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Abstract

The Hexic transform p of the noncommutative 2-torus Ay is the canonical order 6 automorphism defined
by p(U)=V,p(V)=e¢T i0y=1v, where U, V are the canonical unitary generators obeying the unitary
Heisenberg commutation relation VU = ¢2™? UV. The Cubic transform is k = p2. These are canonical
analogues of the noncommutative Fourier transform, and their associated fixed point C*-algebras Ag s A’H(
are noncommutative Zg, Z3 toroidal orbifolds, respectively. For a large class of irrationals 6 and rational
approximations p/q of 6, a projection e of trace q29 — pq is constructed in Ag that is invariant under the
Hexic transform. Further, this projection is shown to be a matrix projection in the sense that it is approxi-
mately central, the cut down algebra eAge contains a Hexic invariant ¢ x ¢ matrix algebra M whose unit
is e and such that the cut downs eUe, e¢Ve are approximately inside M. It is also shown that these invariant
matrix projections are covariant in that they arise from a continuous section £(¢) of C®-projections of the
continuous field {A;}g~; <1 of noncommutative tori C*-algebras such that p(E(¢)) = £(¢). It turns out that
the projection £(¢) is the support projection of a canonical C®-positive element that has the appearance
of a noncommutative 2-dimensional Theta function. The topological invariants (or ‘quantum’ numbers) of
E(t), e, and related projections are computed by a new and quicker method than in previous works. (They
would also give topological invariants for finitely generated projective modules over noncommutative orb-
ifolds associated to Zg and Z3 symmetries of noncommutative tori.) We remark that these results have some
bearing on research work related to noncommutative orbifolds used in string theory.
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1. Introduction

For each irrational number 6, the irrational rotation C*-algebra or noncommutative 2-torus
Ag is the unique C*-algebra generated by unitaries U, V enjoying the (unitary) Heisenberg com-
mutation relation

VU =AUV, (1.1

where A = ¢?7? By convention we always write e(x) := ¢2™*. As is well-known, if ¢, p are the
position and momentum operators of quantum mechanics satisfying the Heisenberg commutation
relation gp — pg = ih, the unitaries U = ¢'9, V = e’ satisfy (1.1) with 276 = h.

The (noncommutative) Hexic transform is the order 6 automorphism p of Ag defined by

p(U)=V, o(V)=2"1"2u"1y (1.2)

and the Cubic transform « = p? is its square, the order 3 canonical automorphism « of Ag given
by!

kU)y=r""2u"v,  wvy=U0"" (1.3)
The Flip automorphism ¢ is defined by ¢(U) = U~!, ¢(V) = V!, and one quickly notes that

pP=k,  kp=¢p=p.
These periodic automorphisms arise naturally from the canonical Brenken—Watatani action of
SL(2, Z) on the rotation C*-algebra. They are order 3 and 6 analogues of the (noncommutative)
Fourier transform (V — U — V_l) studied in [7,20-22,24-26]. (The orders 2, 3, 4, 6 are the
only orders possible for such canonical automorphisms since these are the only finite orders of
matrices in SL(2, Z). In fact, any finite order automorphism of Ag induces one on K1(Ag) = Z?
and hence a matrix in GL(2, Z).)

The (noncommutative) toroidal orbifolds associated to the symmetry groups Zs and Zg are
the fixed point C*-subalgebras

b =1{x € Aplk(x)=x}

and Ag of Ag. For the case when 6 is rational these orbifold algebras take a rather concrete
topological form of a 2-sphere S with 3 or 4 singularities” each of which takes the form of
multiple non-Hausdorff points ‘bundled’ together.’ Such realizations make essential use of the

! There are other variations of these canonical order 3 automorphisms —e.g., U — V — v—1lu—1. This latter auto-
morphism can, however, be checked to be conjugate to « by the automorphism U — AVoy=1 v 5 Al/6y. So our
results extend to these other forms as well with a few appropriate changes.

2 See [1] for the flip case, and [9—11] for the order 3, 4, 6 cases.

3A simpler example is the spectrum of the infinite dihedral group Z x Z; (see for example [5, I1.2.8]) represented as
the closed interval [0, 1] with its ends split in two:
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realization of the rational noncommutative torus A/, given in [1] as matrix-valued continuous
functions on the unit square that satisfy certain boundary conditions at opposite edges of the
square. The finite canonical symmetries would in effect ‘fold and paste’ the unit square into
spheres with singularities (so such orbifolds are sometimes called noncommutative spheres).

These non-Hausdorff points can in some way be gleaned from certain projections in a matrix
algebra M, and by the existence of “unbounded” (noncanonical) traces. In the end, these orb-
ifolds in the rational case look like the algebra of all continuous functions f : S? — M, which, at
the singularities s, commute with certain projections, so that f(s) has a specific block diagonal
form at such points.* Each of the blocks would correspond to each of the multiple non-Hausdorff
points at a given singularity, and by taking the trace of any of the blocks of f(s) one obtains the
noncanonical traces. We have detailed out computations of this for the noncommutative Fourier
transform in [21] (see Sections 3 and 4).

Thus, in the rational case we have a reasonably good way of visualizing these orbifolds and
their singularities — namely, in terms of projections and noncanonical traces. These orbifolds
are, however, more difficult to visualize when 6 is irrational, but we can nevertheless treat their
projections (and modules) in the orbifold as well as the noncanonical trace maps (which still do
exist) as indicative of such singularities in a way similar to the rational case.’

The projections constructed in this paper and the noncanonical traces (see, for example,
Eq. (1.7) below) serve, in part, such purposes for the Cubic and Hexic symmetries.

In [7] it was proved that the orbifold algebras Af, Ag and their respective (strongly Morita
equivalent) C*-crossed products Ag X, Z3 and Ag %, Zg are approximately finite-dimensional
for each irrational 6 (extending the Bratteli—-Kishimoto Theorem [2] for the Flip case — see also
[19D.

In this paper we construct projections that are Hexic (hence Cubic) invariant, show that they
have a covariance property (see Theorem 1.2), compute their topological invariants, and we prove
that from these projections one obtains many matrix projections (the meaning of which is given
in Theorem 1.2 below).

Our first result is the following theorem; it is based on certain topological maps vV, ¢1, @k
given in Eqgs. (1.7) and (1.9)—(1.11) below. We implicitly assume the results of Elliott [8] con-
cerning the continuous field {A;}p<;<1 of noncommutative 2-tori.

Theorem 1.1. There is a continuous section & : (0, 1) — {A,;} of C*®-projections of the continu-
ous field {A;}o<t <1 of noncommutative 2-tori C*-algebras such that

(D) pE@))=E@), k(E@M) =E@);
(2) &(t) has canonical trace t and k-topological numbers
1 i

€)==+ Wi

fork=0,1,2;

4 Perhaps it’s worth noting that the number of these singularities is largely independent of the rational parameter 6,
though the sizes of the blocks depend on ¢ where 6 = p/q.

5 To appreciate the algebraic difference between the rational and irrational cases we point out that the orbifold in the
rational case is a type I C*-algebra (being a C*-subalgebra of matrix-valued continuous functions on a compact Hausdorff
space) while the orbifold in the irrational case is a non-type I approximately finite-dimensional algebra as was first shown
by Bratteli and Kishimoto [2] for the Flip symmetry.
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(3) &(t) has p-topological numbers
1

p1=3w—-1, ¢o=0, @1 =30, @o= 3 ¢ =12
(4) &(t) is the support projection of the noncommutative 2D “Theta function”
_ ;2,2 1
+ (L —
Xy =1 e V3" T gy (1.4)
m,n

for 0 <t < 1, further, X(t) is positive and lirgJr I1E@) — X(2)|| =0.
t—

In obtaining the next result on matrix (or point) projections, we have restricted ourselves to a
concrete class G of irrationals 6 € (0, 1) (which contains dense G sets in (0, 1)) although the re-
sult very likely extends to all irrationals (and corresponding convergents) without the restrictions
that we impose here.

For example, in the case of the Fourier transform automorphism o we have shown in [24] that
the orbifold Af is approximately finite dimensional for a dense G5 class of irrationals &, which
was later shown to hold for all irrationals in [7]. In addition, we showed that the point-matrix
result (in the Fourier case) holds for all irrationals. We made this restriction here in an effort
to make the results of Theorem 1.2 accessible (or else the computations will be considerably
longer). (Theorem 1.1 is independent of the class G.)

The class G consists of irrationals 6 in the open interval (0, 1) that can be approximated by
infinitely many rational numbers g (in reduced form) where p = p]2 is an even perfect square

such that®

p  0.995
0<b—-—=—<—5—.
q q
It is easy to see that this class G contains many dense G subsets of (0, 1) and that one can
give specific examples of irrational numbers in it. To obtain the projection section referred to in
Theorem 1.1, one simply takes p =0, ¢ = 1 as we shall see in Sections 3 and 4.
Our second main result is the following matrix projection approximation.

(1.5)

Theorem 1.2. Let 6 be any irrational number in G. Let g be a rational number in reduced form

(with p >0, g > 1) such that 0 < 6 — g < 0‘3#, where p is an even perfect square. Then the

projection

e=2¢,0(EG%0 — pg) (1.6)

in Ag (has trace g*0 — pq) is p invariant, is approximately central, and there exists a p-invariant
q X q matrix algebra N C eAge with unit e such that: for any finite subset F C Ag and each
€ > 0, there exists large enough q such that exe has distance less than € from N for each x € F.
(The same conclusions hold for the Cubic transform «.)

6 For the approximations in Theorem 1.2, the quantity q2€ — pgq needs to stay away from 1 — just as in Lemma 7.2 of
[24]. The inequality in (1.5) already meets this condition.
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The canonical morphism ¢, ¢ is defined by the relations (3.7).

Recall that the projection e (as a function of the integer parameter ¢) is approximately cen-
tral in Ag if for any finite subset F C Ag and € > O there exists large enough ¢ such that
|lxe —ex|| <€,VYx € F.

We remark that in the matrix approximation of this theorem, the cut downs of the canonical
unitaries eUe, eVe are close to order ¢ unitary matrices of 9. (This is shown in the proof of
Section 4 below.) As the generic unitaries {U™ V"} form a total set in the algebra Ay, the cut
down approximation in Theorem 1.2 follows immediately. (In fact, with a little extra work, one
can show that they are close to unitary generators of the matrix algebra — as we showed in the
Fourier case in [24].)

At the end of Section 5 we compute the topological invariants of the matrix projection e of
Theorem 1.2 from those in Theorem 1.1.

The computation of the topological invariants of projections (or, equivalently, finitely gener-
ated projective modules, thanks to the Serre—-Swan Theorem!) is based on certain noncanonical
(and usually unbounded linear functionals) ‘twisted’ traces defined on the canonical smooth
dense *-subalgebra Ag° (the analogue of the algebra of C* functions on a manifold).

The role that noncommutative tori played in string theory, particularly in compactification of
M(atrix) theory, was initiated by Connes, Douglas, and Schwarz [6] and nicely exemplified by
Seiberg and Witten in [17] (see, for example their Introduction and Section 6 on gauge theory on
a torus). This has lead naturally to the study of orbifolds of noncommutative tori associated to
canonical group symmetries.

For instance, in [14] Konechny and Schwarz used K-theoretical topological invariants (ob-
tained by the author in [18]) to study the structure of projective modules over non-commutative
Z, orbifolds that admit constant curvature Yang—Mills field as well as obtaining their moduli
spaces. And in [13], they study moduli spaces of (equivariant) connections with constant curva-
ture on modules over non-commutative even-dimensional tori and on toroidal orbifolds arising
from symmetries of the groups Z, and Z4 (with respective actions from the flip and Fourier
transform). They give a nice and short summary of this in Section 9 of [12] for the Z, orbifold
compactification case.

Using the results of the current paper—the construction of the (exotic) projection (or module)
£() and its topological invariants’—one could solve the associated problems for canonical orb-
ifolds corresponding to the symmetry groups Z3 and Zg of the noncommutative tori (induced by
the automorphisms «, p). Namely, the problem of studying (modulo gauge transformations) con-
nections of constant curvature on modules over a non-commutative orbifold, since their classes
in the Ko-group are associated to D-brane charges, following Witten’s theory [28].

We now explain how we compute these noncanonical trace invariants and recall what they are.

Topological numbers: the continuous field method. In this paper we present a new and quicker
method for computing the topological invariants (which are certain quantized complex num-
bers) of the projections constructed here. What makes this possible is that these projections
arise from a continuous field of projections £ : (0, 1) — {A}, as in Theorem 1.1. The result

7 The reason we call £(r) ‘exotic’ is because it is a fundamental generator of K-theory of the orbifold, much as had
been done in [7], and in [20] and [21] in the Fourier transform case.
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IE() — X(¢)|| — O in this theorem allows one to compute the topological invariant () =
V! (£(1)), which is constant® as a function of ¢ (see [7]), by means of the limit

V(E) = lim P! (K0)

which will turn out to exist (as computed in Section 5). Here, v/ is any of the topological un-
bounded traces associated with the Z3 or Zg symmetries of the noncommutative tori arising
from the Cubic or Hexic transforms. (We will write down these traces shortly.) Once this is done
for the section £(¢), we use the covariance relationship that the morphisms ¢, ¢ have with the
unbounded traces ¥ (see for instance Egs. (5.5)—(5.7)) to quickly obtain the topological invari-
ants of projections e = ¢, ¢(& (%6 — pq)) in Theorem 1.2. This constitutes what we might call
the continuous field method for computing topological invariants, thanks to the noncommuta-
tive Theta function X(¢) in (1.4) since their unbounded traces are amenable to direct calculation
(which turn out to involve the Theta functions of classical analysis).

The unbounded topological trace maps. Given a (finite order) automorphism g of an algebra A,
a (twisted) B-trace is a complex linear map v : A — C such that

Y(xy) =v(B(y)x)

for all x,y € A. (It is not unlike a KMS state except that we do not have a continuous one-
parameter group action.) The restriction of such map ¥ to the fixed point subalgebra (orbifold)
AP = {x € A| B(x) = x} defines a trace, so gives an invariant morphism at the K-theory level
Vs s Ko(AP) — C.

In the case of noncommutative tori Ag, such maps are not defined on the whole algebra but
on the canonical dense *-subalgebra Ag° of differentiable elements — namely, Schwartz series
> amp U™ V" where {ay,} is rapidly decreasing.

In joint work with Julian Buck [3], we computed such twisted traces for the Cubic transform
k and shown [3, Theorem 3.3] that they form a 3-dimensional complex vector space with basis
given by the following basic «-traces

YWV =e(Gom —m* sy " (1.7)

where j =0,1,2, VU = e(0)UV, and 5dm is the divisor delta function given by 82" =1ifd
divides m, and 8 = 0 otherwise. These noncanonical traces induce group homomorphisms on
the Ko-group of the Cubic orbifold Aj which, together with the usual canonical trace state z,
give rise to its Connes—Chern character invariant:

T3 : Ko(Af) — C*, T3(x) = (z(x); Yo (x), Y1 (x), ¥2(x)).

For the identity element, for example, we have 73(1) = (1; 1,0, 0). Recall that the canonical
trace is defined by 1(}_ ap, U™ V™) = ago.

For «-invariant projections (or finitely generated projective modules over the orbifold), their
Yo, ¥1, Yo invariants are quantized numbers (shown in the lattice in Fig. 1 below) and they may
be called their «-topological invariants or numbers.

In [4] (using work of Polishchuk [15]) we showed that the homomorphism 73 is an injective
map on KO(Ag) = 78 in the case that 6 is irrational — and in the rational case we would have to

8 Not unlike the fact that if f(¢) is a continuous section of projections of the field {A;} then the label of its canonical
trace is constant: ©(f(¢)) = a + bt where a, b are constant integers.
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Fig. 1. Lattice points in the complex plane, generated by the vectors 1 and w, representing permitted « -topological values
of invariant orbifold projections and modules. (It also represents the p-topological values with the exception of those of
®35.)

include Connes’ cyclic 2-cocycle that picks out the “label of the trace”. Based on the values in
Table 2 of [3, (page 37)1,° the unbounded traces Y of Cubic invariant projections take values in
the following lattice in the complex plane

Vi Ko(Ay) =Z+ Zw (1.8)

(for j =0, 1,2) where w is given in Theorem 1.1.°

Observe that the range in (1.8) is independent of the “Planck” parameter 6, whereas the canon-
ical bounded trace 7 has range TK((Aj) = Z + Z6 which depends on 6.

Remark 1.3. We caution that the “w” used in Tables 1 and 2 of [3] is not the same as the
above w. If @’ denotes the one used in these tables, which is o’ = e(1/6) = %(1 +i+/3), then in
order to make the conversion from crossed product to fixed point subalgebra, one makes use of

the relations w = %a)’ 12 0 =3w —1.

For the Hexic transform, by Theorem 3.1 [3], there is a unique p-trace <pf (up to scalar multi-
ples) defined on AS°, a pair of p-invariant p>-traces gog I and a pair of p-invariant p3-traces (pg j
given by

ol (U™V") = e(§(m* +n?)) (1.9)
UV =e(Em —m)H8y ", @5 UMV =e(&(m —n)?), (1.10)
P U™ V") = e(—§mn)sy 85, 5, (U™ V") = e(—Gmn). (1.11)

9 We point out that the topological invariants listed in Table 2 of [3] are those of the above mentioned maps 1//? which

differ from the maps we used in [3] by normalization constants — particularly for the maps @11, @12 used in [3] which
involved the constants e(f%), e(— %), respectively, and which should be removed (as we have in fact done so at the end
of Section 9 of [3]).
10 1n [3], the unbounded trace values differ by a factor of 3 since we were working with the crossed product C*-algebra
Ag Xy Z3, but since this algebra is strongly Morita equivalent to the fixed point C*-subalgebra Af the unbounded trace
values in Table 2 of [3] need to be multiplied by 3. For the Hexic case one similarly multiplies the unbounded trace values
in Table 1 of [3] by 6.
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(Here, of course, p> = k is the Cubic and p> = ¢ is the Flip.) When no confusion arises we
shall simply write (p?k = @jk. The Connes—Chern character invariant for the Hexic orbifold Ag
consists of these together with the canonical trace:

To: Ko(Af) — C°,  To(x) = (1(x); @1 (x), ¢20(x), 921 (x), 930(x), @31 (x))

For the identity one has T(1) = (1; 1, 1, 1, 1, 1). In this case, the ranges of these noncanonical
traces on the Ko-group of the p-orbifold subalgebra take the following values

01Ko(AD) =7+ Zo, ¢2jKo(A)) =Z+Zw, ¢3;Ko(A)) =37
(j =0, 1) and are independent of 8. For the canonical trace, ‘[K()(Ag) =7+76.
Observe the following relations between the maps ¢, and v/

©20 = Yo, @21 =Yo+ Y1+ V2 (1.12)

which will be useful in giving the @2, topological invariants once we have determined the
values.
The following order 3 (toral) automorphism commutes with the Cubic transform:

yU)=e(U, y(V)=e(=3)V
(as well as y~! = y?). (Of all canonical toral T2-actions on Ag, only y, 2 and the identity

commute with «.) The relationship between y and the «-traces v is as follows

Yoy =vo. Y1y =e(HV1, Y2y =e(G)¥a. (1.13)
oryy = e(%)w ;- These enable one to immediately obtain the « invariants for the corresponding
fields yE(¢) and y2E(t) in view of (2) of Theorem 1.1:

Vi EM) =e(HY;ED) =e(ho € {w.0— 1,1 - 20)

(the latter values are for j =0, 1, 2, respectively).

Remark 1.4. Note, however, that unlike &, the projection field y £ is not Flip invariant (as the
Flip automorphism and y do not commute) so is not Hexic invariant.

2. Rieffel’s bimodule construction and cubic integral transform

In this section we recall the main aspects of Rieffel’s equivalence bimodule construction [16]
and apply his Theorem 2.15 to our situation with canonical symmetries «, p.

We begin with a locally compact Abelian group M, with M denoting its Pontryagin dual
consisting of all characters M — T, and we form the self-dual direct product group G = M x M.
Denote by (, ) the canonical pairing map M x M—>T given by (m, s) = s(m) where m € M,
s € M. The Heisenberg bicharacter on G is the canonical map h : G x G — T defined by

h((m,s), (n,1)) = (m,1)

form,n eM,s,teM.
The Heisenberg projective unitary representation of G is defined by

G — LILAM)),  [Tns) f100) = (n, s) f(n 4 m)
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form,ne M, s € M and fe L?(M). (Here, L>(M) is the Hilbert space of square-integrable
complex functions on M with respect to Haar measure of M.) These unitary operators r, satisfy
the Heisenberg commutation relation

Ty Ty = B(x, Y)Txty = hH(x, Y)h(y, X)mymy 2.1

and their adjoints satisfy
e =hx, x)m_ (22)

forx,y eG.

If D is any lattice subgroup of G (i.e., a discrete cocompact subgroup of G), its covolume
|G/ D] is the Haar measure of a fundamental domain for D in G. The associated twisted group
C*-algebra C*(D, ) is defined as the C*-subalgebra of the bounded operators on L?(M) gener-
ated by the unitaries m, for x € D:

C*(D,h) = C*{mx|x € D}.

It is in fact the universal C*-algebra generated by unitaries satisfying the commutation relation
(2.1).

The complementary subgroup D=, which turns out to also be a lattice subgroup of G
(Lemma 3.1 of [16]), is defined by

Dt ={yeG:b(x,h(y,x)=1, Vx € D).

By taking the adjoints of the relations in (2.1), we see that the ‘dual’ unitaries 71;‘ for y € D+

satisfy the same relations (2.1) but with the conjugate cocycle h in place of ) with the opposite
multiplication:

nyeny =hx, )y, =h(, Nh(y, D)y eny, () =hx, x)n’k, (2.3)

for x,y € D+, where we used e for the opposite multiplication (a e b := ba). Therefore, the
unitaries 7y, for y € D=, generate the twisted group C*-algebra C*(D=, b) but with the under-
standing that it is now equipped with opposite multiplication:

C*(D*.h) = C*{n}|ye D).

Rieffel’s Theorem 2.15 in [16] states that if D is a lattice subgroup of G = M x M, then
the completion of the Schwartz space S(M) of M (under the norm (2.9) defined below) is an
equivalence C*(D, h)-C*(D*, h)-bimodule in a natural way with appropriate C*-inner products.
We now recall the module actions and the C*-inner products that accompany this equivalence.

The module actions of the C*-algebras C*(D, h) and C*(D~, h) are given by

o = [[atm($ix =16/D) Y atm, () 2.4)
D xeD

o= [ bmi(ay= Y bomich) @5)
DL yeDL

where f € S(M), a € C*(D, b), b € C*(D*, h), and where the measure (dx) of each point of D
is |G/D| and each point of D has measure 1. (Here, of course, a is generically represented as
a=7y ..pa(x)m,, where a(x) are its complex coefficients.)
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The C*-valued inner products on S(M) with values in the algebras C*(D, h) and C*(D*, )
are given by

(f.8)p=IG/D| D {f. glpw)mw.  (fi@pr= D (f &pL)7}

weD zeDL

where the complex coefficients in these sums are

(f, &) p(wi, w2) = (f, Taw,,wy)&) 12(m) =/f(X)g(x +wi)(x, wa)dx (2.6)
M
(f, 8)pi(z1,22) = / FO)g(x +z1){x, z2)dx 2.7)
M

where (w(, wp) € D and (21, z2) € D+ These C*-inner products satisfy the associativity condi-
tion

(f, 8)ph = f(g. h)pt (2.8)
for all f,g,h € S(M). (See [16, pages 266 and 269].) Further, the module actions and C*-inner
products satisfy the properties

(af. o =alf.g)o.  (f gb)pr=(f g)pseb=b(f. g)p:
for a € C*(D, h) and b € C*(D, h), and also for the adjoints of inner products

<fs g>*D:(g’ f>D1 (fv g)zl_:<g’ ‘f)l)L
The Schwartz space S(M) gives rise to an equivalence C*(D, h)-C *(Dt, 5) bimodule when
it is completed under the norm
L1 =10 Pl =10 fpel'?. 2.9)

(The last equality is a theorem of Rieffel — cited in [16].) B
Finally, the twisted groups C*-algebras C*(D, ) and c*(Dt, h) have canonical normalized
traces defined on them by

tD<Zawnw):ao, oo | 3 bt | = o,

weD zeDL

(aw, b; € C) respectively, and they satisfy the trace equation

o ((f, &)p) =1G/D|tpL (g, f)pL) (2.10)

for all f, g € S(M). (See the equation just before Theorem 3.5 in [16].)

From Rieffel’s bimodule theorem it follows that if & is a Schwartz function such that
(€, &)pL =1, then e = (&, &)p is a projection in C*(D, h) of trace |G/D|. In this case, one
gets an isomorphism

n:eC*(D,he— C*(D*,b),  nleae) = (£, a&)pi, n '(b)=(Eb, &)p,  (2.11)

where a € C*(D, ) and b € C*(D*, ). (Note that e£ = £ in view of the associative property
(2.8) above.)
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Self-dual locally compact Abelian groups. We shall now add the symmetry structure to Rief-
fel’s bimodule construction and prove some canonical results from it (see Propositions 2.3 and
2.4 below) that we shall need.

We begin by taking M to be a self-dual locally compact Abelian group, so that we have an
isomorphism M=M arising from a pairing (, ) : M x M — T. We shall require that this pairing
be symmetric: (m, n) = (n, m) for all m,n € M. This in fact holds for the cases that we are
interested in, namely the groups R, Z,, or direct products therefrom. Indeed, as we have recently
shown in [27], this symmetric condition can always be arranged for all compactly generated
self-dual (locally compact) Abelian groups.

Under this circumstance, we have the Fourier transform fof a Schwartz function f € S(M)
given by

f(s) =/ @), s) dx
M

for s € M. The square of the Fourier transform gives the flip: ?(t) = f(-1).
The self-duality of M permits us to define a canonical order 3 automorphism of G =M x M
by

C:G—-G, Cw,v)=w,—u—v)

(for u, v € M) which we call the Cubic map since it will give rise to the Cubic transform au-
tomorphism « given in (1.3). If D is a lattice subgroup of G that is invariant under C (thus,
C(D) = D), then so is D*. In this case, there are corresponding order 3 automorphisms « and
k' of the group C*-algebras C*(D, h) and C*(D1, h), respectively, given by

k(1) = x (X)7Cxs K (1ry) = x (M)7cy

(xeD,ye DL) for a suitable “projective character” x : G — T, which we shall soon endeavor
to obtain and justify.

To obtain x, we resort to our recent work [27, Theorem 1.2] where it was shown that for
compactly generated locally compact Abelian groups M there exists a projective character
v: M — T — that is, a continuous map (even smooth when M is a Lie group) satisfying the
conditions

vim+n)=vim)v(n){m, n), v(—n)=vmn), v0)=1, (2.12)

for m,n € M. Taking n = —m it is clear that v(m)? = (m, m) so that v is a ‘square root’ of the
quadratic form (m, m).
One now defines the map

x:G—T, x(rs)=v(s)-(r s) (2.13)

for (r,s) € G = M x M. It can be checked that this map has the following projective property
with respect to the Heisenberg character and the Cubic map C:

x(x+y)=xx)x(»)-bx, y)b(Cx, Cy) (2.14)

for x, y € G. Thereby one obtains the order 3 automorphism « of the group C*-algebra C*(D, bh)
given by

k(y) = X (X)TTCx (2.15)
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forx e D.

The existence of the automorphism « is established by checking that the universal property
of the twisted group C*-algebra C*(D, ) — namely that its unitary generators {7, },cp satisfy
the projective commutation relation 7,y = b(x, y)my 4y for each x, y € D — remains satisfied
when each unitary generator 7, is replaced by the associated unitary operator x (x)mwc,. This is
easy to check in view of (2.14) and (2.1).

To check that k has order 3, it is enough to check that

X)X (Cx)x(C*x) =1

for all x € G, and this, again, is straightforward to check. (Here, one makes use of the equation
v(m)? = (m, m) form € M.)

In a similar vain one checks that the Cubic transform is also defined on the Morita equivalent
group C*-algebra C*(D', ) by

K () = x g, (2.16)

for y € D+, and that it has order 3. (Indeed, in the universal property for the unitaries g (fory €
D) defining the C*-algebra C* (D, b), the replacement Ty — X(—y)néy preserves the defining
commutation relation (2.3), hence the automorphism «’ exists and has order 3.)

As shown in [27], the map v allows one to define the Cubic transform of Schwartz functions
on the group M according to the following prescription

fe(m) = KV(m)f(—m)=KV(m)/f(t)<t, m)dt (2.17)

M
for m € M, where K is a suitable normalizing constant with |K| = 1. Theorem 1.3 of [27] says
that this transform has order 3. As was shown in the proof of this theorem, K = D(0)~1/3, and in
the two cases that concern us in this paper, for the reals R the constant is K =i ~1/6 and in the

cyclic group Z, case, K = K, depends on the mod 4 class of ¢ as summarized in Example 2.2
below. It is convenient at this point to give examples of v and K for the two cases that will
concern us here.

Example 2.1. For M = R, the map v(x) = e(%xz) satisfies (2.12) with respect to the canonical

pairing (x, y) = e(xy) = €271y - A shown in [23], the Cubic transform on the reals then takes
the form

e =i Yoe(dx?) f f(e(xt)dt

where K =i~1/6 = e(—21—4). (Further, that f““ = f for each Schwartz function f.) In this paper

we shall use the complex Gaussian function i (x) = e~ 73%% where 71 = %(«/5 —H=i"1B=
e(—1/12) because it is Cubic invariant: 2 = h.

Example 2.2. For the cyclic group M = Z,, one has (as in [27]) the projective character

m m2
vg(m) =(=1) e(Z)
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with respect to the canonical pairing (m, n) = e(%). In this case the Cubic transform for cyclic
groups takes the form

2 49—

1
—~ K
FE(m) = Kgvg(m) f(=m) = \/—%(—l)me(’:—q) ;f(n)e(%)

where the normalizing constant K,; has been worked out (see Section 4 of [27]) with the result:
e(qz—;lz) if g is even,
Ky={ e(}35) | ifg=1mod4, (2.18)
iRe(15L)  if g =3 mod 4.
Since in the next section we will be interested in the group M =R x Z; x Z,, we can take

the direct product of the projective characters v of each factor to obtain the projective character
on M according to

v(x,m,n) = e(%xz)vq (m)vy(n).

This leads to the associated Cubic transform as given by (2.17).
We now prove covariance properties that the Cubic transform has with respect to the module
actions and the C*-inner products.

Proposition 2.3. One has the following bimodule properties for the Cubic transform:
(af)* =k(a) fe, (fb)° = fx'(b)
fora e C*(D, ), b e C*(D*, ) and for all Schwartz functions f € S(M).

Proof. We will check the first one since the second is quite similar. Further, it is enough to check
it for a = m,, where x = (x1, x2). In view of (2.17), we have for any w € M

(e ) (w) = Kv(w) / (a1 YO (s whdy
M

=me/f@+mxxw+mwy
M

=v(w)(=x1, w+x2) -K/f(y)(y, w+x2)dy
M

=v(w)(—x1, w+x2)v(w +x2) f(w + x2)
= (—x1, w+x2)v(x2){w, x2) f(w + x2)
= x(x1,x2){—x1 — x2, w) f(w + x2)

= [k () £ 1(w)

which ends the proof. 0O
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Proposition 2.4. One has

k((f. &)p) =(f*, §)p> ' ({f, &) pr) = (f, g pL
for all Schwartz functions f, g on M.

Proof. We prove the first equality and then show how the second one quickly follows from it
and Proposition 2.3. For fixed (u, v) € G, we have

(% 8 )p(u,v) =/fc(x)g”(x +u)(x, v)dx

M

= / v(x) F(—x)v(x + )8 (—x — u){x, v)dx

M

=v(u) / F(=x)g(—x —w){x, u + v)dx
M

(since the constant K has modulus 1), using inversion x — —x one gets

=v<_u>/f(x>§<x —0) (. u+ v)dx
M

=

=v(u) f ()h(x)dx = () / f @) h(x)dx
M

M

=)

where we used the unitarity of the Fourier transform and 4 is the function such that
(o) =8 —w)x, u+v).
We compute & by taking the inverse Fourier transform of I

h(x) = /ﬁ(z)a, x)dt = /g(z —w){t, x —u —v)dt

M M
=(u,x—u—v)/?(t)(t,x—u—v)dt

M
=(u,x —u—v)glx —u—v)

which gives us /. Therefore, from above we obtain

(f¢, g9p,v) = v<_u>/ fx)glx —u—v){u, x —u —v)dx
M

=(f, g)p(—u—v,u) - v(u)(u, u+v)
=(f. &) p(C~ u,v) V) {u, u+v)
This gives
(£, & =IG/D| Y ([ gV, v) 7w

(u,v)eD

=1G/D| Y (f. &) p(C ™ w,v)) - () {u, 1 +v) - T()

(u,v)eD
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which after making the replacement (u, v) — (v, —u — v) = C(u, v) becomes
(fS. 89p=1G/Dl > (f &)p.v) - v)(v. —u)  7TC(v)
(u,v)eD
which is indeed equal to

k((f. &)p) =1G/D]| Z (fs &)U, v) - k(T (u,v))

(u,v)eD

by definition of « since «x (7(,,v)) = X (U, V)T Cw,v) = \m (U, V)7TC@W,v)-
We can now see that «'({f, g)p1) = (f€, g°)pL follows from what we just proved. In view
of Proposition 2.3, for each Schwartz function 4 we have

hi' (f, &) pr) = (h{f, &) pr)* = ((h, f)pg) =« ((h, fIp)g*
— (hc, fC)DgC =hc<fc, gC>DJ-a

hence the result. O

The Flip symmetry. The Flip automorphisms are defined on these twisted group C*-algebras by
¢(my) =n_y, ¢'(my)=n_,forxeD,ye D~. One can in fact easily check that they satisfy
analogues of Proposition 2.4, namely that

o(f. ) =(f. &b, (S &p)=(f, & pr

where f (x) = f(—x). (We also have the analogue of Proposition 2.3 for the Flip.) This, together
with Proposition 2.4, gives the result for the Hexic transform as well:

p((fv g)D) = (fccv gCC>Dv p/((fv g)DL) = <fCC’ gCC>DL

where f ¢ is the Hexic transform of f (of order 6). (Note that ( f )¢ = J?E.)
Therefore, once we have constructed a projection in the inner product form e = (¢, &) p to be
Flip and Cubic invariant, it will be invariant under the Hexic transform.

3. Lattice subgroups, C*-inner products, and covariance

Let 6 be an irrational number in the class G and let p/g be a rational approximation, where
p= p% is an even perfect square and g > 1 are relatively prime, satisfying

0.995
0<9—£< 5

q q

asin (1.5).
Let M =R x Zg x Z4 and consider the lattice D in the self-dual Abelian group G =M x M
(E M x M) with basis

0O ; 0 0 O
R DA , 3.1
&2 0O 0 0 ; a p1 O
where o« = /0 — g. It is clear that D is invariant under the Cubic map C (u, v) = (v, —u — v) on

G since Cey = —¢gp and Cep = €1 — &).
Since a fundamental domain for D is [0, o) x Z; X Zy X [0, a) x Zy X Zg, the covolume of
Din G is |G/D| = a?q* = g?0 — pgq < 1. (Recall that the measure of each point of Zqis1//q,
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as in Example 2.2 above.) The C*-algebra C*(D, b) is generated by the two unitaries 7, , 77,
satisfying the Heisenberg commutation relation

R — 2
e, ey T2, 00 = B(e1, £2)D(e2, 81) = e(@” + £1) = e(6) = 1.

Using (2.15), one checks that

-1

—-1/2
k(o) =7, /

K (e, =27 P (3.2)

(In the second of these equalities we used the condition that p = P12 is even. One can modify the
current argument if p is odd.) Therefore, on setting

U=mn,,, V=mg,
we obtain the desired relations
VvU=AUV, «WU)=r""2u"v, wwv)y=U""

The complementary lattice D can easily be checked to be generated by the following basis
vectors

41 B —cpr 00 0 O
DL 82 _|0 0 0 B —cp1 O
| s 0 0 10 0 0
84 0 0 0 0 0 1
where
1
pi=—>1
quo

and c is an integer such that cp = 1 mod g. We have
C@1)=—8, C(6)=6—0, C@B3)=—08, C(8) =7 —d.
We consider the associated unitary generators
Vj=ms, =m_s;
for j =1, 2, 3,4 which can be checked to satisfy the commutation relations

Via=e(@)VaVi,  VsVa=e(Q)VaVs,  ViVi=ViV;, Vi =V/=1 (33)

for j =1,2 and k = 3, 4, where §' = ,32 + CZTP = % (for some integer d’) is in the usual
GL(2, Z) orbit of 6. The C*-algebra C*(D~, h) is generated by the unitaries Vi, V,, V3, V4 and
is isomorphic to M, (Ag/).

In view of (2.16), one checks that the Cubic transform «’ on C* (DJ-, bh) is given on these
unitary generators as follows

K=Vl () =e(=10)V5 v, 34
K'(V3) =V, !, iK' (Vy) = —e(—i)vﬁv} (3.5)
We now consider the Schwartz function f on M defined by
31/8 2
fx,n,m)=—hX)en,m), hx)=e ™, oh,m)= e(%),
q

7
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where, 71 = %(\/g —=i"1B= e(—1/12). We have h¢ = h, though ¢ is not Cubic invariant
but instead satisfies ¢¢ = ¢ Wy for some unitary matrix Wp, as shown by Lemma 4.2 below. It
will then follow that f¢ = fW,.

We now compute the inner product (f, f)p. Its series expansion coefficients are

(f, fYp(mey +ne2)
=(f, f p(ma, mpy,0; na,npy,0)

= — Z /f(x r,s) f(x +ma,r +mpy, s)e(—xna)e(— rnpl)d

rs= OR

31/4 Z f h()@(r, A+ ma)g(r +mp, s)e(—xna)e(—"F) dx

rs= OR
g—1
31/4/h(x)h(x+ma)e( xna)dx - Z o(r,s)p(r + mpy, s)e(— r”p‘)
R r,s=0
| g
= —23 H(ma,na) - Q2
where
— L4 —n(Ltiab —T=@@+b?)
H(a,b) =/h(x)h(x +a)e(bx)dx =3~ APIMANG e V3 3.6)
R
. :
(note: ﬁ+1_le)and
g—1 qg—1
Q=) ¢(r)elr +mpr.s)e(="F) = ) | e(="e(="0) = 455,
r,s=0 r,s=0

Thus,
(f. fIp(me1 +ney) =3V H(ma, na)s)' s,
and (since |G/D| = ¢*a?),

(f. )p=1G/D| Y _{f. f)p(me1 + ne) Tme, tne,

m,n

1/4 2 2X:H(mot not)8 nmgl+n82

m,n

= 31/4q2a2 Z ['W”mq8l +nqes-

m,n
From 7,46, 4nqe, = U?" V4™ and inserting the expression for H from (3.6), we obtain
IS IR ) T 202 (m2n?
( flp =g Y e T T AT
m,n

We now explain that the positive element ( f, f)p is both invariant and covariant.
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To show that the element ( f, f)p has covariant form, consider the continuous cross section X
of the continuous field of rotation C*-algebras {A,}o;~1 (obtained by replacing g’a? by a free
parameter ¢) defined by

S _ 24,2
X(l):tZe 71(\/§ l)tmne \/§t(m n )Uth,m
m,n
(for 0 < t < 1) which in fact consists of smooth elements in A{°. (Basically, X(¢) is the above
expression for (f, f)p after setting p =0, ¢ = 1, and ¢%a® =1.) Letting 0y = q°0 — pqg =
g*a?, and defining the homomorphism ¢ = $q.0 * Ag, — Ag by

tWUs) =Uf, ¢(Vo,) =V, 3.7)
one immediately gets the covariance relation
(fs fp =¢(X(0y)). (3.9)

(For our purposes, the covariance of an element simply means that it arises from a continuous
section of the field of C*-algebras {A,;} in this manner.)
Further, with ko denoting the Cubic transform of qu, one has the commutative diagram

Ay, LAy

Aeq ?‘ Ay

so that

K¢ = LK. 3.9)

It is straightforward to check that X(¢) is Cubic invariant (for each ¢), therefore it immediately
follows that ( f, f)p is invariant under the Cubic transform «.
Another way to see the invariance is using Proposition 2.4 and Lemma 4.2 below (which gives

JC=fWo):
«(f. Fip=(f, [p={(fWo, fWo)p= ([, [)p.

Further, by inspection X(¢) and (f, f)p are invariant under the Flip ¢ (since f is an even func-
tion), therefore they are invariant under the Hexic transform p = ¢« 2. It now follows that the
support projections of X(¢) and ( f, f)p (after they are shown to exist below) are p invariant as
well.

4. The matrix projection
In this section we carry out C*-inner product computations that show:
(1) (f, f)pu is invertible, so that the projection e of Theorem 1.2 exists,
(ii) that e is approximately central,

(iii) that the cut downs eUe, eVe are approximated by unitary matrices in a matrix algebra that
is p invariant and whose identity is e.
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(The approximations hold for large g.)

To this end, we start by computing the inner product (f, U" ) p1 = (f, 7y, f) p1 where r =
0, 1 is fixed. With r = 0 this will give existence and approximate centrality of the projection, and
with » = 1 we get the matrix approximations for eUe, eVe.

Let g =m,, f = Tye, f so that

8, Ji k) = (e, (¥ J, k) = (71(0,0,0;r0,rp1,0) S (Vs J k) = e(ray)E(”;‘j)f(y, J- k)

31/8
= %e(ray)e(”’”)h(y)cﬂu, k)

and
(fs me, FpL(Zjnjs;) = (f, §)pr (1B, —nicp1,n3; naf, —nacpi, na)

= / f(x,n,m)g(x—|—n1ﬂ,n—nlcpl,m+n3)e(xn2,3+%"+mn4) dxdndm
RxZy xZ,
-1
Z _"ZCP'"J”""“)/J‘(X n,m)g(x +n1f,n—nicpi, m+n3)e(xnyf)dx
R
31/8 47!

qﬁm,nzo

X /h(x)(p(n, m)g(x +n1B,n —nicp1,m+n3)e(xnyB)dx
R

—nycpin
(LI o (114

The integral here is

1/8
h()p(n, mye(ra(x +ni B))e(“PLEZILY ) (x 4+ 1y B)
[
X o(n —nicpr,m~+n3) e(xnyB)dx
1/8
= 3ﬁ J h(x)e(——)e(ra(x +n18))
y e(rp](n—qnlcp]))h(x +n1,8)e((n —n1cp:])(m +n3)) e(xnaf) dx
1/8 _ _
B 3%6(("”3 PN = MICPIS), o A G=mer)) o, )
X / h(x)h(x +n1B) e(x(n2p +ra)) dx
R
1/8 _
= IO TIPS sy e 1) HmB.maf o+ re)
Nz q

and since cp = 1 mod ¢ we get
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318 (nn3 —nicpim —nicpinz)

= %e( . )e(%) HmnB,n8 +ra)
31/8 . )

= e DU o (—MLPU) o (UHPIN) F () B, 1 + rar)

Va

Hence
(fs me, FpL(Zjn;é;)
v “ (m3+rp1)
_ __cpin3ng —npcpin mngy . nicpim n3t+rppn
= "7 Hmp. nop Fraje(— G Y (TP (Mo (— MDA o ((aEIPUN,)
m,n=0
31/4 ‘ g
== H(nlﬂ,n2ﬂ+rot)e(—‘plz3nl) Z e((M—Zlcpl)m)e((n3+r171q—"2€m)n)
q m,n=0

1/4 cpinin ng—nicp1 ¢n3+rp1—nacpi
=31/ H(n1B, nof + rajye(—L123m) 5 AR )

This gives the C*-inner product

(ol fipr= Y Afomlf)pi(Ens)) 73, 5

ninyn3ng
=34 3" H(mip. nop +ra)
niy,n2
q—1
CpIN3nyy N4a—NiCpl oN3+rpi—nacp) *
x E : e(=""47) 8 8 "Ten;s;
n3,ng=0

and here we can just substitute n3 = nycp; — rp; in the complex exponential and pull it out of
the summation because of the delta functions:

—3l/4 Z H(nlﬁ,nzﬁ—}-ra)e(—Cp'"‘(nqup]_rp”)

ni,ny
qg—1
ng—nicpy on3+rp1—nacp| *
X E g g s,

n3,ng=0

3 *
Working out ”znj 50 we get
7.[21’11'5/' = 7T(n282+n484)+(n181+n383) = 7Tn232+n4847[n181+n383 = 7Tn28277n45477n15177n383
and
* __ yM3yniynayn2
Tynge; = V3 Vi V'V
so the inner product becomes

2 —
(fo 7wl £)pr =34 Y H(niBonap + rae(— T020)

ni,ny
q—1
n4—nicpy gn3+rp1—nacpi n3 ;04,11 Y12
x Y8 50 VPV

n3,ng=0
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=34 Hmp.mp +ra)e(_@)e(%ﬂ)e(9/nln2)

ni,ny
g—1
ng—nicpy on3+rp1—nacpi n3 ;N2\ N4y N1
x Y & 8 VIRV VY,
n3,ng=0

2
inserting 6’ = 8% + % and using cp = 1 mod g gives

=34 3" Hmi B, mp +ra)e("tl)e(B*nins)

ni,na
g—1
x Z 824—"1¢P1533+rp1—n20171 . V3n3 Vznz V:4 Vlnl
n3,ng=0
=34 ) Hmp.mp +rae("he(Bning) - V>V P VvV
ni,n2
=34V T H(niBono + rade("ghe(BRning) - (V37 V)" (V" vy
ny,nz
=314 N Hn BB + rade("lye(B2ning) - Wyt W
ny,nz

where the unitaries
Wi =v,"'vi, W, =V"'V,
satisfy the unitary Heisenberg commutation relation
Wi W = e(B2)WaWy.
We have obtained
(foml, fpr=V5 T 3V HmB. np + raje(2) Wi'wy
m,n
where

. — T p2r 2 —142
3VAHmB, np + ra) =e_n(%+l)ﬁ2m(n+mﬁ 1)eix/gﬂ e trep ) ].

Taking r =0, 1 one gets

1 2 — 82242
f, f)pu :Ze m(z+D mn ﬁﬁ (m*+n )W{"Wf @0
m,n

and

(f, e [ pr ={f, Uf)pr = V5 'Y 4.2)
where

~ P Y ,1_L22++—|2

YZ:Z@ n(ﬁ-i-l)ﬂ m(n+af )e \/gﬁ [m“+(n+ap )]e(%)Wf"Wf- 4.3)

m,n

Using techniques similar to those used in Section 6 of [24] one checks that
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P ) _Lﬁz( 2102
Y= (f, flpe= Y e TGO G

m,n

is invertible in C*(D=, ) for any B2 > 1. We do however wish to present a much shorter and
quicker proof that (f, f)p. is invertible for A2 > 1.005 (which suffices for the purposes of
Theorem 1.2) as shown by the following lemma.

Lemma 4.1. For any pair of unitaries W, W, in a unital C*-algebra, the element

—7 (= +i)xmn —Zx(m?4n?)
Yx)=) e "V e V3 W' w5

m,n

is invertible for x > 1.005.

Proof. It suffices to check that ||[Y (x) — I|| < 1 for x > 1.005. We have

lx(mz—ﬁ—mn+nz)

Yx)—I= Y e(=3mn)e V3 Wit Wy
(m,n)#(0,0)
and
_ 24 mn+n? _ T 24 mn+n2
||Y(x)—1||§ Z . ﬁx(m mn n)zze ﬁx(m mn n)_1=®(x)_1
(m,n)#(0,0) m,n
where

@(x)_Ze [xm Ze x(n +mn)_Ze xm ev Ze x(n+ )2
(here break the sum over m according to parity, m — 2m and m — 2m + 1)

2 — T xn? 1\2 —Lx(n+l)2
P
m n

=93(0, iv/3x)93(0, - 253 + 020, i/3x)92(0

xm Z \/_X(n_’_m)z

; fx)

(Here we used the classical Theta functions which we recall at the beginning of Section 5.) Note
that ®(x) is a decreasing function as each series is clearly a decreasing function. One checks
by direct computation that ®(1.005) = 1.9987... so that for x > 1.005 one has ||V (x) — I|| <
O(x)—1<Co<1where Cy:=0(1.005) —1=0.9987..., hence the result. O

We therefore conclude that the inner product Y = (f, f)p. is positive, invertible, and
1Y -1l <Cop<1 4.4)

whenever ﬂz > 1.005, where Cp = ©(1.005) — 1 =0.9987... is the constant stated in the pre-
ceding proof. As 6 is in the Gs class G, so that 0 < g(¢0 — p) = # < ﬁ =0.99502...,

Eq. (4.4) is satisfied and therefore the above inner product ( f, f)p1 is invertible.

The projection. Normalizing f by the positive invertible element
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—1/2
bi=(f. ),
by forming the Schwartz function & := fb, so that (§, £) o1 = 1, we obtain the desired projection
e=(&)p 4.5

of Theorem 1.2. Further, this projection is the support projection of (f, f)p as can be seen
quickly by checking that (f, f)p(fb%, fb%)p=e.
As a result, we have the isomorphism

n:eAge — C*(D*, h) (4.6)
of unital C*-algebras defined by

n(x)= (& xE)pr, n ') =y, Ep

for x € eAge and y € C* (D™, b). (It is worthwhile remembering here that when operators acting
on the right come out of the inner product ( , )pi, they do so with the opposite multipli-
cation (opposite of the usual multiplication of operators on the Hilbert space L?(M)). Thus,
(81, g2a)p1 = (81, &2)pL ea=a(g1, &)pr.)

In view of the fact that (f, f)p is p-invariant (discussed near the end of the previous section),
it follows that e is p-invariant. In view of the trace equation (2.10), the projection e has trace

t(e) = t(£, £)p = |G/DIT &, &) p1 = ¢%0 — pq.
In addition, the covariance relation (3.8) immediately gives the covariance equation (1.6) for e.

Approximate centrality. We now prove that the projection e is approximately central in Ay —
and for this it suffices to check that e approximately commutes with U since upon applying «
(or p) to the approximation Ue =~ eU (noting that e is p and « invariant) one sees that e also
approximately commutes with V.

As —||H||I < H < ||H||I for any Hermitian operator H, taking H =Y — [ and using
|Y — I]| < Co as we just obtained in (4.4), we get''

—Col <Y —-1<Col or (1-C)I<Y=<({+Cyl. 4.7
Taking the “~!” of this and noting that n(e) = I and n((f, f)p) = (f, f)pL we get

(I —=Coe=(f, fip =1+ Coe.
Writing x := (f, f)p, so that x~! denotes its inverse in eAge, one has

1

—e<x~ Ix~ ) < 1_1—00 <834

1+Cyp =

1
-, &
whenever 82 > 1.005 (or, equivalently, whenever 0 < g(g6 — p) < 0.99502. .. as noted above).

In virtually the same way we have done in [24] (see Section 7) one checks ||xU — Ux| — 0
as ¢ — 0o, hence writing

eU—-Ue=x""xU—-Ux)+ U —Ux)x '+ x " (Ux> = x?U)x~!
we get

11 Note that |Y|| > 1 and |Y ~!|| > 1. Forif | ¥|| <1, then ¥ < I and I — Y would be a positive element in an irrational
rotation C*-algebra of zero trace, so ¥ = I, which is not the case. The same contradiction arises if || y—! I<1.
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leU — Uell < 2x " IxU — Ux|| + |lx "2 IUx* — XU ||
<1668|xU — Ux| + 834*|Ux* — x*U ||

which goes to O for large ¢g. One concludes that the projection e is therefore approximately
central: the commutator norms ||eU — Ue|| and |[eV — Ve| are arbitrarily small for large g. This
proves that e is approximately central as per Theorem 1.2.

We now work out the cut down approximation in Theorem 1.2. For this, we need a lemma.

Lemma 4.2. There exists a unitary matrix Wy in C*(V3, V4) = M, such that [ = fWy and
&€ = EWy. Further, W satisfies k"2 (Wo)' (Wo)Wo = 1.

Proof. Much as we have done in Section 4 of [24], one removes the first and fourth columns of
the group G and from the lattice subgroup D in (3.1), and correspondingly removes the first and
fourth columns as well as the 81, 8, row vectors in D+. These result in lattice subgroups Dy, DOl
of the finite group Gy = My x Mo where My = Z; x Zq. With this in mind, for the discrete
factor ¢ of f, one computes that (¢, ¢)p, = ¢! and (¢, @) D = gl are scalars. Therefore, by

normalizing ¢ := ﬁ(p and taking

Wo = (90, 96) pt (4.8)
which is a unitary matrix in C*(V3, V4) = My, one has

@0 = (%0, 90 Dy¥y = P0{¢0. ¥5) pr = voWo
whence f¢ = fWy since f =h ® ¢ and h° = h. Using Proposition 3.9 we get

KGO =L fhpr = fOpr = Wo. fWo)pr = WG e (f. f)pLeWo

= Wob > W¢

whence «’(b) = WobW{j. Therefore, by Proposition 2.3 this gives

EC=(fb)" = f k' (b) = (fWo)k'(b) = f (k' (b)Wp)

= f(Wob) = (fb)Wo =§Wo

as claimed. The equation «’ 2(W0)/c’ (Wo)Wo = 1 is easy to verify by taking the Cubic transform
on the equation ¢f = @o Wy twice, thereby obtaining

00 = (((95)°)° = ol Wo k' (Wo) ® k> (W),

which, upon taking the inner product via (g, -) DE gives the result. O

Next we check that
nk =«"n 4.9)
where «” = W;k’()Wy. Note that the matrix algebra M, = C*(V3, V4) is «”-invariant since it
is «’-invariant (in view of (3.5)) and Wj is a unitary in M.
For each x € eAge we have, using & = £“W by Lemma 4.2,
i (x) = (&, k(X)E) pr = (W5, k ()EWG) pr = Wi (5, k(X)E) pL Wo
= Wy (€, (x&)) pL Wo = Wik (€, x&) pL)Wo =" n(x).
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Cut down approximation. From Eq. (4.2) (and noting that e£ = & = fb), the first cut down
approximation is

n(eUe) = (&, eUek) pr = (5. U§) pr =b(f. Uf) prb=bVy "'¥b
=y 12y yy 12
Here we use the limit approximation
V'Y vyt —y| =0

as g — 0o, which can be checked exactly as in [24, (Section 8)]. As the norm of Y is bounded
above and below (as we saw above in (4.7)) we get

||V3[71 Y71/2 _ Y71/2V3p1 | — 0.

Further, since ||17 — Y| — 0 for large ¢, so that ||Y’1/2f;Y’1/2 — I|| — 0O (since the norms of
Y,Y~'2, ¥~ are all bounded), we obtain the desired cut down approximation

neUe)~ vy Ply=12yy =12~y h

by a unitary in the matrix algebra (in fact, one of its unitary generators).
The cut down approximation for n(eVe) by a unitary matrix in M, now follows from
Eq. (4.9) since

" _ _ ~ VP
k"n(eVe) =nk(eVe) =neU%e) =~ V]!
hence
n(eVe) %K”_l(Vfl) e M,.

Hence, n(eVe) is approximately in x” _I(Mq) =M.
It’s not hard to check that the isomorphism n commutes with the Flip:

ng =¢'n
since f and & are even functions. As the Hexic transform is p = ¢« 2, it follows that the approx-
imating matrix C*-algebra M, is invariant under the Hexic transform also — and, as we noted
earlier, that the point projection e = (£, &) p is invariant under p as well.
This completes the proof of Theorem 1.2.

5. Computation of topological invariants
To facilitate the computation of the topological invariants mentioned in Theorem 1.1 based

on the continuous field method that we outlined in the Introduction, we recall the classical Theta
functions

. . 1
D2(z,5) = YT D), 5.1)
n
D3(z,5) = Y e e, (52)
n

Daz,9) = Y (= 1), (53)
n
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for z, s € C and Im(s) > 0, where all summations range over the integers. (For a wonderful treat-
ment see [29], whose definitions we adopt.) We further recall the following inversion formulas
for Theta functions which we will use:

D3(z,5) = (=) 2T gy (2, 1),

92(2, 5) = (—is) M2 /i) 9, (— —%>- (5.4)

We begin with the computation of ¢; on the projection £(¢) by working out (pi (X(#)) and then
taking its limit as ¢ — 0. For this we first need a lemma.

Lemma 5.1. For any complex numbers A, B with Re(B) > 0, one has

1
lim /t9;(tA,itB) = —
Jim, ViOuA 1B) = 7

fork=2,3.

Proof. The proof is a simple consequence of the inversion formula for Theta functions. Applying
(5.4) one gets

1
VID3(tA, it B) = /T ——e 1A/ TB) oA By (A
JiBS

iB> tB)

zB’tB)_ \/E

As t — 07T, the 93 factor here goes to 1, hence the result. The same proof holds for the limit
involving ¥, the only difference is that the inversion formula converts ), into ¥4, and the limit
of 94(—4, tB)lS still 1. O

Let us now proceed to compute (pi (X(t)). We have

2
(pl(X(I)) —IZ ft(m +n*) 771([ i)tmn Z(Uan)

m,n
T om24n2 N .
m,n

_, Z ein’(l+%)t(mz—&-nz)e—ﬂ(%—i)tmn

m,n
im(14-=)mn?
=t Ze U+ A\
n
where the sum over m here is

(14— T
Snzzetn( +ﬁ)tm e ”(ﬁ i)tmn

m
— T L s i
=935 (J5 — Din, (14+ 420
using the inversion formula here gives
1 1 z (L _iyn? 1
=———%¢*+V3 W3(En, ——).
ﬁ e 3(2n’t(1+ﬁ))
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This gives

Jt (14 -ym? (L _jym? _

X)) === " TV eV 35 (Fn, 1)
1 ;% 1(+7)
/3
\/; i . 2

— T(3+t\/§)tn S (E _1,

e O i)
V3

here, the 3 factor depends only on the parity of n (as ¥3 has period 7 in the first variable), so
the sum breaks down according to parity as

t
— \/— . {Z lj‘[(3+l«/—)tn 19 (0 )+Z lﬂ(3+l«/_)t(n+ )2193 z —1 )}

t(l+ : el r(1+L el

\/g n
—L 930, 3 +i+/3)1) 93(0, —L—) + 920, B+ i~/3)1) 93(%, —1—)
S ke 3 t(1+’) 2 T ar

V3

Using Lemma 5.1 we obtain
2 1 1+iv3
e1(&) = lim ¢} (X)) = = +“/—=3w—1
t—0t

1 _ 3 2
\/ N \/ V3 -3i
which gives the value stated in Theorem 1.1.

Remark 5.2. We carried out computations with the computer algebra software Maple to verify
this and later results for these limits.

We next compute and show that {3 (£) = w for k =0, 1, 2. We have

p —wt(L—i)mn ~ZLm*+n?) topnysm
YiX@) =ty e Ve V3 VA
m,n

—nt(%—i)mn —%(’"24'”2) t 2y sm—n—k
=tZe k e e(g(m —n)7) 3

m,n

the replacement m — n + k 4 3m gives

_ I _TL k+3 24,2
ZZ‘ZE nt(ﬁ t)(n+k+3m)ne ﬁ(("*’ +3m)“+n )E(%(k n 3m)2)

_J'[_t k43 2
=13 e VI e 4 3m N m)
where (after simplifying exponents)

(i) ke 3mn) — T 2024 2n (k4 3m)] I
N(m)=Ze zrt(«/§ D[n"+k+ m)n]e NE n=+2n m :Ze mien? , wte(k+3m)n

n n
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where ¢ = +/3 — i (has positive real part)

=03(i5tc(k +3m), itc)

which, under inversion (5.4), becomes

1 =,
N = e HeEE o3 Gkt Fom, ) = I S NC TS

Jte
since 13 has period 7 in the first variable and, as we noted earlier, that the 13 factor here depends
only on the parity of m. Therefore, we obtain

’tc

‘”i(x(t”:\/tﬁz TEEI ke R g (2 4 T

’tc

t pd .
:%Zeé(ﬁ%”“‘”m e(L (k4 3m)) 935k + Tm

\[ T (V/3+30)k? 2
= ( k)
NG

Ze B (/3300m46km) o (L O 4 6km)) D3k + Tm, L)

> tc

\/— (V34302 2
— 1 k
f ( )

Ze FWIE0Cm2Um o (£ 3m? 4 2km)) D35k + Tm

=*[

NG

’tc

(«/_+3l)k2 e(L kZ)Z i 3btm? 21(nbkt)ml9 (ﬂk+ Tm

m

’tc

where we wrote b := }T(l +i/3) = %c; summing according to parity of m gives

/e

:Zetnnbtm 21(27Tbkl)ml9 ( k
’ tc

m

1 7 .
— ie*ﬁtﬁ/@r&)kze(%k?)

+ Zein12bz(m+%)zezi(znbkr)(m+%)ﬁ4(gk i
2 £l
m
= ﬁe—’{—ﬁmﬂnk?e(%kz)
Je
AV3@rbkt, 12b0)03(Zk, L) + 922wkt 12b1)04(Zk, L)} .
Taking the limit of this in view of Lemma 5.1 we get

1 2
(€)= lim Y[ (X(1)) L2
w t—0t wk «/—\/_ c\/_
(Here, both 193( k, tc) 194( k, n) have limit 1 as + — 0T.) Thus, we can write down the
Connes—Chern «- topologlcal invariant for the projection field £(¢) as

’tc
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T:(E(1) = (1 v, 0, w).

Applying the automorphism y to this projection we get, in view of Egs. (1.13), its invariants as
well

T(yED) =t w, e(3w, e(—Dw) = (t; 0,0 — 1, 1 — 20)
T3(2E(1) = (t; 0, e(}w, e(~=2)w) = (1; 0, 1 — 20,0 — 1)
From Eq. (1.12) we therefore obtain

00E)=w, 1) =3w.
We now compute @3 (E):
L—i mn - m-+n
(ng(X(t))ztze n(\/g ! \@t( ) t (Uan)

When k =0 we get

Wi (X(1) =1 Ze

3 tmne—ft(m +n? )52 83

4n 24,2
—_l ==t +
tZ \/i mn \/g (m n)

m,n

— Z e—%t(m2+mn+n2)

m,n

4 no,3 -
——=tl(m+75)"+3n’]
:t§ :e V3 2 4
m,n
3wt 2

SOV DV
which can be written as two sums depending on the parity of n as follows
12711 > 127t 2 2
[Ze Vi Ze N +Z a2 Z BV }

=1 {9300, 22)23(0, 4) + 9200, Z)y2(0, %)}

Now apply Lemma 5.1 to obtain the limit of this

1 1 1

For k = 1 we similarly get

Tt 2 2 Tt no, 3 -
- (m*+mn+ —Hlm+7)"+7n7]
RO =1 Y e s '”:tze VRS

_tze 4«/— Z \/—(WH‘ )

30(E) =2
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_ 3t o —IL2 _M(rH_l)Z _”_t(m+l)2
=1 Ze \/§ Ze \/§ +Ze \/5 2 Ze ﬁ 2
=1 {03(0, i13/3)93(0, 1) + 92(0, i1/3)920, %)} .

Therefore,

1 1
1) =2———=2.
V313

These give all the topological numbers in Theorem 1.1 which we can summarize in terms of the
Connes—Chern p-topological invariant for the field £(¢) as

Te(E1) = (t;30 — 1, 0,30, 5,2).

The proof of Theorem 1.2 is now complete.
We end this section with computation of the topological invariants of the matrix projection of
Theorem 1.2.

Topological invariants of the matrix projection e of Theorem 1.2. To compute the topological
invariants of the matrix projection e, we use the values in Theorem 1.1, its covariant form (1.6),

together with the following relations between the k-traces 1/f,f of Ag and the ko-traces I/f,f" of Ay,
under the condition that p is even (which we assumed in Eq. (3.2))

Ve =" + 60w + 84y (5.5)
WOr = e(=2)s0 7 Yt + e(2)sd 2y (5.6)
Y = e(B)87 2y 4 e(= 251 gy 5.7)

where ¢ = ¢, 9 was defined by (3.7). (These are quickly verified by evaluating both sides on the
basis elements Ug; Vg'; .) One therefore obtains the k-topological invariants of e to be

Y@ =14+28Dw,  yle) =yl =le(=2)8I " +e(2)8! . (5.8)

To obtains its p-topological invariants, we similarly check (based on the assumption that p is
even, as 6 was taken in the class G)

0 0 0
ol =9, 950¢ = 030 951¢ = 93

) o 0 )
W0 = (1 =8Desg+ 80y, 6510 =1 —e(=5D)gn +e(= 5Dy .
These give us the values

pr@=30w-1,  ¢hhe)=>1+28Dw, ¢35 () =(1+2e(-4)o,
o\ _ 1 0 (N _
‘P3o(e) =5 ‘P31(6) =2.
(We note that the values for ¢y¢ and ¢y here are consistent with Eq. (1.12).)
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