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III . Existence of a un ique vacuum and of positive 
energy states only, with positive n o r m , and of 
eigenstates cor responding to discrete eigenvalues 
(specific t o the theory) of the to ta l mass opera tor . 
Also irreducibili ty of the ingoing (and, as a 
consequence of T C P , also of the outgoing) fields 
with those masses. 

In the following we discuss, in order to keep the 
formalism as t r ansparen t as possible, a theory with 
a scalar hermit ian irreducible field A{x) and with 
one kind of neut ra l spinless particles of mass m only. 
The generalization of the m e t h o d and all the results 
t o more complicated cases (even wi th so-called 
" composi te particles ") is s t ra ightforward. 

The mos t manageab le o n u m b e r formula t ion of 
the axioms seems to be in te rms of Green ' s functions. 
Let J(x) be a real function of x. The opera to r 2 ) 

The convenient , bu t pe rhaps no t crucial, a ssump­
t ion tha t in every physically sensible local field theory 
there should (besides m a n y o ther local fields) also 
exist an irreducible set of local fields with their t ime-
ordered produc ts can be argued as follows (in essence 
an old a r g u m e n t ) : Assume the existence of a local 
Lagrangian density. T h e c o m m o n opin ion tha t the 
c o m m u t a t o r condi t ion, Eq . (1), means tha t two meas­
urements , or local d is turbances , do no t interfere with 
each o ther if separa ted by a space-like interval tacitly 
assumes (cf. the discussion of the measur ing process 
by Bohr and Rosenfeld) the possibili ty of adding 
a classical source term to the Lagrang ian : 

opera to r p roduc t s , whose vacuum expectat ion values 
are called F e y n m a n ampl i tudes (r-functions). One 
easily proves 

Clearly, we have 

Wi th the help of e.g. Schwinger 's funct ional differential 
equa t ion one proves tha t unde r this change , scattering 
ampli tudes undergo the change 

to be calculated in te rms of und i s tu rbed system, 
provided the source is coupled to the renormal ized 
field. The physically suggestive pos tu la te tha t for 
infinitely differentiable and for J(x) decreasing 
sufficiently fast a t infinity (in space and t ime) this 

defined e.g. by its formal power series expansion 
in J , is the generat ing funct ional of t ime-ordered 

M y talk will be in two par t s . First , I shall describe 
in some detail the general idea and the me thod of 
s t ructure analysis of G r e e n ' s f u n c t i o n s 1 } . Then the 
current results will be sketched comparat ively briefly, 
since they are still far f rom having the form of simple 
s ta tements , e.g., of analyticity, abou t observable 
quanti t ies. There are m a n y steps necessary. 

Axiomat ic field theory consists in s tudying the 
implications of essentially the following three pos tu­
lates : 

I. Relativistic invar iance. 

II . Vanishing of the c o m m u t a t o r or an t i commu-
ta tor of any two local field quant i t ies for 
soace-like d i s t ances : 
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change should be finite and uniquely de termined by 
the source leads to the existence of J {J} and of 
t ime-ordered p roduc t s as dis t r ibut ions . It is very 
satisfying tha t this holds for all t e rms of the respective 
(renormalized) per turba t ion- theore t ic expansions . 

The usual asymptot ic c o n d i t i o n 2 ) , wri t ten sym­

bolically as 

for the opera to r *J{J} is equivalent to the formula 

where > is the vacuum, S the scattering opera to r 

and Ku the K l e i n - G o r d o n ope ra to r 

F r o m Eq . (1) and Eq. (2) one finds 

Inser t ion of Eq. (4) in to Eq. (5) gives, u p o n tak ing 
all possible mat r ix elements , an infinite system of 
coupled nonl inear integral equat ions , wi th arbi trar i ly 
m a n y terms each, for r-functions. The occurrence 
of the step function 0 (x o ) = sign x0) in the 
nonl inear equat ions ( together wi th o ther reasons) 
makes their analysis cumbersome . 

A m o r e suitable system of equat ions is ob ta ined 
from Eq. (5) for the Hermi t i an funct ional 3 ) 

One finds 4 ) 

and from Eq. (4) and Eq . (6) 

The expansion coefficients of Rx in 

are the re ta rded mult iple c o m m u t a t o r s 

whose vacuum expectat ion values are the Lorentz-
invar iant real r-functions. Eq. (7) can also be wri t ten 
as the re tardedness condi t ion 

and the " uni tar i ty condi t ion " 

The vacuum expectat ion values of Eqs . (la, b), 
evaluated with Eq . (8), give, u p o n expansion in 
powers of J, the re tardedness condi t ion and an 
infinite system of nonl inear integral equat ions for 
r-functions, respectively. I t is easy to prove the 
equivalence of these condi t ions for r-functions to 
the axiomatic requi rements , formula ted before, spe­
cialized for the present mode l . 

W e are going to show tha t the Bethe-Salpeter 
s t ructure (here, because of some general izat ion, 
called many-par t ic le s tructure) of r-functions, k n o w n 
from per tu rba t ion theory, is necessary for Eq. (lb) 
to be solved, and sufficient to allow us to give to 
Eq . (lb) a mos t interest ing and also practically useful 
" reduced " form. 

Before writ ing out Eq . (lb), we need some pre ­
para t ions . Wi th Eq. (la) and 

from Eq. (8) it is no t difficult to prove tha t the functions 



ampu ta t ed vertices, with all m o m e n t a bu t one on 
the mass shell, as before, vanish (in the limiting 
case of first order) . This suggests tha t A'KQi{p) is 
a genuine factor, especialy since in some cases the 
analyticity of the vertex at the po in t in quest ion can 
be proven. We conjecture tha t A'Rei(p) is a factor, 
in this sense, at all coordinates off the mass shell, 
as it is in pe r tu rba t ion theory . 

Let functionals (Rl

Xi y _ z > be defined by the equat ions 

which can be solved for these functionals by i terat ion 
(rigorously, since it terminates for any finite order 
of J). F r o m Eq. (14a) 

easily follows. These functionals are called " one-
part icle i rreducible between x a n d the set y...z". 
One can prove 1 } tha t the cor responding r '-functions, 
in contras t to the r-functions, are no t one-part icle 
singular (i.e. like const, x [ m 2 — (p + / a ) 2 ] ~*) with 
respect to the m o m e n t u m p t ha t is a par t ia l sum of 
the m o m e n t a to the latest and some other coordinates , 
bu t no t to any of the coordina tes y...z. (Note tha t 
there is a dist inction in Eq . (14a, b) between the 
coordinates y...z displayed and those in t roduced by 
further funct ional differentiation.) Intuitively, the 
irreducible functions, if expanded per tu rba t ion- theo-
retically, are described by double graphs 7 ) tha t canno t 
be separated into two par t s by cut t ing only one line 
such tha t the two dist inguished coord ina te groups 
are on different pa r t s . 

Eqs. (14a, b) are now subst i tuted in to Eq. (13) in 
such a way tha t in all te rms the one-part icle reducibility 
next to x is exhibited. The reupon , using Eq. (13) 
once again, one obta ins 

where the irreducible c o m m u t a t o r is to be evaluated 
with Eq. (8) such tha t all con t rac t ion coordinates are 
dist inguished coordinates in the sense of Eq. (14a, b). 

where the c o m m u t a t o r is to be evaluated with Eq. (8), 
and repeated coordina tes are integrated over. 

The case J = 0 of Eq. (13) is the s tar t ing equa t ion 
of an earlier i n v e s t i g a t i o n 6 ) of the one-part icle 
p ropaga t ion function. The m a i n result was tha t 
the p rope r self energy p a r t can be calculated from 
its absorpt ive pa r t with no t m o r e t h a n one subt rac t ion 
(in cont ras t to the pe r tu rba t i on theoret ical two) , 
and tha t the a m p u t a t e d vertex (in our model , with 
four coordinates) has to vanish at infinite off-shell 
m o m e n t u m , wi th three m o m e n t a on the mass shell 
wi th equal frequency sign. F u r t h e r m o r e , at zeros 
of A'Ket(p), which are at mos t of first order , the un-

(therefore, R'x is buil t u p , as in Eq. (8), only by 
r-functions with at least three coordina tes , i.e. n^2 
in Eq. (11)), and using Eq . (10), we ob ta in for the 
vacuum expectat ion value of Eq . {lb) the form 
(sufficient because of Eq . ( 8 ) ) : 

functions. This ampu ta t i on , a division by A'Ret(p) in 
m o m e n t u m space, is un ique even when A'RQi(p) has 
(under our assumpt ions , necessarily real) " C D D " 
z e r o s 5 ) if the b o u n d a r y condi t ion tha t also the am­
pu ta ted functions should be re ta rded is imposed. 
Indicat ing such a m p u t a t i o n by ba r r ing the respective 
index, defining 

with respect to yv, wi th e an infinitesimal positive 
timelike vector. Pe r tu rba t ion theory suggests, how­
ever, no t to ampu ta t e the cor responding ARct bu t 
instead use 

are , for n> 1, singular like 

with respect to the coord ina te x, and like 
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The last t e rm in the first square bracke t precisely can­
cels the one-part icle in termediate state cont r ibut ions to 
the c o m m u t a t o r . / = 0 gives the equa t ion ment ioned 
before. F o r / + 0, the ampu ta t i on of Af

Ret(x—u) 
and removal of (RyiV) are no t in general possible 
if A'RQt(p) has zeros, since the re ta rded b o u n d a r y 
condi t ion is no t available here. On the basis of the 
earlier conjecture abou t singularity-free amputabi l i ty 
of 2 ' R e t ( p ) , however, one shows tha t the first square 
bracket in Eq. (15) mus t vanish. 

In the " one-part icle reduced " nonl inear system 
thus obta ined no t only all one-part icle singularities 
(as proved independent ly) and one-part icle inter­
mediate states have been el iminated, bu t also many 
nonsingular te rms have been cancelled. F o r that 
reason s t ructure analysis goes beyond an identification 
and el iminat ion of singularities. This becomes fully 
obvious in the more interesting bu t less simple two-
part icle case to be discussed now. 

In order to find the successful " ansatz " analogous 
to Eq. (14a, b) for this case, one uses pe r tu rba t ion 
theory as a source of inspira t ion (and only as such). 
Inspect ion of double g r a p h s 8 , 1 ) suggests the definition 
for generalized re ta rded f u n c t i o n s : 

with 

and 

These relativistically invar iant real functions cor­
respond to double graphs in to which more t han 
one re ta rded line enters , as obta ined by implement ing 
many-par t ic le cuts in o rd inary double g raphs . 
v(x1...xk, y1...yi) vanishes unless each yx is earlier 
t han some xk. F r o m Eq. (8) and Eq. (16) we ob ta in 

which, when applied to F or Ft f rom the r ight or left, 
reverses the ampu ta t ion , x, y are the left, z, u the 
right h a n d side coordinates of F etc. 

Firs t set J = 0 in Eq . (18a). Then it can in pr in­
ciple be solved for the irreducible functions by the 
F r e d h o l m me thod . Of course, we do no t know 
enough abou t r-functions to find out if the classical 
me thod applies. Here we have to rely provisionally 
u p o n the assumpt ion tha t it does , and tha t the am­
biguity due to the possible vanishing of F r e d h o l m 
denomina to r s is resolved by imposing the condi t ion 
tha t the irreducible functions have the same re tarded­
ness proper t ies as the cor responding original functions. 
(The formal i tera t ion solut ion of (18a) has this 
proper ty . ) The uniqueness of Ft f rom Eq. (18c) 
implies to within interchange of integrat ions) 

and from now on bar r ing a coordina te means a m p u ­
ta t ion of the full one part icle reducibility, no t of 
z T R e t a lone. Ft is the same mat r ix as Eq. (19), but 
with R or Rc replaced by Rl (always connected) . 
E is the mat r ix with the elements 

where F is the two-by- two mat r ix with the elements 
(for merely technical reasons , x0>y0 a n d z0>u0 is 
always unde r s tood , also in the integrat ions) 

where the superscript c means " connected par t e.g. 

Pe r tu rba t ion theory n o w suggests the ansatz 
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It is satisfying tha t the two forms (18a), (186) of the 
" r e t a r d e d inhomogeneous Bethe-Salpeter e q u a t i o n " 
imply each other , because there is no reason to 
prefer one of t hem to the other . The case J 4= 0 
can easily be reduced to the former problem. 

However , to give these equat ions a sense, we have 
to find ou t wha t they imply for the irreducible 
functions, on the basis of Eq . (13) or Eq. (15). 
(Note tha t one- a n d two-part icle reducibilities can 
be eliminated in an arbi t rary order , they never inter­
fere.) First , o n the basis of the foregoing discussion, 
Eq. (18a, b) are immediate ly generalized to an arbi­
t ra ry n u m b e r of dist inguished coordinates instead 
of the pair z, u, similar to Eq . (14a, b). 

Actually, n o w one mus t deal with four systems 
instead of one. Define the mat r ix F with the elements 

which can be solved by i terat ion tha t terminates for 
any finite order of J and any finite m o m e n t u m t rans ­
ferred between the pair x9 u (and further coordinates 
in t roduced by differentiation) and y, z (same). One 
can prove 1 } tha t the irreducible brackets do no t 
permit a two-part icle cut (consisting of two one-
particle cuts in the earlier sense) tha t separates x, y 
and z9 u f rom each other (note tha t in the example 
Eq. (24) such cuts would be entirely nonsingular) 
and do no t have two-part icle in termediate states for 
such a separat ion. 

I t seems difficult to discuss the te rms x\ to x[2 on 
the basis of the homogeneous equat ions which they 
must satisfy. These te rms are the analogs of the 
square brackets in Eq. (15). One class of solutions 
(suggested to me by S. Mande l s t am) , however, can 
be f o u n d : the two-part icle generalizat ions of the 
Wigner R-functions tha t were the solut ion in the one-
particle case, exemplified by an uns table particle in 
per tu rba t ion theory. Wi th the help of a per tu rba t ion 
theoretically verified conjecture, similar t o the earlier 
one, the functions with m o r e t han four coordinates of 
this class, which perhaps exhausts all cases of physical 
interest, become simple and quite t ractable . 

T h o u g h the actual calculat ions would , with the 
present technique, become prohibit ively lengthy, 
there is n o doub t abou t h o w the generalizations of 
these s t ructure decomposi t ions to higher particle 
numbers , or to mult iple decomposi t ions (between 
several coordina te groups) look. In each case in 
the absorpt ive p a r t of the irreducible functions 
(or functionals) in termediate states with the particle 
number for which irreductibili ty is imposed do no t 
appear , no r anywhere reducibilities (as defined by the 
Bethe-Salpeter equat ion) in the same number of 
particle lines, whether or no t they can give rise to a 
singularity. This lat ter poin t , together with the 
el imination of the whole con t inuum to the particle 
number in quest ion, shows tha t s t ructure analysis 
goes quite beyond an el iminat ion of threshold sin­
gularities only. 

Irreducible brackets are here defined by integral 
equat ions of the type (we take the simplest e x a m p l e ) : 

and correspondingly F{ and E. T h e n we have | 

f rom Eq. (186) and 

from Eq. (18a). Of the four systems, easily derivable 
f rom the definitions of Eq . (16) etc. , I give only the 
first, relevant for the 11-element of the matr ix F—F : 

The others look very similar. Inser t ion of Eq. (186) 
and Eq. (21a) into these systems and eight more , 

and seven very similar ones, gives the r e s u l t : 

The solut ion F of Eq . (18) (unique for given i^) 
satisfies Eq. (22) etc. a n d Eq . (23) etc. if and only 
if the irreducible functionals Ft satisfy the same 
(amputa ted) systems, with all brackets replaced by 
" irreducible b r a c k e t s " , a n d the right h a n d sides 
being replaced by functionals x\ t o x\2 tha t have 
to satisfy twelve l inear homogeneous equat ions . 
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If the conjecture about the occurrence of " C D D " 
R-functions is correct, the foregoing picture is modified 
in a very simple way that can be read off from perturba­
tion theory. The absence of the characteristic 
singularities for the irreducible functions has so far 
been proven only for the one-particle case, as men­
tioned earlier, but is not as essential as is the absence 
of certain intermediate states in the absorptive parts . 
(In simple cases, this already suffices to exclude 
those singularities.) 

H o w can such results be utilized for problems 
of current interest such as analytic and other pro­
perties of elastic scattering ampli tudes? We have 
gained little if we had only reduced the original 
problem to a more complicated one with higher 
mass thresholds. This reduction step, however, 
is useful if a less precise knowledge of the irreducible 
functions, obtained by a rather incomplete analysis 
of their nonlinear system, already gives new informa­
tion about the original functions due to their decom­
positions. This is indeed the case : assume four 
functions rt(xy, zu), rt(xyu, z), rt(x, yzu), and xfxu.yz) 
to be given such that they have the linear properties 
following from the eight systems Eq. (23) etc. (written 
for irreducible functions as explained earlier), and 
their absorptive parts have the linear properties 
following from Eq. (22) etc. in the same sense. 
(" Linear p rope r t i e s " means h e r e : the function 
consists of two, respectively four, terms with as well 
the retardedness properties (if any) following from 
the two factors in the bracket, as the momentum-
space support resulting by insertion of intermediate 
states between the factors, under omission of two-
particle intermediate states for parti t ions x, y to z, u. 
Also, commutators and ant icommutators of the same 
factors must have the correct momentum-space 
support relationship.) Then the four functions in F, 
obtained uniquely from e.g. Eq. (18a), satisfy the 
original systems Eq. (22) etc. and Eq. (23) etc., with 
the brackets given uniquely by Eq. (24) etc. 
This m e a n s : these functions have the same " linear 
properties " as before, bu t with the specification that 
in the elastic region (masses 4 m 2 to 9 m 2 or 16m 2 , 
depending on selection rules) the brackets to the 
part i t ion x, y to z, u (like the third term in Eq. (22)) 
are given correctly by the four-point functions under 
discussion, as required by Eq. (8), (17) and 
picking out two-particle intermediate states. This 
has the consequence that in this region " unitarity " 

(even off-shell) is satisfied, besides fulfillment of 
the " linear conditions " everywhere. 

To satisfy the known properties of the scattering 
amplitudes, upon reduction of the foregoing functions 
to the mass shell, momentum transfer analyticity 
also has to be secured. This is done by imposing on 
the irreducible functions entering Eq. (18a) four more 
conditions, the first of which is derived from the 
system (x0>y0, z0> u0) 

in the usual way. 

All these conditions for the irreducible functions 
certainly have no fewer solutions than Wightman 's 
" linear program " for the four-point function and 
have, in any case, the multi tude of per turbat ion 
theoretical ones. Thus, the linear problem, as well 
as the nonlinear " unitarity " problem up to a higher 
mass threshold, are solved in terms of the linear 
problem with the higher mass threshold. The 
foregoing discussion shows that this is the general 
solution up to the not yet entirely solved " R-function 
problem ". 

T C P invariance and crossing symmetry are not 
yet satisfied by our solution. The first can be satisfied 
by also discussing " advanced functions " and setting 
up systems very similar to those discussed before, 
that contain retarded and advanced functions simul­
taneously. To satisfy crossing symmetry, however, 
we have not yet found a better way than by an iterative 
procedure, to be explained here for the simpler case 
of the ordinary Bethe-Salpeter equation 

Assume an irreducible and crossing-symmetric kernel 
G? is given. (To find the most general such kernel 
is easy, once the solution of the " l i n e a r " problem 
is known). Then solve 

where cr means " crossed ", for instance by iteration : 

where Gn is the solution of Eq. (25) with the kernel 
G". The convergence of this process can be made 
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plausible if a ha rd core is bui l t u p , since then the 
wave function (solut ion Gn) is insensitive to a change 
of the shor t - range forces. 

Compar i son of the m e t h o d presented here with 
the nonl inear in tegra l -equat ion m e t h o d of Chew and 
Mande l s t am shows t ha t n o nonl inear equat ions 
need be solved here (apar t f rom Eq. (26) for which 
the i terat ion solut ion seems to be safe), bu t instead 
one needs to solve the compara t ive ly simple Bethe-
Salpeter equa t ion which (up to crossing symmetry) 
is the na tu ra l solut ion of the uni tar i ty p rob lem. The 
CDD-ambigu i ty is exhibited even before an equa t ion 
has been wri t ten down. The d isadvantage of the 
present me thod is tha t it uses off-shell quant i t ies . 
However , these off-shell functions have to be analyzed 
anyway, at least in the ax iomat ic scheme. 

Unfor tunate ly , the comple te solut ion of the " l inear 
p rob lem " might no t be k n o w n even after some lapse 
of t ime. It is hoped t ha t the me thods explained 
here will lead to new results . Of special interest 
are the consequences of the s t ructure decomposi t ions 
for analytical cont inua t ions of the original functions, 
possibily evaluated on the mass shell. I n simple 
cases, it is k n o w n tha t the irreducible functions n o 
longer have the singularities characterist ic to the 
particle n u m b e r considered, for instance the one-

nucleon pole for meson-nuc leon scattering. I t can 
be expected tha t n o w cuts can also be removed, 
t hough our only rud imen ta ry knowledge abou t mos t 
functions makes proofs difficult. However , the 
fact tha t in r igorous proofs always the lowest masses 
m a k e t rouble a n d have here been separately dealt 
wi th gives hope for technical improvements . 

I t is comparat ively simple to extend s t ructure 
analysis to the generalized re ta rded functions of 
S te inmann, Ruelle, Arak i , and Burgoyne , which seem 
to be going to play an i m p o r t a n t role in r igorous 
proofs . 

Structure-analyt ical considera t ions give so far only 
modera te suppor t to the a s sumpt ion tha t pe r tu rba t ion 
theory canno t mislead as far as analyt ical propert ies 
are concerned. Vertices are here replaced by higher-
and-higher irreducible ones , a n d never by points , 
and the " l inear p rob l em " in any stage admits also 
non-per tu rba t ion theoret ical singularities. A careful 
analysis will be needed to ascertain t ha t there is no 
"residual ef fect" on the analyt ic proper t ies of the 
original functions. In addi t ion pe r tu rba t ion theory 
(at least if under s tood in L a n d a u ' s 8 ) sense) does no t 
lead to the C D D singularities of the irreducible 
functions. Of course , we unde r s t and them very 
little in local field theory. 
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D I S C U S S I O N 

BREIT : Wou ld it be possible to use these C D D 
singularities as a definition of an unstable par t ic le? 

SIMANZIK : I d o n o t th ink so. The characterist ics 
of the function in which one inserts a C D D pole 
into the denomina to r are n o t those of an unstable 
particle because uns table particles cor respond to 
poles in other R i e m a n n sheets. These functions 

jus t have zeros a long the real axis. I have no t 

investigated this p rob l em in full, bu t at first sight 

there seems to be no connect ion . In pe r tu rba t ion 

theory these " particles " show u p in the bare Hami l -

tonian , if you wish, bu t they do no t necessarily 

p roduce the dynamica l characterist ics of an unstable 

part icle. 
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LEHMANN : I would like to m a k e one r emark on 
this point . I agree tha t this has no t been investi­
gated in relativistic theories , b u t I would say tha t , 
in simple models like the Lee mode l a n d the charged 
scalar theory wi thou t recoil, I th ink the zeros on 
the real axis a n d the poles in the second R iemann 
sheet are really closely related. 

SYMANZIK : I n the m o r e general case here, I do no t 
th ink the connect ion is so simple, bu t I d o no t know. 

LEHMANN : There is the ques t ion of how m a n y 
solut ions we m a y expect from these equat ions which 
do no t follow from a definite Hami l ton i an bu t f rom 
general principles. Sometimes the view has been 
expressed tha t there are only a few solutions for 
given stable part icles and the idea is more or less 
tha t they cor respond to the renormal izable Lagran-
gians, bu t I th ink tha t in connect ion wi th these 
ambiguit ies this view has very little suppor t . Even 
the s ta tement tha t there are only a few renormal izable 
Lagrangians is, I believe, wrong because you can 
certainly add m a n y fields which cor respond to particles 
with unstable masses a n d couple them all wi th tr i l inear 
t e rms . Y o u would then have m a n y solut ions corres­
pond ing to as m a n y pa ramete r s as you please. 

SYMANZIK : But actually, all these addi t ions should 
be required to satisfy the uni tar i ty condi t ions which 
are extremely s t rong ones. There are characterist ic 
differences between wha t is permi t ted in pe r tu rba t ion 
theory and w h a t is permi t ted in reality. 

LEHMANN : Sure, bu t is there reason to believe 
tha t the presence of an a rb i t ra ry n u m b e r of uns table 
particles conflicts with the un i t a r i ty? 

SYMANZIK : I believe tha t there are such indicat ions. 

LEHMANN : Y o u m e a n there are condi t ions , bu t 
it is no t clear how s t rong they are a n d what they 
really lead to later on . 

SYMANZIK : Yes . 

OPPENHEIMER : I t would seem no t so m u c h tha t 
one has a small n u m b e r of solut ions as tha t one is 
well a long on a p r o g r a m of unders tand ing in physical 
te rms all the singularities which can appear , and this 
quest ion of m o r e or less a rb i t ra ry zeros will have 
to be worked out a little m o r e before this p r o g r a m 
is reasonably complete . In this p r o g r a m , uniqueness 

is no t wha t one is seeking but , ra ther , some connec­
t ion with the physics and the analyt ic behavior of 
these r-functions. 

SYMANZIK : Yes . The quest ions of the arbi t rar iness 
of the x1 to x12 for the p rob l em here has n o relevance. 
One can t ry to find the mos t general solut ion of the 
un i ta ry equat ions in a cer ta in sector of m o m e n t u m 
space wi thout listing the mos t general solut ions of 
the l inear homogeneous system. The interest ing 
po in t here for m e is t ha t one can have everything 
together—uni tar i ty and analyt ic proper t ies in one . 
One does no t have to separate t h e m as one does 
in the C h e w - M a n d e l s t a m app roach . Unfor tuna te ly , 
I forgot to men t ion one th ing, namely, crossing 
symmetry . These solutions I presented here are 
n o t crossing symmetr ic . Crossing symmetry can be 
preserved in a n infinite i tera t ion process for which 
I refer to the paper . 

TAYLOR : I did no t fully under s t and the separa t ion 
between the l inear and nonl inear p rob lems . Y o u 
discussed the satisfaction of the nonl inear p rob l em 
for the nonl inear equat ions in which you had subtract ­
ed the singularities f rom the one- and two-part ic le 
states and you said t ha t these nonl inear equa t ions 
can then be satisfied essentially u p to where inelastic 
processes come in. Is this a difficult th ing to satisfy 
or is this au tomat ica l ly satisfied in principle by 
removing one- or two-part icles singulari t ies? 

SYMANZIK : The tr ick is to exhibit the low mass 
s t ructure explicitly and to remove everything tha t 
has to do with low masses from the p rob lem. F o r the 
remaining p rob lem, all masses are essentially h igher ; 
a t least, the characterist ics of t hem are higher. Tech­
nically this p rob l em is precisely the four-point function 
p rob lem of Wigh tman , which is k n o w n to have a 
mul t i tude of solut ions. Even if one finds too b r o a d 
a class of solutions from a superficial analysis of the 
new system of equat ions , the original functions would 
satisfy m a n y m o r e condi t ions , namely, the non-l inear 
system in the low energy par t s . The p roof will be 
given in a paper tha t should come ou t in the fall. 

BREIT : I did no t unde r s t and jus t wha t you m e a n t 
by the Bethe-Salpeter equa t ion for one part icle . 
Does this m e a n a complete descript ion of one part icle ? 

SYMANZIK : The physical one-part icle p rob l em is 
entirely conta ined in the one-part icle p ropaga t ion 
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function and the analysis of tha t function presented 
here does not give anything new beyond what is 
already known. The one-particle structure is not 
the structure of one particle bu t the structure with 
respect to one-particle connecting lines in graphs. 
The characteristic singularities of these functions can 
be proven axiomatically. Those irreducible functions 
defined here as well as their analytic cont inuat ion do 
not have these characteristic singularities. One can 
prove that the irreducible functions do not even have 
complex singularities. This is s tandard knowledge in 
the meson-nucleon scattering problem, as Z immerman 
first observed. 

OPPENHEIMER : Would you expect any great diffi­
culty in continuing this p rogram of removing the 
higher intermediate s ta tes? 

SYMANZIK : It would be ra ther complicated to do 
it analytically. If one carries this ou t in general 
terms, it will no t be necessary to do everything ana­
lytically, since I think much can be obtained simply 
by formal manipula t ions . Al l of this has been done 
without ever writing down any integral explicitly. 
Nevertheless, it has content at the end. 

BJORKEN : Wha t is the out look with regard to 
removing the singularities in the irreducible kernels 
with respect to , say, the m o m e n t u m transfer variable? 

SYMANZIK : One simply has to apply the analysis 
twice with respect to those separations as is done 
here. If one does this with the m o m e n t u m transfer 
singularities, for instance, the pole in nucleon-nucleon 
scattering, they will be removed. One would be 
able to show that the pole is removed if one could 
show tha t there are no singularities a round the pole. 
This procedure would yield a detailed characteristic 
of the function in the complex domain . Everything 
which is done here refers to real values of t. One can 
say something abou t the par ts tha t are infinite and 
something about the par ts tha t are finite, but this does 
not cover physical needs as one would like to make 
statements about the behavior in the complex domain. 

BJORKEN : Does the nonlinear system hold in that 
direction for the irreducible parts as well as for the 
complete r-function? 

SYMANZIK : Yes ; with respect to those separations, 
the ordinary system holds. This is the best I can 
say here without being too specific. 

THE USE OF PERTURBATION METHODS IN DISPERSION THEORY ( 

R. J . Eden<**) 

University of California, Berkeley, California 

I. I N T R O D U C T I O N 

In this talk I will outline some proofs of dispersion 
relations for every order in per turba t ion theory. After 
this I will indicate some further topics tha t can be 
studied by per turbat ion methods . 

The following dispersion relations (DR) have now 
been proved in per turbat ion t h e o r y : 

Single-variable DR (a) Vertex par t s 
(b) Fo rward scattering 
(c) Non-forward scatter­

ing (in a limited range) 
(d) External-mass DR 
(e) Internal-mass DR 

(*) This work was done under the auspices of the U.S. Atomic Energy Commission. 
(**) Normal address, Clare College, Cambridge, England. 


