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We know that the Lorentz transformations are special relativistic coordinate transformations between inertial frames. What happens
if we would like to find the coordinate transformations between noninertial reference frames? Noninertial frames are known to be
accelerated frames with respect to an inertial frame. Therefore these should be considered in the framework of general relativity or
its modified versions. We assume that the inertial frames are flat space-times and noninertial frames are curved space-times; then
we investigate the deformation and coordinate transformation groups between a flat space-time and a curved space-time which
is curved by a Schwarzschild-type black hole, in the framework of f(R) gravity. We firstly study the deformation transformation
groups by relating the metrics of the flat and curved space-times in spherical coordinates; after the deformation transformations
we concentrate on the coordinate transformations. Later on, we investigate the same deformation and coordinate transformations
in Cartesian coordinates. Finally we obtain two different sets of transformation groups for the spherical and Cartesian coordinates.

1. Introduction

The coordinate transformations are of great importance
in physics, such as nonrelativistic Galilean transforma-
tions between flat Euclidean spaces and special relativis-
tic Lorentz transformations between flat Minkowski space-
times. Another coordinate transformation, the generalized
Lorentz transformations of Nelson in noninertial frames in
flat space-time, can be viewed as in nongeneral relativistic
picture [1]. The related effects and applications of Nelson’s
generalized Lorentz transformations in locally useful fields
can be viewed as Nikolic’s works on length contractions
in noninertial frames [2, 3] and Gron’s works [4, 5]. After
these special relativistic, flat space-time coordinate trans-
formations we can consider the general relativistic, curved
Riemann space-time coordinate transformations between
noninertial frames. While the flat space-time is referred to as
the reference frame of an inertial observer, the curved space-
time is referred to as the noninertial observer [6].

In general relativity and similarly in the modified f(R)
gravity theory, the noninertial reference frame may be
viewed as a gravitationally accelerated object due to the

energy-momentum tensor of a massive object. The space-
time curvature is related to the gravitational force of the
massive object. Therefore as a source of curvature, a black
hole can be taken into account. In this study, we take the
spherically symmetric Schwarzschild-type black hole for the
source of the curved space-time in which we investigate the
deformation and coordinate transformation groups, in the
framework of f(R) gravity [7-9].

The modified gravitation theories have become urgent
in recent researches, because of the missing matter incon-
sistency and accelerated expansion of universe. Instead of
searching new matter forms of energy to modify the action
integral of gravity, f(R) gravity comes into play as a geomet-
rically modified theory by rearranging the Ricci scalar R to
a function of the scalar as f(R) in the action integral of the
gravity [10].

The extended gravity theories were studied for the prob-
lems having complete solutions in general relativity (GR),
such as the initial value problem [11], spherically and axially
symmetric solutions of black hole, and active galactic nuclei.
The solutions of the extended gravity theories should be
consistent with the GR. They can be analogous and modified



solutions of Schwarzschild and Kerr solutions of GR, for
example. So the methods for the extended theories should be
checked with the solutions of GR [12].

For the spherically symmetric Schwarzschild black hole
solutions of GR, we will refer to the spherically symmetric
corresponding Schwarzschild-type black hole solutions of
Capozziello et al. [13]. Then in this curved and expanded
space of Schwarzschild-type black hole, we will study the
coordinate transformations from a noninertial frame to an
inertial frame being the tangent vector space-time of the
Schwarzschild-type space-time, and this flat space-time is
represented by the local Lorentz coordinates (LLC). From
these transformations we will obtain the related effects, such
as length contraction and time dilation, for the f(R) gravity
of Schwarzschild-type black hole.

The coordinate transformation between flat tangent vec-
tor space-time and the curved space-time of Schwarzschild-
type black hole of f(R) gravity will be constructed by the
deformation transformations of the flat space-time metric
[14-16]. In spherical coordinates this transformation is a
conformal transformation between the flat and curved space-
time metrics. Similarly by using the transformations from
spherical to Cartesian coordinates, we obtain the metrics
of both space-times in Cartesian coordinates, and then
we construct the deformation transformation matrices of
these two metrics in Cartesian coordinates and obtain the
coordinates transformations in Cartesian coordinates for a
Schwarzschild-type black hole in f(R) gravity.

Consequently, we firstly find the deformation transfor-
mations of metrics in spherical coordinates and the coor-
dinate transformations by using the deformation matrix.
Then we find the deformation transformation groups and the
coordinate transformation groups in spherical coordinates.
Secondly, we convert the metrics in Cartesian coordinates
and follow the same procedure within the spherical coor-
dinates. Then we have the deformation transformation and
the coordinate transformation groups in Cartesian coordi-
nates for the same flat space-times and curved f(R) gravity
Schwarzschild-type black hole space-time.

2. Transformation Groups in
Spherical Coordinates

Metric tensors of GR and f(R) gravity can be transformed
into each other by the conformal rescaling transformation

Inr = PGy, = f 1,2 (R) gy, @

where gy, is the metric tensor in Einstein frame in GR and g,
is the metric tensor in Jordan frame in f(R) gravity. Here ® =
fl'z(R) is the potential related to the expansion of the universe.
lez(R) = df(R)/0R and f(R) is the modified function of the
Ricciscalarin f(R) gravity theory,and f(R)is used in place of
the Ricci scalar in Einstein-Hilbert action. The solution of the
action integral with f(R) modified Einstein-Hilbert action
and the matter Lagrangian action gives the f(R) gravity field
equations [17-19].

In f(R) gravity, we can solve the analogous problems
for the GR by using modified metric and modified field
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equations of f(R) gravity. The interested problem here is the
spherical symmetric Schwarzschild-type black hole solutions,
analogous to GR. We will use Capozziello’s approach for the
solution [16, 19, 20]. The general solution of this problem
is for the constant Ricci Scalar, R = R, the metric of the
curved space by the spherical symmetric Schwarzschild-type
black hole in the perfect fluid expanding universe with stress-
energy tensor Ty, = (p + p)u;uy, — pgin

ds” = -(1 Py % (qxp—)t)rz)dz‘2
.
-1
+ <1 o S laxp- 1) r2> drt + r2de? @
;.
+ r’sin’0d¢’

when p = —p, A = —f(R))/2f'(Ry), x = 8nGc™*, and
g = f'(R,). Also when we look at (1) and compare it
with the usual spherical symmetric Schwarzschild black hole
metric in GR, we confirm the g,, and g, terms are inverse
of one another and there is a conformal transformation on
GRand f(R) metrics in these terms. The g,, and g;; terms in
f(R) are equal to the ones in GR and the spherical symmetry
is seen.

The coordinate transformations between flat tangent
vector space-time and curved spherically symmetric
Schwarzschild-type black hole space-time in the framework
of f(R) gravity can now be investigated. Firstly the
deformation matrix between these two diagonal metric
tensors of the flat and curved space-time can be found and
with the use of this matrix the coordinate transformations are
found between these two space-times. Then the deformation
transformation is

ox" oxY
I e—— — 1.1 (3)
Yab Ox? axh 9a'v'>

where the indices run asa = (t,7,0, ¢) and a =78, (/5')
for the flat and curved space-times, respectively. Since the
metric tensors are diagonal four by four matrices here, (3)
gives the deformation matrix between two metric tensors
such as

9t 0 0 0
0 grr 0 0
0 0 gg O

4)
gtltl 0 0 0

0 grlrl 0 0
0 0 gerer 0
0 0 0
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The deformations transformations in (3) are called the con-
formal transformations of the metrics [16, 21]. We infer that
the coordinate transformation matrix is a diagonal four by
four matrix, from (4). The metrics for flat space-time and

spherically symmetric Schwarzschild-type black hole space-
time in the framework of f(R) gravity are

ds’ = —dt* + dr* + r*d0* + r’sin’0d¢’, (6)
ds* = —Udt* + U'dr® + r*d0” + r*sin’0d¢’,  (7)
whereU = 1+(k1/r)+(qxp—A)r2/3, respectively [7-9,13, 20].

For this work in spherical coordinates the nonzero coordinate
transformation matrix elements are

ot' k, 1 !
o1+ 2 (qrp-N)r2) =AU,
5 \j( +—+ 5 (axe )r> U

or' ky 1
_— = 1 —_ — — 2 = s
5 \]< + . + 3 (qxp-A)r ) VU

(8)
00’
— =1,
00
!
Wy,
¢

Summing all of these, by using the coordinate transforma-
tions rule

' a
@ J X ©)
we obtain the coordinate transformations from flat tangent

vector space-time to curved space-time of f(R) gravity such
as

' ky 1 o 10
t —t\j<1+ " +3(qxp /\)r2> , (10)
' ky Lo

r —r\]<1+ ot 3(q)(p )L)r2>, (11)
0 =0, (12)
¢ =¢. (13)

It is the convenient part for the study of related effects
of length contraction and time dilation between inertial

and noninertial frames in f(R) Schwarzschild-type black
hole curved space-time. So the time dilation and length
contraction can be inferred from the solutions of (10) and
(11) for point effects. The point effect means that when a time
transformation is made between frames, it is assumed to be
the space coordinate of the event that is the same, or if a
space transformation is made, then the time is assumed to
be simultaneous between two events in the frames. The result
follows as we get the time dilation equation by using (10)

a1
At':\/<1+&+%(qxp—)t)r2) At (14)
r

and for length contraction from (11)

Ar' = \j<1 + k + § (qxp-M) rz)Ar. (15)
r

If we call the four by four coordinate transformation matrix
for these space-times having these metrics as A, it has the
form

ot'
— 0 0 0
ot .
0o " o o
A= or
0 08—9’0
00 .
o
0 0 0 = 16
2 (16)
ult 0o 0o
- 0 VUoo
0 0 10
0 0 01

In this study, we investigate the symmetry group of the
coordinate transformation matrix A. The coordinate trans-
formations leave the space-time interval ds” invariant, so the
symmetry occurs for these transformations. It is obvious that
the determinant of the matrix A is

detA = 1. a7)

Therefore the symmetry group of the matrix A is found to be
SL(4) for the coordinate transformations in spherical coor-
dinates. In addition, the symmetry group of the conformal
deformation matrix M is again obtained by the determinant
of M, such that

Ul ooo
0 UO0O
M = ) (18)
0 010
0 001

Computing the determinant of M obviously gives

detM = 1. (19)



We obtain a special linear symmetry group for the four by
four conformal deformation matrix M. So it also belongs to
SL(4) as the matrix A does. The deformation matrices and
consequently the coordinate transformation matrices which
can directly be obtained from the deformation matrices
belong to general linear group GL(4) that is a general fact [16].
Here these transformation matrices between flat and curved
spherically symmetric Schwarzschild-type black hole space-
time in the framework of f(R) gravity are found to be in SL(4)
symmetry group.

Now we will investigate the deformation transformation
and coordinate transformations in the Cartesian coordinates
for the flat space-time and the Schwarzschild-type black hole
space-time in the framework of f(R) gravity.

3. Transformation Groups in
Cartesian Coordinates

It is a common example that, in 2-dimensional Euclidean
space, a vector can be transformed as a rotation by an
orthogonal matrix belonging to SO(2) groups. Here we in
fact imply that the transformations for the components of
the vector are considered to be in Cartesian coordinates. If
we consider the components of the transformed vector in
the spherical coordinates we obtain a GL(2) transformation
matrix for the same event. Therefore for the same events in
Section 2, we now investigate the symmetry groups of the
deformation transformations and the coordinate transforma-
tions in Cartesian coordinates.

For this, we should first transform the metrics from
the spherical coordinates to the Cartesian coordinates for
the Schwarzschild-type black hole curved space-time. Since
the space-time interval is invariant for both spherical and
Cartesian coordinates, we use the fact that

! !

ax* ox"
9uv' = T 73 79> (20)

oxH* ox”
where @’ = (t',r',@',(p') and y' = (t',x',y',z'). We need
to find the elements of the metric tensor in the Cartesian
coordinates from (20). For this we will use the elements of the
metric tensor in the spherical coordinates from (7). We also

! !
need the transformation elements 0x” /0x" from spherical
to Cartesian coordinate. To find these elements we use x' =
! . ! ! ! ! . ! ! ! ! !
r sin® cos¢, y = rsin@ sing’, z = r cos®,and r =
\Jx"2 + y'2 + 2'2. After alittle calculus, we obtain the elements
of the metric tensor in Cartesian coordinates, but in terms of
the spherical coordinates.

k, 1
gtltl :—<1+71 + g(qX‘D—A)Tz) = —U,

Gyl = (sin 6’ cos ¢,)2 U+ (cos 6’ cos ¢')2
2

+ (sinqb')

9yy = (sin 6’ sin ¢')2 Ut (cos 6’ sin (/5')2

Journal of Gravity

+(cosg')’,
G = (cos8) U + (sin6')’,
Guy = Gy

= [(sin6') U™ + (cos6')’ - 1] cos¢'sin gy,
Gorxt = G

= (sin6' cos¢') cosO'U™"

+ (cost' cos¢') (~sin6'),

Gy =Gyz

= (sin6'sin¢') cos O'U™

+ (cos 6’ sin ¢') (— sin 9’) .
(21)

Now we should use the Cartesian coordinates for all spherical
coordinates in the elements of the metric, such that

Gy = U, (22)
x'2 _
Iu'x' = T L :
(x2 + y"? +2"?)
(23)
. XIZZIZ N ylz
(xlz +y/2 +Z'2) (xrz +y12) (xlz +y12)’
”
-1
9y = 72, o
(x"2 + y"? +2"?)
y/zzlz N xrz (24)
(xIZ +y12 +z’2) (xl2 +)/'2) (xrz +y12)’
. Zrz . N xl2 + yrz 03)
zz (xl2 +y12 + le) (x/z + yl2 +le)’
gx/y/ = gylxl
xlyl
-1
= T r oY 2
(2 + y +22) (26)
N XIyIZIZ x'y'
(xl2 +y12 +le) (xlz +y12) (xIZ + yIZ)’
9x'z = 9'x'
_ x'z -1 x'z (27)
(xl2 +y12 +le) (x/z +y12 +Z'2),
gy’z' = gzlyl
(28)

_ ylzl o y'z'
(xIZ +y12 + zrz) (xrz + yl2 +Zl2)'
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Finally we obtain the elements of the metric tensor for the
curved space-time of Schwarzschild-type black hole, in terms
of the Cartesian coordinates. The indices for this metric
were shown by the primed Greek letters. Since we investigate
the transformations between flat and curved space-times in
Cartesian coordinates, we use the flat Cartesian metric g,
whose indices are shown by the unprimed Greek letters such
that

-1000

0100

= , 29
Gi 0 010 (29)

0 001

Then the deformation transformations between the metrics
gy and g, are

ox* ox”
== g, 30
Gur = G o I G0

We cannot call the deformation transformations in (30)
conformal transformations of the metrics, because both of
the metrics are not in diagonal form. As seen in (26)-(28),
the curved space-time metric has nondiagonal terms. Now
the deformation matrix can be constructed by arranging (30)
as below

5
g9+ 0 0 0
0 g 0 0
0 0 g, 0
0 0 0 g,
(3D
gi' 0 0 0
- M 0 gey 9x'y' 9x'z'
0 gylxl gylyl gy’z’
0 g.v 9z'y 922
and only nonzero elements of the matrix M forms as
A0O0O
0 BEF
M = . (32)
0 ECG
0 FGD

To find the deformation matrix M from (31) is not so easy.
Instead of that, we write the inverse transformations in (31)
and obtain the inverse deformation matrix M~ in an easier
manner. Then we find the matrix M by evaluating the inverse
of the matrix M~'. Consequently, the matrix M is found to
have the elements below

1
A=——o,
'y
2
Bo —gylylgzlzl + gyle
_gx’x'gy’y’gz'z’ - 2gx;y;gylegxlzf + gx’x’gy'z’z + gzlzlgxlylz + gy’y’gx'Z’Z
2
C= “9x'x' 92’z T Gx'z
—gxlxlgylylgzlzl - zgxlylgylzlgxlzl + gxlxlgylzlz + gzlzlgxlylz + gylylgxlzlz
2
—9x'x'Gy'y T Gyl y
D= oot . 5 (33)
—gxlxlgylylgzlzl - zgxlylgylzlgxlzl + gxlxlgylzl + gzlzlgxlyl + gylylgxlzl
E= 922 9x'y' — 9y'2'9x'z'
_gxlxlgylylgzlzl - ng/y/gy/zlgxlzl + gxlxlgylzlz + gzlzlgxlylz + gylylgxlzlz
Fe gylylgxlzl - gx’y'gy'z'
_gx’x'gy’y’gz’z’ - 2gx;y/gy/zlgxfzr + gx'x’gy'z’Z + gzlzlgxlylz + gylylgxlzlz
G = 9x'x'9y'z" ~ 9x'y' x'z!
_gx’x'gy’y’gz'z’ - zgx/y/gylzlgxlzl + gx’x’gy'z’z + gzlzlgxlylz + gylylgxlzlz
By using (22)-(28) in (33) and making the simplifications for B Uyz +x*+ 22 (36)
these matrix elements, we finally obtain these elements as T oxZy y? + 22 ?
follows:
2 2 2
1 Uz" +x" +y
- - D=———+, (37)
A= o (34) Xty tz?
U +y* +2° Uxy - x
_ Uty (33) E= 22, (38)
X2+ y + 22 X2+ yr+z



_ Uxz-xz
X+ 2+ 22 (39)

Uyz - yz
G:x2+y2+z2' (40)

These are the elements of the deformation matrix M. To find
the determinant of matrix M, we use (34)-(40) in (32), and
then we evaluate the determinant, such as

detM = 1. (41)

We understand that our matrix belongs to SL(4), because of
the determinant. This is in accordance with the general fact
that the symmetry group of the deformation matrices belong
to GL(4).

Now we are to find the coordinate transformations
between these two space-times having the deformation
transformations given by (30)-(32). We need to find the

invertible matrix elements dx" /0x” between flat and curved
space-times in Cartesian coordinates. Therefore we write the
matrix multiplication in (31) explicitly. Then we also write
the deformation equations with summation convention in
(30) explicitly. We equate the metric elements g,, in both
explicit forms; then we obtain the invertible matrix elements

!
ox* /ox”. From these elements we construct the coordinate
transformation matrix A directly, as given below

ot’
— 0 0 0
ot
) o o
A= ox 0y Oz
= ! ! !
o Y Y
ox 0y Oz
, o o o
ox Ody 0z (42)
VA 0 0 0
E F
0 VB — —
- g €0
0 —= VC —
\{:EG\/B
0 — — D
VB VC

We can write these elements more explicitly by using (34)-
(40) and obtain

. =
ox’' Ux* +y* +2° (44)
x \ P+t
ay' x>+ Uy* +2° (45)
@ "\ 2+ y2+z2
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o _ ¥y +U (46)
0z X2+ yr+ 22

ox' (Uxy - xy)/ (x2 + 97+ zz)

P , (47)
o \/(x2+Uy2+zz)/(x2+y2+zz)

ox' (Uxz — xz) | (x2 + 9+ zz)

P ) (48)
z \/(x2+y2+Uz2)/(x2+y2+z2)

o' (Uxy —xy) [ (£* +y* +2°

2 ( ) . (49)

Ox \/(Ux2 + 32 +22) [ (x%+ y? +2%)

ay  (Uyz-yz)/ (¥ +y+2)
= = > 50
0z \/(x2 +y2+Uz%) [ (2% + y? + 22%) 0

oz (Uxz - xz) [ (x* + y* +2°)
o , (51)
X \/(Ux2+y2+z2)/(x2+y2+z2)
o (Uyz-y2) /(¥ +y +2)
= (52)

ay \/(x2+Uy2+22)/(x2+y2+zz)'

When we insert these elements into the coordinate transfor-
mation matrix A, we evaluate its determinant as follows:

det M

\/U (2+y2+22) (22 +y2+22) (2 + y*+22)  (53)

\/(Ux2 +y2+22) (2 + Uy? + 22) (x? + y* + Uz?)
or

det M
VO (2 + 2 +22) "

\/(Ux2 +y2+22) (2 + Uy +22) (2 + y? + Uzz)'

(54)

We infer from the nonzero determinant of the coordinate
transformation matrix A that it is invertible and it belongs
to the GL(4) symmetry group since it is a four by four
matrix. This is again in accordance with the general fact about
the deformation matrices and their resulting coordinate
transformation matrices.

The deformation matrix M and the coordinate trans-
formation matrix A are shown to belong to SL(4) and
GL(4), respectively. In Section 2 for the spherical coordinates
case, we found that both matrices belong to SL(4), for
the transformations from flat tangent vector space-time to
curved Schwarzschild-type black hole space-time in the
framework of f(R) gravity. These symmetry groups result
from the invariance of the space-time interval ds* under these
transformations.

Similarly, one can also find the deformation and coor-
dinate transformation groups between the inertial frames
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and the noninertial frames of f(R) gravity axially symmet-
ric Kerr-Type and charged Reissner-Nordstrom-Type black
holes because their metric tensors have nondiagonal terms
as in the case of Cartesian coordinates representations (22)-
(28) for the metric of Schwarzschild-type black hole curved
space-time (31). The metric tensor of a charged and rotating
f(R) gravity black hole is given as [22]

asin’0

2 2 2
A
ds* = =L [dt— 1 d¢>] +Pa P
p g A, Ay
, (55)
AsinZ6 2, 2
9512n [adt—r ta me
p E
where
Q2
A,=(r2+a2)<l+—°r2>—2Mr+ >
1+ f'(Ry)
g-1- g (56)
12
R
Ag=1-La’cos’6.
12
a’Agsin®0 — A,
3 0
P 2
0 L
Ar
g,uv =
0 0

2asin%0

7z [A,-Ag(rP+a’)] ©

By using the similar steps in (31) and (32), we can obtain
the deformation matrix M for the inertial observer and
the noninertial observer in the space-time curved by Kerr-
Type or Reissner-Nordstrom-Type f(R) gravity black holes.
Accordingly, from the same step in (42), we then obtain
the coordinate transformation matrix A for these observers’
frame.

4. Conclusions

In this paper, we consider the transformations between a
curved and flat space-time being the tangent vector space-
time of the curved space-time, and also the coordinates of
this tangent space are called the local Lorentz coordinates.
The curvature of the space-time used here results from
the Schwarzschild-type black hole whose solution for the
metric tensor is obtained in the frameworks of modified
f(R) gravity [7-9]. We investigated the symmetry groups of
the deformation matrix for the transformations of metrics
and then the coordinate transformation matrix obtained by

Also, a and Q are the angular momentum and the charge of
the f(R) gravity black hole, respectively. If a = 0, (55) turns
to be a Reissner-Nordstrom-Type black hole in f(R) gravity,
whereas if Q = 0, it gives a Kerr-Type f(R) gravity black
hole. We can use metric (55) for both Kerr-Type and Reissner-
Nordstrom-Type f(R) gravity black holes and rewrite it as

a’A gsin’6 — A

ds’ = ———Ldt’
p
2asin%0
00 [, 80 (7 + )] arag
(57)
2 2
+ P P g
A, Ay
Aysin2 (% + a?)’ - A,a*sin*6
4 0 ( 2) d¢2,
p
and in matrix form
2asin’0
5o [Ar Ay (rz + az)]
p2E
0 0
2 . (58)
L 0
Ag

2
A g sin’6 (r2 + az) - A,a*sin*0

p?

this deformation matrix. The extended and straightforward
physical meaning and interpretations of the deformations
and conformal transformations can be found in the literature;
see [16, 23, 24].

These deformation and coordinate transformation matri-
ces are the identity matrices for the case U = 1. This means
that the both space-times are same flat space-times. Therefore
the transformation matrices for deformation and coordinate
transformations must be identity matrix, in both coordinate
systems.

When we use U = 1 in spherical coordinates for
the transformation matrices M and A in (18) and (16)w
respectively, we can easily realize that they are the identity
matrices. Similarly, if we again use U = 1 in Cartesian
coordinates, we find the matrices M and A in (32) and (42) are
the identity matrices. Namely, for U = 1, all the nondiagonal
elements of M in (38) and (40) vanish. In addition, all the
nondiagonal elements of A in (47) and (52) again vanish for
U = 1. Taking U = 1 can be viewed as a limiting case for
checking the calculations for transformation matrices whose
symmetry groups are investigated.



We infer that the deformation matrices, the coordinate
transformation matrices, and their symmetry groups can be
investigated for the other type of black hole solutions in the
framework of modified f(R) gravity. Also we can consider the
present transformation groups for the other type of modified
gravitation theories for these various black hole solutions as
the candidate studies related to this topic.
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