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Abstract Wormholes are hypothetical shortcuts in space-
time that in general relativity unavoidably violate all of the
pointwise energy conditions. In this paper, we consider sev-
eral wormhole spacetimes that, as opposed to the standard
designer procedure frequently employed in the literature,
arise directly from gravitational actions including additional
terms resulting from contractions of the Ricci tensor with
the metric, and which are formulated assuming independence
between metric and connection (Palatini approach). We rein-
terpret such wormhole solutions under the prism of General
Relativity and study the matter sources that thread them. We
discuss the size of violation of the energy conditions in dif-
ferent cases and how this is related to the same spacetimes
when viewed from the modified gravity side.

1 Introduction

There exist numerous exact solutions of the Einstein field
equations in which the physical relevance is not always clear
and which, consequently, are often regarded as exotic [1].
A well-known example is the static and spherically sym-
metric Schwarzschild solution, where the importance of this
geometry was not fully understood until the observational
discovery of very compact objects such as neutron stars. In
the 1960s, the Schwarzschild solution began to be consid-
ered seriously not only as an approximate description of the
exterior geometry of (non-rotating) stars but also as the final
outcome of gravitational collapse [2]. Nowadays, black holes
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are an intensely studied topic of research, as e.g. the sources
of gravitational waves [3,4], and they are no longer regarded
as exotic solutions.

Wormholes are also regarded as an exotic family of solu-
tions of Einstein’s equations [5—7] and have been extensively
analyzed for a number of reasons. From a quantum gravita-
tional perspective, they are seen as a natural consequence if
the topology of spacetime fluctuates in time [8]. Recently, a
new connection between specific types of (non-traversable)
wormholes [9] and quantum systems was introduced with
relevant implications in high energy physics [10—15]. From
an astrophysical and cosmological viewpoint, the late-time
cosmic speedup [16—18] suggests that the source driving
the expansion [19-23] could be compatible with the kind of
matter necessary to generate traversable wormholes. In fact,
several cosmological models with exotic sources supporting
wormholes have been proposed, including phantom energy
[24-28], the Chaplygin gas [29-32], or its generalizations
[33-36]. This has led many researchers to explore the astro-
physical consequences and characterization of macroscopic
wormbholes [37-41].

In the context of general relativity (GR) wormhole space-
times are specifically designed, where Einstein’s equations
are solved in a reversed manner. This means that a suit-
able well-behaved geometry is defined a priori and the mat-
ter sources that generate it are derived a posteriori. The
outstanding feature was the requirement of exotic matter,
defined as matter that violates the null energy condition, i.e.,
Tuwk*k” < 0, where T, is the stress-energy tensor and
k™ is any null vector [5,6,42,43]. Although exotic matter is
considered classically non-viable, there is experimental evi-
dence of such energy conditions violations in several systems
where quantum effects such as the Casimir effect, Hawk-
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ing evaporation or vacuum polarization take place [6,45,46].
Therefore, since the existence of exotic matter is classically
a problematic issue, it is particularly important to find solu-
tions which minimize the violation of the energy conditions.
In fact, the amount of violation can be made infinitesimally
small by choosing the geometry of the wormhole in a very
specific and appropriate way [47]. The thin-shell formalism
is another approach to minimization of the exotic matter, as
the latter is now localized on the thin shell [48-56].

However, in the context of modified gravity, it was shown
explicitly that the matter threading the wormhole throat may,
in principle, satisfy all of the energy conditions, and it is the
higher-order curvature terms, interpreted as a gravitational
fluid, that support the wormhole geometry [57]. In fact, a
plethora of wormhole solutions beyond GR have been found
in a variety of theories, such as in conformal Weyl gravity
[58], Kaluza—Klein [59-61], Brans—Dicke [62—-65], Gauss—
Bonnet [66-69], Lovelock [70,71] braneworlds [62,72-74],
Hotava—Lifshitz [75,76], Eddington-inspired Born—Infeld
[77-79], metric [80-83] and Palatini [84,85] approaches of
f(R) gravity and extensions [86—88], the modified telepar-
alellism framework [89,90] or Einstein—Cartan theory [91].

The purpose of this work is to consider specific wormhole
solutions that can be obtained in gravitational theories for-
mulated in the Palatini approach, and interpret them from the
prism of standard GR. This means that considering specific
wormhole solutions, and taking into account the modified
Einstein equation, it is then possible to interpret its associ-
ated effective stress-energy tensor from a standard perspec-
tive and determine if it violates the generalized energy con-
ditions [57]. In this sense, the relevance and novelty of this
work lies in the fact that the wormhole solutions consid-
ered here do not arise as a result of the reversed philosophy
procedure, where the spacetime geometry is given first and
then the Einstein equations are driven back to find the matter
source threading such a geometry, but instead flows from the
resolution of the modified Einstein’s equations associated
to a well-defined gravitational actions without ghosts (see
Sects. 4 and 5). More specifically, a thorough analysis of the
specific solutions dictates that these wormhole solutions are
inherent in the Palatini theories considered in this work. Thus
this approach allows one to study wormhole geometries in
less artificial scenarios and to investigate such geometries
from the GR point of view in relation to violation of the
energy conditions.

The paper is organized as follows. We begin by intro-
ducing the basics of Palatini theories in Sect. 2. In Sect. 3,
we briefly review wormholes physics in GR. In Sect. 4,
we present specific Palatini wormholes, namely, wormholes
obtained in Born-Infeld gravity formulated in the Palatini
approach, and we discuss them under the prism of GR, iden-
tifying the matter source threading the wormhole and dis-
cussing the violation of the energy conditions. In Sect. 5,
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this analysis is extended to wormholes obtained in the con-
text of f(R) gravities, and we conclude in Sect. 6 with a
summary and discussion.

2 Palatini theories of gravity

The wormbhole solutions studied here have been found in the-
ories of gravity formulated a la Palatini, where one assumes
that the metric and the connection are independent geomet-
ric entities. In four spacetime dimensions, an affine connec-
tion I‘/);U may have up to 64 independent components. Its
antisymmetric part is known as the torsion tensor Sﬁu =
(FI):"V -
while its symmetric part C}w = (F}w + Fﬁu) /2 represents
the remaining 40 degrees of freedom. When a metric is con-
sidered, the nonmetricity tensor Qg = V% g, can be used
together with the torsion and the metric to fully determine
the symmetric part of the connection as

Fﬁu) /2, which represents 24 degrees of freedom,

A A A A
C;w = L;w + 8 agpvsﬁa + 8 agpllsfa
o3

g

+ T (Q,uow + Qvau - Qauv) ) (1)

where L?‘w represents the Levi-Civita connection of the met-
ric, namely
N gka

L;w = N (3/Lgow + 0vgap — aotg;w) . 2

We note that most of the literature on metric-affine gravity has
focused on Einstein—Cartan spaces (with torsion but without
nonmetricity [92]). Here, we consider torsionless scenarios
with nonmetricity, which naturally arise when one consid-
ers gravity Lagrangians beyond GR. For simplicity, we will
assume that the matter action only depends on the metric,
which is compatible with the experimental evidence support-
ing the Einstein equivalence principle [93]. Note, however,
that the matter action could depend on the connection in
regimes not yet explored experimentally. In fact, since the
coupling between fermions and gravity is mediated by the
torsion [94], this possibility should be considered at some
stage. Here, we follow a conservative approach in this respect
and will restrict ourselves to spinless matter fields.

2.1 f(R) theories

Consider extensions of Einstein’s theory in the f'(R) Palatini
approach, where we will omit details about the derivation of
the field equations, as they are available in the literature [95].
The variation with respect to the metric and the connection
leads to

fRRuv(F) - ggp,v = KzT;u)v 3
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Vo [V=8frg""] =0, “)

respectively, where fg = df/dR, while T, is the stress-
energy tensor of the matter, which is assumed to couple min-
imally to gravity. Tracing the first of these equations with the
metric g"V one obtains Rfg — 2f = «2T.

This is an algebraic equation that relates R with the trace of
the matter stress-energy tensor, 7 . In the case of GR, that rela-
tion is linear, R = —« 2T, but for nonlinear Lagrangians the
relation will be, in general, nonlinear. In any case, note that R
can be written as R = R(T'), implying that any function of R
will be a function of 7. As a result, the connection equation
(4) can be seen as algebraic and linear for sz because the R
dependences can be traded by functions of 7. One thus finds
that introducing an auxiliary metric, h,, = frguv, Eq. (4)
turns into Vo [+/—hh*’] = 0. This equation is equivalent to
Vohyw = 0, whose solution is the well-known Levi-Civita
connection of A,

hka
s, = - (Buha + dvhap — dahyy) - 5)

By writing explicitly the dependence on g, in this equation,
one obtains the result advanced in Eq. (1) with Qg =

Vg &uv = —(0« In fr)guv. The metric field equations can
then be written in compact form as

1 (f 2
R, (h) = f_1% (555 +« T“v), (6)

where R*,(h) = h** Ry, (h) and Ry, (h) = Ry, (). Note
that the R-dependent functions on the right-hand side of this
equation are functions of the matter via the trace 7. With
these equations, one could solve for £, once the matter
sources are specified and then use the relation 2, = frguv
to obtain g, . This strategy, however, is not always straight-
forward. One could thus opt for writing R*,, (%) in terms of
R, (g) and get a set of equations directly referred to g,,.
Thus, Eq. (6) turns into

Guv(g) = KTy, 7

where the modified (effective) stress-energy tensor, 7,,,, is
defined as
K Rfe—f

Tem T Ty S

S PR @)’
- ﬂ |: p.fR vfR — Eguv( fr) ]

2
K Ty =

1
+ — [Vuvva - g;waR] . ®)
Ir

Written in this form, these equations can be interpreted as
in Einstein’s theory but with the right-hand side of Eq. (7)
containing the stress-energy tensor 7},,, plus other functions,
which depend on the trace of the matter via R(T). It is pre-
cisely this form of the equations that we will use to reinterpret

f(R) wormhole solutions as solutions of Einstein’s theory
with a modified matter source. In other words, it is important
to bear in mind that the modified stress-energy tensor 7,
contains extra contributions which are just functions of the
matter.

2.2 Beyond the f(R) case

It has been recently established [96] that Palatini theories
in which the gravity Lagrangian is a function of the Ricci
tensor and the metric, L = f[gap, Ruv(I')], lead to field
equations of the form

2
Ru’v(h) =

G (Lst +TH,), 9)

where |fZ| represents the determinant of a matrix which
relates the physical metric g,, and an auxiliary metric
hyy which is compatible with the affine connection that
defines the Ricci tensor. In other words, h,, = Q2,%gav
and VL h,, =0.

In these theories, the nonmetricity tensor takes the form
Quuv = gpv(VaQ*IMA)QAP (symmetrized over 4 and v),
where ©,% is a function of T},,. In the f(R) case, one has
Q% = fR5,Oj (conformal transformation), which leads to a
simple nonmetricity tensor. In general, however, the relation
between the metrics is not conformal and a clean representa-
tion of the field equations in terms of g,,, is not immediate.
For this reason, Eq. (9) is typically preferred. Nonetheless, for
the spherically symmetric scenarios that will be considered
here, the Einstein tensor G, (g) can always be computed
straightforwardly, which facilitates the interpretation of the
solutions in terms of an effective ,,, in much the same way
as in f(R) theories.

As the field equations can be written in the Einstein-like
form (7), a given spacetime (wormhole or not) can be inter-
preted as a solution of an (in principle) infinitely degenerate
family of theories of gravity. Here, we will show that these
wormhole solutions are not designed, but that they follow
directly from well-motivated actions. This could shed light
on obtaining analytic wormhole solutions and on the kind of
energy sources that can generate them in the context of GR.
The reinterpretation of these wormhole solutions from the
prism of GR might be useful to understand their properties
from a more standard perspective. To proceed, we review
wormholes physics in the next section.

3 General theory of wormholes
In 1955, Wheeler introduced the term geon to denote a hypo-

thetical gravitational-electromagnetic object with a nontriv-
ial topological structure [8], and later with Misner [97] coined

@ Springer
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such a construction a wormhole. These concepts extended the
very first calculations tracing back to the Einstein and Rosen
bridge [9]. But it was the seminal work of Morris and Thorne
[5]in 1988 which gave rise to the great interest on traversable
Lorentzian wormholes which continues today. In this section,
such concepts will be introduced, and the transition from
wormholes in GR to those in metric-affine geometries will
become clear.

3.1 Wormhole geometry

Lorentzian wormholes are nontrivial topological structures
connecting two asymptotically flat regions, either in the same
universe, or in different ones. The geometry of a static and
spherically symmetric traversable wormhole spacetime can
be written as [5,6]

ds? = —e?®Mds? 4 dr? + r2dQ?, (10)

1—b)/r
where (z,r, 0, ¢) are the standard Schwarzschild coordi-
nates, and dQ? = d#? + sin” Odp? denotes the spherical
sector. @ (r) is called the redshift function because it is related
to the gravitational redshift, and b(r) is called the shape func-
tion as it determines the shape of the wormhole [5]. In order
to describe the wormhole solution, the radial coordinate pos-
sesses a minimum at g, which defines the wormhole throat.
The latter connects two asymptotically flat regions and it
is defined, for static configurations, as a surface of mini-
mum area that satisfies the flaring-out condition, which can
be obtained from the embedding calculations for the worm-
hole geometry and reads [b(r) — b’(r)r]/bz(r) > 0. One
thus deduces that ' (rg) < 1 must hold, since at the throat
b(rg) = rg is imposed.

The functions ®(r) and b(r) fulfill further properties in
order to describe a wormhole spacetime. The asymptotically
flat limit imposes b(r)/r — 0, as r — oo. Moreover, for
the wormhole to be traversable there should be no event hori-
zons so that ®(r) must be finite everywhere. Note that it is
straightforward to define the mass of the wormhole as the
finite limit for the function b(r). By comparison with the
Schwarzschild geometry, an observer from spatial infinity
sees that b =2G M.

The line element of a wormhole geometry can be alterna-
tively written as

ds? = —e2®™ds? 4 dx? + r2(x)dQ2, (1)

where the radial coordinate x is interpreted as the proper
distance from the throat, located at x = 0, and related to r by
dx/dr = £1//T = b(r)/r. The advantage of this new set
of coordinates lies in the fact that it allows one to describe
the wormhole geometry by using a unique chart with x €
(—00, +00). In terms of x, then it is clear that the area of the
spherical surfaces never drops below 471r§.

@ Springer

A useful way to construct wormhole spacetimes resides
in the cut-and-paste procedure, which is a mathematical con-
struction where two spacetimes are matched at a given junc-
tion interface. If this hypersurface contains nonzero surface
stresses it is called a thin shell, otherwise it is just a bound-
ary surface. Following the standard junction-condition for-
malism [98-100, 102] one cuts and pastes two manifolds to
form a geodesically complete one with the throat located at
the joining shell, where the exotic matter is located [48—56].
Beyond GR, the junction formalism is required to be gener-
alized for the specific theory of gravity under consideration,
for example, such as in metric f(R) gravity [103,104].

At this point we would like to point out a special feature
of the thin-shell structure. It is well known that thin-shell
wormholes are geometric constructions that turn out to be
geodesically complete although the Riemann tensor is diver-
gent at the thin shell where the throat is located [105]. Thus,
the spacetime curvature becomes divergent at the non-null
hypersurface layer, however, this divergence is physically
interpreted as a surface layer with a stress-energy tensor on
it. Therefore, the existence of curvature divergences at the
wormhole throat should not be surprising at all, and this does
not necessarily entail the presence of spacetime singularities.
Note, in this sense, that we are using the term singularity in
a way that transcends the notion of divergence. A space-
time is said to be singular when it is geodesically incomplete
[106,107], regardless of the existence or not of curvature
divergences. Thus, these terms will not be interchangeable
in our discussion. In fact, thin-shell wormholes are exam-
ples of spacetimes which are geodesically complete (hence
nonsingular) but which, by construction, contain curvature
divergences.

3.2 Energy conditions

Since the foundation of GR, a number of standard energy
conditions [6], which are assumptions as regards the energy—
matter content representing physically realistic situations
found in Nature, have been thoroughly studied and classified
in the literature. Assuming a diagonal stress-energy tensor of
the form

TMU == dlag(_pﬂ plﬂ pZa p3)7 (12)

these conditions read:

e The weak energy condition (WEC) states that the energy
density measured by an arbitrary observer must be non-
negative, p > O and p + p; > 0.

e The strong energy condition (SEC) asserts that gravity is
attractive, p + Y p; > 0 and p + p; > 0. Note that this
condition is violated in many current models of acceler-
ated cosmic expansion as well as in inflationary models.
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e The dominant energy condition (DEC) expresses that the
energy density measured by any observer is positive but
also that its flux propagates in a causal way (i.e., it is null
or timelike) so that p > 0 and p > |p;|.

e The null energy condition (NEC) implies that p+ p; > 0,
i=1,2,3.

Since WEC or SEC = NEC and DEC = WEC = NEC,
all energy conditions are automatically violated if the NEC
is not satisfied. In particular, due to the flaring-out condition,
wormhole spacetimes violate the NEC at the throat itself,
and consequently violate all of the above pointwise energy
conditions. Quantum effects can also produce violations of
the classical energy conditions, which in order to support
microscopic wormholes must typically be of order ~ 7. It
is worth mentioning that there exist averaged versions of the
energy conditions since quantum violations are probably not
allowed globally (see [6] for more details).

Note that the energy conditions in GR can be traced back
to the Raychaudhuri equation, where it is straightforward to
determine that the attractive nature of gravity is represented
by the condition that the Ricci tensor fulfils R, k*k” > 0 for
any null vector k*. This condition ensures the focusing of the
geodesic congruence, which in turn can be written, via Ein-
stein’s field equations, as a condition over the stress-energy
tensor 7y, k*k” > 0 [108]. On the contrary, the wormhole
structure requires that the null geodesic congruence must be
defocused at the throat in order for geodesic completeness to
hold. This is precisely the physical meaning encoded in the
flaring-out condition.

In extended theories of gravity, it is possible to express the
gravitational field equations as in Eq. (7) where the effective
stress-energy tensor 7, includes all new theory-dependent
terms as well as the corresponding stress-energy tensor of
the matter [109,110]. Thus, if one has repulsive gravity,
R,k*k¥ < 0, this implies 7,,k*k” < 0, but the matter
stress-energy tensor can, in principle, be imposed to obey
the energy conditions, or more specifically, in this case the
NEC, i.e., T,k*k" > 0. Thus, in the context of modified
gravity it has been shown that wormhole geometries are in
fact supported by the effective stress-energy tensor, which
actually plays the role of exotic matter and violates the energy
conditions, while the physical matter satisfies them [57].

4 Wormbholes in Born-Infeld and quadratic Palatini
gravity

We will now study a family of wormholes which arise as an
exact solution of an extension of GR containing quadratic
curvature scalar and Ricci-squared terms [111-113] and also
of Born-Infeld gravity [114], a theory that has attracted a
good deal of attention in astrophysics and cosmology in the

last few years [115-128] (see [129] for a recent review).
Quadratic extensions of GR are supported by the quanti-
zation of fields in curved spacetimes [130,131] by unify-
ing approaches to quantum gravity [132,133] from effective
Lagrangians methods [134]. They are also employed as phe-
nomenological tools to address issues like singularities, early
cosmology, astrophysics, and alternatives to the dark mat-
ter/energy paradigm [see e.g. [135-138] for some reviews].
The action of Born—Infeld gravity reads

1
5= m/d‘*x [Vl T R~ 2y Tl
+ Sm[g;wv ¥, (13)

where a vertical bar denotes a determinant, € = —2162 is a
small parameter with dimensions of length squared and is
assumed to be negative (ZE2 > (), the choice of the constant
A = 1 sets an asymptotically flat spacetime and S, is the
matter action. The required smallness of the length squared
scale € comes from a number of sources, including compati-
bility with solar systems experiments [93], physics of neutron
stars [139,140] or binary pulsars [140]. A series expansion
of the action (13) in the parameter € recovers GR with a
cosmological constant term to leading order, and a quadratic
Lagrangian o« R + BR,,y R* at next-to-leading order.

In Sect. 3, we presented the equations that theories like this
Born—Infeld model satisfy [see Eq. (9)]. For static and spher-
ically symmetric scenarios, the metric and the deformation
matrix €2,% are diagonal, and exact solutions for electrovac-
uum configurations can be found analytically (see Refs.
[111,114] for details). In such configurations, the stress-
energy tensor acquires a specific algebraic structure, namely

Tyl 0]
T, =22 T ). (14)
O T_hLy

Here we will use those solutions to interpret them from the
prism of GR, i.e., using them we compute their associated
Einstein tensor and interpret their corresponding right-hand
side as an effective stress-energy tensor. The properties of
the latter will be discussed.

4.1 Wormbhole geometry

The line element for these electrically charged objects
(i.e. described by a standard electrostatic Maxwell field,
V, F* = 0, with the only non-vanishing component being
F'™) has been derived in [114] and takes the form

ds? = —A(x)de® + dx? + (re2)>(0)dQ%,  (15)

AL
with the following definitions: z = r/r. is a dimensionless
radial function withr, = ,/ryl¢, and rq2 =2G qu isacharge
scale (where g is the electric charge that emerges from inte-
gration of Maxwell equations, i.e., F'* = q/(rza/—gt,gr,))

@ Springer
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parametrizing the solutions, the objects Q4 = 14-1/z*. The
function A(x) is given by

1 (14+6G(2)
A= o | 1——37— | (16)
24 8222
and the two constants parameterizing the metric are
1| :
bi=5y| 7t B=C, (17
2rs \ e rs

where rg = 2G y My is the Schwarzschild radius.
Finally, the function G (z), which satisfies the equation

G
& = agl (18)

can be analytically integrated and expressed as an infinite
power series of the form

1 1
G@=-5+3 =1 f34) + fra2)], (19)

where f;(z2) = 2F) [%, A, %, 1—z4 is ahypergeometric func-
tion, and 6, &~ 0.572069 is an integration constant necessary
to get the correct asymptotic behavior of GR. Since the radial
function r(x) in Eq. (15) is defined by

o - Wy (20)

dz Q2

we will be interested in analyzing the behavior in two par-
ticular limits: far from (z >> 1) and near the region (z ~ 1),
which, respectively, means r > r. and r & r.. Moreover, the
radial function r(x) defined above can be explicitly written
as

r2(x) = xz+— W’ 1)
which is a key element in characterizing these solutions.
The geometry encoded in (15) describes a spacetime
which resembles the Reissner—Nordstrom (RN) solution of
the Einstein—-Maxwell field equations of GR as long as
r > rc. This follows from the expansion of G(z) >~ —1/z
for z > 1, in such a way that Q4 ~ I and
Ay~ 1= S (22)
I ro 2r2
It should be noted that the smallness of the corrections
induced by the Q21 functions implies that the standard GR
description is valid all the way down to r 2 2r,, with notice-
able deviations with respect to the RN solution found only
within the region < 2r.. The metric function at r = r,
behaves as

N, (8; =8 1 N,
lim AQx) ~ e ©1=0%) [ re L0 Ng
r—re 4NE 816, r—re 2 N¢

+ 0 (Vr—re). (23)

@ Springer

Fig. 1 Representation of the radial function r(x) (for r. = 1,2,3
dashed blue, dotted red and dotted-dashed green, respectively), mea-
sured in units of r.. The wormhole throat is located at x = 0, where the
area of the 2-spheres reaches a minimum and bounces off to another
region of spacetime. Note that a few r, units away from the wormhole
throat the radial functions quickly converge to the behavior of the stan-
dard Reissner—Nordstrom solution, r ~ |x| (straight solid black line)

We have defined the number of charges as N, = g/e,
where e is the proton charge, and introduced the constant
N¢ = Ncle/lp, where Ip = \/iG/c3 is the Planck length
and N, = /2/ae, A~ 16.55 is a constant (with a,, the fine
structure constant), which will play an important role later.
This expansion manifests a strong deviation with respect to
the GR behavior. In this region, one finds that the radial func-
tion r(x) defined by Eq. (21) cannot become smaller than r,
(corresponding to x = 0), where it bounces off to another
region of spacetime [see Fig. 1]. Thus, the innermost region
of these electrically charged objects, which in GR ends up in
a point-like singularity at » = 0, now becomes replaced by a
wormhole structure for all values of the charge-to-mass ratio
81, with a spherical throat of area 47r2. When the charge
vanishes, ¢ = 0, the wormhole throat closes and the geom-
etry (15) describes a standard Schwarzschild black hole, so
that Born—Infeld gravity (13) reduces to GR in vacuum.

Whether the wormhole is covered by a horizon or not
depends on the charge-to-mass ratio 81, yielding three differ-
ent structures [111,114].

e 51 > . this is essentially similar to the standard
Reissner—Nordstrom solution of GR, in that there may
be two, one (degenerate) or no horizons on each side of
the wormbhole.

e §; < 4. a single (non-degenerate) horizon always
exists on each side of the wormhole, resembling the
Schwarzschild black hole.

e §1 = 4. this configuration exhibits a single horizon
(on each side) which disappears if N, < N¢. For
these configurations the metric at » = r. is finite (i.e.
Minkowskian-like).
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It should be noted that for macroscopic objects (N, > N¢)
the location of the event horizon is essentially the same
as in the Reissner—Nordstrom solution of GR, r;, = (rs +

. /ré - rg) /2. Only for microscopic solutions (N, ~ N¢) do
we find the qualitative differences of the above classification.

4.2 Energy conditions

Let us now assume that the line element (15) is a solution
of Einstein’s equations coupled to a certain fluid: G, (g) =
Kzrw, recalling that 7,,, is the effective stress-energy tensor.
Asemphasized above, in such a reinterpretation of the theory,
the existence should not come as a surprise of matter-energy
sources in which T, satisfies the energy conditions, while
7, does not [109, 110]. Let us apply such a procedure to the
spacetime metric (15).

The components of the effective stress-energy tensor can
be written as

™, = diag(—pefr, —Teff» Peff» Peft), (24)

where pefr is the effective energy density, tefr is the effec-
tive radial tension, and pefr are the effective transverse pres-
sures. Note that this carries the implicit assumption that the
effective stress-energy tensor can be cast in a diagonal form,
which is reasonable (and can be explicitly verified) given
the fact that the extra matter-energy sources appearing in the
corresponding field equations are functions of the (diagonal)
stress-energy tensor of the electromagnetic field (see Eq. (8)
as an example).

In order to follow the standard representation of the worm-
hole geometry for a static spherically symmetric space-
time [5,6], we first use the change of coordinates dx/dz =
Q4/ 91/2 in Eq. (20) to rewrite the line element (15) in a
more canonical form as

ds? = —A(x)dr® + dz? + 2% (x)d>. (25)

A

In the standard representation of wormhole geometries the
radial coordinate z> = z%(x) is assumed to bounce off at
x = 0. In the case considered here, this condition is not
imposed but, rather, it is naturally achieved by virtue of the
geometry described in the previous section and, in particular,
by Eq. (21), which arises from the resolution of the corre-
sponding field equations. Note that the use of z(x) as a radial
coordinate is subject to the important restriction that this is
only valid in those regions where z(x) is a monotonic func-
tion.

Comparing the line element (25) with that of the standard
wormhole one, Eq. (10), one simply needs to introduce the
identifications

o= %log(A(x)), (26)
b(z) = z(1 — A(x)Q-), 27)

where we have defined dimensionless variables b(z) =
b(z)/r. and d(z) = D(2) /te, for consistency in the nota-
tion. Now, one just needs to replace the stress-energy tensor
(24) into the Einstein field equations to obtain

- db/dz
p=ripefr = 1/2 , (28)
b b dd/d
fE}’f‘L’eff:g—2<l—ﬂ> /dz. (29)
Z Z Z
. 2 . b(z)\ | d*® N dd (dd Ll
=r F = —— |9t |51+
P =TePeft z dz? dz \dz 2z
1 [db b dd N 1 30)
22 \dz° ¢ dz  z ]’

and the framework is ready to study the matter source thread-
ing these wormholes in the context of GR.

Among the spectrum of solutions of our theory, let us
just focus on traversable wormholes, which correspond to 1)
solutions with §; = 8. and N, < N¢, and ii) solutions with
81 > &, and no horizons (naked configurations).

This way, we insert the spacetime metric (15) into the set
of Egs. (28)—(30) with the definitions above, and solve them
to obtain the components of the effective stress-energy tensor
(24) defining the matter source. One then obtains involved
expressions for all such components but, nonetheless, we are
just interested in exact expressions in the far limit, r > r,
(equivalently, z > 1 or x > 0), and close to the center,
r = r. (equivalently, z = 1 or x = 0). At far distances, one
gets

N‘I
T (31)

c

,5(}’ > re) =T(r > rc)zﬁ(r > re)

Reverting the notation, this is just the familiar result

pr>rd) =T(r>rd) =plr>rd >~ —, (32)

SR
INEINNY

which are the energy, tension and pressure of the Maxwell
field supporting the standard Reissner—Nordstrom solution,
in agreement with the recovery of this solution in the far
limit. This implies that for these solutions no violation of the
energy conditions occur for far distances.

Close to the spherical surface r = r. (or z = 1), where
x = 0 (see Eq. (21)), the expansion of the components of the
stress-energy tensor yields the result

@ Springer
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Fig. 2 Graphical representation of the components p (blue dotted),
T (red thin dashed) and p (green dashed-dotted) of the stress-energy
tensor (24) as a function of x for regular horizonless solutions (§; = 4.)
with N, = N¢, which represents the transition case where the horizon
disappears. At large distances all these components reduce to those of
the Reissner—Nordstrom case (black thick dashed, upper curve in this
figure), Nq/(N§x4) [see Eq. (31)]. The solid black line (lower curve in
this figure) represents p — T < 0, which means that the NEC is violated
near the wormhole throat

Ny —8) <2Nq

~ =941 +0uD, 33
e Nes.81[x] Ne >+ @D, 63

Ny(81 — 6 2N,(61 — 6
lim 7 ~ q( 1 ) . q( 1 ) x| _|_(9()62)7
x—0 NES:S1 x| NES:S
(34)
li ~ 2Nq(51 — &) Nq(51 —3¢)
m ~ 3 €
x—0 NES:S1 x| NES:61]x|
5N,
2—- L)+ 0. 35
" ( 3N§> + oY) (35)

To further interpret these results let us add to our previous
discussion the standard classification of the energy condi-
tions. From among the four (null, weak, strong and domi-
nant energy conditions) we are mostly interested in the NEC,
because its violation implies the violation of all the others.
Since the matter stress-energy tensor has the form given by
Eq. (12), the NEC implies that

p+p;=>=0 Vj=1273, (36)

where p; = —7 and pp = p3 = p. To study this condition,
we observe that around the wormhole throat

2Ny B1 =5 <Nq

— — 1)+ Ox)x37
NESO1|x] N¢ ) )

lim(p —7) >~ —
x—0

and thus it is clear that, for horizonless remnants, §; = . and
N, < N¢, the first term is zero and the leading-order term
becomes negative at the wormhole throat, lim,_,o(p — 7) <
0. As depicted in Fig. 2, this means that the NEC is violated in
a small region around x = 0. The fact that only exotic matter
can support these geometries is in complete agreement with
the standard wisdom of wormholes within GR. Note that
whether the energy density becomes negative, p < 0, or
not, depends on additional constrains upon the number of

@ Springer

Fig. 3 Same notation and curves as in Fig. 2, for §; = §, now with
Ny = N¢ /2 (forl. = Ip). Here the NEC is violated because p — 7 < 0
(solid black). Note also that though p < 0 near the throat, far away it
becomes positive (5 ~ g2/r*)

10k

~e.

10k

Fig. 4 Representation of p for different values of N,. The upper curve
corresponds to N, = N¢ and the lower to N, — 0. The middle curves
represent, respectively, N; > N¢/2, Ny = N /2 and N; < N¢/2 and
illustrate how the energy density at the throat changes its sign as the
number of charges decreases (in a continuum way)

charges N,, as can be seen from the comparison between
Figs. 2 and 3.

In Fig. 4 we illustrate how the energy density near the
wormhole throat changes sign as the number of charges
decreases from its critical value N¢. It should be noted that
this figure represents the (dimensionless) energy density p,
which hides a certain dependence on the number of charges
N, . The effect of this dependence is relevant, as pefr ~ 0/ Ny,
thus implying that the energy density becomes very nega-
tive as N; — 0. Note also that the x-axis should also be
rescaled to account for the dependence on N, which leads
tox — qul/ 2, Thus, the region where the energy density
becomes very negative is also restricted to a tiny region near
the throat. In the limit N, — 0 then one finds that this region
is of zero size, which is consistent with the fact that without
electric charge there is no wormhole and the Schwarzschild
solution is recovered.

For configurations with §; > §, the existence or absence
of horizons depends on the charge-to-mass ratio, which
should be large (more charge than mass in certain units).
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Fig. 5 Same notation and curves as in Fig. 2, now with §; = §. +
0.3 and N; = N{ + 10, corresponding to Reissner—Nordstrom-like
configurations without horizons (naked). Note that the NEC is violated
because p — T < 0 (solid black line) around the wormhole throat x = 0.
Here p and 7 diverge as 1/|x| when |x| — 0

Nonetheless, it is clear from Eqs. (33) and (37) that the NEC
will be violated because lim,_, (0 —7) < 0 (and one always
has limy_.0p < 0). When the GR solutions are a good
approximation, the absence of horizons translates into the
condition 2r2 /r§ > 1 which, knowingthat8; = (N, /N¢)82,
can be written as (81/8.) 2 /Ny/NE. In Fig. 5, we plot a
particular case with §; = 6. + 0.3 and N, = N{ + 10,
which satisfies the above no-horizons constraint. There it is
seen that the NEC is violated around the throat by an infinite
amount, which is in contrast with the finite violation achieved
in the 61 = 4. cases. By completeness, we also point out that
the flaring-out condition can be numerically checked to be
satisfied in the §; > 8. and §; = §. cases above.

From our analysis it is clear that the emergence of the
wormhole structure from the prism of GR is related to the
deviations that the stress-energy tensor suffers with respect
to that of a Maxwell field as the innermost region r = r,
is approached. This is so because the symmetry satisfied
by the stress-energy tensor characterizing electromagnetic
fields, namely, 7,/ = 7,” and 7Y = T, cannot support
wormhole solutions in the context of GR, even for nonlin-
ear electromagnetism [141]. Thus, one is forced to consider
exotic sources of matter to generate the wormhole. Alterna-
tively, one can reconsider this scenario and interpret these
wormholes as emerging out of modified gravity effects, in
which case electromagnetic fields (either Maxwell or non-
linear [143]) with 7;' = 7,” and T’ = T,¢ but 7,/ # 7,”
and 7p¢ # 7,% can naturally sustain them without violation
of the energy conditions.

Note that in all cases the typical size of the region where
these violations of the energy conditions occur is determined
by the scale r, = \/qu = l¢\/2N4/N¢ (observe that the
x-scale and the vertical scale in Figs. 2-3 are both measured
in units of r.). This implies that violations of the energy
conditions are restricted to aregion of order /I pl, which may
grow with the charge as N;/z (recall that NS ~ 16.55[c/Ip).

Thus, unless /. be much greater than /p and/or one considers
huge amounts of charge, the size of this region will typically
be very small.

Let us stress that though curvature divergences may arise
at the wormhole throat r., these wormholes are geodesically
complete for all spectra of mass and charge and physical
observers can safely traverse them [144]. This should not
come as a surprise since the same feature is quite common
in the thin-shell approach discussed above.

5 f(R) wormholes

For the discussion of this type of wormholes, we restrict
ourselves to quadratic f(R) models of the form'

§_ 1
T k2

where X is a constant with dimensions of length squared. The
matter sector is represented by an anisotropic fluid whose
stress-energy tensor reads

d*x/=g(R = AR*) 4 Su(guvs ¥m),  (38)

TMU = dlag(_p’ —pP, P, ap)1 (39)

where 0 < o < 1 is necessary to satisfy the energy con-
ditions. This type of fluids has been recently considered in
order to investigate the existence of wormhole solutions in
several extensions of GR [77-79]. Note that the case a« = 1
corresponds to a standard Maxwell field, which has a van-
ishing trace for 7,,”. Due to the fact that only matter sources
with anonzero trace can excite the dynamics of Palatini f (R)
gravity, we shall be concerned here with the cases o # 1.
Let us also point out that some models of nonlinear electro-
dynamics have the same structure (39) in their stress-energy
tensor.

5.1 Wormhole geometry
The solutions of this gravity—matter system are character-

ized by the following line element, suitably adapted to our
problem [85]:

1 o 2
2 2 2
ds® = —A(z)dt” + A(Z)f,% (1 + 22+2“> dz
+ 2% (x)dQ%, (40)

where z = r/r. is now defined in terms of r2*2% = 1 —
(40)k%(1 — @)C (C is a dimensional integration constant
such that the energy density reads p(x) = C/r(x)>*%%) and
the metric function can be obtained in closed analytical form:

! This model was originally introduced by Starobinsky [145]. In this
section we focus on the choice & > 0 for which wormhole solutions
have been obtained in the literature, though wormholes for A < O are
also possible [146].

@ Springer
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1+61Gy _
32ZfR

with fp = 1— 7~ (2+20) where we have defined the constants
81 = rf/(S)LMO) and § = r./(2My). The function G4(z) is
given by

—4a—1

Z
Ga@) = S T e = 1)

220421 — 772@D) (202 + a + 27%9F2 - 3)

. (22012 — 1) 2(a — D)2 — 1)

2 1 4a+l. 6a+3. -2 1
8a (a? — 1) 2F) <§, oty gt 2l )) )
(4o + 1) '

where » F (a, b, c; y) is ahypergeometric function and My is
the Schwarzschild mass. Note that the expression for G4 (z)
is valid as long as ¢ # 1 and o # 1/2, in which cases
different expressions are found [see [85] for details].

Like in the previous case, the wormhole structure is man-
ifest from the behavior of the radial function r(x), which
satisfies the equation

1/2
dz R / 1
a:—a = X=2z 1-@, (43)
1+

7242«

which could be used to rewrite the geometry (40) with x as
the radial coordinate, similar to Eq. (15) of the Born—-Infeld
gravity wormholes. Far from the center, z > 1, one recovers
r >~ x, in agreement with the fact that the corrections to GR
vanish there. Close to the center z &~ 1 (where r = r. or
x = 0), one finds that the radial function reaches a minimum
and bounces off, similar to what was found in the previous
section, though in this case a closed expression for z(x) is not
easy to obtain for generic «. Nonetheless, in Fig. 6 we have
numerically integrated Eq. (43), where we see the expected
bouncing behavior.

Following the definitions introduced above, the shape
function b(z) characterizing the wormhole is now written
as

3
h(z) =z I—M , (44)

o 2
(Hm)

while the redshift function ®(z) is still formally given by
Eq. (26), now with the set of definitions (41)—(42).

For arbitrary «, series expansions both at z — oo and
as z ~~ 1 yield long expressions, which are of little use for
our purposes. Therefore we shall consider a particular case,
o = 3/4, to illustrate the analysis. First, we note that the
asymptotic behavior of the metric becomes
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Fig. 6 Behavior of the radial function z(x) in the f(R) gravity case,
obtained from Eq. (43), for the cases @ = 1/10, 1/3, 3/4 (dashed blue,
dotted red and dotted-dashed green, respectively)). At x >> 1 the func-
tion z2(x) ~ x2 and the GR behavior is restored (straight solid black
line). Observe the bouncing behavior of all these curves at x = 0

8 841 1
A(m) ~ 1 — . + —5223/2 +0 <Z7T> ) (45)

whose fall off is governed by the standard Schwarzschild
mass term 8> /z, and it is asymptotically flat. Note that the
charge term contribution has been softened, from the ~ 1/z>
contribution of the Reissner—Nordstrom spacetime, to the ~
1/23/% of the present case. Indeed, this is a general property
of all these models with 1/2 < « < 1, whereas those with
0 < a < 1/2are still asymptotically flat, but governed by the
“charge” term instead of the Schwarzschild mass term. This
is in agreement with the fact that the stress-energy tensor
of the fluid given by Eq. (39) can also be reproduced by
nonlinear theories of electrodynamics with L,, = X%, where
X = —%FWF’“’, and those models with 0 < o < 1/2 have
been found to be asymptotically flat but not Schwarzschild-
like (anomalous models [147]). Note that, as opposed to the
Maxwell case, Ly, = X, the trace of such models is non-
vanishing, which allows the nonlinear dynamics driven by
the f(R) gravity [since in these models R = —«>T] to be
excited.

5.2 Energy conditions

Using Eq. (45) above, one can get the asymptotic behavior
of the energy density and the pressures, namely

~ 61 1 35 1 1

oz > 1)%4gm—zm+0(m>, (46)

- 61 1 1 1

T(z> 1) %45Z7T+ 7Z1T/2+0<Z1T/2>, 47)
51 1 49 1

1
—— 40 <Z1T/2) . (48)
To first order we recover the GR expressions, which satisfy
the energy conditions. This contrasts with the higher-order

pz>1) “35Z7T+ 4 +
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corrections generated by the f(R) dynamics, which violate
the NECas p(z > 1)—17(z > 1) < 0. From our definitions,
one verifies that such corrections are highly suppressed by a
factor ~ (Ak>C)!/7 /r11/2 Thus, for sufficiently small val-
ues of the length squared scale A such asymptotic violations
of the energy conditions would lie far beyond experimental
reach.

In the opposite limit, near the wormhole (now we expand
around the wormhole throat located at z = 1 instead of x
since, as mentioned above, it is not possible to obtain a closed
expression for z = z(x)), we find

15
3 (8 _ agarth 151>
limp~1—adl 4 i
z—1 82 24/146,
+0@E-1), (49)

15
~ 1 14 (Z _ 1)]/2

Iim7T~1+8— —
8 2+/146,
+0@z-1, (50)
_21/ari s
s gl 3 (8 ri] 1
im p ~ 6—
7—1 P & (z—1) 44/145, (z—D1/2
+0@Ez-1), (5D

where I'[a] is Euler’s gamma function. From these expres-
sions it is immediately seen that lim,_,{(p — ) < O and
thus the NEC is violated regardless of the values of the con-
stants §; and &, characterizing the solutions. In addition,
when §1/8> > 1/4 one has lim,_,; p < 0. In Fig. 7, the
different components of the stress-energy tensor are plot-
ted for the case 8, = 48 and §; = 10, in which one can
numerically check the absence of horizons and thus we are
dealing with traversable wormbholes. In this plot we observe a
bounded violation of the NEC near the throat, similar to what
was found in the §; = §, configurations of the Born—Infeld
gravity theory studied in the previous section. In addition,
one can numerically check that the flaring-out condition is
satisfied for these wormhole geometries.

Let us stress that, like in the Born—Infeld gravity case, for
the existence of these wormhole solutions it is not enough to
have a nonlinear electrodynamics source. This follows from
the fact that in GR no wormholes supported by this kind
of matter source are allowed [141]. Indeed, as follows from
Eqgs. (49)—(51) the effective stress-energy tensor that sources
our wormholes does not have the symmetries of nonlinear
theories of electrodynamics, namely, rt’ # 1} and rg * t(f s
due to the presence of A-corrections. When A vanishes, the
wormbhole throat closes and one recovers the GR results. Note
that the preceding discussion could be further extended to
include other theories of (nonlinear) electrodynamics, where
wormholes have been recently found [84].

Fig. 7 Same notation and curves as in Fig. 2, now for the f(R) gravity
case with @ = 3/4 and parameters §, = 451 and §; = 10, for which no
horizons are present. Note that the NEC is violated as lim,_.o(p — T) <
0 (solid black) around the wormhole throat z = 1. Note that though
p < 0 near the throat, far away it becomes positive recovering the GR
limit

6 Conclusion and discussion

In this work, we have presented two classes of traversable
wormhole spacetimes which are supported by a single mat-
ter source given in the action from which the geometry is
derived and which turns out to be well defined everywhere.
These spacetimes are exact solutions of certain extensions
of GR including higher-order powers and contractions of the
Ricci tensor, and they are formulated in the Palatini approach.
Here we have shown that they can also be interpreted as exact
solutions of GR with a modified or effective stress-energy
tensor. We stress that these solutions are not constructed as a
result of the standard reverse-philosophy in general relativis-
tic wormhole physics, but instead directly arise from well-
defined actions. Indeed, these features have been obtained
not as a consequence of any designer or engineering process
but as the result of a direct derivation from well-motivated
gravitational actions. The keystone seems to be the Palatini
framework in which the original theories were formulated.
From the GR viewpoint, we have found that the general-
ized energy conditions for wormholes coming from Born—
Infeld and f(R) gravity are violated at/near the wormhole
throat, which is in perfect agreement with the current knowl-
edge of wormholes physics. Although the kind of matter
source, needed to sustain a wormhole from this point of view,
is quite peculiar, it is confined to a restricted region around
the wormhole throat and, more important, it does not seem to
be in contradiction with any fundamental physics principle.
However, from the modified gravity side there is a straight-
forward way to reformulate the standard view by describing a
wormbhole spacetime actually threaded by ordinary matter but
supported by the novel gravitational effects attached to the
particular extended gravity and whose size is determined by a
fundamental length scale, which in turn defines the size of the

@ Springer
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violations of the energy conditions from the GR viewpoint.
Certainly, the properties or the behavior of matter could be
dependent on the theoretical framework adopted. Therefore,
it is an overriding issue to keep exploring alternative theo-
ries of gravity. The Palatini approach is indeed an encourag-
ing new perspective by making it possible to deal with the
problem of singularities by replacing them with microscopic
wormholes sustained by ordinary matter.

In summary, the wormhole spacetimes presented in this
work arise in a more natural (less artificial) way in the Pala-
tini formalism where metric and connection are assumed as
independent dynamical variables. This novel approach may
bring about new avenues to enlarge our knowledge of worm-
hole physics, offer new insights for constructing wormhole
solutions in the context of GR, and find reasonable scenarios
where they might take place.
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