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FOREWORD

An International Summer School on Selected Topics in Nuclear Theory 
was held during the period 20 August to 9 September 1962 in the Low Tatra  
Mountains, Czechoslovakia, under the auspices of the Nuclear Research 
Institute of the Czechoslovak Academy of Sciences, with financial support 
from  the International Atom ic Energy Agency.

In view  of the wide interest of the seven topics considered there and of 
the speed with which the fie ld  o f theoretical physics is  developing, the 
Agency decided to make available its fac ilities  fo r  rapid publication and to 
publish the lectures under its own imprint; however, all editorial and com
position work has been perform ed under the supervision of the general 
editor. Dr. F. Janouch of the Nuclear Research Institute of the Czecho
slovak Academy of Sciences.

The problem of keeping in touch with the rapidly changing but funda
mental fie ld  of theoretical physics is a difficult one, particu larly fo r  scien
tists in the developing countries. It is hoped that such publications as the 
present one and the companion volume containing the lectures presented at 
the Agency's Seminar on Theoretical Physics at T r ies te  w ill help, at least 
in a modest fashion, to overcom e these difficulties.

December 1962
SIGVARD EKLUND 
D irector General
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INTRODUCTION

The lectures published in the present volume under the genera l tit le  
"Selected Topics in Nuclear Theory" w ere given from  20 August to 8 Sept
ember 1962 at the International Summer School organized in the Low Tatra 
Mountains, Czechoslovakia, by the Nuclear Research Institute of the Czecho
slovak Academy o f Sciences with the co-operation of the International Atomic 
Energy Agency.

The lectures are devoted exclusively to theoretical low-energy nuclear 
physics. Low -energy nuclear physics is, of course, o f great in terest to 
countries that are unable to construct the expensive equipment necessary 
fo r  experimental research  in high-energy physics. M oreover, theoretical 
physicists specializing in low-energy physics are everywhere lacking. One 
aim of the Summer School was to g ive young scientists an opportunity of 
taking a short course in low -energy physics and learning something about 
achievements in regard  to it.

The tit le  "Selected Topics in Nuclear Th eory " co rrec tly  re flec ts  the 
principles upon which the programme was drawn up: it is quite c learly  im 
possible, in three weeks, to cover the whole of theoretical nuclear physics 
in any great detail. The organizers tried  to select topics that would revea l 
where great progress has recently been made or where the prospects are 
particu larly good.

A  few words should be said about the lectures themselves, which divide 
roughly into three groups.

F irs tly , the theory of direct nuclear reactions, which in recent years 
has begun to play an ever grea ter ro le  in the study of nuclear structures.

One of the characteristic features o f d irect nuclear reactions (e. g. 
stripping and pick-up) is that only a sm all number o f degrees o f freedom , 
from  the many which characterize the atom ic nucleus, takes part in the 
reaction. This fact makes the theoretical treatment of direct reactions more 
hopeful.

The lectures of P ro fesso r Austern show why d irect nuclear reactions 
are so, convenient for the study of nuclear structures and present a system
atic explanation of distorted wave methods, their application and ach ieve
ments. The concluding section discusses correlations between direct nuclear 
reactions and reactions occurring via  the compound nucleus, together with 
their distinguishing characteristics.

The successes obtained by means of the so-called  dispersion relations 
in work on the theory of elem entary partic les led  to the idea o f applying 
this method also to the theory o f nuclear reactions, i. e. in work on low - 
energy physics.

P ro fessor Shapiro describes the dispersion method and shows how to 
apply it to d irect nuclear reactions. The dispersion method does not make 
use of wave functions, but only o f certain general features of reaction ampli
tudes, e. g. analyticity and unitarity. In addition to provid ing in teresting 
results (the expression o f the amplitudes o f the most d iverse reactions by 
means of the amplitudes o f the sim plest), it also perm its a better under
standing o f some previous results as, fo r instance, B u tler 's  theory o f 
stripping.

1
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The second group of lectures is concerned with models o f the atorr.ic 
nucleus. As the nucleus is a m any-particle system  and the fo rce s  acting 
between the particles are not exactly known, its theoretical description is 
necessarily  based on model representations.

One of the most widely used atomic nucleus models is the shell model, 
constructed on the analogy of the electron shell of the atom. The nucleons 
are regarded as free  and moving in a certain average nucleon field. Despite 
the la rge numbers of other models that have appeared recently, the shell 
m odel remains one of the most developed and the one most often used by 
physicists fo r specific computations.

In P ro fessor E llio tt ’ s lectures the present state of shell model theory 
is formulated and the connection between the shell model and other models 
of the atomic nucleus is discussed. Professor E lliott does not restrict h in - 
se lf to the usual elements of shell model theory, which can be found in any 
text book on nuclear theory, but discusses lesser-known facts, e .g . the 
theory of multiplets and supermultiplets, a method of calculating the proper
ties of light nuclei without using genealogical coefficients, and so on. Gro ip 
theory methods are adopted fo r the classification  of the wave functions of 
a many-nucleon system . P ro fesso r E llio tt ’ s lectures also show how ths 
fundamental principles of the shell model (taking configuration mixing into 
account) make it p o ss ib le to  obtain wave functions that have some of ths 
characteristic  p roperties of the wave functions o f deform ed nuclei.

P ro fe sso r  de-Shalit deals with the c lose ly  a llied  theory of e lec tro  
magnetic transitions in nuclei, the study of which provided the main basis 
fo r the shell model, yielding important data on excited states of nuclei (their 
energies, moments, parities, e tc .). Such data are generally very reliable, 
since electrom agnetic interactions in the nucleus are w e ll known. Apart 
from  electrom agnetic transitions, he discusses other (static) p roperties  
o f nuclei, i . e .  their magnetic and e lec tr ic  moments, and shows which 
measurements of these values make it possible to reach m odel-independe)it 
conclusions about the structure of the nucleus and the forces acting betweon 
nucleons.

The theory of pairing correlations in nuclei is dealt with by Professors 
Soloviev and Belyaev. In the firs t models in which axial and non-axial nuclei 
were examined, deformations were considered phenomenologically as param
eters o f the theory. In these lectures it is  assumed that nucleons m ove 
in a self-consisten t fie ld  with some residual interaction. Th is residual 
(pairing) interaction is taken into account by a method sim ilar to that use d 
in  the modern theory of superconductivity - a method f ir s t  proposed by 
P ro fe sso r  Bogolyubov (who was unfortunately prevented by illn ess from  
participating in the School), which is now known as the superconductive 
m odel o f atom ic nuclei.

It is v e ry  interesting to find that certain  v e ry  spec ific  p roperties c f 
nuclei can be explained in term s of extrem ely general concepts. P ro fesser 
Belyaev shows, fo r instance, that the superconductivity o f metals at ve ry  
low temperatures and the non-sphericity of nuclei are a consequence of one 
and the same physical law.

The model examined in Professor Soloviev's lectures is used to explain 
the characteristics of fundamental and low -ly ing excited leve ls  o f medium
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and heavy partic les (energy, spin, parity ); considerable space is devoted 
to methods of calculating a, P and 7 -transition probabilities in this model.

P ro fesso r Belyaev uses the superconductivity model to calculate co l
lective effects in nuclei, discussing the dependence of equilibrium conditions 
in atomic nuclei on the number of nucleons in the nucleus, inertia moments 
in deformed nuclei, and the genesis of vibrational levels in spherical nuclei.

In the third group, P ro fessor Tolhoek discusses in his lectures the theory 
of weak interactions between nucleons and leptons. System atically and in 
detail, he explains the modern theory of weak interactions as newly form ul
ated after the d iscovery of parity non-conservation in weak interactions. 
He gives a detailed rev iew  of nuclear 0- decay and deals with some general 
aspects of weak interactions (V -A -in teraction , in term ediate bosons, the 
electron  and muon neutrino, etc. ).

Great attention is devoted to the fundamentals of muon nuclear physics. 
Although muon nuclear physics stands on the boundary between the physics 
of elementary particles and nuclear physics, experimental and theoretical 
study o f /u-capture in atomic nuclei can not only fac ilita te  the elucidation 
of various weak interaction problems but also facilitates study of the struc
ture of the atomic nucleus itse lf; hence its inclusion among the selected  
topics in nuclear theory is  justified  at present.

The lectures are being printed from  manuscripts rece ived  beforehand 
or actually during the Summer School, with minor and mainly unimportant 
alterations and amendments. No uniform system of symbols has been adopted 
in the book (fo r example fo r  Clebsch-Gordan coefficients, spherical functions, 
e tc . ),various sy stems of units are used, and so on. Uniformity would have de
manded substantial alterations in the manuscripts and a corresponding delay 
in publication; the editor hopes that any déficiences there may be in this 
respect - unfortunately by no means ra re  in the physics litera tu re  - w ill  
not unduly w orry  the reader.

It was not considered necessary to include papers read at the seminars 
by individual participants, as in most cases they have bèen or w ill be 
published in scientific journals.

The editor thanks the International Atomic Energy Agency for the under
standing sp ir it with which it has undertaken the com plicated business o f 
publishing the lectures, and also fo r  its assistance in preparing the book 
for publication. He must also express his gratitude to Mrs. H. Watney-Kaczér 
fo r  her help in preparing the manuscript fo r the press and to P. Winternitz 
and P . Vogel fo r many suggestions which were of assistance in getting the 
manuscript ready fo r printing.

F . Janouch



INTRODUCTION

Le présent ouvrage réunit, sous le titre «Certains aspects delà  physique 
nucléaire théorique», le s  conférences données du 20 août au 8 septembre 
1962 au Cours international d’ été, qui a été organisé dans la Basse Ta ira  
(Tchécoslovaquie) par l ’ Institut de recherches nucléaires de 1*Académ ie 
tchécoslovaque des sciences, en collaboration avec l ’Agence internationiile 
de l ’ énergie atomique.

Les conférences portent exclusivement sur la physique nucléaire théori
que des basses énerg ies. En effet, cette partie  de la  physique nucléaire 
présente un grand intérêt pour les  petits pays qui n’ont pas la  possib ilité 
de construire les installations coûteuses indispensables pour les recherches 
expérim entales sur la  physique des hautes énergies. On sait qu’ i l  y  a un 
peu partout pénurie de théoriciens de la physique des basses énergies. C ’ e st 
pourquoi un des ob jectifs du Cours d’ été était de perm ettre à  de jeune s 
théoriciens de su ivre un enseignement général sur la  physique des basses 
énerg ies et de se fa ire  une idée des p rogrès accom plis dans ce domaine.

Le titre  de l ’ ouvrage, qui était aussi celui du Cours, fait parfaitement 
re sso rtir  le principe qui avait présidé à l ’ établissement du program m e du 
Cours d’ été; i l  était manifestement impossible d’aborder en trois.semaines, 
d’une façon quelque peu approfondie, tous les aspects de la physique nuclé
a ire théorique. Les organisateurs du Cours s ’ étaient donc efforcés de choisir 
certains domaines où de grands progrès ont pu ê tre  accom plis ces temps 
dern iers ou qui offrent de grandes possib ilités pour l ’ avenir.

Les conférences peuvent être classées en tro is  groupes.
Le p rem ier groupe de conférences porte sur la  théorie des réactioas 

nucléaires d irectes qui, depuis quelques années, a joué un rô le  de plus <în 
plus important dans l ’ étude de la structure du noyau atomique.

Rappelons d’ abord que les  réactions nucléaires d irectes, soient le:s 
réactions dites d’ épuisement («s tr ip p in g » )ou de ram assage («p ick -u p »), 
sont ca ractér isées  par le  fa it qu’un petit nombre des degrés de lib erté  
propres aux noyaux atomiques est u tilisé dans les  réactions. Ce fa it 
perm et d’ envisager une étude théorique des réactions nucléa ires.

L es  conférences du P ro fesseu r Auetern expliquent pourquoi ce sont 
précisém ent les  réactions nucléaires- d irectes qui faciliten t l ’ étude de la 
structure du noyau. E lles  décrivent d'une meulière déta illée la  méthode 
des ondes distordues ainsi que ses applications et ses succès. Dans se s 
conclusions, le  con férencier a examiné -les relations entre les  réactior.s 
nucléaires directes et celles qui donnent lieu à la formation transitoire d’vn 
noyau composé, ainsi que leurs caractéristiques respectives.

Les progrès accomplis dans la théorie des particules élém entaires e .u  

moyen des relations de dispersion ont fait penser à la possibilité d’ appliquer 
cette méthode à la théorie des réactions nucléaires, c ’ est-à-dire au domaine 
des basses énergies.

Dans ses conférences, le  P rofesseur Shapiro a exposé la méthode des 
re lations de d ispersion et indiqué comment e lle  peut ê tre  appliquée au:с 
réactions nucléaires d irectes. Cette méthode qui, au lieu  d’u tilis e r des 
fonctions d’ ondes, ne fa it appel qu’à certaines propriétés  de toutes le »  
amplitudes de réactions, savoir: l ’ analyticité et l ’unitarité, donne nonseul'î-
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ment un certain nombre de résultats intéressants (expression des amplitudes 
de réactions très  d iverses par ce lles  de réactions très  s im p les), m ais 
encore la possibilité de mieux comprendre certains résultats obtenus anté
rieurement, par exemple la  théorie de l'épuisement («stripp ing») de Butler.

Le deuxième groupe de conférences porte sur les  m odèles du noyau 
atomique. Etant donné que le  noyau comprend de nombreuses particu les 
dont les forces d'interaction sont encore mal connues, sa description thé
orique se fonde nécessairement sur des modèles.

On sait qu’un des modèles du noyau atomique les plus utilisés est un 
modèle en couches construit en s ’ inspirant des couches électroniques de 
l ’ atome; dans ce modèle, les nucléons sont lib res et se déplacent dans un 
champ nucléonique moyen. Un grand nombre d’ autres m odèles ont été 
imaginés récem m ent, mais le  m odèle en couches res te  un des plus p e r 
fectionnés et c ’est celu i que les physiciens emploient habituellement dans 
les calculs.

Au cours de ses conférences, le Professeur Elliott a décrit l ’ état actuel 
de la  théorie du modèle en couches ainsi que ses relations avec d’ autres 
modfeles. IL ne s’ est pas borné à exposer des faits bien connus dont on peut 
trouver une description dans. n’ importe quel liv re  de théorie nucléaire, 
mais il a expliqué des éléments moins connus tels que la théorie des multip
lets et des supermultiplets ainsi qu’une méthode de calcul des propriétés 
des atomes légers  permettant de ne pas u tiliser les coeffic ients de parenté 
re la tive ,e tc . Pour la classifica tion  des fonctions d’ ondes d’un systèm e à 
plusieurs nucléons, i l  utilise la théorie des groupes. En plus de ces questions, 
le  P ro fesseu r E llio tt a expliqué comment les  principes fondamentaux du 
modèle en couches (compte tenu du mélange des configurations) permettent 
d’ obtenir des fonctions d’ ondes présentant certaines propriétés caractéristi
ques qui correspondent aux fonctions d’ ondes des noyaux déformés.

Un enseignement étroitement lié  aux conférences du Professeur E lliott 
est celui que le  P rofesseur de-Shalit a dispensé et qui porte sur la théorie 
des transitions électromagnétiques dans les noyaux. On sait que la définition 
du modèle en couches est fondée avant tout sur l ’ étude des transitions é lec 
tromagnétiques dans les noyaux, qui avait perm is d’ obtenir des renseigne
ments importants sur les  états d’ excitation des noyaux, leu rs énerg ies , 
moments nucléaires, parités, etc. Ce sont, d’une m anière générale, des 
données très sûres, du fa it que les interactions électromagnétique dans le 
noyau sont parfaitement connues. Le Professeur de-Shalit étudie non seule
ment les transitions électrom agnétiques, m ais encore certaines autres 
propriétés (statiques) des noyaux (c ’ est-à-d ire leurs moments magnétiques 
et électriques) et indique les  mesures qui permettent de dégager des con
clusions - autant que possible sans tenir compte des modèles concrets - sur 
la structure du noyau et les forces qui s ’ exercent entre les nucléons.

La  théorie des corréla tions de pa ires dans les  noyaux a été exposée 
par les P ro fesseu rs Soloviev et Belyaev. Dans les p rem iers m odèles, où 
l ’ on distinguait les  noyaux axiaux et non axiaux, les déformations avaient 
été introduites d’une m anière phénoménologique, en tant que param ètres 
de la théorie. MM. Soloviev et Belyaev admettent que les nucléons se dé
placent dans un champ autoconsistant avec une certaine interaction résiduelle. 
Pour tenir compte de cette interaction (par paires) résiduelle, ils ont recours
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à une méthode analogue à ce lle  qui est utilisée dans la théorie moderne de 
la  supraconductivité. Cette méthode, qui avait été proposée tout d 'abord 
par le  Professeur Bogolyubov (que la maladie a malheureusement empêché 
de prendre part aux travaux du Cours), a reçu le  nom de m odèle supra 
conducteur du noyau atomique.

IL est intéressant de constater que plusieurs p ropriétés  trè s  p a r t i
cu lières des noyaux peuvent être expliquées à l'a ide de considérations trïîs 
générales; ainsi, le Professeur Belyaev démontre que la supraconductivité 
des métaux à des tem pératures très basses et l'a sph éric ité  des noyau:: 
résultent d’une m êm e lo i physique.

Dans ses conférences, le  P ro fesseu r Soloviev s ’ est s e rv i du m odèle 
étudié pour expliquer les propriétés des niveaux fondamentaux et des niveaux 
excités inférieurs des noyaux moyens et lourds (énergies, spins et parités). 
I l  a consacré une grande partie de son temps aux méthodes permettant ce 
calcu ler les probabilités des transitions a, fi et y pour ce modèle.

De son côté, le  Professeur Belyaev a utilisé le modéle supraconducteur 
du noyau pour calcu ler les e ffets collectifs  dans les noyaux. I l  a exam iré  
dans quelle mesure l ’ état d’ équilibre des noyaux atomiques dépend du nombre 
des nucléons du noyau; i l  a étudié en outre les moments d’ inertie des noyaux 
déformés et l ’ origine des niveaux de vibration dans des noyaux sphérique».

Le tro is ièm e groupe de conférences comprend notamment ce lles  que 
le  P ro fesseu r Tolhoek a consacrées à la  théorie des interactions fa ib les 
entre nucléons et leptons. L e  conférencier a présenté d’une façon systé
matique et minutieuse la théorie moderne des interactions faibles dans son 
aspect nouveau, telle qu’ elle  a été formulée après la découverte du principe 
de la  non-conservation de la  parité  dans les  interactions fa ib les . Après: 
a vo ir fa it un exposé détaillé de la  désintégration nucléaire /3, i l  a t r a it !  
certaines questions générales relatives aux interactions faibles (interaction 
V -A , bosons in term édia ires, neutrino-électron et neutrino-muon, etc. ).

L e  P ro fesseu r Tolhoek a accordé une grande place à un exposé deis 
principes de la physique nucléaire du muon. Bien que cet aspect de la phy
sique nucléaire se trouve à la lim ite du sujet et appartienne déjà à la. 
physique des particu les élém entaires, l ’ étude expérim entale et théorique 
de la  capture du muon dans les noyaux atomiques pourra non seulement 
perm ettre d’ élucider certaines questions relatives aux interactions fa ib le », 
m ais se ré v é le r  u tile pour l ’ analyse de la  structure du noyau atomique! 
même. C’ est pourquoi on a jugé opportun de retenir cet aspect de la physi
que nucléaire théorique.

. Pour la publication des conférences, on a utilisé les manuscrits reçus 
avant ou pendant le  Cours d’ été, en y apportant quelques m odifications ou 
rectifications peu importantes. On n’a pas unifié les  d iverses notations 
(par exemple ce lles  des coefficients de Clebsch-Gordan ou des fonctions 
sphériques), on a conservé les différents systèmes d’unités, etc. Il n’ aurait 
pas été possib le d’ opérer une unification sans m od ifier sensiblement le  
texte des manuscrits, ce qui eût nécessairem ent retardé la  publication. 
Le rédacteur espère que ce défaut (hélas assez fréquent dans les publication! i 
consacrées à la physique) n’embarrassera pas trop le  lecteur.

Le rédacteur n’ a pas jugé nécessaire de fa ire  figu rer dans le  volume 
les  m ém oires que certains participants ont présentés lo rs  des réunione
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scientifiques; en effet, dans la  plupart des cas, i l  s ’ agit de travaux qui 
ont été publiés depuis ou qui vont para ître prochainement dans des revues 
scientifiques.

EL fé lic ite  l ’Agence internationale de l ’ énergie atomique d’avoir entrepris 
la tâche ardue que constitue la publication des conférences, et i l  la rem ercie 
du concours qu’ elle a bien voulu lui apporter pour la mise au point du volume. 
I l  exprime également sa reconnaissance à Mme H. W atney-Kaczér pour 
l ’ assistance fournie dans la préparation des manuscrits, ainsi qu’ à MM. P. 
W internitz et P . Vogel pour leurs nombreuses suggestions, qui ont perm is 
d’am éliorer les textes avant de les envoyer à l ’ impression.

F . Janouch



ВВЕДЕНИЕ

В настоящей книге опубликованы под общим заглавием "Избранные 
главы теории ядра" лекции, прочитанные в период с 20 августа пэ 
8 сентября 1962 года в Международной Летней школе, организованной 
Институтом ядерных исследований АН ЧСР в сотрудничестве с МАГАТЭ 
в Низких Татрах ( ЧССР).

Лекции посвящены исключительно теоретической ядерной физике 
низких энергий. Ядерная физика низких энергий, как известно,пред
ставляет большой интерес для малых стран, у  которых нет возмож
ности строить дорогостоящие установки, необходимые для экспери
ментальных исследований в области физики высоких энергий. Вместе 
с тем известно, что повсеместно чувствуется недостаток теорети
ков , специализирующихся в области физики низких энергий. В в и д у  

этого  одной из целей Летней школы было предоставить молодым тео
ретикам возможность прослушать несколько обзорных курсов по фи
зике низких энергий и получить представление о достижениях в aroîi 
области .

Название "Избранные главы теории ядра" лучше всего характери- 
зует  принцип, по которому составлялась программа Летней школы., 
ибо вполне ясно, что невозможно в течение трех недель сколь-ни
будь глубоко затронуть все области теоретической ядерной физики. 
Организаторы школы старались выбрать несколько областей , в ко-' 
торых за последнее время либо достигнуть большой прогресс, либо 
наметились хорошие перспективы на будущее.

Несколько слов о самих лекциях, которые можно разделить при
мерно на три группы.

Первая группа касается теории прямых ядерных реакций, которые 
в последние годы начинают играть все большую роль при изучении 
структуры атомного ядра.

Как и звестн о , отличительной чертой прямых ядерных реакций 
(например,реакции срыва и подхвата) является участие в них лишь 
небольшого числа степеней свободы из тех многих, которые харак
теризуют атомное ядро. Это обстоятельство  делает теоретическое 
рассмотрение прямых ядерных реакций весьма привлекательным.

В лекциях проф. Остерна было показано, почему именно прямые 
ядерные: реакции удобны для изучения структуры ядра. В этих лек 
циях и зла га ется  метод искаженных волн . В заключительной части 
обсуждается соотношение между прямыми ядерными реакциями и ре
акциями, проходящими через составное ядро, и их отличительные 
особенности .

Успехи, которые были достигнуты в теории элементарных частиц 
с помощью тале называемых дисперсионных соотношений, привели к 
идее и спользовать этот метод и в теории ядерных реакций, т . е .  
в области  низких энергий.

Профессор Шапиро в своих лекциях излагает метод дисперсионных 
соотношений и показывает возможности е го  применения к прямым 
ядерным реакциям. Дисперсионный метод, который использует не вол
новые функции, а лишь Некоторые общие свойства амплитуд реакций,
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как, например, аналитичность и унитарность, дает не только ряд 
интересных результатов  (выражение амплитуд самых разнообразных 
реакций через амплитуды реакций простейш их), но и возможность 
лучше понять некоторые прежние результаты (например, теорию сры
ва Батлера).

Вторая группа лекций посвящена моделям атомного ядра. Ввиду 
того , что ядро -  система многих частиц, силы взаимодействия йеж- 
ду которыми точно не известны, теоретическое е го  описание не
избежно основано на модельных представлениях.

Как известно, одной из самых распространенных моделей атом
ного ядра является оболочечная модель, построенная по аналогии 
с электронной оболочкой атома; нуклоны рассматриваются как сво
бодные и движущиеся в некотором среднем нуклонном поле. Несмотря 
на большое количество других моделей, появившихся в последнее 
время, оболочечная модель остается одной из самых разработанных 
и наиболее часто применяемых среди физиков для конкретных рас
четов.

В лекциях профессора Эллиотта дается современная формулировка 
оболочечной модели и обсуждается ее взаимоотношение с другими 
моделями атомного ядра.Профессор Эллиотт не ограничивается обыч
ными сведениями по этому вопросу, которые можно в настоящее вре
мя найти в любом учебнике по теории ядра, но приводит менее и з
вестные данные, как , например, теорию м ультиплетов, методы рас
чета свойств легких ядер без применения генеалогических коэффи
циентов и т .д .  Для классификации волновых функций системы многих 
нуклонов использую тся методы теории групп . Показывается, как 
основные идеи оболочечной модели (с  учетом конфигурационных при
м есей ) позволяют получать волновые функции, имеющие некоторые 
характерные свойства, соответствующие волновым функциям деформи
рованных ядер.

С лекциями профессора Эллиотта очень тесно связан курс про-^ 
фессора де-Ш алита, который занимается теорией электромагнитных 
переходов в ядрах. Как известно, одним из главных оснований для 
создания оболочечной модели послужило изучение электромагнитных 
переходов в ядрах, которые давали важные сведения о возбужденных 
состояниях ядер, их энергиях, моментах, четностях и .т .д .  Эти све
дения обычно весьма достоверны, так как свойства электро-магнит- 
ного взаимодействия в ядре хорошо известны. Профессор де-Ша:лит 
обсуждает не только электромагнитные переходы, но и другие свойст
ва ядер (с та ти ч еск и е ), -  т . е .  их магнитные и электрические мо
менты, -  и показывает, какие измерения этих величин позволяют 
делать заключения, по возможности независимые от конкретных мо
делей , о структуре ядра и о силах, действующих между нуклонами.

Теории парных корреляций в ядрах посвящены лекции профессоров 
Соловьева и Беляева. В первых моделях, в которых рассматривались 
аксиальные и неаксиальные ядра, деформации вводились феноменоло
гически , как параметры теории. В лекциях профессоров Соловьева 
и Беляева предполагается, что нуклоны движутся в самосогласован
ном поле с некоторым остаточным взаимодействием. Учет этого  ос
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таточного (парного ) взаимодействия производится методом, анало
гичным методу, использованному в современной теории сверхпрово
димости. Этот метод был предложен впервые профессором Боголюбо
вым (которому болезн ь , к сожалению, помешала принять участие в 
работе Школы) и получил название сверхпроводимой модели атомного 
ядра.

Очень интересно отметить, что некоторые весьма специфические 
свойства ядер можно объяснить с помощью весьма общих соображений: 
например, в лекциях проф. Беляева показано, что сверхпроводи
мость металлов при очень' низких температурах и несферичность ядер 
являются следствием одного и того же физического закона.

В лекциях профессора Соловьева рассматриваемая модель приме
няется для объяснения свойств основных и низко лежащих возбуж
денных уровней средних и тяжелых ядер (их  энергий, спинов и чет
ностей) . Значительная часть лекций посвящена методам расчета ве
роятностей a - ,  (3-, и \-переходов в этой модели.

Профессор Беляев использует в своих лекциях сверхпроводимую 
модель ядра для расчета коллективных эффектов в ядрах, обсуж
дает зависимость равновесного состояния атомных ядер от числа 
нуклонов в ядре, моменты инерции деформированных ядер и возникно
вение вибрационных уровней в сферических ядрах.

К третьей части относятся лекции профессора Тольхука, которые 
посвящены теории слабых взаимодействий между нуклонами и лепто- 
нами. В этих лекциях систематически и очень подробно изложена 
современная теория слабых взаимодействий в том новом виде, как 
она была сформулирована после открытия несохранения четности з 
слабых взаимодействиях. Кроме подробного обзора ядерного в -р ас- 
пада в этих лекциях содержатся главы, посвященные некоторым о б 
щим вопросам слабых взаимодействий ( V-А-взаимодействие, проме
жуточные бозоны, электронное и мюонное нейтрино и т . д . ) .

Большое внимание уделено изложению основ мюонной ядерной фи
зики. Хотя мюонная ядерная физика и находится на границе между 
физикой элементарных частиц и физикой ядра, экспериментальное л 
теоретическое изучение м--захвата в атомных ядрах может способ 
ствовать: выяснению не только  ряда вопросов, касающихся слабыл 
взаимодействий, но и оказаться полезным для изучения структур!! 
самого атомного ядра. По этой причине представляется в настоящее 
время целесообразным включение этих вопросов в избранные главы 
по теории ядра.

Лекции печатаются по рукописям, полученным либо до начала ра 
боты Летней школы, либо в процессе ее  работы, с небольшими, з 
основном несущественными, изменениями и исправлениями. В книго 
не приведены к единому виду различные обозначения, -  например, 
коэффициентов Клебша-Гордана, сферических функций, применяются 
разные системы единиц и т .д .  Приведение к единому виду нельз.ч 
было бы проделать без существенного вмешательства в рукопись, а 
это привело бы, конечно, к значительному увеличению срока изда
ния. Издатель надеется, что этот недостаток (в  физической лите
р атуре , к сожалению, не редкий) не вызовет особых затруднений 
у  чи тателя .
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Издатель не считал необходимым включать в книгу доклады, про
читанные на семинарах отдельными участниками Школы, ввиду то го , 
что в большинстве случаев эти работы опубликованы или готовятся 
к опубликованию в научных журналах.

И здатель благодарит МАГАТЭ за понимание, с которым оно взя
лось  за  сложное дело  печатания лекций и за помощь в подготовке 
выпуска книги в свет . Издатель также приносит благодарность г-же 
Г . Уотней-Кацер за помощь при подготовке рукописи в печать и 
П. Винтерницу и П. Вогелю за многие замечания, которые помогли 
улучшить рукопись, подготовленную к печати.

Ф . Яноух



INTRODUCCION

La presente publicación contiene bajo e l título general "Temas escogidos 
de teo ría  nuclear" las conferencias pronunciadas del 20 de agosto a l 8 de 
septiem bre de 1962 en e l curso internacional de verano organizado en e l 
Bajo Tatra (Checoeslovaquia) por la Academia de Ciencias de la República 
Socialista Checoeslovaca en colaboración con e l Organismo Internacional 
de Energía Atóm ica.

Estas conferencias se dedicaron exclusivamente a la  fís ic a  nuclear 
teórica de las bajas energías. Como es sabido, esta rama de la física nuclear 
presenta gran interés para los p'aíses pequeños que no están en condicionas 
de construir las costosas instalaciones indispensables para efectuar in
vestigaciones experimentales sobre física de las energías elevadas. Asim is
mo, nadie ignora que escasean los teóricos especializados en fís ica  de las 
bajas energías. P o r  e llo , uno de los objetivos del curso de verano fue: 
p erm itir  que los jóvenes teóricos siguiesen una enseñanza genera l de la 
fís ica  de las bajas energías, haciéndose una idea de los progresos rea liza 
dos en esta materia.

E l títu lo "Tem as escogidos de teo ría  nuclear" ca racter iza  perfectíL- 
mente e l princip io  que presid ió  la elaboración del program a del curso de 
verano, ya que es evidente que en un curso de tres  semanas de duración 
no es posible tratar a fondo todo e l campo de la fís ica  nuclear teórica. Por 
lo  tanto, los organizadores del curso procuraron e leg ir  algunas m aterias 
en las cuales últimamente se registraron grandes progresos, o que preser - 
tan perspectivas favorables para e l futuro.

Conviene decir algunas palabras sobre las conferencias, que se pueden 
c lasificar en tres  grupos.

E l p r im er grupo se consagró a la teoría  de las reacciones nucleares 
que en estos últimos años están desempeñando un papel cada vez más im 
portante en e l estudio de la estructura del núcleo atóm ico.

Como es bien sabido, las reacciones nucleares d irectas, es decir, 
las reacciones de agotamiento ("stripp ing") o de captación ("p ick -u p"), se 
caracterizan por e l hecho de que en ellas se utiliza un pequeño número de 
los  grados de libertad propios del núcleo atóm ico. Este hecho perm ite  
abordar teóricam ente e l  estudio de las reacciones nucleares.

En sus conferencias e l P ro fesor Austern explicó por qué dichas reac - 
ciones precisam ente facilitan  la  investigación de la estructura del núcleo. 
Expuso detalladamente e l método de las ondas deformadas, sus aplicaciones 
y  resultados. Por último, estudió la relación entre las reacciones nucleares 
directas y  aquellas reacciones en las que se forman núcleos compuestos, así 
como sus características respectivas.

Los progresos logrados en la teoría de las partículas elementales me - 
diante las relaciones de dispersión, indujeron a aplicar e l  m ismo método 
a las teorías  de las reacciones nucleares, es decir, en la es fe ra  de las 
bajas energías.

E l P ro fesor Shapiro expuso e l método de las relaciones de dispersión 
y  la  posibilidad de aplicarlo a las reacciones nucleares directas. Con este 
método, que en lugar de u tiliza r funciones ondulatorias recu rre  a c ie r ta » 
propiedades genera les de la.s amplitudes de las reacciones, ta les como

12



13

su analiticidad y  unitariedad, se obtienen no sólo una ser ie  de resultados 
interesantes (como la  expresión de las amplitudes de una grande variedad 
de reacciones mediante las amplitudes de las reacciones muy sencillas), 
sino que se puede comprender m ejor algunos resultados logrados p rev ia 
mente, por ejemplo, la teoría de Butler, o teoría del agotamiento ("stripping").

E l segundo grupo de conferencias versó  sobre los modelos del núcleo 
atóm ico. Como e l núcleo es un sistem a integrado por muchas partículas, 
cuyas fuerzas de interacción no se conocen con exactitud, su descripción 
teó rica  se bafea inevitablemente en modelos.

Uno de los modelos de núcleo atómico más difundido es e l modelo de 
capas, concebido inspirándose en las capas electrónicas del átomo; según 
dicho modelo, los nucleones son libres y se mueven en un campo nucleónico 
medio. A  pesar de que últimamente se han propuesto muchos otros modelos, 
dicho modelo sigue siendo uno de los más perfeccionados y el que los físicos 
utilizan con más frecuencia para sus cálculos.

En sus conferencias, e l P ro fesor E lliott describió e l estado actual de 
la  teo ría  del modelo de las capas, así como sus relaciones con otros m o
delos. No se lim itó a exponer hechos ya conocidos, cuya descripción puede 
hallarse en cualquier libro de teoría nuclear, sino que explicó temas menos 
difundidos, tales como la teoría de los multipletes y de los supermultipletes, 
así como un método de cálculo de las propiedades de los átomos ligeros que 
perm ite evitar e l uso de los coeficientes de ascendencia relativa, etc. Para 
c las ificar las funciones ondulatorias de un sistem a de varios nucleones se 
u tiliza  la teoría  de los grupos. Igualmente, e l P ro fe so r  E llio tt dem ostró 
cómo los principios básicos del modelo de capas (habida cuenta de la mezcla 
de configuraciones) perm iten deducir funciones ondulatorias que poseen 
algunas de las propiedades características correspondientes a las funciones 
ondulatorias de los núcleos deformados.

Las conferencias del P ro fesor de-Shalit, que versaron sobre la teoría 
de las transiciones electrom agnéticas en los núcleos, tuvieron muchos 
puntos de contacto con las del P ro fesor E lliott. Como es sabido, la deter
minación del modelo de capas está basada sobre todo en e l estudio de las 
transiciones electrom agnéticas en los núcleos, que proporcionó datos im 
portantes acerca de los estados excitados del núcleo, de sus energías, mo
mentos, paridades, etc. Dichos datos son generalmente muy fidedignos, 
ya que se conocen bien las interacciones electrom agnéticas en e l núcleo. 
E l P ro fesor de-Shalit examinó no solamente las transiciones electromagné
ticas, sino también otras propiedades (estáticas) del núcleo,tales como sus 
momentos magnéticos y  e léc tr icos , y dem ostró que m ediciones de esas 
magnitudes perm iten deducir conclusiones - en lo posible independientes de 
los modelos concretos - acerca de la estructura del núcleo y de las fuerzas 
que se ejercen entre los nucleones.

Las conferéncias de los P ro fesores  Soloviev y Beliaev trataron de la 
teoría  de las correlaciones de los pares en los núcleos. En los prim eros 
m odelos, en los que se distinguían los núcleos axiales y  los no axia les, 
las deform aciones se introdujeron, por razones fenom enológicas, como 
parám etros de la  teoría . Dichos profesores supinen que los nucleones se 
mueven en un campo autoconsistente con c ierta  in teracción  residual. E l 
cálculo de esta interacción residual (por pares) se efectúa por un método
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análogo a l que se aplica en la  teoría  moderna de la  superconductividad. 
Este método fue propuesto por prim era  vez por e l P ro fe so r  Bogolyubov 
(que, desgraciadamente, no pudo as istir a l curso por razones de salud) y 
se ha denominado modelo superconductor del núcleo atóm ico.

Es interesante observar que algunas propiedades muy especia les dol 
núcleo se pueden exp licar con ayuda de consideraciones genera les : por 
ejem plo, e l P ro fe so r  Beliaev demostró que la superconductividad de les 
m etales a tem peraturas muy bajas y la  no es feric idad  del núcleo son e l 
resultado de una m ism a ley  fís ica . '

E l P ro fesor Soloviev recurrió  en sus conferencias a dicho modeló para 
exp licar las propiedades de los n iveles excitados básicos e in ferio res  ele 
los núcleos medios y  pesados (energías, espines y  paridades). Se extendió 
en particu lar sobre los métodos que perm iten calcular la probabilidad de 
las transiciones alfa, beta y  gamma en este modelo.

E l P ro fesor Beliaev empleó e l modelo superconductor del núcleo para 
calcular los efectos colectivos en los núcleos. Estudió las variaciones del 
estado de equilibrio de los núcleos en función del número de nucleones dsl 
núcleo, los momentos de inercia  de los núcleos deformados y e l origen 3e 
los niveles vibratorios en los núcleos esféricos.

En e l último grupo de conferencias figuran las del P ro fe so r Tolhoíik, 
consagradas a la teoría de las interacciones débiles entre nucleones y lep1:o- 
nes. E l citado p ro fesor expuso en form a sistem ática y  muy detallada ..a 
teo ría  moderna de las interacciones débiles, en una nueva form a, como 
se vo lv ió  a form ular después del descubrimiento de la no conservación de 
la paridad en dichas interacciones débiles. Además de examinar detenida
mente la desintegración nuclear beta, explicó algunos problemas generales 
de las interacciones débiles (interacciones V -A , bosones in term edios, 
neutrino-electrón y neutrino-muón, etc. ).

Explicó detalladamente los fundamentos de la fís ica  nuclear del muón. 
Si bien esta parte de la  fís ic a  nuclear se encuentra en e l lím ite  entre la 
fís ica  de las partículas elementales y la fís ica  nuclear, e l estudio teóri co 
y  experimental de la captura del muón en los núcleos atómicos puede serv ir- 
no sólo para sclarar una serie de cuestiones relacionadas con las interaccio
nes débiles, sino también para estudiar la  estructura del prop io núcleo 
atómico. Por este motivo, se ha juzgado conveniente incluir estas cuestio ies 
en una selección de temas de teoría nuclear.

P a ra  publicar las lecciones se han utilizado los originales recib idos 
antes de em pezar e l curso de verano o durante e l m ism o, con pequeñas 
modificaciones o correcciones secundarias. En e l libro no se han unificado 
las d iversas notaciones -por ejemplo, las de los coeficientes de Clebseh- 
Gordan o de las funciones es fé r ica s- y  se  emplean distintos sistem as de 
unidades, etc. Dicha unificación hubiese exigido m odificar considerable
mente los originales con e l consiguiente retardo en su publicación. E l editor 
espera que este defecto (que lamentablemente es frecuente en las obras de 
fís ica ) no supondrá una molestia para e l lector.

E l editor no juzgó necesario incluir en e l volumen los informes leídos 
en los seminarios por ciertos participantes, puesto que en su mayoría esos 
trabajos han aparecido ya o aparecerán en breve en rev istas c ien tíficas.
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DIRECT REACTIONS
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UNITED STATES OF AMERICA

INTRODUCTION

In order to give a unified presentation o f one point of view, these le c 
tures are devoted only to a detailed development o f the standard theories 
o f d irect reactions, starting from  basic principles. Discussion is  given of 
the present status o f the theories, o f the techniques used fo r practical ca l
culation, and o f possible future developments.

The direct interaction (DI) aspects o f a reaction are those which involve 
only a few  of the many degrees of freedom of a nucleus. In fact the minimum 
number o f degrees o f freedom  which must be involved in a reaction are those 
required to describe the in itia l and final channels, and DI studies typically 
consider these degrees of freedom  and no others. Because of this sim plicity 
DI theories may be worked out in painstaking detail.

DI processes concern only part of the wave function fo r a problem. The 
other part involves complicated excitations of many degrees of freedom, 
and gives the compound nucleus (CN) effects. While it is  extrem ely in terest
ing to learn how to separate DI and CN effects in an orderly manner, i f  they 
are both present in a reaction, no suitable method has yet been found. In
stead, current work stresses the kinds of reactions and the kinds of final 
states in which DI effects dominate and in which CN effects may almost be 
forgotten. The DI cross-sections which are studied are often extrem ely 
large, comparable to elastic scattering cross-sections.

Why DI effects are often strong is  a question deeply bound up with our 
understanding of nuclear structure. For reactions in which the incident and 
outgoing projectiles are both nucleons the answer is  found in the nuclear 
properties which cause the independent-particle model to be a good approxi
mation. The attractive part o f the two-nucleon fo rce  is  moderately weak 
and long range, and goes mostly to setting up an average one-body potential 
well. In firs t approximation this w ell gives, at negative energies, the leve ls 
o f the independent-particle shell model and it  gives, at positive energies, 
the optical model elastic scattering. In second approximation, nucleons 
interact with each other and we get leve l splittings or, in the continuum, 
transitions to other states. Now most CN excited states overlap badly with 
the ground state, and therefore are excited weakly. Transition to the CN 
is  gradual. On the other hand, low-lying excited states which are in the 
same shell model configuration as the ground state can be excited strongly 
in just the firs t  step of interaction. Because they are low-lying they have 
large decay widths fo r particle emission. Thus strong DI transitions appear. 
The study of these transitions is  the natural extension of the shell model 
into the continuum. The DI transitions to low excited states tend to be pure, 
because thé flux which goes into CN excitations is  mostly used up in-  
populating the much more numerous final states at high energy. The flux 
which goes into CN excitations is  accounted fo r in DI calculations by the 
use of an im aginary term  in the optical potential. (Unfortunately, this ima
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ginary term  is  normally used in a manner which is  not ve ry  self-con
sistent. )

Independent-particle motion in the nucleus is  not an important aspect 
of reactions initiated by composite projectiles, such as deuterons, tritor.s, 
alpha particles, etc. In these cases excitation o f the CN is  strong. How
ever, again, low-lying states of the product nucleus are not populated strong
ly  by the CN mode, and do overlap well with the incident channel. Such states 
can be excited with appreciable probability by incident partial waves of high 
angular momentum, which are shielded by their angular momentum (through 
the associated centrifugal barrier) from  too rapid transition into the CN.
In this way we get surface reactions. Rearrangement collisions, involving 
transfer of one or two nucleons, take place easily by such surface reactions.

At high bombarding energy DI transitions are enhanced with respect to 
CN excitation m erely  because the process of particle emission is  fast co n- 
pared with the process of form ing excited states. This is  true whatever the 
nature of the projectile.

CN theories assume a complete equilibrium of the reacting system, with 
the excitation distributed statistically among a ll energetically-possib le levels. 
Obviously DI theories are the opposite extrem e assumption. One can also 
imagine in-between kinds of circumstances, which appear as the nucleus 
gradually re laxes toward complete equilibrium. IZUMO [1] recently p re
sented such a theory, based on the shell model, in which it is  assumed that, 
p r ior to the development of the fu ll CN equilibrium of a ll the particles of the 
nucleus, there always appears a partial equilibrium among only the nucleons 
in the outermost m ajor shell. It may be that m atrix elements connecting 
the outermost shell with inner shells rea lly  are sm all enough fo r this effect 
to appear, at least on an energy-averaged basis.

On the whole I w ill fo llow  the customary practice of concentrating at
tention on the DI mode of reaction, and ignoring the CN mode. This means 
that the analysis only concerns certain kinds of reactions in certain regions 
o f energy. Rather than attempt to define the region of application of the theo
ry, I  w ill just say that it is  normally obvious from  experiment when we have 
a case fo r  which a DI theory should work well. Cases of competition be
tween DI and CN have never yet been treated successfully. There w ill be 
m ore about this subject later.

It is  possible to say a little  bit here about reactions which populate the 
higher states of the residual nucleus, so that the continuous spectrum 
of particles em erging from  the reaction is  studied. Often (n, n') reactions, 
using 14 MeV neutrons, are of this type. It is  obvious that the continuum 
produced in these reactions comes from  a mixture of the DI and CN mode si..
It is  also obviously very  difficult to imagine how to determine from  experi
ment the re lative amounts o f these two modes. Detecting devices measure 
the flux o f particles into a given final state, not the number of degrees of 
freedom  in the wave function. Experimenters often attempt to solve this 
problem by adopting the ve ry  crude idea that because DI cross-sections tend 
to peak in the forward hemisphere, a division of the cross-section  into parts 
which are fo re-a ft symmetric or antisymmetric is  therefore tantamount 
to a division into the CN or DI parts. Indeed, in a DI, forward peaking usual
ly  does predominate, because the incident projectile interacts with only a 
sm all part o f the entire mass of the target nucleus. Therefore the momentum 
transfer in the reaction tends to be of the order of, o r less than, the mo
mentum of the incident projectile . But DI cross-sections are not zero in the 
backward hemisphere, and occasionally are quite large there. Furthermore,
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even the well-known strong forward peaks in DI angular distributions occupy 
sm all solid angle and do not carry a ll of the DI flux, much of which is  found 
near 90° scattering angle. For these reasons, the customary procedure 
of the experimenters necessarily underestimates the DI part of the continuum. 
They estimate admixtures of 5% to 10% ; the correct result may be 10% to 
20%. The problem is  difficult. What I wish to point out is  that an improved 
analysis may be possible. It may be possible to use some of the more re 
liable modern techniques fo r computing DI angular distributions, to generate 
a set of typical DI curves fo r  the cases in question and to predict from  these 
the average fo re-a ft asymmetry of the DI part alone. Then, inasmuch as the 
CN part in the continuous spectrum certainly is  isotropic, a separation on 
the basis of angular distribution could be attempted.

Probably the most re liab le way to determine from  experiment whether 
a reaction is  of DI type, and to separate DI and CN parts, is to study the 
reaction as a function of bombarding energy. Those motions which involve 
just a few  degrees of freedom  are not usually expected to give rise  to nar
row resonances. Therefore the DI parts of a reaction should change their 
properties slowly and smoothly with energy. Even i f  there are fluctuations, 
the DI part is  related to the average of the cross-section  over a range of 
energy. This line of thought leads us to consider wave packet ideas, and to 
a further understanding of the meaning of the DI part of a many-body wa-ve 
function.

1. WAVE PACKETS

The correspondence between scattering experiments and the solutions 
o f the Schrodinger equation is  obtained by the use of wave packets. Ordi
narily one gives only enough consideration to this method to observe thaï 
under lim iting conditions an incident wave packet, i f  expanded in stationary 
solutions of the problem, leads to an outgoing wave packet whose detailed 
properties may be factored out from  the calculation, and ignored. The out
going wave packet multiplies the outgoing stationary-state amplitude; this: 
latter factor is non-trivial, and we study it  in great detail. I wish to review  
these ideas, and to observe how they are changed i f  we do not have the usual 
lim iting conditions.

In the asymptotic region, fa r from  the scattering centre, the stationary 
state wave function is

<//(1)(FT k ) = v . ( ^ )  e i(kr) + E  f 3(±,(r., Г ) [e i ik irj /r. ]v.(f.). (1.1)

The index j labels the channel in which a scattered wave appears. The valu
able r*j is  the vector distance between separating fragments in channel j, 
and f j  is  the internal variables of the fragments. These variables may hE.ve 

’ different meanings in different channels, according as the reaction may lead 
to rearrangements. The functions V j(fj) are normalized internal wave func
tions fo r the fragments. Finally, f  is  the scattering amplitude in channel 
j ;  it is  a function of the unit vector r¡ = í f  j r¡, which indicates the direction 
of observation. Although I have indicated only two-body breakup, the con
siderations which follow rea lly  are more general.

Only two of the possible types of boundary conditions are indicated in 
Eq. (1.1): either outgoing scattered waves in a ll channels, or ingoing scat -
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tered waves in a ll channels. In fact we may have outgoing waves in some 
channels, and ingoing waves in others, o r any linear combination of such 
boundary conditions, perhaps giving standing waves in some channels. With 
any one choice of such boundary conditions the set of a ll solutions of the 
Schrôdinger equation, fo r a ll values of the incident momentum E* is  a com
plete set fo r  the scattering problem. We may use the most convenient choice 
o f boundary conditions, in any one case.

Let us consider an incident wave packet, which at time t = 0 is  located 
at the point z^, on the negative z axis, and asymptotically fa r from  the scat
tering centre. It has the form

ï(rT t = 0) = Yl(& ) e 1 ko ' (г - V z (Г- Го) . (1.2)

The function Z (r"- z^) expresses the localization near z j . It is  the envelope 
o f the wave packet at t = 0.

To understand the propagation o f the wave packet fo r  t > 0, we expand 
(1.2) in term s of the energy eigenfunctions (1.1), and make use of the simple 
time-dependence

e i [E  (k)/h] t

which these functions have, where E (k) = ñ 2k2/2M ¡*, and M ¡*  is  the r e 
duced mass in channel i. Provided the (+) boundary conditions are used in a ll 
channels, corresponding to outgoing waves, none of the scattered wave parts 
in (1.1) plays any ro le  in this expansion. This is  the important result of 
using outgoing wave solutions *. In the asymptotic region it is  obviously true 
that channels j =f i play no ro le  in the expansion of the incident wave packet, 
m erely because the internal arrangements o f the fragments in j are orthogo
nal to those in i. In channel i the scattered wave near ~Í<¡, on the negative z 
axis, is  loca lly of the form  exp [ - ilco-r) i f  outgoing waves are used, but 
is  of the form  exp [ i ЕГ0.7] i f  ingoing waves are used. Now i f  we consider 
wave packets whose envelope function Z ( r ” - zo) changes slowly over d is
tances of the order o f the wavelength kjj1, then the outgoing scattered wave 
expression obviously has negligible overlap with the incident packet. The 
ingoing scattered wave expression has excellent overlap with the incident 
packet, and we avoid much confusion by not using it.

Our firs t physical result has been obtained, namely, it is  only meaning
ful to work with stationary state eigenfunctions ф provided

|VZ|« k0Z. (1.3)

In fact this condition is  difficult to violate, under any circumstances, because 
the natural durations of the wave packets produced by accelerators are very  
great. »

The expansion in term s o f the-functions 4¿*he asymptotically the Fourier 
expansion r

0 (Г -  Г 0) = (2 ir)'3 \ d3 r 1 Z ( ? )  e 'W- ' k<l) '  (1.4)

* ’ Wave functions having ingoing waves in channels j f  i are linearly independent of those having in
going waves in channel i and in no other channel. It is therefore possible to choose such linear combinations 
that we deal with functions either a ll o f whose ingoing waves are in channel i, or none are. Functions of die 

latter type have amplitude xero in the expansion o f the incident wave packet.
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giving

ï ( r T  f i ;  t =  0)= <p(k- (1.5)

The propagation o f this wave function fo r future times is  given by

¥ (гГ Si ; t) = J d 3k - ф(Г- Г0) e in ^  ^ +)( £  ç t ;kl. (1.6)

Useful results fo r  the scattering problem are computed in terms of the exact 
solution, (1.6).

We may consider the asymptotic outgoing amplitude in channel j,

A j ( r j , . t )  = j d 3k e ' 1̂ - *^  ф (к - k j) e “  E(k)t f<¡+) ( r j , kl e lkirJ . (1,7)

It is  understood that kj is  a function of k, in term s of the excitation energy 
of channel j .  Now the customary analysis makes the assumption that f 
depends on ÎT much more slowly than do the other factors in the integrand.
In particular, the wave packet is  assumed to have the property that <¡> (к - ко) 
is  localized within a range of values ITso near Kô» that fj(+) may be evaluated 
at IT= Ко, and factored out from  the integral. We also expand

e llt¡ ' U i¥ <1)r¡ t № j (1.8)

where k j(o ) is  the value of kj when к = ко, and ц = dkj /dk. Under these 
approximations

A j f r f . t ^ f j V j . ^ o )  e ikj(0)rj jd 3k e _i *o> ф (k -kQ) e l f i ‘ E(k)t . (1.!))

It is-recognized that the integral remaining in (1.9) restores the original 
wave packet, at a displaced position, corresponding to the velocities in chan
nels i and j, and with the usual quantum-mechanical spreading. The time 
taken for a packet to trave l from  the asymptotic location where it is formed 
to the asymptotic location where it is  observed is  normally so sm all that 
the spreading, proportional to (t)i , is negligible. Under the circumstance 
that (1.9) is  a valid approximation to (1.7) the amplitude in channel j is  pro
portional to the stationary state amplitude f (rj ; ïTo), and the detailed 
shape of the wave packet does not matter. Therefore a stationary state 
analysis of the scattering is equivalent to a wave packet analysis. .

Now it is,not at a ll obvious that the scattered amplitude f/+) varies so 
slowly with к that it may ¡pe factored out of the integral in (1.7). There may 
be resonances. Suppose the length in time of the original wave packet is 
At. Then the energy spread in ф (к - k 0) is  of the order îi (A t )'1 , and we may 
factor (1.7) to give the form  (1.9), in which the structure of the original 
wave packet does not matter, only provided the resonance widths are not 
narrower than h (At) "1. In fact the natural lengths of wave packets from  
accelerators are of the order 10 "9 sec or greater and hX  109 sec _1«»10 '6 эУ, 
so that the approximations required to achieve Eq. (1.9), and thus to 
justify a stationary state analysis of scattering, are very  accurately ful-
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filled  fo r practical cases. L ifetim es of resonant states are re liab ly much 
sm aller than the durations of the wave packets which excite them.

As a matter of interest one may not wish to ignore the details of the 
outgoing wave packet in (1.7). It im perfectly feasible to introduce physically- 
motivated explicit form s fo r ф (к - ко) and f , and study just how r e 
sonances, or a mixture of resonance and potential scattering (DI), say, do 
influence the shape of the outgoing wave packet. One should use wave packets 
Z(r* - t 0) of smoothed rectangular shape, for good physical correspondence. 
Not only are Gaussian shapes non-physical, for packets of the very  great 
duration which we are considering here, but they also tend to mask all the 
interesting details of onset and straggling effects in the scattered wave 
packet, which are the useful results of a careful investigation of (1.7). In
vestigations of this kind have been perform ed, for example, by SASAKAWA 
[2] and by NUSSENZWEIG [3] . One wonders whether such details of the struc
ture of wave packets can be studied experimentally.

Superficially, the discussion just given makes the usual time-dependent 
interpretation of direct reactions, as given by FRIEDMAN and WEISSKOPF 
[4 ],  appear erroneous. In that interpretation we imagine an incident wave 
packet whose duration in tim e is  very  small, so sm all that its spread in 
energy extends over many resonances. Then we separate the outgoing ampli
tude in the fashion

f/ ^ î j  , $  = f/+)(r j ,  k b i  + fj(+)(r b  kl f l u c . ( 1 . 1 0 )

In this discussion, now, the DI term  is defined to vary slowly with k. The 
FLUC term  fluctuates as à function o f IT, such that its average value is  
zero. When Eq. (1.10) is  introduced into Eq. (1.7), the resulting DI term  
o f that equation may be factored into the form  (1.9), corresponding to a time 
o f interaction o f the packet with the nucleus which is  of the same order as 
its  very  sm all duration in tim e. The FLUC term  cannot be factored. In
stead, the shape of the outgoing wave packet is altogether changed, and one 
finds a "v e ry  long" exponential tail, corresponding to decay o f the compound 
nucleus. Because these two parts o f the outgoing amplitude are emitted at 
very  different tim es they do not in terfere. We have thus defined direct in ter
action and compound nucleus amplitudes, which contribute independently 
to the cross-section. One amplitude is  emitted rapidly ("d irectly ", in fact) 
while the other is  emitted slowly. The fa llacy in this entire picture is, of 
course, that no such wave packets as we have been imagining actually do exist 
in the laboratory. Actual wave packets are so long that the DI and FLUC 
amplitudes are emitted almost exactly simultaneously. By deliberately spoil
ing the energy resolution in an experiment we do not produce a wave packet 
o f sm all duration, but only an incoherent superposition o f packets of long 
duration. The entire idea of re lying upon wave packets to separate direct 
and compound effects appears irrelevant to actual experiments.

Nevertheless some very  c lea r wave packet effects can be identified, and 
may become the basis o f actual experiments. Although an outgoing packet 
has constant intensity over most of its duration, the detailed reaction mecha
nisms do influence how it starts and stops. The DI amplitude especially 
influences the shape of the wave packet at its  start. Such details of shape 
have a chance o f being detected experimentally, because they influence the 
spectrum of low -energy bremsstrahlung produced when charged particles 
are scattered [ 5 ].
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Although the DI and FLUC amplitudes cannot be separated in time, using 
physically available wave packets, there is  a separation of their contributions 
to the cross-section, a separation which is  a result o f the incoherent energy 
average obtained in an actual low resolution experiment. An incoherent aver
age is  an average o f the square

In the cross term  the FLU C amplitude appears linearly, and this cross 
term  therefore averages to zero, even though the average is  achieved by 
a superposition o f independent wave packets. The average cross-section  :.s 
proportional to the sum

in which the DI and FLUC term s now appear separately. This separation 
is  the same one which would appear if very  short time-packets could be used, 
and we may therefore retain and use the interpretation o f the DI and FLUC 
term s, which the consideration o f such wave packets suggested.

It would appear that DI and CN effects are c lea rly  separated i f  we deal 
with energy-averaged cross-sections. The two term s in the amplitude (1.10) 
may be dealt with by different theoretical methods. This analysis is  used 
by many authors o f fundamental papers about the low-energy optical model, 
and about its  extension to treat direct reactions. These authors take as a 
fundamental definition o f their optical potentials that these should reproduce 
the average amplitude, and then compute the potentials accordingly. It is 
therefore interesting to emphasize that a definition of the DI as that process 
which reproduces the average amplitude, and gives rapid re-em ission  of 
short time-packets, is  not thé same as the definition that it is that part of 
the reaction process which involves very few degrees of freedom. Auxiliary 
potentials which correctly  reproduce the average amplitude are likely to te  
in part simulating average effects due to the excitation of many degrees of 
freedom. We are thrown back again on the physical fact that reaction pro
cesses often contain important sim plicities of DI type. But these are con
sequences o f the special dynamical properties of the system, and cannot 
m erely  be extracted from  general reaction theory. Energy averaging does 
help, by separating o ff a sim plified part of the reaction amplitude, in which 
we find the DI effects i f  they are present.

2. DISTORTED WAVES

Consider the Schrôdinger equation

where we specify on the left-hand side the kinetic energy and optical inter - 
action o f the separating fragments, and the Hamiltonian -Wf(|f ) which des
cribes their internal motions. On the right-hand side we have the residual 
interaction with respect to the final state channel f. The optical interactior. 
Uf(rr) has a negative imaginary part, to simulate the transitions to compound 
nucleus states o f motion, which we shall not include in our ¥. The variables

I f/ *(rj, k̂ rn kbilJC 1 ( 1 . 11)

(1 12)

{ (-h 2/2M f* )  Vf2 + Uf (rf ) + - E } ï  = -Vf ( r j , ^ ) ï  (2.1)
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Çf(oi ¿i in the in itia l channel) are those few internal degrees o f freedom 
which are considered. Typically, they describe the motions of one or two 
nucleons, o r one or two co llective variables. More details about f f and 
are given in section 7.

To solve Eq. (2.1) we firs t multiply on the left by the complex conjugate 
of the wave function for the internal motion of the final state, Vf (|f ), and 
integrate. We may define

We want to understand in considerable detail the eigensolutions o f the left- 
hand side of Eq. (2.4). These may then be used to build the Green's function 
for this equation, to obtain its solution.

One interesting eigensolution of the left-hand side o f Eq. (2.4) is  the 
elastic scattering wave function x/+) . The notation which w ill be used fo r 
functions of this sort is  now presented:

The phases and normalizations in (2.7) are arranged so that asymptotically

The angles (0, $) give the direction of к with respect to the coordinate axes. 
The asymptotic form  of the radial function f t is

where is  the reflection  coefficient fo r the partial wave. The function 
H j(k r ) is  that defined by HULL and BREIT [6 ] to be the Coulomb analogue 
o f ikrh Z1) , where h ^  i s the outgoing spherical Hankel function. In term s 
of the regular and irregu lar radial Coulomb functions

EfVf = (E - Af) v f , (2.2)

and

bf2 = ( 2 M * E f /hz) , (2.3)

and

Then Vj = (2Mf* Uf /h2).

(2.4)

where ipt (r f) is  the coefficient of v f in 'H

(2.5)

[ - V 2 + .V - k2}x<+) = 0 (2 . 6 )

(2.7)

X(+) —■ e^^*"'r *+ outgoing scattered waves.

t r \  [ H *  -r7{ H{ ], ( 2 .8 )

H t (kr) = G j(kr) + i F t (kr),
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where asymptotically

F t-~ sin 0{ ,
G { —cos в1,

and

0{ = kr - n [,ln (2kr)] - |fcr/2) + cr{

at = arg Г  (£  + 1 + in), 

n = Z Z 'M * e 2/h2k.

The Coulomb potential, in our equations, is  part of the optical potential Iff.
It is not inevitable to represent xW in spherical harmonic expansion, 

and at energies of 100 MeV or greater one tends to avoid doing so. How
ever, the expansion is  orderly, and easy to work with, and is w ell adapted 
fo r use on an automatic computing machine.

So fa r as computation goes, it is  interesting to notethat by numerical 
integration of the radial Schrôdinger equation it is  easy to get the shape oJ:
f j  at sm all r, but difficult to get the normalization. Elastic scattering calcu
lations only need the shape.

To build a Green’ s function fo r  Eq. (2.4) it is  necessary to supplement 
the regular radial wave functions f  | of Eq. (2.6), which vanish at the origin, 
with other solutions of. Eq. (2.6) which do not vanish at r  = 0. It is  convenient 
to consider solution functions hj(k, r), which go over asymptotically to pure 
outgoing functions

ht-»-Ht, at large r. (2 .))

Then a suitable Green’s function fo r the radial differential equation is

к ' 4 { (k, r< )h { (k, r>), (2.10)

where r<, r> are as usual the lesser or greater of r, r ' .  The function (2.10) 
satisfies the equation

d2 1
■ - — 2 + + V - k ^ k ^ f j ik ,  r jh j fk ,  r ÿ) = 6 (r  - r  ). (2.11)

dr r  J

Finally, the Green’ s function fo r the entire d ifferential equation, Eq. (2.4)
is

K { r  ^  = j. 11 f r f , r<) b„ (kf , Г>) Y tm(rf ) Y,m* (r f' ) (2.IS!)
f f f 9”  k fr f rj

We mainly wish to use Eq. (2.12) to find the asymptotic outgoing soluti.on 
o f Eq. (2.4), fo r  r ( —»oo. Therefore r f > r¡ and Eq. (2.12) may be simplified. 
The asymptotic form  of may be used, and

i<kf rf > "Ш t ln(2 kfrf^
Kf —► - ----------------- -------  L  i*1 e ioi f  { (kf , r ' )  Y ^ r ^ Y ^ r } ) .  (2.13)

k f r f rf' {,ra
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It is  customary to recognize that Eq. (2.13) very  c losely resembles the o r ig i
nal x/+) , and to rew rite Eq. (2.13) in the form

l (k f r f -n [ln  (2kf rf œ  

К Г  ---------4 7 7 ; ------- x f r f ) . (2-14)

where

X ? *  (iTp  iÇ ) £ n i ‘ l e l 0 * f l (kf*  r f ) ) Y ^ ( r f ),  (2 .1 5 )

and the vector k f, now introduced, has the direction of r ‘f in Eq. (2.13). The 
function X<‘> is  known as the "tim e-reversed  scattering wave function". It 
evidently fu lfils the W igner relation

X <•>* (kTr) = X <+>(-TT, rj. (2.16)

The tim e-reversed  function X i s  a solution of the scattering problem which 
uses ingoing scattered wave boundary conditions, and the complex conjugate 
o f the potential Uf . However, this function is  best generated by using stand
ard calculations fo r x ^  , followed by the transformation (2.16). The intention 
o f the long discussion up to this point has been to make c lear the properties 
and the purpose of the function х/ \ It is  usually introduced much more b r ie f
ly. However, there is  some confusion about this function, because in the pres
ence of the complex potential U f there is  loss of flux from  the elastic scat
tering channel, and because ft  is  a complex function, rather than m erely a 
rea l function with a complex coefficient. We see that the complex conjugate 
o f f t is  never used, that the W igner relation (2.16) .is exactly fulfilled, and 
that this relation only concerns re lative phases of different partial waves.

Now Eq. (2. 14) is  used to get the solution ф{ of Eq. (2.4) in the asymp
totic region. It is

* f  = Xf(t4 i  - 1 ^ -  í  ^ ' ) < v f I Vf | f> d 3rf', (2.17)

where the firs t term  carr ies  the ingoing-wave part which is  necessary in 
case channel f  should be the incident channel i,  this would be the case of 
elastic scattering. In the present work the firs t term  of (2.17) normally is  
not needed. The coefficient of the outgoing wave in (2.17) is the scattering 
amplitude

f f (kf, ¿4 ) = f 06u  - J J l L  < v f x/->| Vf . (2.18)

It is  customary not to use the scattering amplitude but rather the T-m atrix  
element

T fl = (-2 Tm2/Mf* )  ff ,

so that

T fi = < y fe ^ f ’ r t | u f) v ,  x/+>  + <^fV ' } ! Vf I V )  . (2.19)
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Equation (2.19) is  known as the "Gell-Mann, Goldberger relation", fo r a 
problem in which we consider two potentials. It may be considered that we 
have derived this relation by transformation of the expression

T fi = < y f e *kf ' If) I Uf + Vf I ¥ > , (2. 20)

which is  m ore commonly employed. Introduction of the distorted final ware 
x/"> has removed the potential Uf from  explicit appearance in the off-diagonal 
term  of (2.19). (It has been considered, in the present work, that ¥ only 
involves d irect reaction degrees of freedom, and that Uf is an optical poten
tial, in order to compensate fo r the omitted CN degrees o f freedom. This 
attitude w ill be maintained. However, the transformation from  (2.20) to
(2.19) is  com pletely general, and Uf may be any part of the Hamiltonian, 
or any auxiliary potential, which we may wish to isolate. )

The differentia l cross-section  is expressed in term s o f Tfl by com 
puting the outgoing current and dividing it by the incoming current per unit 
area, giving

dor/d [M fM?/(2 Trtl2)2] (kf /lq ) E | Tfi \ 2 (2.21)
Av

where £ is  a sum over final spin states and an average over in itia l spin 
states.

Physically useful results are obtained by approximating ¥ in the ex
pressions for the transition amplitude. Distorted waves Born approximation 
(DWB) is  obtained by introducing the approximation

Ï *  X¡<+> (ST, ïfbvitëi) (2.22)
in Eq. (2.19). One then finds

Tfl(DWB) = < v f (|f ) x / ( k f ,  r f) 1 Vf (|f , i ) | x t^ C  i\) (2.23)

The distorted wave X is  computed in term s of the optical interaction U i[r ¡) 
between the colliding particles in channel i. That (2.22) should be a good 
approximation is  based on the idea that the average interaction Uj o f the 
colliding particles is  prim arily  responsible fo r determining the wave func 
tion, that the interaction which causes transitions may be treated as a per
turbation. Eq. (2.22Í) is  at present the standard method for DI calculations, 
and considerable effort is  being devoted to calculating cross-sections by 
this method. Often excellent agreement with experiment is  obtained.

In case the incident and emerging projectiles are nucleons, Eq. (2.23] 
takes on an obvious interpretation as an extension of ordinary shell model 
calculations. The wave functions vfx/ ’^and v¡ x/+* are zero-ordér independent 
particle model eigenfunctions in the shell model potential well, and Tf¡ 
is  a m atrix element of the residual interaction. Presumably Tfi should give 
the magnitude of DI cross-sections about as w ell as corresponding bound 
state calculations usually give leve l splittings.

It is not correct to use the approximation (2.22) in Eq. (2.20). One sees 
this by inserting in Eq. (2.20) an improved version of this approximation, 
in which the term  o f.ï which is  firs t-o rd er in Vf , is  also carried. Formal 
ly,



DIRECT REACTIONS 29

T f l»  < (Vfe i(kf I (U f + V f ) [ l+ (E  -H f Ч-Чг,)'1 V f ]  |Xi(+)Vj>, (2.24)

where H f = H - Vf, as usual. The product of Uf tim es the second term  of 
the wave function is of firs t-o rd er in Vf, comparable with the term s which 
are obtained by using Eq. (2.22) without improvement. It is  only in Eq.
(2.19) that our simple approximation o f ¥ may be used correctly . We shall 
see later that the "adiabatic" method uses Eq. (2.20). It must therefore use 
a better approximation of ¥ than does the DWB method.

The present discussion has la rge ly  been ignoring spins. However, these 
are easy to put in when needed. A lso  it has been ignoring (anti-) symmetriza- 
tion o f the projectile with the target nucleus. The usual justification fo r  that 
is  that projectile energies are rather fa r above the Ferm i energy of the 
nucleus.

3. ZERO-RANGE APPROXIM ATIO N — Q U ALITATIVE  RESULTS — SURFACE
REACTIONS

I want to start a new section in order to emphasize the importance of 
introducing "zero-range approximation". Apart from  this, this new section 
m erely continues the discussion o f DWB calculations.

Four integration variables are displayed in Eq. (2.23). These are rf,
Fï, f f ,  f  j. Each of these is  a vector, or contains a vector in some fashion. 
Now, although only two of these four vector variables rea lly  are independent, 
the properties of the wave functions are usually not such as to' permit making 
any exact transformation to elim inate the redundant variables. It would be 
particularly helpful to have only one r* variable in the two distorted waves, 
because of the difficulty of treating these wave functions. With plane waves 
this would be easy to achieve, but then, plane waves are known to be poor 
representations o f the physics o f a DI.

F o r want o f an exact transformation we simply introduce the approxima
tion r f  «  This approximation is  based upon the principle that the
wave functions do not change appreciably over distances o f the order 
o f the ranges o f the nuclear potentials which make up the interaction 
Vf. By implication the zero-range approximation somewhat alters the re la 
tion between I f  and f t, but I p re fer to ca rry  these variables intact, in order 
to be reminded of their physical meaning. When we consider stripping, the 
treatment o f the f f ( w ill become clear. With use of the zero-range approxi
mation, Eq. (2.23) becomes

Tfl (DWB) = j  d3r  x/'^kf, ?) <vf (Sf)l Vf (?f, Ffj vt ( i i j> X ,(+> (kl, Ï } .  (3.1)

It should be noted that the zero-range approximation does not make the ap
proximation, condemned by WILKINSON [7 ] ,  o f treating the ranges o f the 
internal wave functions V f ,  v¡ as being small.

The sensitivity of DWB calculations to the range of Vf has been tested 
to some extent in inelastic scattering calculations, in which it is,quite true 
that r f = r¡ , and ?f = , without use of the zero-range approximation. E r 
rors  of the order o f factors of two are found, especially at la rger scattering 
angles. The problem has also been studied carefu lly in deuteron stripping, 
and the errors  there are much sm aller, and tend to vary slowly with scat
tering angle. Improved calculations are being prepared.
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Certain general physical properties of DWB calculations may be seer, 
im m ediately in Eq. (3.1), m ere ly  as a result o f introducing zero-range ap
proximation. The factor <Vf | Vf | v ( >̂ is  in some sense, to be discussed, 
the "reduced width" fo r the reaction. It influences the magnitude of the cross- 
section. It depends upon the detailed model of the reaction process, and 
incorporates a ll the knowledge about the bound state wave functions whicii 
one can obtain from  spectroscopic studies. The distorted waves ami
X /+) are prim arily  responsible fo r  determining the angular distribution fo r 
the reaction. I f  strongly-absorbed projectiles are used, the distorted waves 
only overlap with the factor <^vf | V{ [ v£> at large r , at a radius where tliis 
factor has a shape which is  almost model-independent. Evidently the reac
tion analysis has been separated into distinct steps. The step involving de
tailed spectroscopic calculations mainly determines the magnitude o f the 
cross-section . The step involving distorted waves mainly determines the; 
angular distribution.

A  further property of DWB calculations is  related to the fact that Eq.
(3.1) is  exact fo r  the treatment of inelastic scattering, as already mentioned. 
Therefore one can think of the zero-range approximation as having the g:'eat 
importance of reducing a ll DWB calculations to the same mathematical struc
ture which appears in the calculation o f inelastic scattering. Even more 
strongly: A ll d irect interaction calculations which use the zero-range ap
proximation give equivalent formulas fo r  the angular distribution. D ifferent 
physical models or different DI reactions only give different results fo r  the 
magnitude of the cross-section, or give different values fo r  the parameters 
in the same old angular distribution formulas.

The "reduced width" factor <̂ Vf | Vf ] v£> is  put into standard form  b ;r

expanding it in multi poles o f the vector r .  The expansion o f Vf is

V f (£  f )  =E V LM(r, f  )[ iL Y M(r ) ] *  (3.2)
L, M L

Since Vf is  an overa ll scalar function of the space coordinates (spins are 
ignored), the VLM must behave under rotations of coordinates like the spheri
cal harmonics Y f4, and have parity ¡ - )L. The factor i L is  included to ensure 
the rea lity  of reduced matrix elements. Applying the W igner-Eckart theorem 
to the m atrix elements o f the interaction (3.2), we get fo r  the "reducedwidth" 
factor

< vf l  Vf ] v  >  = S<Jf Mf |ji L ,M iM >  < j  И V  11 Jt >  [ i LY ^ Ê ) ] * ,  (3.3)
L,M

where J¡ , Jf are the in itial and final nucleair spins, and Mj, Mf are their 
z-components. We then see that the Lth multipole in the expansion (3.2) cor
responds to transfer of angular momentum L  to the nucleus. The Clebsch- 
Gordan coefficient lim its L , and ensures conservation of angular momentum

'|Jt r J f | < L < J 1 + Jf , (3.4)

while the spherical harmonic determines the change in parity to be ( - )L. ” he 
reduced m atrix element is now a function of radius only, and it is convenient 
to w rite it as the product o f a "strength" times a "fo rm  factor",

<Jf ll V j l  J, > = AjF,, (r). (3.5)
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By convention F l is presumed to be dimensionless, and therefore A l has 
the dimensions of energy. The separation in (3.5) is one of convenience, so 
that fo r  example universal form  factors with simple normalization may be 
used in computation. To understand possible shapes of DI angular distribu
tions it is not necessary to explore many different sorts of shapes fo r Fl .
The wave functions o f strongly-absorbed projectiles only overlap effectively 
with Fl in the surface region, as already mentioned, where the principal 
property o f F l is that it drops o ff exponentially with radius, in a manner 
determined by the binding energies o f the internal, bound-state wave func
tions vf, vj. Even the general case is not too complicated, and Fl is  not 
ever a riapidly -varying function o f radius, because v f and Vi are not rapidly- 
varying. In the case of deuteron stripping F l is especially easy to interpret.
It is the radial wave function o f the captured particle. M ore details about 
these questions w ill become apparent later. What is chiefly worth noting 
is that it is not difficult to understand Fl w ell enough to predict DI angular 
distributions. Magnitudes o f cross-sections, as expressed by the factor 
A l , are considerably more sensitive to the spectroscopic model o f the nu
cleus, and require much future theoretical work, (see section 7).

Upon substitution o f Eqs. (3.3) and (3.5) into the amplitude, Eq. (3.1), 
the result may be written

Tfj (DWB) = £  At <  Jf Mf I J. L , М. M >  ЭШ (3.6)

V LM = j  d3 r  *<;> * ( k ^ )  [ i 'LY ^  (r) Fl  (r ) ] ( k . S ) .  (3.7)

The differential cross-section  is obtained as indicated in Eq, (2.21). The 
sum over Mf, and the average over M i, only concern the Clebsch-Gordan 
coefficients, and we get the general result

dcr/dii = (MfMf/^TrR2)2) (kj/kj) ((2Jf + l)/ (2  Jf + 1)) Z  | a J 2 (2L + l ) ' 1

X L |3 L,M|2 . • (3.8)
M=-L

We see in Eq. (3.8) the important fact that different values o f the angular 
momentum transfer L  do not in terfere in determining the angular distribua 
tion. This is another consequence o f the zero-range approximation, and o f 
the alm ost-factored form  thereby obtained fo r  the transition amplitude, Eq.
(3.1). F o r  any given scattering angle fo r  the DI differential cross-section, 
it is possible to think of the nuclear transition from  state Vj to state Vf as 
being a total cross-sectionl

Reactions encountered in the laboratory normally require consideration 
of only one value o f L. Not only are the allowed values of L  in a reaction 
lim ited by angular momentum conservation, Eq. (3.4), but also by the special 
properties o f whatever nuclear model describes the states Vf and Vi. Small 
admixture term s which may be allowed are not important in the d ifferentia l 
cross-section, Eq. (3.8), because there is no interference. Most suggestions 
o f L-m ix ing have been based upon angular distributions predicted with in
adequate wave functions x/+) and X / \

Our last remaining problem, in evaluating the cross-section, lies  in 
computing the integral tlL,Mof Eq. (3.7). To do this it is necessary to have 
explicit expressions fo r the waves Xi^> x/"^. The normal, reliab le method
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for treating these wave functions is to use the spherical harmonic expansions, 
already given. Plane waves, although unsuitable, have been very  popular,
A t high energies WKB wave functions may be used. Methods of analytic func
tion theory also give some insight into the structure of the integral.

It is interesting to present the plane wave result, because it is easy 
to derive, and in order to have it available fo r  comparison with other work.
In this case

[ г ч г ч ] , (3.9)

where qf= kj - kf is the "momentum transfer" to the nucleus, a characteristic
param eter o f plane wave theories. We may expand in spherical waves, using
q” as the z-axis, fo r  now, and carry through the angle integration. Then

<vL,M y ■ 2
<J =V4tT(2 L  + 1) ÔM 0 j  j L(qr) F L(r ) r  dr. (3,10)

0

I f  F l were proportional to 6 (r  - Ro) one would get a cross-section  propor
tional to [ j L(qRo)]2. I f  Fl were of the form  of a bound state radial wave func
tion, but cut o ff inside the nucleus, thus i f  it were of the form

FL = 0 r  < R0

Fl oc h<1} ( i K r ) , r  > R,0 (3.11)

where / 2 Mf* is the nuclear binding energy, then one would obtain an 
explicit analytic expression fo r the integral, just the fam iliar Butler 
Wronskian.

It is now w ell known that the results obtained in this way are extrem ely 
inaccurate. This inaccuracy is irrem ediable if the magnitude of the cross- 
section is considered. However, if  only the angular distribution is con
sidered the inaccuracy may often be la rge ly  compensated fo r by alteration 
of the numerical param eters in the theory. From  this point of view the plane 
wave result becomes a sort o f convenient interpolation formula, and in the 
case o f deuteron stripping it has been widely used in this manner fo r finding 
relations among different experiments, and thereby fo r  getting useful spec tro
scopic information. The success o f that work is testimony to the correct
ness of the basic stripping assumption, and to the general s im ilarity o f ths 
many low -energy stripping experiments, rather than to any sort of reason
ableness ofthe plane-wave approximation. Nevertheless, it is pleasant to have 
such a simple formula as Eq. (3.10), and its consequences.

At the opposite extrem e o f accuiacy one uses the spherical harmonic 
expansions, Eqs. (2.7), (2.15), o f the distorted waves, and computes the 
overlap integrals numerically. With the z-axis along the incident direction 
kj and the у -axis along k¿ X kf the result may be written

= ( - ) M3 L,'M=Uîr ( 2 L + l ) i / k  k ] £ i H ’ -1 ei(of(1) + 01' (f))
>- f 114

X Y “ (0, 0) < j  ' L , - M M | l 0 > < f L ,  00 I e 0> j3eL. в . (3.12)
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The radial integrals are given by
«о

&t't = J f {-> (kf-  r) Ft (r ) i*,0 (k,, r ) dr* (3.13)
9

The procedure fo r  using these equations is the following: F irs t one finds 
the optical potentials which fit the elastic scattering in channels i andf. Then 
one computes numerically the radial functions f f ^  and fjW , and then the 
overlap integrals These integrals are used in Eq. (3.12) to find the
DWB amplitude, and this is then squared and summed over M to obtain the 
cross-section .( Sometimes authors attempt to use Racah coefficients to ob
tain in closed form  the result of the summation on M. This is a mistake.
Not only is 3 L’ M inherently o f physical interest, and worth computing ex
p lic itly , but also the £ ',£  sum is more difficult than the M sum, and there
fore the use of Racah methods actually increases the amount of work. )

The. first-application of the above method in nuclear reaction work was 
made in 1953 by Horowitz and Messiah. Extensive calculations were la ter 
performed by Tobocman and collaborators, and by Levinson and Banerjee. 
At-present Satchler and collaborators are engaged in a very  la rge programme 
in the methodical application o f this method, and in the exploration of its 
consequences in nuclear physics.

C.M. SCATTERING ANGLE Cdeg)

Fig. 2

A recent successful application o f the DWB method in inelastic scattering. Optical parameters obtained

from elastic scattering

Figures 2 and 3 show some results from  a recent paper by Rost, fo r 
the inelastic scattering of alpha particles from  N i58 and Mg24. The only 
adjustable param eter in these calculations, after fitting the elastic scattering, 
is the deformation param eter p which multiplies the cross-section. This 
param eter has the same meaning as in other studies of deformed nuclei, as
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Fig- 3

Same as figure 2

w ill be discussed later. The values obtained fo r j3 in the (a  , a 1) work agree 
with those normally considered. These results make the theory look very 
good.

I may rem ark that such investigations have a fundamental interest only 
i f  the optical potentials used to compute the radial wave functions have been 
obtained from  elastic scattering studies. Since these potentials sometime!! 
are under-determined, it may be possible to use some of the freedom of 
their parameters to adjust fo r a best fit to reaction cross-sections. How
ever, the DWB theory of reactions is inherently less accurate than the oplical 
model theory of elastic scattering, and therefore param eter adjustment, 
which im proves DWB fits at the expense of elastic scattering fits, must be 
regarded as non-physicaL

I would also like to present, at this point, some pictures of actual optical 
model wave functions, to show what kinds of complications are contained 
in DWB calculations. Figs, 4 and 5 show a three-dimensional model of the 
modulus I X r ) | of the elastic scattering wave function fo r  alpha parti cles
incident on Ca40 at 18 MeV. The dark zone is the 10% - 90% region of the 
optical potential. Strong diffraction oscillations are seen. Fig. 6 shows lines
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of constant phase fo r the function fo r 40 MeV protons on Ca40 . Again, 
complicated interference effects are seen. These complications are probably 
not very  dependent on precise param eter values, but seem instead to be 
necessary effects of the scattering of waves by sem i-transparent obstacles. 
What the pictures show is that short-cut approximation of these wave func
tions is dangerous.

Another dangerous approximation is the use o f square-well distorting 
potentials. We w ill see below that some o f the most characteristic DWB 
results may be understood as consequences of the reflection coefficients 
r)t . It is just in reflection effects that square wells are at their worst.

It is often possible to obtain simple understanding o f the series (3.12).
In the case of inelastic scattering of strongly absorbed projectiles, as in

Fig. 4

Three-dimensional model o f  | x ^ l  . the optical model wave function, for 18 MeV alpha particles bom 
barding Ca40. The beam is incident from the le ft. The dark zone is the 10°lo - 90% region o f the optical

potential

(a , a 1) reactions at medium energy, it is  especially easy to see the physical 
content o f Eq. (3.12). One achieves considerable understanding of the entire 
method by studying this case.

Inelastic scattering to low -lying final states of the target nucleus has 
the convenient property kf <« k ¡. Let us consider this case, and also L  = 0. 
Then Eqs. (3.12), (3.13) sim plify to

3 °.°  n ü i Ü  Eei2c* (2 1 + 1 ) P t (® )Э Д
к

(3.12')
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P il = i  fî(k*' Г) Fo (r) dr • (3.131)

The classical cut-off angular momentum io= kR0 plays a large role in under
standing these equations. For i>  to centrifugal repulsion causes f j  to be 
ve ry  sm all in the nuclear interior, and therefore (ЗД is very  small if  i > ) 0 .

Fig. 5

Same as figure 4, another view . Beam now incident from the right

F or l < Iç , in the case of strong absorption, the reflection coefficient 
is very  small. A  "sharp cut-off model"

rj j = 1 , t > l0 

4, = 0 . «< «o
(3.14)

is frequently employed. In this case it is apparent that outside the nucleus 
the radial wave function fo r i<  «о reduces to

f. = (i/2) H * r > R0, (3. IE.)'

a purely ingoing travelling wave. Because i) i »  0 we know that this wave ex
periences negligible reflection at the nuclear surface, and therefore that it 
may be continued into the nuclear interior, according to WKB ideas, as 
an ingoing travelling wave o f modified wavelength. Eventually the travelling
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W= 8.0 

*»= 126 
a= 0.424

Fig. 6

Contours o f constant phase, in the optical wave function  ̂ for 40 MeV protons bombarding Ca40, plotted 
in intervals o f 100 degrees. The beam is incident from th^ bottom. Note the region o f very rapid phase

change

wave is absorbed, so that at r  «  Ro its amplitude becomes negligible. Gener
ally this absorption is not too rapid, and the important fact about the overlap 
integral (3 .13 ')fo r K l 0 is that it is the integral o f the product o f a rather 
smooth function F0 multiplied by the square of a rapidly-oscillating trave l
ling wave expression. Evidently ¡3t°c integrates to a rather sm all value if 
i < «о . Therefore the overlap integral is appreciable only i f  t*<£0 . In Fig. 7 
this radial integral is shown fo r the case o f 43 M eV (a ,a ')  on Ni58 , as com
puted by Satchler’ s group at Oak Ridge. It is seen that this integral is very 
well localized about t0.

Because of the above properties of £ и  the amplitude £J°'° is ° f  the 
form  of an average of P t (0) fo r a few values of t -near t0 ,

3  0,0 *  < p t(®> > t ~ V (3.16)
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The cross-section  is

a oc I <  P  (©)■ /> I2 .. ■ (3. L7)
0

Successive P j functions very  closely resemble each other at small 0, bui: 
gradually drift out of phase as 0 becomes large. Therefore the average in

Fig. 7

Real and imaginary parts o f radial integrals for the reaction N i^ fa , o’ ), L =  2, at 43 MeV incident energy

(3.16) gives constructive interference at small 0, and the angular distribu
tion is a function closely resembling P {o(0). Destructive interference gradual
ly  sets in as 0 becomes large, and the entire expression (3.16) may be thought 
of as P i0(©) multiplied by an envelope factor which goes to zero at large g .
The cross-section  has the fam iliar form with peaks equally spaced in 0.

Form o f the angular distribution in the case o f strongly-absorbing projectiles and small momentum change

("surface reactions")
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Of course P {0 (0) may be approximated in term s of a Bessel function,

P j0 (0) ~ J o ( [2 «o  + 1] s in | )  (3.18)

at very  sm all values of 0.
I f  L  f  0 a corresponding analysis of Eqs.(3.12) and (3.13) may be carried 

through. The overlap integral j3 ¡4 is non-vanishing in the rather broader 
class o f cases t«¿to , t’ < to or ГаЯ о, t K ®o. A  good approximation if 
I t - i ' I is not too large is

P f i  ^ t ' t ’ *  = *  ( « + « ’ )•

However, the decisive observation required fo r simple understanding of 
Eq. (3.12) is that i f  { | 1 -e' | / t o } «  1, so that only the Clebsch-Gordan
coefficients in Eq. (3.12) are rapidly-varying functions of t, then

t'L, -M M  I to >  t 'L , 00 I «0>

»  0 , if  ( L  + M) odd.

Here N ) l =  (N) (N  - 2) (N  - 4) . . .  (1 or 2), as usual. The sim plified form  
of Eq. (3.12) therefore becomes

4 L  M ( 2 L +  1) j  [ (L  - M) I (L  + M) ! ] *
J  ’ k5 (L  - M) I I (L  + M) II

X E e i2o< (2 1 + 1)* $°H Y^(0 ,O ), if  ( L + M )  even

« 0  ' f if ( L  + M ) odd. (3.20)

Only the term s having j M | = II, L  - 2, . . .  contribute to the inelastic scat
tering, and these combine in just the same way as in the case L  = 0, as is 
seen in.Eq. (3.20). Therefore

CT- & . (L+M)eve„K |2‘ ^

Successive Y eM are obtained from  each other by differentiation. F o r M > 0,

Y % ,  0) =
2 t + 1 \ ( I  - M )j

4 7Г / ( t + M) i
i . j M
(sin Q )Md- (cos Q)M Pg (c o s e ) . (3.22)

It is seen that in the region away from  0л# 0, where Pc has become simply 
oscillatory, each differentiation reverses the phase of oscillation. However, 
in any one application of Eq. (3.21) only a ll odd or a ll even values of M ap
pear; therefore a ll term s of (3.21) oscillate in phase. We therefore ve r ify  
one part o f the Blair, phase rule ; all cross-sections with even L  have osc i
llations that are in phase with each other, and that are out of phase with the 
oscillations o f cross-sections having odd L. We also see in (3.22) that near 
small © the amplitudes are proportional to (sin 0 )M. Because of this the
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firs t peak of the angular distribution tends to be displaced to la rger 0, as 
L  increases, an effect well" known in deuteron stripping.

In summary, what we learn  from  these qualitative studies o f the partial 
wave series is  thalt near sm all 0» in the case of inelastic scattering o f slrong- 
ly-absorbed projectiles , the partial wave expansion, Eq. (3.12),is  not very  
sensitive to interferences among its various term s. The term s combine 
constructively, and each term  has the same general form  as the final answer. 
It is to be expected that numerical calculations using this expansion w ill be 
ve ry  reliab le at sm all 0.

These results are related to the question of surface reactions. It has 
been seen that the overlap integrals |3 i'\ vanish altogether if  I ’ < io and t < «о- 
There is a localization of the reaction in angular momentum space. The d is
tortion does not m erely set equal to zero the integrands o f the low partial 
waves in the region r  < Ro. In that circumstance there would s till be non
vanishing contributions from  r  > Ro. Instead, the entire integrals fo r  the 
low partia l waves vanish. In this sense the usual picture of surface reactions 
is wrong. Fig. 9 illustrates this point. It is taken from  the work o f Rost, pre-

Absolute square o f radial integrals for the reaction N i58 (a  , a ’ ), L = 2, at 43 M eV. Correct DWB calculation 
(top) is compared with delta function radial integration (centre) and with plane wave calculation (b o ttom ). 

Note the extrem e localization  in fi o f the exact calculation
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viously mentioned. The moduli o f the coefficients in the Legendre expansion 
o f the scattering amplitude are plotted, fo r the L  = 2 excitation of N i58 by 
bombardment with 43 M eV alpha particles. Coefficients obtained in the full 
DWB calculation are seen to group closely. I f  the same distorted waves are 
used, but the form  factor FL is replaced by a ó -function at the surface, 
then the contributions fo r  the low partial waves are seen to become much 
la rger. Plane wave results are also shown, fo r comparison.

Although localization in angular momentum is the distinctive property, 
there is also localization in radius. The few radial integrals which are large 
correspond to i® i e , Wave functions fo r  these i values vanish inside the 
nucleus because o f centrifugal repulsion, and have their firs t large peak 
in the surface region, about at the sharp cut-off radius Ro. This is o f the 
order of 2f further out than the half-point of the Saxon potential. The region 
o f the peak o f is the region o f localization in radius. (In rough approxima
tion these important radial waves may be regarded as so w ell shielded by 
the centrifugal potential as to be undistorted. )

The manner in which the absorption mechanism operates to give surface 
reactions is also seen by considering the flux patterns associated with the 
three-dimensional wave functions X and Xf( ' ) , in the amplitude 3L,vb fE q .
(3.7). F o r short wavelengths, k R o » 1, these flux patterns are essentially 
classical (F ig .10). Because of absorption the flux inside thenucleus is either ex
clusively radially ingoing or exclusively radially outgoing. Accordingly, an over
lap integral in the nuclear in terior implies a large momentum tran sfer. Because 
the form  factor F L is  smooth, it cannot supply large momenta, and the over-

Fig. 10

(+) (-)
Semi-classical flux patterns for the distorted waves X ¿ and X f * showing the effects o f  absorption

lap integral therefore receives only sm all contributions from  the nuclear 
interior. This result is general, What makes it important is that in addition 
at small © the average momenta of X^) and Xf(') in the surface region, near 
the nuclear equator, are ve ry  nearly equal. The overlap integral in this 
region therefore requires only sm all momentum transfer, and is large. We 
get a surface reaction.

This section may be concluded with some further remarks on the very  
important subject of momentum transfer. With strong absorption we get 
surface reactions i f  k f «< k¡ and © «  0, because under these circumstances 
the momentum transfer near the nuclear surface is sm all. I f  kf æ k¡ but 0 
becomes la rge, then the momentum transfer in the surface region also be
comes large; then the overlap contributions from  the surface region become 
small, and are no more important than the overlap contributions from  the 
nuclear in terior. F o r this reason, at large ©the reaction is no longer a 
surface reaction. L ikew ise, i f  | k f - k¡| is large the reaction is not a sur-
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face reaction. Generally, reactions in which there is a mass change have 
la rge I к f - k¡ I . An in teresting exception is deuteron stripping to bound 
final states, at incident energies of the order 8 - 20 MeV. In this case kf »<ki 
is often fu lfilled very  closely , and therefore these reactions are surface 
reactions. In contrast, at high bombarding energy deuteron stripping is 
dominated by the mass change, and •JYkf if  low-lying final states are 
formed. In this case entirely different methods of approximation must be 
used, as developed in recent work by Kerman.

4. POLES - HIGH ENERGY

The two topics o f this section are related only in that both are natural 
outgrowths of the DWB discussion. Both concern the use of interesting ap
proximations fo r the distorted waves X ¡^ , XfW. Let us only consider the 
amplitude fo r angular momentum transfer L,

L, M

Several authors have stressed the possibility of gaining valuable informa
tion about the reaction by studying a pole which the above amplitude has, 
when considered as a function o f the momentum transfer, q = | k¿ - kf | , if  
this q is treated as a complex variable. The pole corresponds to contribu
tions to the integral from  large values of r. At large r  the form  factor always 
fa lls exponentially, at some rate determined by the binding energies of the 
in itial and final nuclear states,

F l ->(const) e Кг/r. (4...)

F o r stripping, fo r example, the parameter К  is related to the binding energy 
of the captured particle, Ji2K2/2M* Now if  К should be very  small, then 
large values of r would dominate in 3L' M; these could be such large radii 
that the distorted waves would simplify. If small r  are disregarded entirely, 
then the amplitude may be written

3  L-M «  const J  d3 r  je -w k  3  + <scattered waves), j
-Kr -,

.-L y M *e  
L Г

{ i(kj .1) (scattered waves) ( 1
+ ------------  ----------- —  J • (4.2)

The scattered parts o f X,^ and X ^  always decrease as r " 1, to conserve 
flux, and this property has been exhibited explicitly in Eq. (4. 2). I f  very  
la rge r  do dominate inEq. (4.2) then the r _1 dependence o f the scattered 
wave parts is sufficient to make the contributions from  these parts negligible. 
What is le ft is the elementary plane wave-Born approximation, with no dis
tortion effects at sill! Therefore
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3  L,M »» 5M 0(c°nst) ^  j L(qr ) e Kr rdr, (4.3)

where the low er lim it is not specified but must be large enough to justify 
the approximations already made. It is seen that if q = 0 and К = 0 then the 
result of the integration in Eq. (4.3) is infinite, much la rger than the con
tribution from  any finite volume of space immediately around the nucleus, 
and therefore justifying in this case the approximations that have already 
been made. I f  these approximations are correct, it is also useful to observe 
from  Eq. (4.1) that the integral (4.3) is proportional to the asymptotic ampli
tude o f the form  factor ("reduced width"), and therefore measures this quan
tity.

One need not have started with the DWB scattering amplitude. It is clear 
that the exact amplitude possesses all o f the properties just described.

Of course, q = 0 and К  = 0 are param eter values which are not likely 
to be realized in an actual experiment. The situation q * 0 is not impossible, 
and is often closely realized at 0 = '0° in deuteron stripping experiments, 
in which the energy change can balance the mass change. However, K « 0  
is not likely. Values of К which perm it rad ii of the order 5 f  to be important 
are not unknown, but to justify our approximations, in deriving Eq. (4.3), 
we would want la rge contributions from  radii of the order 50 f, say, and would 
require correspondingly small values of K.

Although Eq. (4.3) is not a good approximation under actual physical 
circumstances, it is always a good approximation at certain non-physical 
values of q . For example, at large r the asymptotic form  of jl is that of 
a sine function, so let us consider

«0

У  sin qr e Kl dr = q (K 2 + q2 ) 1 . 

о

The r  = 0 low er lim it sim plifies the integral and adds only a finite contribu
tion. It is seen that this integral has poles at q = - iK, corresponding to the 
contribution of infinite impact parameters in Eq. (4.3), when q has these 
imaginary values. One m ight hope to extrapolate the physic ally observed 
cross-sections to q = iK, and thereby obtain reduced widths that are not 
influenced by distortion.

The method can be improved somewhat i f  the leading, plane-wave term s 
in Eq, (4.2) are replaced by Coulomb waves.

Present indications are that the above method has no practicad utility. 
Actual values o f К  are so large that fo r  physical values of q the integral
(4.2) is  dominated by the scattered waves. The integral (3.7) is dominated by 
the behaviour at sm all r. As a result one has no idea how to perform  the 
extrapolation to the pole.

Deuteron stripping experiments at very  low bombarding energy have 
small q at a ll cingles, i f  К  is small. A  series o f such experiments have been 
perform ed [ 8] , and it has been claimed that these give good fits to plane 
wave formulas, according to Eq, (4.3). But the plane wave formulas have 
adjustable parameters, so it is hard to know how one would get bad fits to 
the rather featureless cross-sections that are observed, "Experim ents" 
have also been performed with computing machines [9], using DWB codes,
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to see whether plane wave properties would em erge i f  К  and q were ta ken 
small enough. The pole was found to be too remote to be reached by the so 
DWB calculations,

ффф я * *  * * Ф

A  very  useful and practical approximation of Eq, (3.7) is the "high- 
energy approximation", fo r example, as presented by M cCAULEY and BROWN 
[1 0 ], o r by GLAUBER [11 ]. In this method, WKB approximation is used 
fo r the distorted waves X¡M and Because the WKB wave functions are
used only in the lim ited region o f space in which the overlap integral isboing 
computed, the erro rs  caused by the neglected quantum mechanical d iffrac
tion effects are not large. It would appear that the method is reliab le fo r 
nucleons at energies, Eà'lOO MeV, o r- fo r  heavier projectiles at lower ener
gies. A  straightforward way to test the high-energy approximation is to 
compare it with results of exact calculations which are based upon the partial 
wave expansion. Calculations performed by BROWN, and by JACKSON bear 
out the accuracy o f the method [12l . Other calculations [13] , of a prelim in
ary sort, find it at fault at an energy of 150 MeV. The meaning of the latter 
calculations is not clear.

In the simplest WKB treatment we make the substitution

—» .

X(+) (k, r) = e lŜ  , (4.4)

where the phase function S (r ) is approximated by an integrad, taken along 
the classical tra jectory passing through the point r\

-Г

S [ r )  *  J  [к2 - 2 М *и ь '2 ]4 d r. (4.5)

The integrand is the loca l momentum, at each point along the classical tra 
jectory. At high energy the potential does not cause large changes o f the 
loca l momentum, but may very  well cause important changes in S, because 
in S the effects are cumulative.

I f  the energy is high then particle tra jectories do not deviate very  much 
from  straight lines in the direction k; the deviation is particularly slight
fo r the short segments of the tra jectories which lie  within the optical poten
tial, o r in its immediate vicinity. The integration in Eq. (4.5) may be sim pli
fied to

о

S ( r )  J [k 2 - 2 M*h"2 U ( r  + ícp)]* dp, (4.6)

*00

where к is the unit vector in the direction of IT. It is customary to sim plify 
the integral further by expainding the square root, on the basis that at high 
energy not only does k2 become large but the potentiad U becomes weakene d. 
We then obtain

о

S ( r )  «  ( b r f  _ (M*/h2k) J U fr ” + kp) dp . (4.7)
-  00
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Because this formula is intended fo r  use at high energy, it is worthwhile 
to remark that the result (4.7) is also obtained i f  one starts from  the K lein- 
Gordon equation and makes the same steps of approximation used in deriving
(4.7) from  the Schrôdinger-equation starting point. However, in this case 
M* is replaced by (E/c? ).

The distorted waves we need fo r DWB work may be written, using Eq,
(4.7) and the tim e-reversa l relation, Eq, (2.16), as

 ̂ 0

X((+) (k , 7)~expi { (î{. ~) ~(~Гц )  J Ui + ^p) dp} *
-  00

* 0
x / '^ fk f,  r) « e x p  i { - (k f . r) j"  U f(r - kf p) dp }

h f -  oo

(4.8b), 

(4.8 b ')

Now (4.8a) and (4.8b') are inserted in the distorted waves matrix element,
Eq. (3.7). It is seen that the optical potential U¡ modulates the wave func
tion o f the incident particle, from  - oo to the point r ”, where the reaction 
occurs. Beyond the point r” the wave function of the emerging particle is 
modulated by the potential U f. Yet further simplifications appear in the 
case of inelastic scattering, as illustrated in articles by SQUIRES and 
SANDERSON [14] . In this case M * fc M* and Ц = U f. Furthermore, the 
cross-section  at high energy is large only at small scattering angles, fo r 
which lq*» kf. Under these circumstances, the two phase-shift integrals 
of Eqs. (4 .8a), (4.8b1) combine when the product [X ^  * X / +) ] is formed, and 
give a single integral over the range -oo<p<oo. This integral depends only 
on the impact parameter,

IT= 7 -  к (r*.k ) , (4.9)

of the classical tra jectory, and may conveniently be incorporated with the 
form  factor FL of the DWB calculation, to give an altered form  factor. The 
remaining calculation, beyond this step, m erely uses plane wave Born ap
proximation with the altered form  factor. The inclusion of distortion e f
fects by this method is quite easy, and does not require the use of computing 
machines. Sanderson, fo r  example, studied the inelastic scattering of 185 
M eV protons by C12 , and found that distortion reduced various differential 
cross-sections by factors o f 2 or 3, and altered the angular distribution 
in some cases.

The generalizations required to include spin-orbit distorting potentials 
are straightforward, and are described in the papers of McCauley andBrown, 
and of Glauber, already cited, and in an article by KOHLER [15] . The lat
ter author considers the polarization of inelastically scattered protons.

The papers of McCauley and Brown, and Glauber, do not m erely use 
the high energy method to generate distorted waves corresponding to given

It is instructive to change the sign of the dummy variable, p, in Eq, 
so that

* 00
Xf г) яв exp i { -(kf. ? )- ( Uf (г 'н -kfp) dp} .

kf y j

(4.8a) 

(4.8b)
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optical potentials. Instead the phase function S (r j is summed over the en
counters of the given projectile with each of the individual nucleons in the 
target nucleus. In this manner a m icroscopic model of the basic physic:; 
behind the optical potential is made. Optical potentials are thereby introduced 
which are appropriate fo r the individual inelastic process which may be 
considered. Optical potentials fo r excited states are slightly different from  
those fo r  ground states, but this effect appears to be negligible in com-' 
parison with other e rro rs  of the DWB method.

I f  the internal degrees of freedom of the target are correctly  taken 
into consideration, then the method oí generating the phase function S by 
summing the encounters of the incident projectile with individual nucleons 
actually generates the entire wave function,for the system. This wave func
tion describes all inelastic processes, as well as the elastic scattering. It 
is not m erely a distorted wave for the entrance channel.To get that distorted 
wave the entire wave function would have to be projected onto the entrance 
channel. However, projection onto other channels gives other processes. 
These ideas are used in the D rozdov-B lair theory of inelastic scattering'.

Finally, it is interesting to contrast the high-energy method with ths 
sem i-classica l model of d irect reactions, of BUTLER, AUSTERN and P  EAR
SON [16] . In that model, ray-tracing ideas are used, as with WKB wave 
functions. However, that model goes on to picture the angular momentum 
transfer to the nucleus as taking place precisely  at those points r ”which 
satisfy the relation L  = | r*X{(ETi(rî - K^(r^) }  |, where kT¡ and It f are ;he 
local values of the momenta inside the nucleus. Such a localization of tbs 
angular momentum transfer not only implies using the sem i-classica l ap
proximation fo r  the projectile wave functions XjW and x/ '^, but also for 
the nuclear wave functions ví and vf which determine the form  factor FL. 
Physically interesting values o f L  are not large enough to justify this further 
approximation unless distortion effects are very  weak [17] .

5. ADIABATIC  THEORY - COMPROMISE METHOD

This method is chiefly of interest in problems of inelastic scattering, 
fo r  which, at the hands of Drozdov and B lair, it hs been of great use.

We go back to the exact transition amplitude in its most prim itive form , 
Eq. (2.20). F o r  the problem of inelastic scattering we set f i  = |f =-f,
r¡ = = ?  and Uf = U¡ = U, Vj = Vf = V. Therefore

T fl = <vf (?) е 1(кГ °  I U (r )+  V ( £  g )| y  (?, f  ) >  . (5..1)

The method o f distorted waves Born approximation replaces Ï  by

T w  v¡ (g)X(J) (lq , r ) ,

after making one step o f transformation to isolate the dependence on V. 'n 
the adiabatic method we d irectly replace ¥ in Eq. (5.1) with the expression

ï  ( £  Ç )< *V i(Ç).0(*>(ïr, H  € ). (5.2)

The wave function is a solution of the equation
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t - V2 +' U (r ) + V (^  '  E } ^  = 0 (5’ 3)

in which the Hamiltonian iH(Ç) which governs the motion of the internal va ri
ables i  does not appear. As a result the variables f  may be treated as c- 
numbers in Eq. (5.3), as constants, upon which the solution function ф1 ̂  
depends only param etrically. The calculation of Тд has been separated 
into two steps. In the firs t step the differential equation (5.3) involving only 
the one vector-variable, ? ,  is solved. The solutionis then multiplied by 
Vi (Ç),and Ëq. (5.1) is used to project from  this product the amplitude fo r 
state f.

The method is obviously based on the principle that the initial state of 
the system, v¿ ( f ) ,  changes so slowly with time that the scattering wave 
function ф fo r  the projectile  is determined by the instantaneous condition 
of Vj(Ç) at the moment the projectile firs t appears. The Hamiltonian ) 
may be neglected in the Green’ s function fo r  the scattering process. Evident
ly  this approximation is good only under special circumstances. Of course, 
the projectile  velôcity must be high, but it always is. What is more im por
tant is that I  must be a variable which does change slowly, fo r which V (r t f )  
does not easily give coupling to excite|d states o f high energy. Collective 
variables are o f this kind. They vary slowly because o f the large associated 
mass. The adiabatic method is used almost entirely in studies of co llective 
excitations.

The method is analogous to that used in computing the collision between 
two classical bodies, one light and one heavy. We compute the change of 
state of the light body as i f  the heavy body remained stationary (F ig. 11). 
However, the change of momentum of the light body is recognized as the

- e ---------- - □
Fig. 11

Classical collision o f two bodies, one heavy and one light

momentum given to the heavy body, and thereby we determine its new 
state.

The time-dependent interpretation of the adiabatic method is developed 
at length by Glauber, in his Boulder lectures. He carries the Hamiltonian 
3^ (f) as giving time-dependent operators in the variable r’", and shows what 
e rro rs  are made when this time-dependence is omitted.

Two properties o f the adiabatib method are helpful in finding in terpre
tations of the inelastic scattering theory. The firs t is seen by noting that 
i f  f  = i in Eq. (5.1), then the elastic scattering amplitude is found from  the 
same approximate wave function v¡ ф *̂'1 which is  used to compute inelastic 
scattering. Therefore elastic and inelastic scattering are easily compared. 
The other helpful property is seen by noting that i f  kf = , so that the energy
loss is reglected, then

< e  i (k f  r )| U +  V| ф ? >  (5.4)

is the elastic scattering amplitude fo r the projectile fo r  fixed values of f .



48 N. AUSTERN

Such approximate methods as we may know fo r this amplitude may then эе 
employed.

It is necessary to rea lize  that an exact solution fo r the wave function 
фр'* is not norm ally at a ll easy to obtain. If th° angular momentum transfer 
is non-vanishing, L  f  0, then the "potential" [ U( r”) + V (r ’’, Ç)] in Eq. (5.3) 
is  not a scalar function of r* and most normal methods of solving this equa
tion therefore fail. Approximations must be used.

The early versions of the adiabatic method use the high-energy approxi
mation to compute ф^+К They have found their greatest application in studies 
of the scattering of medium and high-energy alpha particles, in which case 
the momentum is large, and the high-energy approximation is justified. 'Го 
use this approximation we write the scattered amplitude of Eq. (5.4) in the 
form

f  (k k ; f )  = - ( - ^ )  Г e'i (k f - r) [U  (3  + V (^ ? ) ]  ф (+)d 3r. (5.5)
f 1 2 T! hr J 1 '

Since 0 i<+) is presumed known it is convenient to use Green's theorem to 
transform  away the potentials [ U (r j  + V (r^ Ç )]. It shall be presumed that 
[ U (r ) + V (r ) f  )] is non-vanishing only within some finite volume, bounded 
by a surface E. Then Eq. (5.3) is used to substitute out the potentials, and 
we obtain

f (k{, k.; I )  = - £ е ‘ 1<кг Г) [ V 2 + k.2j 0 . Wd3r . (5.S)

vo l
This is of the form

‘  ■ - é  s ‘ ‘н1Г' ~ ’
vol

. i _  С [ e ‘1(k~  Г ) ( v V (+)) - ( v V i ( k* ) фР )  d3r . (5.71
4 tt J 1

vol

The firs t term  is a correction  to the adiabatic amplitude, i f  the energy loi>s 
is not negligible. It shall be ignored henceforth, as is customary. The sec
ond term  becomes, by Green’ s theorem,

f  = - -L  C [ e ' lCkf* r) (V0.<+)) '-  (V e 'l(kf ° ) ф р ] ‘ d E. (5.8)
47Г J  1

z
This expression is the scattered amplitude. The incident plane wave part 
of ф ^  contributes only to the ingoing amplitude, i f  kf = k i, and it may be 
verified  that it makes a vanishing contribution in Eq. (5,8). Therefore an 
equivalent equation is

f  = - À  í  I 6 “  ** ' °  <W scatt ) - ( V e '1 ( kf • [) )^ scatt].d E. (5.Í )

Z
It is in this equation that we introduce the high-energy approximation.
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In the high-energy approximation the incident particles are assumed 
to follow  straight-line paths in the direction Iq , and to suffer only a change 
o f phase as they move along these paths. Therefore £ is conveniently taken 
to be a cylinder, whose axis lies  along the direction к i (F ig . 12). Evidently

— NUCLEUS

Fig. 12

The surface £  on which we apply Green's theorem

the wave ^ scatt then vanishes everywhere on the surface E except on the 
"shadow plane", which is the end o f the cylinder on the downstream side.
In fact фScatt t  0 only within the area of the geom etrical shadow of the nucle
us. The element of area on the shadow plane is к j dA. Then

f  ~ - r r ~  [ e ' 4* '  0 [ (k j .V )+ i ( k ¡ .  $ ) ] * c a t t d A .  (5.10)
4 î  J

shadow

or

f = - - ^ г  -‘ <кГ‘ г> [ ( £ , .  V ) +  i ( k t . k^)] [ e ls(” > -e 1 <ki ■ r) ] dA,

shadow ( 5.11 )

where S (<») is the WKB phase factor, integrated from  one side of the nucleus 
to the other. The most interesting special case of Eq. (5.11) is that in which 
the nucleus is "black" to the incident particles, in which case exp [ iS(oo) ] = 0 
over the region o f the shadow. The integral very  much sim plifies. It be
comes

£Ыаск = Й  f 1 + c o s ®J J  e ‘ [ ( k i '  kf ) ‘ r l d A ,  (5.12)
shadow

where 0 is the scattering angle. Equation (5.12) is the basic equation of the 
"Fraunhofer" approximation of the adiabatic method. Generally it is used 
with the additional approximation [ 1 + cos ©]=» 2, fo r  the "obliquity factor". 
This additional approximation is consistent with those already made and 
shall be adopted.

In the black nucleus lim it the collective coordinates | do nothing ex
cept change the size and shape of the nuclear shadow. Therefore this is a 
theory of collective deformations of the surface. Suppose the nuclear sur
face is described by the equation
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The § l,m are operators fo r the collective motions, and are the deformation 
distances fo r  the L , M multipoles. The corresponding geom etrical shadow 
is described by

p(0) = R o+ 6 (0) > (5.3.4)

and to firs t o rder in the deformations g LM, i f  these are small, we have

P ( 0 )  *  Ro + Б Ф), (5.15)
L,M

in term s of the deformation at the nuclear equator. These expressions are 
used to compute the Fraunhofer amplitude, which I take at sm all © as

2 it Ro + 6(«S)
ik  Г  С . -i k/> 0COS Ф la (fil

W =  Тж e - ( • 6>
о 0

To firs t order in the deformation the results of integration are

f  _ ilrTr2 J i(k  R O0 ) .
W  - l k R 01- kR^e ------1

„  ,2 L ' + 1 * i M  L [ ( L  - M ) J ( L+  M) ! l *  ,T ik R fiï.
°L M(̂  * w  ?L‘ M V ~ w i j H ( L ~ M ) j j  Ы Г

(L  + M ) even (5.17)

The firs t term  is the fam iliar result fo r elastic scattering from  a black d isc. 
Its square is the d ifferential elastic scattering cross-section. To  get the 
inelastic cross-sections we multiply f  (0,0; g) by v¡ (g), according to the 
prescription given earlier, and compute the projection on to v f(g). Then

d c r (i-* f ) _ „  , 2 , 2  L +  1 , , ,  M, _ , x|2
_ ( k R o )  ( ' Ъ  5 1 <Vf I I

Х^ЦЬ_гМ)_1_(Ь+_М)1,] 2
[ ( L - M ) Ü ( L + M ) Ü  f  Ы  о ) .  (5.18)

M=-L,-L+2,...

fo r  a given multipole L ¡ exciting a spin-zero target nucleus. The m atrix 
element •( v^| gL_M | v¡ )> in fact is independent of M, because of our defini
tion o f the g Lt M, and may be regarded as the reduced m atrix element 
< v f II § LIIv i >• For a permanently deformed rotating nucleus this matrix 
element, fo r example, is

<  v f 11 f  L 11 v . > =  ( 0 R o) 7  ( 2 L +  l ) 1 , (5.19)

where 0 is the usual deformation parameter. (The product (j3 Ro) is  more 
meaningful than J3 itself, because the param eter R 0 is  somewhat vague. )
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Equation (5.18) is the basic result of the B la ir-D rozdov theory of inelastic 
scattering. The reduced m atrix element is the only adjustable param eter 
in this theory. The radius Ro is determined by fitting the black disc formula 
to the elastic scattering, within the context o f the same basic theory.

F o r  medium-energy alpha particle inelastic scattering, Eq. (5.18) often 
gives excellent fits to experiment, and reduced m atrix elements determined 
with its use agree well with those determined by electromagnetic means.
The most characteristic property of this formula is that, fo r  even L  values 
the cross-section  is a linear combination of

whereas fo r odd L  values it is a linear combination o f

2 2 2 
J l, J3 , . . . . , JL.

Bessel functions very  rapidly approach their asymptotic form s, so that

Jl-~ sin2(k R 0e +  \  - Ц - ) .

Therefore, beyond the firs t oscillation, o r so, all even parity transitions 
have angular distributions o f the same shape, and all odd parity transitions; 
have the same shape. However, the two oscillate precisely  180° out of phase 
with each other. It is further noted that the odd-parity angular distribution 
is in phase with the elastic angular distribution, giving a calibration o f the 
parity determinations. These statements constitute the "B la ir  phase rule".
We have previously encountered the firs t part o f this phase rule as a con
sequence of the DWB calculation fo r a strongly-absorbing nucleus. The phase 
rule is usually extrem ely w ell obeyed in experiment, and is in agreement 
with exact DWB calculations. Figures 13 and 14 show some typical experi
mental results and their comparison with the B la ir formula.

It is seen in F igs 13 and 14 that the Fraunhofer curves follow  the period 
of the oscillations of the experimental curves quite well, but that the magni
tudes of the Fraunhofer cross-sections drop o ff much too slow ly with angle. 
This is a characteristic difficulty of the application of the high-energy method 
fo r a sharp-edged obstacle. Some kind of smoothing is called for. To deter
mine reduced m atrix elements the Fraunhofer curve usually is fitted to 
experiment at the sm aller angles. There is some vagueness in fitting magni
tudes because the experimental and theoretical curves have different shape, 
but this is not too bad.

At very  small angles Eq. (5.18) may in principle be used to determine 
not just parities of transitions, but also precise L  values. The formula 
is inaccurate at very  sm all angles, because it omits Coulomb excitation.
A lso effects due to non-zero energy loss are noticeable at these angles. 
Nevertheless it may yet turn out that the difficult experiments at the very  
small angles w ill lead to useful results.

A lso, we may note that the high-energy approximation of the adiabatic 
theory easily gives the cross-section  fo r double excitation, if  the expansion 
o f the amplitude in Eq, (5.16) is carried to second order in the Çl.m . I w ill 
not pursue this.
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SCATTERING ANGLE (CENTRE OF MASS)

Fig. 13

Comparison o f the Blair formula with experiment

The fact that the adiabatic theory normally is carried to only firs t order 
in the Il.m  is a clue to further understanding and improvement of the method. 
This firs t-o rd er expansion is necessary because o f the difficulties o f solving 
fo r  the wave function ф , rT f ) ,  which I mentioned earlier. Because 
ф ^  is computed in firs t order, the entire exact wave function f ( r ^ f )  is being 
used to only firs t order in the interaction V. The resulting approximation, 
as you w ill reca ll, is then equivalent to the DWB approximation. DWB con
sistently carries all term s firs t order in V. It uses a different arrangemert 
o f the calculation, such that the firs t-o rd er term  of ¥, which gives us so 
much trouble in the adiabatic method, is removed by the use o f the Gell- 
Mann, Goldberger transformation. As a result the operator U (r) is removed 
from  Tf¡ , and we obtain a distorted final state wave function. The normal, 
firs t-o rd er  adiabatic result may be regarded as a sim plified restatement 
o f the DWB result. In the Fraunhofer approximation it brings a very  great 
improvement in convenience.

It is difficult to base improved adiabatic results upon the surface integral 
o f Eq. (5.9). It is only in the high-energy lim it that the integrand is non
vanishing over only the shadow plane. I w ill describe b rie fly  some reicent 
work of B la ir and m yself which exploits the relation with the DWB method 
to obtain improved results. Much of the sim plicity of the present adiabatic 
results is retained, as well as the close relation with elastic scattering.

To do the DWB calculation we must be more precise about the inter
action V(r^g). I f  only the shape of the nucleus is to be important, then in 
an adiabatic theory there is very  little alternativë to supposing that fo r the 
deformed nucleus the projectile encounters just the normal optical potential,,
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Fig. 14

More comparison o f the Blair formula with experiment. Note the phase rule relations

but with a deformed shape. The depth and diffuseness must remain unchanged. 
Therefore the net interaction with the projectile is

U (r) + V ( r , f )  = U(r, R 0 + a) (5.20)

where
M *

a = p j u  MY l  (0, Ф)L, M
(5.21)

as before. The nuclear radius param eter in the optical potential is increased 
by the angle-dependent increm enta. To firs t order in a we get
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the derivative being evaluated a te  =0. F o r definite multipole.order L  the 
DWB result is now found to be

t “ ( D W B )  .  <  t , | | 5 l  | v ,  >  j d * r  x ¡ *  [ v "  | S L  ]  x P  (S . 2 3 )

oo

X Y .^e.O ) < fL ,-M M | í 0> < í ’ L ,O o| ío !>  j  f { dr. (5 .:i4)

o 0

I have introduced kf = ki= k, because we are seeking an adiabatic result.
Much of the difficulty o f Eq. (5.24) lies  in computing the radial integrals. 

F o r  these we introduce an approximation

co

5
f , | ^ - f  dr «  f f -  f -d r , (5.:!5)

3R0 f J È 3R с

where t = \ ( i + I ' ) . This approximation is based on the principle that fo r 
strongly absorbing projectiles, and for the partial waves having i , t' ъ  íq j 
the radial wave functions have not yet begun to oscillate, and are slowly 
varying functions o f i. Besides | ® '  *’ j í  L , and is not a large number.

An exact theorem relates the single-index radial integral o f Eq, (5.25) 
to the rj t amplitudes o f elastic scattering. It is

( S a u  . _ iE Эть
J * 9R0 Г '  2 к 3R o'  (5‘ 26)

F o r  strongly-absorbing projectiles this theorem may be made more usefu.. 
with the aid o f two further good approximations:

17j *  П ( i -«o ) » (5.27a)

From  these we obtain
к R 0 . (5.27b)

O h  '  - “f?1 ■ i5-28>and therefore 0

„2 Э U , iE э Г7,
! 3 R 0 *  '  2 B i

Substitution o f the approximations, Eqs (5.25) and (5.29), into Eq, (5.24) 
yields the amplitude Tfî^DWB). I w ill take one more step, and multiply this 
by (-M */ 2 7Гh2) to get the inelastic "scattered amplitude" fo r the state f, 
because this is generally used in adiabatic discussions. Then, at last,
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(5.30)

Equation (5.30) may be proved to reduce to the Fraunhofer formula as the 
parameters reduce to the set of lim its: (L / i0) 0, and [3nj/9 * ] f  0 only
over a range o f î small compared with If  these lim iting conditions are 
not met, then a physically-based smoothed-cut-off approximation may in
stead be introduced fo r the function r) t, and we see that the series in Eq. 
(5.30) is not difficult to compute numerically, and that results much better 
than those given by the Fraunhofer formula are to be expected.

For the case L  = 2 a formula sim ilar to Eq. (5.30) was previously derived 
by BLAIR , SHARP and W ILETS [18] . They found that the replacement o f rj e by 
asim ple two-param eter, rea l function (F ig . 15) was sufficiently accurate to

match almost perfectly the exact DWB results ofSatch ler's group. Figure 16 
shows a comparison between the formula of B la ir, Sharp and W ilets, andan exact 
DWB result fo r the same case. This figure, taken from  the recent paper 
o f Rost, also shows a comparison with the older Fraunhofer prediction. Ob
viously there has been great improvement. The BSW results are especially 
useful, because simple "universal curves" could be based on their two para
meters, and these curves enable ve ry  easy analysis o f experiment. It may 
be that this method can be extended, with the application of the new result 
just derived.

Considerable generalization of this "comprom ise method" is possible.

6. COUPLED CHANNELS

This w ill be the last bit o f discussion concerning techniques of solving 
the differential equations o f the DI theory.

I have been emphasizing the DWB method. This method may be em
ployed fo r a ll types o f DI reactions, and therefore is valuable as being a 
unified approach fo r many different situations. F o r nucleons as projectiles 
it is related to the basic physics of the shell model. F o r projectiles such 
as medium-energy alpha particles it is equivalent to the very  successful 
adiabatic method and is much better adapted fo r accurate evaluation with the 
aid o f computing machines. A t present the principal problem with the DWB

lije I

lo

Fig. 15

The smoothed-cutoff form for гц, here taken to be real
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C.M. SCATTERING ANGLE (deg)

Fig. 16

Improvement o f the adiabatic theory achieved by using the smoothed-cutoff r¡$ function. Note the very good
agreement with the DWB curve

method seems to be m erely that it has not yet been applied sufficiently wic ely 
with sufficient accuracy. However, DWB is a Born approximation. The 
interaction which causes transitions between channels is carried to only 
firs t order. Inasmuch as DI cross-sections frequently are very  large, one 
wonders whether a firs t-o rd er theory is sufficiently accurate. It is desirable 
to test the basic accuracy o f DWB.

Some rough estimates may be made. F irst, suppose a reaction cross- 
section equals the nuclear area, n R2 ; this is a very  large cross-section.
We may estimate (da/d Í2) R2 for this case. However in DWB

(M*/2rti2)2 (k j/ k ^ E j J  d3r ^  X f )  2 (6.1a)

where

■Vй =< v f| V f (ç, JT|vt > .  (6.1b)

Now large cross-sections only occur i f  the momentum transfer is small, 
so we may approximate Х/‘ )*Х4С+) <*< 1, and have
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R2 «(M*/2îrh2)2[ V fiX volume ] 2 . (6.2)

Here the m atrix element of Eq. (6.1) has been replaced by the product of 
an average V fi, multiplied by the volume over which it is effective. If the 
latter is the fu ll nuclear volume, then

V fl!«(27rh2R/M*)(volume )

«  3 (h2/2 M *R 2) =  30 M eV/jê .

Except at very  sm all A, this effective interaction is seen to be quite weak, 
and fo r medium and high energies may properly be treated by Born approxi
mation. This is even more true if we consider the much sm aller cross- 
sections which normally are in question.

Equation ( 6 . 2 )  predicts a large cross-section  as a consequence of a 
weak potential, because of a surface-to-volume effect. The entire nuclear 
volume is made to cooperate coherently in removing flux from  a given area 
of the incident beam. However, with strong distortions not a ll of the nuclear 
volume is able to participate on equal term s. An estimate suited for this 
case may be based on the formulas of the preceding section, fo r strongly- 
absorbed projectiles. The average interaction potential connecting two partial 
waves of the incident and emerging projectiles is

oo

V f l = I < v f||fL ||vi > ( A R K ^ . O U / a R ^ d r l

0

~ < v f l l ? L l l v i > ( A R ) ’ 1 (E/2) |э n с/эе| . ( 6 . 3 )

Here AR is the interval over which the integrand is large. F or a highly- 
deformed nucleus the average amplitude of the (coherent) deformation is 
comparable with A R . By experience the maximum value of | Эг){ /Э £ | is known 
to be

I  Э  Ч  / Э 11 o r
1 { '  1 max ¿ 3

Therefore the maximum value of the average potential is found to be about 
(E/5), say. Evidently Born approximation is likely to be reliab le, although 
not always of ideal accuracy. The surface-to-volume effect does not appear 
in Eq. ( 6 . 3 ) .

Rost has considered [19] a somewhat more form al question, related 
to the ideas in the preceding paragraph. He extracted numerical values of 
the radial m atrix elements, in explicit calculations for strong transitions 
induced by medium-energy alpha particles, and found them to be small. He 
also computed the associated S-matrix elements, which are multiples of the 
radial integrals, and he tested the S-matrix fo r unitarity. The S-m atrix 
elements for elastic scattering are the Ц i, and we have |r)j| < 1 because
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the optical potential has a negative imaginary part. Rost finds that the squares 
of the off-diagonal S-matrix elements always are very  much sm aller thar 
{  1 - j П{|2}  ; this is true fo r each partial wave separately. The problem 
he treats is sufficiently general that it is convincing that at medium and 
high energies the DWB method has no difficulties with unitarity.

At low energy the DWB method fails, because the kinetic energy then 
is not large compared with the potential V (r^g). There w ill be m ore about 
this subject later.

The most satisfactory way to test DWB is to perform  a more accurate 
calculation and to compare its results with those of DWB. The more accurate 
calculation, which has been considered by a number of authors, is th-э 
"Tam m -Dancoff" or "coupled-channels" method, f )  I w ill describe it briefly. 
This method has no difficulties with unitarity, and works as w ell at low ener
gy as at medium and high energies. However, it is very  complicated to c;irry 
out in practice. To avoid ¡excessive complications I w ill treat only the 
one special case of inelastic scattering, and for a nucleus whose ground st£.te 
has zero spin.

The exact wave function ¥(r, f  ) for the coupled system (projectile + 
target) may be expanded in term s of the functions vinM ( f  ); the eigenstates; 
of the target nucleus. A  member of this set is the nth eigenstate of angular 
moment I and projection M. The coefficients of vin’ld  ) in the expansion of 
¥ are functions of the projectile coordinate r\ We take the z-axis in the d irec
tion of the incident beam, and therefore the z-projection of the angular m o
mentum of ¥ is zero.

Now we treat S' by introducing it into the Schrodinger equation, to get 
a system of coupled differential equations from  which to determine the chan
nel wave functions, the coefficients of V j^ in  f .  Before displaying the equa
tions, it is desirable to identify the good quantum numbers in ¥. These 
quantum numbers indicate how to sim plify the differential equations by sepa
ration of variables. Evidently neither I nor orbital angular momentum is 
a good quantum number, because the coupling potential V (rt ? ) normally 
is not a scalar in r ” or f , and therefore the ordinary partial wave expans: on 
fa ils  to give separation of variables. However V(i\€ ) is a scalar in r ”and 
I  jointly, and therefore J and parity are good quantum numbers. A lternative
ly, because we have assumed I = 0 in the incident channel, the orbital angular 
momentum of that channel is equivalent to J and parity of the whole system, 
and it is a good quantum number. =f) We therefore expand ¥ in term s of the 
orbital angular momentum of the incident channel:

(6.4a) 

(6.4 b)

•)■) Recently SCHWARTZ [20] cr itic ized  the use o f  the coupled-channels method to calculate the scatterin; o f  

electrons by atoms, on the grounds o f its having very slow convergence. However, the difficulties in his case 
appear to be caused by the dense nature o f the spectrum o f a single electron neartfhe threshold for ionization. 

Nuclear spectra do not have, this property.

+ )  In the general case questions o f "eigenstates o f the S-m atrix" arise, and the methods discussed by BLATT 

and BIEDENHARN [21] , must be used.

¥  <x, 5) = ( V 4 i / k r ) £ i {(2c +  1 ) Ц ‘ ( ^  I),

Ф* (r", ?  ) = 2  U j.to ( г )  У  {! °  ( f ,  ?  ) ,
t ’ . I ,  n
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С  №.?) = E < Г I, -м м | ю  > Y t;M(r) v “ (Ç). (6.4c)

The Coulomb phase factors have been absorbed into the radial wave func
tions here, for compactness. Evidently the channel wave function in the 
entrance channel is simple. It is the coefficient of v00°, and is

(У 4 7 / к г )£ ^ (2 «  + l ) 1 u,‘ 00 (r ) Y ° { f ) .
Asymptotically 5

u.oo - e  * fc) [H ,  - r, H . ]  (6.5)

as usual. A ll the other radial functions are purely outgoing functions, asymp
totically, and for I, n  ̂ 0, 0, .

u ^ - I k / k O n ) ]1 П( .1п (еЮ{’ /2 i) H f , (6.6)

where 4 rinf are the S-m atrix elements between radial Coulomb wave func
tions normalized to unit radial flux. A ll cross-sections are expressed in 
term s of these S-matrix elements.

Upon substitution of ¥ into the Schrodinger equation we get the coupled 
system of equations from  which the ui c.In are to be determined. F o r a given 
Í  this is:

{ A f  [ - ¿  + l '( e ' r 2 1] 1 + u ( r )  + e ( i ;n ) - E]  u; [n (r )

= -£<?/*.In I v(r^| ) I >  u '^ . i r )  (6.7)
i " I n '

where e (I, n) is the excitation energy of state I, n.
To reduce Eq. (6.7) to DWB we would have to make two steps of sim pli

fication. In the firs t step, in the equations fo r the excited states, I, n f  0, 0, 
we would ignore on the right-hand side a ll term s except I'= 0, n1 = 0. The 
incident channel thereby would be presumed to be the largest part of the 
wave function. Then the set of coupled equations would become

{ n r r [ - s p  ]  *  C - E }  ‘  & < * »  ' H * ' 1’"  ■ ■ > V . v
(6.8a)

L h f _ r _ d L  l  + U + e (I, n) - e \  u
X2 S F  dç \ r 2 _ J

Í
Vln

(6.8b)
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where (6.8b) is used fo r I, n 0, 0. Evidently i f  u Д 0 were known, then Eq. 
(6.8b) could be solved by use of the Green’s function fo r the left-hand side. 
However, i f  the coupling is  strong then Eq. (6.8a) shows that u d e p e n d s  
on the detailed properties o f the excited state wave functions, and is  not all 
easy to obtain. Now in DWB we make the one further approximation

u L  е‘° { f  „(к, r) too £

fo r use in Eq. (6.8b), where f { is  the ground state radial wave function coaa- 
puted with the phenomenological optical potential which fits elastic scattering. 
This potential does not have the peculiar shape or parameters which migh; 
be needed to account correctly  for the reaction o f the excited states on u ^ 0 . 
The reaction is  buried in the imaginary term  of the optical potential, in ar. 
averaged way. This appears to be the principal e rro r o f DWB. But normally 
such an average treatment of the "radiation damping" should not be at all 
bad.

To obtain the method of coupled channels a Green’ s function solution is 
not attempted. None o f the channel wave functions is  assumed known in ad
vance. Instead, a few values of I, n are regarded as especially important 
(the "chosen channels"), a ll channels other than these few are ignored, and 
the coupled d ifferential equations for the few chosen channels are solved 
exactly by integrating them out to large r  num erically, step-by-step, start
ing from  r  = 0. I f  the number of coupled equations is  N, then this numerical 
integration must be performed N times, starting from  N linearly-indépendant 
in itia l conditions. That linear combination of the N solutions is then selected 
which satisfies the boundary condition o f having an ingoing wave in only the 
ground state channel. Evidently the method becomes prohibitive i f  many 
chosen channels are used. The number of coupled equations equals the num
ber of term s o f the sum in the right-hand side of Eq. (6.7). I f  L, is  the highest 
multipole which is carried  in the expansion of V(r7 | ), as in Eq. (3.2), the:i 
the number of coupled equations is  of the order of (2L + 1) times the number 
o f chosen channels. In typical practical applications [22] of the method the 
chosen channels are only the three lowest collective states o f the nucleus, 
and the calculation is nevertheless very lengthy.

Figure 17 shows afamous graph from the paper of Chase et al. , showing the 
failure of DWB inthe calculation of the excitation of the collective 1 = 2 leve l by
1 MeV neutrons. Here |3 is the strength of the interaction V. It is the usual 
deformation parameter. DWB corresponds to /3 = 0. Evidently fo r la rger (3 
the cross-section  departs drastically from  the DWB values.

In contrast, at higher eriergies, Buck finds fa ir ly  good agreement with 
DWB, in agreement with our qualitative estimates at the beginning of this 
section.

Two important effects contribute to the failure of DWB at low energies, 
both of which go away as we reach the region of medium energies, in which, 
most experiments are done. One of these effects is  m erely that Born ap
proximation always fa ils  at low energy. This is  seen in the factor k"1 in the 
Green’ s function, i f  we are careful to watch that meaningful normalizations 
are used. Mott and Massey stress this point in their discussion of coupled 
channels. I f  the potential V is  to be regarded as sm all there must be some 
other quantity in the d ifferential equations, compared to which it is  small, 
and which tends to determine the wave function u/oo o f the ground state chan
nel. Despite the optical potential U, the only control over the shape of the
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Fig. 17

Results o f coupled-channel calculation for excitation o f I = 2 rotational le v e l by inelastic scattering o f 1 MeV 

neutrons, showing failure o f DWB at this low energy. The graph shows cross section divided by square o f coup
ling constant 0, I f  DWB were correct a ll curves would coincide with the curve labelled fi = 0

wave function at large radii is  the kinetic energy. At low energy the wave 
function is  not "s t if f"  against perturbations, and Born approximations fail. 
However, the actual DI perturbing çotentials are not very  strong, and there
fore it is  only necessary to go to einergies E > 10 MeV before strong reac
tions on the ground state channel become unimportant. (We reca ll that DWB 
carries  these reactions in an averaged fashion. ) +

The other effect which makes DWB fa il at low energy is  more specific 
fo r  nuclei. It is  related to the occurrence of shape resonances in the optical 
potential. At a shape resonance the DWB radial wave function f  ц becomes 
very  large inside and near the nucleus, and large transition amplitudes ap
pear. It is  not surprising that the result of Chase et al. show large erro rs  
o f the DWB method in the regions of resonance. However, sfiape resonances 
are inherently a low energy phenomenon. They are caused by multiple r e 
flections at the nuclear surface, which trap part of the wave function inside 
the nucleus. Actual nuclear surface thicknesses are such that the re flec tiv 
ity (for nucleons ) becomes negligible fo r energies E > 10 MeV,. Therefore

t  The careful reader w ill have noticed that the radial integral in the strongly-absorbing case increases, with 

bombarding energy. This e ffec t is real, within the range o f energies in which strong absorption occurs. It 

occurs because as the energy rises the wave functions become able to overlap e ffec t ive ly  with the nuclear * 

potential at greater depths, where it is stronger. However, our estimate o f these integrals is accurate, and 
they are small compared with the kinetic energy. In addition, these radial integrals, as defined, do not yet 

carry the к ” 1 factor o f the Green*s function.
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shape resonances are not a consideration at these energies. (Some efforl: 
is  being made by Melkanoff to track down residual effects due to shape r e 
sonances at medium energies. These effects should be small, but not yel: 
z e r o . )

In summary, except at ve ry  low energies, DWB is  not drastically in 
e rro r. Such corrections as may be needed probably can be introduced wi l l  
enough by perturbative methods, rather than by use o f the very  difficult 
coupled-channels calculation. The coupled-channels calculations o f Buck 
did yield the firs t accurate results for the double excitation process. How
ever, it seems likely that adiabatic calculations, with or without Fraunhofer 
approximation, w ill be sufficiently accurate fo r the analysis of that proce ss. 
We may conclude that there is not too much trouble in getting accurate solu
tions of the basic equations of DI theories. What is  more interesting is  to 
learn what physical information to build into those theories.

7. SPECTROSCOPY: COHERENCE, PARENTAGE

A ll of the discussion until now has concerned the effects involving this 
distorted waves x/+), fo r the relative motion of the colliding fragments
in the incident and em erging channels. This discussion has been directed 
prim arily  toward the angular distribution in the reaction. In DWB, using 
zero-range approximation, the internal structures o f the colliding fra g 
ments influence the angular distribution fa ir ly  weakly, through the "form  
factor" Fl . We were therefore able largely  to put aside consideration of 
the m atrix element fo r the internal wave functions

< v f(?f) I v f(?f ,  FT|v i (5 i ) >  (7.1)

of Eq. (3.1). Now it is  necessary to discuss this matrix element, and there
by to consider the magnitude of the cross-section. '

One interesting case was already considered in section 5, where fo r 
the interaction o f a projectile with a deformed nucleus we considered the 
model that the projectile interacts with a deformed potential well. Eqs. (£..20) 
and (5.21) especially present this model. This model is  of the same sort 
as other phenomenological models of deformed nuclei, and deformation para
meters obtained by using it fo r inelastic scattering experiments also agree 
with those obtained by other means. This is  not a tr iv ia l fact. The distorting 
potentials establish the region where the product х/‘ ,# X¡(+) is  large. The 
magnitude of the cross-section  would be altogether wrong unless the in ter
action which excites the nucleus were to overlap with this important region 
of the distorted waves in just the right way. Satchler and collaborators con
sider this question in a recent article.

However, greater interest attaches to the analysis of the nuclear states 
in term s of individual nucleons, and to the consideration of Vf (|f, r )  as a 
sum of two-nucleon interactions. We wish to treat inelastic scattering, and 
also reactions involving the transfer o f one or,m ore nucleons. Therefore 
a more complete notation is  now introduced:

(7.2a)
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(7 .2b)

V } ( f f , Г ) = { 2  V f iJ )  - Uf (r ) } . (7.3)
i=l-*m 
j =m + 1—*A

The labels 1, . . . ,  A  are taken to re fe r  to coordinates of Individual nucleons. 
We are a little  redundant here, because the distance r*between the centres 
of mass of a, b or of c, d has been removed already into the distorted waves 
X( i ) . This is  not usually an important difficulty. The interaction Vf has 
been written as the sum of a ll two-nucleon interactions between с and d, 
minus the optical interaction from  which x/"* is  generated. The optical po
tential Uf cancels most o f the firs t term  of Eq. (7.3). Generally one of the 
nuclei, c, d, is  much lighter than the other, say d is lighter than c, so 
(A -m )«m ; some sim plification is thenpossible. In the reaction, only a few ofthe 
nucleons of с change their orbits. Nucleus с may be regarded as composed 
o f a massive "co re ", plus a few "active" nucleons. I f  the core is  sufficiently 
massive then the interaction of d with the core does not change the states 
o f the active particles, but only contributes to the elastic scattering. Except 
fo r  sm all reco il corrections which arise in actual cases, the interaction 
o f d with the core is  prec ise ly  cancelled by part o f Uf, and need not be con
sidered at a ll ¡(see section 8). The remainder of Uf is  the sm all part which 
is  contributed by elastic matrix elements o f the interactions o f d with the 
active particles. But by treating the inelastic m atrix elements in Born ap
proximation we are by implication treating the elastic matrix elements in 
Hartree approximation, and make very  little  e r ro r  i f  we give them no further 
thought. Therefore

The coordinate v ¡ , the displacement of the separating fragments, is buried 
in this m atrix element, and must be disentangled and displayed. A lso we 
wish to employ zero-range approximation, and this im plies relations among 
the coordinates in Eq. (7.5). These questions are best le ft fo r special cases.

What is  even more interesting is  to ask how many term s appear in the 
sum in Eq. (7.5). This is  the question having to do with coherence, or co l
lective, effects, and also concerns the treatment of special cases. We there
fo re  consider in turn three important special cases.

F irst, suppose m = n, so the reaction is  inelastic scattering. For simpli
city we may take A  = m + 1, and thereby consider inelastic scattering of 
a single nucleon. Then j has the one value j = m + 1, and the channel co
ordinate r* is  the distance from  m + 1 to the centre o f mass o f particles 
1, . . . ,  m. The m atrix element o f Eq. (7.5) becomes

(7.4)

active particles i  m

which is  what we would naturally have written anyhow.
The m atrix element (7.1) becomes

Цт
j>m (7.5)

? . .  . .m ) vd (m + 1) jV (i, r )  ] va (1, . . , m)vb (m + ! ) ) > .  (7.6)
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The sum now is  the sum over the active particles of nucleus c, in the transi
tion v a ~*"Vc. The functions vb, v<j may be regarded as spin; isotopic spin 
functions. F o r definiteness it is  also interesting to introduce the multipo .e 
expansion of V, of Eq. (3.2), and to carry  only one multipole. We then hi.ve

.L M * " 1* 
i Y L (r) E < v c (l,  .. , ,m ) v j  У ш  (^ , r )|  v a (l,  . . . ,m )v b > .  (7.7)

In Eq. (7.7) the vector properties of F" have been extracted from  the matrix 
element. The resulting functions Vlm are vector functions of r* and mu si 
behave under rotations and reflections o f coordinates like the spherical har
monics Ylm ( f ¡  ). These У ш  are typical one-body operators of nuclear 
spectroscopy. Each one of these operators can change the orbit of only one 
nucleon, in coupling v a to v c . The number of term s in the sum in Eq. (7.7) 
is  therefore equal to the number of nucleons whose orbits are changed.

Equation (7.7) c learly  shows strong coherence properties. Many low- 
lying states of nuclei are linear superpositions of many alternative excita
tions of a single nucleon from  the ground state. These are the particle-hole 
excitations. Eq. (7.7) shows that inelastic scattering excites a ll the term s . 
in the linear combination, and is very sensitive to the appearance of coher
ence in this linear combination. PINKSTON and SATCHLER [23] stressed 
this point. They emphasized that the m atrix element (7.7) has the samebE.sic 
structure as electromagnetic matrix elements, and may be compared d irect
ly  with electromagnetic m atrix elements B (EL), B (M L), There are d if
ferences. The sum here extends over neutrons and protons, whereas the 
electromagnetic case emphasizes protons. A lso B(ML) are strongly spin- 
dependent, whereas spin-dependent forces are weaker in inelastic scattering, 
and in any case are different. Another difference lies in the dependence 
of VLM on radius. In the electromagnetic case this is proportional to 
[Y LM(r¡ ) r ¡L ] . In nucleon scattering, i f  V is taken to have zero range then 
r  j .depends on radius in the same way as does r, and this is  as do the im 
portant term s of [X fM * ] _ often this is as the spherical Bessel function 
jCo. (kr), where i 0 is the cut-off in the strongly absorbing case. Although 
these two radial dependences d iffer, they both emphasize the nuclear sur 
face, and the linear combination of terms in the excited state wave func
tions is  not sensitive to details in that region. Inelastic scattering therefore 
compares c losely with electromagnetic excitation. One should look fo r both 
s im ilarities and differences.

F igure 18 shows a famous graph from  a paper by COHEN and RUBIN 
[2 4 ], fo r  the excitation of the lowest 2+ states of nuclei in (p, p) reactions. 
The inelastic cross-section  shows a strong correlation  with B(E2).

Not only is  there this correlation, but the !(p, p ')  cross-sections also 
are very  large. The mechanism which makes the cross-sections large was 
studied by ROST [19 ] fo r the case Mg24 (p, pT, and also by Satchler for a 
number of cases. Briefly, in collective excitations not only does the pro
jec tile  interact with the outermost few nuclepns, but also it interacts to an 
important extent with a ll the nucleons in the next lower-lying closed shell, 
because that is  slightly deformed by the valence particles. One easily gets 
a factor two enhancement of the transition amplitude in this way. Of; course, 
shell model wave functions or lowest-order Nilsson wave functions miss 
this effect. In the cáse of C12 (p, p ') it was the omission of this effect whicii
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Fig. 18

Correlation between B (E2) and cross-section for inelastic scattering o f protons

caused the failure of the LEVINSON-BANERJEE calculation [ 25] to fit the 
absolute cross-section, using two-body forces of normal strength. They 
treated C12 as a core plus two active particles. Properly, a ll the nucleons 
of C12 participate coherently in the inelastic scattering, and rather good 
wave functions are needed to discuss this process.

Of course, this new emphasis of DI calculations on the bound state wave 
functions enhances their interest. Recently, SANDERSON and W A LL  [26 ] 
have used the wave functions computed by G illet and Sanderson fo r the leve l 
structure of Ca40 , to estimate the ratios of cross-sections fo r (a, a ’) scat
tering to severa l excited states having widely differing properties and cross- 
sections. Their rough computations resemble experiment. More such work 
w ill be done. It must be considered now that one of the goals of nuclear 
spectroscopy is  the calculation of form  factors Ft for inelastic scattering.

Collective states of nuclei are not always found at low excitation ener
gies. The 2+ and 3” states of T  = 0 are at low energy and appear strongly 
in (P. P/) and (a, ex') reactions. Such states are not excited in (p, n) reac
tions, and most o f the (p, n) cross-section  lies  at higher energies. A  very  
interesting part of the (p, n) cross-section  was recently found in experiments 
at L iverm ore [27 ], in which the analogues of the ground state and 2+ ex
cited state of the target nucleus were detected. The excitation energy for 
these analogue states is  the Coulomb energy fo r adding a proton. Despite 
the high energy the states are narrow and the cross-sections are large.

The next case of Eq. (7.5) which we consider is that fo r m = n + 1, c o r
responding to the transfer o f a single nucleon in a stripping process. The
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transferred nucleon is the only active particle of nucleus c, and i has the 
one value i = m = n + 1. Therefore the m atrix element reduces to

,E<\ vc (1, . . ., n, m )vd(m .+ 1, . . A) I V(i\ j) | va ( l ,  . . ,,n )vb(m , . . . .A ) ) '.
J> Ш

(7.0

Nucleus b is  a deuteron, or triton,- or alpha particle, say, hence nucleus 
d is  a proton, or deuteron, or triton, respectively. The sum over j there
fo re  runs over a tr iv ia l system, and is  not interesting. There is  no sum 
at a ll over particles in с and only that one part of nucleus с in which particle 
m is  bound to nucleus a as a core even enters into the reaction. Coherence 
effects are completely absent. Single-nucleon stripping is of a type opposi te 
to that o f inelastic scattering.

(This discussion has been a little extrem e. It is  possible that in nuclîus 
d the particle m is  in part bound to an excited state o f the core. Particle!: 
o f the core then may be active particles, and the m atrix element fo r strip
ping may contain interactions between nucleus d and the active core particles. 
However, this effect must be weak, because it requires both particle m 
and nucleus d to have simultaneous good overlap with the core. Some effects 
o f this kind were considered by Yoshida in a recent preprint. He notes that 
states of с which are excited strongly in inelastic scattering may sometinies 
also be form ed with large probability in stripping, by adding a single nuci.eon 
to nucleus a . )

As an example, let us evaluate Eq. (7.8) fo r the case of deuteron strip
ping, A  = m + l = n + 2. The m atrix element is

<  vc (1 , . . . ,  n ,7 ) I v (|  Г -  Г т  +1Л| va (1, . . . ,  n) ^ ( \ Г -  Г т  + ! I )  > .
4 У (7 .!l)

I have ignored spins, so vd does not appear, and have replaced vb by the 
deuteron internal wave function 0D. In zero range

V0D = {  f t 2/M)V2 - h V / M }  0D « - V 4 V (h 2/M) N6 (Г -  Г +1). (7.:.0)

where M is  the mass of a nucleon, N is  the normalization constant of the 
radial wave function of <fo, and (h2y2/M) is  the binding energy of фd. (It 
is  w ell known from  the work of Bethe and Longm ire that even i f  a zero-range 
wave function 0d is  used, the normalization N must be carried  in effective 
range approximation, to avoid large erro rs . ) The m atrix element (7.9) now 
reduces to

- у П Г (h2/M) n K v c (1, . . .,n ,r^|  v a(l,  . . , ' , n ) X  (7.11)

a simple overlap integral.
From  the point of view  of the shell model, the above overlap integral 

is  the product of the shell model orbital fo r the m th nucleon, multiplied by 
a fractional parentage coefficient. Let us write
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(7.12)

Our old friend the "fo rm  factor" (see Eq. (3.5)) reappears here as the nor
m alized radial wave function o f the transferred particle. These wave func
tions are readily calculable as eigenfunctions of, say, a potential of Saxon 
shape. Therefore stripping experiments measure the last factor in Eq. (7.12), 
the c .f . p. Thereby valuable spectroscopic information is  obtained. A  d is
cussion o f the determination of this factor from  experiment is  given by 
FRENCH [ 28]. A  summary of a ll work of this kind up to 1960 is  given in 
a review  by M acFARLANE and FRENCH [ 29], along with a discussion of 
procedures fo r the shell model interpretation of such data.

The above discussion requires one important correction, connected 
with the identity of particles. We are neglecting the Pauli principle, on the 
grounds that exchange integrals between bound and continuum particles are 
small. But because o f the identity o f particles the same (physical) reaction 
can take place in many mathematically different ways. Which particle is 
number m is  not prescribed by the physics. This question is  discussed in 
the Appendix of the artic le  by French. He shows that we should make the 
replacement

The quantity S (L ) is known as the "re la tive reduced width" or "spectroscopic 
factor" fo r  the transition. It is  the useful result in studies of the magnitudes 
of stripping reactions. Often authors multiply S by a so-called "single - 
particle reduced width". This latter step only re fe rs  to calculations with 
the crude, cut-off Butler theory. It is  meaningless in a DWB calculation. 
However S itse lf is  a purely spectroscopic quantity, and is  equally meaning
ful in a ll theories.

S = 1 fo r a "single-partic le  state", i. e. fo r  the case in which an in 
equivalent particle is  added to a closed-shell core. Larger values of S may 
appear i f  equivalent particles are already present. Smaller values of S ap
pear i f  the single particle state L  should be distributed among a group of 
final states, by coupling of L  with the angular moment Ja of the core, or by 
the introduction o f excitations o f the core. In this manner S is  distributed 
among the states o f a "giant resonance". Because of the absence of coherence 
effects, the single-particle strength is easily recovered i f  a ll the strength 
in the giant resonance is  summed. Extensive work of this kind has been done 
recently by B. L . Cohen and collaborators.

DWB calculations agree ve ry  w ell with the magnitudes of cross-sections 
fo r the stripping of medium energy deuterons by light and medium mass 
nuclei. The agreement deteriorates i f  Coulomb effects become very  strong, 
apparently because DWB does not fu lly take into account polarization (it 
does in pa rt!). As in inelastic scattering there is  some w orry about con
sistently computing bound wave functions and distorted waves in the same 
potential wells, in order that overlap integrals be meaningful.

<VC (1, . . . , n , î )  I v a(l, . . ., n) >  - [  (A - n) S (L )]*  [Y lM (r )F (r ) ] ,  

S (L ) e m <Cc: Jc | a: Ja^a^.

(7. 13a) 

(7.13b)
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Finally, I rem ark again, as in  section 3, that the analysis of experiment 
fo r  spectroscopic results has until recently been done entirely em pirically, 
using the "plane wave theory" as a rough guide. This has been possible be
cause within a given shell model configuration, within a small range of bom
barding energies, the reaction dynamics tends to change slowly with ex
perimental conditions. It therefore factors out i f  experiments are com
pared, and the interesting quantity S may be determined.

The remaining special case of Eq. (7.5) which must be treated, is  that 
corresponding to two-nucleon transfer. Coherence effects now appear again, 
as YOSHIDA recently remarked [30 ], although not of the same kind as in 
inelastic scattering. D ifferent special cases of Eq. (7.5) explore many d if
ferent kinds of nuclear structure effects.

For the present case m = n + 2; therefore the m atrix element becomes

2 < vc (l,  . . . , n  + 2)vd (n + 3, . . . , A )  J V(n + 1, j) + V(n + 2, j) ( va (1, ..  ., n)
j >n+2

X v b(n + 1_____ A) >  . (7. 14)

It is not immediately obvious yet how to display the channel coordinate r, 
the displacement of с from  d, or o f a from  b. Zero  range fo r  the interaction
V does not elim inate a ll integrations over the internal structure of nucleus 
b. Let us, therefore, introduce a systematic set of internal coordinates, 
and treat the special case A  = n + 3, fo r the stripping of two nucleons fro.n 
a triton, and use methods paralleling those of Eqs. (7.9), et seq ., fo r deu
teron stripping. The coordinates are shown in Fig. 19. The triton wave.

Fig. 19

Coordinate system for a (H 3,p ) reaction

function фт (p'tY) is a function of the vectors p* and ç . The coordinate 
r has been introduced somewhat arbitrarily. Zero-range approximation 
(see Eq. (3 .1 )) leaves the meaning o f ?  slightly vague. For the momer.t, 
the definition above is convenient, and no worse than any other. Eq. (7.14) 
now becomes

<^vc (l, . . .n, r  + p, r  + X) I V(p) + V(Ç)| v a 0T (p, if) X  (7. 1Г>)

Now i f  the three potentials which govern the wave function фт have zero 
range, then the two which appear in Eq. (7.15) can be substituted out exaclly 
in term s o f pseudopotentials, just as was done in Eq. (7.10) fo r the deuteron



DIRECT REACTIONS 69

stripping problem. These pseudopotentials are o f the form  of 6-functions 
multiplied by coefficients which are obtained by operations on ф T, and are 
as accurate as ф т itself. Interactions chosen in this way are consistent with 
the form s used fo r the wave functions. I w ill not give here any expressions 
fo r the pseudopotentials, but w ill assume them to be known, and w ill make 
the replacement

V (r) -  V0 6 (r). (7.16)

The constant V0 haa the dimensions o f (energy x volume). Upon making 
the replacement (7. 16} , Eq. (7.15) becomes

Vfl<(vc ( l .  . , r , r ,  r + ç) I  va^T(0,Ç) )> + v 0 <\vc ( 1. . ,n ,r  + p ,r  ) I v a Фт(р, 0) ^

(7.17)

The consequences of the internal structure of фт are seen in Eq. (7.17). Be
cause of our use of zero-range approximation these effects do not influence 
the angular distribution (see section 3 ). Authors often worry at great length 
about such influences. Unfortunately, in order to do so they use plane waves 
for the XjW an(j and undoubtedly commit worse errors  than they cure.
I believe that the introduction o f Eq. (7.17) into Eq. (3.1), for the nuclear 
m atrix elem ent, gives our best available theory of two-nucleon stripping.

If  the factors ^T(0,Ç) or Фт(р, 0) in Eq. (7.17) are approximately of the 
form  of the deuteron wave function, then we may think of Eq. (7.17) as picking 
out the deuteron-like part of the relative motion of the two nucleons, n + 1 
and n + 2, of nucleus c. The cross-section  for the reaction can be large if  
this type of correlation between these two nucleons is large. This corre la 
tion can be studied carefully i f  the dependence of vc in Eq. (7.17) on Ç or p , 
respectively, should be separated by the use of the Talm i transformation, 
or some such manoeuvre. HoVever, the correlation in question also may be 
approximated as the correlation for the two nucleons just to be near each 
other, and the variables p and Ç may be set equal to zero. This approxima
tion is based on the sm all range o f Ф It goes beyond the usual zero-range 
approximation. We then have instead o f Eq. (7.17)

2 \vc ( l . . . n , - r , r  | v , ( l . . . n )  ^  . (7.18)

This is the m atrix element studied by Yoshida.
To treat the overlap integral in Eq. (7.18) we expand vc in eigenstates 

of the nucleus a, multiplied by shell model orbitals fo r  the two active 
nucleons. For brevity denote these nucleons as 1 and 2. Then

vc (Jc Mc ) = £ v a. (Ja. M a. ) { R ni{i (r j ) R ^  2 ( r 2) y ” 1(1)y “ 2(2 )x“ s(1, 2) }

X < ¿ i^ m im 2 |LM L><(LSM LMs| JM >  JM a. M | <ТСЪ^.>

X A  (a'Ja. ; JLS; n2¿¡¿. (7.19)
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The sum is over a ll repeated indices. The factor A  is the expansion coe f
ficient, essentially a fractional parentage coefficient fo r  two nucleon's. A ll 
other symbols have obvious meaning.

When (7.19) is used in (7.18) only the one term having a1 = a, Ja- = ¿a,
My  = Ma is selected, as is usual in stripping. Then Eq. (7.18) becomes

2 < У 0ФТ >  £ A(aJa ; JLS; 1, 2) < J aJMa M | JCMC >  R j (r )R 2 (r )^ ™  ( f j  = i ‘2),

(7.20)

d>2) = E 'ï 711 (l)Y^(2)X ^s( l ,2 ) \ i1i 2mim2|LM L > <LSM l Ms J nÍ> .
(7.21)

I w ill go one step further than usual in these notes, and substitute Eq. (7.20) 
into the formula for the differential cross-section, Eq. (3.8), in order tc> 
show which summation indices leadto coherent sums, and which to incoherent 
sums. Then

dcr/d f2= (M *M ¡  ¡ (2nb  ) 2) (kf /k¡ ) (2Jf + l/2J¡ + 1 )[2У0<ФХ> f

XjS m(2J + 15 j d “ r х<г’ } *К 1 Ч »Ж  x(i+) I 2- (7.22)

For completeness, it should be\understood that the distorted waves are multi
plied by their respective spin wave functions, for the incident and emerging 
projectiles. Yoshida reduces this formula much further. He shows that it 
may be interpreted in terms of a matrix element for the transition of a si ig le 
particle from  orbital 1 to orbital 2, and gives explicit evaluations for several 
interesting cases.

Equation (7.22) shows the usual incoherent sum over different multi
poles of the channel coordinates as we learned to expect in general ir. 
section 3. However, it shows a coherent sum over the orbitals nj üi,n2 $2 
of the stripped nucleons. This illustrates in shell model language the senni- 
tivity of two-nucleon stripping to correlations between the two particles, to 
a sort of "co llec tive " effect in the wave function. The interpretation in terms 
of individual properties of the two nucleons then is not so triv ia l as in single
nucleon stripping. For example, suppose there were only one possible way 
to select orbitals 1 and 2, and that the giant resonance structure for each 
of these orbitals individually were known. Then would a giant resonance for 
two-nucleon transfer be the product of the two individual giant resonances ? 
Probably not. P roperly correlated states w ill probably be found mainly at 
the low-energy end of the product spectrum, because of the nuclear attrac
tion. Indeed, it may be that one or two states in which the correlation is 
especially excellent w ill be assembled from  among a large collection of pairs 
o f orbitals, and that these states w ill be found very  low in the nuclear spec
trum, fa r away from  the centres o f gravity of the associated single-particle 
states. Mottelson has suggested this explanation o f data recently obtained 
by COHEN and MEAD, and by MEAD and M ICHELETTI [ 31].

It is  interesting to mention a few selection rules. These are easily si;en 
as properties o f the wave functions of the projectile nuclei.
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Reaction Quantum numbers of nuclear 
transition

(H»,P).
(H3,n )

S = 0, T  = 1
S = 0, ' T  = 1 or S = 1, T = 0

(He3,n ) 
(He3, p)

S = 0, T  = 1
S = 0 , T  = 1 or S = 1, T = 0

(a, d) S = 1, T  = 0

8. EXCHANGE AND RECOIL EFFECTS

Procedures fo r doing DWB with finite range forces are related to the 
topics o f this section. Successful calculational methods fo r this problem 
are nearing completion, through joint work of the Oak Ridge and University 
o f Pittsburgh groups, and interesting results are emerging. However, I w ill 
not discuss these questions.

Partic le  exchange effects, and effects due to reco il o f the massive nucle 
ar core, cannot be treated with the same generality I have been following 
until now. Details o f the internal structure of the target nucleus become im 
portant. However, I w ill consider a special case which is  of considerable 
general in terest. In particular, it w ill enable us to consider the so-called

"heavy-particle stripping". The case we treat is  illustrated in F ig . 20. P a r 
tic le  1 is  incident on a system composed of particle 2 bound to an inert core

A ll three particles interact, and the Hamiltonian shall be

The internal structure of particles 1 and 2, which may be composite (par
tic le  1 may be a deuteron), w ill be disregarded. Therefore certain kinds 
o f processes are not considered; often these are the largest ones.

If  particle 1 em erges from  the reaction we have the "d irect" amplitude, 
Tf¡ (DIR). I f  particle 2 em erges we have the "exchange amplitude", Tfi (EX).

_  INCIDENT

Fig. 20

Coordinate system used in the discussion o f exchange and reco il effects

H = K + U j í r j )  + U 2(r2) + V ( r 12). (8 . 1)
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If  particles 1 and 2 are identical then (anti-) symmetrization is  accomplished 
by taking an appropriate linear combination o f the two amplitudes. Howover, 
the direct and exchange amplitudes can, in any case, be computed independ
ently.

I f  the coordinates o f the three nucleons with respect to an origin  fixed 
in the laboratory are Xx, x*2> хз, then we have

R = (M 2 + M 2 + + M 2x2 + M3x 3) (t .2)

? l = X j - x 3, r2 = x2 - x 3,

where R is the coordinate of the centre o f mass. Then the kinetic energy 
operator becomes

Mj"1 V 2 + Mg1 Vx22 + Мз’ 1 = (M! + M2 + M3 ) 1 Vr + (м / + M31) Vr*

+ ( M 2 +  M 3 1 ) V r2 +  2 M s < V v r ,> .

The internal part of the kinetic energy is  denoted K, fo r  use in Eq. (8.1),,

К = K 1 + K 2 + ДК,

K, = -(h2/2)(M 1’1 + Mg"’ ) Vr® = -(h2/2m1) Y 2 ,

K2 = -(h2/2 )(M ^ + M ^ ) = -(h2/2n2) V22 ,

AK=-h2 /M .(V  V ). (8.3)Ô Tj r2

Plane waves in the incident and emerging channels are

0
i 1( j2) eikl ^r’ +

ф{ = ф{ (2) e * 2 ' {1' ' (Мг/Мг + Ms)^ } 

у  = i/-f (1) е Шг ' {7*г \(M*/M> (8.4)

where (¿j (2), v>f ( 1 ) are wave functions fo r the bound systems of 2 and 3, or
1 and 3, respectively.

Now we may proceed by the usual form al methods of scattering theory 
to identify a il term s o f the transition amplitudes which are firs t order in 
either V or M j'1. Two Green's functions which are useful are:
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G<+) »  (E - K j - K2 - ДК - Uj - U2 - V + ie )
-1

G0(+) 3 (E - K j - - Uj - U2 + i c ) ' 1 (8.5)

The exact wave function of the system is

¥■<+> = { 1 + d+)  + V ] } * i. (8 .6 )

The two transition amplitudes are

T f¡ (DIR) * <$f I Uj + V I Y (+) >  

Tfi (EX) «  <|f | U2 + V I ¥(+)>  . (8.7b)

(8.7a)

The only rea lly  noteworthy aspect of Eqs (8.6), (8.7) is that in these equa
tions the only appearance of the operator ДК is in the Green's function Ĝ +‘ 
It does not appear explicitly as an operator because the wave functions ^ , 
Ф{, ф( are eigenfunctions of problems in which ДК is included. It is in this 
manner that the boundary conditions force the structure of the calculation.

The operator ДК does appear explicitly i f  we iterate Eq. (8.6) once, 
using the Green's function G0(+). Then

I f  only terms of up to firs t order in V and ДК are retained, then it r e 
duces to

Now we insert (8.9) into Tf¡ (DIR), say, and keep only up to firs t order 
terms:

¥(+) »  {  1 + G(+) [ ДК + V ] }  {  1 + G (o+) [U 1 - ДК ] }  I j . (8.8)

¥(+) ^  { 1 + G ^  U j } Ф. + G g} V {  1 + G ^  U j } h + Gq+> A  K G ^ U j L  (8.9)

Tn (DIR) ~ < $ f I v f l  + Go ’ и г }|ф.> + \ l f |UXC Í ДК G
0

( 8 . 10)

If part of the operator of the last term is permitted to operate to the left, 
as usual, then this term combines nicely with the firs t term, and (8. 1 0 ) 
reduces to
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" ,  (+) ,0  0 (+) (+) Q
T f i (DIR) и х{1 + G o  > + \ $ f |  U 1 G 0  A K G 0 U j í j )

+ < {1  + G 0 1 U ^ J  V| { l + G ^ U ^ i ) -  (8Л1)

The second and third terms of Eq. (8.11) may be sim plified by dropping t!!ie 
reco il corrections in the boundary conditions, in and 0f. We define

X'<+) ( 1 ) ^ ( 2 ) = { 1 +Со+)и г} ф{(2 ) e i ( k l ‘ Г,)

х/_) (1!) Ф{ (2) г  { 1 + G(0"} Ux} ф{(2) e ' 4  *

X ?  ( 2 )  Ф{ (  1) S 11 +  G (q U 2} ф{ ( 1) е 1(кг ‘ Гг } . (8. 12)

The third of these definitions is given for later use. Then up to terms of 
firs t order

T fi (DIR) 41 ( < $ f |Uj + < Ф { Х(; ) \Ь1 ¿ > }

+ <Ф{е ^ ^ 1) |UiG <;> ARC ' X l ^ e 15- ^ 1’ )  + < * f X «  |V | ^ х « > .  (8 . !3)

The third term  of Eq. (8,13) expresses the usual inelastic excitation of th= 
initial nucleus, in DWB approximation, by collision o f particles 1 and 2. The 
other two terms are re co il corrections. They express excitation o f the target 
nucleus by collision  of the incident projectile with the core. They obvious ly 
vanish i f  the core should be infinitely massive. The firs t term  expresses 
reco il corrections in the boundary conditions, and the second expresses co r
rections in the kinetic energy operator. We may note that each of the matrix 
elements of the firs t term  of Eq. (8.13) factors, to give the form  of a mat rix
element for 1 multiplying a m atrix element fo r 2. There is no need to pursue
this here.

By manipulations s im ilar to those above we find the firs t order parts 
o f the exchange transition, amplitude to be

Tfi (EX) |u2|<^+) >  + O f * ! 0 |и,|^> }

+ < * f e' ‘ ' 2>.|U 2G(0+)AKG(0+) U j I ф, e ^  ' 7j) >  + <  ф( X<?  | V | X<+;1 ф. >  . (8.14)

The third term  of Eq. (8.14) expresses the "knock-on" ejection o f partiel»!
2 by collision  with particle 1. The other two terms are re co il corrections,
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as before. Equations (8.13) and (8.14) are the firs t complete presentations 
of a ll these effects, of which I am aware.

The firs t term  of Eq. (8.14) has achieyied fame under the name o f "heavy- 
particle stripping". It was firs t discussed by MADANSKY and OW EN[32] 
fo r the case of deuteron stripping. It was supposed to represent the physical 
idea that a (d, p) reaction might proceed by interaction of the incident deuteron 
(particle 1 here) with the core of the target nucleus, adhering to the core, 
and shaking loose a proton (particle 2 here) which was in itially bound to the 
core. The name "heavy-particle stripping" re fe rs  to the idea that the incident 
deuteron has stripped the core from  the target nucleus. Supposedly the proton 
emitted in such a process would em erge preferentia lly in the backward hemis
phere. Because back-angle peaks are often seen in the laboratory the pro
cess has been very popular among experimentalists. Numerical evaluation 
of this term  has normally been conducted by substituting plane waves in the 
matrix elements, and the results obtained in this way usually fit the above 
heuristic picture.

Unfortunately, all such calculations, nearly the entire literature on the 
subject, are wrong. It is now well-known [33] that the exact term  vanishes 
i f  the core is infinitely massive, because o f the orthogonality of wave func
tions belonging to different energies, one wave function bound, and one in 
the continuum. A  projectile interacting with an infinitely massive core can 
only be scattered elastically. This property is obvious in Eq. (8.14). The 
use o f plane waves destroys this orthogonality. The results so obtained are 
fa r less meaningful than even the usual plane wave results, and have no r e 
semblance to the original, exact expressions.

Two further remarks may be made about these questions: One is that it 
is interesting to evaluate the terms which are exhibited in Eqs. (8.13), (8.14), 
to see what the reco il effects actually are. I w ill not pursue this here. The 
other rem ark is that correct DWB calculations o f the ordinary, strong DI 
interaction processes (for example, ordinary Butler stripping) often yield  
large back-angle peaks. This fact is at last rather well known. Of course, 
it is possible that back-angle peaks found in an actual experiment are as
sociated with exchange or reco il effects, but the m ere appearance of such 
peaks in an experiment is no evidence for this at all.

For a (d, p) process, the physical analogy between heavy-particle strip
ping and normal Butler stripping is not false. Alteration of the mass ratios 
does not make the two processes qualitatively different. However, the mass 
ratios do determine which sorts of mathematical approximations may be used 
in the two different situations. The approximations used in Butler stripping 
treat rather accurately the kinetic energy of the (light) particle which is 
transferred, In the case o f heavy particle stripping the kinetic energy of 
this (heavy) partic le is dominated by the reco il terms which we hâve been 
discussing, and the approximations generally used have treated these terms 
very badly. The basic physical theories are alike, as Madansky and Owen 
suggested.

Between its last interaction with one partner and its firs t interaction 
with the other, the particle transferred in a stripping reaction propagates 
o ff the energy shell. Unless this were so the interaction at each vertex  would 
be elastic, and no change of state at either vertex  would be possible. F ree 
two-body collisions yield  only elastic scattering. Now in an interaction with 
a light particle a heavy body rece ives  both little momentum and little  energy, 
therefore it is not forced very far o ff the energy shell. These ideas again 

.show that heavy-particle stripping is not very  likely.
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However, the ideas of the preceding paragraph do indicate another r e 
action mechanism fo r heavy-particle stripping, not having to do with the 
reco il kinetic energy o f the core, but rather with its nuclear structure. Off- 
energy-shell propagation o f the core can be assisted by the excitation of 
internal degrees of freedom  of the core, neglected in a ll the preceding dis
cussion here. In effect, the interactions of the core with its in itial and final 
partners are converted into three-body collisions. I w ill not attempt to devel
op this idea.

Finally, we may go back to Eqs (8.13) and (8.14) and pay attention tci 
the simple V ( r 12) terms, rather than to the reco il term s. In the direct ar.d 
exchange amplitudes these term s, are, respectively,

<</lf(2 )Xf( ' ) ( 1 ) |V (r 12) j ф1(2 ) х [+ )( 1 ) >  ,

<0 f ( l )x J ') {2 ) | V ( r 12) |ф.(2 ) х [ +)( 1 ) > .

The exchange amplitude is large only i f  there is simultaneous good overlap 
between X and ф f, and between and ф̂ . Except at very low energies 
each of these integrals involves large momentum transfer, and is expected 
to be sm all. In the d irect amplitude, on the other hand, theproduct Х/_)* {1 )Х ^  (1) 
involves sm all momentum transfer, if  we are at sm all scattering angles, 
and therefore the overlap integral is expected to be large. At la rge scat
tering angles the situation is less clear. There is then la rge momentum 
transfer in the d irect amplitude, and poor overlap, but the exchange ampli
tude s till is of the form  of a product of two integrals, in each of which there 
is poor overlap. These remarks appear to be typical of exchange effects in 
DI reactions.

9. RELATIO N BETWEEN DI AND CN

"Unified theories" o f nuclear reactions, after various form al d ifferences, 
a ll seem to make contact with experiment in terms of some picture o f com 
petition fo r the incident flux, namely, o f how the incident flux is divided 
between the DI and CN modes, preserving unitarity, consistency, and so 
forth. Some of the difficulties in these questions were mentioned in the In
troduction. ,

Exact form al theories like the Kapur-Peierls or Wigner-Eisenbud theo
ries  are based on decomposition of the wave function in terms of a complete 
set of plausible "compound nucleus" eigenstates. These theories yield  for 
the m atrix which couples channels a form  in which each m atrix element 
is a sum over some sort of resonance energy denominators, multiplied by 
reduced widths. Under reasonable [34] assumptions o f random signs for 
the reduced widths the various terms of the sum make statistically independ
ent contributions to the cross-section. The statistical compound nucleus 
theories of W OLFENSTEIN [35] and of HAUSER and FESHBACH [36], co l
lective ly  denoted as WHF, are thereby obtained. On the whole, the WHF 
theory is what we mean when we speak loosely of the "C N  mode of reac
tion".
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Randomness of sign of the reduced widths is supposed tobe a consequence 
o f dynamical independence o f th e , many CN eigenstates into which à chan
nel wave function is decomposed, these eigenstates involving many unrelated 
degrees of freedom. However, i f  a few degrees of freedom  play a particularly 
important part in many nearby CN eigenstates, then the reduced widths for 
these states are correlated, and calculations based on random signs are 
not valid. It is at this point that statistical theories fa il i f  DI modes are im 
portant.

We elim inate the correlation among the signs of the reduced widths by 
guessing a physical model for the DI part of the dynamics, and separating 
off that part of the wave function which exactly follows this model. Suppose 
the incident and emerging plane waves are <b¡ and Of, in a commonly used 
notation, and that HM is the Hamiltonian which governs the DI model. Suppose 
К is the part o f the Hamiltonian of which <i>¡ is  an eigenstate. Then the wave 
function may be written in iterated form ,

¥ = {  1 + (E -H + i f ) '1 (H - HM) } фР,  (9.1a)

<$?= { 1 + (E - H M + i e f 1 (H M - K) }  <t>i , (9.1b)

where ф(+) is an eigenstate of H M. In terms of Y the transition amplitude is 
computed, and the Gell-Mann, Goldberger transformation is introduced,

Tf. =<Ф Г |h  - k ]Y >  = v $ f |нм - К U (^ >  + 0 (f_) I t H - H j f Y ) .
(9.2)

Of course

ф(р =  {1  + (E - H M- i e ) ' 1 (Н м - К )} Фг  (9.3)

Equation (9.2) is essentially a ll there is to a unified theory. The firs t term 
is the transition amplitude predicted by the DI model, wliich has been treated 
at length in the remainder of these notes; the second teim  is everything 
else. The second term may be decomposed in CN eigenstates, and now if 
the separation in Eq. (9.2) has been done well, then the reduced widths found 
in this new decomposition v/ill be statistically independent. When the cross- 
section is computed the fluctuations of sign of the second term  then cause 
its interference with tht firs t term  to vanish, if an energy average is p er
formed. The energy-averaged cross-section  is

a = (M *M */(2 7rh2) 2 )(kf/k.) E {|<®f |HM - К|/.+) ,>|2

+|<Ф(Г_) |н - HM|Y> |2 }  = a (DI) + a (CN). (9.4)

The WHF theory is applied to the second term of Eq. (9.4). SANO et al. , 
for example, give a detailed discussion [37 ] .

The most obvious failing of the unified theory is that it does not provide
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a method for choosing the model H M for any given situation. It is only a 
structure in which the consequences of some otherwise chosen model can 
be consistently developed. This structure perm its applying the usual approxi
mations of the CN theory to a well-defined part of the problem. If such ca l
culations are successful in fitting experiment, then we know that the modol 
has been chosen correctly, that the correlation among reduced widths has 
been eliminated, that therefore the CN theory has been applied correctly.
Such after-the-fact reasoning is not unusual in physics.

In principle, perfect consistency demands that the first term of Eq. (9. 2) 
be treated by the method of coupled channels. This would mainly be necessary 
(section 6) at very low energies. ,

The essential physical fact of the unified theory, which determines its 
application to experiment, is that Eqs (9.2), (9.4)! prescribe the values o ’ 
the parameters to be used in the WHF theory of the CN part of the cross- 
section. The physical parameters of the WHF theory are the transmissior. 
coefficients Tc for the various channels, here just indicated schematically 
by the subscript c. A  transmission coefficient is

Tc = (probability that ingoing flux in channel с form s a compound nucleus)
(9.Ü)

Evidently if DI reactions were negligible then T c would be found directly 
from  the reflection coefficients 17 í of the optical model as Tc = 1 - | rj e|2 , 
where i  is the angular momentum implied in c. This is at present the normal 
way of computing Tc , superseding the so-called "b a rr ie r  penetration coef
fic ien ts" of Blatt and Weisskopf, although expressing the same physics. In 
any case, however the Tc are computed, the WHF theory gives a perfectly 
explicit formula for c (CN) in term s of the Tc . For that part of a (CN) co r
responding to the transition from  channel с with angular momentum £, tc 
channel c ' with angular momentum Щ, this formula is

o (c '.c ) = (2 £ + 1 )(*/к2 )Т с (E) E { T c, (E ')A j(£ s|  £'s'\e)/Z T c„ (E " )} , (9.(>)
J c",E"

where s, s ' are the spins in channels c, c 1. The quantity A j depends on the 
angular momenta and on scattering angle, and gives the angular distributions. 
It is a linear combination of Clebsch-Gordan coefficients and spherical hs.r- 
monics, and may be replaced in terms of Biedenharn-Blatt-Rose Z coef
ficients. The total angular momentum J = | s + i\ is conserved; this fact 
causes the A j  to be non-trivial, and leads to non-isotropic cross-sectionis. 
The factor standing before the sum in Eq. (9.6) is the cross-section  for com
pound nucleus formation, ignoring angular momentum. The remaining factor 
of Eq. (9.6) expresses competition between the different open channels c" 
available for decay of the compound nucleus, and is the fraction of the CIS 
cross-section  which goes into channel c '.

Now the unified theory cannot alter Eq. (9.6), which m erely follows the 
CN part of the flux statistically, taking account of angular momentum con
servation. However, it does prescribe a more accurate c o n f u t a t i o n  of the 
Tc , according to the definition of Eq. (9.5). We recognize that ingoing flux 
in channel с can either be reflected, or can go into CN excitation, or can 
make DI transitions to other channels, avoiding the CN. Therefore
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T cW ={1- K l2 (9-7)

where T ° ! {£,) is the DI transition amplitude to final state f, for incident orb i
tal angular momentum i  . It is Eq. (9.7), u ltim ately, which expresses the 
competition fo r the incident flux, and unites the CN and DI theories.

In their paper, CHASE, W ILETS and EDMONDS [22] discuss the possibility 
of using Eq.(9.7)to computeTc . However, they re ject this idea as being too 
laborious, because to get the T c» for a ll the channels, to use in Eq. (9.6), 
a complete set o f DI calculations would have to be done for every channel. 
They therefore drop the DI term of Eq. (9.7), reverting to the older calcula
tion of the T c . I am not aware of any other paper in which a practical ap
plication of the unified theory of the Tc was even considered. It is not clear 
whether this matters. I do not know of any systematic survey of experiment 
to attempt to assess the re lative importance of the two reaction modes.

The CN and DI excitation functions at low energy behave quite differently. 
Equation (9.6) shows the behaviour of the CN theory. It shows that the cross- 
section fo r exciting a given low final state is linear in the transmission coef
ficients, and therefore tends to increase, at first, as the Tc increase. As 
the energy becomes much higher, many final state channels c" open, the 
denominator in Eq. (9.6) increases rapidly,and the cross-section  to agiven low  
final state drops. This pattern is fam iliar. Sim ilar understanding of the 
DI excitation function is slightly confused by the failure o f DWB approxima
tion at very low energy. However, DWB is adequate to give qualitative under
standing. The results are seen, say, in Eqs (3.7), (3.8). The cross-section 
is seen to be quadratic in the overlap of both the initial and final wave func
tions Xji+i, Xfi'X with the nuclear form  factor P L. Because the transmission 
factors Tc are roughly proportional to the (overlap)2 o f the channel wave 
functions with the nuclear interior, one may put the DWB result in terms 
of the TJ. , and say that the DWB cross-section  to a given final state is rough
ly quadratic^in the transmission coefficients. At low energy, therefore, just 
above threshold for a given final state, and before many final state channels 
have begun to open, the CN cross-section increases more rapidly than does 
DI. As the energy becomes higher the DI cross-section  becomes re lative ly  
more important, especially above the energy of the "Coulomb b arr ie r". 
These effects were studied experimentally by TAKETANI and ALFORD[38], 
who used angular distribution and angular correlation in (p, p 'y ) to identify 
the DI part of their reaction. They found that the DI part firs t became ap
preciable above the Coulomb barr ier. F ig. 21 shows the ratio of cr (DI) to 
cr(REAC), as computed by Chase, W ilets and Edmonds, for (n, n1) excitation 
of U238 . It is seen here that the DI part of the reaction cross-section  is 
negligible at threshold, but then increases rapidly, and soon becomes a 
substantial part of the entire reaction cross-section.

Toward higher energy DI cross-sections tend to remain rather constant 
•with energy. Competition as new channels open is not as strong an effect as 
in the CN process. Eventually cross-sections do start to fa ll with energy, as 
momenta become large, and overlap integrals become reduced. However, 
the overlap integrals tend to be dominated mainly by momentum transfer, 
and under circumstances in which this quantity is small the cross-sections 
continue to be large, and conversely. (An interesting example of the last 
remark is in (d.o1) reactions, where, because of the large mass increase 
and energy release, the momentum transfer in excitations of low-lying levels
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Fig. 21

Fraction o f reaction cross-section which is contributed by the DI process, as a function o f incident energy, fo) 
the reaction U 238 (n, n’ ). Results are shown for two different values o f the absorbtivity, E

is much greater than in excitations of much higher states. Undoubtedly this 
influences the «-partic le  spectrum. )

The excitation function in the case of strongly-absorbed projectiles is 
interesting. From  the discussion given earlie r we expect that the inelastic 
cross-section, at a ll bombarding energies, w ill be some given constant fr a :-  
tion of the nuclear area. However, this concerns the total cross-section. 
Because the angular distribution is progressively compressed toward sm aller 
angles as the energy rises , the magnitude of the cross-section at 0 = 0°, 
say, rises as k 2. The formulas show this behaviour. It must continue over 
the entire range of energy in which strong absorption continues.

Finally, let me remark on interference between DI and CN. This effect 
appears if the density of states in the compound nucleus is not great enough 
so that the interference between the two terms of Eq. (9.2) can average to 
zero . In this case Eq. (9.4) is not correct. A  review  o f some of the inter
ference effects which then occur was given by YOSHIDA [39] at the Kings toa 
conference. The effects are complicated, and not much progress has been 
made with them. Perhaps the on,ly case in which simple analysis may be 
possible is that of the interference of the DI mode with á single, isolated 
CN resonance. F igs 22, 23, 24 show an early example o f such resonances , 
found in the reaction C12 (d,p), at fa irly  low energy [40]. For the analysis 
o f such resonances it is perfectly plausible that we need m erely add to the
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Fig. 22

Two excitation functions for the reaction C 12(d, p)

Fig. 23

Some angular distributions near the 3.0 M eV resonance
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0 (C.MJ

Fig. 24

Some angular distributions near the 4.0 MeV resonance

DI amplitude the Breit-W igner amplitude fo r the resonance. The latter ampli
tude is the product of the Breit-W igner S-matrix element

SccW) = i Гхс r ¿ / №  X + Л x - E - i(Tx/2», (9.15)

multiplied by the appropriate spherical harmonic and angular momentum 
coupling coefficients. The only parameters which must be varied in this 
analysis are the usual resonance widths and position, and aside from  thess 
param eters the analysis is unique. The early work by the R ice Institute group, 
and others, also used an arbitrary adjustable phase parameter. However, 
they used the DI amplitude predicted by plane-wave Born approximation, 
and this amplitude is purely real. The correct DWB amplitude has a phase 
which varies  with scattering angle, and with its use the observed effects 
very  likely can be fitted. Some resonance parameters can thereby be ob
tained. It may be worthwhile to perform  this analysis.
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DISPERSION THEORY OF 
DIRECT NUCLEAR REACTIONS

I.S . SHAPIRO
INSTITUTE OF THEORETICAL AND EXPERIMENTAL PHYSICS, 

MOSCOW, USSR

1. INTRODUCTION

1. 1. D ifficulties of the old theory

The main difficulty of nuclear theory is that nuclei contain many (i. e. 
m ore than two) but not too many particles. Therefore, the precise equations 
of motion (Schrôdinger equation) become practically useless, and at the same 
tim e it is impossible to apply statistical methods with confidence. The latter 
circumstance is graphically expressed in direct nuclear reactions. The 
essence of these phenomena consists in that a particle hitting the target 
nucleus transfers its energy and momentum either to one nuclear nucleon 
or to a comparatively sm all group of nucleons. This fact would not by itse lf 
be surprising if at the same time we did not observe a d irectly opposite 
picture corresponding to the production of a compound nucleus, i. e. the 
statistical distribution among a ll degrees of freedom of the energy transferred 
to the nucleus. In macroscopic physics the co-existence of. such processes 
is impossible since they would contradict the second law of thermodynamics. 
Such processes occur quite often in nuclear physics because of the inapplic
ability of the asymptotic laws of the theory of probabilities. Since statistical 
methods were obviously unsuited fo r the direct process theory, this led to 
the conviction that it was necessary to return to the Schrôdinger equation for 
a system of many interacting particles. But the technique of solving such 
equations is s till confined to perturbation theory and therefore it was the 
latter that was used to describe direct nuclear reactions despite the fact 
that the interaction between nucleons is strong and the application of perturb
ation theory to the interaction of free  nucleons (to n-p or p-p scattering, for 
example) leads to results which strongly contradict experimental data. The 
results of the application of perturbation theory to direct nuclear reactions 
sometimes agree with experimental data and sometimes cqntradict them, 
but in either case they can hardly satisfy the investigator because it seems 
impossible to give the reasons fo r  the agreement if it is not accidental. In 
short, the theory behaves like an unpredictable person.

A  m ajor success in the application of perturbation theory to direct p ro 
cesses in the Butler theory of deuteron stripping ((d, p), (d, n)) and pick-up 
((p, d), (n, d)). The Butler theory [ l ]  satisfactorily predicts the position of 
the first maximum (by the increase of the angle) in the angular distribution of 
reaction products as a function of the orbital momentum of the nucleon captured 
by the nucleus (stripping reaction) or picked up by an incident particle (pick
up reaction). This result perm itted the use of stripping and pick-up reactions 
in nuclear spectroscopy. At the same time this led to the problem of understanding 
the true meaning of the Butler approximation. This problem was also essential 
because the Butler theory inadequately describes severa l other features of 
the stripping and pick-up reactions (such as the change of angular distribution
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with the energy of incident particles, the relation of intensities at the maxima 
of angular distributions, absolute values of. cross-sections and, sometimes, 
the re lative probabilities for the excitation of different states of residual 
nuclei).

A  new method in direct process theory [2] was offered not so long ago 
(in 1961). The method is based on fa ir ly  general properties of the reaction 
amplitudes and is free  from  the un-justified assumptions, of the form er theory, 
in particular the application of perturbation theory. This method makes it 
possible to obtain severa l new results and obtain a uniform description cf 
a great variety  of processes (such as direct reactions of the conventional 
type at low and medium energies, the transfer of nucleons in the bombard
ment of nuclei by multi-charged ions and the processes of fragmentation 
at high energies). At the same tim e the new approach explains, with sur 
prising sim plicity, the causes of the fo rm erly  enigmatic success of the 
Butler theory and indicates the lim its of its applicability. The method re ferred  
to is known as dispersion theory or dispersion method. In the form  used 
for the description of direct processes, the dispersion theory originated and 
developed in the physics of the strong interactions of elementary particles.
The theory has replaced the Hamiltonian form alism  of quantum fie ld  thecry 
and contributed to a substantial advance in the solution of some problems.

The possibility of applying dispersion theory to the auantitative description 
of direct processes stems from  the very  structure of this theory in which 
any "compound" particle (a nucleus, fo r example) which actually exists in 
a free  state is treated exactly as an "elem entary" particle.

It is significant that certain sequences of dispersion theory are manifested 
in the properties of direct reactions no doubt more saliently than in the 
physics of the strong interactions of elementary particles. The "dispersiDn 
nature" of direct processes "sticks out" of experimental data so obviously 
that to grasp the essence of the dispersion approach it is worthwhile enumer
ating b rie fly  the basic facts of direct nuclear reactions.

1. 2. Distinctive feature of direct nuclear reactions

D irect reactions of the type A (x ,y )B  or A (x ,y z )B  differ from  processes 
occurring through a compound nucleus by the following peculiarities:

(1) The energy spectrum of outgoing particles is not of the"vaporization" 
type: the number of particles with energies far exceeding the temperature
of the respective compound nucleus is scores and indeed hundreds of times 
as large as the intensity predicted by the Maxwell distribution at these 
energies.

(2) The angular distribution of reaction products in the centre-of-m ass 
system of colliding particles possesses a sharp anisotropy "forward-back
ward" with respect to the direction of motion of the incident particles. Some
times, at low energies, the angular distribution has a maximum for angles 
la rger than ж/2. However, more often we observe an increasing cross;- 
section in the transitions to sm all angles, i. e . , to sm all momentum transi- 
fers .

(3) The "knocking-out"' of complex particles from  nuclei, i. e. reactions 
of the type (x, xd), (x, xt), (x, xa) etc. seem especially enigmatic. Heavier 
fragments (such as lithium nuclei, carbon nuclei and so on) are knocked out 
when the energies of the incident particles are high. What is surprising hure 
is the fact that the kinematic picture is rather close to the collision of free  
particles, or at any rate it d iffers in no way from  nucleon ejection processes,
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the (x, xp) or (x, xn) reactions. It is tempting to assume that a kind of "m o
lecular structure" is common to nuclei. It is difficult, however, to accept 
this hypothesis fo r a number of.general considerations (for example, the 
energy of separation of such a "m olecu le" from  a nucleus often proves to 
be la rger than the binding energy of the "m olecu le" itse lf) and, which is the 
main thing, practically any particles from  a nucleon up to comparatively 
complex nuclei are knocked out of the same nucleus as a result of direct 
reactions.

It should be added that direct reactions are rather universal: they are 
observed in a fa ir ly  wide energy range (from  several M eV to at least severa l 
GeV) practically in a ll nuclei and with all those particles (from  nucleons to 
multicharged ions) which can be used under modern experimental conditions 
to bombard the nucleus.

1. 3. Analyticity of amplitudes and Feynman graphs

In contrast to the conventional theory of nuclear reactions, the dispersion 
method is concerned d irectly with the amplitudes of reactions, and not with 
wave functions.

The amplitude of the reaction

A + x В + y  (1.1)

is defined as a complex quantity M connected with the differential cross- 
section in the centre-of-m ass system by the form ula*

Here we have

m xA = m x m A /(m x +  m A)- m yB = m y m B / ( m y +  m B>

where m¡ are the particle masses in the reaction, pi their momenta and 
d fi is a solid angle element. In the case of the reaction (1. 1) the amplitude 
M is a function of two variables, i. e. the square of the momentum transfer 
q2 and the total kinetic energy E of the colliding particles in their c. m. s. 
(centre-m ass-system )

q2 = (Гх - p^)2 3 -E = E x + EA ■ (1.4)

The point of departure of dispersion theory is the proposition that M(q2 , E) 
is an analytical function of the variables q2 and E.**

Let us reca ll that the function f(z ) of a complex variable z is called ana
lytic in a certain region of z if  throughout the region it is unique and d iffe r
entiable an infinite number of times. These conditions prove tó be so rig id  
that they lead to many consequences, form ing a well-developed mathematical

*  Throughout the fo llow ing ft = 1 and с = 1. The transition to the usual system o f units is quite simple: 
in the final formula the ratios p/m, E/m are replaced by p/mc and E/mc respectively, after which the common 
factor o f the type m  « i s  complemented, depending on the dimensionality o f the quantity calculated, by uniquely 
determined factors tí с̂У (  a ,  6 and у are positive от negative rational numbers).

*  *  In non-relativistic physics this .proposition should fo llow  from the Schrôdinger equation. A nalytic ity
with respect to E is obvious since the equation itse lf and the boundary conditions analytically depend on E. 

Ana ly tic ity  with respect to q2 has been proved so far only for potential scattering (see, for example, [3 ] )  •
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form alism . The latter (theory of analytical functions) along with what is: 
known as the unitarity condition, which w ill be discussed below, form  th<‘ 
basis of the dispersion theory of nuclear processes.

The analyticity of M(q2 , E) means, in particular, that if. the function 
M (q2„E) is known in a certain finite interval of variables q2 and E, it car. 
be extended uniquely outside this interval to any values of q2 and E (including 
complex values), lying in the analyticity region. This fact directly leads to 
severa l important conclusions. F irs t of all, we note that the amplitudes M 
depend not only on q2 and E but also on the masses of the particles involved 
in the reaction. A ll six values (q2 , E and the masses of the particles A, x,
В and y) are re la tive ly  invariant since it can readily be seen that q2 and E
can be expressed via the invariants Px-Py and PAPX where P are the 4-mo- 
menta of the particles A, x and y. In the non-relativistic approximation 
(E / m «  1) we have, for example, when Q = 0

Е  = Р А ^ т д Ш ? I  = (Pa-Px - mAm, )(mx-my )2 _ (
m A+ m x 2 (mA + m x) 2 x > x ’ ' '

Since we have, besides,
P? = m? -

and also (taking into account conservation laws)

P a = Рд • PB + P a ■ P„ - P a • P ,  P? = P a • P„ +Pv • Pv - 4, • Pv

(1.Ü)

В A ' y  ~ A * x у "■ * A  • у +  "  •‘ В -

P2 = Px . PB +PX • Py - PA • Px. PB2 = PA . PB +PX . PB - PB • Py
(1.  V)

we can say that the amplitude M depends on the six re lativis tic scalar p ro 
ducts. PA • Px , Px • Py , PA • Ffe - and Рв • P x, Pa • Py . Ffe • Py • Since 
we have assumed that M is an analytical function of two of them (PA • P x and 
Px • Py ) we have to admit that the dependence of the other four is alsio 
analytical inasmuch as a ll of these scalar products are physically sovereign. 
This means that the amplitude M is also an analytical function of the particle 
masses. Hence it follows that, due to the uniqueness of the analytical con
tinuation, we have a "unique" amplitude, so to say, of the reaction fo r par t i
cles of any masses. It is important, however, that while changing the masses 
of the particles involved we should not change their other quantum numbers 
(number of baryons, e lectric charge, spin, etc. ).

This conclusion makes it possible to study nuclear reactions with
Feynman graphs. Suppose the particles have such masses that the decay

x — a + у (1. 8|

is possible in reality, while the masses of the particles A, В and a are su ;h 
that the synthesis

A + a — В (1. 91

is actually possible. The reactions (l._8) and (1. 9) taken together and leading 
to the reaction (1. 1) can be represented by the graph of F ig . 1.

The amplitude M 0 corresponding to graph 1* does not obviously vanish 
for the values of masses satisfying the inequality

*  In references to particular graphs the number should b e  taken to refer to the figure o f that number.
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ma < m B “ m A* m a < m x " my • (1.10)

F rom  the uniqueness of the analytical continuation it follows that an analytical 
function which vanishes in a certain interval of variables (for example, that 
of their values which do not satisfy the inequality (1. 10)) vanishes throughout 
the ahalyticity region.

Fig-1

Hence it follows that since M0 is an analytical function of masses, it 
must not vanish (except for certain points perhaps) in the region of the values 
of mass which do not satisfy the inequality (1. 10), for example, in the region

m a > m x - rriy , m a > m B - m A • (1. 11)

This means, for example, that, the amplitude of the stripping reaction 
A(d, p)B must necessarily contain a part which is the analytic continuation 
of graph 1 into the region of masses satisfying the inequality (1. 11). This 
part of the amplitude may still be conveniently represented by graph 1, the 
decay (1. 8) and synthesis (1. 9) being regarded as virtual p rocesses, i. e. 
processes which could occur in reality if the condition (1. 10) were fu lfilled.

Obviously, on the basis of the analyticity and conservation laws of the 
number of nucleons, e lectric charge, spin and other quantum characteristics 
of the particles involved we can draw more complicated graphs, for example, 
of the type of the triangle and rectangle graphs represented in F igs. 2 and 3.

1.4. Amplitude singularities and types of nuclear reactions

Though the number of possible graphs for the given reaction (1. 1) is 
infinite, it seems plausible that direct processes are described by graphs 
with a sm all number of virtual particles since a distinctive feature of direct 
reactions is the transfer of energy and momentum to a few degrees of freedom 
of the system, i. e. to few nuclear particles. If this is the case, different 
graphs must contribute to different functional dependences on q2 andE of the total 
amplitude because, for example, the dependence of the cross-section  of 
direct processes (simplest graphs) on q2 sharply d iffers from  that of r e 
actions occurring -through a compound nucleus (combination of complicated 
graphs). It is clear, intuitively, that, say, the amplitudes M 0, Мд and M q 
corresponding to graphs 1, 2 and 3 must, in general, be different functions 
of q2 and E since different virtual reactions enter into different graphs. This
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means that the singularities of amplitudes corresponding to different graphs 
must, in general, be different (by their position and character) since two 
analytical functions with identical singularities may differ only by an addi.ive 
constant and constant factor. An analytical function which' has no singularities 
anywhere (not even at infinity) is a constant. It can be said, therefore, that 
any a.nalytical function is almost determined by its singularities. We say 
"a lm ost" because given the position and character of the singularities of E.n 
analytical function we can restore its behaviour near a certain singularity 
accurately to within a constant factor or term .

From  a ll that has been said above it follows in particular that the ampli
tudes of direct reactions must have definite inherent singularities with 
respect to variables q2 and E. In this sense direct reactions are no exception. 
In point of fact, a ll known types of nuclear processes are determined by 
the position and character of the amplitude singularities. Indication of the 
singularities imparts an accurate meaning to the commonly used but other
wise not very  definite concepts of the "type of a reaction" or "mechanism 
of a reaction".

This point is illustrated by Table I in which the phenomena observed 
in the known nuclear reactions are listed versus the amplitude singularities, 
corresponding to them, over the variables q2 and E.
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TABLE I

PHENOMENA OBSERVED IN NUCLEAR REACTIONS AND 
CORRESPONDING AM PLITUDE SINGULARITIES

Phenomena observed Amplitude singularities 2 
E q

Energy resonances 
in cross-sections

Pole near physical region, 
but outside it  for complex

i Г
E = E0 - —

Pole
/q2 / —

Near-threshold
anomalies

("cusps")

Branch points 

E = i Q

Direct reactions Branch points 1) Poles (Butler- 
French)

2) Branch points 

near physical 
region, but 

outside it

According to Table I, the poles and branch points with respect to q2 lying 
near the physical region, i. e. at the finite values of q2, correspond to direct 
processes. Comparison of direct processes with reactions occurring through 
the compound nucleus shows that "resonances" (poles), not with respect to 
the energy E but with respect to the variable q2 , are characteristic of direct 

.processes, the "resonance" values of q2 lying outside the physical region.
Fo r example, the Butler stripping theory corresponds to taking into account 
the amplitude poles-with respect to q2 situated on the rea l axis when q2 < 0,
i. e. outside the physical region. This situation is indicated in F ig . 4 which 
also displays the form al cause of the forward-backward angular anisotropy.. 
characteristic of direct reactions; the decrease of cross-sections as q2 in
creases is s im ilar in nature to the decrease of total neutron cross-sections 
with the increase of energy in the case of a resonance leve l at a negative 
energy. Using the Butler factor, 1/W2 (qR), we eliminated in the curve shown 
in F ig . 4 the q-dependence of the cross-section  due to the finiteness of the 
size of the nucleus (this factor corresponds in its physical meaning to the 
separation of the factor \/Ü out o f the neutron width).

Concluding this prelim inary survey of the main concepts of dispersion 
theory and direct processes, it is necessary, to avoid possible m isunder
standing, to make the following point. The Feynman graphs firs t appeared 
in quantum fie ld  theory as a sequence of perturbation theory. The expression 
itse lf for the amplitude corresponding to a Feynman graph was derived from  
Lagrangian fie ld  theory form alism  under the assumption that the interactions 
are small. Therefore a certain sm all interaction constant (a -  e^/ftc = 1/137 
in electrodynamics, for example) corresponded to each vertex  of the graph. 
Fo r this reason a graph with many vertices was regarded as a sm all quantity. 
Though the Feynman graphs we have discussed have much in common with 
the perturbation theory graphs, they are by no means identical to the latter 
in their meaning: the assumption on the smallness of interaction constants
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w ill never be used when the expression for the amplitude corresponding to 
some graph or other is derived.

From  the view  point of the Lagrangian quantum fie ld  theory, the graphs 
used in dispersion theory are a sum of an infinite number of perturbation 
theory graphs. For example, the pole graph of dispersion theory is a sum 
of an infinite number of pole graphs of perturbation theory’ (having other 
singularities besides a pole) the part having only a pole singularity being iso 
la ted  from  this sum. By its structure this part of the sum exactly coincides 
with the simplest pole graph of perturbation theory (since it has no singu
larities besides a pole either) but the constants entering into the "dispersion" 
graph w ill be different and are not at a ll bound to be small. Making use of 
the term s of quantum fie ld  theory, we can say that the " dispersion 1 aole 
graphs correspond to the renormalization of interaction constants and thiipole 
partic le mass.

The connection described above between the "dispersion" and pertu r
bation theory graphs accounts for the fact that sometimes (but by no means 
always) the calculation of a direct process amplitude by the formulae of 
perturbation theory may yie ld  correct results (in the character of functional 
dependences). We shall see later that this is the case with the Butler deutcron 
stripping or pick-up theory, but the situation is altogether different in stripp
ing or pick-up reactions for particles with higher binding energies (such as 
the (a, t), (p, a) reactions, e tc .).

1. 5. Immediate problems on hand

According to the above, the first problem of direct process dispersion 
theory is a calculation of the amplitudes corresponding to the simplest 
Feynman graphs. The problem essentially reduces to finding the singularities 
of the Feynman graphs. Starting from  rather general quantum propositior.s 
and the analyticity of the amplitudes, we can -not only establish the type oi 
the singularities corresponding to a Certain graph, but also find the location 
of these singularities if the masses of the particles involved (rea l and vir'.ual) 
are known. In this respect the dispersion theory of direct processes is richer 
than the Breit-W igner theory of resonance reactions which does not predict 

■ the position of the resonance level.
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As was indicated above, the forward-backward angular anisotropy in the 
с entre-of-m ass system of direct reactions is one of the most important 
features of these reactions. Therefore, it is interesting to determine firs t 
of a ll the position and type of the d irect-processes amplitude singularities 
with respect to the variable qz . This w ill be dealt with in chapters 2, 3 and 
4. Simultaneously, we shall obtain the formulae fo r the amplitudes of the 
simplest Feynman graphs expressing them through the amplitudes of virtual 
decays (syntheses) and those of virtual reactions (the reaction a + x—» b + y 
in graph 2 may serve as an example). The problem of the effects connected 
with the fin ite size of the nucleus calls for a special study and ■will be dealt 
with in chapter 5.

Considerations of singularities with respect to the variable E leads us 
to take into account the interaction in the initial and final states. An infinite 
number of graphs possess the same singularities (branch points) in this case. 
Their summation leads to the Omnes-Muskhelishvili integral equation which 
perm its an accurate solution expressing the effects of the interaction in the 
initial and final state directly through the amplitudes of scattering of the 
particles x on the nucleus A and particles y on the nucleus B.

In conclusion we shall consider some reactions of a more complicated 
type when the number of finite products is more than two (such as the knock
ing out of particles from  nuclei and the capture by nuclei of slow M~, тг" and 
K" mesons).

2. SINGULARITIES OF FEYNM AN GRAPHS

2. 1. Certain mathematical theorems

We shall see in the following that the amplitudes belong to a class of 
analytical functions F (z ) which possess the following properties:

(1) On the rea l axis (z = x), F (x ) is rea l when x < x0;
(2) F (z ) have no singularities anywhere in the complex plane of z except 

the rea l values z > x 0;
(3) When Iz l - ’-oo, F (z ) decreases more rapidly than 1/1 z|.

The amplitudes do not always satisfy the latter condition. When they do not 
we can consider instead of the amplitude M the function M = М/Ф(z) where 
<p(z) is any function increasing sufficiently rapidly when |z | —- oo and not 
interfering with the fulfilment of the first two conditions.

Let us now consider the sequences of the conditions (1) - (3). Using the 
well-known Cauchy formula we can write

(Г  is a close contour around the point z). According to condition1 (2), the
contour Г  can be chosen as is shown in F ig . 5. When R —» oo
the integral over the c irc le  vanishes because of the condition (3). We obtain

(2. 1)
Г
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Fig. 5

Since according to condition (1) we have

F (x ) = F * (x ) when x < xo

we find, using Eq. (2. 2), that the function

f(x ) = ^ -  {  F(x + iO) - F (x  - iO)}

is rea l when x >  x0. This means that F (z ) can be represented as

F (z ) =  A f  f ( x ' )
it J x' - dx'

(2,3 )

(2.4)

(2, 5)

where

f(x ) = f* (x ) when x > x„

From  Eqs. (2. 5) and (2. 6) we have

F ( z * ) = F * ( z )

Let us show that

f(x ) = Im F (x  + iO) when

Indeed, after substituting the known formula

1 _ 9

X  >  x 0

x' - x + ie x' - x
±Í7TÓ (x' - x)

(2 , 6)

(2. 7)

(2. 8 )

(2.9)

(the symbol IP means that in the integration of the firs t term  the main va3ue 
of the integral is determined) into Eq. (2. 5) when z = x + ie and taking the 
lim it e —•+ 0, we obtain

F (x  + iO) =-2- Г l & l  dx' + if(x ) . it J x ' - x (2. ID)

Xo
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Equation (2. 8) is proved since the firs t term  in (2. 10) is real. From  Eq.(2.7) 
(or directly with the aid of Eq. (2. 9)) we then obtain

Im F  (x - iO) = - f  (x) (2.11)

Equations (2 .8 ) and (2. 11) lead us to the following important conclusion: 
Im F(z) jumps as we cross the rea l axis when x > x0. This means that the 
point xn is a branch point of the function F (z ) since from  this point onward 
the function becomes ambiguous on the rea l axis Im F (x  + iO) f  Im F  (x - iO). 
In other words, the function F (z ) is analytic in the plane z with a cut along 
the r.eal axis from  the point xn tooo. To make F (z ) unique on the rea l axis 
when x > x0 we must stipulate which value of F (z ) on the sides of the cut 
should be regarded as the value of F (x ) when x > x0. Such a condition is known 
as the choice of the sheet of a function. From  the purely mathematical point 
of view  a ll sheets are of equal importance. Physical considerations, how
ever, make one of the sheets preferable. Note that the sheet is often given 
by the interval of variation of a rg z. For example, if  the value of F (z ) is 
taken on the upper side of the cut, then

0 < arg z < 2 7Г
The interval

2ît< arg z < 4 7Г

corresponds to the lower side of the cut.
Concluding out short mathematical digression, let us note that if  the 

function F (z ) has poles on the rea l axis our conclusions practically do not 
change except for the fact that the pole term s should be added to the right- 
hand side of Eq. (2. 5):

ixT

f(z) ^ + И  # т т dx' • x°- (2-i4)
1 xo

In physical applications we always deal with the integrals of F (z ) over 
the rea l axis. If the poles xj lie  in this case within the integration region, 
the rules of passing the poles should be added to (2. 14) to impart a certain 
meaning to the integrals. We may agree, fo r example, to determine the 
integral of the pole term  as the main value, or pass the poles, shifting the 
integration contour into the upper or lower half-plane. The form er method 
(integration in the sense of the main value) is equivalent to the assumption 
that the phase of F (z ) at the pole remains constant as compared with its value 
in the neighbourhood of the pole on the rea l axis. We shall see later that this 
case does not apply in dispersion theory. The displacement of the integration 
contour into the upper or lower half-plane is equivalent to that of the pole 
into the lower (x i—> xj -  ie) or the upper (xjr-> xi + ie ) half-plane respectively.

The above propositions can be illustrated by two examples as follows.

2. 2. Two examples

Example 1: n-p scattering amplitude

The n-p scattering amplitude F (E ) for low energies can be represented 
in this well-known form

(2 .  12) 

(2. 13)
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1 J 3F (E ) = 2 F 0 (E) -t- у  F i (E) (2.15)
where

F0 (E) = i/ (/ m E  - ia0 ) «о  < 0 (2. t6)

F ! (E )  = i/ (/ m E  - i a i )  ац > 0 (2.17)

are the scattering amplitudes in the singlet and triplet states. It is clear 
from  Eqs. (2. 16) and (2. 17) that F (E ) has a branch point at E = 0 and is in 
analytical function in the complex E-plane with a cut from  Oto « ,  F (E ) being 
rea l on the rea l axis when E < 0. Since the wave function in the singlet aid  
trip let channel is of the asymptotic form

ф (r) = eÆ? + F (E ) (e ikr/r), k 2 = m E . (2. :.8)

and must contain a divergent wave, we have

к = /mi > 0 (2. 39)

for rea l E > 0. This fixes the choice of the sheet

F (E ) = F (E  + iO). (2.5 0)

Indeed, Eq. (2. 19) means that

0 < arg E < 2?r. (2. 2Ca)
Hence we have

Im/Ë > 0 (2. 20b)

which occurs ort the upper side of the cut.

A fter rewriting Eqs. (2. 16) and (2. 17) as

foa  + i:VmE
m E+ a2 (2.2 1)

o. 1

we note that because of the difference in the signs of a0 and « i  the triplet 
amplitude has a pole with respect to E on the sheet (2. 20a) while the singlet 
amplitude has none (since the residue at the pole vanishes in this case). On 
the second sheet, on the other hand ( J mE < 0 when E > 0), it is the singlet 
amplitude that has a pole.

The rules of passing the poles should now obviously be given so that 1he 
singlet pole be passed below (»§—* + ie ) and the trip let above {a\ —> a $ -  ie)
Indeed, the rules of passing the poles should be given only to attach a mean
ing to the integrals of E e v e r  F (E ). If, fo r example, the sheet F (E  + 10) is 
chosen, then according to the above it is only the trip let pole that is a "cau
tion" and has to be passed while staying on the upper side of the cut. The 
situation is reversed  on the sheet F (E  - iO): in this case the singlet pole 
must be avoided by staying on the lower side of the cut.
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Example 2: F (z ) = Hy (z) + iH x (z)

Consider a static magnetic fie ld  Й as a function of a point of the plane 
z = x + iy, the component of the fie ld  perpendicular to the plane z being as
sumed to vanish. A  fie ld  of this kind may be created by currents normal to 
the plane and situated, fo r example, as is shown in F ig . 6.

H

У

H

X , x n 1 0  H

Fig. 6

The point xi in F ig . 6 designates the crossing of the plane z with a thin 
current-carrying conductor perpendicular to this plane, and the boldface line 
from  the point xq to infinity represents the crossing of the plane z with a 
thin metal sheet, also perpendicular to it, with a current flowing in the same 
direction as in the conductor x i . Obviously, x i is a pole of the functionF(z) 
and Xq is a branch point of p rec ise ly  the type we have considered (a jump 
of the imaginary part), F (z ) being rea l on the rea l axis (Hx = 0) when x < Xq 
everywhere except fo r  the point x i . Let us consider F (z ) as an analytical 
function and decide on the choice of the sheet and the rule of passing the 
poles. On the rea l axis F (z ) is ambiguous when x > x0 and we must agree on 
the choice of one of the two possible values. From  physical considerations 
it is clear that this condition must be connected with the rule of passing a 
pole. Indeed, the sign of Hx at the point xi is indefinite; it depends on from  
which half plane we approach this point. Obviously, i f  we assume that Hx 
at the pole is directed in the same way as in the upper half plane, the same 
condition has to be accepted on the cut, i. e. the sheet with current, as well. 
This conditions the choice of the sheet F (z ) if the rule of passing the poles 
is  given. Inversely, the choice of the sheet F (z ) conditions, by physical con
siderations, the rule of passing the poles. Another feature is noteworthy 
in this example: the use of the analyticity of F (z ) and the presence of the 
boundary condition allow us to find the fie ld  Я  if the currents are known. In 
other words, analyticity and boundary conditions on a cut can be used instead 
of the equations of electrodynamics. Indeed, using Eq.(2. 14) and the boundary 
condition

4tt
Hx (x + iO) - Hx (x - i0 )  = —  j(x ) 

where j(x ) is the linear current density,'we immediately obtain

(2 . 22 )

F(x). 1 + 1 C i M ^ E L
c x - x i - i e  c j x ' - x - i e  

xo

where Ji is the current density in the conductor x i .

(2. 23)
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Equation (2. 23) shows very  distinctly why the rule of passing a pole :.s 
so c losely connected with the choice of the sheet: the fact is that an integral 
over a cut is, by its physical meaning, an integral over poles, as it were 
we regard a current-carrying metal sheet as a set of linear currents the 
intensity of which is d j(x ) = j(x ) dx. The situation in dispersion theory is 
strikingly s im ilar, the unitarity relation playing the ro lé  of the boundary 
condition (2. 22).

2. 3. Unitarity condition

The unitarity of the S-m atrix is the second basic postulate of dispersion 
theory. In non-relativistic quantum physics this property is a consequence 
of the herm icity of the Hamiltonian. The S-matrix is connected with the 
m atrix of the amplitudes M by the relation

SccB = 6ав+ i ( 2,r>4 M«B 6 (P«  - P B> (2.2< )
where

6(Pa - Pe) = 6(ÿa - ĵ 6) 6 (E a - E 6 -Q ). (2. 2E>)

Here the subscripts a and /3 designate the initial (a = A  + x, for example) ;ind 
final (]3 = В + y, fo r  example) states of the system, and j?a) , E a and Eg 
the total momenta (j? = j?x + p?A, fo r example) and kinetic energies (E<x = E x +
+ Е д ) before and after the reaction respectively. The S-matrix is dimension- 
less and in its physical meaning differs from  the m atrix M in that it also
describes those cases when no interaction occurs (if we "switch o ff"  a ll irter-
actions the m atrix M w ill vanish and the m atrix S w ill be unity). In them airix 
form  Eq. (2. 24) w ill be

S = 1 + i(2îr)4T (2. 2É.)

where 1 is a unit matrix and

T « e =  -  p e ) -  < 2 - 2 ^

By definition |Sael2is the absolute probability for the reaction with the initial 
state a and final state 3. Hence it follows that

E|Sa8|2= 1 (2.2£).

since the sum of the probabilities of a ll possible reactions for a given initial 
state is always equal to unity. If we designate

S* = St (2. 2Ê)ав 8a ' '
we shall be able to re -w rite  Eq. (2. 28) as

ÇS St = (SS+) = 1. (2.30)
В аВ Ba  '  a o i

If we generalize Eq. (2. 30) and demand that it hold not only for the diagonal 
elements of the matrix SS+ but fo r the entire m atrix as well, we shall obtain 
the total unitarity condition

SS+ = 1. (2.31)
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Besides Eq. (2. 30), from  Eq. (2. 31) follow  the orthogonality relations

£ S 0St  =6  (2. 32)
В a B  B y  a y  

Substituting Eq. (2. 26) into Eq. (2. 31) we obtain

2A = - i ( T - T +) = (2tt)4T T + (2.33)

Going over to the m atrix elements in Eq. (2. 33) we can readily obtain

Лав= x V “̂ e' (2<34)

The summation inEq.(2. 34) is perform ed over a llpossib le "interm ediate" 
states y. Let us emphasize that the states which differ only in the direction 
or magnitude of particle momenta are regarded as different states and there
fo re  the sum in Eq. (2. 34) includes the integration over the phase volumes 
of the "interm ediate" particles (i. e. particles form ing the states "7 "). Let 
us designate by Дед a part of the sum (2. 34) containing the states у in which 
there are n particles a i . . .  an . Then we have

A  „ = EA<n> (2. 35)a fl ,, a B  \ • i

a (")_ 1 ___V n
“ B_ 2 {2тг)3г -'.Д ]Т«гП .[]ч3р4’ (2-36)

Here V denotes the normalizing volumë, and the summation is perform ed 
over a ll possible types o f intermediate particles and over spin variables if 
there are non-zero-spin particles among the intermediate particles. Let us 
emphasize that since the m atrix elements T̂ y and T^gcontain ¿-functions (see 
Eq. (2. 4)) of Pa - Pj and Py - Pfe, Eq. (2. 13) contains only such intermediate 
states as are allowed by conservation laws. In other words, the relation 
(2. 13) contains the amplitudes of rea l processes. Eqs (2. 35) and (2. 36) are 
of that form  of the unitarity condition as is used practically in dispersion 
theory. We shall deal only with single-particle (n = 1) and two-particle (n= 2) 
intermediate states.

If we designate

2B = T  + T + (2. 37)

then according to the definition of the m atrix A (E q . (2. 33)) we can write that

T = В + iA - (2. 38)

The m atrices В and Я , as is clear from  Eqs. (2.33) and (2.37), are 
hermitian

В = B+ , Л  = A + .  (2. 39)

The m atrix A m ay  therefore be re ferred  to as the "imaginary part "o f the 
m atrix T  and the m atrix A connected with A b y  the relation
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-A «e= A«fl6CPa -Pe) (2. Ю)
as the imaginary part of the m atrix of the amplitudes M. Although the ncn- 
diagonal m atrix elements of A are complex, our designation is justified 
because in the m atrix algebra the hermitian m atrices are analogues of rea l 
numbers, and a ll relations between complex numbers are transferred onto 
the matrices with the substitution of the hermitian instead of complex con
jugation. As we saw in section 2.1.an analytical function can be expressed 
by the integral of its imaginary part. This means that the amplitude M a0 can 
be expressed by AaS. Owing to the unitarity condition (2. 36) A ae may in turn 
be expressed by the amplitudes of other processes. This is p recisely our 
aim because by expressing the amplitude of the reaction of interest to us by 
the amplitudes of "interm ediate" (virtual) processes, we thereby represent 
this amplitude in the form  of Feynman graphs, the number of intermedía le 
particles n in the unitarity relation being obviously connected with the number 
of internal lines of the graph. For example, n = 1 corresponds to graph 
andn = 2 to graphs 2 and 3. The proposition that the simplest Feynman graphs 
with singularities with respect to q2 nearest to the physical region are es - 
sential fo r direct processes w ill mean that only one-particle and two-particle 
intermediate states y are essential in the unitarity condition.

Thus the unitarity condition, despite its apparent triv ia lity  is very im 
portant in the theory, establishing as it does the connection between the 
amplitudes of different processes. This allows us in the final analysis to 
represent the amplitude in the form  of Feynman graphs without resort to the 
summation of the series of perturbation theory which is inapplicable to 
nuclear interactions.

Let us now proceed to the programme we have mapped out.

2.4. Po le graphs

Let us consider the unitarity conditions under the assumption that the 
main contribution to Л а6 comes from  the quantity corresponding totalling 
into account the one-particle intermediate states. Having designated an inters 
mediate particle by a we can write according to Eq. (2. 36)

The summation over a is omitted in Eq. (2. 41) for the sake of sim plicity (this 
means that only one type of one-particle intermediate state is regarded as: 
essential for a given reaction). We shall also regard a as a zero-spin 
particle (taking the spin into account w ill change nothing in the essence of 
the matter but w ill clog the formulae with Clebsch-Gordan coefficients) ar.d 
the normalizing volume V as equal to 1. Let us now note that

d3p a 5 2m a ô (2ma Ea - p f ) d 4P a (2.42)

and replace A  and T  in Eq. (2. 41) by their expressions through A and M (see
sect. 2.3). We then obtain, having perform ed integration over c^Pa,

A a6 = 2ffma 6(2maEa -p? )M ay My6* (2.43)

Now pa and E a must be such that the energy and momentum conservation 
laws in the intermediate transition be fu lfilled
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Py =.Pa (2.44a)

or
Pr = P s. (2. 44b)

If any of the equations (2. 44) is not fu lfilled, A ag vanishes because of the 
6-functions contained in T ay and T^g.

Let us introduce the notation

r = 2ma Ea - pa (2. 45)

and reca ll that A (r ) is the imaginary part of M (r ) (see section 2. 3). From  
Eq. (2. 43) it follows that A (r )  ̂ 0 only at the point r = 0. In particular A(r)=0 
when r < 0. Our purpose is to restore the amplitudes by A aS with the
aid of the theorems presented in section 2.1. We shall therefore define the
amplitude so that

AaB(r) = Im M ag (r  + i°). (2.46)

Hence it follows that

M „g (r ) = M ab(r + iO) (2.46b)

since the lim it transition must not be defined differently for the rea l and 
imaginary part of the analytical function. Applying now Eqs (2. 5) and (2.8) 
when x0 = r c < 0 we obtain

(2. 47)

Consider the reaction (1. 1). The following intermediate states are possi
ble in this case:

are as follows

a —“Yi = A + x — A  + y + a 2,

■ x + a.2 , Ъ  = x + y + a3, 74 = а4 (2. 48)

ispond to these intermediate states

7i— 0 = A  + a i + у — В + у (2. 49)

72— Э = В + аг + x — В + у (2. 50)

TS— 0 = x + у + a 3— В + у (2.51)

74— 0 = ai — В + y. (2. 52)a — 74 = A + x  — a 4,

The intermediate states and reactions are obtained by the following rules:
(a) Since the number of nucleons conserves, the appearance of an inter

mediate particle should be accompanied by the disappearance of an initial 
particle;

(b) The intermediate particle which has appeared in one intermediate 
transition must vanish in another transition;

(c) The disappearance of an intermediate particle must be accompanied 
by the appearance of a final particle.
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The transitions (2. 49) obviously correspond to the decay of the partie Le x 
and the synthesis of the nucleus B, i. e. the processes (1. 8) and (1. 9). Th is  
the amplitude M ae corresponding to the intermediate states Yj is represented 
by graph 1. The transitions (2. 50) designate the decay of the nucleus A  and 
the synthesis of the particle y. The graph corresponding to this case is r e 
presented in Fig. la.

Fig.la

The intermediate reactions (2. 51) correspond to the decay of the nucleus Л 
and synthesis of the nucleus B. In this case the amplitude is represented by 
the graph of F ig . lb.

F inally, the synthesis and decay of an intermediate particle occur in the 
transitions (2. 52). Graph lc  corresponds to this case. Thus, the amplitude 
with a pole over the variable r corresponds to graphs with one internal lin e. 
These graphs are known therefore as pole graphs. Equation (2. 47) is obtained 
on the basis of the unitarity relation (2. 41) according to which A  a$ does not 
vanish only when conditions (2. 44) are fulfilled, i. e. when all intermediate 
processes may take place for the free  particles A, x , В, y and a. This fact 
is reflected in Eq. (2. 47) in that it contains the amplitudes of intermediate 
processes fo r the value of r = 0. This, according to Eq. (2. 45), precisely 
means that the intermediate particle a is also free  and consequently the 
amplitudes M ay and My g describe the rea l decays and syntheses enumerated 
above. We are interested in the reactions (1. 1) between the stable particles 
A  and x fo r which no decays are really  possible. Using the analyticity princi
ple, however, we can obtain from  Eq. (2. 47) the formula for the amplitudes: 
of the reactions of interest to us by the analytical continuation over th(i 
masses, as was indicated in chapter 1. We can see that Eq. (2. 47) perm its 
such an analytical continuation since it is analytical over the variable r (con
taining the particle masses) and since M ay and M^e are also, by the initia!, 
assumption (see section 1. 3), analytical functions of the particle masses. 
Thus, Eq. (2. 47) applies without change to the reactions with stable particles 
if we understand by May and My g the amplitudes of decays and syntheses 
(2. 49) - (2. 52) analytically continued into the stability region. To obtain the 
explicit form  of Mag as functions of q2 and E we have only to express r 
through these variables. However, instead of q2 and E it is convenient to use 
other variables containing the energies and momenta of the particles A, x,
В and y. We introduce these new variables in section 2. 5.
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2. 5. The variables s, t and u

F or the following it is convenient to introduce these invariant (with r e 
spect to the Galilean transformations) variables

s  = +  P Â )2 +  2  (m A +  m x ) ( E A +  E x )  ( 2 - 5 3 )

t = -(P^ - P p 2 + 2 (m x - my )(E x - E y) (2.54)

u = -(p"A - P p 2 + 2 (mA - m y)(EA - E y). (2. 55)

Of these three variables only two are independent since s, t and u are
connected by the relation:

s + t + u = - 2m B Q (2. 56)

where

Q = mA + m x - mB - m y. (2.57)

The variable s is, obviously, simply expressed through the total kinetic
energy E in the centre-of-m ass system

s = 2 (mA + m JE . (2. 58)

The variable t is linearly connected with q2 and E

t = -q2 + 2l mx -Шу) t(m y - mx)E - m BQ ]. (2.59)
m A +  m x ’

The variable u is expressed through the sum of momenta p^ + p*y = p*4n the 
centre-of-m ass system

p2 + 2K A _ : m Y) m A )E -m BQ]. (2.60)
m  д + ш  v j

Throughout the physical region the variables t and u are negative and the 
variable s is positive. The physical region boundaries tm and um (on the side 
of the maximum values of t and u) are given by the formulae

''O if Q (m x - m y) < 0

2Q(my - m x) i f  Q (m x - m y) > 0
(2.61)

( 0 if  Q(mA - my) < 0
u m= (2.62)

[  2Q(my - m A) if  Q(mA - m y) > 0

The minimum value of s is given by the relation
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t

s

Fig. 7

F ig . 7 represents schemlatically the physical region of variation of t wilh 
a given value of the variable s.
The picture is s im ilar fo r the variable u with the only difference that the 
minimum values of 11 1 are reached when the particle y is discharged in the 
direction of the particle x (in the centre - o f-m ass-system ) while the values 
of lul are lowest when the particles y  are discharged against the direction 
of the particles x.

We shall see below that the variables s, t and u (which are the non-rela- 
tiv is tic  analogues of the Mandelstam variables) are also convenient in the 
sense that the amplitude singularities of the reactions (1. 1) with respect to 
these variables are expressed exclusively through the masses of the rea l 
and virtual particles involved.

2. 6. Amplitude poles with respect to the variables s, t, u

Let us express the variable r fo r different intermediate states (2. 48) 
through the variables s, t and u. Using the conservation laws (2. 44) we obtc.in

Graph 1: r = t - 2ma eay (2.64)

Cjj = m2 +m3 -mi (2. 65)

Graph la : r = t - 2ma eax (2. 66)

Graph lb: r = u - 2ma eay (2. 67)

Graph lc: , r = s + 2ma elx. (2. 68)

Substituting Eqs (2. 64), (2, 66), (2. 67) and (2. 68) into Eq. (2. 47) we obtain 
the amplitudes of the pole graphs 1 to lc. Thus we see that the amplitudes 
of graphs 1 and la  (corresponding to stripping or pick-up reactions) have 
a pole with respect to the variable t for the "unphysical" value

*o = 2mae aXr  to = 2mae/x. (2. 69)

Hence it follows that the stripping and pick-up amplitudes w ill take on the 
physical region boundary when t = tm (see Eq. (2. 61)). Since the smallest
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value of q2 (cos В Xy ~ + see F ig . 7) corresponds to tm, according to the 
above, this means that the angular distribution must be peaked forward. Note 
that, according to Eq. (2. 69), t0 is farther removed from  the physical region 
boundary the la rger the mass of the virtual particle a and binding energy e 
at the right vertex. Obviously, for light particles x, t0 is a minimum for 
the deuteron stripping and pick-up since in this case we have a minimum 
mass ma equal to the nucleon mass and the binding energy is low. For the 
deuteron stripping and pick-up we have

t0 = 4.47 MeV • AMU. (2.70)

The proxim ity of t0 to tm fo r deuteron reactions p recisely  accounts fo r the 
success of the Butler theory corresponding to the pole approximation (taking 
into account the effect of the nuclear finite size, which w ill be discussed in 
chapter 5). In the case of multicharged ions, the pole approximation may 
describe the reactions of nucleon transfer, to being sometimes sm aller than 
fo r the deuteron stripping and pick-up reactions. For example, when x = Be9 
and у = Be8

tQ = 3.4 MeV • AMU. (2.71)

In general, t0 for the reactions on multicharged ions with neutron transfer 
is as a rule of the same order as or less than that fo r stripping with light 
particles (except for a deuteron).

Graph lb, corresponding to the exchange stripping or heavy pick-up, 
has a pole with respect to the variable u. Its amplitude reaches a maximum 
at ü = um since the pole

u0 = 2m aeaAy (2.72)

lies in the unphysical region at the value u > 0. Hence it follows that the
angular distribution w ill be peaked backward.

From  Eq. (2. 60) it is clear, however, that the anisotropy of the angular 
distribution w ill in this case be manifest only at sufficiently low energies E 
(the energy E enters into Eq. (2: 60) with a large coefficient (my - т д  )).

Finally, a pole over the variable s corresponds to graph lc . F or direct 
reactions this pole graph is not of much interest since the angular d istr i
bution of the reaction product it gives is isotropic. Besides, the pole with 
respect to s lies at negative values of this variable

♦
s0 = -2ma e д х (2. 73)

and hence the amplitude w ill reach a maximum at s = 0 or s = -2 (т д  + m x)Q,
i. e. at low energies. F or these reasons it is difficult to distinguish between 
the contribution from  graph lc  and that from  the compound nucleus.

The n-p scattering in the trip let state is an example of the physical 
process at low energies for which graph lc is essential. In this case the 
particle a is a deuteron and

s0 = 8. 54 MeV • AMU. (2, 74)

It should be emphasized that graph lc  does not correspond to the production 
of a compound nucleus.
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We have come to the pole graphs by considering one-particle intermedíete 
states. These are not the only possible ones and two-particle states should 
be considered to show the legitim acy of discarding other intermediate stE.tes 
in the unitarity condition. The amplitudes Ш 2> corresponding to these ststes 
may be sm all fo r two reasons:
(a) The amplitudes of virtual processes are sm all;
(b) The singularities, corresponding to the two-particle intermediate states, 

lie  considerably farther from  the physical region boundary than the poles. 
There appear no physical causes, generally speaking, which coultl

ensure the fulfilment of condition (a) (this is discussed in m ore detail in 
chapter 5). The problems involved in point (b) w ill be dealt with in chapters
3 and 4.

3. SINGULARITIES OF FEYNM AN GRAPHS (cont’d)

3. 1. Tw o-particle intermediate states

Consider the unitarity condition fo r two-particle intermediate states. 
According to Eq. (2. 36) and putting V = 1, we obtain

К ТУ+»  dSpb d3Pc (3. I)

where b and с are intermediate particles and the sign of the sum is dis
carded fo r the same reasons as in section 2. 4. Replacing d3pc by Eq. (2. 42) 
and perform ing the integration over f?c we obtain

i O  = J i t  J M«y MyB M2mcEc - p2c)d3pb. (3. :i)

The integration over d3pb can be perform ed in the simplest way in the centre - 
of-m ass system of the intermediate particles b and с in which pc = рь. Having 
perform ed the integration, wfe obtain

= ^ c p ^ M ^ M + e d iV  (3- : )

In Eq. (3. 3) we have

p2 - 2 mtcW, w = Е ь+  E c (3.4 )

and df2b is a solid-angle element of the particle b in the centre-of-m ass 
system of intermediate particles. Just as in the case of one-particle in ter
mediate states, Eq. (3. 4) holds only when the conservation laws (2. 44) in 
the intermediate reactions are fulfilled.

3. 2. Graphs fo r two-particle intermediate states

Among possible two-particle intermediate states fo r the reaction (1. 11 
there are states of the type

"Vi = b + с , 72 = b + c + y. (3.5 )
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Fig, 9

The graphs 8 and 9 correspond respectively to these states.
The intermediate reactions are divided in these graphs by dashed lines. The 
amplitude of each of these intermediate reactions depends on its kinematic 
variables. In general, this dependence w ill be the more complicated, the 
more complicated are the graphs describing the intermediate reactions. The 
simplest case w ill obviously be the one when both amplitudes and Myg 
are constants. As w ill be clear from  the following, this case, however, is 
of no interest fo r  direct process theory. Among the simplest graphs graph 2 
is the most interesting (see chapter 1). This graph is obtained from  graph 9 
under the assumption that the firs t intermediate reaction is described by 
pole graph 10, and the amplitude M^g of the second intermediate reaction 
is a constant. Note that graph 10 differs somewhat from  the pole graphs 
considered in chapters 1 and 2. The difference is that there is neither 
synthesis nor decay of particles at the right vertex, but the intermediate 
reaction

a + x _*'b + y- (3. 6)

The general formula (2. 47) fo r the pole graph amplitude holds, of course, 
for graph 10 as well since the derivation of this formula does not depçnd 
on the specific type of the intermediate processes at work at the vertices. 
The amplitude of the reaction (3. 6) is a function of its kinematic variable.
We shall assume, however, that it is a constant.
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To obtain the formula corresponding to the triangle in graph 2 we could 
employ the same procedure as in the derivation of Eq. (2. 47), starting fr o :»  
the unitarity condition, Eq. (2. 5), and then extending analytically the ampli
tude with respect to the masses into the stability region. This programme 
can be fu lfilled comparatively simply fo r graphs of type 8 when, for example, 
scattering is the firs t or second intermediate reaction (i. e. с = A, b = x, 
or с = B, b = у ). We shall make use of this in chapter 7 to take into account 
the interaction in the initial and final states. F o r  graphs 2 the analytical 
continuation of the unitarity relation (3. 3) and integral (2. 5) over the masses 
proves to be more complicated and calls for re lativistic treatment even wh en 
all kinetic energies of the particles involved are small. The fact is, as shown 
in chapter 1, that continuation over the masses actually means continuation 
over re lativ is tic  invariants, and such a procedure requires a knowledge oi' 
the analytical properties of the amplitudes of the intermediate reactions and 
the imaginary part of the amplitude precisely with respect to these re la ti
vistic variables. The simple case of pole graphs has been considered above 
and the example of graph 4, when scattering is one of the intermediate r e 
actions, is an exception. In the latter case, it is actually only necessary to 
perform  the analytical continuation over the non-relativistie variable s (i. з. 
over the energy of the colliding particles), which can be done in the fram e - 
Work of the non-relativistic approximation. The analytical properties of graph 2 
on the basis of the unitarity relation were first studiedby MANDELSTAM [4]
We shall illustrate his method using a simple example in the appendix to 
chapter 4. Here we shall make use of a sim pler, though less rigorous, 
method firs t offered by KARPLÜS, SOMMERFIELD and WICHMANN [5] and 
later developed by LANDAU [6]. As related to the non-relativistic graphs 
of direct nuclear processes this method was treated in detail by BLOKHINTSE V, 
DOLINSKY and POPOV [ 7, 8].

3.3. Feynman integral

Equation (2. 47), which we have obtained for the pole graph amplitude 
from  the unitarity relation and analyticity principle, form ally coincides ac
curately with the Feynman amplitude corresponding to taking into account 
the lowest approximation of perturbation theory. In perturbation theory the 
amplitudes M ar and M^g are rea l interaction constants and are assumed to 
be small. In our case the latter is not fiecessary at a ll and the meaning of 
the amplitudes M ay , M+6 on which we dwelt sufficiently in the previous 
lectures is quite different. Nevertheless, the form al coincidence of the am pli
tudes of Feynman perturbation theory with those of dispersion theory, c o r 
responding to taking into account the intermediate states with a definite 
number of particles n, is not observed fo r the pole graphs alone but can be 
used fo r finding and investigating the analytical properties of more com pli
cated graphs than pole graphs. We have mentioned the fact that the Feynman
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amplitudes coincide with the dispersion theory amplitude because, first, the 
positions of the singularities of the Feynman integrals, which we propose 
to consider in this section, do not depend on the magnitude of the constants. 
Secondly, the increase of the order of approximation in perturbation theory 
involves the increase of the number of virtual particles, since a lim ited 
number of particles is produced or vanishes in any "elem entary" interaction 
event. The latter circumstance makes it possible to establish easily the co r
respondence between the Feynman integral and the amplitude МЦ! co rre 
sponding to taking into account n-particle intermediate states in the unitarity 
relation.

The Feynman amplitude can be written in the well-known form  of the 
following integral

In Eq. (3. 7) G is a constant expressed through the products of the amplitudes 
of the virtual reactions at the vertices of the graphs, and P ¡ , E¡ ,■ and m¡
(i = 1, 2, . . . n) áre the momenta, kinetic energy and masses of the virtual 
particles. The number n equals that of internal lines of a graph; and I  is, 
the number of independent 4-momenta of virtual particles, i. e. such 
4-momenta as are not fixed by conservation laws for the given 4-momenta 
of the outer particles A, x, В and y. The conservation laws hold, just as 
in a pole graph, at each vertex. If we designate the number of vertices in a 
graph by v, then v, n and J w ill be connected by the relation

(' y - l  bonds are imposed on n independent quantities: altogether we have v 
conservation laws, but one of them ensures the conservation of momentum 
and energy throughout the reaction and imposes no restrictions on the v a r i
ables of the virtual particles). F o r a pole graph we have n = 1, v = 2 and
i  = 0. For a triangle graph 2 n = 3, v ¿ 3 and 1= 1. For a rectangle graph 3 
n = 4, v = 4 and & = 1. In general, according to Eq. (3. 8), Ü = 1 for graphs 
with a number of lines equal to that of vertices. Such graphs w ill be re ferred  
to as one-contour graphs. The one-contour graph amplitude is thus given 
by the integral (n > 2)

It is prec ise ly  the one-contour graphs (apart from  the poLe graphs considered 
above) that are of practical interest for direct nuclear reactions. In this

the integral (3.9) converges at any value n > 2. When n = 2 the integral 
diverges. This divergence is only due to thfe assumption that the amplitudes 
of the virtual processes (entering into the constant G) are constant quantities, 
and thus does not involve any cardinal difficulties of the theory. The momenta 
and energies of the virtual particles 2, 3 . . .  are expressed through p i , Ej 
and the momenta and energies of the outer particles.

: Since-,the integral (3.9) contains only scalars (p2 - 2mE and d3pdE) in
variant with respect to the transformations of the reference system, this

(3.7)

t, =. n - V + 1

(3.9)
(PÏ - 2mi Ei - i e ) . . .  (p2 - 2mnE n- ie) '

chapter, therefore, we shall only deal with one-contour graphs. Note that
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integral is an invariant quantity and consequently can depend only on the 
invariant kinematic variables s, t and u introduced in the preceding chapter. 
Thus the integral (3. 9) is an analytical function of the variables s, t and a. 
Let us now turn to the singularities of the amplitude (3. 9). F or this purpose 
let us use the identity

b r .  ■ t--* f a - S (3-10>r i r2

and re -w rite  Eq. (3. 9) as

= G ( n - i ) ; j ' ô ( p 1 . i )c t e 1. . . d a n j 1 е т Т ^ | р А _ ^ _ _ уп

(3.11)
where A, В and С are the linear forms of á i and functions (quadratic and 
linear) of the momenta and energies of the outer particles as well as the 
masses of the virtual particles. In particular,

В = 2 L Xi a ¡ m i (3. II!)
where

X i=  ± 1 (3. 1-!)

depending on whether the i-th  line is directed along or against the direction 
(given by the direction of the line i = 1) of passing the contour of a graph.
F o r example, for graph 2 Xa = 1, Xb = 1 and Ac = -1 i f  we put a = 1. The 
vector A  is a linear combination of the momenta of outer particles with ths 
coefficients 0, ± 2o,i . Thus, for graph 2 we have

A  = 2a2 q - a3 pA (3. 14)
where

4  = P x  -  P y -

Finally, the constant С is a linear combination of the squares of outer m o
menta and energies. Thus, fo r graph 2 we have

С = a2 q2 +<*зр2 - 2 a2 mb[Q' + E x - E y] + 2mce tc (3. 15)

O' = m a + mx - mb - my.

Now we can perform  the integration over d3pi and E i , thus obtaining an 
integral explicitly depending on outer invariants as on parameters. The inte
gration over Ei can easily be performed with the aid of the formula

+0 0

dE 2ffi
Í (BE + R - ie )v ~ (v - DRV"1 0

(3. 16)

-00

Having then perform ed the integration over pi we obtain the following final 
formula
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The invariant quantities rij are constructed in the following way. Let us 
contract to one-point a ll internal lines connecting the lines i, j (see F ig . 11).

Let us designate the algebraic sums of the outer momenta kinetic energies 
and masses adjacent to our generalized vertex  by p¡j , Ejj and my respec
tively , pt E and m being taken with + fo r the lines entering the vertex  and 
with - otherwise. Then we shall have

The quantity Qij entering Eq. (3. 17) is the energy yield  at such a vertex  (i. e. 
Qij equals the sum of the masses colliding at the vertex  minus the sum of the 
masses going out of the vertex.the outer mass mij being always assumed 
entering the vertex).
C learly, in the case of the reaction (1. 1) (n < 4 for a one-contour graph) 
the variables rjj can be expressed linearly through the variables s, t and u. 
It is much sim pler to obtain the connection between ry and s, t and u in each 
specific case than w rite it out in the "general fo rm " using cumbersome no
tations.

Taking into account a ll that has been said above, we can represent 
schematically the amplitude M „e as follows

where F  and R are the quadratic functions of « i  and linear functions of the 
masses of the (rea l and virtual) particles involved. Our problem is now to 
find the singularities of Mae over the variables s, t or u, the singularities 
with respect to the variables t or u nearest to the physical region being of 
prim ary interest to us. These singularities are responsible fo r the angular 
anisotropy characteristic of direct reactions. They could be found without 
calculating the integral (3. 17) [7].

In the case of the reaction (1. 1) n < 4 of interest to us, the integral 
(3. 17) is simply calculated and the singularities of Mae- can be found directly 
from  the explicit form  of the analytical function. This is prec ise ly  the p ro
cedure already adopted (chapter 4). However, it is worthwhile to indicate

Fig-11

r ij = - Pij + 2m4 E ij • (3. 18)

(3.19)



112 I. S. SHAPIRO

firs t some general properties of the Feynman amplitude singularities and 
methods of investigating them.

3. 4. Certain properties of Feynman integral singularities

The basic idea o f the method o f finding the singularities without directly 
calculating the integral (3. 17) is as follows. If we deal with an analytical 
function F (z ) given through the param etric dependence of a certain integral

b

F (z) = J  f  (a, z) d a (3.20)
a

it is clear that a singularity z0 of the function F (z ) means the divergence of 
the integral (3. 20) when z = zQ. This divergence may take place because 
when z = zQ, f(a , z0) goes to infinity either at one of the integration lim itó 
or inside the interval (a, b). The latter case requires a special study sinco 
the divergence of i{a, z) inside the integration interval is a necessary but 
insufficient condition fo r the existence of a singularity.

If

f^ z)=W ri>  (3-23)
then for a singularity to exist it is necessary that Ф(а, z) when a < z < b have 
at least a second-order zero such that when passing it by changing the 
integration contour, this multiple zero becomes two zeroes lying on both 
sides of the integration contour (see F ig . 12).

Hg. 12

The integral

Ь

F (z ) = I  №  - c* - ie ) [ (a - V"z)2 - da - ie ] (3.21a)
a

may serve as an example in such a case.
These requirements, and taking into account the specific form  of the 

integral (3. 17), lead to the rules of finding the Feynman integral singularities. 
It can be shown [7] that the singularities of the amplitude (3. 17) are given 
by the following equation

E ( - l ) i+j Dij = 0 (3. 221

where Dij is the minor of the element (i, j) of the determinant composed 
of the quantities
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X..X,
= * тп-т'-̂ Ц + 2mii Qii 3̂- 23)IIIj LL1j

Equation (3. 22) can, according to LANDAU [ 6] ,  also be obtained from  the 
condition of the compatibility o f the requirements

n
E oriXipj = 0 (3.24a)

r t = 0 (3. 24b)

and the conservation laws at each vertex  o f a graph. Nor are these equations 
valid  fo r one-contour graphs alone (in the general case the requirement 
(3. 24a) must hold fo r each contour of a multicontour graph). The requ ire
ment (3. 24) means that singularities occur at such values of s, t and u at 
which virtual particles are free . We have seen that in the particular case 
of a graph with one internal line the condition (3. 24b) means the existence 
of a pole.

Besides the singularities given by Eq. (3. 22) there ,are singularities 
corresponding to the case when the denominator in Eq. (3. 17) for certain 
values of kinematic variables vanishes for a ll values of the variables or.These 
singularities are called tr iv ia l. In particular, the energy thresholds of a 
reaction are such singularities.

Finally, the follow ing is also important. Let us w rite the integral (3. 17)
as

M <x8 = j  d e k F ' K ,  s, t, u) (3.25)

where

F ' - С  f 6(£of ~ 6 (£aXm) daj . . .  d g k-i d<*k» i . . .  dttn „
J (Fs s + Ft t + Fuu + R - ie)n-5/ü (3. 26)

Let us consider F 1 («к  = 0) = F 0 (s, t, u). Then it is obvious that the singulari
ties of F 0 (s ,t , u) coincide with those of a graph having one internal line less, 
i. e. a graph derived from  the in itial one by the "contraction" of the k-th 
line. It then follows from  Eq. (3. 25) that this singularity of the "contracted" 
graph is also a singularity o f the amplitude M ag since the integrand diverges 
at the lower integration lim it (orit = 0). Hence we reach the following important 
conclusion: the graph in  question has also the singularities of a ll "contracted" 
graphs.

Let us now proceed to the singularities of the triangle graph amplitude.

4. TRIANGLE GRAPH

4. 1. Triangle graph amplitude

In this chapter we shall consider graph 2, putting a = 1, b = 2 and с = 3. 
It can read ily be seen that in this case the denominator of the integrand 
depends on the variable t only and consequently the entire amplitude M «в 
is a function of one variable t. Indeed, we have fo r  graph 2
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r ac = rA = o , r bc = r B = 0 (4. 1)

since the particles A  and В are free. The only non-zero invariant of гц  is 
г аь , and according to Eq. (3. 18)

r ab = t- (4-2)

It w ill also be noted that fo r graph 2 we have

- ̂ c a — ~ 1 (4. 3)

Qab = Q* • Qbc= - ^hi Qab = - ^ac (4.4)

Q' = ma + m x- т ь  - niy. (4.4a)

The integration in Eq. (3. 17) over two of the three variables a (t*b and a c, for 
example) elim inates the 6-functions after which there remains a single 
integral of the type

M aS = G' J  d oa (Aar B e a+C  - ie )  ̂ (4 ,5 )

which can be calculated without difficulties. As a result, we obtain the fo llow  - 
ing formula for the amplitude Мд of triangle graph 2

M A( t )= C ^ {z )  (4. !ia)

С = (ig / 8TT) (m bm c/y m Am B) (M ' Д Л д - t i )  (4. 6 )

g = -2M a M b m a (4. fia)

where M A, Mg and M' are the amplitudes of the virtual decay of the nucleus 
A, synthesis of the nucleus В and the reaction a + x b + у  respectively,

z = 1 + (t - tA/tA - t i )  (4. 7)

* Д  = 2 m a m b [  ( e b c / m b c ) ^ + ( e a c / m a c ) ^ l 2-  2 (m x- m y)Q‘ ( 4 . 8 )

ti = -2(m x - m y)Q ( 4 .  9)

I (̂z,) =  z"^Vn(l +  z i/1 - z i). ( 4 . 5 0 )

Note that a ll amplitudes of virtual reactions are regarded here as constará 
quantities. It is clear from  Eq. (4. 10) tha  ̂ the function I^(z) has a singularity 
at z = 1. According to Eq. (4. 7) this means that tA is a singularity with re s 
pect to the variable t of the amplitude М д (t) of triangle graph 2 : t = tA the 
amplitude M A goes to infinity. From Eq. (4. 8 ) it follows that

t A > 0 (4. 11)

i. e. lies always in the unphysical region of the variable t. Equation (4. 8 )



also shows that tA is the la rger the greater the mass of virtual particles and 
binding energies at the vertices of a graph.

Note that Eq. (4. 8 ) fo r a triangle singularity can also be obtained from 
the general equation (3. 22) fo r triangle graph singularities, this graph being 
in this case a quadratic equation for the quantity nab connected with t by the 
relation

t = - 2 [ т атьПаЬ + (mx - m y)Q ']. (4 .12)

The quantities r¡ ac and rĵ c are

Пас = - e ac /mac , r)bc = - e®c /rnbc. (4. 13)

The equation fo r rj ab and its solution are of the form

+  ' ’ be +  * 4  -  2 % c  4 b c  -  2 l la c  ^ab  ‘  2 r >bc П ab = 0 ( 4 - 1 4 )

ЧаЬ = Час + 1bc±2Vñ¡JÍVc (4- 15)

The negative sign of the root in Eq. (4. 15) corresponds to Eq. (4. 8). The point 
z = 1, and consequently t = 1д, is a branchpoint. The rule of passing the 
poles, leading to the imaginary additional term  ie (e > 0) uniquely indicates 
the way the sheet o f the function F (z ) should be chosen. Since aa and aj, are 
positive, the denominator of Eq. (3. 17) can be re-w ritten  in such a form  that 
the imaginary additional term  would relate d irectly to the quantities rp,

rjk -» rjk + ie . (4. 16)

According to Eq. (4. 2), this means that
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t — t + ie . (4.17)

Hence it follows that we must take the values Мд (t) on the upper side 
of the cut, i. e. M ¿ (t + iO). The latter should be directed from  the point tA to 
+ oo since a ll other possible branch points lie  in the unphysical region when 
t > 0. The pleines of the complex variables t and z are represented in F igs .13 
t 14. Cross-hatching shows the physical region. Note that the point z = 0

© 
•/////////////////. .

I

0
'I//I//I///1, 4

'tutu/I //)

Q lmx-myi>0

Fig. 13 Fig. 14

and consequently t = tj is not a singularity of the amplitude. Indeed, from  
Eq. (4¡ 10) we directly obtain

F (0 ) = 2 (4. 18)
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and it can easily be seen that the value of F (z ) does not depend on the choice 
of the branch \Гъ (F (z ) -does not change from  the substitution Sz  -*• - У!;).

Summing up a ll that has been said above, F (z ) as an analytical func tion 
in the cut plane is given by the following formulae

Í ( - z ) i  2 arc tan (- z )*  - o o < z < 0 ( - o o  < t < tj )(4.19a)

z ln ( l  + z t/ l - z i )  0 < z <1 (ti < t < t¿ )  (4.19b)

z -4 {ln (z i + 1/zi - l)+iJr} 1  < z < +00 (tA < t <«> )(4. 19c)

Thus in the physical region of the variation of t, F (z ) is of the forra 
(4, 19a) or (4. 19b). F rom  these formulae follows the important conclusion 
that fa r from  a singularity M ¿ (t) decreases with the increase of t - t ¿  much 
m ore slowly than the pole amplitudes Mo:

lM A(t) I ~  ] l / ( t - t A ) i ]  , (t - t A)/ítA - tt ) »  1 (4.20)

whereas under the same conditions

|M ol~  1Д - tA) (4.21)

This means that fa r removed triangle graphs can essentially affect the abso
lute values of the cross-sections of a reaction and consequently the calculai ion 
by these data of the reduced widths from  the Butler formula.

Let us now compare the amplitude Мд (t) with the pole amplitude M c (t) 
which we shall w rite as

M o(t) = (g '/ t o )F o  (z ‘ ) (4 .22 )

where

F 0 (z ' ) = l/(z' + 1) . z< = -t/to (4. 23)

Then for the ratio of the amplitudes Мд and M0 we have

i(g/g ')(m c/m Am B) J[mbM'to/8 ir (U - t i ) i ] [F A (z )/F 0 (z' ) ] (4.24)

the amplitude M' being expressed, according to Eq. (1. 2), through the cross- 
section for the virtual reaction (3. 6) by the formula

|М'| = 27r{(dCT/dn)(l/maxm by)(ii/p y  ) } i  (4. ;:5)

where px and py are the momenta of the particles x and у in the с entre -o f- 
mass system of the particles a and x.

It can readily be seen that a ll dimensionless factors in Eq. (4. 24) with 
the exception of the last one may, in general, equal 1 in order of magnitude. 
Indeed, with respect to the quantities g and g this proposition is s e lf-e v i lent, 
the masses me, mA and т в  are of the same order (or otherwise the particles 
ma and mt, must be heavy and the singularity would, according to Èq. (4. {!), 
lie  fa r) so that

V т д т в
1 .
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The factor (1/8^)(m bM' t0/ (tA - t j ) i )  is known least of a ll since it contains 
the amplitude M' of a virtual reaction. If, however, we proceed from  the 
known cross-sections fo r rea l processes we shall see that this factor can 
also lie  in the interval 10-2 to 1. Thus the ratio of the amplitudes of a tr-iangle 
and pole graph is given in the final analysis by the ratio Fa ( z ) / F 0 ( z ' )  and 
the latter in turn depends on how large Izl and z' are as compared with 1 ,
i. e. on the remoteness of tA and tQ from  the physical region boundary. This 
is why the comparison of the positions of singularities of different graphs is 
the prim ary criterion  to see how essential a certain mechanism of the r e 
action is. In the section below \ve cite data on the values of fo r  different 
reactions.

4.2. Position of triangle singularities for specific reactions

If we know the masses of the particles A, x, В and у and the virtual 
particles a, b and c, we can calculate t¿ by Eq. (4. 8 ). It has been pointed 
out above that to find tA nearest to the physical region we should choose 
graphs of type 2 where the lowest binding energies at the vertices would 
correspond to the lightest particles a and b. Table П lists the results of such 
calculations fo r reactions on certain light nuclei» In the firs t column of the 
table the positions of the poles (to) calculated by Eqs. (2. 64) - (2. 68 ) are 
given for each reaction. The physical region boundary tm with respect to 
the variable t (see Eq. (2. 61)) is given in the third column for each reaction. 
The quantities listed in Table II are calculated for the ground state of the 
nuclei В and C. If the nucleus С is in the excited state C* , then е§*ь > е|ь 
and according to Eq. (4. 8 ) the singularity t£  is la rger than tA. The data given 
in Table II aré quite illuminating. They revea l the cause of the success of 
the Butler theory for the case of deuteron stripping or pick-up corresponding

t a b l e  n

POLES AND NEAREST TRIANGLE SINGULARITIES WITH RESPECT 
TO t FOR CERTAIN DIRECT PROCESSES

Reaction (d, n) (a »  t) (H es , a )

Target co 1Д 1т *Д ст to l m

Bio 4. 47 138 -12.9 39.6 173 0 41. 1 53.3 0

c 12 4. 47 225 0 39.6 260 -24.9 41.1 232 ■ 0

N 14 4. 47 141 -10.2 39.6 176 0 41.1 97.8 0

O 16 4.47 162 0 39.6 197 0 41.1 193 0

Notation: ^  is a pole, t д - а  triangle singularity,
tm - the physical region boundary;

[t ]  = M eV  . AM U

to the pole graph (taking into account the effects of the finite size of the 
nucleus, see- chapter 5). Indeed, it is clear from  Table П that in the case 
of deuteron reactions the nearest value of tA is roughly 50 times as large 
as tQ. This occurs because tQ is situated rather close to the physical region
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due to a low deuteron binding energy. An altogether different situation 
prevails in the stripping reaction for particles different from  a deuteron,
F o r example, the reaction B10 (He3 ,a ) B9 is a pick-up reaction, but the 
triangle singularity is rather close to the pole. It might seem that the re - 
action C12 (a, t )N13 is exactly the same as the stripping reaction C12 (d, r.)N13 
However, the nearest singularity is removed only 4. 4 times as fa r from  the 
physical region boundary as a pole. The fact that we have not. just one, but 
severa l triangle graphs with closely situated singularities, is also of baiiic 
importance. .

Table III lists the data, taken from  [7 ], on the position of triangle singu
larities  fo r  the reactions С 12 (a, t )N 13, С 12 (He^orJC11, with a ll values r e 
ferring to the ground state of rea l and virtual particles. This example is 
typical: as a rule there are always at least 3 or 4 triangle graphs with closely 
situated singularities. If we take into account a ll possible graphs in which 
the virtual nucleus is excited with a not very  high energy of excitation, the 
number of triangle graphs with closely situated singularities w ill increase 
even more (this circumstance is especially essential fo r medium and heavy 
nuclei).

TABLE III

TRIANGLE SINGULARITIES OF CERTAIN REACTIONS 
([tA ] = MeV • AMU)

Reaction
Virtual particles

*д
а b с

d P BK> 232

C 12 (Hes , a )  С 11
a He3 Be8 332

He3 He2 Be9 528

t d 6s 532

P He2 Вй 260

С 12 (a ,  t) Nls n d CH 280

d He3 BW 608

In addition to the triangle graphs 2, the graphs represented in F ig . :.5 
have singularities with respect to momentum transfer.
Graph 15b re fe rs  to the pick-up of at least two nucleons. The amplitudes 
of these graphs and their singularities are obtained in exactly the same \ray 
as shown fo r graph 2. The formula for the singularities of graph 15b can be 
derived from  Eq. (4. 15) if  we take the + sign before the root. The difference 
in the choice of signs is due to the fact that in the case of graph 15b Л ь = 
= -1, and not +1, as in graph 2. Accordingly, the function F a (z ) is taken on 
the lower side o f the cut.

Graph 15a is a perfect analogue of graph 2. The formulae for graph 15a 
can be derived from  the formulae of the preceding section after the substi
tution

t -» t + 2 (m x - m y)Q. (4 .  i!6 )
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Fig. 15

The values tA fo r graph 15 are the same in order of magnitude as for graph
2. For example ía  of graph 15a fo r  the reaction C 12 (H e3,or)C11when a = p and 
b = с = d amounts to 277 MeV. AMU.

The main conclusion to be drawn from  the analysis of the location of 
singularities is that the pole (i. e . , Butler) mechanism of a reaction is not, 
in general, a predominating one except for the cases of deuteron stripping 
and pick-up.

4. 3. Concluding remarks

The position of the singularities over t determines the degree of 
"peripheric ity" of a direct reaction. The nearer a singularity is to the physi
cal region boundary, the more peripheral the graph. This follows from  the 
fact that the mean momentum of virtual particles is equal in order of magni
tude to v %  or v/tÀ . Thus, if v/tl к where к is the momentum of a 
virtual particle inside the potential well, the reaction occurs in the main 
outside the potential well, that is, on the periphery of the nucleus.

. It has been pointed out above that the pole graphs with singularities with 
respect to t correspond to the Butler theory. Triangle graphs taking into • 
account the finite size of the nucleus (see chapter 5) correspond to what is 
known as the "surface scattering" mechanism considered by AUSTERN, 
BUTLER and McMANUS [9] .

The dispersion method:
( Í )  Imparts a physical meaning to calculations by perturbation theory;
(2) Perm its the prediction of which cases can be expected to have the 

predominating contribution from  which mechanism; and
(3) Is universal in the sense that in term s of this method a ll virtual 

particles (and not only those which can be described by a wave function, i. e. 
exist fo r durable times in the nucleus) are of equal status.

Using the graph technique and formulae for singularities we can indicate 
the most essential mechanism for each specific reaction.

It has been pointed out ea rlie r that for direct process theory rectangle 
graphs of type 3 can be of practical interest besides the pole and triangle 
graphs. The amplitude and singularities of a rectangle graph require sim ilar 
calculations to those fo r a triangle graph. Rectangle graphs may play a 
certain ro le  in reactions of the type (n, He3), (p, t) or in reactions on multi
charged ions with a transfer of two nucleons.

The singularities of more complicated graphs, just as of triangle ones, 
become m ore distant as the binding energies at the vertices and the masses 
of virtual particles increase. The classes of allowable graphs essentially
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decrease because of the non-relativistic approximation. The amplitude of 
the graphs satisfying the relation (n is the number of internal lines and i  is 
that of independent 4-momenta of virtual particles)

tl<5 £/2 (4. i',7)

are in general constants equal in order of magnitude to /m or even vrT/mR 
where R is the nuclear radius. This circumstance is due to the fact in the 
case of (4. 27) the Feynman integral converges only at the expense of the 
vertex  form  factors (i. e. the integral (3. 7) d iverges). Graph 16 is a case 
in point.

Fig. 16

The graphs for which

n = 5 ¿/2 (4.28)

may in principle play a certain ro le in non-relativistic processes, since by 
order of magnitude they are proportional to ( e/m) £|,ln (e/M) | (see [ 8 ] j. 
Graph 17 is of this type.

Fig. 18

Finally, let us note that the one-contour graphs in which a ll Xj = + 1  (Fij;. 18) 
are also re lativis tic, though fo r a different reason. The fact is that in this
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case the non-relativistic Feynman integral (3. 17) vanishes because it is 
impossible to satisfy the condition

Çaim i = 0, ' « i  > 0 (4.29)

which arises owing to the 6-function SfÇorjXjmj) when X¡ = + 1 .

APPEND IX TO CHAPTER 4

Derivation of triangle graph amplitude from  unitarity condition

To illustrate the method we shall consider graph 19 in which the masses 
of two virtual particles (b and c) are equal to m. The masses of the initial 
particles (A  and x) are equal to mo and the masses of the final particles (B 
and y) are equal to m f.

The dashed line in F ig . 19 divides two intermediate reactions. We shall 
consider the amplitude of graph 19 as a function of the square, designated

by the letter S, of the sum of the 4-momenta of the particles A  and x

S = (PA + Px)2. (4. 30)

In the non-relativistic approximation we have

S = s + (m A + m x )2 = s + 4m§- (4. 30a)

In the centre-of-m ass system the variable S equals the square of the sum 
of the total energies of the particles A and x:

S = W 2, W = eA + ex, e x = mx + E X, E A = m A + E x. (4.31)

The two-particle unitarity condition (3. 1) is calculated in the re lativistic 
case just as in the non-relativistic one with the only difference that instead 
of the substitution d3pc by Eq. (2. 42) we should write down

d3pc = 2ec 6 (p 2 .  m 2 )d4Pc- (4. 32a)

Then from  Eq. (3. 1) we can easily obtain a formula perfectly analogjous to
Eq. (3. 3) and passing into it in the non-relativistic approximation
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(4.:S2)

Since £b = e c = e because of the equality of the masses, we have

(4.33)

For the amplitude M y jw e  can evidently write, according to graph 19,

туг+ = ______ i ______
Гб P| - m| + irj (4. 34)

and from  the conservation laws we obtain

(4.:¡5)

where Po 'is the momentum of the final particles in the centre-of-m ass system

p is the momentum of the intermediate particles in the centre-of-m ass 
system

and z is the cosine of the angle between the momenta of the particles b a id  
у in the centre-of-m ass system. Choosing the direction p>y as the polar axis, 
we can write

Substituting Eqs (4. 38) and (4. 34) into Eq. (4. 35) and perform ing the 
integration over dcp we obtain on the assumption that M ay is independent of z:

+ i

The unitarity condition (4. 39) has a physical meaning, as was pointed oui; 
in chapters 2 and 3, when all intermediate reactions are rea lly  possible and 
the entire reaction is possible as a whole. In this case A^g is the imaginary 
part of the amplitude fo r the values S > 4 m2 and S > 4 m? (4 m2 is the 
threshold of the firs t intermediate reaction a — y, and 4 m  ̂ is that of the 
entire reaction or-* /3).

(4. 5 6)

(4. 37)

<Xl b = - dz dcp . (4. 38)

(4. с 9)

where

(4. 4 0)

while

m2 = m2 + m2. (4. 4:1)
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In other words, has the meaning of the imaginary part of the ampli
tude when

m f <m . (4.42)

The amplitude 1/® can then be restored by the general formula (2. 5) which 
in the present case w ill be written as

M («r
4 m 2

If

m  f > m  (4. 44)

the firs t intermediate reaction becomes possible earlier than the entire r e 
action as a whole and therefore the unitarity relation has no physical mean
ing when

4 m2 < S < 4m? (4. 45)

and consequently A ^  in this region is no imaginary part of the amplitude. 
Hence (4.43) ceases to be valid. We can, however, obtain M ®  in case (4.44) 
by considering Eq. (4. 43) as an analytical function o f mf and perform ing the 
analytical continuation of (4. 43) from  the region (4. 42) into the region (4. 44). 
With this aim we should substitute Eq. (4. 39) into (4. 43) and consider the
analytical continuation of the integral (4. 43). It is clear that if in the m ove
ment from  mf < m to mf >m , А ш  as a. function of mf2 remains regular and 
does not go to infinity under any 4 m2 < S < »  the integral in (4. 43) w ill have 
meaning and Eq. (4. 43) remains valid. The problem thus reduces to the in
vestigation of the analytical properties of А^Д. From  Eq. (4. 39) it is clear 
that i f  Iф (S, mf)| > 1 , then A^s is regular. If, on the other hand,

I ф (S, mf ) I = 1 (4.46)

for certain m and S entering the integration region in the integral (4. 43), 
then A ^ b wil l  be singular since the integrand in Eq. (4. 39) goes to infinity 
at one of the integration lim its. Let us find fo r given masses the point SA at 
which condition (4. 46) holds

SA = 4 m 2 - H  ¡ m^ .  (4.47)

From  Eq. (4. 47) it is c lear that when

m2 = mjj (4. 48)

we have Бд = 4 m2, i. e. equal to the lower integration lim it in the integral 
(4. 43). Consequently, in the case of (4. 48) the integral (4. 43) w ill have no 
meaning since the integrand is singular at the lower integration lim it. From  
Eq. (4. 47) it is clear furthermore that if

m2 > m2K (4. 48a)

2
then, according to Eq. (4. 41) Эд again becomes sm aller than 4 m , i. e. goes
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beyond the integration region in Eq. (4. 43). This does not mean, however, 
that under the condition (4. 4a) Eq. (4. 43) again becomes valid. Indeed, if 
mf2 is regarded as a complex variable, then with a sm all positive imaginary 
part of mf2, the point SA w ill move with the change of mf2 as is shown in F ig . 
20. It is clear from  F ig . 20 that the tra jectory of SA obviates the point 4 m2 
on the right. It is easy to see from  Eq. (4. 39) that the function A^e(S) is 
analytical in the plane S, with a cut along the curve shown in F ig . 20, for 
any values of mf. But since the function at the cut is not unique, the integral

Re т ^ < т *

S4 Re mj>mj

Fig. 20

(4.43) becomes meaningless since the integration bontour in Eq. (4. 43 I 
crosses the cut. A  definite meaning can be imparted to this integral by de
fining it as an integral over the contour Г  shown in F ig . 21.

<m2

S*

Fig. 21

If we now make the imaginary part of mf tend to zero, the line у wilL 
pass onto the rea l axis and we shall have

Sa
J  (S ') dg, ____  ̂ j  A<&(S + ie ) - A % { S '  - ie ) ^

Г  4m2
oo
Z  !'>. <4- <‘9>

+ f # f i  dS..
Thus 4 m

M“ e (S) = ж J  A<a>B (S~  —  dS‘ + I  J  dS'. (4. 50)

4 m2 4 m2

Let us now turn to the non-relativistic approximation, making m2 -» oo ami 
substituting S fo r the variable s by Eq.(4. 30a)* Then the second integral irl 
Eq. (4. 50) goes to zero and we obtain

M ie  i s )  = — Г  A U  ( s '  :  ieI :  A «B (s '_ + 1€ ) d s , 5
ot6 4 ' 7T J  s' - s

*  Strictly speaking it is impossible to turn to non-relativistic approximation in this example, because 

the masses of the particles В and у are equal. But the scheme of the consideration and formulae(4.52)-(4 .54) 
are corrëct.
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where

sA = S A - 4 m 2. (4.52)

From  Eq. (4. 39) it follows that

Ay s > ° A « B(S *> <4- 53>

and therefore we obtain finally

£  (2)
MaB(s) = - -f- ds: (4. 54 )

sh

Thus in the case under discussion M ^ (s )  is expressed with the aid of the 
dispersion integral of Im A Q  (s) and not of A^g (s ) itself. As we have seen, 
this result follows from  the fact that

m2 < m2 + m2

i. e. the fact that the particles В and у possess sm all binding energy (as 
compared with the rest mass).

In conclusion it should be noted that Eq. (4. 54) remains valid for unequal 
masses of intermediate particles, and i f  we replace a by t, it can be trans
fe rred  unchanged onto the graphs with triangle singularities fo r t which we 
have considered.

It can readily be seen that Eq. (4. 54), if  we substitute Im A ag from  Eq.
(4. 39) (calculated in the non-relativistic approximation), coincides with the 
result obtained from  the direct calculation of the Feynman integral.

5. AM PLITUDE VERTEX PARTS OF DIRECT NUCLEAR PROCESSES

5. 1. Definition of vertex  part

Virtual decays and captures occur in the graphs we have considered.
The amplitudes of these processes w ill be called vertex  parts. We shall 
confine our treatment to such vertex  parts where only one of the particles 
entering a vertex  is virtual. Vertex  parts of this kind are considered in detail 
in [ 1 0 ].

We shall begin with specifying the concept of a three-ta il vertex  part as 
shown in F ig . 22. If we deal with a "purely po le" graph, i. e. a graph without 
any singularity except the pole, the vertex part is expressed through the 
m atrix element M23 of the decay of particle 1 into particles 2 and 3 and is 
a number known as the reduced vertex part

7 23 = (m3/7r)i M 23- (5.1)

The sum of the graphs shown in F ig . 22 has severa l singularities besides 
a pole (the black dots correspond to the reduced vertex  part fo r the decay 
1 -*• 2 + 3, crosses designate the reduced vertex  part, the same fo r a ll term s 
of the sum, fo r the second vertex  at which the line of particle 3 ends).
These singularities are determined by the singularities of the graphs follow -
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\
3

Fig. 22

ing the firs t term s making up a purely pole graph. Since the number of 
summed graphs is infinite in the sum as a whole there may inprinciple appear 
singularities which do not occur in any term  of the series. An essentially 
singular point may fo r example be such a singularity (we shall see later cn 
that this is perhaps the situation in the case of nuclear vertex  parts). The 
amplitude corresponding to the sum of graphs in F ig . 22 can be represented 
as Eq. (2. 47). This formula w ill give the vertex part Г2з (subscripts and 
superscripts w ill be omitted) for the decay vertex  1~*2 + 3. The vertex  part 
Г  is a function of the masses of the particles and the invariant variable 1 1 :>

If  the particles 1 and 2 are free  (i. e. r i = 0 and r2 = 0) then in the rest 
system of particle 1 the variable ti2 cam be simply expressed through the 
square of momentum transfer q2 = (pi - p2 )2 :

where E is the total kinetic energy of particles 2 and 3 in their centre-of- 
mass system. If mi < m2 + m3 (particle 1 is stable) then E is negative and 
equals the absolute value of the binding energy of particles 2 and 3. Thus, 
i f  the masses of particles 2 and 3 are regarded as fixed, the vertex  part w ill 
be a function of the momentum transfer q and energy E. In the next sec tio i 
we shall consider the analytical properties of r (q , E) with respect to the 
variable q.

5. 2. Vertex part in single-particle model

It w ill be shown that the calculation of vertex  parts essentially reduces 
to the quantum description of the relative motion of particles 2 and 3. This 
is why a one-particle (optical) model can be used for calculating the vertex 
parts. In the one-particle model the wave function of the relative motion c f . 
particles 2 and 3 Ф (r ) where r = r j  - r£ (r£ and F3 are the vector radii cf 
the centres of gravity of particles 2 and 3) corresponds to the "decaying" 
nucleus. The function ф (r*) is finite at zero and decreases exponentially for 
•sufficiently large r. If particles 2 and 3 are zero spin particles and the- 
nucleus of 1 has spin f , the radial part 'P 5 (q) of the wave function Fourier 
component is given by the equation

tl2 = - (Pi - P2 )2 + 2 (mi - m2 )(Ei - E2 ).

ti2 = - (m3 /т2з )q2

where т 2з is the reduced mass of particles 2 and 3. 
F rom  energy conservation law we have

E = mj - m2 - m3 (5.4)
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V t(q) = (2/тг)Ь ï *  J  (M r )  J i(q r )r2dr , (5.5)

where jt (q r )  is a spherical Bessel function a n d ^ j(r ) is the radial part of 
the wave function. Since

i , ( r )  = C , (e ‘ > )  (5.6 )
r—» «о

where

к =V 2 me , e= -E  > 0 (5. 7)

from  Eq. (5. 6) it follows that^j (q) must be of the form  *

<P|(q) = F{ (q)/(q2 +/c2 ), (5.8 )

and F e (iK) = (2/тг)*С4. (5 .8a)

The function F j (q) is analytic in the upper half-plane of the complex variable 
q. When |ql -* oo, F j (q) may behave as q a гьч where a and b are any complex 
numbers (a stronger-than-exponential growth is forbidden because of the 
convergence of the integral (5. 5)). Thus F j(q )  has no singularities in the 
final part of the upper half-plane of the variable q, but may have, in general, 
a pole or an essentially singular point at infinity. The function F ¡¡ (q) coin
cides with the vertex part T(q ) accurately to within a constant factor. The 
simplest way to ve r ify  this is  to consider in terms of perturbation theory 
the weak local interaction of some radiation with particle 3 (for example, 
the interaction with electromagnetic field leading to a nuclear photo-effect, 
the capture of orbital electrons or M”-mesons, e tc .). Obviously, the ca l
culation taking into account Eq. (5. 8) w ill lead to a formula with a pole de
nominator while the remaining dependence on q w ill be given by the function 
F(q) since the vertex part corresponding to the weak local interaction will 
be a'constant. It is precisely such a formula that corresponds to the graph 
in the left-hand side o f the equation in Fig. 22 (in this case the cross co r
responds to the vertex part for the weak interaction calculated by perturb
ation theory and proportional to the first power o f the interaction constant). 
On the strength of the above we arrive at the following formula for the vertex 
part F  (q);

oo

Г  (q) = (2/ff)i i ' £(q2 + K 2) A s y  ^s(r)jii(qr)r2dr. (5.9)

о

The constant A g is  expressed through the reduced vertex part 7 , thus

А л  = ( 2 / 7 r ) ï  i *   ----------------------------X.—  ------------------------- » — n \
lim  { (q 2 + к 2 ) /i¿í|(r)j{ (q r )r2 d r } ' a

The reduced vertex part can in turn be expressed by wave functions (see 
section 5.4). Equation (5.9) in combination with the formulae of section 5.4, 
thus completely determines the vertex part.
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I f  q « k ,  where к is the wave number of a particle inside the nucleus 
with radius R, integration over the inner region (from  0 to R) w ill yield a 
sm all contribution to integral (5.9). This can easily be seen i f  we take a 
rectangular well as an example, when Ф i (k r )  inside the nucleus equals j j (k r ) 
accurately to within the normalizing factor. Since we have 

oo

J  j { (k r ) i t (q r )r2dr = (tr/2  k q )ô (k -q ) 

о

the integral over the inner region w ill be sm all* when (k + q ) R » l .  In this 
case the lower lim it of integration in Eq. (5. 9) can be replaced by R 0 which 
leads to the Butler formula i f  the vertex part (5.9) is introduced into the 

« amplitude of the deuteron stripping pole graph. It should be borne in mind 
that the quantity q in Eq. (5. 9) is given as the momentum transfer in the 
system of the disintegrating (or forming) particle 1 by Eq. (5. 3) and does 
not, in general, coincide with the momentum transfer in the c. m. s. of the 
total reaction. In particular, the quantity q depends on energy in the c. m. s. 
o f the reaction (see Eqs (5. 10) and (5. 13) below). This circumstance is 
especially essential when the momenta transferred are small. When we have 
la rge q comparable with к we cannot neglect the contribution from the inner 
region* * in Eq. (5.9 ).

The transparency of nuclear substance for the emitted (or absorbed) 
virtual particles is essential when calculating the vertex  parts. For nucleons, 
for example, the nuclear potential is rea l fo r negative energies in the first 
approximation (the imaginary part of the potential corresponding to the m ix
ing of one-particle configurations is sm all). The problem of taking in:o 
account the absorption of virtual particles in nuclear substance w ill be con
sidered in section 5. 4. Note that the smooth decrease of the potential on 
the nuclear surface (instead of a jump in the case of a rectangular w ell) may 
prove essential for the angular distribution curve. In term s of analytical 
properties the explanation is that in the case of a potential with a diffuse 
edge there arise branch points on the rea l axis (see below). As a result ad
ditional term s corresponding to these peculiarities appear in Г  (q).

Equation (5. 9) is universal in the sense that the vertex  part it gives 
may enter into the amplitudes of widely different processes: usual low- and 
medium-energy nuclear reactions with a nucleon-deficient nucleus as incident 
particle, reactions on multi-charged ions (such as nucleon transfer re 
actions), high-energy reactions with the capture of slow v~ and K " mesons 
by nuclei. In the case of a pole mechanism, the amplitude of the process 
w ill, as follows from  Eq. (2. 47), be proportional to the product of the vertex 
parts of the vertices which contain the lines corresponding to the target 
nucleus and incident particle. F o r the pole mechanism of deuteron stripping 
or pick-up we thus obtain the Butler formula since the deuteron vertex  part, 
accurately to the zero neutron-proton range, is a constant. When, on the 
other hand, the radius o f the incident particle is much la rger than 1 /k (which 
is just the case in the nucleon transfer on múlti-charged ions) the vertex 
part corresponding to the incident particle w ill also be a function of the rr.o

*  Fot example, when the potential w ell is 40 M eV  deep, R= 3.6 X 10 “ 3 cm, the nucleon binding епегцу 

is 6 M eV, t = 0 and qR = 1, the contribution o f the integral over the inner region is about T?o.
* *  This is one o f the main reasons why Butler's "surface stripping” theory describes fa irly well the ек- 

perimental angular d istribution intheregionof small angles, but not so w ell with experiment when the momerta 

transferred are large.
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mentum transfer and this w ill strongly affect the angular distribution of the 
products of the reaction. It should be borne in mind, however, that the v a r i
ables 112 d iffer from  vertex  to vertex. If, fo r  example, the pole mechanism 
of the reaction A(x, y )B  is such that A  and В enter one vertex, while x and у

where is the ratio of the reduced mass of the particles i and j to the mass 
of the particle i. The sign of Eq. (5. 10) is chosen depending on what occurs 
at the vertex  AB: emission (upper sign) or absorption of a virtual particle.
In these notations Eq. (2 . 47) w ill be of the form

It is clear from  Eqs. ( 5 .  1 0 )  and ( 5 .  1 2 )  that when M a x  f  М в у  the vertex  parts 
w ill depend not only on the momentum transfer q in the c. m. s. of the co llid 
ing particles, but also on the energy E. Since qAB increases with E, the 
contribution of the integral over the inner region in Eq. (5. 9) w ill change 
with the energy E. As a result the effective radius of the vertex  determined 
from  the comparison of the usual Butler formula with experimental data w ill 
also change with energy. An inaccuracy in the determination of the vertex 
radius w ill also affect the reduced vertex  part (or reduced reaction width) - 
since it is expressed through r ( iK ABR).

5.3. Vertex  part singularities

To study the singularities of the vertex  part ( 5 .  9) it is convenient to use 
the integral equation fo r r (q )  which can read ily be obtained from  the Schrô
dinger equation for Фi ( r ) .  This integral equation is of the form

where U (r) is the potential of the interaction of the particles 2 and 3. In in
vestigating the singularities of the vertex  part the specific value of ¿ is in
essential and therefore we put £ = 0 fo r the sake of sim plicity. Then we have

another; we.have

* ab= -q2 *  2 т з { [ ^ Ах - %  JE-'-SQJ-

t A B ^ x y - 211^ (5. И )

( 5 .  1 0 )

( 5 .  1 2 )

where

(5. 13)

Here
00

and 00

0

Ao (q. q*. к) = \ ^ (5.17)
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if  q, q' and к can be sides of a triangle, and

^ o  (q> q1 j k) = 0 (5.17a)

if  this condition is not fu lfilled.
Equation (5. 14) can be re-w ritten  as

00

r ( i/ s ) = c o n s t+ ^  r f / s ^ i s ,  s ')ds ' (5. L8)

0

where the kernel ф (s ', s) is given by the formula

* ( g ,’ s> = <5- w a >
(l/s" + S f ) 2

í f s ' . s ) = 4/^ ^  V (/ s " )d s " .  (5. l!)b)
W s - У?)2

Here \/~s is determined so that v/l" > 0 if s is rea l and positive.
Since the singularities of the solution of the integral equation are given 

by its kernel, Eq. (5. 18) need not be solved to find the singularities of ths 
vertex  part; it is sufficient to study the singularities of the kernel (5. 19) 
as a function of s and s '. It is clear from  Eq. (5. 19) that the analytical 
properties of , s) depend on the properties of the Fourier component:! 
V (k ) of the potential V (r ). Let us consider the potentials satisfying the 
following condition

U (r) = r -1 £<*( exp(-a¡r) 
r  —*00 1

i . e .  behaving asymptotically as the superposition of the Yukawa potentials. 
From  Eq. (16) it follows then that V (k ) is of the form

V (k ) =Ç v i(k )/ (k 2 + « f )  (5.21)

where v ¡(k ) has no singularity in the finite part of the upper half-plane of 
the complex variable k. At the same tim e when I к I —  oo , v i (k ) may behave 
like k a ebk where a and b are any complex numbers. In other words, V i ( k )  

and consequently V(k.) may have an essential singularity at infinity. If there 
is no such singularity (i. e. if  b = 0) the potential U (r) is of the form  (5. 2 3) 
fo r  a ll r. The potentials employed in the theory of the nucleus are usually of 
a type s im ilar to (5. 21). Here are two examples of such potentials.

(a) A  potential of the type of a rectangular w ell with diffuse edge

r  < R
U0Rr 1 exp {-or(r - R )} r > R

V (k ) = U0 (*/2 )*v(k )/ (k* + -с2)

(5. 22a) 

(5. 22b)

. . .  1  Г  (or2 + k2 )(sin kR - kRcos kR ) . _  . .v (k ) = -jH --------------------- ------------------- ~+ a  R sm  kR - kR cosk R j
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(b) A  potential s im ilar to the Woods-Saxon potential

U (r) = fl-L  Uq—7— (5.23a)г 11 + expa (r R)J

V (K ) = (v0 /k)(tt/2) i {  -(îr/<*)(cos kR/sh(7Tk/2)
(5. 23b)

+ 1 /k + к £ (- 1 ) V (exp [ -a vR ]/(at2 v2 + k2) ) }  .
i/=i

(The last term  in brackets has the same poles as the firs t one. Therefore 
when 1 , which holds for a ll nuclei except the lightest, the sum over v
can be omitted. ) The factor 1/r absent in the Woods-Saxon potential has been 
introduced because of the requirement (5. 20). Due to this factor V(k) has 
only simple poles, while the Fourier components of the Woods-Saxon 
potential would have multiple poles 1/ [ k 2 + (a v ) 2] . Note that the pole multi
p lic ity  is not essential fo r further conclusions and the requirement (5. 20) 
is imposed only fo r certainty. This requirement is natural if one proceeds 
from  the physical considerations based on the fie ld  nature of nuclear in ter
actions.

Equation (5. 19) is a singular integral equation. From  the theory of 
equations of this kind (see [ 1 1 ] ), fo r  example) it is known that the solution 
has a singularity for that value of S for which both the factors in Eq. (5. 19a) 
have a common singularity with respect to s' or if  the kernel is singular at 
the ends of the integration interval. In other words, the singularities of 
r (/ s ) coincide with the singularity of the function Ф(- /с2 , s). Substituting 
Eq. (5. 21) into Eq. (5. 19b) and assuming in accordance with the above that-

v/s*" = + i к

we obtain
’ф(- к 2 , s) = 4*1 s-fe4>i (s) (5. 24)

where ,
(УГ+ ík )

<Pi(s) = j*  d s " .  (5.24b)
(Æ - inj2

Since v i (\ / s " )  has no singularities in the finite part of the plane of the complex 
variable v/s", <P¿(s) has only a singularity at the point

( / T i - i K )2 = - a 2- (5.25)

Taking into account the above definition of n/F we obtain

v/I7 = i (ttj + к) . (5. 26)

Thus the vertex  part of T (q ) as a function of the variable q2 has singularities 
at the points

q? = - (a ¡ +IC)2. (5.27)

This means that the singularities of the vertex  part in the finite part of the
plane of the variable q2 are determined by the asymptotics of the potential
or, in other words, by the diffuseness of the potential w ell edge. If we have
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a rectangular well, = °° there are no singularities at a ll for the finite 
values of the variable q2 . The results obtained are quite natural from  thei 
physical point of view. Indeed, the diffuseness of the potential w ell edge ::s 
characterized for rea l nuclei by the value « i®  1. 54 X 1013 cm -i[1 2 ]. If we 
put к = 5 X 1012 cm -1 (this corresponds to e = 5 MeV for a nucleon) then 
we have q¡ = -158 MeV. AMU. Now, the singularities of triangle graphs г.re 
usually prec ise ly  of this order of magnitude, as we have seen in the p re 
ceding chapter. Thus the diffusion of the potential w ell edge phenomenologi- 
cally takes into account the set of peripheral graphs represented in F ig . 2¿ . 
These.results also allow us to see where the diffuseness of the potential well 
edge may have a substantial effect on the angular distribution of direct re - 
action products. This obviously happens when the singularity of the graphs 
responsible for the main contribution to the direct process amplitude is close 
to Eq. (5. 27) or corresponds to larger negative values of q2 , i. e. if  this 
singularity lies at the values -q2 ^  100 to 200 MeV. AMU).

We have seen above that since we have R / 0 the Fourier component!? of 
the potentials used in nuclear physics have a:n essential singularity with 
respect to q at infinity. As a result, the vertex  parts F(q ) also have an es 
sential singularity with respect to q at infinity. This conclusion directly 
follows from  the fact that with a complex q tending in absolute value to 
infinity the kernel (5. 19) increases exponentially fo r any rea l s' > 0 and in 
particular fo r  s' — oo. This means that when |q| — oo the kernel of theintegral 
equation (5. 18) diverges at the upper lim it. According to the theorem we 
have mentioned, it follows hence that the solution of the equation w ill also 
have an essential singularity at infinity. If we have a rectangular w ell there 
are no singularities with respect to q2 in the finite part of the plane, and 
the vertex part is not a constant only because of an essential singularity.
The diffuseness of the potential w ell edge does not eliminate the singularity 
connected with the nuclear radius since the integral

0

converges because of фг(г) being finite at zero, and the kernel ф(э, s ')  =
=$*(q, q ') fo r  any finite q tends to zero when q' -> 00. Therefore when 
q - к » » !  in the integral

fyííft-í 'oq 'í-¡S4%xdk.
0 lq - q'i 1

a? can be neglected compared with k2 and we obtain an integral equation 
which in the region of large q does not d iffer in any way from  the case of 
a rectangular w ell provided v¡ (к ) has an essential singularity of the type 
A  cos kR + В sin kR.

In the nuclear model under study the diffuseness of the potential w e ll 
edge thus leads in the vertex  part to the singularities corresponding to the 
peripheral graphs of the type represented in F ig . 22. As to the radius of 1;he 
nucleus, an essential singularity with respect to q at infinity corresponds: 
to it. In a sense (in the fram ework of the model used) the latter conclusion 
answers the question put in [ 1 ] about the analytical properties, of the direct
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process amplitude due to the nuclear radius being finite. It is not clear 
whether the presence of an essential singularity results from  the rough ap
proximation of the properties of the nucleus by the potential well with a 
diffuse edge or such is the true situation despite the predictions of the dis
persion theory of the elementary particles. A ll we can say now is that the 
search fo r the graphs whose momentum transfer singularities would co r
respond to the nuclear radius has not yet been successful. Investigations 
(undertaken by the author in collaboration with V. S. Popov) showed that as 
the Feynman graphs became more complicated their momentum transfer 
singularities receded into the region of là rger negative values (to the best 
of our knowledge not a single example can be cited when a Feynman graph 
singularity would approach the physical region with the increase of inner 
lines). Barring the possibility of essential singularities in precise theory, 
the nuclear radius must be explained either by a singularity on the unphysical 
sheet or some sequence of the graphs which have eluded the theoreticians’ 
attention. Going back to the model concepts, it should be noted that so far 
the complex nucleus has not been described satisfactorily with the aid of a 
potential in the form  of the superposition of Yukawa potentials. This is why 
the fact that the vertex  parts have an infinitely remote essential singularity 
with respect to the momentum transfer has to be reckoned with in the practical 
theory of direct nuclear reactions. This means that dispersion relations 
with respect to the momentum transfer can be written only after the p re 
lim inary division of the amplitudes into the suitably selected exponential 
factors. This device does not involve any intrinsic difficulties since the a- 
symptotic behaviour of the vertex  parts is known. Since the amplitudes co r
responding to various graphs can, as we have seen in chapters 3 and 4, be 
obtained by direct calculation of the Feynman integral (3. 17) the simplest 
approach to the estimation of the finite size of a nucleus is to substitute, in 
the integral of (3. 17), the quantities given by Eq. (5. 9) (see [13] ) instead of 
the constant vertex parts.

5. 4. Reduced vertex  parts

The reduced vertex  part y is connected with the decay probability per 
time unit X of particle 1 into particles 2 and 3. This decay may occur if 
m i>  Ш 2 + Шз, From  Eqs (2. 24) and (5. 1) it follows that

Our problem is to express X , and consequently y, through the wave functions 
of the single-particle model and continue analytically the formula thus obtain
ed up to negative values of E = - e. The complex energy W = E - iX/2 is 
known to correspond to the unstable particle in quantum mechanics. When 
X are small, the following expression holds for X [14]

yy*  = ( Х т 3/Ш2з) /  т 2з/2Е. (5.28)

R

О
where

(5. 29а)

and i//{E(r) is the solution, finite at zero and corresponding to the rea l energy
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E, of a radial equation. Since X je (r) is real, X is rea l too when E > 0. Sub
stituting Eq. (5. 29) into Eq. (5. 28) we obtain

r y *  - (m3 /m 23 ) ft E (R )/ J X2iE(r )d r (5. 3D)

We can now determine у in the following manner'.

R

/ S 's  /m 23 J  XtE (r) dr (5.35)

Equation (5. 31) is an analytical function of E and can be extended to the ne ga- 
tive values of E = - e. Equation (5. 31) holds for the rea l potential. If the 
state of the "decaying" nucleus is not a purely single state, the system w ill 
not in general be described by the wave function ^ {E(r). The variation of 7 
due to the dissipation of single-particle states can be described phenomeno- 
logica lly  taking into account the "absorption" of particle 3 (or 2) in nuclear 
matter. For positive energies this operation reduces to the introduction of 
the complex potential (optical model). Let us see how the expression for t ie 
constant X of the decay of the state with complex energy W = E - i X/2 
w ill change. We consider E>0 so sm all that the imaginary part of the potential 
is sm all and the effect can be estimated by perturbation theory. Then the 
change of energy 6W is given by the formula [15]

00 00

ÓW = - i (  j*  X jE(r)U 2E (r )d t j J  X j E(r )d r ^  (5.32)
о о

Here Ü2 E (r ) is the optical potential imaginary part

UE(r ) = -U ¡E(r) - iU 2E(r)

with the sign reversed *.
Equation (5.32) should in general include the eigenfunctions Xíw (r ) c o i - 

responding to the complex leve l W. These functions are complex. It is clear, 
however, that since X is sm all the imaginary part x fw (r ) is also sm all (this 
quantity is an analytical function of W; the fact that when W is complex we 
have (r ) -> 00 at r - > 0 0  , is of no importance because of the determination 
of the integrals in Eq. (32)). Therefore X sw(r ) can be replaced with rea l 
functions X£E (r). Under these conditions 6W w ill be purely imaginary and 
we shall have

00 t 00

X{E(r)dri^ (5. 33 I
о ' о

Hence it is clear that even when U 2E ( r ) ^  Ule (r), i. e. when the absorption

*  According to [15], the integral in Eq. (5.32) should be understood in the sense of taking the limit:

/ x2. eW dr = lim s e '"  X*£dr
о * a—»0 о

5X = - 2iSW =-2 §  X ÍE (r)U  2E (r)dr / У
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in nuclear matter is low, X may decrease appreciably if U2E — To find 
how Л and hence y change in case the state is bound we must continue Eq.
(5. 33) analytically up to the negative E. To do this we must construct an 
analytical function of E which would coincide with U2E (r) when E > 0. We 
assume fo r sim plicity that the complex potential w ell is rectangular. It is 
known that the depth of the complex potential w ell of the interaction of , 
particle 3 with nucleus 2 can be expressed through the forward scattering 
amplitude of particle 3 on the nucleons of nucleus 2:

UE = - -(2*т/йз) f E(0). (5.34)

Here n is the number of nucleons per unit volume, m3 is the reduced mass 
of the nucleon and particle 3, and f¿(0) the amplitude of the scattering 
forward of particle 3 on a nucleon. Equation (5. 34) does not take into account 
the decrease of the phase volume due to the restrictive  operation of the Pauli 
principle. This effect w ill be taken into account later on, The amplitude î e ( 0 )  

is an analytical function of the energy and can be represented as

f E(0) = £ (2 i + l ) f t (E). (5.35)fi
If the energy E > 0 but less than the firs t threshold of a possible inelastic 
process in the collision between particle 3 and a nucleon, it follows from  the 
unitarity of the S-m atrix that

Im f„ (E ) 5 (l/ 2 i)(f{  - ф  = / я Е 7 е  f{ f$. (5.36)

Solving Eq. (5. 36) with respect to f f  we obtain

fjf = f i /П + 2i(2m 3 E )* fj ] (5. 36a)

The firs t part of Eq. (5. 36a) is an analytical function ? {(E ) of the energy 
coinciding with f* (E ) when E > 0 (but less than the firs t threshold). This 
circumstance enables us to continue analytically Eq. (5. 36) up to the negative 
values of E:

(l/2 i) (ft - f j )  V 2 I 3 E f sf  с . (5.37)

Equation (5. 37) makes it possible to solve the problem of finding the analytic
al function Ü2 (E) coinciding fo r sufficiently sm all E > 0 with the imaginary 
part of the optical potential U 2E :

U2 (E ) = (irni/m3 ) (2 m sE )i  £ (2 i + 1) [ f j j/ (l  + 2 i(2m 3 E ) i f { )]. (5.38)

Incidentally / 2тзЕ ' when E > 0.
The case is especially simple when in the region of sm all values of IE I 

any one term , fo r  example the term  í  = 0, is essential in Eq. (5. 38) (such 
a situation w ill practically always take place if in the negative energy region 
under study the "particle 3 + nucleon system " has no leve l with a higher value 
of angular momentum). In this case (E) can be expressed directly through 
the optical potential. Indeed, since in this case we have

f E(0) = f 0 (E) (5. 39)
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then

f0 (E) = -(m 3/2irn)UE. (5. 40)

Hence we have

t72 (tc) = _ ^ gm3E ' Ug . . m3. (5 4 l)
^ im3v/2m3E 4vn

7ГП E
Proceeding to negative energies (E = -e ) and assuming that

n = 3/(4тгг0 )

we obtain

U j ( - e )  = U[x/(1 + 4X)] (5.41c)

where

x = к m3 U rjj /3 , ~к = \! 2 m3 e . (5. 42 )

1 have mentioned that Eqs .(5. 34) and (5. 38) - (5. 40) do not take into account 
the restric tive  effect of the Pauli principle. Taking the Pauli principle inta 
account, we can write for the complex potential

UE = (2тгп/ЕГ3) [<P, (E )R e fE (0) + i Ф2 (E) Im fE (0)} (5.34a)

where Ф1 (E) and Ф2 (E) are the functions taking into account thePauliprinciple. 
The function (E) changes rather slowly and can be put equal to unity in the 
firs t approximation fo r sm all ! E I . The function Ф2 (E) for |E! close to zero 
is less than unity. If the nucleus were an ideal nucleon Ferm i gas (it is in 
this approximation that U2E are calculated when E > 0 [16] ), Ф2 (E) would 
vanish when E < 0. If, however, the diffuseness of the F e rm i distribution 
surface is taken into account Ф2 (E ) does not vanish either when E = 0 or when 
E < 0. Thus Eq. (5. 38),taking into account the Pauli principle, must be r e 
written as

à  (E) ■ -  Ф, (E) ?  ,2 „  ! , ,  t  ■

Equations (5. 41) and (5. 41a) do not in general hold since Eq. (5. 40) is not 
valid. If, however, the imaginary part fo (E ) is sm all when E <  0 Eq. (5.40)
applies approximately. In this case we obtain

U2 (-e ) = U[x/(1 + 4х)]Ф2(-е ) (5.41b)

where U is rea l under the assumption made. It is prec ise ly  this situation 
that takes place for neutrons, for example, when we have (see Eq. (2. 16))

f0 (E) = i /{/ m0 E - to).

The function Ф2 (E) when E < 0 can be regarded as a constant and probably
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equal in order of magnitude to (Д  E f/ E f)2 where A E f is the diffuseness of 
the F erm i distribution surface and Ef is a F erm i energy lim it. If the diffuse
ness of the Ferm i surface is due only to pair interactions, we have

A E f /Ef ^  1 /2 0 -

Substituting Eq.(5.38a) or (5. 41b) into Eq. (5. 33) we obtain a formula 
taking into account the effect of the complexness of the potential on the r e 
duced vertex  part. Bearing in mind that for the bound state for a sufficiently 
la rge R we can put

R oo

J XtEd r ~
О  о

and normalizing the last integral to unity, we obtain

X = Xl  (R) - 2U2.(-e ) (5.42a)

"У2 = (m 3/m| 3 ) ( x i  (R) + i(2m23 /e)*U2(- e )} (5.43)

where tf2 (-e ) is given by Eq. (5. 38a) or approximately by Eq. (5. 41). The 
functions X Js (r) are normalized so that

R

J x 2e (r) dr = 1 .
о

It was shown above that Eq. (5. 41b) must be a fa ir ly  good approximation 
to Eq. (5. 38a) for nucleons. It is not impossible that the same applies to 
other light particles whose nuclear scattering is described satisfactorily 
for low energies by the optical potential with a small imaginary part. Equation 
(5. 41b) includes only one quantity which is not measured directly in experi
ment, that is the function Ф2 (E) at E close to 0. However, this quantity can 
be calculated fo r estimations in a sim ilar way to that of SITENKO [ 8] for 
nucleons. In the case of nucleons, when e = 5 MeV, r Q= 1. 4 ferm i, Ui =
40 MeV and U2 = 0, Ф2 (-e ) *  2 X 10' 3 * we obtain by Eq. (5. 41b) Ü2 (-e ) =
0. 05 MeV. It is significant that since Ü2 (-e ) is rea l in this example, accord
ing to Eq. (5. 43), our taking into account the diffuseness of nucleon levels 
increases the absolute value of the reduced vertex part у and makes the 
quantity у complex.

On the basis of what we have said we can draw the following conclusions:
(1) The one-particle effect is essentially different for positive and 

negative energies: in the fo rm er case it decreases substantially X and con
sequently I у I 2 and in the second case | yI2 may even increase as compared 
with the purely single-particle model. Therefore the values of particle widths 
cannot in general be used fo r the decay of the compound nucleus in direct 
process theory.

(2) The non-single-particle effect tells more strongly on the quantity
I Y 12 the lower the binding energy is at the vertex. If the particle-nucleon

*  This estimate is based on the smallness o f the reduced neutron widths when E = 0,
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scattering amplitude is rea l fo r  negative energies (as is the case for nucleon- 
nucleon scattering) the non-single-particle effect on the quantity w ill be 
small.

Concluding our consideration of vertex parts, we should emphasize 1hat 
the procedure described of an analytical continuation of the optical potenlial 
imaginary part is s till rather imperfect. It can probably be substantially 
improved if the optical potential is expressed through the amplitudes of 
scattering of incident particles not on free nucleons bi}t on nuclear quasi
particles. The modern Ferm i liquid theory should be brought into play to 
solve the problem in question.

In the case of triangle graphs a knowledge of the virtual reaction .ampli
tude is also essential as well as that of vertex parts. The amplitude co r
responding to a triangle graph contains, as seen in chapter 4, the integró! 
of the virtual reaction amplitude over the unphysical region of the variabl es. 
Unfortunately, the behaviour of the amplitudes of the reactions between 
nucleon-deficient nuclei in the unphysical region is insufficiently known, 
except fo r the case of nucleon-nucleon scattering at low energies.

6 . KNOCK-OUT REACTION

6 . 1. Kinematic problems

We shall re fe r  to a ll processes in which the number of final partic le » 
is more than two for knock-out reactions. The simplest of such processes 
are reactions of the type

A + x — * В + y + z . (6.1)

The theory of knock-out processes is far more complicated that the theory 
of reactions (1. 1) considered in the previous lectures. The fact is that the 
knock-out reaction amplitude depends on a la rger number of variables. Let 
N be the total number of particles involved in the reaction (i. e. the sum of 
the numbers of initial and final particles). The momenta and energies of 
these particles are connected by the conservation laws

Р л + Р  = P n + P  + P  + . . . + P ,  (6.2)A x B y z  f v /

and the conditions

Р? = п?1 (i = A, x, B, y . . . f ) .  (6.3)

The number of the components of 4-momenta is 4N. Equations (6. 2) and 
(6 . 3) establish N + 4 relations between them. Thus the number of independent 
components is 3 N - 4. How many independent quantities, invariant fo r ths 
transformation of the reference system, can be made up of' these 3 N - 4 
independent components'? Since the number of parameters of the referenc э 
system transformation is 6 (3 Euler angles and 3 components of the velocity 
of the new reference system) the number of the wanted independent invariants 
is clearly 3N - 10 since any invariant can be calculated in any reference 
system and in particular in one where any 6 of 3 N -  4 independent components 
of 4-momenta have preset values.
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F or reaction (6. 1) fo r example, N = 5 and consequently the number of 
independent invariants on which the amplitude of the reaction depends is also
5. We can choose, fo r example,

s Ax * s B z ' s  z y J t zx '  * x y
or

S Ax> S Bz 1 S zy '  S By> *  xy

as such 5 invariants.
Here sAx and t xy are the invariants s and t we have used before, t a b  can 

be obtained from  t xyby replacing x and y with A  and B, and sbz , SBy and 
Syz by replacing in sAx the particles x and A  with the particles (B, z), (B, y) 
and (y, z) respectively. The sets of variables (6. 4) and (6 . 5) are expressed 
through each other linearly. The invariants Sij are expressed through the 
total kinetic energy of the particles i and j in their centre-of-m ass system 
(see chapter 2). Note that the use of invariant variables for knock-out 
reactions is especially convenient.

6. 2. Movement of singularities

Thus the theory of knock-out reactions must deal with the analytical 
functions of at least five  variables. The properties of such functions may 
be quite complicated because the position of singularities over some variables 
may depend on the values of other variables, and not only on the masses of 
particles, as was the case for the reactions (1. 1). Evidently, this w ill be 
the general situation fo r the amplitude of direct nuclear reactions correspond
ing to different Feynman graphs. This can readily be seen from  the graph 
represented in F ig . 23.

This graph d iffers from  graph 2 only in that the nucleus has been replaced 
by two nuclei В and z. The position of the triangle singularity tA of graph 2 
is given by Eq. (4. 8 ) which contains the quantity

(6.4 )

(6.5)

e ® b = m b +  m c -  m B-
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Since т в  = / p J, in the case of graph 23 the mass Шв is replaced by the 
quantity

m B ~* S ( P B + P z)2 = mB + m z + s Bz / 2 (mB + m j  (6, 6 )

and instead of the constant e®c Eq. (4. 8 ) contains the variable

е Ъсг = Qbc - s Bz/ 2(mB + m z ). (6. 7)

The second term  in Eq. (6. 7) is simply the kinetic energy in the centre-of- 
mass system of the particles В and z. This energy changes with the energy 
of the colliding particles A  and x, the em ission angles z with respect to x, 
etc. and consequently the singularity of graph 23 tA w ill shift in the complex 
plane of the variable t, t д  also assuming complex values. Equation (4. 8 ) 
fo r t д  holds in the case of graph 23; we have only to continue it analytically 
over the mass of the particle B, i.e . over e®c . For the analytical con
tinuation o f Eq. (4. 8 ) over we must choose the branch of . This
branch is so chosen fo r example, that for rea l e£c > 0 we should have

^ > 0 . (6. 8 )

F rom  Eq. (4. 8 ) we can see that t¿m ay  prove quite near to the physical region. 
For example, when e[*+z = 0, tд w ill be the same in order of magnitude as
tQ for pole graphs. The movement of ía  in the complex plane t xy is shown 
for graph 23 in F ig . 24.

CONTOUR

Fig. 24

The amplitude of graph 23 given by the formulae of chapter 4 is analyticE.1 
in the plane tXy cut along the line of the movement of tA from  a given value 
t д to + 'М д  being taken (in accordance with the imaginary correction ie fo r 
rea l e |+z ) on the upper side of the cut.

The following conclusions can be drawn from  what has been said above. 
F irst, the relation between the contributions from  different graphs to the
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amplitude of the process (6. 1 ) depends essentially not only on the masses 
of the particles involved, but also on the energies of the outgoing particles 
so that different graphs may prove decisive in different regions of the energy 
spectrum of the products of the reaction. Secondly, in the case of the r e 
actions (6. 1 ) and other knock-out reactions there is no general rule concern
ing the rem oval of singularities from  the physical region as the graph 
becomes more complicated, fo r the positions of the singularities depend on 
the values of the kinematic invariants. A  case in point is the triangle graph 
23 whose complex singularities may lie  nearer to the physical region than 
the pole with respect to t xy of the graph shown in F ig . 25.

Despite the above-mentioned difficulties, the treatment of reactions of 
the type (6 . 1 ) on the basis of dispersion theory proves useful for one reason 
because in term s of this theory we can understand an otherwise mysterious 
effect like the "quasi-elastic knock-out" from  nuclei complex particles like 
d, t, H e3, O' and the capture of it- - and K ” -mesons by nuclear clusters in 
complex nuclei.

In our next section we consider such a reaction as an example.

6 . 3. Knock-out o f complex particles

It must be clear from  what has been said before that in the theory under 
study the calculation of the knock-out of complex-particles (d, t, a etc. ) does 
not necessitate the assumption that they exist in the nucleus for a long enough 
tim e compared with the collision tim e (in other words, there is no need to 
describe the state of these particles by wave functions). According to the 
form alism  developed here, nuclei "consist o f"  deuterons and a-partic les, 
in the same sense in which a neutron is said to consist of a proton and 
тг-meson. In other words, even a stable nucleus is a dynamic system v irtu 
ally emitting and absorbing back a ll kinds of particles. These virtual particles 
make up the nuclear periphery just as the virtual тг-mesons form  the p e r i
phery of a nucleon.

This means that the "knock-out" of complex particles should be under
stood as the "knock-out" of a jr-meson from  a nucleon is understood. This

circumstance is illustrated by F ig . 26 representing the pole graph of the r e 
action (p, pd) and the Chew and Low graph fo r the process it + N  -*N  + 2ir.
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The same applies to reactions like the capture of n~- or K~-mesons by 
nuclear clusters. The direct production of deuterons and tritons in the capture 
of stopped n~-mesons by the light nuclei of photoemulsion (C12 , O16 ) may 
furnish an example o f the process in question. This reaction was observed 
in [18] and treated theoretically in [19].

The simplest pole graphs fo r this reaction on the C12 nucleus are she wn 
in F ig . 27, the position of the pole t0 over the variable tAB being indicated 
for each graph.

Fig. 27

The boundary of the physical region t over the variable t дв is zero for a ll 
reactions except С12 (яг t) B e9. In the latter case tm = - 684 MeV. AMU. 
Since according to Eq. (2. 47) the square of the absolute value of the pole 
amplitude at the physical region boundary ~  l/ (tm+ t0)2 , the yield  of tritium 
by graph (27b) must be small compared with graph 27a. The yield of p anc. d 
by graph 27b must also be sm aller than by graph 27a, though the remoteness 
of the pole in the case of 27b is somewhat compensated by the increase of 
the phase volume (a sm aller number of particles in the final state). Note 
that an appreciable contribution to the reaction in question may also come 
from  the triangle graphs since the nearest triangle singularity lies at 
t д = 108 MeV • AMU (Fig. 28). It is clear, however, that graph 27a is the

main one and must account at least for a considerable part of the entire effect 
observed. According to graph 27a тг~ is captured by an a -particle virtually 
emitted by the C12 nucleus. By Eq. (2. 47) the amplitude of this process 
could be expressed by the amplitude of the capture of it"-mesons by 
a free  a-particle. The latter amplitude can be regarded as a constant 
in the firs t approximation. For the sake of sim plicity we shall regar d 
the amplitude of the virtual а-decay of C12 also as a constant. Note that 
that the reduced vertex  part of the o' - de с ay of C12 w ill not enter the relative 
probability for the yield  of p, d and t. Now, the dependence of the vertex 
part on tдв w ill not strongly affect the energy spectrum of final particles 
(because there are many of them) and hence s till less the relative yields 
(since these quantities are given by integrals over energy spectrum).

Starting from  Eq. (2. 47) we obtain the following expression fo r the d ifier-
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ential probability of the capture of a ff"-meson by the C12 nucleus for a 
certain unit of time

6 4  ?i)5 4  Ei - Q)n d3pi‘ (e-9)

In Eq. (6. 9) y is the reduced vertex  part of thea-decay of C12 , pi and Ei are 
the momenta and kinetic energies of the final particles

Q = т с1г+ т я - Sm j (6 .10)

and Mag is the amplitude of the capture of a it -meson by an o-particle at 
rest. The amplitude My6 is connected with the differential probability d X' 
fo r the capture of a pion at rest by an a-particle at rest with a formula 
sim ilar to Eq. (6. 9):

Ims. 2 П'
dX' = (2 ^ - 4  6 6 <FEi - o ' - t6- n >i=l

Q1 = m a + m I -E m j . (6 . 1 2 )

Note that the taking in t o  account of the pole dependence on t a b  in Eq.(6.9) 
is a certain over-estim ation of the accuracy since we have already neglected 
the dependence of the vertex part on tAb which is at least as strong. It would 
be more consistent, therefore, to replace tAb in Eq. (6.9) by its value t m at 
the physical region boundary (it has been pointed out that tm = 0 fo r graph 
27a). However, we have conserved the pole dependence on tab in Eq. (6 . 9) 
in order to trace how strongly it distorts the energy spectrum of final 
particles as compared with the spectrum conditioned by the phase volume.

Using Eqs.(6.9) and (6.11) we can easily obtain the relation between the 
ratios of the yields of different particles in the capture of -mesons by a 
carbon nucleus and a-particle

* f/ x p = (Xr/XP)(CF/Cp) (6- 13>

where
bp

and a

c f = y ^ r - dx (6- 14)
a

a = 0. 05 (6. 15)

bp^O . 79, bd =0 . 81, b t = 0. 85. (6.16)

From  these data it follows that according to graph 27a the relations

X F/Xp= X'F/X'p (6.17)

must hold with a rather high degree of accuracy. Unfortunately, the available 
experimental data on the capture of ^-mesons by He4 nuclei are quite in
accurate and contradictory. Those given in [20] seem to be the best and 
according to this investigation we have
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X'd/X'p — i/3 X't/X' « 0 . 5 t o  0. 7. (6. 3.8)

However, these quantities are obtained with low statistical accuracy. The 
relation

^'t/(X't + Xd + 4 ) = 1 / 3 (6- I9)

is measured in this investigation much better. Note that this figure sharply 
differs from  the data of AMIRAJU and LEDERMAN [21] who suggest that the 
probability for the discharge of tritium in the capture of я- -mesons by a i 
a-partic le is 1/60.

In the investigation by VAISENBERG et al. [ 18] , quoted before, dealing 
with the capture of it- by C 12 nuclei, the ratio (Xa + X t )/\p is measured 
most confidently. This quantity is in good agreement with the data of (6 . 18), 
However, thevalueof \  /Xp differs from (6.18) at least by afactor oftwo. Table 
IVcompares the experimental data of [18] with the calculation for graph 27a in 
whichthe results of [20] on the capture of ir"-mesons by He4 nuclei are used.

TABLE IV

RELATIVE  YIELD OF p, d ANDt IN THE CAPTURE OF tt'-MESONS
IN C12 AND O16

Final

products
Experiment [18] Theory [19]

P 1 1

d 0.75 ± 0. 07 0.3 to 0.4

t 0.14 ± 0.10 0.5 to 0. 7

d +  t 0.91 ± 0.11 0.8  to 11

The experimental [18] and theoretical [19] spectra of deuterons emitted 
in the capture of ?r_-mesons by С 12 and О 16 nuclei are compared in F ig . J:9. 
The solid line in F ig . 29 plots the curve corresponding to graph 27a, takirg 
into account the pole dependence and constant vertex  part fo r the decay of 
С 12 . The dashed line represents the curve corresponding to the neglect of 
the pole dependence. The solid and dashed curves differ little, as is to be 
expected.

Fig. 29
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Figure 29 also shows that the agreement between the theoretical and 
experimental results is satisfactory. This circumstance shows that graph 
27a gives the main contribution to the probability fo r the reaction since the 
shape of the deuteron energy spectra differs for graphs 27b and 28. In par
ticular, the pole dependence and the dependence of the vertex part on íab are 
m ore strongly pronounced in these spectra. M oreover, the curves co rres 
ponding to the phase volume differ since the number o f final particles in 
graphs 27b and 28 is sm aller than in graph 27a. The deuteron energy spectra 
corresponding to graph 27b and 28 are sim ilar to those of tritium for graph 
27a. A  spectrum of the latter kind is shown in F ig . 30, a solid curve co rres 
ponding to the estimation of the pole dependence and a dashed one to the 
phase volume, as in F ig . 29. At present there are no experimental data on 
the energy spectrum of tritium produced in the capture of я-'-mesons by C 12 
nuclei.

Fig. 30

In conclusion it should be emphasized that the experimental data on the 
capture of ff-- and K"-m esons by light and lightest nuclei are s till meagre 
and the study of these reactions should be continued since they are of interest 
at least in two aspects. F irst, the study of such reactions w ill enable the 
validity of the general concepts on the nature of direct processes to be check
ed, and secondly, the measurement of the absolute probabilities for these 
processes when they are described by pole graphs of the type 27a and 27b 
enables the reduced vertex  parts of virtual decays with em ission of complex 
particles to be estimated experimentally. If the underlying concepts of the 
theory are correct, the values of reduced vertex parts thus obtained must 
agree with the experimental results of the investigation of other reactions 
and, in particular, that of the knock-out of complex particles (such as (p, pa), 
(p,pd) etc. ) in a wide energy range of the initial beam.

7. INTERACTION IN IN IT IA L  AND F IN A L  STATES

7. 1. Distorted waves method

The distorted waves method is often used to take into account the in ter
actions in the initial and final states of the reactions ( 1 . 1 ).

The method can be reduced essentially to the following. The amplitude 
of the reaction ( 1 . 1 ) is calculated by the perturbation theory formula

M a0 = J  H' фadv (7 .1 )
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where H' is the Hamiltonian of the energy of the interaction causing the r e 
action and regarded as perturbation, a n d ^ a andi//e are the wave functions 
of the initial and final states unperturbed by the interaction H' but taking 
into account the distorting effect of the interactions of the particles x and A 
and the particles y and В on the motion of the centres of gravity of these 
particles. In other words we have

where фА, ф y, фу and фв are the inner wave functions of the particles A, x, у 
and B, and ф Ax and ф are the wave functions of the re lative motion of the 
centres of mass of the particles A and x, and В and y. In the method of 
distorted waves Фах and фву are represented by wave functions describing 
scattering on a complex potential, i .e .  the wave functions of the optical 
model satisfying the Schrôdinger equation (see [12], fo r example)

where U (rAx) is the complex potential. The function фBy satisfies a sim ilar 
equation.

This technique is unsatisfactory fo r the following reasons:
(1) The operator H' is a Hamiltonian of a strong (nuclear) interaction 

to which perturbation theory is inapplicable;
(2) If this circumstance is ignored, Eq. (7. 1) of perturbation theory can 

be derived under the assumption that the unperturbed wave functions фа ¡ind 
i//B are orthogonal, which is not the case. Note that because of the complexity 
of the potential not even the functions фax (or фву ) corresponding to different 
values of the total kinetic energy E of the particles A  and x (or В and y ) are 
orthogonal.

(3) It1 is known that the optical model satisfactorily predicts the scatter
ing amplitude. However it is not yet clear how adequately it describes th î 
wave function of re lative motion near the nucleus.

Therefore, the method of distorted waves cannot be justified theoretical
ly  (or at least no one has succeeded in doing so) and it is used mainly bee ause 
the conventional theory of nuclear reactions has been unable to suggest any 
other more rigorous and at the same tim e no less practical method. A com
parison of experimental data with the predictions by the distorted waves 
method sometimes yields satisfactory results, while substantial d is
crepancies are observed at other times. The causes of these discrepancies 
are not clear mainly because the causes of the agreement, whenever it is 
observed, are not clear. The dispersion theory enables us to obviate thesie 
difficulties. The theory furnishes a theoretically substantiated and practical 
method of taking into account the interactions in the initial and final states, 
and this method proves even somewhat sim pler than the distorted waves 
method as far as calculations are concerned. Another m erit of the new 
method is that the effects of the interaction in the initial and final, states are 
expressed d irectly through the experimentally observed phases of scattering 
of the particles x on the nucleus A  and the particles у on the nucleus В. E or

(7.2 )

(7.3 )

-(l/2 mAx)V 2 ^Ax(r Ax)+  U (?ax) Фax (?Ax) = E^ax (?Ax>

U ( r A x )  = * U l ( r A x )  -  i u 2 (rA x )

(7. 4)

(7.5)
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this reason the optical model is used in the new method as prescribed, so 
to speak, that is fo r finding the scattering phases, and not the wave functions 
near the nucleus.

7. 2. Graphs taking into account the interactions in the in itial and final states

Assuming that the singularities of the amplitude of the direct process 
( 1 . 1 . ) with respect to the variable t (or u) are given by graphs of the type 1 
and la  (or lb ). Then the graphs shown in F ig . 31 w ill correspond to taking 
into account the interaction in the initial state.

In these graphs one of the virtual reactions which may recur an un
lim ited number of times is the scattering of the particle x on the nucleus A. 
Let us consider the firs t of the graphs of F ig . 31. This graph has no non-

re lativ istic  singularities with respect to thé variable t but has a singularity 
with respect to s when s = 0 since it is contained in a "contracted graph" 
shown in F ig . 31a.

F ig . 31a

This can easily be seen if we turn to the general formula (3. 17) fo r one- 
contour graphs. Indeed, in the case under study the denominator has only 
one quantity r ¡¡ + 2m ¡j Q ij e s .  Therefore the denominator vanishes when 
s = 0 and consequently graph 31a has a tr iv ia l singularity with respect to s 
when s = 0. A ll other graphs of F ig . 31 have the same singularity since we 
can readily see from  Eq. (3. 7) that each of them is the product of Feynman 
integrals fo r one-contour graphs of the type shown in F ig . 31. The case is 
very  sim ilar fo r the interaction in the final state.
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In this case we shall have graphs 32, the singularities of which fo r s 
lie  at s = 0 if  Q < 0 (i. e. if we have a threshold reaction) and at s = -Q 
if Q > 0, in other words, at e = E + Q = 0 where e is the total kinetic energy 
of the particles В and у in the centre-of-m ass system. Besides graphs 3 1 
and 32 there may be graphs of the type shown in F ig . 33 which possess the 
singularities o f graph 31 as w ell as those of graph 32. Since a ll graphs 
of F igs. 31, 32 and 33 possess the same singularities none of them can bs

+

Fig. 33

neglected when finding the total amplitude unless the scattering amplitude з 
are sm all fo r  some reason or other, which is not generally so in the case 
of nuclear scattering under consideration. Thus we face the need for finding 
the sum of an infinite series of graphs. The simplest way of solving this 
problem is not the direct summation of the Feynman integrals corresponding 
to graphs 31-33 but by using the conditions of unitarity and dispersion relatior 
(2. 5) for the variable s or, which, is the same, fo r  the energy E of the co llid 
ing particles in their centre-of-m ass system. This leads us to a graph of 
the type shown in F ig . 8 in which scattering is one of the intermediate r e 
actions. It was mentioned in chapter 3 that the consistent employment of tiie 
analyticity and unitarity principles is possible in this case without recourse 
to re la tiv is tic  formulae.

7.3. Omnes-Muskhelishvili equation

Let us assume that the intermediate particles band с in graph 8 are the par
tic les A and x. The firs t intermediate process w ill then be the scattering of 
the particles x on the nucleus A  and the second intermediate process re -
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action (1. 1) itself. Note that the matrices T  and T + are interchangeable with 
respect to the unitarity (2. 33). Accordingly, the unitarity relation (3. 3) can 
be re-w ritten  as p

A «S= K p /8t2) (7.6)

where a ' designates the intermediate states У  to emphasize the identity of 
the initial and intermediate particles. Let us now pass from  the amplitude 
Moai to the function faa. usually re ferred  to as the scattering amplitude.

М И ' = ( » / т Д й , (7.7)

its square of the absolute value being equal, according to Eq. (1. 2), to the
scattering differential cross-section. Equation (7. 6) w ill then take the form

A(l\ = (Р/4ТГ) J f l M a.Bd n x, (7.8)

and

p 2 = 2mAxE (7.9)

where E is the total kinetic energy of the particles x and A in the centre-of- 
mass system. Quite sim ilarly, we can take into account the intermediate 
states у in which the particles b and с are у  and B. Taking these states into 
account the two-particle relation of unity can be written as

A<a%  = (Р /4ТГ) j *  f * a M a,8 dBx, + <к/4Ю J  MaB,f£e, d n y, (7. 10)

where

k2 = 2mBy e , e = E + Q (7. 11)

and fgB' is the amplitude of scattering of the particles у on the nucleus B.
Let us now consider the analytical properties of the amplitude of the 

reaction M^g with respect to the variable s or, which is the same, over the 
variable E; it is assumed at firs t that Q < 0. In this case, the second term  
in Eq. (7. 10) vanishes when E = -Q because of the factor к and remains zero 
when E < -Q since the firs t intermediate reaction a — fi1 is forbidden under 
this condition by the conservation laws. The firs t term  in Eq. (7. 10) vanishes 
when E = 0 because of the factor p and remains zero when E < 0 since the 
firs t (for this term ) intermediate reaction a a' (scattering of the particles 
x on the nucleus A ) becomes impossible. Thus the imaginary part of the 
amplitude vanishes at E < Q. Condition (1) of section 2. 1 is thereby
satisfied. If we now assume that the other two conditions of section 2 . 1 are
fu lfilled  we can, using the general formula (2. 5), express the amplitude 

(t, E) through its imaginary part (7. 10), (t, E) being analytical in
the complex plane of E with a cut from  0 to ® . Note firs t of a ll that in the 
present case we are interested in the value of MaB (t, E) at the cut since the 
physical region of the variable E extends from  0 to oo. Since the integrand 
f(x ) in Eq. (2. 5) is the imaginary part of the function F (x  + iO) and we identify 
A a6(t, E) p recisely  with the imaginary part of the wanted amplitude MaB (t, E), 
it is c lear that the latter w ill be given as the value of the function yielded 
by Eq. (2. 5) on the upper side of the cut. Apart from  the two-particle term s 
of (7. 10), the imaginary part A^b (t, E) contains other term s AaB (t, E) which 
have no amplitude of the reaction (1. 1) itself. Thus we have
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А ав = . А ав +  А (а2)6 ( 7 . 1 2 )

On the strength of what lias been said we can, using Eq. (2. 5), write

M „ , E ) .  w  E ) * ¿ -  J  E

О

1 Г k(E ')h*(E ')M {t', EOdQv.
+ 4 Í * J Ё' - E - ir,---------y d E ‘ (7 b )

о

In Eq. (7. 13) the subscripts a, a', f} and 0' are dropp'ed and the notation

f 68,(e) = h(E) (7. 14)

is introduced and Mo(t, E) designates those term s of the amplitude which 
correspond to the imaginary part А  а’в and which vanish if А „ з  s 0. Equation 
(7. 13) is the integral equation with respect to the wanted amplitude M(t, E I 
with the kernel

p(EQf*(E-) -f k'(E') h * (E<)
E ' - E - in 1 • '

We shall ca ll Eq. (7. 13) the Omnes-Muskhelishvili equation. Equations of 
the type (7. 13) were firs t investigated mathematically by MUSKHELISHVI ^I
[ 1 1 ], and OMNES [22] pointed to the importance of this equation in the dis 
persion theory of the strong interactions of elementary particles. Equation 
(7. 13) was applied to the theory of direct nuclear reactions in [2].

We have said that Eq. (7. 13) holds if the conditions formulated in section 
21 are fu lfilled. According to the condition (2), a ll branch points of the 
amplitude M(t, E) as a function of E must lie  on the rea l axis when E ^ 0.
The properties of the solution of the integral equation are determined by 1he 
properties of the kernel (7. 15) and the properties of the free  term  M0 (t, E).
If the kernel (7. 15) can be integrated throughout the interval 0 < E ' < oo for 
a ll E f  0, condition (2) reduces to the requirement that there should be no 
branches which do not lie  on the rea l axis when E ¿  0 in the free  term  M0 (:,E); 
The physical meaning of this term  is obvious since when f —>0 and h —» 0> 
M —»M 0. The free  term  is thus the amplitude of the process without taking 
into account the interaction in the initial and final states. Hence it follows 
that MG(t, E) is given by one of the graphs or a sum of the graphs, considered 
in chapters 2 - 4 ,  which have no branch points with respect to s of the typ э 
of the triangle singularities (4. 52). We have seen that this condition is fu l
filled  for a ll graphs of interest for the theory of direct reactions and in 
particular fo r pole graphs 1 and lb and triangle graphs 2 .

Condition (3) of section 2. 1 means, as applied to the case under study,, 
that f * (E) and h* (E) must decrease sufficiently rapidly when |E|—»oo. If 
this is not the case, then instead of M(t, E ) we should, as indicated in section
2. 1, consider the function M(t, E ) =M(t, Е)/Ф(Е) satisfying the requirement 
in question and write the dispersion relation (7. 13) fo r this function. In th? 
following we shall assume that condition (3) is fu lfilled fo r the partial scat
tering amplitudes f¿" (E ) and h f  (E).
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Note,that by definition the quantities p and к in eq. (7. 13) are positive when 
E > 0, which corresponds to the branch

Imp = Im / 2mAx E > 0 .  (7. 16)

When writing (7. 13) we proceeded from  the assumption that Q < 0. If 
Q > 0 the lower lim it of integration in the second integral of Eq. (7. 13)-should 
be replaced by -Q. Obviously, such an analytical continuation over the lower 
integration lim it is possible since in the process we do not go beyond the 
physical region with respect to the variable e (see Eq. (7. 11))which is the 
total kinetic energy of the particles В and y. For this reasdn the scattering 
amplitude h(E) remains with Q > 0 regular in the interval -Q < E < 0.

Let us now proceed to the solution of Eq. (7. 13). To demonstrate the 
essence of the method, we shall consider the solution of Eq. (7. 13) with one 
integral term  (i. e. taking into account the interaction only in the initial or 
only in the final state). Taking into account two integral term s does not 
change the essence of the matter whereas the formulae become somewhat 
more cumbersome.

As w ill be clear later on, Eq. (7. 13) can be solved accurately without 
resort to the iteration procedure. If, on the other hand, we perform  iterations 
over the free  term  lVlo(t, E) and represent the solution as the sum of several 
consecutive iterations, each term  of this series w ill represent one of the 
graphs shown in F igs. 31-33.

P lease note also that Eq. (7. 13) can be represented graphically ks in 
F ig . 34 in which a cross.designates the free  term , a rectangle the wanted 
amplitude and circ les  the scattering amplitudes f *  and h * .

F‘ g-34

7. 4. Solution of the Omnes-Muskhelishvili equation

- The amplitude M(t, E) can be regarded as a function of the variables 
M (z, E) where z is the cosine of the angle between the direction px and 'py. 
The scattering amplitude f  is in turn a function of the cosine of the scattering 
angle, i. e. the angle between the directions f?x and f?x where is the mo- 
mefitum of the particle in the intermediate state. The required amplitude 
of the process in the integrand depends on the variables M (z ', E ') where z' 
is the cosine of the angle between {?x and py. Using the expansions

M (z, E) = £ (2 i + 1)M j (E )P j (z ) 
É

f (z ,E )  = 2(2* + l ) f t (E )P 5 (z )

(7. 17)

(7.18)
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where Pt (z ) are the Legendre po lynom ia ls, using also the formula

z ' = z i z  -v/ l - z f / l  - z 2’ cos(<Pi-<P) (7. 13)

and applying then the well-known theorem for the addition of spherical 
functions, we can perform  the integration over d iîx' after which Eq, (7..13) 
reduces to the equation for the partial amplitudes M p (E ) :

M|(E) = M OI(E) + ¡  dE'. (7.20)

О

Here we have

u {(E ) = p f { (E ) = e ib{tE) sin àt (E) (7.2 1)

and 6 f (E) is the scattering phase fo r the t-th partia l wave. We shall drop
the subscript t since in Eq. (7. 20) it is the same fo r a ll partial amplitude.'!.

Equation (7. 20) can be solved in the following way. Consider the func tion

♦ ± (E ) = (2TTÍ)-1 J  M l ^ | E | d E ' .  (7.2Í!

According to Eq. (2. 9) we have

(7 .2SI

О

ф+ - ф -=  М (Е ) u* (Е ). (7.24)

Our problem now reduces to finding the functions Ф ± .
Let us represent Eq. (7. 20) as

00

M (E) = M 0 (E) + (îri)_1P  J  dE'+ iu * (E ) M (E ) (7.25)
о

and substitute Eqs. (7. 23) and (7. 24) for the integral and the last term . We 
then obtain

ф+{1 - 2 iu *) - ф- = М0и*. (7.26)

Let us put further

* ± (E )  = F ± (E ) р ± (Е ) (7.27)

and assume that the function p* satisfies the relation

(p + / p -)(l - 2 iu*) = 1. (7.28)

Substituting Eq. (7. 27) into Eq. <7. 26) and using Eq. (7. 28), we obtain
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F + - F “ = M 0u* /p". (7.29)

Equation (7. 29) holds for a ll 0 < E < oo . Obviously, we can regard F  ± as 
values of the function

О

on the upper and lower sides of the cut from  0 to oo in the complex plane E.
In Eq. (7. 29a) R (E ) is an arbitrary function having no singularities in the
fin ite part of the plane. The polynomial in E or an exponential function is 
such a function. But since we required at the outset that the solution M (E) ' 
should decrease sufficiently rapidly when |E|—> + oo (without this requirement 
Eq. (7. 13) could not be written) we must put

R (E ) = 0. (7.29b)

From  Eqs. (7. 29a) and (7. 29b) we thus have

F ±  = (Sirj) - 1 Г Mq(E') u v ( E )  dE_ .
' J J ( E '- E + in)p-(E0 l'.áUJ

Now we have only to find the functions Ф± in order to obtain the functions p* .  
F or that purpose let us make use of Eq. (7. 28). Taking the logarithm of this
relation and taking Eq. (7. 21) into account, we obtain

Inp+fE ) - lnp-(E ) = 2ió*(E ). (7.31)

Using then the same device as for finding the functions F ^ iE ) we obtain

+ - i f  $ E ' dE 'In p ± = ïï 1 \ * J  - . (7. 32)J E '-E  + i r) \ i
О

б У )  dE '
J E' -

P* = exp E + irj (7. 33)

Equation (7.33) in fact culminates in the solution of Eq. (7. 20). Bringing 
together a ll the results for p * , F *  and we obtain finally

00
*

M ,W  .  ♦ , - W  W  W E,) J g - <’ ■“ )
О

The solution of M g(E) can be expressed only through the p. v. -integrals:

oo

Mj(E) = M0t( E ) e ^ E>cos6? (E) + ^ p  { (E) e 9 J  M^ ' k £ -  E )^  dE'

(7.35)
where ç ^ 1

p*(E) = e x p j t f - ^ j^ iL U d E ' j   ̂ (7.36)
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Thus the solution of Eq. (7. 20) is given by the quadratures (7. 36) anc!
(7. 35). Note that Eq. (7. 36) can b e  re-written  fo r practical calculations e.s

00

P.(E) ■ e x p - f . - lE  *  E „ ) " |?  J  [ g t ' g )  ( g  , E )}  <7.3«.)
О

where E0 is an arbitrary positive number. Equation (7. 36a), which can be 
obtained by dividing Eq. (7. 31) by (E + E0) , is more convenient in numerical 
calculations in the sense that the integrand decreases more rapidly and con
sequently the calculated integral converges more rapidly. The scattering 
phases 6* (E ) fo r  nuclear reactions are the sum of Coulomb phases and purely 
nuclear scattering phases? As a result the function p(E) is the product

p(E) = P n (E) pc (E) (7.37)

o f the two functions Pn (E ) and Pc (E), each of which is given by Eq. (7. 36) 
or Eq.(7.36a), Pn containing only the nuclear phase and pc only the Coulomb 
phase.

It is shown in the investigation by KAMINSKY and ORLOW [23] that 

Pci = (ny/shiry) J[ (1 +r2n-2) j i , £2.1; Pc0 = j  ^Y/sh Tryj* (7.33)

where * *  „  2 , .
Y  = Z A Z x e  m A x / P  • ( 7 - З Э )

As regards Pn, E"^ tan 6n (E ) can be approximated for practical calculations 
by a rational function (see [23, 24] )

tanó*£ (E) = E* Q{ (E)/P{ (E ) (7. 40)

where Q j(E ) and Рд(Е) are po lynom ia ls. Then it is not difficult to show that 
Pn (E ) is given by the formula

Pn( E ) = c  J ] (E - Zk2 ) * / H (E - y ^ ,c  =П (Е 0 + Ук2 )1 /П(Е 0 + 2 2^  C?.4:l)
' к  к к k

where y^ and z k are the roots of the polynomials P t (x 2) ± i x  Q t(x2). Eq. 
(7.41) is obtained from  Eq. (7. 36a), Thus with the aid of Eqs.(7.37), 
(7.38) and (7.41) the solution of Eq. (7. 20) reduces to one numerical 
quadrature.

The problems of the solution of the Omnes-Muskhelishvili equation a£ 
applied to nuclear reactions are considered in more detail in [23].
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THE NUCLEAR SHELL MODEL AND ITS RELATION 
WITH OTHER NUCLEAR MODELS

J.P. ELLIOTT 

UNIVERSITY OF SUSSEX, BRIGHTON, 
UNITED KINGDOM

1. AN INTRODUCTION TO SHELL MODEL CALCULATIONS

The starting point of a ll versions of the shell model is  the physical idea 
that the interaction between a given nucleon and a ll the others resem bles 
that between a nucleon and a fixed field.

From  this starting point one might attempt to construct a fie ld  which 
is  self-consistent but this approach is  not followed in most shell-m odel ca l
culations because of the complications that arise. The more usual approach 
has been to use the idea of an average field to provide a complete set of sin- 
g le -partic le  wave functions. Then, i f  the parameters of the field (e. g. its 
s ize) are correctly  chosen, we would expect to reach a good approximation 
to the nuclear-wave function by taking that configuration of single-particle 
wave functions which has lowest energy in this field. The wave functions 
could c lea rly  be improved by allowing the mixing of excited configurations 
but this is  ra re ly  done because of the resulting complexity of the problem. 
Even in the lowest configuration there are in general many independent wave 
functions fo r a many-particle system which would a ll be degenerate in the 
average field. To find the nuclear energy leve ls and wave functions we must 
therefore build up the energy m atrix in this degenerate set, using the in ter
nucleon two-body forces, and then diagonalize this matrix.

I f  the detailed form  of the nuclear forces was known we might regard 
such calculations as the firs t step towards an exact calculation in which 
higher configurations were included but every indication is  that the conver
gence would be extrem ely slow. It is  more usual to treat an energy calcula
tion in the lowest configuration unashamedly as a model calculation and to 
attempt to deduce, by comparisons with experimental data in the many- 
particle nuclei, the nature of the effective nuclear forces required in that 
configuration. I f  the model is realistic then we should not expect these e f
fective forces to change very  much in going from  one nucleus to its neigh
bour and since there are many more pieces of data than available parameters 
we may make significant predictions and thus test the model.

Even within this class of model calculations there are different philoso
phies. At one extrem e is  the Is rae l group, TALM I, DE-SHALIT and co 
workers [5] who keep rig id ly  to the lowest jk configuration. This has the 
great advantage that very  few matrix elements of the Hamiltonian are in
volved and these may be deduced from  a fit to the known spectra. It is, how
ever, w ell known that such simple wave functions give poor agreement with 
transition rates and moments i f  the rea l operators for these processes are 
used. They must therefore try  to extract the m atrix elements of model m o
ment operators also from  the data.

I f  one takes a more general model, allowing mixing of the lowest con
figurations, it is  no longer possible to deduce a ll the required matrix e le 
ments of the Hamiltonian as there are so many. One must then resort to a

157
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definite assumption of a Hamiltonian with possibly a few parameters, such 
as range and exchange properties, to be chosen. Although such an approach, 
which is  the one I usually take, is  not designed to give close fits to the spec
tra, one finds reasonable agreement and, in addition, the moments and tran
sition data are generally predicted correctly using the rea l operators, sug
gesting that the wave functions are a little  nearer the truth than in a pure 
configuration.

In these lectures I shall describe some of the group theoretical tech
niques used in classifying states of a pure configuration and of mixed 
configurations and in calculating energy m atrices. In some cases this w ill 
lead to a description of co llective behaviour and to a connection with other 
nuclear models.

Before launching into a description of techniques it is  important to glance 
at the physical basis of the shell model [ 1 ] and see precisely what mathe
m atical problems this poses.

In a ll shell-m odel claculations the average field  is, taken to be spher:.cal. 
To do otherwise would raise quite serious problems concerning the orien
tation angles o f the fie ld  which would bring us into a discussion o f the foun
dations of the co llective model. I shall return to this point at the end of the 
course but at this stage the average field  is always assumed spherical.

The shell structure reveals itself most c learly  near the closed shellis 
which occur whenever the number of nucleons is  just sufficient to f i l l  com
pletely an energy leve l in the field, taking account of the Pauli Principle 
and fillin g system atically from  the lowest leve l upwards. Closed shell nuclei 
would be expected to be rather more tightly bound than neighbouring nuclei 
and this should show up in a variety  of ways, e. g. as a discontinuity in a plot 
of the binding energy differences between successive nuclei, as a peak in a 
plot of the excitation energies of the firs t excited states of even-even nuclei, 
etc. These features w ere observed to occur at the (magic) numbers
2, 8, 20, 28, 50, 82, 126 for either neutrons or protons.

It was found impossible to reproduce these numbers with a simple spin- 
independent field  V (r) with any reasonable shape. We know, however, that 
the two-body nuclear force depends on the spin and it would not therefore 
be too surprising to find the need for a spin-dependence in the field. From  
invariance arguments this could only be of the spin-orbit kind (s.ü)and the 
inclusion of such a term  was found to produce the observed magic numbers 
in a very  natural way. The exact radial shape of the fie ld  is  unimportant 
fo r  most calculations and fo r sim plicity of the wave functions is  generally 
taken as a harmonic oscilla tor (F ig. 1). Although this field  is  c learly  wrong

Harmonic oscillator potential

at large distances this is  not important fo r the well-bound leve ls  used in ' 
shell-m odel calculations. In fact, a numerical calculation [2] o f wave func
tions and radial integrals fo r the nuclei of mass 38 using a Saxoii-Woods
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fie ld  ( f ig .  2 ) shows quite negligible difference from  those calculated in an 
oscilla tor field.

Saxon-Woods potential

The single-particle functions ф (nijm ) are labelled by the orbital angular 
momentum I , the total angular momentum j= I. ± jr and the radial quantum 
number n and are formed simply by vector coupling the spin and orbital 
angular momenta. For a single particle outside a closed shell (or a single 
hole) we may then predict the angular momentum of the nucleus to be J = j, 
simply that of the last particle. Likewise the magnetic and quadrupole mo
ments w ill be just those of the single particle and can be simply calculated. 
The angular momenta and magnetic moments are in good agreement with the 
known data but there are substantial errors  in the quadrupole moments. This 
is  c lea rly  a danger signal but it is not serious enough to make us abandon 
the model. I shall return to this question later.

When we have a number к of nucleons outside a closed shell /we may 
couple them together in many ways and the particular coupling scheme in 
the ground state w ill depend on the nature of the nuclear force which splits 
this degeneracy. In the early  days o f the shell model a particularly simple 
coupling scheme was proposed, namely that each pair of neutrons (or pro
tons) in a shell j coupled together to give zero angular momentum. Thus 
every even-even nucleus would have J = 0 while an odd nucleus would have 
J = j, the angular momentum of the single uncoupled nucleon. Furthermore, 
the magnetic and quadrupole moments would be just those of the last single 
particle, ignoring antisymmetry. Comparison with experiment shows that 
the angular momenta J are generally given correctly  although in the region 
of A  ~  180 there is very  little agreement. The magnetic moment predictions, 
the Schmidt lines, are in fa ir agreement. The quadrupole moments do not 
resem ble the single-particle value at all.

To predict the angular momenta of excited states, the spectrum, and to 
improve the agreement in the moments mentioned above we must, in the 
first place, make a more careful study of the way in which nucleons in an 
orbit j couple together under the influence of a two-body force. Thus, one 
of the problems of technique which I shall b rie fly  discuss is that of c lass i
fying functions and constructing an energy matrix in a configuration j k.

In the second place we must consider the possibility of mixing between 
configurations. The physical importance of this w ill c learly  depend on the 
nearness of the energies of orbits in the average field  and the strength of 
interaction between them. Thus, in some nuclei we find very  pure j-con 
figurations while in others there is  strong mixing. In light nuclei, A  < 40, 
the spin-orbit force does not cause different oscilla tor levels to overlap in 
energy so that, here, the most important configuration mixing is between 
orbits of the same oscilla tor energy and in particular, between the two 
j(= i  ± Rvalues with the same radial wave function. I f  the mixing between 
these two j-values is strong, then it might be sim pler to work in the L-S 
coupling scheme with a pure configuration.^ with respect to the orbital wave
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functions. We cannot simultaneously diagonalize both the total spin S and 
the individual particle j-va lues. Since we know that fo r two-body central 
forces alone, S is  a good quantum number, we see that L-S  coupling would be 
a good approximation i f  the two-body central force dominated over the sp::n- 
orbit splitting and that, in this lim it, the j-configurations would be strongly 
mixed. Another o f our problems w ill therefore be to study L-S coupling in 
a configuration i k. The presence of both central forces and a spin-orbit split
ting o f comparable importance w ill result in an intermediate coupling scheme 
which can only be described numerically, in term s o f a basis of functions in 
either L -S  or j - j  coupling. The choice of basis is  then governed simply by 
personal convenience.

The first oscillator shell, filling when 4 < A  < 16, contains a single l-  
value (¡L -  1). We should therefore expect to understand these nuclei on the 
basis o f a pure pk configuration although there may w ell be considerable 
mixing of the two j-values, the p| and p j orbits. Detailed intermediate coup
ling calculations have been made [3] in this shell with very  satisfactory 
results.

In the next oscilla tor shell, 16 < A  < 40, there are two ¿-values (Ü = 2 
and 0) and we should be prepared fo r mixing of configurations here. The 
single-particle nucleus О11 confirms, by its even-parity spectrum (Fig. 3) 
and by the results of stripping, that these two i-values are present and close

---------- :---------------1 5.08 MeV

_____ '______________ \ 0. 88 MeV

-------------------- — — f  0.00 MeV

Fig. 3 

Energy levels o f O17

in energy, the d state being split into d| and d| levels by a spin-orbit force.The 
mean position of the d state in the absence of any splitting is therefore just 1.1 MeV 
above the s state. In this shell one finds indeed that the d and s orbits are mixed 
the s state. In this shell one finds indeed that the d and s orbits are mixed 
but calculations [4] which take this into account, again give good agreemer.t 
fo r  spectra, transition probabilities and moments. Detailed intermediate 
coupling calculations have only been carried  out for two or three nucleons 
in this ds-shell as the m atrices become very  large for a greater number.

Thus the general question of the mixing of orbital configurations is  raised 
and in particular the mixing of those orbital configurations which lie  in a 
single oscillator configuration. We shall discuss this problem in some detail 
and see how it produces rotational features which are in fact present even :.n 
these light nuclei.

We now leave the physical problems for a while to study some aspects 
o f the Theory of Groups, which we shall find useful.

2. THE USE OF GROUP THEORY

I- must assume that you are fam iliar with the elementary ideas of 
groups theory but I shall begin by reminding you, very briefly , of those con
cepts which I shall use most frequently.
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A group is  defined as a collection of operations (elements) which satisfy 
the simple conditions that (i) the product of any two operations gives another 
operation of the set, (ii) the unit operator is included in the set, (iii) to every 
element there is  an inverse and (iv) the Associative Law holds, (ab)c= a(bc). 
One can most easily visualize a group of physical operations such as rota
tions about an axis through integral multiples of |, a group with four e le 
ments. Rotations about an axis through an arb itrary angle also form  a group 
which has an infinite number of elements and is  an example of a Continuous 
Group, as distinct from  a Finite Group.

One may equally w ell construct a group from  mathematical operations 
on a set of functions. The operations are then m atrices which cause trans
formations among the functions. The link between the idea of a physical 
operation and a m atrix transformation is  easily made i f  we consider functions 
f  (x, y) of position in a plane. Then, i f  we rotate the x and y axes about the 
z-axis through an angle 0 the position coordinates in this rotated fram e are 
given simply by

x ' = x cos в + y  sin в

у ' = - х sin 0 + у cos 0 .

This physical operation w ill have induced the transformation R f(xy) = f  (x 'y 1) = 
= f ' (xy), where we have made substitutions fo r x' and y 1. Thus the rotation 
has induced a transformation f  — f' in the functions. If we express our func
tions in term s of some complete set then this transformation w ill assume 
m atrix form , although in general the matrix w ill be of infinite order.

This brings us to the concept of representations and irreducible r e 
presentations of a group. Suppose we find a function such that R0f  = f  for 
a ll operations R 0 o f the group, then we shall ca ll f  a scalar. This is  obviously 
a very  special function, but in general we can try  to form  sets of functions 
f„ , where a labels the set and i = 1 , 2, . . ., n labels the functions within á 
set, having the property Re f  ̂  = £ My (в) f¿ fo r a ll operations o f the group.
The important feature is  that the functions on the right-hand side belong to the 
same set as that on the left-hand side. Thus, each set a is  invariant under 
the group, the scalar being a special case of a set with only one member.
The m atrices My (0) are said to provide a representation of the group which 
is  labelled by a and spanned or spread out by the set of na functions f¿. The 
representation has dimension Па, the size of the m atrices. These m atrices 
then combine in the same way as the group operators themselves. We have

R* Re 4  = f  (»> R , м “  (0 ) M “  (q>j).fk

so that the m atrix corresponding to a product of group operations is  the pro
duct o f the m atrices corresponding to each operation. F o r a given represen
tation a we have a correspondence between each group element and a matrix 
of dimension na.

It may be possible to divide one of these sets into parts, each o f which 
is  itse lf invariant under the group. This would reduce the representation to 
a number o f representations of sm aller dimension. I f  such a division is not 
possible we re fe r  to the set and the representation as irreducible. These 
irreducible representations" are of great importance and throughout this 
course wherever I use the word representation I  shall invariably mean an
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irreducible representation. We sometimes re fe r  to the functions which span 
an irreducible representation as belonging to that representation. For ex 
ample, the spherical harmonics (б,Ф) with m = ¿ ,¿ -1 . . . ,  - I  span a (2È +• 1 ) - 
dimensional irreducible representation, labelled by I, o f the group R3 of 
rotations in three dimensions.

In quantum mechanics we are concerned with the eigenvalue problem 
Hi^= E<A. The theory of groups is of immediate value here because i f  the 
Hamiltonian H is  invariant under a group then there w ill be a degeneracy of 
a ll eigenfunctions ф which belong to the same irreducible representation 
o f the group. This follows d irectly from  the property that an irreducible 
representation is spanned by taking all group operations on a single function 
of that representation. Further, i f  an operator is invariant with respect ¡;o a 
group it w ill have zero matrix elements between functions belonging to d if
ferent irreducible representations. For these properties it is  essential that 
we mean irreducible representations.

We make use of these properties in two slightly different ways. In the 
first place, i f  our Hamiltonian is  precisely invariant with respect to a certain 
group, the representation labels of that group w ill be good quantum numbers 
for the system. In the second place, we may be able to find a group which, 
although it does not leave the Hamiltonian completely invariant, nevertheless 
does so in an approximate sense. For example, it may leave the most im 
portant part,of the Hamiltonian invariant.

In nuclear structure we make use of the symmetric group (of a ll per-, 
mutations of the particles), the rotation group in three dimensions and 
various Unitary Groups and their subgroups. The Hamiltonian is precisely 
invariant under permutation of a ll co-ordinates of the particles but the Pi.uli 
Princip le restricts us to totally antisymmetric wave functions anyway, sc 
we learn nothing more from  this invariance. However, i f  the Hamiltonian 
is  invariant under permutations of, say, the orbital co-ordinates alone, 
then the representation labels of the symmetric group applied to the orbi:a l 
wave functions only w ill become good quantum numbers. With spin-dependent 
forces this invariance is  not satisfied so that use of the symmetric group 
w ill fa ll into the second category above. In the same way, the Hamiltonian 
is  necessarily invariant with respect to rotations of spin and orbital co 
ordinates together, leading to the good quantum number J, the total angul ar 
momentum. Only fo r rather special Hamiltonians, however, do we have 
invariance with respect to rotations in, say, the orbital space alone. This 
happens fo r pure central forces and leads to the quantum number L, the 
orbital angular momentum, which is also the representation label for'the 
group R 3 in orbital space only.

The main purpose of this course w ill be the study of other groups in this 
second category which provide, through their representation labels, a useful 
classification o f the many-particle wave functions in shell-m odel configu
rations. As a prelim inary to this I shall b rie fly  describe the properties c f 
the symmetric and unitary groups which I shall need. * .

2.1. The symmetric group Sk ¡ -

The group of a ll permutations of к particles is  called the symmetric 
group. It has k! elements and is  denoted by Sk. You are no doubt .famUiar 
with the symmetrizing and antisymmetrizing operators
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and

where p denotes a permutation and ep its parity. These operators have the 
properties

where F  is any function and Fs , Fa are, respectively, totally symmetric 
and antisymmetric functions.

By definition, a totally symmetric function satisfies

Thus, each of these functions would span a one-dimensional irreducible 
representation o f Ŝ . It is  natural, therefore, to ask how, the functions of 
more general symmetry may be organized into irreducible invariant sets.

The answer is  that there corresponds one such set to each "partition" 
[f l *2 f 3 • • ■ ] of к into integral parts f¡ which satisfy f j  >  f2 >  Í 3 etc. and of 
cour se fa + f2+... etc. = k. This partition w ill be denoted b rie fly  by a symbol [f] 
and illustrated by a Young pattern, which is  a shape formed from  к squares 
of which f i  have been put in the firs t row, f 2 in the second row and so on. 
Thus [521] is  illustrated by

The number n[q of independent functions in such a set may be shown to 
be equal to the number of standard tableaux, defined as any arrangement of 
the numbers 1 , 2 , ... k, one into each block in such a way that the numbers 
increase to the right along every  row and increase downwards in each co l
umn.

The irreducible representations of Si< are thus labelled by partitions 
[f] and have dimension П[д . The choice of the functions which span an i r r e 
ducible representation is  c learly  arb itrary within a linear combination. To 
each particular choice o f functions there w ill correspond definite represen
tation m atrices. Apart from  an overa ll normalization, therefore, the choice 
of representation m atrices and basis functions is the same thing.

Consider three particles. The possible partitions are [3] [21] [111], 
with standard tableaux

SF = Fs , A F  = Fa,

PFS = Fs

for a ll p and a totally antisymmetric function satisfies

PFa = ep Fa-

1 2  3
1 2
3 2

1 3

1_
_2
3

The three representations labelled by these partitions thus have dimensions 
1, 2 and 1 respectively. The firs t and last are totally symmetric and anti-
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symmetric respectively, while the middle one is  of mixed symmetry. 
Yamanouchi uses a m ore concise notation (ak ...2  1) fo r the standar! 
tableaux in which at denotes the row in which particle i occurs. In this r o 
tation, the four possible three-particle functions are denoted by (H i ) ,  (2 1 1 ), 
(121), (321).

In shell-m odel calculations it is ra re ly  necessary to construct these 
functions or m atrices exp licitly but to illustrate the behaviour of these fonc
tions of mixed 'sym m etry I shall briefly describe the standard Young- 
Yamonouchi-Rutherford representation of Sj<.

A  very  simple general rule may be given fo r the representation m atri
ces. Since any permutation may be expressed as a product of adjacent trans
positions Pn-init is  only necessary to give a rule fo r  the representation ma
trices  of this particular permutation. We use a symbol r  to distinguish d if
ferent standard tableaux of a given shape [ f ] . The standard m atrix UB fc r  
the permutation P|,_ln has matrix elements as follows:

(i) Urr = + 1 i f  n-1 and n are in the same row of the tableau r ;
(ii) Urr = - 1 i f  n-1 and n are in the same column of the tableau r ;

(iii) I f  n-1 and n are in neither the same row nor column then there w ill 
be a tableau s which d iffers from  r  only by the interchange of n-i. and 
n. In this case

1 „  _ 1 „  ,, L ГU„ = U„

where pB is  the "axia l distance" from  the number n- 1  to n in the 
tableau r . This distance is  defined by the number of steps in hori
zontal and vertica l directions, counting steps to the left and down
wards as positive;

(iv) A ll other elements are zero.

Thus the representation m atrices fo r adjacent transpositions in [21] are

Ш (211 )

(1 2 1 )

Pl2

-1

P23

£

so that

P12 Ф (211) = <p (211) 

P12 ф (121) = -<P (121)

and
Рм ф (211) = - ! ф (211) + \ f  Ф (121)

P23 Ф (121) = v f ф (211) +1Ф  (121).

The simplest possible example of functions of mixed symmetry would be 

Ф (211) = (xi + X2 - 2x3)
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Ф (121) = n/2 (Xl '  Xz)‘

The operators S and A  may be generalized so that we may construct, 
not simply functions which are totally symmetric or antisymmetric, but 
which have mixed symmetry and correspond to a definite row r  o f a shape 
[ f ] . These are called Young operators but we shall not need them here.

Product representations

I f  we have a set of functions F which span a representation [f] of Sr and 
a set G which span a representation [g] of the same group then the set of a ll 
products w ill span a representation of Sk with dimension n ^  X n^j which 
w ill in general be reducible. It is  of considerable interest to know into which 
irreducib le constituents this reduction w ill lead. This is  the same problem 
as that o f taking appropriate linear combinations of the products to form  
irreducible invariant sets under Sk.

This process is  called the reduction o f an Inner Product

[f] X [g] = L  а[Ц [h].

The integers a ,̂] denote the number of times that a particular represen
tation [h] appears in the reduction and they may be determined by using 
the group characters. F o r example, we get one relation between these coef
ficients by using the characters of the unit operator which are just the di
mensions o f the representations. Thus

n [f ]  X  n [g ] = ¿  a [h ] n [h ] ■

F or example, we find [21] X [3] = [21]
[21] X [21] = [3] + [21] + [111]
[21] X [111] = [21].

Let us look at the second of these relations in some detail. For brevity, we 
denote the functions F(211) and F(121) by Fa and Fb respectively. Then this 
relation te lls  us that by taking suitable combinations of the four products 
FaGa, FaGb, FbGa, FkGbwe may form  functions of the symmetry types given. 
By using the representation matrices we find that

V f (FaGa + FbGb) is  totally symmetric [3]

(FaGb - FbGa) is totally antisymmetric [111]

\/ï (FaGa - FbGb) is  of mixed symmetry [21] (211)

\/F (FaG), + FbGa) is  of mixed symmetry [21] (121).

We meet this inner product when considering the product of functions 
of different coordinates of the same particles, fo r example isotopic spin 
and intrinsic spin in supermultiplet theory.

The Outer Product o f two representations arises when we consider pro
ducts of functions F  of particles 1, 2, ... kp which span a representation
[f] of Skj with functions G of particles kx + 1, ^  + 2, ... kj + k2 which span a
representation [g] of S^. I f  we now ask how these products transform  under 
the group Sk1+ kj, we soon see that they do not in general span a representa
tion of that la rger group. They w ill do so, however, i f  we include with them
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a ll products obtained by permuting the particle numbers between the F a:id 
G. The reduction of this outer product is  denoted by

[ f ] ® ( g ]  = E Ар,] [h]

and the integers Ащ  follow  from  the rule of Littlewood which is  as follows:
Add to the shape [f] a number g1 of blocks'containing the symbol a. Then 

add a number g2 of blocks containing the symbol 0 etc. in such a way thaï,
(i) at every stage the resultant shape is  a standard one, (ii) no two identical 
symbols appear in the same column, (iii) reading a ll added symbols from  
the top right corner along the rows taken in order, the number of symbols 0 
must not exceed the number of symbols a at any stage and the number of 
symbols у must not exceed the number of symbols jS, etc. I f  a shape [h] can 
be thus form ed in a number A lh] of ways then the representation [h] w ill 
occur Ajh] times in the reduction.

The dimension check fo r the outer product is
(k,+ l<2)!

nw x  x  = w  А ш Hft] •

F or example

[21](£)[21] = [42] + [411] + [33] + 2[321] + [3111] + [222] + [2211].

This process has an obvious application in the addition of кг particles to ki.

2.2. The unitary group

Consider the problem of putting a number к of particles into any of a 
set of n single-particle states <p¡. I f  we consider the single-parti c le states 
as components o f a vector in n dimensions then the k-particle states ф w ill 
be tensors of rank к in this n-dimensional space. (For example the (2Ê + 1) 
states cp(Êm) of a single particle in an orbit I  would define a (2i  + 1 ) - dimen
sional vector space.) I f  we impose a linear transformation qy = Umn<pn on 
a ll the single-particle functions then this w ill induce a corresponding trans
formation among the set of a ll k-particle product functions ф. The most 
general of such transformations which preserves normalization and ortho 
gonality is a unitary transformation, Uu = U "1.

The functions ф w ill c learly span a representation of the group Un of 
a ll unitary transformations in the n-dimensional function space of eachsirgle 
particle, but, in general it is not irreducible. Let us now classify the func
tions ф according to their permutation symmetry, i . e .  by a label [f] of Ŝ . 
Since the unitary transformation is totally symmetric in the particle num
bers, it cannot transform  from  one [f] to a different shape. Hence the func
tions of a particular symmetry type [f] by themselves span a representation 
of Un which again is in general reducible. For, consider the functions of 
type [f] corresponding to a particular standard tableau (or row of the r e 
presentation) r. These by themselves ([f] and r  fixed) must span a rep re
sentation of Un again because of the symmetry of the unitary transformation. 
This representation may be proved irreducible. Because a function labelled 
by [ f ] r ' may be found from  one labelled by [ f ] r simply by a permutation, 
the symmetry of the unitary transformations leads to the conclusion that we 
obtain identical representations from  r and r ' . The irreducible represen-
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tations o f Un are thus labelled by the partition [f] alone, the same symbol 
as was used fo r  Sk.

One may visualize this situation in which the tensors of symmetry [f] 
pr©vide irreducible representations of both Sk and Un by placing a ll such 
functions in a rectangular array in which the rows are labelled by the Yama- 
nouchi symbol r  and a ll functions of symmetry [ f ]r  are placed in the r th 
row.

n [ f ]

Nrn

From  the arguments given above, the functions in any particular row w ill 
span the irreducib le representation [f] of Un. The length of the rows is  there
fo re  just the dimension N[g o f this representation o f Un while the length of 
the, columns is  just the dimension of the representation [f] of Sk. The 
functions in each row may now be ordered in such a way that functions in a 
given column d iffer only in the particle numbering, i .e .  they are identical 
with respect to the unitary transformation among the single-particle states. 
Thus each column w ill span the representation [f] of Sj, while each row spans 
the representation [f] o f Un.

Let us now look at some examples to c la rify  this rather subtle link bet
ween the two groups.

(i) Consider n = 2, a two-dimensional vector space such as we meet 
with the intrinsic spin m s = ± i  or with the charge wave functions o f a nu
cleon, representing neutron or proton. We denote the two single-particle 
states by <P+, Ф. . The product wave functions fo r 2 and 3 particles are organ
ized in Table I  by their sym m etries [f  ] .
The simple normalization constants have not been included here and the 
particle numbering is  im plied by the ordering of products. Thus Ф+Ф+ср. 

means ф+(1)ф+(2)ф-(3).

TABLE I

к [Q N [fl

1 [« «*, . 2

2 [2] (9 9 + 9¿ • 9m9_ • 3

[11] - (РЧ») ' 1

3 [3] (f> <P (fi ,(<p (f (fi +<p <fi (f +<p<p<p),(<p<p<p+<p<f><p+<f><p<p),(p<p<p. 4

[21] (211) (2 9 9 9_-9+9_9̂ ~ ,(2ÿ < f <p if<f_9) 2

[21] (121) ( v y y  , ( v>yy_-<pyy) 2

[111] 0
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One can see here that, whereas the representation [2] o f S^is one
dimensional, the representation [2] of U2 ÍS three-dimensional. By chance, 
the label [2 1 ] gives two-dimensional representations in both groups.

(ii) Some entries are given below in Table II fo r  n = 3 where, fo r  con
ciseness, we have denoted the three single-particle states by x, y  and z.

t a b l e  и

к СП N[f]

1 СЧ x,  y ,  z  . 3

2 [2] X X , yy, zz , (xy + y x ). (x z  + z x ), (yz + z y ) . 6

[1 4 (xy - y x ) , (xz - z x ) . (yz - z y ) . 3

3 [3] 10

[21 ] (211) 8

[211 (121) 8

[111] det (xyz) 1

The total number of products fo r  к particles is  n*< so that we have a 
relation

nk = й “ra NW
which may be ve r ified  in the examples.

A  simple form ula can be obtained fo r the dimension of the rep re
sentation [f] of Un

N [f] = П (fl - f 1+ j - i )/ ( j - i )lSl<]=5n

We have seen that the irreducib le representations of U n are labelled 
by any partition [f]i o f any number к but there is  one limitation on the [f] i f  
the representation is tobenon-triv ia l. The number of rows of the shape [f] 
must not exceed n. This is  obvious, because i f  we were to have more than 
n rows, the basis functions of the representation would necessarily be totally 
antisymmetric in a group o f more than n particles, from  the properties of 
the representation m atrices of the symmetric group. But since our vector 
space has only n dimensions, i . e .  there are only n single-partiele states 
to choose from, it is impossible to form  functions antisymmetric in m or г 
than n particles. This property shows up in the examples where no [ l l i |  
representation could be form ed fo r U2. With U3 this representation can just 
occur, being one-dimensional with a simple determinant as basis function. 
Likew ise for U2the representation [11] is  one-dimensional.

Product representations

We met an inner product with respect to the symmetric group when we 
had a product o f two functions of the same particles.

Now we meet an inner product with respect to the unitary group whei. 
we consider products o f two functions which transform  according to definite
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representations [f] and [g] under the same unitary group Un. The reduction 
o f this product representation

[f]<8 >[g] = E A [h] [h]

of Un has coefficients Ащ  identical with those of the outer product reduction 
o f S¡( with the exception that any representations [h] with more than n rows 
must be ignored as tr iv ia l. F or example, in the outer product reduction

[21]<g> [21] = [42] + [411] + [33] + 2[321 ] + [3111] + [222] + [2211]

o f S6. the right-hand side sim plifies to [42] + [33] when considered as an 
inner product reduction o f U2 and to [42] + [33] + [411] + 2[321] + [222] with 
U3.

The dimension check

N [ f ]  ®  N [g ] =  E, A m  N [h ]

may be applied to these reductions in Ua.
This inner product reduction is  in fact present when we go from  к = 2 

to к = 3 by adding a particle, as in the tables. For example in U3

[ 2 ] ® [ 1 ] =  [3] + [21]

[ 1 1 ] (8 ) [ 1 ] = [2 1 ] + [ 1 1 1 ]

with dimension checks 6 X 3  = 10  + 8 and 3 X 3 = 8 + 1, which may in fact 
be used to calculate the dimensions.

The special (or unimodular) unitary group
$

Since UUtr = I fo r a unitary matrix, it follows that

Jdet u |2 = 1 so that det U - e ‘“ .

I f  we restric t the transformations of Un to those fo r which det U = 1 we shall 
c learly  have a sub-group of Un, denoted by SUn and called the unimodular 
(or special) unitary group.

In general an irreducible representation o f a group G, although obviously 
being a representation o f any sub-group H of G, w ill not be irreducible with 
respect to H. However, in this reduction o f Un to SUn the irreducib le rep re 
sentations [f] of Un remain irreducible under ЭЦ,. A simplification does 
occur nevertheless in that certain representations which were inequivalent 
under U„ become equivalent under SUn. P rec ise ly , [fx f 2 f3 ... i j j  becomes 
equivalent to [fi-fn, f2-fn, . . . fn- ]- fn] the shape obtained by removing a ll com 
plete columns of n blocks, i . e .
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The proof of this result follows from  the fact that the totally antisymmetric 
representation [ 1 1 1 ... 1 ], with a single column of n blocks, being one-di
mensional must, fo r unimodular transformations, necessarily be just the 
identity representation [0 ] associating the number 1 with each transform a
tion. I f  then we form  the product representation

in which only a single term  occurs on the right-hand side we have shown 
the equivalence between [fj, h»  *•* and the representation obtained by 
removing one fu ll column. The process may be repeated until a ll fu ll columns 
have been removed.

Thus, the irreducible representations o f SU„ may be labelled by a saape 
o f n- 1  rows so that, in particular, SU2needs only one row, a single integer. 
It is  in fact a well-known property that there is  a correspondence between 
the groups SÜ2 and R3 (a homomorphism, 2-1, see |WEYL p. 144). Hen:e 
there should be a unique relation between the representation labels of those 
two groups. I shall assume that you are fam iliar with R3 and in particular 
with the fact that rotations leave invariant the (2J + 1)—dimensional space 
spanned by the angular momentum eigenfunctions tp(JM) for fixed J and 
M = J, J - l, . . .  - J. In group-theoretical language these functions span a (2J + 1 ) 
-dimensional irreducible representation o f R3 labelled by J. It is  now easily 
seen, from  dimension alone, that the representation [ f j  of SU2 with a single 
row w ill be the same as that o f R3 labelled by J = fi/2.

The group SU3 , which we shall use in the later part of the course, needs 
two rows to label its representations. We use the notation (Хд) whers 
X = f  j - f2, n =f%.

3. CLASSIFICATION OF MANY-BODY WAVE FUNCTIONS

3.1. Multiplets and supermultiplets

¡We must form  a wave function which is  totally antisymmetric with r e 
spect to permutation of a ll co-ordinates. Such functions may be classified 
according to the irreducible representation [f] of Ŝ  by which they transform 
with respect to permutation o f one type o f co-ordinate alone.

F o r example, in a jk configuration we may divide the co-ordinates into 
those re ferr in g  to the charge (or isotopic spin) space and to the spin-orb.tal 
(j) space. Then, to form  an antisymmetric function from  one <p which has 
symmetry [f] in the j-space demands a charge function X of adjoint sym
m etry [f ] > this shape being obtained from  [f] by interchanging rows and co l
umns. Then by a suitable phase convention [6 ] in the adjoint representation, 
the normalized antisymmetric wave function is  simply

П
[ V I ,  f 2- i , . . .  V I ] ®  [ i l l -  1 ] = [fa, V  f3... f n]

(3.1)

The convention fo r the adjoint representation is  to define Us (p) = ep Ure (p) 
which d iffers from  the standard representation fo r the adjoint shape by a
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different choice o f phases and enables us to w rite Ф without phase factors 
on the right-hand side o f (3. 1).

The antisymmetry o f Ф is  simply shown, fo r

рФ = IT~ E E E 4¡ (p) Xj U„ (p) <Pt

=l£  €p ?  ? ?  (p) u«  {p) x^ t\ in m  r s t

e - Ï  ■ ■ - * '

using the orthogonality of the m atrices U.
This antisymmetrization leads therefore to a link between the labels

[f] and [f] of the j-space and the charge space of the wave function. But now 
the link between the groups and Un means that the behaviour of the charge
part of ' ne wave function under U2 is  labelled by [ f ] . This imm ediately r e 
stricts [f] to not more than two rows, leading to the corresponding restriction  
o f not more than two columns in [f] fo r  the spin-orbital space. Because of 
the SU2 - R3 correspondence and because the properties of R 3 are more fa 
m iliar than those o f SU2 through the frequent use of angular momentum, the 
isotopic spin-label T  = Й  - f 2)/2 is generally used.

These simple arguments have shown that in jk, there is  a unique c o r
respondence [7] between the isotopic spin T  and the spin-orbital space sym
m etry [f] and further that [f] has no more than two columns. A lso  [f] has 
no more than (2j + 1 ) rows from  its significance as a representation label 
o f U2j+1. This conclusion is  illustrated in Table III. We return later to the 
problem of further sub-classification of the spin-orbital states o f given sym
m etry [f] in the j k configuration.

TABLE Ш

к И Й T

1 И  • [ 1] i
2 И [ 1 1 ] 0

[ И] [2] 1

3 [21] [2J] i
[ 1 1 1 ] га 1

4 [22] [22] 0

[2 11 ] [31] 1

[ 1 1 1 1 ] [4] 2

From  the physical point of view, this classification is  o f great use be
cause T  is  a good quantum number fo r charge independent forces. To the 
best of our knowledge, nuclear fo rces satisfy this condition, being thus in
variant under transformations in the U2 space. Ap^rt from  effects o f the 
Coulomb force, which are generally small, this leads to [f] being a good 
quantum number.
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If, instead of lumping the spin and orbital co-ordinates together, as 
above, we treat them separately, as we must i f  we intend to set up an L- S 
coupling scheme, the procedure may be simply generalized. The usual ws.y
[6 ] is to classify  the antisymmetric functions by the symmetry [f] of their 
orbital parts alone. Hence, the combined charge and spin parts must have 
the adjoint symmetry [f] and we may use the same antisymmetrizing p ro 
cedure as before i f  we interpret cp as the orbital wave function and X as the 
charge-spin function.

As there are only four possible charge-spin states of a single partic le, 
it follows that the number of rows of [f] and hence the number of columns! 
of [f] must not exceed f  ur.

To classify  further by the symmetry in charge and spin spaces sepa
rately we must find which shapes [g] and [h] w ill saxisfy the inner product 
reduction

[g] X [h] = E a, , [e] (3.2)
[e] leJ

with [f] occurring in the sum and with [g] and [h] having not more than two 
rows. This gives rise  to a set of [g ], [h] combinations and i f  a ^  > 1 for 
some of these, then that combination w ill occur in the classification inde
pendently a number a[Q times.

Since both charge and spin spaces are two-dimensional we again have 
a unique correspondence T  = | (g2 - g2) and S = |(h2 - h^. The set of TS com
binations occurring fo r a given [f] is called a "W igner Supermultiplet". Ex
amples are given in Table IV. For these small values of k, the situation

TABLE IV

к m Й tei M T S

1 [Ц ra [Ц [Ц i i
2 m [И ] [21 [ 1 1 ] 1 0

[ in m 0 1

[Ш [2] ' [21 ra 1 1

[ 1 1 ] [H i 0 0

3 [3] [ i n ] [ 21] [ 21] i i

[21] [21] [3] [21] ! i

[21] m i !

[24 [24 I i

[Ш ] [3] [3] [3] Î 32

[21] [21] i i

a[f] > 1 does not arise so that the T  and S labels are sufficient to specify the 
charge-spin state. This difficulty arises fo r the firs t time when к = 6 and 
[f] = [321] with [g] = [h] = [42]. In this case there w ill be two independent 
states with T  = S = 1 and [f ] = [321] which must be distinguished in some 
arb itrary way.
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Although, by the previous arguments, T  is s till a good quantum number, 
this does not now imply that [ f ] w ill be good. Only i f  the nuclear Hamiltonian 
is also independent of spin w iii this be so, with the result that this more de
tailed classification is less fundamental. It is  natural of course that, as we 
make the classification more detailed, the quantum numbers (representation 
labels) introduced w ill become less good.

3.2. The configuration

We now face the problem of classifying the orbital states of symmetry
[f] in i^. There are o f course a great many ways o f doing this but the one of 
most obvious use is  that which uses the total angular momentum L. This 
provides the L -S  coupling scheme which is  good for central forces. The 
problem of which L  values occur for given symmetry [fl is the same as the 
problem of reducing the representation [f] of U2t+i when the group is  r e 
stricted to R3. The group R3 is obviously a subgroup of U2{+1 since the 
rotation matrices are a special case of the unitary matrices of V21+1 ■

This reduction is  most easily accomplished [8 ] by using the known r e 
duction of product representations in both groups. We illustrate for i  = 1 
and 2 for к = 1, 2 and 3 in Tables V and VI.

TABLE V TABLE VI

S = 1 С = 2

к [f] L

I [ 4 P

2 [2] SD

[И ] P

3 [3] PF

[21] PD

[111] S

к . cn L

1 [ Í ] D

2 [2] SDG

[11] PF

3 [3 ] SDFGI

[21] PD*FGH

[111] PF

The result fo r two particles, namely that the even L  are symmetric while 
the odd L  are antisymmetric, follows immediately from  the symmetry of 
the vector-coupling coefficients or by simply looking at the product functions 
for fixed M, starting with the maximum value. We then extend to three parti
cles by studying the products

[ 2 ] ®  [1] = [3] + [2 1 ] and [ 1 1 ] ® [ 1 ] = [2 1 ] + [ 1 1 1 ],

together with the products in R3 which are the usual angular momentum coup
ling rules. Thus for Ü = 1, we have

(S + D) X P = P  + (P  + D + F) and P  X P  = S + P  + D.

Now the totally antisymmetric function [111] is a scalar in U3 and also must 
be scalar in R3. Hence the reduction [111] -*-S is  tr iv ia l and by subtraction 
in the products above this leads to [21] -*-P + D, [3] -*-P + F.



174 J. P. ELLIOTT

F o r higher shells, one must find the reduction of the totally antisym
m etric tensors by looking at the possible M values fo r  the possible determ i
nants. Thus fo r the [111] states o f d3 we must choose any three o f the m-- 
values o f a single d-partic le. This gives M = 3, 2, l2, О2, - l 2, -2, -3, show
ing the reduction [111] -'■P + F. From  this, we may deduce the [21] and [3] 
reductions as above.

We see here that, even with three d-particles, there are two D states 
o f symmetry [21] which we cannot as yet distinguish. F o r more particles! 
this difficulty increases rapidly, indicating the need fo r some further sub- 
classification  of the states.

C lassification by sub-groups

I f  we could find a sub-group G of Ifee+i which contains R 3 then we could 
use the representation labels o f G to further distinguish the wave functions.

A  systematic way o f searching fo r such groups was introduced by 
RACAH [9, 10] in the corresponding problem of atomic spectroscopy. It uses 
the in finitesim al operators of the group.

In the theory o f continuous groups, which have an infinite number of 
elements, it is shown that any element may be generated from  a basic se ; 
o f in fin itesim ally sm all transformations. The operators of this basic set 
are denoted by X CT so that an arbitrary in finitesim al transformation may be 
written Sa = 1 + g  ô° Х ст.

It is  further shown that the group conditions on the operations Sa impose 
a condition that the in finitesim al operators X CT must commute among them
selves, i . e .

[X „ , X p] = Ec5pXr (3. Í )

and that this condition is  sufficient that the set of operators X CT should be 
the in finitesim al operators (or generators) of a group.

F o r the unitary group, these infin itesim al operators are skew Hermitian 
fo r  i f  we w rite U = 1 + e A  with e small then the unitary condition gives
1 = U£U = (1 + e  A* )(1 + e A ) = 1 + e  (A* + A) + ... so that A* = - A. We may 
w rite A  = iH  with H a Hermitian operator.

F o r the group Un there w ill be n2 such operators while the group SUn 
has n2- l  operators, the latter being traceless. These are just the number s 
o f independent nXn m atrices satisfying the Hermitian and the Hermitian tr ace- 
less  conditions.

Let us now be specific and study the operators of the group U2P+1 in the 
space o f the single-particle functions <p($m). There are many ways of o r 
ganizing these (2 i+ l)2 operators or matrices. The simplest is  to define 
m atrices

E__ » -mm

with 1 in the mm' position and zero  elsewhere. Then 

(im " 1 ® mm* l^ m ) ” ^m'm" ®mni"
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and the commutation relations

[E m m '»  ®rn"m"3 ^m 'm " ® m m " '  ® m m " ® m ‘ m ' ( 3 . 5 )

are satisfied.
A lternatively, we might classify  the operators by their behaviour under 

rotations, i .e .  as irreducible tensor operators in Racah’ s language. Let us
denote them by ur and the W igner-Eckart theorem gives their m atrix e le 
ments as

(üm I ur j fcO = (irm 'q |im)  ̂ • (3.6)

The factor (£|Jur ||£) w ill enter only as a single number multiplying a ll ma
trices  and may therefore be defined to be unity without loss of generality.

The only possible r  values are r  = 0, 1, ... 2¿ with q = r, r-1, ... - r ;  other
w ise the operator is  zero. One easily  sees that there are just (21 + l )2 of 
these operators, as there are of the Emmt.

The two choices of basis for the operators are related by

= пуп* (№ m'q 1 im) E« '  (3 • ?)
from  which the commutation relations

[ur, < ’,] - •£ (3.8)
4  4  r ” . q  I  J

X W (r r ' U  ; r"£) (rr 'q q 1 | r "q " )u '”

may be deduced.
To find a sub-group of U2i+1 we must find a sub-set of these operators 

which is  closed under commutation. For this purpose the basis ur is  most 
convenient. We :ee at once that r "  = 0 can never appear in the commutation 
for this would imply r  = r ' whereupon the curly bracket factor vanishes.
Thus a ll û  with the exception of u° generate a group, which is  simply SU2{+1. 
Further i f  we put r  = r 1 = 1 then only r "  = 1 occurs. Hence the three oper
ators Uqgenerate a group, which is  just R3 . This must be so because we 
know the infinitesim al operators of R 3to be the three angular momentum 
operators, i .e .  the three components of a vector, and u* is the only vector 
at our disposal.

So fa r we have learnt nothing new from  this operator approach. How
ever, our search for a sub-group G containing R3 is  now reduced to a search 
fo r  a sub-set of the containing the u*. I f  we put r 1 = 1 then only r "  = r  ap
pears in the commutation relation but with q" Ф q in general. From  this it 
follows that, i f  we include with the u j any component of another tensor oper
ator then a ll components of that operator must be included. The problem 
thus reduces to one o f finding which values o f r may be included with the 
Uq to give a closed set under commutation.

The set of Uq with odd r  satisfy this condition since i f  r  and r ' are odd, 
the curly bracket vanishes unless r "  is also odd. The group generated by 
this set is  R21+1 o f orthogonal transformations in (2 i+ l) dimensions, or, in
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other words, rea l unitary transformations. It leaves the two-body scalar 
product (in the usual ГЦ sense) invariant

Ф (L =  0 ) = J ¿ Í  ( 1 )Ф-ш(2).

The irreducib le representations [f] of Ü2{+1 reduce on restriction  to the sub
group R2t+1. Rules fo r  this reduction are given by Littlewood following con
traction o f the tensors with respect to the scalar product Ф. The irreducible 
representations of R2Í+1 are then labelled by a set of £ integers (oícf2, c,i) 
denoting the symmetry of the remaining tensor after maximum contraction.

In the p-shell, this leads to no additional classification since R^j+i = R3 
fo r  Ü = 1 , but the labels [f] were almost sufficient for a complete separat .on 
of functions in that shell.

In the d-shell we may now use [8 ] the chain of groups U p - - '■ R 3 with 
representation labels [f ] ( o j ) L  as shown inTab le VII. The problem of this 
two unseparated D-states of [21] symmetry in d3 is  now resolved, one trans
form ing like a single particle ( 10 ) under R5, the other transforming in the 
less simple fashion (2 1 ).

TABLE VII

к га °1°2 L

1 [Ч (Ю ) D

2 m (00) S

(20) DG

н и (И) PF

.3 [3] (10) D

(30) SFGI

[21] (10) D

(21) PDFGH

[111] ( И ) PF

3.3. The j k configuration

An almost identical procedure may be used [7] with the configuration j1*, 
starting from  the operators uj, with r  = 0, 1 , 2, ... 2j, which generate the 
group U2j+1. Again, the rem oval of u£ restric ts  the group to SU2j+1 and the 
operators describe R3. Again, the odd values of r  provide a set of û  
closed under commutation which therefore generate a sub-group of U2j+i 
containing R3 and leaving the two-body scalar product (in the R3 sense)

ф  ( J  " 0 )  =  jm  I  ( - ) b m  Ф т  ( 1 ) ф - т  (2)

invariant.
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This invariant is  however an antisymmetric second-rank tensor in the 
(2 j+ l )  dimensional space whereas in discussing the configuration, the 
scalar product $(L = o) was a symmetric tensor. This follows d irectly from  
the fact that whereas & was integral, j is half-integral. The group which 
preserves this antisymmetric form  is  called the Symplectic Group, denoted 
by Sp2j+1, its irreducible representations being labelled by j + f  integers 
(pj ç>2 ... Pj+$). The reduction is  again obtained by contraction, with respect 
to the antisymmetric scalar product and Table V III shows the resulting c las
sification in the j = 5/2 shell using this chain o f groups U2j+1-*Sp2j+i- »R 3.

TABLE vni

к W T CftPîPs) I

1 P I i (100) 5
1

2 [2] 0 (200) 1 , 3 , 5

[ 1 4 1 (000) 0

(110 ) 2 .4

3 [2 11 i (100) !

(210) i .  f .  l . ( i ) *

! .  ft 4

, [ 1U ]
3
2 (100) I

( 1 1 1 ) l . l

Both here and in the configuration we use the word seniority to describe 
the rank v  of the tensor remaining after the maximum contraction. Thus

i+i i
v  = L p or Е с т .  

i=l i i=i i
Notice that even with three particles this chain of groups fa ils to sepa

rate the two J = 7/2 states and again this situation gets worse as the particle 
number increases. In such cases some arb itrary method must be used to 
c lassify  them.

F o r higher values o f i.and j it is  possible to find further intermediate 
groups to help in the classification but this process never leads to a complete 
separation of a ll functions by the representation labels.

We must now ask whether this classification has any useful physical 
meaning. Assuming that we may ignore configuration mixing we want to see 
i f  the new labels approximately diagonalize a nuciear two-body force. A l
ternatively, we may ask fo r what forces are the labels good quantum num
bers within the configuration. An answer to this second question may be 
given quite generally.

To each of the groups we are considering there is  a quadratic form  
[10, 11] in the infinitesim al operators, called a Casim ir Operator, which 
has the property of commuting with a ll the group operators. In other words 
it is  scalar under the group and therefore has the properties that it  is  dia
gonal in the irreducible representations and has the same eigenvalue fo r a ll
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functions in a given representation, that value being simply a function of the 
representation labels. F o r example, in the group R 3the Casim ir Operator 
is  J2 with eigenvalues J(J+1) fo r  a ll M of given J and no coupling between 
different J.

Fo r к particles, the Casim ir Operator o f Sp2j+i is

G = £ (2 r  + 1) (U r . Ur) (3.ÍI)
t(oda)

where U' = £ uj (i) is  the infinitesim al operator in the k-particle system. 
Then 1=1

G = £ (2 r  + 1 ) {  £ (ur(i).u 4 i) )+  2 £ (ur ( i ) . urÜ)
r(o d d ) = 1 \  /  i < j  \  У )

expressed as a single-parti с le term  which has the same value fo r a ll states 
of the configuration and a two-body term. Now, i f  the nuclear force is  such 
as to have the same two-body matrix elements as this two-body operator 
.<gd)(2r+ l) (ur(i).ur(j)), then in the к particle system the m atrix elements cf 

the nuclear force w ill, apart from  a constant, be those o f the Casim ir Oper
ator G. F o r such a force, then, the representation labels will* be good qu¡m- 
tum numbers.

The two-body operator is essentially the Casim ir Operator fo r  two- 
particles and its spectrum has a ll angular momenta degenerate except the 
J(or L ) = 0 state. This is  just the spectrum given by the "pairing Hamiltorian" 
[ 1 2 ] ,  in a pure

(other J) . — —

j = 0 -----------

configuration defined through its matrix elements

(m m ' I H I m m ') = В 6 (in, -m ') 6 (m, -m ') (- )m™

In other words, a pairing force leads to the R 2{+1 (or Sp2j+1) classification 
within a pure (or jk) configuration.

This is  s till rather a form al type of force but a short-range force hasi a 
spectrum not very  different from  this. For example, a 6-fo rce  has the fol 
lowing energies in a two-partic le system, normalizing the zero spin enerjjy

L (or J) d* f * (7/2)2

0 1 1 1

2 0 0. 27 0.25

4 0 0. 18 0. 12

6 - 0. 24 0. 06

to unity. One sees that the d2 case gives, accidentally, the precise:degene r 
acy required and even the other examples do not deviate very  far. Another
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way of putting this result is  that the two single-partiele wave functions over
lap most strongly in the J (or L) = 0 state. Then, provided our forces do not 
have too long a range, we might expect these classifications to be useful, 
the low seniority levels lying lowest. In an even-even nucleus this predicts 
a lowest state of seniority zero and therefore J = 0 while in an odd nucleus 
it predicts seniority 1 and thus J = j (or L  = Ü). In j- j  coupling the predictions 
are just those of the early single-particle model in which nucleons were 
paired o ff to zero spin and provide a justification for that 'model. In some 
cases, however, the magnetic moments etc. in states of seniority 1 d iffer 
significantly from  the single-partiele values due to the antisymmetrization.

Fractional parentage coefficients

Having defined a ll the states of the configuration by their group theo
retica l properties it is  in principle possible to construct them explicitly.
We naturally avoid this for к > 2 and use «the method o f fractional parentage 
to calculate matrix elements of one- or two-body operators.
If  Ф is an antisymmetric function of particles 1, 2, 3, ... k,

Ф " "  " " 1,2,3, ... k-1,
Ф is  a single-particle " " k,

then we may write _  _
Ф = L {ф\)ф) {Ф, V) (3.10)

*
where the symbol {<Д,Ф} denotes vector coupling o f ф and Ф to the appropriate 
quantum numbers in ф. (Either TJ or TS and L  depending on the coupling 
scheme. )

This expansion is c learly  possible since the sum is  carried over a ll 
antisymmetric states W of the firs t k- 1  particles and ф being antisymmetric 
in a ll particles mus* necessarily be so in the first k-1. The numbers (ф\]ф) 
are called the "fractional parentage coefficients".

к
To evaluate the matrix of a one-body operator Q = Q(i) in a k-particle 

system
W'11 Q IФ) = k (ф'\ Q (к )IФ)

-- к |(Í7|} ф')(ф\) Q(k)|{?7cp}), (3.11)

using the facts that ф and ф' are antisymmetric and that ф does not contain 
particle k. For a particular coupling scheme and a definite tensor operator 
form  fo r Q we may then reduce the remaining matrix element to one in the 
last particle only, together with Wigner and Racah functions.

For a two-body scalar operator H = L  H;; we find
i< j 1

[ф'\и\ф) = (|//'|н12| ф)

= ± к ( к - 1)££{ф'\)ф' ) (ф\)ф)(ф'\Н12\ф).

_  к-1 _______ _  ’
But i f  we define H = L Ну we have (ф11 Н| ф) = \ (к- 1)(к -2) (0' | Н12| ф)

1Ф' I Н| ф) = (т^)£$(ф'\)ф') (ф\)ф)(ф'\п\-ф)  
£t ф ф

(3. 12)



180 J. P. ELLIOTT

which expresses the m atrix fo r the k-partic le system in term s of that for 
the (k -l)-p a rtic le  system. Alternatively, it is  possible to define fractional 
parentage coefficients fo r the rem oval of two (or even more) particles.
I f  "ф is  an antisymmetric function of particles 1, 2, 3, ... k-2, and 0 is  an anti
symmetric function of particles к - 1 , k, then we may expand

Ф = _£ $,в\)Ф){Ф,в) (3.ia)
Ф,в

giving

№'|н| Ф) = (Ф,е\}Ф')(Ф,е\}ф)(в'\кк.^е)
¿ ФЛв'

reducing the k-particle matrix to the two-body matrix. Generally, this pro
cedure is  preferahle fo r a two-body force although the two-particle coe f
ficients (ф, б|}^) are more difficult to calculate.

I shall not enter into a description [6, 10, 13, 14] of the calculation of 
these coefficients, which makes use of the various group operators by which 
the states are defined. I might simply rem ark that they may be factorizec.. 
For example, in L -S  coupling

И м  =\ tr^  ( ^ [ F l T L l ^ m ?  L ) ( [ f ]T S | ) [ f ]T S ) ,  
n [ f ]

while in j- j  coupling the J and T  parts separate. Thus the TS factor may be 
used in any orbital configuration. We include у here to denote other quantum 
numbers such as the R5 labels. To calculate the separate factors one use:; 
the group operators of U2t+1, i^c+i arld R 3 taking advantage of the fact that 
states in the same irreducible representation of a group may be linked by 
the operators of that group whereas states o f different representations muy 
not. Usually the coefficients fo r the state with greatest L-value are tr iv ia l 
and a chain calculation with the group operators may be started from  there. 
Any states not separated by the group may be defined at this stage by an 
arb itrary choice of an otherwise indeterminate fractional parentage coef
ficient. F or most systems amenable to hand calculation, these coefficienl s 
have been determined.

We now go on to study the mixing of configurations and in particular a 
coupling scheme which generates rotational features [17, 18]. We shall de
velop a method [19] for calculating matrix elements which avoids the fra c 
tional parentage method.

3.4. Mixing of configurations

Fo r a long tim e (1952) there has been strong evidence for the existence 
of rotational features in heavy nuclei, particularly in the region (A ~  180] 
in which quadrupole moments many times la rger than the single-particle 
value were observed; In this region the shell model has many leve ls closc 
together and would not be expected to work w ell at a ll without extensive ir ix - 
ing o f configurations. In light nuclei, however, the shell model has worked 
very  well, not only at closed shells but throughout the lp -shell and as far
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into the ds-shell as calculations have been carried, namely the nuclei of 
mass 19.

More recently (1956) rotational spectra were observed in much lighter 
nuclei, fo r  example in Mg24 which is  quite close to the region in which success
ful shell-m odel calculations were made. The question was therefore posed 
whether such rotational features could come out from  a shell-m odel calcula
tion. Of course, the shell model provides a complete set of states in winch 
any kind of motion could be constructed. The crucial point is  to see i f  such 
features em erge with just that mixing of configurations normally considered 
in shell-m odel calculations fo r light nuclei, namely the configurations with 
the same energy in the oscilla tor field . I f  rotations were to appear only after 
a substantial mixing o f very  high configurations, this would indicate a break
down of the shell model. Thus, either-the shell model breaks down between 
F 19 and Mg24 or the rotations w ill em erge in a natural way within the shell- 
model framework. In view  of the shell model successes in the p-shell the 
firs t of these possibilities seemed unlikely and the co-existence of the shell 
model and the rotational model descriptions were c learly  demonstrated when 
the Nilsson model was applied to F 19 even though it was necessary to in tro
duce a substantial mixing o f rotational bands. Thus, fo r  example, in M g24 
it would seem likely that a detailed shell-model calculation allowing mixing 
of configurations d8, d7s; d6s2 ... etc. would lead to a simple rotational 
spectrum when the matrices, of order 100 or so, were diagonalized. There 
should obviously be a simple way of reaching such a simple result.

We know that it is  necessary to use intermediate coupling in light nuclei, 
resulting from  the inclusion of both central and spin-orbit forces. However, 
it seems clear that the latter, being a single-body force, is not the essential 
ingredient fo r producing rotations. We shall therefore work in an L-S  coup
ling scheme, including spin-orbit forces later. Even in the pure L-S  coup
ling lim it we shall be able to make comparison with experiment for the 
even-even nuclei. One expects to find such nuclei fa ir ly  close to L-S  coup
ling because they have S = 0 in the lowest levels, giving no zero-order 
contribution from  the spin-orbit force. In the a-partiele nuclei, which have 
N = Z  (even) this approximation should be especially good because the two 
lowest supermultiplets are w ell separated. Such remarks are confirmed in 
the p-shell nuclei Be? and C12.

I f  rotational features do em erge in the ds-shell it  would be natural to 
expect them £.lso in the p-shell where the L -S  coupling energies were calcu
lated in 1937 by FEENBERG and PH ILLIPS  [15]. In fact, these energies are 
proportional to L (L  + 1) fo r states of given [f] and the L-values aré pre
c ise ly  those of rotational bands although cut-off at rather small values o f L. 
F o r example, in the [4] states of Be8 the values of L  are 0, 2 and 4; a K=0 
band, cut o ff at L  = 4.

This L (L  + 1) behaviour may be seen in an elementary way as a con
sequence of the smallness of the iî-value, although we shall show later that 
it has much w ider significance. In this simple shell there are only three 
orbital states of two particles L  = 0, 1 and 2 and we can find three two-body 
operators -

, the two-body unit operator 

, the Majorana (permutation) operator

1 = .= h  
1 < J

M  = E Pij 
i < j
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which may be imm ediately evaluated in a system of к particles. The firs'; two 
are independent of L  and the third has eigenvalues \ (L (L+1 ) - n£(!+l)}. Hence, 
any two-body force may be written as a sum of these operators and must 
therefore have energies proportional to L(L+1) within a given [ f ] . The two 
operators, other than the unit operator, are essentially the Casim ir oper
ators of the groups U3 and Rj by which the p-shell states are labelled.

Thus we see that rotational features are present in the p-shell in L-!3 
coupling although they are not particularly noticeable in the spectra because 
of the low cut-off, the effect of spin-orbit forces and the wide spacing of the 
levels, fo r example in C12 and Bes . A sim ilar study of the pure d-shell r e 
veals no such features but we know that the Id and 2s levels are close in 
energy and mix strongly. It is  therefore possible that rotations w ill agair. 
appear when these configurations are mixed. Let us therefore return to t ie  
group theoretical method to see i f  we can find ways of classifying states of 
mixed configurations which are physically significant in the hope that one 
of these w ill have rotational properties.

Consider the mixing of orbits £л and üb . The single-particle functions1, 
w ill now span a space o f (2Üa + l)+(2£b + 1 ) dimensions and the fu ll group o '
unitary transformations in these functions is  now tT2£a + 2Hb + % . To study
sub-groups of this as we did fo r  the pure configurations, we construct the 
set of infinitesim al operators, which now need more labels to distinguish 
the value as w ell as the m-value. Thus we introduce the operators u  ̂ (IS) 
defined by

(¿"Ml uMI I " )  = б (1 Г )  6(1,4,") (3.14)

as a simple generalization from  the pure configuration, their commutation 
relations being

[и'ОеГ), uM hh1)] = £ n/(2 r+ 1 ) (t s qp I r v )
4 t,v (3.1Í.)

X | (- )№-г ¿ (¿ 'hJW Íts íh ' ; r i ,) U; (¿ h ,)- f i ( íh l)W (t s ¿ ,h ;rh 1) ^  (h i') }.

Again, we define the many-particle operator

U ' (££’ ) = E ur ( U [ ; i)4 i= l  4 ♦

where û  (££' ; i) is the single-particle operator defined above for particle i. 
The Uq have the same commutation relations as the u¡j and describe the group 
of simultaneous transformations of all particles.

We now want to find a sub-set of these operators which describe a sub
group containing R3. There are now two vector operators but it is  easily 
seen that the operators of R 3, the angular momentum operators, are given by 
L q = li( £+ 1)(2 Z + 1) Uq (Í,£) with i  taking the values i a and üb.

In general, the set of operators uj, (IJLb) + (- )г fo r a ll r, with the
UqOMa) and Uq (ibi b)fo r  odd r  satisfy the group conditions (3.3) of being closed 
under commutation. They describe the group R 2ta +2i b+ 2 and provide a gener
alization of seniority to a mixed configuration. This classification would 
diagonalize a simple pairing force but does not seeto much use for nuclei r 
forces as we shall see in an example.

Consider now the mixing o f the Id and 2s orbits which is  of great interest 
from  a physical point of view  for the nuclei with 16 < A  < 40. Then the ful..
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group is  U6 and thé sub-group just mentioned is  R6. The classification then 
follows by the methods of 3.2, reducing representations as the group is r e 
stricted by stages from  Ug-'R6-''R3 as illustrated in Table IX.

TABLE IX

к M L

1 [ 1] (100) SD

2 [2] (000) S

(200) SD2G

[11] (110) PDF

3 ra (100) SD

(300) S2D 2FG2I

[21] (100) SD

(210) P2D *F*G 2H

[111] (111) p 2f 2

The two symmetric S states of two particles are separated into one of 
seniority zero which is  explicitly nf\\p{ (s2) S } + \ if^ {(d 2) S} in terms of the 
pure configurations. This is  in fact a good approximation to the lowest S-sta
te when a short-range force is  diagonalized but the R6 group has failed 
to separate the two D-states which mix strongly with a two-body force and 
are w ell separated in energy. We therefore abandon this coupling scheme.

There is, however, an alternative sub-group for this particular case 
of the ds-shell, described by the eight operators u* (dd) and -./7Uq (dd) +
+ 2 {U q  (ds) + U q (s d ) } .  From  the number of operators and their commutation 
relations this group may be identified with SU3, the special unitary group 
in three dimensions. This same sub-group also appears when mixing between 
any set of degenerate oscillator levels is  considered, i .e .  (f p) (gds) etc.
In fact this group is intimately connected with the degeneracies o f the o sc il
lator and, as we shall see in the next chapter, gives rise to rotational mo
tions.

4. THE GROUP U3 AND THE APPEARANCE OF ROTATIONS

. It was shown by JAUCH and H ILL  [16] that a spherical oscillator 
Hamiltonian in n-dimensions commutes with the operators of a group Un 
so that the eigenvalues are labelled by the irreducible representations of 
Un and there is  a degeneracy of functions belonging to the same representa
tion. Thus U3 is  the symmetry group of the three-dimensional oscillator, 
the fam iliar oscillator number N being simply the representation label [NOO] 
of U3. Only the totally symmetric tensors can be formed with a single par
tic le so that the oscilla tor wave functions of energy (N + |) tl ш are the sym
metric tensors of rank N in the U3 space, which reduce on restriction to 
the group R3 to the fam iliar ¿-values.



The operators of this symmetry group U3 may be expressed either ir. 
Cartesian form  or in spherical tensor form . I f  we define creation and de 
struction operators

a* = (x - ib2px)/b \I2 etc . ,  (4.1)

ax = (x + ibPp^/b V2

fo r oscillator quanta, then the nine components

A.. = \ (а} а, + а ^  ) (4. 2)

o f a second-rank Cartesian tensor commute with the oscillator Hamiltonian

H0 = ï  l?p2 + i  (r2/b2 ) “ Axx + Ayy + Аг2. (4.:i)

Here i and j run over the indices x, у and z. From  the fam iliar commuta :ion 
relations

[ a i ,  a j]a[a¿, aj ] 3 О, [ a i ,  aj Ie ó ¿j

we deduce

ÍAij » Аьй^б^А^ .

The eight combinations of Ay with zero  trace are closed under commutation 
and describe the group SU3 . In Spherical tensor form  we have a scalar Ц>, 
a vector

AXy - AyX = i L z> AyZ - A ^  - iL,;, Azx - Axz я iLy 

and a second-degree tensor which we call Q4 with components

Qo = 2 A¿z - - Ayy,

Q i + Q-i-= "We (A^z + y),
(4.4)

Qx '  Q-j = - J6 (Azx + A ,,),

Q2 + Q-2 = V6 (Axx - Ayy),

Q2 '  Q-2 = ^  + Ayx).

—> —> —Э —>
Explicitly, the vector L is just the angular momentum operator L  = (rX p ) 

. while

Q4 {r 2 Y2 (6r, <pt ) + p V  Y2 (0pl Фр)}/Ь2 (4.5)

where 0Г, Фг are the polar angles of position and 0г,Фр the polar angles of 
momentum. Thus, for example,

Q0 = {(2 z2 - x2 - y2) + b4(2 pz - px - p2)}/ 2 b2 . (4.6)
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The existence of this symmetry group explains why the degenerate orbits 
of any oscillator leve l N may be classified by the group U3. Here we shall 
concentrate on the ds-shell (N = 2 ), first deriving the classification, then 
confirming that it is physically useful and finally developing a simple pro
jection form  for the wave functions which enables the energy matrix to be 
calculated in a simple way and exhibiting rotational properties.

4,1. The U3 classification

The six single-particle functions s0d2d1... d_2 span a six-dimensional 
vector space, the functions of k-particles being tensors of rank k. In the 
usual way, a classification of these functions by their permutation symmetry 
[f] leads at the same time to a classification by the irreducible representa
tions [f] of U6. I f  we now restrict the group operations Ug^SUs- - !^  we shall 
introduce the representation labels L  of R3 and (^ )  of SU3, see section 2.2.
In Table X we show the U6“ *SU3 reduction for k<3, obtained by studying the

TABLE X

к [fl (XM)

1 [1] (20)

2 [4 (40) (02)

[11] (21)

3 [3] (60)(22)(00)

[21] (41)(22)(11)

[HI] (30)(03)

reduction of product representations in both groups as in section 3.2. We 
can look on a single particle as a vector in six dimensions or as a symmetric 
second-rank tensor in 3 dimensions. With two particles we have a tensor of 
rank 2 in 6 dimensions and of rank 4 in 3 dimensions. The reduction above 
tells us which symmetries (Хм) may occur with respect to the 3-dimensional 
space when the symmetry [f] of the function with respect to the 6- dimensional 
space is specified.

The reduction from  SU3- “R3 may be obtained in a sim ilar manner and 
one finds a general rule. For this stage of the problem we may forget a,bout 
the U6 group entirely and concentrate on the L-values contained in the tensors 
of symmetry (^M) in a three-dimensional space. This is just like filling a 
p-shell with particles. By finding the number of ways of constructing totally 
symmetric (X 0) states of a number X of p-particles with fixed M we find sim 
ply that (X0) contains values

L  = X, X-2, X-4, .... 1 or 0,

depending on whether X is odd or even. By using the product reduction

(X+ 1,0) X (1,0) = (X+ 2,0) + (A, 1 )
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and knowing the L-values in the symmetric representation = 0), we may 
deduce that (Л1 ) contains values

L  = Л+ 1, Л, A.-1....... 2, 1.

This procedure obviously continues to higher values ofM and we find that (X 2) 
contains values

Г 2 , 0
,L = (X+2), (X+l), (A)2, (V I ) ,  (Л.-2)2 .........\32 ,2 ,1

according as X is even or odd.
A general rule emerges, that the L-values are just those of a series of 

rotational К -bands with

К = M, M-2, ... 1 or 0 and with L  = К, K + l, ... К+Л (4.7)

for each of these values of К except К = 0 when L = \  Л.-2, ... 1 or 0. We shall 
find a simple reason fo r this result in section 4.5.

This classification is reasonably complete in the sense that m ultiplici
ties in (Л-M) do not occur until we have five  particles and we shall always 
find these multiplicities occur quite high in energy and are not physically 
interesting. We shall find a precise way of defining a label К to distinguish 
states with the same ÇV) and L .

4.2. Comparison with shell-model eigenfunctions

We must now ask if the classification has any physical meaning. The 
two-particle states are

<H(40)S} =^jf <H(s2)S} + n J ^ {( d2)S}

<H(40)D} ds)D} -^|<M(d2)D}

with the orthogonal combinations belonging to (02). The G state must come 
entirely from  d2. These coefficients may be found by form ing D and S states 
from  this known G-state with the help of the U3 group operators Q^. The 
states form ed in this way must belong to the same representation (40) as the 
G-state.

The (40)S-state is quite close to the lowest S-state found by diagonal- 
izing a two-body fo rce and in fact has an overlap of 83% with the (00) S state 
in the Eg scheme. However, the U3 scheme has also mixed the two D-states 
and we find that the (40) D-state also is close to that found by diagonalizalion.

A  m ore stringent test was applied by making a comparison fo r the [4] 
states of four particles, which we would expect to describe the low leve ls 
of Ne20. With this symmetry the possible (А.ц) values are (80), (42), (04),
(20) so that there are four S-states, five  D-states etc. In the shell-model 
calculation the energy m atrix was set up in a pure configuration scheme with 
again four S-states etc. coming from  configurations d4, d3, d2s2, d^  and 
s4. On diagonalization it was found that the lowest S-state contained 92% of 
the S-state of (80), the corresponding figures fo r  the D, G and I  states be ing 
99%, 92% and 99%, respectively. The configuration mixing was very large, 
fo r  example the S-state contained percentages 22 , 10, 41 and 27 respectively 
in the configurations d4, d3s, d2s2 and s4.
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4.3. The quadrupole force

We must now ask the two related questions: Why are the U3 wave func
tions with the greatest value of X good approximations to the shell-model 
eigenfunctions; and fo r which two-body fo rce  w ill the U3 wave functions be 
exact eigenfunctions?

The second question is simply answered by introducing the Casim ir 
operator of this group as we did fo r  the seniority scheme. This operator 
must -be scalar in R3 and there are only two quadratics of this kind which 
we can form , (L .L )  and (Q .Q ). The Casim ir operator is that combination 
of these two which also commutes with the group operators Qq. One finds

G = | {3 (L .L ) + (Q .Q )} (4.8).

with a convenient normalization. A  general formula fo r  the eigenvalues of 
Casim ir operators has been given by RACAH [20] which in SU is

<G>= g(Xju) = (X2+ X ^ iV ) + 3 (X+M). (4.9)

(In fact, this formula may be derived very simply using a Cartesian form  
fo r G and operating on the leading state of the Cartesian basis described 
in 4.4).

Thus the operator G w ill be diagonal in the U3 scheme with the same 
eigenvalue fo r a ll states of a representation (X^). But if these* states are 
classified by their angular momentum L  then (L . L ) w ill be diagonal so that 
(Q. Q) is also diagonal with the eigenvalues

<(Q-Q)>= 4g(X,u) - 3L (L+1 ). (4.10)

Not only is (Q.Q) diagonal but the energies fo r  given (Хц) follow the rotation 
sequence L (L+1 ). Because of the equivalence between the operators r and p 
in the harmonic oscillator we have from  (4.5) that fo r  each particle i

Qqii) r2(i) Y^(er (i)«Pr(ij )

within an oscilla tor shell. Thus also within a shell

(Q.Q) = £ r 2(i)r2(j)^Y2(i). Y 2(j)^ + single-particle term s

(4.11)
= 8 £ r 2( i )r2(j)P2 (cos ) + single-particle terms.

i<j
Hence, apart from  the single-particle term s, an attractive quadrupole force 
with the particular radial dependence ^ ( i j r 2^) w ill give rise to the U3 wave 
functions, with the greatest values of g (Xju ) lying lowest, and a rotational 
spectrum.

To answer the firs t of our two questions we must now try to relate this 
quadrupole interaction to the nuclear force. It is of course tr iv ia l that any 
fo rce may be expanded into multipoles, that within an oscillator configu
ration these can only be of even order and that the monopole term  is re la 
tive ly  unimportant fo r  the splitting of leve ls . The precise radial form  in 
(4.11) comes out from  a fourth power force
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rIj = (r?+rf - 2rirj cos 6ij)2

.2~2+íL
3 J 3

rf+T j^+l r?r?+^-ifi|P2 (co se ij)-4 (if+ r? )r i rj c o s e i j . (4.12)

Of these term s, the last vanishes in a configuration because it has odd parity 
in each particle while the firs t three reduce to constants or single-particle 
term s, leaving the quadrupole force of (4.11).

The significance of the r4. term  maybe argued i f  we remem ber that we are 
only evaluating the energy m atrix in the low configuration where the wave 
functions fa ll off sharply fo r  large distances. Thus, if we were to try anc. 
approximate the nuclear force numerically by a sum of small powers in 
the firs t two term s (a+ br§) would not cause any splitting, being just equiva
lent to a central oscillator fie ld . The next term  is r^ which would need a 
negative (attractive) coefficient to slow down the increase caused by the 
r̂ ¡ term  as r¡j increases.

Only two radial integrals enter in the p-shell so that a force of any shape 
may be exactly replaced by a sum of powers up to r¡j . This is  the reason 
why any force gives an L (L + 1 ) spectrum in the p shell.

We shall not pursue this question or make any further use of the quac ru- 
pole force. Rather we shall make use of the U3 functions as a useful basis; 
in which to carry out calculations. To this end we now study the structure' 
of the wave functions.

4.4. A  Cartesian basis

We chose to c lassify  the states within a representation (Хм) by their 
L  value for the obvious reason that L i s  a good quantum number for central 
forces. We now define an equivalent basis, in which L  is not diagonal, from  
which we shall find a simple way of constructing the functions with définit э L  
by an angular momentum projection.

The three operators A xx, Ayy and A 22 of (4.2) commute and are just ths 
one-dimensional oscillators in x, y and z. We then construct a "Cartesian 
basis" fo r the k-particle functions in which a ll these operators are diagonal, 
with values denoted by Nx, Ny and Nz. Since a ll states have the same value 
kN for the sum = Axx + Ayy + A zz we consider the remaining two operators 
A xx - Ayy and 2AZZ - Axx - Ayy = Q0 with values denoted by v = Nx - Ny and

e = 2 N -N  -N = 3N -kN. (4.13)z x y z

Thus, v and e describe the distribution of quanta between the three d irec
tions and since the Nx etc. are integral, v changes in units of 2 and e in units 
of 3.

We now observe that the operators

wo = 2 (Axx-Ayy), w+1 = A xy and W.J = V Î AyX . (4.14)

are closed under commutation, thus describing a group. In fact, with the 
normalizations given above their commutation relations are just those of 
the angular momenta, i.'e. the operators of an SU2 (or R3) group. This is, 
of course, simply the symmetry group of the two-dimensional oscillator in 
x and y alone. We may therefore introduce in this Cartesian basis a label Л
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which w ill behave like an angular momentum and re fe r  to an irreducible 
representation of this group SU2. Since Q0 commutes with wQ, w+1 and w_2 
we may use the label e at the same time.

In analogy with angular momenta, the operator

(W 0-W +1W_1-W_1W+1) = ï  (Axx-Ayy)2 + I  (AxyAyx+AyxAxy) = ^  ( Q ^ + Q ^ Q ^ L ;

has eigenvalues Л(Л+ 1) which w ill be (2A+l)-fo ld  degenerate, the degeneracy 
being labelled by the values A, A - 1, . . . -A o f w0, which we may diagonals ze . 
like the z-component of an angular momentum. For each A  therefore, stakes 
on values 2Д  2A - 2, . . . - 2Л.

We use a notation ф (еА^) for the Cartesian states of a representation 
(Хм) and we shall see that these three labels A v e  are complete in the sense 
that there never occur two states in a given (Хм) with the same values for 
A, v and e. This follows when we use the reduction S ^-^S^X  Uj to deduce 
which A y e occur in given (Хм), the operators of this sub-group being wq, 
w±1 and Qg. The procedure is to remove from  the Young pattern (Хм) a sym 
m etric tensor representing that part of the original tensor in the z-component 
o f the space. The remaining pattern describes the symmetry in x and у com
ponents leading to A  as half the difference of the rows. Thus

*  1 [ju]X [X+m] + [m + 1 ,0 ] X  [X + M -l] + [M, 1 ] X [X + м-1] + ....

.... + [Х + м-1 ,М] X [ 1 ] + [X + M,M-l] X [ 1 ] + [X + м,М] X [0 ], (4.15)

giving the combinations in Table XI. Any of these terms which gives a non
standard tableau, i .e .  has the firs t row shorter thàn the last, or has a nega
tive number, must of course be ignored. This means that in the table under 
the heading 2Л we get only the firs t entries if  M = 0, the firs t two entries if 
M = 1 and so on.

TABLE XI

€ 2Л

2 X + и Ц

2x + fi-3 U +l. M -l

2Х+Ц-6 (j+2, ц, ц-2

-X-2y -3 X + l ,  X - l

-X -2 U X

4.5. A  projection integral

The "leading function" (or function of maximum weight) of a represen
tation (X¿0 is defined as having the maximum value (2X+m) for e and, for this
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value of e, the maximum value f* fo rv . Thus, the representation labels appear 
as quantum numbers of the leading state. From  (4.13) this gives X = Nz- IIX,
M = Nx- in terms of the Cartesian quantum numbers of the leading state.
We see now that the high values of X andM, which were found to be lowes : 
in energy, have the greatest deformation in their leading state, withM meas
uring the departure from  axial symmetry.

The leading function plays an important ro le  and for brevity we deno ;e 
it by Ф, omitting the labels eAi/, From  its very definition, Ф has the proper
ties

A zx<P= Axy'P" 0 (4.1(5)

since for example it is impossible to put more quanta in the z-direction , as 
this would increase e and we have defined Ф to have the largest possible e 
in the representation. Hence, from  the relations (4.4), we have also

A*Z<P= -iLy<P, Ayz<P= ÍIVP, А ^ Ф » - i L z<P (4.1V)

and of course (Ахх- Ауу)Ф = МФ, (2AZZ- A ^  - Ауу)Ф = еФ.

Thus, of the eight group operators of SU3, three give zero, two are 
diagonal and three are equivalent to angular momentum operators, when 
acting опф. This means that any group operation опф is equivalent to a func
tion of the angular momentum operators on? and hence that any function ;n
the representation may be constructed from  the leading state by a function
of angular momentum operators.

This is a crucial property because it means that i f  we expand

Ф = £bvX = EbjX c(K,L)i// (LK ) = £ a (K ,L ) (MLK) (4 .Id)
К ^  К Ь K,L

where a (K jL ) = fc^c (K ,L ), then the representation is spanned by a ll functions 
F (L q) Ф (LK ). But an angular momentum operation can only change the pro
jection К of ip (LK ) within the lim its L  to -L . This set of basic functions may 
therefore be denoted by Ф (KLM ) where M is the value of and К  is  included 
to show from  which term in the series (4.18) that particular M-value was 
form ed. It is necessary to include К in the labelling of Ф (KLM ) because il 
is not generally true that, in the notation of (4.18),

(L+1)K' KWLK)oc <«LK').

We have thus introduced, in a precise manner, the.-additional label К which 
is sufficient, together with L  and M, to c lassify  completely the "angular 
momentum basis" ^(KLM) of the representation (X/u).

The coefficients a (K ,L ) are calculated in the appendix and found to be 
non-zero for К = M.M-2, ... 1 or 0 and L  = K, K + l, ...M + X except when К = D, 
in which case L  = M +X, ц +X-2, ... 1 or 0.

The range of K-values here is just that used in (4.7) to enumerate the 
states but the range of L-values is slightly greater, ris ing tou+X rather 
than K + X. WhenM>l this means that the set (//(KLM) is slightly over-com 
plete in the high values of L . Furthermore, the functions ¿ (K LM ) are not 
orthogonal with respect to K. We calculate the overlaps

(K 'LM  I KLM )
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in the appendix and they are found to be sm all unless L  approaches the "cu t
o ff" in the rotational band at L  = X +M. Thus, in the representation (84) we 
find (02 I 22) = 0.034, (041 24) = 0.139, (24 144) = 0.043 and (04 144) = 0.002. 
Hence, although we may clearly  overcom e these difficulties of non-orthogo
nality and over-com pleteness, they are significant only fo r the high L -va lues 
of little physical interest.

The process of extracting ip (KLM ) from  Ф is simply one of angular mo
mentum projection, for i f  we denote by фа (L'K ') the function i//(LK') re ferred  
to a set of axes at an orientation which we denote simply as Л then

lîjc
*a{ t к ') = № М ') (4.19)

so that

|(£Ц ^м к {U)Vadn кЙ Ш х (2L+1)j  ̂ )^ (K 'L 'K ')d n

= ? . (2L + 1) E (í/ (K 'L 'M ')^E ¿^ (n )I¿ iK (n )dn* № L M ) .
IC L а ( г ч .ъ )  M  J

Here, Г2 is short for the three Euler angles of rotation and we have made 
use of the orthogonality of the D-functions. Thus, a ll functions Ф (KLM ) in 
the angular momentum basis may be expressed as a projection integral

¿ (K LM ) = I j g g )  (4.20)

from  just the single leading function Ф in the Cartesian basis.
A  formula for a(KL) is derived in the appendix from  which also the over

laps may be calculated. In the lim it X » L ,  the overlaps vanish and for fixed 
K, a (KL )oc^2L+l.

This is the lim it o f very strong deformations and i f  we were to suppose 
that the function Фй could be separated Фй % 6 (f2 - а) (r ) into a function of 
internal coordinates and a delta function of orientation angles a for the 
strongly deformed distribution Ф, then (4.20) reduces to the simple rotational 
model form

EW M <r,>- (4.21)

Thus, a link with the rotational model is established but in (4.20) there are 
none of the difficulties of separation of collective coordinates inherent in 
the rotational model.

Furthermore, there is no problem of redundant states in the projection 
(4.20) because, having projected from  the leading state Ф of (X/л) we dis
regard a ll other Cartesian functions in (~ЫА, knowing that they can produce 
no new states by projection. To get other states we must move on to a dif
ferent representation (X'm') and project from  its leading state.

4.6. Quadrupole moments

The integral form  (4.20) sim plifies the calculation of matrix elements. 
Consider the group operator Qq. We have
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% ф(KLM ) = i r ë â  \Ê (n ,^ 4b'dn (4-2 i)

but
Qq = E D^, (П) Qq, (П) 

transforming into the rotated frame. Now, using the reduction

= £ (L2Mq| L¡M+q)(L2Kq' | LÍK+q/)D¿+ (f2)
НЧ L m 4’K+q'

we have

Qq Ф (KLM ) = E E (L2Mq | H M + q)(L2Kq' | li К + Ч > ^ + « 4 ^ Ч'Ф} 0'1П

where both Qq/ and <p are now re ferred  to the rotated frame. If we now use

Q0<p = (2Х+м)Ф, (Q2+Q.2)<P= (Qg- Q.2)P = J6 L<^, Q^ Ф = + чГз L±^

from  (4.4) and (4.17) and evaluate the products L ^  by expandings according 
to (4.18), we a rrive  at the formula

Q / (K L M ) = E (| i± i- j(L 2 M q  | L' M+q) (L2KO I iL K)a (K L )

Х {2 Х + д  + |(L '(L ' + 1 )-L (L + 1 )+ 6 ) ) iI/(KLM)

+ а (^ т * Г  - (L2K2 И К + 2 ) (Ц +К +2 )Ф  (K + 2LM) э. (K^L)

+ "M K ^ l T  (L 2 K ' 2 1 L*K~2)(M~ К+2)ф (K- 2 L M )j . . (4.2'.!)

Notice here that when К = 1, theK -2  term gives a diagonal contribution. The 
non-orthogonality of К precludes re ferring to the coefficients on the right 
hand side of (4.23) as matrix elements.

For large X, (4.22) gives approximately

(KL' Il Q H K L ) = sl2L+ï . 2 X (L2KO | L'K)

which is precisely the same dependence on К and L  as in the rotational model 
with a product wave function (4.21). The intrinsic quadrupole moment of that 
model is replaced by X. As particles are added in the firs t half of a shell, 
the greatest value of X, which in examples we have seen to describe the low
est leve ls , increases with the number of particles.

The operator Qq is the quadrupole moment of the mass so that this in
creases with the number of particles instead of remaining near the single 
particle value. For T  = 0 nuclei this mass moment is also the quadrupole 
moment of the charge.

4.7. Central-force m atrix elements

In this section, we develop a method for calculating the matrix elements 
of a two-body central force in L-S  coupled, antisymmetric states, classified
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according to the SU3 group, for к particles in an oscillator shell N. Such a 
state is denoted by

* (T S [ f ]  ( M K L  M ^ M )

where the antisymmetrization has been carried out in the usual way by sum
ming over products of orbital functions of symmetry [f] and charge-spin func
tions of adjoint symmetry [ f  ]. We make use of the projection formula

* (T S  (f](A .n }KLM rMsM) <4-24)

which is simply (4.20) with a ll the charge-spin labels included on both sides. 
They play no part in the projection which re fers  only to the orbital со -ordi
nates. With central forces, TS M f and Mg are good quantum numbers and 
for brevity we henceforth omit these symbols from  our equations. We further 
sim plify the notation by writing 7  for [f] (Xn). Let H be the Hamiltonian, 
containing only central forces. Then

H * (T K L M ) ^ ^ ( Ш Н оФо (7 )d 0  (4.25)

since H is invariant under rotations.
Now expand НФ in the complete set of Cartesian functions

НФ(у) = E h(-y, y e  Av) Ф (у 'еЛ у ) (4.26)
у'еЛй

with
h (7 ,7 ’ eA v ) = (Ф(у'еЛ1/)| н|ф (у)).

Since Ф (у 'еЛ у) is of the same representation as its leading state Ф(у'), we 
must be able to express it as some function of the group operators acting 
on Ф(у')- But in section 4.5 we showed that any group operation on a leading 
state Ф was equivalent to some function of the angular momentum operators. 
Hence we may write

Ф (у 'е Л 1/) = F (Х'м'сЛ v ; L )® (7 '), (4.27)

where L  is an abbreviation fo r the three components of the angular momen
tum operators, so that (4.26) becomes

НФ(-у) = E G (y 7 ';  L ) Ф(-у') (4.28)

where we have defined

G (7 7 ' ; L ) = E h (7T'eA i/ )F (>V eA z/ ;L ). (4.29)
~ cAv ~

The operator on the right-hand side of (4.28) may be readily evaluated 
by expanding Ф(7 ') into its angular momentum components as in (4.18). Thus, 
defining the m atrix elements

g(77', LIi^K") = (ÜK*| G(yy ' ; L )  | L 'k ') (4.30)
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(4.28) becomes

НФ(7) = £ £ G (ry ' ! L ) * ( 7 'K 'l 'k ') a(XM'K']J)
У k 'l'

* E E E g (r/ , К 'К ) alXln'lÎl! ) Ф (yK 'lJK "). (4.3 !)
Ÿ  K'L' К*

This result is equally true fo r  functions re ferred  to the rotated frams 
so that we may add the suffix fi to Ф and Ф in (4.31). Inserting (4.31) into 
(4.25) gives

H * (T KLM ) = (2L+D r,£ K.L. g (7 7 ^ K V )  j ^ ( ^ ( - / K I ^ K  )d a

Transforming back to the original axes

* Q(VK’iJk ' ) = £ DÍj^(í2) í (t K L M )
M*

and using the orthogonality o f the rotation m atrices, we obtain

H * (7 K LM ) « Е Е  ~a (x S j )  g (Y 7 i ЬК 'К )Ф (УК 'ЪМ ). (4.32)

By defining a (-K L ) ■ (-)*-+iI+L a (K L ) we ensured that Ф(7 -КЬМ ) * Ф(-уКЬМ) 
so that only positive К need be discussed. However, the sum over K ' in(<:.32) 
includes both positive and negative values which may be collected together, 
giving

Httf-vKLM) -  £ £ )g(77 ', L K 'K )+a (X '„ '-K 'p g fr-/ , L -K ,K )} t t (V K ,LM )
Гк'г<Л а(ХмКЬ) J

- E E  ëiyy' i  L K k ) + ( - f +,1+L g(77 ', Ь -К 'К )* (t'K 'LM )
у к==о а(Лцл..ц

(4.31!)

= *  ¿  ^ Ш Шуу'’ ь к : к т у 'к 'ь м )

where we have defined, fo r K '>  0,

g(77 ', LK 'K ) = g (7  y', LK 'K ) + (- )X̂ +L g(77 ', L -К'К). (4.34)

Because functions with the same у but different К  are not orthogonal, 
the m atrix 'g' is not symmetric.

One may, however, use the known symmetry of the matrix 
(Ф(7 K'L'M ) |H ¡*(7 KLM ) ), together with (4. 33) and a knowledge of the o ver
laps, to relate the elements of g" above the diagonal to those below.

We are, of course, interested in the eigenvalue problem H Ín = En 
and if we write

*n = £ £ on (7 KL)a(XM K L ) *  (7 KLM )
У К so

(4.35)
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and substitute into (4.33) we get the system of equations

2 E g(7 7 ', LK 'K )a  (7 K L) ■ EL а (у к 'Ь ) (4.36)
у И  n n

fo r the energies En and the coefficients c*n (7 K b ). Although (4.36) is exact, 
fo r central forces, we approximate in practice by taking a fin ite set of 7 .
The and aj, then em erge as the latent roots and vectors of the non-sym- 
m etric m atrix ]?(у у', LK^K). In deriving (4.36) from  (4.33) we have assumed 
that the functions Ф(7 КХ,М) are linearly independent and, although this is 
generaly valid, it is  violated when L >  X + 1 . States with such high values 
of L  generally lie  high in the spectrum and are therefore of little  physical 
interest. They may of course be dealt with i£necessary by using the known 
overlaps to reduce the sum in (4.33) and (4.36) to one over a linearly indepen
dent set.

4.8. Discussion of the cen tra l-force formula

Having given this b rie f and rather form al derivation of (4.36) we now 
return to give a little  m ore detail of the steps involved in determining the 
m atrix g. The main steps are

(i) Calculation of the m atrix elements 11( 7 7 ', e A v )  of (4.26);
(ii) Derivation of the operators F(A'M’ , e A v  ; L ) of (4.27);

(i i i )  Construction of the operators G(yy' ;  L ) of (4.29);
(iv ) Calculation of the m atrix elements g(yy',  L'K'K*) of (4.30);
(v) Construction of g from  g using (4.34).
At firs t sight, step (i) might appear just as difficult as the original prob

lem  of evaluating m atrix elements (ф'| H |ф), calling fo r the use of com pli
cated fractional parentage coefficients. There is, however, an important 
difference. The functions Ф, being in a Cartesian representation, involve 
no orbital vector coupling, and especially for those у lying lowest in the 
spectrum, have a very  simple structure in term s of single-particle Carte
sian states. We therefore carry out this step by expressing the Ф in terms 
of Slater determinants and then evaluating 11(7 7 ', e A v )  directly. The sym 
metry of H under rotations and parity inversion which implies invariance 
under the separate parity inversions of the Cartesian axes, leads to se
lection rules in e and v. Since these "Cartesian parities" of the wave func
tions Ф are given by the parities of the total Cartesian oscillator numbers 
N*, Ny and Nj and since these numbers are related to e and v by the equations

Nz = 1 (e + kN)

N* = t (2kN + 3v-e)

Ny = t (2kN - 3v-e)

it follows that the m atrix elements h(7, y',eA v) w ill be non-zero only if e 
changes by units of 6 and (3y+e) by units of 12. A  further selection rule puts
an upper lim it on such changes. In a shell with single particle oscilla tor
number N, the maximum change that any two-body operator can produce 
in any of the numbers Nx, Ny o r 1SI, is  2N. Hence the maximum changes in e 
and v are 6N and,4N respectively. This greatly reduces the number of pos
sible m atrix elements when N is small.
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Step (ii) depends entirely on the properties of the group SU3. Defining 
p, q and r by the relations 3(p + q) = 2X +ц -e, p - q = 2A-jj and 2r = 2Л- v, 
and using the methods of RACAH [10], it may be shown that, in term s of 
Cartesian operators

F (X M 6A u l )  = N(pqr)A;x(Ay Axz-Ayz(Axx-Ayy + 1 f )  A ^  (4.37)

where

X'uU X+H+l)!p!q!r!(M+p+l)!
( X-p)!(M-q)U X+M+l-q)!(/J+p-q-r)!(^+p_q+ l)!

The equivalences of (4.17) together with the commutation relations then en
able us to derive F(X^eAv;L) in terms of angular momentum operators аЪпе. 
F o r the most important cases, (p + q )<  2, we may write

F(XAieAv;L) = 1 N E {A¡ +B¡L2 + C ¡(L?+1 + L2 j) +Dt L Q(L2+1- L2 j) } (4.3B)

and the coefficients A¿, Bj, Ct and D¡ have been given inTable X II as func
tions of X and ц.

Steps (iii) and (v) need no discussion and step (iv) is also elementary, 
involving just the m atrix elements of angular momentum operators

(LK ' I L 0 I LK) = K 6(K', K) (4.3!))

(L K ’ l L ±1 j LK ) = + { ( L  + K )(L ±K + l)/ 2 > i  ó (К', K ± l ) .

We are, of course, most interested in the m atrix elements i f  which are 
diagonal in у and we now discuss the significance of the contribution to su :h 
m atrix elements from  the different values of e Av in the sum (4.29). Consider
ing them in order of decreasing v and c, the firs t contribution contains t ie  
diagonal element of H in the leading state and the operator F = 1. In practice, 
we find this to be the largest contribution and, because F  is just the unit 
operator, it leads to a degeneracy between leve ls  of different К and L, though 
of course separating leve ls with different y. The contributions from  m axi
mum e but less than maximum v lead to F -operators containing powers o::
Lq only. These give rise  to a separation of bands, labelled by K, but still 
retain a degeneracy between states with the same К but different L , When 
e = e - 6, the next highest value of e to give non-zero contributions, the 
F -operators contain term s in L2, and ’L?1 which lead to a rotational spec
trum in L  together with a mixing of states with different K. In practice we 
have found that the bands are sufficiently separated, by the Lq term , that 
the К -m ixing is generally small. Lower values of e lead to term s like L 4 
and hence to departures from  the pure rotational spectrum, but we have 
found their contribution to be small fo r the low L-values of physical interest.

5. A PPL IC A T IO N  TO NUCLEI IN THE ds-SHELL

The coupling scheme described here has nothing new to add to the p- 
shell nuclei 4< A <  16 which have been satisfactorily described [3] in the 
shell model. From  a mathematical point of view it is applicable to any o sc il
lator configuration, even to those which are not lowest in energy fo r a par-
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ticu lar number of particles. From  a physical point of view, however, the 
spin-orbit force , and the trend towards an average fie ld  more square tha.i 
the oscillator, combine to cause a mixing of oscilla tor configurations. For 
this reason, applications of the method have been confined so fa r to the ds- 
shell where this m ixing does not seem to occur to an appreciable extent.

5.1. The spectrum of Mg24

Only a few detailed applications of the method [19, 22] have been made 
so fa r, the most interesting being to M g24. The experimental spectrum shown 
in F ig . 4 contains а К = 0 band, followed at about 4 MeV by a к = 2 band and 
at 6.43 MeV by a second J = 0 leve l. Working in L-S  coupling fo r  this " a - 
particle" nucleus the lowest partition [44] contains the U3 representation 
(84) as its lowest. We would therefore expect to find bands With К = 0.2 aid 
4 but as the energy dependence on К is roughly K2, the К = 4 band is pro
bably very high in energy, about 15 MeV. The spectrum resulting from  the 
use of the same two-body force as was used in the intermediate coupling 
calculations fo r A  = 19, is shown in F ig . 1, when only this single representa
tion was used. Although the rotational pattern is undoubtedly given, the ab
solute energies are too small by a factor of 2. The admixing of higher r e 
presentations and the inclusion of spin-orbit forces increases these energies 
without much change in relative positions. Initial calculations indicate that 
the mixing is as high as 15% but that the mixing of К is only 1% in the lowest 
L  = 2 state/ increasing somewhat fo r greater values of L . The second J = 0 
leve l at 6.4 MeV must belong to a higher representation, probably (46). al 
though at this energy it is possible that higher configurations are entering.

The 7 -decay scheme of Mg24 is shown in F ig . 5, a ll transitions being 
essentailly E2 in character. The branching ratio of the second J = 2 leve l 
demands a К -mixing of about 1% which is of the same order of magnitude 
as that calculated here but as the decay is very sensitive to this small c o n - 
ponent of the wave function, it is difficult to calculate the ratio reliably.

5.2. Even parity leve ls  of even-even nuclei
*

Experience has shown that the even-even nuclei in the p-shell and early 
ds-shell are reasonably w ell described in L-S coupling, although this ap
proximation deteriorates towards the end of a shell. F o r an even-even nu
cleus in L-S  coupling the lowest states have S = 0 and therefore J = L , wh:le 
in the particular cases of Mg24 and Ne20 one finds that the lowest levels in 
the L-S lim it are w ell described by the lowest representation (X jj). One is 
therefore tempted to survey the entire ds-shell and suggest, on the basis of 
the values [17] of fr-ц),  which bands are expected to lie  low in each nucleus.

In the firs t row of Table X III we give the representations ) expected 
to lie  lowest in each nucleus, the possible К -values then form ing a sequence 
decreasing from  К = min (A,/u) by units of two.

If we now assume that the ordering of bands within a representation is 
the same as that found in detailed calculations fo r Ne20 and Mg24; namely 
that the low values of К occur lowest in energy, then our firs t conclusion 
is that a ll nuclei considered have а К = 0 band low est. Although this is in 
agreement with the known data it is a conclusion in common with almost 
any model. However, we may go further than th is. The nuclei O18, Ne?°,
Si28, A36, A38 have min (X,p) = 0 in their lowest representation which there-
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fore consists of a single К = 0 band, while the remaining nuclei N ^ 2, Mg24, 
Mg26, S#°, S32, S34 contain К = 2 and in some cases К = 4 bands in addition 
to а К = 0 band in their lowest representation. We should therefore expect 
to find the second 2+ leve l above the second 0+ leve l in the firs t group of 
nuclei, both leve ls  coming from  a higher representation. In contrast, the 
second group of nuclei may very w ell have their second 2+ leve l below the 
second Cf leve l, the fo rm er being the firs t member of a К = 2 band from  the 
lowest representation and the latter the lowest leve l of a higher represen
tation. Only a detailed calculation of the competition between an excited band 
(K = 2) of the lowest representation and the lowest band of the firs t excited 
representation can determine this ordering in the second group 0f  nuclei.

The experimental data on these nuclei is unfortunately rather sparse 
but confirms the picture drawn above. Almost nothing is known of the spectra 
of A36 and A38 but in the remaining three nuclei of the firs t group, the second 
2+ leve l is in fact found above the second 0+ leve l. In four of the six nuclei 
of the second group the second 2+ is found below the second О*.

5.3. Odd parity leve ls  of even-even nuclei

According to the shell model, the low odd-parity leve ls  arise  from  con
figurations in which either a p-partic le has been excited into the ds-shell 
or a ds-particle has been excited into the fp-shell. The U3 classification fo r 
these excited configurations may be derived by the same methods and, as
suming that the representations with high X and ц are lowest also in the ex
cited configurations, we have listed in rows 2 and 3 of Table X III the rep re
sentations expected to lie  lowest in each configuration. It is seen that at the 
beginning of the shell, the largest (X^) values are obtained by exciting a 
p-particle, while in the rest of the shell the excitation of a ds-particle gives 
the largest values and is therefore expected to give the lowest energy leve ls . 
In considering excited configurations one must always remove spurious states 
involving excitation of the motion of the centre of mass, but the representa
tions listed, having the highest values fo r X and ju are entirely free  of such 
spuriousness.

The methods of section 4.7 may equally w ell be applied to the calculation 
of spectra in these excited configurations but such a programm e has only 
just been started. However, the indication from  the table is that K= l'bands 
w ill appear low in the spectra of odd parity leve ls  of these even-even nuclei 
in the first half of the shell. The single exception to this rule is  Ne20, which 
has the two representations (90) ànd (82) competing fo r  the lowest odd parity 
levels. The (82) representation contains a К = 2 band a К = 0 band with even 
J and a preliminary calculation indicates that this К = 0 band is above the 
К = 2 band. Although this may seem strange against the background of the 
even parity systematics, in which the К = 0 band is invariably found below 
the К = 2 band of the same representation, we must remem ber that the К = 0 
band of the (82) representation has even J but odd parity. Such a band can
not arise in the extreme model of rig id  body rotations and it is therefore 
not surprising to find it raised in energy. In Ne20 the lowest bands to be ex
pected for the odd parity leve ls  are the К  = 2 from  (82) and the К = 0, with 
odd J, f rom (90). Recent experimental work [23] suggests that just such 
К = 2 and К = 0 bands are in fact present.

We mentioned above that К = 1" bands are expected low in the other 
even-even nuclei considered in the firs t half of the shell. The spectrum of
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TABLE XIII

THE OPERATORS

F(XM€ Ai/;L ) = iNELg1 {A t + B ¡L 2 +C i (L 2+1 + L 2-i) + D iL 0 (L&  - L 2-i 

where 3(p+q) = 2A+M -e, (p-q)= 2Л-ц, 2r = 2A -i/ .

rqp i Bi Q D i

200 0 2fi

1 -2

400 0 6fi(ji-2)

1 -4<3M -4)

2 2

002 0 2X -1 1

1 1

202 0 2X(ii+2) Чм+2) (*i+2)

1 JJ+2-2X 1 -1

2 -1

402 0 6XtfM +2) -Зц(ц+2) 3fi(p+2)

1 3̂ i*+ 6fi-12\fi-8A 2 (Зр+2) -2 (3/J+2)

2 2(X-3M -2) -1 1

3 1

111 0 ji+2

1 -(2X+ji+2) 1 -1

2 -1

311 0 ((1+2)(Зц-2)

1 (2x+^+2)(2-3^ <3Ц -2) (2-3¿) -((1+2)

2 2(\-м +2) -1 1

3 1

020 0 2#1*<X+M+1) У “MÍji+2) 2(/i + D

1 -(гх+гд-^+г) 1 -1

2 -i

220 0 2М*(ц-2)(Х+р+1) V 0 i - 2 ) -^/1-2)(д+2) 2(м +1)(м -2)

1 -(2Х+м)(м -1)(м +2) Oi-1) (м+2) (ц2+М+2) -2(м+1)

-5^+4

2 2Х+^+4 -̂ i2 -1 1

3 1
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levels in that band may, however, deviate markedly from  the J(J + 1) rule. 
The quadratic term s in the operator L  which play an important part in de
termining the spectrum, give rise  not only to the L (L + 1 ) term , but also to 
coupling between the parts of the wave function with К = + 1 and К = -1. It

MéV

6 .0  _
6.00 .

5.22 .

4.23 
4.12 -

SO >5 <5

1 26

_|3 1
-0*
-4 *

Fig. 5

The y -decay scheme o f M g24

Fig. 4

Experimental and calculated spectrum o f M g24

then follows that their contribution to the energies depends on J (=L) through 
the expression J(J + 1){1 + B (-1 )1} .  This situation is sim ilar to the fam iliar 
decoupling of К = j  bands in odd nuclei and we have plotted the resulting 
spectrum as a function of В in F ig . 6 . Without making detailed calculations 
fo r B, one might see whether this formula may be fitted to the known data

Spectrum for a decoupled K =  1 band
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in a purely em pirical way. Unfortunately, one needs to know the position;; 
of four leve ls  to do this and in none of the nuclei in question is this in for
mation yet available. It is also possible that m ixing of rotational bands w ill 
obscure any test of the formula. In O16 the lowest representation (21) for 
the odd parity leve ls  has only three levels J = 1, 2 and 3 and it is tr iv ia l 
that these may be fitted to the formula above, demanding В = 1.5. The fact 
that ea rlie r  calculations [24] reproduced the experimental pattern of levels 
in this nucleus im plies that calculation would also reproduce essentially 1his 
value fo r  B.

5.4. Odd nuclei

In odd nuclei, since S / 0, the spin-orbit fo rce  must be taken into a c 
count. If it is  very la rge we shall have pure j - j  coupling and no rotational 
features. I f  it is very small, we get a small splitting of the levels of given 
orbital angular momentum L. according to J = L  + S, ...| L  -S|, again with 
no rotational spectrum. We now investigate the coupling of S to the orbital 
angular momentum of states classified by the group U3. Use KL to denote 
the quantity previously denoted by К and consider

*  ([f]TS (*+ i)KLLJM ) = mE ш
S L

• = <м (5 .0
5 L

where we have used the usual vector coupling and$'n denotes the antisym
m etric function in T , S and Cartesian co-ordinates but in which only the o r 
bital co-ordinates are re ferred  to the rotated fram e. I f  we denote by the . 
corresponding function in which the spin co-ordinates are also re ferred  to 
this fram e then

ФЬ(М;) =KE D ^ ( Í J )  «n (Ks) (5.:¡)

where we have, fo r  brevity, dropped the symbols [f] TS (X jj). Thus 

* (K lLJM) = £ mEm ( S L M ^ J j M j g ^ i
S S L '

Combining the two D-functions and making use of an orthogonality relation 
in the W igner coefficients we find that

« (K jL J M ) ^ ^ ( S L K sKL]jK )J 'D iJIK(n )®n(Ks)dn (5.3)

where we have defined К  = K L + K g.
Thus, a function of definite L  is expressed as a sum over functions 

projected with a definite (total) K. If we now invert using another orthogor a l- 
ity relation fo r  the W igner coefficients we have

(2J+1) Г D¿,K(n)*n (Kgjdfl = E a (K ^L )(S LK ^|  J K )* (K lLJM)
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1
* ( K LKJM) = a(-KLtj-s¿ j ) E a(KLL ) ( S L I ^ I  JK) « (K jb J M ) 

where we have defined

*  (K jKJM ) = a (^ s K J )  f D^ n)  ф«  (Ks) < » •  ( S - 4)

Here, a(KL, SKJ) is defined as the normalization coefficient, related to the 
previous coefficients by

a(KL,SKJ) a(KL. SK'J) (Kl KJM |KLK'JM)

= £ (SLKgKL ] JK) (SLK^ KL ] JK') a2 (K lL ) .

A lternatively, these coefficients may be calculated directly by the method 
used in the appendix fo r  the a(KLL ). These new functions Ф (Kj_ KJM) are now 
neither orthogonal in K L or K, but nearly so fo r  large X »  L .

What physical significance does this new quantum number К  possess, 
implying a mixing of L  but not of S or [f] ? The lowest partition [f] fo r  an 
odd nucleus contains a single value of S = £ but many values of L . If, there
fore, we neglect m ixing of [f] but allow mixing of these different L-values 
with a spin-orbit fo rce it is possible that such a coupling scheme could e- 
m erge. We shall see that in fact it does, provided that the spin-orbit fo rce  
is la rge compared with the energy difference of different L-values, but sm all’ 
compared with the energy difference between different (Хд) or K L so that 
these labels are preserved.

This result may be seen by considering an intermediate coupling Ham
iltonian.

H = £ I  (S i . i i )  + £ У (г ц).. 
i i<j

We again evaluate НФ by the methods of 4.7 with the leading function ®(KS) 
now also involving spin co-ordinates. Let us now investigate the form  of the 
most important equivalent operators which arise with this Hamiltonian. They 
w ill depend on L  and S, but as the integral (5.4) does not involve L  it is 
most simple to w rite L  = J-S to obtain an operator in J and S. As in section
4.8, the central fo rce  gives the form  oro+ajLQ+^L2+ ... . The constant term  
w ill separate different [f] and Çvjj ), while the term  in a separates different 
K L in a representation, without removing the degeneracy of different 
K  = K L+ Ks fo r fixed KL. I f  we now w rite L2 = (J - S)2 = J^+S2 -2(J.S) we shall 
get a constant S(S + 1) from  S2 and a J(J + 1) splitting from  J2. The term  (J.S), 
however, w ill cause mixing of different К and the same KL, tending to des
troy the coupling scheme defined by К in (5.4).  This is of course to be ex
pected, since we know that the central fo rce  alone preserves L  and must 
necessarily m ix values of K . But if we now consider the spin-orbit part of 
H we see that it w ill cause a splitting of different К with the same K L through 
the term  s0¿0. I f  this is sufficiently large, it w ill reduce the effect of (J.S) 
in mixing К and thus tend towards the wave functions (5. 4) labelled by К and 
containing rotational spectra in J. The remaining term s s+ji.j etc. w ill cause 
the band-mixing and К = j  decoupling fam ilia r in the rotational model.

Calculations fo r  odd-nuclei are s till in an early stage, but there is some 
encouragement from  Mg25 where rotational bands К = |+, f + and i + have
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been observed. In the Ug-model, the greatest symmetry [441] of the nine 
particles contains representations (66) and (93) low in energy and close to 
gether. The spin-orbit fo rce  causes the К = f  of (66) and the К = \ of (9Í!)

K=|

K=f

KL=° K=i

(66)

to be depressed. It seems likely, therefore, that the three bands ob
s e rved  belong to these two representations. The configurational сотр э- 
sitions of the leading functions of these two representations are simply 

<J>o №* Ф2 and <Po Ф? '<P. respectively.

6 . CONCLUDING REMARKS

We have discussed some of the physical and mathematical problems 
encountered in setting up energy matrices in shell model configurations. In 
particular, we have seen how rotational features exist within a degenerate 
oscilla tor leve l, but the closed oscillator shells have not been excited. The 
very presence of the co llective motion in the particles outside closed sheils 
must induce some polarization of the closed shell core which we have not 
yet taken into account. So fa r as the energies are concerned, this effect n ay  
possibly be taken into account by some renormalization of the strength of 
the two-body fo rce among the outside particles.

The most noticeable effect o f such a quadrupole polarization w ill of 
course be in the quadrupole moments. The picture of weak coupling [25] ;o 
quadrupole oscillations of the core leads to an additional contribution to the 
quadrupole moment which is proportional| to the mass quadrupole moment 
of the outside particles. A  correction of this kind is very simple to elvaluc.te 
in the U3 wave functions and it is quite possible that less specific assump
tions about the type of core excitation lead to a correction of the same kind. 
The quadrupole moment and electric  quadrupole operator is therefore

e £ i ( l - r 0 ( i ) )  Y ^ (i)r2 (i) +<*e ¿ Yq (i)r2 (i) (6.1)
i=l i=l

where ae is the additional "e ffec tive  charge" on all outside particles due to 
the polarization. It must be remembered that this effective charge is spe
cific  to quadrupole effects.

In O17 and F 17, the E2 lifetim es for the - ’-|+ decay of the firs t ex 
cited states are measured, 2 .5 5 ±0 .1 3 X  (10) 10 and 4. 45 ± 0. 22 (10) 10 ;r€ - 
spectively. These are both of the order of the single-particle value, even 
though Ó17 has a single neutron outside the closed shell. Calculations from  
(6 . 1 ) involve the wave function size parameter b which should be given a 
value of about 1.8 f  to fit  the nuclear radius. From  the two lifetim es quoted

3
K=2

KL=1
1

K= 2
(93)
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we may deduce both a and b, finding or = 0.50 and b = 1.82 f, in good agree
ment with the radius estimate fo r  b. I f  we now calculate the quadrupole m o
ment of O17 we find -3.26 e(10) '26 cm2, close to the experimental figure of 
-2.65 e(10)'26 cm2.

In the nuclei of mass 18 and 19, the intermediate ¡coupling wave func
tions [4] were used to calculate a number of E2 lifetim es using the same 
values fo r a  and b as in the nuclei of mass 17.The results, shown in Table XIV, 
again show consistent agreement with experiment.

TABLE XIV

Nucleus J i - J f
Ei

(M eV )
Ef

(M eV )
r (s ec )

ca l.

r (sec) 
exp.

p i e 3 -> 1 0.94 0 5 (10 )~u <2 (10 )"10

5 - 3 1.13 0.94 1.7 (10 )~7 2 (1 0 ) '7

F 19
Í - * 0.198 0 0 .9 7 (10 )-T 1.25(10)” 7

N e19 !  -*■ è 0.241 0 1.85(10)-® 1.8 (10)-8

Such detailed intermediate coupling wave functions are not available fo r 
heavier nuclei, but if we use the L-S  coupled U3 wave functions fo r  Ne20 and 
Mg24 we calculate lifetim es 9. 6 (10)'13 and 0. 71 (10)"13 fo r  the 2 ->■ О decay 
of the firs t excited states in these nuclei. The measured values 5. 6 ( 10)"13 
and 0. 76 (10)’ 13 are in prom ising agreement indicating that the same e f
fec tive  charge of 0. 5 e is operative even when there are eight particles out
side the shell. The core excitation and the outside particles contribute about 
equally to the matrix element.

F o r  magnetic moments, M l transitions and )3 -decay, agreement is 
generally reached in the lowest oscillator configuration. This is to be ex
pected since, in perturbation theory, there would be no firs t-o rd er c o r 
rections to these processes in contrast with the quadrupole operators.

The previous remarks about core polarization lead one to consider the 
possibility of using a non-spherical average fie ld  fo r  the particles (see the 
notes of S .T . BE LYAEV [12] ). This would provide a natural way of departing 
from  the lowest configuration in a spherical field  and would immediately 
produce quadrupole éffects of the required size. It does, however, bring 
with it difficulties concerning the stability of the deformations in the field, 
the calculation of inertia l parameters of the fie ld  and other questions of 
internal consistency which do not arise in the spherical field .

A ll applications of the U3 coupling scheme in this course have been made 
to the ds-shell. In higher oscillator shells the classification of “states and 
evaluation of matrix elements would proceed in just the same waiy. F o r ex
ample, in the fp-shell, a single particle would transform  like a tensor of 
rank three in the U3 space, labelled by (30). Experimentally, the single
particle spectrum in Ca41 has an f  1 leve l lowest and w ell separated from  
the other leve ls  of the fp-shell.

Because of this, the nuclei at the beginning of the fp-shell appear to be 
w ell understood on the basis of the pure f  | shell. In other words, we might 
here expect the spin-orbit fo rce  to disturb the U3 coupling. However, most



206 J. P. ELLIOTT

calculations in the f  j shell have been made fo r the nuclei with neutrons 
alone outside the shell, i .e .  the states with high isotopic spin. These are 
the very states which have the least orbital symmetry and in which therefore 
the central fo rce  is weakest, so that they are the least favourable fo r  the 
U3 scheme. There is not very much experimental information on the nucloi 
with sm aller values of T  but it w ill be very surprising if they do not show 
the same co llective efforts as in the ds-shell, though perhaps in a less pure 
form . F o r heavier nuclei, the intrusion of leve ls  from  higher oscillator 
configurations, fo r  example the g i  leve l, may make this model based oii the 
oscilla tor degeneracies too unrealistic.

A P P E N D IX

T o  calculate the coeffic ients a (KL) o f  (4 .1 8 ) and (4 .2 0 ) we introduce the projection operator 

P(KLM ) = (2L+1) S  d íiD ^ K ( Q) R (Q ), 

where R(Q) is a rotation operator defined by

R(fi) 0  *  0 Q  .

Using (4 .1 8 ) and (4 .2 0 ), the matrix elem ent o f this operator in a leading state 0  is

A (KLK ') = ( 0  I P (K L K ')| 0 )

= a (K ,L ) a *  (K,'L) (ÿ(K 'LK ') | ф (KLK*) ) ,  (A J )

remembering that ^ (K 'LM ) and ф (К Ш ) are not in general orthogonal. A knowledge o f  these matrix elements 
would lead to values for |a(KL)|2 and for the overlaps (K 'LM  | K L M ).

Although in our applications, the 0  are made up o f  a number o f  particles in any oscillator shell N, the

a(KL) and A(KLK ') are purely group concepts and depend only on the representation labels (Хц) • (Th is is libe

the angular momentum functions 0 (J M )o f a system o f particles behaving just like angular momentum functions 
o f a single particle with that same J and M ) . To  calculate A (KLK ') therefore we may choose the simplest pos
sible form for a function 0  so long as it is the leading state o f a representation (ty ). Such a simple form is 

obtained by considering a system o f  particles each with one oscillator quantum, or in other words, a system o f 
vectors in the SUj space. Then, a function o f  (2^+\ ) panicles o f permutation symmetry [ f ]  s  [Х+м»м] 
by definition, belong to a representation (X/j ) o f  SUs.

The leading state o f  such a representation would have ( Х + ц) quanta in the z  direction and p in the x 
direction, being given  exp lic itly  by

0  = Ф (12 )Ф  (3 4 ) ......Ф (2M-1, 2м)^ ( 2 м+1) . . .ф ^ + Х) (A .2|

where

Ф(12) да2 (1 ) ^  '(2 )-0 z (2 ) Фх( 1) )

and 0 X (1 ) denotes a state o f particle 1 with one quantum in the x-direction  and none in the у or z  directions. 
We now evaluate the operation R (fi)0 by considering the rotation on each factor in ( A , 2), Furthermore, since 0  

in ( A . l )  is a product o f  factors referring to different particles, the integrals over particle co-ordinates Im plied 
in the matrix element ( 0 1 R(G)| 0 )  may be evaluated separately. Hence

A (K LK :) = (2 L + 1 ) J  D x k <.Q)№\ R (i»|  Ф)м(Ф2 ||?(П)|02) ^ « .

Since 0 Z is the z  component o f  a vector and Ф the у component o f a vector product, the matrix elements foi the 
general Euler angle rotation a .0 , у ate

(021 R(Q) I <h ) * cosS
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(Ф I R(Q) I Ф) e cosa cosy -cos6 sina stay.

Inserting the exp lic it form for dn and writing (Q) = e ^ a  e ^ ^  w ith the function d j ^  (Ô )

given  by ROSE [21] we obtain 2* 2 1

d cos0A (KLK*) s "^LffV ) y ' d c te lK a  Г  á7eíKyfá 
о. о *-1

x {c o s fx  cos у - cos Ô sin a  sin y}** c o s t i l  

Finally the binomial expansion is introduced:

2ir 1

x j  M ?  eiKr sin”у cos M"nr Г Tdcose cos^B  d^K(B). (A. 3)

о -1

For particular values o f L. К  and K ' It is simple to  insert the exp lic it fotm  for the function d ^ ( 6 ) . taken  
from  ROSE [2 1 ] ,  and carry out the resulting elementary integrals.

I f  we set К* = К in (A .  1) we have simply A (K L K ) = | a (K ,L ) |! from which (A .3 ) enables us to deduce

I a (K ,L )| . The phase is arbitrary insofar as we are defining the phases o f the ¡b(KLM) and we choose a (K . L ) 
to  be real and positive for K ïO .  In order to  ensure the convenient identity ф(-K LM ) = ф(KLM ), the relation  
A (K L -K ) = (- ! )* •  + M + 1 A  (K LK ) from (A . 3) implies the phase relation a (-K L ) = (-!)*■  + |i + L a (K L ) for K  Í  0.
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ELECTROMAGNETIC PROPERTIES 
OF ATOMIC NUCLEI

A. de-SHALIT 
WEIZMANN INSTITUTE OF SCIENCE, 

REHOVOTH, ISRAEL

INTRODUCTION

The study of specific physical systems, especially on the quantum leve l, 
is mostly done through their interactions with other, sim pler, physical 
systems. Among the latter, the electromagnetic fie ld  s till occupies the most 
prominent place. Its re la tive ly  simple properties and the certainty with which 
they are known make the electromagnetic fie ld  one of the best probes of 
physical systems.

The form al interpretation of such measurements is  carried  out through 
that part of the combined system Hamiltonian which describes the interaction 
between the physical system and the electromagnetic fie ld . This interaction 
can be written in the form

(x) A" (x)dx, ( 1 )

where Af* (x) is the vector potential of the electromagnetic fie ld  and j р (x) 
is the four vector representing the current operator o f the specific physical 
system.

It is obvious from  (1) that, depending on the specific experiment in ques
tion, a ll we can hope to get from  electromagnetic experiments is a couple 
of m atrix elements of (x) averaged over the distribution of A*1 (x). For 
instance, if we have a system of non-interacting point particles, each having 
a current operator jM (k> (xk), then

ip W  = Ek 6 (x -x (k) ) <k) (xk) (2 )

and an electromagnetic experiment w ill measure a m atrix element

< ¥ f (х1г . . . , х А) I Ek ó (x -x <k) ) j/J (k) (xk) ----- ^xA)>  (3)

averaged over the space-tim e distribution of A 12 (x).
Choosing А^ (х )  in different form s we could, in principle, make a com - 

plete study of the x dependence of the m atrix element (3). However, to study 
the detailed behaviour of (3) over a distance of order R we have to choose an 
electromagnetic fie ld  with Fou rier components of order й/r  and therefore 
with an energy of order ^/r . Measuring R in electron radii (~ 2 .8 X  1Ó13 cm )

R = r {e 2 /me2 ) (r-a  pure number)

we find fo r  the energy associated with the photons of the required e lec tro 
magnetic fie ld  that

E = ( 137/r)mc2 = (70/r)MeV.

209
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Hence, to find details over distances of the order of 1/5 nuclear radius 
(r ~  1/10) electromagnetic fie lds with photons of about 700 MeV are req aired. 
In most nuclear experiments, where the energies involved are of the order 
of 10 MeV or less , one cannot, therefore, expect to find detailed features of 
the nuclear structure, and only properties of the nuclear wave function, aver
aged over the whole nucleus, have a chance of being studied.

This is not the only lim itation on the variety o f data which is available 
in practice. If, fo r sim plicity, we confine ourselves for the moment to sys
tems o f non-interacting particles, then we can make use of a well-known 
decomposition o f the three-dimensional delta function to derive other lim ita 
tions.

We have:

6< Г “ 7<к) } * 2Ï7FW 6l r  - r ‘k) ) Е1т - ^ Ц * т  ( П> Y*m (^(k)> 14)

where Í2 and are the angular coordinates of the vectors r and "r® .
The integration over d3x in (1) w ill now pick from  (4) only those values of £ 
which ¡correspond to the angular momenta present in the ele.ctromagnetic 
field. This process w ill therefore also leave only a few contributions in t ie  
m atrix element (3) coming from  a lim ited number of multipoles of the physi
cal systems. Stated another way, because of conservation of total angular 
momentum we can derive information pertaining to only few multipole 
moments of the physical system, namely those which correspond to the angu
la r momenta present in the probing electromagnetic field*

In addition to having re lative ly  lim ited information from  experiment 
because of the experimental lim itations on the energy and the angular mo
mentum of the available electromagnetic fields, we are faced with another 
difficulty of a theoretical origin. In order to say something about the system 
under consideration we ought to be able to compare the experimental values 
for (3) (o r averages thereof) with the "calculated" values. Both *  and the 
operator (x) are necessary to know the latter and both are generally not 
prec ise ly  known.

1. THE NUCLEAR WAVE FUNCTION

Let us b rie fly  review  the problems connected with the evaluation of 4 
and (x) in the nuclear case.

Strictly speaking, *  should be an eigenfunction of a Hamiltonian which 
describes both the nucleons and the me  sons, since the average number of 
mesons around a nucleon is not sm all and the packing of several nucleons 
together may affect the meson cloud around each one of them in an appreci
able way. Thus the Hamiltonian which determines *  should be taken as

H = H + H + H. . (ii)
nue mes mt

Here Hquc is the free  nucleons* Hamiltonian, H mes that of the mesons written 
in second quantization to allow fo r the nonconstancy o f the number of mesons 
and Hím is the interaction Hamiltonian in which the nucleons serve as sources 
fo r  the meson field  in Hmes.
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If we are interested in the correlations induced among the nucleons as 
a result of their interaction with the meson field then we can replace H mes 
+ Hint я in the non-relativistic lim it, by a nucleon-nucleon potential. In the 
one-pion exchange approximation one then gets for the pseudo-scalar meson 
with pseudo-vector-coupling (i. e. Нщ, = G í  (х)т^7 57 ц ф(х) дц the well-
known result fo r  the two nucleon potential:

V (| r! - r 2| ) = - (47t ) '1 (G/2M )2 (t i  . t 2 )(ox . Vx)(ct2 v x)(exp ( -цх)/цх)

x = I n  - r2 I 

П = С = 1 .

ц . . . .  meson's mass
М .. . nucleon’ s mass

It has been demonstrated experimentally that fo r the high angular momentum 
phase shift (1 >4 ) this potential reproduces the date very well. For the 
lower S. values, however, the situation is s till unclear.

If we go to systems with more than two particles and try  to eliminate 
the mesons there, we see that again it can be done in some approximation, 
but new additional potentials - 3-and more-body potentials - show up. Thus, 
inasmuch as we are interested in the energies and phase shifts in the 
A-nucleon problem, we could, in principle, proceed to find eigenfunctions 
of (5) which re fe r to the coordinates of both nucleons and misons. Equiva
lently, at least to some approximations, we could instead solve a Schrodinger 
equation of an A-nucleon problem with no meson coordinates, but then we 
have to introduce 2-3-, . . .  and up to А -body forces.

The problem of deriving a useful wave-function fo r  a system of nucleons, 
either with or without explicit reference to the mesons, would have been 
hopelessly complicated had it not been fo r the Pauli principle. As was shown 
by BRUECKNER et a l1. [ 1 ] the effect of the Pauli principle in a system of many 
nucleons is to reduce drastically the effects o f the 2-body correlations at sepa
rations of about 1 ferm i. Thus the Pauli principle reduces the importance of 3 
and more-body clusters and increases thereby the re lative importance 
of the 2-body forces. I am not aware of any quantitative estimate of 
the reduction of the effects of many-body forces in nuclear matter but the 
re lative ly short healing distance, the 2-body interaction in the nuclear wave 
function and the low nuclear density make it very plausible to assume that 
we can neglect the 3-and more-body forces completely. This is one of the 
most commonly accepted approximations for the construction of

2. THE CURREN T  OPERATOR

Ф in itse lf s till does not give us all the information required for the 
evaluation of the electromagnetic properties of nuclei. We still have to know 
the current operator j^ (x). Strictly speaking, we could have got the structure 
of the current operator from  expression (5) for the total Hamiltonian, or 
better s till from  the corresponding Lagrangian, One then obtains the usual 
current o f the nucleons -e ф уу ф, that of the mesons, i. е.(ф* 3м ф-фд11 ф*) 
etc. If the meson coordinates are eliminated in favour of 2-, 3 - ,. . , A-body 
interaction between the nucleons, then an appropriate modification is required
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in the form  of the current operator. The interaction of the electromagnelie 
field  with the charged mesons exchanged among the nucleons should be in
corporated in a function involving the nucleons' coordinates i f  the meson co
ordinates are eliminated from the problem.

We shall not go into the survey or the details of such calculations here.
It is sufficient fo r our present purposes to note that fo r  a given meson th jory 
there exists, in principle, the possibility of deriving an approximate current 
operator involving the nucleon coordinates (including spins and isospins i, 
and that normally such a current operator can be broken up into the follo wing 
sum:

j ,  (X l, . . .  , , x a ) = e / |11)(х к ) + Е . з (Л х 1 - х г ) +  . . . .  « ; )

H ere jp^^x ) is a single-particle current operator, j,/2' (x ¡ - xj ) - a current 
operator which depends in an irreducible way on the separation, or corre la t
ion,, between pairs of nucleons, etc. '

In the absence o f any interaction between the nucleons and the mesonic 
field, the lowest states w ill correspond to states with no mesons and the" 
current operator fo r these states w ill reduce to the fam iliar, single-particle 
form  j jj  = - e ф 7(j ф. In the presence of a meson-nucleon interaction two 
things happen: first, the single-particle form  w ill be changed and secondly, 
new term s w ill appear which depend on the coordinates of more than one 
particle. The firs t effect w ill convert the "bare” nucleon into a "dressed 1 
one, and w ill also introduce "quenching" effects depending on the density 
of the system. It w ill thus lead to an "effective single-particle current"whose 
structure may be s im ilar to that of the system with no meson, but whose 
"constants" may be different and density dependent. The second, effect intro
duces the so-called "exchange currents", or better still "interaction current;»", 
which then give rise to the well-known interaction moments.

To summarize, we see that an ultimate theory would start from  a 
Hamiltonian containing the nucleons and the mesons, figure out the current 
operator, and then use eigenstates of the above Hamiltonian to figure out 
expectation values of the electromagnetic interaction.- So long as this is not 
practical, we may have to satisfy ourselves with a theory in which the me son 
coordinates are eliminated and the current operator properly modified. Inas
much as the underlying meson theory is not fully understood we may have 
to be satisfied with som esort of guesses fo r the forces among the nucleons 
and the structure of the current operator. One is, of course, guided by t ie  
very  extensive analysis of the two-nucleon potential obtained from  scattering 
studies, but at present there is still no clear evidence as to the ro le played 
by 3-or more-body forces.

Even assuming a fu ll knowledge of the equivalent internucleon forces, 
it is still very  doubtful whether a straightforward solution of the many- 
nucleon problem could be achieved at the present stage. Most probably ar 
approximation method in the form  of one model or another w ill have to be 
used. Anticipating such a possibility.it may therefore be of some interest 
to see what specific features of the various models play an important role 
in the interpretation o f electromagnetic interactions, and to check to what 
extent em pirical evidence sheds some light on these features. One may, of 
course, ask very  specific questions like: Is the single particle picture with 
harmonic oscilla tor wave-functions a good picture for the magnetic moment 
of the nucleus o r not? However, with no good theoretical backing fo r such 
questions it is doubtful whether this is a fruitful line to follow. A  better
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approach seems, at present, to be that of asking less specific questions 
which may give an answer to questions like: What is the lim it on the observed 
interaction currents in nuclei? or: Can one ascribe an effective charge to 
a neutron in the shell model? etc.

It is assumed in what follows that * (x j , . . . .  , xA) is prescribed by one 
model o r another and that the general structure of j,, (x) is given. We shall 
try to see what features of Ф and jp (x) can be tested using the electromagnetic 
interactions and to what extent such features are borne out by experiment.
We shall confine ourselves only to static moments and transitions between 
bound states and shall not discuss the very important questions of nucleon 
capture and photo-re act ion s.

3. THE CENTRAL FIELD  APPROXIM ATION

As mentioned above, we shall take as our starting point a Hamiltonian 
with two-body forces only:

H'= E Ti + .E, V/ . (7)

This Hamiltonian describes a nucleus moving free ly  in space. Most 
models p re fe r to describe a nucleus tied to a certain point in space. In order 
to do so without disturbing the structure of the nucleus we tie it at its centre 
of mass; we shall find it convenient to do so with harmonic force, and we 
are thus led to study the following Hamiltonian, whose intrinsic spectrum 
is identical with that of (7):

H = E T  + . E. Vjj + <*r (A- 1  E r. )2 (8)i i 1 < 1 4 1 1 7 ' '

where и is an arbitrary constant. We have the identity

4 - 1  Г. _ 4 - l r  „ 2  _  A - 2 V  - » V 2(A ' 1 E r¡ )2 = A_1E r? - A E (r? - r? )2i i i<j J (9)

which shows that a harmonic force on the centre of mass is equivalent to 
a harmonic force on each of the particles plus a mutual two-body harmonic 
repulsion. Using (9) we obtain from  (8)

H = E Ti + a E r f + . E . V.. 
i 1 i 1 i О  4

(10)

where a = u2 /А and

Vij =V/ - (u2 /A2) (7 ,  - T j  )2. (11)

The internal spectrum of (10) is identical with that of (7), the only difference 
between them being that of the centre-of-m ass motion.

To derive approximate solutions of (10) one can use a Hartree-Fock 
self-consistent field approach. One then uses an auxiliary Hamiltonian Hs c 
given by

H = E T. + a E r 2 + E U (r ),
S . C .  i l  i l  i  i

(12)
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w h o s e  e i g e n fu n c t i o n s  a r e  th e  a n t i s y m m e t r i c  w a v e  fu n c t i o n s  ® k '(x i, . . .  , X j ] , i . e ,

U.c. Фк= Бк фк.

The energy in the g. s. is then given by

E r f .  = <Ф01Y  T¿ + -“  Y  r ‘  + E  Vii ^
Í 1 i< j

= <Ф0|£ T¡ + a Y  r2i + f  Y  U (ri) 1ф°>  (l3 )
i i i

= I Е0+ 1 <ф0| ^ т 1 + а ^ г 2г 1ф0> 
i i

and is stationary with respect to variation in the single particle orbits.
As a matter of fact the above procedure of deriving a self-consistent 

field  can be carried  out fo r any value of u>, the spring constant of the force 
holding the centre of mass. One can use this freedom in the choice of и ;o 
improve the approximation even further. No study of this possibility has 
so fa r been carried  out in detail.

4. GENERALIZED MOMENTS

As mentioned in the introduction, the measurement o f the properties; 
o f a system of severa l particles generally yields information only on a lim ited 
number o f its moments. Thus if a test particle p interacts with the system a 
through an interaction Hint (a, p) and if, as a result of this interaction, the: 
test particle goes from  (p) — cpf (p) and the system from  * i  ( a ) ' - ' i f  {a), 
then what we measure experimentally is the m atrix element

I <C * f  {&) 9f (p ) I Hint (a , p) I ®i (a ) (p)^>| 2. (14)

Hint (a ,p ),  being a scalar, can be decomposed into a sum of products of 
irreducible tensors:

♦

Hint ( a ,p )  = Y  & (ra rp) T<k> (а ). Т^к) (p ). (15)
к

Here ra stands fo r the intrinsic coordinates of the system relative to a direct
ion a fixed in it in any manner; rp is the distance of p from  the origin. Be
cause of the triangular conditions we see thatL_if_*i.(aLand % [a) have definite 
angular'momerita J¡ ancf (as is generally the case), then the measurement 
with the test particle can only teach us about the few moments in and

with I Ji- Jf I ̂  k.$ J i+ J f . Thus, assuming Htnt, Ф̂ Ср) and cpf (p) are known, 
then the measurement w ill at most yield a number fo r

< * f  (a) I f k (ra , r) T (k) (a) I * i(a ) >  , (16)

where | J j -Jf |< k ^  j j +  j f , and r obtains any arb itrary value. In many ci.ses
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we shall obtain only the average o f (16) over some distribution of r, and only 
к = I J¡ - Jf| w ill actually be determined with any appreciable certainty.

Expression (16) is a generalized moment of the system and applies to 
electrom agnetic moments as well as to moments derived from  other measure
ments. Indeed, with a big enough choice o f test particles the variety  of 
"rad ia l" functions f k (r o , r) can be such as to give a fa ir ly  detailed picture 
o f ’i i  (<ar) and (a). In practice, however, the choice is not that big and con
sequently the information obtained is not too detailed. The best-known moments 
are those derived from  the electromagnetic interaction; their derivation is 
well known and we shall not lis t them here; then come those derived from  
P-decay, where, again, the functional form  is quite well known; finally there 
are the moménts derived from  the nuclear interactions, where the functional 
form  is less certain.

Although our main purpose is to discuss the information which can be 
obtained from  the electromagnetic moments, it is interesting firs t to look 
a little  into those derived from  other sources, since a comparison of the 
various moments is like ly  to be of some importance. Let us firs t consider 
a simple, rather classic example [ 2] ,  namely that of the nucleus 19K 21 .
This nucleus can be looked upon as 19 К lo plus a test particle in the form  
o f the 2 1 st neutron. From  2oCa2i we know that the 21st neutron moves in 
an f 7/2 orbit, and since 19 K 20 has J = 3/2 there aré altogether 4 possible 
states o f the test particle with respect to K 39. An easy algebra shows that 
i f  T k are the different moments o f K 3 9  resulting from  the interaction with 
the test particle and i f  the interaction can be treated in firs t-o rd er perturb
ation, then the energies of the different states in K40 are given by

E(K40 , J) = Const r ( - i r ,c+,{ j c  j j )  T (k) ( 1 7 )
( J  Jc к J

where j = 7/2 (the test partic le ’ s orbit), Jc =3/2 the angular momentum of 
K 39 and к runs over a ll allowed values, i. e. к = (0, 1, 2 and 3. This relation 
can be inverted to give T ^ ' in term s of E (K40 , J).
Using the observed energies

E (2) = 797 keV, E (3) = 29 keV, E (4) = 0 , E (5) = 885 keV, 
one obtains

T (1) = +1660 keV T<a) = 4860 keV T (3) = - 945 keV.

The same test particle, the 21st neutron, also probes another nucleus, namely 
17 C II? . In С138 one again knows the four state s with J = 2, 3, 4and5:

E (2) =0 , E (3) = 762 keV, E (4) = 1310 keV, E (5) = 670 keV;
the resulting moments turn out to be:

T№ = + 1500 keV T<2> = - 4920 keV T<3> = -400 keV (18)
It is interesting to note the sim ilarity between the two sets of moments 

(17) and (18). (The apparent big difference between the two values o f T<3> 
should not be taken too seriously since these numbers come out as the d iffe r
ences between two big, experimentally determined,num bers; re latively small 
erro rs  in these energies may result in big effects on T<3). )  According to 
the shell model, 17 C I20 is related to 19КЛ0 via  the particle-hole conjugation 
(fo r protons in the d3/2 orbit). Under such conjugations odd tensors remain 
unchanged and even tensors (with к  ̂0) change their sign but not their magni
tu de.That this actually happens in the analysis of the energy leve ls  lends,
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of course, great support to the shell raodel in this region of the periodic 
table.

It should, however, be remembered that a ll this result says is that if 
1 7 C l20 is described by the state а +з/гз/2 lieSjjo У then it is consistent to de
scribe 19K|g by the state of а +з/2-з/2 a -13/2-1/2 a +3/2l/dieS20 > • Here 16S|g :Ls 
the ground state of S36 and ajJ is an operator which, when operating on ¡53® 
creates a proton in a state of angular momentum j and z - projection m, and 
it is assumed that the interaction of the îq/2 neutron with these protons in
volves the operators ajm through the combination a ¿  ajm' .

5. EXAM PLE - THE PROTON f 7/2 SHELL

A somewhat more complicated example of the same nature is obtained 
if we consider a ll nuclei with 28 neutrons and with 20< Z < 28. We shall again 
use the shell model fo r  their analysis but it is obvious that a s im ilar anslysis 
could be carried out using any other model which attempts to describe these 
nuclei.

According to the shell model the 28 neutrons form  an "in ert" closed shell 
and the protons all f i l l  the f 7/2 shell. We can consider one of these protans 
as, the test particle which probes the structure of the wave function of al] 
the rest of them. Antisymmetry complicates the picture somewhat and form 
ally it is best to proceed as follows:

Consider the antisymmetric wave functions of n particles in the j-orbit, 
and call them | j n a 'JM )> where a is any other quantum number required to 
describe these states in addition to J and M. The space spanned by the funct
ions I jn”2a ' J 1 M 1 . I j 2 J"m " is b igger than that spanned by | j n aJM ‘> 
since the form er are antisymmetric only in the firs t n-2  particles and the 
last 2 particles separately and not necessarily in a ll of them. Hence it i¡:
always possible to find coefficients C” .JM such that

|jn «  JM>= E cÿ jV .l-M - ¡ Г  J "M "> .

It is easy to see that the M ,M ' and M " dependence of С is just that of the 
appropriate Clebsch-Gordan coefficient so that we have

I jn a JM >  =a,E,r (a' a J) | i a'2 (а Г )  j* (J " )J M >  (19)

where (o'1J' ; J" |} a J) is a "fractional parentage coefficient".
In many cases o f practical interest the quantum numbers a and a '  are 

superfluous, and we see that the. fractional parentage coefficients in such, 
cases are uniquely determined by J' J" and J. If we introduce a two-body 
interaction between nucleons in such cases we find fo r the energies

E(jn J) = <  jn J| .E. I j “ J < j n J| Vn-i. n-| jn J >

(2D)

J" J'

There are (2j + l)/2  allowed values of J", and fo r n >  2 there are generally 
many m ore allowed values of J.. Equation (20) te lls  us that it should be possi-
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ble to express all the energies E (jn J) in term s of the few quantities
< j2 J" I v| j2 J" > with the help of the interaction-independent coefficients 
(J 'J "| )J ).

The quantities < j2 J"| v| j2 j "  > , which represent the average two-body 
interáctions in the n-particle system, can in their turn be expressed in term s 
of the interaction moments by the relation

< j 2 j | v | j 2 J >  = E ( - 1 )2|+Ij m j - T 04 (2 1 )

It is thus possible to determine moments of an interaction between equivalent 
nucleons.

In the f  7/2 shell it is not quite true that the a - quantum numbers are 
superfluous. In fact, in the fV/г -configuration there are two states with 
J = 2 and two with J = 4 and further quantum numbers are required fo r their 
characterization. To introduce this, new quantum number, the seniority [3 ], 
we proceed as follows:

An n-particle antisymmetric state-can be obtained from  an (n -2)-particle 
antisymmetric state in a simple way [4] . We construct firs t the state
1 j n"2 ( Ji ) j2 (J2 ) J > which is antisymmetric in the firs t n-2  particles and 
the last two but not with respect to their exchange. We now antisymmetrize 
this function with respect to the interchange of particles n- 1  and n with any 
o f the particles 1 , . . . .  , n-1. We than obtain either zero o r an antisymmetric 
function o f n particles in the shell j coupled to J. I f  we start from  J2 = 0 
(and therefore = J), the state | jn J > obtained in this way is said to have 
the same seniority as the state | j n' 2 J >  we started with.

We see immediately that in the configuration jn states can have the sen
io rities  v = n, n-2, n -4 ,. . . .  A  state | j “ J > is said to have the seniority v=n 
i f  a pair coupled to zero cannot be extracted from  it, i. e. if  we have 
( jn’ 2 (J2 )i2 (o) J | }jn J) = 0.

It is easy to see that a tensor operator of an odd degrèe is diagonal with 
respect to the seniority. In fact one has fo r the reduced m atrix elements:

( jnvj||T<k> H f  v J )  = ( j v v j|| T<k> H j v v j ’ )6w ' i f  к is odd. (22) 

One also finds that fo r  even tensors 

(jnvj||T(K) 11 jn v J ') = (j v 4- J11 T (k). II j v v j ' )  i f k is  even. (23)

From  (23) it follows that m atrix elements of even tensors, diagonal in the 
seniority, vanish in the middle of a shell. Consider now the shell. For
2 or 3 particle configurations the total angular momentum defines the states 
uniquely. F o r 4 particles we are in the middle of a shell and hence:

(í7/2)4 v=4|Tík )( i ) T (k) (j)I(7 /2 )4 v=2^

= У  const (J7/2)4 v=4|T(k) (i)|(7/2)4 v "^  (Ь / 2 )4 v "  | T00 (j) | (7/2)4 v=2^) = 0.

In fact v "  could be 4, in which case fo r even к the firs t factor vanishes (be-
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cause o f (23)), whereas fo r  odd к the second factor will vanish because of 
(22). S im ilar results follow  fo r  the only other possible choice v "  = 2 . Hence 
апУ 2-body interaction is diagonal with respect to the seniority in the f 7i2 
shell [4 ].  ‘

TABI£ I [6]

CALCULATED AND MEASURED ENERGY LEVELS 
FOR ELEMENTS WITH N = 28

E n e r g y

Remarks

Exp. Calc (a ) Calc (b)

22T i 28 2+ 1.56 1.56 1.51

4+ 2. 76 2.76 2.67

6  + 3.00 3.00 2.98

у 51 
23 28 5/2 ‘ 0.32 0.32 0.32

E (2 ) = 1.41

3/2" 0.93 1.01 1.30
E (4 ) = 2.44

11/2' 1.61 .1.58 1.69
E(6) = 2.81

9/2 ' 1.81 1.69 1.97

15/2 ' 2.70 2.75 2.92

Cr5224 28 2 + 1.43 1.45 1.50 v = 2
E (2 ) = 1.46

4+ 2.37 2.36 2.41 v  = 4
E (4 ) = 2.78

4+ 2.77 2.77 2.67 v  = 2
E (6 ) = 3.12

6+ 3.11 3.12 2.98 V е  2

2+ 3.61 3.61 3.51 v  = 4

5+ 3.83 3.82 3.69 v  s  4

8+ г 5.22 4.95 v  s  4

25 28 5/2"

3/2"

11/2-

9/2-

15/2'

0.37

1.27

!

0.32

1,30

1.69

1.97

2.92

Fe54 26 28 2+ 1.41 1.41 1.50

4+ 2.55 2.55 2.67

6+ 2.97 2.97 2.98

l e a s t  s q .  f i t :

E (2 ) = 1.50 E (4 )= 2 .6 7  

E (6 ) = 2.98

For corresponding diagrams see Figs. 1-5
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This last result is not true fo r  3-body interactions. Hence, the existence 
of seniority admixtures in a pure f7/2 configuration can be taken as an in 
dication fo r a residual 3-body force [5 ]. We shall therefore dwell a little  
longer on the analysis of this shell.

Table I and the accompanying decay schemes (F ig s ,l-5 ) show the sort 
of fit that is obtained by choosing: (a) a least square fitted set of moments 
fo r  each value of n; and (b) one set of least square fitted moments fo r  a ll 
the Î 7/2 proton shell [6 ] .

(6*1
(4+)

( 2 )

50
2 2  Tí 28 7Tf 7 / 2 Z

E x p .. C a lc .

3 .0 0 3 .0 0 2 .9 0

2 .7 6 2 .76 2 . 674 +----- -

+ 1 .5 6 + 1.56 + 1.51

0 n + 0 n + 0

Least square fit Total least square fit

Fig. 1

w  51 . я
23vri28 irf 7/2

Exp. Calc.

9/2-------------1.81
11/2"-------------1.61

3/2“-------------0.93

5/2-------------0.32
7/2'-------------0

15/2' 2.92
15/2 275

9/2“ 1-97.
9/2 1.69 11/2" 1.69

11/2" 1.58 3/2" 1.30
3/2" 1.01

5/2' 032 5/2" 032
7/2" 0 7/2 0

Least square fit Total leastsquare fit

Fig. 2

The consistency of the results lends great support to the description 
of a ll these nuclei in term s of the proton configuration (f7/2 )n but it should 
be stressed again that a ll we have shown is the existence of a relation of 
the type (20 ) between the energies in the configurations jn and (2j + 1 )/2  pa-
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„ 5 2  4
24С Г 28 Trf 7/2

Exp.

(5*61-

(24-

6+—h

J t
-■hi—

4 + •

4* -

(3 ') 3.46

- 3.83 

-3.61

3.16

__2J37 -3.11

2.65
-2.77

-2.37

0+-

-1.43

Calc.
8*. V=4 5.22

5 V=4 3.82

2* V=4 3.61

6*  V=2 3.12

4+ V=2 2.77

4+ V=4 236

2 V=2 1.45

0+ V=0

3.69

351

2.98

2.67

2,41

Least square fit Total least square fit

Fig.3

ram eters < j 2 JM (v|j2 JM > . Imagine, Indeed, that we consider a second order 
correction  to (20 ); it can include a term  like

6 E (jn J) = (1/ДЕ) < j» J I E V„ I j»-* f0 J > <  j"-® fq J I I j"  J>

in which a pair from  the j-o rb it is excited into the jG orbit. Taking into 
account the antisymmetry we see easily that

6 E ( f  J) »■ [ii(n- l)/2] E [E (J’ J" I } J)2 ] ¿ j  I < j2 J" j V12 \< fQ J ">  | 2
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3/2 8.8m 0

Exp.

3/2"-

5/2-

7/2'-

5 М П 28 vf7/2'3

Calc.

.1.27

15/2“ 2Э2

9/2' /,97
ll/2‘ 1.69

3/2' 1.30

5/2" 032
7/2' 0

Total least square fit

21 SC 28

(eV

4 + -

0 +

Fig. 4

2 6 F e  28  ТГ f 7/2

Exp.

- 2.97
2.58

: 2.55

6 + 2.97 6 + 2.98

4 + 2.55
4+ 2.67

2 + 1.41 2 + 1.50

0 + 0 0 + 0

Least square fit Totol least square fit

Fig. 5

and thus

E (jn J) + 6 E ( f  J) = [n(n- 1 ) /2] E [E (J*J" I ) J)2 ] 

I < f  J" I V12 I j* J" > I 2 1

< f J " | v 12| j2J ">

ЛЕ
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We therefore obtain again an expression sim ilar to (20) correct to second 
order. We can easily extend this analysis to higher order corrections as 
w ell, convincing ourselves that there is  a whole set of diagrams in the pertur
bation expansion, the so-called ladder diagrams, whose inclusion would not 
alter the relation between energies in the jn configuration and those of j 2 .
It is fo r  this reason that a shell model analysis of experimental data can 
only give us information about an "e ffec tive " two-body interaction which can 
be used to account fo r  the observed data using a simple firs t-o rd er  pertur
bation theory; it cannot te ll us much about the "r e a l"  interaction. A ll the: 
moments of the interaction that we derive are, of course, moments oí t i e 
effective interaction only.

Although it is difficult at the present stage to relate these effective in ter
actions in fin ite nuclei to the original nuclear interaction, the generalized 
moments, as derived from  experiment, can give us some interesting in 
form ation about the effective interaction. Thus, consider the m atrix element

<[ j2 J I V| j2 J> = ^ (jm ijm 2 I JM)(jn%jm¿ | jM )
mjmj

m im 5  ( H . )

x fv jmi  t r i6iCpi) <Pjm2 (г 2е2Ф2 )V (r j, r 2 , cos u12 )<pjm. (riei<Pi)q>jm, (г202ф2 )d3r 1d3r¡ .

Since V depends only on the angle between"r^ and r2 we can carry out tho
integration over one direction and obtain fo r  (24) the expression [7]

i

< j2 J I v| f  J> = \ J 'a^ (cosu) П (cos u) d (cos и ), (V.5)
-i

where д  (cos u) “  J ' Rj (rjf ) R* (r| ) V ( г ! , г 2, cos u jd ^  dr2 (2 5a)

aJ (cos u ) = ( - l { + 1 (2j + l )2 Z  (2k + 1 ) ( . ¡ o i ) { j j k } Pk (cos “ )• (Z5b>

Noting the physical meaning of U (x) we see that we can approximate it by

0  , S -  I  х 2 П --------- 0 <  X  <  1
n 'XJ _ I  0 -------otherwise

where n is la rge  fo r  short-range forces and small fo r  long-range forces. 
Using that fact that

1 x2n Ц (x)dx = 0,if n < k, 
oJ

we see that fo r  long-range fo rces multipoles with high к w ill vanish and that 
fo r  short-range forces we should expect non-vanishing high multipoles. In 
the above example o f(f7/2 ) the range ofthe interaction could actually be esti
mated in this way to be around 1. 5 ferm is.

6 . CORRECTIONS TO M ULTIPOLE MOMENTS

Coming back to the electromagnetic moments, we still have to determine 
the form  of their operators. We have already mentioned the difficulties
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connected with the interaction, or exchange, currents, and the necessity 
of properly defining the wave functions with which we propose to calculate 
expectation values. In this connection there is a well-known theorem - the 
Siegert theorem - whose general proof was given by SACHS and AUSTERN [8 ] .  
This theorem. States that e lec tric  multipole moment operators are independ
ent, in their form , of the interaction currents. The reason fo r this is that 
such moments, are actually determined by the density alone, i. e. they are 
the moments of Ф* ’*'• Whereas Ф may be, and generally is, quite sensitive 
to the nature of the inter-nucleon force, once Ф is given, the operation which 
leads from  it to the value of the moments is independent of the dynamics of 
the system. The magnetic moments, on the other hand, depend on the de
composition into irreducible tensors of the current operator. The latter is 
defined so as to satisfy the continuity equation (9p/9t) + d iv T  = 0* The oper
ator of Эр/9t, however, depends on the Hamiltonian (it is the commutator 
of p with H) and velocity dependent term s in H, fo r  instance, w ill affect 
dp/dt strongly. Such effects have to be "compensated" by div j? and hence 
the intimate connection between j, o r its magnetic moments, and the nature 
of the Hamiltonian.

Since the electric  multipole operators are so w eli known we can, in 
principle, use them to check the extent to which our basic approximation, 
that of neglecting the meson coordinates, is actually valid. To this end one 
has to know the wave-function of a given nucleon fa ir ly  w ell and then check 
whether any given electric  moment can be obtained from  it using the con
ventional operators. To  the extent that the meson cloud around each nucleon 
is greatly modified by the presence of other nucleons, this w ill not be the 
case and we shall then conclude that a proper description of nuclei should 
include mesonic degrees of freedom  explicitly.

Because of their simple and well-understood form s, the e lec tric  m ulti
pole moments, also serve as very  sensitive tests fo r  the adequacy of a given 
wave-function to describe appropriate nuclear states. Whereas with the m ag
netic moments some discrepancies between "theory" and experiment may be 
disposed of by uncertainties in the operators, such discrepancies in the case 
of e lec tric  multipoles indicate a failure of the wave-function.

On the other hand we ought to be careful not to throw away wave-functions 
which fa il to describe som e'electric moments properly. These operators 
may have the property of "magnifying" the effects of small corrections in 
the wave-functions and may present a much too sensitive test fo r  the adequacy 
of a given wave-function fo r  other purposes.

S im ilarly one should exercise great care ip interpreting agreement of 
calculated moments with experimental ones as an indication of the validity 
of the wave-function fo r other purposes. Thus the simple-minded operator 
fo r  the magnetic moment operator fo r  protons only o r  fo r  neutrons only is 
diagonal in LS-coupling. Real wave-functions may therefore deviate appreci
ably from  LS-coupling before any effects in the expectation values of ц are 
noticed.

To give an example of the "magnification" effects of some operators, 
consider the operator Q = £ Y 2ic ( в 1 ) in the state

I j f 11 (0) j2nj (J2 ) J (%= 2j i+  1  is 'even; n2 -odd).

If the actual wave function contains a first-order admixture then we consider
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k >  = |ií1 (0)ja"»(J2 )J>

+ ̂ (Д Е )  ^  1( j i ) j3j ; j |12 (J2 ) J ( J 2 ) j >|jin>',( j1)j3Jlj2n2 (J2 )J>. (;;6)

The expectation value to firs t order in the admixture is given by (we are 
interested only in reduced m atrix elements)

<H lQ |k>  = < й * ^  Hq IIjS* j 2>

+^(2/AE)[(2^+l)/5]i<j5i(0)||Q||jn1*-1(ji)j3Ji >< ííf l (ji)j3(Jil)Í22(J2 )j| ^ &  |# (0 )j? (c2 ) J >.

Since Q is a tensor of the second order we have non-vanishing contributicns 
only from  Jj = 2; the interaction w ill then also contribute only through it:; 
quadrupole-quadrupole part. Assuming this part is simply (£Q (i)M £Q(k)) 
we shall find fo r  the reduced m atrix

<H|q№> = Cfê J2 ||Q||j2 J2y

+  ̂ ( 2 / A E ) [ ( 2 ^ + l ) / 5 ] i < j ? 1(0 )||Q||jfr1( j i ) j 3 ^ ,X - l ) 2!2 < j ? r l  Ü1 ) j 3 Ji’ l iQ l l j? 1 (0 ;i>  

x  < #  Ja l lQUí^Ja ) -
Jj J2 J2 
J20 2

= <J?Ja II Q|| #J2> 1+ (2/5)^  ( 1/ДЕ) |<j?(0) Il Q II jÿ-'Ü ! Из 2> (27)

Thus we see that in this particular case a ll sorts of admixtures of the type 
I jinl _1(3l ) J3 J1 У  to the closed shell jin‘ (0) add up with the same phase in 
their contribution to the enhancement of the "ze ro -o rd e r" matrix element 
<( j2nz J2 II Ql| h "2 J2 У • As  shown by the example above this happens only 

because we are calculating an expectation value of an operator which co 
incides with a part of the interaction. Thus through the special nature of 
the residual interaction Vik , the expectation values of one .multipole or 
another may become very sensitive to small modifications in the wave-fur:c- 
tion.

Equation (27) also indicates why the concept of an "e ffective  charge" n ay  
be of some use in analysing electromagnetic properties of nuclei. If the 
quadrupole operator is e£ Угп ( 6j ) then Eq. (27) shows that the effect cf 
the polarization of the closed' shells is to modify it into e’ Ç Y2n (0¡ tPi ) 
where

e 1 = e (2/5)У(1/ДЕ)< I#  (0) ||Q||j?‘1(j1 )332>1 + (28)

The important thing to note is that e 1 is independent of the open shells (j2 ) 
or the number of particles in them (n2 ) or the total angular momentum of 
the state considered. As long as it is consistent to include the polarization 
of the closed shells only to term s’ linear in the admixture of the excited states, 
and provided the interaction Vik has the simple feature we described above, 
the quadrupole operators remain unchanged in their form . In other words,
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we can continue to take m atrix elements with the zero -o rd er wave-function 
and include the above firs t-o rd er corrections through a modification of e. 
Furthermore we notice that it is possible fo r  the firs t-o rd er corrections 
in ф to be re lative ly unimportant fo r  the evaluation of some nuclear properties 
and still make e' significantly different from  e through the addition of numer
ous sm all effects. Finally we notice that the concept of an "e ffec tive  charge" 
may be valid fo r  one multipole and not fo r another, and that even i f  it is 
valid fo r  a number of multipoles there is no reason fo r  it being the same 
fo r different multipoles.

The situation is not so simple fo r  more realis tic interactions and one 
obtains effective charges which depend, at least form ally, also on some 
details of the zero -o rd er wave-function. Num erical estimates, however, 
show that their dependence is not too strong and that the above rather quali
tative considerations do have also some quantitative value. Characteristic
ally, one obtains in actual cases, fo r  quadrupole transitions, e'/e« 1. 5-2, 
with a s im ilar value obtained also fo r  the effective charge associated with 
transitions between states of different configurations.

The fact that firs t-o rd er polarizations of the closed shells affect some 
electric ’ moments only to the extent of renorm alizing their charge explains 
also why one can expect that even selection rules should hold with zero- 
órder wave-functions vyhen normally we can anticipate not so pure wave- 
functions. In the case of 24Cr|¡, (F ig. 6), fo r instance, we may have a clear mani
festation of such a situation. We saw that in the middle of a shell a ll m atrix 
elements of even operators between states of the same seniority vanish 
(e.g. (23)).

3% 0.3%
v = 4 5 + ---- 3.82
v  = 4 2+ - L—  3.61
v ” 2 6 + —  3.12
v = 2 4+ —  2.77
v  = 4 4+ ------- —  2.37
v = 2 2+ ------------ 1.43

0 + --------

иС гЦ

Fig. 6

Therefore E2 transitions should be slow between states of the same sen ior
ity and fast (i. e. normal) between states of different seniorities in 24 Cr|l 
(ha lf-filled  proton shell and a filled  neutron shell). The seniority and spin 
assignments in the figure above are supported by energy considerations, 
and it is indeed observed that the more energetic transition is ten times 
slower than the (5 + v  * 4) -*(4 + v = 4 ) transition. The E2 components in 
each still await an accurate determination, but there is good reason to believe 
that the M l component is strongly hindered (see below), so that the observed 
"anomalous" behaviour may be the seniority selection rule on E2 transitions 
in the middle of a shell.

7. MAGNETIC DIPOLE

S iegert's theorem, as mentioned previously, does not say anything about 
the magnetic multipoles. We are less certain of their structure and they are
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generally not as useful as the e lectric multipoles in analysing nuclear 
structure. An exceptional case is that of the magnetic dipole moment and 
we shall now proceed to the study of some of its general properties.

The magnetic moment operator is a vector operator and can be de
composed into a sum of single-particle operators, two-particle operators, 
etc.

1Л = L Hi + L + ...........
i < j J

To the extent that we can neglect the two and more-bocty operators, it is 
possible to make some statements about the m atrix elements of Jt witho it 
further specification of its form . Indeed, Lande’ s formula states that

<(jm|jT| jm ' y  = aj <  jm |T I jm ' )>

where a¡ is  independent of m, m ' or the specific, component of м considered.
It therefore follows that

< fJ M | i:^  |jnJ 'M '>  = aj <jn JM|j*|jn J 'M ’>=0 i f J / J 1, (¡19)

Thus magnetic dipole transitions vanish between any two states of the saane 
configurations in jj-coupling [4a] . A  sim ilar theorem holds fo r  the M l trans
itions between two multiplets in LS coupling if TTcan be decomposed into two 
parts, one diagonal in S and the other diagonal in L .

The above theorem is a very powerful tool fo r  the study of purity of 
nuclear configurations since it asserts so little  about the structure of м . 
Indeed, if  one believes one has a pure configuration j nthen the existence of
M l transitions between its states requires the existence of м  ij шц . T-hLs,
however, can be checked independently since we have

Cf J|i£  Я, Ilf J ’ )
= ln (n +  1) Z ( - l ) V Jn-2 +,+V (2  J +1 )(2 J' + 1 )(jM(.3n-!)j2(J2 ) [) f j )  Я ;0)

X № -*(Jn., ) ПJ2) | } f  J) X j j  (J2 К |¡J2 ).

We note that since м is a vector operator and the j2 configuration has got 
only states with even values of J2, the only term s which appear in (30) are 
(J2 ||/u12 II J2' ) in which J2 = J2*; thus all M l transitions within the configura
tion j n, as w e ll as a ll the static magnetic moments in this configuration, 
should be given in term s of the (2 j + 1 ) / 2 "param eters"

(J2 11 Â*12 II J2 ) with J2 = 2,4. 6, ...----- 2j- 1 .

I f  observed M l transitions between states of the same configuration fa il to 
satisfy relation (30) where (J2 || Â*i2 II ^2 ) are derived from  the static moments, 
then one is  forced  to conclude that the configuration is not pure (or, more 
precisely , that it cannot be described in term s of zero -o rd er wave-func- 
tions with effective magnetic moment operators of the type EiTj + TTy). 
There are no nuclei on which enough data is available so fa r to test these ideas 
in fu ll. However, by combining energy considerations and indications fro.si
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E2 transitions it is possible to put some lim its on the size of < £ м ц > 
re lative to < £ (Tí > . At present these lim its are not interesting since con
siderably sm aller lim its can be obtained by studying neutron capture on 
protons [9] .

8. CORE EXCITATIONS IN ODD-A NUCLEI

In order to analyse the data on magnetic moments and M l transitions 
further we should specify the operator ¡Tí in m ore detail. Before we do this, 
however, it may be interesting to see how we can use the em pirical fact 
that to a good approximation ц -  £¡lT[ in order to c la rify  some possible coup
ling schemes.

Given an odd-even nucleus, in which the odd nucleon is, fo r  sim plicity, 
in an Si/2 orbit, one can ask whether it is a good approximation toi consider 
some excited states as consisting of the odd-particle in the same S 1/2 orbit 
coupled to an excited state of the even-even "c o re "  [10 ]. Form ally, if  Jc 
stands fo r  the total angular momentum and other quantum numbers of the 
even-even core, and j describes the odd nucleon, we believe the ground 
state to be described by | Jc = 0, j; J = j )> and we ask fo r the validity of 
the description by | Jc = 2, j; J' > of some specific excited states. In the 
absence of any residual interaction among the nucleons in the nucleus, the 
above description of states is perfectly legitim ate if,the "co re " does not 
include nucleons in the j-o rb it. When the interaction is switched on, the 
validity of such a coupling scheme depends on the degeneracy of states with 
total angular momentum J in the lowest group of degenerate states, and on 
the strength of the residual interaction relative to the spacings between 
groups of degenerate states.

I f  we assume that in the absence of residual interaction the lowest group 
of degenerate states of the core consists of the observed low-lying excited 
states, then we know that fo r  this group Jc= 0, 2, 4 etc. I f  j = 1/2, the 
degeneracy of a state with a given J in the lowest group of degenerate states 
is therefore determined by the degeneracy of the state J * J ± 1/2 (whichever 
is  even); these degeneracies are rather low and, m oreover, as the in ter
action is switched on, most of it is "absorbed" in splitting the degenerate 
states with the same and one does not expect much admixture between 
the two states 1» Jc j^> and |<* ' Jc j )■. Thus we can use nuclei with j = 1/2 
to study the extent to which the residual interaction is small or big compared 
to the separation between two different groups of degenerate states (in the 
ze ro -o rd er approximation).

To be m ore specific, we may be confronted with a nucleus with an ob
served energy spectrum given in F ig . 7; we are asked to decide between two

5/2 + ------------------

3/2 + ------------------

1/2  + ............. ......................... -

Fig. 7
different interpretations:

(a) the "single partic le " interpretation which asserts, essentially, that

|l/2  + > = j 0 s 1 / 2  l/ 2 >, |3/2+ > = JO d 3/2 3/2 >

and |5/2+ >= |0 d 5/2 5/2 >;
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(b) the "co re  excitation" interpretation where

|l/2  + >  = JO s 1 / 2  1 / 2  >, (3/2 +>  = |2 s 1 / 2  3/2  >

and |5 /2 + > = |2 s 1 /2 5 /2 )>

Apart from  energy considerations into which we shall not enter here, one 
can use electromagnetic properties to decide between the two alternatives. 
Taking the m ore re liab le e lec tric  multipole moments firs t, we can write 
the quadrupole operator, fo r  instance, in the form  Q = Q(c) + Q(P) where;
Q(p) operates on the odd particle and Q(c> on all the rest of the particle;; 
in the core. A  simple inspection reveals that if we consider the E2 trans - 
itions 3/2+ .-*-l/2+ and 5/2+ - ’-1/2+, then, after correction  fo r  the energy 
dependence, the reduced transition rates are equal to each other under both 
alternatives. We may try  to in fer something from  the absolute rate, but we 
know already that firs t-o rd er polarization effects are absorbed in the single
particle description, and we have no a p r io r i re liab le information on the 
structure of QCc) .

I f  we look at the magnetic dipole data the situation is different. The 
single-particle interpretation does not give us any specific "predictions" 
unless we specify the operator Пн more fully; the core excitation in terpre
tation, on the other hand, gives very specific relations between the magr.etic 
moments of the states involved and the M l transition 5/2 + —3/2+. I f  we 
w rite  ц = T^c) +jüfa> then it is easy to see that the three static moments 
and the M l rate are all given in terms of specific combinations of 

■( 2||iKc) U 2 and \i||nW H i/ 1 . Thus there are two independent re la 
tions between these four quantities which can be checked experimentally.
It is, of course, not impossible that the same relations w ill be satisfied 
"accidentally" also by the single-particle interpretation; however, the study 
of severa l available cases shows that this is very improbable. At present 
there seems to be an appreciable number of cases in which "co re  excitation" 
gives a fa ir ly  good explanation of the available data, and the analysis of t ie  
electromagnetic properties of these nuclei plays a crucial ro le  in enabling 
us to make specific statements without involving too detailed a theory abcut 
the structure of the electromagnetic multipole operators.

9. GENERAL THEOREMS ON MAGNETIC MOMENTS

Coming back to the magnetic dipole operator, we know that fo r  a'single 
nucleon its structure is particularly simple, namely

í p  = g i  gs s. • (35.)

Apart from  the complications due to exchange currents, which we shall d is 
regard, this operator may change its form  if we want to incorporate in it, 
rather than the wave function, firs t-o rd er polarization effects. We saw above 
that i f  we are considering firs t-o rd er polarization contributions to an oper
ator of degree k, then it has the form  of the zero -o rd er m atrix element oi 
a к -th multipole in the residual interaction. It is fo r  this reason that co rrec 
tions to the quadrupole moment, induced by an interaction which contained 
Q (i) . Q(k) , looked like an effective charge. In the case of a magnetic mo 
ment we have to look fo r  the dipole-dipole part in the interaction where both
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dipoles have positive parity. F o r  velocity independent interactions such 
term s could be of the form  L f (r ¡ )a ¡  or E f(r ¡) [Y2((?i Çj) x ]<1). Thus 
such corrections to the magnetic dipole operator w ill affect gÉ and not gc ; 
in other words, we expect the magnetic dipole operator to be of the form

M '  g j i  + [^  (r )X  s](1), (32)

where gs (r) may be a scalar o r a second-rank tensor. The fo rm er w ill be 
the case i f  the interaction is of the type 5^. V12, and the latter in the case
of tensor forces.

Although it is difficult to make definite statements about gs(r ) without 
a detailed knowledge of the residual,interaction, we can predict in which 
direction it w ill affect the free-nucleon’ s g-factor. If we consider an odd 
proton with spin up, say, polarizing the closed shells, then the following 
holds: this proton with spin up likes to see other protons with their spin down 
(Pauli princip le); it likes, however, to see other neutrons with the spin u£ 
(the 3S state of the d'euteron is m ore bound than the 1 S); since the intrinsic 
moment of the neutron is opposite to that of a proton we see that in both cases 
the net effect of the polarization is to decrease the intrinsic angular momentum of 
the polarizing proton. Thusgs(r ) w ill be a function whose expectation values, 
taken with z e r o-order wave functions, w ill be less than the free  particle ’ s 
g-factor. This is probably one of the important contributions to the "quenching" 
of intrinsic magnetic moments.

The fact that g j is not affected by firs t-o rd er polarization is borne out 
by the general "s lope" in plots of /л versus j fo r odd-proton and odd-neutron 
nuclei (Schmidt diagrams); the quenching of gs has also been known fo r some 
tim e. Furtherm ore we see that apart from  the contributions of tensorforces. 
the modified structure of м is still such as to make even the АЛ selection 
rule apply to magnetic dipole transitions; violations of this rule can come 
through term s of the type [Y2 X (? ](* ) and are therefore expected to be slower 
than normal allowed M l transitions ( i .e .  between spin-orbit doublets).

To  the extent that interaction moments can be neglected there are some 
interesting theorems about the moments of conjugate nuclei. To  formulate ' 
them it is convenient to stay with the simple operators ¡l? = ge Í  + ge ~s 
and use the fu ll "com plicated" wave function Ф. An M l amplitude in a system 
containing protons and neutrons is then given by

A  = <  J' T'Mxl E [( 1 + r i3 )/2] 7i + gsp Z  [ ( I  + t13 )/2J Г;

+ gsn E [ ( l  + r i3)/2] ^  I JTM Tl> - < Г Г М ^ ^ + Л )  <33>

+ (gsp + gsn - l ) H Si+ i £  Ti3 U i + ( g sp - gsn ) sj ( JTM T> .

In (33) we have explicitly indicated the isospin dependence of the states 
since we want to consider this part specifically. Take firs t static moments 
where J = J' T  »  T ‘ and M T = M j . Using the W igner-Eckart theorem in 
iso spin space we have

M(TMT) «  \ <J| J + (gsp + 6 b  - 1 ) j >  ( - i )T' Mt( .m t om t) ( t II1 IIt )

+ i  <  j | E 1 ( T « T i | | T )(r i +  ( g íp - g sn - I K  I J >  ( - 1 )t ' Mt( m t o ' Ü -
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W e can now use the orthogonality of the Clebsch-Gordan coefficients in order 
to obtain

E ( - > t -Mt Ç m°t Ï  m ^  (t m ,) =

= - | < j | j + ^ p  + g sn- l ) E ^ | j > ( T | | l | | T )  

or E ^ Í T M j . ) » !  (2T + 1) < J| T  + (gsp + g sn - l ) E i j | j > .

Since the anomalous part gsp and gsn are equal in magnitude and opposite 

in their signs we see that¡E|ju (TM T)is  independent of the anomalous part 

of the intrinsic moments and, to the extent that the quenching is charge sym

m etric, this sum should be independent of quenching too. For self-conjugaie
/ t i t  \

nuclei, where MT = 0 we find, since looo j  = 0» that

¡л (T, M j * 0 ) * 2 <C j | j  + (gSp + gsn " 1) £ sil J >

and again ¡T is independent of the anomalous moment or charge - sy mmet r i ; 
modifications of it.

F o r M l transitions between two states of equal T  in a self-conjugate 
nucleus we find [ 1 1 ] -

A  = [ 1/2(2T + l ) i ]  (gsp + g 5n -1) <  J'| E sJ  J >  «  0.9/(2T + l ) i <  J| E Si| j V

This should be compared with a "norm al" amplitude which is of order 1/2 
(gsp - gsn ) *  4 .7 . Thus M l transitions in self-conjugate nuclei, taken b e
tween states of the same T , should be slowed down by a factor of about 
(4.7/0.9)2=s30.

We see that M l transitions are very often hindered through one mecha
nism or another. This can actually be expected since the magnetic dipole 
operator is so closely connected with a constant of the motion, namely the 
total angular momentum. Really fast M l transition can occur in odd-odd. 
nuclei, where they are affected by the factor gsp - gsn ; such transitions have 
actually been measured and analysed,

10. COMPARISON OF D IFFERENT MOMENTS

Before finishing this rather sketchy survey of some of the properties 
of nuclear multipole moments it may be interesting to mention also the possi
b ility of comparing moments determined by electromagnetic methods with 
moments determined by other methods.

We have discussed ea rlie r the moments of K39 and C l37 as determined 
by their nuclear interaction with the 21st Í 7/2 -neutron. The moments derived 
there are actually products of the moments of these nuclei with the co rre 
sponding moment of the 21st neutron. To get rid  of the latter we can take 
ratios of the moments and obtain
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[ T t ^ K 39) / t< 1>(ci37)] = l.i ; [ t < 2>(k39) / t< 2> (c i37)] =-i.o;

[ T ( 3>(K39) / Т<3>(С137)] -2 .2 3 .

If  we believe the observed value of ц to be due to a modification of gs, then 
we can use the measured moments of K 39 and C l37to obtain

(<gs or > K 39/<gs <j> Cl37) = 1. 26

and sim ilarly

(Q (K 38 ) / Q(C 1 37 )) * - l . l ±  0.3.

No data is available on the electromagnetic octopole moments. Although there 
is certainly no equality between the ratios as derived from  electromagnetic 
measurements and those from  nuclear interactions, and although a p rio r i 
there is no reason to expect such equality, it is interesting to note the s im i
larity of the ratios. I f  this is found to be the case in further studies as well, 
it may indicate the rather weak dependence of the interaction moments on 
the radial coordinates. <

A  m ore interesting comparison of moments is between those derived 
from  j3 - decay and those from  electromagnetic interactions. Here oneknows 
(Meyer-Jensen) that in jj-coupling the G am ow-Teller m atrix element fo r
3 -decay between m irro r nuclei is  given by

=
GT

= (J+1/J)|2<E az(i) t f  p.

For the magnetic dipole moment we derived the expression (33). In diagonal 
elements in jj-coupling we can replace

<(£ 1)> -Г _ i(i + D+ + 1) -3/j
j ( j  + 1 ) 2 j(j.+  D

si
< (S 1 Г)> T -_ i(i + 1) +3 /4— j  ( & + 1) r

j(j + 1 ) Jl 2j(j + 1 ) 3i

Hence we can write

! , .i(.i+ 1) + 3 / 4 - 1  (j + 1) 
2 j(j + 1) ' Ssp gsn ^

j ( i  + 1) + i ( £  + p-3/4 
, j ( j  + 1) + 3 / 4 -Í U  +1) (gsp - gsn ) M = J.

We see that both the magnetic moments and the G am ow -Teller /3 -decay 
are determined by the same m atrix element L sP) i) , and the consist
ency can be checked once we assume that gsp and gsn are known provided 
jj-coupling is valid. The agreement is quite good.

Another example can be taken from  1st forbidden /3 -decay [12]. The 
operator giving rise  to a unique forbidden/З-decay is (l/-*0( "a. grad) Y2 K( r>;
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however, the same operator gives rise also to the M 2 electromagnetic radi
ation. An analysis of some experimental data involving da/2 “- f  7/2 transitions 
gives:

7 -decay g - decay

Nuc. |м|а Nuc. |m|2

1BA|?(1.52 M eV) 5. 2X 1 0“ 6 1 7 C l||-h 8A 21 3. 3X10' 6

19K|î(l.‘29 M eV) 3.7X10-6 18Af£ -^19К|| 2.2X10" 6

[ J M 12 in units (ft /me c)2 ] .

The observed values o f | M J2 are about a factor 7-8 sm aller than calculated 
with single-particle wave-functions. It is interesting to note the consistency 
between the observed values o f | M |2as derived from  /3 -decay and from
7  - decay. This may indicate that whatever renormalization there is o f the- 
M 2 operator is due to nuclear effects rather than field -theoretic effects 
which should be so different in these two cases.

We have tried to give a b rie f survey of the sort of information that can 
be obtained on nuclear wave-functions and the nuclear moment operators 
from  the study of observed moments. Obviously any assertion aboutthe wave- 
function re flects itse lf on the moment-operator and the interrelation between 
them, though form ally very  simple, has not been studied yet as carefully 
as it should. It is s till an open question to what extent the residual interaction 
can be renorm alized to allow the use of simple-functions and what is the 

, structure induced on the multipole moment operators as a result of such 
transformations. It is possible that when this relation is better understood 
we shall also be able to explain the many regularities observed in the em piri
cal data on nucleon moments which are still a m ystery to us.
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INTRODUCTION

The development of nuclear physics has shown that the independent par
tic le  model, along with residual interactions between nucleons, describes 
the nuclear structure most correctly, at least at sm all excitation energies. 
The mathematical methods developed in constructing the superfluidity [1] 
and superconductivity [ 2] theories have proved to be essential when analysing 
residual nucleon interactions. In view  of the fact that these methods are 
general and noting the sim ilarity  between the nuclear matter properties and 
the electronic structure of metals, BOGOLYUBOV [3] pointed out that nuclear 
matter can be superfluid. BOHR, MOTTELSON and PINES [4] noticed that 
the nuclear excitation spectra and the spectra superconducting states of 
metals are alike. They considered it reasonable to apply the methods used 
in the theory of superconductivity to study the properties of the finite nuclei.

These mathematical methods were employed in detail by BE LYAEV [ 6] 
in the theory o f an atomic nucleus, when he made use of the "principle of 
compensation of dangerous graphs", as w ell as by the author o f the se lectures, 
[5, 7] who used the variational principle suggested by Bogolyubov.

Investigation of the pairing correlations between nucleons of the super
conducting type described in a number o f papers allowed an interpretation 
o f some nuclear properties which could not be accounted fo r in the fram ework 
of the model of independent particles, i. e. the energies of internal excitation 
states of even-even nuclei, the density of single particle leve ls  of odd A 
nuclei, the momenta of inertia, equilibrium shape of the nuclei and some 
other properties.

This paper is devoted to the study of the effect which the pairing cor
relations of the superconducting type produce on the atomic nuclei properties.

1. NEW VARIATIO NAL PR INC IPLE  AS A  GENERALIZATION OF THE
HARTREE-FOCK METHOD

In considering the nuclear properties as a many-body system we shall 
make use of the variational method. The H artree-Fock variational principle 
is one of the main methods of studying the many body problem. It has proved 
to be especially important in investigating atomic and molecular spectra 
and is widely used for studying nuclear matter properties. However, ac
cording to H artree-Fock ’ fe method, the energy minimum is sought on á class 
o f quasi-independent wave functions of individual particles and the pairing 
and more complicated correlations-between the particles are disregarded.

BOGOLYUBOV has suggested anew variational principle [8] which is 
a natural generalization of the Hartree-Fock one. In his method the energy 
minimum is looked fo r over a wider class o f functions than with that of 
Hartree-Fock, i. e. the wave functions of pairs are taken into consideration 
as well as the quasi-independent wave functions of individual particles.

233
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The talking into account o f pairing correlations in the many-body problem 
has led to the construction of the superconductivity theory and allowed th î 
investigation of some important properties o f the atomic nuclei. Let us deal 
with the formulation of this variational principle.

Consider a system of interacting nucleons in a nucleus described by a 
Hamiltonian of the form

H = p rT ( f > f ' ) a+f a p + 2 p  f , K i f , , f 2; f 2, f  a f2 af’2 a f't t 1* 1)

where f  is a system of indices characterising the nucleon state. The oper
ators af , aj satisfy the commutation relations

®fi \  + afj = 6f i-f2
( V . i )

a f ,  a f 2 +  a f 2 a f i  =  0  

T (f, f  )'=. E (f , f* )  - X6ff. . (1.51)

The rea l functions E(f, f-’ ) and K (f j, f 2, f2, f i) satisfy the following relations

E(f, f  * ) = E (f ' , f)

K ( f j , f2 ; ft , fi ) = - K ( f j , f2 ; f Í , f  j ) = K ( f i , i '2 ; f2 , ft ). (1. <,)

L et us perform  a linear canonical transformation of the Ferm i amplitudes

a f = Ç (  uf*«K  + V'tv av b  i 1- " )

so that it does not violate their commutation properties; С-numbers ufv 
and Vf„ have to satisfy the following relations

f  (f, f* ) -  Б {  uf„ Ufî„ + vf„ v &  }  -  6tr = 0

n(f, f ' ) e  E {  Uf„ + Vf„ Uf.v \ =0  (1.6)

r , * ( f . f ) - Ç {  u* v * ,  + v *  u * , }  = 0 ,

where

? ( f i , f 2) =? n ( f i . f2) -  n(f2 » f i )

a ii = Ç { ufv a f + v fi/a f } '

We shall define the state v which is to be considered as a new vacuum

avY = 0 . ( 1 . 8!

We find further as the average value o f H over this state

<H> s= H = Efi T (f, f *)£vf* vr .

+
{
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*- {5 vv

+ v<^'} ( i .  9)

We determine щи and Vfv from  the minimum condition o f H which is  written 
as

6 { h  + E [X ( fa . f i ) S ( f i , ^ )  + » * ( î 2, h M î i , î 2) +.M(fa . f i ) r i * ( f i . f > ) ] }  = 0.
fltf* ( 1 . 10 )

where X (f i , f2), are the Lagrange factors,and the variations 6 Uf„,
6ufw j 6 VfJ and 6 vfv are treated as independent. The chemical potential, 
which also plays the ro le o f the Lagrange factors, is determined from  the 
condition o f the conservation of the number of particles n on the average

n = ç  <aîaf> = jC,v£ Vf„. ( 1 . 1 1 )

Thus the new variational principle has been formulated: the functions 
Uf„ and Vf„ satisfy the stationary equations, Y is the wave function of the
ground state, and Я  is  regarded as the energy of the atomic nucleus ground
state.

Further, following [9] we get the equations fo r determining Uf„ and 
>vfl/ in an explicit form. From  (1. 9) we find

(6H/6UfJ + £ (\ (f, f " )  ur.w + fx(î, f " )  v j.u + m(Î", f) v ^  }  = 0,

(6H/6v*J  + £ {\ ( f , f " ) v r(l) + M î , i " U * - u  + ^ (f '', f )u f"Wj = 0 ,

and two equations of their complex-conjugates.

We form  the following expressions 

A (f, f  ' ) -  g  ( vP(J ( 6H/6Ufw) + иГш(бЯ/бУ*ш ) ]  + « ( f , f )  + /u (f,f) = 0

B(f, f ' ) -  g (  (0Й/би*ш ) + у * ш ( ôH /ôv l  ) }  + \(f, f ’ ) = 0

eliminate the Lagrange factors and get the main equations in the form 

A(f, f' ) = A (f, f' ) - A (f' , f) „= 0

?8(f, î' ) = B (f, f' ) - В V  , f) = 0. (1.12)

It is worthwhile noting that the functions ^(f, f' ) and S(f, f 1 ) are not inde
pendent, but related through

f f.iuf„v f v  . «  + u?v  vt  *  (f - f ' )
* * , (1ЛЗ)

+ ( u f v u P v *  - VPv V f„ .  ) (f, f' )J =0,

Therefore, if  <A(f, f' ) = 0, then from  (1. 13) it follows that ÿ (f ,  f' ) = 0 and
only the firs t one of these equations can be considered.
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We introduce the functions

<^(^1 , ^ 2 )  =  <  a f 2>

F (f,.,f2) = < afj af2)

where

Ф( к>Ь )  = - í ( f 2 , f i ) ;  P ’ i f i . f i )  = F ^ . f a ) .  ' ( 1 . 14')

We rewrite the expression fo r H  as

H  = E'T (f, f ')  F  ( f , f )  
f,r

+ E К  (fj, f2, Ц, fi) {F  (fb î() F (f2, f^) + U * H i. f2) Ф Ш,  f2') }  (I- S’ )

and find an explicit form  A (f, f  ' )

- .M f . f ' )  = E { ^ ( f ' , f * ) 5 ( f , f " )  - <A(f, f " )  € ( f ' . f * ) }

+ E * ( fb f2) {K ( f ,  f " ;  f2, fx) F ( f » ’, f ')  - K ( f ,  f" ;  f, , fi) F (f", f ) }  -
t,,f2.f

- E 0 ( f i , f2) K ( f , f ;  fj,.fi) = 0 ( 1 . lii)
4 ’ 2

where

?(f, f ')  = T (f, f ')  + 2 E K (f, f i; f2, f ')  F  (fb f2) (1. 1C)
fj.fj

n = E F (f,f). (1. 11 )

Equations (1. 15) and (1. 11’ ) can be treated as those fo r  defining ф ( f2) 
and F (fb f2) without passing to Uf„ and Vfv . The functions <J(fi, f2) and
F (fi, f2) are not independent but related by

F (fb f2) = E {F (f1; f » )  F  (f'\ f2) + ф*(Î" ,  f t) ф (f" , f2)} ,

E {F (f, î " )  ф ( f" ,  f ') + F ( f ' , f " )  ф ( f" , f ) }  =0. (1.17)

Note that rigorous mathematical reasons fo r using the functions of th ; 
type^ (fi , f2 ) were given by BOGOLYUBOV [10] . He introduced the notion o f the 
quasi-averages and pointed out that in order to make use o f any form  of the p er
turbation theory fo r  studying the statistical equilibrium states it is necessary, 
firs t of all, to switch the degeneration o ff or, which is the same, one should 
deal not with the functions constructed from  the usual averages which satisfy 
all the selection rules, but with the functions constructed from  the quasi
averages which do not satisfy some of these rules.

In the particular case vfv = v { 6f„ and ufv = U f6 f,-[, one can easily find 
the basic equations in the theory of super-conductivity obtained ea rlie r  by 
the method of compensating "dangerous" graphs. Note that the new v a r i
ational principle and the method compensating dangerous graphs are equi
valent.

It is necessary fo r solving the stationary equations (1. 10) of the va r i
ational principle to give the minimum of the energy in the system of in ter

= Ç V  V

= f v f* v Vf2„ (1.14)
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acting nucleons that the second variation be positive fo r solution (1. 10). This 
condition can be conveniently written as

{E jô v * ,  ôvfuj + E2 6и*щ 6ufw} > 0. (1. 18)

This is fu lfilled fo r  positive eigenvalues of Ej and E2 provided that Ex , E2, 
ôUfy, fiVfy are determined from  the equation fo r the eigenvalues.

Bogolubov’ s variational principle is a generalization of the well-known 
Hartree-Fock. In this connection among the solutions in Bogolubov’ s method 
there are always the solutions inherent to the H artree-Fock method. Let 
us formulate the H artree-Fock method. F o r this purpose we divide the system 
of quantum numbers v into two parts F and G, v e F  designates inside the 
F erm i sphere, and v sG  outside the Ferm i sphere. We choose u¡v and vf„ 
as fo llows:

Ufv = 0, vf„ * uf„ i f  veF
(1.19)

Ufw = (Jfu , vf„ »  0 if 1/eG

It can be easily seen that (1. 6) reduces to the normalization condition of 
the functions ufl/. Then ф(f, f ' )  “ 0 and

F ( f , f ‘ ) -  EFu tu p „ ■ ■

The corresponding condition o f stationarity is written as

6 {  HF + E A 'fc  f ’ ) l ( f ‘ , f) }  = 0 , ( 1 . 20)

where

HF -  E T (f, f  • )F {f, f 1 ) + E K (f, , f2j  Ц,, fj )F (fL, fi )F (f2, fJ ) (1.21)
îf f* ^ » ̂ 2 » ' *2

is the mean energy o f the nuclear ground state in the independent-particle 
model.

As long as there are H artree-Fock solutions among those of Bogolubov’ s 
method, then it is o f interest to formulate the conditions under which the 
H artree-Fock method does not yield the energy minimum of the interaction 
particle system. In this case the energy minimum should be sought in a 
w ider class of solutions taking the pairing particle correlations into account 
as well. Thus, the absence of the energy minimum o f the class of the functions 
in the H artree-Fock iftethod can be regarded as a condition fo r the existence 
of pairing correlations [ 1 1 ] .

2. PAIRING NUCLEON CORRELATIONS IN ATOMIC NUCLEI

2. 1. Basic approximation

The interactions between nucleons in a nucleus can be roughly divided 
into long-range and short-range parts. The long-range part is responsible 
fo r the creation of the average nuclear field  upon which the independent 
particle model is based. The short-range part leads mainly to the formation 
of pairing correlations between nucleons of the superconducting type.



238 V. G. SOLOVŒV

Making use of the formulae obtained ea rlie r  we distinguish explicitly 
the self-consistent field  and the interaction leading to the pairing nucleon 
correlations. Out of a set of quantum numbers f we separate a * ± 1 so that 
the states having different signs a would be conjugate under time revers ;!.

We consider the approximation [12]

F ( f , f ' )  = F (f )6( f - f  ') .  (2. 1 )

It follows from  the relation

F (f, f* ) = F * (f\  f) (1.14’ )

that F (f) = F * (f). Further, from  (1. 17) it is c lear that

* ( f , f ' )  = * ( f )6( f + f ’ ), ( 2. 2 )

F (f) = F (f)2 + <fr*(f)<Mf). (2.2 ’ )

The average energy in this approximation assumes the form  

Й  »  E {  T (f) + E K (f, f * ; f *, f )F (f ' ) } F (f) +

+ I  E K (f, - f; - If" , Г  )^ * (f )* (f  * ), (2.3)
f.f*

and the basic equation is written as

2 f(f)0 (f) + (1 - 2F(f))E  K(f, - f; - f ’ , f '  № (f’ ) = 0 (2.4)

where

|(f) = T (f) + E K ( f , f ' ; f \ f ) F ( f '  ).

Thus, in approximation (2. 1) from  the interaction of the most genera", 
type we take explicitly the self-consistent field and the interaction between 
nucleon pairs in the states conjugated under time reversal.

In approximation (2. 1) there are no collective effects. We shall not con
sider in the following the interactions leading to co llective effects nor take; 
into account the connection between internal motion and rotation. Although, 
these effects are essential in some cases, they w ill not noticeably affect 
the properties o f the atomic nucleus to be studied. M oreover, the investi
gations based on approximation ( 2. 1 ) may yield additional information as 
to when these effects must by taken into account.

Only one of all the types of residual interactions in approximation (2. L) 
K (f, - f; - f ' , f ' ), is chosen. This implies that strong correlations between 
nucleons occur only when they are in the states with the same energy and 
quantum numbers except ст. This is so because the nature of the residual 
short-range interaction is such that it leads to a much stronger interaction 
in the state with zero angular momentum than in other states. The binding 
energies of the last neutron in light nuclei indicate that the correlations in 
the states (f, - f) are strong, while in other states the role of the residual 
interactions is negligible. Indeed [13] , when the odd neutron and the odd 
proton are in the states with identical quantum numbers, as in Na22 , A l26 , 
рзо  ̂ c i 34 and K 38 , then the binding energy of the last neutron is of the order
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of 11-12 MeV, i. e. the same as fo r nuclei with an even number of neutrons 
o f N e22, M g26, A l27 , P 31, S34 j Cl35 and others where two outer neutrons 
are paired. On the other hand, when the odd neutron and proton are in d if
ferent quantum states, as in Na24 , A l28 , P 32, C l36, K40 and K42 , the bind
ing energy of the last neutron is of the order of 7-8 MeV, i. e. the same as 
fo r the nuclei of Ne21 , Mg25 , Si31 , S33 and others in which the last neutron 
does not take part either in pair or in quadruple correlations. Hence, strong 
correlations between nucleons in the states with different quantum numbers 
are absent.

The problem is formulated as follows [5, 7] . Consider the residual 
nucleon interactions in the independent particle model with the Hamiltonian

H = E [ e (s) - X } ato aso - EsG(s+, s-; s'-, s'+)as+as-a,s‘-a s-+ . (2.5)

The nucleon state is described by a set of quantum numbers (sct), determined 
by the form  of the average field; ato , aso are the creation and absorption 
operators of a nuclepn, E (s) single-particle energies in the state s of the 
average field. The function G(sicra, S2CT2 ; S2CT2 , s 'ja î) is rea l and satisfies 
(1 .4 ). X is the parameter, which plays the role of the chemical potential and 
which is determined from  the condition

n  =  £  < 4 >  a so> • ( 2 . 6 )

It requires that the number of nucleons n should be conserved in the mean. 
Putting F (s ) = vs2 and ф(в) = us v s, then (2. 2) becomes

uf + v 2 = 1 . (2. 7)

Equation (2. 4) w ill thus take the form

2fs us vs + (u2 - v 2)EG (s+, s-; s'-, sf+)us- vs> =0  (2.8)

where

Çs = E(s) - X - G(s+, s-; s-, s+)v£ .

Equation (2. 8) allows a tr iv ia l solution

us = 1 - 0F (s)
(2. 9)

Vs ■  0 f  ( s )

which corresponds to the normal state of the system. The function (s) = 1 
i f  E (s)<EF and 0F (s) = 0 i f  E(s)> EF, where Ep is the energy of the Ferm i 
surface or the energy of the last filled  orbital (further denoted by K) in the 
independent particle model.

Let us introduce the correlation function

Cs = EG(s+, s-; s’-, s’+)us' vs’
S*

connected with us and vs by

( 2. 1 0 )
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usvs = Cs /2es , es = У с ?  + (E (s)-X )2 .

As a result we get the following system of basic equations [5, 7] :

Cs = iEG (s+ , s-; s'-, s+)Cs’ / " V c + (E (s ' ) - \ f  (2.11)

n = Ç (1  - [E (s) - X f i i S f  + (E (s) - X f ] } .  (2.12)

These equations have been obtained independently by BELYAEV [ 6] , who 
used the method of "dangerous" graph compensation. Note that the superf..uid 
state with С f  0 is energetically more favourable i f  compared with the normal 
state (2. 9).

2. 2. Condition fo r existence of neutron-proton pairing correlations

Let us investigate under what condition the neutron-proton pairing cor
relations of the superconducting type are absent and whether it is possible 
to consider such residual interactions in the proton and neutron systems 
independently [ 1 2 ] . 4

The Hamiltonian of the residual proton and neutron interactions is written 
in the general form

H - E r {E (s ) - Х т } 4 г

- EGn i (s ,+ , t ,  s , - , t ' ; s '  , - , t '  , s ' ,+ ,T )a l t r a*-r' as--T-as.»T- 
r ’. r . (2.13>

where a Sop = aso is the proton operator and ason в bso is the neutron one.
In order to find the condition we make use of that part of (2. 13) which co r
responds to n-p interactions. In order to obtain a closed system of equations 
we introduce an auxiliary Hamiltonian. In this case the auxiliary Hamiltonian 
has the form

Но = £ £(E (s) - Xp)aso aso + (E (s) - Xn)bso bsoj-

- CCjpn (s+, s-; s' -, s ’ +) (2.14]

x ^A*(s)bs*- as'+ + A(s')a^+bj+ -  A * (s )A (s )j .

where A (s ) -  <bs- , a s+>.

The investigation is being made with the aid of the advanced and re ta r3ed 
Green's functions [14] . Let us give the main formulae. Let A (t) and B(t* ) 
be the operators in Heisenberg’ s representation. Then the retarded and 
advanced Green’ s functions are written down as

Gt (t -  t’ ) ■ <  A (t)B (t’ ) > r = ~ie(t -  t' ) < [A (t), B(.t’ )]>  ,

Ga(t -  t ' ) -  <  A (t )B (t ') > a = i0 ( f  -  t ) < [A (t), B (t' ) ]>  . (2.15)



where
t

[A, B] = AB + BA, 0(t) = j ' ô f t ’  )dt‘ ,
О

and the equations fo r the Green-s functions are obtained in the form

iO / 8t ) < A ( t )B ( f )> =  « (t  - t ' X  [A (t ) ,B (t ') ]>

+ < {A (t)H  - HA(t ) } B ( f ) > .  (2.16)

We write the correlation function in the spectral representation

00

< A ( t )B ( f )> = y i (u )e 'M M ,)du (2.17)

< B (t ')A (t )> =  j I (w )e 'Mt' n dw. (2.17' )
- oo

Let us go over to the Fourier transfo.rm in time of the Green’ s function

eo

< A ( t ) , B ( t ' ) >  = У < А | В »Е е'1Е(1' П dE (2.18)

and to its spectral representation
00

< A | » > „ k (21Э>

where

il(E ) -  < A | B > E. ta - < A | B > E+l€- (2.20)

We make use of the auxiliary Hamiltonian (2.14) and get the following system 
of equations for the Green’ s functions

(E  -  (E (s) - X n )K b +s- I a+s+>  = - C (b) < ? h | a+s+ >  (2.21)

{E  -  (E (s) -  Xp)} < a № I a+s+>  * {l/2?r)-C (s)<  b*. | a+w >

and others. Where

C(s) * E G(s+, s~; s' - , s+)A(s*).

The solutions of these equations are found in the form

( а и | 4 > Е  = [E + E (s ) -  X j/2*r[(E+4)2 -  e (s )23 ' (2.22)

< b +s. I b ^ > E =-С(8)/2тг[(Е+Д)2 - e (s )z ]

where

e(s ) = V c (s )2 + {E (s ) - l(X n + Xp)}2 , Д =А (Х р -Х п).
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We rewrite ( 2 . 22 ) as

<  b,. I a ^ » E = - (l/2*)[C (s )/2e(s )] { [  l/ (E  +Д- e (s )] - [ 1/(E + A + e (s )] }

Thus, the condition îo r  the existence oî neutron-proton correlations 
is as follows

i .e .  the difference in the chemical potentials of the neutron and proton systems 
mugt be less than the magnitude o f the gap 2C. The condition of disappearance 
o f n-p correlations o f the superconducting type may be formulated as

i .e .  the difference in the chemical potentials must be greater than the exci-

As long as the neutron potential well in the medium and heavy nuclei 
is about 5-10 M eV deeper than that of the proton and the magnitude of 2e(fl 
does not, as a rule, exceed 2-3 MeV, condition (2.26) may be considered 
as fu lfilled . Thus, in medium and heavy nuclei the neutron proton pairing 
correlations o f the superconducting type áre absent and it is possible to 
study the superfluid properties fo r the neutron and proton systems separately. 
In light nuclei, condition (2. 25) is fu lfilled and, as shown in [5] , they hav s 
neutron-proton pairing correlations o f the superconducting type along with 
the proton-proton and neutron-neutron pairing correlations. In light nuclei

and find

Ü! = U/2){(1 - ÍE (s) - Ipip +X„ )] /fc(s )])ô (E  + Д + e(s)) 

+ (1 + [E (s ) - l (X p +  X„)] /[e (s )] )б(Е  + Д  - e (s ) ) } , 

i l2 = - iC (s )/2 e(s ){ô ((E  + Д -  e(s)) - 6(E + Д  + е (з ) ) }  .

By using (2.17) we get

\ {1 + [E (s) - |(Xp + X„ )] /e(s)} i f  e ( 8)>Д
0 i f  e (s)<A, Д> 0
1 i f  e (s)< I Д| , Д<0

(2 .2  î )

- C(s)/2e(s) i f  e (s) > Д

0 i f  e (s) < Д (2 .21 )

provided that C(s) satisfies the equation

C(s) »  lE G pn (s+, s-; s' -, s' +) C(s' )

^ C (s ‘ )2 + {E (s J ) - i (X p + X„ ) } 2

I Xp - Xn I < 2C, (2.2Ü)

I Xp - Xn I > 2e(f), (2 .2 (i)

tation energy o f the even system.
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the pairing correlations are less important if compared with those in medium 
and heavy nuclei.

In light nuclei the quadruple correlations between nucleons are essential. 
It was shown [13] , based upon the effective Hamiltonian which describes 
the interaction between nucleon pairs, that i f  the interaction between pairs 
is attractive, the formation of quadruple correlations is energetically favour
able . The account o f the pairing and quadruple correlations explains some 
regularities in the binding energies of the last neutron in light nuclei.

2. 3. Superfluid properties of medium and heavy nuclei

Let us come back to the study of the interacting nucleon system with 
Hamiltonian (2. 5), i .e .  to the non-trivial solution of Eq. (2.11) describing 
the superfluid state of this system. The state of the Ferm i particle system 
with energy less than in the system with successfully filled  energy levels 
up to EF(the Ferm i surface energy) is called the superfluid state.

Consider the system consisting of an even number of neutrons (protons). 
We solve the equations

= 0  (1 .8)

and find the wave function in the form

Y =П (us + vs а*+ a^. ) у 0, (2.27)

where aS0Ÿ о = 0. The ground state energy of the system is obtained as

£ = E {2E (s )v s2 - Cf / 2es}  , (2.28)

while the equations for С and A are of the form  (2.11-12). The lowest excited
states o f the even system w ill be those with one broken pair, i. e. with two
quasi-particles on the average field  orbitals. The wave functions of such 
two quasi-particle states are written as

ŜjOj ttszo2 ^ ~ aSj-a¡ as2-o2sP  (us + vs as+ as- )?q, (2.29)

if  Si f  s2 . The energy difference between the excited and ground states is

as2o2 ^“s2o2 “ sjOj У - \ * 0 ~  es, + es2 . (2.30)

Thus, the excited states of the even system are separated from  the ground 
state by an energy gap greater than 2C.

Consider the system consisting of an odd number of neutrons (protons). 
The equations fo r finding the correlation function Cs and the chemical po
tential X in this case take the form :

Cs = ¿sEG(s+, s - i  s ' - ,  s' +) [Cs, / V c i  + {E (s ' ) - X } 2] (2.31)

n = 1 +E  ( l  - - ___ jP  -  X_z_- 1, (2.32)
Л/Cf + {E (s )  - X }2J

if  the quasi-particle is on the leve l st o f the average fie ld . The wave function 
and the energy of the system are written as
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°C  o¡.W = а+5, - 01Ц  (us + vs; â + as+- )Yq (2.33)

¿■(Si) = E (S l) + E { 2E (s)v2 - (l/2 )(C 2 /e2)}. (2.34)
S7Sj

The ground state of the odd system is that with one quasi-particle on the 
last filled  leve l К o f the medium field in the independent-particle model.
In the particle excited states the quasi-particles are on the levels K +l, К +2 
e tc ., while in the hole excited states the quasi-particles are on the average
field  leve ls  K - l ,  K-2 etc. The energy difference between the excited and
ground states of the odd system is

£ (s) - С (К) = es - eK = V c 2 + {E (s ) - X} 2 - У с 2 + {E f - X} ? . (2.35)

It is seen from  this that the pairing correlations lead to a qualitative d if
ference in the excitation spectra or the even-even and odd A-nuclei.

Note that the results obtained depend in no way upon a concrete set of 
quantum numbers, and therefore any form  of the independent particle model 
can be employed. Therefore, this method can be used both in studying thi: 
properties of spherical nuclei and of deformed ones, involving axially non- 
symm etrical nuclei. We discuss some specific feature of the forces leading 
to the pairing correlations between nucleons of the superconducting type, 
i. e. the behaviour of the function G(s+, s-; s' -, s' +). It is well known that 
the nature of the short-range forces is such that it leads to considerably 
stronger interaction in the states with total zero angular momentum than 
in other two-particle states. On the other hand, in medium and heavy nuclei 
strong correlations are observed only between those nucleons which are in 
the S-states with respect to each other. In this connection it is customary 
to believe that the residual interactions in question, which lead to the pairing 
correlations between the nucleons of the superconducting type, are short- 
range ones and may be represented as

G ~  6(r î - "rj ).

This means that in the momentum space G is constant. Therefore in the 
shell and Nilsson models one may approximately consider G(s+, s-; s' -, s' +) 
to be independent either of s' o r s ,i.e .

G = const. (2,36)

We investigate the case when G = const. The correlation function here is
constant

С = E Gus vs
s

and the basic equations ( 2 . 1 1 ) and ( 2 . 1 2 ) take the form

1 =(G/2)E[1/VC2 + {E (s )  - X }2] , (2.3 0

n = E ( l  - I E (s) - X / -\/c2 + (E (s ) - X }2]j . (2 .37 ')

The energy of the system consisting of an even number of particles can b<> 
written as
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£ = E2E(s)vf - C2 /G. (2.38)

The pairing interaction constants for the neutron system GN and for the 
proton system Gz may be found according to the formulae

Pz (Z , N) = 1 [2 £ (Z -1 ,N ) - £ (Z , N) - <r(Z -2 ,N )}
(2.39)

Pn (Z ,N ) = ¿ {2 £ (Z ,N -1 ) - £ (Z ,N ) - ¿ :(Z ,N -2 )},

by using the experimental values of the pairing energies found from  the mass 
difference of the atomic nuclei.

Thus, for the given values of Gn , Gz and single-particle leve ls  of the 
average field E (s) the correlation function С and the chemical potentials
X are found unambiguously - from  Eqs (2.37) and (2 .37 '). This method 
of determining the basic characteristics of the superfluid state is essentially 
different from  the approach employed by some authors [17] , when the values 
o f C, are determined from  the pairing energy, while X is assumed to be equal 
to the energy of the Ferm i surface EF. The advantage of the above-mentioned 
method for finding С and X over that applied in [17] consists in the following. 
F irst, in our case it becomes possible to determine С and X for excited 
states taking into account the variation of С and X with change in deformation 
of the nucleus etc. This cannot be done in the case of [17] .

Secondly, our calculations are more accurate, unambiguous and reliable 
since we have at our disposal a single pairing interaction constant G which 
changes slowly and monotonously from nucleus to nucleus while the correlation 
function С changes abruptly depending on the specific behaviour of the energy 
leve ls  of the self-consistent field . M oreover, С equals the pairing energy 
only roughly, whereas the deviation of X from  Ef is in some cases rather 
essential.

Thus, the account of the nucleon pairing correlations allowed the in ter
pretation o f the experimental data on the mass difference of even.and odd 
nuclei as w ell as the energy gap in even-even nuclei. Some investigations 
perm it the values to be obtained fo r the momenta of inertia of the deformed 
nuclei which are in agreement with experiment. Based upon these investi
gations, the conclusion can be drawn that the residual interactions both be
tween neutrons and protons are attractive, and the ground states of medium 
and heavy nuclei are the superfluid ones. These superfluid properties of 
the ground and excited states should be taken into account in studying the 
nuclear structure.

3. SUPERFLUID NUCLEAR MODEL

3.1. Formulation of the model

The nuclear model in which the residual nucleon interactions leading 
to the superconducting pairing correlations are taken into consideration 
is called the superfluid model. The basic assumptions of the model are fo r 
mulated so that it would be possible to make quantitative investigations of 
the properties of the ground and excited states of atomic nuclei. The very  
name "superfluid" model designates that this method of studying nuclear 
properties has a restricted character. The superfluid nuclear model [16] 
develops further the independent particle models and provides such a formu-
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lation o f the original method fo r studying pairing correlations [5 - 7 ] which 
is valid not only fo r a qualitative explanation of the atomic properties but 
also fo r  quantitative studies of the properties of concrete nuclei.

Using the average fie ld  o f the independent particle model, the super- 
fluid nuclear model takes into account the short- range part of nucleón-nucleón 
interactions in a nucleus leading to pairing correlations under the following 
assumptions:

(1) The residual interactions both between neutroris and between protons 
are described by a Hamiltonian of the form :

( 2 ) The basic equations of the problem are found by means of the Bogoly jbov 
variational principle [ 8] , both fo r the ground and excited states of a nucleus, 
provided that the systems o f equations which characterize the properties
o f the ground and excited states are obtained fo r  them. The effect o f the 
excitation on the superfluid properties is re ferred  to as the "blocking e ffect".

(3) The mathematical method o f solving the problem leads to the con
servation of the number o f particles on the average

However, the calculations are made fo r quite definite nuclei.
The basic assumptions of the superfluid nuclear model are different 

from  those of the original method o f considering the pairing correlations 
[5-7] . These differences consist in the following: (a) The superfluid nuclear 
model takes into account the change in the superfluid nuclear properties 
in the transition from  the ground to the excited state; (b) The conservatio n 
o f the number of particles on the average, as long as in [5-7] the number 
o f partic les is not conserved even on the average. These differences are 
most essential fo r  strongly deformed nuclei.

We find the equations fo r the characteristics o f the superfluid state, 
the wave functions and the energies of the ground and excited states of the 
even and odd system. L et us perform  a linear canonical transformation

provided that uf + v f = 1 . Now it is possible to get the mean value of the 
operator o f the energy H by the state Y defined as aSo Y = 0, i .e .

As long as the term  G Çv* makes a contribution to the self-consistent field, 
we carry out the renormalization

H  =  E o ( s )  -  x }  a^o a so '  GEa*+ a^- a .̂ as.+ (3. L)

H = 2L ( E 0(s) - X] vs2 - GEusvsus, vs. - G Svs4.

E (s) = E 0(s) - (G/2)vs2 (3.4)

and get

H = 2E (E (s ) - X } v f - G£us vs us. vs. . ( 3 . 5 )
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We determine us, vs from  the condition that H should be a minimum. As a 
result we have

u2 = (1/2) (1 + [E (s ) - X / e (s ) ] }  , vs2 = (1/2) {1  - [E (s) - X. / e (s )] }

The wave function, the equations fo r determining С and the energy of 
the ground state of the even system are obtained as follows:

where a ^ Y  = 0. The wave functions, the energy and the basic equations 
fo r the two-quasi-particle excited states of the even system are found to 
be

The state with one quasi-particle on the К -le ve l is the ground state of the 
system consisting of an odd number of particles. As excited states of the 
odd system, we consider both the single-quasi-particle and three-quasi
particle states. F o r the single-quasi-particle ground and excited states we 
get the wave function

2 {E (s ) - X| usvs - G(us - vs2)Eus. vs. = 0.

We introduce the correlation function *

С = G Eu,, v., 
s1 *

(3.6)

and determine

e (s) = 1/C2 + {E (s )  - X } 2 .

¥ - П (us + vs a+s+ at- )¥„ , (3.7)

(3.8)

n = E{1 - [E (s) - X] /[Д/С2 * {£ ( s )  - X }2] }
s L

(3.9)

- (C 2 /G)(3.10)£=  E E (s ) { l  - [E (s) - Х У Д У с 2 + {E (s )  - X }2U
e J

Ÿ ( f i , f2) = ai а, П (us( f i , f 2) + v s ( f i , f 2 )as+ a+s- )¥„ (3.11)
1 1  L S j . f  t

(3 .11 ')

fi ( f i , f2 ) = E (fj ) + E (f2 ) + EE (s)vs (fi , f2 )2 - C (f j , f2 )2 /G
S?I*,U

(3.12)

( 2/G)- E ( W c ( í l t í2)'¿ + (E (s )  - X(fx , f2 )} 
« i f  f

(3.13)

n = 2 + E J l -
n V . l

(3.14)

*  The correlation function denoted here by С is often designated in the literature by A .
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the energy

f ( f i )  = afitJi П (us (fi) + v s (fi)a s++ at- ) f 0, (3.15)
S#i

¿■(fi) = E (fi) + EE(s)vs ( f i )2 - [C (fi)2/Gl (3.HÎ)

and the basic equations

(2/G)- H l/ -y C ( í i ) ¿ + {E (s )  - A i f i ) } 2] , (3.1*:)
Ŝ fj

n - i + E /1 - E(s) . ' X(fi) . . . .  ?
чЧ, 1 Y C (U )¿ + ÍE (s ) - \ (f i )p  Г  (3.1t.)

In order to determine the main superfluid characteristics of the above- 
mentioned states, i . e .  the correlation functions С and the chemical potentials 
X, we solve, as in [18] , the corresponding systems of equations by meann of
an electronic computer. As the average field  leve ls, we can take slightly
corrected energy leve ls  of NILSSON’ s scheme [19] .

3.2. Pairing energy and single-particle levels of odd A-nuclei

The pairing interaction constants of the neutron GN and proton Gz systems 
have been calculated from  the experimental data on the mass difference oi 
nuclei. In doing this, the following formula was used

PN »  1 { 2 < r(Z ,N -l) - £ (Z , N) - ¿ (Z ,  N -2 )} (3.19)

o r the stric ter one

PN = i { 3  £( Z,  N-1) + £ (Z ,N +1 ) - 3 <r(Z,N) - <r(Z,N-2)j (3.19’ )

where the corresponding experimental data were available. In finding the 
pairing interaction constants GN and Gz the calculated values of the pairir g 
energies were compared thoroughly with the experimental data [20, 2 1 ] . Ih e  
results of the analysis are plotted for example in F ig . 1 fo r  the range 225 г A 
£255, where the experimental values of the pairing energies P z are showr 
by the dashed lines, and the calculated values for Pz at G z = 29/A MeV by 
the solid ones.

From  a comparison of the calculated pairing energies, with the experi
mental data in both regions of strongly deformed nuclei 154  ̂A  £ 188 and 
225 £ A  ¿255, the following values for the pairing interaction constants have 
been obtained

GN = ^ - M e V
(3 .2 0 :

G z = ^ T ^ M e V

in summing over 36 average field levels.
The summation in the equations for finding С and X is made over 36 

average field leve ls . We investigate as to how strongly the results of the 
calculations depend on the cut-off in these equations. To this end, we calcu-
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F ig -1

The comparison o f calculated values o f the pairing energies P ¿  (solid lines) and 

experimental values (dashed lines), for 225 £  A  s  255.

late the correlation functions С and C(K) (C (K ) is the correlation function 
of the ground state of the system with the odd number of nucleons) for Z = 94 
and Z = 93 as well as the pairing energy Pz fo r Z = 94 when the summation 
is performed over 17 average fie ld  levels below the К -sta te* and above 
К different cut-offs are made, namely at K+3, K+6 , K+9, K+12, K+15 and 
К +18.
The results of the calculation are presented in Table I. For the same value 
o f Gz = 0.0185 hli)0 (which corresponds to the real nuclear forces in summing 
over 36 leve ls ) the correlation function С depends on the cut-off strongly.
It increases when the summation region becomes wider. However, at the 
same time the value of the pairing energy P z  changes just as strongly. The 
ratio C(K)/С depends on the cut-off weakly if it is made high enough. In the 
calculations according to the superfluid nuclear model the value of Gz is 
found by comparing the computed values of Pz with the experimentally ob
tained values for the pairing energies. At the same time the values of Gz 
depend on the cut-off. Therefore, to c larify  the role of the cut-off, it is 
necessary to make the calculations at such different values of Gz that for 
each cut-off one should get the same magnitude of the pairing energy. The 
results of such calculations are given in the lower part of Table I. We did 
not succeed in choosing such Gz that for all the cut-offs it would be possible 
to obtain exactly the same magnitude of the pairing energies. However, the 
changes in Pz fo r  K +6 and higher are insignificant. It is seen from  Table I, 
that if more than six leve ls  are summed above K, then the correlation function 
C, the ratio C(K)/C and, therefore, all the superfluid properties are practi
cally independent of the cut-off for the same magnitude of the pairing energy.

Thus, the main characteristics of the superfluid states do not practically 
depend on the cut-off i f  it is made at energies higher than 3-5 MeV both 
above and below K. When the summation in these equations is restricted, 
there is no necessity fo r introducing the cut-off constant since when account 
is taken of this cut-off the pairing interaction constant G is as if  renormal
ized.

*  We denote by К the last filled  single-particle leve l o f  the average field , by K -1, K -2  etc. - the hole 
states, and by K + l, K+2 etc. - the particle states.
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K+3 K +6 K+9 K + 12 K+15 K+18

GZ

P z  (hS„) 

c(hS„)

C (K )/ C

0.0185

0.037

0.059

0.64

0.0185

0.055

0.077

0.75

0.0185

0.070

0.091

0.79

0.0185

0.081

0.103

0.81

0.0185

0.091

0.114

0.83

0.0185

0 .10 2

0.125

0.83

Gz(tl<S0)

P z (b f i 0)

c<ft(S0)

C (K )/ C

0.026

0.088

0.123

0.88

0.023

0.1025

0.130

0.85

0 .0 21

0 .1 0 1

0.128

0.84

0.020

0.103

0.127

0.84

0.019

0.094

0.123

0.83

0.0185

0 .10 2

0.125

0.83

We have obtained that in the regions 154 - A ¿ 188 and 225 - A - 255 
the pairing interaction constants GN and Gz change in going from  a nucleus 
to a nucleus.and from  one region of deformed nuclei to another with good 
accuracy as A - 1  . We have obtained the only value of GN A fo r all the neutron 
systems and the only value of Gz A  for all the proton systems in both groups 
o f strongly deformed'nuclei. This means that the region of the effective 
interaction restricted by the accepted cut-off is chosen correctly. This 
implies also that the assumption on the independence of G (s+, s-; s' -, s' +] 
both of s and s ' is reasonable. Thus, the comparison of theory with experi
ment has shown that one of the main assumptions, G = const, is fulfilled 
with a high accuracy.

Now we consider the influence of superfluidity on the-behaviour o f the 
single-particle leve ls  of the odd A nuclei. As is well known, the spin and 
parity of the state of the odd nucleus is determined by the spin and the parity 
o f that average field leve l on which the quasi-pairticle is located. This resalts 
from  the great ro le the pairing correlations play in a nucleus, and follows 
d irectly from  the superfluid nuclear model. When pairing interaction is 
involved the behaviour of the average field  levels changes in the following 
way:

(1) The pairing correlations, as a rule, do not a lter the spin of the ground 
state of the system;

(2) The excitation energy o f the system, decreases rather quickly with 
G, although the compression of the single-particle leve ls  does not occur 
uniformly;

(3) Hole and particle excited'states behave differently with increasing 
G. However, the sequence of hole (particle) leve ls  with respect to each other 
remains unchanged.

F igure 2 shows, by the example of N = 105, the influence of the pairing cor
relations on the single-particle leve ls o f the average field . The ground state 
energy is put to zero, below <?(K) = 0 are plotted the energies of the hole 
excited states, and above с (К) = 0 the energies of the particle excited states.
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N = 105

Fig. 2

The influence o f the pairing correlations (for N = 105) in the single-particle levels o f the average field .

On the le ft are demonstrated the characteristics of the states *, identical 
states are connected by lines.

In [18] the single-particle leve ls  of many odd nuclei'were computed, 
and the calculated values of the excitation energies are in better agreement 
with the experimental data than those given in the Nilsson schemes. However, 
as long as the found levels of the odd nuclei depend strongly on the behaviour 
of the average field  levels, the main emphasis is laid upon the investigations 
of the single-particle leve l density. It was shown that both in the rare-earth  
and in the transuranic regions the density o f the calculated low-energy single-

*  The notation, as in [22] , is based on the asymptotic quantum numbers. N is the total number o f oscillating 

quanta, is the number o f oscillating quanta along the axis perpendicular to the symmetry axis, A is the 
component o f the particle orbital angular momentum along the symmetry axis, L  is the projection o f the 
particle spin on this axis, К = A ± £, TT is the parity. The state is written as [N n ^A ] or, in short Nil;/ At, 

i f  К = Л + Zand Nnz.A* : i f  К = A - Z, hiS0 = 41 A " i  MeV.
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particle levels agrees with the experimental data and is twice as large as 
that of the leve ls  in N ilsson's scheme. It should be noted that the increase* 
in the density of the levels is accounted for by the superfluid properties o:‘ 
the ground and excited states and cannot be obtained by changing the behaviour 
o f the single-particle levels in the independent particle model.

The single-particle leve ls  of the odd nuclei yield information on the 
energy leve ls of the average field, which is necessary fo r calculating the 
energies of the even-even nuclei, for analysing the |3-transition rates etc. 
Therefore, experiments aimed at finding them are of great interest.

3.3. Investigation of the accuracy of the calculations and the choice of pa
rameters

Here we shall consider the question as to what restricts the accuracy 
o f the calculations by the superfluid nuclear model and whether it is possible 
to study, on its basis, not only the general regularities in the behaviour o:: 
nuclei, but also specific features o f each nucleus. The errors in the calcu
lations are due to the following. F irst, we do not know the positionof the avera ge 
fie ld leve ls  accurately enough, as well as their fluctuation in passing from  
a nucleus to a nucleus. Secondly, the mathematical methods employed for 
solving the problem are approximate.

Let us now deal with the firs t of these two circumstances. It is well 
known that the superfluid properties of the system depend strongly on the 
behaviour of some leve ls  of the average field in the vicin ity of the К  leve l 
and on the magnitude of the pairing interaction constant G. Prelim inary 
calculations were based on' slightly corrected levels of Nilsson’ s scheme 
which fa ils to yield the right sequence of energy levels in all cases. Nor 
does it give the necessary distance between them. Therefore, the accuracy 
o f the calculations is restricted mainly to a rough description of the behav.our 
o f the average field leve ls . Thus, the calculátions made ea rlie r  have somo 
shortcomings which are inherent, first of all, in Nilsson’ s scheme itself, 
and, secondly, which are due to insufficiently known parameters of the equi
librium deformations. The third shortcoming is that the change in the average 
field  of the proton (neutron) system is not taken into account by changing the 
number of neutrons (protons) etc.

Therefore in [20] a modified scheme of calculations was suggested which 
was based on the experimental data concerning the single-particle levels 
o f the odd A nuclei and on pairing energies. In the main, use was made of 
N ilsson 's scheme, but the behaviour of some levels near each К leve l was 
corrected and the pairing interaction constant G was chosen so that onem:.ght 
obtain the single-particle spectra of the odd A-nuclei and the pairing energies 
which would be consistent with the experimenta! data. In the course of fu l
filling this programme with an electronic computer, the equations were 
solved fo r finding С and A., and the energies £ and £ (K) were calculated 
fo r different parameters E (s) and G. The best values of these parameters 
were chosen. As long as the position of some levels near К  is fixed in ac
cordance with the experimental data and the behaviour of the other leve ls 
does not practically affect the properties of the system, the calculations 
which do not involve the wave functions, are independent of a concrete form  
o f the average field  potential.

The application of such a calculation scheme has led to much better 
agreement between the calculated and experimental values fo r the energies 
o f the excited states of even-even strongly-deformed nuclei if  we comparo
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them with ea rlie r  calculations based on Nilsson’ s scheme. However (inorder 
to clear up the valid ity of the basic assumptions of the superfluid nuclear 
model without introducing a la rge number o f param eters), we deliberately 
neglected the fluctuations of the average field leve ls  in going from  ¿nucleus 
to a nucleus. These fluctuations are displayed in the behaviour of the single- 
quasi-particle leve ls  of the odd А -nuclei. In some cases such fluctuations 
are considerable, which is seen, fo r instance, from  F ig . 3, where the changes 
in the behaviour of the leve ls  o f the nuclei with N = 99, N = 143 and Z = 69 
are given. Further on, the accuracy of the calculations of the excited state 
energies fo r  even-even nuclei may be increased. F o r this purpose fo r  each 
even-even nucleus one should take its own set of the average field  leve ls .
The leve ls of the neighbouring odd nuclei, calculated according to this latter 
assembly, w ill be in good agreement with the corresponding experimental 
data. However, no experimental data necessary for such calculations are 
thus fa r available.

Let us proceed now to the second cause of inaccuracy in our calculations; 
that is, fo r  solving the problem we investigate the accuracy of the approximate 
method employed. We estimate roughly the accuracy of the mathematical 
method. With this aim, we find the ratio An/2f2 of the average quadratic 
fluctuation of the number of particles Дп to that o f the considered states 
2 П o f the average field , where

(Дп)2 = L [ C 2 /(C2 + (E (s ) - Л }2)] . (3.21)
s J

As long as the functions characteristic of the superfluid properties are 
most effective in the energy range which is (3-4) С above and below the К 
leve l, we calculate An/2£2for this range. The ratio Дп/2Г2 is found to be
0.08 fo r  the energy half-in terval 3C, 0.06 fo r 4C and 0.05 for the half
interval 5C. In an extrem ely small half-interval 2C the ratio Дп/2Í2is 0.12. 
F o r all the states of the odd system and for the excited states of the even 
one, the average quadratic fluctuation o f the number of particles is always 
less than Дп fo r the ground state o f the even system. In other words, ac
cording to thesé estimates the erro rs  in the method amount to 5% and at 
any rate they do not exceed 10 %.

Still more interesting and fruitful is the investigation of the accuracy 
of the method with the model treated by PAWLIKOWSKI and RYBARSKA [23] . 
They considered the interactions described by Hamiltonian (3.1 ) o fnpartic les 
located on the twice degenerate equidistant leve ls . This problem was solved
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exactly with an electronic computer fo r  the case n = 6, £2 = 5 fo r G equal to
0.5 ДЕ, 0. 8 ДЕ, ДЕ and 1. 25 ДЕ, where Ej+i -E ¡ = ДЕ. An exact solutian 
o f this problem is compared with approximate solutions: (a) Without takirg 
the blocking effect into account, as in the original method for treating the 
pairing correlations; and (b) Taking into account the blocking effect, as in 
the superfluid nuclear model.

С = 1.25дЕ 

Fig. 4

Energies o f the ground and excited states calculated by the exact method (m ) and 
by approximate ones (a, b) for G = 1. 25 ДЕ.

A  comparison is given in F ig . 4 of the energies of the ground and excited 
states calculated by the exact method (denoted by m) and by approximate 
ones (denoted by a and b) fo r  G = 1. 25 ДЕ. The ground state energy of the 
system in the case o f an exact solution fo r a ll the values of G is less than 
that obtained in the approximate method, which does not hold for excited 
states. Because of this, the excitation energies obtained in approximation!»
(a) and (b) are on the average somewhat sm aller than those in the case 
of an exact solution. Note that in the exact method the firs t excited state
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(К, K + l )  is somewhat lower than the magnitude o f the gap 2C shown by the 
dashed line.

It can be seen from  F ig .4 that the method (b), corresponding to the 
approximation of the superfluid nuclear model, described the sequence of 
the excited states correctly, as well as their behaviour, although the magni
tudes of the excitation energies are noticeably different from the values 
obtained in the exact solution. In the case o f method (a) the erro rs  have 
opposite signs, the sequence of leve ls  changes if compared with the exact 
solution.

It should be noted that in the model considered, a much poorer accuracy 
is obtained in the solutions of the approximate methods compared with the 
calculations in case o f strongly deformed nuclei. This is so because o f too 
small values of n and Л as well as due to re latively large magnitude of G.

It is well-known that in the calculations by the superfluid nuclear model 
the number o f particles is conserced on the average, and the wave 
functions of the system of particles involve the admixtures of the states 
with N-2, N+2 etc. As mentioned in [24, 25] , the accuracy in calculating 
the excitation energies becomes higher if, instead of the wave functions 
(3 .7 ), their normalized projections are used fo r the subspace of the states 
o f n particles. In Fig. 4 the exact calculations o f the excitation energies 
are compared with the approximate ones by the methods (a) and (b) with 
the projected wave functions denoted by ap) and bp). In this case very  good 
agreement is obtained with the exact solution, especially fo r large values 
o f G.

Let us compare the densities of the particle distributions in the ground 
and excited states calculated by the exact and approximate methods. For 
this purpose, we present in Table II the density distribution of the number 
o f particles in the ground state if the system fo r the values G equal to 0. 5 ДЕ, 
ДЕ and 1. 25 ДЕ in the case of the exact solution Ns , the solution with pro
jected wave functions^ ф0 | Ns | ф0у and fo r the approximate solution v^ . One 
can see from  the Table that v? describees the density distribution of the number 
of particles rather well. The ratio v£ /Ns varies within 0. 91-1. 25. The cal
culations with projected wave functions fa il to lead to a noticeable im prove
ment in the approximations (a) and (b).

Table III lists the density distributions of particle pairs in the two-quasi
particle states with G = 1. 25 ДЕ. It can be seen that the calculations by 
method (b) describe the distribution of particle pairs in the excited states 
correctly. It is worthwhile noting that in the state (K, K + l) (method (b)) the 
pairing correlations are suppressed more strongly than in the exact method 
while the contrary occurs fo r the remaining states. The calculations with 
the projected wave functions lead to a noticeable weakening of the super
fluidity i f  compared with the exact solution. In the calculations (method (a)) 
the number of particles is not conserved on the average and the density of 
pair distribution is different from  that in the exact solution.

The investigation o f the density distribution of the number o f particles 
in the ground and excited states has shown that the calculations by method 
(b) are in good agreement with exact solutions. With increasingfithe accuracy 
of the calculations by method (b) may only become higher. It follows that 
the accuracy of the real calculations of vs2 and uf w ill be better. The super
fluid corrections to the a - and |3-transition rates are composed of the products 
and of the sums of us and vs and therefore, they can be computed with a 
high accuracy. The conclusion to be drawn from  the previous analysis is 
that no further improvement in the accuracy o f the mathematical approxi-
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TABLE III

DISTRIBUTION OF PA IR  DENSITY IN THE TW O-QUASI-PARTICLE 
EXCITED STATES FOR G = 1. 25 Д E

K , . K 2 
s „  s2 4

Exact

method

Method (b ) 
with the projection

Method (b)

K. K + l 1 0. 970 0.999 0.986

3,4 2 0. 953 0.998 0.966

5 Г. 077 0.003 0. 048

K,K +2 1 0.948 0.978 0.928

3,5 2 0.906 0.943 0.834

4 0.146 0. 079 0.238

K - l.K + 1 1 0. 968 0.992 0.967

2,4 3 0.910 0.957 0. 840

5 0 .12 2 0.051 0.193

K + l, K+2 1 0.902 0.921 0.868

4.5 2 0.793 0.789 0.711

3 0. 305 0. 290 0.421

K -1 .K 1 0. 966 ' 0.985 0.965

2,3 4 0.794 0.804 0.685

5 0.240 0 .2 1 1 0.350

mation is required for the study o f the a-and /З-transition rates if the fluctu
ations in the average field  leve ls  are not taken into account in detail.

As long as the calculations by the superfluid nuclear model are based 
on the experimental data: on the pairing energies, we compare the energies 
of the ground and excited states in the exact method and in (b) fo r the same 
values of the pairing energies P .

The energies of the ground and excited states calculated exactly for 
P  = P 0, G = Д Е (т ),  and using the method (b) fo r  G = ДЕ and for P  = P 0 are 
shown in F ig . 5. I f  in the exact solution G = ДЕ, P  = P0 then in method (b) 
the pairing energy assumes the value P  = P0 at G = 1.09 ДЕ. If we carry 
out the calculations fo r  the same value of the pairing energy P  = P0 by method 
(b) and compare them with those made by the exact method, then the errors 
in this case w ill decrease by a factor of two compared with the erro rs  in 
the calculations done fo r the same value of G = ДЕ. This can be seen from 
F ig . 5. Since the calculations made according to the superfluid nuclear model 
yield the correct sequence of leve ls  of the even-even nuclei energies and 
are based on the experimental data on pairing energies, then the accuracy 
of the calculations becomes effectively higher.

Let us investigate the influence of the fluctuation o f the average field 
leve ls  on the spectrum of the excited states of the even system. With this 
aim in view, we give the exact solutions of the problem for the case (m l) 
in F ig . 5 when the s = 3 leve l (which is the К -leve l) is lowered by 0.5 ДЕ,
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ground

ml 

G=дЕ

m 2  

G -ùE G=¿£
P0

Fig. 5

Ь) M

G = 1.09¿¡£ G-í£ 
Р=Р„

Energies o f the ground and excited states calculated exactly for P G = Д Ё (т )  and

using the method (b ) for G = Д E and P = Pq

and fo r the case (m2) when the s = 3 leve l is made 0.5 ДЕ higher. It can 
be seen from  F ig . 5, that the change in the configuration of the only leve l 
of the average field  leads to a noticeable change in the energies of both the; 
ground and excited states, and in some .cases to a change in the sequence 
of the excited states of the system.

The investigation we have done confirms our main conclusion that the 
accuracy of the calculations according to the superfluid nuclear model is 
mainly restricted by a poor knowledge of the behaviour of the average field 
leve ls  and their fluctuations, but not by the mathematical method employed.

Within the framework of the superfluid nuclear model, the basic charac
teris tics  o f the superfluid states of strongly deformed nuclei have been cal
culated, according to which the energies of the two-quasi-particle levels 
of the even-even nuclei, the relative values of log/t, fo r ^-transitions in 
even and odd nuclei, the hindrance factors F in а-decays etc. have been com
puted. Let us deal with the choice of the parameters used in these calcu
lations in the regions 154  ̂A  í  188 and 225 £ A  í  255. The calculations are
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based on the experimental data on the single-quasi-particle leve ls  of the 
odd nuclei and pairing energies. As average field  leve ls , we took the co r
rected leve ls of Nilsson’ s scheme in order to obtain the spectra of the single- 
quasi-particle leve ls  of the odd nuclei which would be consistent with experi
ment. A ll the nuclei in the region 154 £ A  £ 188 were divided into two groups.
[20], 154 £ A  £ 174 and 174 £ A  £ 188. In each group only one assembly of 
the single-particle leve ls  of the average field  is chosen both in the proton 
and in the neutron system. Note that the difference in the behaviour of some 
leve ls  of the firs t group from  the corresponding leve ls  of the second one is 
not something unnatural because the equilibrium deformations have different 
values. In the mass region 225 £ A  í  255 we could deal with only one assembly 
o f the energies fo r  the proton system and one assembly for the neutron system
[2 1] .

The behaviour of the calculated single-quasi-particle leve ls  of the odd 
nuclei in the region 154 í  A  ¿ 188 is described in [20] and in the region 225 £ 
A  £ 255 in [21] . The calculated energies of the excited states are, fo r the 
most part, in agreement with the experimental data. However, we did not 
take into account the change in the average field  in passing from  one nucleus 
to another. Therefore, we cannot explain their behaviour like that shown 
in F ig . 3.

In order to determine the behaviour of the average field  levels in the 
regions 154 é A £ 188 and 225 £ A  £ 255 for the proton and neutron systems 
we used 20 parameters characteristic of N ilsson's scheme itself, as well 
as of its modifications. It has been found from  a comparison of the calcu
lations with the experimental values of the pairing energies that in passing 
from  one nucleus to another the neutron GN and the proton Gz pairing in ter
action constants change according to 1 /A and their values in both regions 
of the strongly deformed nuclei are

G» - ^ L  M .V

° z  ■ г ° д 29 MeV.

Altogether 22 parameters have been used in the calculations. These pa
ram eters were found by 58 values of the pairing energies and by 205 charac
teris tics  o f the ground and excited states o f the odd nuclei. Thus, twenty-two 
free parameters are fixed so as to explain roughly 263 experimental facts 
on the single-particle leve ls  of the odd A  nuclei and on the pairing energies.

Note that fo r the given system of the average field  levels and fo r the 
fixed magnitude of the interaction pairing constants Gn and Gz the calcu
lations based on the superfluid nuclear model are completely unambiguous. 
Such a formulation of the problem in which one and the same assembly of 
the single particle levels is used to calculate the properties of some nuclei 
has nothing to do with any fitting of the results obtained in the calculations 
with the corresponding experimental data. Furthermore, not a single new 
param eter is introduced in calculating the characteristics of the even nuclei. 
Therefore, the comparison of the calculated energy leve ls of the even-even 
nuclei with the corresponding experimental data is very  important from  the 
point of view  of checking the validity of the basic assumptions of the super- 
fluid nuclear model.



260 V. G. SOLOVŒV

3 .4 .The blocking effect

The influence of the unpaired particles on the superfluid properties 
of the system in each state of the atomic nucleus is often re ferred  to as ;,he 
blocking effect. The superfluid state o f the atomic nucleus results from  i:he 
nucleon-nucleon interactions described by Hamiltonian (3 .1 ). Therefore, 
if  a nucleon is populated on any twice-degenerate leve l of the average 
field , then in view  of the Pauli principle this leve l cannot be occupied 
by a pair. Due to the peculiarity of interaction (3.1) the average field levels, 
which the quasi-particles (unpaired nucleons) populate, are blocked with 
respect to the pairs, that is, these leve ls  are not taken into consideratio n 
automatically in the calculations. Thus, the blocking effect implies that in 
calculating the supe'rfluid properties of some states by means of the va ria 
tional principle, the average field leve ls  populated with quasi-particles 
are disregarded. This leads, fo r  instance, to a change in the magnitude 
of the correlation functions C (s j, s2) and the chemical potentials X (s j,  s2 ) 
compared with the states on which either there are no quasi-particles or 
they are situated on other leve ls  of the average field . The blocking effect 
is very  essential in the region of strongly-deformed nuclei, where the density 
of the average field  leve ls is not great.

Note that besides the forces leading to the blocking effect, there are 
forces which play quite a definite role in a nucleus. However, we have neg
lected them. The case is that the forces leading to the blocking effect ari; 
different fo r  the ground and excited states while the other forces produce 
more or less the same effect both on the ground and excited states. F o r 1his 
reason, they can be included in the average field.

The superfluid nuclear model is, in the main, that of independent quasi- 
particles. It takes into account only that part of the interaction of quasi
particles between each other leading to the blocking effect.

Note that the interaction pf quasi-particles may lead to the appearance 
of collective effects, particularly for the leve ls  2+, which look like the 7 
vibrations and which are responsible fo r an additional decreasing of the 
energies of these excited states.

The influence of the blocking effect is displayed in going from  the ground 
state of the system, consisting of an even number of quasi-particles, to 1he 
single-quasi-particle states of the odd system. The correlation functions 
of ground states C(K) of the odd system are less than the magnitude С of 1he 
corresponding even system. This is clearly seen from  Tables IV and V.
The increase in the moments of inertia of the odd A nuclei compared with 
the even ones is an experimental proof of the existence of the blocking eff set. 
The calculations of the moments of inertia of the odd nuclei are in good 
agreement with the experimental data, provided the blocking effect is taksn 
into account. I f  one adheres strictly to Eqs. (3.17) and (3 .1 8 )C (K ± i) must 
be somewhat la rger fo r  the excited states than the correlation function C(!l) 
of the ground state of the odd system. However, this effect is rather small 
and is likely to be within the accuracy of the calculations we are making.

In the case of an even system the superfluidity of the system strongly 
decreases in passing from  the ground to the two-quasi-particle excited states 
because of the blocking effect. To show the importance of the blocking effect 
we give ratios С {К !, K2 )/С in Tables IV and V fo r the neutron systems at a 
value o f G which corresponds to the actual nuclear forces. The role of this 
blocking effect is c learly  demonstrated in the exact solution of the model 
obtained by PAWLIKOWSKI and RYBARSKA [23] . The blocking effect leads
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Fig. 6' ■ '

Energies o f the ground and excited states
a ) calculated by the formula € (s ,) + e(s2)
b ) calculated according to the superfluid nuclear model with electronic computor.

to a noticeable decrease in the spread of the particle density in the two- 
quasi-particle excited states compared with the ground state of the system. 
It is worthwhile noting that the calculations by the superfluid nuclear model 
(method (b)) fo r  the equidistant average field  leve ls  in all the excited states, 
except (K, K + l), yield somewhat less suppression of the superfluidity than 
by the exact method.

Let us consider the behaviour of the ground and two-quasi-particle ex
cited states of the system consisting of an even number of particles (for 
instance, N = 106) as G increases. With this in mind, F ig . 6 case (b) shows 
the energies o f the ground and excited states calculated according to the 
superfluid nuclear model with the aid of an electronic computer. Case (a) 
gives the energies of the excited states calculated by the formula

e (sj. ) + e(s2) (3.22)
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according to the original formulation of the pairing correlations. Thebe.- 
Saviour of the two-quasi-particle excited state energies as a function of G 
in case (b) is very  different fo r  small G from  their behaviour in case (a) 
where a non-physical increase in the energy of some lower states is ob
served with G up to G = 0.020 hw0 corresponding to the real nuclear forces. 
In case (b) the energies o f both the ground and excited states decrease m >  
notonously with G. This difference in the behaviour of the spectrum in CE.se
(b) compared with case (a) is due to the, blocking effect.

This is displayed most distinctly in the falling of the energy of the (K, 
K + l) state lower than the magnitude of the gap 2C, while according to (3.22) 
the energy of this state must be more than 2C. Therefore, the comparison 
of theory with experiment, as fa r as the energy of the K,K+1) state is c o q -

t a b l e  v i

ENERGY OF STATE (K, K +l)
(MeV)

Nuclei System * Ктг Gap 2C
Energy

€ (K ) + € (K +l )
calcul. observed

C m » neutron 6+ 1. 30 1.36 0. 92 1. 042

W“ 4 proton 2 - 1 . 61 1.87 1.3 ’ 1.150

w “ 2 proton 2 - 1 . 61 1.8 8 1.3 1. 290

proton (£ = 1 ) 7- 1. 961

neutron 4- 1. 89 1. 97 1.5 1. 554

neutron (£ = 1 ) 5- 1.810

H fM0 proton 8 - 1 . 66 1 . 68 1.0 1.142

Hf  17* proton 8 - 1 . 66 1.67 1 .0 1.148

neutron 8 - 1.85 1. 94 1.5 1.480

Ybm proton 3+ 1.80 1.97 . 1.4 1. 664

proton (2 = 1 ) 4+ 2. 075

neutron 3+ ; 1. 65 1. 70 1.3 1. 174

neutron (£ = 1 ) 2+ 1.468

Er168 proton (£ = 1 ) 3 - 1 . 82 1. 90 1.3 1. 543

neutron ( 2 = 1 ) 3 - *1. 64 1 , 66 1 . 1 1. 095

Er166 neutron 6- 1. 63 1.94 1 .6 1. 785

neutron (£  = 1 ) 1 - 1. 826

D y 162 neutron . 5- 1.83 1 . 88 L 3 1.485

D y160 proton 2 - 1. 90 2 .0 1 1.4 1.260

Gd156 proton 4+ 2 .0 2 . 02 1.45 ; 1.511

proton ( t - 1 ) 1 + 1. 966

neutron 1 - 2 .0 2. 02 1.5 1. 240

neutron ( £ - 1 ) 4 - 2. 042



SUPERCONDUCTING PAIRING CORRELATIONS 265

cerned, may give evidence fo r the importance of the blocking effect in strong
ly  deformed nuclei. It was shown in [18] that in the excited (K, K + l) state 
o f the even system ( i .e .  in the state where one quasi-particle is on the К 
leve l, and the other on the next higher K+l leve l) the superfluidity decreased 
considerably. This is connected with the fact that the correlated pairs cannot 
occupy the К and K+l leve ls  because of the Pauli principle. Therefore, in 
the states which the pairs can populate there appears a large gap fo r the 
strongly deformed nuclei. I f  the number of states below the gap is equal 
to the number of particles, it is energetically unfavourable fo r the pairs 
to populate the K+2 and higher leve ls , and the superfluidity in the (K, K + l) 
state then becomes considerably less . The calculated values of the energy 
of the (K, K + l) state for a number of nuclei are noticeably sm aller than the 
magnitude 2C and agree w ell with the corresponding experimental data, as 
is seen from  Table V I, which gives the value of the gap 2C, e(K) + e (K + l), 
calculated by the superfluid model and the experimental energy leve ls  (K,
K + l) fo r some nuclei.

The investigations of the exact method have shown that the (K, K + l) leve l 
energy is below the magnitude of the gap 2C fo r G la rge enough. The calcu
lations made according to the superfluid model yield somewhat underestimated 
values fo r  the (K ,K + l) state energies if we compare them with the exact 
solution of the problem, and therefore with the experimental data, which is 
confirmed in Table VI. These investigations showed also that in the approxi
mate method in the (K, K + l) state the pairing correlations are more strongly 
suppressed than in the exact solution. This leads to the fact that the approxi
mate calculations give somewhat underestimated values of the correlations 
to ^-transitions to these states.

It can be seen from  Table VI that we have failed to take into account 
certain forces. They act between the quasi-particles and lead to the spin 
splitting of the K j ± K 2 state energies. The agreement of the calculations 
made on the superfluid nuclear model with the experimental data, as far 
as the depression of the (K, K + l) state energy below the gap is concerned, 
gives evidence fo r the importance of the blocking effect provided the magni
tude of the spin splitting is not more than 700 keV.

The change in the superfluid properties of the system in the transition 
from  the ground to excited states o f the even system w ill undoubtedly affect 
the magnitude of the moments of inertia of the ground and excited states 
calculated according to the superfluid model o f a nucleus. The moment of 
inertia for the ground state depends upon the superfluid properties both of 
the ground and excited states, i .e .  upon the characteristics o f the whole 
system. The moment o f inertia of the system in an excited state is dependent
on the superfluid properties both o f the given and other states. Therefore, 
a sharp decrease in the magnitude of the correlation function C (s i, s2) for 
the given excited state, e .g . for the (K, K + l) state, w ill not necessarily 
lead to the same considerable change in the magnitude of the moment of
■ inertia.

The superfluid properties of the strongly deformed nuclei depend very  
much upon the magnitude of the pairing interaction constant G. I f  G were 
half the value corresponding to the nuclear forces in heavy nuclei, then the 
pairing correlations would practically be absent. If, on the other hand, G 
were twice as much, many features of the nuclei would a lter considerably, 
and the shell structure would, at the least, be strongly masked. The d if
ferences in the superfluidity of the two-quasi-particle excited states relative
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to each other and to the ground state of the system are essential in the re gion 
of strongly deformed nuclei and are outside the errors  of the method.

Thus, the specific features o f the superfluid model of a nucleus are 
important fo r  the values of G, which correspond to the residual nuclear 
forces, and when the behaviour of the single particle leve ls  o f the average 
field  is like that of the strongly deformed nuclei.

4. E FFE C T OF PAIRING CORRELATIONS ON THE PROBABILITIES OS
a, 0 AND -^-TRANSITIONS

The pairing correlations of nucleons o f the superconductive type strongly 
affect the properties o f the ground and excited states o f atomic nuclei. They 
play, therefore, a great role in the a, /3 and -y-transitions in nuclei and ir, 
stripping reactions.

We shall investigate the influence o f the pairing corrélations on the 
probabilities of a , /3 and 7-transitions in strongly deformed nuclei within 
the fram ework o f the superfluid model of the nucleus. In perform ing nu
m erica l calculations we shall use the data obtained in [ 20, 2 1 ] which charac
te rize  the properties of the ground and excited states of strongly deformed 
nuclei.

4.1. E ffect of pairing correlations on the e-decay rates

We shall formulate the «-decay theory in the fram ework o f the super- 
fluid nuclear model and investigate the influence of pairing correlations 
o f the superconductive type on the absolute probabilities of «-decays and 
especia lly on the hindrance factors F[27] .

The m atrix element of the «-d ecay  of the parent nucleus with the wave 
function Y = Y (Z )¥(N ) represented as the product of the wave functions of 
the neutron and proton systems to the daughter one with = Y (N -2 )?(Z -2 ) 
is given by

where t = ± 1 , f f = ± l  and the summation v, v ‘ (w, w ') is carried out over the 
s ingle-particle proton (o r neutron) leve ls  of the average field . The function 
W describes both the penetration o f the «-partic le  through the potential bar
r ie r  and the probàbility of its formation.

Let us find the m atrix element of the «-decay of an even-even nucleus 
between the ground states. Making use of the wave functions (3 .7 ) and taking 
into account the pairing correlations of nucleons, we get

M = 'ï*  (N -2 ) ï*  (Z -2 )A 'î(Z )'î(N ), (4.:.)

the operator A  being represented as follows

A  = 4 E Wr т';о,аф1/, v 1 1 nw, w ')a UTa ш'о'' 
hi*(J 1

T , T ‘; 0 , 0 *

When the pairing correlations are absent (4. 3), takes the form

M = W+_.+_(pv = K (Z ) ,  v = K(Z)| nu = K (N ), w = K (N )), (4 .';)
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where we denote by K (Z ) the last filled  orbital of the system consisting of 
Z protons when the pairing correlations are absent. From  (4.4) it is seen 
that i f  there are no pairing correlations then the a-particle can be formed 
only from  two neutrons and two protons that occupy the last filled  orbitals. 
Since the probability of formation o f the a-particle in the nucleus is pro
portional to the overlap integral of the corresponding wave functions, then 
it must change essentially in the transition from  one nucleus to another due 
to the change in the quantum numbers of the К -leve l, which is not observed 
experimentally. The effect of the pairing correlations leads to the a-particles 
being formed with a noticeable probability from  pairs occupying many states 
both higher and lower than the K-state. This means that the а-decay involves 
an averaging of participation of many nucleon leve ls  near the F erm i surface. 
This leads one, first, to the increase of the а-decay probability and second, 
to smoothing out the fluctuations in the probability of the «-partic le  fo r- 
motion in the transition from  nucleus to nucleus.

In order to distinguish between the effècts of the pairing correlations 
of nucleons and those of other factors in а-decays the following approximation 
is  considered. The diagonal part of W is independent both of the quantum 
numbers o f protons and neutrons, i .e .

W+..+.(py,v| nw,u) = W(pj n), (4.5)

W+-.0,,02(pv, v| n u ^ u j) = W0i0î (p| nUi.Uü). (4.5’ )

Apparently, in evaluating the effect of the pairing correlations on the a-decay 
such an average treatment is correct.

The m atrix element (4.3) in the approximation (4.5) is

M - W(p| п ) ф г !  (4.6)

R | =  EuI,{Z -2 )v„(Z )n (u ,(Z .2 )u 1 (Z ) + v ,(Z -2 )v ,(Z )). (4.6*)
v sjv

The product RfjRz. describes partially the change of the а-decay probabilities 
in the transition from  one nucleus to another. I f  we make use o f the character
istics of the superfluid states obtained in [ 2 1 ] then, e .g . fo r  the a-decay 
of Cm244 to the ground state o f Pu240, we get Rn “  3 8 ,  Rz = 4 5 ,  RnRz * 1 7 0 0 .  

Calculations show that fo r nuclei in the region 2 3 0  й А й 2 5 4  the quantities 
RnRz are within the lim its 1 5 0 0  < R n R z < 3 0 0 0 ,  i .e .  the pairing correlations 
increase the probability of а-decay from  the ground to the ground state of 
an even-even nucleus by more than three orders of magnitude.

From  experimental data on a-decay, overestimated values of the radii 
of the nuclei were systematically obtained earlie r, R = r0A^ and r 0 “ 1.5 f.

At the same time from  other experiments r0 (1.1 -1 .2 )f;thus, for 
instance, Igo obtained r0 = 1.17 f from  the data on a -partic le  scattering 
on heavy nuclei. I f  the nucleon pairing correlations in nuclei are taken into 
account, then from  the data on а-decay, r0 is  found to be 1.17 f, i .e .  the 
same radius as that obtained by Igo. Note that the deviation of the radii of 
nuclei in the region 230 < A  í  254 from  r0 = 1.17 f  does not- exceed 4%.

Note that the corrections RN and R¿ depend on the number o f the levels 
summed up. The expressions under the sum in Rfo, when | E (s )-X |» С behaves 
as C/|e (s ) - X] , i .e .  the logarithm ic divergence taken place under the 
assumption (4 .5 ). In our calculations the summation is carried  out over 
36 leve ls  of the average field , the quantities С and X are independent of the
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cut-off. The corrections ítf, and R¿ depend on this cut-off. In our calcu
lations the outermost term s give the contribution to r|, and R^ of the order 
o f 1 %; the account of the subsequent term s therefore introduces no sign ifi
cant changes. In the calculations o f MANG and RASMUSSEN [28] the summation 
was perform ed only over 10  leve ls  of the average field, which is evidently 
insufficient, and the blocking effect was not taken into account. They obtained 
fo r  the a-transition CM244 -*P u 244 RnRz, = 320, while in our calculations 
RnRz = 1700.

We find the m atrix element of the а-transition to the two-quasi-parti 2 le 
excited states of an even-even nucleus. Thus, fo r the а-decay to a neutron 
state with quasi-particle occupying the orbitals fj and f2 (fi f  f2 ) we obtain

M (ft , f2 ) = W0it02(p| nfx , f2 )R jR N( f ! , f2 )K  (4.7)

RN( f l , f2 ) = vf (N )2 Vf2 (N )2n(us(N-2, ft , f2 )us(N) + vs (N-2, fx, f2 )vs (N))2
(4. 7* )

Rn( î 1 j î 2) being less than unity. According to the superfluid nuclear model 
the a particle is in this case formed only from  neutrons being in the state s 
fi and f2 . The а-decay rate is proportional to the neutron density of v2 , \ f  
in these states o f the parent. The hindrance factor is then of the form

F = (w(p| n)/W0i 0г(р| nft , f2)) 2 RN/RN( f ! , f2 ). (4.Ü)

From  the superfluid nuclear model it follows that the probabilities of o-tran- 
sitions to the two-quasi-particle states of eyen-even nuclei decrease by a 
factor Rfj/Rjqifi, f2 ) compared with the а-decay to the ground state. So, for 
the а-decay o f .Cm244 to the two-quasi-particle states of Pu240 with energy 
up to 2 M eV the ratio RN/RN(fi,f2 ) takes values in the interval 150 - 500. 
Note that the product in (4. 7’ ) changes in the lim its 0.3 - 0.9.

VOLKOV and VOROS [29] have calculated the hindrance factors fo r t ie 
«-transitions to (3-vibration leve ls  of even-even nuclei. They have obtained 
the values of F in the interval 10 - 80 which agree satisfactorily with the 
corresponding experimental data.

We consider a favoured а-decay of odd nuclei in which the quasi-particle 
occupies one and the same orbital in the parent and daughter. When the odd 
neutron is on the orbital í  the matrix element is given by

M (f) * W(p| n)R| • R Nn(f)" , (4. ))

RN+1(f)* -  ÇUüiN-1 , f)v^ N + l, f)ntus(N-1, f)H  (N + l, f) + vr(N - l,  fhs (N+ l, f)).
ŝ ’ (4.9' )

The hindrance factor

F  -  [ M (N )2 + M(N+2)2 ] / 2M (N + l,f)2 = [ RN + RN+2] / 2RN+1 (f)

fo r  the favoured а-decays in the region 230 í  A  é 254 changes in the lim its

1 .2 < [R n + Rn+2] / 2RN+1 (f) <3 . (4.10)

The comparison of the experimental values of F with the calculated ones,
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taking into account the fact that besides the a-particles emitted with I  = 0 
a fraction o f them is emitted with t  = 2 and I  = 4, is given in Table VII. From  
Table VII it is  seen that the theory is in satisfactory agreement with the 
experimental data.

TABLE V II

FAVOURED ALPH A-D ECAYS

State a deca Ÿs

F

experiment calculated

9/2 - [734] c f Z49 — C m ® 1.8 1 .8

7/2 + [624 ] Cm245 Pu241 2 .2 2 .0

5/2 + [622] Cm243 Pu2» 1.5 1 .8

1/2 + [631 ] Cm241 - Pu237 2.7 2 . 1

1/2 + [631] Pu239 и 235 2.5 2 . 1

3/2 -[5 2 1 ] Bk245 -+ Am 241 1.7 1.7

5/2 - [523] A m «3 N p 2 S 9 1 . 1 1.4

5/2 - [523] Am 241 N p 2 S 7 1.3 1.4

5/2 - [523] Am 239 — Np235 2.3 1.7

5/2 + [642] Np237 - Pa233 3.8 1.4

We consider unfavoured а-decays in which the quasi-particle passes 
from  one state to another. When the neutron passes from  the state f2 to the 
state fi ( î i  f  f2 ) the m atrix element is

M (fi , fa ) * W0i _02(p| nfx , f, )R|RN+1 (f! , f2 )*, , (4.11)

, f2 ) = uf2 (N -1, fj )2 v f (N + 1, f2 m (us(N - 1 . ft )u, (N + 1, f2 )
S ? í j í 2

,+  vs (N - l ,  fi )vs (N +1, f2 ))2 . (4.11' )

the product in (4.11*) takes the values in the lim its 0.65-0.95. When the 
a decay of an odd N-nucleus is unfavoured/ the a-particles is readily formed 
out of proton pairs that occupy the orbitals near the Ferm i surface and of 
neutrons occupying the states f i , and f2 . Therefore the unfavoured «-decays 
are strongly hindered compared with the favoured ones. The hindrance factor 
F  is

F  = [w (p I n)/W0j ,02 (p I n fi . f2 ) ] 2 (R n + RN+2)/ 2Rn+1 . (4.12)

The ratio (R N + RN+2)/ 2RN+1 fo r  «-transitions to the ground and hole states 
of strongly deformed nuclei lies  between 50 and 130. This same ratio is 
200 - 800 fo r ^-decays to the particle K+2 state and it w ill exceed 103 when 
а-decays take place to the K+3 and higher states. The unfavoured o-decays 
to the particle excited states are more hindered compared to the transition 
taking place to the hole states. Since the pairing correlations contribute
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considerably to F, then instead of the systematization o f F  depending on 
the quantum numbers o f the states fj and f2 it is necessary to make the 
systematization of (W(p | n)/WPi _0|p | n ft , f2 )2 .

The unfavoured а-decays yield information on the non-diagonal parts 
o f W, which can be used to calculate the hindrance factor fo r а-decays both 
o f odd-odd nuclei, and takes place to the two-quasi-particle states of even- 
even nuclei.

We calculate the hindrance factors F fo r  the a-decay of a 152-year isc mer 
A m 242" 1 with К 7Г = 5 - and configuration p 523Í+n622t. This is the a-dec£.y 
o f an odd-odd nucleus fo r which the assignment o f spin and particles o f the 
various leve ls  are available [31] . The results of calculation of F and com
parison with experiment are given in Table V III. In the three left-hand columns 
we give the characteristics of the states of the daughter nucleus o f Np238 
and in the fourth and fifth column we give the experimental and calculated; 
values o f the hindrance factor F .

TABLE V III

HINDRANCE FACTORS FOR THE ALPH A-D ECAY 
Am242111 with Юг = 5- and 

configuration p523 I + n622t

State o f  daughter nuclei Hindrance factor F

Юг configuration
energy

keV
observed calculated

5- p523 \ + n622 t 337 1 .8 2.7

3- p523 i + n631 I 135 3 x 10s 5.6 x 1 0 s

6+ p523 I + n743 t 462 2 x 10 2 2 .5  x 102

2 + p642 t -  n631 i 0 > 6 .2  x 10 4 3 X i o 6

In [31] a favoured a-decay of an odd-odd nuclei was firs t found. The 
data on this transition are listed in the firs t line of Table V III. The calcu
lated value o f F  is 1.5 times la rger than the experimental one. This d if
ference may be caused by the quasi-particle interaction not being taken irto 
account. In the second and third lines we write favoured-unfavoured «-decays, 
i . e .  decays favoured fo r  the proton system and unfavoured fo r the neutron 
one. The results o f calculation depend on the experimental values of F  fo r  
the a-decay o f Cm243 to Pu239 . The agreement between theory and experi
ment is satisfactory. In the last line we give the unfavoured a-decay of Ar,i242m 
to the ground state of.Np238 . To estimate F we introduce the assumption 
that

W(pl n) _______V(p) V(n) ( 4 r  !)
W T1 T 2.o 1 o 2 ( P l ,H '2 | n u l > w 2 )  V r , r 2 ( p ^ l  V 2 )

i. e. F  fo r unfavoured a-decay of odd-odd nuclei is equal to the product of 
the hindrance coefficients in the proton and neutron systems. To determine 
F2 an average value is taken from  the corresponding branches o f the а-de cays
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o f Am 243 to Np239 and Am 241 to Np237 . Since the lowest lim it o f F is also 
given in [31] there is no contradiction between the calculated and the experi
mental values o f F.

Thus, the pairing correlations strongly affect the absolute probabilities 
o f а-decays to the ground states of even-even nuclei and those o f the favoured 
decays in odd nuclei as well, especially the values of the hindrance factors 
in the unfavoured a-decays and «-transitions to the two-quasi-particle levels 
of even-even nuclei. The account of pairing correlations leads Ю an improved 
agreement between theory and corresponding experimental data.

4. 2. Superfluid corrections and additional classification of (3-transition proba
b ilities

We formulate [20] general rules for constructing the corrections to 
^-transitions due to the superfluidity of the ground and excited states. Besides 
keeping A laga 's selection rule classification of the probabilities for /3-decay 
of strongly-deformed nuclei we introduce an additional selection rule. The 
role of the superfluid corrections is investigated by analysing log ft for the 
(3-transitions between identical pairs of the single-particle states in different 
nuclei.

The m atrix element describing the (3-decay of a complex nucleus is written 
sym bolically as

M ~Y*2nN ^ z+1 ( s2)S„<4 Г| а г ь „ . т Ц ^ +1(81) = < s 2 ] r| Sl> R ^  ^

Here <(s2 I r| S i) is the single-particle m atrix element of the transition and 
= ('J'2nN̂ 2nN)(̂ 2nz.'I'2nz where ¥N is the wave function of the N-particle 

system. The values ft characterizing the (3-decay are obtained in the form

ft - const !
~|<s2| Г| ¡ i )  I * . K  ‘ (415)

R being represented as R = RzRn -
The quantities Rn and Й2 describe the change in the proton and neutron con

figurations of the nucleus associated with the ^-transition. The proton and 
neutron systems w ill be considered independently of one another. We find 
R¡ ( i .e .  Rn or RzJfor (3-decays with the participation of any number of quasi
particles in the initial and final states fo r the exclusion of those cases when 
there are two quasi-particles on one and the same leve l. We write R¡ in 
the form

R-i = Т .Л  (ui us' + vsvs')2 (4.16)S?f!r . .

with the functions us, vs re ferring to the initial and , vs' to the final states. 
In the product П (u.us' + vsvs') 2 there are no factors corresponding to the levels

S#fj, .. fjj
in which there are quasi-particles. The m ore alike the superfluid properties 
of the initial and final states, the c loser this product approaches to unity. 
Further, if the number of paired particles in the initial and final states is 
the same, as e .g . in (3-decay l 08̂ H f 181 —̂- 7 i¡®Ta183 then 7  = uf . If the 
number of paired nucleons varies in the course of the decay, as in ^ j T a 183 —- 
108V4Wi83 then 7  = Vf , f being re ferred  to the leve l on which a quasi-particle 
either disappeared or appeared. The functions û  or vj in (4.16) characterize
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the superfluid properties of the system with a sm aller number of quasi
particles. Thus, for instance, in the 0-decay of the odd system into the ground 
state of the even one vf and û  are re ferred  to the even system while in the 
0-decay of the single-particle odd state into the two-quasi-particle excited 
state, vf and uf are re ferred  to the odd system, etc.

Consider the case when the pairing interaction constant G tends to zero, 
i. e. when the superfluid model passes into the independent-particle model.
The correction then takes one of the two values R¡ = 1 or R¡ = 0. When R¡ = 1 
this corresponds to the case when the 0-decay occurs without any change 
in the configuration of a ll the nucleons except one, whereas in the case Ri = 0 
the 0-decay is accompanied by a change in the configuration of more than 
one nucleon in the independent particle model. The particle transitions ar г 
those transitions in which a quasi-particle either disappears or appears 0:1 
the single-particle levels f  whose energy is higher than X re ferred  to the 
system with the sm aller number of quasi-particles. F o r the hole transitions 
the energies of the single-particle levels f are lower thanX.

Let us make an additional (in comparison with Alaga’ s selection rules) 
classification of the 0-decay probabilities of the strongly deformed complex 
nuclei, i. e. we divide a ll the 0-transitions into three groups:

group I R;(G = 0) =' 1 0 < R¡(G f  0) < 1

group II R i(G  = 0) = 0 0 < R i(G  j  0) < 1

group III Ri(G  = 0) = 0 R¡(G f  0) = 0

The firs t group includes:
(a) Those 0-decays whose initial and final states are the ground states 

of the system;
(b) The particle transitions when the number of pairs remains unaltered;
(c) The hole transitions when the number of pairs changes by unity.
The second group includes:
(a) The hole transitions when the number of particle pairs does not 

change;
(b) Partic le  transitions when the number of particle pairs changes by 

unity.
F o r  the 0-decay re ferred  to in the second group the superfluid model 

allows non-zero transition probabilities, while these transitions are strictly 
forbidden in the independent particle model. It is worth noting that the co r
rections R¡ calculated by the superfluid nuclear model, which are re ferred  
to in the firs t and second groups and which are associated with the 0-tran- 
sitions to the low^excited nuclear states (é. 0. 3 M eV), are equal to each 
other within an order of magnitude; in the transitions to the strongly excited 
states (1 MeV and higher) they differ greatly.

The analysis of experimental data shows that there are more than 20 
already established 0-transitions re ferred  to in the second group. The obser
vation of the 0-transitions re ferred  to in the second group shows the advantage 
of the superfluid nuclear model compared to any independent particle and 
provides further evidence for the presence of short-range pairing interactions.

While the firs t and second groups incorporate those 0-decays in which 
only one quasi-particle in the proton (neutron) system disappears or appears
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and the configuration of the remaining particles is left unaltered, the third 
group includes:

(a) The transitions in which the number of quasi-particles of the proton 
(neutron) system changes by more than unity;

(b) The transitions in which, besides the change in the number of quasi- 
particles by unity, the configuration of other quasi-particles changes.

The superfluid nuclear model is a model of independent quasi-particles. 
Therefore, the transitions associated with the changes of configuration of 
the quasi-particles are strictly  forbidden. It would be of interest to have 
experimental data on the degree of forbiddenness of the transitions re ferred  
to the third group (which is called the F -forbiddenness) in the strongly de
form ed nuclei. To this end the probability should be found experimentally 
for /З-decay of the single-quasi-particle state of the odd system into such 
a two-quasi-particle excited state of the even systems so that a ll three quasi
particles would be on different single-particle leve ls of the average field.

In [20, 21] the superfluid corrections are calculated fo r /3-transitions 
between single-quasi-particle states in odd nuclei. The results of calcu
lations can be found useful in analysing experimental data.

We must clear up the rule played by superfluid corrections and to do 
this we shall consider the Э-transitions in odd nuclei. To eliminate the influ
ence of the average fie ld  as much as possible we shall analyse the values 
of log ft for (3-transitions between the pairs of identical single-particle states 
in different nuclei. In such an approach, of course, the influence of the single- 
particle m atrix element -(si | r| S2 >̂ on the re lative values of log ft r is not 
entirely excluded since the average field  changes slightly in the transition 
from  one nucleus to another.

TABLE IX

BETA-TRANSITIONS OF ODD A-NUCLEI

State Transition State Class. R log fte log ftr

T a 17S -» H f 175 l u  I 1 0.41 6 .2 6 .2

Та 177 -  H f 177 lu  I I 0. 40 6.4 6 .2
7/2 + [404]

T a 183 - » W 183'
7/2 - [503]

lu  I II 0. I l - - 6.9 6.8

Та 185 -* W 185 lu  I II О. 19 6.5 6.5

T b 159 «- G d 159 ah II I 0. 07 6.7 6.7
5/2 - [532] 3/2 - [521]

H ou l  «-  Er161 ah I 0. 53 ~ 5 . 6 5.8

Bk*4S .  С щ « l u  I II , 0. 04 « 7 . 0 7 .0

3/2 - [521] A m 241 « -  C m 241 1/2 + [631] l u l l  I 0. 14 «7 .  3 6.5

Np 237 <- U 237 l u l  I 0 43 6.0 6.0

The results of the investigations into the probabilities of ^-transitions 
in odd nuclei are given in tables sim ilar to Table IX where the experimental 
data and the results of calculations are systematized. Initial and final nuclei 
are written in the three left-hand columns of these tables, the additional
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classification is given in the fourth column: 1 . are transitions belonging to 
the firs t group, 2. are transitions belonging to the second group; they are 
written firs t for the proton system and then fo r the neutron one. The fifth 
column contains R. The experimental values of log fte are given in the siîth  
column. We calculate log ftr normalizing them for the firs t from  the given 
set of transitions between identical single-particle states in various nuclei. 
The values of log ft r are given in the last column of the table. It can be 
seen from  the table that the corrections for the superfluidity are essential 
fo r  ^-transitions belonging to the second group where they enable us to explain 
changes in the value of log fte fo r 0-transitions between identical states in 
various nuclei.

Let us consider 0-transitions in even nuclei. The re lative probabilities 
of 0-transitions in even nuclei can be calculated, making use of data on 0 -  
decay in odd nuclei between the same single-particle states, only in those 
cases when the selection rules are the same and there is no К  or Л-fo r- 
biddenness in even nuclei. The experimental data (in tables sim ilar to Table 
X, [12, 21, 32] ) on 0-decays of even nuclei are summed up and compared 
with the corresponding calculations. Table X gives: a ll transitions between 
the states p 523Î and n 523J, the 0-transitions in an odd nucleus, which were 
used fo r determining single-particle m atrix elements, are also given. It 
can be seen from  Table X that the calculated values of log ftr are in satis
factory agreement with experimental data. This agreement is one more 
indication of the correctness of the two-quasi-particle aspect of the states 
of odd-odd nuclei and also of the excited states of even-even nuclei.

TABLE X

au BETA-TRANSITIONS 

Sz = 7/2 -[523] £  Sn = 5/2 -[523]

State beta -transition State R log fte log ftc

7/2- Ho167 Er 167 5/2- 0.52 4.8 4 .8

7- Ho166 - , Erl66 6- 0.38 5 4 ,9

0- Ho166 -, Er166 1 - 0.38 5,2 4.8

1 + Ho166 <-
DyWe ground 0.44 4 .9 4.7

1  + H o 162 - D y16Z ground 0.25 4 .7 5.3

6 - Ho162 D y162 5- 0.20 4 .6 5.0

5+ H o 160 - , Dy160 4+ 0,38 4 .8 4.9

1  + H o164 - , Dy164 ground 0.35 5.1 5.3

1 + H o 164 Er164 ground 0,20 5.4 5.5

1 + T m 164 —» Er164 ground 0.30 4 .9 5.3

1 + T m 166 -
Y b 166 ground 0.29 4 .6 4.9

Sim ilar corrections must be included in the cross-sections of several 
nuclear reactions, e. g. the cross-section  of the stripping reaction (dp) is
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proportional to Rn . If the final state of the nucleus consists of an odd number 
of neutrons, then the correction has the form

uf П (usus(f) + vsvs ( f))2 , (4.17)
sjif

and the particle excitation states of the final nucleus are more probable than 
the hole ones. If the final states of nuclei consist of an even number of 
neutrons then the correction, in the transition to the ground state, is

vE rWusus(K) + vsvs |K))2 , (4.18)
S*K

and takes the following form  for the transition to the two-quasi-particle state 
of the final nucleus

uf (K)2 П  (us(K)us (K, f) + vs(K)vs (K ,f))2 . (4.18’ )
s=K, f

4. 3. Superfluid corrections to the probabilities of Y-transitions

We can calculate the change in the properties of a nucleus in electrom ag
netic transitions on the basis of the superfluid nuclear model. The importance 
of the ro le  of the superfluid corrections R^ to the probabilities of Y-transi
tions in strongly deformed odd А -nuclei has been demonstrated [16] . We 
shall formulate general rules fo r constructing the superfluid corrections 
to Y-transitions sim ilar to those for /З-transitions. The superfluid correction 
to the electromagnetic transition is represented in the form

. Rv = Jn(usUs + vsvs' )2 (4.19)
'  Sjifj. . . fn

with the functions us , vs re ferring  to the initial and u's , vs' to the final states. 
In the product

П  (UsUs +  vs vs‘ )2
-Sjif,... fn

there are no factors corresponding to those leve ls of the average fie ld  in 
which there are quasi-particles. И in the Y-transition a quasi-particle passes 
from  the leve l fi to the leve l Î2 and the total number of quasi-particles r e 
mains constant, then

J = (uf (f2 Лз . . • fn)uf ( f i , f 3 . . . f n) - nvffo , f3. . . f n)v f ( f i , f 3 . . . f  )).
2 (4.20)

If in the electromagnetic transition quasi-particles disappear (or appear) 
on the levels fj and fj and thé total number of quasi-particles changes by 2 , 
then

J = (ufi (f3 . . . fn )vf2 (f3 . . . fn ) + r)vfi (f3 . . . fn )ufz (f3 . . . f n ))2 (4.21)

where r) = 1 for e lec trica l transitions and rj = -1 for magnetic ones. The
functions Uf and v f in (4. 20) and (4. 21) re fe r to those single-particle levels
on which a quasi-particle appears or disappears in the y transition and which 
belong to those systems which have no quasi-particles on those levels. For 
example, in (4. 21) u f and vf re fe r  to a system with a sm aller number of 
quasi-particles.



276 V. G. SOLOVIEV

There are two possib ilities when G = 0: R = 1 and R y = 0. The transitions 
fo r which R 7 = 1 and G = 0 include the hole-hole and particle-particle tran
sitions, when the number of quasi-particles is constant and transitions in 
which quasi-particles disappear, one in the hole state with E (fi )<X and an
other in the particle one with E fo  )> X in the case when the number of quaisi- 
particles changes by 2. In transitions fo r which R r = 0 when G = 0 we re fe r 
to the hole-particle transitions when the number of quasi-particles is constant 
and those in which the two quasi-particles disappeared either from  levels 
higher than the K -lev e l or from  those lower than the K -leve l.

The values of the superfluid corrections vary in la rger lim its than the 
corrections to the Э-decay probabilities. R r takes the values from  10 “ 3 to 1 . 
In the cases when in (4. 20) and (4. 21) we have the differences of two values, 
the accuracy o f the calculations can be found to be insufficient.

When investigating electromagnetic transitions in strongly deformed 
nuclei we use, in general, the same approach as in investigating probabilities 
of ^-transitions. In other words, the 7-transitions are systematized between 
identical states in different odd А -nuclei; the probabilities of 7 -transitions 
in even А -nuclei are calculated using the experimental data on odd A-nuci.ei. 
The investigation of the electromagnetic transitions in strongly deformed, 
nuclei enables us to find admixtures to the given state which consist both of 
states with other values of projections of angular momenta of the symmetry 
axis and of states with a different number of quasi-particles.

5. PROPERTIES OF THE GROUND AND EXCITED STATES OF STRONGLY
DEFORMED NUCLEI

5. l .T h e  nature of the ground and excited states of odd A-nuclei

The superfluid nuclear model yields a single-quasi-particle aspect of 
the ground and some excited states and a three-quasi-particle aspect for 
a number of higher excited states. The analysis of experimental data on 
the levels of the odd strongly deformed nuclei carried  out by MOTTELSOIf 
and NILSSON [22] has shown that the spins and the partities of these states 
are unambiguously comparable with the corresponding characteristics of 
N ilsson ’ s scheme and the values of log fte fo r ^-transitions are classified 
according to the selection rules based on the asymptotic quantum numbers 
as follows:

F rom  this analysis follows the single-quasi-particle aspect of the ground 
and low excited states of odd nuclei.

The pairing correlations o f a superconductive type essentially affect 
the probabilities of p-decays and lead one to the necessary systematization 
of the values of log [fte Rrj] instead of log fte . The systematization is of 
the form

4. 5 < log fte < 5. 0 au
6. 0 < log fte < 7. 5 ah
5. 5 < log fte < 7. 5 lu
7. 5 < log fte < 8 . 5 lh.

(5.1)

4. 0 < log [fte Rrj] < 4. 7 au
5. 5 < log [fteRr)] < 6. 5 ah
5. 5.< log [fteRrj] < 6 . 5 lu.

(5.2)



SUPERCONDUCTING PAIRING CORRELATIONS 277

The distribution of the values of log fte R4 fo r the whole-experimental 
data on (S-decays of odd nuclei, given in Figs. 7a and 8b, show that the system 
atization (5. 2) is rather good. It can be seen from  F ig . 7a that there are two 
groups of allowed transitions au and ah. The clear separation between them

-

a )

CH au

) J lie .  " Г  ,
6.4 7 .2  8.0 109 [ f t e R ^)

Ь)

i iirnwm i
* .0  i . S  5.6  6.4 7 .2  log

Fig. 7

Allowed beta-transitions 

Xa) odd nuclei, (b ) even nuclei.

Fig. 8

lu  beta-transitions 
(a ), (b ) odd nuclei, (c ) even nuclei.
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testifies to the fact that the selection rules based- on the asymptotic quant jm  
numbers are executable. F igures 8a and 8b give histograms fo r the first 
forbidden unhindered lu 0-transitioris. From  these histograms it can be 
Seen that, in passing from  the log fte to the log fteRn classification, the 
regions of the values of the latter become narrower compared with the firs t 
ones and move on the side of sm aller values. Comparing these histograms 
we see what an important ro le  is played by the superfluid corrections to 
the 0-transition probabilities. Note that a ll the three values of log fte Rn 7. 2
(Fig. 8b) are re ferred  to transitions between states 402f and 512Í and a 
number of 0-transitions in the transuranic region with log fteRn < 5. 6 is 
badly determined experimentally. The dispersion of the values of log fte Rn 
is due both to the fluctuation in the average fie ld  levels and the inaccuracy 
of experimental data. The probabilities of the hindered 0-transitions (ah and 
1 h) are m ore sensitive to the fluctuations in the average field , comparecí 
with unhindered ones.

As long as the basic assumptions on the superfluid nuclear model are 
true the three-quasi-particle levels in odd A-nuclei should appear. The 
three-quasi-particle states must be of the two types: the firs t type (3n) arid 
(3p) when a ll the three quasi-particles are either neutron or proton ones, 
the second type (2n, p) and (2p, n) when one quasi-particle is proton and two 
quasi-particles are neutron ones or, on the contrary, two quasi-particles: 
are proton and one quasi-particle is neutron.

The three-quasi-particle states such as (3n) and (3p) must be at energies 
1. 5 MeV and higher. Only in Dy161 may the states such as (3n) be at energies 
of the order of 1 M eV. The 0-transitions from  the ground states of the even 
system of a parent nucleus to the states 3n and 3p are F-forbidden and it is 
rather difficult to observe them in 0-transitions. Experimentally such states 
can be found either by the Coulomb excitation method or by studying y- spe Dtra 
in the transitions from  high excited states. An observation of the states of 
such a type and a determination of the degree of the F -forbiddenness for 
0-transitions imposed upon them is of very  great interest from  the point 
of view  of the model in question.

Recently it was reported [33] that a 155-day isom eric state of bu177m 
'was discovered which has an energy of 1. 2 MeV and spin 17/2 - 21/2. Th:.s 
state must be three-quasi-particle. There must be also observed in Lu171m 
the three-quasi-particle states of type (3p) and of type (2np) with large sp:ns¿ 
as long as there are orbits with great angular momenta near the Ferm i sur
face. The analysis we made has shown that the state (3p) (К - l ,  K, K + l) with 
K* = 17/2 - and the configuration 411 i + 404Í + 514Î is likely to be the 
isom eric state Lu177m which was found. According to our calculations, neg
lecting the spin splitting, its energy is 1. 4 MeV. At the same time the state 
17/2 - w ill be the lowest state of the multiplet. In this case Lu177m w ill 
undergo a 0-decay on the leve ls of Hf177 17/2 +, 15/2+ with the configuration
p404¿ + p514f± n510f ; 17/2+ with the configuration p404i+ p514f+ n52lj a:id 
others. Further the y transitions occur through the states 11/2 - (p404j- 
p514|- n624f) and 11/2+ (p404|+p514| - n512f) to the single quasi-particle! 
levels of Hf177 . Possib le configurations of the Lu177m isom er given in [33] 
are unlikely, fo r they w ill lead either only to the isom eric state H f171 or 
to a very short lifetim e of Lu177m .

The three-quasi-particle states of the type (2n, p) and (2p, n) with com
paratively sm all spins must be w ell filled  in 0-decays. Once we disregard 
the interaction of three quasi-particles between them the probabilities of
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^-transitions to these states must be the same as for transitions to the ex
cited states of even-evein nuclei. Let us look in which nuclei it is the easiest 
to observe experimentally the levels of such a type. Since the lowest states 
(2n, p) and (2p, n) are in the region 1-1. 5 MeV then it is necessary that the 
energy Q released in ^-transitions to the ground state would be sufficiently 
high and the ^-transition rates to these states would be not strongly hindered,
i. e. au, ah and lu, so that they could be found at a low decay energy. Table
XI gives some j3-transitions to the states (2n, p) and (2p, n) which satisfy 
these requirements. The second column of the table gives the -configuration 
of the-state of a parent nucleus and the fourth gives the configuration of the 
three-quasi-particle states of a daughter nucleus. Here n, p denote the neutron 
and proton quasi-particles. The values of the energies of the states (2n, p) 
and (2p, n) given in the fifth column are roughly calculated without taking 
into account the interaction between quasi-particles. The seventh column 
gives the classification of the corresponding ^-transitions and the eighth 
column the energy Q.for ^-transitions to the ground states.

The ^-decay E r 161 _» Ho161 , where the au transition with log ftt =4 . 8  
is possible according to our calculations, is very  favourable for finding 
levels of the type (2n, p). It is quite possible that the states in Ho161 with 
the energies 1. 700 MeV and 1. 830 MeV observed in [30] should be three- 
quasi-particle states with K t  5/2- and 1/2-.

The analysis of |3-decay given in Table XI shows that the three-quasi- 
particle states lead in a number of cases to smother interpretation of the 
levels 7/2- and 9/2- in the region 1. -1. 5 MeV which have been observed 
in severa l nuclei. In W 181 , Hf177 and H f175 the assignment of the levels 
7/2- and 9/2 as the single-quasi-particle states 7/2 - [503] and 9/2 - [505] 
does not give rise  to doubt while in Yb 169 such a treatment seems to be 
unlikely. In Yb 169 the three-quasi-particle states 9/2- and 7/2- w ithenergy 
of the order of 1. 5 - 1. 6 MeV and with the lu ^-transitions from  Lu169 must 
be observed. Therefore it is more correct to treat the states 7/2- with the 
energy 1. 465 MeV and 9/2- with the energy 1. 452 in Yb 169 as three-quasi- 
particle ones, since for treating them as 7/2- [503] and 9/2 - [505] the energy 
values found experimentally are very  low.

It can be seen from  Table X I that there is a number of favourable possi
b ilities fo r the experimental observation of thrèe-quasi-particle states of 
the type (2n, p) and (2p, n). One of the most suitable cr ite ria  for finding these 
leve ls may be allowed unhindered au ^-transitions to these levels in those 
cases when there are no such transitions to single-quasi-particles levels.
In Table X I we give, as ah axample, a number of /З-decays to the levels (2n, p) 
and (2p, n) in order to draw the experimentalist’ s attention to these decays. 
The existence of the levels (2n, p) and (2p, n) follows immediately from  the 
superfluid nuclear model and their absence would at least be strange.

An investigation of very  high excited states of odd nuclei is of great 
interest from  the point of view  of the clarification: up to what excitation 
energies the single, three, five  and so on quasi-particle aspect of the odd 
nuclei excited states is conserved.

5. 2 .Two-quasi-particle aspect of the excited states of even-even nuclei

In [21, 32] the two-quasi-particle levels of even-even nuclei were calcu
lated on the basis of the superfluid nuclear model and compared with the 
experimental data. This comparison is one of the most important checks
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of the correctness of the model under consideration, since a ll parameters 
which are necessary for these calculations are fixed on the basis of the 
experimental data on the single-particle levels of odd nuclear masses and 
the pairing energies. It is quite clear that the physical nature of the atomic 
nucleus is considerably more complicated than the model considered, there
fo re  we are satisfied that we have obtained the correct general picture of 
the levels of even-even nuclei in which the most outstanding features of the 
ground and excited states are reflected.

The superfluid nuclear model is a model of independent quasi-particles. 
In this model the leve ls  of even-even nuclei are described as the two-quaui- 
particle excited states. Thus, the two-quasi-particle aspect of the excited 
states of deformed even-even nuclei, used earlie r by Gallagher for analysing 
(3-decay of odd-odd nuclei and treating the leve ls of even-even nuclei, follows 
naturally from  the superfluid nuclear model.

Before comparing the calculations with the experiment it is necessary 
to analyse and systematize the experimental data available. Such an analysis 
of a ll experimental data on the internal levels of strongly deformed nuclei 
in the region 150 < A  < 190 is made in [32] .

In [32] the spectra of a ll even-even nuclei are calculated in the region 
156^ A*£ 182 and in [21] in the region 225^ A ^  255 and also log ftr for 
a number of /З-transitions. The results of calculation are given in tables. 
Table XII, which contains the two-quasi-particle leve ls  of W 182 , may serve 
as an example of these.

In Table X II we firs t give the neutron levels and then the proton ones. 
The configurations of the excited states are written in the firs t column. The 
second one contains Kff, the state with anti-parallel spins, i. e. with £ = 0 
which according to Gallagher’ s rule must have a lower energy, being w ritlen 
first, and below the state with = 1. The energies of these leve ls calculai ed 
according to the considered model are given in the third column. The fourth 
column contains experimentally measured energies of those levels whose 
spins are w ell established and which have quite definite configurations. In 
the right-hand side of the table are given ^-transitions from  odd-odd nuclei 
whose configurations are written at the head of the corresponding-columns'.. 
Note that according to the Gallagher-Moszkowski coupling rule the state 
with para lle l neutron and proton spins possesses the lowest energy of the 
odd-odd nuclei doublet. F o r the (3-decay of an odd-odd nucleus to each leve l 
of an even-even nucleus there corresponds the (3-transition classification, 
provided Д 1 =̂  2 , and in the right one the observable values of log fte and 
in brackets the calculated values of log ftr .

Thus, tables of this type not only predict the energies of the two-quasi- 
particle leve ls  in even-even nuclei but show at what rate these leve ls  w ill 
be populated in the (3-decay of the given odd-odd nucleus. It should be noted 
that the calculated values of' the energies and of log ft depend only on the 
accepted scheme of s ingle-particle levels and the pairing- energies, while 
the /З-transitions depend on the assumptions about the configurations of odd- 
odd nuclei. The decay schemes can change if the experiment w ill show that 
an odd-odd nucleus has some other spin or parity, or it should assign sorr.e 
other' configuration for a given KX

The comparison of experimental data on the even-even nuclei energies 
with theory shows that there is a satisfactory agreement between calculated 
and observed energies of the levels and that the general conception of the 
two-quasi-particle excitations given by the model is found to be corrects
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However, it is known that the situation is more complicated in a number 
of cases.

Note that the calculations in which the test set of single-particle levels 
of the average fie ld  is determined by using the experimental data on odd 
А -nuclei agrees better with the experimental data than with calculations 
in which the single-particle leve ls  of the Nilsson scheme were used, which 
is easily seen from  the (example of the levels of Y b 172 calculated in [32] 
and [ 18] .

The comparison of the calculated energy leve ls of even-even nuclei with 
experimental data shows that the overwhelming majority of the calculated 
lowest two-quasi-particle levels, which are to be populated rapidly for ap
propriate /З-transitions, is discovered experimentally. The task is to find 
experimentally a ll levels obtained from  the calculations (or, to prove that 
some levels are absent). Thus, we should go over from  the check of the 
validity of the main foundations of the model to an investigation of the total 
set of the levels of even-even nuclei and find deviations from  the simple 
picture given by the superfluid nuclear model. If the assumed scheme of 
the single-particle leve ls  of the average fie ld  is true then the'following levels, 
rapidly populated in /З-decays fo r example, must be observed: the proton 
leve l 1+ with e > 1. 4 MeV in W 182 , which must be populated in the /3-decay 
o f the 13 h Re 182 with log ftr = 6. 5 proton leve l 1- with e ~  1. 3 MeV in H f178 
from  lu ^-transition of the 9. 3 min Ta 178 , etc.

F rom  the calculations made on the basis of the superfluid nuclear model 
it follows that the energies of the leve ls  (K, K + l) must, as a rule, be. lower 
than the form al gaps 2C. This phenomenon follows immediately from  the 
blocking effect. We summed up a ll the available data on these leve ls  in table 
V I in order to c la rify  by comparing theory with experimènt what ro le  the 
blocking effect plays in a nucleus. The firs t column of Table VI gives the 
nucleus considered, the second one shows the system, proton or neutron, to 
which the given leve l re fe rs  by marking the states with. E = 1  (the others 
have Z = 0). The values of Юг, the gap 2C, e(K) + e (K + l), the energy calcu
lated assuming blocking and the experimental energy are also given. Note 
that i f  the distance between the single-particle levels of the average fie ld  
К  and K + l is large, then the energy of the system of the state (K, K + l) must 
be higher or of the order of the gap 2C, which occurs, fo r  example, in the 
case of the neutron leve ls  in E r 166 .

It can be seen from  Table V I that the measured and calculated values 
of the energies of the states (K, K + l) agree satisfactorily. Almost a ll the 
experimentally observed energies of the states (K, K + l) lie  lower than thé 
gap 2C.

It follows from  a comparison of the results of calculating the behaviour 
of the (K, K + l) state energy with the experimental data that the blocking effect 
in strongly deformed nuclei plays an important ro le provided that the mean 
energy of the spin splitting does not exceed 700 keV.

The two-quasi-particle aspect of a number of excited states of even- 
even nuclei is proved by the analysis of experimental data on the ^-transition 
probabilities (see histograms in Figs7 and 8). From  these histograms it 
follows that the regions of the values of log fte R4 fo r Э-transitions in even 
nuclei are approximately the same as in odd nuclei. A  la rger dispersion 
of the values of log fte.Rn is related both to the interactions of quasi-particles 
and the fluctuations in the average fie ld  levels, which we have not taken 
into account, and to the insufficient accuracy and re liab ility  of the experi
mental data available.
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In [32] a spin splitting has been found for some states whose energies 
(according to Gallagher’ s ru le) in the states with antiparallel spins (E = (I) 
are somewhat lower than those in the states with para lle l spins (£ = 1 ). The 
spin splitting follows from  the quasi-particle interaction. It points out that 
it is necessary to introduce additional term s into the Hamiltonian. Howe ver, 
the experimental data available on spin splitting are very  poor and it would 
be desirable to increase the amount of such m aterial. For example, two 
leve ls 4- should be observed in E r 168 ; the neutron leve l with the energy 
lower than 1. 1 MeV and the proton one with the energy lower than 1. 5 MeV. 
The 3-decay to these leve ls  from  the state 3+ of Tm 168 is A- forbidden and 
classified  as lA ( lu ).

It is v e ry  interesting to find those states of even-even nuclei into which 
3-decay is F-forbidden. These levels can be observed in the y-transition!з 
from  the higher excited states.

Only a part of the residual forces acting between nucleons in a nucleus 
is taken into account (and, m oreover, only approximately) in the superfluid 
nuclear model. Therefore it is interesting to investigate how strongly tho 
residual interactions not taken into account áffeet the properties of the ground 
and excited states of strongly deformed nuclei. The investigation of the effect 
of pairing correlations on 3 -transition probabilities has shown [ 20 ] that 
3-transitions belonging to the third group (and called F-forbidden) are str .ctly 
forbidden in the superfluid nuclear model. An experimental determination 
of the degree of F -forbiddenness of the 3 -transitions is quite important from  
the point of view  of clearing up the role of the residual forces not taken into 
account as w ell as clarifying whether the formulation of the properties ol 
the ground and excited states of strongly deformed nuclei following from  
the superfluid nuclear model is true and exact.

As is known, the third group includes:

(a) 3 -decays with the change of the number of quasi-particles in the 
proton (neutron) systems by more than unity,

(b) 3 -decays where, besides the change of the number of quasi-particLes 
in the proton (neutron) systems by unity, the configuration oí other 
quasi-particles changes.

It is quite possible that the degree of forbiddenness of 3-transitions w ill 
be different in this case. In case (a) the 3-decay w ill be possible only where 
there are admixtures of the states with another number of quasi-particlei;. 
Such admixtures can appear, e .g . in the ground state of the system due to 
interactions leading to co llective excitations. Such a forbiddenness is calLed 
the F q-forbiddenness. The degree of the Fq-forbiddenness can be determined, 
for example, from  the 3 ~decay of the three-quasi-particle state to the ground 
state of the system. The experimental determination of the degree of the 
Fq -forbiddenness is necessary fo r investigating the m icroscopic structura 
of the co llective states. Note that the Fq-forbiddenness must appear ina-de cays 
and 7 -transition too.

In case (b) the 3 -decay w ill proceed when the admixture of the states with 
other configurations is present, therefore it must have the same order oi 
magnitude as К and A-forbiddennesses. The forbiddennesses o f such a type 
are calles FK -forbiddennesses. However, we notice that in some cases i'; 
must significantly d iffer from  the A-forbiddenness.

The analysis of experimental data has shown that there does not exist 
any s tric tly  fixed F K -forbidden 3-transition. Table X III gives a number 
of transitions which are most convenient in determining the degree of the
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Odd-odd nuclei Even- even nuclei
Energy 

in MeV

Class, 
o f  jW ecay

L

^ E u lse
63

1- p413 i  - n521 t
* > ” P 1 - 532 t - 411 t ~1 .7 aF 0

69
2+ р411 I - n642 t

98 lee
69

n 1 - 523 i - 633 t 1.828 IF 0

n 2 +523 i - 521 4 ~ 1 .7 aF 0

3 +523 i  + 521 i aF 1

1 0 1Lu17i
71

4 -  р404 i + n521 1 102 Y b 172 
70 P 3 + 4 1 1  4 

2 + 4 1 1  4

+ 402 Î 

-4 0 2  t

- 1 .7 IF 

1 F

0

1

P 5 -4 1 1  

4  - 411 \

+ 514 t 

- 514 t

- 1 .8 a F

a F

0

1

109Ta » î
73

3 - р404 4 - п510 t
108w182

74 P 2 - 514 t -4 0 2  t 1.290 a F 0

м> и 1+ р6421 - п624 * 146PuM0
94

n 2 +631 4 - 622 t ~ 1 a F 1

n 1 - 743 t - 622 t - 1 .3 1 F 0

FK -forbiddermess. For example, the 0-decay of Ta18z 3 - with the con
figuration p 404i- n510t to the proton state 2- of W 182 with the configuration 
5141 - 402f is FK -forbidden. The energy of this state, which is w ell popu
lated in the 13-decay of 13 h Re 182 is equal to 1.289 MeV, is in a good agree
ment with the calculated one, E = 1. 3 MeV. According to the data available 
log fte = 8 . 2  for this aFK .0-transition. However, the values of the spin of 
1 1 2  d Ta 182 , the configuration of this state and the values of log f t e = 8. 2 
are not quite re liab le. If we assume that the treatment is correct, then the 

-forbiddenness w ill lead to the 0-decay rate being hindered by about a 
factor of 100. Apart from  the transitions given in Table X III a large number 
of the FK-forbidden 0-transitions are given in [12, 21, 32] .

Among comparatively high excited states of even-even nuclei the four-quasi
particle states must be observed in addition to the two-quasi-particle ones. 
Therefore two types of such states: the firs t type (4n) and (4p) when all the four 
quasi-particles are proton or neutron ones, the second type (2n, 2p) when two 
quasi-particles are proton and two others are neutron. The 0 -transitions to four- 
quasi-particle states such as (4n) and (4p) are F q-forbidden and such states 
should be filled  in 7-transitions from  high excited states. The pairing co r
relations of a superconductive type w ill be absent in the majority of these 
states. The states (K-1, K, K+l, K+2) have the lowest energy. We evaluate 
this energy without taking into account the interaction between quasi-particles. 
For example, in W 182 such a state (4n) has an energy of about 3 MeV, spins 
10, 9, 7, 6, 3, 2, 1, 0 and a négative parity, and the state (4p) has an energy 
higher than 3 MeV, spins 11, 10, 6, 5, 4, 3, 2, 1 and a negative parity. The 
energies of a number of these states can be somewhat depressed because
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of the interaction between quasi-particles. The four-quasi-particle states 
with other distributions of quasi-particles over the average fie ld  orbitals 
are somewhat higher. At excitation energies higher than 3 MeV the density 
of the even-even nuclear levels must increase strongly owing to the four-, 
quasi-particle states.

The superfluid properties of the four-quasi-particle states (2n, 2p) are 
close tothoseof the corresponding two-quasi-particle states. These states 
should be w ell filled  in the fi-decays. In a number of cases such states csn 
be found experimentally in the appropriate |3-trans-ition. The four quasi
particle levels of both types must be observed in a ll even-even strongly- 
deformed nuclei.

There must be six and more quasi-particle states among higher exc:ted 
states of even-even nuclei, although it is not clear up to what energies such 
a treatment of the excited states w ill remain true in its general features,
It is possible that1 neutron-spectroscopy experimentsican answerthis question.

Thus, the agreement of the calculations carried  out on the basis of the 
superfluid nuclear model with the experimental data on the energies of the 
excited states of even-even nuclei and the probabilities of ^-transitions p ro 
vide evidence fo r the correctness of the initial foundations and the sufficient 
accuracy of the approximation of the model under consideration and, con
sequently, the two-quasi-particle aspect of this model can serve as a good 
basis for analysing the levels of even-even nuclei.
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1. INTRODUCTION AND BASIC EQUATIONS

1.1. Introduction

Certain questions connected with the co llective properties of nuclei w ill 
be considered in this paper. There are two different complementary ap
proaches in the consideration o f co llective motions. One method - we shall 
ca ll it the phenomenological one - consists of d irectly introducing collective 
degrees of freedom  and the corresponding co llective Hamiltonian, Нс0ц, with 
some phenomenological parameters. The aim of such a theory is, first, to 
solve the Schrodinger equation with the Hamiltonian Hcoii, and secondly to 
calculate the parameters in Hcoil under certain assumptions or using certain 
models. The Davydov-Filippov model can serve as an example o f such an 
approach to the investigation of co llective properties of nuclei. There it is 
supposed that Hc0udescribes a non-axial rotator and the parameters o f the 
Hamiltonian are then chosen so as to obtain the best fit to experimental data.

The second possible method of investigating co llective excitations of 
nuclei - let us ca ll it the m icroscopic one - works right from  the beginning 
with a many-body Hamiltonian H = Ho + Him . Then such excitations in a sys
tem  of nucleons, the nature of which is  collective, are studied. In this method 
no additional co llective degrees of freedom, and hence no additional phenome- 
enologicalparam eters, are introduced a p riori. In principle, everything is 
determined by the nucleon-nucleon interaction Hint. As a matter of fact, the 
interaction Hint must practically be introduced phenomenologically, since 
it  has not been possible to derive it from  firs t principles so far. The actual 
difference is  in the "degree of phenomenologicality", i .e .  in the number of 
parameters introduced into the theory. One needs only one or two parameters, 
which in principle determine the various properties of a ll nuclei, to determine

H int. whereas in the above-mentioned example of a non-axial rotator, two 
param eters are introduced fo r each nucleus (the value of the firs t 2 + leve l 
and the degree of non-axiality y ) .

We shall deal mainly with the m icroscopic approach and hence the firs t 
question is  that of a reasonable choice o f the nucleon-nucleon interaction 
Hint. A  certain form  of the interaction induces certain correlations in the 
motion o f nucleons. Thus we can draw conclusions as to Hint, having analysed 
the character of the correlations between nucleons in nuclei.

The success of the shell model indicates that a considerable part of the 
nucleon-nucleon interaction can be taken into account by a self-consistent 
field . A  self-consistent fie ld  is  the result of the correlation between a large 
number of nucleons, i .e .  a long-range correlation in this sense (although 
it is  not induced by long-range forces). Obviously some sort of residual in ter
action between the nucleons remains after the self-consistent fie ld  has been 
separated. The question naturally arises: which part o f the residual in ter
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action is  most important? Since the self-consistent field  only takes long- 
range correlations into account, it is only natural to suppose that the r e 
sidual interaction, on the contrary, causes short-range correlations (between 
a few  nucleons) in the lim it-pairing correlations.

COOPER [1] has noticed that bound states between particles become 
possible near to the Ferm i surface ("Cooper pa irs ") in macroscopic Ferin i 
systems even in the case of weak attraction. This leads to the non-stabili ty 
of the ground state of an ideal Ferm i gas and to the origin of completely new 
properties in the system (the superconductivity of metals). Does anything 
analogous to Cooper pairs exist in nuclei? A  positive experimental indication 
of this is  the effect of the pairing of nucleons on one and the same leve l which 
shows itse lf in the mass d-'fference between neighbouring even and odd nuclei. 
Thus it is  natural to suppose that, after the self-consistent fie ld  has beer, 
separated, the basic residual interaction is  such that it causes pairing co r
relations of the Cooper type * .

1.2. Methods fo r the consideration of pairing correlation

Various methods fo r computing pairing correlation in Ferm i-system s 
have been developed recently. They are to a great extent equivalent, though 
they may be convenient to a greater or sm aller degree depending on the prob
lem  under consideration. The physical idea of these methods is as follows.

Since the form ing of bound pairs is  "o f advantage", constructing the niew 
ground state of a system from  Cooper pairs is  quite natural. Let the creation 
operator of a pair in the bound state be

A + = L ф , a + a +. , (1.1)
v v ' V V * '  7

where a„+ is  the creation operator of one particle in state v and <p is  the 
wave function of the bound state of the pair. It w ill be quite natural, there
fore, to seek the ground-state function of the system with 2N particles as

* n = ( A +)n |0>. (1.2)

However, in practice it is  impossible to make use of such a function. I f  If 
is  la rge , the superposition of the (1. 2) functions with different N may be 
used instead of ( 1 . 2), fo r example in the form

*  = eo A + |0>, (1 .3 )

where the parameter a may be chosen from  the condition

< * o ,  ft > = N < * 0J ф о >. (1.4)

Further simplification o f function (1.3) is  due to the assumption about pair 
operator (1. 1). I f  we assume that

Ф » '  = i  <Pi/ ; (Ф£Г = -Фи) (1 5)

*  We are considering medium and heavy nuclei. In light nuclei correlations o f the a-particle type b e

tween four nucleons may be important.



ASPECTS OF COLLECTIVE PROPERTIES OF NUCLEI 293

(let us ca ll states v and v conjugated) then (1. 3) may be written as

* 0 = ex p (a £ ro „a > i)| 0> = Д (1 + « r e p e a t  )|0> , (1 6)
11/1 Ы

where \v | is  the pair of states v, 7. A  function of the (1. 6) type was in tro
duced in the paper by BARDEEN, COOPER and SCHRIEFFER on the theory 
of superconductivity [2]. In this case v and ~  correspond to states of e lec 
trons with opposite momenta and spins, and condition (1.5) means that the 
total momentum and spin of the bound pair is zero. A parameter ст ф „ was 
defined in [2] m inimizing the expectation value of the Hamiltonian of the sys
tem in state ( 1 . 6).

BOGOLYUBOV proposed quite a general and simple method fo r consider
ation of the pairing correlation [3]. The idea of this method is based on the 
quasi-particle concept and involves the explicit introduction of quasi-particle 
operators by means of canonical transformation.

A  few words about the physical meaning of quasi-particles. The low- 
lying excited states of many-particle systems can be approximately described 
as a set of independent elementary excitations or quasi-particles. The ground 
state is then considered to be a vacuum and the excitations of the system are 
induced by the creation of one or several quasi-particles. Such quasi-par - 
tic les in an ideal Ferm i gas are holes inside the Ferm i sea and particles out
side it.

The form  of quasi-particles in the system with pairing may be established 
from  that of function (1.6 ). Let us act on (1. 6) with annihilation operator a„ :

а Л о = 5 ф » а /  П ( l ' + c r q v a / a ^ n l o )
\v'\jv 

= а ф .
V  О *

from  which one may see that

(a„ - а Ф„а~+) * 0 = 0

and, consequently, *o is  vacuum fo r a combination of operators of the type 
a ~  a - . Thus, quasi-particle operators should be sought as

~  ^  V ~  V V  ^ V  1 ( ! •  ^ )

where one must assume ujj + v 2 = 1 in order that transformation (1.7) be can
onical. The equation fo r u„ v„ w ill be obtained from  the minimum energy 
condition fo r the ground state * 0 (defined as vacuum in respect to a„ , i . e.  
satisfying equations av %  = 0); this is equivalent to the requirement banning 
quasi-particle pair creation from  vacuum. The method o f canonical trans
formation allows us to abandon condition (1. 5) and consider pairs of a more 
general type. With this instead o f (1.7) it follows that

av = L (u„f a f - Vyf af+). ( 1 . 8 )

The calculation of average values with a function o f the (1.6) type is 
equivalent to the independent avarage of pairs of operators, such as

a l a 2 a2' a l'/> -  “ч a l a l '  ^  *( a 2a 2' ~ К a l a 2* a 2 a l '  +<\ a l a 2 a 2'a l '  У ( 1 - 9 )
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and "diagonal" expressions only

< a î a x> = v?; <a îax>  = < a Ta x> = u lVl (1 10)

being different from  zero. The decomposition of averages (1. 9), but without 
the last term , is characteristic of the H artree-Fock method fo r the self- 
consistent field . The last term  in (1. 9) accounts fo r  the Cooper pairing effect. 
It is easy to make sure that i f  a more general transformation (1.8) is  used 
instead of (1. 7), relation (1. 9) s till holds fo r averages in the a vacuum state, 
but apart from  the diagonal values ( 1 . 10 ) the more general averages of a iy  
pairs o f operators are different from  zero.

Under the general assumption that the ground state o f the system is 
vacuum fo r quasi-particles between the averages of pairs of operators there 
exist the relations

Ç (<(а 1аЗ^<ча За 2/> + <ча 1а3^> '\a 3a2^ ) = K. a Ia 2^
3 ( 1 . 1  I)

^ К  а 1 аз Ж а2аЭ  ̂+ ^ а2аз)'<\а 1 аз )>) = 0

The variation o f the Hamiltonian average value results in the equations

<̂ 1 2 5 (\ [а 1 а2 ; -Ч У ~ 0
( 1 . -2 )

? 12 = < [a i a2 ; H ] > = 0

which, together with ( 1 . 1 1 ), determine <( at +a2 ^an d /á ia2 )¡ Equations (1, 11), 
and (1. 12) (formulated by BOGOLYUBOV [4]) are a generalization of the 
H artree-Fock method fo r systems with Cooper pairing. We shall use this 
method for considering some collective properties of nuclei.

1.3. Basic equations of generalized H artree-Fock method

Let us w rite down the Hamiltonian of the nucleon system in secôndarv- 
quantized representation as

H = L («Г 12 - X ¿12 ) ai a 2 . (1. 13)
12

+ £ £ < 12  I G I 2 1 1 1 > a2 a2*a i*
122*1*

where ¿ 12  is  the matrix of the single-particle Hamiltonian, and X the chem
ica l potential of the system. Let single-particle states, transient into each 
other by tim e-reversa l, be designated by ( 1, 1) or (v, v). Then, in addition 
to the general properties of symmetry, we have in particular

■ ¿ 12  = £ 2 1  ;<12|g|2'1 '>  = <12|G|2'1'>*. (1.14)

Substituting (1. 13) into the firs t of equations (1. 12) (the second one presents 
nothing new) we obtain
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¿ 12 = Ç [« (1 3 ) <a3 a2 >+ e(23)<a1a3 > }  + Д(12) (1.15)

- Д ( 13 ) <а+а2 > + Д(32) < а * а1> }  = 0

where ____________
e (12) = £ 12  - XSj2 + E<ll'|G|2Í2> < a*. a2.>=  e*(21) (1.16)

Д(12) = -E<12|G| 2’ l> < a 2. a r>=  -A (21 )  (1.17)
1*2'

< 1ГI GI 2'2 > = < 11'| G| 2'2 > - < 11*1 G| 22 ').

It should be noted that the interaction enters this equation only through the 
Cooper pairing value Д and single-partiele Hamiltonian e , where it defines 
the additional self-consistent field.

I f  we form ally assume e and Д to be diagonal, i . e .

e ( 1 2 ) = ej 612 ; Д (12) = Д1 й2Т . (1.18)

then equations (1.11), (1. 15) w ill be satisfied fo r diagonal averages

Pia = <a+'a1 > = {  (1- § ^ ) ô 12; (1.19)

< a2&1 > = I e ¡  6l2,

where _________
Ei = ф 1  + Д i . (1. 19')

The quantity e (12) (1. 16) is the Hermitian matrix of the single-particle 
Hamiltonian with the additional self-consistent field, and may be diagonalized 
by suitable choice of the single-particle states. Physically, this means find
ing single-particle eigenfunctions in the total self-consistent field. Equation 
(1. 17), however, does not lead to the diagonal expression fo r Д(12), as ma
tr ix  elements of the type (  12 | G| 1‘ 1* у generally speaking, are different 
from  zero*. Nevertheless, under certain physically reasonable assumptions 
the condition (1. 18) fo r A(12) appears to be fu lfilled. This is valid, in particu
la r , in the model of the self-consistent potential with a flat bottom, when Д 
may be considered constant in space coordinate representation [6 ] . In any 
case the basic Cooper pairing effect is  determined just by this value Д (11), 
and the non-diagonal parts Д ( 1 2 ), i f  necessary, may be considered as pertur
bation. For the diagonal part of Д from  (1. 17) and (1. 19) we obtain

Дх = - E<1Ï|g|22 > (Д2 /2Е2). (1.19")

*  In contrast to the case o f an infinite system where they are zero because o f the conservation o f m o

mentum.
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F or sim plicity we shall in the following mostly consider Д to be a constar t, 
o r to be more exact *

A i  = - Yi Д where y~ = - Yi J I y J = 1- (1.19 " )

1.4. Perturbation theory

Let the weak perturbation yielding the additional term  V 12 in the single- 
particle Hamiltonian £12 be enforced on the system.

Let designations fo r corrections of firs t order be introduced

<*> к O s  ^  / t (±>* ^ (±)P12 -  2 Ka2ai / ±<ax a2> ) = ft! = ± P5I
4 /  (1.50)

and respectively

(±) (±)- (±) -I (i) , (±)* Ш
£12 = U12 + V 12 = ± JC^H'lGl 2'2> pt 2* + i (V 12± V ? ï)= e 2i = ±e\f ï ( 1.21)  

A(i1  = - E< 1 2 1 G I 2' l'>h i^  = - Л5Г = ± A(2f  .

Equations (1. 11) fo r  the firs t-o rd er term s in these notations take the form

( 1 . 2 2 )
[(e2 /Е2) + (ei /Ei) ] P12 -[(Д2 /E2) i  (Д1 /Ei )] hi2 =0

[( Д2 /Е2) ± ( Д1 /Ei) ] P12 + [ ( е г / Е г ) -  (ei/ E i ) ]h i2 =0,

the compatibility of which is  ensured by equality (1. 19 ). Equations (1. 22) 
yield  the simple relation between ff*) and ht*). It is  convenient, therefore, 
to introduce the new variables, satisfying ( 1 . 22 ) identically.

Let us introduce the values

?(i2 = uiu2 + v i v 2 ; П12 = u iv 2 ± v iu 2 (1.23)

where u, v  are defined by the relations

ui - v f = £ i/E i ; 2uiVi = Д1 /Ei (1 .2  3')

u¡ = ui ; v¡- = - vi-

*  Strictly speaking, A j  is a matrix in spin space o f the form-

A , ( o ° ' )  = ( °  q ) .  '(1.19П)

Taking into account that the spin changes its direction under tim e reversal, i. e.

<Pi(r?o)= <(f (С  - o )  (1.19 >)

it is possible to elim inate the spin coordinate о = ± 1, replacing (1.19b) by

П  = Ъ *  ( O  (1.19 :)

where, for exam ple, = 1 but = l.  As the non-zero components o f (o  o ’ ) also pass into each otfoir 
under tim e reversal we may use (1.19 ••* )  instead o f matrix representation (1.19a).
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Then it is  c le a r *  that because of ( 1. 22) the quantities and hf ̂  can be ex
pressed in the form

Pi? = Hu? Z$

.(*)  _ JW (i) (1 ' 24)
П12 - S12 Z 12 ■

The values Z '12 are reasonably chosen as new unknown quantities. It should 
be noted that the symmetry properties resulting from  ( 1 . 20 ) hold for Z '*'

= - Z |  = z $ *  (1.24)

Separating term s of firs t order in equation (1. 15) and making simple trans
formations we obtain

( ¿ ii±  ^Га)(1 ) /2?и = E 12 Z i2 - Í 12 Au + Пи ¿12 =0 (1.25)

Jíi2 = Ei + E 2 .
Equation (1.25) defines corrections of the firs t order fo r averages from  
pairs of operators ( 1 .20).

Non-diagonal corrections of firs t order enter the expression for the 
ground-state energy in quadratic combinations. Therefore, diagonal co r
rections to averages <(a+a >̂ and <aa^> of the second order should be considered 
simultaneously. Equations (1.11) have a kinematic nature, as they do not con
tain the intrinsic characteristic of the system (interaction). Using (1.11) one 
may establish some general relation between first-and second-order approxi
mations in (1.11). Let us separate second-order term s in (1.11)

( 1 - 2 <а^а1>0)<а{а1>(2>- <a¡aí>°(<a î + <a+xa| ><2>)

=  | « a i a 2 > (1)< a ¡ a 1> (1) +  < a i a 5 ) (1)< a 2 a 1> (1)) t 1 - 2 6 )

< a H > ° ( < a i a 1> (2 )-  < a | a ï > (2)) =  Ç ( < a j a 2 > C1)< a i a g > il )  -  < a j a 2 / >(1) < a 2a I ^ (1>) •

Substituting in (1.26) the values fo r  averages of zero and firs t order and 
expressing the latter through Z ^  according to (1.20) and (1.24), we finally 
obtain the desired relations

W i-  - i  A i K aI a1) t2)+ <aïa+ï > 2)) (1 ■ 27)

= E E (|zC+) |2+ I Z (_> |2)
12  12 12 ... ... (1.28)

ï  ( <a+a >(2) - <al a- >(2)) = E(Z(_) Z(+)* + Z(' y" Z (+) ).N 1 1 '  N 1 , H  ' 2 ' 12 12 12 12 '

*  Relations useful in the calculations should be noted: .
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Let us now find the correction  to the ground-state energy. Using decomposi
tion condition (1.9), we have from  (1.13)

<H>  § ( i  12- <ал > + ^ д а ) < а;а2)< а :? . )

+ ÍE < 1 2 | G | 2 fl'> < a *a *> < V i->

The firs t-o rd er correction  to<(H^>is lacking, as zero approximation is  def ined 
from  the extremum of < ( H ( I t  can easily be verified  using (1.22)). Second- 
order term s in (1.29) containing products of У ^  can easily be reduced
to the form

i £ < l ' ï , | g | 2 ,2 >(p**) P (: \  - p(~> p( ' ) )'  1 1  X 21 12  21 Н1У

• +|E<12 IG j 2'1'> (ĥ +)ĥ +‘r - ĥ *} ĥ  }
N 1 1  21 Г2* 21 1*2

Second-order term s with diagonal averages in (1.29) may be reduced to E Wj, 
where Wj is  defined in (1.27). Expressing (1.30) by means o f (1.29) through 
zW  and making use of (1.27) we get

<H>P!  i E E 12(| Z $ f + | z £ f )
_ _ _ _ _  (1 .30 ')

+ i Е<1г|0|г2>(ч8»йй.^3г^чшй^йгй)
+ i  E < 12| G 12' 1«> « g é & z ÿ  Z$ . ) .

Making use o f the definition fo r e ̂  aod A ^ (1 .2 l )  we rew rite ( 1 . 30') as 
follows

, TT x(2) 1 „ J t +) , _  M  t (+) , (+) Tr(+) _<+) A (+),
< H >  - г ( E 12Z l2 + rji2 (e i2 -V i2 ) - l i 2 Д 1 2 }

(-) „  (-) « , (-) ,  (-> .(- ) . C)
-2  £ Z 21 (  E 12 Z 12 + T7x2 (e i2 -V 12 ) - 512 Д12 },

12
from  which in view  o f the equations fo r Z ^  (1. 25) we finally get

, „ X 2)_ (+) (+) <+) , (-) (-) (-) ...
< H >  - - j £ r)i2 V j2 Z 21 + 2 2 V 12 Z 2 1 . (1.З..) ,

Expression (1. 31) defines the correction  to the average value of the 
basic Hamiltonian H. F o r the perturbating Hamiltonian we obtain in a sim ilar 
approximation

Í21
< V >  = E V 12 <a;a2>W (1.31!)

which, after simple calculation, takes the form  of

(?) (+) (+) (+) (-) (-) (-)
~ Й ^12 ^ 12 ^“12 " ÍS7*12 ^ 12 ^ 2 1 • (1.321)12

From  (1.32*) and (1.31) it is  seen that

<H  1 < V > P)
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1.5. Time-dependent self-consistent fie ld

Hitherto we have been considering equations defining the time-independ
ent ground state o f the system. In describing co llective excitations it w ill 
be useful to introduce the concept of a time-dependent self-consistent field . 
By co llective excitations existing in the system is  meant the possibility of 
separating a special degree o f freedom  connected with the self-consistent 
field  whose excitation does not in terfere with individual particle degrees of 
freedom. In other words, such quantities as single-particle states, as w ell 
as quasi-particles and their occupation numbers ("vacuum" fo r the ground 
state), retain their meaning fo r the excited states o f the self-consistent field . 
In fact, the classification of excitations into co llective and single-particle 
appears to be possible quite approximately, and their interference deter
mines the process o f relaxation and damping of co llective excitations. In the 
time-dependent self-consistent field  method, however, these effects are 
neglected.

Instead of (1. 12) in the case of a time-dependent self-consistent fie ld  
the main equations take the form  of ( ft = 1 )

Q
i y ¡ -  \al a 2 >= <[ai a2; H ]>5A 12

a (1.33)

1 Э Г < а1 а2 > = < aI V  H0 5 * 12-

I f  a time-dependent part of the se lf consistent field  may be considered as 
perturbation, then equations (1. 33J are linearized. In view  o f (1. 20) and 
(1. 24) we obtain in this case

1 Z j2 = Z i2 - f i 2 A l2 + 4l2 ^12 (1. 34)
(±)

from  which fo r Fourier components Z i2 ( и ) we find

(T) (±) (±) (±) (±) (±)
D Z i  2 (u) = E i2 Z i2 (ui)- i j .2 A 12 (<j) + f}l2 £12 (^ ). (1.35)

Here, according to (1.20) and (1.21),

z i*  (u) = - Z n  (u) =±  Z ^ V u )
(i) ~ i i ~ (±) (±) (±) (±) *

A i2 (u)= - E< 1 2 |g| 2 1 ’ > ? r 2- Z r2. (u>) = -A i î (u )= ±  A 21 (- 10) (1.36)
(±) — -̂i— i——  (±) (±) (±) (±) * (±)

e i2 (u) =±  E < ll'|G |2f2 > rji.2. Z r ï  (u )+V Í2 (u) =€21 (-u) = ± e 2 ¡(w )•

It should be noted that equations (1. 35) under transformation 1*-*- 2 and 
u —* - u become complex conjugated equations. Thus it follows that the d is
persion equation fo r (1. 35) defines the frequency и except for the sign.

A fter writing the basic equations let us consider certain problems con
nected with the co llective properties of nuclei.

2. THE EQUILIBRIUM SHAPE OF NUCLEI

2.1. Formulation o f the problem

Numerous models have been suggested recently to describe the excita
tions of those nuclei where the spectrum essentially d iffers from  that of ro 



300 S. T. BELYAEV

tation (spherical oscillating nucleus [12], non-axial rotator [13], model with 
-у-unstable potential [14] and others [15]). Although a ll these models make 
use of the essentially different concepts concerning the equilibrium shape 
of the nuclei, their predictions are quite close and experiment does not £.t 
present offer any possibility of choice in favour of any definite model. In 
such a situation the estimation of the equilibrium shape of the nucleus from  
its intrinsic structure is of special interest.

Deformation in nuclei results from  the effect of polarization by nucleons 
in the upper unfilled shells, hence the problem of the equilibrium shape of 
the nucleus is reduced mainly to the definition of the equilibrium configuration 
of these nucleons. I f  we tem porarily neglect the polarization of the c lo se I- 
shell core and consider external nucleons to be in a spherical potential well, 
then their configuration is  determinèd by the nature of their interaction. As 
was stated above, the main ro le  in this case is played by the two parts of 
interaction: Cooper-pairing and the self-consistent field. When the closed 
shell is  polarized,the external nucleons are affected not only by their owr 
self-consistent field , but also by the additional field  of the closed-shell 
core. But as these fields possess an identical symmetry and are propor
tional to each other, the closed-shell polarization effect is  equivalent to 
the increase of the eigen-self-consistent fie ld  of the external nucleons, a id  
its  calculation is  reduced to the renormalization of their interaction constant.

In the deformed«nucleus the grouping into external nucleons and closod- 
shell core is rather conditional. Let us assume that the region "close to 
the Ferm i surface" lies  in the energy interval < hv/R (v - velocity at Ferm i 
surface) and contains ~ o n e - p a r t i c l e  states. In the slightly deformed 
nucleus hv/R coincides with the intershell distance. In this case, let the 
external nucleons be particles in the upper unfilled shell. It should be noted 
that the double inequality Д «  hv/R «  £F is  valid. Thus, leaving the quest
ion o f interaction renormalization aside, we shall consider only ~  A 2 3̂ nu
cleons close to the Ferm i surface taking their Cooper pairing and the sell - 
consistent field  into consideration.

2.2. Choice of nucleon-nucleon interaction

Let us assume that the spherically sym m etrical part of the self-consist
ent fie ld  is  already taken into consideration in the original single-partiele 
Hamiltonian e, and the residual interaction results only in the deviation fj.'om 
spherical symmetry. Since the most essential ro le in nuclei is played by 
quadrupole anisotropy we may assume the additional self-consistent field  
to be of quadrupole symmetry, i .e .

where and single - particle operator possess the property of spherical 
tensor operators o f the second rank. The right-hand side of Eq. (2. 1) can 
be easily interpreted as an interaction between a single-particle moment 
qM and the total moment Q M of the other particles. We can imply such a:i 
interaction to be a reflection of nucleon-nucleon "quadrupole interaction" 
of the form

E < 1 í|g| 2'2 ><at a2 > = - K L « £ < 1  | q j  2 >, (2 . 1)

G q  (Г].,Г2 ) =- к E  q ; < r 2 ) q^  (rx). (2 . 1 )
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The rea l interaction entering the left-hand side o f (2. 1) is  not reduced only 
to (2.11). In the general case G(?1( ?2) can be expressed as a series of scalar 
products of spherical tensor operators of different ranks. Equation (2. 1) 
im plies in fact that density m atrix which possesses quadrupole
symmetry, picks out the only quadrupole term  from  this sum'1'

In view  of interaction (2. 1) the one-particle Hamiltonian (1. 16) takes 
the form

e (12) = ¿12 -X 6ia -к  2 Q * < l| q J  2>, , (2 .2 )

where the total quadrupole moment o f the nucleons Q M is  defined by

Qm = <а+ав1> ■= (-lj«C3V <2-3>
Let us choose as basic function of secondary quantization eigenfunctions 
vy  of Hamiltonian (2. 2) at the fixed value of parameter

£ \v >= (£ - X- к E Q,j Яр ) I vy= ev (Q)|v>. (2.4)

The firs t of conditions (1. 18) is now fulfilled. Let us assume that the second 
condition is also valid and put (see ( 1 . 19"')).

Л ( 1 2 ) = 71Д б 2Г, (2' 5)

where Д is constant. The interaction yielding the main contribution to Cooper 
pairing and resulting in (2. 5) may be represented as

<^12|g| 2'1' = - G 7 i  Y i '6i2 &i2'- ш (2.6)
«v

A set of matrix elements (2. 6) is  usually called pairing interaction/1' ’

2.3. Equations defining- the equilibrium deformation

In fu lfilling conditions (2.4) and (2. 5), equations (1. 19) define average 
values of pairs of operators by the three parameters: Д, chemical potentialX 
and quadrupole moment QM . The equation for X is  found from  the expression 
fo r the number of particles N:

N =  Sp Cp) = I  E ( 1 - e j E j .  (2.7)

For the definition of Д and QM we get from  (1. 19), (2. 3) and (2. 5)

G E ( 1 /2E„ ) = 1 ' (2. 8)

QM =.Sp(p.qM) =| E <v|qM| v > ( 1 - e „ /E„ ). (2.9)

*  Strictly speaking, the quadrupole term from the expansion o f in spherical tensor operators

has the form o f (2.1*) but with к depending on |~rj | , |"rj|. We shall neglect the inessential dependence and
take к as constant. We may also include the radial factor r2 into с]д and identify it with the single-particle
quadrupole moment (redefining к).

Parameter G must be reasonably considered as phenomenological and taken from experiments. In 

this case its values for the deformed and spherical nuclei (in the same A -reg ion ) appear to be very c lose. 

Therefore, one may consider G independent o f Q.
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Knowing the averages of pairs of operators, the ground-state energy can 
easily be found. As a result of using the above formulae we obtain

W = < H > + X N = E p w (e „+ X ) + {K E Q * Q r A 2 /2G. (2.10)

We shall make an important remark. I f  Eq. (2. 9) is  tem porarily not taker 
into consideration, parameters remain free. In this case equations (2. 1), 
(2. 7) and (2. 8).coincide with analogous equations in the problem treating 
nucleons in the external potential well with deformation parameters Qp . ]n 
such a’ problem one may consider the ground-state energy W(Q(1 ) and in
vestigate its dependence on . I f  expression (2. 10) is used for W(Q/j ) it 
can easily be seen that the positions of the extrema w ill be defined by equa
tion (2. 9). Indeed, differentiating (2. 10) over and assuming A. and Д to 
be functions of defined by equations (2. 8 ) and (2. 9), we get

(3 W /3 Q *) = к. (Qu - Spfpq^)); (2. 11)

therefore, equation 3W /3Q* = 0 coincides with (2.9). The latter, in this 
case, may be treated as condition of consistency: only such deform
ations are physically allowable which coincide with the density deform
ation of the nucleons. It should be stressed that the function W (Q ),strictly 
speaking, has physical meaning only in the extremum points. In particular, 
the second derivatives from  W(Qj,)

Oa-4y/3Q*3QM') = - ^ . S p  (pq„))=K  (I-R )iií.' (2 . i:J)

need not be identified with the physical tensor of the quadrupole restoring 
fo rce ; the latter may be calculated from  the variation of energy of the system 
in the external fie ld *  As a result, we find

I W  = к {R  1 (1 -R )} (i(j' (2. lit)

which d iffers from  (2. 12). In order to investigate the stability of extremum 
states it is  quite sufficient to determine the sign of К only, so the difference 
between (2. 12) and (2. 13) is  not essential fo r us.

2.4. Some general conclusions

Let us proceed to the investigation o f the equation fo r Q ̂  . F irs t of all, 
it should be noted that Eq. (2. 9) defines components Q,j only with an accuracy 
up to the random orientation o f axis. The nuclear shape is  characterized by 
the two invariants

£ Q * Q | i= 0 2 (2.14)
i/ o « *  £  _

= -(2/7) Е(2м- 2/| 2^) Q p Q M- = 02cos 3y,

where (2m1 2p” j 2ц ) are Clebsch-Gordan coefficients. In analogy with (2. 14) 
let us introduce scalar products o f the operator of the single-particle quad
rupole moment q M and the combination Q*//3

*  In [5 ] the restoring force was estimated by the Lagrange multiplier method, which yields a sim ilar
result.
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. q = £ q t i Q * / 0  (2.14')

î  = - (2/7)1/2 E qM (2ц'2ц"\2ц) Q„* Q ?*/02 .
O')

Then from  (2. 9) we obtain fo r  parameters ¡J and у the following equations ;

0 = Sp (p q) (2. 15)

/3 cos 3-y = Sp (p r ). (2. 15')

I f  one chooses fo r coordinate axis the main axis o f the ellipsoid QM(Qo=f3 cos y;
Ql = Q -i ‘ 0 ; Q2 = Q -2 = (1/n/2 ) Э s in 7 ), then

<v| q| v >  = <v| q0|v > co s  7 + |q2 > s inT (2 щ
*

r| v у = < ^[qo > cos 2 у -  -Д ( v  [ q2 sin 2 y.

One may draw several conclusions from  the form  of equations (2. 9) and (2. 15). 
First, there always exists the solution corresponding to sphere (fi =0). In 
fact, in spherical nucleus density matrix p is independent of the projection 
o f single-partie le angular momentum, a n d X ^ v  | q  ̂ | v y = 0, therefore 
the right sides o f equations (2. 15) or (2. 9) when /3 = 0 (Qp = 0) become zero.
It should also be noted that i f  the firs t equation o f (2. 16) has a solution fo r 
13 when y = 0 o r у = тг/3 then the second equation is  also satisfied since when 
y = O.ît/З both equations (2. 15) coincide (this is  seen fr o m (2. 16)). This means 
that there may exist solutions with у = 0 or ir/3 corresponding to axially sym
m etric deformation of the nucleus.

2.5. The region o f sm all deformations

The right sides of equation (2. 15) are the quadrupole moments of nuclear 
density in the external w ell with deformati on ф, у ) . In order to determine 
the nature o f the dependence o f Sp(pq) on ¡3 and у it is  useful to consider the 
lim iting regions of large and sm all deformations. The ratio 1 o f shell leve l 
splitting kQ ( v  I q| v у ~  к (3q and pairing energy Д may serve as a useful c r i 
terion  fo r the deformation value. The deformation parameter usually de
fined, ôR/R, is  related to )3 by the equation x/3q =; epSR/R, where ep - is 
the Ferm i energy and q is  an average absolute value of <V | q| v у . By large 
and small deformations we mean the cases 6R / R «  Д/еР and oR /r » A / e F 
respectively. (Let us reca ll that; fo r  the rea l strongly deformed nuclei 
óR /R ^  A"1/3, i. e. the absolute deformation value 6R/R is  always sm all).
A lso, noting that j8 ~  A 2/3when 6R/R ~  A  -i/3we get the estimate к ^  eF | q2 A.

In the region of sm all deformations the expansion o f the right side oi 
(2. 9) commences with the linear term s Qp and in view  of the invariance has 
the follow ing form

Sp(pq)j) = a O  -ib(7/2)2 £ (2|Г 2M"| 2ц) Q . . . (2. 17)У py.

where a and b are coefficients independent o f Q M . Hence, fo r the right side 
o f equation (2. 15) we obtain
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and fo r a and b we have

I F  Sp(p̂ ) 8 = 0
; b = l/cos 3y ~g~j3~2 Sp(pq) 6 = 0 .

(2.17

The calculation of (2. 17) is  sim plified i f  we take into consideration that ac
cording to (2. 4) and (2. 14')

dejdfr =<1/|Эе/Э)3 |у)= -K<v|q|i/>-ЭХ/Э0 (2. 18)

and derivatives Э Д/Э|3 and ЭХ/Э/3 are zero when (3 = 0. As a result of simple 
calculations we get

a - + a 2 -  к  £ ( Д  /2Е3 ) q 2  v v  + £ p  v v  ( Э  q vv / ЪР) (2. 19)

b cos 3T = f  к2 £ (Д 2 Сц/Еу) q2u„ + |  к £ (Д 2 /E ^qw O  q W/3J3) '(2. 19*)

+ £ Pi/y O 2 qw//9f32 ) v

where the expressions in the right sides are taken when ¡J = 0. F or deriva 
tives from  q „„= i/1 q|y y entering (2.19) the exact formulae is  easily ob
tained (differentiating equation (2 .4 )):

8 W 9 . f i  = 2 к » [ | q w ! |2/ ( V e, ) b (2 . 2 0 )

Let us estimate both term s in (2. 19). The value Á 2 /2Е3 notably d iffers 
from  zero in the region Д ~  Cv A -2/3 wide inside which lie  ~  A  "i/з single - 
particle states. This yields the estimate for the firs t term  in (2. 19), 
ai ~ (кq2/í'p)A~ 1. On the other hand from  (2. 20) follows Sqra'/^ ~  « q 2/<CF . 
so the second term  in (2. 19) in the case of summation over A 2/3 states at 
the Ferm i surface can be estimated as аг ~ a j  A _1 3̂ «  a¡ . Analogous esti
mates show that the two latter term s in (2. 19") a re a factor A ' 1 /3 sm aller 
than the form er one. Thus, fo r particles at the Ferm i surface one may 
conclude'1'

a «  (C £ (Д2 /2E3)q2ro; b cos 3 r « | ( £ 2 £ (Д 2 e„/E5v) q3,
,, > ¿i V

(2 . 21 )

Equations (2. 15), (2. 17), beside the spherical solution p = Po = 0, also pos
sess the form al solution

Pi = 2 (l-a )/b cos 3y (2 . 22)

which, with a c losely approaching unity, lies in the region of sm all p con 
sidered. To determine the stability of these solutions we shall find coef
ficients of the restoring force with respect to the change of variables 3  and 
y. From  (2. 13) and (2. 17) fo r sm all Q (] l-a | «  1) it would be easy to obtsin

K.pp*.— к(1-а) 6 w ,+ Kb(7/2)i  22 (2^2^ |2nt)Q^
Mj ••

(2.23)

*  If summing is made in a2 over all states, then az and a, w ill be of the same order. Term a2 in thfc 
case results in the renormalization of quadrupole interaction constant к.
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The transition to variables /31 and y is  carried  out by means of formulae 
(following from  (2. 14))

3QM/aj3 = Q M /J3 ; a Q |a/9 7 =QMc tg 3 T + ( 7 /2 )^(l/l3  sin 37) t  (2^.2 1 2M ) Q r
mV" (2.24)

Substituting (2. 23) and (2.24) in equality

K xy = L K w - (8 QM /3x)OQ*-/3y) ; (x ,y=|3, 7 ), (2 .2 4 )
MM'

we obtain
Кев = к(1-а) - кЪ j3 cos 3y

(l/í32 )Kj,y = к(1-а) + кЬ )S cos 3 у. (2.25)

For the spherical state (p = 0) the restoring fo rce regarding variables 
/3 and j3y is  equal, as one may expect from  the isotropy, and the stability 
condition takes the form  of a <  1. As is  clear from  (2. 21), the a value is 
w idely dependent on the upper shell filling. It reaches maximum near the 
middle o f the shell ("maximum fillin g ") and is  zero fo r the closed shell 
(where Д = 0). Thus, with a sm all number o f particles (or. holes) in the upper 
unfilled shell the spherical state is  stable up to a c r itica l filling for which 
a = a с = 1. With a further increase of the fillin g the spherical nucleus be
comes unstable.

The coefficients of elasticity in the stationary point (2. 22) are equal to

к » , » , ) - , ! . - 1) ; l2 26)

<M  • - 3 « (a - l ) f ) ;

from  which it is  c lear that with sign (a- 1) either К ев or Kyy is  negative. 
Thus, the state with ¡i = |3i (2. 22) is always unstable.

2. 6 . The region of large deformations (6R/R »  A/£f )

It should be noted that calculation of Sp (p qM ) in this lim iting case is 
equivalent to the problem of the quadrupole moment of non-interacting parti
cles (Д ~>Q) in a weakly deformed well (6R/R «  1). In the quasi-classical 
picture, when the distribution of particles in coordinate space is  described 
by the average density, defined by the shape o f the potential well only, the 
Sp(p4u) valuéis proportional to Qм and does not depend on the characteristic 
of the filled  single-particle leve ls . Density fluctuations, connected with 
particles at the Ferm i surface and, consequently, dependent on their quantum 
numbers, result in the additional contribution to the quadrupole moment.
This part Spipq^) is  very  sensitive to the sequence of leve ls  at the Ferm i 
surface, which is mainly defined by the shape of the deformation, parameter 
7 , and much less by the value of deformation Thus, a change of у from
0 to 7г/ 3 inverts the order o f levels, while sm all variations of (3, in fact, do 
not change it. As a result of the above, the right side o f (2. 15) in the region 
of large deformations may be shown as follows

S p t p q ^ B M  + С 13. (2. 27)
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Here the term  3(y) is  related to the particle density fluctuations at the Ferm i 
surface. It is sensitive to the shell occupation and, therefore,unmonotonously 
dependant on the number of nucleons A. The last term  in (2. 21) is  oí a quasi
classic nature, so one may assert that the coefficient С is  smoothly and mo
notonously dependant on A.

Expression (2. 27) may be approached in another way. One may easily 
be convinced that the tensor Sp(p q )̂ is the derivative over - kQ *  from  the: 
scalar function

U = Epm (e„ + A)- A 2/2b. (2.28)

(X and A are functions o f QM, defined from  Eqs (2. 7) and (2. 8)}. The valus 
of (2 . 2$ is  the nucleon energy in the external w ell in view  of their pairing 
interaction. This energy depends only on invariant quantities j3 and y, con
taining under large deformations the linear and quadratic in ¡3 terms

U « В Ы Р  + j  Cp2 (2.29)

where the firs t term  is the nucleon energy in the upper unfilled shells and 
the last term  is  related mainly to the closed-shell particles. The derivative 
from  (2. 29) in ¡3 yields (2. 27).

From  (2. 27) one may see that the value С is  equal to (Э /3(3) Sp(pq), i. e. 
is analogous to (2.17") in the region of large deformations. Simple analysis 
shows that in differentiating Sp(pq) over /3, the quantities X and Д may be 
considered to be constant* so that the expression fo r С form ally concides 
with (2. 19). In view  of (2. 20) we obtain

C =  (Э/80) Sp(pq) f k L (A 2/2EI) * V [ { Pv -p v) j (zv.-ev)]\qvl!\2 . (2.30)

It should be noted that (pv -pv')/(ev' -  £„)-*• A2/2Ei when e„ — e,/,so the first
term  in (2. 30) is  the sum of diagonal term s, omitted in the second sum. 
Joining both term s we obtain**

С = (Э/Э/3) Sp(pq) = к £[(p„ -pv)/{ev' - £k)] Iq™]2. (2. 3 0vv'

The quantity (p„ -p j l/ ie j -e ¡Í as a function of e u with (ev< - e v) fixed has a sharp 
maximum at the Ferm i surface (e=0), the width of which is determined by 
the la rger of the values (Д, j ev<-e¡/|). The area under the curve is  equal to 
unity. We can consider the matrix element q to be a smoothly varying 
function o f ev fo r  fixed values of (ev’- e v). This makes it possible to perform  
the substitution

(pv - pv’)/ (€v'-ev) ô(€„)

*  This is because the variations o f Д and X under deformation are small compared with the shift of 

single-particle levels d e / 5 0  ~  Kq. Evaluations show that ÔX./Ô8 < ка, A “ l/3 and Ô Д / 03 ~  kc\A" 1* да 

exception is an oscillator model where d\./d0 ^  d e /03. Taking the terms ÔX/Ô3 into account results in 
the compensation o f the first term in (2. 30) for this model*

^  Let us be more exact. The unification o f both terms is possible i f  we take a ll nucleons into consider

ation. The second term in (2 .30 ) may be neglected for nucleons at the Fermi surface. Doing this, the 

formulae in (2. 34) w ill yield not the total deformation, but only that part o f it which is associated with 

the external nucleons.
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in (2. 31) (see analogous calculations in [6J). A fter this the sum over v' in
(2.31) can be performed and, introducing the density o f particles in the ener
getic and coordinate space (on the Ferm i surface)

. p K f , r  ) = Z ф *(г  )ô(e„) cp„( r  ),

we find

С = kJ ó г  p(<?F ; r  ) = к p(£f ) ? .  (2.32)

Here the average from  q2 with an accuracy up to ~  6R/R values does not 
d iffer from  the average over spherical distribution, so one may assume that 
q2 is  independent of the deformation. The value C, as was expected, does 
not depend on the deformation and is  a smooth function of the number of nu
cleons A . The quantity С may be connected with the quasi- c lass ical  coefficient  
of elasticity. And, indeed, from  (2.27) we have (see (2.12)) R w * «C ó p 'f r o m  
which, in view  of (2. 13) and (2. 24" ) we find

K Be ^  к [ (1 / 0 - 1 ] . (2.33)

From  (2. 33) it follows that fo r the stable system the inequality C< 1 should 
be fulfilled.

The solution of equation (2. 15) in the region of large deformations in 
view  of (2. 27) takes the form

0 = 02 = B(7 )/ (l-C ).  (2.34)

The quantitative calculation o f the equilibrium deformation (2. 34) cannot 
be carried  out in the general form, as the function B(7) is sensitive to the 
model of single-particle levels. We shall discuss formula (2; 33) later in 
connection with the vibrations of deformed nuclei.

2.7. Phase transition from  spherical to deformed nuclei

Let us consider the nature of transition from  spherical nuclei to the 
deformed ones qualitatively. It would be convenient fo r  the analysis to write 
down equation (2. 15) as follows

1/a = Л (0) (2.35)

where the function Л (0) in the region of low deformations according to (2. 17') 
is  of the form

Л(0 ) = 1 + (b/2a) 0 cos 37  + . . . . (0 «  Д /icq) (2. 36)

and under large deformations (see (2. 27)) is  equal to

Л(0) л/ С a 1 + B(y) a x0 1 (0 «  Д /icq). (2. 37)

As one sees from  (2. 36) the behaviour of A (0 ) in the region of small 0 depends 
on the sign of the expression (b/a) cos 3y. According to (2. 21) the value a



308 S. T. BELYAEV

is always positive and b may change its sign with shell fillin g .* The extreme 
expressions (2.36) and (2.37) permit qualitative presentation of the function 
A ( 3 ) behaviour, also in the intermediate region.

Figure 1 plots function A(j3) for cases of positive (I) and negative (It) 
values b cos 3y. Solutions of equations (2.35), representing extremum values 
3 by fixed values of y (extremum points of function W(|3) (2 . 10))are given by 
the intersection points of the curve Л= Л (¡3) with horizontal straight line 
A= 1/a. Moreover, one must take into account the solution 3 = 0, excluded 
from  (2. 35). As was stated the (3 = 0 value corresponds to the minimum of 
W(3) when a < 1 (A > 1 in Fig. 1 ) and to maximum when a > 1 (A < 1).

From  Fig. 1 one can easily see the full picture of the distribution of 
the extremum points for W((3).

I.b co s3 y> 0  (curve I. F ig. 1). In this case one should distinguish three 
different regions of shell fillin g (values a):

(1) 1/a > A¡¡ = maxA((3). One minimum when /3 = 0.
(2) A 0 > l/ a >  1 . Three extremums ¡minimum when(3=0 (2) -maximun (3)

-minimum (4).
(3) 1 > 1/a. Maximum when 3 = 0 (5) and minimum for 3 j  0 (7).

II. b cos З7  < 0 (curve II, F ig. 1). Two regions of filling
(1) l/ a >  1. Minimum when 3 = 0.
(2) 1 > 1/a, Maximum when 0 = 0 (5) and minimum when 3 / 0  (6 ).

Thus, in a region of sufficiently small a in both cases W(3) possesses 
the actual minimum when 3  = 0, which' corresponds to the stable spherical 
state. On the other hand, in a region of sufficiently large a there exists only 
the minimum when 3 ^ 0 .

Let us consider now the case of transition from  spherical nuclei to 
deformed ones with the increase of filling (decrease 1/a). When b cos 3y<0 
transition occurs when 1 /a = 1 and deformation beyond the transition point 
smoothly rises from  zero ("phase transition of second kind"). In the case 
of b cos 3y > 0 (curve I) with increase of filling (lowering of horizontal line in 
F ig . 1) the function W (3) acquires a second minimum fo r ji j  0 (4), at first, 
besides the minimum in the point /3=0, which then gradually decreases. The 
transition to the deformed state w ill occur at the moment when both minima

*  For a single j - le v e l  b is negative in fillin g the first h a lf o f  the shell and is positive for the second 

half. In the oscillator m odel we have reversed behaviour. This is associated with the different directions o f 
the le v e l density gradient in these models. Real nuclei in this respect are nearer to the oscillator model.
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become equal. In this case deformation proceeds from  zero to some finite 
value ("phase transition of firs t kind").

Hitherto we have considered the extrema of W(|3) at fixed y. Now 
we shall make use of the stability criterion  with respect to the variation o f 
parameter y. As one sees from  (2. 26) in the region Si small (3 the sign of 
the restoring force coefficient Kyy is defined by the (1-a) value. Thus so
lutions for small |3 corresponding to curve II in Fig. 1, fo r which 1/a < 1, 
appear to be 7 -unstable. Therefore the transition to the deformed nucleus 
may occur only according to curve I. Thus the transition from  spherical 
nuclei to deformed ones occurs with the jump in deformation and is, there
fore, a phase transition of the firs t kind.

3. DO y-DEFORMED NUCLEI EXIST?

3.1. Calculations in harmonic oscilla tor model

As stated above, the estimation of the equilibrium shape of the nucleus 
in the region of large deformations in the general form  appears to be im 
possible.

Let us make use of the oscillator model fo r the single-particle potential. 
In this model the matrix elements o f the single-particle quadrupole moment 
q^ are diagonal inside one shell, and Eq. (2.4) is satisfied for the states 
I v 'y = I nxnynz y (n¡ - oscilla tor quantum numbers). State"'v d iffers only 
by the spin direction.

For single-particle energies eu (|3, y) from  (2. 4) it follows that

Further calculations w ill be carried  out with quasi-classical accuracy 
neglecting values of order 1/n. Then summing over (nx n yn2 ) -within the shell 
n = const may be replaced by integrating over q„ and s„

where 2 Í2 = n2 is  the number of states in the shell under consideration. The 
region of integration in plane (q, s) is an equilateral triangle with thever- 
tic  in the points (2/3 :0) and (- l/ 3 ;±3 '* )(F ig . 2).

Let us firs t consider equation (2. 7) fo r the chemical potential X, i. e. for 
param eter e in (3. 1). In the region o f large deformations (j8 »  Д/к) we may 
replace the density m atrix pvv by the stepping function

and integrate over the region ev (q, s) < 0. The equation defining the boundary 
e„ (q, s ) =0 determines the straight line which, when 0 < у < тт/2, possesses

e„ = e - к p (q y cosy + s„ siny) (3. 1)

where e = tiun - X , and matrix elements q u and s v are equal'1' to

q„ = n j n  - l/ 3 ;s „  =(nx- ny)/«/3n;n=Çn1. (3.2)

(3.3)

{
1  ey < 0
0 e,v > 0 (3.4)

*  We define q¡,, Sy and consequently Q as dimensionless quantities. Dimension factors are included in 
parameter к.
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Fig. 2

negative slope to the axis q. When the line passes through vertex 1 the in te
gration region vanishes. This is  in accord with the unoccupied shell and 
corresponds to e = emax = (2/3)к0 cosy. When the shell is  fully occupied 
(e v (q, s) = 0 passes through vertex 2) then e = e min = (2/3)kJ3 cos[y + (2тг/S )]. 
Thus, param eter e varies when the shell is  filled  in the lim its

= (2/3)<cj3cos[y + (2tt/3)]< £ í í (2/3)k|3 cos у  (3.5)

Let us introduce the new param eter 6 instead of e , putting

€ = (2/3)к(3 cos (y + 26), (3. i>)

then the fu ll variation o f e is  attained when 0 < б <  я/3.
Note that the region o f integration over (q, s) depends on the position of 

the straight line e„ (q, s) = 0 about vertex 3 (the shaded regions in F ig . 2).
It can easily  be seen that the condition of the straight line e „ (q, s) = 0 pas sing 
through vertex 3 may be written in the form  у + б = 7г/3 . Thus, the compu
tation of integrals over (q, s) should be carried  out separately fo r y+  6 < л /3 
and у + 5 > тг/З. Simple calculations give in the case у + 6 <  7r /3

L pvv = 2\f3 П ÍTdqds = Sm 5 + ¿) • (3. ")
V * v v  J.J H Sin 3y Sin4 (7T/3 )

£y<0

It is convenient to introduce fo r the shell occupation characteristic the quanti
ty

X = 1-N/ « ,  (3.8)

which at 0 < N < 2 Í2 varies within the lim its -1 < X < 1. The equation (2. 7), 
in view  of (3.7), leads to the following relation between 6 and X

i . x - e g g f -  ( 7 + 6 < I )  (3.9)sin3y sxn4 (зг/3) W z

Analogous calculations fo r у + 6 > ff/3 result in a sim ilar formula, but with 
substitution in (3.9)

X — - X

y -> - y = ( !r / 3 )- y ;  6 —*~E = (n/3)- ô . (3. 3 0)
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The right-hand part of Eq. (2. 15) is  calculated in a s im ilar way 

£ pw (q ucos7  + sv siny)-,-2,\Гз П ^Çdqds (q cos-y + s sinY).
6y< 0

As a result, we get fo r 7  + б< 7г/3

3 о  siny sin2 б sin2 (7 + 6) f cosS cos (7 + 6) sin¿ sin (7 + 6)
2 sin З7  sin4 (гг/З) L cos2 (гг/3) sin2 (гг/з) (3.11)

(7 + 6 < g- ).

Equation (3.9) defines param eters as a function of the occupation factor X. 
Elim inating 6 from  (3. 11) we get*

J3 = j (7 +6  £  гг/3) (3. 12)

yielding the extremum value ¡i at fixed 7 *. The definition of the region in 
which (3. 12) is  valid after the exclusion of 6 is  as follows

t a n  7 < -У З [(1+ X ) / ( 3 - X ) ]  ; ( 7 +54гг/3). (3.13)

In the region 7  + 6 > n/3 the equation fo r |3 analogous to (3. 12) is  of the form  
(after substituting (3. 10 ))

; (7 + б > гг/3). (3. 14)

It can easily be seen that expressions (3. 12) and (3. 14) coincide at the bound
ary (7 + 6 = гг/3). Note that equation (3. 13) for the boundary o f the two regions 
is  invariant with respect to the replacement 7 -*■7 '; X-*-X.

Substituting the extremum values ¡3 (7 ) (3 .12) or (3. 14) in (2. 10) we get 
the ground-state energy W as a function of parameter 7

W (7 ) = hunN - i  Kj32 (7 ) - f  A 2/G. (3.15)

In the region of large deformations considered the pairing energy A2/G may 
be neglected compared with the deformation energy к (j2, so that the absolute 
minimum of W (y) is  defined by the maximum /3 (7 ), The investigation of funct
ion /3(7 ) defined by Eqs.(3. 12) and (3. 4) is  not very  difficult. Let us state 
here the results.

The values 7 = 0  and 7  = гг/3 are always extreme and one has to d is
tinguish three regions of shell occupation:

(1) - 1 < Х < - 1 / 8  ; 7 = 0  - minimum;
7  = гг/3 - maximum.

(2) - 1/8 < X < 1/8 ; 7 = 0  jand 7  = гг/3 - maximum,

the absolute maximum is  in 7  = rr/3 when X < 0 and in 7  = 0 when X > 0. For

*  When comparing the right side o f (3.12) and general expression (2.27) we see that the term Cg, in 
this case, is lacking. This is due to the fact that we consider nucleons on one shell only. Taking into a c 

count matrix elements o f connecting shells n, 11 ± 2  w ill lead to the appearance o f this term and to the re -
normalization o f  equilibrium deformation S (see 2.34).
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X'= 0 (half-filled  shell) both maxima become equal. There exists an in ter
mediate minimum fo r 7  = y(- X).

(3) 1/8 < X < 1 ; 7 = 0 - maximum; 7  = тг/З - minimum.
The form  of function W (7 ) in the above three regions of X is illustrated in 
F ig .3.

Thus, the equilibrium form  is  always axially symmetrical. In filling 
the firs t half of the shell (X > 0) a prolate shape is advantageous (7 = 0), E.nd 
in fillin g the second half (X < 0) it is  oblate (7 = тг/З).

3.2. Improved oscilla tor model t

The total symmetry with respect to transformation from  prolate to ob
late shape (7 -*-7 ) with simultaneous substitution of particles by holes (X— -X) 
is  a specific feature of the spherical harmonic oscilla tor model due to the 
additional degeneracy of single-particle leve ls  in the orbital angular momen
tum. As is  w ell known, good approximation to the rea l leve l scheme is a1 - 
tained by the inclusion of the term  D i2 yielding splitting over Í  to the o sc il
lator potential as w ell as spin-orbit interaction C (i. s ) [7 ]. We shall con 
sider these correction  term s as perturbation. Such a consideration is valid, 
in any case, fo r the region of large deformations when leve l splitting caused 
by deformation is  higher than that caused by term s D£2 and C(I?S).

The correction  of the firs t order to the ground state energy caused by 
the perturbation potential is given by the expression

w «  = Sp (pV j- E p w ^ l v I v ) .  (3. ::6)

Let us consider term  DÜ2 for which the diagonal matrix element is given by

D^n* ПуП^ 2 ¡ПхПу nz >= 2D(nx ny + п у пг + n z nx +n )

= (3/2) Dn2 [4/9 - (q2 + s 2)] (ЗЛ7)

where q and s have been defined in (3. 2). Substituting (3. 17) into (3. 16) we 
find

WO) = (3/2) Dn2 E pvv [(4/9) - (qg + s2 )]-  (1/4) Dn4 . (3. 3.8)

F o r the la rger symmetry of the formulas we have subtracted "from W ^  the 
value(V4)Dn4 = ^{W W  (N= 2 Q.) - WU) (N =0)}. Using (3.4) and proceeding in
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(3.18) to the integration, excluding 6 by means of (3. 9) we obtain in the region
-у + 6 < 7Г/з

W(l)=--DS12  + [ ^ 0 & ( 1 - Х ) 3/2[ЩЩ-
\l 3 ' j s in S y  (3 . 19)

x ( c o s 7 - |  (1 + 2 ^ - )  I * £ £ l  ( i . x d
I  ' 8  \ sin З7  J\¡ 6  sin 7  J

and when 7  + 6 > tf/3 : n

W m= DÍ22 - [Щ  Dne ( l  + x )3/2\l 3 v ' \J sm З7

x -feos 7-- I  (1 + 2 g g 1 ï _ ) [ | ^ - Ц ^ (1 + х )1 ;  (3. 20)^ ' 8  sin З7  '\l 6  sin 7  ' ’ j  1 7

from  (3. 19) and (3.2Ó) follows the relation

W(1 ) (X ,7 ) * -W (1 ) (-X,7 ) (3.21)

which confirms the fact that the term  DU2 elim inates the symmetry with 
respect to the replacement 7 -*- 7  ; X  ->■ -  X  .

Function W W (7 ) defined by (3. 19) and (3. 20) has the following specific 
features (parameter D < 0 [7 ]):

(1) -1 < X < - 5 . Minima when 7 = 0  and 7r/3 
intermediate maximum fo r 7  f  0 , тг/З.

(2) - - j  <  X  <  . Minimum when 7 = 0 ,
maximum when 7  = тг/3.

(3) \ < X  < 1 . Maxima when 7 = 0  and 7  = тг/3 
intermediate minimum for y i  Q, тг/З (see Fig. 4).

Fig. 4

It should be pointed out here that except for the narrow regions ~0. 75<jx|< 1 
it holds everywhere that W ^(ît/3 )> W ^ ( 0 ).
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As follows from  the above analysis, the term  DjJ2 elim inates the sym
m etry between prolate and oblate deformations and expands the stability 
region of prolate nuclei. The minimum (7 ) at the intermediate values 
o f y , as may be seen from  the plots in Fig. 4, is  hardly .marked. It becomes 
notable only in the very  beginning of shell fillin g ( X * 0 . 8 - 0 . 9) where the 
value W(1)is  its e lf small. Therefore, the term  D£2 may lead to the equi
librium  non-axial deformation only when the ratio | D |//e is large enough. (At 
X = 0. 8 it is  necessary that |D |/k > 0. 3). According to the Nilsson model 
we put ID I « 0 .  025 Hu. The parameter of quadrupole interaction estimated 
in [8 ] is  к = 250 A“1 MeV*. Then for the parameter ratio we find |D |/k ís 0.1 
(for A  = 125), which is  too small for the appearance of equilibrium 7 -deform
ation.

Thus, the main effect caused by the term  B &2 is  the elimination of sym 
m etry with respect to the oblate and prolate shapes. Figure 5 illustrates 
the energetical difference between the oblate and prolate states fo r various 
param eter values |D |/k - A s  one may see from  the plots, when | D| / к  ~ 0 .  ¡I 

the region o f oblate deformations practically disappears.

Fig. 5

Spin-orbit interaction с ( I .  s) essentially changes the order of single - 
particle leve ls, but its contribution to the ground-state energy in the first 
order of perturbation theory is  zero.

3.3. System with two types o f nucleons

T i l l  now we have been concerned with the system consisting of nucleons 
of a single type. Let us extend our results to the system of neutrons and 
protons. Cooper pairing occurs independently in neutron and proton sub
systems. Quadrupole interaction should be considered identical fo r  any pair 
of nucleons** Then it can easily be seen that the basic formulae require only 
significant modifications. Equation (2.4) is  valid i f  by Q M we mean the total 
quadrupole moment of neutrons and protons. Equations (2. 7) and (2. 8) are

*  Oar value к differs from the parameter X in paper [ 8]  by the factor 9/4, namely к =(9/4) X.

For the discussion o f the possible difference in quadrupole interaction cônstants see [9 ] .
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now valid separately for neutrons and protons and define Дп(р) and Xn(p) 
respectively

to the deformed shape has not essentially changed i f  we assume that the para
m eters (a, b, B (y ), C) entering (2. 36) and (2. 37) are determined as some 
values averaged over neutrons and protons. Let us proceed, therefore, to 
the problem of equilibrium shape for the two-component nucleus in the region 
of large deformations (oscillator model).

As is d irectly seen from  the structure o f Eq. (3. 24), equilibrium 
deformation J3 is  determined by the expression

where the function |3 (7 , x) is given by the right sides of (3.12) and (3. 14). The 
ground-state energy as a function of у now takes the form  of (cf. (3. 15))

and (when neglecting pairing) is  defined by the behaviour of f i(y) (3. 26). (We 
have not yet considered corrections to the oscilla tor model). The functions 
£n(p) ('Y>Xn(pP 1^)» (3- 14) in the firs t half of the shell (X > 0) are monoto
nously decreasing functions of y, and in the second half monotonously in 
creasing ones (except the narrow region of non-monotony near the middle 
of the shell). I f  neutrons and protons occupy the same halves o f the shells 
then the sum of functions (3. 26) w ill possess the same properties and, con
sequently, the equilibrium shape w ill be axially symmetrical. But i f  neutrons 
and protons occupy different halves of the shells (Xnx p< 0) then function 
(3. 26) may have a maximum fo r intermediate values of y, thus leading to 
the non-axial equilibrium shape. We shall not ca rry  out the cumbersome 
analysis of the two-param eter function (3. 26) and find its maximum, res tr ic t
ing ourselves to estimating the parameter region only, -at which there exists

The function W (7 ) undoubtedly possesses a minimum fo r 0 < у < ir/Z 
i f  the points 7 = 0  and 7  = тг/З (always extrem e) correspond to maxima of 
W(7 ). Let us find, therefore, the region o f Xn and Xp, for which W(7 ) 
possesses amaximum when 7 =0 , i/3. These regions, whose boundaries are 
defined by means o f (3. 27), (3.12) and (3. 14) from  the equations

(3. 22)

The equation for instead o f (2. 9) takes the form

Q fj = Q j +  Q j?  22 Pwu \  И Ч ц I vy +  ^ 4 (i \ v  У
" p UP

(3. 24)

and presently for the ground-state energy (2 . 1 0 ) we have

W (Q) = E pnuu(ev + X") + E pZ (e„ + *?) + |к E Q* Q
v n  y p  Д r  p

- A2n /2 G U - A2 p/2Gp.

(3.25)

The treatment of the problem of nuclei transition-from the spherical

P (7 ) = P n(y .\ )  +0p (T-Xp) (3.26)

W (7 ) = (hunN)n + (hunN)I>-| K Í32 (7 ) -A 2n/2Gn -A2p/2G p (3.27)

an intermediate maximum of ¡3(7) (i. e. minimum W(7)).
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I

ь

Fig. 6

I(i/y)(dW/d<y)]0¿y =0 ; [ ( i / 7 ) (d w / d y ) l  9=0

are illustrated in F ig . 6 . As can be seen from  the plots, there in fact exist 
such values of X,j , Xp fo r which the function W (y ) possesses a maximum 
both fo r 7 = 0  and 7  = ^/3 (region I lim ited by curves a, b). Such a case takes 
place when one sort o f nucleon occupies the firs t third of the shell (1> X > 0. 4 
o r 0 < N/2 Г2< 0. 3), and the second occupies the last third (-0. 4 > X > - I or 
l>N/2 f i>  0.7). It should be noted that such an occupation of neutron and 
proton shells is  not likely to occur in the known region of the deformed nuclei. 
The taking into account of term  DÜ2 leads to an inessential variation of the 
region o f Xn , Xp with an intermediate minimum of W (7 ). Thus, in the two- 
component system, too, the appearance of an axially non-symmetrical equi
librium  shape is  in practice hardly probable.

It is c lear that we cannot expect a death sentence for the 7-  deformation 
from  the qualitative analysis given above. It would be desirable to perform  
quantitative calculations using the rea l scheme of one-particle levels for 
those regions where the appearance of stable 7-deformation is  most probable.

4. THE ROTATION OF DEFORMED NUCLEI. MOMENT OF INERTIA 

4. 1. Formulation of the problem

Let us proceed now to the consideration of co llective excitations of nuclei,
i .e .  to the problem of the time-dependent self-consistent field . F irst, we 
shall consider the case of rotation of the deformed nuclei. This question 
re fe rs  in fact to the problem of finding the time-dependent self-consistent 
field , but the process of its  solutions involves great difficulties. The so- 
called cranking-model has been generally used (or other equivalent methods) 
and results in the apparently correct value o f the moment of inertia in case 
of rotation. Rotation of the quantum system leads to the additional energy

E.■rot ... * 2J(J + 1 ) 
5 23 (4. 1)
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where J is  the quantum number of the angular momentum and 3 the 
moment o f inertia o f the system. The separation of term s of the type of (4. 1) 
from  the Hamiltonian of the nucleon system, using a reasonable approxi
mation, is  a very  complicated problem. The main complication is  that pertur
bation theory must be constructed so that the rule for angular momenta addi
tion (a lgebraically non-additive preservation law) is  fu lfilled. This difficulty 
may be overcom e in the following way. Let us consider a rotational state 
with very  large J, then the rotation is  quasi-classical, and we may speak of 
the definite direction of the rotation axis (x) and instead of (4. 1) we can write, 
assuming J «  Jx,

Ejrot ^ И 2^ / 2 3  = \ 3 (4.2)

where = ft Jx /3 is the angular velocity of rotation. Thus at large J the 
problem is  reduced to the finding of the energy of state with a definite angular 
velocity. But since the moment of inertia is a coefficient independent o f J, 
and having found it from  (4. 2), we simultaneously also define (4.1). The 
substitution o f (4. 1) by (4. 2) is  the main idea of the cranking model. We make 
use of an equivalent method.

We shall look fo r the lowest state of the system at a fixed average value 
of the angular momentum about the axis of rotation (perpendicular to the 
nucleus symmetry axis). For this purpose we shall add the term

Hfj =-í2Jx = - í2  11 jx| 2 у aj a 2 • (4.3)

to the Hamiltonian, where Jx is  the operator of angular momentum and Í2 
is  the Lagrangian m ultiplier which w ill be determined later from  the condition

J x  У =  ^ x -

4. 2. General expression fo r moment of inertia

Let us consider (4. 3) as perturbation. Then the problem is  reduced to 
the calculation of the correction  to the ground state of the system under ex
ternal perturbation. Since the angular momentum operator changes its sign 
under time reversal, i .e .

<!|Jx l 2 > = -<2|JX |1 >, (4.4)

then, according to the classification of perturbation ( 1 , 2 1 ), we have in this
case

v fcX = - n <l| j*| 2 > ; V $  = 0 ; (4.5)

therefore, we may put z\¿ = 0. To define Ẑ  ̂  we have from  (1. 25), (1. 2) and
(4.5)

E ia  Z (i 2 -  ?  У  Д 12  +  n i ?  U l 2 = П  r j ü  <  1 1 j  x I 2  > .  (4 .  6 )

The correction  to the ground-state energy according to (1. 31) is, in this
case, equal to

< H f =  I  U2 E rfi2 < 1J j x I 2 > (Z[ f '/ Q ) .  (4.7)
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The parameter Г2 is  found from  the equation Jx )> = Jx , i. e. in view of (1. 3) 
and (1. 32)

<Hn > =- Q2 E rj{¡ < l| j x I 2 > (Z tí*/ n ) = - П Jx- (4. B)

From  (4. 7) and (4. 8) it follows (see (4. 2) ) that

(2)
< H >  = \ ¡  3, (4.3)

where the moment of inertia 3 is determined by the following expression

* =  2 4u < 2 |jx | l>  (Z 1 2 /ÍI). (4 . 10 )

F o r  analysis, it would be convenient to represent 3 in separate terms.
Using (4. 6) we write

(4. LI)

where

1)= SI< 11 I 2 > i2(n<12>2/Ei2 (4J2)

3 (2)= ¿ < 2 | jx | l> (A (i2 / n ) (€ u ¿ 2 /Eia) (4.3 3)

3(3) = - E <2|jx I О Ш м /П К п и ^/Е и ). (4.14)

The consideration of the rotation by means of the adiabatic perturbation 
theory (the usual form  of the cranking model) gives only the first term  in 
the moment of inertia [ 5] .  This method is  equivalent to taking into account

'(2) (2)
the diagonal corrections to the average values only, i .e .  <a+ aj )  and <a.j a2 / 
which may be done within the framework of the usual Bogolyubov u, v - trans
formation. The consideration of non-diagonal averages results in two ad
ditional term s. The term  Э<2) takes account of the effect of rotation on Coope r 
pairing*(this is  expressed by the appearance of A l l  ). The last term , as 
follows from  its structure, describes the variation of the self-consistent 
field  under rotation. Note that so far we have obtained the explicit expres
sion only fo r the main term  (4. 12). Expressions (4. 13) and (4. 14) con
tain the function 2Ífá, which must be found in order to solve integral equation
(4.6).

4.3. Estimation of the basic term  3^1

For quantitative calculations of the moment of inertia fo r rea l even- 
even nuclei we may restrict ourselves to the term  3 ^  . Using the explicit 
expression fo r r/ ->2 (see second footnote o f 1.4) we have from  (4. 12) (con
sidering Д<°> to be constant)

3(1)= E| < l| jx |2>|2 [E iE 2 - e i e 2 - Д2]/ 2E1 E2 (E 1 +E2). (4.15)
12

To estimate (4. 15) let us use the method proposed in [6 ]. At the fixed indiîx 1

■ Í 2 )
*  The term 3  was first obtained by MIGDAL, who used the method o f Green*s functions [ 6]  .
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in the sum of (4. 15) the second index 2 takes just the few values permitted 
by the selection rules fo r the matrix element of j x . As can easily be checked 
the last factor in the sum at fixed difference ei -e 2 has an abrupt maximum 
over variable ei whose width is  Д (or |ei - e2 j i f  | ei - e 2 |> Д ) at the Ferm i 
surface and

If there is a sufficient number of levels in the region Д (or jei - e 2 | ) (this 
condition is practically valid fo r nuclei) one may make the follow ing rep lace
ment in (4.15)

1 IIn the model of the oscilla tor potential.the m atrix element (  l| jx | 2 у for 
the two types of transitions is different from  zero:

(1) Transitions inside a single oscillator shell ("near transitions") fo r  
which

is  the deformation of the potential);
(2) Transitions across the shell ("distant transitions") fo r which

The m atrix elements of transitions are inversely proportional to the co rre 
sponding values of d. Taking account of a ll the above, we get the following 
estimation for (4. 19)

where the rigid  body moment o f inertia is  denoted by 30, which may be 
form ally obtained from  (4.15) or (4. 19) in the lim it Д->0. As follows from
(4.21), Cooper pairing considerably decreases the moment of inertia. 
Although the above evaluations, re fe r  to the oscilla tor potential, qualitatively, 
they are also valid for other models.

A  number of authors [10, 11] have carried  out detailed calculations of 
the moment of inertia using formula (4. 15) on the basis of the sem i-em pirical

J d e i fE iE a - e i e 2- Д2]/ г Е ^ Ф х + Е г )  = l - g [ ( e 1-e2)/2Д] (4.16)

where

(4.17)

As a result we get

(4.19)
12

d1 = I ei - ег I =ü| 4l - u 6R/R (4. 20)

(here uz , wx are oscilla tor frequencies in different directions, and 6R/R

d" = |ei-€2 I** .2fiu. (4. 2 o')

The following inequalities are then valid for near and distant transitions

d' /2Д 4  1; d"/2A »  1. (4.20)

3(1> *  3o [l-g (d '/2A )], (4.21)
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Nilsson leve l scheme [7 ]. The results fo r a ll nuclei are in good agreement 
with the experimental values of 3 (deviations, as a rule, are less than ll)% ).

4. 4. Hydrodynamical lim it and gauge invariance

From  a purely theoretical viewpoint one should not be restricted only 
to the term  3 ^  in the moment of inertia in spite of the good agreement with 
experiment, bn fact, in the lim its of a very  strong pairing strength (Д » d ,,il"), 
when the size of the Cooper pair r 0 ~ftv/A (v - velocity at Ferm i surface) 
becomes much less than the nuclear radius, the hydrodynamical equations 
of an ideal liquid should be valid, resulting in a moment of inertia

3,rrot »  ?o ( S R / R f .  (4 .  2:: )

Expression (4.15) or (4. 19) in this lim it becomes zero. The main role in 
this case belongs to the term 3*2' which yields (4. 22)*.

Note that i f  interaction between nucleons is  approximated by the pairing 
interaction (2. 6), then = 0 and the term  becomes zero. Thus, when 
using model interaction (2. 6), the transition to hydrodynamics at Д->0 is 
lacking. This is  associated with the fact that interaction (2. 6) is gauge non- 
invariant. For gauge-invariant interaction the "diagonal" matrix elements 
< 1 Ï|g| T 'l'>  are connected with the "non-diagonal" <̂ 1 2 |g|2 ' 1 'J>, so that 
the latter cannot be randomly considered tobe equal to zero, as in (2 . 6).
Let us consider, for instance, central short-range forces

G (? i? 2) = -G 6 ( ^ - ? 2). (4. 2 :¡)

In this case equation (1. 19" ) for Д can be transformed to

GX ^ S r ^ =1- (4- 24)
1

For an arb itrary function of the space coordinates ф (r ), in view of (4. 23) 
and (4. 24), one may easily get the following equation

Ф12 T2 = T E < 1  2| G| 2' l-> (Е&/4Щ. Е20Фх. ^  , (4. 2!»)

yielding the relation between the different matrix elements of the interaction. 
(The value 72 = -72 has been defined in (1. 19™)).

The connection between the gauge-invariance of the interaction and the 
possibility of passing over to hydrodynamics has a simple physical meaning. 
In the hydrodynamic description macroscopically sm all parts of the liquid 
move re la tive ly  to each other in such a way that their intrinsic structure 
stays the same. In particular, the interaction between particles does not 
change. In other words a local (in the macroscopic sense) Galileian in va ri
ance exists in the liquid.

In a Galileian transformation the single-particle wave function trans
form s according to

_ ____ __ Y ( r ) - ?  ( r )  e ^  (4.25 )

62)
*  This was shown by MIGDAL [ 6]  who also obtained the exp lic it expression for 3  in an oscillator 

model.
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where P/m is  the re lative velocity o f the two fram es of re ference. I f  we
have local Galileian invariance in the system, then P i s a  function of the 
space coordinates and hence the transformation (4. 25' ) actually coincides 
with the gauge transformation

where X Ç Î )  is  an arb itrary function of the space coordinates. Thus the in ter
action m atrix e lem en t ( 1 2  |g| 2 ' l'^> in a hydrodynamical system must be 
invariant under transformations (4. 25" ).

The model Hamiltonian (2. 6) is  rather poor in the sense that it only 
describes the interaction of pairs at rest. When the pair moves as a whole 
the interaction is  switched off. Naturally it is  not possible to pass over to the 
hydrodynamic lim it fo r  an a rb itrarily  large interaction o f such a type.

4. 5. Estimation o f the term  3^2)

Let Us transform  the in tegral equation (4. 6) making use of (4. 25). For 
sim plicity let us neglect the variation o f the self-consistent fie ld  under ro 
tation and assume U^* = 0. Then, using the definition o f (1. 36), we get 
from  (4. 6)

£ Ф* (г )Ф 1(г )[1/Е1Е2(Е1+Е 2) ] { ( е1-е2)2т2Д(12 - 2 П Д  ( e i - e 2 )< 1 ] j x| 2  > J =0 . 
12

(4.27)

F rom  (4. 28) it is  c lea r that equation (4. 28) is  satisfied i f  we assume that

î  ( r ) V ï  ( Г )  е1х(Г) (4. 25" )

Л(12 + C ¿12 lG |*l*>  { é $ / E tx )d $ r (4. 26)

In the case of central interaction the value A ^ is  a function o f the space co 
ordinates, so that fo r Д^2 (■* 7 2 Ф\2 ) the equality (4. 25) is  valid. As a result, 
equation (4. 26) may be reduced to the form

from  which, after substituting Ç' rf 'and using (4. 23), we obtain

Note that i (e i - e 2) £1 |jx] 2 )> s is  the m atrix element of a function of the 
space coordinates j*2 = y(3u/3z)-z(9u/3y). Therefore, multiplying (4.27) by 
j*2(f* ) and integrating over r*, we obtain

E [l/ E 1 E2 (E 1+E 2) ]  { ( e 1 -e 2 )2 j2x1 iA u T a -2  ПД|£а ]2}  =0. (4.28)

(4. 29)

*  In a macroscopic system the above statement follows directly from the form o f the interaction, anal
ogous to (2.6), nam ely < p  -  p | G | -p* p* > .
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where

V  13л i 2 h  1.1L 1 2
(4. SO)

From  (4.13) we then find

I Ë I -  Y / v  № ■ ! ’ f a - » 4*
12 2Ei

I I_______ \ / \ I'IZ.I_______  ч ~ ч
i E 2 ( E i + E 2 ) / / / _ ,  2E1E 2(E1+ E 2) Ч 2Д /  (4.31)

v2

Let us now assume the self-consistent potential of the deformed nucleus t э 
be of the form

U = U ( r s2) (4.32)

where
ïÎ= (x2 + y 2 )/ (l- fô R / R ) + z2 /[1 +(4/3) (ÔR/R) ]. (4ЙЗЗ)

Then fo r the function j x we obtain (accurate up to term s linear in 6R/R)

j51 = y(3U/3z)-z(3U/3y) =- 4yzU '(r2 )(6R/R). (4.34)

Let us note also that in the case when Д »  d', d" one may substitute in (4. 31)

1/E1 E 2 (E 1 +E 2) -* (1/A2)b {e1). (4.35)

With the aid of (4. 34) and (4. 35) it is easy to see that the right side of (4. S 1) 
tends to the finite lim it when A->°Pand 3(2) ~ ( 6R /R f as it should be in th e 
hydrodynamic lim it.

5. VIBRATIONS OF DEFORMED NUCLEI

5.1. Model with quadrupole interaction

Let us apply the equations of the time-dependent self- consistent field 
to the consideration of the eigenvibrations of the deformed nuclei. We shall 
restric t ourselves to the consideration of quadrupole-type vibrations of 
nuclei with axially symmetrical deformations. Two types of vibrations art! 
known to exist in this case. One type conserves the axial sym m etry,p-vibra
tions, and in the second type the axial symmetry is disturbed,‘ 7 -vibrations. 
To  solve the system of homogeneous, integral equations (1.35) we make a 
sim plifying assumption as to the interaction matrix elements. To start with, 
we consider only the quadrupole interaction (2 . 1 1)» which naturally plays a 
decisive role in vibrations of the type considered. Then in (1.35) one must 
put
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where

(+) (+)
Q  ̂ = ( 1 2 ) rj12 ^ 12  •

12
(5.2)

A fter substituting (5.1) into (1.35) we get

(5.3)

or after eliminating Z

(E 2 -uj2) Z (+) =кг)(+ )Е £ q * (1 2 )Q u.12 12 12 12  ̂ M ^
(5.4)

From  (5.4) and (5.2) we obtain the system of algebraic equations for

The factor E12>7isi+̂ /CEi22 - to2) in the sum in (5.5) is a positive function with 
maximum at the Ferm i surface while q ^ f ^ )  is the alternating function. Hence, 
at not very  large deformations (6R|R «  1) one may consider that the main 
term on the right-hand side of (5.5) is a term withM 1 = M . In this approxima
tion we have

from  which we get the following dispersion equation fo r eigenfrequency и

It is convenient ‘to transform  Eq. (5.7) somewhat. We introduce the 
notation

%  = Kf2 / ^ 1 2  - ) l q / 1 2 )E q * .(1 2 ) (5.5)

(5.6)

к / < < - « ’ ) ]  r 1 - (5.7)

a = K E| q  ( 12 ) |2 ( „ « *  /E12)
12

B(u) = (ic/ct) E I Чр(12) 12 (П и Я/Е18) [4 Д 2/ (E ¿  2 ) ].

(5.8)

(5.9)

Then Eq. (5.7) can be rewritten in the form

(и/2Д)2 = [ 1/a - 1] /В (u). (5.10)
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The right side o f (5.10) has a simple physical meaning. The quantity {1/a - 1) 
is  the restoring fo rce  coefficient (cf.(2.13))and B(u) the inertial parameter 
fo r  the vibrations in question.

We shall use the same procedure in considering cr and B(a) as when 
calculating the momentum of inertia. I f  we keep the difference d = c i - e 2 
fixed, the quantity r j^/E ^  as a function of ex has a sharp maximum of 
the width A (or d i f  d > at the Ferm i surface. Assuming that | qM (12) J2 
changes little  in this in te rva l* , and taking into account that the integral o f

The ¡quantity Ü becomes purely imaginary fo r w2> d 2 = ( c i ~ e2) 2- For im 
aginary arguments the function g(x) has the form

It can be seen from  (5.14) that g (ix ) has a singularity when x tends to unity 
from  below.

Substituting (5.13) and (5.14) in (5.8) and (5.9) we obtain

rlH2 /E12 over ei is  equal to unity, we may make a replacement in (5. 8):

(5.11)

The same arguments allow an analogous substitution in (5.9)

(5.12)

where g(x) has been defined in (4.17) and

(5.13)

(5.14)

a = к E 6 (e  )| q (12) f  
12 1 <*

B(u) «  U/a) £ 6 (^ )1  q (12) f  (1 - g( £ ) )/ i2 .

(5.15)

(5. 16)

The quantity (5.16) can be expressed as

,B (u ) = t(l - g(£))/£2] (5.17)

*  Otherwise it is necessary to consider values o f | (12)| averaged over the interval Д  (or d).
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where the symbol [ ] means averaging with the weight > c ô ) ^ ^ ( 1 2 ) 12 , i .e .

[XJ = (k/<t) E 6 (e1 )|q (j(12) | 2 X (e - j - c 2) • (5.18)

The operator o f the single-particle quadrupole moment q has two types of 
m atrix elements: the firs t, with d <  2 A , connects states with near-lying 
energies for q0 diagonal; the second connects distant states with the transi
tion energy d " »  2 A . The weight function in (5.18) has consequently two peaks. 
Therefore when estimating the average (5.18) of a smooth function X (C j - e2) 
it can be assumed that

[X ] = (CT'/cr) * X (d ')  + (o"/a) X (d") (5.19)

where d 1 and d" are mean values o f ej - e2 for near and distant transitions 
and a ', a " are the corresponding contributions of these transitions to (5.15). 

Using (5.17) and (5.19) we can transform Eq. (5.10) to the form

F(->) s (U/2A )2{ (0'/g) l- — ^  + (ff"/ff> -  7 j  = a ' 1 - 1 . (5.20)
L £ 1 & j

The le ft side of (5.20), F, as a function of w is shown schematically in Fig. 7. 
The solutions o f the dispersion equation (5.20) are obtained as the in tersec

tion points of the curve F  = F (и) with the horizontal line F  = ст-1 - 1. It 
follows from  the graph that there are two solutions *

0 < u>x < -/4Д* + d '2 ,
(5.21)

4 Д2 + d ,2«  u2 <-/4 A z + d"'2.

Now we obtain these solutions d irectly from  equation (5.10). Let us first 
consider the low -energy solution ui. Since Ui «  d" we have £" x  d"/2A»  1
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and hence we can neglect the contribution of distant transitions in the sum
in (5.16), containing the factor (1 - g {Ц))/Ц2. If we now introduce the renor
malized constant of the quadrupole interaction

Keff = K/ (1 '  = K/[ 1 - к Е " 6 (еЛ |qu ( 12)j2 ] (5.22)en 12 ^

the dispersion equation (5.10) can be written as

(и/ 2 Д )2 = 1 ~ * е»  Б 6 (C1 } K  ( 1 2 ) 12 (5 23)
Kefff2 ' 6 (ei)|qM( 1 2 )|2 ( l - g ( i ) ) / i2

i.e . it contains sums only over near transitions. Therefore mainly nucleons 
at the Ferm i surface are involved in such excitations. The polarization of 
the other nucleons (described by distant transitions) only leads to a renorm a
lization of the quadrupole interaction between the nucleons near the Ferm i 
surface.

If the vibrations are adiabatic, 1 . e. if w  ̂ 2 Д (ог, more exactly, if  
| j}'| «  1), the expansion g (&') ^  1 - I  i '2 can be used and (5.23) then be
comes

(ц/2Д)2=(3/2)1. " *eff ____ . (5.24)
Ke ffE ' 6 (4 ) 1^ ( 1 2 ) I2

Note that the energies of the /3 and 7 -vibrations (related to q0 and q2 
respectively) do not d iffer in the adiabatic approximation, since the sums 
in (5.24) can easily be shown to be independent of ц. The more precise formu
la (5.23) gives a difference between Wgand.iOy and the inequality u g < w y 
always holds. This follows from  the fact that for Э-vibrations qo(12) ~  612 ,
i .e .  d 1 = 0 , whereas for 7 vibrations d'  ̂ 0 .*

Let us now consider the second solution (5.21). In this case u2 ~  d" »2 Д ,
i .e .  1 П  ~ 1  and \ i'\ ~  иг/2Д »  1. Therefore the contribution of. the near 
transitions to the function crB(u) (5.16) is negligible. The solution to2 of Eq.
(5.10) lies in the region

d" < и 2 < -уД Д2+ d" 2 (5.25)

since it is just in this region that the function (и/2Д)2 B(u) rapidly increases 
from  the value (2cr"/3a) (d"/2 Д)2 to infinity (see Fig. 7).

Thus the second solution, lying in the region (5.25) describes vibrations 
of a large number of the nucleons in the nucleus, since it is  substantially

Similar results have been obtained in [1 6 ,1 7 ]. y-transitions have also been studied in [9 ] .  Comparisons 

with experimental data are given  in [9 ] and [17] . -
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determined by distant transitions. The energies of these vibrations exceed 
the single-particle excitation energy 2Д and therefore the existence of rea l 
excitations of this type is  rather doubtful.

5.2. E ffect of the gauge-imariant pairing interaction

We have investigated eigenoscillations of deformed nuclei, considering, 
in fact, only two parts of the interaction: quadrupole interaction (2 . 1 ' ) and 
pairing interaction (2.6). As we have seen in the case of rotation, the use 
of gauge non-invariant interaction (2 .6) results in the loss of the term  32 
in the moment o f inertia. So it is  quite natural in the case of vibrations, 
too, to consider the more realis tic interaction (4.23) instead of (2.6).

It is convenient to proceed from  equations (1.35) to the system of equa
tions fo r д Ф  and e ^  . Making use of ( 1.36)’ it is  easy to get

д (±) + z  < 1 2 1G I 2 ' 1 ' )  (±)2 д (±) _ (±) (i) (±)

Г2' E J2, - u2

+ и 5 Й ? (1 ) Д(1) -u ? (±) n(7) eP) } r2„ = 0
(5.26)

+ e(,±2 + E ----- i--------2^  f Е т Г 'Г 'Д ^  - ErjlIJV :
Г 2- E 1>2. - D

+ u T7(±) Д(;) - w n(±) riœ €(Т> } Г2, = 0 .

<11 G 2 2 > (±) (±) с±) (±)2 (±)

F o r simplification of equations (5.17) note that ?i2̂ a t  fixed difference ej - ег 
is an odd function of e± + e 2 . i .e .  changes sign at the Ferm i surface, 
while 1$  , r)|2̂ , E 12 are even functions of e i - ег- Thus, one may neglect 
in (5.17) term s containing linearly. In this case the equation for Д (+) 
is  separated. Further, note that in the case o f quadrupole vibrations the 
perturbations of the self-consistent field  exhibit the same symmetry 
and it is  natural to assume that —q^. On the other hand qr, and have
different parity with respect to tim e-reversa l and therefore e jÿ  = 0 for 
vibrations with quadrupole sym m etry.* Taking the above statements into 
account we obtain from  (5.26) a system of equations for Д (') and

4 1  ( E Д »  - И » r  « "  ) -  » .
E r2.

( + )  I  ^  ^  У (+)2 ( + )  ( + )  ( - )  ( - )
4(2) + £ T ^ ------"  -W П( ) 5 ( ) Д ( ) )Г2. = °-

1*2 *

(5.27)

*  This condition is fu lfilled  automatically for the quadrupole interaction (2.1*). Note that the quadrupole

part o f the spin-spin interaction V ( l ,  2 )~ (o  (see e - §■ lectures by Prof. de-Shalit) leads to

¿  ̂  = 0. However, such an interaction is probably o f no importance. .
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Let us now make use of the gauge invariance o f the interaction. A s
suming Д (‘ ) to be a function of the space coordinates and using relation ’4.25) 
we transform  the firs t o f equations (5.27) to

I  « j»
12 “ L '  4 Е Д  J  . J12 1 z

It is only natural to suppose that ùS.~) and have the same coordinate 
dependence. Let us put

4+2 = X% (12^
1 (5.:!9)

a (;> = yq^dát

Multiplying (5. 28) by qM( r )  and integrating over r  we obtain after some calcu
lations

У K i e l 's ;eS I ^ ?)
12  ( 5 " t 0 )

Let us now consider the second of equations (5.27). Substituting the 
quadrupole interaction (2 . 1  ') and dropping the sm all terms (cf. the trans
formation of (5.5) to (5.6 )) we obtain

x - E»c|q (12) I2 -— ^ Í _ { r ) (a2 2 x-(uA/2E iE 2 ) y )  = 0. (5.31)
12

Perform ing identical transformations, we can bring (5.30) and (5.31) to the 
form

(u/2A) A(u) x + C(u) y = 0
(5.32)

[ ( l /ст) - 1 - (u/2A)2B(u)]x + (и/2Д)А(ы)у = 0

where

A(w) = (/cyfcr) g  I q ^ f^ E u s / E iE a Œ ia - u 2)) (5.33)

С (и) = (к/и) l\  qM(12 )|V  Eu/Ei E2 (E ¡2-u2) ) [  ((e i - e2 )/2 Af- (и/2Д)2}
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and the quantities cr and В (w) have been defined in (5.8) and (5.9). Demanding 
that the system (5.32) of algebraical equations have a non-trivial solution, 
we obtain the dispersion equation

*

(10/2Д )2 = [ ( 1 /or)-!)/ [ В (u) + A2*(w )/C (u )]. (5.35)

In contrast to (5.10) the right-hand side o f (5.35) contains an additional 
term  in the denominator. This means that the consideration of the gauge- 
invariant pairing interaction leads to an additional term  in the inertia l pa
ram eter (in fu ll analogy to the case of rotations).

Expressions s im ilar to (5.17) can easily be obtained for A(u) andC(u)

A M M g l i U ;  c M = [ i 2 g (i ) I .  (5.36)

F o r the firs t type of vibrations (ui in (5.21)) when | £'\ < 1 «  | ц"\ the con
tribution o f distant transitions can be neglected when calculating A (u ). Con
tra ry  to this, the distant transitions give the main contribution to С (to) so 
that in the adiabatic case (| £ 11 «  1 ) near transitions can be completely neg
lected.

There is  a marked quantitative difference between the solutions of (5.35) 
and (5.10) although qualitatively they are the same. Indeed, in the adiabatical 
approximation the energies of |3 and 7 -vibrations obtained from  (5.35) are 
equal and i f  non-adiabatic corrections are takeç into account ue < u , s im i
la r ly  as fo r  equation (5.10). The actual difference between these equations 
appears when passing over to the hydrodynamic al lim it. For Д »  d ',  d" 
the inertia l parameter B(u)/4 Д2 tends to zero, whereas the lim it of the 
quantity A 2 (u)/C(u)4 Д2 is  finite

А 2 И  _____  £226(6! )  1^ ( 1 2 ) I2 ^  ^

4Д2С(со) Д -00 ;E 6 (e i)|qfl(l2 ) I2 (e i - e 2 )2

Thus, by taking into account the gauge-invariant pairing interaction, 
s im ilarly  as in the case of rotations, it is  possible to pass over to the hydro- 
dynamical lim it.*

5.3. C ritica l analysis o f the results

It can be seen from  (5.35) that the vibrational energy depends essential
ly  on the value of the restoring force coefficient (ст '-1 - 1). Using the ap
proximation (5.15) fo r the value cr, the restoring force coefficient is  defined 
by

K =  (a ' 1 - 1) = (1 - « 2  6 (6! ) ]  Чд(12)|2/к £ 6 (e i )|q(j(12)|2 (5.38)

*  A similar result has just been obtained by Zaretaky and Urin (private communication).
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and is easily seen not to depend on ju, In other word, the restoring force 
coefficients fo r  0 and 7 -vibrations are equal to each other. This result i¡¡ 
rather surprising from  the physical point of view.

Relation (5.38) seems even more doubtful i f  the restoring forces for 
spherical and deformed nuclei are compared. The quantity cr", determined • 
by distant transitions is essentially the same fo r spherical and deformed 
nuclei (for 0-vibrations cf. (2.19) and (2.30)). The quantity a 1, describing; 
the contribution of near transitions is  of the same order of magnitude as 
cr" fo r  deformed nuclei. F o r spherical nuclei ct 1 is  sensitive to the fillin i; 
o f the upper shell. In particular, fo r magic nuclei we have ct' = 0. Thus we 
have fo r  the comparison of magic and deformed nuclei

(j" * . a "  a' = 0 .  (5.39)
mag def d e f mag

It follows from  (5.39) that the restoring force  coefficients К (5.38) are 
of the same ord-er of magnitude fo r magic and deformed nuclei and d iffer 
only by a numerical factor. However this result is  known to be wrong. The 
e lasticity of magic nuclei is a volume effect, whereas the elasticity of de
form ed nuclei is  determined by the properties of the surface (we mean the 
hydrodynamical part defined by (5.38)). Hence the correct ratio is

К , /К ~  A '*  . (5.40)
def ' mag

Relation (5.40) cannot be fu lfilled fo r any arb itrary value of к in (5.33) 
and therefore it is  necessary to presume that (5.40) must be considered £:S 
some sort of restriction  on the choice of the parameter к. What is the physi
cal meaning of this restriction?

The param eter к determines the strength of the quadrupole interaction,
i .e .  the value of the additional self-consistent field  with quadrupole aniso
tropy. The spherically sym m etrical part of the self-consistent field  has 
been included d irectly in the single-particle Hamiltonian e . Thus the two 
parts o f the self-consistent fie ld  have, been taken into account in two different 
ways. However, the self-consistent fie ld  in the nucleus is unique and uniform. 
In particular, the dividing of the field  in a deformed nucleus into the spherical 
and anisotropic parts is very  subjective and it is  most certainly not correct 
to choose the magnitude of the anisotropic part arb itrarily . Thus it is  ev. dent 
from  the physical point of view  that the value к must obey a certain con
dition fo r the self-consistent field  to be uniform. This condition can be very 
simply formulated in the hydrodynamic lim it, where the restoring force coef
ficient must be.determined by surface tension. In other words, the main, 
volume-dependent, part of the restoring force coefficient К in the hydrody
namic lim it must be equal to zero. The hydrodynamic expression fo r К i¡s 
given just by (5.38). The condition of the homogeneity of the nuclear self- 
consistent fie ld  can then be formulated as (see 2.32)

к E6(e '  )|q  (12) I® *  K p (  £?)  q 2 = 1
12 p

(5.41)
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Thus in (5.35) the main term  (in the quasi-classical approximation) in  
the restoring force coefficient is equal to zero and the quantity cr must be 
calculated up to the next-order corrections to the quasi-classical approxima
tion. These corrections naturally d iffer fo r |3*and 7 -vibrations and the main 
difference between the energies o f (3-and 7-vibrations is  due to just this factor 
(since the sm all difference in the inertia l parameters is now of no importance). 
The correlations to the quasi-classical approximation depend on the single
particle level-schem e and therefore a difference between the Д-and 7 -vibra
tional energies can be expected to change non-monotonously as a function 
of the atomic number A. Existing experimental data seem to confirm  this 
qualitative statement.

6 . STRUCTURE OF THE NUCLEON-NUCLEON INTERACTION.

VIBRATIONS OF SPHERICAL NUCLEI

6.1. Expansion of the interaction potential in pairing states with a definite 
angular momentum

Considering various problems connected with the collective properties 
o f nuclei we extracted certain parts of the nucleon-nucleon interaction, those 
most important in each special case. We divided the interaction matrix 
elements into two classes, one contributing to the self-consistent fie ld  and 
the other determining the Cooper pairing. Here we shall consider the struc
ture of the nucleon-nucleon interaction in more detail and shall establish 
the connection between the two types o f m atrix elements.

We shall firs t consider the interaction to be described by some potential 
V. For sim plicity we restrict ourselves to central forces. Then we separate 
the angular dependence of the interaction potential and express it with the 
help o f spherical tensor operators

V (?  - ^  ) = E v K(ra rb) (T* (a) T K(b) ) . (6.1)

The matrix elements of tensor operators T1̂ between single-particle states
I 1  )>= I jj mj> are equal to

< l ]  TpK| 1 ' > e  [ 1 /(2K +  l ) * j  (1Ц T K|| ! ' ) < $ .  (6.2)

where fo r  brevity we have introduced

C^, = (-1)11 ■ m’1 ( j .n ^ j ' - m'x I KM ) (6.3)

and (1 ]] T K|] l 1) is  the reduced matrix element, not depending on the magnetic 
quantum numbers. Taking (6.2) into account the matrix element of the poten
tia l (6 . 1 ) can be written as

< 12 1 V 1 2 '1 '>=  EFK (12; 2 'l ' )  C$.
к

(6.4)
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where

F (12;2 '1 ') = Б“(К) (12; 2 '! ')  (2 11 T K || 2') (l'|| T K|[ 1) (6.5)

and F (R) is  a radial Slater integral

F<K> (12 ; 2 ' l ' )  = [1/ (2K +  1)]/ R ^ a )^  (b )vK( r arb JRg.flaJRf (а)г? r|drad rb.if
(6.3)

Using the expansion (6.4) the interaction Hamiltonian becomes

(6.7)

Formula (6.7) represents Hint as a product of pair operators

where the pairs consist of a particle and a hole and are characterized by 
the angular momentum K. The coefficients FK in this case determine the 
strength of the interaction between pairs. Putting outgoing or ingoing lines 
respectively into correspondence with the operators a or a+ we can represent 
each term  in (6.7) by a Feynman graph

The lines on the same side of the dotted line correspond to operators bou:id 
into pairs.

Besides (6.4) three more expansions of the matrix elements are possible, 
with different grouping into pairs

2 '
(6 .ÍI)

< 121 V ) 2M' >= t  FK (12; 211 ') C^, (6.13)

= E f K(1 2 ;2 'l ')  C j gKm p K|i 
1 2  1 *2 *

(6 .П )

= £ f K ( 12; 2 ' l ' )  C ^ C ^ . (6.12)
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(here C^ 1 is  the Clebsch-Gordan coefficient C hm ^m ç I  Km). The expansion
(6 . 10 ), in which the angular momentum of a particle-hole pair is  fixed s im i
la r ly  as in (6.4), corresponds to the Feynman graph

(6.13)

In (6.11) and (6.12) two ingoing or two outgoing lines are connected into pairs 
(particle-particle or hole-hole pair). These expansions correspond to the 
graph

(6.14)

and can be reduced to each other by a simple permutation of the indices in 
the Clebsch-Gordan coefficient, so that:

f  ( 1 2 ; 2 ' 1  ') = ( - l ) Jl' i! + K' a f K ( 1 2 ; 2 'I'). (6.15)

Using Racah algebra we can connect the coefficients o f the various expan
sions . Thus, in addition to (6.15) we obtain

f ( 1 2 ; 2 11 1 ) = £ ( - 1 )^ ' ' ¡2+L 
K L

(2L + l)W (K j2' j 1 L ; j 1' j 2)F (1 2 ;2 1 l 1) (6.16)

FK (12;2 '1 ') = E (2L + 1) W (KjJj^L; j 2j 1 )F(12; 2 4 ') (6.17)

where the W are Racah coefficients. The formulae (6.15 - 6.17) express all 
the coefficients of the expansions (6.10 - 6.12) with the help of FK , Let us 
consider the structure of coefficients FK (6.5).

6.2. Connection between the expansion coefficients in the asymptotic ap
proximation

The radial part of the single-particle wave-functions depends weakly 
on the nuclear quantum numbers. The same is true for the radial matrix 
element F (K> (6 .6). In addition, the dependence of F^K) on К is also Weak,



334 S. T. BELYAEV

because of the short-range character of the forces. (For a 6-function forces 
F (K) do not depend on К at a ll). Thus the main dependence in (6.5) on the 
quantum numbers is due to the reduced matrix elements, the explicit ex
pression for which is

2K + 1  J

( 6 . H)

Note that the Clebsch-Gordan coefficient ( Í 1OÜ2OI КО) in (6.18) contains a 
factor (_ 1 )(«1+к+Сг)/2 ^ is  thus an alternating quantity fo r arbitrary 
values of and The collective effects that we are studying are described 
by coherent quantities, containing sums over wide regions of the levels l\  
and .fe- Hence the main contribution^to collective effects comes from  the 
diagonal quantities (ji|| T K|| j Ü) .In  addition, the main contributions to the 
sums over states | Ц  У  come from  leve ls  with high angular momenta. Thus, 
it is possible to use an asymptotic expression, valid for 2 j + 1  »  1

Ш | |  t K |I Ü )  * *  0 ( K )  ( - 1?  K / f c j V  ( 2J +  ( 6 . 1 : 3 )

2 ( 2 'У
where в (К) is  equal to unity fo r  even К  and to zero fo r  odd K. Putting (6 . .9) 
into (6.5) we obtain (for К  «  2j + 1)

FK (12; 21) -  pW  б (K) -\J(2j , + 1 ) (2j 2 + 1) K / 2 ( | ! (6 .2D)

where F (K) = F (K4 l2 ;21 ). The quantity (6.20) describes coherent particle - 
hole interaction. From  (6.16) and (6.17) we obtain for the coherent parts 
of the other coefficient

f  (11;22) = L (- l ) í,)l+L (2L + l)W (K j2j i  L  ; j 2j i  )FL (11; 22)
K L

FK(12;12) = E (2 L + l)W (K j2 j 1 L ; j 2j 1 ) F L (12;12). (6.21)

From  the symmetry properties of (l|| t |[ 2) it is easy to obtain the relation

F (11; 22)= ( - l ) j l ' Í2FK(12; 12) (6.22)

making it possible to connect the right-hand sides of (6.21). As a result vre 
obtain

A consideration o f  the general case leads to a complication o f the formulas without changing the essence 
o f the matter and so we restrict ourselves to  a consideration o f diagonal terms only.
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F (12; 12) = ( - 1)®1 fK( l  1 ; 22) (6.23)

and further it is  only necessary to consider one of the relations (6.21). The 
main contribution to the sum (6.21) comes from  term s with large L. This 
enables us to use the asymptotic expressioh fo r FL(12; 12). For large values 
of £, j, L  it is  easy to obtain

„ ,, (íSL + e,)/2 ¡ ,
(1 H T  ||2)«.(-1) 0(4 + L  + ^г')22 ît X

[tan(a\z /2) } {

_±[cot(o'i2 /2)]
(6.24)

where the firs t expression is  to be taken fo r Aj - A£ = (j2 - j 2) - ( i i  - £2) = 0 
and the second fo r  Aj - A£ = ± l  .The quantity « ¿ (0  < a 12 ^ 7Г ), having the 
meaning of the "angle" between and j 2 is  defined as

L _ L ( L + 1 ) - 3! (3 X + 1 ) - j 2 ( j 2 - 1 )

2 ( ^ ( 3 !+  1) J2 (j 2 + 1)̂
cos “ 12 = ----------T-— г— — 7 T -----------------------------4 —  • (6.25)

Putting (6.24) into (6.5) we find

( tan -îi?
F (12; 12) F  0(^1+ ^г + Цгтг’ 1 / 2 L

I  cot ai2

(6.26)

p(L) = F (4 ( 1 1 -22 ) '

correspondingly fo r even and odd values of A j - A £. To calculate the sum 
in (6 .2 1 ) we can also use the asymptotic form  fo r the Racah coefficients

к

w  -  T b j . l ' S ' i . i . - i ,  p ^ 0> ,6'2,)

and then replace the summation over L  by an integration according to

E 0 ( i i  + L  + i 2 ) (2L + l ) .  . .  -» i ( 2j \ + 1 ) (2 j 2 + 1 ) J 'd  cos .......

(6.28)

Using (6.26), (6.27) and (6.28) we obtain from. (6.21)

/+
ï K( 1 2 ; 1 2 ) = ( - l ) K>/(2j 1 + 1 ) (2j 2 + 1 ) - ¿ r  J F (L )PK(cos aL

(6.29)
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If we neglect the weak dependence of F ^  on L  the integral in (6.29) can be 
taken in the general form . For even К we have

ТГ K l
= ; / pK(cos «> cot ~  d cos a - 2 (6 .3  0)

0

From  (6.29) and (6.30) we obtain.

¿V; (12; 12) = i  V < 2 j1+ 1) (2 j2 + 1) I KF . (6 .33 )

Corhparing (6.31) and (6.20) and taking into account (6.23) we find fo r even 
К the following relations between the expansion coefficients;

The particle-particle interaction in a state with angular momentum К 
(taking exchange effects into account) is determined by the quantity (see

For a partie le -hole pair the corresponding quantity is defined by a sum of 
the graphs (6.9) and (6.13)

6.3. Short summary and generalization of the results

The above calculations were based on two assumptions about the nuc le an- 
nucleon interaction

A. The interaction is  described by some potential.
B. The forces are short-range.

In such a case
(1) The fir s t-o rd e r 1 vertex parts fo r two particles with the angular mo-

FK( 1 2 ; 1 2 ) = (- l)l l ' tsfK( l l ;2 2 ) = | F K(12;21). (6 .32 )

(6.11), (6.12) and (6 . 15))

Г (0) (1 ;2 ;K ) = I  [ f  (11;22) - у 1 1 ;2 2 ) ]  = 0 (K )fK( l  1 ; 22). (6.33Í
PP

= F (12; 21) - F (12; 12).
pn К К

(6. 34;i

Combining (6.32), (6.33) and (6.34) we finally obtain

( - l ) ! l - ^ r (0) ( l ; 2 ;K ) = Т ^ ( 1 ; 2;К ) = | ( 1 2 ; 2 1 ). (6 3 5 '
pp ptl K. '

ment К
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1 2

Г  (11; 22; К) = 
pp

К (6.36)

1 2

and those for a particle and a hole

Г  (11; 22; К) = 
ph

1

1

К 
ч—

(6.37)

are connected by relation (6.35).
(2) The quantities (6.36) and (6.37) fo r large single-particle angular 

momenta become separable (see (6 .20 ) )

Note that when more general non-diagonal quantities Г  ( 111 ; 22'; К) are con
sidered (see footnote to 6.2), we would obtain analogous results. In particular,, 
instead of (6.38) we can obtain

(3) The quantities (6.36) and (6.37) are determined by only one parameter 
(F (K) const, in (6.20) ) in the asymptotic approximation. Note that i f  we 
include spin-spin interaction in the potential analogous results can be 
obtained, but naturally there w ill be one more parameter.

The following question obviously arises: which of the results obtained 
are only consequences of the assumptions A  and В and which hold in more 
general cases.

In the generalized H artree-Fock method which we are considering, the 
explicit expression fo r the Hamiltonian H = H 0 +. H üu is used and the m atrix 
elements of the interaction H tat enter d irectly into the final results. Thus 
form ally this method uses some kind of perturbation theory. However, it 
can be shown that the final results do not change i f  we consider the nucleon- 
nucleon interaction more consistently. In such a case the interaction matrix 
elements < 121 G | 2 ’ 11 ^are replaced by some effective interaction, which 
is  an infinite sum of different Feynman graphs * [ 18] .

In general the quantities (6.36) and (6.37), i. e. the effective interactions 
of two particles or of a particle and a hole are determined by different sets

Г  ( 11 ; 2 2 ; К) = Г (К)д/2 + 1 - y j ï j 2 +1. (6.38)

(6.39)

*
The most convenient method investigating pairing correlations in a system for such purpose is that o f 

GREEN'S functions [18 , 1 9 ].
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of Feynman graphs. Hence relation (6.35) is  not satisfied for these quantities. 
On the other hand the dependence of the effective interaction Г  on the quan
tum numbers (formula (6.39)) is  determined by kinematic factors. Thus
(6.39) can be expected to hold also in the general cáse, but the parameter!» 
Г(К) w ill d iffer fo r particle-particle and particle-hole pairs.

The classification of vertex parts as particle-particle and particle-hcle 
ones corresponds to our original division of matrix elements into two c las
ses. It is easy to understand that particle-particle vertex parts cause the 
Cooper pairing * and that the particle-hole interaction contributes to the 
self-consistent field. In particular, the quadrupole interaction is  determined 
by the quantity Tph (K = 2).

6.4. Vibrations of spherical nuclei

We shall use the results on the structure of the effective interaction 
in investigating the vibrations o f spherical nuclei.

According to the above, we now replace the interaction matrix elements 
by the effective interaction according to

Putting (6.40) into (1.35) we obtain the following equation for the component 
Z  ̂  (u, K) with the angular momentum К

(6.4.0)

< И ' I G| 2 ' 2 > ---- ГрЬ (12 ;2 '1 ';K ) C ^ C ^ -

(6.41)

We now assume that Грр and r ph are separable according to (6.39)

Грр (12 ;2 '1 ';K ) = -Грр(К) g 1 2 g r2.

r ph(1 2 ;2 4 ';K ) = - Г ^ К )  . g u g f ï (6.42)

g l2 = ((2 j 1 + 1 ) (2 j 2 + 1 ) 3 *

Cooper pairs in spherical nuclei can be shown to be characterized by the total angular momentum J = 
Thus the ground state o f a system with Cooper pairing is an analogy (and a generalization) o f a state with 

seniority v = 0 in j n configuration.
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Putting (6.42) into (6.41) we obtain, a fter transformation, the follow ing sys
tem  of algebraical equations

cp = Г  E[ g2 |<+>2 E/[E2- и2) ]  ф + Г  £ [ ( g 2 f< V +)E/(E2 - ^ ) 1 х  
12 1 P 12 12

+ ЫГ E[(g2Ç (+)| (' ^ E 2 --u2)^  ^
12

X = Г  p E.[ g2? (+) r, (+)E/(E2 - u2 ) ]12ф + Г  h E [(g2r, (+)2 E /(E2 - u2 ) ] ^ X

+ “ Г  E [(g2 n (+) f (_) /(E2 - U)2 )] 0 (6 • 43)
12

Ф = r  P [ g2 ? (' )2 E/(E2 - U*)] Л + и Грр E [(g2 Ç(+) /(E2 - w2)]
PPJ2 12 12

+ u r ppE [(g2 Ç (' ) T7 (+)/(E2 - u2)] 12X.

It is  necessary when solving system (6.43) to make certain assumptions 
about the single-particle leve l scheme. To make a qualitative analysis of 
the solutions we-shall consider the case of a shell consisting of a system 
o f degenerate states. Then , r j^  and are constant and the system 
(6.43) can be greatly sim plified. Taking into account that 1 ,щ£~ ® О
and Ç (+)2 + n(V2 -  1 we obtain after simple calculations the follow ing d is
persion equation

(E2 - u2)2 { (E2 -Грр (K)) 2 - ы2 - (E - r pp(K)) (T ph(K) - Грр (K)) n<+)2 } = 0

(6.44)

where

Г (К ) = Г (К ) E g 22 . (6.45)

From  (6.44) we obtain the vibration energies

и ~ (E Г ÍK))\ 1 Т& (К)~  Грр (К) „(+)2
wk " (Е -  Грр (К)) V Е - Г  (К) 4

'  РР
(6.46)

It follows from  (6.46) that i f  the constants Fph and Грр are close to each 
other, (i.e . i f  (6.35) is  approximately valid), then

WK » Е - Г рр(К).
Such a spectrum has a simple physical interpretation. The quantity E is 
the binding energy o f a Cooper pair. In an "ideal break-up" of such a pair,
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when the particles are infinitely separated after the break-up, the excitation 
energy of the system is  just equal to E. Actually the excitation energy is 
sm aller by the value of the interaction between the particles in the final 
state (in our case IJ,p (K) )*  . Thus for IJ>h« Грр the spectrum is  in fact of 
a single-particle nature.

Collective properties arise i f  the condition

[ r ph (К) - T pp (K) ] /[ E - Грр (K) ] > 1 (6.47)

is  fu lfilled. Then the excitation energy can become considerably sm aller 
than the single-particle one. M oreover, in such a case there is  a dependence 
on the shell fillin g  ( r¡ M2 ) * *  and this c learly  indicates the collective 
nature of the excitations.

The quantities Г (К ) can be expected to decrease rapidly as К increas es. 
So fo r a б-functional interaction (see (6.35) and (6.20)) Г  (2) = | Г (0 )) There
fo re  condition (6.47) can actually be fu lfilled fo r К = 2 provided that

rPh (2) »  Г рр(2) • (6.48)

It can now be said with assurance that quadrupole vibrations of the type 
considered do exist in rea l nuclei, i .e .  that the condition (6.47) is fulfillad 
fo r  К = 2. I f  (6.48) is  considered to be valid the quantity Грр (2) can be neglected. 
Then the equations fo r quadrupole vibrations w ill only contain two parameters: 
rpp (0) (=E) and rph (2), i. e. the interaction of two particles with the angular 
momentum К = 0 and that of a particle and a hole with К = 2. Note that the 
model Hamiltonian containing these two types of interaction is just that con
sidered in these lectures. These qualitative arguments give an insight inta 
the reason fo r  the success of quantitative calculations of the spectra of 
spherical nuclei, based on the simple Hamiltonian with Cooper pairing and, 
quadrupole interaction [ 8 ] .

R E F E R E N C E S

[1 ] COOPER. L .N .,  Phys. Rev. 104 (1956) 1189.

[2Q BARDEEN. J., COOPER. L .N . and SCHIFFER, J.R., Phys. Rev. 108(1957) 1175.
[3 ] BOGOLYUBOV, N . .  JFTP 34(1958) 58.
[4 ] BOGOLYUBOV, N . .  Uspekhi f iz .  nauk 67 (1959) 549.
[5 ] BELYAEV, S .T . ,  Mat. Fys. M edd. Dan. V id . Selsk. 31_(1959) 11.

[6 ] MIGDAL, A .B ., JETP 37 (1959) 249.
[7 ] NILSSON, S .G ., Mat. Fys. Medd. Dan. V id . Selsk. 29 (1955) 16.

[8 ] KISSLINGER, L.S . and SORENSEN, R .A ., Mat. Fys. M edd. Dan. V id . Selsk. 32 (1960) 9.
[9 ] BES, D ., Mat. Fys. M edd. Dan. V id . Selsk. 33 (1961) 2.

BES, D. and SZYM ANSKI, Z . f Nucl. Phys. 28 (1961) 42.

*  Note that since E = Грр(К  = 0) equation (6.46) for К = 0 gives u -  0. This is quite natural since Coopet 

pairs with К = 0 were already taken into account in the ground state.

The value 2 in this case changes from zero for m agic nuclei to unity for nuclei with a h a lf- filled  ¡h ell.



ASPECTS OF COLLECTIVE PROPERTIES OF NUCLEI 341

[10] GRIFFIN, J.J. and RICH, М ., Phys. Rev. Lett. 3(1959) 342; Phys. Rev. 118 (1960) 850.
[11] NILSSON, S .G . and PRIOR, O ., M at. Fys. Medd. Dan. V id . Selsk. 32 (1960) 16.

[12] SCHARFF-GOLDHABER, G. and WENESER, J., Phys. Rev. 98J1955) 212.

[13] DAVYDOV, A . and FILIPPOV, G . . IETP 35 (1958) 440.
[14] WILETS, L. and JEAN, М ., Phys. Rev. 102 (1959) 788.

[15] RAZ, B.J. Phys. Rev. 114(1959) 1116.
[16] GRIN, J. and ZA RET SKI, D .,  Izves. Akad. Nauk USSR (ser. Phys.) 9 (1961) 1169.
[17] ZARETSKI, D . and URIN, M ., JETP 41 (1961) 898.

[18] BELYAEV, S .T . ,  JETP И  (1960) 1387.

[19] BELYAEV, S .T . ,  P h y s ic a l  (1960) 181.





WEAK INTERACTIONS AMONGST NUCLEONS 
AND LEPTONS

H .A . TOLHOEK 
INSTITUTE OF THEORETICAL PHYSICS, STATE UNIVERSITY, 

GRONINGEN, NETHERLANDS

1. INTRODUCTION

In this series of lectures we are concerned with weak interactions 
amongst nucleons and leptons. To be more specific, we shall study the effects 
due to the three following 4-ferm ion interactions: beta-interaction, muon 
decay interaction and muon capture interaction. These concern the following 
processes with elementary particles:

beta-interaction

n—» p + e~ + v 

or p — n + e+ + v ( 1 . 1 )

or e - +p -» n + v

muon decay

M"*- -*• + v + V . ( 1 . 2 )

muon capture

+ p — n + v . (1 .3 )

These processes may be studied either fo r free  elementary particles or 
fo r  nucleons contained in atomic nuclei. We lim it ourselves mainly to those 
4-ferm ion interactions for which the strangeness is conserved and we shall 
not consider weak interactions which do not conserve strangeness and which 
describe the leptonic or non-leptonic decay of K-mesons and hyperons (ex
cept fo r a few  remarks in section 8).

Even with this lim itation the subject is so extensive that a subjective, 
somewhat arbitrary choice of topics is inevitable. Emphasis w ill be laid on 
those phenomena which seem of the most fundamental importance either fo r 
elementary particle interactions or for nuclear structure. We shall confine 
ourselves mostly to а До wed transitions. It w ill be emphasized and explained 
in some detail that the study of muon capture in complex nuclei deals with 
an extensive fie ld  of "muonic nuclear physics", which has only just started 
to be studied. The present situation is reviewed generally, while detailed 
calculations are carried  out fo r some selected examples.

The appendices give some notations and details of calculations. I am 
much indebted to my co-worker M r. H. P . C. Rood for his help in preparing 
these notes.

343
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2. GENERALITIES ON FOUR-FERMION INTERACTIONS; THE TWO- 
COMPONENT NEUTRINO THEORY

In these lectures we shall use the following Hamiltonian for 0 -in ter
action

= j|  L i ЩЪФп ) tgi @ьЦф„) + g( )1 + h .c.

(i = S, V, T, A, P )

(2. 1]

rs = 1

rv = T(l

ГТ = i  (7x7,1 - 7M7X) (2.2)

ГА  = 1 7ii 7s

ГР = r5

The adjoint i}/ is related to the hermitian conjugate ф '' by

Ф = Ф *  7< (2 . 3)

(h. c. means hermitian conjugate).

Of course Mg may be written alternatively with the Ф**s as

JJg = ̂  Е^фр И1фп)[ gi{фe^iфv) + g(Щléf^i')^Фv)] + h .c. (2.4¡

^i = 74 Г} . (2. 5 i

The interaction Hamiltonian (2. 1) contains 10 complex constants gi and g{ and 
thus 20 arb itrary param eters*. With this Hamiltonian one does not ingener
al have invariance fo r space reflection, charge conjugation or time reversal. 
The "c la ss ica l" Hamiltonian, for which these invariances exist, is obtained 
by putting g [ = 0 and assuming that the gi are rea l in (2 . 1 ); this means that
5 param eters remain. We shall now summarize a number of points con
cerning these transformations. We indicate by P  the transformation for 
space reflection, C the transformation fo r charge conjugation, T  the trans
formation fo r  time reversa l.

We may consider these transformations either as transformations of 
the state vectors, e. g.

|a>' = p -1 |A>,

or as corresponding transformations of the operators, e. g.

H ;= P H iP - ‘ .

(2. 5;

(2 . 6 ;

*  In (2 .1 ) and (2. 4) we have written Hamiltonian densities (indicated by script Jt), where the ifr's

should be taken in the same point; the total Hamiltonian H = f  d*  x M  (x ) is indicated by printed H.
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P  and С are unitary operators, T  is an anti-unitary operator; this means 
that T  can be written as

where Ut is a unitary operator and К  is the operator for complex conju
gation. In this case (2. 6 ) becomes

We designate as proper Lorentz transformations the Lorentz transformations 
without reflections; P  and.T are improper Lorentz transformations. The 
theory of elementary particles with strong and electromagnetic interactions 
is invariant fo r С, P  and T  transformations (as w ell as for products of these 
transformations). At least this is in agreement with a ll available experi
mental evidence.

Experiments have shown that no invariance exists for a ll three oper
ations С, P  and T  for weak interactions. We now mention the following im 
portant theorem of great generality:

2. 1. C PT Theorem

If a loca l La;grangian theory (which may contain derivative couplings 
of fin ite order) is invariant under proper Lorentz transformations, it is 
also invariant under the product C PT  (and its permutations PC T  etc. ) a l
though the theory may not be separately invariant under each of the oper
ators С, P  or T.

This theorem goes back to SCHWINGER [ 1], PA U LI [2] and LÜDERS 
[3, 4 ]. An elegant proof was given by JOST [5]. It im plies that, i f  we have 
a Hamiltonian which is not invariant fo r P , it cannot be invariant both for 
С and fo r T.

2. 2. Transformation fo r space reflection  P

We may denote the Hamiltonian (2. 1) concisely as

F o r the P-transform ation the separate term s H¡ and Hi behave according 
to

T = UTK (2.7)

H( = T  Hi* T  -1. (2. 7a)

Hg - -q E¡ (gi Hi + gi Hi ) + h. с . (2. 8)

P  H iP -1 = Hi 

P  H i'P -1 = -H i.
(2.9)

Hence the entire Hamiltonian transforms as

P  H flP -1 = ^ E i(g j  Hi - g iH i )  + h .c. (2. 10)

It follows that invariance fo r space reflection  requires that

a ll g i = 0. (2 . 11)

The observed quantities can be expressed as the sum of the absolute squares 
of certain m atrix elements
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e|m |2 = Eij [ (Qij g fg j + c. c. ) + (Qij gf'gj + c. c. ) + (Rij g fg j + c. c.)].

(2 . 1 Í!)

Qij , Qij and Rij are certain functions of the measured momenta and spins. 
Under space reflection  P  the polar vectors change sij|n: r->-r, p -»-p , while 
axial vectors, e .g . angular momenta such as a spin s, do not change sign: 
s '- »  if. When invariance exists fo r  P, expressions fo r a transition probabili
ty may only contain scalars such as p î* рг ; s i • S2 , etc.

When no invariance for P  exists, pseudoscalars may occur, e .g . it can 
be shown that Ri¡j should be a pseudoscalar; hence it could contain term s 
such as (p]X p2 ) • Рз or Г '  p .

2. 3. Transformation for time reversa l T

It can be shown that the separate term s of (2. 8 ) transform under 
simply as

T  Hi T - !=  H¡. (2. 13)

As a consequence, the entire Hamiltonian transforms under this anti-unit iry  
transformation as

T Hs T "1 = (gi* Hi + gi*Hi ) + h. с. (2. 14)

It follows that invariance under time reversa l requires that:

a il gi and gi are rea l. (2. 15)

Under tim e reversa l both momentum vectors and angular momentum vec tjrs  
change their sign p '—>-p7

In view  of the observables which may occur, we have to distinguish 
between two cases (cf. e .g . [16] ).

A. No strong interactions exist between the decay products in the final 
states.

B. Strong interactions exist between the decay products in the final 
state.

In case A, a transition probability may be calculated in the "Born-approxi- 
mation".By "stronginteractions" (in case B .)w e meanhere electromagnetic 
interactions; the most usual cases are Д-decays taking the Coulomb field 
of the nucleus into account. We may now formulate some conclusions for 
cases A  and В in the following way. We distinguish even and odd operator з 
with respect to time reversa l; fo r example,

even 0+ p  ̂ . p̂ >, s'.pT s  ̂ • S2 (2 . 16)

odd 0. ‘ Г .  (рГх P2 ), p  ̂ • (P2X pS), i*i- Й Х  ад) . (2. 17)

It can then be shown that the coupling constants in the expectation values of 
0+ and 0. occur in the following combinations in case A  (ip denotes a final 
state)
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<</'|0+|i//> = Eij (0+)ij (g fg j + gi g f )  (2 . 18)

and

О  |0- \Ф> = Eij (0.)ij (gfgj - gi g f  ). (2. 19)
*

Hence we see that if any observables of the form  0- exist in this case, it 
means that Нй is not invariant under time reversa l. In case В the conclusions 
are changed and become more complicated because of the final state in ter
actions. Let |В> be a final state (stationary state) and |Bout)> be the outgoing 
wave part of it; let the final state interactions cause a phase shift r¡g, hence 
a phase factor ei,)B in |B out)>. We then conclude that the coupling constants 
must occur in the following combinations in the expectation values of the 
even and odd operators 0+ and 0_ :

<i//jo+|i//> = £ij (0+)iB,jB' {(gï*gj +gi g f  )cos(rto-riB') + i (g fg j - gi g f  )sin fas - r^.) }

(2. 20)

(.ф\0-\ф >= £ij(0-)iB,jB' {(gt*gj -g i g f )c o s  (r)B- rjB')

(2- 21)
+ i (gi gj + gi gl ) sin (r?B - ITg)} .

It is seen that these expressions reduce to (2. 18) and.(2. 19) for rjB = щ< = 0. 
One concludes from  (2. 20) and (2. 21) that tim e-reversa l invariance can also 
be checked by means of the second term  in (2 . 20 ) i f final state interactions 
exist *.

2. 4. Transformation fo r charge conjugation С

Considering the Hamiltonian (2. 8) and taking into account that С is 
equivalent to P T  according to the C PT  theorem, we conclude, using (2. 9) 
and (2. 14),

CHeC-i = ^ -£ i(g i* Hi - g i*  H i) + h .c. (2.22)

Comparing (2. 8 ) and (2. 22) it follows that the requirements for invariance 
under charge conjugation are

g; rea l- (2.23)
gi imaginary.

Charge conjugation or particle-an ti-particle conjugation has the property 
that it changes the sign of a ll charges; hence also the sign of an e lectric 
current is changed. However, momentum or angular momentum vectors 
such as p*” and s ' do not change under C.

#  In (2 .2 0 ) and (2 .2 1 ) only the expressions with g; were given, while the analogous expressions with 
the g j were omitted for the sake o f sim plicity; g ¡ and g i behave differently for P. but not for T.
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2. 5. The Pau li-Pursey transformations and the conditions for invariance 
under C, P  and T

The conditions fo r invariance under C, P  and T  formulated above were 
obtained from  the requirement that the form  of the Hamiltonian should be 
invariant under these transformations.

However, PAU LI and PURSEY [6, 7 ] have drawn attention to the fact that c e r
tain transformations exist which leave all physical results unaltered (cf. 
also [ 8, 9, 10, 11] ) although the form  of the Hamiltonian is changed. Simple 
examples of such transformations are

(a) a simple phase factor fo r a ferm ion fie ld

Ф' = e**Ф , (2 . 24)

(b) a factor eiaft ; fo r a neutrino fie ld  (if m„ = 0),

фЬ = e laÏ5 фу . (2. 25)

Such transformations correspond to certain transformations of the coupling 
constants and hence to transformations of the Hamiltonian. Physical results 
fo r a transition probability should contain the coupling constants only in 
combinations which are invariant for such transformations. Suppose a 
Hamiltonian Hg gives identical physical results with another Hamiltonian 
Hg satisfying one of the preceding conditions of invariance under С, P  or T, be
cause it is re latedto the original Hamiltonian Hg by a Pau li-Pursey transfor
mation. One can then say that H¿ also satisfies an invariance requirement 
fo r invariance under С, P  or T ; however, these conditions are less r e 
stric tive than (2. 11), (2. 15) or (2. 23). The latter conditions are sufficient 
conditions but they are not necessary fo r the invariance o f the physical 
results.

Pursey has given the following characterization of the transformations 
which leave the physical results unaltered:

The average over given sets of initial and final states of the squared- 
modulus of the S-matrix element fo r any process should be invariant for 
any unitary transformation, which leaves the observable actions of the initial 
and final states invariant. The consequences of these principles were worked 
out for an interaction, which is even more general than the one formulated 
in (2 . 1 ).

Mb = ñ Li М { Ф е Л  [ (gi + g/Уь)фу + (fi + fi Ts )Уьф5]} + h. c.

(2 . 2 6)

This Hamiltonian provides the possibility of a simultaneous emission of 
neutrinos as w ell as of antineutrinos; fj and fi are coupling constants intro
duced here in addition to gi and gi .

ф$ = Op gives the charge conjugate fie ld  (C here is a Dirac matrix, not 
to be confused with the charge conjugation operator C).

The interaction (2. 26) may alternatively be written as

j /6 = ^  Ei (ф?Ц фп) { ¡feЦ [g? Ф* + gi ф1 + fi Те Ф5К + fi 7s Ф5Ь] }  + h. с.

(2. 27)
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i f we put

Ф» = i  (1 + tO'/'u gi1 = gi + gi fS" = fi + fi 

Фу = i  (1 - Ts)Фи g f  = gi - gi ■ fi ? fi - fi .
(2 . 28)

R and L  correspond to positive and negative helicity. If we now introduce 
two-component quantities ?i and r)i according to

it can be shown that the most general transformations admitted by the above- 
mentioned principle are

These transformations form  a 5-parameter group. For further details we 
re fe r  to the references given before.

It may be useful to mention that the greater generality of (2. 26) in com
parison with (2 . 1 ) shows up only in double processes such as in double beta 
decay. However, no observed phenomena seem to require this greater gener
ality; (2 . 1 ) is sufficient fo r the explanation of a ll observations and we shall 
no longer make use of (2 . 26).

2. 6. The two-component neutrino theory

We write the Dirac equation in the form

the equation may be written in the following form  with the representation 
of the Dirac m atrices which we use

If we apply this to neutrinos, for which we assume the mass to be zero 
(m„ = 0 ), this becomes

rL
(2. 29)

Л д
= e i ( ? + a )  A f i  , r ) i  =  e U ' P - a )  A r ) i (2. 30)

where A  is а 2 X 2 unitary, unimodular m atrix

1 . (2.31)

(E + <?.p + /3 m) (A = 0 Oft = с = 1). (2.32)

Putting

(X and Ф are 2-component spinors) ,

(2. 33)

(2. 34)
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We now introduce

'Ф+ X 
Ф+ XФ+ = -5

ф - i
(2. 35)

In our representation we have

Hence we see that we can write (2. 35) as

_ j.
Ф+ 2(1  + У5 )Ф I  (2, 3 7 )

'A. = i  (1 - T5 I'/'

from  which we see that

УЪФ+ ~ Ф+ ( o r  ( 1 - у5)ф+ = 0 )

У5Ф- -  -ф-  (o r  ( 1 + ЧЪ)Ф_ = 0) .
(2. 38)

Hence we see that ф+ andi//_ are eigenfunctions of t5 with eigenvalues +1 and 
- 1.

We see from  (2. 34) and (2. 35) that we may write

* • *  ( î î :3 S )  м
with

r=í fer í r-  (2-40)

(2. 34) may thus be written as

EФ+ = - (сГ.р~)ф+ 

~Еф- = + (5\p")ф_ .
(2.41)

We may now say that Ф+ and ф- are each fields with only two (independent) 
components. ф+ corresponds to a particle with spin anti-parallel to the m o
mentum; ф_ corresponds to a particle with spin para lle l to the momentum.

According to (2. 41) ф+ and ф. satisfy 2-component equations; these 
equations are invariant for proper Lorentz transformations.
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If we consider the transformation for'space reflection, which fo r Dirac 
fields is specified by

фР = Т4 ф ,

this provides fo r ф+ and ф.

, (Ф+)'р = 7 4Ф+ = i  7 4  i 1 +  7 5  ) Ф =2 (1 - Уъ)фР

(Ф-)P = У. =  2 7 4  ( !  -  7 5  )Ф = J  ( 1  +  7 5)Фр ■

Hence we see that the chirality is changed by the space reflection; the 
equations (2.41) áre not separately invariant for space reflection. However, 
if we have a theory which is non-invariant for space reflection, there is 
no objection to the introduction of such fields.

In accordance with the convention for neutrino and antineutrino (and 
the helicities found in nature), we call the particle associated to ф+ a neutrino 
(negative helicity) and the particle associated to ф. an antineutrino (positive 
helicity). Space reflection changes a neutrino into an antinuetrino. Only for 
particles with zero rest mass is a helicity possible which is invariant for 
proper Lorentz transformations. For particles with mass different from  
zero one can always find a proper Lorentz transformation which transforms 
the particle to a rest system. A fter that one can transform in such a way 
that the helicity of the particle obtains opposite sign.

The use of a two-component neutrino theory in connection with weak 
interaction phenomena was proposed by LEE and YANG [12], LANDAU [13] 
and SALAM [14].

If we consider the Hamiltonian (2. 1) it is clear that it contains coupling 
to two-component neutrinos as a special case, namely for gi = ±gi . Which 
sign is correct (if the two-component neutrino theory works at a ll) has to be 
determined from  experiment.

We have reviewed the two-component neutrino theory here only very 
brie fly ; for further details we re fe r to the original papers. Concerning the 
possibilities of 2 - component theories fo r particles with mass we re fe r to a 
paper by CASE [15].

3. BETA-RAD IO ACTIV ITY

3. 1. Introduction

In this section we want to discuss the most important phenomena which 
can be observed in beta-radioactivity. We first discuss the "c lass ica l" phe
nomena, which do not show non-conservation of parity. We confine our
selves to allowed transitions and neglect the influence of the Coulomb fie ld  
of the nucleus. The calculations for beta-radioactivity and muon capture 
are analogous in many respects. In both cases the nucleons in the nuclei 
have non-relativistic energies (kinetic energies of the order of 20 MeV, 
corresponding to v/c 0. 20, their rest mass being 930 MeV). The sim pli
fications resulting from  this fact can be introduced in a variety of ways:
(a) neglect of the "re la tiv istica lly  sm all" nuclear m atrix elements or use 
of non-relativistic approximations for these m atrix elements either using
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a lim iting form  of the Dirac equation fo r low energies or theFoldy-Wouthuysen 
transformation; (b) reduction of the general Hamiltonian to an effective 
Hamiltonian which must be applied to 2-component spinors ¡(instead of 
4-component Dirac spinors).

We shall use (a) fo r Д-radioactivity and (b) fo r muon- capture, thus 
demonstrating the somewhat different, although essentially equivalent, p ro 
cedures.

3. 2. "C lassica l” phenomena of beta radioactivity

As a first example of calculating some transition probabilities we derive 
the transition probability for allowed beta transitions providing the shape 
of the beta spectrum and the electron-neutrino directional correlation. We 
can start from  the expression for a transition probability derived in first 
order in the time-dependent perturbation theory

P¡_»f(a ) da = Щ- Ç I J<pf Hint A dr j2p(E ,a)da (3. 1 )

where

p(E, a ) da = (dn/dE) = number of states per energy interval of 
the final states fo r an energy which is about equal to the energy of the 
initial state and for values of the param eter(s) a between a anda + da,

Ф1г ^ in itia l and final state wave functions of the entire system, 
a (continuously varying) param eter(s), on which the final state of the 

system depends,
Ef summation (or integration) for those parameters of the final state which 

are not observed.

Applying this to (^ -em iss ion  of atomic nuclei we can write this out 
(as w ill be shown below) in the following form

P (E ,p ; ^ )d E d u e cH = (- ^  Ee E„|<f I HB|i>l2 pE q2 dE due dw„ . (3.2) .

We shall use units such that

ii = 1 , с = 1 , m e = 1 .

Further, the symbols have the following meanings:

E = energy of the electron;
Ev = energy of the neutrino; 
p” = momentum of the electron; 
q* = momentum of the neutrino;
E0 = maximum energy of the electrons.

We have:

q = E„ = E0 - E .

due = differential solid angle fo r the direction of p”, 
du„ = differential solid angle fo r the direction of q"",
Ee = sum over both states of polarization of the electron,
E„ = sum over both states of polarization of the neutrino,

(we take a 4-component neutrino here).
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In order to derive (3. 2) from  (3. 1) we have to evaluate p(E ,a ).  The 
param eters a from  (3. 1) are specified here by a = (E, pt q5. The total energy 
E from  (3. 1) should not be confused with the electron energy E from  (3. 2). 
The latter energy determines how the total energy E0 is distributed over 
the electron and the neutrino. In order to determine p (E ,a ) we take for 
and ipv plane wave solutions normalized to one particle per unit volume. If 
we consider one particle in the unit volume there is one eigenstate fo r a 
volume h3 = (2rr ) 3h3 in momentum space. Hence we see that the number 
of states with electron momentum between p and p+dp and neutrino momentum 
between q and q+dq, the directions of p* and q" being contained in the solid 
angles dwe and duv , is given by

, p2dpdue q2dqdUi, 
h3 " h3

or using units such that ft = 1 :

_ p2 dpckoe q2dqdUy
(2 tt)6 ' •

We introduce the energy E instead of the momentum p of the electron, 
using

p2 = e  2 - 1 ; pdp = EdE ;

we obtain

/i—i \ j dn pEq2 duedw„dE
p<E' “ ,d “  ■ -  ( f c p ----------- ,3' 4)

We note that three of the four differentials dE, dq, dioe , duu correspond 
to dor, while one differential (either dE or dq) corresponds to dEtot . We 
substitute (3. 4) into (3. 1) to obtain (3. 2). We have s till to explain how one 
obtains specific expressions fo r the m atrix element contained in (3. 2).

In this sub-section we shall take an interaction density as an arbitrary 
linear combination of the scalalr (S), vector (V), tensor (T ), axial vector (A) 
and pseudoscalar (P ) interaction, which we write as

5
J/e = £ g ё ж  + hermitian conjugate (3. 5)

k=i

(k = 1, 2 . . . 5 or к = S, V, T, A, P ).

gf ’ ®v* &T’ S® > gp are the coupling constants in 0 -radioactivity of the d iffe r
ent interactions o f which JJg, according to (3. 5) is a mixture (we shall omit 
the superscript j3 when no confusion can arise ). When separating the " la rge " 
and "sm a ll" term s (fo r .non-relativistic nucleon velocities ) we can write the 
expressions for

J/k = as:
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•Л s = (Ÿf *|3 ( фе* ¡5фи) (a)

Mv = ( ^ П Щ ) ( ф * ф у) -  ( ^ с Г ^ Ц ф ^ ф , )  (b)

J/T = №*i3ffV+̂ i>.(ф*рафи) +  (W r P a r ^ .^ P a P , , )  (с) (3.6)

Л А = (Щ^тМ\).(ф*  ?<//,) -  (W *Y 5* +> W e * Y 5 < M  (d )

(ч№уд(*ЩФе*РъФи) • (е)

" la rge " sm all"

фе = electron wave function,
ф„ = neutrino wave function,
Yi = wave function of nucleus in initial state,
Yf = wave function of nucleus in final state,
t (+) = the transition operator for the transformation of a neutron into

a proton (cf. App. IV  for this notation).

The expression (3. 5) specifies a Hamiltonian density %  (S'): energy 
density - energy pro unit volume; the four wave functions must be taken 
at the same place. The total Hamiltonian (or strictly  speaking its matrix 
element) is obtained by integration over a ll space

The m atrix element for |3-emission occurring in (3. 2) may now be written 
m ore explicitly as

Emf indicates summation over the different orientations of the final nucleus 
specified by the magnetic quantum number mf.

tations of the initial nucleus if we take an initial state consisting of 
an ensemble of nuclei without preferential orientation in space 
(ji = spin of initial nucleus; ггц its magnetic quantum number).

ï i  and ïf in (3. 8 ) represent the wave functions of the initial and final nucleu»
(A  nucleons).

£&=l тъ(+) indicates that /З-em ission is possible in principle for eachnuclcon 
(Th(+> : transition operator fo r the hth nucleon). The subscript h with ( ¿̂/‘^^Ф1)ь 
indicates that these wave functions must be taken at the place where the 
nucleon is transformed, ¡ d r  indicates integration (or summation) over the 
variables occurring in the nuclear wave function.

F o r the calculation of allowed J3 -transitions we shall neglect the "sm all" 
terms of the j ï^ c f  (3. 6 )) (we shall only carry along the "sm a ll" term  of Jlp 
since gp might be large in comparison with the other gjj's).

(3.7)

l<f I H q I i> j2 = EmfEa|EftnlEg=iy d T g u (ï'(*n k7tf+)ï1 Xifre*nk«B)h|a • (3.8)
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We want to calculate allowed transitions, neglecting the influence of 
the Coulomb field  of the nucleus on the lepton wave functions. We can then 
simply take the lepton wave functions as constant over the nuclear volume 
and can thus place them in front of the integral sign in (3. 8 ). (This is the 
second approximation made for the calculation of allowed transitions. ) In 
this way the m atrix element (3. 8 ) for f¡--em ission  takes the following form  
(we no longer write Emf and Emi explicitly fo r the sake of simplicity. )

where J^kis introduced as a concise notation for the nuclear m atrix element, 
for /З'-em ission

product of the lepton factor and the nuclear m atrix element is then a 3-di
mensional inner product.

The expression (3. 9) can be worked out in the following way

Here we made use of the fact that the Í2kare a ll hermitian. p2 = - 1Д75 is her- 
mitian; *we have used Г25=р2; note that we used the non-hermitian m atrix fiy5 
in (3. 6) (e). For a further reduction of (3. 12) we make use of the reduction 
(the Greek subscripts indicate the components of the Dirac spinors) :

(3.9)

(3. 10)

For |3+-emission we could write

(3. 11)

We note that for T -  and A-interaction the operator f2k contains cr* and the

|<f|He |i>|2 = E!®,*! gkg? . (3.12)

Ее E„ ( фе ijjv ) (Фи'‘~ фе)

EeEy[Ep>0 (1//e*)p (^k )po ( ’Pv )o ] [E\,(j (ipyf \  (£2{)\ц (Фе )ц ] 

ЕеЕуЕх.д.р.о (fíjjJpo (фу)а (Фу)к (£2jj )хц (Фе ) д (Фё^р 

T r (n kD„f2{ De). (3. 13)

The 4 X 4  matrices D„ and De are defined by

№i/)ox. = £у(Фу)а (Фу*")к 

0A> )jip = EeO/'e ) ц ( f P e ^ p  •

(3. 14)
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By T r (f2) = EpŒpp we indicate the trace of a Dirac m atrix (the sum of the 
diagonal elements). Using (3. 12) and (3. 13) we see that we can write

£ eÇ,|<f|HB|i>|2 = E ^ =1gkg f ( Ok) ( P t f  T r ( ÍW ^ D e ) . (3. 15]

The calculation can in this way be reduced to the calculation of traces of 
products of D irac-m atrices. It is easy to show that De and D„ are the p ro
jection operators for "positive" or "negative" energies and thus to give their 
explicit form . F o r Э '-em ission we must write (cf. App. Ill)

De = I
cT. p*+/3 

Ë
1 -

р1<т.р + рз 
E (3.16;

D„ 1 .
E„

, P ic x .q
E„ (q = E„). (3. 17]

F o r the calculation of the traces we use the following important property: 
The only matrix of the 16 Dirac matrices for which the trace is different 
from  zero is the unit matrix

, for which T r (1) = 4. (3. 18/

Because of the property (3. 18) we must look in the term s of nkDuiî { De only 
for those products which give the unit matrix, as other products give zero 
when calculating the trace. It is more convenient to use the representation 
of the Dirac matrices with the aid of the p- and ст-m atrices than to use the 
general 7  ̂ -m atrices because the introduction of a non-relativistic approxi
mation fo r the nucleons can be represented conveniently with the p-m atrices, 
(cf. App. I).

We note that the traces fo r the p- and a -m atrices may be calculated 
separately: the p- and cr-matrices commute mutually and can be considered 
as (2X 2) m atrices acting on two mutually independent variables (cf. Appendix 
I). We can write:

T r [ . .  . ] = T rp_ „ [ . . . ]  = T rp T r0 [ . . . ] .  We have then T r0 (1) = 2,
Tr„ (ctk) = Oetc, One might say that taking the traces with respect to the p’ s 
only, means a reduction from the 4-component Dirac spinors to 2-component 
spinors.

In order to obtain the result for (3. 15) we have to calculate the trace 
of the products resulting from  all possible combinations in the following 
expression (each time provided with the corresponding factors gj, and / f ik)

1 =
Л 0 0 0
' 0 1 0 0

У 0 0 1 0
\o 0 0 1



WEAK INTERACTIONS AMONGST NUCLEONS AND LEPTONS 357

g s

g v

gT*

gA

i  T r

Рз
1

Рзст1

P3CT2

Рз°з

O'!

1P2

( 1  - ^ )

Рз
1

Рз° 1

Рзстг

Рзстз

о-i

<*2

стз

ÍP2

. - P i a - р  +  р з .
' Е 1 (3. 19)

We shall give as examples the detailed calculation of some of the terms of 
the entire expression. We firs t take the term  which has the factor |gs |2 | / /3|2 
in front ; for this term  we have to evaluate the trace

p i ô t p  + p  3 

Ei  T r [p3( l  - Pi д,  ( 1

= i T r [Р§(1 + Р1 ^ Г ) ( 1  - P1<T-P

) ]

= i Trn[ 1 .
(gt q)(cT.p)

(3. 20)

where we have used p§ = 1 and have taken the trace for the p’ s. From  the 
properties of the Pau li-m atrices one sees immediately

f  Т г0 [(ст^ (0\р5 ] = P^-cf • (3.21)

Hence we see that (3. 20) reduces to

1 - (ptqD/EE,,. (3.22)

The calculation of the term s caused by the T -  and A - interactions is slightly
m ore complicated. If we abbreviate the m atrix element Jcr as £ = S ст" the 
contribution from  the A- interaction (with coefficient jgA |2) can be written 
as

iTr [ (< ? :# ( 1 -P i(ôr-'q)/E„)(ôr. F ) ( l  - (p1? p ’+p3)/E)]

— — * (3.23)
= i  Tr [(ст .£)(p.£*) + (ст ■ Jt)(o- qî(ô^I*)(cT.p’) /EE j

In order to calculate the trace of the fourfold product in (3. 23) we decompose 
I ” in components para lle l to I f  and perpendicular to q*:

Г= X, + X; q = T-~q: X  -4= 0; X  ■ X  = X, ■ £ *  =  0 . (3. 24)

It results that cT. f  commutes with ст. % (and ст*. Xu*) and anticommutes with 
cf. X  (and ст . X * )• И should be noted that q” is a rea l vector but that X is in
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general a complex vector. We can now reduce the fourfold product in (3.23) 
in the following way

In the problem under consideration we have to average over the orientations 
of the in itial and final nucleus; we thus obtain

It can be proved that (3.30) is independent of m i; once the summation Emf 
for the final nucleus is carried  out, the result is independent of the quantu m 
number m¡ characterizing the orientation of the initial nucleus. One must 
further take EmfEmi fo r the vectors T x a n d ~£XT$. It is simply proved that 
both vectors average out to zero: if  we take e. g. the direction of <f as the 
z-axis, it is seen that the components of both vectors correspond to com
ponents of i  X i* . It is clear that averaging must make this vector zero, for 
after averaging no preferentia l direction in space subsists which could deter
mine a direction for ¿ X i* .

The calculation of the other term s is perform ed in entirely analogous ways. 
The only simplification which we can s till make is by putting

Р Л Р  q K f f ' . W l f f ' . p )  = (cf-D ( c T Ô*.]£*) (Г . сГКст-.р*). (3.25)

We make use of the following identity with Pauli m atrices

(ct". а5(ст". £Г5 = а".ТГ+ ítr.(aXíT) (3. 261

so that

(Г . Г)(<Г. £ * - ¡T-iTl = \1\2 -  ЦП2+ i^ х 4 * -Г х д Г * )  . (3. 271

(3. 28 '

(3. 29;'

putting

(3. 30)

We thus find fo r (3. 23), using (3. 21) and (3. 25 ) . . .  (3. 30),

(3.31)

4

(3. 32)

This can be done in the non-relativistic approximation fo r the nucleons, 
because in our representation
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' - 1  0 o o\
0 - 1 0  0 ■  \  0 0-1 0 J

\ 0  0 0 - 1/

while the 3 and 4-components are the "la rge " ones in the non-relativistic 
approximation. The final formula, which is thus found fo r /3 '-em ission , is

P_(E , ptq5 = p E q 2/(27r)S{(|gs|2+ |gv|2)|Jl|2+(|gx|2+ |gAp)lJ<T|2 + lgp|2 iJ l^ T S P

- (p". q/qE)  [ (|gs|2- lgv!2) l j l |2 - I  ( Igxl2- igAp ) + Igpl2 I J ^ 7 5 |2 ]

+ (2/E )[Re(gsgv*) IJ 1 P+ReigTgAOlJff*!2] } .

(3.33)

For the calculation of j3+-emission we need the second part (herm. conj. ) 
of the Hamiltonian (3. 5). We thus obtain, analogous to (3. 15),

Ee£j<f|H6|i>|2 = EiUaâ ë l  ( ^ ( ^ i )  Т г (а д В Д е )  . (3.34)

We must now take negative energy solutions for the neutrinos. The final 
result fo r the transition probability is

P+ (E ,pTq ) = pEq2/(25T)5((|gs|2+|gvP )ljl|2+ (igT|2+ lgA|2) I |gP|2|Jf3 75 |2

- (p *.q7qE ) [ (  Igs|2 - Igvft i J i P - H l g T l2- Ы 2) !  j V | 2 + I g P p l j ^ s l 2]

- (2/E ) [R e (gsg^  )| j \ | 2+ R e  (gTgA) l j V | 2] }  • (3 . 34a)

3. 3. Directional distribution of j3-rays from  oriented nuclei

We now want to generalize the treatment of 3. 2 to a more general 
Hamiltonian, which is not necessarily invariant for С, P  or T. We shall 
use instead of (3. 5) an interaction Hamiltonian specified by

(3. 35)

(3. 36) 

(3. 37)

We admit complex values for g  ̂ and gk; this means that in general the 
Hamiltonian w ill not be invariant neither for С, P  nor T transformations.

~-k E k=i (gk-^k + gk -H{) + h. c.

with

. А = № * Я кт «Ti)(fc.*nktf„)

^k = №* fikФ Щ (ф е  ПккФу).
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We have not specialized for the 2-component neutrino theory, but have 
formulated an interaction for general 4-component neutrinos.

Specialization for the two-component neutrino theory is obtained for 
gk = ±gk- l ’or g i = gk the interaction may be written e. g. as

^ e=  7-24 =lgk№:*nkTWYi)(^;<a ( l  + У5)Фи) + h. c. (3. 38)

The factory? which we have added is purely conventional; it has the 
advantage that the numerical values of gk obtained from  (3. 38) and experi
ments are the same as the "o ld " value obtained using the "parity-conservir.g 
theory of 3. 2. We shall not give detailed calculations for a ll possible 
"e ffects", which are a consequence of the interaction (3. 35), but we shall 
confine ourselves to the effects which can be measured most easily: dir 
rectional distribution of j3-rays from  oriented nuclei, ¡3-y circular po lari
zation correlation and polarization of )3-rays. The calculations can be made: 
according to the lines of 3.2; we give the explicit calculations for a number 
of typical term s.

We firs t consider the directional distribution of 0 -rays from  oriented 
nuclei fo r a mixture of V - and A-interactions. We should then not carry 
out the averaging indicated in (3.8), but should take the summation over 
the final states £mf. We want to average over the directions of emission of 
the neutrino. It is seen from  (3. 15) and (3. 17) that this averaging is simply 
carried  out by omitting the term  linear in q” in (3. 17), hence by taking Du = г 
We now list the traces which have to be calculated for a mixture of V- and 
A-interactions (they are analogous to (3. 20) and (3. 23)). We add the factor 
containing the coupling constant, by which the trace has to be multiplied.
We do not yet give the results for the traces, although we indicate that soiïi'ï 
are equal to zero.

i l l 2
2 SV l f l| 2 - Í T r [ l . l . l . ( l -  Pl(T^P + P3 ) )■  (3.39)

For the term  with |gy|2 we have to add 75 = Pi to £2k in the lepton operator; 
this provides

X |g' |2

V | J l P . Í T r [ f t . l . A .(1- £ ^ ± ¿ ^ ) ] .  (3.40)

Further we have to consider the cross terms with gv and gv

Ij 1 P  • {  T r  [ 1 ■ 1 • Pl. (1 - ^ ~ EP +P3)] = 0 (3.41)

2 S |jl|2. i  T r [pr  1.1 • ( 1 - = 0. (3. 42)

If we again abbreviate £ = /a, we find as terms with the A-interaction
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2 IgÁl¡2
i  T r  , p, ( ? .  P>. 1 • Pl ( v . m  1 - f t y -P-3 )] (3. 44)

2gAgÁ i  T r [ ( Г - Г ) .  1 .Р1( ^ ) ( 1  - Plg'P + P3 ) ]  (3.45)

2 i  T r [ (Р1 (Г- Г )Л .  (? Í5 (1  - *  ) ] ■ (3.46)

Finally we have to consider the (V, A ) cross terms

„  P l^ .^ + P sj " l ) i  T r [ l . l . ( 5 M & )  (1 - Pl EP + P-3 )I = 0. ( 3 . 4 7 )

Analogously the terms with the factors gAgV\ gvgí?, gÁg\r are equal to zero. 
However, in general we have a result which is different from  zero for the 
terms

2gVgA (j* l) £ T r [ 1 • 1 ■ pi (а .Щ  . (1 - PlCT| + Pg- )] ( 3 . 4 8 )

2 gAgV ( r  ̂  T r [ p i ( - - ) . ! . ! ■ ( ! .  P i y P l )] (3.49)

( j  1 )  i  T r  [  P l . 1 . ( Г . ^ . ( 1 - Р 1 %  +  ^ ) ]  ( 3 . 5 0 )

( J l f i T r  f t  ( 1  -  P l J -|  +  P-3-  ) ] .  ( 3 . 5 1 )

1 / 42 gVgA

1 „2 gAgy

The calculation of the traces is performed along the same lines as in 3. 2.
We find as the sum of the contributions from  the V-interaction (3. 39). . (3. 42)

i  (Igvl2 + Igvl2) I J l  Ia . (3.52)

Analogously we have for the sum of the contributions (3. 43) and (3. 44)

• i  ( Ig A l2 +  IgÁl2) I j ^ l 2, (3.53)

where we again introduced | / ст”|2 instead of |lT|2 . For the calculation of 
the traces in (3. 45) and (3. 46) we firs t take the trace with respect to the 
p’ s; this provides

- J Tr0 [(сГ. Л ( Г • P )  • (¿".p/E ). (3. 54)

Applying the identity (3. 26) to (cT. Ê ) (<? ■ It * )  we have
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{ ^ ■ T ) (^ .J h  = |ïl2 +iï .Q/kT* ) . (3.55)

Substituting this into (3. 54) and taking the trace provides

- i (Г х -Р м р / Е ).

Analogously we obtain from  (3. 48) and (3. 50)

- ( J i ) ? -  (p7 e )

while (3. 49) and (3. 51) give

- (^  1)* (Гр 7 Е ). (3. 58;

Collecting a ll the term s we thus obtain

I  (Igvl2 + Igvl2 )| J l |2 + \ (lgA|2+ № 1  j V |2 - Re(gAg'|)i(ÍXÍÍ).(?/E)

- Re (gvgÁ* + gve f ) |J 1l(J*p/E) (3. 59)

(we can take (3. 57) and (3. 58) together because (/ 1 )1 *  is rea l; cf. paragraph 
after formula (3. 77)). We shall see that for nuclei, showing Gam ow-Teller 
transitions, the asymmetric directional distribution of the electrons is 
caused by the terms (3. 56).. (3. 58). For this purpose the expressions 
i ( iX £ * )  and (/ 1 ) ffî containing nuclear m atrix elements must be expressed 
in term s of the degree of polarization of the nuclei. We need here the ex
pressions which specify the dependence on mi and mf of the m atrix elements 
of the different components of ctT This dependence is provided by general 
considerations of angular momentum theory and given by Clebsch-Gordan 
coefficients. We ca ll the quantum numbers for the total angular momentum 
and the magnetic quantum number of the initial state j¡, mi and for the final 
state jf, mf. The dependence on m¡ and mf is specified most conveniently 
by using

OV = i  (o'* + i<Ty)
(3. 60)

<T_ = 2 ( Ox “ iffy)

The dependence on m¡ and mf can then be given by (a, b and с are constants; 
we do not start with a definite normalization, as this is carried out in the 
course of the calculation):

j f  =  j i  -  1 ;  <  m f  = m i + l | a + | m j ) >  

m f  =  m ¡  - 1  |ст_ |m ¡  )> 

< m f  = mi |az |mi>

= | a  -J (ji - m ¡)(ji -m¡ - l )1

='T а -J (ji+ miHji+ini- I )1 j- (3.61)

= a si (ji+ m i)(ji-m i) '

(3. 561

(3. 57/
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jf = ji < mf = m i+ 1 |o+ |mi> = \ b -/(ji + mi+ l ) ( j i  - m¡ j

< mf =mi-l|o-.|mi)> = \ b V (ji+ m i)(ji-m i + 1) ' j- (3.62)

< m f= m i |arz |mi> = bm¡

jf = ji + 1 <m f =mi+l|a+|mi> Ц  с -J (ji+ mi + 2 )(j¡ + mi + l )1

<^mf = m ¡-1 |cr.|mi> = \ ç J ( ji-  m¡ + 2)(j¡ -m t + 1)' j-(3. 63)

<m f =mi |CTz |mi> = с «J (jt+ m¡ + l ) ( j i - пц + l ) 1

A ll m atrix elements which are not written are equal to zero. From  the defi
nitions of cr+ and a. it follows immediately that: 4

4 I Jcx+ |2 = I j o *|2 + I joy|2+ i (ja-y)(£x)*- i  (J<Tx)(jcry )* (3. 64)

4 |Ja. I2 = I jcixl2 + I JtTyl2- i (joy)(jax )*+ i (jax) (Joy f (3. 65)

By adding and subtracting one finds

| jV |2 =2 [| j CT+|2 + I j(T.|2] + i j f fz l2 (3.66)

• 1

= i (JaxxJcry)* - i  (jcTy)(^CTX)* = 2 [ jjc r .)2- jJ a+)2J .

(3.67)

We have already noted that Emfmust be carried out for our case; i f  we specify 
for the case that jf = ji, we obtain by squaring and adding from  (3. 62), (3. 66) 
and (3.67)

Emfl^'o’ l2 = |b2| ji(ji+  1) (3.68)

Emf2[| j 'f f - l2 - I j V l 2] = lb2|mi. (3.69)

We-now think of polarized nuclei with the z-axis as the direction of po lari
zation (axis of rotational symmetry). We indicate the unit vector in this 
direction by j . From  (3. 68) and (3. 69) it follows immediately that:

w  i [  i 5>)X £ f2 [l jV - l8 - Í CT+I2] = (mi/jiUi + l )  ) £ f l ^ l 2 .

(3. 70)

As j* is  an axis of rotational symmetry it is clear that £df(/cT) X (/cT)* can
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only have the direction j . This is also easily concluded form ally from  (3. <52), 
for if  one writes

i [ (J b x ( j? ) * ]x = i (joyUjo-z)* - i (Jorz)(Joy)* (3. 7Г

it is seen from  (3. 62) that /ay and !uz cannot simultaneously differ from zero 
if  the same m¡ and mf are taken for both. Hence (3. 71) is equal to zero fo:r 
every mf and Emfi [ (f<r) X (/<T)*]x = 0; sim ilarly £mfi[(/cT) X (/ст*)*]у = 0.

If we now consider an ensemble of nuclei, for which the population of 
the different substates with magnetic quantum number m¡ is given by am¡. 
(normalization according to Emiam¡ = 1 ) we still have to take this additional 
average. This provides

E m ja m iE m f i [ ( ^ ? ) X  ( j V ) * ]  =  ( j i +  I ) " 1 ( E m i - j -  a m i)  E m fl^ c r  |2 j  =  ( j i  +  l ) -1  f i  j  | Mgt|2 .

(3. 72)

We have introduced here the degree of polarization f! of the nuclei, defined 
as

fj = Emi(mi/ji) ami. (3. 73)

We have further put

|mGt I2= £mf| jV |2 (3.74)

In (3. 72) we have found the final form for the term  (3. 56). We have to make 
a sim ilar reduction for the term s (3. 57), (3. 58) with (/1) (/¡x*)*. We have 
here that /1 = <[mf | 1 | mî > differs from zero only for mf = m i. Thus it is seen 
that the combination (J 1)X (/<T)* differs from zero only for mf = m, and is 
then given by

(J l )^ z ) *  = b* (3. 75)

We can now put (if mj = mf)

( f l ) ( f b ) *  = [m i/(ji (ji+ 1))*1 MFM%T. (3. 76)

where M F = (/ 1 ).

This agrees with the absolute value of |MgtI2 according to (3. 68) and (3. 74). 
As regards the phase (especially the sign) of M FM$T, (3. 76) has to be con
sidered a definition.

If we again take an average for an ensemble of nuclei, we obtain

EmiamiEmfiJlKjb* = 1 Ш +  1)]* ffj*M FMgT. (3. 77)

The combination (/1)* (Л?), which occurs in (3. 58) is the complex conjugate 
of this. If the Hamiltonian determining the nuclear structure (strong and
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electromagnetic interactions) is invariant for time reversa l (which is gener
ally assumed), it can be shown that MpMgTis real. It follows that (3. 48) 
and (3. 49) can be written together as one term  with M fM^t anc* with Re(gvgiO 
as a factor.

Substituting (3. 72) and (3. 77) into (3. 59) we obtain the final result for 
the directional distribution of j3-rays from  oriented nuclei, in the case of , 
V- and A-interactions ; we write it in the form

W-(0) = 1 + fi (v/c)A-cos0. (3. 78)

We have put = (v/c)cos0 (0 = angle between j and p); we have used, as

abbreviations

? = ( lgvl2+ lg^l2)|MF|2+ (|gA|2+ l&J2) IMgtI2 (3. 79)

A .f = (-2Re(gAgÁ*)/(Í+ 1)) IMgJ2- ( j i / j i + 1)̂  2 R e (gvg t+ gvg i)M FM ^ 3 8Q)

This concerns the special case j f  = j ¡  which we have treated in some detail 
as an example. At the end of this section we shall give the general formula 
for arbitrary interaction and arbitrary spin change of the nucleus.

3. 4. The J3 , 7  -circu lar polarization correlation

The calculation of this effect is to a great extent analogous to the calcu
lation of the directional distribution of |3-rays from  oriented nuclei (cf. F ig . 1).

it 

i¡

Fig. 1

Nuclear spins in the case considered for Ô, y -  circular polarization correlation

The difference between the calculations of the two effects is that for 
fi,y  -circu lar polarization correlation the effect is determined by the degree 
of polarization of the nuclei after the fi-emission in the state with nuclear 
spin jf. In order to find this polarization one has to take the average £mi for 
the orientations of the initial nucleus with spin j¡, but one should not take 
the sum Emf. For the directional distribution of the /3 -rays one must take 
the sum £mf for the different orientations of the final state, but the states 
with different m¡ should be considered separately. We shall again give the 
calculation in some detail for mixed V- and A-interactions and for the case 
that jf = j i .

We again make use of the expressions (3. 3 9 ). . .  (3. 59) for the transition 
probability, but we now have to carry out the averaging Em¡ in order to find 
the populations amf of the final states of the nucleus after £ -em ission (with 
nuclear spin jf). The natural choice of the coordinate system is to take the
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direction of emission of the 0 -particle as the quantization-axis (z-axis), 
to which the magnetic quantum numbers are related. This is an axis of ro 
tational symmetry for a ll further phenomena. If we denote the partial tran
sition probability for a transition from  a state with magnetic quantum numter 
mj before the f l-em ission (nuclear spin ji) to a magnetic quantum number 
mf after the 0 -em ission (nuclear spin jf ) as Pmi-*mf. the populations amf 
can be written as

It is evident that a common factor (independent of m¡ and mf ) may be omitte d 
from  ïmj^mfj if  we m erely wish to calculate the populations amf. If we first 
disregard normalization (determining the normalization at the end of the 
calculation), we may start to calculate non-normalized amf according to

For the calculation of the contributions according to (3. 45), (3. 46) and (3. 5(!) 
we have to carry out summations analogous to those for the calculation of 
(3. 68) and (3. 69), using (3. 62) (it is convenient to express (3. 62) in terms 
of jf and mf for this purpose).
One finds:

From  (3. 85) and (3. 86 ) it is seen that the term with Re(gAgÁ*) can be written 
as

Finally we have the contributions from (3. 48) . . .  (3. 51) which can be calcu
lated as was done previously for (3. 57) and (3. 58) using (3. 62). One thus 
finds as contributions from  (3. 48) and (3. 49)

a m f = (^ m iP m i- .m i)/ (E m fE m iP m i- *  m f)- (3.81)

dmf = £ Pmi-»mf. (3.82)

We thus find the following-contributions from  (3. 52) and (3. 53)

(3.83)

and

(3.84)

(3. 85)

and

(3. 86 )

(3. 87)

-R e  ( g v g i f t ^ b V I ' (3. 88)



W E A K  INTE RA CT IO NS A M O N G S T  N U C L E O N S  A N D  LEPTONS 367

We may put, when jf = ji,

| M F |2 = E m f | j ' l | 2 = E m i l j l | 2 , ( 3 . 8 9 )

and

|Mg t |2 =  E m f l ^  |2 =  |2 • ( 3 . 9 0 )

Using (3. 86 ) and (3. 9 0 )  we can now give (3. 88) the form

-R e (g vgiA*) mf (M tM & /[ji(ji+ l)]*)(p/E ). (3.91)

In an analogous way one obtains as the contribution from  (3. 50) and (3. 51)

- Re (gvgA*) mf (MFM¿íp/[j¡(ji + l)]^)(p/E). (3.92)

Collecting a ll the terms one obtains finally for aimf according to (3. 82)

a'mf= С (1 + Aim f ) , (3.93)

(C is a normalization constant) with,

A _ 2 Re (gAgA*)( IiVEgtI2/!ji(ji+ 1)])- 2 Re (gygA + gvgA*)(MFM¿V[ji (ji+1)] )̂ 

( lg v l2+  lg v l2);.|MF|2+ (|gAl + IgÁl2) |mgt(2

(3. 94)

Calculating the degree of polarization fj from  the populations &щ according 
to (3. 93) and (3. 94) one obtains

*Jf
Г  - m f  A '

m f=-jf ¥  am f .
= ------------= i  (jf + 1 ) A j . (3.95)

£ amf 
m f= -jf •

Hence substituting (3.94) into (3.95) we find

i  (1/jj) 2 Re (gAgÁ*) I M gt|2- [ (ji+  l )/ ji ] i  2 Re (gygA*+ gvgA*)MFMgr. .

(lgvl2+ lgv!2)|MF|2+ (|gA|2 + lgÁl2)|MGi]2
(3. 96)

Comparing (3. 96) and (3. 80) it is seen that |Mgt|2 and MFMgT are multiplied 
by factors for which the absolute value of their ratios is the same in both 
cases, although these ratios have a different sign. Once the value of fx is 
calculated the subsequent angular distribution of the 7 -rays, taking the c ircu 
la r polarization into account, depends on the multipolarity L  of the 7 -rad i-
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ation and the nuclear spin values jf and jf. We can give the J3, 7 - circular 
polarization correlation by the formula

W<ej) (e ,T)= 1+1 A r (v / c )rQ  cos0 . (3. 97)

в  is the angle between the directions of em ission of the |3 and 7 -ray; 
t  = + 1  if photons of helicity + 1 are observed; т  = - 1  fo r observation of the 
opposite polarization. Qy is a factor calculated in the theory of the angular 
distribution of radiations from  oriented nuclei (we re fe r to [52]).

We give Qy for two simple but important cases

Qу -
i f j f - j f  = L  = 1 

1  i f  j f - j f  = L  = 2 . 

A* is for the special case jf = ji, given by

? АУ =-[ (jf+ l )/ jf ] {-  2 Re[(gAg?)/(ji+ 1 )] |MgtI2+ [j /(j + 1)]*2 Re (gvg f + gfef)M FM GV .

(3. £18)

We have discussed the phenomena oí (3, 7  -circu lar polarization here, con
sidering 7 -radiation emitted as a "detector" of the polarization of the nuclei 
a fter /3-em ission. Comparing (3. 98) with (3. 80) we. see that, apart from  a 
constant factor, the only difference is a reversa l of the sign of the second 
term  relative to the firs t  term . In both cases we can get information abou: 
the same combinations of coupling constants.

3. 5. The polarization of electrons emitted in /3-em ission

Before we deal with the polarization of (3-radiation as it occurs for 
an interaction Hamiltonian which does not conserve parity, we want to con
sider how the polarizatfbn of re lativistic ferm ions described by the Dirac 
equation can be characterized. F o r this purpose we w rite down the general 
plane wave solution of the Dirac equation (normalized to one particle per 
unit volume) in the following form :

/ P • o’ ¿ \

^ = \ f l l p '  E^m eHP-x-Et) (3.99)

where

*  =( b )  (K l2 + | b |2 = 1 ) (3 . 10 0 :

is a two-component spinor. F o r 4 = (q) one has the spin-direction along the 
positive z-axis, fo r ф = (®) along the negative z-axis. A  general state of 
polarization (3. 99) is specified by ($), where A  and В are complex numbers, 
related by the normalization condition |a|2+ |b|2 = 1. Since a commonphaiie- 
factor in A  and В is not essential, it is  seen that the state of polarization
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is  specified essentially by two physical param eters. An alternative charac
terization  of the state o f the ferm ion polarization is possible by means of 
a 3 -dimensional unit vector Ç related to A  and В according to

фЬф, (3.101)

or written in components

fx = (A *'B*) Ç  J )  ( в )  = А В П  Г В .

Sr  = (A* I?) = i (AB* - BA*) (3. 102)

sz = (А *в * ) ( l  ̂  Л \  = |а|2 - |в|2 .
P-v XB,

In the non-relativistic Pauli-spin theory Ç is simply the direction of the 
spin angular momentum or the spin magnetic moment. In the Dirac theory 
the meaning of Ç* is less direct since e. g. the operators fo r the spin angular 
momentum and the magnetic dipole moment are different. One also calculates 
that the expectation values of these operators fo r (3.99) are different and 
also d iffer from  Ç . Still, Ç is a correct characterization of the state of 
polarization. It can be shown that Ç can be considered as the spin direction 
in that coordinate system in which the ferm ion is brought to rest by a special 
Lorentz transformation in the direction of p*-. Transition probabilities, taking 
electron polarization into account, can be calculated using formula (3. 15) 
so that the calculation is reduced again to the calculation of a trace of the 
products of D irac-m atrices. However, instead of De one should take a p ro
jection operator Pe defined by

(Ре)цр = Фи>Фр* (3.103)

without summation over the electron spin states. The resulting Pe is much 
more complicated than De given according to (3. 16). I i  according to (3. 103) 
can be considered as a projection operator fo r a one-dimensional subspace 
specified by a definite p* and a certain polarization. We shall show how the 
complete expression fo r is calculated, although this expression gives 
more than is needed for the lim ited purpose of calculating the polarization 
of the |3-rays from  non-oriented nuclei. We firs t note that a general 2X2 
m atrix a can be developed as a sum of Pauli matrices, writing

where

/’ all a12 '\
= = со + Сia i + С2СГ2 + C3<T3 (3. 104)

1 a2i a 22 /

со _ i 
” 2 Tib (a) = 12 (ап + a22 )

Cl _ 1 
" 2 Tra (affi) = í2 (a i2 + a2i )

C2
_ 1 
” 2 Tr0 (aa2) = 12 (a i2 - a2i )

(3. 105)

Сз
_ 1 
“ 2 T r0 (асгз) =

12 (an - a22 ) .
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Of course one may do the same thing fo r an expansion as the sum of p-m a:ri- 
ces. The way in which the Dirac-plane wave ф\ is written in (3. 99) is useiul 
when splitting the spinor index X (=1, 2, 3, 4 ) into 2 indices r (= 1, 2) and 
s (= 1 , 2 ), which concern p- and cr-matrices respective ly; hence A (=(r, s )} 
summarizes both indices; p -m atrices are acting on r ; cr-matrices are acting 
on s.

Analogous to defined by (3. 103), we may also introduce a spin-pro - 
jection operator fo r the s-variables only, according to

where we used (3. 102), (3. 104) and (3. 105). If we do not w rite the indices 
s ,s ' explicitly, we can simply put

The Dirac spin projection operator (3. 103) can now be obtained e .g . by 
using (3. 99) and by writing

We then write r, r 1 in a 2X2 matrix, but we do not write explicitly the indi
ces s, s for ф and ф*. Except for (3. 99), we also use its complex conjugate:

Pe = Ф Ф *  = I  ( 1  +  f -  7 j . (3. 10Y)

[ P e  ( f ) ] \ V  = Ф \ Ф %  -  i/'r.s Ф1'ris- (3. Ш !)

exp -[- i (p5T- Et)}. (3. 10Я)

We thus obtain from  (3. 103) by means of (3. 99) and (3. 109)

Сtp'.'ff/(E+m)№$p*'.or*-/(E+m))- (p*. сг/(Е+т))ф$

[ Pe ( T ) L .  rf ( Ф ,  Ф * )r,n = ( (E + m E ) l

- 0Ф*р** O'*/ (É+m) фф■ /
(3. 1 1 D)

Substitution of (3. 107) into (3. 110) gives

(3.111)

Again applying the identity (3. 26) we have
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Й Г.7Г)(Г.Г) = (p.T) + i ^ ( P * f )  (3.112)

(р*,.ст*)[(1 + ( Г - 00 ](р«'ст) = р2( 1 -Т -°?') + 2 ^ '- П ® ’-®*) •

(3.113)

Making use of these identities and remembering that p2 = E 2-m 2, we can 
reduce (3. I l l )  to

/ (E-m M l-f-cT) + 2 ((p .T )(p '- '? )/ (E +m )) - ф •7 )- (^ .f ‘)-iâT(px5\

[Ре (? )]г, = (1/4E j

y - (pVa) - (p .T ) + i5TtpXfl (E + m )( l+ f .? ) .  ]

(3. 114)

Developing this according to (3. 104) into a sum of p-m atrices, we have

ïè (? ) = co + ciP i + C2P2 + C3P3 

where according to (3. 105)

4E c0 = i E + m (T - ^ )  + ( (p*-T)(p’-^ ’)/(E+m))

4E Cl = - ( p . f )  - <p ï? )

4E c2 = o\ ( p X f )

4E c3 = -m  - E (îT-'a) + ( (p .T fK lT-^ )/(E+m)).

According to (3. 115) and (3. 116) we may also w rite Pe (Ç*) in the following 
form

Pe (Г) =ï f/ E )P l - (m / E )p 3-p 1 (p -^ / E )  + (p X T/E ). Pg?

+ { - ?  + (Г- Г ) ? / Е  (E+m )} • p3a + { (m/E) f  + [(¿Г- f )P ? E  (E+m )]}-3] .

(3. 117)

It is seen that the spin projection operator has a rather complicated 
form  in this notation. This is related to the characterization of the spin 
polarization by the 3 -dimensional vector f .  A  characterization of the spin 
polarization in a m ore c learly  re lativ is tica lly  covariant way by a 4-vector 
Sjj gives a more compact notation fo r Pe (Ç ) in term s of -m atrices. How
ever, we do not want to go further into this matter here.

We now want to calculate the polarization of /З-rays for allowed tran
sitions fo r non-oriented nuclei when the interaction does not conserve parity. 
According to (3. 15) we have to calculate the following trace:

(3. 115)

(3. 116)

£|<f|H,Ji>|2 = i  E{ gkgt:( fn k ) ( jb / T r  [ВД\,П,,Ре ( f )  ] .

(3. 118)
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We want to average over the directions of em ission of the neutrino so that 
we simply substitute è fo r  Du (cf. (3. 17)). Further we substitute (3. 117) for 
Pe (? )•  We shall make the calculation fo r  pure V-interaction; we obtain
the following term s

1 4 1  l j >  i T r [ 1 - 1- 1 -Ре (Г ) ]

♦ W i f i i 2 t T r [P i 1 -Pi - Ре (Г )]

+ gv« v l j '1'2 ï T r l l - 1 -P l-Pe (Г )]

+ e v g * l j 1 l2ï T r [P i • 1 - 1 -Ре (Г )]

= (lgvl2+ lg vñ lJ l| 2 íT r [ ( l + m )P e  (Г )] 

with (3.119)

M = 2 Re (gvgv)/(lgv|2+ IgvP )• (3.120)

From  (3. 117) one sees immediately that the result fo r (3. 119) is given by 

(lgv|2+ Ig v P ílj 'l l2 i  ( 1 -Л Г -Г/Е ). (3.121)

Hence the transition probability has a factor

l - M p ^ T / E ,

which means that the degree of polarization fo r pure V-interaction Is given 
by

P  = -M |  = + 2 (v/c) [ 2 Re (gvgV*)/( |gv|2+ fevl2). (3. 122)

The calculation according to (3. 118) was ve ry  simple because we had already 
obtained the expression (3. 117) fo r  Pe (Ç ). One may also derive the 3-po la ri
zation directly, without using the expression (3. 117). We show this again 
fo r the case of V-interactiori. We have to calculate the square o f a m atrix 
element according to

I  £ IgvI J 11 {Ф&Фу) + g v l j l l  (ф*ф5 Фу) I2 

= 1 lJl|2E [ IgvJ2 (ФеФМФ^Фе ) + [gvl2 (ФеУ5Фи)(Ф^ъФе) (3. 123)

+ gVgV ( Ф % Ф и ) ( ' 1 $ Ъ Ф е  )  +  & 1 & ч  ( Ф * Ч ь Ф у ) { Ф ^ Ф е  ) ] *

If we average Ç ФиФ& = A , over the direction o f em ission <f of the neutrino 
we obtain sim ply a constant. We have further (Ts)2 = 1 and 75 = pi. In this 
way (3. 123) reduces to
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I  (Igvl2 + lgv|2 ) lJ l| 2 [ C ( l + W l ) ^ e  ] • (3.124)

ju is again the constant given by (3. 120). The expression is further reduced
by substituting (3. 99) and (3. 109), which provides

ФЦ1 + MPi) фе

= [ ф*{(jr. <П(р*. о ) /(Е+т)2}ф + ф*ф - 2U ф* (р". о~/(Е+т))ф]

= ^4 [ Ф*Ф (р2/(Е+т))+ (Е + т ) Ф*Ф - 2 М </>*(?"• сГ) ф ]¿ht

= ¿  [ 2Е - 21Л (p T .f) ] = 1 - M (p*. ?7e).

(3. 125)

We have used here: Ф*<£ = |a¡2+ |b|2 = land$*CT$=Ç (cf. (3.100) and (3. 101)). 
We have thus derived the same factor in the transition probability in (3. 125) 
as we had in (3. 121), so that we have again derived the result (3. 122). Taken 
separately, this second derivation of the degree of polarization of j3-rays 
is shorter than the derivation of the expression (3. 117) fo r the spin p ro 
jection operator. However, it is useful to have the complete expression 
of the spin projection operator available in case one wants to calculate more 
complicated effects with electron polarization.

We shall now show that the /3-polarization fo r S-interaction has an oppo
site sign to the V-interaction. We then have instead of (3. 123)

Ç i  Igs ( J l )  {ФеРзФу) + gk ( § 1 ){Ф%РзУ5Фу) I2

= Ï  l ^ 1!2? I Igs I2 (ф%РзФи)(Ф*РзФе) + IgS I2 (Ф?РэР1Фу)(Ф*Р).РзФе)

+ gsgs*(Ф£р^)(Ф*Р1РзФе) + gsgs*Wfe*P3Pl iMOtóWe) ]

= £ (IgS I2 +  Igê l2 ) l j *  l| 2W ? ( l  -  V p l W e ]

= i  (IgsI2 + lgs|2 ) l f l | 2 [l + v (p " * r/ E )I

(3. 126)

where we have put

v = 2 Re (gsgs*)/ lgs|2+ Igs I2. (3. 127)

In the reduction of (3. 126) we have made use of P3P1P3 = -P3P3P1 = -Pj. The 
anticommutation o f P3 and pi provides a different sign fo r S than for 
V-interaction. F o r the same reason one finds opposite signs for the (3-po la ri
zation fo r  T -  and A-interactions. However, we do not go further into the
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calculations for T, A  or P-interactions as they do not contain any new e le 
ments .

3. 6 . Summary of some formulae fo r /3-radioactivity

F o r the purpose of further discussion we list below a number o f formulae 
with some m ore details than we have derived hitherto. We give the tran
sition probability, fo r when the emitted electron has momentum p* and the 
neutrino has momentum qt We assume that the nuclei may be polarized and 
that j is a unit vector, which is an axis of rotational symmetry for the o r i
entation. The nuclear orientation may then be specified by the parameters 
fi and f2 :

fl ~ (l/ j) ^ mam (3. 128)

f2 = (l/j2) [ 2 mam- l j  (j + 1)]. (3. 129)

The transition probability may now be as follows (units with -h = с = 1 are 
used; Coulomb-corrections are taken into account up to the firs t order; 
cf. JACKSON, TREDVIAN and W YLD [17] ):

W? (pTqTj) = 2-1 (27Г )‘ 5F ( ± Z, Ee)p  Ee (E 0 - E e)2 ? 2

{1  + а* ({Г. 1j/EeE„) + b+ (m/Ee)

- (3 ji / 2 ji - 1) C ; f 2 [ ( p i  4*"/ 3 EeEy) - ( ( f - p ) ( f -  q)/EeE „)]

, + f i  [ A+ (jT p/Ee) + B î(j- q/Eu) + D+ (j.(pXq)/EeEu) ] } .
(3. 130)

Ey = E 0 - Ee is the neutrino energy. F  (± Z, Ee ) is the Ferm i function, 
which specifies thç influence of the Coulomb field  o f the nucleus on the 
/З-spectrum. Averages are taken for the electron and neutrino polarization. 
The following effects are described by this formula: .

(a) shape of the_allowed spectrum (average over p”and q and nuclear 
orientation j );

(b) e -v  angular correlation ; this is determined by the term  azptj?- q) /EeEu 
(average over nuclear orientation);

(c) the angular distribution of (3-rays from  oriented nuclei is obtained 
by averaging over cf (6 = angle between j and p ):

W+ (0) = 1 + b* (m/Ee) + f i  (v/c) A+cos 0; (3.131)

(d) for re co il experiments with polarized nuclei the important term s 
are (J fq )/E „ andT- (pX"q).

We give below the expressions for Ç, . . . ,  D+ expressed in the coupling 
constants gj and gj of the Hamiltonian.

The upper and lo;ver signs re fe r  to|3" and Э+ emission rèspectively:



5 = (lss|2+ lgs|2+ Igvl2 + IgvP )|m f |2 + ( Is t I2 + IgT 12 + lgA|2+ IgA I2) IMgtI2

(3. 132)

a;Ç = { [ -  |gs|2 - IgsP + Igvl2 + Igvl2] 2 Im (gsg$ + gsg'$)} |mf |2
Г

+  {  [ I g T p + l g i l 2 -  IgA I2 -  IgÁl2] ± ~ 2 - 2 Im (g T g ï+ g T g t )H | M G T | 2
Jr

(3. 133)

b+? = ± 2y R e [(g s g v +  gsgv) |mf |2+ (grgA + gTg/f)I^gtI2] (3. 134)

A ; l  = Xjijf [ ±  2 Re (gTgT -gAgÁ*) + 2 Im (gTgA+ gTg*)] |Mgt|2

+ 5jijf f 2 Re (gsgT+gsgT - gvgÁ*- gvg ï)

± 2 I m  (gSgA +  gS g * -  gvgT -  g V g T  ) ] M fM g *T  ;

B+f = 2 Re {  |mg t|2X jijf [ (gTgA+ gTgA ) ± (gTgT+ gAgA ) ]

С I ÏÏ 1 Г I № * * »
-  ^ jijf M f M g t  J  j. +  г  [ (gs gT  +  gs gT  +  g v g A  +  gvgA  )

, 7m . I /  , I * b
±  -= r -  ( gSgA  +  gSgA +  gV gT  +  g v g t ) } ;SlJQ

D*5 = г  t 2 Im (gsgT+ g s g r -  gvgA - gvgÀ*)

+ ~ ~  2 Re ( g s g A +  gsgA *- g v g T  - gvgT 'O ] M f M g t -

In these expressions we have used the following notations:

jf is the nuclear spin after )3-emission

7  = J 1 - a2Z  2 ’

F  ( ± Z, Ee ) is the well-known Ferm i function which gives the influence of 
the nuclear charge Z on the |3-spectrum ( F ( ± Z ,  Ee) = 1 for Z = 0).
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(3. 135)

(3. 136)

(3. 137)

(3. 138) 

(3. 139)
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^iüf

for ji = ji - 1

for ji = ji

for ji “ ' j f = ji + 1

(3. 140)

With respect to the interference term MpMgTit should be noted that it can 
be proved to be rea l (assuming that the nuclear Hamiltonian is invariant 
for tim e reversa l).

3. 6 . 1. Polarization of (3-rays

In formula (3. 130) an average is taken for the electron and the neutriro 
polarization. If parity is not conserved, we have the important effect of 
the longitudinal polarization of /З-rays for non-oriented nuclei. This effect 
is not yet described by (3. 130) but we can describe it by the following form u
la

Wf (pîÇ*) = (1/2 (2тг)4) F ( ± Z ,  Ee)pEe (Eo-Ee )2?

X { 1  + b ï(m /Ee) + G* (T-p/Ee)}.
(3. 141)'

f* is the polarization vector for electrons.
GT is given by

G+? = |m f |2[±  2 Re (gsgs*- gvgvH (aZm /p)’2Im (gsgv + gsgv ) )

+ |MgT |2[ ± 2 Re (gTgT*- gAgA W »Zm /p) 21m (gTg'* + gTgA ) ] •

(3. 142:

It follows from  (3. 141) that the degree of (longitudinal) polarization of 
electrons emitted in an allowed /3-decay is  given by

Pi = , f ?  (.V! %  , (3. 143 i1 + bf (m/Ee)

3. 6. 2. fi, 7 -circu lar polarization correlation

This is another effect showing the non-conservation o fparity  as was dis
cussed before (cf. F ig . 2 ).

Fig. 2

Nuclear spins for 8-emission followed by 2^-pole y-radiation for which the circular polarization is measurid
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The following result can be derived for the ¡3, 7 -circu lar polarization 
correlation:

W ^ r )  (в, т) = 1 + b+ (m/Ee) + i  A| t  Qy cos 0 . (3. 144)

в is the angle between the directions of emission of /3 and у ;  т = + 1 for 
photons of helicity + 1 and т = -1 for the opposite polarization. The value 
of b+ is given by (3. 134). Qy is a function of jf, jf and the multipolarity L  
of the 7 -radiation; we specify Qy for two important cases

r f  i f  3f  -  j f  = L = 1

Qr ={
4  if jf  - jf = L =2 .

(3. 145)

The value of A| ? is given by

A Ï ? = - « j f +l)/jf ) {CTjfji [ ± 2 Re (gTgT - gAgA)+((aZm)/p ) 2 Im (gTg'*+ gTg*)] |Мзт|2

- o’jfji -vTijiAji + lí* Í2 Re (g s g T + g s g T -  gvgA - Sv Sa )

( & /* / 'fi *
± ( a Z m / p )2  I m  ( g s g A  +  g s g A  - g v g T  - g v g T  ) ] } M f M g t .

(3. 146)

where r
1 - jf/(jf + 1 ) if jf = ji - 1

CTifji =s ^ j f  + 1J if jf = ji

1 i f jf = ji + 1
(3. 147)

It is useful to compare (3. 135) and (3. 146). These formulae are analogous 
although the factors and cjjfjj d iffer. If jf = ji, we may have the in ter
ference term  M f M q t  in addition to the main term  |Mg t |2 . In this respect 
it is remarkable that the main term  and the interference term  in (3. 135) 
and (3. 146) have opposite re lative signs.

3.6 .3 . Some general remarks about the structure of the formulae
jjj J _v

(1) It should be noted that gTg'i-has opposite sign to gAgA"in the formulae 
for A+ (3. 135) determining the directional distribution of |3-rays from  o r i
ented nuclei, as w ell as for A^ (3. 146) for the j3 -7  circu lar polarization 
correlation, and the expression G+ (3. 142) fo r the j3-ray longitudinal po la ri
zation. S im ilarly gsgs* has opposite sign to gvgV* in the expression G+ for 
/3-ray polarization.

From  this structure of the formulae it is seen that the experiments 
providing A^, A^ or G- can teach us about the helicity of the emitted neutrino 
related to the sign in g( = ± gi (when assuming two-component neutrino theo
ry ) only when it is known whether the /3-interaction has V or A  character 
(as to its G am ow-Teller part) and S or V character (as to its F erm i part).
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(2) The term s with p*. qT X -? "and Г -" î in (3. 130) are a ll even with r e 
spect to time reversa l. In 2 (see in particular (2. 18} - (2. 21)) we discussed 
in general term s in what way tim e-reversa l invariance can be tested. In 
formulae (3. 133) - (3. 137) we have examples of these general considerations. 
It is seen that the term  with D± ( j . (p’xq^/EeEy) is the only term  of which 
t im e-reversa l invariance can be tested, when we neglect final-state inter-, 
actions (i. e. if  we omit the term s with a Z ); in the expression for D one 
s till retains in this case the term  with Im (gsg¥’+ gsg? - g vg í - gvgÁ* ) which 
should be equal to zero if invariance fo r t im e-reversa l holds.

On the other hand, if final state interactions are considered (i. e. if 
the term s with a Z are taken into consideration), the expressions for a{,
Aç and B+ contain term s which could demonstrate non-invariance for time 
reversa l (cf. the corresponding general formula (2. 20)). However, such 
term s with a Z have the character of correction term s and are not easily 
measured.

3. 7. The experimental situation in (3-radioactivity

In this section we review  concisely the experimental situation concern
ing /3-radioactivity (cf. [ 10 ] fo r a more complete review ).

(1) F rom  the half-lives and end-point energies of (super-allowed)
/3-transitions one can learn the coupling constants for the Ferm i and Gamow- 
T e lle r  parts of the |3-interactions (using the so-called ft-values). Nuclei 
are needed for which the m atrix elements can be supposed to be known on 
theoretical grounds; in this respect the most important are:

(a) the neutron, spin i ;  |mf |2 = 1, |м<зТ|2 = 3.
(b) 0+ —0+ - transitions such as occur for O14, A I26, C l34; because 

of the selection rules |Mgt|2 = 0 ; further |Mf |2 = 2 .
(c) m irro r nuclei, especially those with closed shells ± one nucleon, 

such as O15, F i? , C a39.
The results of the ft-values measured for the nuclei (b), especially 

014 can be given as

gF = (1. 470 ± 0. 022) X 10' 49 erg X ciri (3. 148)

where gp is the "F erm i coupling constant" 
of the coupling constants used hitherto as

which may be expressed interm s

gF Í  Igs I2 + |gs I2 + |gv|2 + (3. 149 )

Further one often introduces R = X2 according to

кт )2+ IgT ]2 +  | g A|2 +  | g Á ]2
R = A2 :

|gs |2+ Igs I2 + Igvl2 + Igvl2
(3. 15C )

The value obtained fo r X on the basis of the ft-values for the n and 014 is

I X I = 1. 18 ± 0. 05. (3. 15Ï)

The value obtained on theíbasis of О14 and the m irro r nuclei is some
what lower ( |X I «  1 . 08); it is probable that this is due to a number of cor -
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rections which have to be applied in the case of m ir r o r  nuclei; of course, 
it is a most important problem that even the explanation of the ft-values of 
the simplest|3-transitions require quite an amount of detail on the nuclear 
wave functions; for a survey of this problem we re fe r  to [18].

(2) Recoil experiments fo r allowed 0 -transitions providing the constant^ 
in the electron neutrino directional correlation are a most important source 
of information. For pure interactions one would have a = -1, +1, + i ,  -■§■
fo r S, V, T  and A  interactions respectively. Hence these experiments can 
distinguish between S or V interaction for the F erm i part and between T 
or A  interaction for the G am ow-Teller part of the interaction, which is 
not possible on the basis of ft-values alone.

Recoil experiments have been perform ed for n, He6, Ne19, Ne23, A 35. 
These nuclei have different ratios fo r |Mf |2 a n d | M G T |2 . The experiments
show clearly  that one must assume V and A interaction, while the upper
lim its fo r S and T interaction are found to be

(| gT |2 +  1ёт|2 / Ы 2 +  I g Á l2) <  0 . 0 7 .
(3. 152)

(|gs I2 +  l i s  I2/ I g v l 2 +  I g v l2 ) <  0. 07 .

The situation as to re co il experiments and the T  or A, and S or V character 
of the 0 - interaction was confused up to 1958, especially as a consequence 
of a He6 re co il experiment which indicated T  instead of A  interaction due 
to experimental erro rs .

(3) The so-called F ie rz  term s, which can occur in the shape of 0-spectra 
(terms with coefficients b+ according to (3. 134)) were shown to be absent 
experimentally within the accuracy of the experiments:

]bGT| < 0. 02 for G am ow-Teller transition;
(3. 153)

|bF I 0. 1 for Ferm i transitions.

Fo r a Hamiltonian conserving parity (g{ = 0) one could then conclude 
that S and V interaction cannot occur simultaneously (also T  and A in ter
action cannot occur simultaneously). However, the conclusion for a more 
general Hamiltonian with g¡ j- 0 is less simple, (cf. formula (3. 134)).

(4) Since 1957 a large number of experiments demonstrating the non
conservation of parity in 0-decay have been performed. Most of the experi
ments belong to the three types;

(a) asymmetry of 0 -rays from  oriented nuclei;
(b) (0 , y) circu lar polarization correlation;
(c) longitudinal polarization of 0 -rays.
The experiments showed very  soon that the effects have about the m axi

mum possible size, and this has since been confirmed (e. g„ the degree of 
longitudinal polarization was found to be P  = - v/c for 0'-rays and P  = + v/c 
fo r 0+-rays within a few  per cent). This indicates gi = gi, hence two-com 
ponent neutrino theory.

Once the V A  character of the 0 -interaction was established (1958), one 
could then conclude immediately that gv = gv and gA = g i ,  hence "left-handed 
neutrino", from  the signs of these effects. The relative signs of the V and 
A  coupling could be determined from  the directional distribution of 0-rays
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from  polarized neutrons, as one has here a V, A interference term  (cf.
(3. 135)). A lso the term  with B+ could be determined (measurement of the 
reco il protons). It was found that the re lative sign of the V and A  contri
butions was negative.

(5) A  further experiment for detecting the term  with D+ (cf. (3. 137)) 
for polarized neutrons gave no indication that tim e-reversa l invariance 
would be violated.

From  the TC P theorem it follows that T-invariance is equivalent to 
invariance for the "combined inversion" CP. From  the values of the coupling 
constants obtained it is clear that both P-invariance and С -invariance are 
violated.

We may further summarize the situation concerning |3-interaction by 
stating that a ll experiments are compatible with

(a) V - X A  coupling with X »  1 , 2,
(b) 2 -component neutrino theory, with left-handed neutrinos,
(c) lepton conservation.
The following basic experiments, which agree with this too, may also 

be mentioned:
(6 ) The experiment of Reines and Cowan on the inverse beta-process 

with neutrinos from  a reactor

U + p -*■ n + e+

gave a cross-section  cr = (11± 2.6) X 10_44cm2 to be compared with a theo
retica l value of 14 X 10_44cm2.

(7) Experiments showed that double j3 -decay without the emission of 
neutrinos is absent (within experimental errors ), as is required by lepton 
conservation.

4. MUON DECAY

We shall review  the situation concerning muon decay only very briefly . 
Muon decay is a three-body decay, which may be written (for ц -) as

li~ —■ e~ + v + v . (4.1]

In a three-body decay one has a continuous energy spectrum. The electron 
energy spectrum in (4.1)  extends up to a maximum energy of about 52 MeV.

Besides the electron spectrum non-conservation of parity permits the 
observation of another effect: the muons resulting from  pion decay

7Г -  - »  д -  +  v

are completely polarized, as a consequence of angular momentum conser
vation, if we have two-component neutrinos with an intrinsic polarization.

The decaying polarized muons may give rise to an asymmetric angular 
distribution of the resulting electrons analogous to the angular distributior: 
of electrons resulting in J3-decay from  polarized nuclei. Both electron 
spectrum and angular distribution are given by the formula (for the d er i
vation see KINOSHITA and SIRLIN [19] and BOUCHIAT and MICHEL [20]
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W± (х ,в )  = const { 3(1 - x) + 2 p ( f x - l ) T Ç  cos 0 [(1 -x ) + 2 S ( f  x - l ) ] } x 2.

(4.2)

Radiative corrections and the electron mass are neglected x = -jj- ;

p = electron momentum; p0 = maximum electron momentum. The three
constants p, ? and 6 are functions of the coupling constants: p is known as
the M ichel parameter (cf. MICHEL [21 ]); it determines the shape of the 
electron spectrum.

The value of p may vary between 0 and 1 fo r the decay scheme (4.1 ). 
In addition to the scheme (4.1) the following possibilities also exist

iu~ -» e ” + v + v (4.3)

/и- -» e _ + v + v . (4.4)

F o r  the schemes (4. 3) and (4.4) p may vary between 0 and f  . When a 
two-component theory fo r  the neutrinos is assumed ( 751/v ~ фу), P attains a 
unique value, namely p = 0 fo r  (4.3) or (4.4) and p = f  fo r  (4. 1) [22], [23].

dN = 2x2 (3-2x ) dx for p = f  (a) -

dN = 12x2 (1 -x  ) dx for p = 0 (b) ^ (4.5)

It is now well-established that the firs t case (p = f  ) is rea lized  in nature. 
The interaction Hamiltonian for muon decay fo r the scheme (4. 1) may be 
written as

E£v>Af ï  ( f e l ï  <MGMi Фу ) + h.c. (4.6)

as w ell as

(фе Ц фу)(фиЦ фц ) + h .c .  (4.7)

In both expressions we assume that we have the two-component neutrino 
theory with y5 фу =  фу .

The two notations are equivalent provided the coupling constants are 
related as follows

gS =-gp  = fV + fA  (4 8)

gV= -gA= Í  (fA 'fv )-

F o r the two-component theory the normalized electron distribution can be 
written as

dN± = 2 x 2[ (3 -2 x )±  I  cose ( l-2 x )] ,  (4.9)

where Ç is given by

? = (2 fv fA/(fv ) 2 + (fA)2 ) • (4.10)
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Hence fo r  fy=  - fA w e h a v e f = -1.
We may summarize this in the following way. For the two-component 

neutrino theory and V -A  interaction the constants p, f  and 6 from  (4.2) have 
the values

p = f ,  ? = -1 , ô = £ . (4.11)

The expression fo r V -A  interaction may be written in both the following 
ways (cf. (4. 8) fo r fy = -fA = >/2 g*1)

Л |1 = - f  [ФеУ\(1 + У5)Фц][фиУ\ (1+75 )Фу 1

I r  Ш  У \  (1 + 75 )Фу \  [ ^ 7 х  (1 + 75 )<Ац ] •
(4. 12)

V2

Finally, the decay rate fo r  the interaction (4.12) is given by

Лц = (mjj g**2 / 3.2 67га) . (4.13)

We now give a summary of experimental results (we make no attempt at 
completeness but give only the most precise and recent ones, cf. also [24] for 
a general review  of the experiments).

p = 0. 741 ± 0.027 [2 7 П

0. 785 ± 0 .020 [ 28 ] > (4.14)

0.764 ± 0.032 [ 29 ] j
5 “ -0 .9 4  ± 0.07 [2 8 ] (4.15)

6 « 0 .78 ± 0.05 [2 8 ] (4.16)

It should be noted that radiative corrections of about 5% have to be applied 
to the M ichel param eter p (cf. [25] and [26] fo r their calculation).

The follow ing precise values were obtained fo r the mean life -tim e

leading to

Тц = (2.210 ± 0.003) ¿tsec [3 0 ] (4.17)

g<* = (1.428 ± 0.001) X 10-49 e r g  c m 3 (4.18г.)

1.018X 10*5g„ = ------ -------- - (4.18b)

The situation concerning muon decay may be summarized as follows: the 
measured values of p, f  and 6 are in good agreement with the two-component 
neutrino theory and V -A  coupling; muon decay proceeds via scheme (4.1) 
while (4. 3) or (4.4 ) have to be rejected.
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5. UNIVERSAL FOUR-FERM ION INTERACTION: THE PROPOSAL FOR 
A UNIVERSAL V -A  INTERACTION

In section 3 we have seen that a ll experiments on /3-decay are in a gree
ment with the V - X A  form  fo r the interaction Hamiltonian with a tw o-com 
ponent neutrino.

jjb = (ge А/2)0/ртм(1 +X'y5)i//n)(ÿe’y(1 ( l + 75 )1//,,) + h .c . . (5.1)

From  the ft-value of the (3+ decay of O14, a pure F e rm i transition, we get 
a very accurate value fo r  ge[31]

gs = (1.4170 ± 0.0022) X IO- 49 erg cm3. (5.2)

The ratio of the axia l-vector and vector coupling constants, X , is then de
term ined from  the life -tim e  of the neutron [31] :

££ д
X = j —  j = 1.18 ± 0 .0 5 .  (5.3)

F o r  severa l m irror-nuclei, in which case one can calculate the m atrix e le 
ments, one finds values fo r  X which are significantly different from  (5 .3 ). 
BLIN  STOYLE [31] has discussed possible causes of this discrepancy.

Several authors [32] [33] [34] independently remarked that by a simple 
prescription, one can get the form  (5.1) withX = 1 from  the general form  
given by

2 4  f=SVTAP( ^ Ç )(g i + g ÍT 5 )^  + h,C"  (5-4)

We substitute in (5.4) fo r  every ф, аф with a = £ (1 + 75). Then ф becomes
¡fâT (â “ ■§• ( 1 - ys)) because of the commutation relations (A . 36); we have:

a2 = £ (1 +T5)(1 +Y5) = ï  (1 +Y5) ■ a

âa = 4 (1 - 75)(1 + y5) = i  ( 1  - y\) = 0

Я р  -  { ' | ( 1 +  Уп)Ф}*У4 “  Ф * Ъ  ( 1 +  Уь)У4 я Ъ Ф * У 4  (1 -У5)  я

Thus

ф Vj ф г* ф в.1] а. ф ,

with

â l ] a  = r j â a “ 0 if j = S ,T ,P

STj а = 1 ]а 2 = Г ]а  if  j * V, A  .

It is required that the interaction be invariant fo r  the substitution
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Only the A  and V term s in (5. 4) remain. The result can be written in the 
exact V -A  form  as

-^e>= ( g e ^ )  (1 + У5)Фп)(ФеУц U + Уь)ФУ ) • (5.5)

The addition of the superscript (0) tb jjs and ge in (5. 5) w ill be explained 
later on.

Several authors have given theoretical speculations, which might be 
important fo r  a deeper understanding of the prescription ф -*• аф. FEYNM AN 
and G ELL-M AN N  [39] explain that one might use fo r  quantum electrodyna
m ics, instead of the firs t-o rd er Dirac equation fo r  the 4-component fie ld

ly„ - ie A M) + m ] ф = P> (5.6)

also a second-order equation fo r a 2-component fie ld  (A^ in (5.6) specifies 
the 4-potential of the electromagnetic field , with which the particle is in ter
acting) . This equation can be obtained by putting

1 ЭФ * - ie A ji )-m ]u , ■ (5.6a;

from  which one obtains the iterated Dirac equation fo r  u,

[ ( ' - ie  Am ) 2 * m2 - I  ie уцъ  ] ш = 0, (5. 7)

where- Fpp is the electromagnetic field

F„„ = Э A  - Э A  .
(*«’  (i "  V fi

The equation is a second-order equation, however, fo r  the 4-component 
fie ld  ш. One may pass to a second-order equation fo r a 2-component field  
by noticing that 75 commutes with -»i yv so that (5. 7) can be split into two 
equations fo r  2 -component fields satisfying

either 75 w = w , (5.7a)

or y5 u = -u . (5 .7b)

Choosing (5. 7a), one obtains by multiplying (5. 6a) from  the le ft by (1 + 75) 
(75 anticommutes with 7,,)

u = i  (1 + Уь)Ф • (5. 7c)

(5.6a) and (5.7c) establish a (1 ,1 )-correspondence between the solutions 
of the Dirac equation (5. 6) and the second-order equation (5. 7) with the 
additional condition (5.7a). The quantity u satisfying (5.7a) has rea lly  only 
two independent components as is  seen by writing ф = ( ’x) so that и can be 
written as
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w = £ (1 + у£ф = (
i (Ф + X) 

i (Ф + x) ) (
Ф

Ф.. )

It is then easily deduced that Ф satisfies the equation

[ (-¿— i e A „)2 -m 2 + e ст - ( B  + iE ) ] Ф = 0 . (5. 7d)

It can be shown that (5. 6) and (5. 7d) are equivalent as fa r as quantum elec tro 
dynamics is concerned. However, the two equations may lead to different 
theoretical proposals fo r  4-ferm ion interactions in the follow ing way:

One may postulate theoretically that 4-ferm ion-interactions should be 
linear in the fields themselves but should not contain derivatives of the fields 
(think of the rejection on experimental grounds of the Konopinski-Uhlenbeck 
interaction, containing derivatives fo r  |3-radioactivity).

It then makes a difference whether this requirement is formulated fo r 
the fie ld  ф or the 2 -component fie ld  <p :

I. When formulated with ф, the interaction may also be formulated 
with the aid of u (or ф) by substituting (5.6a), but it then follows 
from  this formula that the interaction formulated by means of Ф 
contains derivatives.

H. On the other hand, i f  one requires the intéraction to be linear in ф 
(o r u ) it follows from  (5. 7c) that the interaction, when formulated 
with the aid of ф should contain ф only in the combination аф , which is 
equivalent to the rule we have just formulated.

It is this second proposal which was made by Feynman and Gell-Mann.
SAKURAI [33] requires that the interaction should be invariant fo r  the 

so-called m ass-reversa l transformation:

This has to be applied fo r  each of the four ferm ions separately. Note that 
the Dirac equation is invariant fo r (5 .8 ). We now consider the combination 

Tj (а.+Ъу5)фг
If  we apply (5. 8) to ф\ we obtain a = b.
Now we apply (5. 8) to ÿ/2i

From  this we get ^  I] = - 1] 7,5 which means that only the V  and A  coupling 
remain.

A lso  the argument of MARSHAK and SUDARSHAN [34] im plies the in
variance of the interaction Hamiltonian fo r  the.transformation

(5.8 )

Ф2Ц  U  + У ъ Ж  Y5r j (1 + ‘VsW'l-

Ф — У5Ф • (5. 9)

The eigenvalue of the operator 75 is  called the chirality; ^  is an eigen
function o f 75 with eigenvalue or chirality +1 (cf. (2. 38)). The form  (5. 5) 
is such that it involves the conservation o f chirality. Besides the |3 process



386 H. A. T O L H O E K

n -►p + e~ + v ,

p -*-n + e ++ v , (5. l(i)

two other four-ferm ion processes between nucleons and leptons have so far 
been studied experimentally as w ell as theoretically: the decay of the muon 
(cf. section 4)

+ v + v ; (5.11)

and the capture of muons by nuclei'

+ P - ’’ v + n . (5.121

The capture process w ill be considered in section 7; the erro rs  involved 
both in theory and experiment are such that until now a precise determ i
nation of the coupling constants fo r  this process has not been possible.

It was noticed already in 1949 that the magnitude of the coupling con
stants was about the same fo r the three processes (5.10), (5.11) and (5 .1Í!). 
Nowadays experiments and theory have improved to such an extent that we 
can investigate if there is really an exact Universal F erm i Interaction 
(U. F . I. ). In 4 (cf. (4.12)) we have seen that the experiments on muon decay 
are in agreement with the V -A  form  fo r the interaction

All = ^/& )( 'РеЧ к (1 +У5)Фи)Щ/Гк(1 + У5)Ф11) • (5.131

With respect to the "experim ental" Hamiltonian fo r  the (3 interaction (5.1). 
the only difference is that X = 1 in (5.13). This should also follow  from  the: 
prescription ф — &ф (cf. (5 .5 )).

F rom  the life -tim e  of the muon we obtained a precise value fo r  g (cf. 
(4.18a):

= (1.428 ± 0.001) X 10-49 erg cm3. (5.14)

The discrepancy between (5.14) and (5.2) («0 .8 % ) is so small that one is 
inclined to assume that

ge= gji (5.15)

holds exactly.
This means that the vector coupling constants in /3-decay and /n-decay 

are the same.
We should mention that the values (5. 2) and (5.14) have to be corrected 

because of electromagnetic effects. DURAND et al. [35] find that the d is
crepancy then becomes less ( «  0.5%). However calculations by KINOSHITA 
and SIRLIN [36] make the agreement worse (=« 1.3%) but there are severa] 
uncertainties in these corrections. We shall assume (especially in the nex; 
section) that (5.15) would be exact, if one knew how to malee a ll the necessary 
corrections. Now there is one important difference between the (3-process 
and muon decay. In the firs t case one has to do with nucleons; these are 
particles which also have a strong interaction. One must imagine that around 
the nucleon there is a cloud of virtual pions, which are emitted and absorbed 
by the nucleon. A  p r io r i we expect that this w ill have an effect on the process
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(5.10) (and also on muon capture). In muon decay we have only particles 
with a weak interaction (except fo r  the well-known electromagnetic in ter
action). One now assumes that the hypothesis of the U .F . I .  is valid fo r  the 
interaction of the bare particles

$ " № ( = $ ) •  <5- 16)

The deviation of Л from  unity in the "experim ental" Hamiltonian is then 
not surprising. It should follow  from  a difference in renormalization of 
the axial vector and vector part of the $ -interaction. However the equality 
(5.16) or rather of g0 and ĝ 0) (following from  (5.16) and (5.15)) is then at 
firs t difficult to understand. We expect some renormalization effect. \ye 
explain this qualitatively by some Feynman diagrams (see F ig . 3).

Fig. 3 (c )

Decay o f the physical neutron

The hypothesis of the U .F . I .  states that the contribution of F ig . 3 (a) 
is the same as of F ig . 3 (b); gk0) = g ^  . However, it is not a p r ior i c lear 
that the sum of the processes F ig . 3 (c) gives the same result as F ig . 3 (b).
It has not yet been possible to calculate the contributions of F ig . 3 (c) because 
one cannot apply perturbation calculations to strong interactions.

Nevertheless, in section 6 we shall discuss how one can, at least fo r  
the vector interaction, explain the equality g ^  = ge.

GOLDBERGER and TREIM AN [37] have given a general treatment of 
the weak interaction of nucleons with leptons.

Without doing explicit calculations of diagrams such as F ig . 3 (c) one 
can say something about the general structure of the effective m atrix e le 
ments assuming some very general principles of invariance and spàce-time 
structure. If we assume that the "bare" Hamiltonian, i .e .  the Hamiltonian 
without the influence of strong interactions, has a puré V , A  form , we can 
w rite fo r  the effective matrix element fo r  the process (¡L = e or ju )
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n + v *-*■ p + i (5.1V)

M = 2"? i-)*; Í1 + 75) Ui<n|gAJx|p>

+ 2-i U „7x (l + y5) u4<n |gyJx |p> (5.18)

JX = '/'N1 У\У51<Г)'к*

J\ = ФиУ\т<г) Фи

(+ pion current ?)

(+ pion current ?) (5.19)

gA and gy are the "ba re" coupling constants.
We are supposing that the U. F . I .  holds fo r  the bare couplings

g£ = g f  = g J T  = gü .

In the follow ing i¡j and ф denote annihilation and creation operators respective
ly and not the ordinary wave functions (cf. A pp .IIL  u„ and U{ are the spincrs 
(c numbers) fo r the neutrino and lepton, |n̂ > and [p)> are the physical states 
of the neutron and proton respectively. F o r  the follow ing the explicit ex
pression fo r Jx and is not relevant. The only thing that matters is the 
axial vector or vector behaviour of these expressions.

One imposes the following requirements on (5.18):
(1) Lorentz invariance;
(2) charge independence of the strong interactions;
(3) invariance fo r  tim e reversal.

With conditions (1), (2), (3), one can show that the most general form  fo r 
the "nucleon currents" is (cf. also 7.2)

The constants A  . . .  F  are functions of the invariant q2 = (px “ nx)2; qx = p L 
-nx; nx, px are the four-momenta of the neutron and proton

In the lim it q -►0 (|3 decay), the terms with coefficients B, D, E, and F  ap 
proach zero . This is the reason why in )3 experiments the term s with A  and 
С are sufficient. In the follow ing section we shall see that if one looks fo r 
m ore subtle effects the term  with D has some measurable consequences. In 
the muon capture process with q2 шд , we shall see that the effect of 
the term s with D and В becomes quite large (section 7). The term s with E 
and F  w ere absent in the original paper by Goldberger and Treim an. How-

<n |gÂJ\ |P> = A  Up iy x Тб un - B u nyVK5Up + EunO-xp 4pT5 up- (5. 20 ■ 

<n |gvJx |p> = С un7XuP - iD u n <j\pqpup + iF \ inqxUp . (5 .21

стхм = (1/2) (7 x7ц "7ц 7*.).
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ever, one then has to assume that the nucleon currents transform  "norm al
ly "  fo r  the transformation G.

W
G J\G 1 = -

(5. 22)
G J\G 1 = + j£

with G = С е11,т2-
С is the operator fo r  charge conjugation, e штг is a rotation over ir on 

the 2-axis in the isospin space (cf. [ 8] and also 7.2). Requirement 4 has not 
yet been ver ified  by experiment (see also next section). If we assume that 
invariance fo r t im e-reversa l holds, it follows that the "fo rm " factors A . . .F  
are real.

6 . THE THEORY OF THE CONSERVED VECTOR CURRENT: THE PSEUDO
SCALAR IN  /3-DECAY

6.1. The hypothesis of the conserved vector current

We shall confine ourselves in the firs t part of this section to the vector 
part of the interaction.

At the end of section 5 we discussed the fact that, although nucleons 
have strong interactions, one can nevertheless w rite down a general effective 
matrix element fo r  the (3-process. In (3-decay it is almost sufficient, because 
of q2« 0 ,  to consider only the firs t term  of (5.18), which is the classical 
vector covariant with coupling constant: С (q2«s0). This constant, which we 
also call gg = gfl is the result of a renormalization process and there is no 
direct connection with the unrenormalized coupling constant g$. In muon 
decay there is no such renormalization effect (apart from  small e lec tro 
magnetic corrections) and the measured coupling constant g*i is also the 
bare coupling constant (cf. F ig . 3).

Experiments on (3-decay and/u-decay suggest that almost exactly (5.15)

С (0) = gfl = g|i. (6.1)

Now one can hardly believe that the bare coupling constant and the renorm a
lization effects are such as to yie ld  ge equal gji. If one assumes a U .F . I .  
fo r  the "bare" processes, the problem is to explain why here is no renorm a
lization effect fo r  the (3 -interaction:

(0) ik <>\ge = ge • (6 . 2 )

FEYNM AN and G E LL MANN [39] , and independently ZELDOVICH and 
GERSHTEIN [40] remarked that there is a striking analogy with the situation 
in electromagnetism.

The electromagnetic interaction of a proton is originally not influenced 
by the strong interaction: e = eo; i. e. the total charge (this is the coupling 
with the photon fie ld ) of the physical proton is equal to the charge of the 
"bare" proton. We are supposing that the charge of the bare proton is equal 
to the charge of the electron.

In F ig . 4 we give the diagrams fo r the electromagnetic interaction of 
the proton.
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F ig .4 (a )

E. M. interaction o f the electron

Fig. 4 (b )

E. M. interaction o f  the bare proton

Fig. 4 (c )

E. M. interaction o f the physical proton

The reason why there is no renormalization effect is, of course, the 
fact that the charge is conserved in the strong interactions; the ж+ has the 
same charge as the proton.

We get an explanation of the equality ge = gg0), by assuming that the pion 
has also a direct coupling with the lepton field, with the same coupling con
stant as the bare nucleon. Thus we replace the ? in F ig . 5(cf Fig. 3 (c)) by 
a diagram (F ig . 6) with a direct coupling of ж with the lepton field .

sir*
\

Fig. 5 Fig. 6

Let us now consider the analogy m ore closely. The operator fo r  the 
electromagnetic current can be divided into an isoscalar and an isovector
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part. Both are conserved. I f  we consider only the contribution of the vector 
part to the electromagnetic interaction we can write:

Л  Im . - i e ° ^ A H- (6.3)

A  it is  the electromagnetic fie ld . I f  we include the strong interaction, jji is 
the third component of the total isotopic vector current operator

J|1 = 1 Wv 7 ( 11  Фи + Ф* X  VM Ф* + . . . (6.4)

We use isotopic spin notation (cf. App.IV ).
By a wavy line we indicate that we have a vector in the ieospin space.

If we also include the strong interaction of the nucleons with the strange 
particles (e .g . £ ) we have to add more term s to (6.4 ).

Conservation of isotopic spin implies that this current is so constructed
that

= 0 . (6.5)
axfi ~

Now the m atrix element of the vector part of the electric  current oper
ator between two physical proton states can be written as

(a) (a)
<p'|e° |p> »|ûp-e F Î  (q2) 7M - i ( q 2) ■<* q \ }up. (6 . 6 )

Ai^and are the anomalous magnetic moments of the proton and neutron

1. 8; А<(? = ' 1 . 9. (6.7 )

F¥ (q 2) and F 2 (q2) are the well-known nucleon form  factors which are m eas
ured in the Hofstadter experiments. They are normalized to 1 at q2 = 0. One
can now prove that because of the conservation law (6 . 5) for the third com
ponent e° = e, which means that there is no renormalization due to the strong 
interactions. In analogy with (6. 5) the vector part of interaction n + v p + e 
can be written generally as (cf. (5. 14))

- » l  = ( l/ 2 * )g “ J,! h  (6. 8 )

with

I'm = 0  + 7 5 ) u e- ( 6 .9 )

Now we suppose that this current operator for the vector part (or M
capture; e -> й) is described by the - isovector component of the current (6.4). 
This means that we take for the operator (cf. (5. 17)) the definite form

J*x = Jx = ^N7  XT «  + Ф* T «  V„ + . . . (6. 10 )

Comparing (6 . 10) with (6. 4) we see that the factor i in the firs t term  of 
(6 . 4) has disappeared in (6. 10). The reason is the difference between the 
definition of t ( -)  and T (') (cf. App. IV).
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In analogy to the electromagnetic case (6 . 6 ), the effective m atrix elemeni: 
then becomes fo r the - component

<n I gv JX Ip>  = ungv {F v (q2)7 x - iFM(q2)CTXMq(I} Up (6.11)

with gv = gy and F (c ) = 1, because of the conservation (6. 5).
Furtherm ore, we have a definite prediction fo r F y (q 2) and F¡vi(q2) (cf, 

FUJII and PRIM AKOFF [41] )

F y (q 2) = F ^ q 2), (6.11!)

F n (q2) =((Л(р - ДЗ/2M )F ¡(q2).

Comparing (6 . 11) with the more general (5. 18) we see that the. non-G-in
variant term  with F in (5. 18) is absent in (6 . 11). This is easy to prove. Con
sider

<n I (Э/Эхх) Jxlp> = - i q x < n I |p> . (6. IS)

If we now substitute (5. 18) we find with the help of the Dirac equation 
that the firs t two terms (with С and D) become zero. We then have, using 
(6.5), fo r the - component

0 = iFûn qxq\up -> F = 0.

6 . 2. Experimental evidence for the conserved vector current theory

In this section we consider several experimental consequences of the 
theory of the conserved vector current.

(a) As we have already remarked, the second term  in (6. 9) put into 
(6. 7) w ill g ive a direct coupling of the pion to the lepton field. The process

7 Г +  - »  7 T °  +  e+ +  v ( 6 .  14)

is not only predicted to occur but one can also calculate its lifetim e (partial 
with respect to the main process тг+-э ц+ + v). One then obtains 2. 4 sec.
This process w ill also occur in other theories but it is not possible then 
to predict a definite value fo r the lifetim e, because of the strong vertices 
(F ig . 7).

Fig. 7

Process (6 . 14) has been measured by severa l groups but the uncertainty 
is as yet too large fo r any conclusion to be drawn.

The other tests of the conserved vector theory a ll rest on the detection 
of the second term  in (6 . 11). Here we should stress the point that this term
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w ill also occur generally in other theories. However, the С. V. C. theory 
gives a definite prediction about its magnitude. It should be mentioned that 
(6. 11) with (6 . 12) is derived fo r the case of free  nucleons whereas in |3-decay 
mostly the nucleons are bound by the nuclear potential. Luckily, it is some
times possible, again from  the analogy between electromagnetic vector in ter
action and |3-vector interaction (in section 7 we w ill consider the effect on 
the muon capture interaction), to make certain definite predictions which 
can be tested experimentally. Another difficulty is that in |3-decay the second 
term  of (6 . 1 1 ) generally makes a rather sm all contribution to the allowed 
transitions. M oreover, there is an uncertainty in the magnitude of often 
sm all terms coming from  the firs t term  in (6. 11) and from  the G. T. coupling.

(b) The spectrum; G ELL-M ANN [42] drew attention to a very nice 
example where one can use the analogy to predict some consequences of the 
С. V. C. theory.

This is the case when A = 12.
In F ig . 8 we have a ^'-transition from  В 12 -* С12 a j3+-transition-from 

N 12 -» С 12 and a para lle l 7-transition from  C 12*-> C 12. The ground states

T = 1 .  J = 1  T = 1 . J = 1  T = 1  J = 1

V - 1  \ 20.3 m se c  ( t 2=o V ' /  12.5 ISOTRIPLET
msec

P \  Á *
E„=13 .X___*11/ _____ / E „  = 16.4MeV

Ме\Л

T : Q \ - < ----/  J : Q

в ' г  с ' г  N12 ISOSIN GLET

Fig. 8

of В 12 and N 12 and the excited state of C 12 are members of an isotriplet 
with T=  1 (TZ resp. -1,1 and 0). The spin J is i  and the parity + 1. The ground 
state of C 12 has 1 = 0, J = 1 and parity + 1. The ^ - t r a n s i t i o n s  are allowed 
G. T . transitions, the y-transition M 1. One now finds the following co r
rection factor for the allowed spectrum (cf. SCHOPPER [43 ]):

K 1= 1± |a (2 E  - E 0-  l / E ) - f b (E 0 - 1/E) (6.15)

with

_ |gv I f(â  X ? ) .  i /75 3? if- 1 -  1
a "  I 7 c? ’ b ---- T o ~  • (6.15a)

The minus sign is fo r a fS+, the plus sign for a /3"-transition. This comes 
from  the fact that the term  with a is an interference term  between fa X x 
coming mainly from  the second term  in (6. 1 1 ) and /ст the main m atrix e le 
ment from  the G. T. coupling. If one goes from  (3" to (3+ the only thing that 
differs is the sign of gA and thus of the term  with a, this being in contrast 
to the term  with coefficient b which is an interference between two G .T . 
m atrix elements. This is very  helpful because if we now measure the ratio 
of the |3+ and |3“-spectra we get rid of the unknown m atrix elements from  the
G .T . coupling. The coefficient a can now be predicted from  the analogy. I f  
one assumes that the decaying nucleon is к free  particle one easily gets by 
means o f ( 6 . 1 1 ) and (6 . 1 2 )

a - ( ( l + M ^ - j u ^ A M )  «  4/M. (6.16)
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If one uses the analogy of the matrix element SctXx with the correspond
ing ju m atrix element from  the y -transition in C12 one has

a = (2*/ХМ)(д//В»). (6.11)

With

Гу = (м2/3.137)(Еу/М2) =(53± 1Це V [44] ( 6 . I t )

one has

a «  (4.6 / M) (6 . IS)

which is in agreement with the rough estimation ( 6 . 16). A  more detailed 
calculation by G ELL-M AN N  and BERMAN [45] (c f. also WEIDENMÜLLEÏt 
[46]), who take into account also electromagnetic effects, gives for the ratio 
of the p+ and 3 ”-spectrum

(K j(E , B 12 )/ K j(E , N 12)) = const {  1 + (| 'a + 6)E }f (E ) ;  (6.20)

6 and f(E ) are electromagnetic corrections. ;
One now predicts using (6. 18),

~  a + 6 = (1.33 ± 0.15) + (-0 .2 5  ± 0.15) %
( 6 . 2 1 ) .

*(1.08 ± 0.30)%.

Recently the spectra from  В 12 and N12 were measured by M AYER - 
KUCKUK and MICHEL [47] . They found:

• | a + 6 = (1 .1 3 ±  0.15)%. (6.22)

This agrees very  w ell with (6 . 21) and the conserved vector current theory 
seems nicely confirmed. However, the experiment is very  difficult and an 
independent determination by a different group remains very desirable.

(с) /3-7 and Э - or-angular correlation. The m atrix elements from  the;
2nd forbidden category to which the second term  of (6 . 1 1 ) belongs, give an
isotropic ¡3 -  у and Э - a angular correlations.

One has

W (6) = 1 + A 2(cos2 0 - i ) ;  (6.23;

в is the angle between the /3 and у or (3 and ov-particle

A 2 ~  (E - | ) (±  a + 2b); (6.24)

a and b are defined in (6.15).
NORDBERG et al. [48] have measured the /3 - a angular correlation for 

the case when A  = 8 . The situation here is analogous to the case when A  = L2. 
However, there is no experimental value o f the analogous 7 -transition in
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T = 1 J=2 T = 1 J = 2 T=1 J :2

2Л!/
T=0 J = 0

Fig. 9

B e8 since a precise measurement of the /3 spectra o f L i8 and Be8 has not 
yet been made.

The result obtained by NORDBERG et al. [48] is

ó = A “  - A ®6 = (0.0069 ± 0.008) E . (6.25)

A  calculation by WEIDENMÜLLER [49] gives with the C .V .C . theory

0.005E < ô< 0.009E, (6.26)

which means that there is at least no contradiction between theory and ex
periment.

BOEHM et al. [50] have measureda /3 - y angular correlation fo r the
sequence F 20 ( 1 .1+) ^»Ne20 (0 .2 +) ^»Ne20 (0 .0+). They found Az -  (0.94 ±
± 0. 28) % whereas the С. V. C. theory predicts a value of about 0.45%. Here 
the influence of the b term  is not cancelled because a ratio is not measured 
and therefore the predicted value is very uncertain.

(d) BOUCHIAT [51] considered another consequence of the C .V .C . 
theory. In this theory one expects that the Ferm i m atrix element Mf (= /1) 
is strictly  zero in the case of a AJ = 0, ДТ f- 0 transition.

This is so because now the F erm i operator (cf. (6 .10)) contains the total 
isospin ( i f  one takes e .g . (5.16) without pion term s the virtual pions in the 
physical nucleon states can cause a Ferm i transition with Д Т f  0).

Information on the ratio of MF to M gt is now obtained by measuring the 
/3 - y circu lar polarization correlation.

This angular correlation is given by (c f. section 3; (3. 97) (3. 98))

wS*(e, t )  = 1± 4  A£ ~ T Q ycos0. (6.27)
о С

The coefficient АУ contains essentially the ratio of Mp to Mqt (cf. (3. 98)). 
The + sign is fo r the /3", the - sign for the analogous |3+ transition. A  com
plication now arises. Because of the Coulomb interaction there can be an 
admixture of wave functions with different T  value in the initial and final 
states. Bouchiát shows that under charge conjugation ( i .e .  (3 + <-> (3") MF is 
even if its contribution comes from  this admixture, odd if there are mesic 
effects ( i . e :  when the C .V .C . theory is not correct). Thus the C .V .C .th eory  
predicts that exactly

A l + A l  = 0. (6.28)
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There is an interesting case when A = 24:

A l24 (4+ 1) 3» M g24 (4+ 0) Mg24 (0+ 0)

Na24 (4+ 1) £  M g24 (4+, 0) I  M g24 (0 + 0 ) .

F o r  Na24 the experiment has been done

A+ = 0.07 ± 0.03. (6.29)

As yet A l24 has not been measured (it is a very  short living nucleus). From  
(6.28) and (6.29) one predicts A l  - 0.07.

Summarizing, we can say that there are severa l experiments which 
indicate that the C. V .C . theory is right; at least they are not in contradict
ion with this theory. However,, bearing in mind that one should have quanti
tative agreement, more experiments (and a theory to compute certain cor 
rections) are desirable.

6.3. The axial vector current

I f  it is assumed that gv  = ~gA and if the С. V . C. theory is accepted then 
it seems that there is a renormalization effect in the axial vector coupling 
constant because X = |gA /gvl f  1. Attempts have been made to. compute the 
magnitude o f this renormalization effect but then the perturbation theory 
has to be applied to the strong interaction (c f .e .g .  [40]). Therefore, the 
results are very  doubtful. M oreover, nothing is known about possible pion 
term s in the bare coupling (5.16). That there is no conservation law analo
gous to ( 6 . 5) for the current can be proved in two different ways.

(1) The firs t argument is given by GOLDBERGER and TREIM AN [53] . 
Suppose

— ■ J* = 0. (6.30)О A|j

Now we can compute

<p | j m ln> = i q M<p l jm l n >- (6.31)

If  we now take the general expression fo r '(p  | j£  | n̂ > from  (5.17) and
use the D irac equation, which states that the term  with E vanishes, we get
a relation between the coefficient A  = gA and В (with m eB = gpff ; see 6 .4 .).

В = 2MA/(p - n)2 ■ (6.32)

or
g f  /gA = 2 me/q2 £ 1°3 . (6.33)

However, such a large (induced) pseudoscalar is certainly not measured in 
3 -decay (see 6.4 ).

(2) TA YLO R  [54] remarks that the conservation law (6 . 30) is in con
tradiction to the occurrence of the leptonic decay o f the pion

я--— + v. (6.34)
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If we assume a prim ary V, A interaction Hamiltonian the effective
m atrix element for (6 . 34) can be written as

<° l  + T5) uw (6.35)

The vector current does not make a contribution because of the con
servation o f parity in the strong interaction (the pion has an intrinsic nega
tive parity).

Now the momentum vector кц of the pion is the only vector that occurs 
in this process. If follows that

<0| Jp I tt> = C(k2)k M. (6.36)

From  (6.30) we obtain

-ik (j<0  |j^|?r> = <0 b r~  Ju I ri'> =0 . (6.37)
° X/J

With ( 6 . 36) we then have

k  ̂k  ̂C(k2) = 0.

Therefore (k^ k¡¡ = -m2 ) C(k2) = 0 and process (6 . 34) should not occur.

6.4. The pseudoscalar in j3-decay

Pseudoscalar coupling can appear in the effective m atrix element from  
two sources.

(1) The pseudoscalar is already present in the bare interaction, as are 
the V and A coupling term s:

(2) The pseudoscalar can be induced by mesonic effects from  the o r ig i
nal axial vector coupling term ; if  we put the second term  (with coefficient B) 
of (5.17) into (5. 14) and apply the Dirac equation, using p x - nx = - V\,
fo r  the leptons we get

д т ( В5 „(1+ y 5)u t ïïn 75  U p . (6.38)

This shows that the induced pseudoscalar appears with the effective 
coupling constant m^B. GOLDBERGER and TREIM AN [55] (cf. álso 
W OLFENSTEIN [56])have computed the coefficient В using methods o f d is
persion theory. They assume that the main contribution comes from  F ig . 10.

Fig. 10 '

The firs t vertex describes strong interaction whereas the second describes 
the process

я— * V + i. (6.3 9)
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It is found that

g®ff«  (1 /2  ?r)(G2 /4?r)(mpmj Дш| +m2 ))|gA |. (6 .40)

G is the effective coupling for the strong vertex (n—»p + ir). I f  I  -  м (in muon 
capture) we have

This, as we shall see, is certainly not detectable in /З-decay experiments. ■'.! 
one assumes that the w-meson decay ( 6 . 39) is.caused by the prim ary axial 
vector coupling one finds that the sign of gp is the same as the sign of gA.

The reason why it is so difficult to detect the pseudoscalar is that the 
main contribution belongs to the category of the firs t forbidden transitions 
because o f the selection rules Д J = 0 and change of parity. The nuclear 
m atrix element is If}y5 . Now there are other term s coming from  the axial 
vector interaction with nuclear matrix elements Jy5 and Ят •!?. The matrix 
elements Jy5 and /(3 y 5 are relativistic: y 5 connects the non-relativistic part 
o f e .g . the initial nucleon wave function with the re lativistic part of the final 
wave function. As yet there is almost no information regarding the re la tiv
istic part of the nucleon wave function in a nucleus. The only thing which 
can be done is to approximate these matrix elements. This is done with 
the Foldy-Wouthuysen transformation, which reduces odd operators such a¡¡ 
7 5  (odd means that the operator connects re lativistic with non-relativistic 
parts) to even operators with a certain power of l/M  (M is the nucleon mass).

The firs t step ( i .e .  to an order of l/M, which is sufficient in our case 
because of the re lative ly low energy of the nucleons) can be made by ex
pressing simply the small components in term s of the large ones, using the 
Dirac equation in an approximate form.
The Dirac equation fo r a nucleon in an external fie ld  U (r) (the potential of 
the nucleus) is as follows

(6. 43) one can then be written as two coupled eq^ tion s  fo r ф ! and ф2 .

(6.41)

whereas in g-decay, = m e, we get

g|ff*  ( 1 /20 ) I g A |. (6.42)

{а$-РМ+ХЗ(г))ф = 1еф 

We put ф = ( jj¡‘ ), Фl and фг are two component spinors.

(6.43)

i f y 2+ (M  + U (r )-E № i= 0  
<?■ + ( - М - U (r) - E)i//2 = 0

(6. 44)

From  (6 . 44) we get

^2~M  + E + U (r)
ф-L- f (r )  pi//! (6.45)

with

f (r )  =
1 (6.46)

M + E + U (r) 2M
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Thus ^ 2 is the re la tiv is tic  part of Ф. If one applies this result to the matrix 
elements ffiy 5 and f y 5 one gets the following effective m atrix-elem ents for 
o+ -»o~ transition (r = J. 5? I)

With (6 . 47) one can now calculate e. g. the spectrum and the polarization of 
the electrons. However, one has three param eters, /(<?• ï?), /(ô*• x?) and

ROSE and BH ALLA [57] find on the basis o f an accurate analysis of the 
spectrum and the ^-polarization, especially in the case of Р Г 144 , as an 
upper lim it fo r g :

The experiments are in agreement with gp = 0.
TADIC [58] has argued that a strong increase of the nuclear matrix 

elements occurs as a consequence of the Coulomb field  of the nucleus, from  
which one would conclude a lower value than (6.43). However, BLOKHINTSEV 
and DOLINSKY have shown [59] that requirements o f gauge invariance in
validate Tadic’ s argument.

Comparing (6.43) with (6.42) we conclude that nothing can be said about 
the induced pseudoscalar in 0-decay.

7. MUON CAPTURE

7.1. Introduction

When muons are stopped in solid matter the process of slowing down 
is so fast that they generally come to rest before disintegrating. When 
positive muons are stopped they w in be repulsed by the atomic nuclei and 
w ill also decay in matter according to ;u+—» e + + v + v . However, the negative 
muons are attracted by the atomic nuclei and are captured at the end of their 
tra jectory in a Bohr orbit around a nucleus, with which they then form  a 
"muonic atom". The Bohr orbit w ill mostly be highly excited and subsequent
ly  de-excitation w ill Occur by em ission of muonic X -rays o r by the Auger- 
effect. It turns out that de-excitation is so fast that the muon has only a 
negligible chance to disintegrate during this process. A fter the de-excitation 
the muon is found in a "K -o rb it" of the muonic atom fo r which the radius 
o f the Bohr orbit is given by

(6 . 47)

, n  1 1 dU
4M2 r dr

k = i?e + i?r •
(6. 48)

/(?■ * f ( r ) ) .

(6.49)

a _ fa2 _ m e 1 
Mo mjje2Z mji ' Z a °' (7 .1 )
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where Z is the nuclear charge and

h 2
a 0 = ------ g = 0.529X10'8cm (7.2'mee2 ■ 1

is the radius o f the firs t Bohr orbit in a hydrogen atom. We see from  (7. 2] 
that the radius of the muon orbit is at least 200 X sm aller than ao because 
my = 206. 7 me. This means that the muon in the muonic atom is so close 
to the nucleus in the centre of the electron cloud, that there is practically no 
screening o f the nuclear charge by the electrons, ацо becomes so sm all for 
high Z that-the muon wave function (for the K-orbit) is situated fo r a con
siderable part within the nucleus (for example for Pb). We should then take 
into account that the nucleus has a fie ld  deviating from  the Coulomb field о :

Electric potential o f  a nucleus

a point charge (cf. F ig . 11). Once the muon has arrived in a K -orb it we have 
the possibility of two (competing) processes

i f —»e " + v + v (7.3)

iu~ + p —>n +v. (7.4)

If (7 .4 ) is considered as a process occurring for free  particles initially 
at rest the energy balance is

E,; = m^c2 = 206. 7 mec 2 = 105.6 MeV = p„c + (p „2/2mn). (7.5)

pv is the magnitude o f the momentum, which the neutrino and the neutron 
obtain (pv and -pv respectively). Solving (7.5) fo r  pv, one obtains: p v = 196 
m ec, from  which one calculates fo r the velocity and energy of the emitted 
neutron and neutrino

vn = 0 .11c, E n = 5.3 MeV, E „  = 100.3MeV. (7.6)

This shows that most o f the energy corresponding to the rest mass o f the
muon is carried  away by the neutrino.

When the process (7. 4) occurs in a complex nucleus the protons in the 
initial state may have a certain motion. However, (7.6) shows qualitatively 
what must then be expected: the major part of the energy mj/c2 = 105.6 Me Y  
w ill be carried  away by the neutrino; the remaining nucleus w ill be re lative ly 
litt le  excited (o f the order of 5 MeV); sometimes one or even two neutrons 
may be emitted from  the nucleus. Although the average excitation of the
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nucleus is not too high (it may be some 20 MeV) there w ill also exist sm aller 
probabilities for high excitations in which a large fraction of m^c2 is trans
mitted to the nucleus as excitation energy.

The toted rate fo r  muon capture by a complex nucleus consists o f many 
partial transition rates. The final nucleus w ill be de-excited by 7 -em ission 
fo r the low er excitations and often by n-em ission fo r the higher excitations.

In F ig . 12 we represent the^muon capture by a complex nucleus in a 
simple diagram. A  characteristic difference between muon-capture and

electron capture is that in muon capture many partial transitions occur, 
while only one or a few partial transitions are found in electron capture.
Of course this difference is due to the fact that mji >>  me.

F o r  negative muons the processes (7. 3) and (7.4 ) compete once the 
muon has arrived in a K -orb it. It now appears that muon capture (7.4) in
creases strongly with the nuclear charge Z, while the decay (7. 3) in a K- 
orbit depends only slightly on Z. Experimentally it turns out that fo r Z > 11 
muon capture is the preponderant process, while fo r Z < 11 the decay (7. 3) 
is most probable.

The strong dependence of the muon capture probability Ape on Z is main
ly  caused by the fact that A¡¡c contains as a factor | <foi(0 )| 2, the square of 
the muon wave function evaluated in the origin. It is easily seen that

Hence this factor provides a Z 3 dependence in Ajjc. If the sum of nuclear 
m atrix elements were proportional to Z, one would have a total dependence 
of Ape on Z proportional to Z 4. Often an approximate law proportional to 
Z|ff is used, where a certain difference between Z eff and Z takes account 
of the finite extent of the nuclear charge.

From  the strong dependence on Z, roughly A fic~ Z iff and the approximate 
equality of the rates fo r (7.3) and (7.4 ) at Z = 11, it foHows that muon capture 
occurs only in a sm all fraction of the cases fo r hydrogen or other light nuclei, 
when it is very  difficult to detect. Muon capture is most easily observed fo r 
complex nuclei, which are not too light. For such nuclei muon capture rates 
were already reasonably known about 1950, while muon capture in H2 was 
observed fo r  the firs t time only in 1961. The investigation of muon-capture 
interaction involves the difficulty, in comparison with the investigation of 
beta-interaction (to which it is analogous to a great extent), that fo r obvious 
energy reasons only the process (7.4) analogous to electron capture can be

n- EM ISSIO N

INITIAL NUCLEUS

Fig. 12
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observed, but not the processes analogous to /3 + or 0 ” -decay (neither for 
free  nucleons nor for nucleons contained in nuclei):

n _» p + e~ +v
(7.8)

p -> n + e + +i'.

Hence one is forced to exploit all the possibilities fo r observations of 
processes fundamentally given by (7.4) occurring either fo r free nucleons 
or nucleons contained in nuclei. We mention here the following effects which 
may be observed:

(1) Partia l and total capture rates fo r muon capture. Up t ill now moslly 
total capture rates have been observed. Partia l capture rates can be observed 
in principle by measuring the radioactivity of the final nucleus, by meas
uring the emitted gamma rays,etc.

(2) The hyperfine structure effect: dependence o f total capture rate on 
re lative orientation of muon spin and nuclear spin.

(3) Neutron emission after muon capture; both absolute numbers and 
energy spectra.

(4) Non-conservation o f parity in muon capture w ill have as a con
sequence:

(a) A fter capture of polarized muons the emitted (prim ary) neutrons 
w ill have an asymmetric angular distribution (i. e. the latter con
tains a cos0 -term );

(b) the emitted neutrons w ill be polarized.
(5) Analogous to inner bremsstrahlung in electron capture the possibili 

ty of the emission of an additional photon exists in muon capture: in radia
tive muon capture,

H~ + p—► n + iz+ y , (7.9)

the energy m.jic2 is mainly distributed over the neutrino and photon. Although 
(7. 9) is a rather rare process its observation seems quite important.

Because muon capture in hydrogen is such a rare process, one w ill 
probably be forced fo r quite a number of years to study the above-mentioned 
effects (except fo r  total capture rates) fo r  complex nuclei and not fo r  free 
nucleons. This means that the analysis of the phenomena requires a combi
nation o f elementary particle physics and a knowledge of nuclear structure.

A fter these general remarks we shall now consider some points in mon: 
detail.

7.2. The coupling constants fo r muon capture: an effective Hamiltonian

When a universal V -A  interaction (with the two-component neutrino 
theory) is assumed,the Hamiltonian for the muon capture interaction should 
read (c f. (3. 35))

£ ¡ íc = + T5 )(tW 'Tí + h. с .(7. 10)

(Y i and ï f  in itial and final nucleon wave functions; фр muon wave function, 
ipv neutrino wave function).

When calculating the m atrix element ME of (7.10) fo r  a process (7.4) 
where the nucleons are in plane wave states, we obtain from  (7 . 10 )
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/ 2 -ME = - Y5)iT\.r5u(i)flî n i T\r5up)

+ (üu(l - T5)'y\u(j)(ûn7xup)l • (7 .11)

uu, Ujj, un and Up are the 4-component Dirac spinors fo r neutrino, muon, 
neutron and proton respectively. However, as in the case o f |3-radio activity, 
the nucleons involved also have strong interactions. It follows that the ex
pression fo r the "currents" related to nucleons may deviate from  the ex
pressions given in (7. 11). The more general expression fo r the m atrix 
element, which is in accordance with general invariance requirements is 
(cf. [55], [38 ])

VÍFM E  = (uw( l  - 7 S) Í 7 x7 5u|J)[A (un Í 7 x7 5up) - В (ü n q x T 5U p )+ E ( ü ncrxpqp75Up )]

+ ( ï ï „ ( l  - Y5)7xU|j)[C(ïïn7xUp) -iD(E5,cr\i q{Up) + i F (ïïn qxup )]. (7.12)

We have put here
4\ = Px _ nx 4-momentum transfer in the process 
p x 4-momentum of the proton 
nx 4-momentum of the neutron

ctxm = -  Т'ц'Ух)-

F or B=E=D=F=0 and C= -A  =g°, (7.12) would reduce to (7.11), i .e .  simple 
V -A  interaction. However, we assume that only the "bare" interaction is 
V -A , but that the "e ffec tive " interaction which is observed and in which the 
strong interactions also have an influence may deviate from  this.

The coefficients А, В, C, D, E, F need not be constants but are "form  
factors", which may depend ort the magnitude q2 of the 4-momentum transfer

They are rea l if T-invariance holds. When q2 does not vary too much 
they may be "constants" fo r practical purposes and we can consider them 
as a kind of "apparent coupling constants". We introduce the following notation 
so that all "coupling constants" have the usual dimension of a 4-ferm ion 
coupling constant:

С = g v
A  = gA
m M В  = gp 
2MD = gM 
mM F = gs 
2ME = gT

Hence we assume that the strong interactions may cause gv and gA to 
deviate from  gv and gA (while gA = -gy) and may "induce" effective couplings 
characterized by "coupling constants" gp, gM, gs and g т. Some further 
hypotheses may restric t the values o f these apparent coupling constants (see 
below ).

We shall give here a treatment of muon capture in which we introduce 
an effective Hamiltonian fo r two-component spinors (cf. [65] fo r such a treat
ment) . Hence we proceed here somewhat differently from  our calculations 
fo r |3-radioactivity; this is not a matter o f principle but is m erely to demon-

vector apparent 
axial vector apparent 
(induced) pseudoscalar 
weak magnetism 
(induced) scalar 
(induced) tensor

coupling constant

(7. 12 a)
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strate somewhat different procedures. In order to derive the effective 
Hamiltonian we make use of the Dirac equation fo r free particles

(t*P \  - im) u  = 0. (7.13)

We write the 4-component Dirac fields as

</,= (( E + m )/ 2 E )iJ ,

where X and Ф are 2-component spinors related by

X=-((ô>- î?)/E+ т)ф  (crk = Í7 k-y47 5)

as fo llows from  (7.13) where we are using a representation such that

0  . Tf - ( !  1 }

Of course the use o f (7.13) and (7.15) involves a certain approximation, 
which seems, however, rather reasonable. Substitution of (7.15) into (7.12) 
provides the following "e ffective  Hamiltonian" fo r a system of A  nucleons 
(to be applied to the 2-component spinors Ф, which give the " la rg e " com
ponents of ф ):

HÜff = 1 (1 - 3 ■ v ) ^ 1T (i") [Gvl -li + G Aa-?i - G p (v/2M) 0 .%0i ■%
-  gv (5>.$)(^- ?i/M) - g v (ÿ.^(5>. Й / М )]6 ( ? -  ? t); (7. 17)

are operators for the ith nucleon, 
are lepton operators, 
is the neutrino momentum, 
is the unit vector in the direction of P*, 
are the operators decreasing and increasing, the charge 
of the nucleons (or leptons) by one unit.

Gv, Ga and Gp are combinations of the quantities (7.12a) and might be called 
"e ffective  coupling constants"; they are given by

Gv = C(1 + (1//2M)) + m MF = gv ( l  + (v/2M))+gs

G a = A  - ((C/2M) + D)v = g A - (gv + gM)(v/2M)
(7. 18)

GP = (rrifi В - А)(у/2M) -( (C /2 M ) + D -  E )v  

= [(gp - gA) - (gv + gM - gT lW 2M) .

In (7. 17) the firs t order term s in v/2M and p ¡/М are retained, but second 
and higher order term s in these quantities are neglected. We do not give 
the calculation for the transition from (7. 12) to (7. 17) in full, but indicate 
the reduction fo r a typical term . For the reduction from  (7. 12) to (7. 17) it 
is convenient to note an alternative form  in which (7. 12) cari be written as

Ti(_), li,  Й 
t ( + )  , CT , 1  

p
tM and t (*)

(7.14)

(7.15)
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v/2 ME = A [ï ï„ ( l  - 75)17x75^ (uni7 x75Up,)

+ m(iB [ïï„ (l - t 5)75um] (ün75up)

- (i C/M) [üy (1 - 75)7XuM] (ünp xUp)

-(i С / M ) [ü„ (1 - 75 frx (Mx - vx )U(J ] (ünup)

+ i((C/2M) + D )[ü „(l -7 5)7х(цр - vp )u(i] (ün^xpUp)

+ E [ïï/1  - 7 5)i7x75uM] (üncrxp(pp - np)75up)

+ m ,,F [ïïy(l - 75 )u,j] (ünup). (7. 19)

As an example of a reduction from  (7. 12) to (7. 19) we consider the term  with 
В as coefficient; in the reduction we make use of (7. 13) and of the equation 
of the conservation of 4-momentum in the process

P x - nx= v x-^x  i 7-"20)

(Mx and v\ give the 4-momenta of muon and neutrino respectively). We can
thus reduce

[ü„ Í 1 - 75 ) 17х75ир ] (ïïn(px - nx ) 7 5 up )

= - [Üy(l - 75)i7x75(A‘ x - I/x)uM](ün'l'5Up)

= [ û y ( l  -  75 )75 ( i7 xM x ^ ) + ( U y 7 x I/x ) ( 1 + Ъ  Н 7 5и м] K  7 5 % )

= - тц  [ñy ( 1 - 75)75%] (un 7  5 u p ) (7. 21)

(as yxMx u  ̂ = impUp and üv7 XVx = 0).
This shows the reduction of the term  with В from  (7. 12) to (7. 19); from  

this term  one then obtains a term  in the interaction density given by (apart 
from  the factor m pB)

[TB] = [0Î(3?)74( 1 - 75 )75 Фр (5?)] (^*74 75 Фр )• (7.22)

Introducing 2-component spinors according to (7. 14), we obtain, using 
(7. 16) and taking a non-relativis'tic approximation fo r the muon,

<¿¿74(75 - 1 ) ^  = ( 1 //2) ^ 74(75 - 1 ) ( J J

= - (1 / ^ 2 )^  (1 - (7.23)

We have further (the nucleon normalization factors are equal to unity in the 
approximation considered).
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Ф* T 4  Т 5  Фгп Ч '5
’)

= Ф *  (5>- r ? / 2 М ) ф р -  ф *  (с? . f ? / 2 M )  фр = -  ф *  (0 >.Г >/ 2 М ) ф р. . ( 7 .  2 4 ;

We have used here p* = n + which is a consequence of (7. 20) when taking 
Í? = 0. From  (7. 23) and (7. 24) we obtain

[Т в]=  (1/^ )[Ф *(1 -а>.^)ф(1 ][фФ(5>.-?/2М)фр]. (7.25(7. 25!

This term  then provides the contribution to H eff arising from  the term  with 
В as coefficient

we have used here (1 - i? . Í/*) (<?. tí) = - ( 1  - i? • %.
By means of analogous reductions the other terms of (7. 17) can be found.
As regards the magnitude of Gv, Ga and^Gp, it seems probable that G/ 

and gy as w ell as Ga and gA do not differ very much; at least it seems prob
able that gs is substantially sm aller than gv.and that g^ 'isno t much larger 
than gA. With v /2Ш 0. 04 «  1 it then follows that the values of Gv and gv
w ill be quite close as w ell as those of GA and gA.

The last two term s in (7. 17) have the character of correction term s; 
hence we see that no appreciable difference should be expected if we substi
tute Gy for gv and Ga for gA. We thus see from  (7. 17) that one can scarcely 
hope to obtain more than the three combinations Gy, GA and GP of the six 
quantities gv, gA. gp. 'gM> gs and gT from  experiments on effects, fo r which 
(7. 17) applies. Until now we have considered the "coupling constants" in this 
section as purely phenomenological coeffic ients .1 However, a number of 
theoretical proposals have been formulated which restrict the values of these 
parameters.

(I) Only interactions of the firs t class exist (in Weinberg's term inology,

One may say that interactions are restricted  to those with the property of 
"G -invariance" or "normal G -sym m etry". G is the transformation given by

H e f f ,B =  - ! п у З т М ( 1 -  ÿ ) E V - ) ( i ; / 2 M )  (5> • f  ) (c?¡ • P )  ( 7 . 2 6 '

cf. [38])

gs = ° - S t  = °- (7. 27)

(7. 28)

where C is the charge conjugation operator and ellirT̂ 2> is the operator for a 
rotation of ir about the 2 - axis in isospace.

Currents defined according to

Ji = Фрг{Ф

have as a transformation property for the G-transformation

G J¡ G"1 = - ?¡ J¡, (7. 29)

with f i  = +1 fo r S, A, P, and f  ¡ = - 1 for V, T.
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We re fe r to the property that possible additional term s to J¡ should have 
the transformation property for G expressed by (7. 29) as "G -invariance". 
Thisihas {7. 27) as a result.

(II) The validity of the conserved vector current hypothesis means that 
the weak magnetism coupling constant has the special value

, (a) (a),
ём - '  V n ) Sv 3. 7 gv (7. 30)

(/u(p) and are the proton and neutron anomalous magnetic moments in 
nuclear magnetons).

(Ill) Several considerations (cf. [55, 56] ) provide a plausible value for 
the induced pseudoscalar coupling constant

gp g  A  ■ (7.31)

(ÏV ) The hypothesis of a Universal Ferm i Interaction, supplemented by con
siderations of the conserved vector current hypothesis and dispersion r e 
lations, suggests that the coupling constants for the V and A parts of thé 
interaction should be equal for muon capture and beta radioactivity

гРс = g ĉ = a' (7.31a)

at least within 3%.
Proposals II and III have already been discussed in 6 . We emphasize 

that we do not yet consider (7. 27) (7. 30) and (7. 31) as firm ly  established
theoretical values but more as hypotheses to be tested experimentally.

Using H{iff according to (7. 17) we obtain for the muon capture rate for 
a transition from  an initial state |a) to a final nuclear state | b)

'd^ki
V ( a - b ) = ^ ^  j c £  |Jl I2 + Ga \ J s f  + (Gp- 2GpGa ) I

Gygy
M ! J l)* (/ p )-^ a b +  c .c . J - 

We have used here the abbreviations

Ga gA - Gp gA 
M 0*ab- / °T  / <?+ c.c .

(7. 32)

' l  = < b | f7i(-> exp (-Í-?. г ( r>) |a>

= <b I  ç Tjí-íexp (-iv*. (r^iJ^i |a>

j? =<b 11 Ti(-) exp (- i 5». ?, ) (Ÿi ) ÿ i I a >

(7. 33)

=<b ! f  exp (-Ü?. ? i ) V i f ) ^  I a > -

'фц (?) is here the radial muon wave function. In (7. 32) averages are carried  
out for the initial muon polarization and initial nuclear orientation and sum
mations for final neutrino polarization and final nuclear orientation. It should 
be noted that we have used the notation (7. 33) fo r the sake of conciseness,
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although it d iffers from  that usual for beta m atrix elements as the neutrino 
and muon wave functions s till occur under the integral sign. Therefore the* 
m atrix elements (7. 33) s till contain "forbidden" contributions.

The expression (7. 32) can be easily derived from  (7. 17) in a manner 
which is quite analogous to that used in section 3 for /3-decay; however, it 
is somewhat sim pler as we already made a reduction to 2 -component spine rs; 
we can give the following reduction of the square of a lepton factor with 2 - 
component spinors ( Í 2 is an operator acting on the spinors, v ^  and v ^  . are 
the 2 -component spinors for neutrino and muon respectively)

£ |v(w)*f2 v №) |2= £ (yiv)^  lVj>> )*¡IV a otfi fi 1 ¡ív ' a aS Ô ' ' у уб 6 ’

= h  = T ro (D ^ D M n +  ) = T r0 (П П+ ) (7. 34)

(summation over repeated spinor indices a, /3, y and 6 is not written ex
p lic itly ; Т гя indicates that we have only 2-component spinors).

We have introduced here 2-dimensional "projection operators" ana
logous to (3. 14) in section 3

(7.35)

However in the 2-component case they are simply equal to unity when p er
form ing the sums £ , over the polarizations of neutrino and muon.

As an example of the calculation of (7. 32) from  (7. 17) we deduce the 
term  with Ga (we leave the derivation of the factors in front to the reader). 
We put £ = /с? and have to evaluate

EE|[vW *(l -oM?) ? V W 1 • ï \ 2

= T r 0 [(l - ô>.$) Ç ?  -1) ( o ^ 'K l  - & . v )  \

= T ro [ ( l -  ô>. £ )( l- c ? .  ^ )(ÿ -  ! ) (& .  j?*)]

= 2 T r0[ ( l -5 > -£ ) { ( ? • $ ) + (1-X ?*)}}

= 4 (jf-  P )  - 4iv*. ( I x  1 *  ). (7.36)

When averaged over neutrino direction and nuclear orientation the 
second term  gives zero and we are left with the firs t term , which gives the 
term  with GaI<?I2 in (7. 32). Sim ilar reductions provide the other term s in
(7.32).

The total capture rate to a ll final states is obtained by an additional 
summation

V = £ \ c < a ^ b>- (7-37)

In a firs t approximation (7. 32) can be sim plified in the following ways:
(1) The term s in the second line of (7. 32) have the character of co r

rection term s and can be neglected in a firs t approximation.
(2) The muon wave function in (7. 35) can be considered with good ap

proximation as constant within the nucleus. A  value |$n|av w ill be assumed
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which presents an average of |̂ jj|2 over the nuclear volume. Under certain 
conditions one has for partia l transitions

m - ' f d f c b  \tb  • J V  I2 = I  • I y V | 2. (7.38)

Hence, fo r such cases

A)jC (a ■'* b) = (i/a2 / 2 ir) J (d£ab /4») [G 2 |J\|2 +G%T\Jc?\2] (7.39)

with
GF = Gv

1 (7' 40)
G G T = g a  +  3 (G P ■ 2 G p G A ).

For the total capture rates fo r certain nuclei (e. g. O16 and Ca40 ) one can- 
further put

l J ( d^b/4ff)| K b '  / ÿ l 2 = | b / ( d^b/4^)l J # I2 (7.41)

and

L j  (d ^ b /4тг)| J  c?|2 = 3EJT (d ^ b/47r) I J  1  I 2 . (7.42)

Hence fo r such nuclei one can finally write in firs t approximation

V  = f y V 2 I la2v [Gp2 + 3 ( 4 ]M 2, (7. 43)

with

M 2 = E )2 J { Д ь/4ж)|'< b I f  Tjt-Jeap (- i^ ab • ) | a > |2 (7. 44)

where is the maximum possible neutrino momentum given in our units by

v = m^ (105.6 MeV).

From  (7. 43) it is seen that the combination of coupling constants, which 
is determined in the firs t instance from  total capture rates, is

G2 + 3 gJj..

7. 3. The application of the closure method to a statistical model

Total rates fo r muon capture are generally composed of many partia l 
transition rates. The separate and precise calculation of a ll partia l tran
sition rates involves much work and generally m ore knowledge of the nuclear 
wave functions than is available at present. However, various approximations 
may be used for calculating total capture rates. The most drastic approxi
mation is the closure approximation. This consists in using the completeness 
relation for the final states

E  |b > <  b I = 1. , (7. 45)
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We can apply (7. 45) to (7. 44) only when substituting one average value v 
fo r a ll neutrino energies vab . This average value is related to v according 
to

where^Eb - E a)>av is the average energy difference between the final state 
|b У and the in itial state |a^. One often takes v >» 85 MeV, <^Еь - Ea^av1̂
20 MeV (Vjj = 105. 6 M eV). It is seen that this approximation is reasonable 
in the firs t approximation, but cannot be expected to be very precise.

When using this closure approximation (7. 43) and (7. 44) can be rewritten
as

Use was made of (7. 45); r|j = - rj.
The expression (7. 48) is remarkable as it re fe rs  only to the wave 

function of the in itial state ; it can still be applied to nuclear wave functions 
according to any model.

In this subsection we shall use a statistical model for evaluating (7. 481 
(cf.[60], [61] and [63]). F o r  this purpose we consider the evaluation of the 
average of an operator

using Dirac notation. We assume that П is a sum of one and two-particle 
operators:

where Ey meansE^with i f  j. If х ь  • • • , хд are the coordinates occurring in 
the wave function ¥, it is easily seen that (7. 49) can be reduced to

The k-particle density pOOis introduced here (it is a kind of "partia l density 
m atrix ") as follows

v = ^  - < E b - Ea >av, (7. 46

Л мс = (v2 /2jt) ||v[Gp2 +ЗС|г1Д? (7. 47)

with

Л -2-  z j '  (dvfáir) I b I Ç т[_)ехр (-ii?- n )  | a)> |

= 2j‘(d^/4ff)<a| £ exp {+iv>- rf )| b >< b | Ет^ехр (- iv> ■ ^  ) | a> 
b 1 3

= J (d£/4*)<a| E/nM^-iexp (iv»- ?u )|a>. (7. 48)

< n >av= < 5 ' l i2 1 * > = Т г [ О р ] (7. 49)

where p is a density m atrix given by

p = I ¥ > <  Y I , (7.50)

(7.51)
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/dxi. . .k indicates integration over a ll coordinates Xk+ li ...xA- 
Applying (7. 52) to (7. 48) we can write

W e ‘have designated the one- and two-particle densities p№ and p ^  as D 
(density distribution) and g (pair correlation ); the coordinates xj< are written 
m ore explicitly a s i l ,  Sk , where ?k are the space coordinates and Sk give

It follows that we need only the m atrix elements of D and g diagonal with 
respect to the space coordinates; however, the non-diagonal elements with 
respect to spin and isospin are needed. In the case of a system which can 
be specified by a Slater determinant (к Indicating the individual nucleon states
Фк)

Up to here the treatment has been fa irly  general. If we now want to 
specify for a statistical model for the nucleus we must have definite ex
pressions for D and g; we may make the following assumptions in this r e 
spect:

(a) The pair correlation function is calculated as if the wave functions 
were given by a Slater determinant for plane waves contained in a large cubic 
box (with periodic boundary conditions).

(b) F or the radial density distribution one may assume, e. g.

spin- and isospin-coordinates. The expressions for f2i and ^ ij are diagonal 
with respect to space coordinates; they are given by

(7.57)

(7.56)

(7.55)

A

Y(x!. .. xa) = (A !)'*£  ôpït ф (хрк)
Р  К " 1

(7. 58)

(7. 59)

(7.' 60)

D (r) = D 0 [1 + exp (r - RD/aD)]_1 (7.61)
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with param eters aD and Rd determined from  the Stanford experiments on 
the scattering of electrons by nuclei.

(c) Every space state occupied by a nucleon with a certain spin also 
contains a nucleon of the same type with opposite spin.

We shall confine ourselves here to nuclei with N = Z = £ A. From  the 
assumptions (a), (b), (c) we obtain for such nuclei

< r j  S ! ID I > «  £  А  в {  t e . D (ra) (7.62!

<' r l r2^1 ^2 Is l ? l ? 2^1 2̂ ^ = (l/16A2)D (r i )• D (r2) ■ f  (r
(7.63)

with (r = I? ! - ?,|)

f  (r ) = lS (k pr )  ] 2 (7.64)

k p = (3Jr^V3 (A /2V )1/3. (7.65)

where S(x) = 3x-3 (s in x -x  cosx )

= 3 ( f )4 x -*  Jx (x ) .
2

kF is the Ferm i-momentum; V is the nuclear volume. It should be emphasiz 
ed that (7. 62) and (7. 63) are not rigorous deductions from  (a), (b) and (c); 
they are made plausible on this basis. However, the assumption is intro
duced that the dependence of g on r = I - гУ is the same as fo r an infinite
Ferm i-gas, while the dependence on I r̂ l and |r̂ l is given by D (r j)  and D (r2)

The difficulty is that a simple dependence of g on r  can only be given 
fo r infinite matter while the problem we have here is one where the finite 
extent of the nucleus is essential. Hence it is clear that (7. 63) can only be 
an approximate expression. It is also o f importance to check whether the 
expressions (7. 62) and (7. 63) are at least consistent with their definition 
(7. 53). F rom  this definition it follows simply that D and g have to satisfy 
the following conditions

f d ^ E  !? ! . ? !>  = A  (7.66)
J El

^ d ? 2 E ^ F ^ ^ I g l ^ S ^  >= ( A - l K ^ Ç ,  Id  !?!?'!>. (6.67)

Hence g has also to satisfy the normalization condition

jfd F i J & i Z  E < f Í ? 2 Sa Ç2 1 g 1 Çj Ç2 > = A (A  - 1). (7. 68)

However, a number of additional "detailed normalization conditions" 
may be obtained in the following way: consider an operator acting on spin 
and isospin variables only

U = £’ U ,,. (7. 69)
У

It is then easily shown that the expectation value of U fo r the state of the 
nucleus I a )> can be expressed with the aid of g
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<a IU I a > = X Z Í  dr1 f á%<?i ? 2 ^ 2  \ё\?ЛЧ?2> 
W i t '

X < 5 i^ | U 12 |S1 S2> . (7.70)

W hen ^a iu la  У can be easily evaluated without detailed assumptions, we 
obtain what we ca ll a "detailed normalization condition". F o r  the simplest 
choice Uij = 1 we come back to the normalization condition (7. 68 ). Other 
choices which may be made for Ujj are

П (+) • П (_) • TW T (% (+)- T +)T  ( >ni."'u ij * 1 ij * Ti Tj uij > Ti Tj ij

where П { р  and are the projection operators for symmetric and anti
symmetric pairs. It is found that (7. 63) does not rigorously satisfy the de
tailed normalization conditions for these operators. However, the following 
slightly generalized expression for (7. 63)

ng = (A 2/16)D(ri )-D (r2) { [ l  + f ( r ) ]N +n ^ + [ l  - f  (rJ jN .n ^ j, (7. 71)

(Í2goperator corresponding tog ); improves the situation. It is calculated that 
if N+ and N. have the values

N + = 1 + e ; N . = 1 - e with e = (4/A)-(J'/V) (7.72)

the detailed normalization conditions are satisfied up to an order 1/A of the 
main term s (but neglecting quantities of order 1/A2). J'/V is defined as

'/V= ■ ° ( r 2) • F ir jd ^ d r ^ .  . (7.73)

From  (7. 64), (7. 65), (7. 73) it can then be seen that J'/V i f  of the order 1/A:
hence e is also of the order 1/A. (7. 71) can be expressed alternatively as

<^ 1 ? 2 Çj Ç 2 1 g I r ^ r ^ a )

= (A2 /16) D (r j )  ■ D (r2). {[1  + e f  (r) ] ô£ £, ô£ £, - [ f  (г ) + e ]  ô££, ô £ £, } .
1 1 2 2 1 2 2 1^

From  (7. 54), (7. 55), (7. 56), (7. 62), (7. 74) and (7. 72)one now obtains

Л 2 = | A [1  - j A I f -  I ji 1 - (AJ'/4V))] (7.75)

with

I j  = JJ(sini/r/i^r.JDirj) • D (r2 )d r 1 dr?2 (7.76)

I f  = J J ( s i n  У г/vr )D (rj ) • D (r2 ) f  (r ) d? 2 . (7. 77)

It is not so easy to te ll how reliable the result (7. 47) with (7. 75) may be.
E rro rs  may arise through

(a) inadequacy of the physical model, expressed here by (7 . 62) and ( 7 . 71),
(b) rough mathematical approximations.
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It seems that the mathematical approximations made in deriving the 
result (7. 75) are not important. We have tried  [63] to obtain some idea of the 
sensitivity of the result to the physical assumptions made by comparing 
different models (statistical model and shell model) for O 16 and Ca40 , (cf,
7. 4 for a table in which this comparison is made).

PR IM AKO FF [ 66] has given an estimate oîJ&for nuclei with N f  Z. His result 
can be written as

Л 2= Z [1  - 6 ((A - Z)/2A)]. (7.78)

The value of the constant ô is estimated by him at about 6 ^ 3 .  The ex
perimental results of SENS [62] on muon capture up to the heaviest elenients ai e 
fitted quite reasonably by Prim akoff’s formula (7. 47) with (7. 78), when ad
justing somewhat the "param eters" v  and 6 (w ith6 = 3. 13), taking the coupling 
constants in accordance with a UFI. However, the derivation of Prim akoff's 
form ula contains appreciable mathematical approximations and it is difficult 
to te ll what re liab ility  the coupling constant value, obtained in this way, m iy  
have. It seems questionable to us that the coupling constant thus obtained 
could be re lied  upon to have an erro r better than, say, 40% (c f. also section
7. 4 in this respect). Of course (7. 47) with (7. 78) may be used as an em piri
cal form ula fitting two param eters (v and 6) but it should be noted that the 
result forcÆ2is very  sensitive to the-value of 6 (a 10 % change of 6 may change 
M  by 30%).

7.4. Shell model calculations fo r total capture rates

Shell model calculations fo r total muon capture rates can be made with' 
or without the use of the closure approximation, using either (7.47) with 
(7. 48) or (7. 43) with (7. 44) as a starting point. The use of the closure ap
proximation means a substantial simplification; however, it requires that 
a value fo r  the average neutrino momentum v is  assumed, on which the 
result depends rather strongly, and this value is not found from  the closure 
method itself. Hence the calculation of the transition rate, perform ing sum
mation over partial transitions according (7.44), could in principle give 
m ore reliab le results.

LUYTEN, ROOD and TOLHOEK [63] made calculations fo r  shell mode] 
wave functions with and without closure approximation fo r O16 and C a40, 
also comparing them with the results of the statistical model.

F o r  O16 and Ca40the wave function may be written as a Slater deter
minant

A

¥ (x i . . . хд) = Ербр П фк (х Рк ) (7. 79)

x K specifies the coordinates fo r  the к* nucleon; the fe ( x )  give the individual 
particle states

* * ( * ) ■  ( г )% (0 ,Ф )а, ( ? ) ^ (ц )=  u x (? V s ( f )n (n ) .  (7.80)

к summarizes a ll other subscripts к ■ (n, 1 , m, s, t), while 
A summarizes three subscripts, A ■ (n, 1, m); 
as (Ç) is a spin function (s * + or - ) and 
Vt (rj) gives the i-spin dependence (t = + or -).
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Substituting (7. 79) with (7.80) into (7.48) one finds fo r  Л?, separating 
the term s with i = j and i  ̂ j in Eij

Л 2 = Z  - Q (7.81)

with

Q = 2 J ( f £ )  ExjXalwxi* ^  exp

X [  Ju fx* (r2)  exp (-iï?. r|)(oxi(Ï2 )dr|].

(7.82)

Using standard operations of angular momentum theory this reduces to

Q =  2 Enl{in2i2 X  tli2t I niiin2i2t (7.83)

with

X lll2l = ( 2 i + l H 2 i 1 + í ) ( 2 Í 2  + l ) Q ¿02l J  (7.84)

Iniáin2Í2 = J ' R ni5i (r)R„-2i2 (r) jt (i/ r)r2dr . (7.85)

In order to see how sensitive the results are fo r  details of the wave functions 
the calculations were made fo r  shell model wave functions belonging to

(A) a harmonic oscilla tor well;
(B) an infinitely deep potential well;
(C) a fin ite nuclear potential w ell with rounded-off edges.
As the transition rates are rather sensitive to the nuclear radius, the 

radius param eters of the potential wells were so fixed that the corresponding 
radial proton distribution had an r. m. s. radius equal to the r. m. s. radius 
found from  the Stanford e-scattering experiments.

Without using the closure approximation one has to evaluate M 2according 
to (7. 44) with the same wave functions, which provides:

M 2 =  E n aía nb íb t 2  Í a ía n b íb í X j ajíij{ (v a b  / v j i  ) 2 • (7.86)

This requires more extensive summations than fo r  (7.83) especially fo r 
heavier nuclei. A  summary of the various results is given in Table I.

The value fo r the effective coupling constant obtained from  the value 
of К  (ПС) in Table I  and the experimental capture rate [64] is

A(jC = (0. 97±  0 .03)X 105 s e c _1 (7.87)

G1*c2+ 3 G£ct = 0 .6 2  X lO-^ergScm6. • (7.88)

F o r Ca40 we get about the same result fo r  the coupling constant. This should 
be compared with the value obtained fo r this coupling constant combination 
from  the hypothesis of a UFI and the coupling constants fo r  fl-radioactivity
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TABLE I

A  COMPARISON OF THE VALUES OF<̂ -2 OR M2 AND К CALCULATED 
ACCORDING TO VARIOUS MODELS FOR 0 16 

Л „с = K(Gjíc* + G£ct2 )

Method o f calculation
К x  1<ГШ  

(e rg ”2, cm "6, sec "1)

I Closure approximation 

fici/ = 8 5 M eV J i2

Га  harm-osc. w ell

S e11 -j В inf. well 
model f jn t̂e welj

D statist, m od e l+

1.95 1.34 

1.75 1.20 

1.85 1.26 

2.22 1.51

II Summation over partial 

transitions

M 2

shell A  harm. osc. well 

model В inf. wel

С fin ite w ell

1.46 1.54 

1.26 1.33 

1.48 1.56

+ (Th e values kp = 1 . 33 fm "1 and ap  = 0. 51 fm  were chosen)

(supplemented by assumptions concerning the conserved vector current and 
the induced pseudoscalar as specified in [65] cf. 7. 2, I-IV ),

Ggc2 + 3 G£ct2= 1.10 X 10'97e rg .2 cm6 . (7.89)

We conjecture that this discrepancy with the U .F . I .  is due to wave functions 
in our model, which may be sim plifiedtoo much. The contribution from  velocity 
dependent (re la tiv is tic ) term s are not yet contained in the table. It can be 
calculated in the closure approximation and can be expressed as

( A ^ 2)vei =R G(v /M )Q  , (7 .90)

where Rg is the follow ing coupling constant ratio

R g =  G y g v  +  ( G a  - G p ) g A  ж  0 > 3 5  

G2 + 3 G 2T

(numerical result fo r  assumption about coupling constants according to [65], 
or 7.2).

The result fo r  the contribution of the velocity dependent term s is found 
to be

( А Л \ еi /Л£2 =  1 0 % .

This holds within 2% fo rO 16 as w ell as Ca40 fo r  a ll shell model wave functions 
used.
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7.5, Muon capture in hydrogen

The ideal process of muon capture from  the point of view  o f elementary 
particle physics is muon capture in hydrogen

H ~ + p -*n + v . (7.91)

This avoids the complications of nuclear physics which are no longer very 
simple even fo r  D or He3. However, atomic and molecular complications 
exist fo r  capture in hydrogen, but great progress has been made during the 
last few  years in analysing these problems of atomic physics. The firs t 
prelim inary experim entalvalueforthe capture rate inhydrogen was published 
in 1961; at the moment 3 independent determinations are available. One 
of the experimental problems is that exceedingly pure hydrogen is required; 
heavier atoms show a fa r  stronger muon capture and even deuterium must 
be removed to a great extent.

We give a very  b r ie f account (c f.[66],[67],[67a]) of the atomic com pli
cations which exist here. If a beam of negative muons is stopped in (liquid) hydro
gen both hyperfine structure states of the muonic atom (рм- ) are form ed rapidly 
(about 10" 10 sec) with a ratio 3 : l fo r  (рц - ) f f  (trip let) to (pM")Ti (singlet). By 
means of exchange collisions

(PM- ) f î  + (PU (PM 'U t -+ (P )f (7.92)

a conversion to essentially pure (ppt” )tj,takes place in a tim e o f the order 
of 10 "9 sec. By means of the reaction

(PM")iT+ (PU** (PM~PUU> (7.93)

one has then the formation of a molecule with two protons bound by means 
of a muon, mostly in an ortho-state: (Spp = 1, Jpvp  = i  ) at a rate of (1.4 ±  
0.6) X 106. sec -1 (in liquid hydrogen). F o r  a gaseous target the process 
would play only a m inor ro le . One has now to consider the capture rates 
in the muonic atoms and the muonic molecule

Л (р H -)u  . A (p ii- ) i " f  andA(p/i"p) TJ.Î*

The capture rate in the molecule can be expressed in the capture rates in 
the atoms:

Л  (рд-р)-Г4,т = 2-у [ f  A  (PM‘ U r+  {A(PM->tf] (7.94)

where

_ muon prob.density at either proton in (pti'p)jti Q 
muon prob. density at proton in (p /lc)j,-j-

(7.95)

We now mention the result fo r  the ratio of the capture rates in the singlet 
and the trip let states fo r  a simple V-X. A  theory; this is
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r  = Л  (p ^ U t  = (Gy - 3 Ga)2 .
Л (р м -)П  (G v+ G a )2 (7,96)

Hence we see that R = oo fo r  Gv=-Ga and R »  1 fo r  Gy = GA . Thus R is seen 
to be strongly dependent on the relative sign of the Vand A interaction.
This also holds fo r  Л  (рц“р)Т4.Tandis still true after introducing the terms 
fo r weak magnetism and induced pseudoscalar.

Taking these refinements into account and assuming UFI one obtains 
the theoretical capture rates (using the |3-decay coupling constants) mention
ed in Table II, which compares theoretical and experimental results.

TABLE II

THEORETICAL AND EXPERIM ENTAL CAPTURE RATES IN HïL'ROGEN
AND He3 (SEC-i)

Theory Experiment

o r p )  (F = 0) 636

T5 "O ■“4 11 M 13

( pm ' p v 560 515 ± 85 (C o lum bia )1)

0 .7 (PM "P ) + 0. 3 (| i-p ) . 

(F = 0) 583 426 ± 60 (CERN + Ch icago)2) *

(j " +  °He - »  3H + v 1400 ± 150 1410 ± 140 (Dubna)

1 ) Counter experiment 

) Bubble chamber experiments 
* )  Proc. CERN Conf. High Energy Phys • 1962.

From  a comparison of the experimental values with the theory one may 
draw the follow ing conclusions:

(1) Within the lim its of the rather large erro rs  of the present experi
ments, the experimental values are in agreement with the theoretical 
value according to (7. 95).

(2) The present experimental values are not sufficiently accurate for 
a test of the existence of the weak magnetism or induced pseudo- 
scalar term s.

(3) The experimented values give a clear indication that the relative 
sign of the V and A-interactions is negative. The experimental 
accuracy only aHows the following lim its fo r  G a/Gv >

- 2 . 0 < (Ga /Gv) < -1 .1 . (7.97)

7.6. Comparison of pion decay into electrons and muons

The decay of pions into electrons or muons is supposedtoproceedprinta- 
r ily  v ia  an intermediate state with one nucleon and one anti-nucleon with 
subsequent decay via either the fl -decay interaction o r the muon-decay in ter
action. Supposing a UFI, or m ore particularly e, ц universality, one can 
calculate the ratio fo r  the decay of the pion into electrons or muons. A s 
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suming the same V  - Л. A  interaction fo r  electrons and muons such that the 
currents j (e v) and j (/nv) coupled to the nucleons are identical in form , one 
finds fo r the ratio

R _ Л(;г-> e+  v) _ / m e \ 2 / m| - m i \ 2= ^
Rtheor “  A(ir-*  V + v) ( ^ m j - m j /  -36 X 10  *

This value is slightly changed when applying an estimate fo r  the e lec tro 
magnetic corrections

R theor. = 1-.23 X 10’4 . (7. 98)

This value is in very good agreement with the experimental value, firs t 
measured at CERN in 1958 and recently determined very accurately by
H. L . ANDERSON et al. [71] as

R exp. = (1.21 ± 0.07) X 10'4 . (7.99)

The good agreement between (7. 99) and (7. 98) is at the moment the best 
evidence available fo r  the equality of g and g® (to within a few per cent).

7.7. The hyperfine structure effect and isotope effects in muon capture

It has been mentioned already that the capture rates fo r  (p/j- ) are quite 
different in the singlet and trip let states. F o r  a V - X A  interaction they 
are proportional to

A 0 s A (p M-)tj.= С (Gv - 3GA)2 (7.100)

A i a A(pM -)tr= c  ( ° v + g a)2 • 1 0 1 )

Hence the statistical'average is

Л  = i  A 0 + f  A i = С (G| + 3 G Í). (7.102)

From  the capture rates in complex (even-even) nuclei it is mostly this com 
bination Gv + 3 Ga which determines the overa ll capture rates.

However, it is a matter of much interest as to what ratio exists in muon 
capture fo r  the V - and A-interactions:

(a) Total capture rates (of even-even nuclei) are proportional to the 
combination G^|/l| )2 + G^|.f g* |2 (taking the leading term s only). I f  | / c? | 2 
differs substantially from  3 ] /1 [2 this perm its GA/Gv to be determined at 
least in principle. This requires an appropriate choice of nuclei (often sepa
rated isotopes).

(b) Odd А -nuclei have a nuclear spin I, which has the interesting possi
bility of a hyperfine structure effect in the muon capture rate. The muon in 
a K -orb it may couple with the nucleus to a resulting angular momentum
F = I ± \ (cf. F ig . 13). The capture rates A ïap and A?ap in both hyperfine 
structure states may be different corresponding to different probabilities
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F+=I + |

F.=I-i

Fig.13

fo r singlet or trip let states o f (рц -); this difference w ill depend on GA /C v , 
not only on the magnitude o f this ratio but also on its sign.

The quantitative analysis of both effects requires a certain knowledge 
of the nuclear wave functions. It turns out that the effect is most sensitive 
to the ratio GA /Gy, and thus the most suitable fo r  obtaining information ou 
this aspect of the muon capture interaction. Once the muon capture interaction 
is sufficiently known the muon capture rates present a tool fo r  obtaining 
information on nuclear structure.

The suggestion that a hyperfine structure effect might be observable 
in muon capture was made by BERNSTEIN, LEE, YANG and PRIM AKOFF 
[72 ]. We cannot go into detail here, but indicate simply that it is an effect 
fo r  complex nuclei, which goes back to the different capture rates in the 
singlet and trip let state of (pp- ). Hence we may write, comparing the hyper
fine structure effect in complex nuclei with that in hydrogen,

= ( l / Z € ) (A A (p )/ Â “ P (p ) ). (7.103)

A  Л  = Л _ -Л+ : Z  indicates a nucleus with nuclear charge Z :  p indicates a 
proton; I  (< 1 ) is  a factor which should be calculated on the basis of a nuclear 
model. И a ll protons contributed equally to muon capture, and only the lasit 
odd proton to the hyperfine structure effect,one should expect Ç ^  1. How
ever, in general,the last odd proton w ill contribute more to the muon capture 
than the average proton and one expects | < 1 ; Überall obtained Ç = 0.57 
from  shell model calculations fo r  FJ9. We note the follow ing about the way 
in which the hyperfine structure effect might be observed.

The total disappearance rates in both hyperfine structure states are 
composed of the decay rate and the capture rate (different fo r  both values 
of F ). The way in which А  Л  = Л --Л +  can be observed depends strongly on 
the rate R, with which conversion from  the F+ = I + £ to the F_ = I - i  stato 
takes place. The main contribution to R consists o f a magnetic Auger con
version  process; the transition rate was calculated by TELEGDI [73]. D e
pending on the value of R one must distinguish the following cases:

(1) If R «  A+one observes (e .g . by measuring the decay electrons) a 
superposition of two exponentials (corresponding to Л+ and A- fo r  the decay)

(2) I f  R »  Л+ a rapid conversion from  F+ to F- takes place and the total 
capture rate which is measured is essentially Л -. This rate A- may show
a marked deviation from  the value interpolated from  the capture rates of 
neighbouring even-even nuclei thus indicating the hyperfine structure effec ..

The difference А Л  = Л+ -Л+ can be measured directly when measuring 
the neutrals (neutrons and gammas) emitted after the capture process, as 
was indicated by WINSTON [74 ]; it requires a good measurement of the 
tim e dependence of the neutrals between 0 . 1 /usec and 1  jusec after a muon 
is stopped. This experiment was performed by the Chicago group [75] fo r 
F!9. It was found that

Л“ р + Л  = A t 

A“ p + Adec = A_
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(Л-ар/ЛСар) «  1.45 ± 0.05 .

This excludes V + A  interaction and is in agreement with estimates fo r  V -A  
interaction (a shell model calculation was given by Ü BER ALL [76]). Hence 
the re lative sign of the V and A  contributions seems now w ell established.
It seems that a further discussion of the results could also provide a reason
able value fo r  Ga /Gv .

The fact that total muon capture rates fo r  suitably chosen isotopes w ill 
depend appreciably on the re lative contributions of F e rm i and Gam ow-Teller 
interaction to the muon capture interaction was firs t pointed out by TOLHOEK 
and LU YTE N [77 ]. Such effects depend essentially on the nuclear model. We in
dicate some typical features on the basis o f the shell model (cf. F ig . 14).

Fig. 14

The arrows indicate some transitions from occupied proton states to non-occupied neutron states.

(O n ly a small part o f  a ll the possible arrows is drawn)

When considering muon capture in a simple shell model picture, the 
total transition rate is composed of a ll possible partial transitions from  
occupied proton states to non-occupied neutron states (all states are con
sidered as single particle states). The Pauli principle forbids protons going 
to already occupied neutron states; hence most protons have to go to "d if fe r 
ent" non-occupied neutron states. F o r some outer proton states analogous 
empty neutron states may be available. Transitions could also occur from  
j = i  + j  states to j = i  - i  státes (e .g . p f  -» p i or f ’ -> f{ ); such transitions 
involve spin-flip and can result only from  the G am ow-Teller part of the 
interaction and not from  the F e rm i part.

Estimates by TOLHOEK and LUYTEN [771 and by G. GOULARD and
B. GOULARD [78] by means of simple shell model.calculations showed in 
deed that capture ratios

A(V)/A (Ca), A  (Mn)/A (Ca), A  (Co)/A (Ca), A(Ni)/A(Ca)

are 20% to 40% higher fo r  pure A -  than fo r  pure V-interaction (the d iffe r
ence resulting fo r  a considerable part from  the f.J - » f f  transitions). The 
difficu lties fo r  a quantitative theory of such capture rates is that even the 
ratios depend appreciably on details of the nuclear model. Further, the 
statistical weight of the Gam ow-Teller contribution in G$| f l  |2 + Од|/ст* |2 
is roughly three tim es la rger fo r  the G am ow-Teller contribution than fo r 
the F erm i contribution and although the difference between pure Ferm i and 
pure Gamow T e lle r  may be considerable, the difference between mixed 
interactions with A = Ga/Gv varying between - 1  and -2  are fa r less striking.
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Hence it seems most appropriate to determine X from  the hyperfine structure 
effect and to consider the discussion of the variation of muon capture proba
b ilities mainly as a problem concerned with nuclear structure, using muon 
capture as a tool. In this respect it should be stressed that present experi
mental data on muon capture rates are generally only available fo r  the natu
ra l isotope mixtures, while it would be interesting to study the variation 
with Z and N separately in certain regions, which would require m easure
ment fo r separated isotopes. Only recently the capture rates for some sepa
rated isotopes were measured; C l35 and C37[70a], Ca40 and Ca44 [70b], u 235 
and U 230 [70c], and L i6 and L i7, B 10 and В 11 [64].

BURKHARDT and CAINE [79] have considered total capture rates fo r 
the nuclei N14, O16 and F 19 which appeared to be not very dependent on the 
ratio Ga/Gv. The advantage of these nuclei is that quite some knowledge 
has been accumulated on their wave functions. B E LTR AM E TTI and RADIC A T I 
[80] and DUCK [81] also made shell model calculations on muon capture, 
especially on partial transitions to bound states in particular fo r  O 16 .

7.8. Partia l muon capture rate in C 12

As early as 1954 an experiment was performed by Godfrey which aimed 
at a direct comparison of the coupling constants of the Gam ow-Teller parts 
in muon capture and |3-decay.

Fig. 15

A  comparison is to be made between the reactions (cf. F ig . 15)

ц -  + C 12 -» B 12 + v (7.104)

and

B l2 ^  c 12+ é- + v • (7.105)

The /3-decay in this l+.-> 0+ transition is determined by the / c? nuclear m a
trix  element; if one could compare the partial muon capture rate between 
the same nuclear states one might hope to obtain the ratio |gJv°/Ga | by 
dividing out the m atrix element /6* occurring fo r  both processes. E xperi
mentally, one measures the jS -radioactivity which occurs after the muon 
capture. This provides the muon capture probability to those states of B 12 
which show no particle emission (mostly neutrons), i .e .  to the ground state 
and the lowest excited states decaying back to the ground state by y-em ission . 
It can be shown that the muon capture leads only in quite a small fraction 
of the cases to these excited states, in comparison with the transitions to 
the ground state of B 12. This is one of the corrections which has to be ap
plied. Another correction  is  that the muon capture does not depend only on
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Ji? but also on / с? r 2 (using the term inology of 0 -radioactivity), because 
of the shorter wavelength of the neutrino in muon capture.

It follows that the analysis of the experiment requires a certain knowl
edge of the structure of the nuclei. Hence it is seen that the theoretical 
analysis of the experiment is not without complications.

Unfortunately the experimental situation is worse as appreciably d iffe r 
ent values w ere found by different groups, d iffering m ore than the quoted 
erro rs

А (ц -+  C 12-> B12+ v )

5. 9 ± 1.5 182 ]

9. 05 ± 0.95 [8 3 ]

9. 18 ± 0.5 ( 8 4 ]

6. 8 ± 1 . 1 00 СЛ X h-* о

5. 8 ± 1.3 186]

6 . 31 ± 
n _ +

0.24 
0. 30

[8 7 ]

6. 75
0. 75

[8 7 a ]

3seC"1 (7.106)

It would be desirable fo r  the experimental discrepancies tobe cleared up.
At the moment one can only conclude that |g ĉ/Ga| equals unity within about 
30% (using the "most plausible" assumptions mentioned in section 7. 2 about 
weak magnetism and the pseudoscalar).

7. 9. Partia l transitions inO 16 and the pseudoscalar interaction

In 7. 2 we considered the effective Hamiltonian fo r muon capture and 
showed that it seems to be determined by the 3 constants Gy,GA and Gp even 
if we start with the general expression (7.12) containing 6 parameters.

Fo r the sake of sim plicity we discussed the hyperfine structure effect 
and the capture in hydrogen as if  there were mainly two parameters to be 
determined, namely Gv and Ga .

However, it is seen from  (7.17) and (7. 32) that Gp also plays an inde
pendent ro le and that it could be determined independently from  a phenomeno
logica l analysis o f suitable experiments. In this respect it should be noted 
that

Jdtfab  /4 тг) I ?ab -J e t  |2 = i  \J  a

does not generally hold and fo r  the transitions, fo r  which it does not hold, 
Gv ,Ga and Gp occur independently and not only in the combinations G f = Gv 
and G g t  -

An interesting proposal fo r  such a determination of Gp was made by 
SHAPIRO and BLOKHINTSEV [ 88] . They pointed out that in the partial 
transitions from  O16 -» N16 the ratio of the transition rates to the 0* and 1“ 
excited leve ls  of N16 (both characterized by the configuration ( lp $  Jp"1 
(2 J|)j ) is quite sensitive to the value of G p (c f.F ig . 16). It can be shown 
that the ratio of the partial capture probabilities to the 0 " and 1 " leve ls  is 
given in a firs t approximation by

A  (0+-> O' )/A(0+ -> 1”) = (Gp - Ga )2/Gv + 2 G a- (7.107)

Hence it fo llows that this ratio is sensitive to the value of Gp. (7.107) is 
not yet suitable in this form  fo r  an analysis of a possible experiment as it
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Fig. 16

can be shown that the velocity-dependent term s of the Hamiltonian and confi
guration mixing in the nuclear wave functions cause appreciable deviations 
[ 88, 89]. I f  the calculation of these corrections were sufficiently reliable, 
measurement of the above-mentioned ratio would indeed be a good experi
ment fo r  determining Gp •

7.10. The angular distribution of reco il nuclei and of emitted neutrons

When (polarized) negative muons are captured in a K-orbit of a spin 
zero  nucleus they have a residual polarization which amounts to 15 to 20%. 
This residual polarization can be measured by means of the anisotropy of 
the decay electrons from  the polarized muons. As a consequence of the non- 
conservation of parity the follow ing effects can be expected if the muon 
captured in the K -orb it is polarized.

(a) An anisotropic angular distribution may occur fo r the reco il nuclei

Wtec (®rec ) = 1 û'rec COSÓ¡er • (7 . 108)

(b) An anisotropic angular distribution may occur fo r  the emitted (prim a
ry) neutrons

Wn (0n) -  1 + an cos e„ ; (7.109)

Pu = degree of polarization of the muon captured in the K-orbit; 
sji = spin direction of this muon,
6 rec =  angle between s/i and reco il nucleus momentum prec.
6n = angle betweenIsjj and momentum of the emitted neutrons ph .

arec and <*n depend on the coupling constants Gy, Ga , Gp; they are see.i
to be rather sim ilar; especially, if most of the final states are unbound,
it seems plausible to suppose that most of the reco il momentum is carried
off by a neutron.

As an example of the dependence of the asymmetry coefficient on the 
coupling constants we give an estimate of ff^ m a d e  by PRIM AKOFF [90] fo r 
thé heavier nuclei:

(Gv)2 - ( G a )2 + ( G p )2 - 2 G a G p /
" rec (G v )2 + 3 (G a )2 +  (G p ) 2 - 2 G a G p - ° - 39) -  (7 .11 0 )
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This shows

<*rec = 0 fo r |Gv| = |Ga | and Gp = 0 .

However, it is seen that fo r  the values of the coupling constants according 
to (7.18) and (7.27) - (7.31) an appreciable asymmetry should occur.

In the firs t instance the value of a n is something like (7.110). ÜBERALL 
[91] has considered on the basis of a F erm i gas model how a n is changed 
fo r complex nuclei. DOLINSKY, BLOKHINTSEV and AKIM OVA [92] did 
this on the basis of a shell model. Various experimental results are now 
available fo r  an fo r  S32 from  the groups in L iverpool [94] and Chicago [93] 
which average to

A value fo r  Ca was recently obtained in Dubna [95]. Although the accuracy 
is not yet very high, the existence of an asymmetry seems to be now well 
established. This seems to be a rather clear indication of the existence of 
an induced pseudoscalar coupling. The data were recently extensively 
analysed by BLOKHINTSEV and DOLINSKY [96] .

A  further consequence of the non-conservation of parity, which we want 
to just mention here, is that one must expect that reco il nuclei and emitted 
neutrons w ill in general be polarized.

7,11. Radiative muon capture: spectrum; directional distribution of thé 
photons; c ircu lar polarization of the photons [60] [97] [98] [99]

Radiative muon capture is  a second-order process, with one weak in ter
action vertex  and one electromagnetic interaction vertex; the main contri
bution is represented by the Feynman diagram, (see F ig . 17 (a) ). However 
also the follow ing contributions must be considered (interaction with charge 
of proton) (cf. F ig . 17(b)) and the interactions via the anomalous e lec tro 
magnetic moments (cf. F ig . 17(c) and (d)).

a„ = - 0.24 ± 0.06. (7.112)

(b)

F ig -17 (a ) Fig. 17(b)

Fig. 17(c) . Fig. 17(d)

The energy m  ̂ c 2 = Ю5 MeV is mostly divided between neutrino and 
photon so that the I.B . photons (internal bremsstrahlung photons) may have
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quite a high energy here; they have a continuous spectrum extending to ener
gies which are considerably higher than the gammas from  the de-excitation 
of the final nucleus. However, radiative capture is estimated to occur only 
in about 1  in 10 4 of a ll captures so that one can expect that it w ill be studied 
only fo r  complex nuclei (and not fo r  hydrogen) in the near future. An ex
periment at CERN (CONVERSI et a l. , [99a])has established experimentally- 
the occurrence of radiative Ц -capture at about the expected rate (c f .F ig . 18).

Fig. 18

The probability o f the radiative muon capture

Radiative muon capture can provide independent information on the muon 
capture coupling constants; the experiments w ill, however, be difficult.
The interesting feature in radiative muon capture is that fo r  high Ey the 
muon in the intermediate state is not "at rest" with respect to the nucleon 
as is always (approximately) the case for normal muon capture. This can 
enable us in principle to obtain different combinations of the coupling con
stants g v, gA, gM. gP. gs. gr than are given by Gv, Ga , Gp. .

We shall not discuss now specific theoretical results but we mention 
concisely what can be observed about radiative muon capfure:

(a) Form  and intensity o f the photon spectrum.
(b) If the muons, which are captured, have an initial polarization Pjj , 

the I.B . photons can be expected to have an anisotropic angular 
distribution

W (6) = 1 + /3 cos ву . (7.113]

ву is the angle between the direction oí emission of the photon anc 
the direction of the muon spin s|i. The anisotropy coefficient wouli 
be equal to one: fi = 1 fo r Gv = gv, Ga = gA, Gp =0 . However the 
induced pseudoscalar interaction w ill change this value, which pro
vides a means of determining Gp .

(c) Even when the initial captured muons are not polarized it must be 
expected that the emitted I.B . photons have a-circular polarization 
/3 . It can be shown that this param eter (S' = |3, so that it provides 
the same information on the coupling constants as the I.B . photon 
angular distribution.

The experimental study of radiative muon capture has only just started. 
Much work has also still to be performed on the theory, both on the influ-- 
en ce o f the binding of the nucleons in nuclei and on the influence of diagrams
(b), (c) and (d) of F ig . 17.



W E A K  INTE RA CT IO NS A M O N G S T  N U C L E O N S  A N D  LEPTONS 427

8 . NEUTRINO PROCESSES; THE HYPOTHESIS OF AN INTERM EDIATE 
VECTOR BOSON; ARE THERE TWO KINDS OF NEUTRINO?

In this section we want to consider the theory of weak interactions in 
a somewhat w ider context. If we consider all kinds of weak interaction pro
cesses, the four following types may be distinguished:

I P rocesses with leptons only; example:

^  ->éb + v + v, (8 . 1 )

II Processes in which baryons or mesons occur in addition to leptons, 
but in which the strangeness does not change; examples:

n  p  + e ' + v ( 8 . 2 )

e ' + p  -> n  + v (8.3)

+ p ~ * n  + v (8.4)

r  -» aí" + v. (8.5)

III Processes, in which baryons or mesons occur in addition to leptons 
and in which the strangeness changes; examples:

K/j2 K±-> + v (8 . 6)

K/j3 K * - »  ix* + v + 7r0 (8.7)

КеЗ К * -> e± + v + v0 (8 . 8)

IV  Processes, in which no leptons occur and in which the strangeness 
changes; examples:

K tt2 K + -> 7Г+ + 7Г 0 (8.9)

КтгЗ K + -> 7T+ + 7Г" + 7Г + <8 . 1 0 )

n + 
P +

7Г+ \ 
7T° J ( 8 . 1 1 )

>o P + 
n +

I
7T ° J ( 8 . 1 2 )

Up to now we have confined our attention to processes of types I and II, in 
which the strangeness does not change. The four types of processes have 
characteristic differences, although they are all weak interaction processes. 
We shall mention only a few points about processes III and IV, as the time 
available does not allow us to go into any detail in this field in which much 
work has been done during the last few years.

It is possible to try  whether the processes of all four types I. .IV  can 
be characterized by 4-ferm ion interactions. We now indicate which form al 
expressions should then be chosen fo r the types I. . .IV . We use the following 
expressions fo r  lepton currents and nucleon currents.
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Lepton currents: we write fo r electrons

•(-> Je, X Ф е  У \  (1 +  У ъ ) Ф у (8.13)

JetV = Ф у  TX ( !  + T5 )^e • (8.141

Analogously we write fo r  muons

A-) -  
Jm. x Ф р  7X (1 + T b )  Ф и (8. 1 5 ;

A+) _ 
Jm. X Ф ь  У \  С1 +  У ь ) ^ - (8.16;

The superscripts (+) and (- )  indicate whether the electric  charge is increaisi 
o r decreased. We can also write a lepton current fo r electrons and muons 
together

£> « j е,\ + (8.17)

- je*V + j{ík (8.18)

Nucleon currents: we write

- ïpn У х  ( 1 + *-75 ) Ф р (8.19)

4 +) = 'Р р  V a . Í 1  + Х 7 5 )  ^ п - (8. 20)

The constants X 1. 2 provides the ratio of A  and V interaction in (3-decay, 
The usual Hamiltonian fo r fl - radioactivity can be written in the following 
form , using the preceding notation

-»? = geA/2 [ A + ) je” X + t i  I • ( 8 . 2 1 )

The two term s in (8.21) are each others Hermitian conjugate. The factor 
1 A/2 is just added to conform to the h istorical convention fo r the coupling 
constant. I f  the hypothesis of the conserved vector current is accepted,
(8.19) and ( 8 . 20) have to be supplemented with term s fo r the pion-field as 
was explained in 6 . The interaction for muon 'capture can be written in a 
form  analogous to (8 . 2 1 ) as

A -  = [ Л +) jV.V + A _) j [ a  ] . (8.22)

as well as J lfc are concerned with processes o f type II. Muon decay is 
a process of type I and can be characterized by

Ж = [ j(e,X jfi.X + jl\ з£1] . (8.23)
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Experimentally it was found that gMC «  ge and it is tempting to suppose 
that a ll weak interactions amongst nucleons and leptons can be summarized 
in the expression

Л  = J -  t +3(х)] [Л ‘)+Л')1 • (8-24)

This expression has an attractive simplicity, being simply o f the form

A  = g X current X current . (8.25)

( 8 . 24) can be considered to be the expression o f the hypothesis of a Universal 
F erm i Interaction (UFI) amongst nucleons and leptons. The expression ( 8 . 24) 
contains the interactions (8.21), (8.22) and (8.23) as cross term s; however, 
it contains in addition term s such as

JJ i ' V = j£A , (8.26)

which provide the possibility of e - v  scattering by a UFI. Hence ( 8 . 24) implies 
that electron neutrino scattering

e + v -> e + v ( 8 . 27)

should occur with a small cross-section, which is e a s ily  calculated. Of 
course, it would be of the utmost importance if it could be tested experi
mentally whether ( 8 . 27) occurs in nature.

8.1. Generalization to processes of types III and IV  with a change of 
strangeness S

It seems a plausible generalization to introduce fo r such processes a 
strangeness - non- conserving current Sx. One can form  such currents with 
the Л-hyperon in the following way

S(\  = Фр У\ (1 + yь )Фл (8 .2 8 )

s V  = У\ (1 '+ у$)Фр • (8 .2 9 )

Of course, analogous expressions can be formed with the E-and Hhyperons. 
In contrast to Sx, Jx can be called a strangeness-conserving current. F o r 
processes o f type Ш  (leptonic decays with change of strangeness) one may 
now write down an interaction

= J r  + ̂  ŝ  1 • (8,30)

For processes of type IV  (non-leptonic decays with change of strangeness)
one may write finally

J>\ Í A+) S(x'> + ^  1 ■ (8.31)
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When considering (8.30) and (8.31) as the fundamental weak interactions, 
the decays of K-mesons and hyperons have to be considered as second- or 
h igher-order processes. One can easily draw Feynman diagrams with omi 
weak interaction vertex and one or more strong interaction vertices, whic h 
explain these decays qualitatively. One might attempt to generalize the UFI 
fo r nucleons and leptons, such as formulated in (8.24), also fo r strange 
particles, writing fo r example

Mi = J r  (JX) + jx ) + sl+)XA")+ ix )+ ^\))- (8.321

Such an expression would be an elegant unification of all weak interactions 
into one expression of the type (8 . 25). However, much research w ill be 
required before it can rea lly  be established whether a form  more or less 
of the type ( 8 . 32) might really  be possible. We cannot go into a discussion 
here o f the different rules which have been proposed and are under investi
gation fo r  processes II and IV, we only mention the rules concisely:

(1) no |д S| =2  rule,
(2) AQ = AS rule (leptonic decays),
(3) Дт1 = £ rule fo r  non-leptonic decays (■? is isospin),
(4) ДТ| = I  rule fo r  leptonic decays.

Rule No. (3) now seems to have been quite w ell established by experiments;; 
recent experiments seem to be in contradiction with (2) and (4); rule No.(]) 
has not yet been extensively tested.

A  rule, which seems w ell established by experiments fo r  processes 
both conserving and not conserving strangeness is: no four-fermion inter
actions occur with neutral lepton currents. This means that processes which 
need a four-ferm ion interaction, in which a lepton pair with zero total charge 
necessarily occurs, are strictly  forbidden. Examples of such forbidden, . 
processes are

/л- -* e " + e+ + e- , (8.33)

y.~ + p p + e* . ( 8 . 34)

The non-occurrence of these processes has been ver ified  experimentally 
with great precision. This is an important experimental fact fo r weak inter
actions between nucleons and leptons.

8.2. The hypothesis of an intermediate vector boson

It is possible to replace a weak 4-ferm ion interaction by two "sem i- 
weak" interactions o f ferm ions with an intermediate boson B. In many r e 
spects this gives identical results. We specify by means of Feynman dia
grams which couplings have tobe assumed fo r theboson B (c f. F igs. 19and20).

We note here the following points:
(1) The diagram drawn fo r |3-decay ór muon capture is the same as 

is assumed fo r the main contribution to the induced pseudoscalar 
in /3-radioactivity o r muon capture. However in this case the boso.i 
В is the pseùdoscalar pion from  which there results an effective 
pseudoscalar coupling.

(2) In order to obtain an effective V -A  coupling one has to take a 
(charged) vec tor boson fo r B. I f  we indicate by B\ the field  oper



W E A K  IN TE RA CT IO NS A M O N G S T  N U C L E O N S  A N D  LEPTONS 431

n —►  p + B  —* * p + e " + v

Fig. 20(a)

¿ i “ + p  - ^ p ' + B + n —* - V + n

Fig. 20(b )

ator fo r  this particle,the couplings which have to be assumed fo r 
В can be written as

À  = fe Bx/etx + h .c. (a)

-U'l = fp BxjlC i +. h. c. (b)

= înBxJÇ ’ + h. c. (c)

Jf i = f s B x S ^ + h .c. (d) .

( 8 . 35)

The effective coupling constants fo r processes I and II which result from  
the interactions (8.35) are (mg = mass o f the boson)

gB /«/2 = fefN/mi

gjicA/2 = iji fN / m l (8.36)

g(i /s/2 = fefji/ m| _

Because ge =■ gjic = g¡¡, it must be assumed that

fe = f/s = ÍN-

(3) As regards the mass of the boson, it must be assumed that

me > mK ( 8 . 37)

in order to explain the absence o f the process

K + -> B + +y. (8.38)
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(4) Possib le decay modes of the boson are

B+ г» + v (£. : e o r ц )
\ 2 i r  ( 8 . ЗЭ)

K + + it ( i f  т в  > míe + 11%).

One calculates fo r the decay rate

m3
AÍB* -> ц + + v ) = A  (B+ -» e + + v) = —тг- > 8X 1016 sec '1- (8.40)

6 irj2

Hence we see that the intermediate boson should be a particle with a very  
short lifetim e ($ ,1 0 " 17 s) as was to be expected from  the fact that it decays 
via a "sem i-weak" interaction and not via  a "weak" interaction.

(5) When only charged intermediate bosons are assumed, this has the 
attractive feature that a kind o f "explanation" is given fo r the rule 
that no neutral lepton currents are found.

( 6) The theory with charged intermediate vector boson, is not reno r e a 
lizab le. However, this can scarely be considered as an argumen; 
against the existence of such a particle.

Up to now we have mentioned the coupling scheme with an intermediate 
boson only to the extent that it is equivalent in many ways to a 4-ferm ion 
interaction, which is considered as a fundamental interaction. But it is not 
clear whether the scheme would in any way be more attractive than an e le 
mentary 4-ferm ion interaction. However, the intermediate boson hypothesis 
was worked out by Lee and Yang and by d'Espagnat in such a way that cer 
tain advantages are indeed obtained. They try  to formulate such a coupling 
scheme fo r the intermediate bosons that rule No.(3 ): |д Т  | = j  fo r non- 
leptonic decays, results from  it. It turns out that this is s till possible in 
various ways and one can use the remaining arbitrariness to incorporate 
one or more o f the other rules (1) to (4) in the scheme (fo r  a detailed de
scription cf. [101, 32]). L ee  and Yang propose a scheme, in which the bosons 
(which they indicate by W and ca ll "schizons") are coupled in the W-Jx and 
the W-Sx interactions in different ways as regards their isospin properties. 
They postulate 4 bosons W+ , W ", W!J, Wg which can be grouped either in 
a trip let (W 'W g W +) and a singlët W{J„or in two doublets (W °, W+) and (W ", 
W °) (where Wg = - ¿  (W ° + W °); Wg = ¿  (W° - W10)).

One may say that in the proposed coupling scheme the isospin is con
served both in the W-Jx and in the W-Sx interaction, but that the boson 
behaves as an isospin - 1 -particle ih its coupling to Jx and as an isospin - \ -  
particle in its coupling to S\. This two-fold "sch izoid" behaviour has then 
the |ДТ*| = i  - rule (3) as a result and also the leptonic | Д1?] = i  - rule can 
be incorporated in the scheme. Also rule (1) (no | AS| = 2) can easily be 
incorporated in this scheme. The rule that no neutral lepton currents occur 
has to be added in a rather artific ia l way.

D'Espagnat has postulated in his "veton"-coupling scheme only charged 
bosons (one or two kinds). This results in neutral lepton currents being 
forbidden in a natural way, hence the name "vetons". Rules (3) and (4) are 
incorporated in the scheme either rigorously or in a certain approximation. 
In one of his proposals the rule that no|AS| = 2 processes take place is not 
valid fo r  leptonic decays, so that for example
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S -> n + e- + v

should occur with a measurable probability (which cannot.however, be ex
cluded on the basis of the present experimental data). Although many results 
are the same with or without an intermediate boson, one can of course con
centrate on cases in which it makes a difference whether intermediate bosons 
do o r do not exist in order to make a decision on the basis of experiments. 
Possib ilities in this respect exist in the form  of reactions in which real 
bosons В should be produced,for example, by means o f pions o r neutrinos 
of high energy. Because of the short lifetim e of В ( $,19'17sec) s u r p r o 
duction processes (occurring with small cross-sections) w ill not be easily 
observed: one cannot observe the bosons by means of rea l "tracks", but 
one has to make an analysis o f the decay products. However, such investi
gations seem possible with existing techniques.

8.3. 7 -decay of the muon

The possible occurrence o f 7 -decay of the muon is a very  fundamental 
problem. If  an intermediate boson В is assumed, this decay is possible 
up to firs t ordër in the weak interaction according to the diagram given

в______

Г v
J*'—-*"+Ï

Fig. 21

Fig. 21 diverges; a cut-off m B gives as an estimate fo r the branching ratio

(theoretical
A f r ^  e 3X 1 0 _4 estimate with (8>42)
А{и -» e + v +V ) intermediate

boson B ) .

Experimentally a very  low upper lim it was determined fo r this process (cf. 
[106] and [107]).

i f ^ ' e ' + v W ) < ° - 6X 1 0 ‘ 7 (experiment). (8.43)

The experimental value (8.43) obviously contradicts the theoretical value 
(8.42). The theoretical result (8.42) depends strongly on the chosen cut-off, 
but it seems impossible to obtain agreement with experiment with a reason
able value of the cut-off (cf. M EYER and SALZM AN [108] ). In order to 
maintain the intermediate boson theory the follow ing hypothesis has now 
been introduced:

Two-neutrino hypothesis: it is assumed that two kinds of neutrinos exist, 
of which one kind ve is  connected to the electron and the other kind i/¡¡ to 
the muon. One should then write
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n -» p + e - + ï7e 

M" + p n + i/,,

ц- - » e~ + 77e + v¡i 

ж~ -*ц~ +V)l

(8.44)
(c)

(d) .

The intermediate boson should then be coupled both to the pair (e, ve ) and 
to the pair (¡x, v¡¡). Introducing two kinds of neutrinos in this way means 
that we have two lepton conservation laws; we may introduce two kinds of 
lepton numbers

ie  and £¡¡ should then be conserved separately. This provides an additional 
selection rule so that (8.41) is rigorously forbidden; we see that in the dia
gram (F ig . 21) firs t emission of v¡¡ takes place, but fo r  reabsorption by the 
electron a ve would be required, which is not available.

With regard to their helicity, both neutrinos ve and Vj, are supposed 
to be identical. The hypothesis that two kinds of neutrinos exist does not 
seem very  attractive at firs t sight; one would probably pre fer one kind of 
neutrino rejecting the intermediate boson. However, the process ц -v e + у 
also rejecting the intermediate boson, is not necessarily excluded. For 
example, one obtains a contribution to this process from  the following dia
gram, of second order in the weak interaction.

It is assumed here that an expression of the type ( 8 . 24) is valid (cf. 
JOFFE [109] fo r  quantitative resu lts; i f n o e  + v ’ e+ i /  existed this dia
gram would not contribute). The diagram is strongly divergent and the resu'.t 
greatly depends on the cut-off which is assumed. If a cut-off Л^ЗО GeV 
is assumed the contribution of the last diagram reduces sufficiently to ex
plain (8 .43). However, introducing a cut-off resembles introducing a certain 
"non-locality" of the interaction and this again threatens to cause the process 
ц -* e + у (up to the firs t order in the weak interaction, as fo r the inter
mediate boson). Hence it turns out that it is not easy to forbid effectively 
the process ix->e+y even without supposing an intermediate boson. Thus it 
may be attractive to introduce the two-neutrino hypothesis, causing an ad
ditional selection rule, even when not assuming an intermediate boson.

The electron and muon are two fermions, which seem very  analogous 
in their behaviour in weak interactions as w ell as in their electromagnetic 
behaviour (e .g . magnetic moment); only their masses are different. It is 
tempting to suppose that the existence of two charged leptons, which are

le  = + 1  fo r e" and i/e ; i e = - 1  fo r  e* and ve 

¿И = + 1  fo r ц ' and v¡¡ ; £e = - 1 fo r  ¡л* and . (8.45)

e

У

Fig. 22
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thus analogous, also corresponds to the existence of two strongly analogous 
neutral leptons i/e and v¡¡.

Of course these arguments are purely theoretical speculation. It is 
of the utmost importance to try  to find experimental checks of the two- 
neutrino hypothesis. This seems possible by means of an experiment with 
neutrinos of a high energy in the following way (we w rite the processes as 
i f  two kinds of neutrinos existed).

Neutrinos of a high energy are obtained from  the decay of very  energetic 
pions (which are produced in proton-nucleon collisions)

One then looks fo r processes of the following kind when the neutrinos of 
very  high energy fa ll on nuclei

When two kinds of neutrino exist, one should find only process (8 . 47) (of 
course the energy of the neutrinos should be sufficient for muon production). 
In case only one kind of neutrino exists one should also find process (8 . 48).

The practical realization of this very  fundamental neutrino-e^erim ent 
is under way at CERN and in Brookhaven. The pions are firs t produced by 
means of protons in a 30 GeV proton synchrotron. The difficulty is the very  
sm all cross~section. This means that only very few events can be expected, 
of the order of one event per ton of matter per day. For the experiment one 
has, e.g., a propane bubble chamber with about a ton of matter, while also 
a spark chamber with 10  tons of iron plates could be a very  useful instru
ment. Although the experiment is very  exacting, it can already provide a 
decision on the very  fundamental issue of whether the two-neutrino hypo
thesis is correct or not without reaching a high accuracy. Recently (July 
1962), the existence of two types of neutrino has been established in the 
Brookhaven National Laboratory (see Phys. Rev. Lett. 9 (1962) 36 and Proc. 
1962 High Energy Phys. Conf. at CERN).

8 . 4. Experiment Brookhaven

In this experiment 10 tons of m aterial were used in the detector, con
sisting of a combination of 10 spark chambers of 1 ton each. Extensive 
shielding consisting of concrete and iron was essential. Anticoincidence 
counters were used to suppress the cosm ic-ray background. It was essential 
in this respect to have a gating system which makes the detector sensitive 
only when the protons a rr ive  at the target; the protons are circulating in
12  bunches per pulse, each 20 Msec long separated by 220 Msec; the machine 
produces 2 X 10“ protons per second; in the experiment 3. 5 X 107 protons 
came to the target.

The spark chamber photographs were examined fo r muon tracks of 
high energy (pjj > 300 MeV/c) produced according to (8 . 47), and fo r showers 
arising from  electrons, in case reaction (8 . 48) occurred.

A fter correcting fo r  the cosm ic-ray background, 29,events were ob
tained fo r muons produced according to (8 . 47) while no events due to the 
process (8 . 48) could be observed. The observed cross-section  for (8 . 47) 
was in agreement with the value predicted by theory.

+ i/¡, . (8. 46)

v¡¡ + n -» p + И 

v¡¡ + n ■/> p + e- .

(8 . 47) 

(8 . 48)
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No evidence was found for production of intermediate bosons according
to

and subsequent decay of B-+ according to (8 . 39). Of course, this does not 
yet prove the non-existence of intermediate bosons either.

Except fo r their importance with regard to the two neutrino hypothesis, 
high energy neutrino experiments are very  important in the following r e 
spects:

(1) As was discussed in connection with the m atrix elements (7. 12) 
the "coupling constants" are as a matter of fact "form  factors" which can 
depend on the 4-momentum transfer.

In the normal processes of f l-radioactivity, muon capture or muon 
decay the 4-momentum transfer is nearly the same fo r a ll processes which 
are studied. However, the neutrino reactions provide the possibility of 
studying the behaviour at different values of the 4-momentum transfer.

(2) F o r sufficiently high neutrino energies one should expect the pro
duction of rea l bosons В if the intermediate boson hypothesis were correct. 
Although we have already mentioned that their lifetim e is too short to give 
v is ib le  tracks in bubble chambers, for example, one would s till expect ob
servable consequences, e.g.in cross-sections of such boson production.

It is c lear that high-energy neutrino physics w ill become a fie ld  of great 
importance. Because of the sm all cross-sections the experimental d iffi
culties are great and precise values for cross-sections w ill become available 
probably only very  slowly. It is relevant in this connection to stress that 
the processes (8. 47) and (8 . 48) w ill have to be studied in complex nuclei 
(pure neutron samples not being available fo r this purpose). This means 
that nuclear complications again appear in the analysis of these processes. 
F o r example, the influence of the Pauli principle should be studied carefully 
fo r  the reactions (8 . 47) and (8 . 48) occurring in nuclei. Berman has made 
some calculations on this point, (cf. [ 1 0 2 ] ).

As various notations are used for the Dirac equation by different authors, we specify here the notation 
which we use. W e also g iv e  exp lic it representations for the Dirac matrices which are used in some cases.

We may use the Dirac equation in the form

V  + Z + B+ + Z, (8 . 49)

APPENDIX I

NOTATIONS FOR THE DIRAC EQUATION AND  THE DIRAC MATRICES

I  e/c + O íjP x + 0 Í 2 P y +  Otspz +  OTITIC ]  Ф(х, y, z, t) = О (A . 1)

or

[ Е/с + S*-]? +  a im e  ]  ф = О (А . 2)

E and р are the operators

E = - ( n / i ) d / 3 t ;  p x = ( B / i ) ( a / a x ) ; (A .3 )

a lt . . ct4a re (4  X 4) matrices satisfying

(A . 4)



“ i  a j  = - a j  a ¡  ( i ¿ j ) .  (A . 5)

The a 's  may be chosen as follows
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a3= 04=

< A .6)

(elem ents which are not written are o ) .  We shall often write Ô instead o f a *. We note that these a 's  are 

Hermitian. The wave function has 4 components and thus summarizes 4 functions o f x, y, z, t :

f ^ (x ,  y, z, t)\ 

Ф2 ( Х ,  y, z, t) 

%(X, y. Z, t )

, <ftfx.y, z, t)

(A . 7)

We may also write the Dirac equation in components ^ . ÿ4. Using the representation (A . 6) for 

the a 's  we obtain

(E/c + me) ft + (p  x - ipy ) ^  + pz ф, = 0

(E/c + m e) + (px  +  ipy) ft, -  Pz *4 = 0

(E/c - m e) Ф3Ч- (Px -  ipy) ф2+ Pz  <h = 0

(E/c - m e) 04+ (p x + ipy) 1(1, -  pz = 0 •

An alternative form for the Dirac equation is

(E / c+  pj cr p*+ p5me) ф = 0 .

The p 's and o' s are related in the follow ing way to the a*s

a k = Pi o k  Ck = 1. 2, 3)

«4  = p 3 .

H h e  (is and are represented by the follow ing matrices

>

Pi*

10

01

10 
v 01

Pz*

' 01 
10

01
10

The matrices p and о  satisfy the fo llow ing relations

4 = PiPj + PjPi = 0 ( i? i) ¡ (\Рг = »Ps (and cyclic),

f t  =  1  ; о , Oj +  ojoi =  0 ( iy j ) ¡  0,02 = io3 (and cyclic) j

every matrix p commutes with every matrix a.

(A . 8)

(A . 9)

(A . 10)

(A . 11)

(A . 12)

(A . 13)

(A . 14)

(A - 15)
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“‘The form (A . 1) is not the most convenient one, i f  one wántsto consider the re lativistic transformation 
properties. With this in v iew  we write

P(1 = ( f i / i ) ( d / a x , i )  (x 4 = ic t ) . (A . 16)

We multiply (A . 1) to the le ft  b y  icuand obtain

( i o u a i p x +  icu o í2Py + icuctspz + « 4—  E + im c )ÿ  = 0 (A .1 7 )

or putting {in  thé follow ing, summation over repeated Greek indices from 1 to 4 is understood)

{ y i u w  - 1тс)у \  0 • (A . 18)

putting

№ = - i a 4cxk (к  = 1 ,2 ,3 );  Cfc = - i f t j 'k
■ < • s(A. 19)

Г4=-“ 4 “ 4 =-У4-

The у matrices which are so defined are hermitian as w ell as the a* s. We shall use the Dirac equation mostly 

in the form (A . 18 ), or writing exp lic it ly  according to (A . 16)

d me

* = °- (A-20)

The * s satisfy the commutation relations

i (ЪУн +  ЪУц) = 6liV ■ ( A . 21)

Taking the com plex conjugate o f (A . 18) and changing the order o f the ф* s and the y ’ s one obtains

t  M -  ™  , * = 0 . (A . 22)
K=l, 2 ,3  d /k dx4' /4 Ti 4

Putting

- ? = ^ У 4 (A . 23)

(A . 20) takes the follow ing form after multiplication to the right by y4 (adjoint Dirac equation)

9 ф me —
—  у и -  —  Ф -  0 .

P'

A  Lorentz transformation is specified by

yp - — 0. (A . 24)dxu. tv

лу ~

where

ацй a^o =6fio 

а6ц aop = ¿íc

(A . 25)

(A . 26)
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It follows from (A . 25) that

a a
T —  -  a u y “  * (A . 27)Эх̂  ** Эху

We shall write (A . 25) in an abbreviated form as

x‘ = L x

x = L~J x ' . (A . 28)

The Dirac equation and its adjoint are invariant for Lorentz transformations; this means that the equation has 

the same form in x and x'-coordinates:

( f y  * ( e / ô x M) +  (m c/R ))ÿ -(x )=  О (A . 29)

(Уц ' (а/Эхц ) + (m c / t i ) )^ * ' )  = 0 . (А . 30)

ф' and ÿ»are related for coordinates related according to (A . 28) by

ф\х) = Sÿ (b -1x ')  =Sÿ (x )  . (A . 31)

S is a <4 X 4) matrix satisfying

transforms according to

S has also to satisfy

S - ^ S  = (A . 32)

ф\х) = ф(L‘ V ) .  S '1 = ф(х) S' 1. (A . 33)

S - 1 = y f i * y 4 -  (A . 34)

I t  is often useful to introduce yg according to

r 5 = yi уг У» Г4 • (A . 35)

We note that for ys

(y s )Z = 1 , ysy it+T fiY s  = °- ( A . 36)

Hence we see that (A . 21) remains valid  for ц» v -  1, . • •, 5 when introducing the matrix y5.

The covariants of the D irac theory

I f  and are D irac wave functions transforming according to (A . 31 ), (A . 33) it  is easily proved that 
the fo llow ing quantities have the indicated transformation properties ( (A .  32) is used for this purpose) :

S scalar ^  фг (A * 37)

V  vector (A . 38)

T  (antisymm etric) ■ " Л № > *  <A - 39>

A  axial vector • , .  inv
(pseudovector) *  * *  (A ' 40)

P pseudoscalar J i Y s . Фг (A . 41)
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The relations between our different notations o f  Dirac matrices are given  by

« k  = p io k ;  <U =Ps( = 8) ( A . 42)

“ k = ; 04= -  У4 (A . 43)

yk  = - i«4 ak ; у 4 = - 0 4  (A . 44)

Гк= РгОк Л  

Г4=-Рз J (A . 45)

We specify the 16 independent Dirac matrices, used in the representation, in die follow ing table (these matrices 
are a ll H erm itian ),

Table o f the Dirac matrices

0 = Рэ

a *= P i0 1 = ; <4 = P i°2=

00!= PjO! = ; S<>2= Ps°2 =

iSai= -P2° i=  I 0. j  | ¡  i0®2= -P2°f=

. -iO

y5 = p i  = in  : i 6 r S = -P2

APPENDIX II

THE USE OF FIELD OPERATORS OR WAVE FUNCTIONS IN  THE FORMULATION 

OF F OUR- FERMION INTERACTIONS

It is often not stated clearly whether fie ld  operators or wave functions are meant, when formulating 
a four-ferm ion interaction. We want to state here precisely how both formulations are related in order to avoid 

confusion.
In this appendix ÿ (x î t )  w ill mean the operator for the quantized fermion fie ld . We can write down 

the follow ing Fourier development for ip and 0 *  (an asterisk with the fie ld  operator indicates the hermetian 

conjugate operator)

X y
0  = • 2  2 [  a ¡(p r) • Ui(p?) exp { i (p ? •!?-£[t ) }  + Ы(рт) • V i(p ^ exp {- i(p r • x*-Ert ) }  (A . 46)

* Cxft) • L  E [  a*(pr) • Щ (Й ) e x p {  - i ( j^ -x *E rt ) }  + b j^ r ) -V i(-p ft exp {i(p ?-3 ?-E rt ) }

(A . 47)
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ai(p?), a tfpr). b i(p r), biCpr) are operators,

is the creation operator for a negaton in the state ( i ,  pr) , 

ai(Pr) *s the annihilation operator for a negaton in the state ( i ,  pr) ,
«

bi(pr) is the creation operator for a positon in the state ( i ,  p r ),

is the annihilation operator for a positon in the state ( i ,  pr) ,

Ui(p â  and v j (-p j) are spinors (not operators but c-numbers),

i  indicates the state o f polarization; p specifies the momentum. We have considered a cube with volume

V  = L s as normalization volume, taking periodic boundary conditions. The possible momentum eigenstates 

can then be specified as p£ where r is a discrete index. We shall often indicate a fermion state by one 
index s, which summarizes ( i , p ^ ) .

In the expression for a four-ferm ion interaction, e .g .  the 0-interaction, the ip's  can be considered as 

fie ld  operators

Jt/ô(x) = g0 [ (0 p  Ci/h) (фе i/jy) + (0 п ^ +^р) • ( A . 48)

The in itia l and final states may be characterized by the numbers n * = number o f fermions in the state s and 

n£ = number o f antifermions in the state s. The fie ld  operators ф and iff* have the fo llow ing matrix elements 
for transitions between states with zero and one particle

<C ns = o | « 3  | ns = О  = ^  Ui(Pr) exp {  ¡ (p î . Ÿ -  E rt)} (a )

<( ns =JL I I n j = 0 )> = ^  v j(-p l) exp {  -i(p| • x*-Ert ) }  (b )

*  1 (A . 49)
<' ns" = o|iK5) I n" = l ) .  = ^ V i ( - p J )  e x p {i (p ? .x * -E rt ) }  (с )

I ^_V I 1 T5
<  nf = l | * 0 0 | n f = - 0 >  = ^  щ(рЗ exp {  -¡(pi • x^Ert)} (d)

(a l l  other matrix elements between states with zero and one particle are z e ro ).

In the right-hand terms o f (A . 49) we find :

(a ) the one-particle wave function o f the absorbed negaton,

(d)- the complex conjugate o f the one-particle wave function o f the em itted negaton,

(b ) the 'negative energy' one-particle wave function corresponding to the em itted positon and
(c )  the complex conjugate o f this positon wave function.

Using (A .  49) one obtains im m ediately the matrix elem ent o f H /з = / d s (where J l $  (x*) is
specified by (A . 48) ) for a process o f 0"-em ission n -»p  + e "  + v  (a l l  particles in plane wave states). The 
matrix elem ent obtained corresponds exactly  to the first term o f (A . 48 ), where the ф' s have now to be taken 

as one-particle wave functions. Analogously one obtains the matrix elem ent for 0+ -emission: p -»n  + e+ + v. 
This corresponds to the second term o f (A . 48 ), again taking the ф% s as one-particle wave functions. In this 

way we have specified in what sense the i¡¡s in (A . 48) can be taken to be either fie ld  operators or one-particle 
wave functions. Generalizations to particles with more complicated wave functions are possible.

APPENDIX 1П

THE PROJECTION OPERATORS D 

(c f. (3 .1 4 ), (3 .1 6 ) and (3 .1 7 )) '.

A  general plane wave solution with momentum p may be written as

С1 )  ( 2 )  ( 4 )
ф — Ciif/ + С2Ф + Сьф + C 4 ф ( A . 50)

positive energy 

solution

negative energy 

solution
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The indices (1 ) and (2 ) refer to two opposite spin states; also (3 ) and (4 ) define opposite spin states. It 
is easily shown that the four states ф М  are mutually orthogonal

(A . 51)

It  now follows that D* according to (3 .1 4 ) is the projection operator into die (2 -dimensional) space 

o f  positive energy solutions; according to (3 .1 4 ) and (A . 51) one has

(D+ = Z f l p  фр = Zp 2  k=1, 2 (  ф  ¿jf> * )  ( C i ) = Ç =1> г  С к *( К). (А . 52)

This expresses that EX* projects out the positive energy part o f ÿ. Now it  is easily seen that this (uniquely 

determined) projection operator can be written as

D* = H + M  . (A . 53)

2 | e |

When acting on a positive energy solution (Hф = E ÿ (+ ) \ one has D+ , while for a

negative energy solution = -E îK ") )one has D + 0 ( “ ) = 0 .  I t  follows from (A . 1) and (A . 53) t ia t
D+ can be written as

D+ = i  [ \ -  Ï ^ L S m (A . 54)

where "¡? and E now have to be considered as numbers (not operators).
In an entirely analogous way one sees that the projection operator for negative energies has to be writt in

="-H'2|Ep • <A' 55)

When we consider the projection operator for negative energy -E and momentum -^(absorption o f a 
particle in this state corresponds to creation o f the anti-particle with energy E and momentum p* )  we obtain

(A . 56)D~ = :
И

-Г* a
P " P m

(p* and E are again numbers in this form ula).

APPENDIX IV  

THE ISOSPIN OF NUCLEON AND  PION

One o f the reasons that the concept o f the isospin is so useful is the fact that the nuclear forces ( i .e .  
strong interaction, neglecting electrom agnetic and weak interaction) are charge independent. There is an 

analogy with the ordinary spin in the magnetic fie ld . As long as the fie ld  is not present, the two spin states 
cannot be distinguished. We shall not go into detail. We just want to specify our notation for systems with 
nucleons and pions.

We introduce a specific "isotopic spin” or charge wave function; this is a two-component spinor in the 

case when we have a nucleon

(A . 57)

The nucleon wave function (o r operator) is written as

%  = 0 p n p - ■GO
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In analogy with the ordinary spin we introduce the isopsin operators;

and

■(s); Tj < ° o > т® <10  (a-58>

TW = i ( T +iT) = ( “ )

(A . 59)

т<-).*(г = ( ° Q ,

with the properties

ЛР = ПР t3 îjn = "Яп

T(*-)iJn =ПР = %  (A . 60)

The isopsin is defined by i  r ,  from which it  follows that the isospin o f a nucleon is i .  The pions occur 
in a trip let o f  charges it * ,  п 0 . We attribute to them an isospin T  = 1. The T  spin operators are defined by

/010 ч i / 0_i °\  / 10 ° '
101 ) , - T , =  W  i 0 -i ) ;  T 3= (0 0  0 I

' 0 1 0 /  \  0 i  0 /  V o o - l /
(A . 61)

^ =V2 I 101 ^010
1 ./ \  ./ \  

' Т * я л (  1 0 - 1  )  T 3 = (  0 0  0  )  
\ 0 i 0 /  '0 0 -1 /

( ; ) '  "■•'(;) v -0

Generally we have

r(±)

The isospin o f a system o f nucleons and pions is denoted by T . We have a relation between the total 

charge Q and the third component o f the total isospin o f a system o f pions and nucleons

Q = Ts + i  N  (A . 62)

where N is the number o f nucleons.
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