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ABSTRACT: Mixed-symmetry arbitrary spin massive, massless, and self-dual massive fields
in AdS(5) are studied. Light-cone gauge actions for such fields leading to decoupled equa-
tions of motion are constructed. Light-cone gauge formulation of mixed-symmetry anoma-
lous conformal currents and shadows in 4d flat space is also developed. AdS/CFT cor-
respondence for normalizable and non-normalizable modes of mixed-symmetry AdS fields
and the respective boundary mixed-symmetry anomalous conformal currents and shadows
is studied. We demonstrate that the light-cone gauge action for massive mixed-symmetry
AdS field evaluated on solution of the Dirichlet problem amounts to the light-cone gauge
2-point vertex of mixed-symmetry anomalous shadow. Also we show that UV divergence
of the action for mixed-symmetry massive AdS field with some particular value of mass pa-
rameter evaluated on the Dirichlet problem amounts to the action of long mixed-symmetry
conformal field, while UV divergence of the action for mixed-symmetry massless AdS field
evaluated on the Dirichlet problem amounts to the action of short mixed-symmetry con-
formal field. We speculate on string theory interpretation of a model which involves short
low-spin conformal fields and long higher-spin conformal fields.
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1 Introduction

Conjectured string/gauge theory duality in ref. [1] and light-cone gauge approach to string
theory in AdS space in ref. [2] triggered our interest to light-cone gauge formulation of field
dynamics in AdS space. This is to say that the light-cone approach to string theory in AdS
space implies the corresponding light-cone formulation for target space fields in AdS. It is
expected that arbitrary spin totally symmetric and mixed-symmetry massive AdS fields
together with low-spin massless fields form the spectrum of states of AdS string. Therefore
a better understanding of the light-cone formulation for arbitrary spin massive AdS fields
might be useful for discussion of various aspects of string theory in AdS space. This is
long-term motivation of our research in this paper.

Before describing the particular problem we investigate in this paper, let us discuss
group theoretical interpretation of fields in AdSs we are going to study. Massive and
massless fields in AdS5 space are associated with unitary lowest weight representations of
the so(4,2) algebra. A unitary positive-energy lowest weight irreducible representation of
the so(4, 2) algebra is denoted by D(FEp, h), where a label Ej stands for the lowest eigenvalue
of the energy operator, while a label h = (hq, hy) is the highest weight for representation
of the so(4) algebra. For bosonic fields, the highest weights hy, he are integers, while for



fermionic fields, the highest weight A1, ho are half-integers. These weights satisfy the well
known restriction

hy > |hal. (1.1)

We recall that the field with h = (0,0) is a scalar bosonic field, while the field with
h = (1/2,41/2) is a spin one-half fermionic field.! The labels Ey and h associated with

the remaining fields in AdSj satisfy the following restrictions [3],2

Ey>h +1, hi = |ha| >1/2, self-dual massive fields (1.2)
Ey=h +2, hi > |ha| > 1/2, mixed-symmetry massless fields  (1.3)
Ey>h +2, hi > |ha| > 1/2, mixed-symmetry massive fields — (1.4)
Ey=h +2, hi > |ha|, he=0,%£1/2, totally symmetric massless fields  (1.5)
Eo>h1+2, hi > |he|, he=0,£1/2, totally symmetric massive fields  (1.6)

Often, in place of the labels Ey, h1, ho, we use the respective labels &, ji, jo defined by the
relations

(hi+hy), jo= %(hl — hy). (1.7)

N |

k=FEy—2, =

For fields in (1.5), (1.6), light-cone gauge formulation was developed in refs. [5, 6].3
Light-cone gauge actions in refs. [5, 6] lead to coupled equations of motion for fields
in (1.5), (1.6). Light-cone gauge actions leading to decoupled equations of motion for fields
in (1.5), (1.6) were obtained recently in ref. [8]. For fields in (1.2), (1.3), light-cone gauge
formulation was developed in ref. [9], while, for fields in (1.4), light-cone gauge formulation
was studied in ref. [10].# For fields in (1.2), (1.3), light-cone gauge actions in ref. [9] lead to
decoupled equations of motion, while, for fields in (1.4), light-cone gauge actions in ref. [10]
lead to coupled equations of motion.

Two main aims of this paper are as follows. The first aim is to develop light-cone gauge
formulation which leads to decoupled equations of motion for mixed-symmetry massive
fields (1.4). The second aim is to apply such light-cone formulation to study of AdS/CFT
correspondence. In this paper, our primary interest are the massive mixed-symmetry fields.
The massless and self-dual massive fields are realized as appropriate limits of the massive
fields. This allows us to study a Lagrangian formulation and the AdS/CFT correspondence

'For the reader’s convenience, we note that the field with h = (1,0) is spin-1 field, while the field with
h = (2,0) is a spin-2 field. Sometimes, the labels h; are referred to as Gelfand-Zeitlin labels. The Gelfand-
Zeitlin labels are connected with the Dynkin labels h? by the relations (h, h2) = (h1 — hz2, h1 + hs).

2(eneralization of restrictions (1.2)—(1.6) to the case of so(d,2) algebra with arbitrary d may be found
in ref. [4].

3In refs. [5, 6], light-cone gauge formulation was developed for totally symmetric fields in AdS4.1 with
arbitrary d, d > 3. Light-cone gauge formulation for fields in AdSs was investigated in ref. [7].

4We note that it is light-cone gauge approach in refs. [9, 10] that made it possible to develop a
Lagrangian formulation of AdS fields in (1.2)—(1.4) for the first time. Also, for the reader’s convenience,
we recall that, in Lorentz covariant approaches, the mixed-symmetry fields in (1.2)—(1.4) are described by
tensor (or tensor-spinor) fields whose so(4,1) space-time tensor indices have the structure of the Young
tableaux with two rows. Namely, mixed-symmetry bosonic fields are associated with Young tableaux
having row lengths hi, |hz2|, while mixed-symmetry fermionic fields are associated with Young tableaux
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having row lengths k1 — %, |ha| — 3.



for the mixed-symmetry massive, mixed-symmetry massless, and self-dual massive fields
on an equal footing.

Before proceeding to main theme of this paper let us briefly review various Lorentz
covariant approaches in the literature which have been developed for the description of
mixed-symmetry fields in AdS space. At the level of equations of motion given in Lorentz
gauge, massless and massive mixed-symmetry fields in AdS;.q, with arbitrary d were
studied in refs. [4, 6, 11]. On-shell BRST invariant formulation of massless and massive
mixed-symmetry fields may be found in refs. [12, 13]. On-shell formulation of massless
mixed-symmetry fields in terms of generalized connections of AdS symmetry algebras was
studied in refs. [14-17]. Lagrangian frame-like description of massless and massive mixed-
symmetry fields may be found in the respective refs. [18, 19] and refs. [20, 21]. Lagrangian
metric-like formulation for some particular mixed-symmetry massless field is considered
in ref. [22]. Maxwell-like Lagrangians for massless mixed-symmetry fields are considered
in ref. [23]. Discussion of Lagrangian formulation of massive fields corresponding to two-
column Young tableaux may be found in ref. [24]. BFV-BRST Lagrangian formulation of
mixed-symmetry massive fields is discussed in refs. [25, 26]. In the framework of world-line
spinning particle approach, the self-dual massive fields are studied in ref. [27]. Interesting
recent discussion of mixed-symmetry fields may be found in ref. [28]. Interacting mixed-
symmetry fields were studied in refs. [29-32].°

This paper is organized as follows. In section 2, we develop light-cone gauge La-
grangian formulation which leads to decoupled equations of motion for mixed-symmetry
massive fields in AdSs. Also we describe light-cone gauge realization of relativistic sym-
metries of actions for such fields. In sections 3, 4, mixed-symmetry massless and self-dual
massive fields are considered. We demonstrate how light-cone gauge Lagrangian for such
fields can be obtained from the Lagrangian for the mixed-symmetry massive field. In sec-
tion 5, light-cone gauge formulation for mixed-symmetry anomalous conformal currents
and shadows is developed. Two-point vertices for such currents and shadows are discussed.
Section 6 is devoted to study of the AdS/CFT correspondence for mixed-symmetry AdS
fields and boundary mixed-symmetry conformal currents and shadows. Mixed-symmetry
conformal fields are considered in section 7. We demonstrate how the action for such fields
can be obtained from 2-point vertex of mixed-symmetry shadows. Our conventions and
notation are explained in appendix A.

2 Mixed-symmetry massive fields in AdSs

Field content. To develop a light-cone gauge formulation of bosonic mixed-symmetry
massive fields in Ad.Ss we introduce the following set of complex-valued fields

Qsml,mza mlz_j17_j1+17"‘7j17 m2:_j27_j2+17“'7j2' (21)

SInteracting mixed-symmetry fields in flat space were studied by using light-cone gauge approach
in refs. [33]-[35] and by BRST method in refs. [36]-[40] (see also refs. [41, 42]). Taking into account
successful applications of these two approaches in string theory (see, e.g., refs. [43, 44]), the light-cone
gauge and BRST approaches seem to be promising for developing Lagrangian formulation of interacting
mixed-symmetry AdS fields.



In order to obtain the light-cone gauge description in an easy-to-use form, we introduce
oscillators u,, v;, 7 = 1,2 and collect fields (2.1) into ket-vector |¢) defined by the relation

Ji+ma j1—m1uj2+m2 J2—m2

J1 J2
|¢> = Z Z - o = e 7 ¢m1,m2‘0> : (2'2)

A V1 +m) G —ma)! (G2 + m2)!(j2 — mo)!

Commutation relations for the oscillators, hermitian conjugation rules, and the vacuum |0)
are defined by the relations
[ﬂT) ua} = 0rq, [777', UO'] =0r0 7,0 =1,2, (23)
i ]0) =0, 7|0y =0, ul =, vl =7,
where 511 = (522 = 1, 512 = 521 =0.

Light-cone gauge action. To discuss light-cone gauge action we use Poincaré
parametrization of AdSs space given by (details of our notation may be found in ap-
pendix A)

1
ds* = ?(dx“dx“ + dzdz) . (2.5)
General representation for light-cone gauge action and Lagrangian found in ref. [5] takes
the form
S = /deﬁ, &’z = detdx~ dx'dr?dz, (2.6)
1
£ = (ol (D4 22 - 54} lo), (2.7

where, in light-cone frame, the D’Alembertian operator [J in R*! is given by
O0=20T0" +00°, i=1,2. (2.8)

Bra-vector (¢| in (2.7) is defined as (¢| = (|¢))T. The operator A appearing in (2.7) is
independent of space-time coordinates and their derivatives. This operator depends only
on the oscillators. We refer to the operator A as AdS mass operator. From (2.7), we see
that all that is required to fix the Lagrangian is to find the operator A. Solution for the
operator A we found is given by

1

A=1v>— = 2.9
YRS (29)
vr=x+51— 952, k=Fy—2, (2.10)

1 1
Sl:§<NU1 _Nm)v S2:§(NU2_NU2>7 (2'11)
Ny, = ustir, N,, = v, 0, , T=1,2. (2.12)

In terms of fields (2.1), Lagrangian (2.7) takes the form
J1

J2
L= Z Z ¢In1,m2 (D + 07 — ;((KJ +m1 —mg)* — i)) Brmyms - (2.13)

mip=-—j1 me=—Jj2



From (2.13), we see that our Lagrangian leads to decoupled equations of motion for

the fields ¢y, m,,

1

<D+0§—212<(/£+m1—m2)2—4>> d)ml,mz =0. (2.14)

The following remarks are in order.

i) Using field transformation rules given below (see formulas (2.55), (2.56)), we verify
that if a set of fields (2.1) transform in the representation of the so(4,2) algebra

labeled by k, ji, j2, then a set of the hermitian conjugated fields (ﬁT_ with my

ma,—m
and mg as in (2.1) transform in the representation of the so(4,2) azlgebi"a labeled
by K, j2,j1. From (2.13), we see that our Lagrangian involves the fields ¢, m, and
their hermitian conjugated gbjnhmz. This implies that our Lagrangian (2.13) describes
dynamics of fields associated with a direct sum of two representations of the so(4,2)

algebra which are labeled by &, ji, jo and &, ja, j1-

ii) Lagrangian (2.13) gives light-cone gauge description of the massive mixed-symmetry
field. This Lagrangian can also be used for the description of the totally symmetric
massive field. To get Lagrangian for the totally symmetric fields we set ho = 0
n (2.13), d.e., j1 = jo. We can impose then the reality condition on the fields
in (2.1), ¢
field having number of real-valued D.o.F equal to (2j; + 1)

ma—my = Pma,my- This leads to the standard totally symmetric massive

iii) Our study demonstrates that AdS space admits decoupled equations of motion for
light-cone gauge fields. In this respect it will be interesting to find other gravitational
backgrounds which admit decoupled equations of motion for massive fields. Discus-
sion of massive fields in gravitational backgrounds may be found, e.g., in refs. [45-49].

Mixed-symmetry massive fermionic fields. Our results for bosonic fields are easily
generalized to the case of fermionic fields. To this end, we introduce the following set of

anticommuting complex-valued fields
Ymi,ma > m1=—ji,—n+1,...,01, mo = —j2,—j2+1,...,72. (2.15)
By analogy with (2.2), fermionic fields in (2.15) can be collected into a ket-vector defined by
J1+m1 J1 my 32+m2 J2—ma2

2) 2) SRR A mal0) . (216)

ml—_]l mo= —JQ \/ jl +m1) (]1 )(-72 + m2) (]2 - mQ)

Lagrangian for fermionic field is given by

£ =l (D02 - 5a)lw). (2.17)

where AdS mass operator A entering Lagrangian (2.17) takes the same form as the one
for bosonic field in (2.9)-(2.12).



2.1 Light-cone gauge realization of relativistic symmetries

Relativistic symmetries of fields in AdSs are described by the so(4,2) algebra. This
algebra contains the Lorentz sublagebra so(3,1). The choice of the light-cone gauge spoils
the manifest so(3,1) Lorentz symmetries. This is to say that, in the framework of the
light-cone approach, complete description of field dynamics in AdS5 implies that we have
to work out realization of the so(3,1) algebra symmetries and the remaining relativistic
symmetries as well. We now turn to the discussion of the so(4,2) algebra symmetries of
the light-cone gauge action (2.6).

In light-cone approach, the so(4,2) algebra generators can be separated into two

groups:
P, pt gt gt JY D, K' KT, kinematical generators;  (2.18)
P, J' K~ dynamical generators, (2.19)
where vector indies of the so(2) algebra take values i,j = 1,2 (for more details,

see appendix A). Field theoretical representation of so(4,2) algebra generators Gfelq
in (2.18), (2.19) takes the form

Gfeld = /dzda;d2a: (07 ¢|Gagt|@) + h.c., (2.20)

where Ggig stands for a realization of the generators in terms of differential operators
acting on the bosonic ket-vector |¢) (2.2). We now present the explicit expressions for the
differential operators Ggig.

Kinematical generators,

Pt =9, Pt =0", (2.21)
Jt- =a2tP —z7 0", (2.22)
J =29l —g'ot, (2.23)
JU =gl — 299" + MY | (2.24)
. 3
D =a2"P" + 270" + 20" + 20, + 3 (2.25)
1 o
Kt = —5(2:{%_ + 2zt + 22)0T + 2D, (2.26)
K' = _5(2m+x_ + 2l + 240 + 2'D + MYzl + M2t + M, (2.27)
Dynamical generators,
=0+ M?
p= SO (2.28)
J =270 —2'PT+ M, (2.29)
K = —1(2x+x_ +adad + ZQ)P_ +az D4 M- Mei(li + LB (2.30)
2 ot ot '
1
M2 = -9+ =4, (2.31)



01

—1 — B
) ) 1 )
M = —M*0, — —[M*, A], (2.33)
z
M = —2M* . (2.34)

Spin operators M%, M i, j = 1,2, form commutation relations of the so(3) algebra

(M, MM = 575 M 4 3 terms, [M? M) = =M% (2.35)
(MY M*] = §7k M=t — 5% =T (2.36)

Also, we note the following interesting commutator
[M® M%) = M2MY . (2.37)

Operator A is presented in (2.9). All that remains to complete a description of generators
in (2.27)—(2.30) is to find the operators M*!, M® B. In order to present these operators
explicitly, we introduce a frame of complex coordinates x%, 2% defined by

L(acl + iz?) = L( ) (2.38)
V2 ’ V2

In such frame, a vector X? is decomposed as X’ = X*®, X’ while a scalar product of two
vectors X%, Y is represented as XY? = XEYF + X YE. This is to say that, in a frame of
the complex coordinates, the spin operator M? is decomposed as M?* = M?% M?" while
the operator M®" is decomposed as M® = M®® M®L. Note also that, in a frame of the

complex coordinates, the so(2) algebra generator M% = —M7? is represented as M"*. In

xR

a frame of the complex coordinates, we find the following representation for the operators
entering generators of the so(4, 2) algebra in (2.27)—(2.30):

M™ =81 4+ 5, , (2.39)
M = 157 + g255, (2.40)
M = —Sngl - 52Lg2 . (2.41)
MGBR — —T_V_i_%ngF —7;_1_%925?, (242)
M = SnglT_% + SQLgQ'T_V_% , (2.43)
B = k(81 — S2) + 8§ + 55 — j1(j1 + 1) = j2(j2 + 1), (2.44)
where we use the notation
R 1 — L 1 _
Sl = ﬁﬂ;lvl, Sl = EUIUJ y (245)
1 1
SQR = E’UQTJQ, Sél = EUQ’ITLQ, (246)
: o 1/2

o= (/{+]2+S1)(/€ J2 1+Sl) ’ (2‘47)

(I{—1—|—51 —Sg)(n+51 —52)



(k+14+ 51 —S2)(k+S1 —52)
T, = 0. + g (2.49)

The following remarks are in order.

i) Spin operators S;°" defined in (2.45), (2.46) and the ones in (2.11) satisfy commuta-
tion relations of two su(2) algebras

[STan]:Sf’ [STaSTL]:_va [Sf7Sﬂ:S7-, S;[:Sﬂ'a (Sf)T:Sf? T=1,2.

(2.50)
In this paper, we use ket-vector (2.2) which depends on the oscillators wu.r,
vy. Realization of the operators Sy, S&" on space of such ket-vector is given
in (2.11), (2.45), (2.46). We note however that the above-given representation for
the operators A, B, M, M¥ in terms of the operators Sy, S&" does not depend on
the particular form for the operators S,, S&°" given in (2.11), (2.45), (2.46). What
is important for our practical computations is that the operators S, S satisfy
the relations given in (2.50).

ii) The light-cone gauge action (2.6) is invariant under the following so(4,2) algebra
transformations:

dc|¢) = Gainlo) - (2.51)
iii) Lagrangian (2.7) implies the standard equal-time Poisson-Dirac bracket,
r _ 1 (2) / — /— /
(o ) 6 || ==t @l = )ola™ = s = (252)

where a dependence of the ket-vectors on the coordinates of AdSs space is shown

explicitly and the notation |)(] stands for the corresponding unit operator on space
of ket-vector (2.2).

iv) Using (2.52), we verify that equal time commutator of the ket-vector |¢) with the
field theoretical generator (2.20) takes the form

[16), Ggerd] = Gaig|9), (2.53)
as it should be.

v) Defining an action of the operators M** on the component fields by the relation

Jitma, ji—ma, jotma jo—ma2

J1 J2
. u (¥ (7 v 1
M7g) =) > — T r (M Gy m)[0)
i i, VU ma)(G1 = ma)l(G2 + ma)!(j2 — m2)! e

(2.54)
we get the following transformation rules of the component fields ¢y, m, in (2.1),

. . 2
g ()= 1mg ) Y
mi,mg (H — 14+ my — mg)(li +mq — m2) J1,M1 ¥ 'my—1,mgy

(ot Ly = )=y — ) \M (2.55)
(k+ 14+ m1 —meo)(k+mi —ms) J2:m2 Py mg—1 5 \ <




Mg _(_(E+1+ja+mi)(k = j2+ 1) 1/27“ p
e (k+m1 —m2)(k+ 14+ m1 —ma) Jrmt By
(/i+j1—m2)(/<c—1—j1—m2) 1/2
; 2.56
( (k+mi—ma2)(k—1+mg—ma) Piana1Pmy masa > (2:56)
rim =V +m)(i—m+1)/2. (2.57)

vi) Expressions for operators A, B, M** above given are obtained by solving the defining
equations (A1)-(A4) given in appendix A in ref. [6].

Relativistic symmetries of fermionic fields. Lagrangian for fermionic field (2.17) is
invariant under transformations of the so(4,2) algebra given by

Salv) = G 1Y), (2.58)

where differential operators of fermionic fields Gfﬁrﬂm can be obtained from those of bosonic

fields (2.21)—(2.30) by making there the following substitution

- a4 (2.59)
X xr 28+ .

Lagrangian (2.17) implies the standard equal-time Poisson-Dirac antibracket,

= L@ — @ — )= A, (2.60)

equal zt 2

{1(x,2)), (', 2)| }

where the notation |)(| stands for the corresponding unit operator on space of ket-
vector (2.16).

For the fermionic field, field theoretical representation of the so(4, 2) algebra generators
Grelq in (2.18), (2.19) takes the form

G%gfg = —i/dzdx_de(lefﬁ%m]w> + h.c., (2.61)

Using (2.60), (2.61), we verify that equal-time commutator of the ket-vector |¢)) with field
theoretical generator (2.61) takes the form

[19), Gieid] = G lv)- (2.62)
3 Massless mixed-symmetry fields in AdSs

In section 2, we found the light-cone gauge action for the mixed-symmetry massive fields.
For the massive field, the lowest eigenvalue of the energy operator should satisfy the
restriction Ey > hy + 2 (see (1.4)). To realize the limit of the mixed-symmetry massless
field, we take

Ey — h1+ 2, hi > ‘h2| (3.1)

In terms of labels k, ji, j2, (1.7), limit in (3.1) can equivalently be represented as

K= J1+J2, J17#0, j2#0. (3.2)



Below, we will demonstrate, that limit (3.1) leads to appearance of invariant subspace in
|¢) (2.2). Namely we state that, in the limit (3.1), the following set of fields

¢*J'1,j2’
¢m7j27 m:_j1+17_j1+27"'7j17
¢—j1,ma m:_j2a_j2+17--->j2_1, (33)

are invariant under action of so(4,2) algebra generators given in (2.21)—(2.30). In other
words, in limit (3.1), fields (3.3) transform into themselves under the action of the
generators given in (2.21)-(2.30). Before proving this statement let us present our result
for Lagrangian of mixed-symmetry massless field.

Lagrangian for mixed-symmetry massless field. Equating to zero all component
fields ¢y, m, in (2.2) with the exception of ones appearing in (3.3), we note that ket-vector
which describes massless mixed-symmetry field is given by

|6) = |¢o) + |p1) + |92), -
271,272
L
60) = s G- nl0).
1 _m:—j1+1 \/(Jl-l-m).(]l_ m)!(2j2)! m,j2 1Y) s
J2—1 231 ]2+m1}]2 m
[f2) = D 2 6 jrml0) - (3.5)

w0 V250) G2+ m)!(jz — m)!

Plugging (3.4) into Lagrangian (2.7) and using x given in (3.2), we find the following
Lagrangian:

L=Ly+ L1+ Lo, (3.6)
1
Lo = (pol(O+ 07 + @)W)O%

| = <¢1!<D+33 - le<(j1 +81)% — >)!¢1>
£2 = {oal (04 22 = 5 (a5 - 1) 1) 5.7)

where Sy, Sy are given in (2.11). In terms of component fields (3.3), expressions for Lo,
Ly, L2 (3.7) can be represented as

1
2
Loy = ﬁbT_jhjz <D +0; + 422> P—ji1 g2 »

1
L = Z ¢m]2<D+8§— ;((j1+m)2_4>>¢m,j27

m——jl—l-l
L 0+ 02 1 !
m=—7j2+1

,10,



According to the analysis in ref. [4], for Ay > |ha|, there are two solutions for Ejy
corresponding to the massless fields: Epy1) = h1 +2 and Ejyg) = |ha|+ 1. Also, in ref. [4] it
was demonstrated that only Ejy1) leads to unitary massless representation. In ref. [22], it
was pointed out that the Ep(9) leads to wrong (negative sign) kinetic terms for some fields in
the Lorentz covariant Lagrangian of massless field. In light-cone gauge approach, from the
very beginning, we start with Lagrangian for massive field having the correct (positive sign)
kinetic terms for all fields entering the Lagrangian. We expect however that, if we relax the
restriction on signs of kinetic terms, then the massless limit Ey — Ep (o) will lead to negative
signs of kinetic terms for some fields in light-cone gauge Lagrangian of massless field.

Transformations of mixed-symmetry massless fields. Now we demonstrate that,
in limit (3.1), fields (3.3) transform into themselves under the action of the generators
given in (2.21)-(2.30). From (2.21)-(2.30), we see that we should verify that fields (3.3)
transform into themselves under the action of the operators 4, B, M**, M* M®'. Using
expressions for operators A (2.9), B (2.44), and M"" (2.39), we see that these operators
are diagonal on space of the fields ¢, m,. Taking this into account and using (2.33), we
see that if fields (3.3) are invariant under the action of the operator M then they also are
invariant under the action of the operator M®*.

Thus all that remains is to check that, in limit (3.1), fields (3.3) transform into them-
selves under the action of the operator M**. To this end we use (2.55), (2.56) and note
that, under the action of the operators M#*, M?=t, fields (3.3) transform as

, 1/2
R (Kt g2+
M ¢m1,12 - <I€—j2+7n1> le,m1¢m1—1,j2
(k4141 — o)k —j1 —ja) \"?
+ ; - Tj27j2¢m jo—1 7
(k+1—=Jj2+ma)(k — j2 +m) 12
ml:_j1+17_j1+27"'7j17 (39)
, 1/2
ZR _ k41471 —me '
M ¢—j177ﬂ2 - <I~€ +1—j1 —mo T]27m2¢—j1,m2—1 )

my = _j27_j2+1a"'7j2a (310)

. . . . 1/2
Mty = (k+ 1472 —j1)(k — j1 — j2) /r- e
—j1,mo (K _jl o m2)</€+ 1 _jl o m2) J1,—J1 —j1+1,mo

+<f~€+j1 — my

1/2
. Tjo,m 1¢,-
K — jl o m2> J2 2+ j1.mo+17

my = _j27_j2+]~7"'7j2_17 (311)
K14 ja +ma\ "’
M, = (K +1—j2+ m1> Tt 41 P 1
my = _jlv_j1+17"'7j1' (312)

From (3.9), (3.11), we see that, for arbitrary , fields in (3.3) are not invariant under the
action of the operators M*%, M?*". However, we note that, in the massless limit,

K= J1+J2, (3.13)
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relations (3.9)—(3.12) take the form

. . 1/2
g1+ 272 +
MZR¢W,‘1’J’2 - < > Tj1,ma ¢m1—1,j2 )

J1+my
my=—j+L—-j+2,....], (3.14)
21 + jo + 1 —ma\/?
R — .
my = _j27_j2+]-5"'7j27 (315)
21 + J2 — me 1/2
_MZLQZ),]'LWQ = <M> Tj27m2+1¢7j1,m2+17
mo = —j2,—j2+1,..., 52— 1, (3.16)
, - 1/2
L (it 22+ 1+my
M Oy = ( g1+ 1+m T+ Py 1.
my = —ji,—j1+1,....01. (3.17)

From (3.14)—(3.17), we see that, in massless limit, fields in (3.3) are indeed invariant under
the action of the operators M= M*L.

Lagrangian for totally symmetric massless fields. For totally symmetric bosonic
fields, we have the condition j; = jo. Using the notation j = j;, we can impose the reality
condition

(/{jJ = b, (3.18)
¢;rn,j = ¢—j—m, m=—j+1,-5+2,...,7. (3.19)

Introducing then the real-valued field ¢y, d% = ¢p, and a set of the complex-valued fields
¢m by the relations

Do = \/§¢7j,j, Qjym = \@d)m,j ) m=—-j+1,—-7+2,...7, (3.20)

we see that Lagrangian (3.6), (3.8) takes the form

1 1 &l 1 1
Lz2¢o<D+a§+M)¢o+T;¢;(D+6§—22(m2—4>>¢m. (3.21)

Number of propagating real-valued D.o.F. entering Lagrangian (3.21) is equal to 2s + 1,
where s = 2j. Lagrangian (3.21) describes light-cone gauge dynamics of spin-s totally
symmetric massless field in AdSs.

Fermionic mixed-symmetry and totally symmetric massless fields. To get La-
grangian for mixed-symmetry massless fermionic field we use a ket-vector |¢) which is
obtained from (3.4) by substituting anticommuting fields ¥_j, j,, ¥m jo, ¥—j; m in the re-
) into (2.17) and setting
Kk = j1 + j2, we get Lagrangian for mixed-symmetry massless fermionic field. Setting

spective ket-vectors in (3.5). Plugging then such ket-vector

J1= %(h1 + %), Jo = %(fn — %) in such Lagrangian for mixed-symmetry fermionic field, we
get Lagrangian for totally symmetric massless fermionic field.
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4 Self-dual massive fields in AdSs5

The case of self-dual massive fields (3.2) is realized by considering
Ey>h +1, hi = |ha| > 1/2. (4.1)
Using labels &, ji, jo (1.7) and considering ho > 1/2, we represent (4.1) as
k>j1—1, jo=0, for hy>1/2. (4.2)

Using the relation jo = 0 in (2.2), we see that ket-vector of the bosonic field (2.2) simplifies

as
J1+m Jji—m

U1
mz_h m1+m> = )¢m,o|0>. (4.3)

Ket-vector (4.3) describes the massive self-dual field. Plugging this ket-vector into (2.7),

we obtain Lagrangian of the massive self-dual field with the operator A given by
1
A:I/2—Z, v=rk+ 851, k=FEy—2, (4.4)
where S is given in (2.11). In terms of the component fields ¢, o, Lagrangian of the
massive self-dual field takes the form

i B0 <D+82 j((mm) >>¢mo (4.5)

m=—ji

Note that the relation j, = 0 implies the relations Sa|@) = 0, Sy*"|¢) = 0. Using these re-
lations in (2.39)—(2.44), we get operators entering generators of the so(4, 2) algebra (2.21)—
(2.30) corresponding to the self-dual massive field,

me_ g, M = SF M= S, (4.6)

1%
MO = T .1 ST, = SIT, To=0.+2, (A7)
B=rS1+ 57 —j1(j1 +1). (4.8)

Fermionic self-dual massive fields. Our result for bosonic fields above presented can
be extended to the case of fermionic fields is a rather straightforward way. For this case,
we use the fermionic ket-vector given by

J1+m J1—m

U1
mz_:h \/ ]1 T m) (jl ) wm,0|0> ’ (49)

while the operator A takes the form given in (4.4). Plugging (4.9) and A (4.4) into (2.17),
we get Lagrangian of fermionic self-dual massive field

Z Yho 3i+ <D +02 - Z1<( +m)® — ))wm,o. (4.10)

m=—Jj1

Operators for bosonic fields in (4.6)—(4.8) take the same form for fermionic self-dual
massive fields.
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5 Mixed-symmetry anomalous currents and shadows in R3!

Let us recall some basic notions of CFT. Fields of CFT can be separated into two groups:
currents and shadows. Currents and shadows in R*! transform in representations of con-
formal algebra so(4,2). Currents transform in representations of so(4,2) labelled by Acyr,
hi, ho, where A¢yr is conformal dimension, while Ay and ho are highest weights for rep-
resentations of the so(4) algebra. In this paper, currents having conformal dimensions
Acyy = Eo with Ey as in (1.2), (1.3), and (1.4) are referred to as self-dual current, mixed-
symmetry canonical current, and mixed-symmetry anomalous current respectively. Shad-
ows transform in representations of so(4, 2) labelled by Ay, hi, ha, where Ay, is conformal
dimension, while h; and hg are highst weights for representations of the so(4) algebra. In
this paper, shadows having conformal dimensions Ay, = 4 — Ey with Ey as in (1.2), (1.3),
and (1.4) are referred to as self-dual shadow, mixed-symmetry canonical shadow, and
mixed-symmetry anomalous shadow respectively. Often, in place of labels Fy, hi, ho, we
will use the labels &, ji, jo defined in (1.7). We start our light-cone gauge formulation of
currents and shadows with the description of field contents.”

Field content of mixed-symmetry anomalous current and anomalous shadow.
To discuss light-cone gauge formulation of bosonic mixed-symmetry anomalous current and
anomalous shadow we use the following complex-valued fields in R

¢cur;m1,m27 (z)sh;ml,mgy my = —J1,—Jj1+1,...,71, mo = —jo,—jJ2+1,...,72.

(5.1)
In order to streamline the presentation of light-cone gauge description, we use oscillators
Ur, Uy (2.3), (2.4) and collect fields (5.1) into ket-vector |peur), |¢sn) defined by the relation

Jl+m1 Ji—mai, jat+ma ja—ma2

v u U
|¢cur sh L 2 2 ¢cur sh;my,mao ’0>
ml_zzjl mg_zzp Vi + ml) (J1 = m1)!(J2 + m2)!(j2 — mo)!

(5.2)
Conformal dimensions of the fields in (5.1) are given by

A(¢cur;m1,m2) =2+ K+m1 —ma 5 A(¢sh;m1,m2) =2—K—m1+my. (53)

Light-cone gauge 2-point vertices of mixed-symmetry anomalous currents and
shadows. For currents and shadows, one can construct two 2-point vertices. The first
2-point vertex, which we denote by I'~sh is a local functional of current and shadow.
Using notation |¢cyr) and |¢gn) for the respective ket-vectors of currents and shadows given
n (5.2), we note the following expression for the local vertex:

Fcur—sh — /’d4$ £cur—sh7 L sh <¢cur||¢sh> (54)

5In the framework of light-cone approach, the fields we use for the description of currents and shadows are
not subject to any differential constraints. We recall that, in the framework of Lorentz covariant approaches,
fields which are used for description of currents are subject to differential constraints. Study of differential
constraints for mixed-symmetry currents may be found in refs. [50-54]. Light-cone gauge formulation of
currents can be obtained by solving differential constraints appearing in Lorentz covariant approaches. For
example, see section 6.2 and appendix C in ref. [5]. Light-cone gauge formulation of shadows can then be
obtained by requiring the two-point vertex (5.4) to be invariant under light-cone gauge transformations.
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The second 2-point vertex, which we denote by I'"~P is a non-local functional of
shadows. Using notation |¢g,) for the ket-vector of shadow (5.2), we note the following
expression for the non-local vertex:”

Fsh—sh _ /d4x1d4x2 Esh—sh, (5'5)
£ = (G (an)| 2L () (5.6)
‘$12‘2u+4 ?
4T (v + 2)T (v +1)
v = , 5.7
= e+ 2T+ 1) (5.7)
w1l = atoaly,  aly — 2% — 2%, (5.8)

In terms of component fields (5.1), light-cone gauge 2-point vertex (5.5) can be represented
as

h—sh __ fl’m1 mo
Lsh—sh Z Z (Z)Sh m1,ma 4‘.%. ‘2ym1 g 14 ¢sh; mi,ms - (59)

mi1=—ji1 ma=—j2

4mms Ty s 4 2)T (Vg + 1
fVm1»m2 = 4€€I?EZT 2)F2/€ (‘F’r;;mQ ) ’ Vmimg = K +mp —ma. (510)

Light-cone gauge 2-point vertex for mixed-symmetry canonical shadow. All
that is required to get 2-point vertex £"! for canonical shadow is to set kK = j1 + jo
and plug ket-vector corresponding to canonical shadow into (5.6). For canonical shadow,
an expansion of ket-vector into component fields takes the same form as for massless AdS
field in (3.4). This is to say that ket-vector of the mixed-symmetry canonical shadow can
be presented in terms of the component fields as

‘¢sh> = ’¢sh 0> + ’¢sh,1> + ’¢sh,2> 5 (511)
251 2j2
U U
=L 2 4. .10,
|¢sh,0> (2]1) (2]2) ¢Sh, J1Jz| >
Ji Jitm, ji—m_ 2js
U v U
|Psn, 1) = L1 Dsh;m,j210)
’ m:Zjl+1 VO + G —m) i)t
Jo—1 2]1 ]2+m,U]2 m
|bsn,2) = 2 Dsh; —j1,m|0) - (5.12)

Sy V(25! (G2 +m)!(j2 — m)!
Plugging (5.11) into (5.6) and using  given in (3.2), we find the following 2-point vertex:
Lsh—sh _ [’shfsh_’_‘cshfsh _'_Eshfsh
= 2

sh—sh _ Jo
‘CO - qbsh —7J1,J2 |{L‘ |4¢Sh, —J1,J2

: (5.13)

sh—sh __ fj1+m ‘
L o Z ¢Sh m,j2 W¢Sh; m,j2 s

m=—ji1+1

"Expression for f, given in (5.7) can be obtained by using the method we described in appendix B in
ref. [55].
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sh—sh __ ijer ‘
EQ o Z ¢Sh —J1,— ngﬁSh; —j1,—m s (514)
m=—ja2+1

4T (m + 2)['(m + 1)
4+l (j1 + jo +2)L(j1 +ja + 1)

Im = (5.15)

Expression for £58751 in (5.13) provides us light-cone gauge 2-point vertex for the canonical
mixed-symmetry shadow in R*! with arbitrary labels ji, ja.

Light-cone gauge 2-point vertex of self-dual shadow. In order to get 2-point vertex
L8751 for the self-dual shadow, we set jo = 0 and plug ket-vector corresponding to the self-
dual shadow into (5.6). For the self-dual shadow, expansion of ket-vector into component
fields takes the same form as for the massive self-dual AdS field in (4.3). This is to say that
ket-vector of the self-dual shadow can be presented in terms of the component fields as

J1+m Jji—m

) 1 bmol0) 5.16
60 = mz_ﬂmﬁm A a0 (5.16)

Plugging (5.16) into (5.6) and using the self-duality restrictions jo = 0, Sy = 0, we find
the following 2-point vertex:

sh—sh fVm
L = Z ¢ O’:C12’2VT:0+4¢m0 (5.17)

m=—j
4Vm*0F(Vm,0 + 2)F(Vm7o -+ 1)
4T (k +2)T(k + 1) ’

Jvmo = Vm,o = K+ m. (5.18)

Expression for £3875 in (5.17) provides us light-cone gauge 2-point vertex of the self-dual
shadow in R*! with arbitrary labels x and 7;.

Light-cone gauge 2-point vertex for totally symmetric canonical shadow. For
totally symmetric bosonic shadow, we have the condition j; = j2. Using the notation
j = j1, we can impose the reality condition on the shadows as in (3.18), (3.19). We
introduce then real-valued field ¢, o, QSlh’O = ¢sh,0, and a set of complex-valued fields
®sh,m by the relations

bsh,0 = V20sh: —j j» Gsh, j+m = V2Pshimj m=—j+1,-j+2,...5. (5.19)

Using (5.19) in (5.13) and setting j; = j, jo = j, we see that vertex (5.13) takes the form

ESh_Sh = §¢sh,0

adano+ Z B m - |2m+4 g Dsh,m (5.20)

4™ (m + 2)F(m + 1) .
= — =0,1,...,2;5. 5.21

We note that light-cone gauge vertices for totally symmetric arbitrary spin canonical

and anomalous shadows in R b with arbitrary d were obtained in ref. [55] and
ref. [56] respectively. In refs. [55, 56], gauge invariant and manifestly Lorentz invariant
representation of vertices for totally symmetric arbitrary spin canonical and anomalous
shadows were also obtained.
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Light-cone gauge symmetries of anomalous currents and shadows. To complete
the light-cone gauge description of conformal currents and shadows we have to work out
realization of the so(4,2) algebra symmetries on space of the ket-vectors |pcur), |dsn). Let
us present transformation rules of currents and shadows under action of the so(4, 2) algebra

transformations in the following way:

6’¢Cur> = GCur’¢cur> 5 5’¢sh> = Gsh’¢sh>7 (5.22)

where G, and Gg, stand for representation of generators of the so(4, 2) algebra in terms of
differential operators acting on the respective light-cone gauge ket-vectors of currents and
shadows. Expressions for Gy, and Gg, we found can be presented on an equal footing as

Pt =90", P=9, P =0, (5.23)
JTT =at0m —a 0T, (5.24)
JH =a2%9' —a'ot, (5.25)
JU =29 — 299" + MY, (5.26)
J =20 -0 + M, (5.27)
D=z 42 0" +20" + A, (5.28)
Kt = K[, (5.29)
K' = Kj+ M"727 + %{M“, T} + M, (5.30)
K™ =K + 1{M*i,gﬁ'} YL + iB, (5.31)
2 ot ot
K} = —%(2x+x_ + 2727)0" + 2°D a==,1, (5.32)
M= i 2 + iM@i, M~ =—-M"". (5.33)
ot ot

For currents and shadows, operators A, M7®: M®! M®S' appearing in (5.23)(5.33) take
the following form

Acr =2+, v=kK+51— 95,
MRL:SI+527

cur

MEE = Og1 ST+ 9255,

cur

MEL = Sngl—FDSQLgQ,

(5.34)

(5.35)

(5.36)

cur (5.37)
Mgt = —(2v = D157, (5.38)
ML = —=S52v+1)g2, (5.39)
Bewr = £(S1 = S2) + 57 + 55 — j1(j1 + 1) = j2(j2 + 1), (5.40)
Agp =2 — v, v=k+51— 95, ( )

MFE = S + Sy, (5.42)
MG" = g1S7 + OgaSy', (5.43)
(5.44)

MGF = 087g1 + 5592,
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M5 = (2v +1)g25%, (5.45)
Mg" = Si(2v —1)g1, (5.46)
Baw = K(S1— S2) + S+ 95 — j1(j1 + 1) — ja(j2 + 1), (5.47)

where expressions for g1, g2 are given in (2.47), (2.48), while the operators S; and S5°", 7 =
1,2 are defined in (2.11) and (2.45), (2.46). We note the following interesting commutator

[M® M®) =0OMY . (5.48)

Light-cone gauge symmetries of canonical mixed-symmetry (and self-dual) cur-
rents and shadows. Relations in (5.23)-(5.47) provide light-cone gauge realization of
the so(4, 2) algebra symmetries on space of mixed-symmetry anomalous currents and shad-
ows. From these expressions, we can easily obtain realization of the so(4,2) algebra sym-
metries on space of mixed-symmetry canonical currents and shadows and self-dual currents
and shadow. To get realization on space of the mixed-symmetry canonical currents and
shadows, we use ket-vectors as in (5.11) and set k = j; + j2. To get realization on space of
the self-dual currents and shadows we use ket-vectors as in (5.16) and set jo = 0, Sy = 0,
S3°% = 0. Note that for the self-dual fields the quantity g1 (2.47) is simplified as g; = 1.

6 AdS/CFT correspondence

We now study the AdS/CFT correspondence for mixed-symmetry AdS fields and
boundary mixed-symmetry conformal currents and shadows. To study the AdS/CFT
correspondence we use the light-cone gauge formulation for mixed-symmetry AdS fields,
mixed-symmetry anomalous currents, and shadows we developed in the preceding sections
in this paper. We recall that our light-cone approach to mixed symmetry AdS fields leads
to the decoupled equations of motion and surprisingly simple light-cone gauge Lagrangian.
Owing this property of our approach a study of AdS/CFT correspondence for arbitrary
spin mixed-symmetry AdS field becomes similar to the one for scalar AdS field. We note
also that the computation of action of mixed-symmetry AdS fields on solution of the
Dirichlet problem is considerably simplified in our approach. Perhaps, this is the main
advantage of our light-cone gauge approach.

In our study of AdS/CFT correspondence, we deal with light-cone gauge formulation
not only at AdS side but also at the boundary CFT. This is to say that, in the framework
of our light-cone gauge formulation, the study of AdS/CFT correspondence implies the
matching of:

i) on-shell so(4,2) light-cone gauge symmetries of bulk mixed-symmetry field and the
corresponding so(4,2) conformal light-cone gauge symmetries of mixed-symmetry
boundary conformal current and shadow;

ii) Action of mixed-symmetry AdS field evaluated on the solution of equations of motion
with the Dirichlet problem corresponding to the boundary mixed-symmetry shadow
and the boundary two-point vertex for the shadow.
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6.1 AdS/CFT for normalizable modes of massive AdS field and anomalous
conformal current

We now consider the AdS/CFEFT correspondence for mixed-symmetry massive AdS field
and mixed-symmetry anomalous conformal current. We begin with the discussion of the
normalizable solution of equations of motion for massive AdS field. To this end we note
that equations of motion obtained from action in (2.6)—(2.9) takes the form

<D+8§—;<y2—i>)\¢):0. (6.1)

The normalizable solution of eq.(6.1) is given by

]qﬁ(w,z)) = UV|¢Cur(x)> )
Uy = ha(=)2v/Z0 ], (20)g 42,
hy =2"T'(k+ 1), ¢ =0,

where J, in (6.3) is the Bessel function. From (6.2), we see that solution for |¢) is governed
by the operator U,. We note the following relations which are helpful for the study of
AdS/CFT correspondence:

7;_%Ul, =U,_1, (6.5)
T, U = =Ual, (6.6)

T, U1 = Uy, (6.7)
waé 1 = —U,, (6.8)
2Uy—1 + 200,41 = 20U, (6.9)
22U, = Uya® + 2U,110%, (6.10)

where 7, is defined in (2.49). Relations (6.5)—(6.10) are valid on space of ket-vectors which
depend on boundary coordinate z* and do not depend on the radial coordinate z. We
note also that relations (6.5)-(6.10) can easily be proved by using the following well known
formulas for the Bessel functions

Tody = Ju-1, T-vdy =~Jdyy1- (6.11)

The asymptotic behavior of solution (6.2) takes the form

vl 2°T(k+ 1)

z2—0
o)) =8 TR

(=) peur (@) - (6.12)

From (6.12), we see that, up to overall normalization factor, the ket-vector |¢eyr) is indeed
boundary value of the normalizable solution.

Matching of bulk and boundary so(4,2) symmetries. In the framework of
AdS/CFT correspondence, we expect that the boundary value |¢cy;) is realized as mixed-
symmetry anomalous conformal current. To make sure that |@ey,) is indeed realized as
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mixed-symmetry anomalous conformal current we prove the following statement: Bulk
light-cone gauge so(4,2) symmetries of the normalizable solution (6.2) amount to boundary
light-cone gauge so(4,2) conformal symmetries of the anomalous conformal current.

Thus our purpose is to demonstrate the matching of the so(4,2) algebra generators
for bulk mixed-symmetry massive AdS field given in (2.21)—(2.30) and the ones for
the boundary mixed-symmetry anomalous conformal current given in (5.23)—(5.31)
and (5.34)—(5.40). To this end we note that all that is required is to match the following
generators of the so(4,2) algebra

P, Pt J, JE J9, D, KT. (6.13)

This is to say that if generators (6.13) match then the remaining generators K~ and K'
match automatically in view of the commutation relations of the so(4,2) algebra.

Using notation G 4,5 and G pr for the respective bulk and boundary generators given
in (2.21)—(2.30) and (5.23)—(5.31), we note that the matching implies that we should verify
the following relation for the solution in (6.2) and for the bulk and boundary generators

GAdS|¢> = UVGCFT‘¢CUT> . (614)
We now verify relation (6.14) for generators of the so(4,2) algebra given in (6.13) in turn.
i) We start with matching the following generators:

P P! Jt, J (6.15)

From (2.21)—(2.24) and (5.23)—(5.26), we see that bulk and boundary generators

given in (6.15) coincide. As generators (6.15) commute with the operator U, (6.3),
we conclude that generators (6.15) satisfy relation (6.14).

)

ii) We now match generators P,,s and Pg.; given in (2.28) and (5.23) respectively. To
this end we note that operator M? (2.31) entering P,,s (2.28) can be represented in
terms of operator 7, (2.49) as

2 —
M= T T (6.16)
Using (6.5), (6.6) and (6.16), we find the following remarkable relation

MU, =U,0. (6.17)

Relation (6.17) is valid on space of ket-vectors which are independent of the radial
coordinate z. Taking into account (2.8), we note the simple relation

+—O0=98". (6.18)

From (6.17), (6.18), we see that P, s and Pgp, satisfy the relation (6.14). Note that,
because operator 9~ commutes with U, relation (6.14) implies that on the space of
solution (6.2) one has the relation

P~ . (6.19)

In (6.19) and below, the notation ~ is used to indicate the fact that relation (6.19)
is valid on the space of solution |¢) in (6.2).
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iii)

iv)

6.2

Next we match the generators J1 s, Daas (2.22) (2.25) and J&r7, Derpr (5.24), (5.28).
To math these generators we use relation (6.19) which implies that on space of solu-
tion (6.2) expressions for JI 5, D4us can be represented as

Jio~atom —a ot (6.20)
. 3
Days =~ 270" +27 07 +2'0" + 20, + 3 (6.21)
From (6.20) and (5.24), we see that generators .Ji,s and J.,, coincide. As these
generators commute with operator U, (6.3), we conclude that generators P
satisfy relation (6.14). Using (6.21) and (5.28), (5.34), we verify that D,,s and Depr
also satisfy relation (6.14).

We proceed with matching of generators Jois (2.29), Joty (5.27). To match these
generators we use relation (6.19) which implies that on space of solution (6.2) expres-
sions for J;dis can be represented as

Tt~ a0t —2'0” + ML, (6.22)

where M, is given in (2.32), (2.42), (2.43). Comparing (6.22) with (5.27), (5.33), we
see that all that remains is to match MY, in (2.42), (2.43) and M&%, in (5.36), (5.37).
In other words, we should prove the relation

M,%Skw = UVMéB}Z;“T|¢cur> . (623)
Using (6.5)—(6.8), we verify that relation (6.23) holds true.

Finally, we match generators KJ,s (2.26), K&.p (5.29). To this end we note the
following useful relation

1
K% — ;290 ‘ U, = U, K 6.24
( AT 5% >A:z82+§ v viAA ( )

A=2+v ’

1
KX = —5:1328“ + z%(x0 + A), a==,1, (6.25)

where 22 = 2%%, 20 = 0% Relation (6.24) can straightforwardly be proved by
using (6.9), (6.10). Using (6.24) for a = +, we see that K1, (2.26) and K/, (5.29)
satisfy relation (6.14). Thus the generators K 1,5 and K/, match. As a side remark
we note that, by using (6.24), we checked explicitly that the remaining generators
K, K~ also satisfy relation (6.14).

AdS/CFT for non-normalizable modes of massive AdS field and anoma-
lous shadow

In this section, we consider the AdS/CFT correspondence for mixed-symmetry massive

AdS field and mixed-symmetry anomalous shadow. We begin with the discussion of the

non-normalizable solution of equations of motion for massive AdS field. To this end we
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note that non-normalizable solution of equations of motion (6.1) with the Dirichlet problem
corresponding to anomalous shadow takes the form

6(z,2)) = 0 / 'y Gz — y,2)|da(v) (6.26)
cl,z”+%
Gy(z,z) = 21 e (6.27)
cy = I;EZVF_EVZ))’ (6.28)
2T,
Oy = 2”1—‘(/&) (_)S ) (629)

where G, in (6.27) is the Green function. From (6.26), we see that solution for |¢) is
governed by the o,G),.
The asymptotic behavior of solution (6.26) takes the form

z—0

il
|¢(.CI}, Z)> — Z +20—I/‘¢Sh(x)> : (6'30)
From (6.30), we see that, up to overall normalization factor, the ket-vector |¢gy) is indeed
boundary value of the non-normalizable solution.
In the framework of AdS/CFT correspondence, we expect that the boundary value

|sn) is realized as mixed-symmetry anomalous shadow. To make sure that |¢g) is indeed
realized as mixed-symmetry anomalous shadow we prove the following two statements:

i) Bulk light-cone gauge so(4,2) symmetries of the non-normalizable solution (6.26)
amount to boundary light-cone gauge so(4,2) conformal symmetries of the mized-
symmetry anomalous shadow.

ii) Action of mized-symmetry AdS field evaluated on solution (6.26) coincides, up to
normalization factor, with boundary 2-point light-cone gauge vertex for the mixed-
symmetry anomalous shadow.

We now prove these statements in turn.

Matching of bulk and boundary so(4,2) symmetries. Our purpose is to demon-
strate the matching of the so(4,2) algebra generators for bulk mixed-symmetry massive
AdS field given in (2.21)—(2.30) and the ones for the boundary mixed-symmetry anomalous
shadow given in (5.23)—(5.31) and (5.41)—(5.47). Let us use the notation G 4,5 and Gopr
for the respective bulk and boundary generators given in (2.21)—(2.30) and (5.23)—(5.31).
All that is required then is to verify that these generators satisfy the following relation

Gausl(z.2)) = 00 / d'y Gz — 3, 2)Gorrldan(®)) (6:31)

Procedure for checking relation (6.31) is the same as the one we used for the case of
conformal current in section 6.1. Therefore to avoid the repetition we just present the
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following relations which are helpful in the studying of AdS/CFT correspondence for the
case of shadow:

7;_%(0,,67’1,) = o, 1Gy_1, (6.32)

T\ 1(0,Gy) = ~0041Gsn, (6.33)

T 1(0v41Gupr) = oGy, (6.34)
T,VJF%(Gu—lGu—l) = —0,Gy, (6.35)
z00,1Gy—1 + 20,41Guy1 = 2vGy (6.36)
x%0,Gy, = 0,GLy* — 20%(0,-1Gy—1), (6.37)

where the operator 7, is defined in (2.49).

Effective action for mixed-symmetry anomalous shadow. In this paper, action
of AdS field evaluated on non-normalizable solution in (6.26) is referred to as effective
action. In order to find the effective action, we should plug the solution given in (6.26) into
light-cone gauge action (2.6) with Lagrangian given in (2.7). Note however that we should
add to the light-cone gauge action an appropriate boundary term. Using the method for
finding boundary term developed in ref. [57], we verify that a light-cone gauge Lagrangian
which involves an appropriate boundary term can be presented in the following way

£=1(0°0110°6) + (T,_14IIT, 14). (6.38)

Also note that, to adapt our expressions to commonly used Euclidean signature, we have
changed sign of Lagrangian, £ — —L, when passing from (2.7) to (6.38). It is easy to see
that light-cone gauge action (2.6), (6.38) considered on solution of equations of motion can
be represented in the following way

- eff:/d4$£eff

Plugging solution (6.26) into (6.39), we get the following effective action for mixed-

L La= (0T, 10 (6.39)

z—0

symmetry anomalous shadow
— Sop = 2k, IS (6.40)

where I'"P~sh takes the same form as in (5.5), while ¢, is defined in (6.28). Thus we see that,
up to overall normalization factor given by 2kc,, the action of the mixed-symmetry massive
AdS field evaluated on the non-normalizable solution amounts to the 2-point vertex of
mixed-symmetry anomalous shadow. Our analysis allows us to find the normalization factor
which might be important for the systematical study of the AdS/CFT correspondence.

Effective actions for canonical mixed-symmetry shadow, self-dual shadow, and
canonical totally symmetric shadow. Expression for Seg in (6.40) gives effective
action for mixed-symmetry anomalous shadow. From this expression, we can easily obtain
effective action for mixed-symmetry canonical shadow, self-dual shadow, and canonical
totally symmetric shadow. To get Seq for canonical mixed-symmetry shadow we use I'Sh—sh
given in (5.5), (5.13) and set kK = j; + j2 in (6.40). Seg for canonical totally symmetric
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shadow is obtained by using I'"~*" given in (5.5), (5.20) and setting x = 271, j1 = j, jo = Jj
in (6.40). To get Seg for the self-dual shadow we use I'*P~h given in (5.5), (5.17).
The following remarks are in order.

i) In the Lorentz covariant framework, effective action for mixed-symmetry canonical
shadow in R4~1! with arbitrary d and particular values j; = 3/2, jo = 1/2 was found
in ref. [58].

ii) In Lorentz covariant framework, effective action for self-dual shadow in R*! with
arbitrary s and the particular value of the label j; = 1 was discussed in ref. [59].

iii) The intertwining operator realization of AdS/CFT correspondence was studied in
refs. [60, 61].

In conclusion of this section, we note that we applied our light-cone gauge formulation
for the study of the AdS/CFT correspondence for mixed-symmetry AdS fields and bound-
ary mixed-symmetry currents and shadows. Beyond this, we expect that our light-cone
gauge approach might have other interesting applications to studying AdS/CFT correspon-
dence along the lines in refs. [62]-[71].

7 Mixed-symmetry conformal fields in R3?!

For shadows in R3!, a kernel of the effective action in (5.6) is not well defined when r (1.7)
takes integer values (see, e.g., ref. [72]). We note however that the kernel becomes well
defined for shadows having non-integer . Taking this into account, we use non-integer
k to regularize the kernel of effective action. When removing the regularization, we are
left with a logarithmic divergence of the effective action. This logarithmic divergence of
the effective action for shadow turns out to be light-cone gauge action of mixed-symmetry
conformal field.

We now explain the regularization procedure. Using the notation ki for integer part
of k, we introduce the regularization parameter € by the relation

K — Kint = —2¢, Kint — integer. (7.1)

Using (7.1) and taking into account the v in (2.10), we note the following textbook asymp-
totic behavior for the kernel:

1 e~0 1 Vint (4) o 7]'2
’x‘2V+4 ggl/intlj ) (-'L') ) Oy = 4VF(V n l)r(y T 2) R (72)
Vint = Rint T Sl - 52 . (73)
Plugging (7.2) into expression for '~ in (5.5), we obtain
~0 1
r « ~0 / dz L,
£ = (sms). (7.4
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In (7.4), to simplify the notation, we use the identifications of the ket-vectors, |¢) = |dsn),
when passing from (5.5) to (7.4). Lagrangian (7.4) provides light-cone gauge description of
mixed-symmetry conformal field. Taking into account values of k given in (1.7), (1.2)—(1.4),
we consider three cases of mixed-symmetry conformal fields

Kt =J1+j2+ N, ji1jo=0, N=0,1,..., self-dual conformal fields (7.5)
Kint = J1 + Jo, J1j2 # 0, short mix-sym. conformal fields (7.6)
Kint = J1+Je+ N, jija#0, N=1,2,..., long mix-sym. conformal fields (7.7)

We recall that conformal dimensions of fields (7.5)—(7.7) are given by
A=2-— Kint - (78)

Long mixed-symmetry conformal field.® In terms of component fields, Lagrangian
for long mixed-symmetry conformal field is obtained by using relations (7.3), (7.7) and by
plugging a ket-vector |¢), which takes the same form as in (2.2), into (7.4). Doing so, we get

J1 J2

L= Z Z ¢jn1,m2|:|j1+j2+N+m1_m2¢m17m2 ) N=12.... (7'9)

mi1=—j1 me=—7ja

As all fields in (7.9) are complex-valued it is easy to see that number of complez-valued
on-shell D.o.F described by Lagrangian (7.9) is given by

NBor = (2j1 + 1)(2j2 + 1)(j1 + jo + N) . (7.10)

Lagrangian (7.9) describes conformal fields associated with direct sum of two non-unitary
representations of the so(4,2) algebra labelled by A, ji,j2 and A, ja, j1, where A is given
in (7.8), (7.7). For totally symmetric conformal fields, j; = j2, we can impose the reality
condition on the space of fields, qﬁim%,m | = Omimo-

Short mixed-symmetry conformal field. In terms of component fields, Lagrangian
for short mixed-symmetry conformal field is obtained by using relations (7.3), (7.6) and by
plugging a ket-vector |¢), which takes the same form as in (3.4), into (7.4). Doing so, we get

L=Ly+ L1+ Lo, (7.11)
Lo=0; 1 ,0—jijs (7.12)
J1
Li= > &0 6, (7.13)
m=7j1+1
J2 .
Ly= Y ¢, 0o . (7.14)
m=—j2+1

8In this paper, terminology long conformal field is used to indicate the fact that, in the framework of
AdS/CFT correspondence, our long conformal fields are dual to massive AdS fields with integer values of
Ey defined by the relations (1.7), (7.7). Note also that, in the framework of AdS/CFT correspondence, our
short conformal fields are dual to massless AdS fields.
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From (7.12), we see that the field ¢_;, ;, is equal to zero on-shell. In other words, the field
¢—_j, j» does not describe propagating degrees of freedom. Therefore propagating D.o.F of
short mixed-symmetry conformal field are described by the Lagrangian

L=L1+Ls. (7.15)

It is easy to see that, a number of complez-valued on-shell D.o.F described by La-
grangian (7.15), (7.13), (7.14) is given by

NS op = j1(2j1 + 1) + ja(2j2 + 1). (7.16)

Lagrangian (7.15) describes conformal fields associated with direct sum of two non-unitary
representations of the so(4,2) algebra labelled by A, ji,j2 and A, ja, j1, where A is given
in (7.8), (7.6). For the discussion of short totally symmetric conformal fields, j; = ja, see
below.

Self-dual conformal field. For the case of self-dual conformal fields (7.5), one of the
labels j1, jo should be equal to zero. Let us set jo = 0. Then, in terms of component
fields, Lagrangian for self-dual conformal field is obtained by using relations (7.3), (7.5) and
plugging a ket-vector |¢), which takes the same form as in (4.3), into (7.4). Doing so, we get

J1
L= > ¢l g0, N=012,.... (7.17)

m=—ji

Number of complex-valued on-shell D.o.F described by Lagrangian (7.17) is given by
NS or = (21 + 1)(j1 + N). (7.18)

Lagrangian (7.17) describes conformal fields associated with direct sum of two non-unitary
representation of the so(4,2) algebra labelled by A, 71,0 and A,0,j;, where A is given
in (7.8), (7.5).

Simplest self-dual conformal field described by Lagrangian (7.17) corresponds to the
case j1 = 1, N = 0. Such self-dual conformal field appears in the field content of N' = 4,
4d conformal supergravity (for review, see ref. [73]). Also we note that, for the self-dual
conformal field with j; = 1, N = 0, ordinary-derivative light-cone gauge Lagrangian was
obtained in ref. [74].

Short totally symmetric conformal field. For totally symmetric bosonic fields, we
have the condition j; = jo. Using the notation j = j1, we can impose the reality condition

O i =0jm, m=—j+L—j+2...]. (7.19)
Introducing then a set of complex-valued fields ¢,, by the relations

Gjym = V20my, m=—j+1,—j+2,...j, (7.20)
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we see that Lagrangian (7.15), (7.13), (7.14) takes the form

2
L= ¢hL0"m. (7.21)

m=1

Using the notation s = 25, we note that Lagrangian (7.21) gives light-cone gauge description

of totally symmetric spin-s conformal field which, in the framework of Lorentz covariant

approach, was discussed for first in ref. [73]. From (7.21), it is easy to see that number of

real-valued on-shell D.o.F. described by Lagrangian (3.21) is equal to s(s + 1). Thus we

see that our light-cone gauge Lagrangian leads to the number of D.o.F found in ref. [73].

Let us conclude with following remarks.

i)

ii)

iii)

iv)

All conformal unitary representations of the so(d+ 1,2) algebra which are associated
with fields in R%! and AdSgy1 were classified in refs. [75, 76]. Our Lagrangian of
conformal fields involves higher-derivatives. From the expressions for Lagrangian
given in (7.9), (7.11), (7.17) is is clear that our conformal fields are related to non-
unitary representation of the so(4,2) algebra. This is to say that conformal fields
considered in this paper should not be confused with the ones studied in refs. [75, 76].

In the framework of Lorentz covariant formulation, a wide class of mixed-symmetry
conformal fields was studied in refs. [77-79]. We expect that our short mixed-
symmetry conformal fields might be related to the ones studied in refs. [77-79]. We
note however that precise relation of our mixed-symmetry conformal fields to the
ones in refs. [77-79] is still to be understood.

Our study leads to simple expressions for the light-cone gauge Lagrangian of confor-
mal fields. Therefore we believe that our light-cone gauge formulation of conformal
fields might provide us new interesting possibilities for the studying partition
functions of conformal fields along the lines in refs. [80-84]. In the framework of
BRST approach, discussion of partition functions of conformal fields may be found
in refs. [85, 86].

In the context of AdS/CFT correspondence, scalar long conformal fields were
discussed in ref. [87].

In the framework AdS/CFT correspondence, short conformal fields are dual to
massless AdS fields, while long conformal fields are dual to massive AdS fields
having integer values of lowest eigenvalue of the energy operator Ey. Taking this
into account, it is difficult to overcome a desire to speculate on some special regime
in the type IIB superstring theory in AdS5 x S° background when Ej for all massive
higher-spin fields take integer values. Such conjectured regime in the superstring
theory should lead via AdS/CFT to stringy theory of conformal fields which involves
low-spin short conformal fields and higher-spin long conformal fields.
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A Notation and conventions
We use the Poincaré parametrization of AdSs space with a line element given by

ds® = %(—dmodxo + da'dx’ + dadda® + dzdz), i=1,2. (A1)
The light-cone coordinates z* and complex coordinates 2%, z* are defined by the relations

x:l:

,_;S‘,_;
DO

(23 +2°), (A.2)

8
Il

Ro Ly 13:2) ’ 2L = (331 _ i:L‘2) ) (A.3)

>
Sl

The coordinate z is considered as the light-cone evolution parameter. For derivatives
with respect to x%, i = 1,2, we use the notation 9' = 9; = 9/9x°. Also, for derivatives, we
adopt the following conventions:

Ot =0r=0/0xT, 0%"=0,=0/9z", ' =0,=0/0z", 9,=0/0z, (A4)

and the D’Alembertian operator [0 in R*! takes the form 0 = 2079~ + 20%9*. In

+ R L

frame of the coordinates x™, =%, ", a product of two so(3,1) algebra vectors X?, Y is

decomposed as

XY = XTY" + X YT+ X'V, (A.5)
XY= XRY'F + XEY'R, (A.6)

where XY = 1, XY and 7, stands for the flat metric 7, = (—, + + +).

so(4,2) algebra consists of translation generators P?, conformal boost generators K¢,
dilatation generator D, and generators of the Lorentz so(3,1) algebra J%. We use the
following commutations relations of the so(4,2) algebra

[D,Pa] :_Pa’ [Pa’ch] :nabpc_,nach’
[D, Ka] — K9 7 [Ka’ ch] _ nach . nach7 (A7)
[Pa’ Kb] _ UabD o Jab’ [Jab’ Jce] _ anJae + 3 terms,
In frame of the coordinates z*, z®, z*, the generators are decomposed as
P* = p%* PR Pl K°=K* K" K", (A.8)
JO = g JER R (A.9)

Commutators for generators in (A.8), (A.9) are obtained from the ones in (A.7) by noticing

that, in frame of the coordinates z%, x*

, 2", the non-zero values of the flat metric n® are
given by n7~ = 1, n®*£ = 1. We adopt the following hermitian conjugation rules for the

generators of the so(4,2) algebra
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