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Abstract

The goal of my talk is to describe recent developments in the topic of quantum corrections to the energy of classical solitons. The
basics in this matter were solidly founded in the mid seventies of the XX century by Faddeev and Korepin in Sankt-Petersburg and
Dashen-Hasslacher and Neveu in Princeton. Nevertheless, a new conceptual approach based in heat kernel/zeta function regularization
methods proved to be fruitful in 2002 both in the supersymmetric (Bordag, Goldhaber, van Nieuwenhuizen, Vassilevich, Leipzig/Stony
Brook) and bosonic (Izquierdo, Fuertes, Guilarte, Leon, Oviedo/Salamanca) cases. This year Vassilevich (Sao Paulo) extended the
method to compute the one-loop mass shift to non-commutative kinks, both purely bosonic and supersymmetric. I will also comment on

a subtle connection between this subject and supersymmetric quantum mechanics.
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1 Perturbation theory of the (1+1)-dimensional \(¢); model

1.1 The A(¢*)-model on a line

e The action, the bosonic field, metric convention, dimensions, and the field equations
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In terms of non-dimensional space-time coordinates and fields
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1.2 Particle spectrum and perturbation theory

e Shift of the field from the homogeneous solution ¢(x#) = 1+ H(x") == Higgs mechanism, spon-

taneous symmetry breaking of ¢ — —¢ and Feynman rules

S = m; / d’x {E@MHWH - 2H2(a:“)] -~ [2H3(3&“) + %H‘*(x”)” :

Vertex Weuight Vertex Weuight

Particle  Field Propagator Diagram
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1.3 Mass renormalization in (1+1)-dimensional QFT

One-loop ultraviolet divergent graphs: Higgs tadpole and self-energy :

. . d’k i
_62'1(4)__62'/(2@2'(kg—k2—4+z'e)_ < >

5




. . dk 1 RVZER 1
_62.[(4):_62'/%'\/k2+4:_62'ﬁ'§; 2L, Q

s+ 4

Combinatorial factor: %

e Lagrangian density of counter-terms: Lo =3h(d*(z) —1) - 1(4)

Table 1: One-loop counter-terms

Diagram Weight
p 6il(4)
s 6il(4)

1.4 Zero point vacuum energy

e General solution of the linearized field equations

5?25H( = 0?6 H
ox? 10, Ox?

(o, z) +40H (xg,x) =0
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0H (0, 2 )_E sz: R A IC ,
| | d2
ko=wk)=Vk2+4 | K-k —-4=0 , K™ =uw k)™ | Ky= =+ 4
x
e Normalization interval, Periodic Boundary Conditions and spectral density of K
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e (Classical and quantum free Hamiltonian
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e Vacuum energy
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2 A1)y kinks

2.1 Extended classical lumps
e Topology of the configuration space
€ = {6(z) € Maps(R, R)/E[¢] < +00}

C:C++|_|C__UC+_|_|C_+

e Finite energy and asymptotic conditions
m? ldeo do 1
E=— [ do{-——-" L4 =(1—¢*?
\/Q)\/ JB{2d:15 d:v+2( ¢)}

lim ¢ _ 0 : lim ¢(x) = {

r—=+o00 dr T—100

e Bogomolny splitting and first-order equations

o 1 [ do N\ m? *\ 16(c0)
E = ﬁ/d%(@ﬂl—aﬂ) i\/—Q'@—g) ‘qzs(—oo)
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e Finite energy static solutions
4m?
i) =0 : = +1 : E =
(¢+) O+ (9x) 3V
r—a—vt 1
xr) = ttanh(z —a) xg, r) = £tanh : exlx) =
gbK( ) 1l ( ) ¢K( 0 ) 1l ( \/_7,02 ) K( ) COShQ(CU—CL>
¢ K ()

2.2 Small fluctuations around kinks: Posch-Teller Hamiltonians
e Small kink deformations still solve the first-order ODE if:

6(x) = ¢x(2) + 6(a) .,  d9(x) € Ker D

Ds¢(z) = (—% + 2¢K(az)) 5(z) = (—% + 2tanha:> Sd(z) =0
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e Hidden SUSY Quantum Mechanics: because

0 D 0 0 K 0
_ F_ _
o-(07) o elon) (04

e Shift of the Higgs field from the kink configuration: ¢(z#) = ¢x(x) + H(x")

s
S = — dm hm/ dﬂfo
3V2\ T—oe T
m’* 2 1 3 2 3 1
+ — | d°x ¢ |=0,HO"H — (2 — s—)H(2")| — |2tanha H*(2") + H"(2")
A 2 cosh“x 2

2.3 Kink Casimir energy

e Spectral resolution of the K-operator with Periodic Boundary Conditions in the interval I = [—%, %]
ki@ = -Lvi-—C lrw-2rw . ker
Ar) = |———= — xr) =¢& x ,
da? cosh?z| *° )
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Eigenvalues Eigenfunctions

62 — 0 fo(aj) - COS]}_12£U
e2=3 f3(z) = %

e2=k>+ 4| f.(x) = e (3tanh*z — 1 — 3iktanhx — k?)

e Kink phase shifts and spectral density

L 3k
/~<:m—\/§ + (k) =2mn | i(k) = —2arctan2 —
n 1 3k 1 mL di(k)
= . arct 7 k) =
k 7= o Actang—s . n€ : pr (k) 27T(\/§+ dk)
e General solution of the linearized field equation around the kink background: — ¢(xg, ) = ¢ (x) +
O0H (xg, )
0?0 H 0?0 H 6 0?
- — 4 — OH = |=—+K|0H =0
ox? (20, %) Ox? (@, ) + ( COShQZL’) (0, 2) [6?56% i ] (0, )
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+ % A ff 2. J;% (A(k)e =" fo(x) + A*(k)e™" f2())

e Classical and quantum free Hamiltonian for kink fluctuations

V2

hm

_ {\/§(A§A3 + AsA3) + ) e(k)(A*(k)A(k) + A(k)A*(k))} :
k

8330 65[30

+ 0H (x, ) K0 H (x, ZC)] =

2¢/2

e One-loop kink mass

1. Kink classical mass F(¢x) = 34\7}%.
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2. Kink Casimir energy
1
AME = AE(ér) — ABy = 2 (TrK% _ TrKg)

3. Counter-term contribution to the kink mass
hm hm

AMJE = =322 104) - [ do (6hla) = o2) = 672 104

AMy = AMYS + AME , Es(ér) = E(¢px) + AMy
CAVEAT:

Both summands in the one-loop mass shift AMx = AMS + AME are ultraviolet divergent

3 Heat kernel/zeta function regularization of kink masses

3.1 Zeta function regularization of kink and vacuum zero point energies

e Generalized zeta functions:
C NG
AMp(s) = =(2

SO G (s =1
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poy b 1
w(s) = 5%5 + Zk: (k)% ; Cry () Zk: o

AME = T, AME() = 3% (Gid—) - <K0<—§>) ,

5=y

AME(s) is a meromorphic function of s with a pole at s = —3
3.2 Mass renormalization
e Regularization of AME in terms of zeta functions
1 T(s+1) <2u2>3+1 mL mL
I(4) = — lim : : s+ 1 : —_
( ) . Z/J/L F(S) m2 CKO( ) [ 2\/5 2\/5]
1
6k (2u2\""? T(s+1) 3h 1
R(o) —
AME(s) = L <m2) ’ ['(s) ' CKO(S +1) ) A]\41( = 81_1>m7 AMK( ) = T CKo(é)

3.3 Dashen-Hasslacher-Neveu (DHN) exact formula

e Vacuum heat and generalized zeta functions

L [T 2 mL
Tye—BKo — ™ / g PR _ =48
re om | e 575 e
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L e sy mL L ey omL 1 T(s—3)
CKO(S)F(S)/O dg p° Tre = F(s)/o dB B° 2e % =

Poles of (x,(z): s — % =0,—1,-2,---,—n, -
e Regularized zero point vacuum energy

S s 1
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e Kink heat and generalized zeta functions
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Poles of (i (s): s+ 1+ % =0,—-1,-2,---,—n,---, [ € Ny plus the poles of (x,(s).

e Kink Casimir energy
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e Mass renormalization counter-term contribution
1
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hm 3 2112
[ have used that the digamma functions differ as: (1) — ¢(—3) =Ind — 2

e DHN formula

im 3k
AMp = AMS + AmE = = 7

2\/6 77\/§

4 Cahill-Comtet-Glauber formula

e Cahill-Comtet-Glauber (CCG) formula and bound states

AMy = ——— (Z 2(sinf; — Q,;cos&,;))

1=0

Angles are defined in terms of the eigenvalues of the bound states of K:

0 7 V3 T

0y = arccos(§) =5 0, = arccos(—) = i sinfy = 1
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hm T hm 3hm
AMy = ———(24+41—+/3 =) = — — —0.471113hm
" 7r\/§( 6) 26 T2

5 High-temperature one-loop kink mass shift formula

5.1 High-temperature expansion of the heat function

e Kink Seeley coefficients

Tre % = f/jj (% +Var (eBErf(\/B) + ewErf(Q\/B)))
B 6_4/8. o n—1/2 +
= 75 nz:% cn(K) B : n ez
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176
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5.2 The K-heat equation kernel

e Vacuum heat equation kernel and high-temperature asymptotics for 5 small

0 0?
(%_@—1_4) KK0($7y76):O ’ KKo(x7y70):5(x_y)

e 40 _ (z—y)?
KKO(CU,?];B) — \/m'e ¥

e K -heat equation kernel

d? 6
K = _@ +4 4+ V(x) , V(CB) = 6¢%(<:U) — 6= ——+— :

0 0*
(- s +4+ V@) Ko ) =0 Kilovg:0) = s = )

e Transfer equation

KK(«f;y;ﬁ) — KKo(x7y;5) ) CK(Ivy;B)

<35+ s 6x_ax2+v(x)> Cr(z,y;8)=0 , Cg(z,y;,00 =1,

e Power series in 3 expansion, recurrence relations, and high temperature asymptotics of the K-heat
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equation kernel

o0

CK(LC,ZU,B)ZZCn(SU,y,K)ﬂn ) C()(.f,y;K): )
n=0
dc,, 0%c,
(n+ Ve, y; K) + (2 — y) a; (2, y: K) + V(z)eu(z, y: K) = 55 (2,y: K)
e~ 4P (z—y)?

KK(x7y76):\/m6_ ¥ ch(w7y7K)6n
n=0

e [rom the heat kernel to the heat function. First step: lim,_,,

1
n—+1

Infinite temperature conditions and recurrence relations among derivatives

7 (k)Cn<CB) — lim a Cn(iﬁ,y, )

Cn—|—1<x7 L5 K) — e @ajk

@, (x) = V(z)en(, z; K)]
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M Cy(x) = lim 9" =6 WO (x) L 20 1 (z) — Z ( | > dV—(x) k=) oL ()
J

y—z Ok B n-+k ;
7=0

mL
e From the heat kernel to the heat function. Second step: limj_,o ffﬁi

n=0
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—48 00 m_}
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2n+1(1 4 22n—1)
alK) = —g, -

CO(K)

— lim —= ,

L—oo \/§

5.3 Seeley densities and Korteweg-de Vries equation

n>1

e [terative solution of the recurrence relations (abbreviated notation: uy = Cg%(x), up = (%(x)) )
ci(x,x) = ug
1 1
cox,x) = §u§ + e
o) — bt g L
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S 6° 6 " 12 60
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e Invariants of the KdV equation. The one-parametric family of Schrodinger operators

H(t)= —% + Vi, 1)

u3u5u3

U%U2U4

UjuU4us

UgU4Ug
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_|_

23



is isospectral if

oV o3V oV
E(ZE’T) - %(5677') o GV(Z‘,T)%(SC)T)

5.4 Mellin transform of the asymptotic expansion

e From the heat function to the generalized zeta function: the Mellin transform

* o 1 1 = ! S n—% —45 = s—1lm.x —0K : s—1
CK(S)_F<S) [m.nz;cn(]()-/o dB B2 . e —i—/ dp B° Tr'e —/ dp p

1 0

1 oo
Bg(s) = — / dg f5 Trre P8
1

entire function of s.

e The zero mode contribution I =

T
1 ! 1 ~[s, €]
] T d s—1,—ef _ I = J
by ) 8 =y T
1 1 e 1 1
~ L5 . g8 = [ = —
s, 6]8 50 s - sq1° sl'(s)  T(s+1)

e Splitting the vacuum generalized zeta function

_omL 1 g ate 4 [T g go-em10
i) = G2 g ) @i [T iy
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mL 1 1 [ | 1 4T 1 4]]
p— . . . S JR— _7 S R _7
V8r T(s) 453 ! 2 2
v]s — %, 4] has poles at: s — % =0,—-1,-2,-3,---. I['[s — %, 4] is an entire function of s.

e Truncation of the asymptotic series giving the kink generalized zeta function

CK() 1 \/17 XO:CH(K)'W[S—’_TL_%MH—F 1 . Z CH(K).V[S—FTL_I%?ZH_} —|—BK(S)

S n—l STN—
['(s) A5tn—3 Vam o Astn—3 S
v[s+n — 5, 4] has poles at: s +n — 5 =0,—1,—2,—3,---. A large but finite number N, is chosen to
separate the contribution of the hlgh—order coefficients.
1 = S+n—z4
b[]\(fp(S) — . Z CH(K)V[ 2 ]
VAT - 4

is holomorphic, however, for Res > — Ny — 1.

5.5 High-temperature one-loop kink mass correction

e Neglect the (very small) contribution of the entire functions and subtract the zero point vacuum energy

S N
oo 2u° 1 [ Ys+n—14 1
AME = —. ] ) u- : EjnK 2~ -
K9 3_1;{1% <m2> H ['(s) [\/E — en () J5+n—3 s ’



zero-point vacuum energy renormalization takes care of the term coming from cy(K)

e Mass renormalization

hi , 2#2)8+7 1 [ 1 1
AME=——"T_ . ¢(K)- lim & o |y[s+ =4+ T[s+-.4
eV H%< wir [Tyt

mass renormalization counter-term exactly cancels the ¢;(K') contribution

e High-temperature one-loop kink mass shift formula

hm . vln —1,4]
AMj = — : N (K- i )
K 4 /271' [ /471' Z < ) 4n—1

n=2

5.6 Mathematica calculations

e Numerical data

N B vl —1,4]
AMpg = —0.199471hm + Dy, Am ) LM@‘"_%;CMK38VQW@“1
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n Cn(K) N() DNO
n| c,(K) | No| Dy,

11 0.62475 11 -0.271949
2 124.0000| 2 |-0.165717

12 0.217305 12 -0.271964
3 135.2000 | 3 |-0.221946

131 0.0695378 13 -0.271968
41393143 | 4 |-0.248281

14 0.020603 14 1-0.271969523040415
5 134.7429 | 5 |-0.261260

15|  0.0056838 15 | -0.27196980618685
6 125.2306 | 6 |-0.267436

16 | 0.00146678 | 16 | -0.27196987296988
7 1155208 | 7 |-0.270186

171 0.000355585 | 17 |-0.271969887872730
8 827702 8 |-0.271317

18 | 0.0000812766 | 18 [-0.271969891027559
9 13.89498 | 9 |-0.271748

191 0.0000175733 | 19 | -0.27196989166267
101 1.63998 | 10 | -0.271900 6

201 3.60478 - 107" | 20 | -0.27196989178453

Dy = —0.271900~hm Dyy = —0.271969Am
AMpg = —0.471371hm : AMpg = —0.471440hm

e Error —0.0002580Am —0.0003270Am
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hm [ -3
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6 One-loop mass shifts for non-commutative kinks

6.1 Non-commutative (¢);-model

e The action and the Moyal product

m/dQE%%_
2 Ozt Ox,
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e Field equations
Op(x”) = 2¢(2") + 2¢(2") x ¢(2") x ¢(z") = 0
6.2 Non-commutative kinks
e Static solutions
o = +1 : o (x) = tanh(x — xg) : Ex =——
e Small fluctuations around kinks and linearized equations
o(t,z) = ¢ () +0p(t,x) , Tod — 200 + 2(dx * ¢ x 0P + P * 0 * o + P x P * Prc) = 0
e Separation of space-time variables and the Moyal product
e x f(z) = flx — bw) | flz)* et =e“ f(r+0w) So(t, ) = e“'n(x)
e Non-linear spectral problem: K(w)n,(z) = w?n,(z) = [—;‘l—; + V(z;w)| no(z)

V(z;w) = 2 (tanh*(z + fw) + tanh(z + fw)tanh(z — Ow) + tanh*(z — fw) — 1)
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6.3 Exotic SUSY Quantum Mechanics
e First-order differential operators, supercharges and SUSY Hamiltonian

0(w) = —%+tamhx+(w)+tanhx_(w) , ra(w)=240w , O(w) = %thanhmr(w)ﬂanhx_(w)

o [0 0w oy [ 00

ow-( ) = ( o)

J[Cd w w TCU: W) = H+(w) !

Q'(w)Qw) + Qw)Q'(w) = H(w) ( ) H(w)>
2 2

H ' (w)=K(w)=H (w) —

cosh?z  (w) B cosh’z_(w)
d2
H (w) = —oat 2(1 + tanhz, (w)tanhx_(w))

e Zero mode of H'(w)
1

8T(w)no(56;w) =0 g no(z;w) = coshz (w)coshz_(w)
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