term. Thus, each bosonic field has its own unique

dilaton vector.

2.8. U-Dualities

Having discussed the Kaluza-Klein theory of pure gravity, the next step is to turn
to eleven-dimensional supergravity and compactify on a d-torus to obtain maximal
supergravities in dimensions D = 11 —d. This will not be carried out explicitly here,
but the general features of the resulting theories will be discussed. For a detailed
and pedagogical account see [44].

One particularly intesting aspect of these reductions is that scalars descended
from the 3-form ﬁeldﬂ Cuynp conspire with those descended from the metric gy
to give an enlarged scalar coset sigma model with a greatly enlarged ‘hidden’ sym-
metry group. For example, consider the scalars of the D = 4 theory obtained from
reduction on the 7-torus. In the previous section it was demonstrated that the
Kaluza-Klein reduction of pure gravity on 77 gives rise to an SL(7,R)/ SO(7) scalar
coset Lagrangian and the total global symmetry group was in fact GL(7,R). Thus
there are

dim[GL(7,R)] — dim[SO(7)] = 49 — 21 = 28 (2.86)

scalar fields descended from the eleven-dimensional metric. There are also (g) =35
scalars given by the 3-form’s internal components Cj;,, where 7,5,k = 1,--- 7.
Finally there are an additional seven scalar fields coming from the 2-forms C,;
by the process of dualisation; the 3-form field strengths F),,,; = 30;,C,; of these
2-form fields may be defined as the Hodge duals of seven 1-form field strengths

V=09"0,®; = %5uupoeﬁi.$pypoi (2.87)

for seven scalar fields ®;, where @, is the dilaton vector found in the 2-form kinetic

term
- Qigl V=g e(_ii'éf’FquiFqui' (288)
Differentiating (2.87)) shows that the Bianchi identity for the 2-forms gives an equa-

tion of motion for the scalar fields,

Ou (™0 =99" 0,0 ) = Oy (52" Frp) = By (32770, Coop)) =0, (289)

"Now labelled with capital M, N, - indices in preparation for decomposing into those of the
lower-dimensional spacetime pu, v, --- and internal indices i, 7, - -.
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while the Bianchi identity for the scalar fields gives the equation of motion for the

2-forms:

guupoauayq)i — aﬂ ( /__ggHVgPAgGTeﬁi‘Q;FVATi> = 0. (2'90)

This means that the scalar kinetic term
— /=g e 90,8,0m 0" (2.91)

will give equivalent overall equations of motion and Bianchi identities, and thus
the seven 2-forms may be replaced with the seven scalars ®;. In total this gives
7+ 35+ 28 = 70 scalar fields, just as required for the N' = 8 supermultiplet derived
in Section 2.4l There it was shown that the 70 scalars transformed as the irreducible
70 representation of the R-symmetry group SU(8). Since SU(8) is a compact group,
the maximal compact subgroup SO(7) C GL(7,R) that is a symmetry of the naive
Lagrangian ought to be a subgroup of the SU(8) R-symmetry. Indeed there is a
subgroup SO(7) C SU(8) such that the 70 decomposes as

70 > 1+27+35+7, (2.92)

corresponding precisely to the scalars introduced above: ¢, M,,,, C;; and ®;,
respectively.

The various other fields obtained from the dimensional reduction of D = 11 to
D = 4 also assemble into SU(8) representations. This is easy to see at the on-shell
level where the D = 11 fields furnish representations of the little group SO(9)gr;
reduction to D = 4 simply corresponds to splitting SO(9) D SO(2) x SO(7) to give
the D = 4 little group SO(2) = U(1)sy and the internal SO(7) symmetry. The
resulting representations then assemble into precisely those of SU(8) x U(1)sr given
in (2.40f) — see Table

Returning to the 70 scalars, one might guess that they belong to a larger coset
G/SU(8), where G is a non-compact group whose maximal compact subgroup is
SU(8) — just as the 28 scalars descended from the metric belonged to the coset
GL(7,R)/SO(7), where SO(7) is the maximal compact subgroup of GL(7,R). This

would mean that
dim[G] — dim[SU(8)] = dim[G] — 63 = 70, (2.93)

so G must be a non-compact group of dimension 133. There is only one simple
Lie group of this dimension whose maximal compact subgroup is SU(8): the excep-

tional group Er(7y. Indeed it can be shown that the scalars of N” = 8 supergravity
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G \Du_ A“_ )\_ 10}
]_2 + 1,2 8% + 87% 281 + 28,1 56% + 67% 700
9MN 44 | 1, +1_, - T+ 71 - 27, + 1
Cunp 84 — — 21, +21_,4 — 359+ 7o
s 128 — 8%—0—87% — 48%—0—487% —
+8% + 8_%

Table 2.1.: Little group representations of D = 4, N’ = 8 supergravity. The rows show the decom-
position of the D = 11 little group SO(9)sr representations into those of SO(7)x U(1)gr,
corresponding to dimensional reduction to D = 4, with little group U(1)gr. The
columns show the decomposition of the same N = 8 supergravity degrees of freedom
as representations of SU(8) x U(1)gr, as given in (2.40).

parameterise the 70-dimensional coset 77/ SU(8) and thus their kinetic terms have
a global non-linearly realised E7(7) symmetry. In the context of M-theory and its
brane solutions, this symmetry is seen as a discrete subgroup Er7)(Z) called the
U-duality group. However, throughout this thesis the term ‘U-duality’ will be used
mainly to refer to the continuous global symmetry groups of classical supergravity
theories.

In general the U-duality group is not a symmetry of the whole Lagrangian, only
of the equations of motion and the Bianchi identities. For example, there are 28
vector fields in N' = 8 supergravity — AZ coming from the metric and C),;; coming
from the 3-form — but the smallest representation of E;(7) is the 56. The Er ()
transformation actually rotates the 28 vector fields’ equations of motion into their

28 Bianchi identities as the 56, generalising electromagnetic duality.

D G H

10 SO(1,1) 1

9 SL(2,R) SO(2)

8 SL(3,R) x SL(2,R) SO(3) x SO(2)
7 SL(5,R) SO(5)

6 SO(5,5) SO(5) x SO(5)
5 FEe(6) Sp(4)

4 Er7 SU(8)

3 Exs) SO(16)

Table 2.2.: U-duality groups G for the maximal supergravities obtained by torus reductions of the
D =11 theory. The scalars in each case parameterise the coset manifolds G/H, where
H is the maximal compact subgroup of G.

The maximal D = 4, N’ = 8 theory is not the only maximal supergravity where
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such symmetry enhancements occur when reducing down from eleven dimensions.
The first case is D = 8 where there are six scalars descended from the metric
and one scalar (93 from the 3-form: seven scalars in total. Instead of the naive
GL(3,R)/SO(3) coset expected from pure gravity, the seven scalars turn out to
parameterise the coset (SL(3,R) x SL(2,R))/ (SO(3) x SO(2)). Similar enhance-
ments occur for D < 8 all the way down to D = 3 where the coset is Egs)/ SO(16)
— see Table [2.2f for the complete list of cosets G/H, where G is a (maximally) non-
compact group and H its maximal compact subgroup. Note that in each case the

maximal compact subgroup H is also the R-symmetry group.
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3. The Normed Division Algebras

The real numbers are the dependable breadwinner of the
family, the complete ordered field we all rely on. The complex numbers are a slightly flashier but
still respectable younger brother: not ordered, but algebraically complete. The quaternions, being
non-commutative, are the eccentric cousin who is shunned at important family gatherings. But the
octonions are the crazy old uncle nobody lets out of the attic: they are non-associative.

— John Baez, The Octonions

This purely mathematical chapter is dedicated to the normed division algebras
and their deep relationship with group theory. It loosely follows the treatment in
the excellent review [I] by Baez, but often uses — in that author’s words — the
‘index-ridden’ notation favoured by most physicists.

Section contains the definition of the division algebras and a detailed intro-
duction to their basic properties, as well as a proof that they are indeed normed
division algebras. Next, Section describes the close connection between the di-
vision algebras and the orthogonal groups that act naturally upon them, which in
Section [3.3] is discussed in relation to the notion of triality. The final two Sections,
and review the broader relationship between division algebras and classical
Lie groups and their Lie algebras.

3.1. Definitions and Basic Properties

An algebra A is a vector space equipped with a bilinear multiplication rule and a
unit element. We say A is a division algebra if, given z,y € A with xy = 0, then
either x = 0 or y = 0. A normed division algebra is an algebra A equipped with a
positive-definite norm satisfying the condition that the norm of a product xy is the

product of the respective norms of x and y,

lzyll = [l Iyl (3.1)

One may see from setting ||zy|| = 0 that (3.1 also implies that A is a division

algebra, since the norm of any element is zero if and only if that element is itself
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zero. From now on in this thesis, the terms ‘division algebra’ and ‘normed division
algebra’ shall be used interchangeably, since the division algebras that arise will
always be normed unless stated otherwise.

Although condition (|3.1) might not seem so stringent, there is a remarkable the-
orem due to Hurwitz [45], which states that there are only four normed division
algebras: the real numbers R, the complex numbers C, the quaternions H and the
octonions O — with dimensions n = 1,2,4 and 8, respectively.

Searching for a generalisation of the complex numbers, Hamilton discovered the
quaternions H in 1853. A quaternion is a linear combination of the basis vectors

{1,1, 4, k}, where the three ‘imaginary’ units 7, j and k are all square roots of —1,
P2 =—1, §% = —1, k= —1, (3.2)
and they satisfy the associative, non-commutative multiplication rule
ij = —ji =k. (3.3)

It follows that cyclic permutations ¢ — j — k — --- of the above equation also

hold. The rule may be neatly summarised using the notation e; =1, es = 7, e3 = k:
€i€j = _5ij + €ijkCk, 1= ]_, 27 3, (34)

where €, is the permutation symbol with €193 = 1. This is reminiscent of the algebra
of the three-dimensional vector cross product, or (up to a factor of i) equivalent to

that of the Pauli spin matrices o;:
0,05 = (52]]1 + 2.57;]']60_]6, 1= 1, 2, 3, (35)

where as usual

01 0 —1 1 0
o] = (1 0), 02:(@' 0) ng(o _1). (3.6)

Evidently the Pauli matrices give a complex representation of the quaternion algebra
with e; — —t0;. It makes sense that H can be represented by matrices, since it is
an associative algebra.

Inspired by Hamilton’s quaternions, later in 1853 Graves discovered the octonions

O with basis {1, €1, ey, ,e7}, equipped with the multiplication rule

eiej = =0y + Cijper, i=1,---,7, (3.7)
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where the totally antisymmetric tensor Cj;i, is defined by

1 if ijk € L= {124,235, 346, 457,561,672, 713},
Cijk = C[ijk} = (3-8)
0 if o(ijk) ¢ L for any permutation o.

The Kronecker delta term in equation (3.7 says that each e; squares to —1, while

the Cj;i, term encodes relations such as
€1€9 = —€9€1 = €4, (39)

as well as all other possible multiplications, listed in Table Note that any subal-
gebra of O spanned by {eg, e;, e;, e} with ijk € L is isomorphic to the quaternions
(this is apparent in equation (3.9) for the case ijk = 124). This will be important

for the dimensional reductions carried out in Chapter [4]

e

N
Figure 3.1.: The oriented Fano plane Fo (image from [I]). Each oriented line corresponds to
a quaternionic subalgebra. For example, ejes = e4 and cyclic permutations; odd
permutations go against the direction of the arrows, giving a sign, e.g. esce; = —ey. It

is useful to remember that adding 1 (modulo 7) to each of the digits labelling a line
in L produces the next line. For example, 124 — 235.

The set L can be viewed as the seven oriented lines of a discrete space called the
oriented Fano plane Fp — see Fig. [3.1} This is constructed from the (unoriented)
Fano plane I, which is the projective plane over the finite field with two elements,
Zs = {0,1}. In other words I, which one could call (Z3)P?, consists of undirected
lines through the origin (0,0, 0) in (Z3)* and thus has seven points and seven lines.
The seven lines are represented in the figure by the three sides of the equilateral
triangle, its three bisectors and the single central circle. Each point lies on three
lines and each line contains three points. Assigning the seven lines the orientations
shown in Fig. defines the oriented Fano plane IFp, which may be used as a as a

mnemonic for octonionic multiplication.
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€1 €9 €3 €4 €5 €g €7
€1 -1 €4 €7 —E€9 €6 —€5 | —€3
€y | —€4 —1 €5 €1 —E€3 €7 —E€q
€3 | —€7 | —€5 -1 €g €9 —€4 €1
€4 €9 —€1 | —€5 -1 €7 €3 —E€5
es | —eg | es | —eq | —er | —1 el ey
eg | es | —er | es | —e3 | —ep | —1 e
er | es eg | —e1 | es | —eqa | —eg | —1

Table 3.1.: The multiplication table of the seven imaginary basis octonions.

A brief inspection of the Fano plane reveals that the octonions are non-associative,
but they do exhibit a similar, weaker property called alternativity. An algebra A is

alternative if and only if for all z,y € A the following relations are satisfied:
(zx)y = z(zy),  (wy)z=x(yx),  (yr)r = y(es) (3.10)

(note that in fact any one of these conditions may be derived from the remaining
two [1]). This property is trivially satisfied by the three associative division algebras
R, C and H, and therefore all division algebras are alternative. This turns out to be
crucial for supersymmetry in D = 3,4, 6,10, as will be demonstrated in Chapter [4]
The three conditions can be neatly summed up by defining a trilinear map

called the associator given by
[z,y,2] = (zy)z —x(yz), x,y,z€ A, (3.11)

which measures the failure of associativity. An algebra A is then alternative if and
only if the associator is an antisymmetric function of its three arguments, since
setting any two of the arguments to be equal then yields one of the three conditions
in ((3.10)).

Sometimes it will be useful to denote the division algebra of dimension n by
A,,. From the above discussion, it is clear that the division algebra A, contains
A, /> as a subalgebra (excluding the n = 1 case). This is no coincidence. The
four division algebras can be constructed, one-by-one, using the so-called ‘Cayley-
Dickson doubling’ method, starting with R; the complex numbers are pairs of real
numbers equipped with a particular multiplication rule, quaternions are pairs of

complex numbers and octonions are pairs of quaternions. At the level of vector
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spaces,
H =~ C? = RY, (3.12)

The real numbers are ordered, commutative and associative, but with each doubling
one such property is lost: C is commutative and associative, H is associative, O
is non-associative. The Cayley-Dickson procedure yields an infinite sequence of
algebras, but in doubling the octonions to obtain the 16-dimensional ‘sedenions’
both alternativity and the division algebra property are lost.

It will be useful to introduce some general notation here for working with all
four division algebras. A division algebra element x € A, is written as a linear
combination of the n basis elements with real coefficients: * = z,e,, x, € R and
a=20,---,(n—1). The first basis element ¢y = 1 is ‘realEL while the remaining

(n — 1) basis elements e; are ‘imaginary’:
=1, e =-1, (3.13)

wherei =1,---  (n—1). By analogy with the complex case, we define a conjugation
operation indicated by *, which is a linear involution that changes the sign of the

imaginary basis elements:
60* = €, 6,'* = —€;. (314)
It is natural then to define the linear projections
1 * 1 *
Re(z) = §(x + z*) = o, Im(z) = 5(35 — ") = 26, (3.15)

for x € A. Note that this differs slightly with the convention typically used for
the complex numbers (since Im(zg + x1€1) = x1e; rather than just z;). A division
algebra element is said to be ‘real’ if it belongs to the subspace Re(A) = R or
‘imaginary’ if it belongs to Im(A).

The multiplication rule for the imaginary basis elements of a general division

IFollowing the tradition favoured for complex numbers, authors often take the liberty of not
distinguishing between the basis element eg, which is a vector, and the number 1, which is of
course an element of R, the field over which the vectors are defined. In practice this is always
legitimate, since eg is the multiplicative identity.
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algebra is:
eiej = —0i; + Ajijrey. (3.16)

where the tensor A;j; is totally antisymmetric, reflecting anti-commutativity. The
antisymmetry of A;;; means all of its components are identically zero for A = R, C.

For the quaternions A;;i = €%, while for the octonions A;;;, = Cjj:

0 for A =R, C,
Aijr(A) = gijr for A =H, (3.17)
Cijk for A = O.

It is clear from (3.16)) that the commutator of two imaginary basis elements is
[ei, e5] = 2Ajex, (3.18)

which shows that when A is a non-commutative algebra, i.e. A = H, O, the subspace
Im(A) forms a closed algebra under commutation. In fact, shows that Im(H)
under the commutator is just the Lie algebra su(2) = so0(3), since A;jx(H) = .
This is exactly what one would expect given that the imaginary quaternions can be
represented by the Pauli matrices, which are of course the generators of su(2). Note
also that the ordinary vector cross product in R?® = Im(H) is just e; x e; = 3[e;, ¢;].

Including eg = 1, the multiplication rule can be summarised as
€a€ph = (+6a0(5bc + 6Ob5ac - 6ab(500 + Aabc) €c = cmem (319>

where the definition of A} is extended to Ay, which is totally antisymmetric with

Apwy = 0, and the structure constants I'¢, are defined?| as
Fgc = 0a00be + 0b00ac — dabdco + Aape- (320)

These will have an important role to play in the next section. Taking the ab = ij

components of (3.19)) returns the simpler pure-imaginary version of the rule, given

in (3.16]). Note that

6:65 = (+5a05bc - 5Ob5ac + 5&12505 - Aabc) €c = 7(?0607

(3.21)
eaez = (_5(1061)0 + 6Ob5ac + 5ab5()c - Aabc) €c = FZbec;

2The choice of index structure is for later convenience — see equations (]3.96[) and (]3.102[).
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where
_gb =TI} (3.22)

Using ([3.19)) one can easily verify that conjugation of a product of z,y € A gives
(xy)* =y x*. (3.23)

Again, just as for the complex numbers, the norm ||z|| of a division algebra element
x may be defined as:

|z||* = 22* = 2" 2 = 2,2,. (3.24)

This norm provides the notion of ‘division’ that gives these algebras their name;

each element x has a multiplicative inverse

rT = = zlz=xx'=1 (3.25)

In general, for any normed vector space, the polarisation identity gives a natural

inner product constructed from the norm [1J:

(ely) =5 (l= +yl” = = = llv]1?) (3.26)

(xy* +yx™) = % ('Y +y*'x) = TalYa, 1€ (ealep) = Ogp-

This is just the canonical inner product on R", which is preserved by the orthogonal
group O(n). This group and its Lie algebra thus have a natural action on the division
algebra elements that will be explored in detail in the next section.

The proof that the normed division algebra condition is satisfied contains
several identities that will be used throughout this work and so will be demonstrated
here. The calculation requires careful consideration for the non-associativity of the
octonions, so some discussion of the practicalities of this is beneficial. For a product
such as (zy)z, with z,y, z € O, the brackets may be moved at the cost of adding an

associator term,
(zy)z = x(y2) + [, y, 2]. (3.27)

The properties of the associator often render this term benign. It clearly vanishes

if one if its arguments is real,
[z0,y,2] =0 for g € Re(0) = R, (3.28)

so the associator actually only takes into account the imaginary parts of its argu-
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ments:
[z,y, z] = [Im(x), Im(y), Im(2)]. (3.29)

Thus conjugation of any one of its arguments has the effect of changing the sign,

[$*,y, Z] = [LL’,y*,Z] = [ﬁ,y,Z*] = _[$7y72]7 (330>

which, when combined with alternativity, shows that the associator is always pure-

imaginary:

[2,y,2]" = ((zy)2)" — (z(y2))"
=2 (y'e") = (Y )x
—[z" Yy, 2] (3.31)

= —l—[z,y,x]
=—[z,y,2] & Re(z,y,2]) =0.

This also implies that the associator of an octonion = and its conjugate x* vanishes:
[z, 2%, 2] = —[z,2,2] = 0. (3.32)

Now, returning to the proof that the norm satisfies (3.1)), consider xz,y € A, where
A =R, C,H,O. Their product zy € A has norm-squared ||zy||* given by

(zy)(zy)" = (zy)(y"z"), (3.33)

using (zy)* = y*z*. Since (zy)(y*z*) is a real number, it is equal to its real part,

(zy)(y"z") = Re ((zy)(y*z")) . (3.34)
The brackets can be moved using the associator:

Re ((zy)(y*z*)) = Re (x(y(y*z"))) + Re ([z, y, (y"z")])

3.35
= Re (z(y(y"z"))), (3:39)

since the associator is imaginary. Then, by (3.32)), y(y*z*) = (yy*)z*, but since
(yy*) is real it may be moved through any brackets. Putting all of this together,

(zy)(vy)" = Re (z(y(y"2"))) = Re (z((yy*)z")))
= Re(zz")(yy") (3.36)

= (227)(yy").
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Thus the product of the norms is the norm of the product, as required. Note that
this proof relies on the alternativity of the division algebras, and thus would fail for
the 16-dimensional sedenions, which are non-alternative.

For the discussion of the relationships between the division algebras and various
Lie groups, it will be helpful to present a few more definitions and identities for
working with octonions and their components.

The complement of a line in the Fano plane is called a quadrangle. Thus the Fano
plane has seven points, seven lines and seven quadrangles. Just as multiplication
of the octonionic basis elements is encoded in the oriented lines of the Fano plane,
the associator of three octonionic basis elements is encoded in its seven oriented

quadrangles:
[eav €b, ec] = 2C)abcded7 (337)

where the tensor QQup.q is totally antisymmetric with Q. = 0, and the non-trivial

Qijr are given by:

0 0 1 if ijkl € Q = {3567, 4671, 5712, 6123, 7234, 1345, 2456},
ijkl = (ijky =
! ! 0 if o(ijkl) ¢ Q for any permutation o.

(3.38)
Since a quadrangle is the complement of a line in the Fano plane, by definition, the

tensors Qs and Cjj;p, are dual to one another in seven dimensions:

1
Qijkl = _ggijklmnpcmnpu (339)

with €1934567 = 1. The tensors Qi and Cjj; are also related by various identities
that can be derived by carefully considering the Fano plane [46] (or by brute-force

computation, according to taste):

CijmCrim = 0ir0ji — 0it0,k + Qij,

CijnQrimn = 3(CippiOmlj — Cipuidmyi), (3.40)
QM Qg = 6015788 — Uy + 9Q 1,81

Note that, by convention, division-algebraic indices are raised and lowered with the
Kronecker delta, so the upper index placement in the final formula is only a matter

of notational convenience, i.e. Q7" = Q.
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3.1.1. Exponentials and Polar Form

One can define the exponential of x € A using the power series definition,

OOm

=Y % (3.41)

m=0

In the octonionic case non-associativity does not stop one from defining ™ unam-
biguously, since all products of m copies of x are equivalent by alternativity. Now
consider any non-zero x € A = H, O and write it as a sum of its real and imaginary

parts, © = Re(z) 4+ Im(z). Its norm is then
l2]|* = Re(z)* + [[Im(z)|, (3.42)

One may parameterise these two terms using an angle 6 € [0, 27|, defined by

0 = tan! (%) : (3.43)

which is of course chosen such that
Re(z) = ||z|| cosf,  |[Im(z)|| = ||=| siné. (3.44)

Now, as a vector, the imaginary part Im(x) can easily be rewritten

x Im(z ) Im(z
e fel ~ lesind, = g

Im(z) = Im(x) = ()]’

(3.45)

where v manifestly has unit norm. Putting this together, the division algebra ele-
ment x is just
x = ||z|| (cos @ + usinh) . (3.46)

This looks very similar to Euler’s formula for complex numbers, but with the complex
unit ¢ replaced by u. However, just like ¢, any unit-norm imaginary division algebra

element u also squares to —1:

u2 = U;€; Uj€j; = Uin(—CSZ‘j + Aijkek) = —U;Uu; = —1, (347)

since u;u; is symmetric under the interchange ¢ <+ j while A;;;, is antisymmetric.

Thus Euler’s formula applies as usual and z may be written in polar form

z = ||z|e’. (3.48)
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This shows that a non-zero division algebra element may be expressed by a positive
real number ||z||, an imaginary axis u and an angle 8. There is a helpful geometrical
interpretation of this parameterisation: the real axis and the u axis are orthogonal
to one another, and since u? = —1, they define a complex plane C C A on which
x = ||z]|e" is just the usual complex polar form; on this plane ||z| is the modulus
while 6 is the angle x makes with the real axis.

Equation ([3.48)) shows that a division algebra element has unit norm if and only
if it may be written as e* for some o € Im(A) (excluding the real case). Thus the
identity can also be thought of simply as the statement that any non-zero
r € A, can be written as a product of its norm ||z|| € R" and a unit element

e € S"~! where S"7! is the unit sphere in A,,. More symbolically,
A, —{0} = S" I xRF. (3.49)

Since Im(H) = su(2), a simple corollary of the above is the well-known fact that the

group SU(2) must be isomorphic to the 3-sphere,
SU(2) = (@) = om(H) =~ g3 (3.50)

as is readily checked from the definition of SU(2) as 2 x 2 unitary matrices with unit

determinant.

3.2. Orthogonal Groups and Clifford Algebras

3.2.1. Symmetries of the Norm

As mentioned in the previous section, the norm of a division algebra element
' =xx" = w.x,, xE€A,, (3.51)

is manifestly invariant under
T, — O, xy, (3.52)

where O,” € O(n) is an orthogonal matrix. However, it is both enlightening and
useful to express these rotations in terms of division-algebraic operations such as
the multiplication rule defined on A,,.

Beginning with the trivial case, for the reals the O(1) = Z, symmetry just cor-
responds to the symmetry under multiplication by the unit-norm elements {1, —1},

l.e. x — *x.
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For any of the division algebras with n > 1, the full rotation group O(n) has two
connected components: the group of orientation-preserving rotations SO(n) (i.e.
determinant +1) and the component consisting of orientation-reversing reflections
(i.e. determinant —1). In terms of division-algebraic operations, conjugation x — x*
is clearly a discrete orientation-reversing symmetry of the norm (3.51). Thus any
reflection in O(n) is a product of a rotation in SO(n) and conjugation x — z*. The
remaining question then is how to write a general element of SO(n) purely in terms
of the multiplication rule of A,,.

Of course for the complex numbers SO(2) = U(1) acts again as multiplication by

arbitrary elements of C with unit norm:
r— ez, 0 eR. (3.53)
Or at the Lie algebra level, i.e. for small 6,
dxr = ifx. (3.54)

It is clear that this preserves the squared norm .

The quaternionic analogue with SO(4) acting on H follows closely. It is easy to
see that the norm is preserved under multiplication of x from both the left and right
by arbitrary unit-norm quaternions, which may be parameterised as e~%+ and ef-
with . imaginary:

x — e el 0,,0_ € Im(H). (3.55)

This means that at the Lie algebra level
dr = —0,x+ x6_. (3.56)

In fact, any SO(4) transformation may be written in this way. As can be verified us-
ing the quaternionic multiplication rule, an arbitary SO(4) rotation with parameters

g% = —@% is enacted by choosing
0+ = % (HOZ + %Eiijjk) €;, 0_ = % (—HOi + %c‘:ijkejk) €;. (357)

It is instructive to examine these transformations in a little more detail. Equation
(3.56]) shows that the Lie algebra so0(4) is isomorphic to two copies of Im(H): one for
left-multiplication by —#, and one for right-multiplication by 6_. Furthermore, they

commute because left- and right-multiplication commute in H, i.e. H is associative.
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Thus
50(4) =2 Im(H) ¢ Im(H) = su(2) & su(2). (3.58)

This is a reflection of the fact that any antisymmetric 4 x 4 matrix 0%° € so(4) can
be split into its self-dual and anti-self-dual parts 6¢° and 6°:

eab — %(eab + %Eabcd00d> = %gabcdecd — j:@ib, (359)
which each have only three independent components (rather than six) since they

obey
90i = :t%é‘ijkejk = % (90i + %Eijk‘gjk) . (3'60)

It is easy to check that the sets of self-dual and anti-self-dual matrices not only com-
mute with one another, respectively, but each forms a closed subalgebra isomorphic
to su(2). With this in mind the particular expressions for #, and 0_ in (3.56) make
sense: 0, = 0%e; corresponds to the su(2) generated by the self-dual part, while
0_ = 0%¢; corresponds to the su(2) generated by the anti-self-dual part. Returning
to the transformation at the finite group level, the SO(4) action z — e~%+xe- is
specified by a pair of unit quaternions (e =%+, e’-) € 5% x $? = SU(2)?, but since the
pairs (e7% ef~) and (—e %, —e’-) induce the same SO(4) transformation, SU(2)?
must be the double cover of SO(4), i.e. SU(2)? = Spin(4).

Due to non-associativity the octonionic case is a little more complicated, but it
leads to some interesting considerations. In any normed division algebra A, by the
defining condition ||zy|| = ||z] ||y||, multiplying = from the left and right by any

unit-norm elements e® and e® clearly preserves the norm
le(ze) | = [I(e*)e? || = [l 1]l [le”]| = ] (3.61)

Along with conjugation z — z* this exhausted the symmetries of the norm for
R,C,H. However, for O left- and right-multiplication by unit elements e* and e”
gives a set of symmetries isomorphic (up to a sign) to a pair of 7-spheres, S7 x S7,
but these do not close to form a group; for the octonions there are symmetries of
the norm that arise from non-associativity and hence cannot be written in such
a simple form. Since S7 x S7 is 14-dimensional and the total unimodular norm-
preserving group is SO(8), with dimension 28, the remaining symmetries must also
be 14-dimensional. These are the automorphisms of the octonions, forming the

exceptional group Ga, which will be introduced in the following.
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3.2.2. Automorphisms and Derivations

The automorphisms Aut(A) of an algebra A are the group of linear transformations

g : A — A that preserve multiplication in A:

g(zy) = g(x)g(y), xy€A. (3.62)

For the normed division algebra A,, the automorphisms leave real elements xq

invariant, since by linearity
9(xoy) = zog(y), o € Re(A,) =R, (3.63)

but by definition
9(woy) = g(x0)g(y), (3.64)

so that multiplying on the right by g(y)~' gives

9(o) = mo. (3.65)

This means that for the real numbers Aut(R) = 1 is the trivial group. Furthermore
this shows that in a general division algebra automorphisms preserve the norm since

the norm is real:

ga*x) = g(x%)g(x) = g(x)g(z) = "z & |g(@)] = [l (3.66)

In other words Aut(A,,) is a subgroup of O(n). More specifically, since the real
part of a division algebra element is invariant under automorphisms, Aut(A,,) is a
subgroup of the O(n — 1) group that acts only on the imaginary subspace. This
means that in terms of the basis elements e; the automorphisms take the form
g(e;) = O;je; with O;; € O(n — 1), i.e. O;0jk = d;;. An automorphism is then just
an orthogonal rotation of the basis elements e; — g(e;) = O;;e; such that the new
set of basis elements g(e;) satisfy the same multiplication rule as the original
set:

g(ei)gle;) = gleiej), < OuperOjier = —0;; + Aiji, O (3.67)

For the complex numbers there is only one imaginary basis element, e; ~ 7, so
Ajj = 0 and Aut(C) =2 O(1) = Z, corresponding to the replacement ¢ — —i; of
course —i squares to —1 and hence satisfies all that is required to do the job of i.

When A;j; # 0 (i.e. when A, = H, O) multiplying (3.67) by two inverse rotations
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shows that it is satisfied if and only if
0i1i0j1iOpri, Airjriy = Ajji. (3.68)

For the quaternions A;j; = €;j; so the left-hand side is proportional to the determi-
nant of O:
O0i1i0;j1 Oy €ivjriy = det(O) €41 = €ijis (3.69)

which is satisfied only for det(O) = +1. Thus Aut(H) = SO(3). To see how these
transformations act on an arbitrary quaternion z, note that the subgroup of SO(4)

matrices that leave the Re(H) subspace invariant is just those with Lie algebra

parameters 0% = 0. Equations (3.55)), (3.56) and (3.57)) then give
v —elze’ & dx=[r,0, 60clm(H), (3.70)

since 0% = 0 implies _ = 6, = 0 in . This clearly transforms the imaginary
components x; as the adjoint of SO(3), i.e. as an ordinary spatial 3-vector. Because
these transformations are just a special case of the left- and right-multiplications by
unit elements discussed above, Aut(H) gives no new contribution to the symmetries
of the quaternionic norm.

For the octonions the structure tensor A;;, becomes Cjj, and it is less clear which
matrices will satisfy . Unlike those of the quaternions, the automorphisms of
the octonions Aut(O) =: Gy give new norm-preserving transformations that can-
not be written as simple left- and right-multiplications. But what do these G,
transformations look like and how does one perform them? This question is easier
to answer at the infinitesimal level, where automorphisms become the Lie algebra
oer(A) == aut(A) of derivations.

A derivation of an algebra A is a linear transformation d : A — A such that

d(zy) = zd(y) + d(z)y, =,y € A. (3.71)

d

Exponentiating this equation with g = e® recovers the finite version (3.62)). For a

division algebra A, writing O;; = (e?);; with 6;; = —0;; an arbitrary so(n — 1)
matrix, equation (3.68)) becomes

0Aijr = OuAijk + 0 Auk + O Aiji = 0 (3.72)

for small . Thus det(A,,) is the subalgebra of so(n — 1) consisting of antisymmetric

matrices 6;; satisfying (3.72]).
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For the octonions, A;;; = Cijk, so 0er(0O) = gy C s0(7) is the Lie algebra of

antisymmetric matrices 0% such that
6Cix = 0"Cljp, + 07 Cyye + 08 Cyj = 0. (3.73)
Contracting this equation with Cjj,, and using the first identity in gives
2 (0itkbr; — 1Qujwa) 0% = 6% (3.74)

Viewing 6% as a 21-component vector (as an antisymmetric 7 x 7 matrix it has
(;) = 21 independent components), this can be interpreted as a projection equation

Z]k;lekl 9”, Where P]k‘l - %( 1[k5l]] 4Q’L]k:l) (375)

)

where P4 is a rank-14 projection operator on the 21-dimensional vector space of
antisymmetric 7 X 7 matrices, satisfying

(P)?=pP" & Pzgklpklmn =Pl (3.76)

igmn*

That P is rank-14 may be seen as follows. As a 21 x 21 matrix, P is real
and symmetric — P, = P}, — and therefore may be diagonalised by an SO(21)
transformation. Because it is a projector its diagonalised entries will each be equal

to either 1 or 0. Thus its trace is equal to its rank:
rank(P') = Tr(P') = 80y Pl = 2 x 21 = 14, (3.77)

In other words 6% a priori has 21 components, but P projects out 7 of these,
leaving 14 = dim|[G5).

It is now easy to write down the generators of G5 in terms of those of SO(7).
The SO(7) generators Jj;;) are labelledﬂ by the antisymmetric pair of indices [ij] and
an SO(7) transformation with parameters 6% is enacted by the linear combination
%9“ Jiij- In the defining 7 representation of SO(7) the generators Jj;; are the 7 x 7
matrices

(Jiij) )t = 20,160, (3.78)

since a 7-vector x; transforms as

or; = %ekl(t][kl})ijl"j = ekléi[k‘gl]j%‘ = eij%’- (3.79)

31 adopt the notation of writing antisymmetric generator labels in square brackets to distinguish
them from the generator components.
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If the parameters 6% satisfy equation ([3.75) then this is a Gy transformation. In
that case

from which one can see that Gy has generators (G;;))m given by the linear combi-

nations

(G[iﬂ)kl = P%fnn(t][mn]) =3 ( Ok — 4kal) (3.81)

Thus under Gy C SO(7), the vector transforms as

oz, = %le(G (k1] )ij le (il — TQijmt) T (3.82)

This is the defining 7 representation of Gs.
Finally, this can be used to find the explicit form of the derivations of the octonions
in terms of the multiplication rule in O. This makes use of the commutator and the

associator, since they satisfy the identities
lei,e;] =2C ke, and e, €5, ex] = 2Qijk€1- (3.83)

It is then easy to verify that the following particular combination gives the correct

action of the G generators G
Gz = %[ei, e;, ] — % [[eis 5], 2] = (Glij)) iy ek (3.84)

where in general a ‘hat’ denotes a linear operator on O. This means that any pair
of imaginary octonions ¥,y € Im(O) generates a unique derivation, since one can

simply contract the free indices in equation (3.84) with arbitrary components ¢, 13:

-~

dyy o @ = 3[y1, Y2, 2] — & [[y1, 2], 2] . (3.85)

Furthermore, since any derivation may be written as a linear combination of the
generators G;;), any derivation must take the form for some yy,y, € Im(O).
This gives another way to see the dimension of Gs; it takes 7+ 7 = 14 parameters
to specify the two imaginary octonions required to define a derivation.

Returning to the symmetries of the norm, the full so(8) can now be realised in
terms of octonions using derivations, combined with left- and right-multiplication by
imaginary octonions «, § € Im(0O). This corresponds to the decomposition SO(8) D
Go:

28 14+T7+7, (3.86)
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with the 14 corresponding to derivations and the two 7s corresponding to a and f.

For an SO(8) transformation parameterised by the antisymmetric matrix % € so(8):
Sr=dr+oax+aB, & Or,=0", (3.87)

where
d=10"Gy,  a= (=30 - LCubt") e, B=(—30%+ LCib") er. (3.89)

Due to non-associativity, exponentiating (3.87)) to obtain a finite SO(8) transforma-
tion must be approached carefully. One fool-proof way to achieve this is to define

operators that multiply from the left and right,
Lox = az }A%g x =, (3.89)

so that dx may be written

~ o~ A~

5z = (d+ Lo + Rs)a. (3.90)

Now Ea, Eg and d are just linear transformations of R® = 0, so their composition
is by definition associative. This means they may be exponentiated as usual and
the finite SO(8) transformation is

z — edtLetRag (3.91)

3.2.3. Spin(n) Spinors and Clifford Algebras

So far in the above discussion on SO(n), the group of symmetries of the norm of
A, the division algebra elements have transformed in the defining — or ‘vector’ —
representation of the group. However, the division algebras have an equally close
relationship with the spinor representations of Spin(n) and their associated Clifford
algebras. To see this, consider an arbitrary division algebra element ) € A,,, and

multiply it by the basis elements as follows (for n > 1):
ex(en)) + ep(eaty) = (PeaToe + Toalse) Ve e, (3.92)

where the structure constants I'¢, and T'¢., are defined by the division-algebraic mul-
tiplication rules

eaty = Il ee,  eiey, =Te.. (3.93)
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Moving both sets of brackets on the left-hand side of (3.92)) costs a pair of associators,

but they cancel with one another due to alternativity:

ealent)) +ep(eat)) = (eqen)t) + (epea)y. (3.94)

The final line here can be factorised and then gives a Kronecker delta, since it is

proportional to the inner product of the basis elements:
(erep + epeq) = 2(eqlep)t) = 204p1. (3.95)

Comparing (3.92) and (3.95) shows — perhaps surprisingly — that T'{, and I'¢, are

actually n X n ‘gamma matrices’ satisfying the familiar relations

[Tt 4 TPTe = 2691,
[T + 1T = 26%°1 (3.96)

(where the second line comes from the other version of the inner product with

2(eqlep) = eqe; + epels). This means that the 2n x 2n matrices

« (0 I
v = (F“ O) (3.97)

satisfy the Spin(n) Clifford algebra,
Yo+ APy = 2691, (3.98)

and so may be used to form 2n x 2n generators of Spin(n) by the usual antisym-

Lrladl 0
1 fa bl [ 2
27 ( 0 %I_’[“I’b] : (3.99)

metrised product

However, as these matrices are block-diagonal, this is a reducible representation
of Spin(n); it decomposes into the n x n irreducible spinor and conjugate spinor

representations, with generators [46]

1
f (3.100)
— 32
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whose components can be found by explicit computation using the identities (3.40)):

Z[C(Zlb] = 6¢(a0b)d — 0jaAbjed + SocAdjab — 3 Qabed + 400[c0a)[aOb)0,
i[c?jb] = 6c[a5b}d + 6O[aAb]cd + 60[cAd]ab - %Qabcd» (3101)

where the () terms vanish for n # 8.
The above discussion demonstrates that multiplying a division algebra element )
by the basis element e, has the effect of multiplying 1’s components by the gamma

matrix ['%:
eat) = eqepthy = Ui ey = el %y, (3.102)

which means one can represent an irreducible spinor 1, and conjugate spinor x, of

Spin(n) using division algebra elements ) and y, transforming as

oy = j0%ei(ent)) = 30UEG Wace,

* [ad]

1 pab 1 paby- (3103)
ox = 70%ealeyx) = 5025 Xad €c-

These representations will be important for the fermions in the supersymmetric
theories presented in later chapters.

Looking at equations ([3.103|) more closely for the division algebras A, with n > 1:

e For C, there is only one independent parameter 0 = 6% = —' so the

transformations become simply (writing e; as the usual complex unit ):

0 = +L1ify,
v =taiy (3.104)
oy = —%i&x.
e For H, associativity means that
5 = 10%(etey)p = 2 (+0% — L) ejp = —0_ 1,
1/} 1 ( b)l/J 2( . 2<ijk . ) 1/} ¢ (3105)
Ox = 507 (eaey)x = 5 (0" — eijnt’*) s x = —01x,

where 0, and #_ are defined as in (3.57). This shows that the spinor and
conjugate spinor transform under the anti-self-dual and self-dual parts of §?,
respectively. The imaginary quaternions 6, and 6_ each generate an SU(2)

factor of the double cover of the norm-preserving group Spin(4) = SU(2)?.

e For O, the transformations can once again be written in terms of derivations
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and multiplication from the left and right:

5y = L0%bez (ep)) = dp — B +(a — B),

e R (3.106)
ox = 10%eq(eyx) = dx + ax + x(a = B),

where c?, «a and [ are defined in equations . The derivations term is
common to the transformations of ¢, x¥ and z in ; it is the terms in-
volving left- and right-mutliplication by various combinations of a and g that
distinguish the three representations. Another way to say this is that under
the subgroup G C Spin(8), the vector 8,, spinor 8, and conjugate spinor 8,

all decompose in the same way, i.e.
8, — T7+1, 8, — T7+1, 8. — 7+ 1. (3.107)

Note that the singlet 1 in each of these decompositions corresponds to the real
part, which is invariant under G, (so dzo = 0 for any zq € Re(0)); as far as

(G5 is concerned, the 8,, 8, and 8, are all simply octonions on equal footing.

3.3. Triality

Having seen how to transform the vector, spinor and conjugate-spinor representa-
tions of Spin(n) using division algebras, the obvious next step is to see how the three

representations are related to one another. Consider the following octonion a, using
the multiplication rule (3.19):

a = xv* = x'TeyCe,, (3.108)

where 1) is an octonionic spinor and y is a conjugate-spinor. As a gamma matrix
sandwiched between two spinors, this ought to transform as a vector under Spin(8)
(cf. the familiar spinor bilinear yy*1 for Lorentz spinors x,1). Indeed one may
verify that this is the case using the transformations ([3.106]). This highlights the
most elegant aspect of using division-algebraic representations of Spin(n): the rela-
tionships between the three fundamental representations may be expressed without
gamma matrices, simply using the multiplication rule. Assuming that ¢) and y have

unit norm (since this section is only concerned with their transformation properties),
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(3.108)) may be written in three equivalent forms,

a=xv" = X" Thes = (X T"V)eq,
<~ ’QD = a*X = aaxbfgcec = (XTﬁ)a €a, (3109>
& x=ap =a"YThe, = (d), e,

where ¢ = [®q,. This further demonstrates the intimate relationship between
division-algebraic multiplication and Spin(n).

As well as transforming covariantly under Spin(n), for the associative division
algebras, equations are also invariant under (right-)multiplication of the

spinors by an arbitrary unit-norm element v € A,,:

U — Yu, X — XU, u'u = 1. (3.110)
Writing v = €% in the complex and quaternionic cases this becomes
6¢ — 1/]91, 5X - XQI’ 91 6 Im(An), An = C, H, (3111)

for small #;. At the Lie algebra level this means that equations have an
extra u(1) and su(2) symmetry for A,, = C, H, respectively, which can be labelled
as er(A,) = 0O,u(l),su(2),0, for R,C, H, O, respectively. The total Lie algebra
s0(n) @ er(A,) combining so(n) with these extra symmetries is called the triality
algebra tri(A,,):

tri(R) = O,

tri(C) = u(l) d u(1),

tri(H) = su(2) ® su(2) @ su(2),

tri(O) = 50(8). (3.112)

Intuitively speaking, it makes sense that there is no extra symmetry in the octonionic
case, since a, 1 and x each have 8 real components and are already transforming as
the irreducible vector 8, spinor 8 and conjugate-spinor 8, representations of so0(8);
there is ‘no room’ left for them to transform under any further group action. In
contrast, for the quaternions, the vector a transforms as the (2, 2) representation of
s50(4) = su(2) @ su(2), while the quaternionic spinors ¢ and y in each only
transform as a (2,1) and (1, 2). Since ¢ and x have 4 real components each, there
is room for them to transform also as a 2 under the third su(2) generated by 6.

Thus the three representations transform under tri(H) = so(4) & su(2), isomorphic
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to su(2) @ su(2) d su(2), as
a~(2,2,1), ¢¥~(21,2), y~(1,22), (3.113)

where the three slots in order correspond to 6., 6_ and 6,.

In the mathematics literature, the triality algebras are usually introduced via a
more elegant definition, designed so as to generalise the algebra of derivations. This
is given as follows: tri(A,,) is the algebra of triples (A, B, C) € so(n) ®so(n)®so(n)
such that

~ ~ ~

A(zy) = z(By) + (Cx)y, x,y € A,. (3.114)

The analogy with derivations is very clear — compare (3.114)) with . Note that
A, B and C each belong to a different copy of s0(n), and that each transformation is
taken a priori to be in the vector representation of each of the three copies. Hence,
in terms of three sets of antisymmetric parameters 0%, 0% and 6%, equation ([3.114)
becomes

0% (29)p €a = 0% yp 0 + 051y €0 9. (3.115)
Using the multiplication rule and factoring out the arbitrary coefficients z, and y,
gives

05 T, + 0% TG + 64 Ty = 0. (3.116)

Thus the triality algebras represent the overall symmetries of the structure constants
['¢, under independent rotations of each of their indices, just as derivations are the
orthogonal transformations preserving Cj;;, — see (3.72)). Equation relates
the parameters 0%, 0% and 0% to one another, breaking so(n) @ so(n) @ so(n) to its
subalgebra tri(A,,), as given in (3.112)).

To see how this works in terms of division-algebraic multiplication, consider the
octonionic case. Using (3.87) gives

A(wy) = da(zy) + aa(zy) + (zy)Ba,
§?J = (/jBy‘FOfo"'yﬁBa (3.117)
Cx = c/i\cx + acx + xfc,

for three independent derivations d4, dg and de and six independent imaginary

parameters a4, g, ac, Ba, B, Bc € Im(O). Temporarily setting all but the deriva-

tions to zero (3.114) becomes

da(ry) = o(dpy) + (dex)y, (3.118)
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but by definition any derivation must satisfy the Leibniz rule (3.71) and one must
identify C/Z\A = C/Z\B = L/Z\(;; the subscript can then be dropped and all three of them

simply written as d. Temporarily setting d = 0and substituting the transformations

(3.117)) into (3.114)) gives
as(zy) + (2y)Ba = z(apy +y Bp) + (acx +  Bo)y, (3.119)
but by alternativity,

a(zy) = (ax)y + (za)y — z(ay),

(3.120)
(zy)B = x(yB) + x(By) — (zB)y,

for any «, B, z,y € O. This means ag, ac, 85, Bc may be eliminated, leaving only

o and [y

OéBZ—(OéA—ﬁA), Br = Ba,

(3.121)
ac = ay, B = aa — Ba.

Dropping the A subscripts, the triple of transformations then becomes

~ -~

A(zy) = d(zy) + a(ry) + (vy)B,
By =dy — (a— B)y +yB, (3.122)
Cx = dz + az + (o — B).

In fact, the argument above works for any of the division algebras, since orthogonal
transformations can always be written in the form (3.117). Thus the triality triple

(121\, B , (7) is determined entirely by a derivation d and two imaginary parameters «

and [ as in (3.122), i.e.
tri(A,) = oer(A,) + Im(A,,) + Im(A,,). (3.123)

It is easy to see that this leads to the algebras listed in (3.112)) (note that derivations
are trivial for R and C).

To see how this relates to the discussion of Spin(n) representations above, simply

relabel x = y and y = ¢* in (3.114]) so that that zy = y1* =: a — at this point these
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are just labels. Then the transformations (3.122)) become

sa = Aa = da + aa + af,
out = By = (dv = By + (o - 8)) (3.124)
oy = Cx = dx +ax + x(a— ).

In the octonionic case these are exactly the Spin(8) transformations of the vector

a, spinor ¢ and conjugate-spinor x representations, as seen in equations (3.87) and
(3.106[). The statement of triality ({3.114]) then becomes an identity:

da = 0(x¢*) = ox " + x IP*. (3.125)
In component form, this is equivalent to saying that (3.116]) is solved by

o =00, 0w =1Loixl) 02 = oISl (3.126)
where ¥ and Y are the spinor and conjugate-spinor generators defined in (3.101]).
This picks out a single diagonal s0(8) subalgebra in s0(8) @ s0(8) @ s0(8), relying
on the fact that the Lie algebra elements transforming the vector a,, spinor ¢, and
conjugate-spinor y, are all just 8 x 8 (real) antisymmetric matrices.

Similarly for the quaternions any derivation is generated by a commutator with

an imaginary parameter 6 € Im(H), so

Aa = al — ba + aa + apf,
By = (00 — 0y — B+ y(a — B))", (3.127)
Cx = x0 —0x +ax + x(a— ).

Identifying
0—a=0.,, 0+38=0_, 0+a—-B=0 (3.128)

recovers the usual transformations of a, 1) and x preserving a = y1*, as outlined in
the beginning of this section. A similar argument works for the complex numbers,
while the triality algebra of the reals is empty.

The triality algebras are so named because they each have a discrete symmetry
— called triality — isomorphic to the group S3 of permutations on three objects. For

A,, = H, O, the first hint of these outer automorphismsﬂ is in the manifest symmetry

4Group automorphisms are linear mappings A of a group G onto itself such that the multiplication
rule is preserved: A(g192) = A(91)A(g2), 91,92 € G. Outer automorphisms are those that are
non-trivial in the sense that A(g) # hgh~! for any h € G. The same concept applies also at
the Lie algebra level.
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of the su(2) @ su(2) @ su(2) and so(8) Dynkin diagrams in Fig. [3.2] Furthermore,

for any A, the relationship a = xv* is invariant under the following representation

of 532
a v X a ¥ X a
a v x) \w x a) \x Y
(a (0 x*) (a (0 X*> (a (0 x*)
X ¢* a* ) w* a* X ’ a* X ¢* )

since these permutations simply result in six equivalent versions of the same relation

e <
X*
N———

) : . (3.130)
e a=Yx, YT =Xx"a, X = at.

Note that the cyclic permutations involve a, ¥ and x* (rather than a, ¥ and Y)
and that odd permutations must be accompanied by conjugating all three of these

division algebra elements.

O
O

O

Figure 3.2.: The Dynkin diagrams for the Lie algebras s0(8) (left) and su(2) ®su(2) ®su(2) (right).

Clearly the three representations a, 1) and x* of tri(A,,) are isomorphic, since their

transformations

da = c/i\a—i—aa—I—aB,
Oy = dip = B+ (e = B), (3.131)

*

o = dx* — (a— B)X* — X,

each involve a derivation, a left-multiplication by an element of Im(A,,) and a right-

multiplication by an element of Im(A,,). Thus exchanging the arbitrary parameters

a— —pf, b—oa—-F = a—p——a, (3.132)
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results in

oa = (fa—ﬁa—ira(a—ﬁ),
0 = dy — (o — )Y — Yo, (3.133)
O = dx* + ax* + X8,

so that from this perspective the vector can be seen as a spinor, while the spinor
looks like a conjugate-spinor and the conjugate-spinor like a vector. The exchange
of parameters (3.132)) simply corresponds to the order-two permutation

9 = (i z) j;) (3.134)

from (3.129)). The other permutations in (3.129)) can be obtained by similar param-
eter redefinitions, resulting in the full S3 group of outer automorphisms. Explicitly,

letting
a = a, b—=a—-pF = a—p—=p (3.135)

results in the order-one odd permutation

a v X
= 3.136
¢ (X Y a*) ( )

and the six elements of Sz are then {1,9,9?, g, 0¥, 0¥?}.
As an aside, when constructing the exceptional groups it will be useful to define the

action of the particular elements ¢ and p above in terms of the triality transformation

triple (ﬁ, B , 6) in . The transformations can be written
sa = Aa, sU* = By,  dx = Cy, (3.137)
whereas the J-permuted transformations are
a = (Ba®)*, Syt =C*, Sy = (A (3.138)

Thus the action of ¥ is equivalent to

~ o~

9: (A, B,C)— (B*,C, A", (3.139)

where the x of an operator is defined as

A ~

Oz := (Oz*)*, O eso(n), z€A. (3.140)
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By similar logic, one may also easily derive that the action of p is equivalent to

A~ o~

0: (A, B,C)— (C,B* A). (3.141)
Both ¢ and ¢ will be put to use in Chapter [5

The triality algebras find utility in supergravity mainly through their relationship
with the exceptional groups and the magic square. Most importantly, the discrete
triality symmetry associated with the octonions is one of the fundamental ingre-
dients that allows the exceptional groups Fy, Egs, F; and Eg to exist, as will be
shown in Chapter [5] The triality algebras are also the symmetries of A' = 1 super
Yang-Mills theories (on-shell) in D = 3,4, 6,10. The various Lie algebras associated
with the division algebras that have appeared so far are summarised in Table [3.2]

A, | so(n) | oer(Ay) ei(A,,) . (X(ﬁ"@) ;M
R _ — _ —

C | s0(2) — u(l) ¢ u(l) u(l)

H | so(4) | s0(3) | su(2) @ su(2) ®su(2) su(2)

O | s0(8) g2 50(8) -

Table 3.2.: Various Lie algebras associated with the division algebras. The ‘extra’ algebras
er(A,) = tri(A,) © so(n) are the subalgebras of tri(A,,) that commute with so(n)
(for A,, = H, O there are of course three ways to embed the so(n) into tri(A,,), but
they are equivalent up to discrete triality transformations).

3.4. Division Algebras and Simple Lie Algebras

Above and beyond the action of the norm-preserving and triality algebras on R, C, H
and O, the division algebras have a close relationship with all simple Lie groups and
their Lie algebras. Consider the Lie group A(N, A) consisting of N x N ‘unitary’

matrices with entries in A = R, C, H:
AN,A) ={X e AIN] | XX = XXT=1}, (3.142)

where A[N] denotes the set of N x N matrices with entries in A and ' is the

conjugate-transpose (x')*. Its Lie algebra is made up of N x N anti-Hermitian
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matrices with entries in A:
a(N,A) = {z € A[N] | 2" = -z}, (3.143)

The Lie brackets are taken using ordinary matrix commutation, [z,y] = xy — yz,
and despite the non-commutativity of the quaternions, the commutators satisfy the
required properties: bilinearity, antisymmetry and the Jacobi identity. In fact, for
the three different division algebras R, C, H, this definition encompasses all of the

classical (compact) Lie algebras [47]
a(N,R) = so(N), a(N,C) =2 u(N), a(N,H) = sp(N). (3.144)

Aside from these infinite classical families, there are only five other simple Lie al-
gebras in existence (up to different real forms): those of the exceptional groups G,
Fy, Fg, E7 and Eg. The first of these (G5 was introduced earlier as the automor-
phism group of O, so one might guess that the other four exceptional groups are
also somehow related to the octonions. Indeed this turns out to be the case; just
as the octonions themselves hold an exceptional status as the largest and only non-

associative division algebra, their existence gives rise to the five exceptional groups.
These will be introduced in Chapter [3]

3.5. Complex and Quaternionic Structures

An important concept for understanding the symmetries of super Yang-Mills theories
and the magic pyramid of supergravities is the idea of a complex structure, and its
generalisation to a quaternionic structure.

A complex structure defines an embedding of CV into R*Y, where N is any natural
number. This defines a corresponding embedding of C[N]| into R[2N]. Consider a
vector v € RV, Writing v = (x,y), with 2,y € RY, one can identify z and y with
the real and imaginary parts of a complex vector x + iy € C. Multiplying v by the

real 2N x 2N matrix
0 -1
E = (1 0 ) € R[2N], (3.145)

which clearly satisfies E? = —1, is equivalent to multiplying x + iy by i:

(z +iy) —i(z +iy) = —y +iz

B [N
1 0 Y T
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For an arbitrary real 2N x 2N matrix M € R[2N] acting on R?" to behave like a
complex N x N matrix acting on C?, it must commute with the complex structure
matrix . This is the purely real version of the statement that any complex matrix
commutes with multiplication by 7. A quick calculation shows that if M commutes
with E then it must be of the form

M = (A _B> , A BeR[N]. (3.147)
B A

In this case, acting on v with M is equivalent to acting on x + iy with the matrix
A+iB € C[N]
(x +iy) = (A+iB)(x +iy) = (Ax — By) + i(Bx + Ay)
A —B Ar — B 3.148
& v—= Mu= T = g Y . ( )
B A Y Bx + Ay

Thus in general there is an algebra isomorphism
C[N] = {M e ]R[QN]‘[M, E|=0, E?= —]1} . (3.149)

In particular, for the Lie algebra of real antisymmetric 2N x 2N matrices s0(2N),

this restricts to
u(N) = {ue so(zN)’[u, E] =0, B* = -1, E € s0(2N) }, (3.150)

where the commuting u(1) part of u(N) = su(N)@u(1) is generated by the complex
structure E itself.

It is straightforward to generalise this notion to that of a quaternionic structure,
which embeds H[N] into R[4N]. This is simply a pair of 4N x4N complex structures

F, and E5 that anti-commute with one another:
E12 = E22 = —]1, ElEQ = —E2E1 = Eg. (3151)

The three matrices E, Fy and E3 then mimic the algebra of the quaternionic basis

elements 7, 7 and k, and it is easy to prove that there is an algebra isomorphism
H[N] = {M = ]R[4N]‘[M, B\ = [M, E) = o} . (3.152)

This time the requirement that M commutes with F; and E, (and hence also Ej) is

the real version of the statement that left- and right-multiplication in H commute;
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E\, Ey and Es represent right-multiplication of a quaternionic vector in HY by i, j
and k, which commutes with left-multiplying the vector by a quaternionic matrixﬂ

Similarly to the complex case, for the Lie algebra of real antisymmetric 4N x 4N
matrices §0(4N), the isomorphism (3.152)) restricts to

sp(N) = {u c 50(4]\[)‘[1@, B =[u, B =0, By, Es € 50(4]\7)} . (3.153)

The three quaternionic structure matrices F1, F5 and F3 themselves generate a copy
of sp(1) that commutes with the sp(N) above, corresponding to right-multiplication
by an imaginary quaternion.

There is no such straightforward generalisation to an ‘octonionic structure’, since
ordinary associative matrix multiplication can only represent the associative division

algebras.

5Note that F1, E» and E3 may alternatively correspond to left-multiplication if the quaternionic

matrix is thought of as quaternionic-multiplying on the right, e.g. if the matrix (Zl ZZ> with
3 qa

~

Q1,92, 93,94 € H is taken to act like the operator }qu ]qu .
RQS RtM
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4. Super Yang-Mills, Division
Algebras and Triality

Over the years the relationship between supersymmetry and the division algebras
has been a recurring theme. See, for example, [24], 27, 28| 31], 32, 48]. In particular,

owing to the Lie algebra isomorphism
so(l,1+n) =sl(2,A,), n=dimA, =1,2,4,8, (4.1)

the normed division algebras A,, = R, C, H, O provide a natural framework for de-
scribing relativistic physics in D = n + 2 = 3,4,6 and 10 spacetime dimensions,
which will be introduced in Section 4.1} Furthermore, the classical Green-Schwarz
superstring and A/ = 1 super Yang-Mills (SYM) theories of a single vector and
spinor can exist only in these dimensions [15]. In Section this division-algebraic
language is used to give a unified formulation of these N' = 1 SYM theories. A
version using division-algebraic auxiliary fields is also given so that the supersym-
metry algebra closes off—shel]E] in D = 3,4,6, while for D = 10 the failure to close is
explicitly demonstrated to be a result of the non-associativity of the octonions, as
hinted at in [49].

Finally in Section these theories are dimensionally reduced to give a uni-
fied division-algebraic description of SYM theories with (D = 3, N' = 1,2,4,8),
(D=4, N =1,24), (D=5 N =1,2), (D=6, ( N;N_) = (1,0),(1,1)) and
(D =10,9,8,7, N = 1). In particular the maximally supersymmetric theories in
each dimension, descended from D = 10, are formulated over the octonions and
thus the failure of the supersymmetry algebra to close in these cases is attributed
to the non-associativity of O. Consistent truncation to theories with fewer super-
symmetries then corresponds simply to finding H, C and R subalgebras of O. There
is a single ‘master Lagrangian’ for all of these theories with a single unified set of

supersymmetry transformation rules.

'Recall from Chapter 2 that the {Q,Q} anti-commutator only ‘closes’ to produce a translation
after the fermionic equation of motion /)X = 0 has been applied, i.e. on-shell. Using unphysical
auxiliary fields the algebra can be made to close off-shell.

74



The important role of triality algebras as the symmetries of the on-shell degrees
of freedom of ' =1 SYM theories will also be discussed in Section [1.3] By defining
a new algebra int in terms of the usual triality algebras, the on-shell symmetries for

super Yang-Mills with any (D, N') as above are summarised in a single formula.

4.1. Spacetime Fields in D =n + 2

The isomorphism (4.1]) holds for the same reasoning commonly used in D = 4 for
50(1,3) = s1(2,C). In dimension D = n + 2 with n = 1,2,4,8, a vector X" in

Minkowski spacetime can be represented by the components:
Xt = (X" X' Xt XM = (¢, XM 2), a=0,1,...,(n—1). (4.2)

However, the vector can just as well be parametrised by X € hs(A,,), where ho(A,,)
is the set of 2 x 2 Hermitian matrices [24, 50, 511, 48, 31] with entries in the division
algebra A,,:

t *
X = ( T2 tx ) where ¢,z € R and z = X*Te, € A,,. (4.3)
T —z

Then the determinant of the matrix is the Minkowski metric for D-dimensional
spacetime:
—det X = —t* + 2% + |z]. (4.4)

The group of determinant-preserving transformations SL(2, A,,) must then be equiv-
alent to the group of Lorentz transformations, although care is needed to define el-
ements of SL(2, A,,) and its Lie algebra, due to the general non-commutativity and
non-associativity of A,,.

In D = 4 the Pauli matrices {7,} are used as a basis for Hermitian matrices,
so that X = X*#&,. This suggests a generalised set of Pauli matrices for p =
0,1,---,(n+1). The straightforward generalisation of the usual Pauli matrices to

all four normed division algebras is the linearly-independent basis [24, 5] 29]

H= <+]17 Oa+1, Un+1)7

QI
=

I

Q

(4.5)

0 e 1 0
Ogil = “1, Opt1 = ) 4.6
a= (05) e (y 0 (16)
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The notation is chosen so that in D = 4 (where n = 2 and Ay = C) the matrices

reduce to the usual Pauli basis:

0 e 01 0 e 0 —i 1 0
o1 = o) = , 09 = e - . ! , O3 = - (4.7)
€o 0 10 €1 0 ] 0 0 -1

It is easy to check that the generalised Pauli matrices satisfy

ote” + o"ct =201,
(4.8)

oto” +a"ct =201

This means they can be used to generate Lorentz transformations. To see this,
consider a vector field A, transforming under an infinitesimal Lorentz transformation

as
A, = NSA,, (4.9)

with A,#n, = A = —Ay,. The vector may be contracted with the Pauli matrices

o* or o" to give Hermitian matrices

_AO+An+1 Aa+1€:; )

A= AHO'“ = ( Aa+1€a _ A0 gntl

A0 L An+l Aa+l (4.10)
A:Alﬁ“:(Jr N a )zA—(TrA)]l.
Aa+16a +A0 _ An—i—l
Then A transforms under Lorentz transformations as
A = Lyw (au((rVA) - A(&May)) (4.11)

Of course the positioning of the brackets above is only important for the octonions.
To see that equations (4.9) and (4.11)) are equivalent, one may add and subtract a
term in (4.11)):

§A = IN" (0,(5,A) — A(6,0,) + 0,(Ac,) — 0,(A0,)) (4.12)
= N (0,(5,A+ Ao,) — (A5, + 0,A)0,) |
where the second line follows from alternativity. Then since
o' A+ Ag" = A, (c'5" + o"5") = 20" AL,
( ) =2 (4.13)

o, A+ Ao, = A,(c"0" +5"d") = 20" A, 1.
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it follows that

§A =1\ (0,4, — 0,A,)

_ By Vv
=o'\ A,,

(4.14)

and hence by the linear independence of the sigma matrices one recovers (4.9). A

parallel argument also leads to
§A = Ly <5H(0y[1) - A(aﬂay)). (4.15)

Note the similarity with the familiar SL(2, C) formalism using the Pauli matrices.
For the spinor representations, consider constructing gamma matrices in D = n+2
modeled on the Weyl basis (2.23) using the generalised Pauli matrices:

ot 0

0 o
Left-multiplication by these matrices generates the Clifford algebra

PO+ =22 Y e (A (4.17)

and thus multiplying any 4-component ‘column-vector’ ¢ valued in A,, by v* has the
effect of multiplying (’s 4n real components by an ordinary real 4n x 4n gamma ma-
trix. This means that ( may be seen as a Dirac spinor, and the spinor representation

of Spin(1,n + 1) will be given infinitesimally by

0¢ = A" (770). (4.18)

However, this representation is reducible; writing ¢ = (¥, X') where U, X € (A,,)?

are 2-component spinors,

v iIwg (5,0
5 =0 — (1 ou(@¥)) (4.19)
X NG, (0, X)
Thus ¥ and X transform respectively as the irreducible left-handed spinor and

right-handed spinor representations of Spin(1,n + 1):

oV = 1\, (0,¥),

(4.20)
5X = N6, (0,X).

Again, the bracket positioning only matters in the octonionic case. Making the
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incorrect choice (0,7,))¥, one finds that the octonionic matrices o7,0,) have only

31 independent components, rather than the required 45 = dim[SO(1,9)]. The

14 missing generators are precisely those of G5, the automorphism group of the

octonions; this G5 subgroup is thus encoded in the non-associativity of the octonions.
Note that in D = 3, the 2 x 2 matrices

0 -1
['* = ote with ¢ := (1 0) (4.21)

already satisfy the Clifford algebra
e + 1 = 291, (4.22)

so using the two sets of matrices o# and &* is not actually necessary, i.e. the spinor
and conjugate-spinor representations are isomorphic. However, it is convenient to
work with the sigmas for consistency with D = 4,6, 10.

The framework presented above offers a nice picture of spinors in D = 3,4, 6, 10;

in each case the minimal spinor is just a 2-component A,,-valued column [31]:
e A, =R: Vis aMajorana spinor in D = 3
e A, =C: U, X are left- and right-handed Weyl spinorsE| inD=4
o A, =H: U, X are left- and right-handed Symplectic-Weyl spinors in D = 6
e A, =0: ¥, X are left- and right-handed Majorana-Weyl spinors in D = 10.

Finally, before moving on to describe super Yang-Mills theories it will be useful

to define octonionic operators:

O = %[Uu(@/') - U”(@')}’ (4.23)

5 = 3 [5u(00) =310,

where the dots represent slots for left- and right-handed spinors, respectively (con-
tinuing with the convention from the previous chapter that octonionic operators are

written with hats). This means that 6, and 15, are generators of Spin(1,n + 1)

2The left- and right-handed spinors in D = 4 are related by complex conjugation, i.e. if ¥ is a
left-handed spinor then U = cU* (with e given above) transforms like a right-handed spinor.
This is not true in D = 6 and D = 10 due to non-commutativity. Thus the ‘dotted’ and
‘un-dotted’ spinor index notation is not useful in the general case.
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and necessarily satisfy the Lorentz algebra

6, 5%7) =

1 Ol PV Vo s pp pH 5OV vp spo
I (n7He™ + 0”7t — T —n"Peh?),
lr5uy Zpoy _
il 0] =

1
L . . ) (4.24)
§(nUNO—PV =+ nwgup _ 77”‘0"" _ 77””0’“’).

These can then be used to represent spacetime 2-forms such as a field strength F),,:

F=1F 6"

oL uy )
s e (4.25)
F = 3F,0",

so that £ and F' transform under commutation using the Lorentz algbra 1}

A

(SF = le)\l“’[f?” CAT,ul/]a 51% - iAMV{F? 3!“’]‘ (426)

For the other division algebras 2-forms can be written similarly, but the positioning

of the brackets is no longer important and the hats can be dropped.

4.2. Super Yang-Mills Theories in D =n + 2

4.2.1. N =1 Lagrangian and Transformation Rules

Writing a spinor kinetic term in D = n 4 2 will require a real, Lorentz-scalar spinor

bilinear. For commuting spinors this is given by
Re(UTx) = L(Ulx 4+ (0Tx)h) = LTy + xT0), (4.27)

where U is a left-handed spinor, X is a right-handed spinor and the dagger denotes
the conjugate-transpose. It is simple to verify that this is Lorentz-invariant using
the transformations (4.20). Writing ¥ = W,e, and X = X,e, in terms of their

division-algebraic components this becomes
T(Wi Xy eten + X Uy ere,) = U1 Xy(ekhey, + efey) = U1 X, (4.28)

which is clearly a real number. However, the first equality here relies on the compo-
nents ¥, and A}, being ordinary commuting real numbers; for physical spinor fields,
the components ¥, and &}, are anti-commuting Grassmann numbers and the scalar

product above must be replaced by

Re(i¥TX) = (101X + (101 X)T) = L(Ulx — XT0), (4.29)

1
2
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where the complex unit 7 in the above equation is independent of (and commutes
with) the division algebra A,, — the { operation is defined to conjugate the factor of

i as well as the elements of A,,. Note that for anti-commuting spinors
Re(iUTX) = —Re(iXTW). (4.30)

The Lagrangian for a left-handed spinor ¥ is then obtained by applying (4.29)) to ¥
and the right-handed spinor #9,¥:

— Re(i016"0,W) = —%@T(aﬂaﬂqf) (15", U + total derivative,  (4.31)

7
2
where the association brackets on the left-hand side have been omitted since the

associator is pure-imaginary:
Re(zyz) = Re((zy)z) = Re(z(yz)), V z,y,z € A,,. (4.32)

The overall sign in (4.31]) ensures energy-positivity and agreement with the usual
D = 4 expression —iWi5+0, V.
The action for (n + 2)-dimensional N' = 1 SYM with gauge group G over the

division algebra A, is then

S = / A"z (=1 Fo F4 — Re(iV#D,U%)) . W e A2 (4.33)
where A = 0,--- ,dim[G] and the covariant derivative and field strength are given

by the usual expressions

DU = 0,04 + g fpc ATUC,

A A A A 4B gC (4.34)
F, =0.A, —0,A, +9fpc” A A
The supersymmetry transformations are
SAL =Re(i05,6), U4 = LFe. (4.35)

For the associative division algebras A, = R,C,H the action and transformation
rules are invariant under right-multiplication of the spinors by a unit-modulus divi-

sion algebra element u € A,

A 5 0y, e—eu, uu=1. (4.36)
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For A,, = C,H the unit u may be written as u = e’ with 6, € Im(A,,), so that for

small 6,

oV = W o, de = e, 0, € Im(A,), A, =C, H. (4.37)

Thus there is an internal U(1) and Sp(1) = SU(2) symmetry for A, = C,H, re-
spectively. This is none other than the R-symmetry of N =1 SYM in D = 4,6.
Note the similarity with the triality algebras in Section [3.3| where there was an extra
algebra er(A,,) = O, u(1),su(2),0 for R, C, H, O, respectively.

An advantage of using division-algebraic spinors is that one may write the vector’s

transformation without sigma matrices simply by taking the outer product:
A_ sAA oAt qtA
AT = 0A 0" =i(U7e — eW'?). (4.38)
Using (4.10)), reversing the trace gives this in terms of A4 = A5/

SAN = 5Aﬁ6“ = (Tl — U™ — (trace)

(4.39)
= i(UAel — U 4 i(h T4 — wide),

where the trace term was computed as follows. Since i(U4el — e¥4) is a Hermitian

matrix its trace is real:
Tri(UAe" — et = Re Tri(T4e’ — W), (4.40)
Then by the cyclicity property of the real part of a trace,
ReTri(U4e’ — W) = —ReTri(e" 0 — UTe) = —i(f A — wide) (4.41)

where the minus sign in the second equality follows from taking into account the

Grassmann nature of the spinors.

4.2.2. Proof of Supersymmetry

The following proof that the action (4.33)) is supersymmetric follows the method
found in the literature [52, B1]. It turns out that the variation vanishes by virtue of

the alternativity of the division algebras. Varying the action gives
68 = / A"z (§A) D, FM" — Re(ig fre UM APTC + 2i0164D,60%)) . (4.42)
Crucially, the ‘39" term Re(igfpc? U6 APUC) vanishes. First define the trace-

reversed Hermitian outer product of any two anti-commuting spinors ¥; and W,
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Uy - Uy = (U0 — U, 01) — (trace)
— (U U — 0,0 4+ (0w, — Wlw,)1 (4.43)
= Re(i0l5,0,)5".

Note that the trace —i(¥l¥; — UIW,) is a real number. Then acting on a third

spinor W3 and adding cyclic permutations gives zero
(\Ijl . \I/2>\I/3 —+ (\IIQ . \I/3>\1/1 —+ (‘113 . \111)\1’2 = 0 (444)
To see this, note that

(T - W)Uy = (T U — U)Wy 4+ (T, — OT0,) 0,

o T S : (4.45)
= Z(\Ill‘lf2 — \DQ\Dl)\Ijg + Z\Ijg(\PQ\pl — ‘qujg),

so that adding cyclic permutations (c.p.) just results in a sum of associators:

(\1]1 : \112)@3 +c.p. = i <+[qjlu \1157 l113] + [\1127 \I/; \Ijl] + [\Ij37 \IIL \112]

(4.46)
[0, W W] — Uy, W, W] — [y, U, \1/1]) .
The six associators then cancel in pairs by alternativity. For example,
[0y, Wh, W) — [y, UL, Wo] = 000 Uspfes, €5, en] — U0y, Uoples, €5, 4]
— —\llli\Ilgj\Ifgk[ei, ej,ex] + \Illi\Ifgj\IIQk[ei, e;, el (4.47)

= Wy, W3, Wo ([, e, €5] + [es, €5, €x])

= 0.
With a little more work, using the variation , the 3¥ term can be rewritten
gfpcRe (iU APTC) = gfpc?Re (ief (TC - 04)TP) (4.48)
but since U4 - WF = —WE . ¥4 this is just
LgfecRe (i [(0C - oM TP 1 (04 OP)PC (0P 0O\ PA]) =0, (4.49)

Thus the 3¥ term is zero by virtue of the alternativity of the division algebras.
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As for the remaining terms in 0.9, substituting in the variations of A and ¥ gives
5S = / 4"y (Re(i\I/AT G,€) D, FAm — Re(i\IITAé“Du(FAe)D , (4.50)
so by the Leibniz rule

68 = / A"y (Re(z’\IIATﬁl,e)DHFA“” — IRe(iV5" (01" (5"€)) D, )
(4.51)
. %Re(i‘I/TA(?“(a[”(ép]aue))FA)

vp |

where the 0,¢ term has been retained (despite the fact e is of course constant) since

this can be used to read off the supercurrent — see below. Then, invoking the identity
(o (3W)) = (0" (57W)) + 29" (5P1T) VU € (A,)?, (4.52)
and applying it to the second term results in

6S = / A"z (—3Re(iV61 (0¥ (67)€)) Dy Fj)y — 3Re(i05# (01 (5710,€)) F)) -
(4.53)
The first term then vanishes by the gauge Bianchi identity D[HF;;)] = 0 and the
second (which contains the supercurrent) because € is constant. The supercurrent
term can be rewritten (by taking the dagger and repeatedly applying (4.32))) as
— IRe(iVM5# (01" (67 0,€)) F)) = $Re(i0,€ 617 (" (6" V™)) F) (4.54)

=5 vps

from which one may recover the supercurrent in this formalism,

JH = FA(e"uh), (4.55)

and hence the supercharge
Q= —/d”“:c FApA (4.56)
(since 7° = —1). The supercharge is valued in (A,,)? and hence has Q = 2n real

components.
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4.2.3. Supersymmetry Algebra and Off-Shell Formulation

Taking commutators of the supersymmetry transformations given in equation (4.35)

results in
[01, 52]14;? = Re(ie%&”el)F;}“
[01,05) U4 = Re(ieha*e;) D, ¥4 (4.57)

+ (4ler, el (0" D)) + derlm(iel (6D, ¥4)) = (14 2))

As usual, the commutator of two supersymmetry transformations is a gauge-covariant
translation, but the algebra fails to close by terms proportional to the fermionic
equation of motion 5“DM\I/A = (0. The difference between the number of fermionic

and bosonic degrees of freedom is
2n—(n+1)=n-—1, (4.58)

so if the algebra is to close off-shell, the counting suggests using an auxiliary Im(A)-
valued scalar field D* = Dfe;. This idea was explored in [53, 29, 54]. Add to the

action (4.33)) the term
Sp = / d"*?z (LD D), (4.59)

and modify the supersymmetry transformations to

SA7 = Re(i¥"5,¢),
St = L(Fe + eD?), (4.60)
6D* = Im((iD,¥*5,)e)

(note that Im(iz) = iRe(z) for some division algebra element z). It is straightforward
to check that the action S + Sp is invariant under these new transformations. In
the D = 4,6 cases D4 € Im(A,) appears in ¥4 just like a local R-symmetry
transformation with 6, — D?, so the auxiliary fields must transform in the
adjoint of the R-symmetry group, i.e. the singlet for U(1) and the 3 for Sp(1).
However, in the D = 10 case multiplying the octonionic objects € and D in the
transformations actually breaks Lorentz symmetry. Consider attempting to Lorentz-
transform dWA. Left- and right-multiplication do not commute in O, i.e. O is non-
associative, so the term eD? only transforms like a spinor if D itself transforms
under Lorentz transformations. The Lorentz group SO(1,9) can be broken into
SO(1,2) x SO(7), where the SO(1,2) = SL(2,R) is generated by real matrices and

the SO(7) is octonionic, generated by ¢¢*+DU+)  The only way to make sense of the
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eD? term is to break SO(1,9) D SO(1,2) x G5 and allow D* to transform as the 7
of Gs. In conclusion, in the D = 10 octonionic theory the imaginary auxiliary field
is not a scalar at all but a G5 vector. It is interesting to consider the formalism
regardless.

The commutators of the supersymmetry transformations (4.60|) are as follows:

[61,62]A — Re(iesd”e) ) F2 Re( [EQ,UH,El]DA) (4.61)

(01, 0,] U4 = Re(ieha"e) D, \I/A + ( €1, €, (G"D, U4 — (1 & 2)) :

[61,65) D* = Re(ie}a"e1) D, D* — i[e}, 6", ;| D" F2 + iRe ([62, e|D, DA)
Thus the algebra is closed for the associative algebras R, C, H, corresponding to
D = 3,4, 6, but fails to close by associators for D = 10 over O. Interestingly, in the

octonionic case all of these associators vanish if 7 of the 16 real components of the

supersymmetry parameters are set to zero by constraining one of the two octonionic

¢ = <6> = (Re(€s>> (4.62)

(the subscripts s and ¢ are chosen to reflect the little group representations — see the

components of € to be real:

following section). This is in agreement with [53, 29], where an imaginary octonionic

auxiliary field was used to close the algebra for 9 out of 16 supersymmetries.

4.3. Dimensional Reductions

4.3.1. Little Group Representations and Triality

Having established the Lagrangian and transformation rules for A/ = 1 super Yang-
Mills in D = 3,4,6, 10, it is interesting to move on to dimensional reduction. This
will result in every pure Yang-Mills theory with extended supersymmetry A/ > 1 in
all dimensions 3 < D < 10. As an example, consider dimensional reduction from
D =10 to D = 6. The Lorentz group in D = 6 is SL(2,H), which is clearly a
subgroup of SL(2,0) acting on the H subalgebra of O. Using the Cayley-Dickson
doubling procedure described in Chapter 3 an octonion can be constructed as a pair
of quaternions, and thus reducing from D = 10 to D = 6 is a case of ‘Cayley-Dickson
halving’ to split O into a pair of H constituents. Similar arguments apply for each
other case, although to obtain SYM for D # 3,4, 6, 10 will require some additional
background on Clifford algebras.
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To perform these dimensional reductions it will be simpler to consider only the on-
shell degrees of freedom transforming under the little group SO(n)sr, but the process
may equally well be carried out using the full off-shell fields. The on-shell states
also have the advantage that they make the connection between super Yang-Mills
and triality manifest, and this is the focus of this subsection.

The little group is the subgroup of SO(1, 1+ n) generated by sums of Lie algebra

elements with parameters \%* = \"*1# = (. For notational convenience define
Hab — )\a+1,b+1' (463)

Then, writing the spinor ¥’s two components as 1,y € A, and setting A\ =

AR = 0, U transforms as
5= 1o, u = oY) = 1gw (al@)) (4.64)
X ea(ebX)

These are just the transformations of the spinor ¢ and conjugate-spinor y repre-
sentations of SO(n) from Chapter 3. For a solution of the free momentum-space
equation of motion o#p,¥ = 0 (with gauge indices suppressed) with momentum

pu = (£,0,---,0,F), the form of the sigma matrices gives

I 0 0 (CAN
PtV =2E (0 1) <X> =0, (4.65)

i.e. x = 0, so the on-shell fermionic content is just the single division algebra element

0.

Similarly, defining a := A% te,, with \%* = \"*1# = ( the vector A transforms as:

AO An—l—l * O * *) ok u *
5 ( a+ a ) _ i@“b ( ex(epa*) —a*(e eb)> | (4.66)

AV — Antl eq(eja) —alele,) 0
which gives the transformation of the vector a of SO(n)gy:
da = 16 (ea(e;;a) - a(eZeb)>. (4.67)

After applying the radiation gauge and imposing the vector’s equation of motion,

the bosonic content also amounts only to a single division algebra element a.
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Then, writing the supersymmetry parameter as

€= (6> , (4.68)

where €, €. € A,, transform respectively as the spinor and conjugate-spinor under
SO(n)gr, only supersymmetry transformations with parameter e, = 0 preserve the
solutions with p, = (£,0,---,0,E). The supersymmetry transformations
then reduce to

da = —ie)”, 0 =iF a’e.. (4.69)

These are of exactly the same form as the triality relations from equations ,
which were preserved by the triality algebra tri(A,,). This means that the overall
symmetry algebra of the on-shell supersymmetry transformations should be
tri(A,,), and this is precisely the combination of the spacetime little group’s Lie alge-
bra so(n)sy with the R-symmetry ex(A.,). In conclusion, the total on-shell symmetry
of super Yang-Mills in D = n + 2 is the triality algebra tvi(A,,) = so(n)sr @ ex(A,),
whose triples T' = (A\, B , C ) act on a, 1, € (dropping the subscript ¢ on €) via equation

BIZI):
Sa = Aa = 10" (eq(epa) — aleley)),
0t = By = 10" e}(ent)) + 0, (4.70)

Se = Ce = 10%e,(eze) + €bi,

where 0% € so(n)sy and 6; € ex(A,,). Expanding 0% — 6% 6 the spacetime little

group part of the these transformations may be written

da = Agra = —%HOi(eia + ae;) — i&ij (ei(eja) — a(eiej)),
0 = Bty = +10%p — 109 e(e;0)) (4.71)
0e = aSTe = —%QOieie — i@“ei(eje),

which it is useful to express as

8(a, " €) = —160" T;(a, ", €) — 167 T,Tj(a,v", ), (4.72)
where
T, = (4;, B;,Ci) = (Le, + Re,, Re,, Le,) € tri(A,,) (4.73)
and
T(z,y,z) = (Az, By, Cz) (4.74)
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for any T' = (ﬁ, E, 6) € tri(A,,) and (x,y, z) € 3A,,. Better still, defining T, = —Thq
with Ty; :== —T; and T;; == =1}, T} the so(n)s; transformation becomes

d(a, 9", €) = Tor(a, 9", €) = 10 Tup(a, 9", €). (4.75)

Note that for n =1 (i.e. D = 3) any sum of spacetime little group generators gives
Tsr = 0, corresponding to the trivial little group SO(1)gr = 1. It will be convenient

in the later chapters to write the SO(n) generators Ty, as follows:
Top := (Sups Rey Res — ReyRe, Loy Les — Lo, Ley), (4.76)

where
Suve = (ealen — (esle)ea, = — 3 (ealcia) + aleler), (4.77)

(which appears in as the vector transformation) and L and R denote left- and
right-multiplication.

The appearance of tri(A,,) raises the question of the role the discrete triality
symmetry S3 plays in these theories. Here the spinor 1) and conjugate spinor ¢ have
anti-commuting components and hence cannot be exchanged with the vector a as in
(3.129)) (and of course it would make no sense to exchange the constant parameter e
with the spacetime-dependent solutions ¢ and a regardless), but group theoretically
the transformations of the three representations are on completely equal footing. For
example, in the quaternionic case the symmetry is tvi(H) = su(2)@su(2)®su(2), with
two of the su(2) parts being the spacetime symmetry algebra s0(4) = su(2) @ su(2)
and the third being the R-symmetry ex(H); the three representations transform as

da=—0ra +ab_ ~(2,2,1),
de=—0,¢ +¢0, ~(1,2,2),

so the three su(2)s act democratically.

The triality algebra formalism is also suited to describing the various Lie algebras
that emerge in dimensional reduction. First consider the bosonic sector. Group
theoretically, on-shell dimensional reduction from D = n+2 to D = N + 2 (with
1 < N < n) amounts to restricting the little group so(n)sy so that it preserves
an RY subspace of A,,, corresponding to breaking the higher-dimensional vector

a' € A, into a lower-dimensional vector a € RY and scalars ¢ € R*", where R*~V
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is the orthogonal complement of RY in A,,. Symbolically,

An — RN D IRn—N7

(4.79)
' =a+ ¢ =ame, + e,
where the index a = 0,1,--- , (n — 1) labelling the division-algebraic basis elements
has been split into
a=0,1,--- (N —=1),
(4.80)
1=N,(N+1),---,(n—1),

so that span{e,} = RY, while span{e;} = R"". This decomposition simply breaks
50(n)sr into the subalgebra

50(N)sr ® so(n — N) C so(n)sr, (4.81)

with equality only for the trivial case of no dimensional reduction: n = N. This
subalgebra is obtained by decomposing the so(n)sy parameters 0% — 6 99 69
and then setting #%° = 0, in order to preserve the decomposition in (4.79). The
parameters 02 are those of the lower-dimensional spacetime little algebra so(N)sr,
which acts on the N-dimensional vector a and leaves the (n— N) scalars ¢ invariant;
the parameters 6% are those of an internal so(n — N) symmetry, which acts on ¢ and
leaves a invariant. Explicitly, the transformation of the higher-dimensional vector
with #9" = 0 reduces to:

5a' = 10" (eq(efd’) — d'(esen))

+ 107 (es(ela) — alele;)) + }19?5(65(6;;@5) — ¢(ele;))

ab 27
= 69(9--6@ + 619 ]¢j7

so that a transforms as a vector under so0(N)gr, while ¢ transforms as a vector under
so(n — N).
Hence, taking into account the ex(A.,,) symmetry, the total internal symmetry of

such a theory in D = N + 2 is given by

inty(A,) = {(4,B,C) € ti(A,)|[ARY) =0, RN C A, }

(4.83)
=s0(n—N) @ er(A,).
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while the total on-shell symmetry is
50(N)sr @ inty(A,,) C tri(A,,) (4.84)

(equal to tri(A,,) only for n = N). The extra internal symmetry algebra ex(A,,) living
in inty(A,,) acts only on the fermionic sector, whose field content may be understood

using the theory of Clifford algebras presented in the following subsection.

4.3.2. Clifford Algebras

For a real vector space V' with a bilinear inner product (-|-), the Clifford algebra

C1(V) is the (associative) algebra of tensors 7'(V') modulo the relation
vw +wv = —2(vjw), Vov,welV. (4.85)

In other words the product in the algebra Cl(V) is just the ordinary tensor product,
subject to the rule that the symmetric product of two vectors gives their inner
product (multiplied by —2). When V = R¥, equipped with its canonical Euclidean
inner product, Cl(V) is usually denoted CI(/V). For an orthonormal basis {e,,} of
RY with m = 1,--- , N, the defining relation becomes

emCn + €nm = —20mn, (4.86)

and so CI(N) is the unital associative algebra consisting of linear combinations of
products of N distinct anti-commuting square roots of —1: the ‘generating’ basis
elements e,,. It is easy to see that the first three Clifford algebras of this type are

the associative division algebrag’|

Cl0) =R, Cl(1)=C, Cl2)

1%

H, (4.87)

while O cannot be a Clifford algebra, since it is non-associative. The fourth Clifford
algebra is actually Cl(3) = H & H, which is isomorphic to O as a vector space, but
as an algebra consists of diagonal quaternionic matrices under associative matrix
multiplication. The first eight Clifford algebras are listed in (as in the
previous chapter, A[N]| denotes the set of N x N matrices with entries in A).
Remarkably, the continuation of for higher values of N obeys the fol-

3Note that for H there are two independent anti-commuting square roots of —1, namely i and

j, while the third imaginary basis element k = ij is simply a product of the first two; hence
Cl(2) = H.
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N CI(N) Generators {e, } Pn diglj\];t;N]
0 R 0 R 1

1 C (i C 2
2 H {i, 5} H 4
3 HoH {io3,jo3, ko) HoeH 444
4 H[2] {io3, 503, ko3, e} H? 8

5 ] {ioc3eo!, 03.@? io3w03, o4 3

exl, ic'el}
6 R[S {0300 ze, af@&@]l, Uf®03®f’ R® 8
eelel, o'elee, o gego}
{o3e0oleeno?, odeealao?,
7 | RB|OR[8] 03003000, 5@]1@]1@03, R® & R® 8+8
oleleeso?, oleerolar?, oleervodaosd}

Table 4.1.: The Clifford (sub)algebras C1(N) 2 Cly(NN +1) as matrix algebras, their generators and

(s)pinor representations Py for the first Bott period, 0 < N < 7. Here o', o

2 = je and

o? are the usual Pauli matrices (3.6). The choice of generators is unique up to O(V)
orthogonal transformations e,, — O,,"e,, which are the automorphisms of C1(V).

lowing rule, known as Bott periodicity:

CI(N + 8) = CI(N) ® R[16],

(4.88)

i.e. the algebra CI(NN +8) is made up of 16 x 16 matrices with entries in CI(N). Thus
every Clifford algebra CI(V) is isomorphic to a matrix algebra over the algebra Dy,

with

(

R, N=0,6
C, N=1,5
H, N=24
HeH, N=3
(R&R, N =7

mod 8
mod 8
mod 8
mod 8
mod 8

(4.89)

where (for the cases N = 3,7 mod 8) a matrix algebra ‘over’ a direct sum of two

division algebras is defined to be the direct sum of the two corresponding matrix

algebras; for example,

CI(7) = D;[8] = (R & R)[8] == R[8] & R[8].
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Any Clifford algebra CI(/V) hence has a unique irreducible representation (or two
irreducible representations in the cases with N = 3,7 mod 8) — that is, the vector
space these matrices naturally act upon. This is called the space of pinors Py, listed
in[Table 4.1] Like the Clifford algebras that act upon them, the pinor representations
exhibit Bott periodicity: Pyig = Py @ RS,

The dimension of CI(N) is 2V, since the whole Clifford algebra has basis

{L €m, CmEn, -, emlemg"'emN}a (491)

with (]X ) basis elements at level r, i.e. elements of the form e, €, - - - €. Under
the involution e,, — —e,,, which corresponds to a space inversion of R", the Clifford
algebra splits into two eigenspaces of dimensions 2V, called the even part Cly(N)
and the odd part Clj(N):

Clo(N) ={z € CI(N)| z — +uz for e, = —en},

(4.92)
Cly(N) =={z € CI(N)| x — —x for e,, = —e,, }.

The even part clearly forms a closed subalgebra, consisting of sums of products of
even numbers of generators e,,. Splitting the N generators {e,,} into {e,,, ey} with
m=1,--- (N —1), it is easy to see that any element of Cly(/N) is a sum of products

of elements v, = e,,en, which satisfy

VY Ve + Yo Ym = —20mp, (4.93)
and thus Cly(V) is in fact a Clifford algebra itself, isomorphic to CI(N — 1),
Clp(N) =2 CI(N — 1), (4.94)

and hence may be represented by Dy _i-valued matrices.

The group Spin(V) C Cly(NV) consists of all elements of C1(/V) that are a product
of an even number of unit vectors in RY. The irreducible representations of Spin(N),
known of course as spinors, are then the irreducible representations of Cly(N) =

CI(N —1). In other words, a spinor in N dimensions is a pinor in N — 1 dimensionsﬁ,

PN—l = SN: (495)

4The group Pin(N) consists of all elements of CI(N) that are a product of unit vectors in RY,
and is the double cover of O(N), while its subgroup Spin(N) is the double cover of SO(N).
The irreducible representations of Pin(N), are the irreducible representations of C1(N) — hence
the name pinors [IJ.
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where Sy is the space of spinors. It will be useful to define:
pn = dimg[Py], sy = dimgr[Sy]. (4.96)

In the context of on-shell supersymmetric Yang-Mills multiplets, usually there
are N spinors ¢y € Sy, I = 1,2--- | N, which may be packaged as a reducible
representation (Sy)" of the Clifford algebra Cly(N). The action of the generators
e on these spinors is simply left matrix multiplication: e,,1); (where the e, here are
Dy _1-valued matrices acting on the Dy _;-valued spinors ¢;). The largest algebra of
linear transformations M”7; of (Sy)" that commutes with the action of the Clifford
algebra Clg(N) is the matrix algebra Dy_;[N7], which, because of the potential non-
commutativity of Dy_;, acts via right matrix multiplication: ;M”;. It will be
of vital importance in this chapter and in Chapter [6] to consider how this looks in
terms of real matrices acting on RV*N = (Sy)V.

If a real vector space V has dimension dim[V] = Asy for some natural numbers
N and N, then of course there exists a set of (N — 1) matrices FE,, € R[N sy]
satisfying

E.E,+ E,E,, = —20m,1, (4.97)

which generates a reducible representation of A copies of the 2V~ !-dimensional
Clifford algebra CI(N). The Clifford algebra generated by the FE,, acts on a real

vector v € V as if it were N spinors 17 valued in Sy:
V= RVPY = (S )V, (4.98)
For such a real vector space V with dim[V] = Nsy, one finds that
Dy_1[N] = {M e R[NSN]‘[M, Ey] = o} , (4.99)

for E,, € R[N sy| satisfying (4.97). In other words, just as stated above, the largest
algebra of linear transformations of V' 2 (Sy)" that commutes with the action of
the Clifford algebra CI(V) is isomorphic to the matrix algebra Dy _1 [N], which takes

D y_;-linear combinations of the N different spinors.

Equation (4.99) generalises equations (3.149)) and (3.152)) for complex and quater-

nionic structures in Section [3.5] since the complex numbers C = CI(1) and quater-
nions H = CI(2) are just Clifford algebras; both the complex and quaternionic
structures are simply matrices that obey the defining Clifford algebra relation ({4.86|)

for CI(1) and Cl(2), respectively. Just as for complex and quaternionic structures,
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equation (4.99) restricts to
a(N, Dy ) = {M so(NsN)’[M, E,] =0}, (4.100)

where a(N,Dy_;) is defined in (3.143).

For Chapter |§| it will be useful to generalise this to Dy_1[Nz, Ng|, the set of
rectangular N x N matrices with entries in Dy_, which maps (Sy)V* and (Sy Ve
into one another. In this case one requires both a left and right set of Clifford algebra
generators, E,, € R[Ny sy] and E,, € R[Ngsy], each satisfying (£.97). Then one
finds that

Do 1[N, i) 2 { € R[NLSN,NRSN]‘EmM ~ ME,, =0} (4.101)

Equation has an obvious application in supersymmetry. The R-symmetry
group — that is, the group of automorphisms of the N-extended supersymmetry
algebra — is the group of norm—preservingﬂ linear transformations of the spinor su-
percharges, which must commute with the Clifford algebra Cly(D—2) = Cl(D—3) D
Spin(D — 2) corresponding to the spacetime little group Spin(D — 2). Thus the R~

symmetry for A supercharges in D dimensions has Lie algebra [43]
t(N, D) = a(N,D), (4.102)

where D := Dp_3 is the algebra associated with each spacetime dimension D, over
which Cl(D—3) may be formulated — see (4.89)). The Clifford algebras for dimensions
3 < D <10, along with their corresponding D algebras, spinor representations and
R-symmetry groups are presented in[Table 4.2] Note that when D is a direct sum, i.e.
in D = 6, 10, there exist chiral spinors. In this case the number of supersymmetries
N becomes an ordered pair (N7, N~), where N is the number of left-handed
chiral spinor supercharges and N~ is that of the right—handedﬂ The R-symmetry
group preserves chirality in these dimensions, and so is given by so(N 1) & so(N )
in D =10 and sp(N*) ®sp(N~) in D = 6.

With the above machinery in hand, the question of dimensionally reducing on-
shell super Yang-Mills from D = n + 2 to D = N + 2 is fairly straightforward.

The higher-dimensional quantities (a’,v'*,¢') € 3A,, transform under the lower-

5By definition, R-symmetry transformations must preserve the 5§ on the right-hand side of the

supersymmetry algebra’s anti-commutator {Q?, Q*B,} = Pu('y“)aﬁéﬁ.
6Thus, strictly speaking, what was called A" = 1 super Yang-Mills in D = 6, 10 sometimes in this
chapter should have been called (N'*,N7) = (1,0).
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D Clo(D — 2) D D — 2 spinor rep R-symmetry
=~ CI(D — 3) =~ D — 3 pinor rep >~ a(N,D)

10| RE®R[S] |ReR R® & R® so(NT) @ so(N7)
9 R[8] R R® so(N)

8 C[4] C ct u(N)

7 H[2] H IH? sp(N)

6 HoH HoH HoH spNT) @ sp(N7)
5 H H H sp(N)

4 C C C u(N)

3 R R R so(N)

Table 4.2.: The Clifford (sub)algebras, D, spinor representation and R-symmetry algebra for di-
mensions D = 3,--- ,10.

dimensional little algebra so(N)gy C tri(A,,) as

5(a/’w/* l) _ 19 (a/ w/*7 )

_lgOip 15 1 pij Ik ) (4103)
0 (CL?w ) )_Z&fﬂ%(auw 76)7
where t =1,2,--- (N — 1). For the fermionic quantities this reads
5¢/ _ legb‘f:;(eb?//) _ _1901§;¢ 9}] A: A*¢
e . S (4.104)
de = }legbeg(ege') = —20%Cye’ — 6@0_Z e
since
= (A;, Bi,Cy) = (L, + R.,, Re,, L) € tei(A,). (4.105)

These spacetime Clifford triality generators 7T} give rise to a representation of C1(/N —

1) on the higher-dimensional fermion " and supersymmetry parameter €’:

(AZA +§ Az)w 2(5z y
R N (4.106)
(CiCj + CiCi)e = —265€¢, V', € A,
Thus each of E@ and 6’1 determines an isomorphism,
Ay 2 (Sw)Y, (4.107)

where N' = n/sy, just as in equation (4.98). In this way, the higher-dimensional
fermion ¢’ € A, breaks into N lower-dimensional spinors valued in Sy — and similar
for the supersymmetry parameter € — so the lower-dimensional theory has N' = n/sy

supersymmetries. For example, for D = N + 2 = 4 and N = 4, there is just one
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Clifford generator B, (or C), which generates Cly(N) = Cly(2) = C, acting on the
reducible representation A,, = O. In this case B (61) acts as a complex structure
on O, allowing one to reinterpret ¢ € O (¢ € O) as N = 4 complex spinors: O = C*
(note that Sy = C, so s9 = 2).

'Table 4.3 shows how the fermion fields in each D = N + 2 fit into the division
algebra A, over which the theory may be written, and Appendix contains
explicit demonstrations of this. As outlined above, this is achieved via dimensional
reduction from D = n+2. The examples given are the maximal theories valued over
A,, = O and so are obtained from D = 10. The theories with fewer supersymmetries

can then be obtained simply by truncation to division subalgebras of O.

0 = (Sy)V H (Sy)V C=(Sy)V R = (Sy)V

N Ch(N) Q=16 Q=38 Q=1 Q=2

8 | R[S]ER[8] 0x=Sf =R - - -
=N =(1,0)

7 R[8] 08, ~R8 - _ _
=N=1

6 C[4] 08~ - - -
=>AN=1

5 H[2] 0S5 > H? - - —
=N=1

4] HeH |0xSfes 2HeH H~S ~H - -
=N=(1,1) = N = (1,0)

3 H 0 =~ (83)2 = H? H~S;~H — -
=N=2 =N=1

2 C O = (S)* = H(5)2=C? C=28=C -
=N=4 =N=2 =>N=1

1 R 0~ (5)=R8 H~(S)* 2R C=(S5)2=2R? R=S =R
=N =23 =N=4 > N=2 =N=1

Table 4.3.: Division algebras A,, decomposed into spinor representations of Clg(NV).
For N > 1 (D > 3) the internal symmetry inty(A,,) is just the subalgebra of
tri(A,,) that commutes with so(N)gy:

ta(An) = {T € () — 9o (W[ [0 W)l 0}, N1

=s0(n—N) @ er(A,),
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which acts on the a’, ¢/, € as

oa' = =167 (er(e5a") — d'(es¢)),
0y = —307er(es) + 46, (4.109)
o' = —307¢;(es€') + €6,

There is more structure in the internal symmetry algebra inty(A,,) than this might
at first suggest. Specifically, inty(A,,) is a direct sum of Lie algebras, one of which
is sa(N, D), as expected from the R-symmetry . This can be seen as follows.
From it is clear that [T, s0(NN)sr] = 0 if and only if [T,T;] = 0 for every i.
Writing T' = (//l\, B , 6), for the spinors this condition translates to

~

[B,B]=0, [C,C]=0, (4.110)

)

les
I

where B , Ce s0(n). This means the internal symmetry is generated by the subset of
s0(n) matrices that commutes with the Clifford algebra generators, which according
to (4.100) means that the internal symmetry contains a factor of sa(N, D). Indeed
one finds that for N > 1

inty(A,) = sa(N,D) @ exy(A,), (4.111)
where exy(A,,) is a possible commuting u(1):

ery(A,) = inty(A,) ©sa(N,D) = ul),  (N,n)=(2,2),(2,4),(6,8)

0, otherwise.
(4.112)

For N = 2 (i.e. D = 4) these additional factors correspond to the inclusion of
the CPT conjugate. It is particularly convenient that the definition of inty(A,,)
is such that in D = 4 the internal symmetry works out to be the R-symmetry
u(1),u(2),su(4) for N = 1,2,4 super Yang-Mills; the missing u(1) in the CPT-self-

conjugate N = 4 theory is taken into account automatically:
iﬂfN(An) = Cl(N, ]D) S) 54’D54”/\/‘u(1), D=N+2>3. (4113)

Also intriguing is the fact that the two equations (4.83)) and (4.111]) are compati-

ble with one another only because of the existence of the so-called ‘accidental’ Lie
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algebra isomorphisms

s50(5) = sp(2), 50(6) = su(4). (4.114)

Moreover, these constitute all the low-dimensional (compact) Lie algebra isomor-
phisms, every one of which is relied upon for the consistency of equations (4.83)) and
(4.111)).

Clo(N)\A, (D) H C R
Q=16 Q=38 Q=1 Q=2
R[8] BR8] 50(8)sT - - -
>~ i(0)
R[8] 50(7)sT - - -
C[4] 50(6)st P 50(2) - - _
>~ su(4)gr ®u(l)
H[2] 50(5)gr D s0(3) - - -
= 5p(2)st @ sp(1)
HoeH 50(4)gr D s0(4) 50(4)gr D sp(l) - -
>~ 26p(1)er®2sp(1) =2 2sp(1)grPsp(1)
= tri(H)
H 50(3)gr D s0(5) 50(3)st @ sp(1) - B

> sp(1)sT B sp(2) sp(L)sr @ sp(1)

C 50(2)st @ 50(6)  50(2)srPs0(2)Dsp(1)  s0(2)sr G u(1) -
~ y(1)sr @ su(4) =u(l)sr ®u(2)  Zu(l)sr S u(l)
=~ i(C)
R s0(7) s0(3) @sp(l) u(1) 0
= 50(4) = 50(2) = ti(R)

Table 4.4.: The symmetry algebras of pure super Yang-Mills on-shell: so(N)gr @ inty(A,). Each
slot corresponds to the SYM theory in D = N 4+ 2 dimensions with Q@ = 2n real
supercharge components. Note that every pure SYM theory is included in this table.

shows the overall (spacetime plus internal) symmetry of each pure super
Yang-Mills in each dimension D = N + 2. In each dimension D > 3 the internal
symmetry inty(A,,) is just the R-symmetry. Contrastingly, in D = 3 the algebra
inty(A,,) coincides with the R-symmetry only for the N' = 1,2, 4 theories; the max-
imal A/ = 8 theory is an exceptional case. The R-symmetry for D = 3 (that is, the

automorphisms of the supersymmetry algebra) for a theory with A/ supersymmetries
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in D = 3 is s0(N), which simply rotates the N supercharges into one another in
the vector representation. For the maximal D = 3, N/ = 8 theory the R-symmetry
is then s0(8) rather than the s0(7) given in The full R-symmetry s0(8) is
only realised when the vector is dualised to a scalar, which can only be carried out
in the free Yang-Mills theory with coupling constant g = 0 (see the Lagrangian in

the next subsection [}

4.3.3. The Master Lagrangian

Dimensionally reducing the minimally supersymmetric Lagrangian from D =
n+2to D = N + 2 using the techniques described in the previous subsections
results in a ‘master Lagrangian’, whose input is the dimension D and the division
algebra A,,, and whose output is the Yang-Mills theory in D = N + 2 with A/
supersymmetries (recall that n = Nsy = Q/2). The higher-dimensional vector

A" € hy(A,,) decomposes as

— A0 + Antl AQ—HB* 0 (¢i€i>*
A= ¢ + = A+ ¢e. 4.115
( AQJrleg _AO _ An+1) <¢i€i 0 ¢ ( )

The spinor ¥ € (A,,)? is left just as it is, on the understanding that there are
actually N spinors in D = N + 2 dimensions, each valued in (Sy)?. The resulting

action is

Sp(A,) = / d%( —ipd P — 1D ¢ Drg? — Re(iV6" D, U %)

1w
— 592 5c o™ (6767 + 67167 (676" + 66
— g9fpc"'Re (1¥Megp?UC) ) (4.116)

where the set {G#} is a D-dimensional basis for matrices of the form that A takes
in (4.115)), i.e. A,-valued Hermitian matrices. The supersymmetry transformations

are
SAA = j(UAe" — W),
5¢A = —% Tr (5(\IIAEJr — E\PM)RN%) ) (4.117)
SUA = %FAE + %J“S(Du¢A€) + %fBCA¢C(¢B€)>

"Incidentally, this is the reason for the insistence on using the generic term ‘internal symmetry’
throughout this chapter, rather than just writing ‘R-symmetry’.
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where the subscripts RY and R"™V refer to the respective projections onto these
subspaces of A,,.

To obtain the conventional actions, one can always multiply out the division
algebra basis elements as appropriate to the theory of interest. For example, the
D = 4, N = 4 theory has A,, = Ag = O and Sy = S, = C, so the fermions form
an octonion, written to look like a four complex numbers — see equation in
Appendix [A.1.2, Multiplying out the basis elements e; returns the conventional

action for D = 4, N' = 4, in terms of four complex fermions ¥, and six real scalars

Pz

S(C,0) = / d4x< —ipApAm 1D A DFOA — Re(iWI'5" D, L)

1w
— 19° e foE OF 97 65 OF

— Sgfpeol (VAT Y + Wl ul) ), (4118)

where the complex matrices T;B are defined in Appendix .

Since the master Lagrangian comes from dimensional reduction of the fundamental
N = 1 Lagrangians in D = 3,4,6, 10, it is guaranteed to be supersymmetric by
the proof given in the previous section. To close the supersymmetry algebra off-
shell it is clear that the appropriate auxiliary field is valued in Im(A,,); otherwise,
the form of the terms in the supersymmetry transformations is unchanged.
Interestingly, the transformations in the D = 3 octonionic case (N = 1, N' = 8) are
Lorentz-covariant with symmetry SO(1,2) x G3. However, this must be broken to
SO(1, 1) x G5 to close the algebra [29], since one must still impose the constraint of

equation (|4.62)).

4.4. Summary

This chapter gave a demonstration of how any super Yang-Mills theory in D = N 42
may be written using a pair of algebras: CI(N —1) = Cly(N) and A,,. The internal
symmetry inty(A,,) is the subalgebra of tti(A,,) for which one element of the triality
triple (11 B , 6) — say A — annihilates the subspace RN C A,,. Imaginary A,,-valued
auxiliary fields may be used to close the non-maximal supersymmetry algebra off-
shell, while the failure to close for maximally supersymmetric theories is attributed
directly to the non-associativity of the octonions.

Pure super Yang-Mills in D dimensions with A supersymmetries can always be
thought of as the descendant of a D = n + 2 theory with A/ = 1 — its ‘oxidation

endpoint’ — written over A,, with Q = 2n real supercharge components. However,
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if one would rather not think in terms of dimensional reduction (or oxidation), then
the number of real supercharge components Q = 2n is sufficient to associate a SYM
theory in D dimensions with the n-dimensional division algebra A,,.

Of course the master Lagrangian (4.116]) would be cumbersome to work with; the
key point of the dimensional reductions is to highlight how the triality algebra breaks
up into pieces in each of the dimensions, as this will be important for understanding
supergravity symmetries in the coming chapters. In D = 3 however the N' = 1,2,4, 8
theories have a particularly simple form written over R, C, H, O, and these theories

will be used in the next chapter to construct a magic square of supergravities.
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5. A Magic Square from
Yang-Mills Squared

The octonions provide an intuitive basis for defining the five exceptional groups
Gs, Fy, Fg, E7 and FEg. For example, the smallest of these Gy is the group of
automorphisms of O. Efforts to understand the remaining exceptional groups geo-
metrically in terms of octonions resulted in the Freudenthal-Rosenfeld-Tits magic
square [55], 506], 57, 58], [59L [60] presented in . Each slot gives the Lie algebra
of the isometries of the ‘projective plane{l] over a tensor product of division algebras
A, ® Ag, with exceptional groups appearing whenever one of the two algebras is

O. A detailed construction of the magic square will be given in Section [5.2

ANAR | R C H 0]
R 50(3) su(3) sp(3)  fa
C su(3) su(3) x su(3) su(6) e
H sp(3) su(6) 50(12) 7
0 I €6 ¢7 s

Table 5.1.: The magic square £5(Ar, Ag) of compact real forms.

In apparently completely different developments, a popular thread in attempts
to understand the quantum theory of gravity is the idea of ‘gravity as the square
of Yang-Mills’. The idea in its most basic form is that a symmetric tensor g,
can be built from the symmetric tensor product of two vector fields A, and flu as
G ~ A #fll,) (or rather any symmetric tensor may be written as a sum of such tensor
products). It is easy to see that this can incorporate supersymmetry; tensoring a
minimal Yang-Mills multiplet {A4,, A} (in D = 4 say) with a vector field A, results
in a minimal supergravity multiplet {g,,, ¥,} ~ {A(WZL,), )\flu}.

This idea of tensoring Yang-Mills multiplets appears in many different guises,
which often overlap: KLT relations in string theory [61], D = 10 Type ITA and

Note that the manifolds associated with the (H ® O) and (O ® O) cases are not strictly speak-
ing projective spaces, but nevertheless constitute geometries which are often referred to as
projective planes.
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IIB supergravity multiplets from D = 10 super Yang-Mills multiplets [15], asym-
metric orbifold constructions [62], gravity anomalies from gauge anomalies [63], (su-
per)gravity scattering amplitudes from those of (super) Yang-Mills [64, (65, 66] in
various dimensions and even classical general relativity solutions from classical gauge
theory solutions [67, 68]. While it would seem there is now a growing web of relations
connecting gravity to ‘gauge x gauge’, it is as yet not clear to what extent gravity
may really be regarded as the square of Yang-Mills. In an attempt to address this
question, Section will contain some further discussion of what it means to tensor
Yang-Mills multiplets at the classical linearised level.

Bringing all of this together, the culmination of this chapter in Section is
the following result: tensoring pairs of D = 3 SYM multiplets with N, = 1,2,4,8
and Nr = 1,2,4,8 yields a magic square of D = 3 supergravity theories with
N =N, +Ng =2,3,4,5,6,8,9,10, 12, 16, as presented in For N' > 8
the resulting multiplets are those of pure supergravity; for N’ < 8 pure supergravity
is coupled to vector multiplets. In both cases the field content is such that the
U-dualities exactly match the groups of the magic square, [Table 5.3 This will
be interpreted using the division algebra description of D = 3 Yang-Mills with
N =1,2,4,8 over R, C, H, O, as introduced in the previous chapter.

5.1. Gravity as the Square of Yang-Mills

In recent years gauge and gravitational scattering amplitudes have been subject
to something of a renaissance [69], resulting not only in dramatic computational
advances but also important conceptual insights. One such development, strad-
dling both the technical and conceptual, is the colour-kinematic duality of gauge
amplitudes introduced by Bern, Carrasco and Johansson [64]. Exploiting this dual-
ity it has been shown that gravitational amplitudes may be reconstructed using a
double-copy of gauge amplitudes, suggesting a possible interpretation of perturba-
tive gravity as ‘the square of Yang-Mills’ [65] [70]. This perspective has proven itself
remarkably effective, rendering possible previously intractable gravitational scatter-
ing amplitude calculations [71]; it is both conceptually suggestive and technically
advantageous. Yet, the idea of gravity as the square of Yang-Mills is not specific to
amplitudes, having appeared previously in a number of different, but often related,
contexts [61], 15, 62, [63] [72], 67, 68].

These many-faceted relations have furthered our understanding of (super)gravity
itself. For example, the Bern-Carrasco-Johansson (BCJ) color-kinematic duality

[64], [65] has facilitated the computation of higher-loop D = 4, N = 8 supergravity
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amplitudes previously regarded as beyond reach. See, for example, [71] and the
references therein. This promises to answer the long-standing questions [73] of when
and how perturbative N' = 8 supergravity diverges — if indeed it diverges at all [74].

In spite of these remarkable developments, it is still not entirely clear what pre-
cisely it means to say that gravity is the square of Yang-Mills. This thesis will
address this question mainly at the group-theoretic level, where the idea is sim-
ply to take the symmetric tensor product of a pair of momentum-space Yang-Mills
vector fields A, (k) and A, (k) in order to construct a symmetric traceless matrix
hy (k) = A(u[ly) — %Apflp Nu, Which could be interpreted as the momentum-space
graviton field, i.e. the Fourier transform h,, (k) of a small deviation h,,(x) of the
metric g, (x) from Minkowski space, g, () >~ 1, + ().

This can be generalised to supersymmetric theories. A pure N-extended super
Yang-Mills theory in D spacetime dimensions has field content {4,, \!, ¢'}, where
the (defining representation) R-symmetry index I labels the A/ fermions and 7 labels
the (Q/2+2— D) scalars, with Q the total number of real supercharge components
(so for example ' =4 SYM in D = 4 has Q = 16 and hence contains 16/2+2—4 = 6
scalar fields). Temporarily ignoring gauge indices, tensoring a (momentum-space)
SYM multiplet {A4,, A, ¢"} with another {flu, A’ ¢} produces the field content of

a supergravity theory:

-/

® A, M g
Ay | b + By + \I];IL/ +x" AZ
D S SRR

¢ A, X

(5.1)

where the symbol ® denotes the tensor product of Lorentz representations, which

are carried out as follows. The vector-vector tensor product Aufl,, gives

hw = ApAyy — 5A° A 0, B = AR, o= AMA, (5.2)
while the fermion-vector tensor products A\ and A A, give

qj,ﬂ - %'VV’}/M)\IAw \D,I; = %FVV/YMAVS\I/;
Y= %”y“)\IAH, XI/ = %’y“Au)\Il. (5.3)
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The tensor product of any field with the scalars is trivial, giving

Al = ¢'A,, Al = A,4",
N (5.4)

and
e =" (5.5)

Finally, the fermion-fermion tensor product must be decomposed using Fierz expan-
sion, which gives a different result in each dimension, depending on the symmetry
of the gamma matrices. In string theory parlance this is known as the Ramond-
Ramond sector. Although the particular set of Ramond-Ramond p-forms ¢ZL + - -
is dimension-dependent, there is always a set of NN scalar fields ¢XI' which are

related to the Yang-Mills fermions as
75\1’7#5‘1/ = Y% g{/ (5.6)

In general it is the (p 4+ 1)-form field strengths F' of Ramond-Ramond p-forms that

are produced from the fermion-fermion products:
NV r A= Flpe 1 (5.7)

This can be seen from dimensional analysis, which will be discussed below.

Since the Yang-Mills R-symmetry (fundamental representation) indices take val-
ues I =1,--- ,Npand I' =1,--- | Ny, there are N' = N + Ny gravitini \IIZL and \115
in the resulting Yang-Mills-squared multiplet. Indeed the field content produced for
each D and N7, Ny constitutes that of a supergravity theory with N + Ng super-

symmetries:
N SYM] ® [Ng SYM] — [N = N, + Ng Supergravity]. (5.8)

Attempting to interpret gravity as the ‘square of’ gauge theory, the tensor prod-
ucts above can be considered from one of two viewpoints. The first and more con-
servative of these is that this is a purely (super-)group-theoretic dictionary, which
applies only to supermultiplets as representations of the super-Poincaré group. The
second viewpoint is that equations f represent a genuine ansatz describing
gravity fields in terms of Yang-Mills fields at the linearised level. This is a fairly
new idea, explored in [75].

If equations — are to be taken seriously as a gravity-Yang-Mills dictio-
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nary, the first question is how the two (in general distinct) Yang-Mills gauge groups
G and Gy are to be accommodated. The Yang-Mills multiplets {Aﬁ, MA ¢ 4Y and
{flﬁ/, A G'AY carry adjoint indices A = 1,- -+, dim[G]and A’ = 1, --- , dim[G],
which may be taken into account by introducing a ‘spectator’ scalar function ® 44/ (k)
valued in the bi-adjoint of G, X Gg. The candidate graviton field A, may then be

written as
h/“/ = (I)AA’ (Aélzif)/ - %APAA?I 77/“’) . (59)

The appearance of this scalar ® 44 seems to be roughly consistent with the obser-
vation [76] [77, [78] that at tree-level the product of two SYM amplitudes (or, to be
precise, their integrands) produces a gravitational amplitude multiplied by an addi-
tional factor that happens to be precisely the appropriate amplitude for a bi-adjoint
scalar field with a cubic Lagrangian. From this perspective the schematic relation
“Yang-Mills x Yang-Mills = gravity’ is replaced by the even more peculiar statement
that “Yang-Mills x Yang-Mills = gravity x ¢?,” which turns out to lead to the BCJ
color-kinematic duality [77].

The relation ‘Yang-Mills x Yang-Mills = gravity x ¢?’ refers of course to scat-
tering amplitudes calculated and multiplied in momentum space, and the gravity-
Yang-Mills dictionary presented above is also for fields in momentum space. The
Fourier transform of a product f(k)g(k) of two functions of momentum f(k) and

g(k) is a convolution in position space (f * g)(x), defined by

(f % 9)(x) = / Py F)gla — ). (5.10)

where f(x) and g(x) are the respective Fourier transforms of f(k) and g(k). The
position-space version of ([5.9) is then

h,u,y = q)AA/ * (AéL *A;j‘)l — %APA *A;‘/ 77“1,). (511)

The equations ((5.2])—(5.7)) define a complete supergravity-Yang-Mills dictionary, pro-
vided that one adopts the convention that juxtaposition of position-space Yang-Mills
fields with and without tildes ~ denotes a convoluted contraction with the gauge-

bi-adjoint spectator scalar ® 44/ (z),
f(2)g(x) = (Pan x [4 % 5%) (), ¥ f(2),3(2), (5.12)

while for momentum-space Yang-Mills fields juxtaposition denotes an ordinary prod-
uct contraction with ® 44/(k). The physical meaning of such a description at the field

theory level is somewhat mysterious, due to the non-local nature of convolutions.
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A remarkable feature of this proposed gravity-Yang-Mills dictionary is that if the
two gauge supermultiplets are taken to describe linearised Yang-Mills theories then
their respective gauge transformations result in gravitational gauge transformations.

A gauge field Aﬁ of linearised Yang-Mills transforms as
SAL(x) = 0,07 (x) + [ oAl (2)6°, (5.13)

where the o“(z) are local gauge parameters and the 64 are global parameters.
Transforming the two Yang-Mills fields in (5.11)) by (5.13)), while transforming the
spectator field in the bi-adjoint as

0P 40 = —fCupPenb® + —f 45 ® 400 (5.14)

results in a linearised general coordinate transformation, or spin-2 gauge transfor-
mation,

Ohy = 0,8 + 0,6, (5.15)

where, using the shorthand notation of (5.12)),
& = (oA, + A6). (5.16)
This relies upon the following vital property of convolutions under a derivative:

Ou(f *9) = (Ouf) > g = [ *(0ug). (5.17)

In fact, the local symmetries of linearised super Yang-Mills give rise via ‘squaring’
to all of the local symmetry transformations of the resulting linearised supergrav-
ities: spin-2 gauge transformations, local Lorentz transformations, gravitino gauge
transformations and p-form gauge transformations [75]. For example, the gravitini
\Ifi, \Ifﬂ constructed as in (5.3) transform under Yang-Mills gauge transformations
as
oWl =0, 0l =09, (5.18)
where
e =\g, =)\, (5.19)

which is exactly as required for gravitino gauge transformations (see (2.43)).
The dimensions of the gravitational fields on the respective left-hand sides of the
ansétze (5.2)—(5.7) must match those of the corresponding Yang-Mills expressions

on the right-hand sides. For example, the fields h,,, Aﬁ and flﬁ' each have mass
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dimension (D — 2), so the equation (5.11)) is only consistent if ®44 has mass
dimension —%(D — 2). This is the exact negative of the dimension expected for

a scalar field. That ®44 has mass dimension —1(D — 2) is also consistent with

the remaining equations in (5.2)—(5.7) (taking into account the notation defined in

(5.12))), since all the fermions have mass dimension (D —1) and all the bosons have

1
2

that it could be related to a bi-adjoint scalar field ¢ 44 with canonical kinetic term

(D —2). One obvious possible explanation for the negative dimension of ® 44/ is

and cubic interaction term by
Gaa

¢?
where ¢? = p 00, Although it is admittedly speculative, (5.20) gives ® 44/ the

correct dimension and is also superficially consistent with the relations between spin

Dy = (5.20)

s scattering amplitudes M(s) of the kind discussed in the double-copy literature
[76, [77, [78], which take the form

(5.21)

The main focus of this and the following chapter is on the Yang-Mills origin of
the global symmetries of supergravities. Supergravities are characterized by non-
compact global symmetries G (these are the so-called U-dualities — see Section
2.8) with local compact subgroups H, for example G = FEr7;y and H = SU(8)
for N' = 8 supergravity in D = 4; whereas the initial Yang-Mills theories have
global R-symmetries, for example R = SU(4) for N =4 in D = 4 (see [79] for an
approach linking SU(4) to SU(8) based on scattering amplitudes). In the follow-
ing section, the D = 3 super Yang-Mills theories from Chapter 4 will be tensored
with one another to reveal a magic square of D = 3 supergravity theories. Hence,
looking through the prism of ‘gravity = gauge x gauge’ uncovers novel structural
features of the symmetries in D = 3 supergravity. Understanding supergravity and
its symmetries is essential in the context of string/M-theory, since it constitutes
their low-energy effective field theory limit. In particular, supergravity has been
central in exposing the non-perturbative aspects of string theory. Here, symmetries,
especially U-duality, have played a crucial role — for example in constructing black
hole solutions — and this highlights their significance.

Three-dimensional supergravity is rather special, since the metric and gravitino
carry no dynamical degrees of freedom, while a vector field may be dualised — see
Section 2.8 - to a scalar. Thus the dynamical bosonic degrees of freedom are unified

as scalar fields of a G/H coset. This throws light on higher-dimensional theories
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that produce D = 3 supergravities upon dimensional reduction, and this is very
much the case in the next chapter when the magic square will be generalised to
D =3,4,---,9,10 [80, 8I]. Moreover, D = 3 is intrinsically interesting for a number
of reasons [82] [83], 84], [66], one important example being the surprising observation

that pure three-dimensional quantum gravity is actually solvable [85] [86].

5.2. Mathematical Interlude: The Magic Square

5.2.1. F; and the Exceptional Jordan Algebra

After G4, the second smallest exceptional group is Fjy. It has triality intricately
built into its structure and is a useful a prototype for constructing the remaining
exceptional groups Fg, F; and Fg (and is a subgroup of each). Arguably the simplest
interpretation of F; comes via its role as the automorphism group of the exceptional
Jordan algebra. A Jordan algebra J with product o is a commutative but non-

associative algebra (over a field) satisfying the Jordan identity
(XoY)o(XoX)=Xo(Yo(XoX)), X,YeJ. (5.22)

Hermitian N x N matrices hy(A) with A = R,C,H and N > 2 form a Jordan
algebra Jn(A) under the product

H1 o) H2 = %(HlHQ —+ Hng), Hl,Hz - bN(A) (523)

It turns out that Hermitian 3 x 3 matrices h3(0O) also form a Jordan algebra under
this product: the exceptional Jordan algebra J3(0O). Simple counting shows that this
has dimension (3 x 1)+ (3 x 8) = 27, since a matrix of h3(O) has three real elements
on its diagonal and three independent octonionic components on its off-diagonal.
Consider the automorphisms Aut(Jy(A,)) of the Jordan algebra Jy(A,) — see
Subsection for the definition of automorphisms. It is clear that for the asso-
ciative division algebras, A,, = R, C, H, the Jordan product is preserved by

the ‘unitary’ transformation
H—-UHU', UU=UU =1 (5.24)
for all H € Jn(A,,). Writing U = €T, at the Lie algebra level (5.24)) becomes

6H =[T,H], T'=-T, (5.25)
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which is by definition a derivation of Jy(A,,), since is an automorphism.

In fact, any derivation of Jn(A,), A, = R,C,H, may be written in the form
(5.25)). The Lie algebra of such anti-Hermitian matrices T" is a(N, A,,), as defined
in (3.143), which is just so(N), u(N) and sp(N) for A, = R,C,H, respectively.
However, it is not true that der(Jn(A,)) is just a(NV, A,,), since there is a slight
subtlety involving the trace of such anti-Hermitian matrices. Any N x N matrix
M with entries in A,, = R, C, H may be decomposed into a traceless part M’ and a
trace part proportional to the identity:

M =M+ Tr(M)1, (5.26)
where
M' =M — & Tr(M)1. (5.27)

Doing this for T" € a(N, A,,) gives
T=T +al, (5.28)

where o = % Tr(T) is pure-imaginary, since 7' is anti-Hermitian. Equation (/5.25))
then becomes
OH = [T', H] + |a, H]. (5.29)

For A, = R, C the second term actually does not contribute — for R there is no
imaginary subspace, so = 0, while C is commutative, so a € Im(C) commutes
with any H. Contrastingly, in the quaternionic case, since H is non-commutative,
the second term generates a derivation of H itself, which acts component-wise on

H. It then makes sense to define
sa(N,A,) =d' (N, A,) + der(A,), (5.30)
where a’'(N, A,,) is the space of traceless anti-Hermitian matrices,
«(N,A,) = {T" € AN]|T" = -T', Tx(T") =0}, (5.31)

in which case the algebra of derivations der(Jy(A,,)) is just sa(N, A,,) for the three
smallest division algebras. The der(A,,) term in corresponds to the o com-
mutator in (5.29), which is trivial for A,, = R, C, while der(H) = s0(3). It is easy
to see that the algebra sa(N, A,,) is just so(N), su(N) and sp(N) for A,, = R, C, H,

respectively. It will be useful below to note that for these division algebras the
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definition ([5.30|) could alternatively be replaced by
sa(N,A,) =d(N,A,) +so(n—1), (5.32)

since for A, = R, C, H the derivations det(A,,) are the same as so(n — 1) rotations
of the imaginary subspace (which are of course trivial for R, C).

In fact sa(N, A,,) can also be defined analogously for A,, = O, N = 2,3, but there
is a subtlety: for A, = O the two definitions and are inequivalent,
since 0et(O) = go, while rotations of the imaginary subspace form the larger group
50(7) D go. For N = 3 the first definition (5.30) works well for the octonions.
However, it turns out that for N = 2 only the second definition gives a set
closed under the Lie bracket (taking repeated commutators of the set of matrices in
the first definition just generates the remaining seven generators of 50(7) — go). As
a result, sa(N, O) is defined (in this thesis) as

sa(N.0) = a'(2,0) +s0(7), N =2, (5.33)
’ @' (3,0) + et (O), N =3. '

Then, by construction, for any Hermitian Jordan algebra Jy(A,,) (where N is un-
derstood to be > 2 for A,, = R, C,H and equal to 3 if A,, = O) the derivations are
given by

ver(Jn(A,)) = sa(N,A,). (5.34)

Although 2 x 2 octonionic Hermitian matrices h2(O) do not strictly form a Jordan
algebra, sa(2, A,,) still naturally acts on ha(A.,) for any division algebra A,,. Recall
that ha(A,,) is just the space of matrices of the form in (4.10) used to represent
(n + 2)-dimensional spacetime vectors in the previous chapter. In fact, sa(2, A,,) is
none other than so(n+1), the ‘spatial’ subalgebra of the Lorentz algebra s((2, A,,) =
s50(1,n + 1) leaving the trace (or the ‘time’ component) of H € hy(A,,) invariant —
see equations and . An infinitesimal Lorentz transformation as in equation
(4.11)) with parameters A* = —A\"* may be split up into boosts A", r = 1,--- , (n+
1), and compact so(n + 1) rotations A"*. Then by H € hy(A,,) transforms
under sl(2, A,,) as

0H = 3\ (0,(0,H) — H(5,0,))

— Lyrs (O'T(O‘SH) — H(O‘ras)> + %/\Or (JTH + Har),

T i

~~

(5.35)

i.e. by combining an sa(2, A,,) = so(n+ 1) rotation with parameters \"* and a boost

given by an anti-commutator with A", € h5(A,,). Incidentally, this highlights that
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sl(2,A,) = sa(2,A,) + b5(A,), just as one might expectE|. The compact part of the

transformation with A\’ = 0 may be rewritten as
§H =OH +[T,H], Oe€so(n—1), T €d(2,A,), (5.36)

demonstrating that so(n + 1) is indeed sa(2, A,,), as defined in (5.32)f] Note that
the trace (time component) is invariant under this transformation — the trace part
commutes with any 7', and, since it is real, is annihilated by any = so(n —1).

For N > 2 (restricted to N = 3 in the octonionic case), sa(N, A,,) as given in

acts on H € hy(A,) as
§H =dH + [T, H|, decoet(A,), Ted(N,A,). (5.37)
Any H € hy(A,,) may be written as a sum of a traceless part and a real trace part
H=H + + Tr(H)1, (5.38)

and only the traceless part H' transforms non-trivially under sa(N, A,,) — the trace
part commutes with any 7', and, since it is real, is annihilated by any de Oer(A,).

For N = 3, sa(3,A,) is s0(3), su(3) and sp(3) for R, C and H, respectively,
while sa(3,0) may be taken as the definition of f4, the Lie algebra of Fy. The
space of traceless anti-Hermitian 3 x 3 octonionic matrices a’(3,0) has dimension
(2x7)+(3x8) = 38, while det(0O) = g5 has dimension 14, so by (5.30)), the dimension
of F; must be 38 4+ 14 = 52. The 26-dimensional space of Hermitian traceless 3 x 3
octonionic matrices h5(0O) transforms irreducibly under F; and defines its smallest
non-trivial representation, the 26.

It is illuminating to consider the Lie algebra f, = sa(3,0) in terms of its 2 x 2
subalgebra s0(9) = sa(2, 0), which will emerge as follows. Consider the particular
diagonal matrix P} € h5(O) defined as

] 2 0 O
P = 3 0 -1 0 (5.39)
0 0 -1

(P} is just the traceless part of the matrix Py = diag(1,0,0), which will be used

2In general for the associative division algebras sl(N, A,,) = sa(N, A,,) + b\ (A,,). For example
s[(N,R) is the algebra of all anti-symmetric and symmetric traceless N x N real matrices.

3Specifically, OH = IN+1i+1 (e (e; H) — H(eze;)) and T = (i __g;) with o = 1A1i*le; and
T = %()\1,71-1—1 _ )\i—i—l,n-&-lei).
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later in the chapter in Section . From ([5.37)), the subalgebra of sa(3,0) such

that 6 ) = 0 acts via derivations and commutation with block matrices of the form

(= Tx(t) 0O
T( . t), (5.40)

where ¢ is an anti-Hermitian (but not in general traceless) 2 x 2 matrix, i.e. an

element of a(2,0). To see how the transformation (5.37) with the block-diagonal
T of (5.40) acts upon a general H € h5(0), one may write it in terms of the lower
2 x 2 block subspace,

(= Tx(A) Wt )
H_< v A)’ A e hy(0), Ve (5.41)

It is easy to check using (5.37) that d H may be written as an s$0(9) transformation:

SH = 1 ( 0 (¥ )a, ) . (5.42)
o-(osV) 0,.(0,A) — A(o,04)

Thus in terms of the individual pieces

oV = 100, (0, V) + VO,

(5.43)
0A =10"(0,(0,A) — Al0,0,))

(and 6(Tr(A)) = 0). For A, = O, these are just the Spin(9) transformations of
a spinor ¥ and vector A as obtained from and , demonstrating the
decomposition

26 —+1+9+16. (5.44)

The adjoint of F} itself decomposes as
52 — 36 + 16, (5.45)

so Fy can be seen as the group resulting from combining the adjoint of Spin(9) with
its spinor representation. This is the interpretation of Fj that will generalise to
include Fg, E7 and Eg.

In fact, for any division algebra one may consider breaking sa(3,A,,) into the
stabiliser of Fj. Since this is just derivations of A, and 2x2 matrices t € sa(2, A,,) as
in ([5.40)), this subalgebra is just der(A,)+a(2, A,,) C sa(3,A,,). It is straightforward
to check that this gives s0(2), su(2) @ u(1), sp(2) & sp(1) and so(9) for R, C, H, O,
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respectivelyﬂ In other words, in general these algebras are just the direct sum of
two pieces: so(n + 1) = sa(2,A,) and an extra u(1l) for A,, = C and sp(1) for
A, = H - precisely the same extra pieces that appear in the triality algebras:
er(A,) = O, u(1),sp(1), 0 for R, C,H, O (see Table[3.2)). In each case one may view
sa(3, A,,) as the algebra resulting from combining sa(2, A,,) ® ex(A,,) with its spinor

representation: (A,,)2.

5.2.2. The Reduced Magic Square

Just as the algebras sa(3, A,,) may be built up from so(n-+1) subalgebras, the magic
square in Table may be built up from Lie algebras of orthogonal groups acting
on tensor products of division algebras A; ® Ag. The tensor product Ap ® Apg is
the algebra with basis elements e, é, = €,€,, Where ¢, and €, are those of A and
AR, respectively, witha =0,1,--- ,(np—1)and a’ =0,1,--- ,(ng—1). An element
of A; ® Ay is a linear combination z,.e,€,, with z,, € R, and the multiplication
rule is simply inherited from those of A and Ag.
Consider the set of 2 x 2 matrices {o4}, A=1,---,(ny + ng) defined as

NIOANCA
{04} ={0at1, 00116} = { <€a O) , <O —éa/> } : (5.46)

Note that for the special case Az = R there is only one Ay basis element ¢,, = 1 and
these matrices become the spatial Spin(n + 1) Pauli matrices o, from the previous

subsection. Defining 4 = O'L, it is easy to check that for any ¥, X € (A, ® Ag)?,

UA(5'B\I/) + 0'3(5',4‘1’) = 204Y,

(5.47)
5A(O'B\I’) + 5’3(0’,4\1’) = 204BX.

Then, by the usual reasoning, this means that ¥ and X transform as left- and

right-handed Weyl spinors of so(ny, + ng) as

50 = 104804 (c50),

(5.48)
§X = 104554 (opX),

HAB — _QBA

where are arbitrary parameters. Writing ¥ = (¥, U,) with ¥, U, €

“In the octonionic case note that so(7) = der(O) + Im(0) so that a(2,0) + der(O) becomes
a’(2,0) + s0(7), which is just s0(9) = sa(2,0).
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A; ® Ay and summing over #48, the ¥ transformation becomes

oV w [ €5 (Ey W
iHABO-A(a-B\IJ) _ %eab ea(ei l) + Z_110,117 ?a (fi 1)
ea(eb\IIQ) €a/(6b,\1’2)

‘ 0 —erer, 1\
+ %eaa 3 €aCq 1 ,
€q€q! 0 Wy

and similar for X'. The first two terms are just the spinor transformations of so(nr)
and so(ng) from (3.103), which demonstrates the decomposition

(5.49)

50(nL+nR) gﬁﬂ(nL) @50(71}2) —f—AL@AR (550)

However, in general ¥ and X are natural irreducible representations of a larger
algebra,
SQ(AL,AR) = 50(7’LL—|—TLR) D e;(AL) @6}(1&3), (551)

rather than just so(ny +ng), since when Ay, Ag = C, H the transformations ([5.48)

commute with (right-)multiplication of the spinors ¥ and X by imaginary division
algebra elements 6, € Im(A ;) and 6, € Im(Ag):

00 = 10486, (G50) + W6, + W,

. ! (5.52)
O0X = 307G A(opX) + X0, + X0,

This generates an extra u(1) when one of the two division algebras is C and and extra
sp(1) when one of the algebras is H — see Table This is of course reminiscent of
the triality algebras in Chapters 3 and 4, and indeed (5.50) means that £o(Ap, Ag)

may be decomposed into

SQ(AL, AR) = BU(HL) D e;(AL) @SO(RR) D e;(AR) + AL & AR

(5.53)
= ftl(AL) S%) ttl(AR) + AL X AR.

The array of Lie algebras given by £4(A [, Ag) is called the reduced magic square and
is presented in Table [5.2] For the magic square of supergravities these Lie algebras
will be shown to be those of the maximal compact subgroups H of the non-compact
U-duality groups G. Note that £9(A 1, R) gives the algebras satisfying 6 %) = 0 from

the previous subsection.
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R C H O
50(2) s0(3) ®u(l) s0(5) @ sp(l) 50(9)
s0(3)®u(l) so(4 ) u(l) du(l) so(6) Bsp(l)du(l) so(l0)d u(l)
50(5) @sp(l) s0(6) ®sp(l)Pu(l) so(8) @sp(l)®sp(l) so(12) ®sp(l)
50(9) 50(10) ® u(1) 50(12) @ sp(1) 50(16)

ocra=

Table 5.2.: The reduced magic square £5(Af,Ag). The Lie algebras are those of the maximal
compact subgroups of the groups from the Lorentzian magic square of Table

5.2.3. The Magic Square Construction

Equation (5.45) demonstrated that Fj is the group resulting from combining the
adjoint 36 of Spin(9) with additional generators transforming as its spinor repre-
sentation 16. This unusual result can be seen as a consequence of Spin(8) triality.

Decomposing Fj into Spin(9) and then further into Spin(8) this becomes clear:

52 — 36 + 16
— 28 + 8, + 8, + 8..

(5.54)

Thus the action of Iy on its adjoint rotates the three representations 8, 8, and 8,
into one another, which is a possibility granted by the discrete triality symmetry of

tri(O) = s0(8). In more octonionic language (5.54]) becomes
f4 2 tei(0) + 30. (5.55)

The commutators of this Lie algebra can be calculated fairly straightforwardly by
acting successively on h3(0) using (5.37). First, write the Jordan algebra element
H € b3(0) as

hy w* X*
H= ¢ hQ a* |, a, 1/), X € (D, hl, hg, hg € R. (556)
X a hs

Similarly, an element T of a/(3, O) may be parameterised as

T = T -8 —zi|, xux,2.€0, o f€lm(0). (5.57)

Temporarily setting x.,, zs, . = 0, one finds using (5.37) that «, 5 and the derivation

d combine just such that the three octonionic matrix elements a, 1, x of H transform
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by none other than the standard so(8) triality transformations in (3.124)):
SH=dH +[T,H|= | B 0 (da) |, (5.58)

with (4, B,C) € ti(0) defined in (3.124) (and B*¢ := (Biy*)*). This is how
tei(O) C f4 acts on H € h3(0). The [tri(0), tri(O)] commutators are then given

by the natural commutators of s0(8). Now reinstating (z,,z¥, z.) € 30 and setting
(121\, E, 6) = 0 gives 0 H equal to

[T, H] = o 2((xs|v)) — (zy]a)) da’ (5.59)
5X oa 2<<xv’a> - <xc|X>)

with

da = (hy — h3)zx, + xzi — z ",
0 = (hy — hy)xs + a*x. — )X, (5.60)
5X = (h3 - hl)xc + I'vdj + axs,

which manifestly makes use of the triality relations (3.109)) — this shows that these

transformations are covariant under so(8). Now, to shorten the notation for the

[30, 30] commutators write

0 —a; x
(Lo, 25, 2) ~ | 2y 0 —a3] €30 (5.61)
—Te Ty 0

(the conjugation on the s0(8) spinor z here is just for convenience; it corresponds to
the fact that under so(8) it is the octonionic conjugate of the spinor that transforms
with the operator B - see equations (3.124))). Then applying the transformations

(5.60) twice one finds that

[(0,0,2.), (0,2%,0)] = (z.2%,0,0),

[(2,0,0),(0,0,z.)] = (0, z)z.,0), (5.62)
[(0 T 0)7 ($U, 0, 0)] = (07 0, fvms)a

) Rl
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which again uses the triality relations (3.109)). Next, applying (5.60|) twice for two

matrices of the same type shows that

[(mva 0,0), (ym 0, O)] = Ty 0
[(O T 0)7 (07 y:v 0)] = ﬁQTxS,yw (563>

Y S

[(07 07 ZEC), (07 O, yc)] = ﬁTxc,yca

where ¢ is the order-three Lie algebra automorphism

~

9: (A, B,C)— (B*,C, A", (5.64)

introduced in Section and T, € ti(O) is defined by

T%y = (S\x,gﬁ ﬁyﬁm* - Emﬁy*, Zyzx* - szy*)7 (565)

where
Seyz = (zl2)y — (Wl2)r,  L.y=wy, R.y=yx (5.66)
This can also be written in terms of the s0(8) generators Ty, = —Tj, used in (4.75)

and given in (4.76]):
Ty i= 7Y Top. (5.67)

Finally, acting on ([5.59)) with the transformations of ([5.58|) and invoking the defining
triality relations (3.114)), the [tti(O), 30] commutators are just given by the natural
action of ti(O) on 30:

[(A\, B,0), (xv,x:,xc)] = (Ax,, Ba*,Cx.). (5.68)

This completes the specification of the commutators of f; = tti(O) + 30. In fact,
the entire discussion in this subsection also works for any other division algebra A,
since

sa(3,A,) = ti(A,) + 3A, (5.69)

with the commutators given as above. This can also be seen as adjoining the sub-
algebra £9(A,,,R) = so(n + 1) & ex(A,,) with its spinor representation.

By analogy with this, making use of the triality principle also allows the Lie
algebra £5(A, Ap) = tri(Ay) @ tri(Ag) + A, ® Ai to be adjoined to its spinor
representation ¥ € (A7 ® Ag)? in order to construct a much bigger algebra [87]:
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the magic square algebra,
L5(Ar, AR) = £(AL, Ag) + (AL ® Ag)?, (5.70)

which may be written as
L3(Ar, Ag) = tri(AL) @ tri(Ag) + 3(AL ® Ag). (5.71)

The commutators are defined as follows. First of all, tti(A) and tri(Ag) are Lie
subalgebras. For elements T}, = (A\L, BL, 6,;) € tri(Ay) and element

(Xo, X7, Xe) = () Ty, 2575, 2. 7) € 3(AL ® Ag),
the commutators are given by the natural action of tri(A ),
[Te, (X0, X0, Xo)] = (ALX,, BLX, CLX.). (5.72)
Similarly for T = (//X\R, B\R, GR) € tri(Ag),
(Tr, (X0, X1, X0)] = (ARX,, BrX, CpXo). (5.73)
The commutators between the three copies of A, ® Ay are as follows:

[(0,0, 25 Zs), (0, 2% 27, 0)]

¢((zez})(@e27),0,0),

(2 £, 0,0), (0,0, 25 7)) = (0, (2,2,5)(F0Ts), 0), (5.74)
[0, 27 77, 0), (2, 7,,0,0)] = (0,0, (z}2)(T33.)),

where ( = £1 is a constant to be chosen, whose two possible values result in different
real forms of £3(A, Ag); selecting ¢ = 1 gives the original magic square of compact

real forms in [Table 5.1, whereas selecting ( = —1 gives the Lorentzian magic square

L12(Ar, Ag) [88] of non-compact real forms given in {Table 5.3]
Finally, for two elements belonging to the same (A ® Ag) summand in (5.71])

the commutator is defined using the natural map
A*(Ap @ Ag); — AN (Ap) @ A*(AR) — tri(AL) @ tri(Ag), (5.75)

where A%(A) for any algebra A denotes antisymmetric linear maps on A. The first

5 Although a typical element X € A ® A g does not factorise into a single tensor product x7 with
x € Ap and T € Ag, it will simplify the notation in this section to write the commutators only
for such factorisable elements. Since a general X € A ® A may always be written as a sum
of such elements, it is easy to find the general commutators from those given in this section.
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arrow uses the norm on A; and Ay and the second is the inclusion of A2(AL, R)

inside tvi(A r). More explicitly,

(20 5,0,0), (40 50, 0,0)] = (@olyn) T 5, + (Tulg0)Tr .

[0, 2 27,0, (0,92 42, 0)) = C(azly2) 0Tl 5o+ CLEFIT5s e (5.76)
[0, 0, 25 Ts), (0,0, s )] = C{aslys) VT3 5, + C(@slGs)9° Ty,

With these commutators the magic square formula describes the Lie alge-
bras of the groups presented in [Table 5.1 and [Table 5.3l This construction finally
reveals eg, ¢7 and eg as the analogues of §;, for octonionic tensor product algebras
C® 0, H® O and O ® O. By counting dim[tri(A ;)] + dim[tti(Ag)] + 3nrng one
finds that these algebras have dimensions 78, 133 and 248, respectively.

The ¢ = —1 case, £12(AL,Ag), gives the magic square algebra relevent to in-
terpreting D = 3 supergravity as the square of Yang-Mills. It is straightforward to
check the signatures (real forms) appearing in as follows. A non-compact
real form g,. of a complex semi-simple Lie algebra g¢ admits a symmetric decom-

position g,. = b + p,

[b,b] C b, [b,p] Cp, [b,p] C b, (5.77)

where b is the maximal compact subalgebra. If a compact real form g. shares with
some non-compact real form g,. a common subalgebra, g,. = h+p and g. = b+ p’,
and the brackets in [h, p] are the same as those in [h, p'], but equivalent brackets in
[p, p] and [p’,p’] differ by a sign, then b is the maximal compact subalgebra of g,..
This observation is sufficient to confirm that the ( = —1 construction yields the
real forms in and that £9(Ay, Ag) in each case is the maximal compact

subalgebra — see [Table 5.2|

A\Az| R C H 0
R 50(2, 1) 5u(2, 1) 5]3(2, 1) f4(,20)
C su(2,1) su(2,1) xsu(2,1) su(4,2) eg-1a)
H sp(2,1) su(4,2) 50(8,4) er_s)
O Fa(—20) C6(—14) e7(—5) es(8)

Table 5.3.: The Lorentzian magic square £ 2(A 1, Ar) of real forms required in D = 3 supergravity.
The subscripts in parentheses on the exceptional groups are the numbers of non-compact
generators minus the number of compact generators. For example, eg(s) has 128 non-
compact generators from (O®0)? and 120 compact generators from £2(0, O) = s0(16),
which is why the number in brackets on the subscript is 128 — 120 = 8.
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5.3. The Magic Square of D = 3 Supergravities

From Chapter [d, the D = 3, N =1,2,4,8 SYM Lagrangian over Ay = R, C,H, O
i
L(Ay) == {F F4 — 1D,¢** D' ¢* — XD\
_ 1LGngBCAfDEA((bB*¢D + ¢D*¢B>(¢C*¢E + ¢E*¢C) (578)
+ 59 5c™ (WO")AT = X (¢™PA)) |

where ¢ = ¢;e; is an Im(A yr)-valued scalar field, A = Ae, is an A-valued two-
component Majorana spinor and A := ATee. Note that )\, is anti-commuting; these
are the division algebras defined over Grassmann numbers. In D = 3 there is no
need to add the Hermitian conjugate of the fermion kinetic term as its imaginary
part is a total derivative.

The supersymmetry transformations in this language are given by

oAt = LA 4 P D My e — Lg e (¢),
SAY = E(We — e\, (5.79)
5ot = LTr(ed? — Ne),

where € is an A r-valued two-component spinor, %VW = %W[;ﬁu] are the generators
of the Lorentz algebra sl(2, R) = so0(1,2) and the trace on the third line is over the
suppressed spinor indices.

The Lagrangian and transformation rules exhibit a symmetry known

in the division-algebraic literature as the ‘intermediate algebra’ [87, [89],
int; (Ay) = {(4,B,C) € ti(An)|A1 = 0} Zso(N — 1) B ex(Ay),  (5.80)

which is int; (Ay) = O, s0(2), so(4), so(7) for Ay = R, C,H, O, respectively. The
condition A1 = 0 in (5.80) corresponds to the fact that in the bosonic sector the
symmetry leaves the gauge field invariant, while the so(N — 1) piece transforms the

Im(A yr)-valued scalar field in the fundamental representation:

A
AL =0,

) (5.81)
50" = =107 (ei(e;0™) — ¢ (eiey)).

where 0% = —07" € so(N — 1) and 6; € ex(Ayr). The fermions and supersymmetry

6Comparing to the ‘master Lagrangian’ (4.116)), the gamma matrices v, here can be obtained as
Vu = —€0,, with the &, matrices defined in (4.5) and (4.6]).
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parameters transform under this symmetry as:

A = —10%e;(e; A7) + A0,

) (5.82)
oe = —107¢;(eje) + by

Also, note that int; (A ) can also be written as int; (Ayr) = der(Ay) + Im(A ).
The form of the first term in the A supersymmetry transformation highlights the
vector’s status as the ‘missing’ real part of the Im(A y-)-valued scalar field. Indeed,

in the free g = 0 theory one may dualise the vector A, to a scalar ¢y to obtain a
full Ap-valued scalar field ¢ — ¢3! + ¢ite;:

%SWTn"”nT"’F;; = 8N¢64. (5.83)

In this case the following Lagrangian gives equations of motion and Bianchi identities

equivalent to those of with g =0,
L(Ay) = —19,0" 0 " —id Y 9N, (5.84)
where ¢ and A each take values in A . The supersymmetry transformations become:
St =i Trel?, A = =19, 0N e (5.85)

Equations (5.84) and ([5.85) enjoy a global internal symmetry whose Lie algebra
is tri(Ay) = O, u(1) & u(l), su(2) @& su(2) ® su(2), so(8) for Ay = R,C,H,O,

respectively:

3¢ = 107 (ea(eo™) — 0 (eze0)),
5)\14 — ieabo_a-i—l(ab-i-l)\A) + )\Ael’ (586)

e = 1925 T (o"e) + €f,.

This sum of the R-symmetry so(N) and the extra algebras ex(A ) is inherited from
the D = 4,6, 10 minimally supersymmetric theories, which dimensionally reduce to
give N' = 2,4,8 in D = 3. See for a clarification of the various D = 3
symmetry algebras.

After applying the equations of motion and fixing the gauge of A,, the g = 0
Yang-Mills theory and its dualised counterpart are equivalent. For a single plane
wave solution to the momentum-space equations of motion with momentum p, =
(E,0,F), the gauge field can be written as A, = (0,A4;,0) (after choosing the
radiation gauge), in which case has only one non-zero component, equivalent
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D—3 R-symmetry: g # 0 Theory: = 0 Theory:
a so(N) int; (Ay) tri(A )
N =1 - - -
N =2 50(2) 50(2) u(1l) @ u(l)
N =4 sp(1) @ sp(1) sp(1) @ sp(1) sp(1) D sp(l) ®sp(l)
N =38 50(8 s0(7 50(8)

Table 5.4.: Symmetries in D = 3 SYM theories. The symmetries of the ¢ = 0 theories are the
triality algebras of R, C,H, O, while the symmetries of the g # 0 theories are known in
the division algebras literature as ‘intermediate algebras’ (these are just the subgroups
of the triality algebras such that A1 =0 in equation (3.114)).

to the relation A; = ¢o. Hence the single dynamical degree of freedom carried by
A, is of course the exact same degree of freedom carried by the corresponding dual
scalar ¢q.

The fermionic equation of motion with p, = (E,0, E') has the same form as ,
which removes one of the A \~-valued components of the two-component spinor. Thus

the overall on-shell degrees of freedom for the D = 3 free theory are
o' =y + e € Ay, vt €Ay (5.87)
(whether the vector is dualised or not). These transform under supersymmetry as
0p = —ie)”, M =1iFE ¢%e, €€ Ay, (5.88)

where € has anti-commuting components ¢, (as does v). It is convenient to take

advantage of triality and redefine the parameters #%°, 6, such that under tri(Ay):

3¢ = 10 cq(c;0) + o,
0p* = 30%¢; (eyt)”) + 0y, (5.89)

de = 10" (ealeje) — e(cien));

with respect to the so(N') generated by the new 6%, it is the supersymmetry param-
eter € that transforms as a vector, while ©* is a spinor and ¢ is a conjugate-spinor
(this is the triality transformation g defined at the end of Section . Hence 6
corresponds to the s0(N) R-symmetry, which rotates the N supercharges or N/
supersymmetry parameters into one another in the vector representation, while 6;
generates the additional internal global symmetry ex(A ).

Taking an ‘un-dualised’ left SYM multiplet {A, € Re(AL),¢ € Im(AL),A € Ay}
and tensoring with a right multiplet {4, € Re(Ag),¢ € Im(Ag),A € Ag}, as
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described in Section [5.1] results in the field content of a supergravity theory valued
in Ay ® Ag. See(Table 5.5, Note that the left /right SYM global symmetries act on
each slot of the A, A tensor products.

AL\Ag A, € Re(AR) ¢ € Im(AR) AeAp

A,€Re(Ar) | guv,p € Re(AL) ®Re(Ar) ¢ €Re(Ar)®Im(Agr) ¥,,x € Re(Ar)® Ag
¢ e Im(AL) p e Im(AL) & RG(AR) p e Im(AL) & Im(AR) X € Im(AL) QR Ag
AeAg \I/H7X€AL®RG(AR) XEAL@)IHI(AR) peArRAR

Table 5.5.: Tensor product of left/right (Ay/Agr) SYM multiplets, using SO(1,2) spacetime rep-
resentations and dualising all vectors to scalars (and the 2-form B,,, = A[Hfl,,} absent
from the top-left slot is dualised to nothing, since a 3-form field strength is dual to a
‘0-form field stength’, which cannot correspond to any physical field).

Gathering together spacetime fields of the same type, one finds the following

overall field content:

AL ®A Ar®A
GwER, U, A @Ap e | FEME) e (MERE) (500
Ar®Ap A ®Ap

Dynamically speaking, the R-valued graviton and (A @ A )-valued gravitino carry
no degrees of freedom, while the 2(A ® Ag)-valued scalar ¢ and Majorana spinor
X each have 2(dim A, x dim A ) = 2N Ny degrees of freedom. The fact that there
are dim[A & Ag| = N + Ny real gravitinos shows that there are N' = N + N
supersymmetries.

The dynamical degrees of freedom of the supergravity theories are contained in
the doublets ¢, x € 2(A; ® Ag). Such doublets were demonstrated in Subsection
to be the irreducible representation spaces of the reduced magic square algebra

Lo(AL, AR) Z s0(NL + Ng) @ ex(AL) @ ex(Ag)

(5.91)
= ttl(AL) & t‘Cl(AR> + AL X AR.

which by (5.52)) transforms them as spinor and conjugate-spinor representations

Sp = 10485 4(G50) + 00, + b,

L 5 (5.92)
ox = 107" alopx) + x0: + X,

where A = 1,2,--- , (N + Ng), and 6, € ex(Ar) = O, Im(C),Im(H),® and 6, €
er(Ag). The scalar degrees of freedom in these supergravity theories belong to non-

linear sigma models whose target spaces are coset manifolds G/H, where G is the
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R C H [0)
N=2f=4 N=3,£=38 N=5¢=16 N=9,¢=32

R | G=SL(2,R) G =5SU(2,1) G = USp(4,2) G = Fy(_ap)
H =8S0(2) H =SU(2) x SO(2) H = USp(4) x USp(2) H =S0(9)
N=3,f=38 N =4,f=16 N =6,f =32 N =10,f =64

C | G=5U(2,1) G =SU(2,1)? G =SU(4,2) G = Eg(_14)
H =8U(2) x SO(2) H =8SU(2)2 x SO(2)? H =8U(4) x SU(2) x SO(2) H = SO(10) x SO(2)
N =5f=16 N =6,f =32 N =8,f=64 N =12,f =128

H | G=USp(4,2) G =5SU(4,2) G =S0(8,4) G = Eq7(_s)
H =USp(4) x USp(2) H =SU(4) x SU(2) x SO(2) H =S0(8) x SO(4) H =50(12) x SO(3)
N =9,f=232 N =10,f =64 N =12, =128 N =16,f = 256

O | G=Fy a2 G = Eg(—14) G = Eq(_s) G = Egs)
H =S0(9) H = S0(10) x SO(2) H = S0(12) x SO(3) H = S0(16)

Table 5.6.: Magic square of D = 3 supergravity theories. The first row of each entry indicates the
amount of supersymmetry A and the total number of degrees of freedom f£. The second
(third) row indicates the U-duality group G (the maximal compact subgroup H C G)
and its dimension. The scalar fields in each case parametrise the coset G/H, where

dimp (G/H) = £/2.

non-compact U-duality group, which acts non-linearly on the scalars, and H is the
maximal compact subgroup of G. The largest linearly realised global symmetry of
these theories is H, so one should expect its Lie algebra b to be £5(A [, Ag), and this
indeed turns out to be the case. All the fields in (5.90) carry linear representations
of H: the graviton h,,, is a singlet; ¥, € A @ Ap transforms as the vector of the
supergravity R-symmetry so(Ny + Ng) C £9(A, Ag) and is inert under ex(AL) &
er(AR); and ¢ and x transform as the spinor and conjugate-spinor of so(N7, + Ng)
and by right-multiplication under ex(A ) @er(Ag), as shown in (5.92)). For example,
in the maximal case of Aj, Ar = O, these representations are the 1, 16,128 and
128’ of 50(16).

The full non-linear U-duality groups G are fixed by the field content and H sym-
metries, as described in the literature [83, 84]. The groups are, of course, those
with Lie algebras £, 2(Ay, Ag), as presented in the magic square in [Table 5.3} The
D = 3 magic square theories are summarised in [Table 5.60 The A > 8 supergrav-
ities in D = 3 are unique, all fields belonging to the gravity multiplet, while those
with A/ < 8 may be coupled to k additional matter multiplets [83], [84]. The real
beauty is that tensoring left and right SYM multiplets yields the field content of
N =2,3,4,5,6,8 supergravity with k = 1,1,2,1,2,4: just the right matter content
to produce the U-duality groups appearing in [Table 5.3|

The compact symmetries h = £5(A, Ag) can be traced directly back to Yang-
Mills origins. The dynamical fields ¢ and y can be defined as in the linearised
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(g9 = 0) dictionary of Section as follows:
%) A PN
duo= () = [(N) 4 (N9, (5.9
Oup2 AN PN

au(:ol = ZS\,YMS\*7
Outpa = GM(A,,/I” + qqu;) + %5u07770V77Tp<FVp¢~5 + qbﬁr/p)

with
(5.94)

The division-algebraic conjugations * are a matter of convention, chosen for later

convenience. The on-shell doublets then become

Lapro* v
(Y7 ) = ("7). 5.95
i ( 6é ) X <¢w*) (5.95)

The tri(A ) and tri(Ag) symmetries of ((5.89) act on the ¢ doublet as

1 % s, % 1 % S e »
5 = eb(Ee((e”ﬁ é’f )> + ie“'b’<E6“’(eb vy )> Tl b, (5.96)
a\*b

while a new possibility in the ‘squared’ theory is to consider acting on ¢ with off-

R———
( ’ W“). (5.97)
€aCa’ 0

Including the action of these off-diagonal matrices, the total algebra of linear trans-

diagonal rotations of the form

formations is given by tri(Ap) @ tri(Agr) + AL ® Ap, i.e. the reduced magic square
algebra £o(Ap, Ag), as required — compare the above with equations and
(5.52). The analogous reasoning also works for x.

It is interesting to note that the off-diagonal transformations of take Yang-
Mills fermions into Yang-Mills bosons, and vice versa, but are bosonic generators in
the supergravity theory. It is tempting to guess that left-multiplication by is
related to the action of the operator Q ® Q, where Q,Q are the respective super-
symmetry generators of the left and right Yang-Mills theories, and indeed this is the
case. Consider the variation of ¢ under the simultaneous supersymmetry variation
of the left and right theories,

L §yp* e —Eedeo
_ E _
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Taking into account the anti-commutativity of the components of € and *, this may

be written as

0 % ~>s</ 1%, %
Suonp = Eesiy [ O TG ) (BYVT) (5.99)
€aluo’ 0 ¢¢
Similarly, for the analogous variation of x
O _ ¥ Na/ * 7
Spinx = By [ 0 ) (VO (5.100)
€aCo 0 oY*

Hence all of the compact symmetries h = £9(Ap, Ag) come from those of the original
Yang-Mills theories.

To further understand the non-linear U-duality groups G in terms of Yang-Mills-
squared will require a brief introduction to division-algebraic projective spaces, since
it turns out that the symmetric spaces G/H, which the scalars parameterise, are in

fact projective planes defined over A ® Ag. This is given in the following section.

5.4. Division-Algebraic Projective Planes

Real projective space RPY~! is the space of undirected lines through the origin in
RY. Each line passes through a unique pair of antipodal points v and —v on the
unit sphere S™~! and hence RPPY~! is the quotient of SV~! by the antipodal map,

i.e. the points v and —v € SNV~1 are identified:
RPN = sN=1/7,. (5.101)

with Zgy = {41, —1}.
This can easily be generalised to C and H, defining APY~! for A = R,C,H as

APV ' = {ve AV |vlv =1}/ ~, (5.102)

with the equivalence relation ~ defined by v; ~ vy < v = vou where u € A has
unit modulus: u*u = 1. In other words APY~! is the quotient of the unit sphere in
A" by the unit sphere in A:

APVt 22 ghn=t jgn=1 (5.103)

where A = A,,. In the real n = 1 case the unit ‘sphere’ is S° & Z, = {+1, —1}.
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The unit sphere in AY comes with an induced metric
ds* = dv'dv (5.104)

whose isometry group G is inherited from the natural action of N x N unitary
matrices U € A(N,A) on AY: v — Uv. This metric and its isometries are then

passed onto APV~ so
G = Isom(APY 1) = A(N, A). (5.105)

The isometry group G acts transitively on the unit sphere and hence also on AP,
Thus APY~! is a homogeneous space and may be identified with the coset G/H,
where H is the subgroup of GG that fixes any given point, called the isotropy group.
To elaborate on this, any unit vector v € AY can be written g,vy where vy is some

reference vector, say
1

w=|Y1, (5.106)
0

and g, is a transformation in G. Hence one may parameterise points of AP~ by
the particular g, required to reach them from vy. However, there is a redundancy in
this description in that v is invariant under a subgroup H, meaning these transfor-
mations should be excluded from the parameterisation. Thus as a manifold APY 1

is diffeomorphic to G/H.
The group H fixing a point may be seen by considering transformations that leave
the reference vector vy above invariant. Clearly it is invariant under multiplication

by block-diagonal elements of G of the form

10
(0 h) , (5.107)

where h is (N — 1) x (N — 1) and hence an element of A(N — 1, A). In AP~ the

vector vy gets identified with vou, so left-multiplication of vy by

u 0
<O j:]l)’ (5.108)

which in this case is equivalent to right-multiplication by wu, also leaves the corre-

sponding point of APY~! invariant. Thus (ignoring subtleties involving orientation-
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reversing isometries in the real case)

N1 o SO(N)
RPZ= SO(N — 1) x O(1)’
N-1 o ) ~ __ SUN)
P Sy xum Tsiw - <y (5-109)

Having seen that all of the classical compact groups appear as isometries of pro-
jective spaces over R, C, H, it is obvious to guess that the exceptional groups are
isometries of projective spaces over the octonions. Up to one or two subtleties this
idea turns out to be correct. The definition above does not generalise to O due to
non-associativity, but there is an equivalent definition that will work for OP' and
OP?. Consider the matrix

P=w' ovecA" olv=1, (5.110)

for A = R,C,H. This is clearly a projector (P?> = P) projecting onto the line

defined by v. It is manifestly Hermitian and has unit trace:
Tr(P) = Re Tr(P) = Re Tr(vv!) = vfv = 1, (5.111)

where the cyclicity property of the real trace was used in the penultimate equality.

Evidently P is invariant under right-multiplication of v by a unit element u € A,
v—sovu = P — P, (5.112)

so v and vu map to the same P. Moreover, any Hermitian rank-1 projector P may
be written as in (5.110]) for some v, meaning there is an isomorphism

AP 1= {Pebhy(A)|PP=P, Te(P)=1}. (5.113)

This may also be taken as the definition of APY ™!, including in the octonionic case
for N = 2,3. In fact for all four division algebras P may be written as vv! with
v € AN satisfying vfv = 1, but in the N = 3 octonionic case there is an additional

constraint that the associator between the three components of v must vanish, i.e.

, with [z,y,2] = 0. (5.114)

S
I
S
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This ensures that the components of P belong to an associative subalgebra of O,

and hence P squares to itself:
P? = (voh)(vol) = v(vTv)o! = P. (5.115)

The N = 3 case gives the projective plane AP?, which is of particular interest
since its isometry group has Lie algebra sa(3, A), i.e. the first row (or column) of the
compact magic square [lable 5.1 The isotropy group is the subgroup that preserves

a reference projector, say

100
Py=uvuy=10 0 0 (5.116)
0 00
This matrix can be written as a sum of its traceless part P and trace part,
Py= (P —31)+ 31 = P+ 31, (5.117)

with P given as in ((5.39)). Hence, by the discussion in Subsection the isotropy
groups must have Lie algebras sa(2, A) @ ex(A), which agrees with ((5.109) for A =
R, C, H; for A = O this implies that

Fy

OP? = : 5.118
Spin(9) ( )
This manifold is sometimes referred to as the Cayley plane.
Next it is natural to suppose that there exist projective planes
L3(Ap, Ag)
AR Ap)P?x 2 5.119
(AL ® Ap) Lo(Ap,Ap)’ ( )

where L3(Ap, Ag) is the group resulting from exponentiation of the Lie algebra
£3(Ap, Ag) and similar for Ly(Ap, Ag) with Lie algebra £5(Ap, Ag). At first sight
this appears to work, since (A ® Ag)P? should have tangent space (A; ® Ag)? =
2(A; ® Ag), which is exactly the Lie-algebra subspace £3(Ap, Ag) — £2(Ap, Ag).
However, in general these manifolds are not strictly speaking projective
spaces because the tensor product A ® Ay is in general not a division algebra, and
hence has zero divisors. One must settle then for taking (A ® Ax)P? to be defined
by equation (5.119)) [II, 57, ©90]. For more detailed and elegant treatments of magic
square projective geometry see [91), 1, 00, 02] and the references therein.

For the magic square of supergravities the scalars parametrise the symmetric
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spaces G/H, where G = L;5(Ap,Ag) is the U-duality group with Lie algebra
L12(Ar, Ag) and H = Ly(Ap, Ag) is its maximal compact subgroup with Lie alge-
bra £9(Ay, Ag). Thus, the scalar fields may be regarded as points in non-compact

Lorentzian division-algebraic ‘projective planesﬂ

=5 ~ L12(Ar, AR)
AL @ Ap)P?x =2 5.120
e @AnP = T A An) (5120)
Taking Ap = R, i.e. Ni = 1, the scalar manifolds can be understood using
Lorentzian Jordan algebras [II, [88]:
hi2(A) == {H € A[3]| H=nH'n}, (5.121)

where n = diag(—1,1,1). Then the non-compact Lorentzian plane is just the

Lorentzian analogue of :
AP? = {P € h5(A)|P* =P, Te(P)=1}. (5.122)
Rank-1 projectors P of this form may always be written as
P = —wiy, (5.123)

where v € A? is a ‘time-like’ unit vector, vinv = —1, whose three components asso-
ciate, as in . The metric on this space is then inherited from the Lorentzian
metric  on A3:

ds* = —dv'ndv =  Tr(dPdP). (5.124)

Thus the N = N +1 = 2,3, 5,9 supergravities resulting from Yang-Mills theories

with Mz = 1 have a scalar sector Lagrangian given by

L=1/—gTx(0,P0"P), (5.125)
with
SO(1,2)/(SO(2) x O(1)), AL =R
A G/H =] SU(1,2)/(SU(2) x U(1)), A,=C (5126)
Sp(1,2)/(Sp(2) x Sp(1)), AL =H
\F4(_20)/ Spin(9), AL = 0.

TFor example RP? 22 SO(3)/ (SO(2) x O(1)) vs. RP2 = SL(2,R)/ (SO(2) x O(1)).
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In order to see the form of the Lagrangian (5.125)) in terms of individual scalar
fields (of which there are 2N/, in total), one may take the coset representative V €
GG/H in more conventional language and then write it as an A -valued 3 x 3 matrix
in the representation of SA(3, A1) described in Subsection[5.2.1] Then simply write

v = Vi (5.127)

with vy defined in (5.106)). Then defining P as in ([b.123)) gives an explicit Lagrangian.
For example, the A, = A = R case has scalar coset SO(1,2)/(SO(2) xO(1)), which
is equivalent to the SL(2, R)/ O(2) sigma model presented in equations (2.78)—(2.82).
The coset representative V as defined in becomes

cosh 1 + %6“’1(902)2 ety sinh gy — 56%(902)2
Y= 0o 1 —p2 (5.128)

sinh @1 + 26?1 (g2)? €'y cosh oy + e (p2)?

in the defining 3 x 3 representation of SO(1,2). Then

cosh ¢ + %6¢1<902)2
v="VNy = 1y (5.129)
sinh ¢ — %ewl(%)?

(with T — T since V has real entries), which leads to the Lagrangian
L= V=g Te(9,P"P) = /=g(—50,010"p1 — 567 0ip20" ), (5.130)

in agreement with equation (2.80).
The Lagrangian ([5.125)) is an elegant formulation of the scalar sigma model for

Ng = 1, but unfortunately it does not easily generalise to include Nz > 1, by the
lack of a projective interpretation of the manifolds (A ® Ag)P? defined in (5.120).
Such a version of the supergravity Lagrangian is desirable, since writing the theory

over A ® A g makes manifest its Yang-Mills-squared origins.

5.5. Summary

In this chapter the idea of gravity as the square of gauge theory was combined with
the division-algebraic formulation of Yang-Mills to uncover a magic square of D = 3
supergravities. Fach theory is obtained by tensoring an A-valued SYM multiplet
with an A g-valued SYM multiplet and has a U-duality group G whose Lie algebra
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is the magic square algebra £49(Ap, Ag). This U-duality acts non-linearly on the
scalar sector, which describes a sigma model whose target space is the Lorentzian
‘projective plane’ (A, @ Ag)P2.

The next step is to lift this process into higher dimensions, generalising to all cases
in the range 3 < D < 10. Since there are fewer and fewer available super Yang-Mills
theories to ‘square’ as D increases, this results in a magic pyramid of supergravity

theories, whose base in D = 3 is the magic square. This is the subject of Chapter [6]
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6. A Magic Pyramid of

Supergravities

Having established in the previous chapter that taking tensor products of D = 3
super Yang-Mills multiplets leads to a magic square of supergravities, it makes sense
to generalise this construction to higher dimensions. The goal of this chapter is to
give a unified presentation of the field content and global symmetries of ‘SYM-
squared’ supergravities in the range 3 < D < 10.

In terms of Lorentz representations, the field content of a general SYM-squared
supergravity theory is presented in Section [5.1], or in further detail in and
in the Appendix. For each D, N}, and Ny this field content is sufficient
to determine the U-duality groups G of the resulting supergravities, as well as their

maximal compact subgroups H. There are two possibilities:

1. If one of the Yang-Mills theories has maximal supersymmetry then the tensor
product results in the unique gravity multiplet with A" = N7, + Ny supersym-
metries, whose U-duality group in each case is familiar from the literature [42].
For example, in D = 4, tensoring N7, = 4 SYM and Nz = 2 SYM results in
the unique N = 6 supergravity theory with G = SO*(12) and H = U(6).

2. If neither SYM theory is maximal then the tensor product gives a supergravity
with N' = N}, + N, consisting of the gravity multiplet coupled to additional
matter multiplets. Again, the U-dualities of such theories are well-known.
For example, in D = 4, tensoring N = 2 SYM and Ny = 2 SYM results in
N = 4 supergravity coupled to two vector multipletdl] [93] with G = SO(6, 2) x
SL(2,R) and H = SO(6) x SO(2)? ~ U(4) x U(1).

The resulting G and H groups are given in [Figure 6.1] and [Figure 6.2 as well as
Tables [6.3H6.6l

Just as the magic square was described by a single Lie-algebraic formula, one

may define a magic pyramid formula, which takes as its arguments three algebras:

In general, N = 4 supergravity coupled to n vector multiplets has G = SO(6,n) x SL(2,R) and
H = S0(6) x SO(n) x SO(2). The factor SO(6) x SO(2) ~ U(4) is the R-symmetry, while the
factor SO(n) rotates the n vector multiplets into one another [93].
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ReR > O
SL(2) ><!O(1, 1)

R > O
SL(3) x SL(2)

C > O

SL(5)

HoH > /Q —0

Figure 6.1.: Pyramid of U-duality groups G. Each layer of the pyramid corresponds to a different space-
time dimension, with D = 3 at the base and D = 10 at the summit. The spacetime dimen-
sions are labelled by the (direct sum of) division algebra(s) D on the vertical axis as given
in The horizontal axes label the number of supersymmetries of the left and right
Yang-Mills theories: O means maximal supersymmetry, H means half-maximal, and so on.
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i : SO(10)xSO(2) SO(9)
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| ! 1x80(3)2” " SO(6)xSO(3)xSO2)~  SO(5)xSO(3)
| ——(F ——(OF
SO(10)xSO(2) SO(6)xSO(3)xS0(2) SO(4)xSO(2)2 SO(3)xSO(2)
~ % C
S0(9) S0(5)xS0(3) S0(3)xS0(2) 50(2)
Y ' ]R
N /
H C R

Figure 6.2.: Pyramid of compact subgroups H C G. Each layer corresponds to a different spacetime

dimension, with D = 3 at the base and D = 10 at the summit. The spacetime dimensions
are labelled by the (direct sum of) division algebra(s) D on the vertical axis as given in
The horizontal axes label the number of supersymmetries of the left and right
Yang-Mills theories: O means maximal supersymmetry, H means half-maximal, and so on.
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division algebras A and Ag, and the Clifford algebra Cly(N), 1 < N < np, ng,
where N = D — 2 and ny = dim[A,] and ngp = dim[Ag]. Each SYM-squared
supergravity’s U-duality group G then has Lie algebra g given by the magic pyramid
formula, and a maximal compact subalgebra § given by a corresponding reduced
magic pyramid algebra.

Section [6.1] contains a brief summary of one of the main the results of Chapter [4}
how a general pure SYM theory may be written over a division algebra A,. Then,
Section describes how this gives (A ® A g)-valued SYM-squared supergravities.
Finally, Section [6.3| presents the mathematical definition of the magic pyramid alge-
bra, and a demonstration of how it describes the Lie algebras of the groups presented

in [Figure 6.1} [6.2 and Tables[6.3}6.6]in terms of the symmetries of the original super
Yang-Mills theories.

6.1. Division-Algebraic Super Yang-Mills

Every pure super Yang-Mills theory can be obtained by dimensional reduction of
the minimally supersymmetric D = 3,4, 6, 10 theories presented in Chapter 4] whose
on-shell symmetries are given by the triality algebras tri(A,,). There it was demon-
strated that a super Yang-Mills theory in D = N + 2 dimensions with A/ supersym-
metries has field content {A,, ¢;, \'}, or on-shell {a, ¢, '}, where:

o € Sy, with I =1,---, N, are the A/ fermions, each valued in Sy, i.e. the
space of spinors of Cly(N). These can be packaged as an element f of the
division algebra A, = (Sy)", where n = Nsy with sy = dim[Sy];

e a € RY is the on-shell gauge field, which may be embedded in a subspace
RY C Ay;

e ¢, are the (n— N) scalar fields, which may be embedded in a subspace R" C

A, complementary to that of the vector a.

Hence, the on-shell content may be organised into a bosonic sector b and a fermionic

sector f, each of which takes values in A,,:

b=a+¢=ageq+ de; €A, feA, = (Sy)V (6.1)
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where, for the bosons, the usual index a = 0,1,--- ,(n — 1) labelling the division-
algebraic basis elements is decomposed as
0,1,---,(N—=1),
N,(N+1),---,(n—1),

IS
Il

(6.2)

7

so that span{e,} = R C A,,, while span{e;} = R"" C A,,. For solutions of the
free Fourier-space equations of motion with momentum p, = (E,0---,0, E), the

on-shell supersymmetry transformations are
0b = —ief™, 0f =iE b, b, fie € A, (6.3)

where the components f, and ¢, are Grassmann numbers. The overall symmetry is
50(N)gr @ inty(A,,) C tri(A,) — the spacetime little group algebra so(N)sy plus the
internal symmetry inty(A.,,). The spacetime part so(V)sr acts on the three different
representations b, f, € via equation (4.103)):

5(b, f*,€) = Tsr(b, f*,€) = 20T (b, f*, €), (6.4)
where 6% € 50(N)gr, while inty(A,,) 2 so(n — N) @ ex(A,,) acts as
6(b7 f*> 6) = T‘INT(ba f*a 6) = ieﬁTﬁ(b, f*7 6) + TEX(ba f*a 6)7 (65)

where
Tox = (0,—Lg,, Ry,) € tri(A,,), 0 € ex(A,). (6.6)

It is convenient to define a new algebra symy (A,,), made up of those elements of

tri(A,,) that commute with its so(/V)g; subalgebra:

symy(A,) = {T € tri(A,) — s0(N)gr

[T, 50(N)se] = o}. (6.7)

For N > 1 this is clearly just the same as the algebra inty(A,,), but for N = 1
the algebra so(N)gr is empty, so (6.7) enforces no condition on tri(A,,) and thus
sym, (A,) = tri(A,,). Hence

tri(A,,), N=1,
inty(A,), N> 1.

1%

symy(A,,) (6.8)

Thus the subtle difference between the algebras symy(A,,) and inty(A,,) is that

symy(A,,) gives the symmetries of the dualised (i.e. zero coupling constant, g = 0)
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Yang-Mills theory in D = N + 2 = 3 dimensions: tri(A,,). In contrast, inty(A,,)
gives the symmetries of the original ‘un-dualised’ theory with the usual field content

{a € Re(A,,), ¢ € Im(A,,), ¥ € A, }.

A, O H C R
N Q=16 Q=3 Q=14 Q=2
8 er(O) - - .
=0
7 %] - - -
6 50(2) - - -
> y(1)
5 s0(3) - - )
= sp(1)
4 s0(4) er(H) - -
~25p(1) = sp(l)
3 50(5) sp(1) - -
= 5p(2)
2 50(6) s0(2)®sp(l)  ex(C) -
= su(4) =u(2) =u(l)
1 s50(8)  so(4) ®sp(l) u(l) er(R) =0

Table 6.1.: The internal symmetry algebras of pure super Yang-Mills on-shell: symy (A,,). Each
slot corresponds to the SYM theory in D = N + 2 dimensions with Q@ = 2n real
supercharge components. The N = 1 row describes the symmetries of the D = 3
theory when the Yang-Mills gauge field has been dualised to a scalar — compare this to
‘Table 4.4

To take account of this dualisation in D = 3, it is useful to give an alternative

definition of the space of scalars 8 C A, as the space of solutions ¢ to
5(¢7 07 O) = TST(¢7 07 O) = Oa ¢ € An» (69)

i.e. 8N = ker[As;], where Typ = (Agy, Bsr, Csr). This is just the obvious statement

that scalars are invariant under spacetime rotations. Thus Ts naturally decomposes
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A, into two subspaces:
A, =VVNgpsY (6.10)

where V¥ is the orthogonal complement of $¥ in A,. For D = 3 (N = 1) the
spacetime little group is so0(1)sr = © and hence Ty, = 0. This means that every
¢ € A, trivially satisfies (6.9), and hence S = A,,. For D > 3 (N > 1) the space

of scalars $ just corresponds to the internal dimensions, R" 2 span{e;}. In

summary then,

@, N == 1, An’ N = 1’
vV SN =~ (6.11)
RN, N > 1, RN N >1,
and the bosonic content becomes
b=a+¢cA, acV' o¢ecS (6.12)

where a is the vector and ¢ contains the scalar fields.

Just as the magic square was constructed from the triality algebras, which were the
internal symmetries of super Yang-Mills theories, the magic pyramid is constructed
from the algebras shm (A.,,). This explicitly involves the spaces V¥ and S, as well
as the algebra D, over which Cly(NV) is defined.

6.2. The Supergravity Pyramid

Tensoring an on-shell super Yang-Mills multiplet {b € A, f € A} with another
{l; € Ap, f € AR} generates a supergravity multiplet, valued in A; ® Ag. Each
multiplet has global symmetry algebra

50(N)gr @ symy (AL ). (6.13)

With respect to s0(N)gr the tensor products are so(NV)gr-modules, while with re-
spect to symy (A ) and symy (Ag) they are symy (A L) @symy (A g)-modules. Prac-
tically speaking, the tensoring of on-shell fields can be organised just as in D = 3
(see the previous chapter); the total supergravity content can be arranged into a

bosonic doublet and a fermionic doublet,

B — (%fifj c (AL ® AR) g (fib> c (AL ® AR) ' (6.14)
bb A ®Ap bf* Ap ® Apg
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A \AR aecVvy ¢ c SN feAg

a€VYN g+ B+peVioVN o cVieSY U+ yeVieAg
e Sy o € SYVY 0 € SNRFN X € SY@AR
feAL | T+xeA@VE  x€AL®SY ¢m+- €A ®AR

Table 6.2.: Tensor product of left /right (A /Ag) SYM multiplets in D = N + 2 dimensions, using
s50(N)gr spacetime little group representations.

The field content — in terms of irreducible so(V)s representations — contained within
% and F may be found using the on-shell version of the dictionary in Section [5.1}
For example, the bb (i.e. NS-NS) sector is

bb = (a+ ¢)(@+ o) = ad + ¢¢ + ad + ¢i; (6.15)

the last three terms correspond to supergravity scalars ¢¢ € SN @ SN and vectors
o = a¢+ ¢a € (VN@SN) @ (SY@VY), while the first term ad gives the graviton g,

a 2-form B and a scalar as the symmetric-traceless, antisymmetric and trace parts,

respectively:
al = agQp €€y = [ (a(adb) - %(a,c~,c>5gb) “"% (actic) Oqp + ajaly } €aCs, (6.16)
—_— —— ~——
Yab ¥ By

where v := dim[V}] = dim[V}]. The rest of the field content is listed in [Table 6.2}
Note that the p-form fields of the Ramond-Ramond sector % fr f *in 98 are dimension-
dependent. By virtue of working on-shell all p-forms in the following discussion will
effectively always be dualised to the lowest possible rank consistent with their little
group representations. Thus for example, in terms of Lorentz reps, B, — ¢, A, in
D = 4,5, respectively. This ensures U-duality is manifest.

The detailed form of these tensor products for D > 3 are summarised in[Table A 7]
and in the Appendix, where for a given little group representation the
symy(Ayp) @ symy(Ag) representations have been collected into the appropriate
representation of h, the maximal compact subalgebra of the U-duality g. For ex-

ample, consider the square of the D =5, A/ = 2 super Yang-Mills multiplet, whose
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global symmetry algebra is s0(3)sr ® syms(0) = s50(3)sr @ sp(2),

® A, (31) X (2:4) ¢:(1;5)
A, (3;1) 1 (5:;1,1)+(3;1,1) +(1;1,1) (4,1,4)+(2;1,4) (3;1,5) (6.17)
A (2:4) (4:4,1) + (2;4,1) (3;4,4) + (1;4,4) (2:4,5)
¢:(1;5) (3;5,1) (2;5,4) (1;5,5)

On gathering the spacetime little group representations in (6.17)), the (generally
reducible) symg4(O) & symy(O) = sp(2) @ sp(2) representations they carry may be
combined into irreducible h = sp(4) representations, as illustrated by the following

decomposition under sp(4) D sp(2) @ sp(2):

g+ (5:1) = (5:1,1),

T, (4:8) = (4;4,1) + (4;1,4),

A, (3;27) = (3;1,1) 4+ (3;5,1) + (3;1,5) + (3;4,4), (6.18)
A (2:48) — (2:4,1) 4 (2;1,4) + (2:4,5) + (2;5,4),
¢:(1;42) — (1;1,1) 4 (1;4,4) + (1;5,5).

The algebras g(Ng, +Ng, D) and h(N, +Ng, D) may always be decomposed into
symy (Ap)@symy(Ag) and a direct sum of irreducible representations built up from
pieces relating to the left and right Yang-Mills theories. The precise form of these
representations can be obtained as follows. The spacetime little group so(N)gr acts
on the bosonic doublet according to ([6.4):

f F _ 1pab (§é+§ﬁ,) 0 %f*f*
bb 0 (Agb+Agb) bb
while the fermions transform as
s(F0) _pw ((Bh+AL) 0 b 6.90
£ T4 1L DR e : ( ' )
bf 0 (Agb—i-ng) bf

As seen in the previous chapter, these doublets are irreducible representations of
the reduced magic square algebra £o(A, Ag), but in general this algebra does not
commute with the so(N)gr transformations given above. Thus the largest internal
linearly-acting symmetry compatible with the spacetime symmetry is the subalgebra
of £5(Ap, Ag) that commutes with so(V)gr. Since any element Ty € 50(N)gr may
be written as Ty = 10%T,, = — 30T, — }Léﬂj 1;T}, a transformation commutes with

50(N)gr if and only if it commutes with 7;. This also extends to the non-compact
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symmetries. The largest symmetry algebra is that commuting with 7;. This will be

described in detail in the following section.

6.3. The Magic Pyramid Algebra

This section is dedicated to giving a mathematical definition of the magic pyra-
mid algebra Py(Ar, Ag). Consider T} € ti(AL) and T € ti(Ag), with i =
L,---,(N —1) as usual, satisfying

(TfTJL + TJLEL)(O, r,y) = —20;;(0,2,y), Vr,ye€AgL (6.21)

and similar for YER € tri(Ag), with 1 < N < np,ng, where ny, = dim[A ] and ng =
dim[Ag]. This gives a representation of the Clifford algebra CI(N —1) = Cly(N) on

each of A; and Ag, and up to signs and conjugations determines

TE = (AL, BE CF) = (Lo, + Re,, Rey, L), 6.22)
ER = (*A\lRy B\l‘Ra 61R) = (Zél- + Eé_i? éé_i? Zéj) '
Then, defining
T, =T} + T € ti(AL) @ tri(Ag), (6.23)

and defining so(NN)sy as the algebra generated by the 7; and their commutators
T3, Tj], the pyramid algebra is given by

Py (AL, Ag) = {x € L1a(Ar, Ag) — 50(N)ep|[x, 50(N)sy] = o}, (6.24)

where

2172(AL, AR) = t‘Cl(AL) SP, ttl(AR) + 3(AL ® AR) (625)

is the magic square algebra, with commutators given as in Chapter 5] Just as
£12(A g, Ag) has the reduced magic square algebra £o(Ap, Ag) as its maximal com-
pact subalgebra, that of the pyramid algebra is called the reduced magic pyramid
algebra P (A, Ap):

BV (Ap, Ag) = {x € £2(Ar, Ag) — 50(N)er [z, 50(N)er] = o}. (6.26)

Any generator in £15(Ap, Ag) — or its subalgebra £5(A., Ar) — commutes with
50(N)gy if and only if it commutes with every T;.

To examine the structure of the pyramid algebra in more detail, the terms in
the Lie-algebraic formula can treated individually; in each case the subspace

143



that commutes with 7; may be specified. By definition, the part of tri(A, g) that

commutes with T_iL’R is the algebra shymy (A g). Therefore
[shymy(Az r), Ti] = 0, (6.27)

since [tri(Ap), tri(Ag)] = 0. As well as the sym subalgebras that commute with 7; =

T} + T}, the subspace tti(A) @ tri(Ag) also contains the orthogonal combination

w =TF-TF, (6.28)

but this only commutes with 7; in the special case N = 2, where there is just one
Ty and one wuq, each of which generates a u(1). This corresponds to the fact that
Cly(2) = C is the only non-trivial commutative Clifford algebra. Overall then, the
condition that each generator must commute with 7} reduces tti(AL) @ tri(Ag) to
the subalgebra

symy(AL) @ symy(Ag) & dyou(l). (6.29)

Next, consider the terms
3(AL®Ag) = (AL ® Ag)y + (AL ® Ag), + (AL ® Ag),, (6.30)
where the subscripts refer to elements of 3(A; ® Ag) as follows:
(X, X7, X,) € 3(AL ® Ag). (6.31)
Then, since the commutators of

TL = (A\L, §L, 6L) c f‘Ci(A[),

PO (6.32)
TR = (AR, BR, CR) € ttl(AR)

and elements of 3(A; ® Ag) are given by the natural action of tri(A ) & tri(Ag) on
3(AL ® Ag),

[TLa (va X:, Xc)] - (A\LXU; ELX:a aL-ch)v

TR (6.33)
[Tr, (X, X7, Xo)] = (ArX,, BRX], CrX.),

it follows that the condition

[T, (X, X3, X))

0 (6.34)
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is equivalent to
(AF + AM X, =0, (BF+BMX:=0, (Cr+CMHX,=0. (6.35)

Written out in full, these conditions are very simple; respectively, they become

(6@ + éZ)XU + Xv(ez- + él) 07
X (e;+ &) =0, (6.36)

The solution for the X7 and X, conditions is rather simple, due to the Clifford
algebra relations . For concreteness, consider the X. equation first. The
Clifford algebra CI(N — 1) = Cly(N) is associated with an algebra D via equation
(4.89), as well as an irreducible spinor representation Sy with (real) dimension sy .
The representation of Cly(/V) on the division algebra A g generated by @L’R is in

general reducible with
Ap = (S, Ag 2 (Sw)MVR, (6.37)

where Ny g = nr/sy. With this in mind, by equation the subspace of the

tensor product Ay ® A g satisfying (@L + @R)Xc = 0 is isomorphic as a vector space

to Dy [Nz, Ng] (the linear operators (Z-L and —@R correspond to the generators E,,

and E,, in ([#101))). The same is clearly true for (E_ZL + E_ZR)X * =0, since E_ZL and

EZR also give representations of the Clifford algebra on A and A g, respectively.
For the condition (A;L + /Alf)X,, = 0, decompose

Ap=VY @Sy, Ap=VYaosy, (6.38)

where S = ker[ﬁf] = ker[ﬁSLT], SN = ker[zzl\f] = ker[zzl\fT} and VI VL are their
respective orthogonal complements in Ay, Agr. Note that VY = V. Then the

tensor product algebra decomposes into four pieces:

(AL ®Ag), = (VY @ $Y) @ (VE @ SY)

(6.39)
>~ (VIeVE) @ (SYeSK) @ (VY ®SY) @ (SYVR).

Examining these four subspaces, first it is clear that X, € VY ® $& can never
satisfy ([6.36)), since in this case by definition (ﬁf + EZR)XU = %LXU # 0, and similar
for X, € $%¥ ® VX. The entire subspace $Y ® S% trivially satisfies the condition

(6.36). This leaves only V¥ @ VX whose elements are of the form X, e,é, and may
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be decomposed into a traceless symmetric part, a trace part and an antisymmetric
part:
Xap €afy = [(X(at) — 3 Tr(X)dap) + 3 Tr(X)dap + Xiat] €, (6.40)

where v = dim[VY] = dim[V{]. Tt is easy to check that the trace part satisfies

(6.36), since

(AF 4 AMe e, = (€5 + €1)eala + Calales + &) = 0. (6.41)

The other terms do not in general satisfy (6.36]), except for the antisymmetric part

in the special case of N = 2, since there
Xap) = Xpo1)€ab; (6.42)

where g4 is the 2 x 2 antisymmetric symbol with €o; = 1, which gives an invariant

as follows:

~ ~

(A_IL + Af)sgbegéb = (61' -+ éj)%g@gé@ + Egbegé_b(e_i -+ é_z) =0. (643)

Thus the general solution to (gf + XZR)XU = 0 is of the form
Xy = O 16y + P e€q + ON 2 P Eab€aCy (6.44)
belonging to the following subspace of A ® Ag:
SV @SN o Tr (VY @ VY) @ onoPI (VY AVY) 2 SV @ ¥ @ R @ dyoR,  (6.45)

where Pf denotes the Pfaffian, which is linear only for V = 2 (note that Vi r = RY).
Of course, this subspace corresponds precisely to the set of NS-NS scalars from
the tensor product bb — see equations (6.15) and (6.40) — since these are just the

components of bb invariant under spacetime rotations, i.e. (Ang + Aﬁ))bi) = 0, which
is equivalent to (AF +Af)bb = 0. Note that the dy R term corresponds to the extra
scalar coming from dualisation of the NS-NS 2-form B in D =4 (N = 2).

Putting all of this together, first the reduced magic pyramid algebra is

PY(Ap, Ag) = symy(AL) @ symy(Ag) + dnou(1) + DN, Nzl (6.46)
with DIN7, Ng] C (A, ® Ag)., which is the maximal compact subalgebra of

Pro(Ar, Ag) =Py (AL, Ag) + DN, Ng] + 57 ® S + R+ xR, (6.47)
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with DIN7,Ng] C (A ® Ag)s and SY ® S¥ + R + dy2R C (Ar ® Ag),. The
commutators for these algebras are simply inherited from those of the magic square
algebras.

Of course, by construction, for each SYM-squared supergravity in D = N + 2
dimensions the U-duality group G and its maximal compact subalgebra H have Lie

algebras
Q(NL +NR7D) :mﬁz(ALaAR% h(NL +NR7D) :;’BéV(A[MAR) (648)

Of particular interest in the supergravity theories are the scalar fields, which pa-
rameterise the coset G/H. The tangent space at a point in G/H can be identified
with the vector space g — b. From ([6.47) this is given by

g— b =P, — Py = DN, Ng] + ST ®SF + R+ 2R (6.49)

This makes sense as the space of scalar fields, since this is the space of solutions ¢

to 0B = 0 where § here represents the infinitesimal spacetime little group transfor-

mation given in (6.19)). As described in the previous section, §% = 0 if and only

if
BL + BE 0 L fx
B 0 N (w7 (6.50)
0 Af + Af bb

which gives precisely the first two equations in (6.36)). Then, by the arguments
above, the space of solutions to the f* f* equation is isomorphic to DN}, Ng] and
represents the R-R scalars, while that of the bb equation is SN@SN + R 4 6y 2R and

represents the NS-NS scalars — see [Table 6.2

6.4. Compact Pyramid Symmetries

The reduced pyramid algebra has more structure than is immediately obvious;
PBY (AL, Ar) must always consist of two mutually commuting subalgebras: one is
isomorphic to sa(Ny + Ny, D) and the other is an extra piece py(Ap, Ag), to be
defined below. This can be seen by rewriting equation in terms of symy (Ap)
and symy (Ag):

symy(AL) = sa(N, D) @ exy(Ar),

(6.51)
symy (Ag) = sa(Ng, D) & ery(Ag),

147



where exy(Ay) is a possible u(1) or sp(1) that commutes with sa(Ng, D):

e;(AL), N=1
ern(Ar) =symy(Ar) ©sa(Ng, D) = < u(1), (N,nr) =(2,2),(2,4),(6,8)

O, otherwise,
(6.52)
and similar for ex(Ag). Then

(,Bév = BUmN(AL) @SUmN(AR> ) (5N72u(1) + ID[NL,NR]
=sa(N., D) @ sa(Ng, D) @ onou(l) + DN, Ng] @ ey (AL) @ exy(Ag)
:EG(NL —|—NR,]D) @ pn(Ap, Ag), (6.53)

where

A Ap), N#£6
pnv(Ap, Ag) =BY sa(N, + Ni, D) = tn(A) ® ern(Ar), N # (6.54)

u(l), N =6.

Th logic for the final equality in (6.53)) is as follows. Any element X = —XT of
a(Nz + Ng, D) may be decomposed as

X, M
x=|"" : (6.55)
—Mt Xp

where X1, € a(Ng, D), Xg € a(Ng, D), and M € D[N, Ng]. Hence
a(Ny + Ng,D) = a(N,, D) @ a(Ng, D) + DN, Nx], (6.56)
which restricts to
sa(Ny 4+ Ng, D) 2 sa(Ng, D) @ sa(Ng, D) @ dpcu(l) + DN, Nk, (6.57)

from which equation ((6.53]) followﬁ. It is then easy to see that the groups H of
the pyramid diagram in correspond to those predicted by the reduced
pyramid algebra construction.

Equation (6.53)) is in agreement with the R-symmetry for (N +Ng)-extended su-

2Some care is needed when dealing with the D = 4 commuting er,(Ay r) pieces. In general the
u(1) absorbed into sa(Nz + Ng, C) = su(N +Ng) is a linear combination of that contributed
by the dnou(1) term and an element of exy(Ar) @ exy(Apr). Hence the final commuting u(1)
algebras that sit in po(Ap, Ag) are also given by orthogonal linear combinations.
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persymmetryﬂ (here meaning specifically the automorphisms of the supersymmetry

algebra), which in general has Lie algebra
t(NL +NR,D) = CL(NL +NR,ID). (658)

Each term in the reduced pyramid formula (6.46)), and hence the algebra b of
compact U-duality symmetries of SYM-squared supergravities may be traced back
to Yang-Mills:

e Of course shmy (A ) and symy (A g) are the internal symmetries of super Yang-
Mills — triality algebras in D = 3 and R-symmetries in D > 3.

e Just asin D = 3, the term D[N}, Ng] corresponds to the tensor product of the
left and right supersymmetry generators: Q®(Q. Performing a supersymmetry
transformation ([6.3) on both the left and right Yang-Mills fields gives

*
0 —e;

é*, lf*f*
5.0 B = F €,éu o ) [ B 6.59
Lon o (eaéa/ 0 )( b (6.59)

0 —eléy “b
ST = By [ O TG (10 (6.60)
CaCrs 0 bf*

but only the components that commute with the so(N)gy transformations

(6.19) and (6.20]) can contribute to . This condition is equivalent to

and

(C} + Cffyee = (es + &)ee = 0, (6.61)

which is equivalent to the condition in (4.101)), giving D[Nz, Ng].

e Finally, the dyou(l) term can be understood as a consequence of the little
group $0(N)gr being both commutative and non-trivial only for N = 2. In
this case, any element of s§0(2)s acting on the triple of Yang-Mills quantities
(b, f*,€) may be written as

Tyr = 10 Ty = 50°' Toy = 50°' T, (6.62)

=13 a

with Ty = (Le, + Re,, Re,, Le,). Hence, as described in the last section, the
little group generator T + T in the supergravity theory commutes with

the orthogonal combination T — T}, corresponding to transforming the left

3Note that the commuting u(1) of u(8) = su(8)&u(1) for D = 4, N’ = 8 supergravity acts trivially
and is thus not produced in P (A, Ar). Otherwise, a(N7 + Ng,D) C h(NL + Ng, D).
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and right Yang-Mills theories under separate spacetime s0(2)%, and so(2)%,
rotations with opposite respective transformation parameters, leading to a

new internal symmetry transformation.

As a concrete example consider D = 4, N' = 8 supergravity with h = su(8),
obtained as the tensor product of N7, = 4 SYM and Nz = 4 SYM, each of which
has internal symmetry shm,(0) = su(4). Decomposing h = P3(0, 0) = su(8) into
su(4) @ su(4) ®u(l)

63, — (15,1)y+(1,15), + (1,1), +(4,4); +(4,4)_,, (6.63)
~~ N - —— ~ d
su(8)  aym,(0) @ shymy(0) Sy ou(1) C[4,4]

the terms of (6.63) correspond exactly to the terms in the reduced pyramid formula
(6.46) (note that the u(1) here corresponds to the dyou(1) term, which contributes
since D =4 N =2).

6.5. Non-Compact Pyramid Symmetries

The maximal supergravities populating the ‘spine’ of the magic pyramids in
and are of course those familiar from dimensionally reducing
D = 11 supergravity, whose U-duality groups FEyq) (where d = 11 — D) are listed
in Table [2.2] For example, consider once again the maximal D = 4, N' = 8 theory
with g = P7,(0,0) = e7(r). In terms of its maximal compact subalgebra b = su(8),

the adjoint of e7(7) decomposes as
133 — 63 + 70. (6.64)

The non-compact generators transforming as the 70 of su(8), which correspond
to the 70 scalar fields, can then be decomposed in terms of the SYM symmetries
sym,(0) @ sym,(0) ® u(1) = su(4) ® su(4) & u(l) C su(8):

70 — (47Z>—1 + (17 4)1 + (67 6)0 + (17 1)2 + (17 1)—2 : (665)
N —~ / W_/ N —~ P
C[4,4] S%@S% R + dn 2R

Once again, these correspond precisely to the terms given in the magic pyramid
formula ([6.47)), with C[4, 4] as the R-R sector and $3®9$2 + R + dy 2R as the NS-NS
sector. Each U-duality algebra of the maximal supergravities may be built up in
this way.

The non-maximal supergravities of D = 4,5,6 also have U-duality algebras fol-
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lowing a more regular pattern than might at first suggest. This will be
given here layer-by-layer, by setting one of the division algebras, say A g, not equal

to O.

AL\AR C H 0]
N=2f=16 N =3,£=32 N=5¢f=64
C G =U(1,2) G =U(1,3) G = SU(1,5)
H=U(2) x U(1) & SO*(6) x U(1) H =U(5)
H=1U(3) x U(1)
N =3,f£ =32 N =4,f =64 N =6,f=128
H G =U(1,3) G =850(6,2) x SL(2,R) G =S0*(12)
=~ SO*(6) x U(1) =~ S0*(8) x SL(2,R)  H =TU(6)
H =U(3) x U(1) H=U(4) x U(1)
N =5¢f=64 N =6,f=128 N =8,f =256
0) G = SU(1,5) G = S0*(12) G = Ey(7)
H=1U(5) H =U(6) H =8U(8)

Table 6.3.: First floor of pyramid (D = 4 supergravity). The first row of each entry indicates the
amount of supersymmetry A" and the total number of degrees of freedom f£. The second
(third) row indicates the U-duality group G (the maximal compact subgroup H C G)
and its dimension. The scalar fields in each case parametrise the coset G/H.

D = 4 layer: Here the non-maximal supergravity U-dualities can be obtained by

setting Ag = C, H.

o For Ap = C, i.e. Nz = 1, the compact algebra b is
h=su(N) @ ery(AL) ®u(l), (6.66)

with /' = N, + 1. Since there are no scalars in the right Yang-Mills, $% = O,

the non-compact part g — b becomes

g-h=CN,1+R+R=CY, (6.67)
which gives overal]ﬁ

g=bh+CN =su(N,1) P ery(Ay). (6.68)

Of course, one must check that the commutators between h and €V match up

with those of su(N, 1), but this is fairly straightforward. This results in the

4Note that the algebras u(1) and exy(A) in are again actually linear combinations of the
original exy(Ag) = u(l) and epy(A L) with the u(l) from the dy,2 term.
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Ar\AR H 0
N =2f=64 N =3,£ =128
H G=0(51)x0(1,1) G =S8U*(6)
~SL(2,H) x R =~ SL(3,H)
H =Sp(2) H =8p(3)
N =3f=128 N =4,f =256
o} G = SU*(6) G = Eg6)
=~ SL(3,H) =~ SL(3, 0s)
H = Sp(3) H =Sp(4)

Table 6.4.: Second floor of pyramid (D = 5 supergravity). The first row of each entry indicates
the amount of supersymmetry N and the total number of degrees of freedom f£. The
second (third) row indicates the U-duality group G (the maximal compact subgroup
H C G) and its dimension. The scalar fields in each case parametrise the coset G/H.
Note that O, here denotes the split octonions, which are similar to the octonions, but
four of the imaginary elements square to +1 instead of —1.

groups given in the pyramid of [Figure 6.1| or [Table 6.3|

e Then for Ar = H, i.e. Ny = 2, the compact algebra b is once again given by
, but this time with A" = N7 + 2. In this case g always contains

50" (2N) = su(N) @ u(1) + A%(CV). (6.69)

For example, for A, = 1, the non-compact part becomes g—bh = C3 = A?(C?),
while the compact part is h = su(3) @ u(1) $u(1), and so the U-duality group
is

g =50"(6) Du(l). (6.70)
Similar logic for N7, = 2,4 gives the remaining U-dualities of D = 4 displayed
in [Table 6.3| and |[Figure 6.1] (note the isomorphisms s0*(6) = su(3,1) and
50*(8) = 50(6,2)).

These theories were previously obtained in [72] by consistently truncating to the
untwisted sector of the low-energy effective field theory of Type II superstrings on
factorised orbifolds, revealing their double-copy structure. The magic D = 4, N’ = 2
supergravities were also discussed in this context. In particular, the quaternionic

theory originates from a non-factorisable Zs-orbifold compactification [72].
D =5 layer: For A = H, the generators of g — b contain a subspace isomorphic

to h’\-(H), the space of N'x A Hermitian traceless quaternionic matrices. Combining
this with the compact R-symmetry subalgebra b = sp(A\), which consists of N' x N’
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Ar\AR H o}
N =(1,1),f =64 N =(1,2),f =128
H G = Spin(4) x O(1,1) G = SU*(4) x Sp(1)
=~ SL(1,H) x SL(1,H) x R =~ SL(1,H) x SL(2, H)
H = Sp(1) x Sp(1) H = Sp(2) x Sp(1)
N =(2,1),f =128 N =(2,2),f = 256
() G = SU*(4) x Sp(1) G =S0(5,5)
=~ ST,(2, H) x SL(1,H) =~ ST.(2, O5)
H = SU(2) x SO(2) H = Sp(2) x Sp(2)

Table 6.5.: Third floor of pyramid (D = 6 supergravity). The first row of each entry indicates the
amount of supersymmetry A and the total number of degrees of freedom £. The second
(third) row indicates the U-duality group G (the maximal compact subgroup H C G)

and its dimension. The scalar fields in each case parametrise the coset G/H.

anti-Hermitian quaternionic matrices, gives
sV, H) = sp(N) + by (H).
Specifically, since $3 = R, the space of non-compact generators is
g—h=HN.,,1+$ eR+R=H" +$ 9 R+R,
so that for A; = H, i.e. N = 1, this becomes
g—h=H+R+R=bH(H)+R,

giving
g=sl2,H) &R,

(6.71)

(6.72)

(6.73)

(6.74)

while for A = O, i.e. N = 2, the left Yang-Mills scalars belong to $3 = R® = b5 (H)

and hence
g—b=H?+by(H) + R = bj(H),

giving the U-duality
g = sl(3,H).

(6.75)

(6.76)

Once again this matches up with the groups shown in [Table 6.4 and [Figure 6.1] (note

the isomorphisms sl(N, H) = su*(2N) and su*(4) = s0(5,1)). The magic pyramid

is plotted again in using various isomorphisms to emphasise its overall

symmetries.
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D = 6 layer: This follows the same pattern as the D = 5 layer, only with N'™ and
N~ treated separately due to chirality, giving

g 2sl(NT H) @ sl(N -, H), (6.77)

with equality for N = (N, N7) = (2,1),(1,2), while if neither Yang-Mills is the
maximal (1, 1) theory then

g2 sV H) @ sl(V 7, H) & R, (6.78)

Note that in D = 6 when tensoring two minimally-supersymmetric Yang-Mills mul-

tiplets, one may take the two multiplets to have either the same chirality or opposite

chirality:
[(17 O)SLYM] X [(17 O)SRYM] = [(2’ O)SUGRA + (27 O)TENSOR]a (6 79)
[(170)SLYM] X [(07 1)SRYM] = [(1’ 1)SUGRA]7
leading to respective U-dualities given by (/6.78]):
sl(2,H)d R =s0(5,1)d R,
(2, H) (5,1) (6.80)

si(I,H)®sl(1,H) @R = sp(l) @sp(l) @ R.

The details of the above tensorings are given in See also [94]. The
chiral theory [(2,0)suara + (2, 0)rexsor) 18 anomalous since the unique anomaly-free
supergravity [95] with A/ = (2,0) consists of one (2, 0)sycra multiplet coupled to 21
(2,0)rensor multiplets as obtained by compactifying D = 10 Type IIB supergravity
on a K3. The non-chiral [(1,1)sycra] theory was chosen for [Table 6.5 and |Fig-|
. Note that the chiral (1,2)sycra is also anomalous and adding the required

compensating matter extends the theory to (2,2)syera [96].

Although they are not considered directly here, it should be noted that the magic
D =6, N = (1,0) supergravities (which come coupled to 2,3,5,9 tensor multiplets
and 2,4, 8, 16 vector multiplets, respectively, as well as hyper multiplets) are closely
related to the magic square and constitute the parent theories of the magic D =

5,4, 3 supergavities. See [33] and the references therein.

154



Ar\AR

©

Ar\AR

o

(IIA), f = 256 IIB), f = 256

N
N O
Nl
—

Table 6.6.: The peak of the magic pyramid: D = 10. The left-hand (right-hand) table is obtained
by tensoring SYM of opposing (matching) chiralities, which is equivalent to applying a
triality to the magic pyramid formula. Of course, there is no room for matter couplings
in these theories.

D =10 layer: In this casdﬂ the compact generators form the R-symmetry
h=s0(NT)Bso(N), (6.81)
while the non-compact generators belong to
g—b=RN/ NI+ RN, NG+ R. (6.82)

Of course, once again there is a choice of chiralities:

[(2,0)sucra) i.e. Type IIB,
(1, 1)suaral i-e. Type ITA.

[(1,0) ] X [(1,0)&]

(6.83)
[(1,0)gad) % [(0,1) &, ]

For Type IIB the compact part becomes h = s0(2), while g — h = R + R, which
overall yields

g=s50(2) + R+ R =sl(2,R), (6.84)

as required; the NS-NS scalar and R-R scalar belong to an SL(2,R)/SO(2) coset
model. For Type ITA the compact subalgebra b is empty, while the non-compact
part g —h = g = R, corresponding to the single NS-NS scalar. By convention Type

ITA appears in [Figure 6.1] and [Figure 6.2 but one could equally well place Type I1B

at the summit of the pyramid.

6.6. Summary

The goal of this chapter was to obtain the field content and global symmetries of
each supergravity obtained from tensoring extended SYM multiplets in D = N + 2

5The D = 7,8,9 layers have been skipped since they introduce no new considerations. The field
content in these cases may be found in of the Appendix.
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Figure 6.3.: Pyramid of U-duality groups G, with the groups rewritten using various isomorphisms in

order to emphasise its overall patterns.

156



spacetime dimensions, with 1 < N < 8. The division-algebraic formalism introduced
throughout this thesis is particularly well-suited to finding and describing these
global symmetries in a unified manner.

As demonstrated in Chapter [ any pure Yang-Mills theory may be formulated
with a single Lagrangian and single set of transformation rules, but with space-
time fields valued in the division algebra A, where n is half the number of real
supercharges Q. This perspective reveals the role of the triality algebras; each SYM
theory has internal symmetry (or R-symmetry) given by the algebra shym, (A,,),
which is defined in directly in terms of tti(A,,).

Tensoring left /right SYM multiplets valued in the division algebras A and Ag
then naturally leads to N7, +Np supergravity multiplets with spacetime fields valued
in A; ® Ag. For D =1+ 2 this yields a set of supergravities with U-duality groups
given by the magic square of Freudenthal-Rosenfeld-Tits. For D = N + 2 > 3,
identifying a common spacetime Clifford algebra Cly(/N) truncates the magic square
to 3 x 3, 2 x 2, and 1 x 1 arrays of subalgebras, corresponding precisely to the
U-dualities obtained by tensoring SYM multiplets in each dimension. Together the
ascending squares constitute a magic pyramid of algebras defined by the magic
pyramid formula , or equivalently . The exceptional octonionic row and
column of each level is constrained by supersymmetry to give the unique supergravity
multiplet. On the other hand, the interior 3 x 3, 2 x 2 and 1 x 1 squares can and
do admit matter couplings. These additional matter multiplets are just as required
to give the U-dualities predicted by the pyramid formula. Interestingly, in these
cases the degrees of freedom are split evenly between the graviton multiplet and the
matter multiplets, the number of which is determined by the ruleﬁ k = min(Np, Ng).

The magic pyramid supergravity theories are rather non-generic. Not only are
they, in a sense, defined by the magic pyramid formula, they are of course generated
by tensoring the division-algebraic SYM multiplets. It would therefore be interesting
to explore whether they collectively possess other special properties, particularly as
quantum theories, which can be traced back to their magic square origins. For
example, in the maximal [N = 4 SYM] x [Ny = 4 SYM] case it has been shown
that N = 8 supergravity is four-loop finite [71], a result which cannot be attributed
to supersymmetry alone. While N/ = 8 is expected to have the best possible UV
behaviour, as suggested by its connection to N' =4 SYM, it could still be that the
remaining magic square supergravities share some structural features due to their

common ‘gauge x gauge’ origin and closely related global symmetries.

6Thanks to Andrew Thomson for pointing out this rule. Note the subtlety in D = 6 that one
must treat A" and N~ separately. Hence, for example, [(1,0)] x [(0,1)] has k = 0.
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One might also seek extensions of the magic pyramid construction which could
account for more generic supergravities. The magic supergravities of Gunaydin,
Sierre and Townsend [25] 26], for example, might be described by an extension of
the present construction incorporating matter multiplets.

There are also some brief remarks to be made on the geometrical interpretation of
the magic pyramid. As observed in [84] (for the exceptional cases) and described in
Chapter [ the D = 3 Freudenthal magic square can be regarded as the isometries
of the Lorentzian projective planes (Ap ® AR)]IB2. In essence the pyramid algebra
describes the isometries of special submanifolds of these spaces. In D = N + 2 > 3,
the action of the Clifford algebra Cly(/N) D Spin(N )¢y associated with the spacetime
little group Spin(/V)gr breaks the group Spin(ny + ng) that acts (in the spinor
representation) on the tangent space (Ap ® Ar)? at each point on the projective
plane down to SA(N+Ng, D), where D is the algebra over which Cly(N) is naturally
defined. This singles out a particular submanifold of (A; ® Ag)P? for each N, and
the isometries of this submanifold yield the magic pyramid.

Finally, note that to call (A, ® Ag)P? a projective plane is being rather heuristic;
the H® O and O ® O cases do not obey the axioms of projective geometry. Unlike
R ® O, the tensor products H® O and O ® O are not division algebras, prevent-
ing a direct projective construction. Furthermore, unlike C ® O, Hermitian 3 x 3
matrices over H® O or O ® O do not form a simple Jordan algebra, so the usual
identification of points (lines) with trace 1 (2) projection operators cannot be made
[1]. Nonetheless, they are in fact geometric spaces, generalising projective spaces,
known as ‘buildings’, on which the U-dualities act as isometries. Buildings were
originally introduced by Jacques Tits to provide a geometric approach to simple Lie
groups, in particular the exceptional cases, but have since had far reaching implica-
tions. See, for example, [97, O8] and the references therein. Of course, it has long
been known that increasing supersymmetry restricts the spaces on which the scalar
fields may live, as comprehensively demonstrated for D = 3 in [84]. Evidently these
restrictions lead to the concept of buildings in supergravity. It may be of interest to
examine whether this relationship between buildings and supersymmetry has some

useful implications.
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7. An Octonionic Formulation of

D =11 Supergravity

Throughout the preceding chapters, a recurring theme has been the connection
between the octonions and maximal supersymmetry. However, it is fair to say
that the full significance of the octonions in string theory remains puzzling. In
this chapter, in an attempt to approach this problem from a new perspective, the
Lagrangian and transformation rules of D = 11 supergravity are presented written
over the octonions.

The method relies on the fact that a D = 11 spinor with 32 components may be
packaged as a 4-component octonionic column vector [32, 99, 100]. Dimensionally
reducing to D = 4 and D = 3, where the U-duality groups are Fr) and FEyg,
respectively, the coupling of the 7 or 8 dilatons to the other scalar fields in the theory
is parameterised by the sets of Fr(7) or Eg(s) root vectors [101, 102]. The octonionic
nature of the fields in the Lagrangian suggests a new perspective in which these root
vectors, or ‘dilaton vectors’, are unit-norm octavian integers [40] — the octonionic
analogues of the integers. This involves a novel use of the dual Fano plane, which is

obtained by interchanging points and lines on the Fano plane.

7.1. Spinors and Division Algebras in D =4,5,7,11

The description of the Lorentz group and its representations in terms of division
algebras A, in Chapter 3 can be ‘boosted up’ by a dimension, from D = n + 2
to D =n+ 3, where n = 1,2,4,8. First consider constructing gamma matrices in

D = n + 2 modeled on the Weyl basis ([2.23]) using the generalised Pauli matrices:

O %
,-}/N: _ ’ ) NZO,,(H+1) (71>
at* 0

These matrices clearly satisfy the Clifford algebra

AN F (A = 20N Y A€ AY (7.2)
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while each of them anti-commutes with the matrix

Y = (]é _0]1) . (73)

Thus the set of n + 3 matrices {yM} = {v*, 7.} with M = 0,1, ..., (n + 2) satisfies
the Clifford algebra for D =n + 3:

AMANN) + AN AMN) = 29NN YV N e AL (7.4)

The particular case of interest for this chapter is D = 8 + 3 = 11. A Majorana
spinor in D = 11 has 32 components, usually represented as a real column vector.
Alternatively, viewing R*? as a tensor product R* ® R® = R* ® O = 0%, the spinor

becomes a 4-component octonionic column vector

A
A2

A= 0] Aa€0 a=1234 (7.5)
3

A4

Written out in their 4 x 4 form, the octonionic basis {7} defined above is

0 10 0 0 0 €
0 01 0 0 e O
’70 = ’ ’7a+1 = « )
-1 0 0 0 0 e 0 0
0 -1 0 0 ea 0 0 O
(7.6)
0 1 0 1 0 0
0 0 -1 0O 1 0 O
79 = ) 710 = )
1 0 0 0O 0 -1 0
0 -1 0 O 0O 0 0 -1
with @ = 0,1,---,7. To see how these are related to a more familiar real 32 x 32
set one can simply take their ‘matrix elements’:
(eal (7)o" er) = (7)o" {ealer) = (4)a" 0w, 11 =0,1,9,10, )
<6a|(7i+1>a66b> = (’Y*)a6<€a|ei€b> = ('7*)aﬁrib i=1,---,7,
where (5 is defined by
v = ="' (7.8)
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Thus, writing the gamma matrices over the octonions corresponds to an 11 =4 + 7
split,
SO(1,10) D SO(1,3) x SO(7), (7.9)

with the seven imaginary octonions playing the role of the SO(7) gamma matrices
and the four real v*, u = 0,1,9,10, playing the role of the (‘really real’ Majorana)
SO(1,3) gamma matrices. An obvious appeal of the octonionic parameterisation is
that this natural split associates the seven extra dimensions of M-theory with the
seven imaginary octonionic basis elements.

By equation (7.7), left-multiplying A € O* by the octonionic matrix v corre-
sponds to multiplying A’s 32 real components by an ordinary real 32 x 32 gamma
matrix. By successive composition it is clear then that the action of the rank r

Clifford algebra element on A can be written

A (2 (L (M (M) ). (7.10)
The positioning of the brackets fixes any ambiguities due to non-associativity. For

example, an infinitesimal Lorentz transformation of a spinor A is

1
I\ = Z—lenyM(’yN)\), (7.11)

where wyny = —wnu-
Define the operator 4, whose action is left-multiplication by 7™, so that the

rank r Clifford algebra element becomes the operator

/}\/MlMQ---Mr = ,’j/[Ml,’YM2 . z'j/M""]’ <712)

where the operators 4 must be composed as

FIANN =AM (NN # (A (7.13)

This ensures that the action of 4M Mz--Mr] o a spinor is given by (7.10)), as required.
To construct the supergravity Lagrangian and transformation rules in this lan-
guage will require real spinor bilinears. These are built using the charge conjugation

matrix C*? (which is numerically equal to 7° but with a different index structure):

W [0 1
Cﬁ_(—]l 0)' (7.14)
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By definition this matrix satisfies
CHyYMIC =" & (MIc=-Cy", (7.15)
where the dagger denotes transposition and octonionic conjugation. Let us define
M= M\C. (7.16)

If A1 and )\, are octonionic spinors whose real components are anti-commuting Grass-

mann numbers, then the quantity

Re(l/\l)\g) = (Z)\l)\g + (Z)\l)\g)T) = 5 ()\1)\2 + )\2)\1) (717)

N | —

is Lorentz-invariant. Note that the dagger operation is defined here such that it also
complex-conjugates the factor of 7. This accounts for the anti-commuting spinor

components. A general spinor bilinear may then be formed as follows:
Re(i\ AN M- Mr ) o), (7.18)

which as usual will transform as an r-index antisymmetric tensor under Lorentz

transformations.

7.2. An Octonionic Formulation of the M-Theory
Algebra

The fact that a D = 11 spinor with 32 components may be packaged as a 4-
component octonionic column vector [32], [99] prompts the question of how to write
the algebra of D = 11 supergravity (or ‘M-algebra’) using octonionic supercharges
(). This was explored in [99] where the problem was highlighted that the apparently
natural choice of octonionic matrices could not provide enough degrees of freedom
to account for all of M-theory’s brane charged}

Another fundamental question that arises when writing the {@Q, @} algebra in this
way is whether or not the usual anti-commutator is really the appropriate object
to study, given that the supercharges are both fermionic and written over a non-

commutative and non-associative algebra O.

!Brane charges are the generalisation of the central charges introduced in Chapter 2 — extra
terms appearing on the right-hand side of the supersymmetry algebra. These terms contain
information about the brane solutions arising in the theory.
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In this chapter the above problems are tackled by introducing a novel outer prod-
uct, which takes a pair of elements belonging to a division algebra A and returns a
real linear operator on A, expressed using multiplication in A. This product enables
one to easily rewrite any expression involving n x n matrices and n-dimensional vec-
tors in terms of multiplication in the n-dimensional division algebra A. The problem
of the octonionic M-algebra is solved using this product, which allows one to obtain
the correct {@,Q} bracket.

7.2.1. A New Outer Product

It is interesting to see what other linear operations on R" look like when written
in terms of the division-algebraic multiplication rule. This was explored in [103],
but a different approach will be taken here. Consider the following general problem.
Given some linear operator on R" expressed as an n X n matrix My, one should be
able to find a division-algebraic multiplication operator M on the division algebra
A such that M has the effect of multiplying the components of z = z,e, € A by
M,y

Mz = e, M xy. (7.19)

An explicit form for this operator can be found using the inner product (3.26)). First

one simply rewrites

Mab - Mcd<ea’ec> <€b|ed>
1 (7.20)

=5 cd<ea\ec(e;eb) + ec(eied)>.

Now it is clear that the operator
M= EMoa(ecles ) +eo(()ea) ) (7.21)
(where a dot represents a slot for an octonion) has matrix elements
(ea| Mey) = My, (7.22)

Thus the outer product for division algebra elements may be expressed in terms of

their multiplication rule, defining:

x :A ® A End(A) (7.23)
e, @ ey ey Xep = %(ea(ez )+ ea((-)*eb)>.
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With the new product comes the power to rewrite any expression involving n X n
matrices and n-dimensional vectors in terms of multiplication in the n-dimensional
division algebra A.

It is useful to note various equivalent ways of writing the outer product above:

eaxep =3 (ealer ) +ea(()er))

= 3((en)ea+ (a())ea)
(calen()?) +ea(-<;))
= 3(((ren)ea+ (€5 - )ea):

Due to the alternativity of the division algebras the brackets on each of the terms

(7.24)

N =

may be simultaneously shifted,

ea(ez . ) + ea((-)*eb) = (ean)(-) + (ea(-)*)eb, (7.25)

and similarly for the other four possibilities above.

7.2.2. The Octonionic M-Algebra

The anti-commutator of two supercharges in the D = 11 supergravity theory is

conventionally written as the ‘M-algebra’ [104]

{Qa, Qz} =(Y C)agPur + (VN C)apZun

MNPOR (7.26)
+ (v C)apZMNPQR;

where &, 8 = 1,...,32, Py is the generator of translations and Z;y and ZMNPQR
are the brane charges. The charge conjugation matrix Cjz serves to lower an index
on each of the gamma matrices.

The left-hand side is a symmetric 32 x 32 matrix with 528 components, while
the terms on the right-hand side consist of the rank 1, 2 and 5 Clifford algebra
elements, which form a basis for such symmetric matrices. In terms of SO(1,10)
representations:

(32 X 32)gyy, = 11 + 55 + 462. (7.27)

The goal is to write this algebra in terms of 4 x 4 octonionic matrices. However, the
space of octonionic 4 x 4 matrices is of dimension 16 x 8 = 128, and hence naively
does not carry nearly enough degrees of freedom to write ((7.26)).

The solution to this problem is to use the octonionic Clifford algebra operators
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AIMiMs-Mr] defined in the previous section. These operators (including all ranks )

span a space of dimension 32 x 32 = 1024. In other words, their octonionic matrix
elements are
<€aﬁ/MaIB€b> = ’}/Mozaﬁba 057 ﬂ = 17 27 37 47 (728)

and treating aa as a composite spinor index a@ = 1,...,32, the set of {fdeB}
generates the usual real Clifford algebra as in ([7.26]).

The octonionic matrix elements of the charge conjugation matrix are trivially
Caapp = (€a|lCaper) = Caplap, (7.29)
which can be identified with the 32 x 32 matrix:
Csp = Caapp = Capdap. (7.30)

Armed with these tools, the right-hand side can then be written over O simply

by replacing & — « and putting hats on the gammas:

(A C)apPrr + BN CapZun

MNPOR (7.31)
+ (¥ C)apZMNPOR-

With the identification & = aa the left-hand side of ([7.26)) can also be written in

terms of the composite indices:

{Qo'u QB} - {Qaa; Qﬁb}' (732)

Now, the expression ([7.31)) is an octonionic operator with matrix elements as on the
right-hand side of ([7.26]), so on the left there must be an octonionic operator

{Qar Q) (7.33)

with matrix elements given by (7.32)). The required operator is obtained simply by
contracting ((7.32) with the outer product e, x ¢, defined in (|7.23)):

{Qaa Qﬁ} = {Qaaa Qﬁb}ea X €p- (734)
The octonionic formulation of the M-algebra is then

{Qa Qs} =3 C)asPas + (N C)ag Zasn

vrOR (7.35)
+ (¥ C)

aBLMNPQR-
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Using the first two versions of the outer product given in (7.24)), the left-hand side

can be written as

(Qa@3) () + ()(Q5Q0)
+(Qu()) Qs+ Q5(()'Qu))-

N | —

{QmQﬁ} = (736)

The first two terms look similar to the more intuitive anti-commutator {Q,, Q;;},

explored in [99], but to reproduce the full M-algebra requires all four terms above.

7.3. The Octonionic D = 11 Supergravity
Lagrangian

With the tools described above it is not difficult to rewrite the Lagrangian and
transformation rules of D = 11 supergravity over the octonions. Starting from the
conventional Lagrangian, all one must do is exchange any 32-component real spinors
with their 4-component octonionic counterparts, and exchange any bilinears with

those described above. This gives the following Lagrangian:

£ = V=9[R~ Re (10,3 Dy (3w +3)) Up) — £FunpF ™ (7.3
_ 1—“92Re (i‘IfR (,S/MNPQRS X 12,3/MNgPRgQS) ‘Ifs) (FMNPQ n FMNPQ)

22 _MoMy M
14426 o 10FM0M1M2M3FM4M5M6M7AM8M9M10] )

where

wMAB _ wMAB(e) + KMAB,

B - - (7.38)
Ky*? = —Re (i(Wy AP0 — 043,07 + 0P54w,,)) |

while

o™ = P (€) — IRe (i P04 — TA5, 0% + BP5°0,))

n 3v2 .= ~ (739)
Funpg = 40mAnpg + 22 Re (1¥ine¥q) ,

and the covariant derivative Dy (w) is defined by

Dy(w)e = Ore + 2w PAape. (7.40)
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The Lagrangian ([7.37) is invariant under the following supersymmetry transforma-

tions:

Seqr = 3Re (ie91Wyy)

5Cynp = —*2Re (ieymn¥p) (7.41)
oV = DM((;J)E + %(”A}/ABCDM — 85]1?4’3/BCD)FABCD€,

although this will not be proven here.

7.4. Interlude: The Kirmse and Octavian Integers

The results in the remainder of this chapter will require a brief discussion of octo-
nionic number theory. By analogy with the usual set of integers Z C R, an octo-
nionic integer system I should be an 8-dimensional lattice embedded in O, which is
(preferably) closed under multiplication using the rule inherited from O. The most

obvious example is of course to take octonions whose components are all integers:
I={r=ux,,€0 |z, €Z} (7.42)

However, as shown in [105], for a richer number theory one may ask that an analogue
of the unique prime factorisation theorem to hold in I. For the ordinary set of
integers Z this theorem says that each integer is a product of positive or negative
primes in a way that is unique up to order and sign change. For an analogue of
this theorem to hold in I, it must be ‘well-packed’ [I05]; that is, the following two

conditions must hold:
1. no element of O has distance > 1 from the nearest lattice point of I,
2. the distance between any lattice point and any other lattice point is > 1,

where the distances are evaluated using the norm in O — see equation ([3.24])).
One set of octonions that satisfies these two conditions is the so-called Kirmse
integers IK. These can be described as follows. An octonion x can always be written

as

T = (xo + mie; + x5 + Trex) + (Tpey + xpey + Tpep + xpey) (7.43)

(no summation),

where ijk € L is a line of the Fano plane and hence ¢j'k'l! € Q is the comple-

mentary quadrangle. An octonion x, written in this way, is a Kirmse integer if
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{all of xg, z;, z;,x) are integers or all of xg, x;, ¥}, z;, are half-integers} and {all of
Ty, Ty, Tpr, Ty are integers or all of x;, xj, ), xp are half-integers}. As well as being
well-packed, the Kirmse integers form the densest possible lattice in 8 dimensions.
If a ball with radius % is inserted around each lattice point in R®, then every ball
touches 240 others. In fact, this is none other than the root lattice of the largest
exceptional group Fsg.

Of particular importance to this paper are the 240 unit Kirmse integers — elements

of K with unit norm — given by:

(£l xe; te;te;) with ijk €L, (7.44)
%(:i:ei +e; £e, £e) with ijkl € Q.

The set of Kirmse integers orthogonal to any particular basis element e, forms a
copy of the root lattice of E7. In particular, the set orthogonal to ey = 1 is just the

pure-imaginary Kirmse integers, whose 126 unit elements are
+¢; and 3(de; £e; e, +e) with ijkl € Q. (7.45)

This discussion of the Kirmse integers has so far overlooked the vital question of
whether or not they are closed under multiplication. Kirmse himself once stated

that they were. However, it is easy to find a counter-example:
%(1 +etex+ 64)%(1 +e2t+e3+ 65) = %(62 +eq4te5+ 67) ¢ K. (746)

Hence K is not closed under octonionic multiplication, a result sometimes referred
to as Kirmse’s mistake [105]. The mistake can be rectified by the following unusual
trick. For every Kirmse integer © = z,e, € K exchange the coefficient zy with any
one of the seven x;. The resulting lattice K is just a reflection of the Kirmse lattice,
and so is well-packed. However, in this case it ¢s closed under multiplication. In
the literature, I’ has been referred to as the set of octavian integers or the integral
Cayley numbers. They will be used in maximal supergravity theories in the following

section.
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7.5. Integral Octonions in D = 3,4 Maximal
Supergravity

7.5.1. D=4, N =8 Supergravity

Next, consider dimensional reduction to D = 4, yielding N’ = 8 supergravity. Drop-
ping the dependence of the fields on the seven coordinates associated with the seven
imaginary basis octonions (as in equation (7.6))) produces the following bosonic con-

tent:

dgMN — Guv, &a Aip AZ] (Wlth ( <])7

(7.47)
Auuia A A’L]k})

AMNP — Auupa Higs

where i, 7, k run over the seven internal dimensions, while u, v, p run over the ex-
tended four, and qg denotes the seven dilatons written as a seven-component vector.
Note that the scalar fields descended from ¢,;n have not been written here so as to
be covariant with respect to the SO(7) (or GL(7, R)) symmetry associated with the
internal dimensions; instead the dilatonic and axionic scalars have been separated
as ¢ and A’; (‘axionic’ in this context means those that are descended from the
off-diagonal components of the metric).

Denoting (p+1)-form field strengths of p-form potentials with superscripts (p+1),

the Lagrangian for the bosonic sector is then:

EB:\/—[ ——8¢ 2Ze2b¢ ! zzezblj i. _%€2a-¢>(F(4))2

1<j

AT RO LT BN L T R EG + L)

1<j i<j<k

(7.48)

where the precise definitions of the field strengths and their ‘transgression terms’
are given in [106] 102] and Lrr4 denotes the terms descended from the topological
term in the eleven dimensional Lagrangian. Note that in the bosonic sector all the
fields are real, since the octonions have so far only been used in the description of
the fermions. The constant ‘dilaton vectors’ @, @;, @;;, @;jx, l;; and l;ij parameterise

the non-canonical coupling of the seven dilatons gg to the other bosonic fields. For
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the various potentials, they are given by:

3-potential: a=—g,

2-potentials: a=f—37

1-potentials: a;j = i+ f; -7, bi = —fi

0-potentials: Qi = fi+ fi+ fr— 4, bij = —fi + fi, (7.49)

where the vectors ¢ and ﬁ are given below. Here they are listed for D extended
dimensions (temporarily letting 7,5 = 1,2--- (11 — D) for the next few equations)

so that the expressions may be used later on for D = 3:

fi=12(0,...,0,(10 — 0)s’, s"*1 .. M)
i—1

523(51,52,...,51171)):%2]?; (7.50)

s' = y/2/((10 = 9)(9 — 1)),

with scalar products

11-D

- 3 S o 0y 1
_ g‘fi: . J
2(D — 2) 2

= -3 tapoy (7.51)

g-9=

Returning to D = 4, ¢ and the seven ﬁ are then used to build up all of the dilaton
vectors. In particular, @z, gl-j and —a;, the vectors parameterising the coupling of
the dilatons to the 63 axions, are the positive roots of the U-duality group Er
(where we dualise the seven 2-forms A,,; to scalars, whose dilaton vectors are —a;).
The dilaton vectors @;; and b; make up the positive weights of the 56 of F;(7), under
which the 2-form field strengths and their duals transform.

Since there is a dilaton for each internal dimension, and the seven internal dimen-
sions are associated with the seven imaginary octonions via 7 it makes sense to
consider the seven dilatons (5 themselves to be components of an imaginary octonion
¢;e;. In this case, the dilaton vectors should also be viewed as a particular set of
imaginary octonions in order to make sense of the scalar products that appear in the
exponential couplings in . This perspective has some interesting consequences.

Consider the replacement ﬁ — fi € Im(0O), where

f1:%<€1+62+€4), fQZ%(e2+63+65>7 ) f7:%(67+61+63>7 (752)

ie. f; = 1i(e;+ej+ep), with ijk € L. This amounts only to a change of basis in

170



the space of dilaton vectors. The reason for this particular choice will become clear

shortly. Summing all the f; gives

g:%Zfi:%<€1+€2+€3+64+65+66+€7), (7.53)

and using the inner product defined in ([3.26]), one can check that

{glg) = ©, lf) =5, (ilf) =2

— .54
: Ly (7.54)

e~ =

as required when D = 4.

Now, using the various dilaton vectors can be computed in this octonionic
parameterisation. However, before doing so, it will be useful to introduce the concept
of the dual Fano plane. In general, a projective plane P exhibits a duality between
its points and lines, whose roles may be interchanged to obtain a new space P~ P.
For every statement relating points and lines on IP there is a dual statement relating
lines and points on P. For example, just as two points on a projective plane lie on
a unique line, two lines on the plane meet at a unique point. Since the (unoriented)
Fano plane is the projective plane over the field Zs, one may interchange the roles
of its points and lines to obtain a dual plane — see Fig.

Figure 7.1.: The dual Fano plane IF obtained by interchanging the roles of points and lines on the
original Fano plane. Relabelling the triples 124, 235, 346, 457, 561, 672, 713 — 1, 2,
3,4, 5, 6, 7 gives the plane on the right. Unlike in Fig. there are no orientations
given for the lines of the dual Fano plane since it is not used for multiplication.

In practice it makes sense to relabel the lines 124, 235, 346, 457, 561, 672, 713
simply as 1, 2, 3, 4, 5, 6, 7, respectively, which leads to the plane on the right in Fig.
, whose lines are given by the set L= {157,261, 372,413,524, 635, 746}. This
relabelling is deliberately chosen so as to match up with .

Now it is a simple exercise to compute the E7(7) root dilaton vectors, starting with

those whose expressions are simplest. Since a line in L corresponds to a point in the
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original Fano plane I, one should expect a;;, with ijk € L to correspond in some

way to a point in IF. This is indeed the case, since

157 = €1, Q261 = €2, agra = €3, Q413 = €4,

524 = €5, 635 = €, Q746 = €7- (7'55)

Next consider the octonions —a;, whose labels correspond to points on the dual Fano

plane I and hence to lines on F. Indeed, one finds that

—a; = (estestester), —ax=3(estestert+er), —az=s(es+ertert+er),
—ay = 3(eg+er+eates), —as=3(ertestestes), —ag=31(e1+estestes),
—Q7 = %(62+64+65+€6), (756)

which matches up with the seven quadrangles complimentary to the seven corre-
sponding lines of . Computing the rest of the vectors, a;j; (ijk ¢ L) and bi; (see

Appendix), the whole set populates the unit imaginary Kirmse integers:
+e; and (j:el te; e, te) with ijkl € Q. (7.57)

Note that the vectors a;; and b; corresponding to the 1-form gauge potentials all
have the form
$(+e; £ ej £ep) with ijk € L, (7.58)

which are the weights of the 56 representation, under which the corresponding 2-
form field strengths are rotated into their electromagnetic duals.
Putting all of this together means that (after dualisation) the bosonic N' = 8

Lagrangian may be written as

£ =v=g(R—300]0g) = > el (Fl) )2

points

1 2 quads\d) E : hnes|¢> (2)
e quads e Elnes) )

quads lines

(7.59)

where the sums run over all the vectors listed in Table [A.4]in the Appendix, which
correspond to the points, lines and quadrangles of the Fano plane with every possible
=+ sign combination. As alluded to above, this new parameterisation makes manifest
the relationship between the bosonic fields and the structure of the Fano plane.
Before moving on to D = 3, there is a useful Fano-plane-based trick for restricting

the roots of 77 to those of its maximal compact subgroup SU(8). The adjoint of
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FE7(7y decomposes into SU(8) as:
133 — 63 + 70, (7.60)

so one expects the 126 roots of Er(7) to split into two sets: a set consisting of the
56 roots of SU(8) and the remaining 70 vectors corresponding to the weights of the
70 representation. The trick is first to choose a line of the Fano plane — say 124.
As shown in [I07], one may then discard the unit Kirmse integers +e;, +es and
+e,, as well as those associated with the corresponding quadrangle — in this case
%(iegj:eg)j:eﬁieﬂ. Take the remaining quadrangles and wherever ey, e; and ey
appear fix their relative signs according to the following rule: choosing another point
— say ey — the signs are the same if e; appears in the quadrangle and different if it
does not. This is shown explicitly in Table

E7 roots SU(8) roots
+eq, teo, tes, fey, Tes, Teg, Ter +es, *es5, teg, ter

Ltes+es+eg+er)

i(j:e4:|:66:i:e7j:el) +1(+estesgter+er)
i(j:eg,:lze7:i:el + eq) ii(i€5i€7+€1+62)
i(:l:@@:l:el :‘:62:&63) :l:i(ﬂ:66+61 762:':63)
i(j:e7:|:62:i:(zgj:e4) :l:i(:t€7+€2:|:€3+64)
i(:l:el:teg:tez;:teg,) ii(+€1:‘:637€4ﬂ:65)
%(i62i64:‘:65i66) i§(+62 764:&65:|:66)

Table 7.1.: E; D SU(8) roots in terms of the octavian integers.

7.5.2. D=3, N =16 Supergravity

Dimensionally reducing to D = 3 means there are eight internal dimensions, which
are labelled @ = 0,1,...,7. As a result, there are eight dilatons gz;, which are now
written as an octonion ¢.e,. Accordingly, the eight vectors ﬁ, each of which has

eight entries, become eight octonions: ﬁ — fo € 0O, with the following chosen

parameterisation
fo=1, fi=i(l+e+e+e), ijkel, (7.61)
where 2 = 1,--- |7 as usual. The total sum is then
g=30B+er+er+estes+es+es+er), (7.62)
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so that the inner products are

6ab

— +5 (7.63)

DO | —

(glg) =1, (ol =3, (fuli) =

consistent with for D = 3.

In D = 3 the 2-form potentials carry no degrees of freedom and the 1-form poten-
tials may be dualised to scalars. Since the metric contains no dynamical degrees of
freedom, all the bosonic degrees of freedom of the theory are carried by the resulting
128 scalars, whose dilaton vectors are —dyp, Agpe, —ga and gab. These make up the
positive roots of the U-duality group of the theory, Egs).

Again, due to the labelling system chosen in , one should expect the agp.
with abe € L to correspond in some way to the points of the Fano plane F. This is

indeed the case:

a1s7 = €1, a261 = €2, agr2 = €3, Q413 = €4,
524 = €5, a635 = €6, (746 = €7. (7.64)
Similarly, the b, correspond to points on IF and hence to lines on F: b, = —f,. The

ag; also reflect this simple correspondence:

—CL01:%(63+65+66+67), _GOQZ%(€4+66+67+61>, —a03:%(€5+€7+€1+62),
—0042%(66+61+62+€3), —G05=%(€7+62+63+64), _a06:%(61+€3+64+65)7
—agr = 2(eatestes+eg), (7.65)

as well as the by;:

b01 = %(—1+€1+62+€4), bog = %(—1+€2+63+€5), b03 = %(—1+€3+64+66)7
boa = 3(—1+es+es+er), bos = 5(—1+es+est+er), bos = 5(—1+es+er+er),
bor = 1(—1+er+er+e3). (7.66)

Computing all positive and negative roots (see Appendix) recovers the whole set of

240 unit Kirmse integers, the roots of Egg:

1, 4o,
(£1+te; £ e; £eg) with ijk € L, (7.67)

1
2
t(e; tej ey £e) with ijkl € Q.

Just as in D = 4 above, in D = 3 one can also write the dualised N/ = 16 bosonic
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Lagrangian as

‘C =V < - % 8¢|a¢ Z € pOlntS|¢ po311ts)2

points

quads\d) hnes|¢> 9]
2 Z € quads 2 Z e Elnes) )

quads lines

(7.68)

where in this case the sums run over the vectors listed in Table [A.5]

The parameterisation of the vectors ]‘Z in equation was chosen because this
leads to dilaton vectors that are easily recognisable as Kirmse integers (since the
Kirmse integers take their structure from the lines and quadrangles of the Fano
plane). However, it would be just as easy to parameterise so as to arrive at the
octavian integers, which are closed under multiplication. In other words, in the
manner above, the dilaton vectors of D = 3, N/ = 16 supergravity curiously may be

equipped with a multiplication rule, under which they form a closed algebra.

7.6. Summary

The contents of this chapter demonstrate that eleven-dimensional supergravity may
be formulated over the octonions. The octonions are simply used in an alternative
formulation of the usual Clifford algebra for the fermionic sector. However, the
octonionic parameterisation leads to a new perspective in the bosonic sector upon
dimensional reduction to the maximal supergravity theories in D =4 and D = 3.
In the D = 4 case one may write the seven coordinates of the internal dimensions
as an imaginary octonion, leading to an interpretation of the seven dilatons as an
imaginary octonion. Upon reduction to D = 3, the 240 dilaton vectors may be
considered as the 240 unit octavian integers, and thus they form an algebra that is
closed under multiplication. This is an interesting result in its own right, although
what it can be used for — or indeed whether it is useful at all — is so far a mystery.
To speculate, the algebra might have some utility in working with D = 3 black hole
solutions, in which dilaton vectors sometimes appear explicitly. However, for now

this is something of an ‘answer without a question’.
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8. Concluding Remarks

This thesis has explored and clarified in several contexts the close connection between
division algebras and supersymmetry, as well as exploiting this relationship to clas-
sify and understand the symmetries of various supersymmetric theories. Chapter
began with the formulation of D = 3,4,6,10 minimally supersymmetric Yang-
Mills theories over R, C, H, O, which was generalised via dimensional reduction to
a unified division-algebraic formalism describing all Yang-Mills theories with ex-
tended supersymmetry. Here the role of triality algebras in such theories was made
manifest.

In particular, in D = 3 this formalism gave N = 1,2,4, 8 super Yang-Mills over
R,C,H, O, and in Chapter |5| this was combined with the notion of ‘gravity as the
square of gauge theory’ to discover a magic square of supergravities. Specifically,
tensoring a Yang-Mills multiplet valued over the division algebra A with another
valued over A i results in a supergravity whose U-duality is given by the magic
square algebra of Freudenthal-Rosenfeld-Tits: £19(Ap, Ag). This result presents a
novel insight into the symmetries of D = 3 supergravity, and hence also into higher-
dimensional theories related to those of D = 3 by means of dimensional reduction.

In Chapter [0] the work of Chapters [ and [§] was combined; tensoring division-
algebraic Yang-Mills multiplets with extended supersymmetry in all spacetime di-
mensions in the range 3 < D < 10 gives a pyramid of supergravity theories with
the magic square at the base in D = 3 and Type II at the apex in D = 10.
The U-dualities of these supergravities are described by the magic pyramid algebra
PPy (AL, Ag), a natural subalgebra of £15(Ap, Ag) defined in terms of the Clifford
algebra Clo(N) that acts on spinors of the spacetime little group Spin(V), where
N = D — 2. This provides a succinct summary of the U-dualities of all supergrav-
ities whose field content may be factorised into the tensor product of two super
Yang-Mills multiplets.

Finally, Chapter [7| laid the foundations for an octonionic formulation of eleven-
dimensional supergravity, intended to shed some light on the ‘hidden’ exceptional
symmetries g, E77) and Egg) that appear after dimensional reduction down to

D = 5,4,3. This leads to a surprising role for the octavian integers, as well as to
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lower-dimensional Lagrangians written explicitly in terms of the Fano plane, further
exposing the octonionic anatomy of maximal supergravity.

Throughout the above chapters the octonions resurface time after time in associa-
tion with maximal supersymmetry, and thus also in the context of string theory and
M-theory. Although the full significance of the octonions in these theories remains
something of an enigma, it seems that their near-overarching function in such con-
texts is to make Spin(8) triality manifest. Mathematically speaking, the existence
of this triality implies the existence of the octonions, and vice versa [I]; one cannot
be found without the other. Since Spin(8) triality is an essential ingredient in the
very construction of the superstring [39, [16], the octonions are unavoidably built-into
string theory from the outsetﬂ. Hence we find an exceptional division algebra under-
pinning an exceptional theory of physics, whose symmetries are frequently described
by exceptional groups. The essence common to these three exceptional structures is
their special feature of allowing the rotation of vector/tensor-like degrees of freedom
into spinor degrees of freedom — they all leave room for ‘Boson-Fermion confusion’
[T08, 109].

How far this interconnection between octonions and strings can be pushed in order
to more deeply understand the latter is still not clear, but I hope that at the very

least that this thesis provides some useful tools to this end.

Incidentally, this would make a good retort to anybody suggesting that the octonions are to be
regarded as something of an obscurity or as a red herring — or are ‘not to be let out of the
attic’. At worst, the octonions simply offer an alternative way of treating Spin(8) such that
triality is always manifest.
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A. Appendix

A.1. Division-Algebraic Spinor Decomposition

A.1.1. From D=10to D =7,6,5: O2H>?>2Hao H

In dimensions D = N + 2 = 7,6,5, the Clifford algebra CI(N — 1) = Cly(N) is
isomorphic to a matrix algebra over the quaternions H, so it will be useful to write
an octonion as a pair of quaternions. To see how this works, consider a general
octonion x = x.e, € O, a=0,1,...,7, and choose a line of the Fano plane, say 124.

Then H = span{ey, €1, €2, €4}, so write

T = Xg+ T1€1 + Toeg + T3e3 + Tyey4 + Tse5 + Tgeg + Tre7

(A1)

= (wo + x1€1 + Taeo + T4€4) + e3(x3 — w71 — T5E2 + TEy),

where e3 has been selected to factorise the terms corresponding to the quadrangle
3567 complementary to the line 124. The octonion z now has the form of a pair of
quaternions, with ez singled out as the imaginary unit separating the two of them:
O 2 H ® e3H (of course any of the quadrangle’s basis elements could have been
chosen in place of ez, and any line of the Fano plane to begin with).

To write compactly, define the indices

a=0,1,2,4 and 7=

1,2,4
(A.2)
G=3,567 and i=5,6,T,

so that ‘Fano line indices’ with hats correspond to spacetime directions and ‘Fano
quadrangle indices’ with inverted hats correspond to internal directions. Then ({A. 1))
becomes

T = T404 + Taea = (T4 + e3la.74)eq, (A.3)

where '3, refers to the 3aa-components of the structure constants I'f...
In terms of the H subalgebra spanned by e; and its complement H' >~ e;H spanned

by es, the multiplication rule can be summarised as follows.

e The H subalgebra is closed: eze; = Fgéeé;
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e Multiplying two elements of HC returns an element of H: €a€j = Fgéeé;

e Multiplying an element of H and an element of H® returns an element of HC:

eacy = '} ez and eze; = Fgéeé.

An element of HC may be mapped to a unique element of H and vice versa by

factorising out es:

3 3
esea =165 & e = —e3l ey, (A4)

3 3
€3y = Fai)ei) S ey = —egf‘ai)eg),

where the second two relations come from multiplying the first two by e3 on the left
and invoking alternativity.

Using this, the octonionic D = 10 spinor can be rewritten as a pair of quaternions,
Y =1+ esx = Yaea + e3(xaca), (A.5)

where 1; = ¢, and x; = I'3,4., while the vector becomes
ad=a+¢ =ase,+ de, (A.6)

where the indices ¢ and 7 are defined in ((6.2)). The dimensional reduction is carried
out by dropping the dependence of the fields on the coordinates associated with the
7 indices.

Looking at the action of the Clifford algebra on ¢/’ in each dimension:

e In D = 7 the Clifford algebra Cl(4) = Cly(5) may be generated by left-
multiplication by the set of imaginary basis elements {e;} = {e1,e2,e3,e4} =

{e;, e3}. Multiplying by e; gives

ei(Y + esx) = () +es(—ex) < (ZZ ! > <¢) ; (A7)

while multiplying by es gives

e3( +esx) = —x tesp & (0 _1> (1/}) ) (A.8)

1 0 X

which exactly matches the generators of Cl(4) = H[2] given in [Table 4.1| with
(¢ +e3x) € O reinterpreted as (¢, x) € H? = S5. This means there is just one
resulting spinor in D = 7, so N = 1.
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e In D =6 the set {¢;} = {e;} generates C1(3) = H & H, which does not mix ¢
and y, as (A.7) clearly demonstrates. Hence (¢, x) € HOH = S & S; and
this theory has (M, N_) = (1,1).

e Finally for D = 5 this set becomes {e;} = {e1, e2}, which acts as a quaternionic
structure generating C1(2) = H. This time (¢ +e3x) € O is interpreted as two
spinors of the same type (1, x) € H? 2 (S3)?, so the theory has N/ = 2.

In each case the higher-dimensional s0(8)sr symmetry is broken into the lower-
dimensional s0(N)sr @ s0(8 — N). Decomposing the s50(8)sy parameters 6 into
69 9% 07 and then setting 0% = 0 gives

o' = 40 (ent)

- - (A.9)
= 10%} (eyh) + 0%} (en(esx)) + 107€; (es00) + 107e; (e5(esx)),

The 69 part is just the infinitesimal action of the spacetime little group Spin(N) C
Cly(N), just as in equation (4.104), while the 67 part is that of the R-symmetry
group Spin(8 — N) = SA(N,D), with Lie algebra sa(N,D) = inty(0). For ex-
ample, in D = 6 the R-symmetry Spin(4) acts as $67€;(e;(¢) + esx)) with {e;} =

{es, €5, 6,67} = {ez}; this leads to

107 (e;(v + e5x)) = 307 €l (5 (00 + eax)) = (6;) + es(x;), (A.10)

where 0;,0;" € Im(IH) are defined by

07 = 10%(cie;) = L(—07Cyp — 107C, 1 er, (A.11)
0 = 107(eres) + 0% (ese;) = 5(+07Cyy, — 307C 51 )e;-

This corresponds to the decomposition 8 — (2,1;2,1) + (1,2; 1, 2) under the sub-
algebra s0(4)sr @ s50(4) C s0(8)sr. By a similar calculation for D = 7 the de-
composition is 8; — (4;2) under s0(5)sr @ s0(3) C §0(8)sr, while in D = 5 the
decomposition is group-theoretically equivalent, but with the roles of spacetime and
internal symmetry reversed: 8, — (2;4) under $0(3)sr @ 50(5) C 50(8)gr.

In dimensions D = 5, 6, the minimal (on-shell) spinor is a single quaternion. Thus
to truncate to the theories with fewer supersymmetries one must simply truncate

O — H, which practically speaking means discarding all @ components.
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A.1.2. From D =10to D =8,4: O = C*

Next, consider dropping dependence on six of the ten dimensions, yielding the max-
imal N = 4 theory in D = 4 with the on-shell degrees of freedom formulated again
over the octonions. Now the spacetime little group is SO(2)sr = U(1)gr and the
internal symmetry is Spin(6) = SU(4) with Lie algebra inty(O). The on-shell field

representations decompose as

Spin(8),. D U(1)sr x SU(4)
8 —+6p+1;+14 (A.12)
8, = 410 +4_1),

so the D = 10 vector becomes a D = 4 vector 1; + 1_; and six scalars 6y, while the
spinor becomes four fermions 44,5 + 4_; /> transforming as the (anti-)fundamental
of SU(4).

In division-algebraic language the vector 1; + 1_; corresponds to a complex sub-
space C C O, which is simply C = span{eg, €1}, while the scalars 6, correspond
to the six-dimensional complement $2 = R® = span{es, €3, €4, €5, €6, €7} of C in O.
This time the barred and underlined indices of are

a=0,1,
(A.13)
1=2,3,4,5,6,7.
The octonionic fields o’ and 1" can then be rewritten as
a'/ =a+ @ =a.e, + €75
¢ a€s + ¢ (A.14)

Y = (Y + e, )ea = Yaca,

so there are four complex spinors v;, written in O by contracting with e;, where

here the line and quadrangle indices run over

a=0,2,3,5 and 2=2,3,5,
(A.15)
a=1,4,6,7 and 7=14,6,7.
Multiplying the spinor 1)’ = 13¢5 by e; has the following effect:
ez (Vaea) = Vi (erea) = Ui (Dipey + ipeg) = 05Ty — el 0 ey, (A.16)
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so its complex components v; get complex-conjugated and multiplied by the matrix

T =-" =T —ell} (A.17)

ab ab™ bb*

The matrices Y? and Y* = Y™ satisfy the relations

T 4 Y'Y = —261,

— _ A18
T+ 1Y = —26"1, ( )

and so can be used to form the Weyl spinor generators of Spin(6), which are also a
basis for anti-Hermitian, traceless 4 x 4 matrices, giving the 4 and 4 representations
of SU(4):

@ _ 1yl _ sl i
Toy = 3%a Ty =25 + el

Al 1apl Al (] 1 y[7]
T&i) = §T&6T@i) = Edi) — 61Fd52d§ .

(A.19)

The transformation of the spinor is then

oY = 10%€k (epy))
= 10" €1 (vaea) + 1607¢; (e5(vaca)) (A.20)
= 367 (ertba)ea — 307 (T00y)ea,

using equation (A.16]) twice. The four complex spinors 1; do indeed transform as
the 41/2 -+ 4_171/23

6¢& _ %0016177Z)& o %efj_T(gjﬂwi) (AZ]_)

Note that T'}, satisfying (I'')? = —1, plays the role of a complex structure, which
defines an isomorphism O = C*. For the spinor one may view SU(4) x U(1) as
the subgroup of Spin(8) generated by Lie algebra elements 6’“”25;’] that commute
with the complex structure I'', that is, those transformations that treat the 8 real
components of a Spin(8) spinor like 4 complex components. Any real 8 X 8 matrix
that commutes with I'!, such as Zgg], can then be written as a complex 4 x 4 matrix,
like ng‘] above. Equivalently, the matrix I'! gives a representation of the Clifford
algebra Cl(1) = Cly(2) = C, where each v, lives in the spinor representation S = C,
and hence O = (S,)* = C*.

To obtain the N' = 2 theory one simply truncates O — H. This translates into
discarding two fermions and four scalars. The internal symmetry of the resulting

N = 2 theory is then the subgroup of SU(4) that preserves the quaternionic sub-
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algebra and commutes with the complex structure, which is just the R-symmetry
U(2). The N = 1 theory with R-symmetry U(1) can then be recovered by further
truncating H — C, i.e. discarding one fermion and the remaining scalars (or of
course truncating directly O — C).

A completely analogous decomposition with O = C?* takes place in D = 8, i.e.
N = 6, but with the roles of spacetime and internal symmetry reversed; the on-shell
field representations decompose just as in , only with respect to the subgroup
SU(4)sr x U(1) C Spin(8),,. Here the vector index splitting is

27 37 4’ 57

a=0,1,
(A.22)
6’ 77

8]
I

corresponding to the decomposition 8, — 69+1;+1_;. Here the complex structure
is the single U(1) R-symmetry generator, given by the simultaneous pair of left-

multiplications: eg(e71)).

A.1.3. From D=10to D =9,3: O = R®

Dimensional reduction to D = 3 results in the N' = 8 maximal theory written over

the octonions. This time the algebra decomposition is simply:

SO(8)r D SO(7)
8 147 (A.23)
8, — 8.

The spacetime little group here is SO(1), which is trivial, so the vector, fermions
and scalars each contain only a single on-shell degree of freedom. The parameters

decompose as
0% — 0% 0 (A.24)

and SO(7) is the subgroup with % = 0. The fields @’ and ¢’ then break into

a=a+ ¢,
¢ (A.25)
wl = waeaa
with @ € R and ¢ € Im(O), and they transform as
da = }10” (ei(e; ) — a(efej)) + }16’” (ei(e;qﬁ) - gb(e;-kej)) = e,0" ¢;, (A.26)
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and
0 = 1076 () = 5675 0. (A.27)
Thus the fermions and scalars indeed transform as the 8 and 7 of SO(7),

Sy = — 1095l

g (A.28)
5(bz - %9”(;33-.

The fermions packaged in ¥ may be considered as eight spinors of the trivial Clifford
algebra C1(0) = R, using the obvious isomorphism O 2 (S;)® = R®.

To obtain the A" = 4 theory over H, once again, one simply truncates O — H,
leaving a quaternion of spinors 1;e; and an imaginary quaternion of scalars ¢;e;.
This theory has internal symmetry Sp(1) xSp(1). The N' = 2 theory with an internal
U(1) symmetry comes from truncating H — C, further discarding two scalars and
two spinors. Finally, truncating the remaining scalar and the spinor associated with
the last imaginary element results in the N' =1 theory formulated over R, with no
internal symmetry.

Again, the group theory of the dimensional reduction from D = 10 to D = 9 is the
same as that of D = 10 to D = 3, only with the spacetime and internal symmetries
interchanged: for D = 9 the spacetime little group is Spin(7)s;y C Spin(8), and the
fields decompose as in equation (|A.23]). Here the Clifford algebra C1(6) = Cly(7) =
R[8] is generated by the set {e;} = {e1, ez, e3, €4, 65,66}, defining the isomorphism
0~S; =R8
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A.2. Tensor Products of Yang-Mills Multiplets

D = 10,50(8)gr N=(1,00 & A,8, A8
N =(1,1) @
_ Juv 35,
N _A(O’ Y SQ Y 56, + 56,
; sv Aps Buvs Cuvp - 8v + 28y + 564
‘ A 8. + 8.
¢ 1
D:9750(7)ST N=1g AH7 A8 o1
N =2 50(2)
N=1 @ uv (270)
1 . Yy (48; (1) + (-1))
; N Ay (7;:(2) + (0) + (-2))
4 1 Buv, Cuvp  (21;(2) + (—2)) + (85;0)
A (8 (3)+ 1)+ (1) +(-3)
¢ (1;(4) + (0) + (—4))
N =1 u(1)
D= 8750(6)ST

N =2 u(2)
N1 a(D) Juv (20;1(0))

A (6;0) Yu (207;2(-1)) +(TO/§2(1))
v wena@n | AeBw (680)+3(-2)+0530)
6 (1.2)+(L2) Cuvp (105 1(-2)) + (10; 1(2))

’ ' A (4;2(=3) +4(1)) + (4;2(=3) + 4(1))
¢ (1;1(4) + 1(—4) + 5(0))
N =1 sp(1)
P =Ty A (5:1) A(4:2) 6 (1:3)
N =4 sp(2)
N=1 sp(1) Iuv (14;1)
Ap (5:1) Yy (16;4)
A (4;,2) Ay, By, (5;10) + (10;5)

® (1;3) A (4;16)
é (1;14)

Table A.1.: Tensor products of left and right super Yang-Mills multiplets in D = 10,9,8,7. Di-

mensions D = 6,5 are given in [lable A.2
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N = (170) Sp(l) b o

D = 6,5u(2) ® su(2)sT Ay B ;‘ 1,2) é A, A
(2,2;1,1) +(1:2;2: 1) (1,1;2,2) (2,2;1) (1,2;2)
N =1(2,2) sp(2) ®sp(2) N =(2,1) sp(2) ®sp(l)
Juv (3:3§171) Juv (373§171)
N: 1,1 1 @ 1 (2:3;471) (27'?’;471)
A( ) Ep( ()2 252_() ) d}u +(372;174) w“ +(372;172)
: (2 11 2) Ap (2,2;4,4) Ay (2,2;4,2)
A Y (3,1;1,5) (3,1;1,1)
R Buv 1(1,3:5,1) Buv  y(1,3:5,1)
¢ (17 17 27 2)
(2,1;4,5) A\ (2,1;4,1)
+(1,2;5,4) +(1,2;5,2)
¢ (1,1;5,5) @ (1,1;5,1)
N =(1,2) sp(1) @ sp(2) N =(1,1)  sp(1) ®sp(1)
uv (3,3;1,1) Juv (3,3;1 1)
» (2,8;2,1) W (2,8;2,1)
N=(0,1) o®sp(l) g +(3,2;1,4) " +(3,2;1,2)
Ay (2,2;1) Ap (2,2;2,4) Ay (2,2;2,2)
. (3,1;1,5) (3,1;1,1)
A (2,1;2) Buw +(1,3;1,1) Buuw +(1,8;1,1)
A (2,1;2,5) A (2,1;2,1)
+(1,2;1,4) +(1,2;1,2)
@ (1,1;1,5) ¢ (1,1;1,1)
N =2 sp(2) N =1 sp(1)
D =5,50(3)sT Ay A é Ay A ¢
(3;1) (2;4) (1;5) (3;1) (2;2) (1;1)
N =4 sp(4) N =3 sp(3)
N=2 sp(2) gu  (5;1) Guv (5;1)
Ap (3;1) Yy (4;8) Yu (4;6)
A (2;4) A, (3;27) A, (3;1 + 14)
@ (1;5) A (2;48) A (2;6 +14')
@ (1;42) @ (1;14)
N =2 sp(2)
9uv (5§ 1)
N=3 sp(3) by (4;4)
N=1 sp(1) Guv (5;1) Ay (8;1+5)
Ay (351) U (4;6) A (2;4)
A (2;2) Ap (8;1+14) @ (1;1)
¢ (1;1) A (2;6 4+ 14") W =2y
@ (1;14) Ay (3;1)
A (2;4)
] (1;5)

Table A.2.: Tensor products of left and right super Yang-Mills multiplets in D = 6, 5.
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A.3. Complete List of Octonionic Dilaton Vectors

In order to list the dilaton vectors in a concise form we introduce some additional
terminology and notation. A flag on the Fano plane I (or its dual ﬁ) is a pair (ijk, 1),
consisting of an unoriented line 75k and a point ¢ lying on that line. Since the line
ijk is unoriented, we write o(ijk) € L (or L), where o(ijk) is some permutation
that puts 4,5 and k into the appropriate order. There are 7 x 3 = 21 flags on the
Fano plane (or its dual) and we denote the set of these as FI(F) (or FI(F)). Note
that any pair of distinct points ¢, 7 on I (or ]AF/) uniquely defines a flag (ijk, k), since
choosing two points i, j selects a unique line ijk, and giving preference to ¢ and j

over k singles out k.

Dilaton Fano Plage Octonionic Parameterisation Number
Vector Interpretation
—a Full Plane %(61 +ex+e3+eq+e5+ €+ 67) 1
s Point i on F %(61'/ + e+ e + er), 7
¢ ¢ Line ijk on F 77kl e Q
L (ijk, k) € FI(T) 1.
aij, 1<j & (imn.1) € FI(F) s(e1—em —ey), o(lmn) € L 21
.. =~ Line ijk on F
@ik, ijk € L “ Poini tonF ci 7
aik, ijk ¢ L, A € FI(F) H—ev +em +ew +ep), o
i<j<k < (Imn,l') € FI(F) o('m'n'p') € Q
Point i on IF 1 ..
. _l(p. . L
bi < Line ijk on F aleitej+en) ijh € 7
" %(el’ —|— em/ — en/ — ep')?
b i< (ijk, k) € FI(IF) o('m'n'p’) € Q, 91
7 J < (Imn,l) € FI(TF) o(ll'm’),o(ln’p") € L,
i=n'and/or j =1

Table A.4.: Complete list of the octonionic D = 4 dilaton vectors. The vectors (or Kirmse integers)
aijk, bij and —a; are the positive roots of E7(7y, while a;; and b; make up the positive
weights of the 56 representation. The notation o(Imn) € L means that there exists
some permutation of lmn that gives a line in L (strictly speaking, the lines in L consist
of ordered triples of points).

An anti-flag is a pair (ijk,l), consisting of an unoriented line ijk and a point [
not lying on that line. There are 7 x 4 = 28 anti-flags and we denote the set of these
as FI(IF) (or FI(F) for its dual). Note that any triple of points ijk that is not a line
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on the Fano plane defines a unique anti-flag, since the compliment of that triple in

the plane consists of four distinct points, three of which form a line.

Dilaton Fano Plage Octonionic Parameterisation Number
Vector Interpretation
, Point i on I 1/, ] 1y
ap; & Line ijk on F sler ey +ep +ep), KT €Q 7
o ijk, k) € FI(IF 1
api<i | ) (lmn), ) e J(?l()]F) al=lte=en=cn) olimn) €L ) 21
L (ijk, k) € FI(F) 1 -
aijo, 1 < j & (Imm,1) € FI(F) s5(Fl+e —ep —ey), o(lmn) € L 21
.. =~ Line ijk on F
gk, ik € L o Poiilt i on IF “ 7
aijk, ijk ¢ L, A € FI(F) L—er +em +en +ep), o
i<j<k < (Imn,l") € FI(F) a('m'n'p’) € Q
—bg - 1 1
, Point i on I 1 ' 4 ..
b; ¢ Line ijk on F s(L+ei+ej+e), ijkcL 7
. Point i on T 1/ 4 4 ..
boi o Line ijk on F s(=14ei+ej+ex), ijk € L 7
» %(el/ + Em/ — Epr — ep/)’
b i< (ijk, k) € FI(F) o('m'n'p’) € Q, 91
AN & (Imn,1) € FI(F) o(ll'm'),o(In'p') € L,
i=n"and/or j =1

Table A.5.: Complete list of the D = 3 dilaton vectors (—aap, @ape, —ba and bap) written as Kirmse
integers. Together all the dilaton vectors make up the positive roots of Egg).

Using ([7.49)) one can compute the full set of dilaton vectors. Because of the
parameterisations ([7.52)) and (7.61) the resulting vectors exhibit a correspondence
with the Fano plane:

e q, carries a label 7 corresponding to a point of ﬁ, which maps by duality to a
line ijk on IF; the complement of this line is a quadrangle ¢ j'k’'l’ on F; we find
that a; = %(Gi/ + €4 + ep + €l/).
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e a;; (i < j) singles out a flag in (ijk, k) € FI(F) which maps to a flag (Imn, ) €
FI(F); the resulting vector is a;; = 3(e; — e — €,,), with the different signs

reflecting the flag (Imn,1).

® a;ji, ijk € L clearly singles out the line 75k on ]?‘, which maps to a point ¢ on
IF; we find that a;j; = e;.

® ik, 1jk ¢ L (with i < j < k) corresponds to an anti-flag A € FI(F), which
maps to an anti-flag (Imn, ') € FI(F); the complement of the unoriented line

/

Imn is an unoriented quadrangle I'm/n’p’ where the point [’ is distinguished

by the flag (Imn,l'); the result is a;;, = %(—el/ + e F e+ €p).

e b; corresponds to a point 7 on ]?, which gives a line 75k on F, giving b; =
—%(61 + €; + €k).

e b;; (i < j)again selects aflagin (ijk, k) € FI(F) which maps to a flag (Imn, ) €
FI(IF); the complement of the unoriented line [mn is an unoriented quadrangle
I'm'n’p’, which is naturally split into two halves I'm’ and n'p’ by the flag
(Imn, 1), since I’ and m' lie on an unoriented line [I'm’ with [, while n’ and p’
lie on another line In'p" with [; the resulting vector is b;; = %(61/ +epm —€n —€y)
with the overall sign dictated as follows: looking at the labels ¢ and j of b;; we

see that in general i = n’ and/or j =1

This is summarised in Table and, since the D = 3 case is very similar,
its vectors are simply listed in Table [A.5] For reference, the sets of lines L and

quadrangles Q of the Fano plane are defined again here:

L := {124,235, 346,457,561,672, 713},

(A.29)
Q = {3567,4671,5712,6123,7234, 1345, 2456},
as well as the lines L of the dual Fano plane,
L= {157,261, 372,413,524, 635, 746 }. (A.30)

190



Bibliography

1]
2]

3]

[10]

[11]

[12]

J.C. Baez. The Octonions. Bull. Am.Math.Soc., 39:145-205, 2002.

R.E. Kallosh, O.V. Tarasov, and [.V. Tyutin. One-loop finiteness of quantum
gravity off mass shell. Nuclear Physics B, 137(1):145 — 163, 1978.

Nicola Grillo. Finite one loop calculations in quantum gravity: Graviton

selfenergy, perturbative gauge invariance and Slavnov-Ward identities. 1999.

E. Cremmer and B. Julia. The N = 8 supergravity theory. I. The Lagrangian.
Physics Letters B, 80(1-2):48 — 51, 1978.

E. Cremmer, B. Julia, and Joel Scherk. Supergravity theory in 11 dimensions.
Phys. Lett., B76:409-412, 1978.

Michael J. Duff. The world in eleven-dimensions: Supergravity, supermem-
branes and M theory. 1999.

W. Nahm. Supersymmetries and their Representations. Nucl. Phys., B135:149,
1978.

J. Wess and B. Zumino. Supergauge Transformations in Four-Dimensions.
Nucl. Phys., B70:39-50, 1974.

E. Cremmer and Joel Scherk. Spontaneous Compactification of Extra Space
Dimensions. Nucl. Phys., B118:61-75, 1977.

F. Englert. Spontaneous Compactification of Eleven-Dimensional Supergrav-
ity. Phys. Lett., B119:339, 1982.

Peter G. O. Freund and Mark A. Rubin. Dynamics of Dimensional Reduction.
Phys. Lett., B97:233-235, 1980.

M. J. Duff, B. E. W. Nilsson, and C. N. Pope. Kaluza-Klein Supergravity.
Phys. Rept., 130:1-142, 1986.

191



[13]

[14]

[15]

[16]

[17]

[18]

22]

23]

[24]

[25]

[26]

M. J. Duff and C. N. Pope. KALUZA-KLEIN SUPERGRAVITY AND THE
SEVEN SPHERE. In September School on Supergravity and Supersymmetry
Trieste, Italy, September 6-18, 1982, pages 183228, 1983.

Edward Witten. Search for a Realistic Kaluza-Klein Theory. Nucl. Phys.,
B186:412, 1981.

Michael B. Green, J. H. Schwarz, and Edward Witten. Superstring Theory
Vol.1: Introduction. 1988.

Michael B. Green, J. H. Schwarz, and Edward Witten. Superstring Theory
Vol.2: Loop Amplitudes, Anomalies and Phenomenology. 1988.

J. Polchinski. String theory. Vol. 1: An introduction to the bosonic string.
Cambridge University Press, 2007.

J. Polchinski. String theory. Vol. 2: Superstring theory and beyond. Cambridge
University Press, 2007.

Edward Witten. String theory dynamics in various dimensions. Nucl. Phys.,
B443:85-126, 1995.

John H. Schwarz. The power of M theory. Phys. Lett., B367:97-103, 1996.

Petr Horava and Edward Witten. Heterotic and type I string dynamics from
eleven-dimensions. Nucl. Phys., B460:506-524, 1996.

M. J. Duff. M theory (The Theory formerly known as strings). Int. J. Mod.
Phys., A11:5623-5642, 1996.

P.K. Townsend. P-brane democracy. 1995.

T. Kugo and P.K. Townsend. Supersymmetry and the division algebras. Nucl.
Phys., B221:357, 1983.

Murat Giinaydin, G. Sierra, and P. K. Townsend. Exceptional supergravity
theories and the magic square. Phys. Lett., B133:72, 1983.

Murat Giinaydin, G. Sierra, and P. K. Townsend. The geometry of N = 2
Maxwell-Einstein supergravity and Jordan algebras. Nucl. Phys., B242:244,
1984.

M.J. Duftf. Supermembranes: The First Fifteen Weeks. Class. Quant. Grav.,
5:189, 1988.

192



28]

[29]

[34]

[35]

[36]

[37]

[38]

[42]

C.A. Manogue and J. Schray. Finite Lorentz transformations, automorphisms,
and division algebras. J. Math. Phys., 34:3746-3767, 1993.

Jonathan M. Evans. Auxiliary fields for superYang-Mills from division alge-
bras. Lect.Notes Phys., 447:218-223, 1995.

L. Borsten, D. Dahanayake, M.J. Duff, H. Ebrahim, and W. Rubens. Black
Holes, Qubits and Octonions. Phys.Rept., 471:113-219, 2009.

J.C. Baez and J. Huerta. Division Algebras and Supersymmetry I. 2009.

J.C. Baez and J. Huerta. Division Algebras and Supersymmetry II.
Adv. Theor. Math. Phys., 15:1373-1410, 2011.

M. Gunaydin, H. Samtleben, and E. Sezgin. On the Magical Supergravities in
Six Dimensions. Nucl. Phys., B848:62-89, 2011.

A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes, and S. Nagy. Super Yang-
Mills, division algebras and triality. 2013.

B. de Wit and H. Nicolai. N = 8 Supergravity with Local SO(8) x SU(8)
Invariance. Phys. Lett., B108:285, 1982.

David J. Gross, Jeffrey A. Harvey, Emil J. Martinec, and Ryan Rohm. Het-
erotic String Theory. 1. The Free Heterotic String. Nucl. Phys., B256:253,
1985.

M.J. Duff and J.X. Lu. Duality rotations in membrane theory. Nucl.Phys.,
B347:394-419, 1990.

C.M. Hull and P.K. Townsend. Unity of superstring dualities. Nucl. Phys.,
B438:109-137, 1995.

A. Casher, F. Englert, H. Nicolai, and A. Taormina. Consistent Superstrings
as Solutions of the D=26 Bosonic String Theory. Phys. Lett., B162:121, 1985.

H. S. M. Coxeter. Integral Cayley numbers. Duke Math. J., 13(4):561-578,
1946.

A. Anastasiou and M. J. Hughes. Octonionic D=11 Supergravity and 'Octa-

vian Integers’ as Dilaton Vectors. 2015.

D.Z. Freedman and A. Van Proeyen. Supergravity. Cambridge Univ. Press,
Cambridge, 2012.

193



[43]

[44]

[45]

[46]

[47]

[49]

[50]

[51]

[53]

[54]

[55]

[56]

J. A. Strathdee. Extended Poincaré supersymmery. Int. J. Mod. Phys., A2:273,
1987.

C. Pope. Lectures on Kaluza-Klein Theory. 2003.

A. Hurwitz. Uber die komposition der quadratishen formen von beliebig vielen
variabeln. Nachr. Ges. Wiss. Gottingen, pages 309-316, 1898.

A R. Dundarer and F. Gursey. Octonionic representations of so(8) and its sub-
groups and cosets. Journal of Mathematical Physics, 32(5):1176-1181, 1991.

H.M. Georgi. Lie algebras in particle physics; 2nd ed. Frontiers in Physics.
Perseus, Cambridge, 1999.

J.M. Evans. Auxiliary Fields for Super Yang-Mills from Division Algebras.
1994.

N.J. Berkovits. A Ten-Dimensional Super-Yang-Mills Action with Off-Shell
Supersymmetry. Physics Letters B, 318:104-106, 1993.

K.W. Chung and Anthony Sudbery. Octonions and the Lorentz and Conformal
Groups of Ten-dimensional Space-time. Phys. Lett., B198:161, 1987.

J. Schray and C.A. Manogue. Octonionic representations of Clifford algebras
and triality. Found.Phys., 26:17-70, 1996.

Jorg Schray. The General classical solution of the superparticle.
Class. Quant. Grav., 13:27-38, 1996.

Nathan Berkovits. A Ten-dimensional superYang-Mills action with off-shell
supersymmetry. Phys.Lett., B318:104-106, 1993.

L. Baulieu, N.J. Berkovits, G. Bossard, and A. Martin. Ten-dimensional super-
Yang-Mills with nine off-shell supersymmetries. Phys. Lett., B658:249-254,
2008.

Hans Freudenthal. Beziehungen der E; und Eg zur oktavenebene I-II. Nederl.
Akad. Wetensch. Proc. Ser., 57:218-230, 1954.

Hans Freudenthal. Beziehungen der E; und Eg zur oktavenebene IX. Nederl.
Akad. Wetensch. Proc. Ser., A62:466-474, 1959.

Hans Freudenthal. Lie groups in the foundations of geometry. Adv. Math.,
1:145-190, 1964.

194



[58]

[59]

[60]

[61]

[62]

[63]

[66]

Boris A. Rosenfeld. Geometrical interpretation of the compact simple Lie
groups of the class £ (Russian). Dokl. Akad. Nauk. SSSR, 106:600-603, 1956.

Jacques Tits. Algébres alternatives, algébres de jordan et algébres de lie ex-
ceptionnelles. Indag. Math., 28:223-237, 1966.

E. B. Vinberg. A construction of exceptional simple lie groups. 7Tr. Semin.
Vektorn. Tr. Semin. Vektorn. Tensorn. Anal., 13(7-9), 1966.

H. Kawai, D.C. Lewellen, and S.H.H. Tye. A Relation Between Tree Ampli-
tudes of Closed and Open Strings. Nucl. Phys., B269:1, 1986.

Ashoke Sen and Cumrun Vafa. Dual pairs of type II string compactification.
Nucl. Phys., B455:165-187, 1995.

Ignatios Antoniadis, E. Gava, and K.S. Narain. Moduli corrections to gravi-
tational couplings from string loops. Phys. Lett., B283:209-212, 1992.

Z. Bern, J.J.M. Carrasco, and Henrik Johansson. New Relations for Gauge-
Theory Amplitudes. Phys.Rev., D78:085011, 2008.

Zvi Bern, John Joseph M. Carrasco, and Henrik Johansson. Perturba-
tive Quantum Gravity as a Double Copy of Gauge Theory. Phys.Rev.Lett.,
105:061602, 2010.

Yu-tin Huang and Henrik Johansson. Equivalent D=3 Supergravity Ampli-
tudes from Double Copies of Three-Algebra and Two-Algebra Gauge Theories.
2012.

Ricardo Monteiro, Donal O’Connell, and Chris D. White. Black holes and the
double copy. JHEP, 12:056, 2014.

Ricardo Monteiro, Donal O’Connell, and Chris D. White. Gravity as a double
copy of gauge theory: from amplitudes to black holes. Int. J. Mod. Phys.,
D24(09):1542008, 2015.

Henriette Elvang and Yu-tin Huang. Scattering Amplitudes. 2013.

Zvi Bern, Tristan Dennen, Yu-tin Huang, and Michael Kiermaier. Gravity as
the Square of Gauge Theory. Phys.Rev., D82:065003, 2010.

Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, and R. Roiban. The
Ultraviolet Behavior of N=8 Supergravity at Four Loops. Phys. Rev. Lett.,
103:081301, 2009.

195



[72] John Joseph M. Carrasco, Marco Chiodaroli, Murat Gnaydin, and Radu
Roiban. One-loop four-point amplitudes in pure and matter-coupled N =

4 supergravity. JHEP, 1303:056, 2013.
[73] M.J. Duff. Ultraviolet divergences in extended supergravity. 1982,

[74] Zvi Bern, Lance J. Dixon, and Radu Roiban. Is N = 8 supergravity ultraviolet
finite? Phys. Lett., B644:265-271, 2007.

[75] A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes, and S. Nagy. Yang-Mills
origin of gravitational symmetries. Phys.Rev.Lett., 113(23):231606, 2014.

[76] Andrew Hodges. New expressions for gravitational scattering amplitudes.
JHEP, 07:075, 2013.

[77] Freddy Cachazo, Song He, and Ellis Ye Yuan. Scattering of Massless Particles:
Scalars, Gluons and Gravitons. JHEP, 1407:033, 2014.

[78] Lionel Mason and David Skinner. Ambitwistor strings and the scattering
equations. JHEP, 1407:048, 2014.

[79] Massimo Bianchi, Henriette Elvang, and Daniel Z. Freedman. Generating Tree
Amplitudes in N=4 SYM and N = 8 SG. JHEP, 0809:063, 2008.

[80] A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes, and S. Nagy. A magic
pyramid of supergravities. 2013.

[81] A. Anastasiou, L. Borsten, M. J. Hughes, and S. Nagy. Global symmetries of

Yang-Mills squared in various dimensions. 2015.

[82] Stanley Deser, R. Jackiw, and S. Templeton. Topologically Massive Gauge
Theories. Annals Phys., 140:372-411, 1982. [Annals Phys.281,409(2000)].

[83] Neil Marcus and John H. Schwarz. Three-Dimensional Supergravity Theories.
Nucl. Phys., B228:145, 1983.

[84] B. de Wit, A.K. Tollsten, and H. Nicolai. Locally supersymmetric d = 3
nonlinear sigma models. Nucl. Phys., B392:3-38.

[85] Edward Witten. (2+1)-Dimensional Gravity as an Exactly Soluble System.
Nucl. Phys., B311:46, 1988.

[86] Abhay Ashtekar, Vigar Husain, Carlo Rovelli, Joseph Samuel, and Lee Smolin.
(24+1)-Quantum Gravity as a Toy Model for the (3+1) Theory. Class. Quant.
Grav., 6:1L185, 1989.

196



[87]

[88]

[89]

[91]

[92]

[93]

[94]

[95]

[97]

[98]

[99]

[100]

[101]

C.H. Barton and A. Sudbery. Magic squares and matrix models of lie algebras.
Adv. in Math., 180:596-647, 2003.

Sergio L. Cacciatori, Bianca L. Cerchiai, and Alessio Marrani. Squaring the
Magic. 2012.

Bruce W. Westbury. Sextonions and the magic square. Journal of the London
Mathematical Society, 73(2):455-474, 2006.

J.M Landsberg and L. Manivel. The projective geometry of freudenthal’s magic
square. Journal of Algebra, 239(2):477 — 512, 2001.

Arthur L. Besse. Finstein Manifolds. Springer-Verlag, Berlin, Heidelberg, New
York, 1987.

M. Atiyah and J. Berndt. Projective planes, Severi varieties and spheres. 2002.

M. de Roo. Matter Coupling in N=4 Supergravity. Nucl. Phys., B255:515,
1985.

B. de Wit. Supergravity. 2002.

P.K. Townsend. A new anomaly free chiral supergravity theory from compact-
ification on k3. Physics Letters B, 139(4):283 — 287, 1984.

Riccardo D’Auria, Sergio Ferrara, and Costas Kounnas. N = (4,2) chiral super-
gravity in six-dimensions and solvable Lie algebras. Phys. Lett., B420:289-299,
1998.

J. Tits. Buildings of spherical type and finite BN-pairs. Lecture Notes in
Mathematics, 386, 1974.

K. Tent. Tits buildings and the model theory of groups. Cambridge Univ.
Press, Cambridge, 2002.

Francesco Toppan. On the Octonionic M algebra and superconformal M alge-
bra. Int.J.Mod.Phys., A18:2135-2144, 2003.

A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes, and S. Nagy. An octonionic
formulation of the M-theory algebra. 2014.

Hong Lu and C.N. Pope. P-brane solitons in maximal supergravities.
Nucl. Phys., B465:127-156, 1996.

197



[102] M. J. Duff and S. Ferrara. Four curious supergravities. Phys. Rev. D,
83:046007, Feb 2011.

[103] S. De Leo and K. Abdel-Khalek. Octonionic representationsn of GL(8,R) and
GL(4,C). J.Math.Phys., 38:582-598, 1997.

[104] J.W. van Holten and Antoine Van Proeyen. N=1 Supersymmetry Algebras in
D=2, D=3, D=4 MOD-8. J.Phys., A15:3763, 1982.

[105] J.H. Conway and D.A. Smith. On Quaternions and Octonions. AKPeters,
2003.

[106] E. Cremmer, B. Julia, Hong Lu, and C.N. Pope. Higher dimensional origin of
D = 3 coset symmetries. 1999.

[107] Mehmet Koca, Ramazan Kog, and Nazife O. Koca. The chevalley group g2(2)
of order 12096 and the octonionic root system of {E7}. Linear Algebra and
its Applications, 422(2-3):808 — 823, 2007.

[108] Pierre Ramond. Boson fermion confusion: The String path to supersymmetry.
Nucl. Phys. Proc. Suppl., 101:45-53, 2001. [,45(2000)].

[109] Pierre Ramond. Algebraic dreams. 2001.

198



	1 Introduction
	1.1 Supergravity, Superstrings and M-Theory
	1.2 Octonions and Supergravity
	1.3 Conventions and Units

	2 A Review of Supersymmetry and Supergravity
	2.1 The Basics of Rigid Supersymmetry
	2.2 Super Yang-Mills Theory
	2.3 Supersymmetry Algebras
	2.4 Supermultiplets
	2.5 Local Supersymmetry: Supergravity
	2.6 Eleven-Dimensional Supergravity
	2.7 Kaluza-Klein Theory
	2.8 U-Dualities

	3 The Normed Division Algebras
	3.1 Definitions and Basic Properties
	3.1.1 Exponentials and Polar Form

	3.2 Orthogonal Groups and Clifford Algebras
	3.2.1 Symmetries of the Norm
	3.2.2 Automorphisms and Derivations
	3.2.3 `39`42`"613A``45`47`"603ASpin(n) Spinors and Clifford Algebras

	3.3 Triality
	3.4 Division Algebras and Simple Lie Algebras
	3.5 Complex and Quaternionic Structures

	4 Super Yang-Mills, Division Algebras and Triality
	4.1 Spacetime Fields in D=n+2
	4.2 Super Yang-Mills Theories in D=n+2
	4.2.1 N=1 Lagrangian and Transformation Rules
	4.2.2 Proof of Supersymmetry
	4.2.3 Supersymmetry Algebra and Off-Shell Formulation

	4.3 Dimensional Reductions
	4.3.1 Little Group Representations and Triality
	4.3.2 Clifford Algebras
	4.3.3 The Master Lagrangian

	4.4 Summary

	5 A Magic Square from Yang-Mills Squared
	5.1 Gravity as the Square of Yang-Mills
	5.2 Mathematical Interlude: The Magic Square
	5.2.1 F4 and the Exceptional Jordan Algebra
	5.2.2 The Reduced Magic Square
	5.2.3 The Magic Square Construction

	5.3 The Magic Square of D=3 Supergravities
	5.4 Division-Algebraic Projective Planes
	5.5 Summary

	6 A Magic Pyramid of Supergravities
	6.1 Division-Algebraic Super Yang-Mills
	6.2 The Supergravity Pyramid
	6.3 The Magic Pyramid Algebra
	6.4 Compact Pyramid Symmetries
	6.5 Non-Compact Pyramid Symmetries
	6.6 Summary

	7 An Octonionic Formulation of D=11 Supergravity
	7.1 Spinors and Division Algebras in D=4,5,7,11
	7.2 An Octonionic Formulation of the M-Theory Algebra
	7.2.1 A New Outer Product
	7.2.2 The Octonionic M-Algebra

	7.3 The Octonionic D=11 Supergravity Lagrangian
	7.4 Interlude: The Kirmse and Octavian Integers
	7.5 Integral Octonions in D=3,4 Maximal Supergravity
	7.5.1 D=4, N=8 Supergravity
	7.5.2 D=3 , N=16 Supergravity

	7.6 Summary

	8 Concluding Remarks
	A Appendix
	A.1 Division-Algebraic Spinor Decomposition
	A.1.1 From D=10 to D=7,6,5: O.5-.5.5-.5.5-.5.5-.5H2.5-.5.5-.5.5-.5.5-.5HH
	A.1.2 From D=10 to D=8,4: O.5-.5.5-.5.5-.5.5-.5C4
	A.1.3 From D=10 to D=9,3: O.5-.5.5-.5.5-.5.5-.5R8

	A.2 Tensor Products of Yang-Mills Multiplets
	A.3 Complete List of Octonionic Dilaton Vectors


