PHYSICAL REVIEW D 101, 023526 (2020)

Trans-Planckian censorship, inflation, and excited
initial states for perturbations

Suddhasattwa Brahma®"
Department of Physics, McGill University, Montréal, Quebec City H3A 2T8, Canada

® (Received 14 November 2019; published 28 January 2020)

The recently proposed trans-Planckian censorship conjecture (TCC) seems to require that the energy
scale of inflation is significantly lower than the Planck scale (Hy,; < 1072°Myp,). This, in turn, implies that
the tensor-to-scalar ratio for inflation is negligibly small, independent of assumptions of slow-roll or even
of having a single scalar field, thus ruling out inflation if primordial tensor modes are ever observed. After
demonstrating the robustness and generality of these bounds, we show that having an excited initial state
for cosmological perturbations seems to be a way out of this problem for models of inflation.
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I. TCC AND INFLATION

One of the crowning glories of inflation [1-6] lies in its
ability to explain the origin of small inhomogeneities,
which seed the large scale structure of our universe, as
quantum vacuum fluctuations [7,8]. As is well known
[9,10], these quantum fluctuations which oscillate within
the Hubble horizon, become classical and freeze on exiting
it during inflation, and eventually reenter the horizon at late
times to seed the anisotropies in the cosmic microwave
background radiation [11,12] and the large scale structure
[13] which we observe today.

However, using the above mechanism, one can easily see
that even trans-Planckian quantum fluctuations can become
classical if inflation lasts long enough (and, in particular,
much longer than what is needed to explain our current
observations) [14]. In other words, inflation, as a low-
energy effective field theory (EFT), would fail if macro-
scopic perturbations can be traced backed to modes which
are smaller than the Planck length at early times. This is
the well-known “trans-Planckian problem” in cosmology
[14,15] (see also, [16-21]) and it was a general expectation
that the details of the theory behind the quantum com-
pletion of inflation would resolve it.

Instead, recently it has been conjectured [22] that in
any consistent theory of gravity, quantum fluctuations
smaller than the Planck length should never be able to
exit the Hubble horizon and become classical. This “trans-
Planckian censorship conjecture” (TCC) adds to the list of
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the consistency requirements—the so-called swampland
conjectures [23-25]—for a quantum theory of gravity.
The TCC seems similar in spirit to Penrose’s cosmic censor-
ship hypothesis’ [26,27], where in place of a singularity,
fluctuations in the trans-Planckian regime are conjectured to
be hidden by the Hubble horizon.'

As has been pointed out in [22,28], the TCC can only be
violated for accelerated expansion and is, therefore, in
some tension with regimes such as inflation (and does not
pose a problem for standard radiation or matter-dominated
eras). In [28], the implications of the TCC for inflationary
cosmology has been studied in some detail (see [29-34] for
related work). Let us first summarize their main results and
demonstrate the robustness of their findings.

As mentioned earlier, quantum mechanical fluctuations
oscillate on subhorizon scales but freeze out when their
wavelengths become larger than the Hubble radius [10].
Therefore, during accelerated expansion, subhorizon
modes can exit the horizon and become classical, presum-
ably through some decoherence mechanism [35-39]. Since
the TCC prohibits this for trans-Planckian modes, one gets
an upper bound on the duration of such accelerated phases
so that a Planck length mode never exits the Hubble
horizon. For inflation, this implies [28]

eN < Mpy/Hip, (1)

where N is the number of e-folds of inflation and we
assume that the Hubble parameter H,,; remains constant
during inflation. On the other hand, in order to retain its
most striking success, inflation needs to explain the scales
we see today as originating from quantum fluctuations,
i.e., the comoving Hubble radius today must have been

'"The author is thankful to Robert Brandenberger for this point
of view.
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subhorizon at the beginning of inflation to be in causal
contact. This puts a lower bound on inflation [28]. These
two bounds sets up an hierarchy for N and, requiring that
they are compatible, results in an upper bound on the
energy density for inflation [28]

Pt < 3% 10710My,, (2)

This conclusion is completely independent of the details of
inflation and sets an upper bound on the energy density
of the background during inflation from the Friedmann
equation alone.”

Next the authors of [28] puts an upper bound on the first
slow-roll parameter ¢, defined as 3/2(1 + p/p) by using
the Hubble scale during inflation and the observed value of
the curvature power spectrum, from the equation
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by approximating Pr ~ 107, and using the maximum
allowed value for H,; ~ 3" x 1072°Mp, from (2). This
gives the bound

e <1073, (4)

Finally, on using the consistency relation » = 16¢, where r
is the tensor-to-scalar ratio, one gets the final bound in [28]

r<107%, (5)

This is the most remarkable of all the constraints since it
implies that the detection of primordial gravitational waves
would rule out inflation, assuming the TCC.

As was already noted in [28], we stress that these bounds
do not assume any slow-roll condition for their derivation.
In fact, one can clearly see the robustness in this derivation
of the bound on r in the following way. At first, it might
seem that since the bound on r follows from the bound on €
(4), it might be easy to avoid it by postulating some model
of inflation which violates the r = 16¢ consistency relation.
However, that is not the case since the constraint (4) is not
so much on ¢, but rather on the factor multiplying H;,¢/ M,
in the scalar power spectrum. Any mechanism, such as
going to multifields or warm inflation, which modifies this
consistency relation by modifying the scalar power
spectrum would not be able to affect the bound on r (5).
To explicitly demonstrate this, let us consider some
incarnation of inflation which leads to the following
expression for the curvature power spectrum

2, . o . . . .

There have been some simplifying assumptions in this order
of magnitude derivation (see [28] for details) but none so severe
to change this result drastically.

1 H. 2
PR < 1nf> rs’ (6)
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where I’ is the model-dependent modification factor. This
would lead to a new consistency relation

r=16¢/T,. (7)

However, plugging in Pr ~10™° and H < 3'5 x
1072°Myp, from (2) gives a constraint on e/’ < 1073,
Since this is the precise combination which appears
in (7), it means that the bound on r < 1073? would remain
unaffected. Indeed, for the case of warm inflation, this has
been recently verified in [31] (Per se, none of the models of
inflation are in conflict with the TCC, but the real danger is
that they would get ruled out if primordial tensor modes are
ever observed. This last conclusion is also true for warm
inflation and, thus, as far as the TCC is concerned, warm
inflation models fare no better than their cold counterparts
[28].) Thus, from this simple calculation, it immediately
follows that even if the bound on ¢ can be somewhat
loosened in more sophisticated models of inflation going
beyond single-field vanilla slow-roll, the bound on r is
more robust and is more generally applicable for all models
of inflation.

This, of course, also gives us pointers for what is needed
for evading this bound. The first obvious option would be
to give up on inflation and consider an alternative early-
universe scenario (see [40] for a review) which is naturally
compatible with the TCC, i.e., it does not require any fine-
tuning to satisfy the TCC, and is consistent with current
observations. In other words, assuming that we detect
primordial gravitational waves in the future, it might be
time to consider a mechanism other than inflation to
explain its origins, having assumed the TCC to be true.
However, if we want to salvage inflation from this
conundrum, one option would be to posit some departure
from standard big bang cosmology after the inflationary
era.’ For instance, if one demands that there are large
phases of expansion for which the equation of state does
not obey w > 1/3, then it might be able to weaken the
bound (2). Naturally, if it was possible to somehow increase
the upper bound on the energy density of inflation (2), the
bound on r (5), can also be consequently evaded. However,
requiring such an ad hoc departure from big bang cosmol-
ogy seems to be a rather radical assumption and shall not be
pursued by us.

Another avenue for evading the bound (5) would be to
posit a new mechanism for production of tensor modes than
what is considered in inflation. However, we want to do this
in a way so as to not ruin the beauty of the theory as

3As we were in the final stages of preparing this draft, [30]
appeared on arXiv which seems to have gone this way in
loosening the bounds of [28].
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sourcing macroscopic inhomogeneities by quantum fluc-
tuations, but not necessarily taken in the Bunch-Davies
(BD) vacuum. Pursuing this route, we show that there does
remain one possibility of evading the bound by considering
an excited initial state for cosmological perturbations with a
non-Bunch Davies (NBD) component. Before going into
the details of how this can help us in evading the bound, let
us first provide some justifications for it.

Typically, it is assumed that both the scalar and the tensor
modes are in the BD vacuum [41,42] at the onset of
inflation. One way to think of the BD state is to consider a
mode at present time and then blueshift it back all the way
to the infinite past where it is far inside the horizon, such
that it “feels” as if it is in flat space, and thus we can choose
the “Minkowski” vacuum for it. On applying this procedure
to all the modes, we arrive at the BD vacuum for de-Sitter
(dS) space. However, if there is a cutoff in the theory, say
the Planck scale Mp;, then it would make little sense to
blueshift a mode beyond this cutoff. Indeed, this is just a
restatement of the trans-Planckian problem mentioned
earlier [21,43]. In that case, the natural option would be
to choose an instantaneous Minkowski vacuum, as advo-
cated in [21,44]. This leads to each of the modes being a
Bogoliubov rotation of the BD mode, with a mixing
between the creation and annihilation operators. More
generally, if inflation started off at some finite time and
is not past infinite, the preinflationary dynamics naturally
points toward a NBD state for the ﬂuctuations,4 e.g., from a
previous radiation-dominated era [46], a phase of aniso-
tropic expansion [47,48], a nonattractor solution [49],
tunneling from a false vacuum [50], the effects of having
a high-energy cutoff [14,51-55], multifield dynamics [56]
or a specific quantum gravity proposal [57].

In a nutshell, the TCC clearly prohibits us in assuming
that the EFT description of a scalar field on an FLRW
background is valid beyond the Planck scale and neces-
sitates us to think about a preinflationary phase with
inflation starting at a finite time. Therefore, it does not
seem reasonable to assume the BD state at the onset of
inflation, whose definition requires us to go to arbitrarily
short distances [21,58]. This, in turn, naturally leads us
toward a NBD state for inflation and we now show how
assuming such a state might be able to evade the constraints
given in [28].

II. NON-BUNCH DAVIES INITIAL STATES

As mentioned, our ignorance regarding the very early-
time physics shall be parametrized by the NBD intial states,
for both the scalar ({) and tensor (&) perturbations. Closely
following the conventions of [59], we can write them as

“In this paper, by NBD we shall always mean Bogoliubov
transformation of the BD state and will not consider more general
initial states such as mixed states or even non-Gaussian ones [45].

Gen) = o Way + 0" (n)af., (8)
e (n) = v ()all + o* ()all’, 9)

where ay, a; stand for the usual creation and annihilation

operators and p labels graviton polarization. The v,(f’t) and

u,(f’m stand for the NBD and the BD modes respectively,
and are related by

o) = a0 () + A ), (10)

with the normalization condition for the Bogoliubov
coefficients given by

o = 1B = 1. (11)
Defined in terms of the two-point function in momentum

space, the expression for the scalar and tensor power
spectra is given by

(L, Cx,) = (27)8 (kq + ky) Py (ky), (12)

(h) 1Y) =(2n)8 (ky + k)37 Pl (ky).  (13)

Writing out the explicit expressions for the BD scalar and
tensor modes,

H2

5 ] . —i
uwmw=5¢ﬁgl+mmem, (14)
H?> 1 .
u () (1 + iknp)e=™n, (15)

M, Ve

one readily gets the (dimensionless) power spectra as

1 [Hyp\2
Pp = — 16
R 8% <MP1> 7s (16)
2 (Hy\?2
= —_— 5 17
Ph ”2 (MPI) Vi ( )

where we have switched notation from { to R to be
consistent with (3) (and [28]). The modification factors are
given by [59,60]

o = B = 1 2N

+ 20/ N1+ Ny cosOF, (18)

5(s) and (7) stand for the scalar and tensor modes respectively.
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with N,(f't) being the number of particles in a mode k and

®,<f’t), being the relative phase factor between the coef-

ficients a,(:‘t> and ﬂ;f’t>, determines whether there is an

enhancement or suppression to the BD value due to the
excited states.

Given these expressions, it is easy to calculate the tensor-
to-scalar ratio as

r= 16670 (19)
7(s)

Before going on to the phenomenology of these extra
factors coming from NBD states [45,53,59-73], let us first
sketch the argument behind why our mechanism might be
able to evade the bound (5). Applying the bound (2) and
using the observed value of the power spectrum, we shall
get a new bound, analogous to (4), given by

E/Y(S) <1073, (20)

However, in our case, since we assume that the initial state
of both tensor and scalar perturbations would be modified
in an independent way, r receives an extra modification
from the tensor power spectrum. This way the bound on r
can be significantly reduced by utilizing the parameter
space of NBD states involving excited tensor modes.
At this point, let us emphasize the main assumption of
our work: there are three different ‘“clocks” for our
model [59]—one for the background, one for the scalar
perturbations, and one for the tensors. Less effort has been
put into concrete examples of generating general initial
states for tensors as opposed to scalar perturbations. To the
best of our knowledge, the only known physical mecha-
nisms which produces a NBD state for tensors appears
in theories where gravity is modified in the UV [57,74],
sometimes via modified dispersion relations [75], even if
one expects them to be present on more general consid-
erations of EFT of fluctuations [45,61]. Another way to
realize such NBD tensor modes might be to consider a
thermal state for the fluctuations [76,77] and this would be
explored in the future.

Having set up our general goal, let us see if we can
achieve the required fine-tuning to sufficiently enhance the
upper bound on r coming from NBD states. The easiest
approach would be to set the scalar modes in their BD
vacuum (y(,) = 1) and only consider excited states for the
tensor modes. However, the parameter y ;) is, of course, not
a completely free one and must respect backreaction and
non-Gaussianity bounds. Following [61], we choose a
model for the excited tensor and scalar modes as®

6Although we assume that the scalar modes are in the BD
vacuum at this point, we anticipate the need for NBD scalar
modes later on and include their definition at this point.

B~ B o=k (M) (21)

where one assumes that at 7, all of the observed primordial
modes are below the cutoff scale M, ), i.e., k/a(n) <
M . We can choose the cutoff scale for the scalar and
tensor modes to be the same, but we keep things general for
now. For the usual EFT of slow-roll inflation to be valid, we
must require that M, ;) > Hjy, and that A0 (k) = 0 fast
enough. This latter condition is the backreaction constraint
which, for our parametrization (21), can be stated as [61]7

H M
186" < Vel = (22)
(s.1)

with #' being the second slow-roll parameter (using the
prime so as to avoid confusion with the conformal time
parameter 77). From the observed mean value of the spectral
tilt of the scalar power spectrum, 1 — n, = 0.0351 [78], one
can estimate 7’ as

~1
7 e~ ”52 + 3¢~ —0.01755, (23)

since, for the scalar modes in the BD vacuum, ¢ has to be a
negligibly small number given by (4). In writing the above
expression, we have assumed that the scale-dependence
of the NBD part of the initial state is negligible: more
specifically, we have assumed that d log(1 -+ 2Ny)/
dlogk < 1072, which is valid for our parametrization
(21) [60,64].

Following [69], from the expression of the curvature
power spectrum, we can replace the value of Mp, in the (22)
above, specialized for the tensor modes, and rewrite it as

(M“)>2s virl 1 (24)
Hiyt \/87*Pp é’)

The interesting thing is that the ¢ from (3) cancels the one
from (22). Plugging in P ~ 107 as before, and the value
of ' from (23), we get

H. ~ (1)
inf ﬂO

Since we require that M, > H;y for the EFT of tensor
perturbations to be valid [61], this gives us an upper limit of
the allowed number of excited particles in a given mode &,
which can be written as

"This is the stronger of the two backreaction conditions that the
excited modes neither spoil the inflationary background nor the
slow-roll evolution. The Hadamard condition has automatically
been satisfied through our parametrization (21).
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BY < 500. (26)

However, it is easy to see that this allows for a maximum
enhancement factor (assuming (") = 0) of the order y, ~
10° which would still lead to a negligibly small upper
bound for r < 10724, This is even after we have been fairly
generous in allowing the EFT description to stretch beyond
its very extreme limit. Therefore, we conclude that excited
tensor modes alone are not sufficient to solve this problem
and we also need a NBD state for the scalar perturbations.

Let us now have a NBD state for the scalar perturbations
such that ﬁ(()s) > 1. The backreaction condition, analogous
to (24), for the scalar modes takes the form

(M(S))z <V | \/7_5 (27)
Hiy) ~ \/Wﬁés)

The difference from the tensor case is that since we use the
same curvature power spectrum to eliminate Mp; starting
from the relation (22) (specialized to the scalar modes),
now this relation appears with a VI(s) in the numerator

coming from (16). For ,Bf)s) > 1, /7 zﬁ((;) and these
factors cancel each other and we get

M 2
<A> < 500. (28)
H

inf

Therefore, in principle, there is nothing which prevents us
from boosting the initial state of the scalar perturbations as
much as we want, at least as far as the backreaction
constraint is concerned. Of course, there are other con-

straints on ﬂ(()‘c) coming from the upper bound on the non-
Gaussianity of the curvature bispectrum, but we shall get to

that later. For now, let us assume that [\ 2 ~ N ~ 1023
for a specific choice of a NBD initial state for scalar
perturbations. Together with ®©) = 0, i.e., allowing for
an enhancement in the scalar power spectrum, one gets
7(s) ~ 10% and weakens the bound on ¢ to

e <107, (29)

The bound from (4), e < 10731, is significantly weakened
in this case since, for the NBD scalar modes, we have (20)
which for a y(;) ~ 10% leads to the above constraint. Of
course, as mentioned before, this, by itself, does nothing for
our bound on r. That is so because, even though € can now
be significantly larger, the expression for » is now further
suppressed by the same factor y, used to enlarge the upper
bound on € and is thus bounded by the same small number.
However, as we shall see, this will allow us to boost the
tensor modes a lot more which, in turn, will let us
considerably relax the upper bound on r.

But first we must further justify our choice for the very
large value of [J)(()S). If one requires that M ;) ~ 20H;y;, the
backreaction condition (22) for the NBD scalar modes can
be written as

s M Hin —9=
pY) < TR Jeln’] < 0.5 x 1018 x /10792 S 1012,

7%
(30)

This would still allow our choice of very large N 5;) ~10%
as shown above. However, the stronger bound on the scalar
NBD modes usually comes from the fact that such highly
populated excited states typically imply a very large non-
Gaussian signal which would be in conflict with current
observations. However, this is where the low value of €
comes to our rescue. The local-type fy;, coming from the
squeezed configuration k; = k, > ks, for NBD scalar
modes is given by [60,61,66]

5k,
3 Ngk—f’ (31)
(s)

and is independent of the number of particles, N;~, in the

excited scalar modes when N(()s) > 1. This can easily be

seen from the explicit expression of the bispectrum for our
type of NBD states (with @) = 0) as given in, say, [60].
Thus, for € < 107, the local-type fy; one gets for these
states is completely compatible with Planck data (on
assuming k;/k; ~300). For other configurations (such
as the flattened one with k; = k, ~ 2k3), the enhancement
is much smaller anyway [66]. Thus, we find that there are
no obstructions to having a highly populated excited initial
state for the scalar perturbations coming from the scalar
bispectrum, due to the small values of e required by
the TCC.

Finally, we turn to the last piece of the puzzle to see what
are the allowed values of NBD tensor modes, given that
¥(s) # 1. For this case, we can rewrite the backreaction
condition (24) for the tensor modes as

(M<z>>2< VAUIRV/(TY (32)
Hye) ™ \/82°Pg ﬁé’)

Note that the factors of | /¥ in the numerator and ﬂ(()ﬁ do not
cancel for this relation since we assumed different NBD
states for the scalar and tensor perturbations. Plugging in
Y(s) ~ 107, we find that for the EFT description of tensor
fluctuations to remain valid, we need

pY < 500 x 10115, (33)

Allowing for M, ~ 10H;,; gives us y, ~ 10?8, Therefore,
plugging in this value in (19), we get an upper bound for the
tensor-to-scalar ratio given by

023526-5



SUDDHASATTWA BRAHMA

PHYS. REV. D 101, 023526 (2020)

r < 0.001, (34)

which is much bigger than the one proposed in [28]. Thus,
if one allows for NBD initial states, then the discovery of
primordial gravitational waves need not rule out inflation,
even assuming the TCC.

One last check we need to make is regarding the allowed
excited states for tensor modes coming from the non-
Gaussianity constraints on the tensor bispectrum. It has
been shown in the Appendix, following [69], that for
Y(ry > 1, and for ") ~ 0, the values of 2" both in the
flattened and squeezed configurations are well within
current experimental bounds [79]. Thus, our NBD initial
states are completely viable given the current bounds on the
tensor bispectrum.

III. CONCLUSION

It has been a relatively new challenge for cosmological
models to survive the test of theoretical consistency coming
from fundamental quantum gravity principles. Indeed, the
so-called dS swampland conjecture was thought to have
ruled out many models of inflation at first but, on refine-
ment, it was found that most of the inflationary models
could survive it. It is thus somewhat amusing to note that
the TCC, which is a weaker condition than the dS
conjecture, seems to be able to severely constrain, and
perhaps rule out, almost all models of inflation provided we
see the discovery of primordial gravitational waves some-
time in the future. Indeed, the fact that the TCC is weaker
than the dS conjecture has been discussed in detail in [22],
showing that the dS conjecture only follows from it in
parametrically large distances in field space. This is
precisely the reason why one gets a very small value of
¢ from the TCC whereas € was constrained to be O(1) from
the (original) dS conjecture. It is also why the requirement
of a small value of € in [28], starting from the TCC, is
accompanied by small-field excursion of the inflaton when
considering a single-field slow-roll model. This brings us to
the last bound in [28] put on the field range traversed during
inflation, assuming a slow-roll single-field model. This, of
course, can perhaps be avoided in multifield models of
inflation or involving other sophisticated dynamics.
However, this also shows that the small value of ¢, at least
for a single-field model, is necessarily true only for small
field excursions. Therefore, if one can somehow think of a
mechanism which allows for a larger field excursion of the
inflaton, coupling it to a heavy field or through any other
such concoction, this should force one back to larger values
for e since it would be in the regime where one expects to
recover (the equivalent of) the dS conjecture.

In this work, we have shown that not only are NBD states
more natural to assume for inflation, given the TCC and the
requirements of having some preinflationary dynamics,
they might be one of the few ways of making inflation

compatible with both the TCC and the observation of
primordial tensor modes. The fundamental mechanism at
work here is that we allow the scalar and tensor modes to be
in different initial states. All of our calculations were order
of magnitude estimates, in the same spirit as [28], and can
easily be changed by small numerical factors either way on
more careful examination.® Although we require a very
large amount of boost for our NBD states so that they can
significantly alter the upper bound on r, this does not spoil
the inflationary background since the scale of inflation has
also been significantly reduced from the Planck scale,
allowing enough hierarchy for the cutoff scale of the EFT of
inflation to be also significantly below Mp; and yet be
above H;. The intuitive reason behind this is that the
energy density due to the perturbations goes as ~O(H*)
whereas the energy density of the background goes as
~O(M3%H?). Since the TCC requires that the we can only
allow for low-scale inflation, i.e., M3 H?> > H*, this allows
for much larger value of %) than for typical models of
inflations at higher energy scales. We also checked that our
choice of initial NBD states are compatible with phenom-
enological constraints. Although we needed to significantly
fine-tune our initial state so as to reach the constraint
r < 1073, nevertheless this gives a proof of principle that
there exists part of the parameter space of inflation which
can allow for detection of primordial tensor modes and yet
be compatible with the TCC.

Looking ahead, this analyses can be put on firmer ground
if a physical mechanism can be invoked which can generate
these kind of initial states which were required for our
solution. We hope to pursue this in future work.
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APPENDIX: TENSOR BISPECTRUM
FOR NBD STATES

Here, we quote a few results from [69] regarding the

amplitude of the f7%" one gets for excited tensor modes,

adapted to our conventions. The expression for the flattened
configuration (k; + k3 & k,) is given by (keeping only the
leading order term)

*Indeed, the TCC is an approximate statement and it might be
that a more rigorous quantum gravity calculation reveals that
only modes smaller than £p;/10 should never cross the Hubble
horizon. This would lead to an extra factor of logarithmic
corrections. Thus, one should not take the exact value of the
upper bound on r very seriously but only the larger message
about the order of magnitude.
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hhh flat (k1k2k3(k% + kiks + k3) < 1
2

NE 8(k3 + (ki + ka)® + &) \ 2

First, we see that for y(;) > 1, the f ,’i,th'ﬂat is independent of

the number of excited particles,where we have assumed
0 ~ 0 like before, just as in the scalar case. In this case, on
using the relation 5y = —M,/(k;Hiy), and assuming
M ;) ~ 10H;,; as for our model, we find that ff(,’}f"ﬂat ~
O(10) even on assuming a shape such as k; = 0.25k3 =
0.2k,, which enhances the momenta-dependent factor, as
discussed in [69]. In this case, it is easy to verify that for
M,/H ~ 10, the maximum value of £/ is small and well
within the current bounds [79].

(Né”)z + %) i + Ol) + 0(n?)> (N2,

(A1)

For the local configuration, k3 < k| = k,, the expression
for fHIo¢ takes the form [69]

hhh,loc kl
~

-2
NL _16k3 (Ng>) ’

(A2)

which has, once again, simplified considerably for our case
of ®") ~ 0. This shows that f44"1°¢ is suppressed by factors

of Né’) and is negligibly small for our highly excited state.
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