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Zusammenfassung

In dieser Arbeit untersuche ich hoherdimensionale Instantonen und die BPS-
Bedingung nicht erfiillende Yang-Mills-Losungen auf Kegeln und Zylindern iiber
kompakten G-Struktur-Mannigfaltigkeiten. Solche Mannigfaltigkeiten sind Be-
standteil von heterotischen Stringkompaktifizierungen. Viele explizit bekannte
G-Struktur-Mannigfaltigkeiten haben die Struktur von homogenen Raumen G//H.
Ihre Kegel tauchen z. B. als Bran-Losungen der heterotischen Stringtheorie und
im Rahmen der AdS/CFT-Dualitat auf.

In der heterotischen Supergravitation folgt die Existenz einer G-Struktur auf
der kompakten Mannigfaltigkeit aus der Forderung, dass der Eichzusammenhang
eine hoherdimensionale Instantongleichung erfiillt. Explizite Instantonlosungen
konnen Bausteine fiir Losungen der heterotischen Supergravitation sein. Ich for-
muliere die Instantongleichung mit einem speziellen Ansatz fiir das Eichfeld auf
dem Zylinder iiber einem allgemeinen homogenen Raum und erhalte dadurch
eine Bedingung, die mit einem vereinfachten Ansatz gelost werden kann. Die
Losungen haben Kinkform und sind bereits aus fritheren Arbeiten bekannt. Eine
Verallgemeinerung des Ansatzes fiithrt auf Differentialgleichungen und algebrai-
sche Bedingungen, die auf einem beliebigen homogenen Raum nicht gelost werden
konnen. Ich betrachte daher das Beispiel SU(3)/(U(1) x U(1)). Dieser Raum
hat eine halbflache SU(3)-Struktur, die zu einer nearly-Kéhler-Struktur reduziert
werden kann. Im nearly-Kéahler-Fall wurden Instantonen auf diesem Raum be-
reits in fritheren Arbeiten untersucht. Ich schreibe die Instantongleichung fiir den
halbflachen Fall auf. Mit dem Ergebnis lassen sich die bereits bekannten Losungen
reproduzieren und moglicherweise neue Instantonen konstruieren.

Ableiten der Instantongleichung fithrt auf die Yang-Mills-Gleichung mit einem
Torsionsterm, der mit der total antisymmetrischen Torsion des Spin-Zusammen-
hangs aus der Supergravitation identifiziert werden kann. Die Yang-Mills-Glei-
chung ist die Bewegungsgleichung einer aus einem Yang-Mills- und einem Chern-
Simons-Term bestehenden Wirkung. Ich untersuche die Yang-Mills-Gleichung mit
total antisymmetrischer Torsion auf dem Kegel iiber einem allgemeinen homoge-
nen Raum und konstruiere mit einem vereinfachten Ansatz fiir den Eichzusam-
menhang Losungen, die Kinkform haben, nicht die BPS-Bedingung erfiillen und
in dhnlicher Form in fritheren Arbeiten vorkommen.

Kompakte Mannigfaltigkeiten mit Sasaki-Einstein-Struktur existieren in be-
liebiger ungerader Dimension und finden z. B. Anwendung in der AdS/CFT-
Korrespondenz als supersymmetrische String-Hintergriinde. Ich betrachte ab-
schlieBend die Yang-Mills-Gleichung auf dem Zylinder tiber einer Sasaki-Mannigfal-
tigkeit und konstruiere neue analytische und numerische Instanton-, Dyon- und
Sphaleron-Losungen.






Abstract

In this thesis I study higher-dimensional instantons and non-BPS Yang-Mills solu-
tions on cones and cylinders over compact G-structure manifolds. Such manifolds
appear as internal spaces in heterotic string compactifications. Many explicitly
known G-structure manifolds are homogeneous spaces of the form G/H. Their

cones appear for example as brane solutions in heterotic string theory and in the
context of the AdS/CFT duality.

In heterotic supergravity, the requirement that the compact manifold admit
a G-structure follows from demanding the gauge connection to be an instanton.
Explicit instanton solutions can serve as building blocks for heterotic supergrav-
ity solutions. I rewrite the higher-dimensional instanton condition on the cylinder
over a general homogeneous space, using a special ansatz for the gauge field. The
resulting conditions can be solved with a simplified ansatz, leading to kink-type
solutions that are known from earlier works. A generalization yields differential
and algebraic equations that cannot be solved in the general case. I therefore
specialize to the cylinder over the coset space SU(3)/(U(1) x U(1)). This space
admits a half-flat SU(3)-structure which can be reduced to a nearly-Kéhler struc-
ture. Instantons in the nearly-Kahler case have been studied in earlier work. I
formulate the instanton equation in the half-flat case, obtaining a set of equations
that allows for the reproduction of known solutions and may open the possibility

for the construction of new instantons.

Differentiation of the instanton equation leads to the Yang-Mills equation with
torsion. The torsion term can be identified with the totally antisymmetric torsion
of the spin connection, naturally appearing in supergravity. The Yang-Mills equa-
tion extremizes an action consisting of a Yang-Mills and a Chern-Simons term. I
consider the Yang-Mills equation with totally antisymmetric torsion on the cone
over a general coset space and construct several non-BPS kink-type solutions with
a simplified ansatz for the gauge connection that appear in a similar form in earlier

work.

Compact manifolds with Sasaki-Einstein structure exist in any odd dimension
and appear for example as supersymmetric string backgrounds in the context of
the AdS/CFT correspondence. I finally specialize to the Yang-Mills equation on
the cylinder over a Sasakian manifold and construct new analytic and numerical

instanton, dyon and sphaleron solutions.
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1 Introduction

Two major open problems of theoretical physics are the construction of a quantum
theory of gravity and the unification of all four fundamental forces of nature in
one consistent model, including the standard model of particle physics. String

theory seems to be a promising candidate for solving both of these problems.

Phenomenologically viable models have to be consistently defined in four
spacetime dimensions and should come with supersymmetry. Supersymmetric
theories are attractive, as they suggest a solution of the hierarchy problem and a
unification of the standard model coupling constants. String theories necessarily
have to be supersymmetric in order to admit fermions in their particle spectrum.
Requiring the preservation of the minimal (M = 1) amount of supersymmetry
implies that the variations of fermionic fields must vanish. This constraint leads
to first-order BPS conditions that (in the cases of interest for us) imply the full
second-order equations of motion of the theory. The first-order conditions are
much easier to solve than the second-order equations. N = 1 supersymmetry can
be spontaneously broken at low energies, possibly explaining that supersymmetry

has not been observed in experiments up to now.

A promising candidate for the construction of realistic models is the heterotic
string [1]. This theory is supersymmetric and allows for a gauge connection with
gauge group SO(32) or Eg x Eg. Both groups admit an embedding of the standard
model gauge group SU(3)x SU(2)xU(1), and Eg contains the GUT groups SU(5),
SO(10) as well as Fg as subgroups. The low-energy approximation of the heterotic
string is heterotic supergravity, consisting of ten-dimensional A/ = 1 supergravity
coupled to ten-dimensional NV = 1 super Yang-Mills theory [2, 3]. Heterotic su-
pergravity comes with an interesting gauge sector, naturally incorporates gravity
and admits fermions in its particle spectrum. However, it is consistently defined

in ten instead of four dimensions.



A common method for reducing the model to an effectively four-dimensional
one is compactification. This idea, which originally appeared in the reduction of
a five-dimensional theory to four dimensions in [4, 5], can be applied not only
to the reduction of ten-dimensional heterotic string theory, but also to eleven-
dimensional M- and twelve-dimensional F-theory, as well as to other higher-
dimensional models. The idea is to split the originally D-dimensional spacetime
into a direct product of a four-dimensional flat and a compact internal manifold

of sufficiently small size to be unobservable in current experiments:
MD:M4 XXD,4. (11)

In order to obtain a theory with A/ = 1 supersymmetry in four dimensions,
it turns out that the compactification space Xp_4, must allow for at least one
globally defined spinor € that is covariantly constant with respect to the Levi-
Civita connection *“V. This is equivalent to Xp_, having reduced holonomy
of FCV. In the heterotic case, string spacetimes with four-dimensional N' =
1 supersymmetry can be constructed using a Calabi-Yau three-fold, i. e. a six-
dimensional manifold with SU(3)-holonomy, as compactification space. However,
compactifications of this kind give rise to a large number of so-called moduli,

scalar fields with undetermined vacuum expectation value, in the effective theory.

A way out of the moduli problem that also relaxes the restriction on the
background geometry is to allow for fluxes. These are nonvanishing form fields
on the compact part of spacetime. For a review, see for example [6-8]. Fluxes
first appeared in the context of heterotic string theory in [9]. In their presence,
many moduli can be fixed and the compact manifold is no longer required to have
reduced holonomy with respect to the Levi-Civita connection. Instead, Xp_4
must admit a G-structure, i. e. a reduction of the tangent bundle structure group
SO(D — 4) to some subgroup G. G-structure manifolds have reduced holonomy
with respect to some generally torsionful connection. Flux compactifications do
address the moduli problem but significantly enlarge the number of possible string

backgrounds, which leads to the so-called string landscape problem.

The requirement that Xp_4 admits a reduction of the structure group is closely
related to the requirement that the gauge connection of ten-dimensional super-
Yang-Mills theory satisfies a generalized instanton condition on the compact space-
time part. Yang-Mills instantons in four dimensions [10] are classical solutions of
the Yang-Mills equations of motion with finite, nonvanishing action. They consti-
tute non-perturbative BPS configurations which satisfy the self-duality equation

x4 = +£F, with %4 denoting the Hodge star operator on the four-dimensional
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manifold. Covariant differentiation of the self-duality equation implies the Yang-
Mills equation, hence instantons minimize the Yang-Mills action functional. Four-
dimensional instantons have been intensely studied in the past decades. This has
led to new insights both in mathematics and physics, such as for example a bet-
ter understanding of Yang-Mills vacua and a classification of four-manifolds. For

more details about instantons, see also [11, 12].

Generalizations of instantons to higher dimensions, first studied in [13, 14],
are in particular interesting in the above described context for the construction
of heterotic supergravity solutions. They also appear as brane solutions in the
context of the AdS/CFT duality [15]. The generalization of the self-duality equa-
tion requires the existence of a globally defined four-form @), which is equivalent
to a reduction of the tangent bundle structure group. The generalized instanton

equation is well-defined on any G-structure manifold and takes the form! 2

«F = —(+Q) A F, (1.2)

where * now denotes the Hodge star operator on the higher-dimensional G-
structure manifold. Applying a gauge covariant derivative leads to the Yang-
Mills equation with torsion. It can be shown that higher-dimensional instantons
extremize an action consisting of a Yang-Mills and a Chern-Simons term. As in-
troduced in the four-dimensional case, higher-dimensional instantons are required
to have finite action. In contrast to the four-dimensional case, explicit instanton
solutions in higher dimensions are rare in the literature, and little is known about
their moduli spaces. Explicit solutions have been constructed for instance on flat
Euclidean space [16-22], as well as on cones and cylinders over general coset spaces
[23-28]. This construction has been generalized to instantons on cones over real
Killing spinor manifolds, and the constructed solutions have been lifted to new

solutions of heterotic supergravity in [15, 29].

In the context of string compactifications, compact manifolds of dimensions
five, six, seven and eight with reduced structure group and with special holon-
omy of the Levi-Civita connection are of particular interest. There is only a
finite number of possible types of Levi-Civita holonomy groups on Riemannian
manifolds, all of which have been listed by Berger in [30]. They include in partic-
ular Kéhler, Calabi-Yau, G5 and Spin(7)-manifolds. Today, explicit examples of

compact manifolds are known for all listed cases. Apart from the appearance of

More generally, higher-dimensional instantons can be defined as two-forms satisfying the

condition *F = v(xQ) A F for some real constant v (see [29] for details).
2In later chapters, we will omit the parenthesis and write *F = — x Q A F.



Calabi-Yau three-folds in heterotic compactifications, the seven-dimensional man-
ifolds in Berger’s list appear in the context of M-theory, and eight-dimensional
Spin(7)-manifolds may be applied to compactifying M-theory to three dimensions,
or to reducing F-theory from twelve to four dimensions. All listed spaces appear as
target space geometries in supersymmetric sigma-models, and they are all related
to Sasakian geometries [39]. The latter can be constructed in any odd dimension
and hence appear as compactification spaces of various models. Sasakian man-
ifolds that are in addition Einstein serve as building blocks of supersymmetric
AdS/CFT solutions [33, 34].

A special class of G-structure manifolds are real Killing spinor manifolds. They
are of particular interest for our work. It has been observed by Bar that the cone
over a real Killing spinor manifold has special holonomy, allowing for a classifi-
cation of G-structure manifolds [31]. All real Killing spinor manifolds admit a
G-structure, but the converse is not generally true. Bér’s list includes in particu-
lar nearly-Kahler, nearly-parallel Gy and Sasaki-Einstein manifolds. All of them
admit a connection with totally antisymmetric torsion that plays an important
role in the construction of heterotic supergravity solutions. The torsion term of

the Yang-Mills equation vanishes on manifolds with real Killing spinor.

Many known examples of G-structure manifolds are homogeneous spaces of the
form G/H, where G is a compact Lie group and H a closed Lie subgroup. Product
spaces of the form R x G/H are of particular interest for the construction of in-
stanton and Yang-Mills solutions. They can be considered as the simplest models
of dimensional reduction of a D-dimensional theory to some (D — 1)-dimensional
theory, in which the fields depend only on one coordinate. As already mentioned,
explicit instanton solutions have been constructed on cones and cylinders over
coset spaces, for instance on the Euclidean spaces R” and R®. These are the cones
over the spheres S S7. They come with nearly-Kéhler and nearly-parallel G-
structure, respectively. Cones over coset spaces also appear as building blocks of
certain string spacetimes, for example as brane solutions in heterotic supergravity

[15] or as heterotic domain wall solutions [35].

Interesting solutions to the torsionful Yang-Mills equations that do not follow
from a first-order equation and are therefore explicitly non-BPS can be constructed
with an ansatz inspired by heterotic supergravity. The bosonic field content of
heterotic supergravity [36, 37] is given by a metric (graviton) g4z, a dilaton ¢, a
Kalb-Ramond two-form B and a gauge field A with gauge group either SO(32)
or Eg x Eg, the curvature of which is denoted by F. In addition, we have a

curvature three-form H, which is obtained as the exterior derivative of B plus
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a combination of Chern-Simons forms [38]. The fermionic superpartners of the
fields are the dilatino A, the gaugino y and the gravitino ¢. It turns out [38] that
a particular connection is preferred in order to retain the equations of motion and
first-order BPS conditions of heterotic supergravity in a simple form. Invariance
of the supergravity action under ten-dimensional N/ = 1 supersymmetry implies
the following BPS equations (cf. [36, 37]):

0= "Ve=0, (1.3)
ON=r (dQﬁ— %7—[) ce=0, (1.4)
Ix=7(F)-e=0. (1.5)

In these equations, ¢ € I'(S) is a Majorana-Weyl spinor, where S denotes the
spinor bundle over the spacetime manifold M. 7 is a map from k-forms to the
Clifford algebra, which acts on the spinor € via Clifford multiplication. The above
mentioned preferred connection is ~V, which has torsion proportional to the three-
form H. Its components are given by a combination of the Levi-Civita connection

and the torsion term:
1
_F(Z;B - LCFZB + 57{33- (1~6)

The torsion term of the higher-dimensional Yang-Mills equation may be chosen
proportional to the torsion of this connection. For a certain proportionality factor,
the torsionful Yang-Mills equation follows from the higher-dimensional instanton
equation, as described above. In this case, solutions of the Yang-Mills equation
can serve as building blocks of supersymmetric heterotic supergravity solutions.
For other factors, the torsionful Yang-Mills equation does not follow from the
instanton equation. The non-BPS solutions of this equation are candidates for
building blocks of non-supersymmetric string solutions. This ansatz has been
addressed for certain geometries in [23, 26] and is discussed in this thesis for cones

over general coset spaces and cylinders over Sasakian manifolds.

Outline and Summary of Results

The outline of this thesis is as follows. We start by reviewing the geometry of
homogeneous spaces in Chapter 2. In Chapter 3, we introduce gauge connections
on G-structure manifolds and coset spaces. In Chapter 4, we describe details

of special holonomy, G-structures and intrinsic torsion and discuss in particular



manifolds with SU(3)-, G- and Sasakian structure. Instantons and the concept of
self-duality in higher dimensions, as well as its meaning for the higher-dimensional

torsionful Yang-Mills equation are discussed in Chapter 5.

In Chapter 6, we study the higher-dimensional instanton equation on product
spaces of the form R x G/H. In this setup, the instanton equation splits into
an algebraic condition and a first-order differential equation, which we write out
explicitly. These conditions can be solved using a simplified ansatz for the gauge
connection with one scalar function. We present an explicit kink-type solution on
the cylinder over a general coset space. This solution already appeared in [23] in
a similar context. With a more general ansatz for the gauge connection, we have
to specialize to explicit examples of G/H. This is done in Chapter 7, where we
choose to consider the half-flat SU(3)-structure manifold SU(3)/(U(1) x U(1)).
The product space R x SU(3)/(U(1) x U(1)) admits a torsionful Gy-structure.
Instantons on this product space have been studied before in [24, 26] under the
assumption that the space SU(3)/(U(1) x U(1)) be nearly-Kéahler. We formulate
the instanton equation on R x SU(3)/(U(1) x U(1)), allowing the coset to have a
half-flat structure. This yields a set of equations that include results from earlier

works as special cases and may lead to new instanton solutions.

In Chapter 8, we study non-BPS solutions of the Yang-Mills equation on cones
over general coset spaces, using a connection with totally antisymmetric torsion
proportional to the three-form H. The Yang-Mills equation is not conformally in-
variant, hence it has to be considered separately on the cone and on the cylinder.
We derive the Yang-Mills equation on the cone over G/H, generalizing a result
from [26], and solve this equation explicitly for the simplest possible gauge con-
nection on the cone over G/H. This leads to various non-BPS kink-type solutions

that are similar to solutions of earlier works (see e.g. [23]).

In Chapter 9, we turn to the cylinder R x M, where M has Sasakian structure
and the gauge connection depends on two scalar functions. We study the torsionful
Yang-Mills equation on this space in a similar way as in Chapter 8. Taking the
product with a circle S* x M instead of R x M, we obtain periodic solutions with
a sphaleron interpretation. Considering the product space {R x G/H instead of
R x G/H leads to a sign flip in the potential. Solutions to this case are known
as dyons. We recover the BPS solutions on R x M derived in [29] and construct
new analytic and numerical non-BPS Yang-Mills, as well as dyon and sphaleron

solutions.



Part 1

Gauge Theory and Geometry

2 Homogeneous Spaces

As motivated in the introduction, compact manifolds with reduced tangent bundle
structure group G C SO(d) are particularly interesting for string compactifica-
tions. Many known examples of these G-structure manifolds are homogeneous
spaces. In this chapter, we review some basic facts about their geometry, follow-
ing [40].

To introduce homogeneous spaces, we first need to define the action of a group.
Here and in the following, we assume that all manifolds and vector spaces are
finite-dimensional. The left action of a group G on a manifold M is a smooth

map

L:GxM-—M

such that e - m = m for the unit element e € G and ab-m = a - (b-m) for all
a,b € G, m € M. The right action of a group may be defined in an analogous

way.

A group action is called transitive if any two elements m,n € M can be
connected by a group element, i. e. for any m,n € M there exists an element

g € G such that g -m = n.

The set Gy, := {g € G|g-m = m} of group elements that leave a point m € M
fixed is called isotropy group at m. The orbit of a point m € M is the set



G-m={g-m|g € G}.

Let G be a Lie group and H C G a closed subgroup. The quotient
G/H ={gH|g € G} (2.2)

of left cosets of H in G admits a natural transitive G-action. There are now two
equivalent ways to define a homogeneous space. First, a homogeneous space
is a manifold M on which a Lie group G acts in a transitive way. Equivalently,
it is a manifold of the form G/H with G being a Lie group and H C G a closed

subgroup.

Let us denote by g and b the respective Lie algebras of the groups G and
H. A homogeneous space G/H is called reductive if there exists a subspace
m of the Lie algebra g such that g = h & m and m is Ad(H)-invariant, i. e.
Ad(h)m C m'V h € H. Ad(H)-invariance implies [h, m] C m. If H is connected,

the converse holds as well.

Homogeneous spaces are related to Riemannian spaces as follows. The isom-
etry group on a Riemannian manifold (M, g) is defined to be the set (M) of

maps that preserve the metric in the following sense:

I(M) = A{f: M = M[gn(X,Y) = gpom (dfin(X), df(Y))
VmeM, X, Y eT,,M}. (2.3)

This set is turned into a group by taking composition of functions as group oper-
ation. It can be shown that the isometry group is a Lie group. A Riemannian
homogeneous space is defined as a Riemannian manifold on which the isometry
group I(M) acts in a transitive way. Such a space is isomorphic to the quotient
G/H, where G denotes the isometry group G = I(M) and H is the isotropy

subgroup of a point.

A reductive Riemannian homogeneous space M = G/H admits a G-invariant
metric. Let a € G and denote by L, : M — M, m — a - m, the diffeomorphism
induced by left action. Then a metric g on M is G-invariant if L, is an isometry,

i. e.
9ern(X,Y) = groem)(dLo(X),dL,(Y)) Vae€G, XY €T.y(G/H). (24)

Here, T.;(G/H) denotes the tangent space at eH € G/H and e is the unit
element of G. On a reductive homogeneous space, we have the identification
Toy(G/H) = m.



2 HOMOGENEOUS SPACES

A particular G-invariant metric is induced by the Killing form. The Killing

form of a Lie algebra g is defined as the following symmetric, bilinear form:

B:gxg—R
(X,Y) = tr(ad (X)oad (Y)), (2.5)
where
ad : g— gl(g) (2.6)

denotes the adjoint representation of the Lie algebra g. Given that g is the Lie
algebra of a Lie group G, the Killing form of the group G is understood to be the
Killing form of the corresponding Lie algebra g. It can be shown that the Killing
form of GG is nondegenerate if and only if G is semisimple. If G is a compact,

semisimple Lie group, then its Killing form is negative definite.

Let G/H be a homogeneous space, where GG is a compact, semisimple Lie
group. The negative of the Killing form gives rise to a left-invariant Riemannian
metric on GG. Left-invariant metrics on G are in one-to-one correspondence with
scalar products on g. The scalar product induced by the Killing form gives rise
to a reductive splitting g = m & . The restriction of the scalar product to the

subspace m, —B|,, then induces a G-invariant metric on G/H.

A special class of homogeneous spaces are the symmetric ones. A Riemannian
symmetric space is a simply connected Riemannian manifold (S, ¢g) with the
following property: for any point m € S there exists an element s € I(S) of the

isometry group, called a symmetry at m, such that
s(m) = m, (ds)|m = —id. (2.7)

This implies in particular that the isometry group acts transitively, i. e. that .S
is a homogeneous space. We may therefore define a symmetric space to be a
homogeneous space that admits a symmetry s at some point m € S and identify
S with a coset space G/H. It can be shown that the holonomy group of the
Levi-Civita connection on a symmetric space is contained in its isotropy group H.

This fact will be of interest in the classification of holonomy groups in Chapter 4.

For explicit computations on coset spaces GG/ H, it is useful to choose a basis
of generators {[;} of g, where @ = (1,...,dimg). This basis can be used to
construct a basis of one-forms {e®} on G/H as follows. The generators Iz of g
can be represented by left-invariant vector fields Ea; on GG. The dual basis of these

vector fields is a set of left-invariant one-forms, denoted €*. We consider the coset



space as a principal bundle G — G/H and denote the natural projection that
sends elements g of G to the corresponding coset gH by

7:G— G/H
g— gH. (2.8)

Let us consider a small contractible open subset U C G/H and choose a local
section 0 : U — 7 Y(U) C G in the principal bundle, such that 7 o o0 = id.
The pullback of the left-invariant one-forms €® by o is denoted e®. These one-
forms split into the sets {e?} and {e'}, where {e®} constitutes an orthonormal
frame of the dual tangent bundle T*(G/H) over U, and the elements ¢’ can be
written as linear combinations ¢’ = e’ e® with real functions .. We denote by
{E,} the local frame dual to {e*} on the tangent bundle T(G/H). These frames
can be transported outside of U by group action. In the same way as the one-
forms, the generators of G split into two sets {I,} and {I;}, where indices i,j =
((dimG — dim H + 1),...,dim G) label the generators of H, and indices a,b =
(1,...,(dim G —dim H)) label the generators {1,}, spanning the subspace m of g.

The Lie algebra g is characterized by the structure constants z%’ which are
defined via the commutation relations in the chosen basis:
[la, ) = [51z (2.9)

Taking the splitting a = (a, ) of indices into account, the commutation relations
take the form

L, 1] = [, (2.10)
[I’i7 [(l] = 2115 + l']fl[ka (211)
Lo, ) = fop e + faly- (2.12)

a

Structure constants of the form fj; vanish, as H is closed. On a reductive homo-

geneous space, we find

L, 1] = [, (2.13)
1, L) = faly, (2.14)
[Iaa [b] = gbIc + ffb[k') (215)

due to Ad(H )-invariance of m. On symmetric spaces, we have in addition f5 = 0.

It can be shown that the one-forms constructed above satisfy the Maurer-

10



2 HOMOGENEOUS SPACES

Cartan equations, which read as follows using the shorthand notation e®Ae? := e®:
a 1 a be 1 a bc a ic

de® = ) e = 3 b€ — Jic€ (2.16)
i L % L be i _jk

de' = ol = oS - fie’". (2.17)

The metric induced by the Killing form on GG can be written in terms of the

structure constants as

(9x)55 = — tr (ad (Iz) o ad (Iy)) = f5fL. (2.18)

We may choose the generators in such a way that the metric becomes
¢ _pd
(9x)a5 = [s3l 5 = Oa (2.19)

On a reductive homogeneous space, this metric decomposes further as

(gK)ab = 2f;d zcll; + gdfg) = Oab, (2'20)
(95)ij = 2[5 i + finfss = 635, (2.21)
(9K )ai = 0. (2.22)

We will restrict our consideration to coset spaces that satisfy the following rela-

tions, where a € R is a parameter specific for a chosen coset space:

waf = alap, (2.23)
| 1

aafiy = 5 (1= @)dap, (2.24)
waf = 0a = 0. (2.25)

These relations do not hold for arbitrary coset spaces, but they are satisfied for
most of the spaces that are relevant for us. Written in a basis, the G-invariance
condition of the metric turns into the following constraint, with respect to the

above splitting of indices:

fia9n)e = 0. (2.26)
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2.1 Cones and Cylinders

2.1 Cones and Cylinders

Product spaces of the form R x GG/ H are of particular interest for the construction
of instantons and non-BPS Yang-Mills solutions. Warped geometries, in which the
metric is not the standard product one, have various applications in string com-
pactifications. In this work, we are particularly interested in cones and cylinders.

Let (M, gar) be a Riemannian manifold. We define

1. the cylinder over M as the product space Z(M) = (Rx M, gz) with metric
gz = d7_2 + gm

2. the Riemannian or metric cone over M as the warped product
C(M) = (R x M,gc) with metric gc = dr? + r2v%gy, where r? is also

known as warping function and +? denotes the opening angle.

These two metrics are conformally equivalent, which can be seen by introducing

the relation r := ¢?”. Then the cone metric takes the following form, which differs

from the cylinder metric only by a conformal factor ~v2e?77:

ge =7e7(dT? + gu) = 7€M gz (2.27)

In the following chapters, we will use the variable 7 both for the cone and for the

cylinder metric.

12



3 Connections in Tangent and Principal
Bundles

For the introduction of G-structure and special holonomy, we need to understand
the notion of connections in tangent and principal bundles. Assuming that the
reader is familiar with the formulation of gauge theory in the language of bundles,
we will focus on the quantities that are relevant for the work at hand, in particular
for the explicit computations presented in Parts II and III of this thesis. More
detailed discussions can be found in [41, 42]. For more information about bundles

and connections, we also refer to [43].

Let P(M,G) be a principal bundle with structure group G over a d-dimensional
Riemannian manifold (M, g) and denote by = : P — M the projection onto
the base space. Let p : G — GL(V) be a representation and £ = P x, V
the corresponding associated vector bundle. The Lie algebra of the Lie group
G is referred to as g. The space of R-valued k-forms on M will be denoted
QF(M) := T(AF(T*M)), and the space of k-forms on M that take values in the
vector space V is referred to as QF(M, V) := T(AM(T*M) @ V).

The principal bundle P(M,G) is endowed with a g-valued connection one-
form that determines a splitting of the tangent bundle of P into a horizontal and
a vertical subbundle. In more detail, let X € g and u € P. Then u - exp(tX),
with ¢t € R, is a curve in P through the point u. This curve lies within the fiber
Gp at p=m(u) € M. We can now define a vector at the point u € P as

X(u) = %(u - exp(tX))|i=o- (3.1)

The corresponding vector field X e ['(TP) is referred to as fundamental vector
field. By construction, X (u) is tangent to G,p. We therefore have X(u)eV,PcC
T, P, where V,, P = g denotes the subspace of T;, P tangent to GG,. We refer to V,, P

13



as vertical subspace.

A connection in P(M,G) is a g-valued one-form A € Q'(P, g) that satisfies

AX)=XVXeg and RIA=Adg104,  (32)
where g € G, R, denotes right multiplication by ¢ and Ad,—1 : g — g is the

adjoint map.

The connection one-form can be understood as a projection of T,,P onto the
vertical subspace V,P at every point u € P. It therefore defines a splitting
T.P=V,P® H,P, where H, P is referred to as horizontal subspace.

For explicit computations, it is convenient to use a local expression for the
connection form A. Let therefore U C M be a small open subset and o : U —
7 H(U) C P a local section in P. A local g-valued one-form on U can then be

constructed via pullback of the connection form:
A=0"Ac Q' (U,g). (3.3)

We will also refer to this local form as gauge connection®. The local connection
form A can be written as follows after introducing a local frame {e?} of T*M and

generators {14} of g, with AL denoting real functions:

A = AE@A X ]B- (34)

Note that any r-form ¢ € Q"(P,V) with values in a vector space V' can be
written as ¢ = ¢! @ E4, with ¢ € Q7(P) being real-valued forms and {E,}, A =
(1,...,dim(V")), denoting a basis of V.

The curvature of a global connection form A can be introduced as follows.
Denoting the decomposition of a vector X € T, P into its horizontal and vertical
components by X = X# + XV ¢ H,P®V, P, the exterior covariant derivative
D: Q" (P, V)= Q (P, V) of an r-form ¢ is defined as

D(X1, ..., Xps1) i= dpp(XTT, .. X)), (3.5)

where dp¢p = (dpgbA) ® E 4 denotes the exterior derivative of an R-valued differ-
ential form in the bundle P(M,G).

We can now introduce the curvature of A as the g-valued two-form

F=DAeQP,yg). (3.6)

3Note that the local expression depends on the section o. The choice of a section corresponds

to a choice of gauge.

14



3 CONNECTIONS

The commutator of two g-valued differential forms n = 7t ® I, € QP(P,g) and
w=w?®Ig e QP g) is defined as

[, w] =t AwP @ [14, I5]. (3.7)
In particular, the commutator of a one-form & € Q!(P, g) satisfies

(€, 81X, Y) = 2[6(X), £(V)] (3.8)

for any two vector fields X,Y € I'(T'P). It can then be shown that the curvature
satisfies the following identity, which is also referred to as Cartan’s structure

equation:
F(X,Y) = (dpA)(X,Y) + [A(X), A(Y)]
1
= (dpA + §[A,A]> (X,Y) V X,)Y e I(TP). (3.9)
In addition, F' satisfies the Bianchi identity

DF =0. (3.10)

Again, we are interested in a local expression of the curvature. With the same

notation as above, a local curvature form is constructed as
F=0"F € Q*U,yg). (3.11)
The local curvature form is related to the local connection form as
F(X,)Y)=(dA)(X,Y) + [AX), A(Y)] VXY el (TM). (3.12)

In this context, d denotes the exterior derivative of an R-valued differential form

on the base manifold M. This identity suggests to introduce a derivative

D: Q' (M,g) — Q+(M,qg)
n— dn+ [A,n]. (3.13)

Using D, equation (3.12) can be written as
F =DA, (3.14)
and the Bianchi identity takes the local form

DF = 0. (3.15)

15



The gauge connection A in a principal bundle P(M,G) induces a covariant
derivative in any associated vector bundle £ = P x, V. We will also use the
notation E(M, V') for vector bundles over M whose fibers are vector spaces V. A

covariant derivative in a vector bundle E(M, V) is a linear map
V:[(E) > T(T"M ® E) (3.16)
that satisfies the Leibniz rule
V(fs)=df ®s+ f-Vs VfeC®M), sel(E). (3.17)

It can be expressed in local coordinates by a matrix-valued one-form I'f = T'Z ,e¢,
where {e} is a local frame of T*M. The components '3, are also referred to as
connection coefficients, or as Christoffel symbols if V is the Levi-Civita connection.
The connection V acts on one-forms 1 = nse? € QY (M) with ny € C*(M) as

Vn = (dnA — anf) ® e, (3.18)

Of particular interest for our work is the tangent bundle 7'M, which is associ-
ated to the frame bundle

F(M,GL(d))
={(p, Er,...,Eq)|lp € M and (Ey, ..., Ey) is a basis of T,M}. (3.19)
The frame bundle is a principal bundle with fiber GL(d), and the associated
tangent bundle has structure group GL(d). We will see in Chapter 4.2 that the
tangent bundle of a G-structure manifold has reduced structure group G C GL(d).
We have TM = F x,R? where p is the standard (d x d)-matrix representation of
GL(d). A connection A in the frame bundle is a map A : TF — gl(d) from TF

to the real (d x d)-matrices. In this case, the corresponding local connection form

(3.4) can be written as
AN = ARt @ (Ip)N, € QY(M, gl(d)), (3.20)

where the G'L(d)-generators {Ig} are expressed as (d x d)-matrices. Then the

components
Al = AL (Is) i (3.21)
are the connection coefficients of the covariant derivative induced by A in T'M.

Note that, if M = G/H is a reductive homogeneous space, the tangent bundle
is a subbundle of the adjoint bundle

Adp =P X 4d(G) 9, (322)
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3 CONNECTIONS

constructed by use of the adjoint representation,
Ad: G — GL(g). (3.23)

This is due to the splitting g = m @ b of Lie algebras and the identification
0= T.G,m=T,5(G/H), where e denotes the unit element in G.

Given a representation p of GG, there is a one-to-one correspondence of prin-
cipal bundles and associated vector bundles (for the explicit construction, see e.
g. [42, 44]). As illustrated for the frame bundle, a connection in any principal
bundle uniquely determines a covariant derivative in the associated vector bun-
dle. It can be shown that the converse holds as well [44], hence connections in
P(M,G) and covariant derivatives in associated vector bundles are in one-to-one
correspondence. We will therefore not explicitly distinguish between connections

and covariant derivatives anymore in the following chapters.

Certain connections in the tangent bundle over the manifold (M, g) will play a
special role in the following. The coefficients of any metric-compatible torsionful

connection I' on T'M are uniquely determined by the conditions

dgas — 9acTs — gpcTa = 0, (3.24)
de +Tpoe? NeC =T4, (3.25)

where T4 = %TﬁCeB A e denotes the torsion two-form. Motivated by its appear-
ance in heterotic supergravity, we introduce the torsionful spin connection —T'

with components
T, = iy, + 1y (3.26)

as a metric-compatible connection with totally antisymmetric torsion. This con-
nection will be used for the construction of Yang-Mills solutions in Chapter 9,
where its coefficients are explicitly computed and the torsion is chosen to be pro-

portional to the structure constants, T, p. X fape-

Furthermore, we can introduce a canonical connection in 7'M if M admits
a reduction of the structure group. According to [29], the canonical connection
PT in the tangent bundle TM over a G-structure manifold (M, g) is the unique
connection whose holonomy* is equivalent to the reduced structure group and
whose torsion is totally antisymmetric with respect to some G-compatible metric.

In explicit examples, the torsion will be proportional to the G-structure three-

4cf. Chapter 4
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form® P, i. e. Tayn o< Payn. The particular feature of this connection is that it

satisfies the instanton equation.

The canonical connection takes a particularly simple form if M = G/H is
a reductive homogeneous space. The space G/H can be written as a principal
bundle with structure group H and left action of G, using the natural projection
7 : G — G/H. In this bundle, we find a unique G-invariant connection ©.A

[43, 45], which takes values in the Lie algebra h C g and can locally be written as
PA=¢ oI, € QYU,Y), (3.27)

where U C G/H and the index ¢ labels h-directions as in Chapter 2. The connec-
tion induced by A in T(G/H) has components

PA(JZVM = AZ &® ([l)]\N/[ == 62 X ([Z)]\N/[ (328)

Using data from [29], the torsion of this connection can be explicitly computed
in the cases where G/H has structure group SU(3), Go, Spin(7) or SU(m) in
dimension (2m + 1). In these cases, it can be shown that T and ¥ A have the

same torsion, hence the connection induced by ”A is the same as T on T(G/H).

According to [43], G-invariant connections in the principal bundle P(G/H, G)
on a reductive homogeneous space G/H with values in the full Lie algebra g
(not only in the subalgebra b) are determined by linear maps A : m — g which

commute with the adjoint action of H:
A(Ad(h)Y) = Ad(h)A(Y) Vhe H Y em. (3.29)

In a basis {Iz} of g-generators, such a linear map is represented by a matrix X5

as
X, = A(,) = XPIp = X'I, + X'I, € g. (3.30)

For the cases of interest, one can always choose X! =0, i. e. X, = X’I, € m C g.

The connection takes the local form
A=e"® X, = Xle"® I, € Q' (U,m) (3.31)

in U C G/H. A G-invariant connection with values in the full Lie algebra g is

then given as a combination of the canonical connection with (3.31) as

A= @I +e"® X, € Q(U,g). (3.32)

5The structure three-form will be introduced in Chapter 4.3 for Sasakian manifolds, in Chap-
ter 4.4 for SU(3)-structure manifolds and in Chapter 4.5 for Ga-structure manifolds. In the
SU (3)-structure case, it is denoted §2 instead of P.
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3 CONNECTIONS

G-invariance (3.29) requires the connection to satisfy the additional condition

1, Xa] = [ Xe. (3.33)

In the following chapters, we will study instanton and Yang-Mills solutions
on spaces of the form R x G/H. The G-invariant connection on G/H lifts to a
G-invariant connection on this product space, where the coefficients X? turn into
functions X?(7) on the R-coordinate 7. A local frame on R x G/H is given by
{e° e}, where ¢ := dr is a one-form on R. We may choose the component Ay
in R-direction to vanish (temporal gauge) and compute the following curvature

components:

Jr()a = Xaa (334)
Foe = —(fooli + [ Xa — [ X, Xo]), (3.35)

with X, := 8)2‘;“). The size and explicit shape of the matrices X? depend on the
chosen coset space and the structure of the representation of the generators 4.
Solutions to the G-invariance condition (3.33) have been constructed for certain
coset spaces in [26]. We will use the result for G/H = SU(3)/(U(1) x U(1)) in
Chapter 7 (cf. equation (7.6)).
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4 Manifolds with G-Structure and Special

Holonomy

The requirement to recover an effectively four-dimensional theory with NV = 1
supersymmetry from string compactification imposes a condition on the geometry
of the compact internal manifold. This condition can be conveniently formulated
by use of spinors. Let (M, g) be a Riemannian spin manifold and S the spinor
bundle over M. A real Killing spinor is a section ¢ € I'(S) that satisfies the

equation
LOTe = My - ¢, (4.1)

where “V is the Levi-Civita connection, A a real constant and 7 a representation
of the Clifford algebra.

In the absence of fluxes, the preservation of N' = 1 supersymmetry requires
that the compact manifold admits a nowhere vanishing spinor that satisfies
LOTe = 0. This condition is equivalent to the requirement of special, reduced
holonomy with respect to the Levi-Civita connection. The condition that the
spinor on the compact manifold be covariantly constant can be relaxed when
fluxes, i. e. nonvanishing three-forms, are present on M. In this case, the manifold
need not necessarily have reduced holonomy of ““¥V but must still be equipped
with a nowhere vanishing real Killing spinor. This implies a reduction of the
tangent bundle structure group SO(n) to some subgroup G. In this chapter, we

introduce both the concepts of holonomy and G-structure in greater detail.

Our focus will not be on the spinor approach in the following, as we use
alternative characterizations of G-structures instead. We will only briefly mention
spinors at certain points. For further details on the formulation of the geometric
conditions in terms of spinors and their correspondence to the instanton equation,

we refer to [29].
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4.1 Special Holonomy

4.1 Special Holonomy

Let E(M,V) be a vector bundle of rank d over a smooth manifold M, endowed
with a connection V. Let 7 : [0, 1] — M be a piecewise smooth loop in M, starting
and ending at the point € M. The connection defines the parallel transport
of a section in E along such a path . A section s € I'(E) is parallel along = if
its covariant derivative vanishes along the path. Then the parallel transport of a

vector Ey at p = v(0) is the unique section s that satisfies

Vips =0V tel0,1] and $+(0) = Eo, (4.2)
where ~A(t) = 879—(;). We can introduce the parallel transport map

P, .V, — V,, which takes elements of a fiber V, to elements in the same fiber by
parallel transporting them along . Clearly, this map depends on the chosen curve
and on the connection. Being linear and invertible, it defines a group element of
GL(d), acting on elements of the fiber V.

The holonomy group of a connection V in a vector bundle F(M,V) at a
point x € M is defined to be the group of parallel translations along all closed

loops starting and ending at x:
Hol, (V) :={P, € GL(d)|y is loop based at z} C GL(d). (4.3)

It can be shown that if the base manifold M is connected, the holonomy group
depends on the base point z only up to conjugation in GL(d). We therefore write
Hol(V) from now on. The restricted holonomy group at z is defined as the
subgroup Hol’(V) generated by all contractible loops . It is identical to Hol(V)
if M is simply connected. As the notion of parallel transport is determined by

the choice of connection, the holonomy group depends on the connection as well.

Let (M,g) be an oriented Riemannian manifold and denote by Hol(g) the
holonomy group of the Levi-Civita connection ¢V, which is uniquely determined
by the metric g. There is only a finite number of possible types of holonomy groups
with respect to ““V on oriented compact Riemannian manifolds. All of them have
been listed by Berger in [30] and are also referred to as special holonomy groups.
This list originally included Spin(9)-manifolds, but it was shown later [51] that
all compact manifolds with Spin(9)-structure are symmetric. Symmetric spaces
G/H are excluded in the list, as their holonomy group is known to be contained
in H (cf. Chapter 2).

The statement of Berger’s central theorem is as follows: Let (M, g) be an

oriented Riemannian manifold which is neither locally a Riemannian product nor
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4  G-STRUCTURES AND HOLONOMY

Hol%(g) dim (M) Geometry of M
SO(n) n Orientable Riemannian
U(n) 2n Kéhler
SU(n) 2n Calabi-Yau
Sp(n) - Sp(1) 4n Quaternionic Kéhler
Sp(n) 4n Hyperkéahler
Go 7 Gy-manifold
Spin(7) 8 Spin(7)-manifold

Table 1: Holonomy groups Hol%(g) on compact oriented Riemannian manifolds

according to Berger.

locally symmetric. Then the restricted holonomy group Hol’(g) of the Levi-Civita

connection is one of the groups listed in Table 1.

4.2 (G-Structure and Intrinsic Torsion

Let us now turn to the related concept of G-structure manifolds. According to
[44], we have the following definition: Let M be a d-dimensional manifold and
F(M,GL(d)) the frame bundle. F' is a principal bundle with structure group
GL(d). Let G C GL(d) be a Lie subgroup. Then a G-structure is a principal
subbundle P(M, G) of F with fiber G.

As an example, consider a d-dimensional Riemannian manifold (M, g) and its
frame bundle F' with elements (p, Ey,..., E;), where p € M denotes the base
point and {(E4, ..., E,)} are bases of T,M. As the manifold is equipped with a

metric, we may define the subset
P:={(p,E1,...,Ey) € F|(Ey, ..., Ey) orthonormal} C F. (4.4)

P is a principal subbundle of F' with fiber O(d) C GL(d), and it fixes an O(d)-
structure on M. If the basis (E4, ..., Ey) is in addition oriented, the structure

group is SO(d). In fact, there is a one-to-one correspondence of Riemannian
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4.2 G-Structure and Intrinsic Torsion

metrics and O(d)-structures on M. In other words, a G-structure with G C O(d)
determines a metric on the manifold M. To avoid complications, we will restrict
the following discussion to G-structures with G C SO(d). Details on the more
general case G C GL(d) can be found for example in [49].

We are interested in connections in the tangent bundle of a G-structure man-
ifold. Connections in the tangent bundle are related to connections in the G-
subbundle P(M, G) of the frame bundle F(M, GL(d)) as follows [44]: a connection
V in T'M is called a G-connection, or compatible with a given G-structure,
if the associated gl(d)-valued connection in the frame bundle reduces to a connec-

tion in P, i. e. if it takes values in the Lie algebra g C gl(d).

As the structure group G C SO(d) determines a metric on the manifold M, it
fixes the Levi-Civita connection ““V. The holonomy group Hol(g) is in general
not identical to the structure group, but they are related by the notion of intrinsic

torsion, which we introduce now.

Let V be a connection in the tangent bundle over M and XY € I'(T'M)

vector fields. The torsion of V is defined as
TV :=VxY - VyX — [X,Y] € Q*(M,TM). (4.5)

We now identify the space of two-forms on M pointwise with the space of anti-

symmetric matrices, /\2T;M =~ s0(d), via the map

so(d) — ATy M
1
A ZlgACACBeAB- (46)
Denoting by g the Lie algebra of a subgroup G C SO(d), the Lie algebra so(d)
may be split as s0(d) = g @ g with respect to the metric induced by the Killing
form. gt denotes the orthogonal complement of the Lie algebra g in so(d). In
this situation, there exists a unique G-connection %, also referred to as minimal
G-connection, that is metric-compatible and has holonomy H ol(ﬁ) = G equal
to the reduced structure group® . The torsion of V is usually nonzero. It can be

shown that the difference tensor

T:=V - v (4.7)

is an element of Ty M ®gt C oM ® AQT;M at any point p € M [50]. T is called

the intrinsic torsion of the G-structure manifold. If 7 vanishes, V is equivalent

6The minimal G-connection is by definition equivalent to the canonical connection introduced
in Chapter 3.
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4  G-STRUCTURES AND HOLONOMY

to the Levi-Civita connection, and the holonomy group Hol(g) is contained in
H ol(%) = (. Such a G-structure is also referred to as torsion-free or integrable’.
In this sense, the intrinsic torsion measures the deviation of the holonomy group
from being contained in the structure group. The intrinsic torsion can be used
to classify G-structure manifolds. This is done by considering T;M ® gt as a
representation space of the structure group G and decomposing it into irreducible
G-representations. This will be illustrated in Chapter 4.4 and 4.5 in the cases of

SU(3) € SO(6) and Gy C SO(7).

Alternative to their definition as a G-subbundle P of the frame bundle, G-
structures can be determined by the existence of G-invariant, non-degenerate and
globally defined tensors, a characterization that is more common in physics lit-
erature than the above one. The G-structure then arises as a restriction of the
transition functions of the corresponding bundle by the requirement that they
leave the defining objects invariant. The choice of invariant objects is usually not
unique, implying that the same G-structure can be described by different sets of
objects. If the structure group is reduced to SO(d) and the manifold is spin, we
may in particular use spinors as defining objects. Details about this definition

and further examples can also be found in [68].

As already mentioned, there is a one-to-one correspondence between the exis-
tence of a metric and a reduction of the structure group to O(d). The following
other examples will be of interest: given an almost complex structure J (cf. Ap-
pendix A) on an even d-dimensional manifold M, the structure group reduces to
GL (%) c GL(d). If in addition the manifold admits a Hermitean metric satis-
fying the compatibility condition (A.13), the structure group further reduces to
U (g) As described in Appendix A, this implies in particular the existence of
a fundamental (1, 1)-form w. It can be shown that it suffices to have two of the
structures (w, g, J) on a manifold to uniquely fix the third. In seven dimensions,
the reduction to the structure group Go C SO(7) is determined by the existence
of a globally defined three-form ¢. It can be shown that the differentials of the
defining forms decompose into the same irreducible G-representations as the in-
trinsic torsion and that this decomposition may equally well be used to classify

the G-structure.

As described, a compact manifold must admit a globally defined real Killing

spinor to ensure the preservation of four-dimensional N = 1 supersymmetry in

“From now on, we mean by “holonomy of a manifold” the holonomy of the Levi-Civita
connection. If instead the holonomy of a torsionful connection is meant, this will be explicitly
indicated.
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4.2 G-Structure and Intrinsic Torsion

Manifold M dim(M) Structure group G
round spheres n SO(n)
Nearly-Kéhler 6 SU(3)

Nearly parallel G4 7 Go
Sasaki-Einstein ~ 2m + 1 SU(m)
3-Sasakian dm +3 Sp(m)

Table 2: Bar’s list of Riemannian manifolds with real Killing spinors.

string compactifications. The existence of such a spinor determines a G-structure,
but not all G-structure manifolds carry a real Killing spinor. Riemannian man-
ifolds with real Killing spinors have been completely classified by Béar in [31],
resulting in the list presented in Table 2. All these manifolds come equipped
with a canonical three- and four-form determined by the spinor, all of them are
Einstein, admit a non-integrable G-structure and a connection with nonvanishing

torsion.

Bar’s classification is based on the observation that the Riemannian cone over
a real Killing spinor manifold has special (reduced) holonomy. Some examples are
listed in Table 3. The following relations (cf. [28]) will be particularly interesting

for our work:

e the metric cone over a Sasakian manifold is Kéhler,
e the metric cone over a Sasaki-Einstein manifold is Calabi-Yau,

e the metric cone over a nearly-Kahler manifold has holonomy contained in
GQ)

e the metric cone over a Ga-structure manifold has holonomy contained in

Spin(7).

In the compactification of higher-dimensional gauge theory, the existence of a
parallel spinor is related to a condition on the gauge connection on the compact
internal manifold: the connection is required to satisfy the higher-dimensional in-

stanton equation. The exact relation between these conditions has been discussed
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4  G-STRUCTURES AND HOLONOMY

Real Killing spinor manifold M dim(C(M)) Holonomy group of C(M)
Sasaki-Einstein d SU(d)
3-Sasakian d Sp(d)
Nearly-Kéhler 7 Ga
G 8 Spin(7)

Table 3: Real Killing spinor manifolds and the holonomy groups of their cones.

in [29]. On G-structure manifolds, covariant differentiation of the instanton equa-
tion implies the Yang-Mills equation with torsion. The torsion term vanishes on
manifolds with real Killing spinor and in particular on manifolds with special

holonomy.

4.3 Sasakian Manifolds

Let us take a closer look at some examples of G-structure manifolds that will
be used in Parts II and III of this thesis. We start with Sasakian manifolds of
dimension 2m + 1 with 1 < m € N. They appear as compactification spaces in
various higher-dimensional theories and, as described in [39], they provide a bridge
between all other special geometries listed in Table 2. A detailed introduction to

Sasakian geometry can be found in [39, 47, 52].

Sasakian manifolds are special types of contact manifolds. According to [53,
54], an almost contact structure (®,7,¢) on an odd-dimensional Riemannian
manifold (M, g) is characterized by a nowhere vanishing vector field £ € I'(T'M)
and a one-form n € QY(M), satisfying n(£) = 1, plus a (1,1)-tensor ® such that
$? = —1 + £ ®n. Such a structure is called contact if in addition the one-form

satisfies

n A (dn)™ # 0. (4.8)

In this case, n is called contact form, and ¢ is referred to as Reeb vector

field. Contact structures are normal if for their Nijenhuis tensor associated to
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4.3 Sasakian Manifolds

the tensor @,

No(X,Y) = ®*[X,Y] + [BX, PY] — B[®X, Y] — DX, DY
VXY e [(TM), (4.9)

the relation
N=—-dn®¢ (4.10)

holds®. When the Riemannian metric g on an almost contact manifold (M, g)

satisfies
9(2X, 2Y) = g(X,Y) —n(X)n(Y) (4.11)

for any vector fields X,Y € I'(T'M), the structure is referred to as almost contact
metric. It is called contact metric if in addition

dn = 2w, (4.12)

with a two-form w(X,Y") := ¢g(X, ®Y), is satisfied.

A Sasakian manifold can now be defined as a manifold with normal contact

metric structure.

Sasakian manifolds admit a reduction of the tangent bundle structure group
from SO(2m + 1) to U(m). In certain cases (provided that the manifold admits
two Killing spinors €, € [29]), the structure group can be further reduced to SU(m).
This structure allows — apart from the existence of the one-form n € Q'(M) and
two-form w € Q%(M) — for the introduction of forms P € Q3(M) and Q € Q*(M)
that satisfy the following relations:

1
P=nAw, Qzﬁw/\w, now = 0. (4.13)

The contraction is defined as niw = *(n A *w) by use of the Hodge star operator
on (M, g) (see for example [24]). All these forms are parallel with respect to the
canonical connection that is specified below. In addition to (4.12), they satisfy

the relations

d*xw=2m=*n, (4.14)
AP = 40, (4.15)
d*Q = (2m —2) % P. (4.16)

8This is equivalent to the complex structure J induced on the product manifold R x M being
integrable.
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4  G-STRUCTURES AND HOLONOMY

Condition (4.12) can be generalized. If the structure satisfies dn = aw for some
real parameter a € R, it is referred to as a-Sasakian. We will see below that the
a-Sasakian structure can be transformed into a Sasakian structure by rescaling of
basis elements.

It is useful to choose a local orthonormal basis {e!, e} of T*M such that the

parallel one- and two-form become
n=e, w=e"+e" 4. . 4Pt (4.17)

In order to distinguish the contact direction, we use a slightly different index
convention than for the Lie groups in Chapter 2. We use small indices a =
(2,...,2m + 1) to label directions on the Sasakian manifold excluding the con-
tact direction. Indices that can be either 1 or a are labeled by Greek letters
w=(1,2,...,2m +1). As described in Chapter 3, the torsion of the canonical
connection is proportional to the three-form P. This connection has the following

coefficients on a Sasakian manifold® [29]:
1
c
PFZa =7 an + Epuaba (418)
Ple = —PFLG = chzl + P,ula- (419)

The connection 'V is constructed such that the Killing spinors are parallel with
respect to it, i. e. Ve = 0, and hence has holonomy SU(m). It is compatible with
the following family of metrics parametrized by a real constant h, all of which are

Sasakian up to homothety:
gn = e'e! + e el (4.20)

This can be seen by rescaling the metric with a real parameter ~,

Gy =7 (e'e! 4 M oaee’), (4.21)
and introducing new basis forms €' = ~e!,€* = ~e"e?, such that the rescaled
metric takes the form

Ghry = €€ + Sapee. (4.22)

Recall that the original basis one-forms satisfy the Sasaki relation de! = 2w (4.12).

For still being Sasakian after rescaling, the new basis elements have to satisfy an

9Note that the identities in the second line hold only for g,, = d,,, i. e. when {e!, e}
constitute a non-coordinate basis. In all other cases, the appearance of metric factors has to be

taken into account when raising and lowering indices.
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4.4  SU(3)-Structure Manifolds

analogous condition. We find

w = a(h,y)w. (4.23)

The structure is therefore a-Sasakian for all a(h,~y) (hence also for all scaling
factors 7) and Sasakian (i. e. de* = 2W) for the special value o = 2, or, equivalently,

o

If the metric on a Sasakian manifold is proportional to the Ricci tensor, we
have a Sasaki-Einstein manifold, whose structure group is necessarily SU(m).
These are the manifolds listed in Tables 2 and 3. Note that a Sasakian manifold
with SU(m) structure group need not necessarily be Einstein, as will be explained
in further detail in Chapter 9. Our Sasakian manifold with metric (4.20) becomes
Einstein for h = 0. The value

oh 2 (4.24)

m+1
is special as well, as it makes the torsion of the canonical connection totally
antisymmetric. We will restrict our consideration to the latter case in Chapter 9

and not study the Einstein case in detail in this thesis.

4.4 SU(3)-Structure Manifolds and Their Torsion Classes

Six-dimensional manifolds with structure group SU(3) are particularly interesting
in the context of ten-dimensional string theories. Torsionful SU(3)-structures
appear, for example, in the construction of heterotic domain wall solutions in
[35].

There are several ways to determine an SU (3)-structure. One is to fix a metric
g and almost complex structure J, as described in Chapter 4.2, plus a complex
(3,0)-form  that determines an orientation. These structures imply the existence
of a (1,1)-form w. Alternatively, it suffices to fix the pair (w, §2) to determine the
SU (3)-structure. These forms uniquely fix g and J as described in [6]. We refer to
(w, Q) as SU(3)-structure forms. It is also possible to fix the SU(3)-structure is by
a globally defined spinor, which can be shown to uniquely determine the structure
forms (w, ). We will however not discuss the spinor approach in further detail

here.

The spaces of two- and three-forms decompose into irreducible representa-
tions under the action of SU(3). Being globally defined and by definition SU(3)-
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4  G-STRUCTURES AND HOLONOMY

invariant, the forms w and  transform in one-dimensional SU (3)-subrepresenta-
tions. Decomposition of the spaces of differential forms into irreducible SU(3)-re-

presentations implies the following compatibility conditions:

wAw/\w:—ziQ/\Q, (4.25)
wAQ=0. (4.26)

Equation (4.25) defines a volume form on the six-dimensional manifold. The minus
sign on the right-hand side has been chosen to match equations in [35], from where
most of our conventions have been adopted!®. In addition, the structure forms
satisfy the following relations, where the notation €2 = Q% + Q™ is used for the

real and imaginary part of the structure three-form:

1
W= oW A w, *(wAw) = 2w, (4.27)
Ot = O, «)" = —QF. (4.28)

The forms defining the SU(3)-structure are parallel with respect to the mini-

mal G-connection. This is equivalent to
Lvw = -Tuw, LevQ =-7A. (4.29)

It can be shown [50] that on an SU(3)-structure manifold “Vw, dw and Tw
decompose into the same irreducible SU(3)-representations. The intrinsic torsion
of an SU(3)-structure manifold at a point p € M decomposes as follows:

TseTM@su3) =(1a1)® (808)®(606)D2(303), (4.30)
Wh Wa Ws Wa, W5

where we label the representations by their real dimension and associate to each
representation component a torsion class W,,, m = (1,...,5). Wy = W, +iWy
is a complex scalar, Wy = W5™ + iW, is a complex, primitive!! (1, 1)-form, W
is a real, primitive ((2,1) + (1, 2))-form, Wy is a real vector and W; is a complex
(1,0)-form. The structure forms (w,{2) are in general not closed, and we may
express their differentials dw € Q3(M) and dQ € Q*(M) in terms of the same

torsion classes as
3 _ _
dw = ZZ(WIQ — W19> + W4 Nw + W3, (431)
dQ = -WiwAw+ Wy Aw + W5 A Q. (4.32)

10We use the conventions of [35], but our structure constants are normalized such that they
satisfy equations (2.23) to (2.25). This leads to a rescaling of dw, dQ2, W; and W, compared to
the equations in the reference.

U Primitivity means tracelessness with respect to w: (Ws)apw4? = 0.
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4.4  SU(3)-Structure Manifolds

Manifold Vanishing torsion classes
Complex W, =Wy, =0
Symplectic Wi =W;=W,=0
Half-flat W, =Wy =W, =W;5=0
restricted half-flat Wy =W, =Ws;=0

Special Hermitean Wi=Wo=W,=W;=0

Nearly-Kéhler We=W3=W,=W;=0
Almost Kahler Wi =W3 =W, =W-;=0
Kahler W1 = WQ = Wg = W4 =0

Calabi-Yau W1 = W2 = Wg = W4 = W5 =0

Table 4: Some special SU (3)-structures, characterized by their torsion classes.

In the case of dw = df2 = 0, the manifold has SU(3)-holonomy, i. e. it is a
Calabi-Yau manifold.

Table 4 contains an incomplete list of special types of SU(3)-structure man-
ifolds and the corresponding torsion classes. We will be particularly interested
in half-flat manifolds, which include the class of nearly-Kahler manifolds. On
half-flat manifolds, the structure equations (4.25) and (4.26) imply

wAdw=0. (4.33)

Nearly-Kéahler manifolds have been of particular interest in the context of string
compactifications, as they are an easily accessible generalization of Calabi-Yau
manifolds, and a number of explicit examples of them are known. Their structure
forms satisfy the following relations, in addition to the above presented structure

equations:

dw ox Q7 dQ" o 2w A w. (4.34)
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4  G-STRUCTURES AND HOLONOMY

The Coset Space SU(3)/(U(1) x U(1))

Let us take a closer look at the coset space SU(3)/(U(1)xU(1)), which will be used
in Chapter 7 for the study of explicit instanton solutions. This space comes with a
restricted half-flat SU(3)-structure (cf. Table 4 and [60]) and nonvanishing torsion
classes Wi, W,". The most general SU(3)-invariant metric on SU(3)/(U(1) x
U(1)) takes the form

=R +ee?)+tRi(*+e!'®e!) + Ri(E° e’ + e ®ef)
(4.35)
with real constants R, Ry, R3 € R. We find three SU(3)-invariant two-forms

w1, ws, w3 and two invariant three-forms py, po that can be written in a local basis

as

wy = e'?, wy = —e, wsy = €%, (4.36)

P = 6136 o 6145 4 6235 4 6246, P2 = 6135 =+ e146 o e236 4 6245. (437)

The SU(3)-structure forms (w, §2) can be written as linear combinations of these

invariant forms:

w = Riw) + Riw; + Riws, (4.38)

The torsion classes are computed from the structure forms, using Cartan’s equa-

tions (2.16) and (2.17) as well as the structure constants

1
f172 - %;
ffsz—ff4:f§3:f§4:f§4:—fg6: L (4-40)

23’

1
f§4 = f586 = 5

We find
1
dw = —=(R} + R + R3)po, 441
2\/3( 1 2 5)p2 (4.41)
2
dQ+ — _ﬁRlRZR?)(WI A (09)) + w1 A w3 + W2 A w3)7 (442)
dQ)™ =0, (4.43)
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4.5 Gy-Structure Manifolds

and the torsion classes take the form
i R?+ R34+ R2
L 3VBRIR.R;

2
Wi = ———— (R3(2R] — R5 — R3)e?
2 3\/§R1R2R3( 1(2Ry 2 3)

— R3(2R; — R} — R;)e* + Ri(2R; — R} — R3)e'?) . (4.45)

(4.44)

When all R’s are equal, the second torsion class vanishes and the space becomes

nearly-Kéahler.

In addition, let us list the following identities, which are useful in explicit

computations:
d(w Aw) =0, (4.46)
wAw=2(RIR5w; Awy + R3R3wy A ws + RIR3w; A ws), (4.47)
p1 A py = 4e', (4.48)

4.5 (Go9-Structure Manifolds

Closely related to six-dimensional SU(3)-structure manifolds are seven-dimensio-
nal manifolds with Ga-structure. As already mentioned, the cone over a nearly-
Kéhler manifold has holonomy contained in G5, and the cylinder over an SU(3)-
structure manifold comes with a torsionful Gs-structure. A Gs-structure on the
manifold M is uniquely determined by the existence of a three-form P, allowing
us to refer to such a manifold as (M, P). Being a subgroup of SO(7), the structure

group G5 determines a metric g; and orientation on M.

An alternative characterization in terms of spinors is possible as well by lifting
G5 to a subgroup of Spin(7). We will not describe the details here but note in
this context that a seven-dimensional manifold admits a Ga-structure if and only

if it is orientable and spin.

Together with the metric, the three-form uniquely determines a four-form
Q = xP. We refer to the pair (P,Q) as structure forms of the G-structure,
in analogy to the SU(3)-structure case. Ga-structure manifolds show strong sim-

ilarities to almost Hermitean manifolds, more details of which can be found for
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4  G-STRUCTURES AND HOLONOMY

instance in [69, 70]. Manifolds with Gy-structure are in particular Ricci-flat, which

makes them interesting for compactifications of eleven-dimensional M-theory.

As before, we use the intrinsic torsion to classify Ga-structures. The intrinsic
torsion at a point p € M decomposes into irreducible Go-representations according
to

Tas €ETTM®gy =18 7014627, (4.50)
70

T1 T2 T3

where we label the representation spaces by their dimension and associate a form
Tmsm = (0,...,3), to each of them. 7 is a scalar, 7 a one-form, 7, a two-form and
73 a three-form. The spaces of three- and four-forms on M decompose into the
same irreducible subrepresentations, and the differentials of the structure forms

(P, Q) may be written in terms of the torsion forms as

dP = T()Q + 37’1 A\ P —+ *T3, (451)
dQ =47 A Q + *To. (452)

Note that 71 appears in both decompositions, a fact that is proven in Theorem
2.23 of [70]. As there are four torsion classes, we find in total 16 classes of Ga-
structures, which have been classified by Ferndndez and Gray in [71]. In particular,

a (9 structure is called torsion-free if both P and @) are closed:
dP =d@Q = 0. (4.53)

This is equivalent to the vanishing of all torsion classes. Some other interesting
classes of Gao-structures according to [72] are listed in Table 5. In particular, a
Go-structure is called cocalibrated if the four-form is closed, d@) = 0, and nearly-
parallel if in addition the three-form satisfies dP o ). More details about Gs-

structure torsion classes can also be found in [32, 72].

For the results presented in Chapter 7, it is important to understand the
relation of the structure forms (P, @) and the metric g7 of a Go-structure manifold.
According to equation (A.9) in [62], the metric is determined by the three-form
P via the relation

1
(97)aB = —MECDEFKMNPACDPBEFPKMM (4.54)

where € denotes the curved Levi-Civita symbol which takes values

eapcperc € {£V 97|} (4.55)

Conventions for curved and flat Levi-Civita symbols are adopted from [67] and

summarized in Appendix B. Solving equation (4.54) for |g7| and inserting the result
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4.5 Gy-Structure Manifolds

Manifold Vanishing torsion classes
Nearly parallel TM=Tg=13=0
Almost parallel or coclosed =71 =73=0
Balanced To=T1=7=0
Locally conformally parallel To=To=T13=10
Cocalibrated T1=To=0
G2-holonomy To=T1i=To=7173=0

Table 5: Some classes of GGo-manifolds, characterized by their torsion classes.

back into the original formula allows for an explicit computation of the metric
components. It seems that the three-form P is somehow more fundamental than
the four-form @), as it determines the metric g;. However, the following arguments
show that the four-form @) can be used equally well to determine the metric. In

seven dimensions, a four-form fixes a three-form as follows:

1
GABC _ I ABCDMNP Qpunp. (4.56)

As in equation (4.54), the inverse metric can be determined via this three-form as

1
YAB = — _— eopmrianSACD SBEF GKMN (4.57)

(97 144

Replacing the components of S by the components of @) using equation (4.56)
yields

1\3
(g7)*P = — (Z) eAMN X Xa BPOYIYa0) o, Qviv, Quinpo- (4.58)

Expressing the curved Levi-Civita symbols by flat ones and moving the determi-

nant to the left-hand side allows to determine |g;|. Inserting the result back yields

an explicit expression for (g;)4? in terms of the components of Q.
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5 Yang-Mills Action and Self-Duality in Higher

Dimensions

In this section, we introduce the Yang-Mills equation and the notion of instantons
in dimensions higher than four. We list some properties of the instanton equa-
tion, including its relation to the geometric structures introduced in the previous

chapter.
Let E = P x,V be a vector bundle associated to the principal bundle P(M, G)

with respect to some representation p of G. Let A be a local connection form on
E with curvature F. We introduce the Yang-Mills action as
1
SYM = / tr (,/—"/\ *,/—") = —/ tr (.FAB.FAB)VOZ<M), (51)
M 2 Jum

where the trace is taken over the representation indices of the g-generators in the
representation p. We denote by Vol(M) = /|gle* A -+ A e? the volume form of
the base space (M, g) and by * the Hodge star operator with respect to g. It can

be shown that this action is invariant under gauge transformations.

The Yang-Mills action gives rise to the following definition: A connection form
A is called Yang-Mills connection if its curvature F satisfies the Yang-Mills

equation
DxF =0. (5.2)

The Yang-Mills equation is the equation of motion for the action (5.1) and takes

the following form in components:
DaFAP = 0, F P + [Aa, FAP] = 0, (5.3)

where we use capital indices to label directions on M. As this is a second-order

differential equation, the construction of analytic solutions in explicit examples is
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not always possible. We can, however, find gauge connections that satisfy a first-
order differential equation and minimize the Yang-Mills action functional. The
solutions to the first-order equation solve the second-order one, but it is usually

not possible to find all second-order solutions by solving the first-order equation.

To understand the idea, let us restrict the discussion to M = R* with Eu-
clidean metric gag = d4p for the moment. The concept can be generalized to
higher dimensions and more complicated geometries after introducing additional
structure. In four dimensions, the Hodge star operator maps two-forms to two-

forms, which allows for the following definition:

A two-form w € Q?(M) is called self-dual if it satisfies the condition
*w = w. It is called anti-self-dual if it satisfies *w = —w. A local connection form
A € QY(U, g) on some small open subset U C M is called (anti-)self-dual if its
curvature F € Q?(U, g) is (anti-)self-dual.

The space Q*(M) of two-forms on a four-dimensional manifold M splits into
a direct sum of self-dual Q% (M) and anti-self dual Q2 (M) forms according to

Q* (M) = Q3 (M) @ Q% (M). (5.4)
In this context, the Hodge star operator can be understood as an operator with

eigenvalues £1. Self-dual and anti-self-dual two-forms are eigenforms of the +1

and —1 eigenspaces, respectively. The equation
xF =+ F (5.5)

is called (anti-)self-duality or instanton equation. Finite-action solutions of

equation (5.5) are referred to as instantons.

Covariant differentiation of *F = £F and use of the Bianchi identity (3.15)
lead to the Yang-Mills equation, implying that every (anti-)self-dual connection

is in particular a Yang-Mills connection.

The Yang-Mills action has a lower bound, also known as BPS bound, which is
saturated if the curvature F is (anti-)self-dual. To see this, we rewrite the action

as

1
SYM = —/ d4ZEtI' (FAB.FAB)

2 Jm
1

=1 / d'z (tr (Fap F +Fap)(FP F«FAB)) £ 2tr (Fap + F1P))

1

4_1/ tI‘ FAB:F*.FAB) i?tr(FAB*fAB))

1
ii/ d'ztr (Fap x F45), (5.6)
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5 YANG-MILLS THEORY

using *Fap = seapcpF Y and gap = d4p. The inequality turns into equality
when the curvature satisfies the instanton equation (5.5). This implies that instan-
tons minimize the Yang-Mills action, in agreement with the above observation that
they are in particular Yang-Mills connections. A solution for the four-dimensional
instanton equation with structure group G = SU(2) can be found, for example,
in [56].

The idea of replacing the second-order Yang-Mills equation by a first-order
condition can be generalized to higher dimensions after introducing additional
structure. Given a G-structure on the d-dimensional Riemannian manifold (M, g)
and assuming that G is simple, it is possible to construct a globally defined, G-
invariant four-form @) by taking the inverse of the Killing form and using the fact
that the space of two-forms Q?(M) is pointwise isomorphic to so(d) (cf. [29]). Tt
turns out that this four-form vanishes if G = SO(d) but is nonzero if G C SO(d)

is a proper subgroup. Given such a (), we may construct an operator

*(xQ A -) : QA(M) — Q*(M)
N *(xQ An) (5.7)

that commutes with the action of G. It follows that the irreducible subrepre-
sentations of G in the space of two-forms are eigenspaces of this operator. The
eigenvalue of the adjoint representation of G can be normalized to —1, and the
other eigenvalues are determined case-by-case. They have been listed for the cases
most interesting for us in [57]. Higher-dimensional instantons are then defined
to be two-forms that transform in the —1 eigenspace of the operator'? x(xQ A -).

The higher-dimensional instanton equation takes the form
xF =—%xQANF. (5.8)

Covariant differentiation of this equation implies the Yang-Mills equation with

torsion,
dxF + [A,xF|]+«HNF =0, (5.9)

where xH := d+(). The torsion term vanishes if dxQAF = 0, which is in particular
the case if the underlying manifold M has special holonomy. The generalized

instanton equation implies the torsionful Yang-Mills equation and extremizes the

12More generally, instantons could be defined to be two-forms that belong to any of the
eigenspaces of this operator. Then they satisfy the equation *F = v *x Q A F for some real

constant v € R (cf. [29]). We will not use this more general definition here.
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following action, which includes the familiar Yang-Mills plus a Chern-Simons term:
S:/ tr (FA*F+ (-1« QAFAF). (5.10)
M

In this equation, d is the dimension of the manifold. In accordance with the
four-dimensional case, we require the higher-dimensional instantons to have finite
action as well, i. e. S < oo with S given by (5.10). It has been pointed out in
[29, 57] that the instanton equation (5.8) is equivalent to requiring the two-form
F to be contained in the Lie algebra g of the structure group G after identifying
AN*T*M = so(d). Furthermore, (5.8) implies the BPS condition v(F) - = 0
(1.5) that arises in heterotic supergravity. In particular, imposing the higher-

dimensional instanton equation requires the existence of a G-structure on M.

Let us mention some additional properties of the higher-dimensional instanton
equation that illustrate its meaning as an eigenvalue equation. On almost complex
manifolds, there is a special type of natural first-order BPS equations that has
been introduced in [58, 59]. These equations are known as Hermitean Yang-Mills
(HYM) or Donaldson-Uhlenbeck-Yau (DUY) equations. They are conditions for
unbroken supersymmetry in heterotic string compactifications on compact Kéahler
manifolds, generalize the four-dimensional self-duality equations and imply the
Yang-Mills equation. Let (M, g) be an even-dimensional manifold that carries
and almost complex structure J, and £(M, V') a complex vector bundle endowed

with a connection A with curvature F. Then the HYM equations take the form
FH0=F" =0, wiF = 0. (5.11)

F splits according to equation (A.7) into F = F9 4+ Fbl 4+ F92 The equations

(5.11) coincide with the anti-self-duality equation *F = —F in four dimensions.

The generalized anti-self-duality equation on a six-dimensional SU(3)-struc-
ture manifold takes the form *F = —w A F, where w is the SU(3)-structure
two-form. In this dimension, the space of two-forms is 15-dimensional. Ac-
cording to [24, 57], it decomposes into three eigenspaces Q3 (M) with eigenvalues
A = {—1,1,2} of respective dimensions 8, 6 and 1. The —1 eigenspace contains
the component F™V of holomorphicity degree (1,1), orthogonal to the SU(3)-
structure form w. The 1 eigenspace contains the components F >0 and F©2),
and the two-forms in the 2 eigenspace are proportional to w. In this case, the

generalized instanton equation is equivalent to the HYM equations.

Equation (5.8) is invariant under conformal transformations [29, 55]. In par-

ticular, it takes the same form on the cone C(M) and on the cylinder Z(M) over

40



5 YANG-MILLS THEORY

a manifold M. The Hodge star operators on C and Z, acting on a p-form, are

related as

swo = el T2y (5.12)

with d denoting the dimension of C and Z. This implies that the left-hand side of
the instanton equation transforms as *¢F = f% 4%z F. As the curvature is metric-
independent, the components of F are equal on both manifolds. Both the cone
and the cylinder admit a four-form ). Conformal invariance then enforces the
four-forms on C and Z to transform as Q¢ = €*"()z and imply that the instanton

equations on both manifolds differ by a global conformal factor f¢—*:
soF +%cQe NF = f4 (%2 F +%2Qz AN F) = 0. (5.13)

Note that the Yang-Mills equation is not conformally invariant, a fact that will

become important in Chapter 8.
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Part 11

Instantons on Coset Spaces

6 Instanton Equation on the Cylinder over a

Coset Space

After introducing the most important facts about compact manifolds with G-
structure and higher-dimensional Yang-Mills theory, let us now turn to the con-
struction of explicit solutions of the higher-dimensional instanton equation. We
start by studying instantons on the cylinder over a general reductive homogeneous

space G/H and specialize to an explicit example later on.

Let G/H be an n-dimensional reductive homogeneous space and denote by
d = n+1 the dimension of the product space M = Rx G/H. For the construction
of explicit instanton solutions, we first have to determine a four-form @ in this
general setup. When explicit examples of G-structure coset spaces are considered
later on, the four-form ) on M will be explicitly given by a combination of the

structure forms. We start by expanding the instanton equation
*F=—xQAF. (6.1)

in components. Before doing that, it is useful to apply the Hodge star operator

once again. This yields
F=—%(xQAF), (6.2)
using the fact that

k) = (_1)r(d7r)?7 (63)
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holds for any r-form 7 on a d-dimensional Riemannian manifold with positive

signature, and in particular xx = id for differential forms of even degree. We find

_ 1 ABCD Ms=---M,
*Q = m@ €ABCDMs--M4€ 5 d (64)
and
_ 1 ABCD MaPQ
*Q A\ ./T" = m@ EABC’DM5 Md}"er d (65)
where capital indices'® A = (0,...,n) are used to label all directions on R x G/H

and €apcpas.-m, 1S the curved Levi-Civita symbol according to equation (B.3).

Applying the Hodge star operator again, we find

(*Q A f) QABCDGABCDMs.“MdJT"PQEMS...MdpQRseRS. (66)

1
2. 2141(d — 4)!
Contraction of the Levi-Civita-symbols according to equation (B.7) and renaming

of indices yield

*(*Q/\]:) 5. 2‘QABCD~F 51?3%%2« RS

2 2‘QAB .FCD€CD. (6.7)

A comparison to the components of the left-hand side of equation (6.2) leads to

1

1
Fap = _éQABCD]‘_CD ~ Fap = —§QCE9DFQABEF}_CD- (6'8)

This form of the generalized instanton equation in components has first been
introduced in [13]. Decomposition of the free indices A, B into directions on R
and on G/H leads to two equations, a first-order differential equation and an
algebraic condition, which will also be referred to as quiver relation. This relation
allows to determine ) on a general space G/H and hence solve the first-order
equation. On special cosets where () is explicitly known, the quiver relation

constitutes additional constraints that restrict possible instanton solutions.

With indices in the original position, equation (6.8) holds both on the cone
and on the cylinder, using the respective four-form @)z or Q)¢. Because of the
conformal invariance of the instanton equation, we may specialize to the cylinder

with metric ¢ = dr? + 6, and write out the instanton conditions explicitly.

13We use capital indices for directions on the product manifold R x G/H and small indices
a=(1,...,n) for directions on G/H. This is not to be confused with indices @ = (1, ...,dim G)
used in Chapter 2 to label directions on the group manifold G.
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6 INSTANTON EQUATION ON Z(G/H)

With the aim to keep the solution as general as possible, we have to construct the
four-form @)z without introducing any additional structure. Being a quotient of
Lie groups, the manifold G/H is equipped with structure constants which are by
definition antisymmetric in the lower two indices. Lowering the upper index of a
structure constant with the Killing metric (2.19) leads to a totally antisymmetric
object:  frgec = fave = flabg (see Appendix C.1 for details). Note that this
property is lost when coset spaces with more general metric are considered. In

our case, we can use the structure constants to define a three-form on Z(G/H) as

1
f = afabceabca (69)

where {e®} is a basis of non-holonomic one-forms on 7%(G/H) as in Chapter
2. Once a three-form is fixed, a four-form @) on Z(G/H) can be constructed as

follows, with functions 51(7), 52(7) that are to be determined:

Q L= ﬁ1<7'>d7' AN f + /BQ(T)df (610)
Using the Maurer-Cartan equation (2.16)

1 ~ 1 4
et = g g = (it s ) (6.11)

the differential of f becomes
1 1 -
df == (Zfabcfc(lle + §fabc z‘céeji> edebc' (612)

The last summand fqp. f|‘;|e€fi] vanishes by use of the Jacobi identity (C.2), and @

takes the form

1 1
Q= gﬁlfabch A ebe — Zﬁzfabcfieedebc- (6.13)

Raising and lowering indices with the cylinder metric does not lead to any addi-

tional factors. Hence equation (6.8) takes the following form on Z(G/H):

1
Fap = —§QABCD]:CD- (6.14)

Separating the indices A = (0,a) yields a first-order equation and an algebraic

condition. With the explicit components of (), we obtain

1
-FOa = _§Q0acdfcd = _%facd]:cda (615)

1
Fap = — (QabOd-FOd + §Qabcdfcd)
1 1
- §Q0abeQ06deFCd - éQabcd-ch

= (%B%fabefcde + 352fe[abf:d}> fcd' (616)
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6.1 Gauge Connection with One Scalar Function

6.1 Gauge Connection with One Scalar Function

To determine the functions (1), 52(7), we need to further specify the components
of the curvature form F. We start with the simplest case, in which the gauge
connection (3.31) is parametrized by on one real scalar function'*, A = €'I; +

¢(1)e?1,. In this case, the curvature takes the form

- QZ.SICLJ (617)
Far = (=D fudi + (=) f1 1, (6.18)
where ¢ = 8(2(:), and we can determine the functions 81 (7), 52(7) explicitly. Omit-

ting the explicit 7-dependences, equation (6.16) turns into

(6" =1 fa s + (6*=0) f 1
— <%612fabefcde + 352fe[abffd]) (((;52_1) i+ (¢2—<b)fc{sz> . (6.19)

In order to determine 3; and 35, we need to assume in addition that the structure

constants with indices in the original position are cyclic and satisfy

% = b, (6.20)
. 1

waliy = 5(1 — @)0ab, (6.21)
waft = 0ui = 0, (6.22)

with some real parameter « specific to the chosen coset (cf. Chapter 2). Detailed
derivations of the identities used in the following steps can be found in Appendix
C.1. Note that the summand proportional to f& f¢ f!, in equation (6.19) vanishes
due to equation (6.22) and that the antisymmetrized combination of structure

constants fefasfqy satisfies

(Qfea[bfce]d + fe[bc} f(fd) . (623)

COI'—‘

fe[ab cd) — fe ab c]d -

Together with equations (C.7) and (C.8), we find

«

(2fec afb]d =+ fe[ab ) fczd = 3 éb' (624)

fe[abfcd]fcd = 3

7)
1
3
The combination f, S, fcj; can be easily simplified using equation (6.20):

To ceclfcfd = O‘fc{b- (6~25)

14We omit the tensor product in the connection from now on.
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6 INSTANTON EQUATION ON Z(G/H)

For the last summand in equation (6.19), we use equation (C.16) and find

Fetanfoa 2y = (1 —a)fh (6.26)
With equations (6.23) to (6.26), equation (6.19) simplifies to
(6" = Dfasli + (0" = O) L1y
e

= —aBa(¢”—1) fo 1; + < 5

L 2) (0°=0) fuly.  (6.27)

As the Lie group generators I; and Iy are linearly independent, this yields two

conditions:

0562 =—1 for Iz‘, (628)

aff | (1—a)Bs
21 + 2

=1 for I;. (6.29)

We find that on the cylinder, 8; and [, are in fact T-independent coefficients:

1
Balr) = P2 = ——, (6.30)
Vita
ﬂl(T) = 51 == o . (631)
With these results, () can be written down explicitly:
1 v1+
Qz =dg—— L fupedT A e + 1 fe[ab fege®™. (6.32)

Inserting /31 into the flow equation (6.15) and using equations (6.17) and (6.18)
for F leads to

Fu=7 e e 0=l 0@ -0 (639)

For both overall signs, equation (6.33) yields kink-type solutions that interpolate
between ¢ = 0 and ¢ = 1 for 7 — Fo00:

1 V1 1
¢(1) = —=tanh | F * a(T —7) | + =. (6.34)
2 4 2
These solutions are plotted in Figure 1 for 7o = 0 and o = 3, which is the right

value for the coset space SU(3)/(U(1) x U(1)) with structure constants as in
equation (4.40). Solutions of this type in similar setups have been found in earlier
works, for example in [23, 24, 26, 28].
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6.2 Finiteness of the Yang-Mills Action

o)
1.0}

08/

o b ——— T

35 0 5 [ 5 10 15

Figure 1: Plot of solution (6.34) for positive (green) and negative (blue) sign of

the argument, with o = % and 79 = 0.

6.2 Finiteness of the Yang-Mills Action

As already mentioned in Chapter 5, instantons are defined to be finite-action
solutions of the Yang-Mills equation. Some comments about finiteness of the
action are in order. Using the ansatz (6.17), (6.18), the action (5.10) can be

written in the form
S = / (T—-V)= / <§¢2 - v) dr, (6.35)

where T" denotes the kinetic term and V' the potential, determined by explicitly
writing out the expression F A xF 4+ *xQ A F A F as in Appendix C.3. This action
is finite if the solution (6.34) interpolates between zero-potential critical points.
Writing the corresponding Yang-Mills equation of motion as gb = —0,V allows
for the determination of the potential up to a constant term. The equations of
motion, arising from variation of the action, do not change after an arbitrary
constant is added to the potential V. In the cases considered here, one can always
find a constant such that a given instanton solution has finite action, and the

finiteness requirement can be used to determine this constant.

On the other hand, equation (5.10) together with the explicit forms of @) and
F (resp. A) can be used to determine the constant term in V. A computation
of this type is explicitly presented for the cylinder over a Sasakian manifold in
Appendix C.3, where the equations of motion (9.22) can be written in terms of a

gradient system.
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6 INSTANTON EQUATION ON Z(G/H)

6.3 General G-Invariant Gauge Connection

Let us generalize the ansatz for the gauge connection and assume that it takes the
form A = €'I; + e*X, subject to the G-invariance condition (3.33). This ansatz
allows A to have more degrees of freedom and therefore leads to more complicated

equations. The components of the curvature are given by

Foa = Xa, (6.36)
Foe = =(freli + freXa — [Xp, Xo])- (6.37)
Written out in components, the commutator takes the form
[Xa, Xo] = XEXG(foali + Fiale). (6.38)
Inserting this ansatz for F into the first-order equation (6.15) yields
Bu (

X2, = = (aXPl, — XX (facafinDi + facaftonIs)) - (6.39)

Comparing coefficients leads to the following two conditions:

=0

aXl — XX facatln) (6.40)
0= X"XY facaf - (6.41)

The algebraic instanton condition (6.16) turns into the following equation by use
of the identities (6.20) to (6.22) as well as (6.24) to (6.26):

T 20— 0)

WL+ XSG — [Xo, Xo) = — aBofiy]i + ( 5+ 5

(ﬁl fabefcde + 362fe[abfcd]) [Xm Xd] (642)

With the explicit expression for the commutator (6.38), this yields the following

two conditions, one for each independent coefficient:

c 1A myn 5 7
- X Xlsl cd — O‘ﬁQfab - Xc Xd ( ! fabefcdefmn + 352fe[abfcd]fmn )
(6.43)

aft n Ba(1 — a))

m yre
9 9 fab m

fngS - Xnglfced - (
m n 6 e e
- X" Xy ( L fabp fedp S + 3182 fofan S o fonn | - (6.44)

The first expression simplifies by use of equation (6.41) and takes the form

cllb_XgXlglfcid OéﬁQfab - 362Xanfe ab e . (645)

49



6.3 General G-Invariant Gauge Connection

As the canonical connection A = €'[; is an instanton, the relations (6.40), (6.41),
(6.44) and (6.45) must be identically satisfied for these components of A. This is

the case if

1

= —— 6.46

52 &7 ( )

as in the previous chapter. The algebraic relations therefore take the form
cyd pi 3 myn e ri

X(le cd = _EXC Xd fE[ab cd} mn? (647)
c e 0[252 - (1 + Oé) e
Xan cd:_< - 2% > cCleXd

B% m n e 3! m n P e
+ 7Xc Xd fabprdemn - EXC Xd fp[ab cd}fmn' (648)

Condition (6.48) can be solved for /31, but in the general case the single sum-
mands cannot be evaluated explicitly. We therefore turn to explicit examples in

the following chapters.
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7 Instantons on G,-Structure Manifolds

We have seen in the previous chapters that the instanton equation on the cylinder
over a general coset space G/H cannot be solved explicitly once the connection is
generalized. The equations then contain sums that cannot be further simplified.
We have to evaluate equations (6.40), (6.41), (6.47) and (6.48) on explicit coset

spaces to find instanton solutions in generalized setups.

As explained in Chapter 4, coset spaces of dimensions five, six and seven
with reduced structure group are of particular interest. Instantons on cones and
cylinders over five-dimensional Sasakian manifolds have been discussed in [24]
and [74]. We will present some non-BPS Yang-Mills solutions on these geome-
tries in Chapter 9. Instantons on eight-dimensional cones and cylinders over
seven-dimensional Ga-structure manifolds have been addressed in [28]. Seven-
dimensional product spaces over a six-dimensional coset space with nearly-Kahler
structure have been discussed in [24, 26, 28, 61, 63]. We choose to review this
case to illustrate the meaning of our equations and investigate whether new in-
stantons can be constructed when the nearly-Kéhler structure is generalized. For
this purpose, we will explicitly evaluate the instanton equation on the product
space R x SU(3)/(U(1) x U(1)), with the coset space admitting a half-flat SU(3)-

structure.

Before considering the example, let us remark some general facts. The cylinder
over an SU(3)-structure coset space comes with a torsionful Ga-structure. As
described in Chapter 4.2, the restriction of the structure group to Go C SO(7)
uniquely determines a metric g7, an orientation, a three-form P and hence a
four-form ¢ = *P. The instanton equation (6.8) on the cylinder over a general

coset space G/H turns into the following conditions, using the gauge connection
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A = ¢'l; + e*X, and leaving the components of the four-form @ arbitrary'®:

XY= 5076 Quupy (FErX! — XX fh) (71)

0 = 976" Qo fia = XX f 1) (7.2

by XPXE Fin = 5070 Qg (Fig — XIXG o). (73)
ing - X;nXgLme = %gcl)gdq (97 QoeabQorpg — Qabpq)

(feaX! = XOX3f0) - (T4)

Clearly, these equations depend on the choice of (). According to Chapter 3.2 of
[64], the instanton equation on a non-compact Gy-structure manifold with four-
form @ only admits a solution if @ is closed. Otherwise the system of first-
order equations is overdetermined. The G-structure induced from the underlying
SU (3)-structure is not unique and depends on the choice of structure form @). The
simplest closed, SU(3)-invariant four-form on the cylinder over a half-flat coset
space that allows for a nonsingular Gy-structure metric is given by

1
ngw/\wjtdr/\(zi (7.5)

This form is closed due to equation (4.33) and d2~ = 0. Inserting (7.5) into
equation (4.58) shows that the standard cylinder metric ¢ = d7° + gg/p is the
correct Go-structure metric corresponding to this four-form. This () is the simplest
possible four-form in the sense that without the dr-term in @), the corresponding
Go-structure metric on the product manifold would become singular. As (7.5)
is closed but not coclosed, it determines a cocalibrated Gy-structure on Z(G/H)
with dual three-form P = x7Q) = w A d7 — QT. This three-form has already been
introduced for a nearly-Kéhler coset space in Chapter 2.2 of [28].

Let us now specialize to G/H = SU(3)/(U(1) x U(1)). Representation theo-
retic arguments and the SU (3)-invariance condition (3.33) allow us to further spec-
ify the matrix entries of the gauge connection A = ¢€'I; + e*X, on
Rx SU(3)/(U(1)xU(1)) with three complex-valued functions ¢;(7), ¢o(7), ¢3(7),
as explained in detail in [26]:

X1 = Re(p)li — Im(¢) L2, Xy = —Im(¢2)I3 + Re(¢a) 1,
Xy =Im(p) 1y + Re(¢1) Lz, X5 = Re(ds)ls — Im(os)1s, (7.6)

Xg = Re(gf)g)fg + ]m(¢2)14, XG = ]m(¢3)15 + R6(¢3)Iﬁ.

15To avoid confusion, we emphasize that indices a,b,c,d,e, f,m,n,p,q label directions on
G/H and i labels directions on H in these equations.
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7 INSTANTONS ON G5-STRUCTURE MANIFOLDS

Together with the four-form (7.5) and the corresponding Ga-structure metric

gr = dr* + Ri(e'®e' + € ® €?)
+Ri(*@e* +et@et) + Ri(e® ®@e” + e ®ef), (7.7)

the instanton conditions (7.1) to (7.4) yield the following set of three cyclic first-
order and three algebraic relations that depend on the deformation parameters
R17 R27 R3:

. iR, - -
ba = m (0504 — ¢a) ,
with a, 3, cyclic. (7.8)

bl _los” _ 1 1

2 2~ p2 p2

R? R3 R; Rj

Assuming that the deformation parameters are equal, Ry = Ry = Rj3, implies

|p1] = |p2| = |p3| and restricts the structure of the six-dimensional manifold to

being nearly-Kahler. In this case, the algebraic condition is identically satisfied
and the three differential equations coincide, taking the form

7
V3R

with one complex function ¢(7) and one real parameter R. This equation is similar

¢ = (0" — ¢) (7.9)

to the instanton equation on the cocalibrated cylinder presented in [28, Chapter
5, equation (5.6 b)] with a suitable choice of R. The solution takes the form of a
kink, as discussed in detail in Chapter 5 of [24], and is explicitly given by

6(r) = —% (1 + V3 tanh (%(T - To))) . (7.10)

Leaving the parameters Ry, Ry, R3 arbitrary, the system of equations (7.8) has the

potential to admit more general solutions with three different functions ¢, ¢, ¢s.

Equation (7.8) is a quadratic ordinary autonomous differential equation of
first order. There are no general results about the existence of globally defined
solutions (for all 7 € R) for systems of this type. Solutions to quadratic ODE’s
typically exhibit singularities at finite values of the variable 7.1 The properties

of the system (7.8) and its solutions are further investigated in Chapter 7.1.

The above instanton equation can be generalized as follows. The four-form

(7.5) is not the most general choice on a restricted half-flat manifold. A direct

16This can be illustrated by studying the simple example of the ODE i (7) = z(7)2. A solution

to this equation is given by z(7) = %_C for some real constant ¢ € R and blows up at 7 = c.
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computation shows that on SU(3)/(U(1) x U(1)) with different Ry, Rs, R3, the
Hodge dual of the two-form w is not proportional to the differential of the three-
form df2:

kw 7 dS). (7.11)

These forms have the same directions but different prefactors (different depen-
dence on the deformation parameters). This suggests to write down another in-
stanton equation with a four-form constructed as a linear combination of *w and

dS). Equation (4.32) takes the following form on any half-flat coset space:
A = -WlwAw+ WS Aw, Q= = 0. (7.12)

We can therefore construct a closed four-form on the product space R x G/H over
a half-flat coset space G/H as

1 1
Q=¢e" (—Zwa/\w—i-ZW;/\w—i—dT/\fﬁ—i—dT/\Q). (7.13)

This does not have to be the most general closed, SU(3)-invariant four-form. A
rescaling of the last summand with a real factor, for example, still leads to a closed
form. For simplicity, we do not include this scaling factor in the following, as it

will not significantly change our result.

As long as the Ga-structure metric corresponding to this four-form is not
known, we cannot say anything about the geometry of the product space. Again,
let us specialize to R x G/H = R x SU(3)/(U(1) x U(1)), on which the metric
can be computed with the method presented in Chapter 4.5. It turns out that the
Go-structure metric induced by the four-form (7.13) on R x SU(3)/(U(1) x U(1))

is not the standard product one:
1
gr = 6274 . 3% \/ 2R1R2R3 <d7’2 + ﬂéab€a€b> . (714)

Inserting () and g into the instanton equations (7.1) to (7.4), we find the following

cyclic conditions, which are similar to (7.8) but not explicitly R,-dependent!”:
Ga = 2(1 =) (¢ — Psdy) , a, B, cyclic. (7.15)
In addition, we find the algebraic relations

|01]° = [@a]* = [os]*. (7.16)

1"The different prefactors % and 2 on the right-hand sides of the differential equations (7.8)
and (7.15) stem from the different prefactors of the components Qgpeq in (7.5) and (7.13).
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7 INSTANTONS ON G5-STRUCTURE MANIFOLDS

Although the absolute values of all fields are forced to be equal, the parameters
Ry, Ry, R3 are left arbitrary, such that the instanton conditions do not restrict the
geometry of the underlying half-flat six-dimensional space. Explicit solutions are

expected to take a similar kink-type form as the solutions of equation (7.9).

To conclude, we have found two interesting four-forms ) that open the pos-
sibility for instanton solutions when the six-dimensional space is half-flat. The
first four-form (7.5) allows to reproduce known solutions on the cylinder over
SU(3)/(U(1) x U(1)) with nearly-Ké&hler structure and possibly admits solutions
with three different functions. In the second case with the four-form (7.13), the
deformation parameters of the coset space contribute as one factor /R; Ry R in
the seven-dimensional metric (7.14), hence from the seven-dimensional viewpoint
it makes no difference whether the deformation parameters are equal or not. The
solutions to the instanton equation are expected to take a similar kink-type form
as in the nearly-Kéahler case. The Gs-structure induced by both four-forms is co-
calibrated, as @) is by construction closed. The seven-dimensional instantons that
can be obtained from the second construction are therefore not new, although
the underlying six-dimensional geometry is slightly more general than in earlier

works.

Since () is required to be closed, any construction of the presented type will
lead to a cocalibrated Ga-structure. It would be interesting to study instantons
on product spaces R x GG/H with other, possibly more general SU(3)-structure
manifolds, for example SU(2) x SU(2). This space admits deformation parameters
as well, as can be found in [49], and may allow for the construction of more than

one four-form ().

Let us close by noting that on Gs-structure seven-manifolds (and only on

them), the instanton equation (6.1) is equivalent to the condition

QAF =0. (7.17)

This equation does not depend explicitly on the metric. Using it instead of (6.14),
the explicit computation of the metric can be avoided. The proof of equivalence of
the instanton conditions is based on representation theoretic arguments and can
be found in [29]. For instance, inserting the four-form (7.13) into this equation,

we obtain the algebraic relation Fio — F34 + F56 = 0 and the following differential
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7.1 Instanton Equation with Three Different Parameters

equations:
1
2\/§ 01 45 46 36 35 ( )
1
. Foo — Fae — Fas + Fag — F =0, 7.19
2\/§ 02 46 45 36 35 ( )
1
fog—.;25+~;26_~;16_-;15:07 (720)

ﬁ
2f
2f
2\f

Inserting the explicit expressions for F shows that these relations lead to equations
(7.15) and (7.16).

——=Fos — Fog — Fos — Fi6 + Fi15 = 0, (7.21)
——=Fo5s — Foa + Fia — Faz — Fi3 =0, (7.22)

——=Fo6 — Foa — Fia + Faz — Fi3 = 0. (7.23)

7.1 On the Existence of Solutions to the Instanton

Equation with Three Different Parameters R, Rs, R3

For a better understanding of the ODE system (7.8) and the behaviour of its
solutions, we first note that the algebraic constraints are compatible with the
differential equations. They do not restrict the ODE system. To see this, we
multiply the differential equation with ¢, and add the complex conjugate of this

equation:

<Z5a¢a + ¢a¢a = G193 — ¢1¢2¢3) . (7.24)

\/_RR(

This implies

&(M):M_ i1

R? R2 \/_R1R2R3 (¢1¢2¢3 - ¢1¢2¢3) (7.25)

The right-hand side of this equation takes the same form for all o, hence

[Gal” _ |¢5)° [bal” _ |¢5)°
6T< R 72 =0, T R2 = const. (7.26)

«

The constant is determined by the algebraic condition (7.8), which can be inter-

preted as an initial condition at the initial value 7y = 0. Fixing, for example,
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7 INSTANTONS ON G5-STRUCTURE MANIFOLDS

|#1(0)|> := p determines |$2(0)|> and |¢3(0)[* as a function of the initial value
p € R. Noting furthermore that the right-hand side of the differential equation
(7.8) is locally Lipschitz continuous, and choosing initial angles 6;(0), 65(0), 63(0),
we find that the initial values uniquely determine a local solution to the system
(7.8) with explicitly different deformation parameters R; # Ry # Rs.

Global solutions are given by the equilibria
b1 =2 = 3 = 0. (7.27)
They are the constant solutions ¢; = ¢9 = ¢3 = 0 and
rio=ro=1r3=1, 01 + 0y + 03 = 27, (7.28)

where we have introduced polar coordinates ¢q(7) = 74 (7)),

Proving that the system allows for globally defined dynamic solutions can, as
already mentioned, not be done in a standard way. For a closer investigation, it

is useful to rescale the functions ¢, as
Ba(T) = Rada (V37), (7.29)

such that the ODE system (7.8) takes the form

an =1 (&ﬁé"f - Roa ¢a> s

RsR,
with a, 8,7 cyclic. (7.30)
1 1
|¢a|2 - |¢5|2 = ﬁ - R_%’

Rewriting these equations in real coordinates ¢, (7) := x4(7) + iy, (7) leads to the

following conditions, cyclic in «, 5, 7:

: R, oH
To = XYy + TyYs + Rg—Rya = o
Yy «
. R, 0H
Yo — 1'/31’7 — y/gy,y — RB—R[K& = %, (731)
¥ «
1 1
2 2 2 2
YotV T Y T T R
«

These are six differential equations and three algebraic conditions. The differential
equations constitute a Hamiltonian system with Hamiltonian function

3

1 R,
H = 212903 — Z12Y3 — Y102Y3 — Y1Y2Ts — 3 Z %(ﬁi +y2)- (7.32)

a=1
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7.1 Instanton Equation with Three Different Parameters

Hamiltonian systems admit statements about the existence of global solutions in
the following way. As can be found for example in [65, Example 1.6.8] or [66,
Proposition 8.10], a Hamiltonian system admits a global solution (defined for all
T € R) if

H(1, 02,23, Y1, Y2, Y3) = 00, (7.33)
|(z1,22,23,y1,y2,y3) | =00

with || - || denoting the standard norm in R®. A direct computation shows that

our Hamiltonian (7.32) does not satisfy this property. We consider the case xo =

x3=0,21= —%m(lﬁ + R2 + R2) < oo and find

lim H(I17 07 07 Y1, Y2, y3)

lyall—o0

. 1 Rl 2 2 RQ 2 R3 2))
= lim |-z - = x]+y;) + +
IIya—><>o< 19205 2(1%21%3(1 T B T B,
1 1

This shows that in our case no definite statement about global existence of solu-

tions can be made in this way.

Another possibility to show the existence of global solutions is a closer study
of the phase space of the system (7.31). Solutions of a Hamiltonian system are
located on the level sets of the Hamiltonian function. The existence of bounded
(compact) level sets of the Hamiltonian (7.32) in the phase space R® would guar-
antee the existence of global solutions. The idea can be best illustrated in the
case of a two-dimensional phase space, i. e. for Ry = Ry = R3 and ¢ = ¢ = ¢s.
The level sets of the corresponding Hamiltonian

31
H = 2® — 3zy* — 5T (* + %) (7.35)

are shown in Figure 2 for the case R = 1. The phase space is cut into seven
distinct regions by the constant solution H (—%, y) = —%. This solution can be
rotated by 3-symmetry, giving rise to the three intersecting straight lines visible
in the plot. These lines border a compact subset of the phase space, ensuring
the existence of globally defined, bounded solutions inside this set and suggesting

divergent solutions outside, possibly with blow-up behaviour.

It turns out that compact subsets of the phase space of the six-dimensional
system cannot be found in such a straightforward way. The two-dimensional phase
space allows for one-dimensional straight hypersurfaces after fixing one of the

coordinates. The six-dimensional Hamiltonian (7.32) does however not obviously
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7 INSTANTONS ON G5-STRUCTURE MANIFOLDS

Figure 2: Level sets of the Hamiltonian (7.35) with parameter value R = 1. The
plot shows the straight lines on which the analytic solution (7.10) is located as
well as bounded and unbounded level sets. Bounded solutions are located on the

closed level sets of H in the center of the plot.

admit five-dimensional hypersurfaces with one or more fixed coordinates because
each of the six phase space coordinates appears both in linear and in quadratic
order. Furthermore, as H is a polynomial of degree 2 in each coordinate, we
cannot expect the H = const hypersurfaces to be bounded in any direction of
phase space. In general, statements about the phase space of six-dimensional

Hamiltonian systems are hard to make.

Future work for understanding the behaviour of solutions of (7.8) may include
the study of chaotic behaviour, which appears frequently in nonlinear Hamiltonian
systems of dimensions higher than two. This investigation, however, is beyond

the scope of this thesis.
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Part 111

Non-BPS Yang-Mills Solutions

on Coset Spaces

8 Yang-Mills Equation on the Cone over a

Coset Space

In Chapter 6, the higher-dimensional instanton equation has been written out in
components and solved on the product space R x G/H, using the simplified ansatz
A = €e'I; + ¢e?l, for the gauge connection. In this chapter, we discuss the Yang-
Mills equation in an analogous setup. As the instanton equation is conformally
invariant, it was sufficient to consider the cylinder over G/H to obtain results
that also hold on the cone. This is not true for the Yang-Mills equation, hence

cone and cylinder have to be discussed separately now.

For a motivation of the following discussion, recall that a connection with to-
tally antisymmetric torsion naturally appears in the conditions for supersymmetry
preservation in heterotic supergravity [36]. On suitably chosen string backgrounds,
one can introduce geometric three-form fluxes that are identified with the torsion
of this spin connection. The Yang-Mills equation with torsion on a Riemannian

manifold takes the following form with some three-form H:
dxF + [A xF|+ «HANF =0. (8.1)

Recall furthermore that the Yang-Mills equation follows from covariant differenti-

ation of the higher-dimensional instanton equation if the three-form is related to
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the G-structure four-form as *H := d * (). In this case, the Yang-Mills equation
is the equation of motion of the action (5.10) consisting of a Yang-Mills plus a
Chern-Simons term. The torsion term in the Yang-Mills equation is generated
by variation of the Chern-Simons term, while the other summands arise from

variation of the Yang-Mills term.

Non-BPS Yang-Mills solutions can be constructed when the Yang-Mills equa-
tion is not required to follow from a first-order equation. In accordance with earlier
work [23, 24, 26], we choose to identify the three-form H with the torsion of the
spin connection, Hapc o< Tapc, and the torsion components'® to be proportional

to the structure constants on G/H:
Tope = ﬁfabm k€ R. (82)

In explicit examples, the relation of 7" and H will be chosen such that xH = d* Q)
is satisfied for k = 1 and the Yang-Mills equation follows from the instanton
equation for this value of x. Other choices are possible and correspond to a
rescaling of the parameter x. Solutions of the torsionful Yang-Mills equation can
be lifted to solutions of heterotic supergravity if they follow from a first-order BPS
equation. More general non-BPS Yang-Mills solutions for arbitrary values of

can potentially serve as building blocks for non-supersymmetric string solutions.

Written out in components, the torsionful Yang-Mills equation on the product
space R x G/H turns into the following set of equations (see Appendix C.2 for
a detailed derivation), where the metric is assumed to be of diagonal form with

coordinate-dependent components:

e (Vialze?)

1 1
— FOP (§TCDB - _FCDB) + F% (§TCDD - _FC’DD>

1 1
— .FCB (QTDCD — FDCD) + [.AA, FAB] — §HCDB.FCD =0. (8.3)
These are d equations, with the free index B running from 0 to dim G/H. The
coefficients H apc (with all indices lowered) are the components of the 3-form H,
and ~TI'9p are the coefficients of the torsionful spin connection with torsion T'75.

This equation'® has been discussed in detail on the cylinder over an arbitrary coset

18Tt has been argued in [24] that for such a choice of H opc and T4 e, the Yang-Mills equation
on the cylinder over a nearly-Kéahler coset space follows from an action similar to (5.10). This

does not have to hold for other choices of H.
19Note that this equation is not identical to the corresponding equations (2.19) and (2.20) in
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8 YANG-MILLS EQUATION ON C(G/H)

space G/H with A = e'I; + ¢pe®l, in [23, 24, 26, 75], leading to explicit kink-type

solutions of similar type as those presented in Figure 1.

Equation (8.3) turns into the following equations on the cone R x G/H with

metric ge = 12e277(d7? + dgpe®e®), where v denotes the opening angle:

1 1
FOP (§T0D° - —FCDO) — F (§TCDD - -FCDD)

+ FO (%TDCD — FDCD) — [Aa, F*] + %HCDOICD =0 (84)
for B =0 and
v e T 0 Fop + y(d — 4)FP — FOP (%Tcpb - _FCDb)
+ FC (%TCDD — FCDD> — F¢ (%TDCD — I‘DCD>
+ [Ag, FP) — %HcDbeD =0 (8.5)

for B # 0.

Some of the connection coefficients ~T'G vanish on the cylinder but not on the
cone. They are derived by use of Cartan’s structure equation (3.25) and metric
compatibility (3.24), employing the ansatz (8.2) for the torsion. Apart from the
coefficients

—1C ]' c c i
oy = 5("@ + 1) fap + firen; (8.6)

which have been derived in [75] and are the same on the cone and on the cylinder,

we find the following nonvanishing components on the cone:

_F80 = 17 (87)
7F2b = 7Fl?a = —0ab, (88)
T% = T% =6 (8.9)

The spin connection then has the following nonvanishing coefficients:

1 .
T = TThet = (L dee) €+ S0+ 1) foe" + fiye, (8.10)
T = et = duce”, (8:11)
Iy = "o = —dae”. (8.12)

[26] due to differently normalized torsion. The equations presented in the reference follow from
our equation (8.3) with cylinder metric gz = dr2+d4e%€? in the special case of Hapc = —Tapc-
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For further specification, we have to fix the relation between the torsion 75 and
the three-form H. As mentioned above, Hapc  Tapc is chosen such that the
relation *H = d * () holds for a certain value of x (so that the instanton case can
be recovered for this k-value). In the case of general G/H, there is some freedom
in the choice of the structure form (), and therefore also in the choice of H. For
this reason, and to avoid unnecessary complications in the following computation,

we choose
Habc - _Tabc - _Hfabc‘ (813)

With this choice, our Yang-Mills equation (8.3) takes the same form as in [23, 26],
so that the results can be directly compared. In particular, the torsion terms in

the Yang-Mills equation cancel, and equation (8.5) with index B # 0 turns into
v e T Fop + y(d — 4)FP + F LY, + FP TG + [Al, F] =0, (8.14)

Note that all contributions from connection coefficients with zero index cancel,
and the only difference to the corresponding cylinder equation is the first-order

friction term. We insert the most general G-equivariant ansatz for the gauge

connection,
A=cI + e" X, (8.15)
with curvature
Foa = Xa, (8.16)
Foe = —(freli + freXa — [X, Xo]), (8.17)

and find a set of (d — 1) differential equations from the B # 0 equations® (8.5):
, o1
Xy +")/<d — 4)Xb + 5 (1 — Oé(/’i—F 2))Xb
1
+ 5+ 3) 21 X0, Xa] + [Xa, [Xa, X3]] = 0. (8.18)

a

The B = 0 equation (8.4) turns into the Gauss-law constraint, which is equivalent

on the cone and on the cylinder:
(X, Xa] =0 (sum over a). (8.19)

The Yang-Mills equation with this ansatz contains terms proportional to the func-

tions €’, which cancel by use of the Jacobi identity (C.2) and G-invariance (3.33).

2ONote that the friction term vanishes in dimension d = 4 and the Yang-Mills equation is

conformally invariant in that dimension.
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8 YANG-MILLS EQUATION ON C(G/H)

This has been shown in [76], hence these terms are not explicitly displayed here.

Specializing to a gauge connection with one scalar field,
A=e'T; + ¢(r)e 1, (8.20)

equation (8.19) is identically satisfied and equations (8.18) reduce to

B9 =)~ Sa+ 1ot~ 16~ ) =0, (3.21)
using the abbreviation
W:gﬁigfi- (8.22)

In the following, we present solutions to this second-order equation on the cone.
Equation (8.21) is also known as Duffing-Helmholtz equation. We will close this

chapter with a discussion of this equation and a presentation of known solutions.

8.1 Solutions to the Yang-Mills Equation

The second-order equation (8.21) takes the following form after rescaling

SN s 17' (8.23)
2
and introducing the potential V' (¢):
. 2 . av
b=y b= 06— 16— ) = 5 (820

To construct first-order equations that imply (8.24), we assume that the second-

order equation follows from a flow equation?! of the form

. dW(9)
¢_ d(b )

(8.25)

with prepotential W (¢). Taking the T-derivative and inserting ¢ back yields

5 PWO) W)
d¢? dp

21This is known as gradient flow or Hamiltonian flow, depending on whether the proportion-

(8.26)

ality gb x %—IZ is real or imaginary. We will find gradient flow equations only.
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8.1 Solutions to the Yang-Mills Equation

These expressions can be inserted into the original second-order equation (8.24)

BPW(¢) dW () [ 2 dW(g) dV(¢)
e ) ” +(d — 4) a1 do = i (8.27)

Integration with respect to ¢ yields

to obtain

2
a+1

dW(¢)
do

According to its definition in equation (8.24), the potential V' (¢) is a polynomial

V(¢) =~(d—4)

W(e)+ = ( )2 + const. (8.28)

2

of degree four in ¢ and can be written as
Ly 1 g 1

V(p) = Zqﬁ — §(1 +p)p” + Epgb + const. (8.29)

Assuming that W is of the form
W(¢) = ag® + bg* + ch + p (8.30)
with real coefficients a, b, ¢, p, and inserting this into equation (8.28) yields
9
V(p) = §a2¢4 +a (0 +6b) ¢° + (3ac + 20*> + Ob) ¢

1
+ ¢ (O +2b) ¢+ Op + 5c2, (8.31)
where we have introduced the abbreviation © := y(d — 4),/ QLH Comparing the

coefficients of equation (8.29) and (8.31) leads to the following conditions on a, b, ¢
and O:

I 9, 4
1= 3¢ for ¢, (8.32a)
1
—5(1 +p) = a (O + 6b) for ¢*, (8.32b)
1
SP= Ob + 2b* + 3ac for ¢?, (8.32¢)
c(©+20)=0 for ¢. (8.32d)

This system of equations leads to six solutions on the parameters a, b and ¢, each

of them with one additional condition that relates p,v and a.

The constant term p in the prepotential W, as well as the constant term in
the potential V', remain undetermined in this computation. The constant can
be determined by explicitly computing the action that has (8.24) as equation of

motion. This can be done in a similar way as presented in Appendix C.3 for the
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8 YANG-MILLS EQUATION ON C(G/H)

cylinder over a Sasakian manifold. The action contains a kinetic term o ¢* and
the full potential. Knowing the full potential, in particular the constant term,
allows for a statement about finiteness of the action as discussed earlier. We will

not further discuss this point here.

For the construction of explicit solutions to (8.24), it is not necessary to know
the constant term in V. From the system (8.32), we find the following first-order

equations that solve the second-order equation:

- L oy od—4)
+¢ = \/_¢(¢ p) p=2E2 (8.33a)
) 1 1 d—4
+¢ = E¢(¢ - 1) along with P=57F V(Q—\/Tl)’ (8.33b)
+6 = L (¢ —1)(p—p) p= iQM — 1. (8.33c)

Sl
e
_l_
—_

Each solution comes with an additional condition on the parameters p,v and «,
which, after inserting equation (8.22), turns into the following relations between
the torsion parameter x, the cone dimension d, the opening angle v and the coset

parameter «. For the respective cases:

k= é (3 +2(d — 4)Va + 1) , (8.34a)
K= é (g(l—a):ny(d—ll)\/oz—Fl) : (8.34b)
\/oz—+1.

(07

k=—3%2y(d—4)

(8.34¢)

This is in agreement with the fact that the second-order equation follows from a
first-order equation only for certain values of k. Given that o and d are fixed on
specific coset spaces, these relations allow to express k as a function of v and vice

versa.

Equations (8.33a) and (8.33b) are equivalent for p = 1, and equations (8.33b)
and (8.33¢) are equivalent for p = 0. All explicit solutions of the three equations

are of kink-type and take the respective form

61 (7) = ig tanh (ﬁ(r - To)) + g, (8.35a)
$a(7) = i% tanh (2\%(7 - 7'0)) + % (8.35h)
¢3(T) :ipgltanh<12\_/§p(7'—7'o)) —i—pT—'—l. (8.35C)
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8.1 Solutions to the Yang-Mills Equation

35 10 5 L 5 1 15

Figure 3: Plot of the solutions ¢;(7) (red), ¢o(7) (blue) and ¢3(7) (green) as in
equations (8.35) with positive sign. The parameters have been chosen as 75 = 0,

o= % and k = 3, implying p = %

For positive signs on the right-hand sides, we find

lin_64(7) =0 lim 1(7) = p, (8.364)
lim_gs(7) = 0 lim s(7) = 1, (8.36D)
lim _¢5(r) =1 lim ¢5(7) = p, (8.36¢)

(the asymptotic values are exchanged for negative overall signs). Each of the
constructed solutions interpolates between two of the three critical points ¢
that satisfy % = 0. A plot for all three cases with a certain value of p can
be found in Figure 3. Note that equation (8.35b) is equivalent to the instanton
equation (6.34) after a suitable rescaling of 7. The instanton equation with @
constructed as in Chapter 6.1 therefore implies the Yang-Mills equation, but it is

not the only solution to the second-order equation (8.24).

Some further steps can be taken to better understanding the constructed so-
lutions. As mentioned, an explicit computation of the action can determine the
constant term in the potential V. In the absence of the friction term in the Yang-
Mills equation (8.24), finite-action Yang-Mills solutions must interpolate between
critical points with zero potential, i. e. points that satisfy g—‘; =V = 0. Typically,
the critical points satisfy V' = 0 only for a certain value of x. Including the friction
term, the situation becomes more complicated, but the finite-action requirement

is still expected to single out certain values of k. Together with the conditions
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8 YANG-MILLS EQUATION ON C(G/H)

(8.34), this analysis allows to determine a distinguished opening angle for which

all described conditions are satisfied. We leave this task for future work.

8.2 The Duffing-Helmholtz Equation

Equations of the type (8.21) have been studied before, for example in [77, 78].
Equation (8.21) is known as damped Duffing-Helmholtz equation, which takes

the general form
i(1) + 2vi (1) + Az () + Ba*(1) + ex®(1) = 0, (8.37)

with (7) being some (unknown) function, the dots denoting derivatives with
respect to 7 and the coeflicients named in accordance with [77]. This equation
models, for example, the dynamics of thin laminated plates, graded beams and

eardrum oscillators [79-81].

In the special case of B = 0 (i. e. vanishing of the quadratic term, which
corresponds to p = —1 or equivalently kK = —3 in equation (8.21)), we obtain the

force-free, damped Duffing equation
(1) 4+ 2vi(7) + Ax(7) + e2*(7) = 0. (8.38)

This equation has first been introduced by Georg Duffing in 1918 [82] and is used
to describe certain damped and driven oscillators, for example a spring pendulum
with a special kind of spring stiffness (see [78] for more applications). A general

solution of the damped Duffing equation is given by
2(7) = a(t) en(w(r), k?), (8.39)

provided that the parameters satisfy the condition [83]

B 82

A :
9

(8.40)

where cn(w(7), k?) denotes the Jacobi elliptic function, w is the (time-dependent)
frequency and k the elliptic modulus. In our case with kK = —3, the parameter

condition (8.40) turns into the following constraint on the opening angle:

I+ 1)

R Gy
7 8(d — 4)2

(8.41)
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8.2 The Duffing-Helmholtz Equation

As we are interested in the case of general k, v, we do not further discuss equation
(8.38) and its solutions in detail here and instead turn back to the more general
Duffing-Helmholtz equation (8.37).

Provided that the parameters satisfy the condition [77]

 3B12 + 81

A o , (8.42)

a solution to equation (8.37) is given by

_a(7) = b(r) + e(7)(a(r) — b())en(w(r), k?)
=lr) = T+ c(r)en(w(7), 12) | (843)
with

a(r) = —% - ;%, (8.44)
b(r) = Bie 7, (8.45)
w(r) = —%eiw oS (8.46)

where A; and B; are integration constants that are determined by the initial
conditions. The constant parameter ¢ can be determined by a direct computation
as described in [77].

With our parameters, we find that condition (8.42) turns into

ool \/16")/2(61 —4)2—9(a + 1) (8.47)

T2 12(a + 1) ’

again constituting an additional constraint on the parameters p and v (or, more
precisely, on x and ). Note that this condition matches none of the cases (8.33),
hence the solution (8.43) does not coincide with any of the ones constructed in
Chapter 8.1.
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9 Yang-Mills Equation on Cylinders over

Sasakian Manifolds

Let us return to the Yang-Mills equation on the cylinder and consider the example
in which the base manifold M has Sasakian structure and is of dimension 2m + 1.
The cases m = 2 and m = 3 are of particular interest in string theory. The results

of the following chapters can also be found in [84].

As introduced in Chapter 4.3, Sasakian manifolds have U(m) structure group,
while the structure group on Sasaki-Einstein manifolds reduces further to SU(m)

(see also [47]). We consider a Sasakian manifold M with metric
gu = e'e' + eMéupete, (9.1)

which is not Einstein for arbitrary h € R. However, this construction still allows
for an SU(m) structure on M. To understand this, first note that there is no
one-to-one correspondence of the existence of an SU(m) structure on M and the
Einstein property of the metric. If a manifold is Sasaki-Einstein, it must have

SU(m) structure group, but the converse is not necessarily true.

The structure of our manifold arises as follows. Starting with a Sasaki-Einstein

manifold that has structure group SU(m) and admits two Killing spinors??

€, €, 0ne
may construct the canonical connection ¥V by the requirement Ve = Ve = 0.
PV has holonomy SU(m) and components (4.18), (4.19). One then notices that
PV is compatible with the whole family of metrics (4.20)?3. Deformation of the

metric therefore does not affect the spinor identities 'Ve = PVé = 0, although the

22The Killing spinors can be used to construct the contact form 1 and the other structure

forms, as described in [29].
23The compatibility can be verified by explicitly computing Vg, using g, to raise and

lower indices, or by rewriting g, in terms of e! and g,—o and employing F'Ve! = 0 as well as
P Vgn—o = 0. We thank Derek Harland for this comment.
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connection 'V depends on the choice of the metric. The existence of two Killing
spinors, on the other hand, is in one-to-one correspondence with the existence of an
SU(m)-structure. Hence, the family g, preserves the SU(m) structure although
the Einstein property is lost. We find that we have a Sasakian manifold with
SU (m)-structure that is explicitly not Einstein .

As described in Chapter 4.3, we will restrict the consideration to a metric that
makes the torsion of the canonical connection totally antisymmetric. The metric
on the cylinder Z(M) then takes the form

o Sapee’, (9.2)

0.0 1.1
=ee +ee +
g m+1

where € := dr denotes the coordinate in the R-direction. As the base manifold
admits an SU(m) structure and according to [29], we can construct a connection
that has holonomy group SU(m + 1) on the cylinder. This corresponds to having
an SU(m + 1)-structure on Z(M) and, as described in Chapter 3, to a principal
bundle P(Z(M), SU(m + 1)). We denote the gauge connection in this bundle by
A and construct the connection induced by A in the tangent bundle over Z(M)
as a generalization of the canonical connection. The Sasakian manifold M has
structure group SU(m) as described, and the canonical connection on M lifts to
a connection on TZ (M) with the same holonomy group SU(m) = Hol(*V) as
on the base space. The existence of an SU(m)-holonomy connection in T'Z(M)

corresponds to the existence of a principal subbundle of P with structure group

SU(m).

As SU(m) is a subgroup of SU(m + 1), the corresponding Lie algebras split
according to su(m + 1) = su(m) @ m with respect to the Killing metric, where
SU(m) acts irreducibly on su(m) and m denotes the (2m+1)-dimensional orthog-
onal complement to su(m). We denote the su(m + 1)-generators that span the
orthogonal complement m as {I,} = {[;, [,} with indices as in Chapter 4.3, and
the remaining generators of su(m) as {I;}, in analogy to the splitting on a reduc-
tive coset space. The groups considered here, however, do not necessarily have to

form a quotient. The SU(m + 1)-generators satisfy the commutation relations

L, 1] = f Ik,
[]i, ]H] = ;;LL,, (9.3)
[[M? [V] = fﬁl/[ﬁ + ;]fVIk
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9 YANG-MILLS EQUATION ON SASAKIAN MANIFOLDS

Written as SU(m + 1)-matrices, they have the following nonvanishing entries:

A

ﬁ::—iwb — I, =1, = (9.4)

la m aobs 11 10 9 .
_]c?b = ]abO = 52: - ];b = ]21 = Wab-

In this basis, the SU(m)-structure constants are related as follows to the SU(m)-

structure three-form on the base manifold M:

m—+ 1

fap = 2Pap1, fla = Prap. (9.5)

As in Chapter 3, we make the following ansatz for the gauge connection on

TZ(M):
A= IV + X, e’ (9.6)

By construction, the components X, e/ are (local) representations of a globally
defined connection one-form X subject to the conditions (3.2) on the principal
gauge bundle P(SU(m + 1)). In general, they depend on the choice of local
coframe {e*}. Requiring them to be independent under a change of coframe leads
to the following invariance condition:

I, X,) = f1.X (9.7)

Ty

For a more detailed motivation in this context, we also refer to [74]. This con-
dition takes the same form as condition (3.33) for G-invariant connections on
coset spaces G/H, but the construction on coset spaces is a priori not related to
the construction presented here. The invariance condition implies in particular
that the functions x, ¥ depend on the R-coordinate only, and are independent of

coordinates of the base space.

The simplest ansatz that satisfies equation (9.7) in the Sasakian case is
Xy = x(1)11, Xo = ¥(7)1, with real functions x(7),%(7), where the invariance
condition is still satisfied after individual rescaling of X; or X, by a real factor.

With this ansatz, the connection takes the form

A=eI;+ x(r)e' I, + \/%1/)(7')6“]@. (9.8)

The second summand has been suitably rescaled in order to simplify the following
computation. In the following, we will furthermore assume that our Sasakian

manifold has coset structure. As an example, one can think of the sphere S?"+1 =
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SU(m + 1)/SU(m). The following computation will therefore bear close analogy
to the computation on Chapter 8. The coset structure enables us in particular to

relate the one-forms {e#, e’} as e# = e e’ via real functions e,.

9.1 Yang-Mills Equation with Torsion

Let us write out the torsionful Yang-Mills equation (8.3) in this setup. For spec-
ification of the torsion term in the Yang-Mills equation, we have to compute
the components of the three-form A in such a way that the instanton case with
*H = d * @ is recovered for k = 1. According to [29], the G-structure four-form

on the cylinder over a Sasakian manifold with metric (9.2) is given by

2m

om \’
= dr NP — 9.9
Qz= arnr+ () o (9.9

with P and @ as in equation (4.13). We take the instanton case as starting point.
Using the definition *H := d x (), the fact that

wxp=(—1)"p (9.10)
holds for an r-form p on a d-dimensional Riemannian manifold, as well as decom-

position rules for antisymmetric tensor indices, a direct computation yields

) 15
Hape = __fMN[CQMNAB} = _7QMN[AB]CMN0}, (9.11)

2
where capital indices label directions on Z(M). The upper indices of Han, fho
and T will always be lowered such that they appear behind the lower two ones,
i. e. gaa fg,‘c = fpca. This convention is important, as not all quantities can a
priori be assumed to be totally antisymmetric. At this point, we have to distin-
guish between indices in cylinder direction (0), contact direction (1) and all other

directions and find that the following components vanish in any dimension:
7_[010 = H(]bc = 7-labc =0. (912)

The remaining components depend on the value of m. We demonstrate this by
writing out Has; explicitly, using equations (4.13), (4.17) and (9.5). All other

74
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nonvanishing components of H behave in a similar way:.

Haz1 = —2P31Q2323 = 0 for m =1,
9
Hozi = —1—6Pmn1an23 = —2P51 = —foz1 for m = 2,
4
Hoz1 = ~3 mnt Qmn2s = —2(Pis1 + Fsr1) = —2fom for m = 3,
Haz1 = (1 —m) fasy for arbitrary m.

(9.13)

Note that the case m = 1 of lowest dimension with H = 0 is special. We will not

further discuss it here. In order to recover the instanton case for k = 1, we choose
H,py=0-—m)T,,=(1—m)kfu,. (9.14)

With this choice and the cylinder metric (9.2), equation (8.3) turns into

1
Oy FAB — FCOD (5(2 —m)TE, — —FED)
1 1
+ FF (§T5D - _F3D> — FF (éTgc - _Fgc> + [Ax, FAP] =0,
(9.15)

where ~I' denotes the torsionful spin connection as in Chapter 8. The B = 0
equation is identically satisfied. Let us take a look at the cases with B # 0. The
summand FO*(1TE, — ~T@p) vanishes identically. From FO*(3Th. — ~T'Ds)
and [A4, FAP], we obtain terms proportional to the functions eL. These terms add
up to zero by use of the Jacobi identity and condition (9.7) and will therefore be
omitted in the following computation. We evaluate the remaining terms explicitly.
With

1
de? = =5 fhce”® and The = Kfbes (9.16)

the coefficients of the spin connection ~I' take the form

1
Th= st Dfi (9.17)
—Ta 1 a a i
Iy = 5(“ + 1) fi + firel, (9.18)
T = fivet, (9.19)
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similar to (8.6) on G/H. Using equation (9.8) and omitting the 7-dependence of

the functions x and v, we obtain the following curvature:
Fo_t(i- i@zﬂ fhe® I + xe® I, + LM@]
2 2m ab® Y Vam e
(= 02 Pagetr, + L S )P, (9.20)
X m abl 1 m\/% X) I 1bala . .

Inserting F, T{g, ~T'Gp as above and using
2(m? —1
Am” =) (9.21)

ab

i pfco__
actJib

equation (9.15) turns into the second-order equations

W (((m— Dr+1)x = ((m — 1)k +3) %w + %Wz> (9.220)
(m+1)2¢((m—l)li—l—Q—m—((m—l)/{+3)x+x2+%¢2).

) =
m
(9.22b)

The proof of the identity (9.21) can be found in Appendix C.3.

9.2 Action Functional and Potential

The second-order equations (9.22) are equations of motion for the action

2
m / tr (FA*F—%—Q(L) KdTA*MQMAfAf>
Rx M m+1

STy
= Vol(M) x /R [—%(;{Mqﬁ)— (mTH)Q

(wu P+l = m)(1 = ) (Gt - 1)2

+m(1 + r(m — 1)) (X - ﬁw) )] dr (9.23)

with potential

Voo =5 (Mot ) (4 m = D)o+ (u(1 = m) = 302

X+ (2= m+s(m = 1)) 0% + iw”‘ +m(m —1)(1 - m)) , (9.24)
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where *); denotes the Hodge star operator on the Sasakian manifold M with
respect to the metric gy, = ele! + i—ﬁéabeaeb, x denotes the Hodge star operator
on the cylinder, and Vol(M) = \/|gar]e’? @™ is the volume form on M. An
explicit computation of the action can be found in Appendix C.3. Equations

(9.22) constitute a gradient system of the form

XY [ 9
()-(2)s o

The potential V' is symmetric with respect to sign changes of ¢ and has the

following critical points (i. e. ¥ = )= 0) for arbitrary m, k:
<X17 wl) :(07 0)7

(x2, %) =(1,£V2m),
1

(X3,¢3)=(4 <7+3(m—1)m—|—\/ﬁ>,

i%\/((l—m)/{—l) ((1—m)1€—1+4m+\/ﬁ>),

(X4, %a) = (% <7+3(m —r+ \/ﬁ) ,
i%\/((l —m)k—1) ((1 —m)k—1+4m — ﬁ)) . (9.26)

where the abbreviation
P=(m—1)2*+ k(8m? — 6m —2) +24m + 1 (9.27)

is used. Finite-action Yang-Mills solutions x(7), % (7) must interpolate between
zero-potential critical points. With k arbitrary, the potential vanishes for the
second critical point (x2,%2) = (1,+v2m). We find V(x1,¢1) = (r=)(m—1)(m+1)*

2m

for the first critical point, which vanishes only for x = 1, as well as lengthy nonzero
expressions for V' (xs,3) and V(x4,%4). The critical points together with the s-
values for which their potential becomes zero are listed in Table 6. Table 7 lists
the special values of k for which more than two critical points are located on
the same axis, and hence the system may admit analytic solutions. In addition,

we note that at Kk = Z—ﬁ, five of the seven critical points coincide at (0,0), at

m—2—4/m(8+m)

K= D) the point (x3,3) coincides with (x2, %) and (x4, ¥4) becomes

imaginary, and at k = M;(m—i(fw, (X4, %4) coincides with (x2,%9) and (s, ¥3)

becomes imaginary.
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9.2 Action and Potential

K Eigenvalues of Hessian
2 (m+1)?
(x1,Y1) = (0,0) 1 (m+1)%, F5—
(x2,¥2) = (1, £v2m) any see Appendix C.3

om m2ymitm) 0, positive
(X37w3> = (1, — 2m) 2(m—1) y P

3 (m+1)2 (m:F\ /m(m+8)>
(X47¢4) = (_1,Z|:\/ 2m) 1-m m2

m—2++/m(8+m) o
(1,v/2m) — 2(m-1) 0, positive

Table 6: Critical points and corresponding « values with vanishing potential.

K Critical points V (critical points)
1
T (0,0), (1,£v2m), (1 £ m,0) s(m+1)%,0,3(m+1)?

(0,0), (1,£v2m), (=1, +v2m),

3 (mt1)2m42) (o _ (1)

(0, +£+/2(m + 1))

Table 7: Values of k for which more than two critical points lie on the same axis.
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9.3 Analytic Yang-Mills Solutions

The case kK = ﬁ admits an analytic solution to the Yang-Mills equation, inter-
polating between the critical points (1,v/2m) and (1, —v/2m) for arbitrary m. All
other critical points are located on the y-axis and have potential V = 3 (m +1)2.
The zero-potential critical points are therefore minima of V', and we expect to find
interpolating finite-action Yang-Mills solutions. With x = 1, equations (9.22) take

the form
V=0 (9.284)
(

X
)= —)sz (%W — 1) . (9.28b)

m

Equation (9.28) can be integrated to the first-order equation

b = i%m / ﬁw 41 (9.29)

W = +£v/2m tanh <:i:77\1/;—_7nl7'> . (9.30)

This is a kink solution with finite energy and finite action. A plot of this solution

which is solved by

in the y,¥-plane can be found in Figure 6.

For k = ﬁ, there are three critical points on the y = 0 axis. However, none

of them has zero potential, and we do not find any analytic solutions.

9.4 Periodic Solutions

A different kind of solution is obtained by changing from R x M to S* x M, i. e.
when the additional direction is not a real line but a circle with circumference L.

In this case, periodic boundary conditions have to be imposed:

(1) =Y(r+ L). (9.31)

We restrict the consideration to the analytically solvable case (9.28), which has

the periodic solution

L 2kym - m+1 .
D(T) —im [\/m ,k] : (9.32)

79



9.5 Dyons

This solution is known as a sphaleron [12]. snfu, k] with 0 < k£ < 1 is a Jacobi
elliptic function, details of which can be found for example in Appendix B of [26]
or in [85]. The Jacobi elliptic function has a period of 4K (k), where K (k) denotes
the complete elliptic integral of the first kind. The boundary condition (9.31)
therefore turns into

Ak (= —" L g n €N, (9.33)

m(1+ k2)
fixing k = k(L,n) and ¢(7; k(L,n)) =: ™ (7). Solutions (9.32) exist if L > 227n
(cf. [26, 75, 86]). The topological charge of the sphaleron 1™ is zero due to the
periodic boundary conditions. This solution is interpreted as a configuration of
n kinks and n antikinks, alternating and equally spaced around the circle. The

tanh-solution from Chapter 9.3 arises from the Jacobi elliptic function in the limit

e . e . . . m+1
k — 1. In the limit £ — 0, the elliptic function approaches sin <—\/m7'> In

analogy to results in [86], our solution (9.31) with positive sign has the following

total energy, with (k) denoting the complete elliptic integral of the second kind:

Bl = [ ar (Jowr+vaw)

V2 dnmP(m+ 1)
3(1 4 k2)2

1
(— (3k* + (6 + 32m* + 24m)k* + 16m” — 24m + 3) K (k)

2
+ 2 (% - 2) (1+ k?)E(k)) : (9.34)

9.5 Dyons

Replacing the coordinate 7 in R-direction by 7 changes the signature of the metric

from Riemannian to Lorentzian:
g=—e%" 4 ele! + 2§ e. (9.35)

The Yang-Mills equations (9.22) remain unchanged, except for the fact that the

second-order derivatives now come with a minus sign:
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This corresponds to a sign flip of the potential, so that we have to study V instead
of —V. Dyons are finite-energy solutions to the second-order equations obtained
by this sign flip. Just as Yang-Mills solutions, they can interpolate between two
critical points (kink), or start and end at the same point (bounce). Solutions that
oscillate around a minimum can exist as well, but they do not lead to finite energy
and hence will not be considered in the following. There are no analytic dyon
solutions in our case, as will be argued in the following section. The construction

of numerical dyon solutions is possible, and results are presented in Figure 7.

9.6 Discussion and Summary

Recall that in our sign convention, instanton solutions interpolate between minima
and dyon solutions between maxima of V. In both cases, solutions that start or
end at a saddle point are possible as well. With this in mind, we can list the
expected solutions. We include special k-values of the case m = 2 in our list, as
plots of the potential and numerical solutions will be presented for this case in

Figures 4 to 7.

e x arbitrary: there exist at least two zero-potential critical points at
(0,4+/2m) for all k. According to Appendix C.3, they can be minima or
saddle points of V', depending on the value of k. This means that we can
always find interpolating solutions, either of dyon or Yang-Mills type. These

1

solutions have to be constructed numerically unless xk = —.

e k= 1: this is the instanton case. Yang-Mills solutions exist between (0, 0)
and (1,4v2m) (cf. [29]). We do not expect to find finite-action dyon
solutions, as the zero-potential critical points of V' are minima.

° K = ﬁ (k = —1 for m = 2): in this case, we find three critical points
with nonzero potential along the y axis. An analytic Yang-Mills solution
interpolates between the two remaining zero-potential critical points, which
are minima for all m. This solution for arbitrary m has been presented in
Chapter 9.3.

o k=12 (k= =3 for m = 2): we find four zero-potential critical points.

Two of them are located at the lines with x = 1 and y = —1, respectively.
We do not find any analytic solutions along the y = =£1 lines and y = 0
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9.6 Summary

K Eigenvalues of Hessian
9
(1, 1) = (0,0) ! »1
any g(5%—/{1\/5(1—1—/@'))
(X2, ¥2) = (1,42) 4

9
(x3,93) = (1,-2) —V5 3 (5-+v5),0

9
(xa ) = (—1,42)  ~3 5 (1=V5)

(1,2) V5

N ©

(5+5).0

Table 8: Critical points and corresponding x-values with vanishing potential for

m = 2.

axes. There are, however, numerical solutions interpolating between various

pairs of critical points.

We do not expect any analytic dyon solutions, as the zero-potential critical
points are minima in the analytically solvable cases. For a better understanding,
we present the case m = 2 as an example. The potential for various interesting
values of  is shown in Figure 4, and further dyon and Yang-Mills solutions for
this example are presented in Figures?* 5 and 7. A list of zero-potential critical

points for this case can be found in Table 8.

24A MATHEMATICA code for the creation of the presented plots can be found in [76].
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Figure 4: Plots of the negative of the potential (9.24) for various values of x and

m = 2.
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9.6 Summary

Figure 5: Some solutions of the Yang-Mills equation for various values of x and

m = 2.
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Figure 7: Some numerical dyon solutions for various values of x and m = 2.
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10 Conclusion and Outlook

Instantons

In Chapters 6 and 7, we have studied solutions of the instanton equation on the
cylinder and were able to reproduce known kink-type solutions with the simplest
ansatz for a gauge connection A with one scalar function. A generalization of A
did not allow for the construction of explicit solutions. In the most general case,
the instanton equation leads to algebraic relations which can be interpreted as
quiver relations (cf. [73]). It can be shown that our equations (6.47) and (6.48)
match the SU(3)-quiver relations presented in [73]. A more detailed comparison
to quiver relations in the case of general G/H may lead to a better understanding

of our algebraic conditions.

Turning to explicit examples, we decided to investigate the cylinder over a
restricted half-flat coset space. We have presented two Ga-structure four-forms
and the corresponding instanton equations on R x SU(3)/(U(1) x U(1)), leaving
us with a couple of questions. The instanton conditions derived with the first four-
form (7.5) seem rather restrictive, but may allow for the construction of solutions
with three individual functions ¢q, ¢o, @3 and differing deformation parameters
Ry, Ry, R3. This is an interesting question for future work, as explicit instantons
on this space have only been constructed in the nearly-Kéhler case, or found to
restrict the geometry to being nearly-Kahler. We may also ask whether there are
more general closed four-forms that can serve for the construction of instantons.
In this context, the study of cohomology of forms on the chosen space may lead

to new insights.

As in the search for non-BPS Yang-Mills solutions, we can extend the study of
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instantons to more general geometries and other dimensions. In six dimensions,
the half-flat space SU(2) x SU(2) appears interesting, as it admits a number of de-
formation parameters [49] and has only been considered before with nearly-Kéahler
structure in the context of instantons [87]. The study of instantons on cylinders
over seven-dimensional coset spaces (for example the squashed seven-sphere) is
work in progress. We expect similar results as in the case of six-dimensional
SU (3)-structure base manifolds.

One would obtain an overview of possible instanton solutions and their parame-
trization if more information about the instanton moduli space was available. This
is an interesting task for future work, but it appears rather hard to access, as the
dimension of the considered spaces is not a multiple of four, and known methods

such as the ADHM construction cannot be applied straight away.

Non-BPS Yang-Mills Solutions

Using a special ansatz for the gauge connection, we have derived an explicit
second-order Yang-Mills equation on the cone over a general coset space G/H
in Chapter 8. As already mentioned, the next step for the interpretation of the
constructed solutions is to determine the constant term of the potential by an
explicit computation of the action. We expect the requirement of finite action
to restrict the possible values of the parameter x and lead to a condition on the

opening angle ~ of the cone.

In Chapter 9, we have derived a system of explicit second-order Yang-Mills
equations on the cylinder over a class of Sasakian manifolds. We have constructed
the corresponding action and potential, discussed the behaviour of the critical
zero-potential points and found analytic as well as numerical solutions of Yang-

Mills, dyon and sphaleron type.

A similar discussion for cylinders over certain SU(3)-structure manifolds can
be found in [26]. A comparison with our results illustrates that Sasakian and
SU (3)-structures are fundamentally different. The perhaps most striking fact is
that the 3-symmetry of the SU(3)-structure manifold is recovered in the shape
of the potential, whereas the potential in the Sasakian case is symmetric only
under sign changes of the variable 1. Furthermore, the Sasakian potential does
not admit as many solutions with straight trajectories in the (x,1)-plane as the

SU (3)-structure potential does. In the latter case, the distribution of x-dependent
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and k-independent zero-potential critical points allows to systematically associate
certain types of solutions (kinks, bounces) to intervals of the deformation param-
eter k. In particular, there are always three critical points on the real axis. The
Sasakian potential admits fewer k-independent zero-potential critical points, and
they are not as regularly distributed as in the SU(3)-structure case. The range

and type of our solutions is therefore significantly different.

In spite of these differences, we have found that Sasakian manifolds do admit
various interesting solutions. This, and in particular the construction of an ana-
lytic kink-type Yang-Mills solution, makes them potentially interesting for string
compactifications. We leave the interpretation of the first-order solution (9.30) in

this context for future work.

To complete the discussion, it would be interesting to apply our method
to cylinders over Ga-structure manifolds, i. e. eight-dimensional manifolds with
Spin(7)-structure, as well as cylinders over 3-Sasakian manifolds, which have a

structure similar to the Sasakian ones studied here.

We have restricted the discussion in Chapter 9 to the Yang-Mills equation on
the cylinder. The same analysis can be performed on the cone after adapting the
four-form @ and using the Yang-Mills equation (8.5). As we have seen in Chapter
8, the second-order equations on conical manifolds acquire a first-order friction
term, hence the explicit analysis might have to be done numerically. Finally, the
study of Yang-Mills solutions on cones and cylinders may be extended to sine-
cones (cf. [28]).

After concentrating on the technical details of the construction of dyon and
sphaleron solutions, another interesting point is their interpretation in the frame-

work of particle physics, including global symmetries and charges.
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Appendix

A Manifolds with Almost Complex Structure

Let us review the most important facts about complex and almost complex struc-
tures that are used for the introduction of manifolds with SU(3)- and Sasakian

structure. For a more complete review, we refer to [47, 67, 88] and [89].

Let M denote a real 2n-dimensional manifold. M is called almost complex if
it admits a globally defined almost complex structure, that is a rank (1, 1)-tensor

J satisfying

J?=—1. (A1)

Let {E4}, A = (1,...,2n), be a basis of real vector fields on the tangent
bundle TM and {e} the dual basis of one-forms. Being a rank (1,1)-tensor, J

can locally be written in this real basis as
J=Jle ® Ep. (A.2)
The components satisfy
IS8 = —5%, (A.3)

according to equation (A.1). It can be shown that almost complex manifolds are

always of even dimension.

The existence of an almost complex structure allows to define the notion of
holomorphicity degree of differential forms, refining the structure of r-forms

to the structure of (p, q)-forms. At every point p € M, the tensor J acts on the
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complexified tangent space T, M as a map that squares to —1 and has eigenvalues
+i. We denote the eigenspaces of J as T, ng’O) and TpM(éO’l) and their elements as
holomorphic and antiholomorphic vectors. Elements of the corresponding cotan-
gent spaces T ;M(él’o) and Tp*MéO’l) are called holomorphic and antiholomorphic
one-forms. The complexified tangent and cotangent bundles split accordingly, and
we refer to T*M(él’o) and T*M(éo’l) as holomorphic and antiholomorphic cotangent

bundle. Taking exterior powers of these bundles, we find
NPT Me = (AT ME)) A (AT M), (A.4)

allowing us to define the space of (p, ¢)-forms on the almost complex manifold M

as
QPO (M) .= T(APIT* Mp). (A.5)
The space of r-forms decomposes into a sum of (p, g)-form spaces as

(M) = a9 (). (A.6)

ptq=r

When p + ¢ = 2, for example, a 2-form w € Q%(M) splits according to
w=w®0 4 Y 4,0 (A.7)

We can introduce a local basis of n holomorphic one-forms with index a =
(1,...,n) and n anti-holomorphic one-forms with index a = (1,...,n) of the
complexified cotangent bundle T*M¢ as linear combinations of the above real,
non-holonomic one-forms {e”}:

e = e e, E=te i) (A

In this complex basis, a (p,q)-form w is written as a linear combination of p

holomorphic and ¢ antiholomorphic one-forms:

1 o 2B
W = ]Tq!wal...%gl...gqg rce /\561 Bq. (Ag)
A special case of almost complex manifolds are complex manifolds, which are
defined as follows: Let M be a real manifold of even dimension. A complex chart
on M is a pair (U, ) of an open set U C M and a diffeomorphism ¢ : U — C".
M is said to be a complex manifold if it admits an atlas {(U,, ¢a)} of complex

charts such that the transition functions

Pq © 9051 : @a(Ua N Ug) — (pg(Ua N Ug) (AlO)
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are biholomorphic.

This notion is related to that of an almost complex manifold via the concept
of integrability. An almost complex structure J is called integrable if the Lie
bracket of any two holomorphic vector fields is again a holomorphic vector field.
It has been shown that an almost complex manifold (M, J) is complex if and
only if J is integrable. An integrable almost complex structure is therefore called

complex structure.
For any two vector fields X,Y € I'(T'M), we define the Nijenhuis tensor as
NX,)Y) =X, Y|+ JJX, Y]+ JX,JY]| - [JX, JY]. (A.11)

It can be shown that an almost complex structure is integrable if and only if the

Nijenhuis tensor vanishes [90].

A special class of complex manifolds are Kahler manifolds. Before intro-
ducing them, we have to define the notion of hermiticity of the metric. Let M
be a complex manifold with Riemannian metric g and complex structure J. The
metric is said to be Hermitean if for any two vector fields X,Y € T'(T'M) the

relation
g(JX,JY) = g(X.Y) (A.12)

is satisfied. The manifold (M, g) is then referred to as Hermitean manifold.

In local real coordinates, the hermiticity condition on the metric reads
gaB = J%JgQMN- (A.13)
In local holomorphic coordinates, we can write a Hermitean metric as
9= 0.3 @& + gapl® ® . (A.14)

We can introduce a fundamental two-form w, also referred to as Kahler form,

on a Hermitean manifold as
w(X,Y) :=g(JX,Y), (A.15)

where X, Y € I'(T'M). In local real coordinates, this form becomes

wap = JS 9o, (A.16)
and the components satisfy wap = —wpa. In local complex coordinates, we find
w = 2ig,56 N EP. (A.17)
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This implies that the fundamental two-form is of holomorphicity degree (1,1). A
manifold (M, J) with complex structure is said to be K&hler if the fundamental
form is closed. If (M, J) is almost complex and dw = 0, the manifold is called

almost Kahler.
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B Hodge Star Operator and the Levi-Civita

Tensor

In this section, we collect some identities and definitions that are used for com-
putations throughout the thesis, in particular for the derivation of the instanton

and Yang-Mills equation in Chapter 6 and Appendix C.

Levi-Civita Tensor

For simplicity, let us restrict the consideration to manifolds with Euclidean signa-
ture. The presented identities can easily be generalized to manifolds with arbitrary
signature, but this will not be needed for our work. Our conventions are adopted
from [67]. On flat d-dimensional Euclidean space, we can define the Levi-Civita

symbol as follows:

+1, if (A1As--- Ay) is an even permutation of 1,2,...,d
EAAgeay i= & —1, if (AjAy--- Ay) is an odd permutation of 1,2,...,d
0, otherwise.

(B.1)
Indices of this tensor are raised and lowered with d 45, implying
EA1As-Ag = €A1A2“'Ad. (BQ)

The analogue of the Levi-Civita symbol on a curved space (M, g) is the totally

antisymmetric tensor density e, which is related to the flat Levi-Civita symbol as

€A1 Az Ag = ‘g|€A1A2"'Ad7 (B'3)
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with |g| := det(g) denoting the determinant of the metric. Indices of the curved

Levi-Civita tensor are raised and lowered with ¢, implying

eArdzda — ﬁ Ardz-Aa — \/1|?|€A1A2"'Ad' (B.4)
The flat e-symbol satisfies
e Mo B Bigy 4 cprecy = di(d — p)logrtl o, (B.5)
where the Kronecker symbol with more than two indices is defined as
Sy = Gich 02, (5.6)

with the bracket denoting antisymmetrization of the lower indices. The curved

e-tensor satisfies a similar relation:
EAIMAPBP‘FIMBdE o d‘(d— )‘5Bp+1~~Bd (B 7)
Al.A.Apcp_‘_l...Cd = a. p): Cp+1“'Cd' .

The determinant of the metric ¢ with components g4g can be written by use of

the flat Levi-Civita symbol as follows:

1 AL Ag BrBq

9] = al GA1By " YA4Bys (B.8)

where each index is summed over and runs from 1 to d.

Hodge Star Operator

Let

1
w = FwAl...ATGAIMAT S QT(M) (Bg)

be an r-form on a d-dimensional Riemannian manifold (M, ¢g). The Hodge star
operator * : Q"(M) — Q4" (M) is a map from r-forms to (d — r)-forms, defined

as

1
fw = —————w ey p g el B (B.10)

(d—r)hr!

Using equation (B.7), it can be shown that

wxw = (=1)"d "y, (B.11)

Let us consider the cone C(M) with metric g¢ = dr* + r’gy over an n-

dimensional manifold (M, gy). We denote by *,, the Hodge star operator on
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B HODGE STAR OPERATOR

the base manifold. The Hodge star operator *¢(a) on the cone acts as follows on

p-forms &, € QP(M) that have components only on the base manifold M:
*C(M)@p = rn—2p (*M@p) VAN d?“, (B12)

e (dr A@y) = 1" %y Q. (B.13)

We can generalize the Hodge star operator to a map % : Q"(M,V) —
Q4= (M, V) on differential forms with values in some vector space V. Given a
basis {E1, ..., E4} of the vector space V, a form n € Q" (M, V) can be written as

n=n"®Es (B.14)
with nt € Q"(M). The Hodge star operator then acts as
w1 = x(n) @ B, (B.15)

on the vector-valued form.
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C Detailed Computations

C.1 Structure Constants on Coset Spaces

Let G/H be a homogeneous space, denote by g and bh the Lie algebras corre-
sponding to the groups G' and H and let {I;} = {/,, I;} be a basis of g-generators
as introduced in Chapter 2. The structure constants with respect to this basis
are denoted f;—,; We use indices a = (1,...,dim G) to label directions on G. In
the following, we collect some properties of the structure constants and prove the

identities that are needed for the computations in Chapter 6.

The generators of the group G satisfy the Jacobi identity

> a5 & =0, (C.1)

a,b,c cycl.

which implies the following condition on the structure constants:
Ff5=0, )

where the brackets denote antisymmetrization of indices. Furthermore, recall that

an antisymmetric tensor of rank (n,0) can be decomposed as

(Tayfaz-3n) — Tslsfas-an) + Tasts[asaa-an] £ - - - £ Tggeanfar) » (C-3)

S|

Tig, a,) =

with |a| denoting indices that are excluded from antisymmetrization. In particu-

lar, we find

1
T = 1 (T~ Tt + T ~ Tin) (C.4)

for a rank (4,0) tensor.
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C.1 Structure Constants on Coset Spaces

Let gk denote the metric on G induced by the Killing form as in equation
(2.18). With this metric, the structure constants with all indices lowered are
totally antisymmetric. This can be seen by use of the Jacobi identity (C.2) and

(3

the explicit form of the Killing metric, (9x )z = fa‘% = as follows:

o gd
Jare = 595
_ pd gn g
— Jab/ dm/ ne

_(gd d gn\ rm
—(gﬁfga‘i‘fma gg) e

_ _pd figm g g g (C.5)

v’ ad/ cn mad gy ne
The expression in the last line is totally antisymmetric in 5,3 and ¢, implying
fae =1 [abe]
We may therefore assume that the g-generators are normalized such that the

structure constants with indices in the position faEE are cyclic. With this assump-

tion, we find

—_

Tanlan = 1 <f[65fa5+f[a5fa«i_ dalte ~ Jaa Ea)

L e ¢ g
=5 (Fifsa = Tialss)
= e laa
1 e re e re
=5 (M55 fiatia) (C6)

This holds in particular for structure constants on G/H and therefore implies
equation (6.23). We use this and the following two identities for the derivation of
equation (6.24):

FeaFiafia = 5 (Frenfialia + Feao i T3)

1 . )
= ) (fecafbedfcld — feevfaq éd)
= fec[afbﬁdfcida (C?)

fecaflfdfcid = _feca(flflc éd + cdefgd)
= _fceafl;ie cid - feca ,flefzjd
= _fecaflfdfcid -« éb‘ <C8)
In this computation, we have used the Jacobi identity of the form f[z " fgj ;= 0and

the fact that summation indices can be renamed. Combining the identities (C.7)
and (C.8) yields equation (6.24).
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C DETAILED COMPUTATIONS

In order to prove equation (6.26), we use the adjoint representation
ad : g— gl(g) (C.9)

of the Lie algebra g to simplify index notation. In this representation, the gener-

ators Iz take the form

(ad (I2); = (L) = —[5 € gU(g). (C.10)

We now assume that g splits as g = m @ h with the same notation as in Chapter
2. Due to the reductive splitting, the trace of any matrix U € gl(g) decomposes

as

tr gU = Uss = Upa + Ui = tr n U + tr  U. (C.11)

J
a

Under the assumption that the coset is naturally-reductive, i. e. = 0, we

compute

tr g(]a[b) = fggfl%
= (Zz/xfl;ry_'—féxfli—i_ giflfy
N N
tr m tr y

= —(%(1 +a)+ %(1 — @))0qp = —Oap, (C.12)
—_—

—trm —try
tro(Lil.) = fi5f5 = z’yjfgg"‘ etz =0, (C.13)
tI‘h tI‘m
tr g(IaIbIc) = _fgffbgyj (,:‘EE
= —(fL L5 I8 + Fonlafs + fh Loy 15+ T T3, 1)
A ~~ g W
—tI‘m —tl‘h

== gxflfy czz + 3tr b(]a]b]c)~ (014)

Linearity of the trace yields

~ ol = % (tr g([Las o)1) — 3tr o ([La, T 1))

_ % £ (tr o (IaL) = 3tr y(1l.))

1 3
— 5 ;lb <_5dc + 5(1 — Ol)écd)

_ ;1(1 —30)f5,. (C.15)
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C.2  Yang-Mills Equation in Components

After renaming and rearranging indices, this leads to

1
2fdafiafle = 5 (1= 3a)fh, (C.16)

and we find

fenfenth = fenfen fL

2 e € 1 e
= Sl + Fenfiafl

—5(30-3040) 14
1

= 6<1 —a)fjb, (C17)

This proves equation (6.26).
Note that these identities only hold if the coset space metric is proportional to

dap- On Sasakian manifolds, for example, the metric is only blockwise proportional

to dap, and the sums of structure constants are slightly different.

C.2 Yang-Mills Equation in Components

Let (M,g) be a Riemannian manifold of dimension d, A the gauge connection
with curvature F in a vector bundle F over M and Q € Q*(M) a four-form. The

torsionful Yang-Mills equation on M reads
d* F+ [A+«F]++«HANF =0, (C.18)

with some three-form H.

We compute the Yang-Mills equation in components, considering each sum-
mand separately. We use capital indices A = (1,...,d) to label directions on the

manifold and restrict the consideration to metrics with Euclidean signature. With

1
*xF = mfABEABMl.“Md_QGMlde_Q, (C].g)

the first summand takes the following form:

1
d* F = m (ac (fABEABMlde72) GCMl Ma—2

+ JT"ABﬁABMl...Md72d(€M1de72)) . (CQO)
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C DETAILED COMPUTATIONS

Let TS5 be a connection in TM with torsion T{z. Then Cartan’s structure

equation (3.25) takes the form

1
de’ = (iTg‘D - réD> e“P, (C.21)
and we find
d—2
d(eMi-Mi-z)y = N “(_)(P=DeM g oA deMP AL eMae
P=1
d—2 1 -
=) (-1)@F (§T§§5 — rgg) DMy M Maz, (C.22)
P=1

The hat indicates one-forms that are omitted in the wedge product, such as for
example el A ef2 A e3 = et A e, Inserting equation (C.22) into equation
(C.20), using €apnr, -, » = \/|9|€aB0, -1, , and the fact that the flat Kronecker

symbol €4, ..., _, 1S a constant yields
1
d« F=— (30 ( /|g|fAB> 5ABM1..-Md,260M1'“Md*2
2(d — 2)!
d—2 ] -
+Z<_1)(P_1)JTAB€ABM1--~M¢172 (§T£/[Dp - F%ﬁ) €CDM1"'MP"'M‘”> .
P=1
(C.23)

To avoid confusion, it is useful to apply the Hodge star operator once again. To
do so, we first note that the components in the single summands of the above
form read as follows, assuming for simplicity that the metric has nonvanishing
entries only on the diagonal. This assumption covers all cases we are interested
in — in particular cones over coset spaces with Killing metric (2.19) and Sasakian
manifolds with metric (9.2) — and can easily be generalized for more complicated

metrics.

(d * JT_')CMl"‘Md72

_ gCCngMl .. .gMd—sz_z (d % ‘F)CMl"'Md_Q

_ =D cc \/ AB My M, MMy
T 2(d - 2)!9 ac( |g|F >5ABM1-~-Md,29 R N (O

(d * F)ODMl.'M\p...Md_Q

d—1)! 1
- —2(( T 2)), (—1) D F et Bt Mae (ﬁTCDMP - PCDMP> . (C25)
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C.2  Yang-Mills Equation in Components

When rearranging indices, the upper index of Tz and 'S is always lowered such
that it appears behind the lower two ones. This is important in the following, as
not all quantities can a priori be assumed to have totally antisymmetric indices.

Equation (C.23) now takes the form

1
A F = (9900 (VIg1F2) eamaar og" ™ - g 2ecnr, o,
d—2
D G P AL
P=1

L o oD
<§T mp — I Cepmy - Mp--My_Q | ©

(C.26)

The Levi-Civita tensors in the first summand cannot be contracted in the standard
way. We find, by use of eapap...ag, ,e B Mi-2 = d! and the identity (B.8):

MM My oM,
EABMl---Mdfzg T g -2 2ECM1 Mg_2Q
AA BB MM My oM,
=9449BBY g g T g e U My EC MMy 5Q
_9AAYBB

|g| CABM1-+Mg_o€CM1+My_2Q

_9aagBB (ABM--

Md_260M1~-'Md—2Q
varl

_ 9AAIBB (_1)d—2€ABM1~~~

V19l
_ 9a49BB (—1)%221(d — 2)!565. (C.27)

Vol

With this identity and

Mg_o
€ECQM;..Mg_o

GABMIM o (_1)P+d746ABMpM1---Mp---

M
¢ 2€CDM1.‘.]\//[;A..M(1_2Q -
= (=1)P*131(d — 3)16850 " (C.28)

Ma 2€CDQM, AP M,
1Mp--Mg_o

equation (C.26) turns into

xdx F=|(— )d 2%3 \/E]:AB SAB
( o (Vi)
d—2

3(d—3 1
+ d 5—2§-7"AB <§TKLMP _ FKL ) 52[3)1\51:) e (C.29)
P:l
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C DETAILED COMPUTATIONS

After evaluation of the sum and the antisymmetrization of indices, we find

wdx F = (—1) (\g/‘?ia (VIgl7<?)

— (5 (-FCDTCDQ o FCQTCDD + FDQTCDC)
+ (FeplPg — FelPp + FplPp))) 2. (C.30)
The second summand [A, xF| of the Yang-Mills equation takes the form

1
y MICDECDMl---Md,Qe

1
= m[AA,FCD]€CDM1.A.Md72€AM1MMd_2. (CBI)

Applying the Hodge star again and using

MyMg_o

[A, +F] = {AAGA

GCDMIMMd72€AM1---Md,2Q _ (_1>d72 CDMl"'Mdfz‘EAQMl---Md,Q
= (—1)422(d — 2)165, (C.32)
yields
1
*[-A, *-F] - M['AA ]ECDMIWMd72EAMl-"MdﬂQeQ
= (—1)"2 A%, Fagle?. (C33)

Let us proceed by computing the torsion term. The dual of the three-form H
is given by

1
*H = mHABCEABCMl...Md73€Mlde73. (034)

Taking the wedge product with F, we obtain

_ 1 ABC KLM--Mg_
*7‘[ ANF = m?‘[ FKLGABCMl-nMd,ge d 3, (C35)

which leaves us with the following components:

1

mHABCfKLeABCMl...Md73. (C.36)

(*H /\ .F)KLMl...Md73 -

Applying the Hodge operator again therefore yields

1
2-3(d —3)!
1
= SN P A F G

1
= 5(—1)d_3HKLQ.FKL6Q. (037)

x(xH N F) =

KL _ABCM;--M,_
HapcF " e vMasser o, 0€
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C.2  Yang-Mills Equation in Components

After suitably renaming the indices, the entire Yang-Mills equation with torsion

takes the form

1 1
IB5 Oc (\/ |9|]:CB> — F¢P (_TCDB — FCDB) + F%p (_TCDD — PCDD)

\/E 2 2

1 1
— F% (ETDCD — PDcD) + [A%, Fup] — §HCDBFCD = 0.
(C.38)

The following special cases of this equation will be of particular interest for
us: first, let M = Z(N) be the cylinder over a G-structure manifold N and
assume that the components of the metric gy are coordinate-independent. Then

the Yang-Mills equation becomes

1 1
8(;.7:03 _ JE'CD (§TCDB _ FCDB) + ]:'CB <§TCDD _ FCDD>

1
“HepPFP =0, (C.39)

1
_ fCB <_TDCD . FDC’D> + [AA,FAB] . 5

2

This equation is used in Chapter 9 to derive second-order equations on the cylinder

over a Sasakian manifold.

Second, let M = C(G/H) be the cone over a coset space G/H with metric
ge = V2T (dr? + Seeb), (C.40)

where small indices label directions on G/H. In this case, we have to distinguish

whether the free index B becomes zero or nonzero. The Yang-Mills equation then

leads to
CD 1 0 0 c0 1 D D
F §TCD —TIep” ) = F §T0D —Tep
1 1
# 7 (3T0 = To) = [Aw ¥ 4 3Hen’ 7P =0 (€.t
for B =0 and
1
v e T Foy +y(d — 4)FP — FP <§TCD - FCDb)
Cb 1 D D Cb 1 D D
+ F §TCD —lep” | = F §TDC —I'pe
1
+ [ Ay, FY) — §H0DbeD =0 (C.42)

for B # 0. These equations are used in Chapter 8.
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C DETAILED COMPUTATIONS

C.3 Details for the Yang-Mills Equation on Sasakian
Manifolds

In this section, we collect some details about identities that are used in Chapter
9.

Sum of structure constants

Let M be a Sasakian manifold of dimension (2m+ 1) with structure group SU(m)

and metric

2m
m+1

gu =e'e’ + Save™. (C.43)
Let R x M be the cylinder with structure group SU(m+1). Then the Lie algebras
corresponding to the structure groups admit a splitting su(m + 1) = su(m) & m,
as described in Chapter 9. We use indices p = (1,2,...,dimm) to label the
generators of m and indices i,j for the remaining generators of su(m). In this
setup, the SU(m + 1)-structure constants satisfy equation (9.21):
2(m? — 1
(m* 1),

i pc o

cJib T

ab- (044)

To see this, note first that the components of the metric (C.43) take the form

2m

—— 0. A4
m+16ab (C 5)

(gm)1y = 1, (9M)ap =

The Killing form of su(m + 1) induces the following metric on m:

(95), = Ficl5, (C.46)

The structure constants are normalized such that they satisfy

m+1
fap = 2Punn, fla = ———Piay (C.47)
Hence, the Killing metric takes the following values:
d (¢ c 2(m + 1)2
(910) 1 = [l = Fiofin = =75 = X, (C.48)
i 2(m+1 ;
(K)o = 208 fip + [ f) =2 (%5@ + fadifdb> : (C.49)
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C.3 Yang-Mills on Sasakian Manifolds

This metric matches the metric (C.43) up to rescaling of structure constants by
the factor v .X. We therefore find

(gM)ll = (gK)u =1, (0'50)

(9M)ab = — (9K) g

(o fo + Fo )

2 (2(m+1 i
- X ((T)(sab + gifdb)

2m
=T 16ab. (C.51)

| 1 3| ]

We conclude that both summands in (gps)e must be proportional to d,p, hence

i - (04 with some real parameter S € R. This leads to

2 (2 1 2 2(m? -1
X (—(mm+ ) + 6) 5&1) = m:_nl(sab = ﬁ = (mm ) (052)

and proves equation (C.44).

Action

The second-order equations (9.22) derived from the Yang-Mills equation on the

cylinder over a Sasakian manifold are the equations of motion for the action

4(m+1)

— Vol(M) x /R [—%(X2+¢2)— (mTJrl)z

(W(l — )+ m(l = m)(1 - k) (ﬁw - 1)2

2
S :L/ tr .7:/\*.7:+2(L> RdT N %3 Qu AN F NF
Rx M m+1

+m(1 + k(m — 1)) (x — —¢2)2>] dr (C.53)

with potential

Vi) = & (m—“) (((1 -+ K(m = D)mx? + (s(1 = m) — 3) x?

2 m

X2+ (2 —m+ k(m — 1)) 9* + %w‘l +m(m—1)(1— m)) . (C.54)
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C DETAILED COMPUTATIONS

To see this, we compute the summands tr (F A «F) and tr (d7 Ay Qun A F A F)

separately. For the first summand, we find

1
tr (F A xF) =5 tr (2F 0, FO + Fou, F*)Vol(R x M)

m—+1
m

1
=5 tr <2-7:o1f01 + FoaFoa

m—+1

1 2
m + FinFp + <W) ]:ab]:ab> Vol(R x M)

m

3
(T (e e ()

m+1\> ([ 1 , 2
- I _1 (A ] n m
+< om ) ((2771,1/} ) abfab imd jn

—16(m + 1) (x - %@w?) )) Vol(R x M), (C.55)

_|_

using Vol(R x M) = +/|gz|dr A et ™D the components (9.20) of the curvature
and the following explicit expressions for the trace of I;, I, in the representation
(9.4):

m+1

() = Tplt, + Il + Tty + TioTh = 2L ()
tr (1,1;) = I}, I, (C.57)
tr (I1;) =0, (C.58)
tr (I1,) = 2(1%1% + I°, 1Y) = —8m (sum over a). (C.59)

The combination fi, f7, f2. T of structure constants in equation (C.55) can be

simplified by use of the following relation. The commutator of two generators in

the representation (9.4) takes the form
Lo, B)e = fapTie + FanIie- (C.60)
Inserting the explicit expressions for I; and I, leads to the identity

A 2
fzbfi(i = WheWad — WacWpd — (52(53 + 55(53 + Epablwcd. (061)

a
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C.3 Yang-Mills on Sasakian Manifolds

We use this expression to rewrite the sum of structure constants in equation (C.55)
and find

E i f£J] ofnofmo_ E c cd cd
fabfab imd jn <wbcwad — WacWbd — 5¢16b + 5176& + Ewabwcd

a7b7c7d7i7j a7b7c7d7i7j

2
dsc d cc
(wbdwac — WadWhe — 6(1513 + 5{; 5(1 - Ewabwcd

4
= E <2wbcwadwbdwac - 2(f‘-}acwbd‘f‘jacwbd + Ewabwcdwbdwac
a7b7c7d7i?j

4 4

— —WabWedWpcWad — _Zwabwcdwabwcd
m m

N (ﬁ _ 4) Wiy -+ 2(616% — 5;35;))

m
8
=4m —8m* +8+8 — 16 + (-—4) 2m + 4m — 8m?
m
= 16(1 — m?), (C.62)
using the fact that wpwa = 2m and that only the components of wy, with b = a+1
or b = a — 1 are nonzero. To avoid confusion, the summation indices have been

explicitly displayed at this point. Note that all indices are being summed over.

Inserting this back into equation (C.55) yields

tr (F A wF) 4t <—1 (2 +42) - (mTH)szu —y)?

m 2
m+1/1 2
2
o (m+1)2 (X_L¢2> )VOZ(RXM)
m 2m

e (‘% (¢ +92) - <m7+1)2 (¥*(1—x)?
- (I-m)m (ﬁw - 1)2

+m (x — %1&2)2)) Vol(R x M). (C.63)

For the second summand in the action, note that dr A *,;,Qy A F AN F is a

form of top degree in on the cylinder Z(M). A convenient way to compute the
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C DETAILED COMPUTATIONS

components of this form is to apply the Hodge star operator. We find

1 o 6 _pvpoly---En—
= —4n!(n — 4)!pr0]: B Y0 ghrpoti--&n deey ot sofd
1 (e O SHVpo
= 1Quno T O heS
1
- ZQNVpoJr[WFpU]
= 3w, W FI Frol, (C.64)

using n :=2m + 1 = dim M as well as Q) = %w Nw & Qupe = 4lw,wy,. This

result implies
dr A %3 Qur A F A F = 3wapwea F P FIV ol (R x M). (C.65)
We find

tr (dr Ay Qu AN F A F)
= BWapWeq tr (FIFIDVol(R x M)

m+1\" 1 i i g1 gnopm
— (W) (<%w2 — 1) 3Wabwcdf[abfcj]dfim n

m+ 1 1 2
- 88— (X — _¢2) 3wabwcdp[ab1|Pc}d1> VOZ(R X M)
m 2m

m+ 1\ 1 i i i gnogm
SRR

~3(m? — 1) (X - izﬁ) > Vol(R x M), (C.66)

by use of fLfi = 0 and 3weweaPapj1 Pgar = 4m(m — 1). The sum of structure

constants simplifies to
wabwcdffﬁbfédfgn n = 16(m* — 1). (C.67)

This identity is proven by writing the structure constants in terms of equation
(C.61) and evaluating all sums explicitly. As the computation follows the same
pattern as the derivation of equation (C.62), we do not present the details here.
We find

tr (dr Ay Qu AN F A F)

_ <m2_;1)432(m2 —1) <(%¢2 - 1)2 - <X - %1@2) Vol(R x M),

(C.68)
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C.3 Yang-Mills on Sasakian Manifolds

Now the identities (C.63) and (C.68) can be inserted into the action. This leads
to the result (C.53), taking into account that the volume form on the cylinder

satisfies Vol(R x M) = dr A Vol(M).

Eigenvalues of the Hesse Matrix

Let us once again consider the potential (9.24):

3 (PE0) (= 1+ 1 = m) = 3) 0

2 4 (2—m+ k(m — 1)) * + i@/fl +m(m—1)(1— Ii)) . (C.69)

The critical points (), ) of V' that satisty 0,V = 0,V = 0 are listed in equation

(9.26), and the eigenvalues of the matrix

v v
o oxd
X Oxov (C.70)
V.V
Dudx 0

have been presented in Table 6. The eigenvalues at the critical point (x2,%5) =
(1,£v/2m) need a more detailed discussion. They are given by

(A1, Ag) = (1 <mT+1)2 ((5 + rw(m 4+ 1)m—+ (1 + k(m — 1))\/m) ,

2
% (%“) ((5-+ 5(m — )m — (14 w(m — 1)y/m(E + m)>> |
(C.71)
A1 is greater than zero for
K> Ky = — sm + (8 + m) (C.72)

m(m+1) 4+ (m —1)y/m(8 +m)

and smaller than zero otherwise. A, is greater than zero for

K< K_:= —om At ym(E 4 m) (C.73)

m(m—1) — (m —1)y/m(8 +m)
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C DETAILED COMPUTATIONS

and smaller otherwise. We have k_ > k, for any positive integer value of m > 1.
The extremum of the potential at (1,++/2m) is therefore

1) asaddle for K> K_,
2) indefinite  for K=K_,
3) aminimum for K- >k > Ky, (C.74)
4)  indefinite  for K=Ky,
5) asaddle  for Ky > K.

This observation is in agreement with the remaining cases listed in Table 6: since

Ky > ﬁ, we find one positive and one negative eigenvalue for (x4, 14).

We can expect Yang-Mills solutions when the extrema at (1, 4+/2m) are min-
ima, i. e. for k_ > k > k4 (in particular for kK = 1), or saddle points, and dyon
solutions when they are saddle points. As A\; and Ay do not simultaneously be-
come smaller than zero for any fixed value of k, the critical points never become

maxima.
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