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Abstract In this work, we have developed an elegant algo-
rithm to study the cosmological consequences from a huge
class of quantum field theories (i.e. superstring theory, super-
gravity, extra dimensional theory, modified gravity, etc.),
which are equivalently described by soft attractors in the
effective field theory framework. In this description we have
restricted our analysis for two scalar fields – dilaton and Hig-
gsotic fields minimally coupled with Einstein gravity, which
can be generalized for any arbitrary number of scalar field
contents with generalized non-canonical and non-minimal
interactions. We have explicitly used R2 gravity, from which
we have studied the attractor and non-attractor phases by
exactly computing two point, three point and four point
correlation functions from scalar fluctuations using the In-
In (Schwinger–Keldysh) and the δN formalisms. We have
also presented theoretical bounds on the amplitude, tilt and
running of the primordial power spectrum, various shapes
(equilateral, squeezed, folded kite or counter-collinear) of
the amplitude as obtained from three and four point scalar
functions, which are consistent with observed data. Also
the results from two point tensor fluctuations and the field
excursion formula are explicitly presented for the attractor
and non-attractor phase. Further, reheating constraints, scale
dependent behavior of the couplings and the dynamical solu-
tion for the dilaton and Higgsotic fields are also presented.
New sets of consistency relations between two, three and
four point observables are also presented, which shows sig-
nificant deviation from canonical slow-roll models. Addi-
tionally, three possible theoretical proposals have presented
to overcome the tachyonic instability at the time of late time
acceleration. Finally, we have also provided the bulk interpre-
tation from the three and four point scalar correlation func-
tions for completeness.
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1 Introduction

The inflationary paradigm is a theoretical proposal which
attempts to solve various long-standing issues with standard
Big Bang cosmology and has been studied earlier in various
works [1–12]. But apart from the success of this theoretical
framework it is important to note that no single model exists
till now using which one can explain the complete evolution
history of the universe and also one is unable to break the
degeneracy between various cosmological parameters com-
puted from various models of inflation [13–33]. It is impor-
tant to note that we have the vacuum energy contribution
generated by the trapped Higgs field in a metastable vacuum
state which mimics the role of an effective cosmological con-
stant in effective theory. At the later stages of the universe
such a vacuum contribution dominates over other contents
and correspondingly the universe expands in an exponen-
tial fashion. But using such metastable vacuum state it is
not possible to explain the tunneling phenomenon and also
impossible to explain the end of inflation. To serve both of the
purposes the effective potential for inflation should have a flat
structure. Due to such a specific structure the effective poten-
tial for inflation satisfies the flatness or slow-roll condition
using which one can easily determine the field value corre-
sponding to the end of inflation. There are various classes
of models in existence in the cosmological literature where
one has derived such a specific structure of inflation [14,34–
39]. For example, the Coleman–Weinberg effective potential
serves this purpose [40,41]. Now if we consider the finite
temperature contributions in the effective potential [42,43]
then such thermal effects need to localize the inflaton field
to small expectation values at the beginning of inflation. The
flat structure of the effective potential for inflation is such
that the scalar inflaton field slowly rolls down in the valley of
potential during which the scale factor varies exponentially
and then inflation ends when the scalar inflaton field goes to
the non-slow-rolling region by violating the flatness condi-
tion. At this epoch inflaton field evolves to the true minimum
very fast and then it couples to the matter content of the uni-

verse and reheats our universe via subsequent oscillations
about the minimum of the slowly varying effective poten-
tial for inflation. This class of models is a very successful
theoretical probe through which it is possible to explain the
characteristic and amplitude of the spectrum of density fluc-
tuations with high statistical accuracy (2σ CL from Planck
2015 data [44–46]) and at late times these perturbations act
as the seeds for the large scale structure formation, which we
observe at the present epoch. Apart from this huge success
of the inflationary paradigm in the slowly varying regime it
is important to mention that these density fluctuations gener-
ated from various classes of successful models were unfortu-
nately large enough to explain the physics of standard Grand
Unified Theory (GUT) with well-known theoretical frame-
works and also it is not possible to explain the observed
isotropy of the Cosmic Microwave Background Radiation
(CMBR) at small scales during the inflationary epoch. The
only physical possibility is that the self interactions of the
inflaton field and the associated couplings to other matter
field contents would be sufficiently small to possibly satisfy
these cosmological and particle physics constraints. But the
prime theoretical challenge at this point is that for such a
setup it is impossible to achieve thermal equilibrium at the
end of inflation. Consequently, it is not at all possible to local-
ize the scalar inflaton field near zero Vacuum Expectation
Value (VEV), 〈φ〉 = 〈0|φ|0〉 = 0, where |0〉 is the corre-
sponding vacuum state in quasi-de Sitter space time. There-
fore, a sufficient amount of expansion will not be obtained
from this prescribed setup. Here it is important to note that,
for a broad category of effective potentials, the inflaton field
evolves with time very slowly compared to the Hubble scale
following slow-roll conditions and satisfies all of the obser-
vational constraints [44–46] computable from various infla-
tionary observables from this setup. However, apart from the
success of the slow-roll inflationary paradigm the density
fluctuations or more precisely the scalar component of the
metric perturbations restricts the coupling parameters to be
sufficiently small and allows huge fine-tuning in the theoret-
ical setup. This is obviously a not recommendable prescrip-
tion from a model builder’s point of view. Additionally, all
these classes of models are not ruled out completely by the
present observed data (Planck 2015 and other joint data sets
[44–47]), as they are degenerate in terms of the determina-
tion of inflationary observables and associated cosmological
parameters in precision cosmology. There are various ideas
existing in the cosmological literature which can drive infla-
tion. These are:

• Category I: In this class of models, inflation is driven
through a field theory which involves a very high energy
physics phenomenon. Example: string theory and its
supergravity extensions [13,15–17,19,22,23,25,48–82],
various supersymmetric models [14,34–39], etc.
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• Category II: In this case, inflation is driven by chang-
ing the mathematical structure of the gravitational sector.
This can be done using the following ways:

1. Introducing higher derivative terms of the form of
f (R), where R is the Ricci scalar [83–86]. Exam-
ple: the Starobinsky inflationary framework, which
is governed by the model [83] f (R) = a R + bR2,
where the coefficients a and b are given by a = M2

p

and b = 1/6M2. If we set a = 0 and b = 1/6M2 = α

then we can get back the theory of scale free gravity
in this context. In this paper we will explore the cos-
mological consequences from the scale free theory of
gravity.

2. Introducing higher derivative terms of the form of
Gauss–Bonnet gravity coupled with a scalar field in
a non-minimal fashion, where the contribution in the
effective action can be expressed as [87,88]

SG B =
∫

d4x
√−g f (φ)[Rμναβ Rμναβ

− 4Rμν Rμν + R2], (1.1)

where f (φ) is the inflaton dependent coupling which
can be treated as the non-minimal coupling in the
present context. This is also an interesting possibility
which we have not explored in this paper. Here one
cannot consider the Gauss–Bonnet term in the gravity
sector in 4D without coupling to other matter fields, as
in 4D the Gauss–Bonnet term is a topological surface
term.

3. Another possibility is to incorporate the effect of non-
minimal coupling of the inflaton field and the grav-
ity sector [89–91]. The simplest example is f (φ)R
gravity theory. For Higgs inflation [89], f (φ) =
(1 + ξφ2), where ξ is the non-minimal coupling
of the Higgs field. Here one can consider a more
complicated possibility as well by considering a
non-canonical interaction between inflaton and f (R)

gravity by allowing an f (φ) f (R) term in the 4D
effective action [92]. For the construction of the effec-
tive potential we have considered this possibility.

4. One can also consider the other possibility, where
higher derivative non-local terms can be incorporated
in the gravity sector [93–102]. For example one can
consider the possibilities R f1(�)R, Rμν f2(�)Rμν ,

Rμναβ f3(�)Rμναβ , R f4(�)∇μ∇ν∇α∇β Rμναβ , Rναβ
μ

f5(�)∇α∇β∇ν∇ρ∇λ∇γ Rμρλγ , Rμναβ f6(�)∇α

∇β∇ν∇μ∇λ∇γ ∇η∇ξ Rλγ ηξ , where � is defined as
� = 1√−g

∂μ[√−g gμν∂ν]; it is the d’Alembertian

operator in 4D and the fi (�)∀i = 1, 2, . . . , 6 are ana-
lytic entire functions containing higher derivatives up
to infinite order. This is itself a very complicated pos-
sibility which we have not explored in this paper.

• Category III: In this case, inflation is driven by chang-
ing the mathematical structure of both the gravitational
and the matter sector of the effective theory. One of the
examples is to use Jordan–Brans–Dicke (JBD) gravity
theory [103,104] along with extended inflationary mod-
els which includes non-canonical interactions. By adjust-
ing the value of the Brans–Dicke parameters one can
study the observational consequences from this setup.
Instead of Jordan–Brans–Dicke (JBD) gravity theory one
can also use non-local gravity or many other complicated
possibilities.

In this paper, we consider the possibility of the soft infla-
tionary paradigm in an Einstein frame, where a chaotic Hig-
gsotic potential is coupled to a dilaton via exponential type
of potential, which is appearing through the conformal trans-
formation from Jordan to Einstein frame in the metric within
the framework of scale free αR2 gravity. Here it is impor-
tant to mention that, in the case of a soft inflationary model,
the dilaton exponential potential is multiplied by a coupling
constant of the Higgsotic theory which mimics the role of
an effective coupling constant and its value always decreases
with the field value. One can generalize this idea for any
arbitrary matter interactions which is also described by gen-
eralized P(X, φ) theory [105,106] (see Appendix 10.1 for
more details). In this context also it is important to specify
that one can treat the field dependent couplings in the simple
effective potentials or maybe in generalized P(X, φ) func-
tionals, entailing a decaying behavior with dilaton field value
as it contains an overall exponential factor which is coming
from the dilaton potential itself in an Einstein frame. This
is a very interesting feature from the point of view of RG
flow in QFT as the field dependent coupling in an Einstein
frame captures the effect of field flow (energy flow). In this
context instead of solving directly the RGE for the effective
coupling, we solve the dynamical equations for the fields
and the effective coupling for power-law and exponential
attractors. Due to the similarities in the two techniques here
one can arrive at the conclusion that in cosmology solving a
dynamical attractor problem in the presence of effective cou-
pling in an Einstein frame mimics the role of solving RGE in
QFT. Thus due to the exponential suppression in the effec-
tive coupling in an Einstein frame it is naturally expected
from the prescribed framework that for suitable choices of
the model parameters soft cosmological constraints can be
obtained [107,108]. As in this prescribed framework the dila-
ton exponential coupling plays a very significant role, one
can ask the very crucial question of its theoretical origin.
Obviously there are various sources in existence from which
one can derive exponential effective couplings or more pre-
cisely the effective potentials for dilaton. These possibilities
are:
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Diagrammatic representation of attractor phase of soft
Higgsotic inflation. In this representative diagram we have
shown the steps followed during the computation.

Diagrammatic representation of non-attractor phase of
soft Higgsotic inflation. In this representative diagram we
have shown the steps followed during the computation.

Diagrammatic representation of attractor and non-attractor dynamical
phase of soft Higgsotic inflation which is coupled with dilaton in Einstein
frame.

Fig. 1 Representative schematic diagram of attractor and non-attractor phase of soft Higgsotic inflation

• Source I: One of the sources for dilaton exponential
potential is string theory, appearing in the Category I.
Specifically, superstring theory and low energy super-
gravity models are the theoretical possibilities in string
theory [109–118] where dilaton exponential potential
appears in the gravity part of the action in a Jordan
frame and after a conformal transformation in the Ein-
stein frame such dilaton effective potential is coupled
with the matter sector. The most important example is
the α-attractor which mimics a class of inflationary mod-
els in N = 1 supergravity in 4D. For details see Refs.
[119–129].

• Source II: Another possible source of the dilaton expo-
nential potential is coming from a modified gravity the-
ory framework such as f (R) gravity [83–86], f (φ) f (R)

gravity [89–92] and Jordan–Brans–Dicke theory [103,
104] in the Jordan frame, which appear in the Cate-
gory II (1 and 3) and Category III. After transforming

the theory in the Einstein frame via conformal transfor-
mation one can derive the dilaton exponential potential.

In Fig 1a–c, we have shown the diagrammatic represen-
tation of attractor and non-attractor phases of soft Higgsotic
inflation. In these representative diagrams we have shown the
steps followed during the computation. In this work we have
addressed the following important points through which it is
possible to understand the underlying cosmological conse-
quences from the proposed setup. These issues are:

• Transition from scale free gravity to scale dependent
gravity have discussed and its impact on the solutions
in the attractor and non-attractor regime of inflation have
also discussed.

• Explicit calculation of the δN formalism is presented
by considering the effect up to second-order perturba-
tion in the solution of the field equation in attractor
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regime. Additionally deviation in the consistency rela-
tion between the non-Gaussian amplitude for four point
and three point scalar correlation function a.k.a. Suyama–
Yamaguchi relation is presented to explicitly show the
consequences from attractor and non-attractor phase.

• Additionally, new sets of consistency relations are pre-
sented in attractor and non-attractor phases of inflation
to explicitly show the deviation from the results obtained
from a canonical single field slow-roll model.

• Detailed numerical estimations are given for all the infla-
tionary observables for attractor and non-attractor phases
of inflation which confronts well Planck 2015 data. Addi-
tionally, constraints on reheating is also presented for
attractor and non-attractor phase.

• Bulk interpretation are given in terms of S, T and U
channel contribution for all the individual terms obtained
from three and four point correlation function.

• Scale dependent behaviors of the non-minimal coupling
between inflaton field and additional dilaton field are
given in an Einstein frame for power-law and exponential
types of attractor.

• Three possible theoretical proposals have presented to
overcome the tachyonic instability [130–134] at the time
of late time acceleration in a Jordan frame and due to this
fact the structure of the effective potentials changes in an
Einstein frame as well. These proposals are inspired by:

– I. Non-BPS D-brane in superstring theory [23,135–
140].

– II. An alternative situation where we switch on the
effects of additional quadratic mass term in the effec-
tive potential.

– III. Also we have considered a third option where we
switch on the effect of non-minimal coupling between
scale free αR2 gravity and the inflaton field.

Now before going to the further technical details let us clearly
mention the underlying assumptions to understand the back-
ground physical setup of this paper:

1. We have restricted our analysis up to monomial φ4

model and due to the structural similarity with Higgs
potential at the scale of inflation we have identified
monomial φ4 model as Higgsotic model in the present
context.

2. To investigate the role of scale free theory of gravity, as
an example we have used αR2 gravity. But the present
analysis can be generalized to any class of f (R) gravity
models.

3. In the matter sector we allow only simplest canonical
kinetic term which are minimally coupled with αR2 grav-
ity sector. For such canonical slow-roll models the effec-
tive sound speed cS = 1. But for completeness one can

consider a most generalized version of P(X, φ) models,
where X = − 1

2 gμν∂μφ∂νφ and the effective sound speed
cS < 1 for such models. For example one can consider
the following structure [56,105]:

P(X, φ) = − 1

f (φ)

√
1 − 2X f (φ) + 1

f (φ)
− V (φ),

(1.2)

which is exactly similar to the DBI model. But here
one can implement our effective Higgsotic models in
V (φ) instead of choosing the fixed structure of the DBI
potential in UV and IR regime. Here one can choose
[56] f (φ) ≈ g

φ4 , which is known as the throat factor in
string theory. In string theory g is the parameter which
depends on the flux number. But other choices for f (φ)

are also allowed for the general class of P(X, φ) theo-
ries which follows the above structure. Similarly one can
consider the following structure of P(X, φ) for tachyon
and Gtachyon models given by [23,141]

For Tachyon: P(X, φ) = −V (φ)
√

1 − 2Xα′, (1.3)

For GTachyon: P(X, φ) = −V (φ)(1 − 2Xα′)q

(1/2 < q < 2), (1.4)

where α′ is the Regge slope. Here we consider the most
simple canonical form, P(X, φ) = X − V (φ), where
V (φ) is the effective potential for the monomial φ4 model
considered here for our computation.

4. As a choice of the initial condition or precisely as the
choice of vacuum state we restrict our analysis using
Bunch–Davies vacuum. If we relax this assumption, then
we can generalize the results for α vacua as well.

5. During our computation we have restricted ourselves up
to the minimal interaction between the αR2 gravity and
matter sector. Here one can consider the possibility of
non-minimal interaction between αR2 gravity and matter
sector.

6. During the implementation of the In-In formalism [2]
to compute three and four point correlation function we
have use the fact that the additional dilaton field � is fixed
at Planckian field value to get the non-attractor behavior
of the present setup. One can relax this assumption and
can redo the analysis of the In-In formalism to compute
three and four point correlation function without freezing
the dilaton field � and also use the attractor behavior of
the model to simplify the results.

7. During the computation of correlation functions using a
semi classical method, via the δN formalism [23,142–
146], we have restricted up to second-order contributions
in the solution of the field equation in FLRW background
and also neglected the contributions from the back reac-
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tion for all type of effective Higgsotic models derived in
an Einstein frame. For completeness, one can relax these
assumptions and redo the analysis by taking care of all
such contributions.

8. In this work we have neglected the contribution from the
loop effects (radiative corrections) in all of the effective
Higgsotic interactions (specifically in the self couplings)
derived in the Einstein frame. After switching on all such
effects one can investigate the numerical contribution of
such terms and comment on the effects of such terms in
precision cosmology measurement.

9. We have also neglected the interactions between gauge
fields and Higgsotic scalar field in this paper. One can
consider such interactions by breaking conformal invari-
ance of the U (1) gauge field in the presence of time
dependent coupling f (φ(η)) to study the features of pri-
mordial magnetic field through inflationary magnetoge-
nesis [147–149].

The plan of this paper is as follows:

• In Sect. 2, we start our discussion with f (R) = αR2

gravity where a scalar field is minimally coupled with
the gravity sector and contains only canonical kinetic
term. Next in the matter sector we choose a very simple
monomial model of potential, V (φ) = λ

4 φ4, which can
be treated as a Higgs like potential as at the scale of infla-
tion, the contribution from the VEV of Higgs is almost
negligible.

• Further, in Sect. 3, we provide the field equations in a Jor-
dan frame written in a spatially flat FLRW background.
Next, we perform a conformal transformation in the met-
ric to the Einstein frame and introduce a new dilaton field.
Further, we derive the field equations in an Einstein frame
and try to solve them for two dynamical attractor features:
a power-law solution, and exponential solution. However,
the second case give rise to tachyonic behavior which can
be resolved by considering-I. non-BPS D-brane in super-
string theory, II. via switching on the effect of quadratic
term in the effective potential and III. by introducing a
non-minimal coupling between matter and αR2 gravity
sector.

• Next, in Sect. 4, using two dynamical attractors, power-
law and exponential solution, we study the cosmologi-
cal constraints in the presence of two fields. We study
the constraints from primordial density perturbation, by
deriving the expressions for two point function and the
present inflationary observables in Sect. 4.2. Further, we
repeat the analysis for tensor modes and also comment on
the future observables – the amplitude of the tensor fluc-
tuations and tensor-to-scalar ratio in Sect. 4.3. Addition-
ally, in Sect. 4.4, we study the constraint for the reheating
temperature. Finally, in Sects. 5.1 and 5.2, we derive the

expression for the inflaton and the non-minimal coupling
at horizon crossing, during reheating and at the onset of
inflation for the two above mentioned dynamical cosmo-
logical attractors.

• Further, in Sect. 6, we have explored the cosmological
solutions beyond attractor regime. Here we restrict our-
selves at spatially flat FLRW background and made cos-
mological predictions from this setup in Sect. 7.1. To
serve this purpose we have used the ADM formalism
using which we compute two point functions and associ-
ated present observables using the Bunch–Davies initial
condition for scalar fluctuations in Sects. 7.2.1 and 7.2.2.
Further, in Sects. 7.3.1 and 7.3.2, we repeat the procedure
for tensor fluctuations as well where we have computed
two point function and the associated future observables.
We also derive a few sets of consistency relations in this
context which are different from the usual single field
slow-roll models. Further, in Sect. 7.4, we derive the con-
straints on reheating temperature in terms of observables
and the number of e-foldings.

• Next, in Sects. 8.1.1 and 8.1.2, as a future probe, we com-
pute the expression for three point function and the bis-
pectrum of scalar fluctuations using the In-In formalism
for the non-attractor case and the δN formalism for the
attractor case. Further, we derive the result for a non-
Gaussian amplitude f loc

NL for equilateral and squeezed
limit triangular shape configuration. Also we give a bulk
interpretation of each of the momentum dependent terms
appearing in the expression for the three point scalar cor-
relation function in terms of S, T and U channel con-
tributions. Further, for the consistency check we freeze
the additional field � in the Planck scale and redo the
analysis of the δN formalism. Here we show that the
expression for the three point non-Gaussian amplitude
is slightly different as expected for the single field case.
Further, in Sects. 8.1.1 and 8.1.2, we compare the results
obtained from the In-In formalism and δN formalism for
the non attractor phase, where the additional field � is
fixed in Planck scale. Finally, we give a theoretical bound
on the scalar three point non-Gaussian amplitude.

• Finally, in Sects. 8.2.1 and 8.2.2, as an additional future
probe, we have also computed the expression for the four
point function and the trispectrum of scalar fluctuations
using the In-In formalism for the non-attractor case and
δN formalism for the attractor case. Further, we derive
the results for non-Gaussian amplitude gloc

NL and τ loc
NL for

equilateral, counter-collinear or folded kite and squeezed
limit shape configuration from the In-In formalism. Fur-
ther we give a bulk interpretation of each of the momen-
tum dependent terms appearing in the expression for the
four point scalar correlation function in terms of S, T and
U channel contributions. In the attractor phase follow-
ing the prescription of δN formalism we also derive the
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expressions for the four point non-Gaussian amplitude
gloc

NL and τ loc
NL. Next we have shown that the consistency

relation connecting three and four point non-Gaussian
amplitude aka Suyama–Yamaguchi relation is modified
in the attractor phase and further given an estimate of the
amount of deviation. Further, for the consistency check
we freeze the additional field � in Planck scale and redo
the analysis of the δN formalism. Here we show that the
four point non-Gaussian amplitude is slightly different
as expected for the single field case. Finally, we give a
theoretical bound on the scalar four point non-Gaussian
amplitude.

2 Model building from scale free gravity

To describe the theoretical setup let us start with the total
action of f (R) gravity coupled minimally along with a scalar
inflaton field φ:

S =
∫

d4x
√−g

[
f (R) − gμν

2
(∂μφ)(∂νφ) − V (φ)

]
(2.1)

where in general f (R) can be an arbitrary function of the
Ricci scalar R. For example one can choose a generic form
given by [150,151]

f (R) =
∞∑

n=1

an Rn, (2.2)

where an∀n are the expansion coefficients for the above men-
tioned generic expansion. Here one can note down the fol-
lowing features of this generic choice of the expansion:

1. If we set a1 = M2
p/2, an = 0∀n > 1, then one can

get back the well-known Einstein–Hilbert action (GR) in
Jordan frame: f (R) = M2

p R/2. In this particular case
Jordan frame and Einstein frame are exactly the same
because the conformal factor for the frame transforma-
tion is unity. This directly implies that no dilaton potential
appears due to the frame transformation from Jordan to
Einstein frame. But since in this paper we are specifi-
cally interested in the effects of modified gravity sector,
the higher powers of R are more significant in the above
mentioned generic expansion of f (R) gravity.

2. If we set, a1 = a = M2
p/2, a2 = b = α, an = 0∀n > 2,

then one can get back the specific structure of the very
well-known Starobinsky model: f (R) = a R + bR2 =
M2

p R/2 + αR2. Here one can treat the αR2 term as an
additional quantum correction to the Einstein gravity.

3. One can also set a1 = a = M2
p/2, an = α∀n ≥ 2,

then one can get back the specific structure f (R) =
M2

p R/2 + αRn , which describes the situation where the
Einstein–Hilbert gravity action is modified by the mono-

mial powers of R. Here also one can treat the αRn term as
an additional quantum correction to the Einstein gravity.

4. In our computation we set a1 = a = 0, a2 = b =
α, an = 0∀n > 2, which is known as scale free gravity
in a Jordan frame: f (R) = αR2, where α is a dimen-
sionless scale free coefficient. For this type of theory if
we perform the conformal transformation from Jordan
to Einstein frame then we will induce a constant term in
the effective potential and this can be interpreted as the
4D cosmological constant using which one can fix the
scale of the theory for early and late universe. But in our
computation we introduce an additional scalar field in the
action in a Jordan frame, which we identified to be the
inflaton. After a conformal transformation in an Einstein
frame we get an effective potential which is coming from
the interaction between the dilaton exponential potential
and the inflationary potential as appearing in a Jordan
frame. We will show that here the two fields, dilaton and
inflaton form dynamical attractors using which one can
very easily solve this two-field complicated model in the
context of cosmology.

Next we will discuss the structure of the inflational as appear-
ing in Eq. (2.1). Generically in 4D effective theory the effec-
tive potential can be expressed as

V (φ) = Vren(φ)︸ ︷︷ ︸
Renormalizable part

+
∞∑

δ=5

Jδ(g)
φδ

Mδ−4
p︸ ︷︷ ︸

Non-renormalizable part

=
∞∑

δ=0

Cδ(g)
φδ

Mδ−4
p

, (2.3)

where Jδ(g) and Cδ(g) are the Wilson coefficients in effective
theory. Here g stands for the scale of theory and the depen-
dences of the Wilson coefficients on the scale can be exactly
computed for a full UV complete theory using renormaliza-
tion group equations. In this paper a similar scale depen-
dence on the couplings we will calculate using dynamical
attractor method in an Einstein frame, which exactly mim-
ics the role of solving renormalization group equations in
the context of cosmology. As written here, the total effective
potential is made by renormalizable (relevant operators) and
non-renormalizable (irrelevant operators) part, which can be
obtained by heavy degrees of freedom from a known UV
complete theory. In our computation we just concentrate on
the renormalizable part of the action, which can be recast as

V (φ) =
4∑

δ=0

Cδ(g)
φδ

Mδ−4
p

. (2.4)

Next to get the Higgslike monomial structure of the potential
we set C3(g) = 0, as in this paper our prime motivation is
to look into only Higgsotic potentials. Consequently we get
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V (φ) = C0 + C2(g)M2
pφ

2 + C4(g)φ4. (2.5)

To get the Higgsotic structure of the potential one should set

C0(g) = λ

4
v4, C2(g) = −λ

2
v2, C4(g) = λ

4
. (2.6)

Here v is the VEV of the field φ. Consequently, one can write
the potential in the following simplified form:

V (φ) = λ

4
(φ2 − v2)2. (2.7)

Now we consider a situation where scale of inflation as well
as the field value are very much larger than the VEV of the
field. This assumption is pretty consistent with inflation with
Higgs field. Consequently, in our case the final simplified
monomial form of the Higgsotic potential is given by

V (φ) = λ

4
φ4. (2.8)

Further varying Eq. (2.1) with respect to the metric and using
Eqs. (2.2) and (2.8) the equation of motion (modified Einstein
equation) for the αR2 scale free gravity can be written as

G̃μν := α[{Rμν + 2(gμν� − ∇μ∇ν)} + Gμν]R = Tμν

(2.9)

where the D’Alembertian operator is defined as � =
gαβ∇α∇β = gαβ∇α∂β = 1√−g

∂α(
√−ggαβ∂β) and the

energy-momentum stress tensor can be expressed as

Tμν = − 2√−g

δ(
√−gLM )

δgμν

= ∂μφ∂νφ − gμν

(
1

2
gαβ∂αφ∂βφ + λ

4
φ4
)

. (2.10)

Here it is important to note that the Einstein tensor is defined
as Gμν := Rμν − gμν

2 R. Now after taking the trace of
Eq. (2.9) we get R�R = T

6α
, where the trace of the

energy-momentum tensor is characterized by the symbol
T = T μ

μ . In this modified gravity picture we have ∇μG̃μν =
4α[∇μ,�]R �= 0 where we use ∇μ Rμν = gμν

2 ∇μ R, which
directly follows from the Bianchi identity ∇μGμν = 0. Now
varying Eq. (2.1) with respect to the field φ we get the fol-
lowing equation of motion in curved space-time:

�φ = −V ′(φ) = −λφ3 �⇒ 1√−g
∂α

(√−ggαβ∂βφ
)

= −λφ3. (2.11)

Further assuming the flat (k = 0) FLRW background metric
the Friedmann equations can be written from Eq. (2.9) as

H2 =
(

ȧ

a

)2

= ρφ

6αR
+ R

2
−
(

Ṙ

R

)
H, (2.12)

2Ḣ + 3H2 = 2

(
ä

a

)
+
(

ȧ

a

)2

= − pφ

2αR
− 2

(
Ṙ

R

)
H − R̈

R
+ R

4
, (2.13)

where we have assumed the energy-momentum tensor can be
described by a perfect fluid as T μ

ν = diag(−ρφ, pφ, pφ, pφ)

where the energy density ρφ and the pressure density pφ can
be expressed for the scalar field φ as

ρφ = φ̇2

2
+ λ

4
φ4, pφ = φ̇2

2
− λ

4
φ4. (2.14)

Similarly the field equation for the scalar field φ in the flat
(k = 0) FLRW background can be recast as

φ̈ + 3H φ̇ + λφ3 = 0. (2.15)

In the flat (k = 0) FLRW background we have the following
expressions:

R = 6(Ḣ + 2H2), Ṙ = 6(Ḧ + 4H Ḣ),

R̈ = 6(
...
H + 4Ḣ2 + 4H Ḧ). (2.16)

Substituting these results in Eqs. (2.12) and (2.13) the Fried-
mann equations can be recast in the Jordan frame as

2H(Ḧ + 3H Ḣ) − Ḣ2 = ρφ

18α
, (2.17)

9Ḣ(Ḣ + H2) + 6H Ḧ + ...
H = − pφ

6α
. (2.18)

In the slow-roll regime (φ̇2/2 � λ
4 φ4) the energy density ρφ

and the pressure density pφ can be approximated by ρφ ≈
λ
4 φ4, pφ ≈ −λ

4 φ4. Consequently Eqs. (2.15), (2.17) and
(2.18) can be recast as

3H φ̇ + λφ3 ≈ 0, (2.19)

2H(Ḧ + 3H Ḣ) − Ḣ2 ≈ V (φ)

18α
, (2.20)

9Ḣ(Ḣ + H2) + 6H Ḧ + ...
H ≈ − V (φ)

6α
, (2.21)

where V (φ) = λ
4 φ4. Further combining Eqs. (2.20) and

(2.21) we get
...
H = 3Ḣ(3H2 − 4Ḣ). For further analysis

one can also define the following sets of slow-roll parame-
ters in a Jordan frame:

εH = − Ḣ

H2 , δH = − Ḧ

H3 =
( ˙εH

H
− 2ε2

H

)
,

γH = −
...
H
H4 = 3εH (3 + 4εH ) , ηH = − φ̈

H φ̇
. (2.22)

Further using these new sets of parameters in Eqs. (2.20) and
(2.21) can be recast into the following simplified form:

2δH + γH

12
+ 21

4
εH ≈ − V (φ)

18αH4 = − λφ4

72αH4 . (2.23)
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However, solving this two-field problem in the presence of
scale free gravity is itself very complicated for the following
reasons:

• Complication I: First of all, for a given structure of infla-
tionary potential in a Jordan frame (here it is the Higgsotic
potential as mentioned earlier) it is impossible to solve
directly the dynamical equations (2.20), (2.21) and (2.23)
due its complicated coupled structural form.

• Complication II: One can use various solution Ansatzes
to get approximated numerical results, but this is also
dependent on the structure of the inflaton potential in a
Jordan frame and how one can able to implement initial
condition (starting point) of inflation for arbitrary struc-
ture of the effective potential.

• Complication III: In connection with the implementation
of the initial condition and to check the sufficient con-
dition for inflation in this complicated field theoretical
setup one needs to define the expression for number of
e-foldings in terms of effective potentials. But this cannot
be very easy in the present context as the field equations
are coupled.

Due to these huge number of difficulties in a Jordan frame
we transform the total action into the Einstein frame using
a conformal transformation. After transforming the Jordan
frame action into the Einstein frame in the present context we
need the solve a two interacting field problem in the presence
of Einstein gravity. There are several ways one can solve this
problem. These possibilities are:

• Solution I: the first solution to this problem is to follow
the well-known approach to solving two-field models of
inflation by following the method of curvature and isocur-
vature perturbation in the semiclassical δN formalism.
For more accurate results one can also solve directly the
Mukhanov–Sasaki equation for this two-field model and
directly treat fluctuations quantum mechanically. Since
this methodology has been discussed in various earlier
works, we will not discuss this issue in this paper. See
Refs. [152–156] fore more details.

• Solution II: a second way of solving this problem is to
use dynamical attractor mechanism in the present con-
text where the two fields are connected through specific
relations, which can be obtained by solving dynamical
field equations in cosmology. This is equivalent to solving
renormalization group equations in the context of quan-
tum field theory as the dynamical attractor solution of two
fields captures the effects of all the energy scale. In our
computation we explore the possibility of two dynamical
attractors:

1. Power-law attractor
2. Exponential attractor

Here they have different cosmological consequences. But
they originate from the Higgsotic structure of the effec-
tive potential which we will discuss in the next section in
detail.

• Solution III: a final possibility is to freeze the dilaton
field in the Planck scale or in the vicinity, so that one
can absorb it in the effective couplings in the Higgsotic
theory. This is identified as the non-attractor phase in the
context of cosmology. The physical justification for such
possibilities can also be explained from the UV behavior
of the 4D effective theory, which is known as the UV
completion of the effective theory. According to this pro-
posal we have two sectors in the theory:

1. Hidden sector: the hidden sector is made up of a heavy
field (in our case dilaton) which lies around the UV
cutoff of the effective theory, which is the Planck
scale. We are not able to probe directly this sector.
But we can visualize how its imprints on the low
energy effective theory.

2. Visible sector: the visible sector is made up of a
light field (in our case inflaton) which one can probe
directly. For present discussion the visible sector is
important to explain the cosmological evolution.

Usually in such a prescription one integrates the heavy
fields and finally gets an effective theory in the vis-
ible sector. Here we use the fact that such a proce-
dure mimics the role of freezing the heavy dilaton field
near the Planck scale. The only difference is that in the
case of freezing the dilaton field we only concentrate
on the Higgsotic potential. But the integration of the
heavy field allows for all relevant and irrelevant oper-
ators. However, by applying a similar argument one can
look into only the renormalizable Higgsotic part of the
total effective potential. Additionally, it is important to
note that at late times the dynamical picture is com-
pletely opposite where the inflaton field freezes in the
vicinity of the Planck scale and the dynamical contri-
bution for late time acceleration comes from the dila-
ton field. In a simpler way one can interpret this phys-
ical prescription as the competitive dynamical descrip-
tion of the two fields. During inflation the Higgsotic
field wins the game and at late times the dilaton serves
the same purpose. More precisely, within this prescrip-
tion dynamic features transfer from dilaton to Higgsotic
field (or any scalar inflaton) during inflation and at late
times a completely opposite situation appears, where
a similar transfer takes place from inflaton to dilaton
field.

In this paper we explore the possibility of Solution II and
Solution III in detail in the next section. For completeness
we briefly review also Solution I in the appendix.
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3 Soft attractor: a two-field approach

In the present context let us introduce a scale dependent mode
�, which can be written in terms of a no scale dilaton mode
� as

� = f ′(R)M−2
p = 2αR M−2

p = e

√
2
3

�
Mp (3.1)

which mimics the role of a Lagrange multiplier and arises
in the Jordan frame without space-time derivatives. In terms
of the newly introduced no scale dilaton mode � the total
action of the theory (see Eq. (2.1)) can be recast as

S =
∫

d4x
√−g

{
M2

p

2
�R − M4

p

8α
�2

− gμν

2
(∂μφ)(∂νφ) − λ

4
φ4

}
. (3.2)

To study the behavior of the proposed R2 theory of gravity
here we introduce the following conformal transformation
(C.T.) in the metric from Jordan frame to the Einstein frame:

gμν
C.T.−−→ g̃μν = �2gμν, gμν C.T.−−→ g̃μν = �−2gμν,

√−g
C.T.−−→ √−g̃ = �4√−g, (3.3)

which satisfies the condition gμνgνβ = g̃μκ g̃κβ = δ
β
μ. In the

present context the conformal factor � is given by

� = √
� = e

√
2

2
√

3
�

Mp . (3.4)

With this proposed C.T. in the metric the Ricci curvature
scalar in the Jordan frame (R) is related to the Einstein frame
(R̃) as

R = �2[R̃ + 6�̃ln � − 6g̃μν∂̃μln � ∂̃ν ln �] (3.5)

where ∂̃μ = ∂
∂ x̃μ and �̃ln � ≡ 1√−g̃

∂α(
√−g̃g̃αβ∂β ln �).

After doing C.T. the total action can be recast in the Einstein
frame as1:

S C.T.−−→ S̃ =
∫

d4x
√−g̃

[
M2

p

2
R̃ + g̃μν

2
∂̃μ�∂̃ν�

+ g̃μν

2
∂̃μφ∂̃νφ − W̃ (φ,�)

]
(3.7)

1 Here we apply Gauss’ theorem to remove the following contribution
in the total effective action:
∫

d4x
√−g̃

√
3

2
Mp�̃� =

√
3

2
Mp

∫
d4x ∂α

(√−g̃g̃αβ∂β�
)

=
∮

∂M
d3x

(√−g̃g̃αβ∂β�
)

nα ≡ 0, (3.6)

where ∂M represents the boundary of the 4-volume and nα is the unit
normal.

where after applying C.T. the total potential can be recast as

W̃ (φ,�) =
M4

p
8α

e
2
√

2
3

�
Mp + λ

4 φ4

�4 = V0

[
1 + 2αλ(�)

M4
p

φ4

]

(3.8)

where V0 = M4
p/8α exactly mimics the role of the cosmo-

logical constant and the effective matter coupling (λ(�)) in

the potential sector is given by λ(�) = λ
�4 = λe

− 2
√

2√
3

�
Mp .

Now varying Eq. (3.7) with respect to the metric the field
equations can be expressed as

G̃μν :=
(

R̃μν − g̃μν

2
R̃

)
= T̃μν(φ,�) (3.9)

where the energy-momentum tensor T̃μν(φ,�) for the
dilaton–inflaton coupled theory can be expressed as

T̃μν(φ,�) = − 2√−g̃

δ
(√−g̃L(φ,�)

)

δg̃μν

= ∂̃μφ∂̃νφ + ∂̃μ�∂̃ν� − g̃μν

(
1

2
g̃αβ ∂̃αφ∂̃βφ

+ 1

2
g̃αβ ∂̃α�∂̃β� + W̃ (φ,�)

)
.

Here for the matter part of the action the following property
holds between the Einstein frame and Jordan frame energy-

momentum tensor: T̃μν(φ,�) ⊃ T̃μν = − 2√−g̃

δ(
√−g̃LM )

δg̃μν

= Tμν

�2 , which implies that using the perfect fluid assump-

tion one can write T̃ μ
ν = diag(−ρ̃φ, p̃φ, p̃φ, p̃φ) =

1
�4 diag(−ρφ, pφ, pφ, pφ) = T μ

ν

�4 . Assuming the flat (k = 0)
FLRW background metric in an Einstein frame the Fried-
mann equations can be written from Eq. (3.9) as2:

H̃2 =
(

d ln a

dt̃

)2

= ρ̃

3M2
p
, (3.10)

dH̃

dt̃
+ H̃2 =

(
d2a

dt̃2

)
= − (ρ̃ + 3 p̃)

6M2
p

(3.11)

where the effective energy density (ρ̃) and the effective pres-
sure ( p̃) can be written in an Einstein frame as

ρ̃ =
(

d�

dt̃

)2

+
(

dφ

dt̃

)2

+ W̃ (φ,�),

p̃ =
(

d�

dt̃

)2

+
(

dφ

dt̃

)2

− W̃ (φ,�). (3.12)

Additionally, the Hubble parameter in the Einstein frame
(H̃ ) can be expressed as its Jordan frame (H ) counterpart

2 It is important to mention here that the time interval in an Einstein
frame dt̃ is related to the time interval in a Jordan frame dt as dt̃ = � dt.
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as H̃ = 1
�

[
H + 1

2
d ln �2

dt

]
= e

− 1√
6

�
Mp

{
H + �̇√

6Mp

}
. Also

the Klein–Gordon field equations for the inflaton field φ and
the new field � can be written in the flat (k = 0) FLRW
background as

d2φ

dt̃2
+ 3H̃

dφ

dt̃
+ ∂φW̃ (φ,�) = 0 (3.13)

d2�

dt̃2
+ 3H̃

d�

dt̃
+ ∂� W̃ (φ,�) = 0. (3.14)

Now in the slow-roll regime the field equations are approxi-
mated by

3H̃
dφ

dt̃
+ λ(�)φ3 = 0 (3.15)

3H̃
d�

dt̃
− λ(�)φ4

√
6Mp

= 0, (3.16)

H̃2 = W̃ (φ,�)

3M2
p

= V0

3M2
p

[
1 + 2αλ(�)

M4
p

φ4

]
. (3.17)

To study the behavior of the proposed model let us consider
two cases, where the dynamical features are characterized by

1. Case I: power-law solution,
2. Case II: exponential solution.

which we discuss in the next subsection.

3.1 Case I: Power-law solution

We consider here large α, small V0(≈ 0) with λ > 0 with
effective potential

W̃ (φ,�) ≈ λ(�)

4
φ4 = λ

4
e
− 2

√
2√
3

�
Mp φ4 (for Case I).

(3.18)

Consequently the field equations can be recast as

3H̃
dφ

dt̃
+ λe

− 2
√

2√
3

�
Mp φ3 = 0, (3.19)

3H̃
d�

dt̃
− λφ4

√
6Mp

e
− 2

√
2√
3

�
Mp = 0, (3.20)

H̃2 = λ

12M2
p

e
− 2

√
2√
3

�
Mp φ4. (3.21)

This is the case where the cosmological constant V0 or more
precisely the parameter α will not appear in the final solution.
The cosmological solutions of Eqs. (3.19)–(3.21) are given
by3:

3 Throughout the paper the subscript ‘0’ is used to describe the infla-
tionary epoch.

Case I

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
=

√
3Mp√

2
ln

(
t

t0

)

= − 9

2
√

6Mp
(φ2 − φ2

0), (3.22)

a ≈ a0

(
t

t0

)3/4

, (3.23)

N (φ) − N (φ0) = 1

M2
p

∫ φ

φ0

dφ
Ṽ (φ)

∂φ Ṽ (φ)
= φ2 − φ2

0

8M2
p

≈ −5

9
ln

(
a

a0

)
= − 5

12
ln

(
t

t0

)
. (3.24)

3.2 Case II: Exponential solution

We consider small α, large V0 with λ < 0 with effective
potential

W̃ (φ,�) ≈ M4
p

8α
+ λ(�)

4
φ4

= M4
p

8α
− λ

4
e
− 2

√
2√
3

�
Mp φ4 (for Case II). (3.25)

Here to avoid any confusion we have taken out the signature
of the coupling λ outside in the expression for the effective
potential for λ < 0 case.

Finally the field equations can be expressed as

3H̃
dφ

dt̃
− λe

− 2
√

2√
3

�
Mp φ3 = 0 (3.26)

3H̃
d�

dt̃
+ λφ4

√
6Mp

e
− 2

√
2√
3

�
Mp = 0, (3.27)

H̃2 = M2
p

24α
− λ

12M2
p

e
− 2

√
2√
3

�
Mp φ4. (3.28)

The cosmological solutions of Eqs. (3.26)–(3.28) are given
by

Case II

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)

= − 1

2
√

6Mp
(φ2 − φ2

0), (3.29)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.30)

N (φ) − N (φ0) = 1

M2
p

∫ φ

φ0

dφ
Ṽ (φ)

∂φ Ṽ (φ)

= − M2
p

16αλ(�)

(
1

φ2
0

− 1

φ2

)
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(a) Case I : Power-law behavior. (b) Case II : Tachyonic behaviour.

Fig. 2 Behavior of the inflationary potential for a V0 ≈ 0 and λ > 0
(Case I) and b V0 �= 0 and λ < 0 (Case II). In a the inflaton rolls down
from a large field value and inflation ends at φ f ≈ 1.09 Mp . On the
other hand in b the inflaton field rolls down from a small field value

and the inflation ends at the field value φ f = 2.88 α1/8 Mp , where the
lower bound on the parameter α is α ≥ 2.51 × 107, which is consistent
with Planck 2015 data [44–46]

= − M2
p

16αλ(�)φ2
0

⎡
⎢⎣1 − 1

1 − 8M2
p

φ2
0

ln
(

a
a0

)
⎤
⎥⎦

≈ M4
p

2αλ(�)φ4
0

ln

(
a

a0

)

≈ M5
p

4α3/2λ(�)
√

6φ4
0

(t − t0). (3.31)

This is the specific case where the cosmological constant
is explicitly appearing in the potential. To end inflation we
need to fulfill an extra requirement that λ < 0 and this will
finally led to massless tachyonic solution. In Fig. 2a, b we
have shown the behavior of the inflationary potential for the
two cases, 1. V0 ≈ 0 and λ > 0, 2. V0 �= 0 and λ < 0.

Figure 2a implies that the inflaton rolls down from a large
field value and inflation ends at φ f ≈ 1.09 Mp. Also the
potential has a global minimum at φ = 0, around which
field is start to oscillate and take part in reheating. On the
other hand in Fig. 2b the inflaton field rolls down from a
small field value and the inflation ends at the field value
φ f = 2.88 α1/8 Mp, where the lower bound on the param-
eter α is, α ≥ 2.51 × 107, which is consistent with Planck
2015 data [44–46]. Within this prescription it is possible to
completely destroy the effect of cosmological constant at the
end of inflationary epoch. But within this setup to explain the
particle production during reheating and also explain the late
time acceleration of our universe we need additional features
in the total effective potential in scale free αR2 gravity theory.
It is a general notion that the reheating phenomenon can only
be explained if the effective potential has a local minimum
and a remnant contribution (vacuum energy or equivalent to

cosmological constant) in the total effective potential finally
produce the observed energy density at the present epoch as
given by4 ρnow ≈ 10−47 GeV4, which is necessarily required
to explain the late time acceleration of the universe. Now here
one can ask a very relevant question: if we include some addi-
tional features to the effective Higgsotic potential, which also
can be treated as a massless tachyonic potential, then how
one can interpret the justifiability as well as the behavior
of effective field theory framework around the minimum of
the potential which will significantly control the dynamical
behavior in the context of cosmology? The most probable
answer to this very significant question can be described in
various ways. In the present context to get a stable minimum
(vacuum) of the derived effective Higgsotic potential in an
Einstein frame here we discuss a few physical possibilities:

• Choice I: The first possible solution of the mentioned
problem is motivated from non-BPS D-brane in super-
string theory. In this prescription the effective poten-
tial have a pair of global extrima at the field value,
φextrema = φ = ±φV for the non-BPS D-brane within
the framework of superstring theory [23,135–140]. Addi-
tionally, it is important to note that here a one parameter
(γ ) family of global extrima exists at the field value,
φ = φV eiγ for the brane–antibrane system. Here φV

is identified to be the field value where the reheating
phenomenon occurs. At this specified field value of the
minimum the brane tension of the D-brane configuration
which is exactly canceled by the negative contribution as

4 For Einstein gravity one can write the observed energy density at the
present epoch in the following form: ρnow ≈ 3H2

0 M2
p , where H0 is the

Hubble parameter at the present epoch.
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appearing in the expression for effective potential in an
Einstein frame. Here for the sake of simplicity we relax
a little bit the constraints as appearing exactly in Case II.
To explore the behavior of the derived effective poten-
tial here we have allowed both of the signatures of the
coupling parameter λ. This directly implies the following
constraint condition:

− λ

4
e
− 2

√
2√
3

�
Mp φ4

V + �p = 0 (for λ < 0), (3.32)

λ

4
e
− 2

√
2√
3

�
Mp φ4

V + �p = 0 (for λ > 0), (3.33)

where �p is the above mentioned additional contribution
and in the context of superstring theory this is given by

�p =
{√

2(2π)−pg−1
s for non-BPS Dp-brane,

2(2π)−pg−1
s for non-BPS Dp−D̄p brane pair,

(3.34)

with string coupling constant gs. This implies that the
inflaton energy density vanishes at the minimum of the
tachyon type of the derived effective potential and in this
connection the remnant energy contribution is given by
V0 = M4

p/8α, which serves the explicit role of cosmo-
logical constant in the context of late time acceleration of
the universe. In this case considering the additional con-
tribution as mentioned above the total effective potential
can be modified as

v1: W̃ (φ,�) = M4
p

8α
− λ

4
e
− 2

√
2√
3

�
Mp (φ4 − φ4

V )

(for λ < 0), (3.35)

v2: W̃ (φ,�) = M4
p

8α
+ λ

4
e
− 2

√
2√
3

�
Mp (φ4 − φ4

V )

(for λ > 0). (3.36)

Here to avoid any confusion we have taken out the sig-
nature of the coupling λ outside in the expression for the
effective potential for the λ < 0 case.
In the present context the field equations can be expressed
as

For v1: 3H̃
dφ

dt̃
− λe

− 2
√

2√
3

�
Mp φ3 = 0, (3.37)

3H̃
d�

dt̃
+ λ(φ4 − φ4

V )√
6Mp

e
− 2

√
2√
3

�
Mp = 0, (3.38)

H̃2 = M2
p

24α
− λ

12M2
p

e
− 2

√
2√
3

�
Mp (φ4 − φ4

V ).

(3.39)

For v2: 3H̃
dφ

dt̃
+ λe

− 2
√

2√
3

�
Mp φ3 = 0, (3.40)

3H̃
d�

dt̃
− λ(φ4 − φ4

V )√
6Mp

e
− 2

√
2√
3

�
Mp = 0, (3.41)

H̃2 = M2
p

24α
+ λ

12M2
p

e
− 2

√
2√
3

�
Mp (φ4 − φ4

V ).

(3.42)

The solutions of Eqs. (3.37)–(3.42) are given by

Choice I(v1)

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)

= − 1

2
√

6Mp

[
(φ2 − φ2

0) + φ4
V

(
1

φ2 − 1

φ2
0

)]
,

(3.43)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.44)

N (φ) − N (φ0) = 1

M2
p

∫ φ

φ0

dφ
Ṽ (φ)

∂φ Ṽ (φ)

≈ −
(

M2
p

16αλ(�)
+ φ4

V

8M2
p

)(
1

φ2
0

− 1

φ2

)

≈
(

M4
p

2αλ(�)
+ φ4

V

φ2
0

)
ln

(
a

a0

)
, (3.45)

Choice I(v2)

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)

= − 1

2
√

6Mp

[
(φ2 − φ2

0) + φ4
V

(
1

φ2 − 1

φ2
0

)]
,

(3.46)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.47)

N (φ) − N (φ0) = 1

M2
p

∫ φ

φ0

dφ
Ṽ (φ)

∂φ Ṽ (φ)

≈
(

M2
p

16αλ(�)
− φ4

V

8M2
p

)(
1

φ2
0

− 1

φ2

)

≈
(

M4
p

2αλ(�)
− φ4

V

φ2
0

)
ln

(
a

a0

)
. (3.48)

In Fig. 3a, b we have shown the variation of the potential
with respect to the inflaton field for both cases. For Fig. 3a
the inflaton can roll down in both ways. Firstly, it can roll
down to a global minimum at the field value φV = 0
from higher to lower field value and take part in parti-
cle production procedure during reheating. On the other
hand, in the same picture the inflaton can also roll down
from higher to lower field value in an opposite fashion.
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(a) Choice I(v1) : Modified potential from superstring the-
ory with λ < 0.

(b) Choice I(v2) : Modified potential from superstring the-
ory with λ > 0.

Fig. 3 Behavior of the modified effective potential for case II with a Choice I(v1): V0 �= 0, λ < 0, b Choice I(v2): V0 �= 0, λ > 0, where
Mp = 2.43 × 1018 GeV

In that case the inflaton goes up to the zero energy level
of the effective potential and cannot explain the thermal
history of the early universe in a proper sense. It is also
important to note that in this picture the position of the
maximum of the effective potential in the Einstein frame
is around the field value, φV = 0.42 Mp. Figure 3b is
the case where the signature of the coupling λ is positive.
Also the behavior of the effective potential is completely
opposite compared to the situation arising in Fig. 3a. In
this case the inflaton field can be able to roll down to
higher to lower field value or lower to higher field value.
But in both cases the inflaton field settles down to a local
minimum at, φmin = φV = 0.42 Mp and within the vicin-
ity of this point it will produce particles via reheating. In
the two situations the lower bound on the parameter α is
fixed at, α ≥ 2.51 × 107, which is perfectly consistent
with Planck 2015 data [44–46].

• Choice II: It is possible to explain the reheating as well
as the light time cosmic acceleration once we switch on
the effect of mass like quadratic term in the effective
potential. In such a case the modified effective potential
in an Einstein frame can be written as

v1: W̃ (φ,�) = M4
p

8α
+
(

m2
c

2
φ2 − λ

4
φ4
)

e
− 2

√
2√
3

�
Mp

(for m2
c > 0, λ < 0), (3.49)

v2: W̃ (φ,�) = M4
p

8α
−
(

m2
c

2
φ2 − λ

4
φ4
)

e
− 2

√
2√
3

�
Mp

(for m2
c < 0, λ > 0). (3.50)

Here to avoid any confusion we have taken out the sig-
nature of the coupling λ outside in the expression for
the effective potential for λ < 0 case. In this context
during inflation the inflaton field satisfies the constraint

φ �
√

2
|λ| |mc|. After inflation when reheating starts, the

field satisfies φ �
√

2
|λ| |mc|. Finally at the field value

φ =
√

2
|λ| |mc| the remnant energy V0 = M4

p/8α serves

the purpose of explaining the late time acceleration of the
universe. In the present context the field equations can be
expressed as

For v1: 3H̃
dφ

dt̃
+ (m2

cφ − λφ3)e
− 2

√
2√
3

�
Mp = 0, (3.51)

3H̃
d�

dt̃
−

2
√

2
(

m2
c

2 φ2 − λ
4 φ4

)
√

3Mp
e
− 2

√
2√
3

�
Mp = 0,

(3.52)

H̃2 = M2
p

24α
+
(

m2
c

2 φ2 − λ
4 φ4

)

3M2
p

e
− 2

√
2√
3

�
Mp .

(3.53)

For v2: 3H̃
dφ

dt̃
− (m2

cφ − λφ3)e
− 2

√
2√
3

�
Mp = 0, (3.54)

3H̃
d�

dt̃
+

2
√

2
(

m2
c

2 φ2 − λ
4 φ4

)
√

3Mp
e
− 2

√
2√
3

�
Mp = 0,

(3.55)

H̃2 = M2
p

24α
−
(

m2
c

2 φ2 − λ
4 φ4

)

3M2
p

e
− 2

√
2√
3

�
Mp .

(3.56)

The solutions of Eqs. (3.51)–(3.56) are given by

Choice II(v1)

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)
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(a) Choice I(v1) : Modified potential from superstring the-
ory with λ < 0.

(b) Choice I(v2) : Modified potential from superstring the-
ory with λ > 0.

Fig. 4 Behavior of the modified effective potential for case II with a Choice II(v1): V0 �= 0, λ < 0, m2
c > 0 and φ �

√
2
|λ| |mc|, b Choice II(v2):

V0 �= 0, λ > 0, m2
c < 0 and φ �

√
2
|λ| |mc|, where Mp = 2.43 × 1018 GeV

= − 1

2
√

6Mp

[
(φ2 − φ2

0) + m2
c

λ
ln

(
m2

c − λφ2

m2
c − λφ2

0

)]
,

(3.57)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.58)

N (φ) − N (φ0) = M4
p

16m2
c(�)α

ln

(
φ2(m2

c − λφ2
0)

φ2
0(m2

c − λφ2)

)

≈ M4
p

16m2
c(�)α

ln

⎛
⎜⎜⎝

[
1 − 8M2

p

φ2
0

ln
(

a
a0

)]
(m2

c − λφ2
0)

(
m2

c − λφ2
0

[
1 − 8M2

p

φ2
0

ln
(

a
a0

)])
⎞
⎟⎟⎠ ,

(3.59)

Choice II(v2)

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)

= − 1

2
√

6Mp

[
(φ2 − φ2

0) + m2
c

λ
ln

(
m2

c − λφ2

m2
c − λφ2

0

)]
,

(3.60)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.61)

N (φ) − N (φ0) = M4
p

16m2
c(�)α

ln

(
φ2

0(m2
c − λφ2)

φ2(m2
c − λφ2

0)

)

≈ M4
p

16m2
c(�)α

ln

⎛
⎜⎜⎝

(
m2

c − λφ2
0

[
1 − 8M2

p

φ2
0

ln
(

a
a0

)])
[

1 − 8M2
p

φ2
0

ln
(

a
a0

)]
(m2

c − λφ2
0)

⎞
⎟⎟⎠ ,

(3.62)

The behavior of the effective potential in an Einstein
frame is plotted in Fig. 4a, b, where the inflaton field
is rolling down from a large field to lower value or the
lower to larger field value and after inflation take part in

particle production and reheating. Here the two situations
both are completely equivalent to the previous choice of
the effective potentials as discussed earlier. Here the only
difference is the scale of inflation, which is surely dif-
ferent compared to the previously mentioned scientific
scenario. Additionally, it is noted that for both cases the
effective potential can be able to generate VEV at the field
value φ = 2.5 Mp, which will finally take part to explain
the particle production and reheating mechanism. In both
of the situations the lower bound on the parameter α of
the scale free gravity is fixed at, α ≥ 2.51 × 107, which
is perfectly consistent with Planck 2015 data and other
available joint constraints [44–46].

• Choice III: In third option it is also possible to explain
the reheating as well as the late time cosmic acceleration
once we switch on the effect of non-minimal coupling
between, f (R) = αR2 gravity sector and the matter field
sector. In that case the total effective action is modified
in a Jordan frame as

S =
∫

d4x
√−g

[
α

2
(1 + ξφ2)R2 + gμν

2
(∂μφ)(∂νφ)

− λ

4
(φ2 − φ2

V )2
]

(3.63)

where ξ represents the non-minimal coupling parameter
and φV represents the VEV of the field φ in this context.
After performing conformal transformation, the effective
action in the Einstein frame can be written as

S C.T.−−→ S̃ =
∫

d4x
√−g̃

[
M2

p

2
R̃ + g̃μν

2
∂̃μ�∂̃ν�

+ g̃μν

2
∂̃μφ∂̃νφ − W̃ (φ,�)

]
(3.64)
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Fig. 5 Behavior of the
modified effective potential in
presence of non-minimal
coupling in R2 gravity for
case II with Choice III: V0 �= 0,
λ > 0, ξ = M−2

p (red),

10−8 M−2
p (blue), where

Mp = 2.43 × 1018 GeV

where after applying C.T. the total modified effective
action can be written as

W̃ (φ,�) = M4
p

8α
+

λ
4 (φ2 − φ2

V )2

(1 + ξφ2)2 e
− 2

√
2√
3

�
Mp . (3.65)

In the present context the field equations can be expressed
as

3H̃
dφ

dt̃
+ λφ(1 + ξφ2

V )(φ2 − φ2
V )

(1 + ξφ2)3 e
− 2

√
2√
3

�
Mp = 0,

(3.66)

3H̃
d�

dt̃
− λ(φ2 − φ2

V )2

√
6Mp(1 + ξφ2)2

e
− 2

√
2√
3

�
Mp = 0, (3.67)

H̃2 = M2
p

24α
+

λ
4 (φ2 − φ2

V )2

3M2
p(1 + ξφ2)2 e

− 2
√

2√
3

�
Mp . (3.68)

The solutions of Eqs. (3.66)–(3.68) are given by:

Choice III

� − �0 ≈ 2
√

2Mp√
3

ln

(
a

a0

)
= M2

p

3
√

α
(t − t0)

= − 1

2
√

6Mp

[
(φ2 − φ2

0 )
(

1 + ξ
2

(
φ2 + φ2

0 − 2φ2
V

))+ 2φ2
V ln

(
φ
φ0

)]
(
1 + ξφ2

V

) ,

(3.69)

a ≈ a0 exp

[
Mp

2
√

6α
(t − t0)

]
, (3.70)

N (φ) − N (φ0) = 1

M2
p

∫ φ

φ0

dφ
Ṽ (φ)

∂φ Ṽ (φ)

= M2
p

16φ2
V αλ(�)(1 + ξφ2

V )
ln

(
φ2

0(φ2 − φ2
V )

φ2(φ2
0 − φ2

V )

)

= M2
p

16φ2
V αλ(�)(1 + ξφ2

V )

× ln

⎛
⎜⎜⎝

(
φ2

0

[
1 − 8M2

p

φ2
0

ln
(

a
a0

)]
− φ2

V

)
[

1 − 8M2
p

φ2
0

ln
(

a
a0

)] (
φ2

0 − φ2
V

)

⎞
⎟⎟⎠ , (3.71)

In Fig. 5, we have shown the behavior of the effec-
tive potential with respect to inflaton field in the pres-
ence of non-minimal coupling parameter, ξ = M−2

p and
ξ = 10−8 M−2

p depicted by red and blue colored curves,
respectively. For both of the cases we have taken the self
interacting coupling parameter λ > 0. Also it is impor-
tant to mention here that if we decrease the strength of
the non-minimal coupling parameter then the effective
potential becomes steeper. For both situations the infla-
ton field can roll down from higher to lower or lower
to higher field values and finally settle down to a local
minimum at φV = Mp.

4 Constraints on inflation with soft attractors

Here we require the following constraints to study the infla-
tionary paradigm in the attractor regime:

4.1 Number of e-foldings

To get a sufficient amount of inflation from the proposed
setup (for both Case I and Case II), necessarily

|N (φ0) − N (φ f )| ≈
∣∣∣∣ln
(

a f

a0

)∣∣∣∣ � 50 − 70. (4.1)

which is a necessary quantity to be able to solve the horizon
problem associated with standard big-bang cosmology. The
subscripts ‘f’ and ‘0’ physically signify the final and initial
values of the inflationary epoch. Further using Eqs. (3.24) and
(3.31) the field value at the end of inflation can be explicitly
computed for the above mentioned two cases as

φ f ∼

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φ0

[
1 − 480M2

p

φ2
0

]1/2

for Case I

φ0[
1+ 960αλ(� f )φ2

0
M2

p

]1/2 for Case II.
(4.2)

Here it is important to mention the following facts:
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• For Case I the expression for the field associated with
the end of inflation φ f is completely fixed by the value
initial field value φ0. Here no information for the field
dependent coupling λ(ψ f ) = λ(� = � f ) is required
for this case as the expression for φ f is independent of
the dilaton field dependent coupling.

• For Case II the expression for the field associated with the
end of inflation φ f is fixed by the value initial field value
φ0 as well as by the field dependent coupling λ(ψ f ) =
λ(� = � f ).

4.2 Primordial density perturbation

4.2.1 Two point function

The next observational constraint comes from the imprints of
density perturbations through scalar fluctuations. Such fluc-
tuations in CMB map directly implies that5:

δρ

ρ
<

(
δρ

ρ

)
cr

= √
AS ∼ 10−5 (4.3)

measured on the horizon crossing scales, where δρ is the
perturbation in the density ρ. Additionally, it is important to
note that AS, represents the amplitude of the scalar power
spectrum. Also in the present context for both cases one can
write
[
σ

δρ

ρ

]
t1

=
[
σ

δρ

ρ

]
t2

(4.4)

where the parameter σ is the parameter in the present context,
which can be expressed in terms of equation parameter as,
σ = 1 + 2

3(1+w)
, w = p

ρ
. It is important to note that (t1, t2)

represent the times when the perturbation first left and re-
entered the horizon, respectively. At time t1, Eq. (3.12) per-
fectly hold good in the present context. On the other hand
at time t = t2 the representative parameter σ take the value,
σ = 3/2 and σ = 5/3 during the radiation- and matter-
dominated epochs, respectively. For the potential dominated
inflationary epoch, w ≈ −1 and consequently one can write
the following constraint condition:

(
δρ

ρ

)
t2

≈
((

1 − 1

σ

)
δρ

ρ

)
t1

. (4.5)

Further using Eq. (3.12) and approximated equation of
motion in slow-roll regime of fluctuation in the total energy
density or equivalently in the scalar modes can be written as

5 Here one equivalent notation for the amplitude of the scalar per-
turbation used as

√Pcmb = √P(Ncmb), which we have used in the
non-attractor case.

δρ = φ̇δφ̇ + �̇δ�̇ − 3H̃
(
φ̇δφ + �̇δ�

)
≈ −2H̃

(
φ̇δφ + �̇δ�

)
. (4.6)

where we use the symbol as ˙ ≡ d/dt̃ and one can write
down, δφ̇ ≈ H̃δφ, δ�̇ ≈ H̃δ�, δφ ≈ H̃ , δ� ≈ H̃ , and
finally the fractional density contrast can be expressed as

(
δρ

ρ

)
t2

=
(

H̃2(|φ̇| + |�̇|)
φ̇2 + �̇2

C
)

t1

(4.7)

with the following constraint on the parameter C as given by,
C ∼ O(1) and it serves the purpose of a normalization con-
stant in this context. Then we get the two physically accept-
able situations for both of the cases which can be written
as

Region I: |φ̇| < |�̇| ⇒ δρ

ρ
≈ H̃2

|�̇| ≈
√

W̃h

2
√

2M2
p

, (4.8)

Region II: |φ̇| > |�̇| ⇒ δρ

ρ
≈ H̃2

|φ̇| ≈ W̃ 3/2
h

M3
p(∂φW̃ )h

.

(4.9)

Here one can interpret the results as

• In Region I, the amplitude of the density fluctuation at the
horizon crossing is only controlled by the scale of infla-
tion and the magnitude of the dilaton dependent effective
coupling parameter λ(�h).

• In Region II, the amplitude of the density fluctuation at
the horizon crossing is given by

(
δρ

ρ

)
Region II

= 2(√
εW̃

)
h

(
δρ

ρ

)
Region I

. (4.10)

This implies that contribution from the first slow-roll

parameter, as given by εW̃ = M2
p

2

(
∂φ W̃

W̃

)
, controls the

magnitude of the amplitude of density perturbation apart
from the effect from the scale of inflation and the magni-
tude of the dilaton dependent effective coupling param-
eter λ(�h).

4.2.2 Present observables

Further using the approximate equations of motion the frac-
tional density contrast for the above mentioned two cases can
be written as
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Case I: δρ

ρ
∼

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φ2
0

4M2
p

√
λ(�h)

2

[
1 − 2

√
6Mp

9φ2
0

(�h − �0)

]
for Region I

φ3
0
√

λ(�h)

8M3
p

[
1 − 2

√
6Mp

9φ2
0

(�h − �0)

]3/2

for Region II.

(4.11)

Case II: δρ

ρ
∼

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
8
√

α

[
1 + 2φ2

0αλ(�h)

M4
p

{
1 − 2

√
6Mp

φ2
0

(�h − �0)

}2
]1/2

for Region I

M3
p

λ(�h)(8α)3/2φ3
0

[
1− 2

√
6Mp

φ2
0

(�h−�0)

]3/2 for Region II.
(4.12)

Here one can interpret the results as

• In Region I and Region II of Case I, the amplitudes of the
density fluctuation at the horizon crossing are related by

(
δρ

ρ

)
Region II

= φ0√
2Mp

(
δρ

ρ

)
Region I

×
[

1 − 2
√

6Mp

9φ2
0

(�h − �0)

]1/2

≈ φ0√
2Mp

(
δρ

ρ

)
Region I

. (4.13)

This implies that if we know the field value at the start-
ing point of inflation then one can directly quantify the
amplitude of density perturbation. Most importantly, if
inflation starts from the vicinity of the Planck scale
i.e. φ0 ∼ √

2Mp ∼ O(Mp) then by evaluating the
amplitude of the density perturbation in Region I one
can easily quantify the amplitude of the density per-
turbation in Region II. In this setup within the range
50 < N f/h < 70, we get

(
δρ

ρ

)
Region I

∼
(

δρ

ρ

)
Region II

∼ 2.2 × 10−9, (4.14)

which is consistent with Planck 2015 data. But if infla-
tion starts at the following field value, φ0 = √

2� Mp,
where the parameter � ≷ 1 then one ca write the fol-
lowing relationship between the amplitude of the density
perturbation in Region I and Region II as

(
δρ

ρ

)
Region II

= �

(
δρ

ρ

)
Region I

×
[

1 −
√

6

9�2 Mp
(�h − �0)

]1/2

≈ �

(
δρ

ρ

)
Region I

. (4.15)

This implies that for � ≷ 1 we get

(
δρ

ρ

)
Region II

≷
(

δρ

ρ

)
Region I

. (4.16)

In this case for Region I we get

(
δρ

ρ

)
Region I

∼ 2.2 × 10−9, (4.17)

then for Region II we get

(
δρ

ρ

)
Region I

≷ 2.2 × 10−9. (4.18)

This implies that for � ≷ 1 in Region II we get tightly
constrained result for the amplitude for the density per-
turbation.

• In Region I and Region II of Case II, the amplitude of the
density fluctuation at the horizon crossing are related by

(
δρ

ρ

)
Region II

≈ M3
p√

8αλ(�h)φ
3
0

(
δρ

ρ

)
Region I

. (4.19)

This implies that if we know the field value at the starting
point of inflation, the dilaton field dependent coupling at
the horizon crossing λ(�h) and the coupling of scale free
gravity α, then one can directly quantify the amplitude of
density perturbation. Most importantly, if inflation starts
from the vicinity of the Planck scale i.e. φ0 ∼ O(Mp)

and we have an additional constraint:

λ(�h) ∼ 1√
8α

, (4.20)

then by evaluating the amplitude of the density perturba-
tion in the Region I one can easily quantify the amplitude
of the density perturbation in Region II. Here one can also
consider an equivalent constraint:

123



Eur. Phys. J. C (2017) 77 :469 Page 19 of 82 469

Table 1 Inflationary
observables and model
constraints in the light of Planck
2015 data [44–46] for the
dynamical attractors considered
in Case I and Case II

N f/h AS (×10−9) nS βS (×10−3) κS (×10−5)

Case I Case II Case I Case II Case I Case II Case I Case II

50 0.941 0.940 1.16 1.20 −4.56 −4.80

60 2.2 2.3 0.951 0.950 0.80 0.83 −2.61 −2.76

70 00.958 0.957 0.59 0.62 −1.65 −1.78

φ0 ∼
(

1√
8αλ(�h)

)1/3

Mp. (4.21)

For both situations in the present setup within the range
50 < N f/h < 70, we get

(
δρ

ρ

)
Region I

∼
(

δρ

ρ

)
Region II

∼ 2.3 × 10−9, (4.22)

which is also consistent with Planck 2015 data. But if
inflation starts at the field value φ0 = � Mp, where the
parameter � ≷ 1, and we define

� =
(

1√
8αλ(�h)�3

)
, (4.23)

where the parameter � ≷ 1, then one can write the fol-
lowing relationship between the amplitude of the density
perturbation in Region I and Region II as

(
δρ

ρ

)
Region II

= �

(
δρ

ρ

)
Region I

. (4.24)

This implies that for � ≷ 1 and � ≷ 1 we get

(
δρ

ρ

)
Region II

≷
(

δρ

ρ

)
Region I

. (4.25)

In this case for Region I we get

(
δρ

ρ

)
Region I

∼ 2.3 × 10−9, (4.26)

then for Region II we get

(
δρ

ρ

)
Region I

≷ 2.3 × 10−9. (4.27)

This implies that for � ≷ 1 and � ≷ 1 in Region II we
get a tightly constrained result for the amplitude for the
density perturbation.

In this context the scalar spectral tilt can be written at the
horizon crossing as6

nS − 1 =
(

d ln AS

d f

)
h

≈
⎧⎨
⎩

− 3
(N f/h+1)

for Case I,

− 3
N f/h

for Case II.

(4.29)

Further using Eq. (4.29) the running of the scalar spectral tilt
can be computed as

βS =
(

dnS

d f

)
h

≈

⎧⎪⎨
⎪⎩

3

(N f/h+1)
2 for Case I,

3
N 2

f/h
for Case II,

(4.30)

and

κS =
(

dβS

d f

)
h

≈

⎧⎪⎨
⎪⎩

− 6

(N f/h+1)
3 for Case I,

− 6
N 3

f/h
for Case II.

(4.31)

Finally combining Eqs. (4.29), (4.30) and (4.31) we get the
following consistency relation for both Case I and Case II:

βS = (nS − 1)2

3
= 3

(
−κS

6

)2/3
. (4.32)

This is obviously a new consistency relation for the present
Higgsotic model of inflation and it is also consistent with
Planck 2015 data [44–46]. In Table 1 we have shown the
numerical estimations of the inflationary observables for the
Higgsotic attractors depicted in Case I and Case II within the
range 50 < N f/h < 70.

In Fig. 6, we have plotted the running of the spectral tilt for
scalar perturbation (κS = d2nS/d2 ln k) vs. spectral tilt for
scalar perturbation (nS) in the light of Planck 2015 data along
with various joint constraints. Here it is important to note that
for Case I and Case II the Higgsotic models are shown by the
green and pink colored lines. Also the big circle, intermedi-
ate size circle and small circle represent the representative
points in (κS, nS) 2D plane for the numbers of e-foldings
N f/h = 70, N f/h = 60 and N f/h = 50, respectively.

6 Here we use a new symbol N f/h , which is defined as

N f/h =
∣∣∣∣ln
(

a f

ah

)∣∣∣∣ = |N (φh) − N (φ f )| ∼ 50−70, (4.28)
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Fig. 6 Plot for running of the
running of spectral index
κS = d2nS/d2 ln k vs. running
of the spectral index
βS = dnS/d ln k for scalar
modes. Here for Case I and
Case II we have drawn green
and pink colored lines. We also
draw the background of the
confidence contours obtained
from various joint constraints
[44–46]

To represent the present status as well as statistical signif-
icance of the Higgsotic model for the dynamical attractors as
depicted in Case I and Case II, we have drawn the 1σ and 2σ

confidence contours from Planck+WMAP+BAO 2015 joint
data sets [44–46]. It is clear from Fig. 6 that, for Case I we
cover the range 0.59 × 10−3 < βS = dnS

d ln k < 1.16 × 10−3

and −1.65 × 10−5 > κS = d2nS
d2 ln k

> −4.56 × 10−5 in
the (κS, βS) 2D plane. Similarly for Case II we cover the
range 0.62 × 10−3 < βS = dnS

d ln k < 1.20 × 10−3 and

−1.78×10−5 > κS = d2nS
d2 ln k

> −4.80×10−5 in the (κS, βS)

2D plane.

4.3 Primordial tensor modes and future observables

In terms of the number of e-foldings (N ) the most useful
parametrization of the primordial scalar and tensor power
spectrum or equivalently the tensor-to-scalar ratio can be
written near the horizon crossing Nh = N (φh) as

r(N ) = 8

M2
p

(
dφ

dN
)2

= r(Nh)e(N−Nh){Ah+Bh(N−Nh)}

(4.33)

where in the slow-roll regime of inflation the tensor-to-scalar
ratio r(Nh) can be written in terms of the inflationary poten-
tial as

r = r(Nh) ≈ 8M2
p

(
V ′

h
Vh

)2

=

⎧⎪⎪⎨
⎪⎪⎩

128M2
p

φ2
h

for Case I,

512α2λ2(�h)φ6
h

M6
p

for Case II,

(4.34)

and the symbols Ah, Bh and Ch are expressed in terms of the
inflationary observables at horizon crossing as Ah = nT −
nS+1, Bh = 1

2 (βT−βS). In the above parametrization Ah �
Bh i.e. βS − 2(nS − 1) � βT − 2nT is always required for
convergence of the Taylor expansion. Using this assumption
the relationship between field excursion, �φ = φh −φ f and
tensor-to-scalar ratio r(Nh) can be computed as

|�φ|
Mp

≈
√

r(Nh)

8
e
− A2

h
2Bh

√
2π

Bh

∣∣∣∣erfi

(
Ah√
2Bh

)

− erfi

(
Ah√
2Bh

−
√

Bh

8
N f/h

)∣∣∣∣∣ . (4.35)

Now the scale of inflation is connected with the tensor-to-
scalar ratio in the following fashion:

V 1/4
h =

(
3

2
π2 ASr( fh)

)1/4

Mp ∼ 7.9 × 10−3 Mp ×
(

r( fh)

0.11

)1/4

. (4.36)

Substituting Eq. (4.36) in Eq. (4.35) we compute the rela-
tionship between field excursion and the scale of inflation
as

|�φ|
Mp

≈
√

Vh

6π M4
p AS Bh

e
− A2

h
2Bh

∣∣∣∣erfi

(
Ah√
2Bh

)

− erfi

(
Ah√
2Bh

−
√

Bh

8
N f/h

)∣∣∣∣∣ . (4.37)

Also using Eq. (4.36) the tensor-to-scalar ratio can be written
as

r = r(Nh) =

⎧⎪⎨
⎪⎩

λ(�h)φ4
h

(2×10−2 Mp)4 for Case I,

1
α(2.4×10−2)4 for Case II.

(4.38)

Further using Eqs. (4.34) and (4.38) we get the following
constraints from the primordial tensor perturbation:

φh =

⎧⎪⎨
⎪⎩

0.17Mp
6√λ(�h)

for Case I,

4.25Mp

α1/2 3√λ(�h)
for Case II.

(4.39)

Consequently the model parameters of the prescribed theory
can be recast in terms of the tensor-to-scalar ratio as

λ(�h) = 9.358 × 10−15 ×
( r

0.11

)3
for Case I, (4.40)

α = 2.740 × 107 ×
( r

0.11

)−1
for Case II. (4.41)
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(a) Case I : r vs λ(Ψh). (b) Case II : r vs α.

Fig. 7 Variation of the tensor-to-scalar ratio r with respect to a coupling parameter λ(�h) (Case I) and b scale free parameter α (Case II). For both
plots the dotted region is disfavored by Planck 2015 data along with BICEP2+Keck Array joint constraint [44–46]

Fig. 8 r vs. nS plot for Case I and Case II in the background of confidence contours obtained from Planck TT+low P, Planck TT+low P+BKP,
Planck TT+low P+BKP+BAO joint data sets

To satisfy the upper bound of the tensor-to-scalar ratio as
obtained from Planck 2015 + BICEP2 + Keck Array i.e.
r ∼ 0.11 [44–46], Eqs. (4.40) and (4.41) give the upper
bound of the model parameters λ(�h) and α, respectively.

In Fig. 7a, b, we have shown the variation of tensor-to-
scalar ratio r with respect to field dependent coupling param-
eter λ(�h) for Case I and scale free parameter α for Case II.
For both plots the dotted region is disfavored by Planck 2015
data along with BICEP2+Keck Array joint constraint.

In Fig. 8, we have plotted the tensor-to-scalar ratio (r ) vs.
spectral tilt for scalar perturbation (nS) in the light of Planck
data along with various joint constraints. Here it is impor-
tant to note that for Case I and Case II the Higgsotic models
are shown by the green and pink colored lines. Also the big
circle, intermediate size circle and small circle represent the
representative points in (r, nS) 2D plane for the numbers of

e-foldings, N f/h = 70, N f/h = 60 and N f/h = 50, respec-
tively. To represent the present status as well as the statistical
significance of the Higgsotic model for the dynamical attrac-
tors as depicted in Case I and Case II, we have drawn the 1σ

and 2σ confidence contours from Planck TT+low P, Planck
TT+low P+BKP, Planck TT+low P+BKP+BAO joint data
sets [44–46] in Fig. 8. It is clearly visualized from Fig. 8
that for Case I we cover the range 0.941 < nS < 0.958
and 0.07 < r < 0.11 in the (r, nS) 2D plane for the effec-
tive field dependent coupling constrained within the win-
dow 5.956 × 10−15 < λ(�h) < 9.358 × 10−15. Similarly
for Case II we cover the range 0.940 < nS < 0.957 and
0.056 < r < 0.09, in the (r, nS) 2D plane for the effec-
tive scale of the Higgsotic potential constrained within the
window 5.382 × 107 > α > 3.349 × 107. Additionally, it is
important to mention here that the area bounded by the paral-
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lel vertical green lines and the pink lines represent the allowed
parameter space in the (r, nS) 2D plane for the two Higgsotic
dynamical attractors as depicted in Case I and Case II.

4.4 Reheating

To get successful amount of reheating from the proposed
setup we consider the fact that reheating to commence at the
end of slow rolling of the inflaton, φ̈ ≈ 3H̃ φ̇. This condition
translates into the following physical constraint for Case I
and Case II:

∂φφ

(√
W̃
)

= 3

2M2
p

√
W̃ . (4.42)

Further using this constraint in Eq. (4.2) the inflaton field
value at the end of inflation can be computed for Case I and
Case II as

φ f ∼

⎧⎪⎪⎨
⎪⎪⎩

√
6
5 Mp for Case I,

φ0[
1+ 270φ2

0
M2

p

]1/2 for Case II. (4.43)

Additionally, it is important to mention here that the slow-roll
approximation in Eqs. (6.3)–(6.5) is only valid when the fol-

lowing constraint is satisfied, W̃ ≥ ∂φ W̃√
6

Mp. For our present
setup this condition translates into the following constraint
for Case I and Case II:

Case I: φinf ≥ 2
√

6

3
Mp, (4.44)

Case II: φinf ≤
(

4
√

2

3
√

3

)1/3

Mp, (4.45)

where φinf represent the field value of the inflaton during
inflation. Here it is important to note that, once the φ̇ term
becomes dominant, the slow-roll condition is not valid. In
such a case we need to solve the equation of motions with
large inflaton kinetic terms where |φ̈/3H̃ φ̇| ∼ O(1). This
also implies that when the φ̇2 contribution is dominant in the
energy density, the slow-roll approximation for the inflaton
field completely breaks down and reheating starts.

Further we assume that to occur successful reheating in the
proposed framework it is important to convert energy from
the potential energy density to radiation. Consequently one
can write the following expression for the reheating temper-
ature:

TRH =
(

30ρ f

π2g∗

)1/4

≈
(

30W̃ f

π2g∗

)1/4

> TRH,min ∼ E GeV

(4.46)

where g∗ is the effective number of particle species and E is a
parameter which is different for different models of inflation.
In this context successful reheating does not require instant
transition to a radiation-dominated universe after inflation.
The inflaton decay can occur much later than the end of
inflation, and formation of a fully thermalized radiation bath
can take even longer. This implies that very large value of
E is not allowed in the present context, which is consistent
with various supersymmetric models of inflation. Equiva-
lently Eq. (4.46) can be translated for Case I and Case II
as

Case I: λ(� f ) = λe
− 2

√
2√
3

� f
Mp >

(
5π2g∗E4

54

)

× (4.12 × 10−19)4, (4.47)

Case II: α <

(
15

4π2g∗E4

)
× (4.12 × 10−19)−4. (4.48)

One can interpret the results obtained in this section as fol-
lows.

• For Case I we get a lower bound on the field dependent
coupling λ(� f ), which is expressed in terms of the effec-
tive number of particle g∗ and the parameter E .

• Similarly for Case II we get an upper bound on the scale
free gravity coupling α, which is also expressed in terms
of the effective number of particle g∗ and the parameter
E .

• For a given value of g∗ and E one can explicitly determine
the respective bounds on the coupling parameters. For an
example one can fix g∗ ∼ 100 in the present context.

5 Cosmological solutions from soft attractors

5.1 Solutions for the inflaton

To study the inflationary constraints and the cosmological
consequences from our proposed setup here we first express
the value of the inflaton field at the onset of inflation, the hori-
zon, reheating and including the density perturbation condi-
tions as given by

Case I

φ0 > φh =
√

6

5
Mp

[
1 + 5

27
N f/h

]1/2

, (5.1)

φ0 < φRH = TRH,min ×
(

π2g∗λ(�0)

120

)1/4

, (5.2)
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φ0 > φD =

⎧⎪⎪⎨
⎪⎪⎩

2Mp

[(
δρ
ρ

)
cr

√
2

λ(�h)
+
(

φ0
2Mp

)2 − 3
10 − 20

9 N f/h

]1/2

for Region I,

2Mp

[(
δρ
ρ

)2/3

cr

1
(λ(�h))3/2 +

(
φ0

2Mp

)2 − 3
10 − 20

9 N f/h

]1/2

for Region II,

(5.3)

Case II

φ0 > φh = Mp

⎡
⎢⎣

(
φ0
Mp

)2

1 + 270
(

φ0
Mp

)2 + 8N f/h

⎤
⎥⎦

1/2

, (5.4)

φ0 > φRH = Mp
4

√
4

λ(�0)

[
π2g∗

30

(
TRH,min

Mp

)4

− 1

8α

]1/4

, (5.5)

φ0 > φD =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Mp

[
1√

2αλ(�h)

{
64α

(
δρ
ρ

)2

cr
− 1

}1/2

+ 270
(

φ0
Mp

)4

1+270
(

φ0
Mp

)2 − 16N f/h

]1/2

for Region I,

Mp

[
1

(8α)3/2λ(�h)
(

φ0
Mp

)
(

δρ
ρ

)−1

cr
+ 270

(
φ0
Mp

)4

1+270
(

φ0
Mp

)2 − 16N f/h

]1/2

for Region II.

(5.6)

The physical interpretation of the obtained results are
given now:

• For Case I the field value at the horizon crossing is com-
pletely specified by the number of e-foldings, which is
lying within the window, 50 < N f/h = Ncmb < 70.
On the other hand for Case II field value at the horizon
crossing is specified by two parameters – (A) the number
of e-foldings and (B) the field value at the starting point
of inflation (initial condition).

• For Case I the field value during the time of reheating is
specified by three parameters – (A) the minimum value
of the reheating temperature, (B) the value of the field
dependent coupling parameter at the starting point of
inflation, and (C) the effective number of degrees of free-
dom g∗. For Case II to determine the field value at the time
of reheating we need to know additionally the numerical
value of the scale free gravity parameter α.

• For Case I the field value during the density perturba-
tion is specified by four parameters – (A) the value of
the density contrast or more precisely the amplitude of
the scalar perturbation, (B) the value of the field depen-
dent coupling parameter at the horizon crossing and at
the starting point of inflation, and (C) the number of e-
foldings. For Case II to determine the field value during
the density perturbation we need to know additionally
the numerical value of the scale free gravity parameter
α. For Case I one can express the solution for Region II
in terms of Region I as

(φD)Region II

= 2Mp

⎡
⎣ 1

(λ(�h))3/2

(
φ0√
2Mp

)2/3 (
δρ

ρ

)2/3

Region I

+
(

(φD)Region I

2Mp

)2
⎤
⎦

1/2

. (5.7)

Similarly for Case II one can express the solution for
Region II in terms of Region I as

(φD)Region II = 2Mp

[
1

8α1/2

φ2
0

M2
p

(
δρ

ρ

)−1

Region I

+
(

(φD)Region I

Mp

)2

− 1√
2αλ(�h)

×
{

64α

(
δρ

ρ

)2

Region I
− 1

}]1/2

. (5.8)

5.2 Solutions for field dependent coupling λ(�)

Now let us describe the behavior of the running or the scale
dependence of the field dependent coupling λ(�) in the
above mentioned two cases as

Case I

λ(�) = λ(�0)e
− 2

√
2√

3Mp
(�−�0) = λ(�0)e

1
3M2

p

(
φ2−φ2

0

)

= λ(�0)

(
t0
t

)2

, (5.9)
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Case II

λ(�) = λ(�0)e
− 2

√
2√

3Mp
(�−�0) = λ(�0)e

3
M2

p

(
φ2−φ2

0

)

= λ(�0)e
− 2

√
2Mp

3
√

3α
(t−t0)

. (5.10)

Further using Eqs. (4.39), (5.1) and (5.4) we get the following
constraint on the field dependent coupling λ(�h) at horizon
crossing:

λ(�h) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

λe
− 2

√
2√
3

�h
Mp = 1.4×10−5[

1+ 5
27 α f/h

]3 for Case I,

−λe
− 2

√
2√
3

�h
Mp = − 77 Mp

α3/2

⎡
⎢⎣

(
φ0
Mp

)2

1+270

(
φ0
Mp

)2 +8α f/h

⎤
⎥⎦

3/2 . for Case II.

(5.11)

Similarly using Eq. (5.11) the field dependent couplingλ(�0)

can be expressed in terms of the number of e-foldings as

λ(�0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λe
− 2

√
2√
3

�0
Mp = 1.4×10−5×e

− 2
5

[
1+ 5

27 α f/h

]
[
1+ 5

27 α f/h

]3 e

φ2
0

3M2
p for Case I,

−λe
− 2

√
2√
3

�0
Mp = − 77 Mp×e

− 1
3

⎡
⎢⎢⎢⎣

(
φ0
Mp

)2

1+270

(
φ0
Mp

)2 +8α f/h

⎤
⎥⎥⎥⎦

α3/2

⎡
⎢⎣

(
φ0
Mp

)2

1+270

(
φ0
Mp

)2 +8α f/h

⎤
⎥⎦

3/2 e

φ2
0

3M2
p . for Case II.

(5.12)

Additionally, we get the following constraint condition on
the ratio of the couplings at the horizon crossing and at the
starting point of inflation:

λ(�h)

λ(�0)
e

φ2
0

3M2
p =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e
2
5

[
1+ 5

27 α f/h

]
for Case I,

e

1
3

⎡
⎢⎣

(
φ0
Mp

)2

1+270

(
φ0
Mp

)2 +8α f/h

⎤
⎥⎦

for Case II.

(5.13)

6 Beyond soft attractor: a single field approach

In this section our prime objective is to analyze the non-
attractor phase of inflation. For this purpose let us start with
the Klein–Gordon field equations for the inflaton field φ and
dilaton field �, which can be written in the flat (k = 0)
FLRW background as

d2φ

dt̃2
+ 3H̃

dφ

dt̃
+ ∂φW̃ (φ,�) = 0

⇒ d2φ

dt̃2
+ 3H̃

dφ

dt̃
+ λ(�)φ3 = 0, (6.1)

d2�

dt̃2
+ 3H̃

d�

dt̃
+ ∂� W̃ (φ,�) = 0

⇒ d2�

dt̃2
+ 3H̃

d�

dt̃
− λ(�)φ4

√
6Mp

= 0. (6.2)

Now in the slow-roll approximation regime the field equa-
tions are approximated by

3H̃
dφ

dt̃
+ λ(�)φ3 = 0 (6.3)

3H̃
d�

dt̃
− λ(�)φ4

√
6Mp

= 0, (6.4)

H̃2 = W̃ (φ,�)

3M2
p

= V0

3M2
p

[
1 + 2αλ(�)

M4
p

φ4

]
. (6.5)

During the non-attractor phase of inflation we assume that
the φ field is the only dynamical field controlling the scenario
and at that time the � field freezes at the Planck scale. On the
other hand, at late times the dynamical contribution comes

from the � field and the inflaton field φ freezes at Planck
scale. Assuming this fact the general behavior during the
inflationary epoch is governed by

a = ai exp

[
− 1

20M5
p
(φ5 − φ5

b) −
√

3π

16αλ̄

{
Erf

[
φ√
3Mp

]

−Erf

[
φi√
3Mp

]}]
, (6.6)

t − ti ≈ − 3

2λ̄
√

2α

[√
3π

2

{
Erf

[
φ√
3Mp

]
− Erf

[
φi√
3Mp

]}

+ αλ̄

5M5
p
(φ5 − φ5

b)

]
, (6.7)

where the ‘i’ subscript is used to describe the boundary/initial
condition within the prescribed setup. It is important to note
that in Eqs. (6.6) and (6.7) we introduce the new symbol λ̄,
which signifies the value of the self coupling at the freez-
ing value of the dilaton field � ∼ O(Mp) during inflation,
i.e.

λ̄ = λ(�) = λ exp

[
−2

√
2√

3

]
. (6.8)

123



Eur. Phys. J. C (2017) 77 :469 Page 25 of 82 469

On the other hand at late time the inflaton field get its VEV
at φ ∼ O(Mp) and correspondingly the self coupling λ̂ at
late time is defined as

λ̂ ≡ λ

4
φ̂

4 ∼ λ

4
M4

p. (6.9)

Here the obtained results can be interpreted as follows:

• The solution for the scale factor a(t) and inflaton field
φ(t) admits a quasi de Sitter behavior in the presence of
an additional contribution coming from error functions.

• For the large value of the product αλ one can further
neglect the contributions from the error function. In that
case one can get back the exact de Sitter behavior in the
present context.

For further analysis let us introduce the following Hubble
flow functions in an Einstein frame:

ε̃H = − 1

H̃2

dH̃

dt̃
, η̃H = − 1

H̃

⎛
⎝

d2φ

dt̃2

dφ

dt̃

⎞
⎠ . (6.10)

The flow functions in the Einstein frame can be expressed in
terms of the Jordan frame Hubble flow functions as

ε̃H = εH

[
1 − 1

2H2εH

d2 ln �2

dt2 + 1
HεH

d ln �2

dt − 1
4

(
d ln �2

dt

)2
]

[
1 + 1

2H
d ln �2

dt

]2 ,

η̃H = ηH

[
1 + 1

2HηH

d ln �2

dt

]
[
1 + 1

2H
d ln �2

dt

] . (6.11)

Further we introduce potential flow functions in an Einstein
frame for the Higgs field φ as

ε̃W̃ = M2
p

2
(∂φ ln W̃ (φ,�))2 = 32α2λ̄2φ6

M6
p

[
1 + 2αλ̄

M4
p
φ4

]2 , (6.12)

η̃W̃ = M2
p
∂φφW̃ (φ,�)

W̃ (φ,�)
= 24αλ̄φ2

M2
p

[
1 + 2αλ̄

M4
p
φ4

] , (6.13)

ξ̃2
W̃

= M4
p
(∂φ ln W̃ (φ,�))(∂φφφW̃ (φ,�))

(W̃ (φ,�))2

= 384α2λ̄2φ4

M4
p

[
1 + 2αλ̄

M4
p
φ4

]2 , (6.14)

σ̃ 3
W̃

= M6
p
(∂φ ln W̃ (φ,�))2(∂φφφφW̃ (φ,�))

(W̃ (φ,�))3

= 3072α3λ̄3φ6

M6
p

[
1 + 2αλ̄

M4
p
φ4

]3 , (6.15)

where we assume that the dilaton field � freezes at the field
value � during inflation. For further numerical estimation
during inflation we fix the freezing value of dilaton field � ∼
O(Mp). During inflation the potential is characterized by

W̃ (φ,�) = Ũ (�) + Ṽ (φ) = V0

[
1 + 2αλ(�)

M4
p

φ4

]

= V0 + λ̄

4
φ4. (6.16)

On the other hand in an Einstein frame the potential and
Hubble flow functions are connected through the following
relations:

ε̃H ≈ ε̃W̃ = 32α2λ̄2φ6

M6
p

[
1 + 2αλ̄

M4
p
φ4

]2 ,

η̃H ≈ η̃W̃ − ε̃W̃ = 24αλ̄φ2

M2
p

[
1 + 2αλ̄

M4
p
φ4

] − 32α2λ̄2φ6

M6
p

[
1 + 2αλ̄

M4
p
φ4

]2 .

(6.17)

7 Constraints on inflation beyond soft attractor

7.1 Number of e-foldings

In the present context the total number of e-foldings is defined
as

Ntotal = N (te, ti ) =
∫ te

ti
H dt = Ncmb + �N (7.1)

where Ncmb and �N are defined as

Ncmb = N (te, tcmb) =
∫ te

tcmb

H dt,

�N = N (tcmb, ti ) =
∫ tcmb

ti
H dt. (7.2)

Further substituting the explicit form of the potential pre-
sented in this paper, the number of e-foldings can be recast
as

Ntotal ≈ − 1

M2
p

∫ φe

φi

W̃ (φ,�)

∂φW̃ (φ,�)
dφ

= M2
p

16αλ̄

{
1

φ2
e

− 1

φ2
i

}
− 1

8M2
p
(φ2

e − φ2
i ), (7.3)

Ncmb ≈ − 1

M2
p

∫ φe

φcmb

W̃ (φ,�)

∂φW̃ (φ,�)
dφ

= M2
p

16αλ̄

{
1

φ2
e

− 1

φ2
cmb

}
− 1

8M2
p
(φ2

e − φ2
cmb), (7.4)
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Table 2 Inflaton field value at the end, horizon crossing and starting point of inflation

Ncmb Ntotal Nreh �N �N φe (in Mp) φcmb (in Mp) φi (in Mp) φreh (in Mp) |�φ| = |φcmb − φi | (in Mp)

50 60 51 14.1 15.5 1.4

60 70 61 10 9 3
√

2 15.5 16.7 2 1.2

70 80 71 16.7 17.9 1.2

Table 3 Inflationary observables and model constraints in the light of Planck 2015 data

Ncmb PS(Ncmb) (in 10−9) nS(Ncmb) βS(Ncmb) (in 10−3) κS(Ncmb) (in 10−5) r(Ncmb) λ̄ (in 10−13) α (in 107) Treh (in 10−3 Mp)

50 0.94 1.2 −4.8 �1.49 �3.48 �3.17

60 2.207 0.95 0.8 −2.8 �0.11 �1.13 �3.48 �3.17

70 0.96 0.6 −1.8 �0.89 �3.48 �3.17

where superscript e, cmb and i denote the values of the infla-
ton field evaluated at the end of inflation, horizon crossing
and starting point of inflation, respectively.

In the present context the field value of the inflaton at the
inflation is determined from the condition εW̃ (φe) = 1 =
|ηW̃ (φe)|. Further substituting Eqs. (6.12) and (6.13) in the
inflaton field value at the end of inflation can be computed
as φe = 3

√
2 Mp. Now the expression for the inflaton field

value at the horizon crossing is given by

φcmb = Mp

2

√Acmb

αλ̄

[
1 +

√
1 + 8αλ̄

A2
cmb

] 1
2

≈ Mp

2

√
2Acmb

αλ̄
≈ 2Mp

√
Ncmb (7.5)

where we use the following constraint condition:√
1 + 8αλ̄

A2
cmb

≈ 1 + 4αλ̄

A2
cmb

+ · · · ∼ O(1) as αλ̄/A2
cmb � 1.

Here the parameter Acmb is defined as

Acmb = αλ̄ (16Ncmb + 36)

= 16αλ̄Ncmb

[
1 + 9

4Ncmb

]
≈ 16αλ̄Ncmb. (7.6)

Similarly using Eqs. (7.5 and (7.6) in Eq. (7.3) the expression
for the inflaton field value at the starting point of inflation is
given by

φi = Mp

2

√Atotal

αλ̄

[
1 +

√
1 + 8αλ̄

A2
total

] 1
2

≈ Mp

2

√Atotal

αλ̄
≈ 2Mp

√
Ntotal (7.7)

where we use a similar constraint to the one mentioned above,

i.e.
√

1 + 8αλ̄

A2
total

≈ 1+ 4αλ̄

A2
total

+· · · ∼ O(1) as αλ̄/A2
total � 1.

Here the parameter Atotal is defined as

Atotal = αλ̄ (16Ntotal + 36)

= 16αλ̄Ntotal

[
1 + 9

4Ntotal

]
≈ 16αλ̄Ntotal. (7.8)

In Table 2 we have given an estimate of the inflaton field value
at horizon crossing (φcmb) and starting point of inflation (φi )
for different values ofNcmb within the window 50 ≤ Ncmb ≤
70 (Table 3).

7.2 Primordial density perturbation

In the present context it is important to note that the pertur-
bations to the homogeneous FLRW metric are described by
the well known ADM formalism. The line element in the
ADM formalism after cosmological perturbation takes the
following simplified form:

ds2 = N 2dt2 + gi j (dxi + N i dt)(dx j + N j dt), (7.9)

where gi j is the induced spatial metric on the three surface
labeled by time coordinate t , and N , Ni are the time depen-
dent lapse and shift functions, respectively. To do further
analysis in the present computation one needs to make a
proper choice of gauge to fix the diffeomorphism invariance
of the theory of soft inflation originating from extended theo-
ries of gravity. A convenient choice is the synchronous gauge,
defined by imposing the conditions N = 1, N i = 0. The
perturbed metric in synchronous gauge has the mathematical
structure gi j = a2(t)[(1+2ζ(t, x))δi j +γi j ], γi i = 0, where
ζ(t, x) and γi j are the scalar and tensor perturbations in the
metric, respectively. Here to proceed we need to make a spe-
cific gauge choice to fix the diffeomorphism invariance of
the inflationary theory. Additionally, it is important to men-
tion here that, for the computation the inflationary correla-
tion functions, it is more convenient to choose the gauge,
δφ(t, x) = 0, where the inflaton is homogeneous and the
scalar perturbations are also appearing in the metric. Our
focus will be on computing the two and three point func-
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tions for the scalar fluctuation at late time, when the modes
of interest have exited the horizon.

7.2.1 Two point function

To compute the two point function for the scalar fluctuation
we start with the second-order action for the curvature per-
turbation as given by

S(2)
ζ ≈

∫
d4x a3 M2

pε

[
ζ̇ 2 − 1

a2 (∂iζ )2
]

. (7.10)

Next we introduce a new variable v(η, x), which is defined
as v(η, x) = z ζ(η, x) Mp. In general the parameter z is
defined as z = a

√
2ε. Now in terms of v(η, x) the second-

order action for the curvature perturbation can be recast as

S(2)
ζ ≈

∫
d3x dη

[
v

′2 − (∂iv)2 1

a2 (∂iζ )2 − m2
eff(η)v2

]
,

(7.11)

where the effective mass parameter meff(η) is defined as
m2

eff(η) = − 1
z

d2z
dη2 . During inflation the scale factor and the

parameter z can be expressed in terms of the conformal time
η as, a(η) = − 1

Hη
and z = a

√
2ε = −√

2ε/Hη where ε is
the Hubble slow-roll parameter defined earlier. But for sim-
plicity one can neglect the contribution from ε in the leading
order for the quasi-de Sitter case as it is sufficiently small in
the slow-roll regime. Now further taking the Fourier trans-
form,

v(η, x) =
∫

d3k

(2π)3 vk(η) eik.x, (7.12)

one can write down the equation of motion for the scalar
fluctuation as

v′′
k + (k2 + m2

eff(η))vk = 0. (7.13)

Here it is important to note that for the de Sitter and quasi-
de Sitter case the effective mass parameter can be expressed
as m2

eff(η) = − 2
η2 . Finally, considering the behavior of the

mode function in the subhorizon regime and superhorizon
regime one can write the expression in the de Sitter case with
Bunch–Davies vacuum as

ζ(η, k) = vk(η)

z Mp
= i H

2 Mp
√

εH k
3
2

e−i(kη+π)(1 + ikη).

(7.14)

At the horizon crossing taking the late time limit one can write
down the following expression for the two point function for
scalar fluctuation:

〈ζ(k)ζ(q)〉 = (2π)3δ(3)(k + q)Pζ (k∗)
1

k3 , (7.15)

where Pζ (k∗) is known as the power spectrum at the horizon
crossing for scalar fluctuations and it is defined as

Pζ (k∗) = H2

4 M2
pε

∗
H

. (7.16)

For simplicity one can further define the amplitude of the
power spectrum PS(Ncmb) at the horizon crossing as

PS(Ncmb) = 1

2π2 Pζ (k∗) = H2

8π2 M2
pε

∗
H

. (7.17)

7.2.2 Present observables

Applying slow-roll approximation in the present context the
inflationary observables i.e. power spectrum, spectral tilt,
running and running of the running of the tilt for scalar modes
from our model at horizon crossing (N = Ncmb) can be com-
puted as

PS(Ncmb) = W̃ (φcmb,�)

24π2 M4
pε

∗
W̃

= 1

393216π2α3λ̄2N 3
cmb

[1 + 32αλ̄N 2
cmb]3,

(7.18)

nS(Ncmb) = 1 +
(

d lnPS

dN
)
Ncmb

≈ 1 − 3

Ncmb
, (7.19)

αS(Ncmb) =
(

dnS

dN
)
Ncmb

≈ 3

N 2
cmb

,

κS(Ncmb) =
(

dαS

dN
)
Ncmb

≈ − 6

N 3
cmb

, (7.20)

where � represents the freezing value of � field at Planck
scale.

In Fig. 9, we have plotted running of the running of spectral
tilt for scalar perturbation (κS = d2nS/d2 ln k) vs. running
of the spectral index βS = dnS/d ln k in the light of Planck
data along with various joint constraints. Here it is important
to note that for the non-attractor phase of inflation the Hig-
gsotic models are shown by the blue colored line. Also the
big circle, intermediate size circle and small circle represent
the representative points in (κS, βS) 2D plane for the num-
bers of e-foldings Ncmb = 70, Ncmb = 60 and Ncmb = 50,
respectively. To represent the present status as well as the
statistical significance of the Higgsotic model for the non-
attractor phase of inflation, we have drawn the 1σ and 2σ con-
fidence contours from Planck+WMAP+BAO joint data sets
[44–46]. It is clear from Fig. 9 that for the non-attractor phase
of inflation we cover the range 0.6 × 10−3 < βS = dnS

d ln k <

1.2 × 10−3 and −1.8 × 10−5 > κS = d2nS
d2 ln k

> −4.8 × 10−5

in the (κS, βS) 2D plane.
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Fig. 9 Plot for running of the
running of spectral index
κS = d2nS/d2 ln k vs. running
of the spectral index
βS = dnS/d ln k for scalar
modes. Here for the
non-attractor phase of inflation
we have drawn a blue colored
line. We also draw the
background of confidence
contours obtained from various
joint constraints [44–46]

7.3 Primordial tensor modes

7.3.1 Two point function

To compute the expression for the two point function for the
tensor fluctuation here we start with the second-order action
for the spin-2 graviton:

S(2)
γ ≈

∫
d4x a3 M2

p

8

[
γ̇i j γ̇i j − 1

a2 (∂mγi j )
2
]

. (7.21)

In terms of conformal time in the present context the second-
order action for the tensor fluctuation can be recast as

S(2)
γ ≈

∫
d3x dη a2 M2

p

8

[
γ

′2
i j − (∂mγi j )

2
]
. (7.22)

In Fourier space one can further decompose the graviton
γi j (η, x) as

γi j (η, x) =
∑

λ=×,+

∫
d3k

(2π)
3
2

ελ
i j (k) γλ(η, k) eik.x, (7.23)

where ελ
i j is the polarization tensor, which satisfies the follow-

ing property: ελ
i i = kiελ

i j = 0,
∑

i, j ελ
i jε

λ′
i j = 2δλλ′ . Similar

to the scalar fluctuation here we also define a new variable
uλ(η, k) in Fourier space as uλ(η, k) = a√

2
Mp γλ(η, k) =

− 1√
2Hη

Mp γλ(η, k). Using uλ(η, k) one can further write

down the second-order action for the graviton as

S(2)
γ ≈

∫
d3x dη a2 M2

p

4

×
[

u
′2
λ (η, k) −

(
k2 − a′′

a

)
(uλ(η, k))2

]
. (7.24)

From this action one can find the mode equation for the tensor
fluctuation as

u′′
λ(η, k) +

(
k2 − a′′

a

)
uλ(η, k) = 0. (7.25)

It is important to mention here that for the de Sitter case
we have a′′

a = 2
η2 . Further considering the behavior of the

solution in the superhorizon and subhorizon regimes for the
Bunch–Davies vacuum we get

uλ(η, k) = 1

iη
√

2 k
3
2

e−i(kη+π) (1 + ikη). (7.26)

At the horizon crossing taking the late time limit one can write
down the following expression for the two point function for
scalar fluctuation:

〈h(η, k)h(η, q)〉 =
∑
λ,λ′

〈hλ(η, k)hλ′(η, q)〉

= (2π)3δ(3)(k + q)Ph(k, η), (7.27)

where Ph(k∗) is known as the power spectrum at the horizon
crossing for tensor fluctuations and it is defined as

Ph(k∗) = 4H2

M2
p

. (7.28)

For simplicity one can further define the amplitude of the
power spectrum PT(Ncmb) at the horizon crossing as

PT(Ncmb) = 1

2π2 Ph(k∗) = 2H2

π2 M2
p
. (7.29)

7.3.2 Future observables

Applying slow-roll approximation in the present context the
future inflationary observables i.e. power spectrum, spectral
tilt, running and running of the running of the tilt for tensor
modes from our model at horizon crossing (N = Ncmb) can
be computed as

PT(Ncmb) = 2W̃ (φcmb, �)

3π2 M4
p

= 1

12π2α

[
1 + 32αλ̄N 2

cmb

]
, (7.30)

nT(Ncmb) =
(

d lnPT

dN
)
Ncmb

= 64αλ̄Ncmb[
1 + 32αλ̄N 2

cmb

] ,
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Fig. 10 r vs. nS plot for the non-attractor phase of inflation for Higgsotic model in the background of confidence contours obtained from Planck
TT+low P, Planck TT+low P+BKP, Planck TT+low P+BKP+BAO joint data sets

αT(Ncmb) =
(

dnT

dN
)
Ncmb

=
64αλ̄

[
1 − 32αλ̄N 2

cmb

]
[
1 + 32αλ̄N 2

cmb

]2 , (7.31)

κT(Ncmb) =
(

dαT

dN
)
Ncmb

= −2048α2λ̄2Ncmb

×
⎡
⎢⎣
Ncmb

[
1 + 32αλ̄N 2

cmb

]2 + 4
[
1 − 1024α2λ̄2N 4

cmb

]
[
1 + 32αλ̄N 2

cmb

]4

⎤
⎥⎦ ,

(7.32)

r(Ncmb) = PT(Ncmb)

PS(Ncmb)
= 16ε∗

W̃
= 32768α2λ̄2N 3

cmb[
1 + 32αλ̄N 2

cmb

]2 . (7.33)

In Fig. 10, we have plotted the tensor-to-scalar ratio (r )
vs. spectral tilt for scalar perturbation (nS) in the light of
Planck data along with various joint constraints. Here it is
important to note that the non-attractor phase of inflation
for Higgsotic model is shown by the green and pink colored
lines. Also the big circle, intermediate size circle and small
circle represent the representative points in (r, nS) 2D plane
for the number of e-foldings, Ncmb = 70, Ncmb = 60 and
Ncmb = 50, respectively. To represent the present status as
well as the statistical significance of the Higgsotic model
in its non-attractor phase, we have drawn the 1σ and 2σ

confidence contours from Planck TT+low P, Planck TT+low
P+BKP, Planck TT+low P+BKP+BAO joint data sets [44–
46] in Fig. 10. It is clear from Fig. 10 that we cover the range
0.94 < nS < 0.96 and 0.06 < r < 0.11 in the (r, nS) 2D
plane.

Now to derive the constraints on the model parameters α

and λ̄ we use Eq. (7.18) and Eq. (7.33), which can be recast
as

α ≈ 1

(96π2PS(Ncmb))1/3λ̄2/3 × 16Ncmb
, (7.34)

λ̄ ≈ (96π2PS(Ncmb))

[
r(Ncmb)

128Ncmb

]3/2

. (7.35)

Further substituting Eq. (7.35) on Eq. (7.34) finally we get

α ≈ 1

12π2PS(Ncmb)r(Ncmb)
. (7.36)

In terms of the number of e-foldings (N ) the most useful
parametrization of the primordial scalar and tensor power
spectrum or equivalently for the tensor-to-scalar ratio can be
written near the horizon crossing N = Ncmb as

r(N ) = PT(N )

PS(N )
= r(Ncmb) exp[(N − Ncmb){A(Ncmb)

+ B(Ncmb)(N − Ncmb) + C(Ncmb)(N − Ncmb)2}]
(7.37)

where the symbols A(Ncmb), B(Ncmb) and C(Ncmb) are
expressed in terms of the inflationary observables at hori-
zon crossing as A(Ncmb) = nT(Ncmb) − nS(Ncmb) +
1, B(Ncmb) = 1

2 (αT(Ncmb) − αS(Ncmb)), C(Ncmb) =
1
6 (κT(Ncmb) − κS(Ncmb)). In the above parametrization,
A(Ncmb) � B(Ncmb) � C(Ncmb) is always required for
convergence of the Taylor expansion. For the time being to
make the computation simpler let us assume that the term
involving the coefficient of the quadratic term B(Ncmb) and
cubic term C(Ncmb) is negligibly small compared to the
leading-order term A(Ncmb) as appearing in the exponent
of the above mentioned parametrization. Using this assump-
tion the relation between field excursion and tensor-to-scalar
ratio can be computed as
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|�φ|
Mp

≈ 2

A(Ncmb)

√
r(Ncmb)

8

[
1 − e

−�N
(

A(Ncmb)

2

)]

≈
√

r(Ncmb)

8
�N (7.38)

and finally using the above relation from our R2 gravity
model we get

r(Ncmb) ≈ 8

( |�φ|
Mp�N

)2

≈ 32

([√Ntotal − √Ncmb
]

�N

)2

= 32[√Ntotal + √Ncmb
]2 . (7.39)

For our prescribed model |�φ| ≈ 1.2 Mp and �N = 10 is
fixed by Planck 2015 observation. Substituting these values
in the relation stated in Eq. (7.39), the upper bound of the
tensor-to-scalar ratio at the scale of horizon crossing com-
puted from our setup as r(Ncmb) � 0.11. Now in the present
context using Eq. (7.19) we can express the number of e-
foldings at the horizon crossing as

Ncmb = 3

1 − nS(Ncmb)
(7.40)

and substituting in Eq. (7.20) we get the following sets of
consistency relations for scalar modes from our analysis:

αS(Ncmb) ≈ (1 − nS(Ncmb))
2

3
, (7.41)

κS(Ncmb) ≈ −2 (1 − nS(Ncmb))
3

9
(7.42)

and combining Eqs. (7.41) and (7.42) we finally get

1 − nS(Ncmb) + 3κS(Ncmb)

2αS(Ncmb)
≈ 0. (7.43)

Similarly from tensor modes we get the following sets of
consistency relations from our model:

r(Ncmb) ≈ 16ε∗
W̃

= 884736α2λ̄2

(1 − nS(Ncmb))
3
[
1 + 288αλ̄

(1−nS(Ncmb))2

]2

= 884736α2λ̄2

(3αS(Ncmb))
3/2
[
1 + 96αλ̄

αS(Ncmb)

]2

= − 196608α2λ̄2

κS(Ncmb)

[
1 + 288αλ̄{

− 9
2 κS(Ncmb)

}2/3

]2

= 24n2
T(Ncmb)

1 − nS(Ncmb)
. (7.44)

It is important to mention here that in the present context the
usual consistency relation for single field slow-roll inflation,

r(Ncmb) = −8nT(Ncmb) (7.45)

violates and after doing the analysis we found a completely
new consistency relation as presented in Eq. (7.44). In the
case of usual slow-roll single field inflationary setup the
tensor spectral tilt, nT(Ncmb) < 0 always. But for the pre-
scribed setup Eq. (7.31), Eq. (7.35) and Eq. (7.36) suggest
that λ̄ > 0, α > 0 always imply nT(Ncmb) > 0. Further
using Eq. (7.39) in Eq. (7.44) we get the following constraint
relationship:

|�φ|
Mp

≈ 2
[√

Ntotal −√
Ncmb

]

=
√

3

1 − nS(Ncmb)
nT(Ncmb)

×
[
Ntotal − 3

1 − nS(Ncmb)

]
. (7.46)

7.4 Reheating

The above results provide limits on the reheating temperature
Treh, defined as the initial temperature of the homogeneous
radiation dominated universe. In general, the reheating tem-
perature Treh is related to the energy density ρreh through the
following expression:

ρreh = π2

30
geff(Treh)T

4
reh ⇒ Treh

=
(

30

π2geff(Treh)

)1/4

ρ
1/4
reh

≈
(

30

π2geff(Treh)

)1/4

V 1/4
reh (7.47)

where geff(Treh) is the effective number of relativistic degrees
of freedom present in the thermal bath at the temperature
T = Treh and Vreh represents the scale of reheating at
φ = φreh given by the expression Vreh = V (φ = φreh) =
V0

[
1 + 2αλ̄

M4
p
φ4

reh

]
. Counting all degrees of freedom of the

Standard Model and the dilaton degrees of freedom, one has
geff(Treh) = 107.75. To find the reheating constraint from our
prescribed setup let us introduce the number of e-foldings at
the time of reheating defined as

Nreh =
∫ te

treh

H dt = Ntotal − �N

≈ − 1

M2
p

∫ φe

φreh

W̃ (φ,�)

∂φW̃ (φ,�)
dφ

= M2
p

16αλ̄

{
1

φ2
e

− 1

φ2
reh

}
− 1

8M2
p

(
φ2

e − φ2
reh

)
. (7.48)
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For the sake of clarity let us express the interval �N as

�N =
∫ te

ti
H dt −

∫ te

treh

H dt =
∫ treh

ti
H dt

= Ntotal − Nreh = �N − (Nreh − Ncmb)

⇒ �N − �N = Nreh − Ncmb

= M2
p

16αλ̄

{
1

φ2
cmb

− 1

φ2
reh

}
− 1

8M2
p

(
φ2

cmb − φ2
reh

)
.

(7.49)

Finally using the last step of Eq. (7.49) the field value during
reheating can be expressed as

φreh = Mp

2

√Mreh

αλ̄

[
1 +

√
1 + 8αλ̄

M2
reh

] 1
2

≈ Mp

2

√Mreh

αλ̄

≈ 2Mp

√(
�N − �N ) ≈ 2Mp

√
Nreh − Ncmb

(7.50)

where

Mreh = αλ̄
[
16
(
�N − �N )+ 8Ncmb

]− 1

4Ncmb

≈ 16αλ̄
(
�N − �N ) . (7.51)

Using Eq. (7.51) finally we get the scale of reheating in terms
of the number of e-foldings as

Vreh ≈ V0[1 + 32αλ̄(�N − �N )2]
= V0[1 + 32αλ̄(Nreh − Ncmb)

2]. (7.52)

Further substituting Eq. (7.52) in Eq. (7.47) the reheating
temperature can be expressed in terms of the number of e-
foldings and scale of inflation in the context of our proposed
model as

Treh ≈
(

30

π2geff (Treh)

)1/4
V 1/4

0 [1 + 32αλ̄(�N − �N )2]1/4

=
(

30

π2geff (Treh)

)1/4 ( 1

8α
+ 4λ̄ (Nreh − Ncmb)2

)1/4
Mp

=
⎡
⎣45π2PS(Ncmb)r(Ncmb)

geff (Treh)

⎧⎨
⎩1 + 2

[
r(Ncmb)

128N 3
cmb

]1/2

× (Nreh − Ncmb)2

⎫⎬
⎭
⎤
⎦

1/4

Mp. (7.53)

8 Future probe: primordial non-Gaussianity

8.1 Three point function

8.1.1 Using the In-In formalism

Here we discuss the constraint on the primordial three point
scalar correlation function in the non-attractor regime of soft

inflation. In general one can write down the following expres-
sions for the three point function of the scalar fluctuation:
[2,157–169]:

〈ζ(k1)ζ(k2)ζ(k3)〉=(2π)3δ(3)(k1+k2 + k3)B(k1, k2, k3).

(8.1)

In our computation we choose the Bunch–Davies vacuum
state and for single field soft slow-roll inflation we get the
following expression for the bispectrum:

B(k1, k2, k3) ≈ W̃ 2(φcmb,�)

288(ε∗
W̃

)2 M6
p(k1k2k3)3

×
⎡
⎣2(3ε∗

W̃
− η∗

W̃
)

3∑
i=1

k3
i + ε∗

W̃

⎛
⎝−

3∑
i=1

k3
i

+
3∑

i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎞
⎠
⎤
⎦ , (8.2)

where K = k1 + k2 + k3 = ∑3
i=1 ki ,and the potential flow

functions in an Einstein frame can be expressed in terms of
number of e-foldings Ncmb as

ε̃W̃ =
[

M2
p

2
(∂φ ln W̃ (φ,�))2

]

φ=φcmb

= 32α2λ̄2φ6
cmb

M6
p

[
1 + 2αλ̄

M4
p
φ4

cmb

]2 = 2048α2λ̄2N 3
cmb[

1 + 32αλ̄N 2
cmb

]2 , (8.3)

η̃W̃ =
[

M2
p
∂φφW̃ (φ,�)

W̃ (φ,�)

]

φ=φcmb

= 24αλ̄φ2
cmb

M2
p

[
1 + 2αλ̄

M4
p
φ4

cmb

]

= 96αλ̄Ncmb[
1 + 32αλ̄N 2

cmb

] . (8.4)

In the present context one can parameterize non-Gaussianity
phenomenologically via a non-linear correction to a Gaussian
perturbation ζg in position space as [2]

ζ(x) = ζg(x) + 3

5
f loc
NL [ζ 2

g (x) − 〈ζ 2
g (x)〉] + · · · , (8.5)

where · · · represents higher-order non-Gaussian contribu-
tions. This definition is local in real space and therefore called
local non-Gaussianity. In the case of local non-Gaussianity,
the amplitude of the bispectrum from the three point function
is defined as [2]

f loc
NL (k1, k2, k3)

= 5

6

B(k1, k2, k3)[
Pζ (k1)Pζ (k2) + Pζ (k2)Pζ (k3) + Pζ (k1)Pζ (k3)

] .
(8.6)
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Further substituting the expression for the bispectrum and
power spectrum the non-Gaussianity amplitude can be
expressed as

f loc
NL (k1, k2, k3) ≈ 5

12

1∑3
i=1 k3

i

⎡
⎣2(3ε∗

W̃
− η∗

W̃
)

3∑
i=1

k3
i

+ε∗
W̃

⎛
⎝−

3∑
i=1

k3
i +

3∑
i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎞
⎠
⎤
⎦ .

(8.7)

To give the bulk interpretation of the obtained results for
scalar three point correlation function here we start with the
graviton propagator which can be computed from the second-
order fluctuation in δgμν for the canonical scalar field action
minimally coupled with Einstein gravity. In this context we
choose a gauge δgzz = 0 = δgzi , which is equivalent to
choosing N i = 0, N = 1 in the ADM formalism. After
choosing this gauge we get

Gi j;kl(z1, y1; z2, y2) =
∫

d3k
(2π)3 eik.(y1−y2)

×
∫ ∞

0
qdq

J 3
2
(qz1)J 3

2
(qz2)

2
√

z1z2
�i jkl , (8.8)

where �i jkl is defined as �i jkl = Pik Pjl + Pil Pjk − Pi j Pkl .
Here Pi j is the projection operator in momentum space,
which is defined as Pi j = (δi j + ki k j/q2). Further one can
also write down the expression for the transverse part of the
graviton propagator from this computation:

Ḡi j;kl(z1, y1; z2, y2) =
∫

d3k
(2π)3 eik.(y1−y2)

×
∫ ∞

0
qdq

J 3
2
(qz1)J 3

2
(qz2)

2
√

z1z2
�̄i jkl , (8.9)

where �̄i jkl is defined as �̄i jkl = P̄ik P̄jl + P̄il P̄jk − P̄i j P̄kl .
Here P̄i j is the transverse part of the projection operator in
momentum space, which is defined as P̄i j = (δi j −ki k j/q2).
Similarly the longitudinal part of the graviton propagator can
be expressed as

Ĝi j;kl(z1, y1; z2, y2) = Gi j;kl(z1, y1; z2, y2)

− Ḡi j;kl(z1, y1; z2, y2). (8.10)

Consequently in the bulk the on-shell action can be written
as a sum of transverse and longitudinal contributions as

SBulk
on-shell = −3M2

p

2�
(Z tr + Z long), (8.11)

where � is the cosmological constant. In this context the
transverse contribution Z tr and longitudinal contribution
Z long are defined as

Z tr =
∫

dz1dz2d3y1d3y2Tmn(z1, y1)

×Ḡmn;kl(z1, y1; z2, y2)Tkl(z1, y1), (8.12)

Z long = −
∫

dz

z2

∫
d3y

[
Tzk(z, y)∂−2Tzk(z, y)

+ z

2
∂k Tzk(z, y)∂−2Tzz(z, y)

+ 1

4
∂k Tzk(z, y)(∂−2)2∂m Tzm(z, y)

]
. (8.13)

Finally one can write down the following simplified expres-
sion:

SBulk
on-shell = −3M2

p

2�

√
2ε(2π)3δ(3)(k1 + k2 + k3)

3∏
n=1

φ0(kn)

×
⎡
⎣−

3∑
i=1

k3
i +

3∑
i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎤
⎦ .

(8.14)

Further taking the derivatives with respect to the background
field value φ0 and choosing the gauge ζ = −Hδφ/φ̇, one
can write down the following expression for the scalar three
point function:

〈ζ(k1)ζ(k2)ζ(k3)〉 = (2π)3δ(3)(k1 + k2 + k3)

× H4

32(ε∗
H )2 M4

p

1

(k1k2k3)3

⎡
⎣2(2ε∗

H − η∗
H )

3∑
i=1

k3
i

+ ε∗
H

⎛
⎝−

3∑
i=1

k3
i +

3∑
i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎞
⎠
⎤
⎦ ,

(8.15)

which can be expressed in terms of the effective potentials
using the Friedman equations and using the relation between
Hubble and potential dependent slow-roll parameters. The
representative S, T and U channel Feynman–Witten dia-
grams for bulk interpretation of the three point scalar corre-
lation function in the presence of graviton exchange is shown
in shown in Fig. 11a–c. In these diagrams we have explic-
itly shown that the graviton is propagating on the bulk and
the end points of the scalars are attached to the boundary at
z = 0. Additionally, it is important to note that the dashed
line represents background denoted by ∂zφ̄ in all of the rep-
resentative diagrams. Here φ̄ is the background field value.
More precisely the wavy line denotes the bulk-to-bulk gravi-
ton propagator, the solid lines represent the bulk-to-boundary
propagators for the scalar field. In our computation all the rep-
resentative diagrams are important to explain the total three
point scalar correlation function.

To analyze the shape of the bispectrum here we further
consider two limiting configurations – the equilateral limit
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Fig. 11 Representative S, T and U channel Feynman–Witten diagram
for bulk interpretation of three point scalar correlation function in the
presence of graviton exchange contribution. In all the diagrams the
graviton is propagating on the bulk and the end points of the scalars

are attached to the boundary at z = 0. More precisely the wavy line
denotes the bulk-to-bulk graviton propagator, the solid lines represent
the bulk-to-boundary propagators for the scalar field and the dashed
line denotes background represented by ∂z φ̄

Table 4 Constraint on scalar three point non-Gaussian amplitude from equilateral and squeezed configuration

Scanning region Bound on αλ̄ f equil
NL f sq

NL

I 0.0001 < αλ̄ < 0.001 0.06 < f equil
NL < 0.11 0.09 < f sq

NL < 0.16

II 0.00001 < αλ̄ < 0.0001 0.01 < f equil
NL < 0.08 0.01 < f sq

NL < 0.12

III 0.000001 < αλ̄ < 0.00001 −0.004 < f equil
NL < 0.02 −0.01 < f sq

NL < 0.03

IV 0.0000001 < αλ̄ < 0.000001 −0.0001 < f equil
NL < −0.0029 −0.0005 < f sq

NL < −0.006

I + II + III + IV 0.0000001 < αλ̄ < 0.001 −0.0001 < f equil
NL < 0.11 −0.0005 < f sq

NL < 0.16

and the squeezed limit. In these limits, the final simplified
results are appended below:

1. Equilateral limit configuration: For this case we have
|k1| = |k2| = |k3| = k and the bispectrum for scalar
fluctuation can be written as

B(k, k, k) ≈ W̃ 2(φcmb,�)

288(ε∗
W̃

)2 M6
p

1

k6

[
29ε∗

W̃
− 6η∗

W̃

]
. (8.16)

In this case the non-Gaussian amplitude for bispectrum
can be expressed as

f equil
NL = f loc

NL (k, k, k) ≈ 5

36

[
29ε∗

W̃
− 6η∗

W̃

]
. (8.17)

2. Squeezed limit configuration: For this case we have k1 ≈
k2(= kL) � k3(= kS), where ki = |ki|∀i = 1, 2, 3.
Here kL and kS represent momentum for long and short
modes respectively. Consequently the bispectrum for
scalar fluctuation for arbitrary vacuum can be expressed
as

B(kL, kL, kS) ≈ W̃ 2(φcmb,�)

288(ε∗
W̃

)2 M6
p

1

k3
Lk3

S

×
[

4(4ε∗
W̃

− η∗
W̃

) + 10ε∗
W̃

(
kS

kL

)2

− (2η∗
W̃

− ε∗
W̃

)

(
kS

kL

)3
]

. (8.18)

In this case the non-Gaussian amplitude for bispectrum
can be expressed as

f sq
NL = f loc

NL (kL, kL, kS) ≈ 5

12

[
4(4ε∗

W̃
− η∗

W̃
)

+ 10ε∗
W̃

(
kS

kL

)2

− (2η∗
W̃

− ε∗
W̃

)

(
kS

kL

)3
]

.

(8.19)

In Table 4, we give the numerical estimates and constraints
on the three point non-Gaussian amplitude from equilateral
and squeezed configuration. Here all the obtained results are
consistent with the two point constraints as well as with the
Planck 2015 data.

In Fig. 12, we have shown the features of non-Gaussian
amplitude from three point function in equilateral limit con-
figuration in four different scanning regions of the product
of the two parameters αλ̄ in the ( f equil

NL , αλ̄) 2D plane for the
number of e-foldings 50 < Ncmb < 70. Physical explanation
of the obtained features are appended following:

• Region I: Here for the parameter space 0.0001 < αλ̄ <

0.001 the non-Gaussian amplitude lying within the win-
dow 0.06 < f equil

NL < 0.11. Further if we increase the
numerical value of αλ̄, then the magnitude of the non-
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 12 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

Gaussian amplitude saturates and we get the maximum
value for Ncmb = 50, | f equil

NL |max ∼ 0.11.
• Region II: Here for the parameter space 0.00001 < αλ̄ <

0.0001 the non-Gaussian amplitude lying within the win-
dow 0.01 < f equil

NL < 0.08. In this region we get the

maximum value for Ncmb = 50, | f equil
NL |max ∼ 0.08.

Additionally, it is important to note that in this case
for αλ̄ = 0.00004 the lines obtained for Ncmb = 50,
Ncmb = 60 and Ncmb = 70 cross each other.

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lying within
the window −0.004 < f equil

NL < 0.02. In this region we

get the maximum value for Ncmb = 70, | f equil
NL |max ∼

0.02. Additionally, it is important to note that in this case
for 0.000003 ≤ αλ̄ ≤ 0.000006 the lines obtained for
Ncmb = 50, Ncmb = 60 and Ncmb = 70 cross the zero
line of non-Gaussian amplitude and a transition takes
place from negative to positive values of f equil

NL .
• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lying within
the window −0.0001 < f equil

NL < −0.0029. In this region

we get the maximum value for Ncmb = 60, | f equil
NL |max ∼

0.0029.

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the three point non-Gaussian amplitude in the equi-
lateral limit configuration:

Region I + Region II + Region III + Region IV:
−0.0001 < f equil

NL < 0.11 (8.20)

for the following parameter space:

Region I + Region II + Region III + Region IV:
0.0000001 < αλ̄ < 0.001. (8.21)

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration as given by

| f equil
NL |max ∼ 0.11. (8.22)

To visualize these constraints more clearly we have also pre-
sented ( f equil

NL , α, λ̄) 3D plot in Fig. 13a, b, for two different
angular orientations as given by Angle I and Angle II. From
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Fig. 13 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 14 Representative diagram for squeezed non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

the representative surfaces it is clearly observed the behavior
of three point non-Gaussian amplitude in the equilateral limit
for the variation of two fold parameter α and λ̄ and the results
are consistent with the obtained constraints in 2D analysis.
Here all the obtained results are consistent with the two point
constraints and the Planck 2015 data.

In Fig. 14, we have shown the features of non-Gaussian
amplitude from three point function in squeezed limit con-
figuration in four different scanning regions of the product
of the two parameters αλ̄ in the ( f sq

NL, αλ̄) 2D plane for the
number of e-foldings 50 < Ncmb < 70. Physical explanation
of the obtained features are appended following:
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Fig. 15 Representative 3D diagram for squeezed non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

• Region I: Here for the parameter space 0.0001 < αλ̄ <

0.001 the non-Gaussian amplitude lying within the win-
dow 0.09 < f sq

NL < 0.16. Further if we increase the
numerical value of αλ̄, then the magnitude of the non-
Gaussian amplitude saturates and we get maximum value
for Ncmb = 50, | f sq

NL|max ∼ 0.16.
• Region II: Here for the parameter space 0.00001 < αλ̄ <

0.0001 the non-Gaussian amplitude lying within the win-
dow 0.01 < f sq

NL < 0.12. In this region we get the
maximum value for Ncmb = 50, | f sq

NL|max ∼ 0.12.
Additionally, it is important to note that in this case
for αλ̄ = 0.00004 the lines obtained for Ncmb = 50,
Ncmb = 60 and Ncmb = 70 cross each other.

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lying within
the window −0.01 < f sq

NL < 0.03. In this region we
get the maximum value for Ncmb = 70, | f sq

NL|max ∼
0.03. Additionally, it is important to note that in this case
for 0.000003 ≤ αλ̄ ≤ 0.000006 the lines obtained for
Ncmb = 50, Ncmb = 60 and Ncmb = 70 cross the zero
line of non-Gaussian amplitude and a transition takes
place from negative to positive values of f sq

NL.
• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lying within
the window −0.0005 < f sq

NL < −0.006. In this region
we get the maximum value for Ncmb = 60, | f sq

NL|max ∼
0.006.

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the three point non-Gaussian amplitude in the
squeezed limit configuration:

Region I + Region II + Region III + Region IV:
−0.0005 < f sq

NL < 0.16 (8.23)

for the following parameter space:

Region I + Region II + Region III

+ Region IV: 0.0000001 < αλ̄ < 0.001. (8.24)

To visualize these constraints more clearly we have also pre-
sented ( f sq

NL, α, λ̄) 3D plot in Fig. 15a, b, for two different
angular orientations as given by Angle I and Angle II. From
the representative surfaces it is clearly observed the behavior
of three point non-Gaussian amplitude in the squeezed limit
for the variation of two fold parameter α and λ̄ and the results
are consistent with the obtained constraints in 2D analysis.
Here all the obtained results are consistent with the two point
constraints and the Planck 2015 data.

8.1.2 Using δN formalism

A. Basic methodology: In this section our prime objective is
to use δN formalism to compute the three point and four point
correlation functions in the attractor regime. HereN signifies
the number of e-foldings as we have defined earlier. In this
formalism the dominant contribution comes from only on
the perturbations of the scalar field trajectories with respect
to the field value at the initial hypersurface φ,� and the
velocity φ̇, �̇. This can be realized by providing two initial
conditions on both of them on the initial hypersurface. More
specifically, in the present context, we have assumed that
the evolution of the universe is governed in a unique fashion
after the value of the scalar field achieved at φ = φ∗ and
� = �∗, where it mimics the role of a standard clock in
inflationary cosmology. Here the value of its velocity φ̇∗ and
�̇∗ is completely insignificant. Let us mention that only in
this case δN is equal to the final value of the comoving
curvature perturbation ζ , which is conserved at the epoch
t ≥ t∗. In Fig. 16, we have shown the schematic diagram of
the δN formalism.
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Fig. 16 Diagrammatic
representation of δN formalism

Ini�al flat  
hypersurface 

Final   uniform  energy  
density  hypersurface 

Time  
arrow 

δt

For further computation we assume that on large scales the
dynamical behavior which permits us to ignore time deriva-
tives appearing in the cosmological perturbation theory, the
horizon volume will evolve in such a way as accords with a
perfectly self contained universe. As a result the scalar cur-
vature perturbation can be expressed beyond linear order in
cosmological perturbation theory as

ζ = δN = [N,φδφ + N,�δ�
]+ 1

2!
[N,φφδφδφ

+ (N,φ� + N,�φ

)
δφδ� + N,��δ�δ�

]

+ 1

3!
[N,φφφδφδφδφ + (N,φ�� + N,�φ�

+ N,��φ

)
δφδ�δ�

+ (N,φφ� + N,φ�φ + N,�φφ

)
δφδφδ�

+ N,���δ�δ�δ�
]+ · · · , (8.25)

where we use the following notations for simplicity:

N,φ = ∂φN , N,� = ∂�N , (8.26)

N,φφ = ∂2
φN , N,�� = ∂2

�N ,

N,φ� = ∂φ∂�N , N,�φ = ∂�∂φN , (8.27)

N,φφφ = ∂3
φN , N,��� = ∂3

�N ,

N,φφ� = ∂φ∂φ∂�N , N,φ�φ = ∂φ∂�∂φN , (8.28)

N,�φφ = ∂�∂φ∂φN , N,φ�� = ∂φ∂�∂�N , (8.29)

N,�φ� = ∂�∂φ∂�N , N,��φ = ∂�∂�∂φN . (8.30)

Here we use the notation, ∂φ = ∂/∂φ and ∂� = ∂/∂� to
denote the partial derivatives. But here we have to point that

in attractor regime both the fields φ and � are connected with
each other, which we have already pointed out earlier in this
paper.

Further the curvature perturbation can be recast as

ζ = δN = 2N,φδφ +
{

2N,φφ − V ′(φ)

V(φ)
N,φ

}
δφδφ

+
{

4

3
N,φφφ − 2

V ′(φ)

V(φ)
N,φφ

+
(

5

3

V ′2(φ)

V2(φ)
− 1

6

V ′′(φ)

V(φ)

)
N,φ

}
δφδφδφ + · · · ,

(8.31)

which implies that if we compute N,φ , N,φφ and N,φφφ ,
then one can determine the curvature perturbation and also
compute the three and four point functions using Eq. (8.31).
The detailed computation of the field derivatives of N are
explicitly given in the Appendix for all the derived effective
potentials.
B. Generalized convention for field solution: In δN formal-
ism to compute N,φ , N,φφ and N,φφφ we start with the back-
ground equation of motion for the φ field:

φ̈ + 3H̃ φ̇ + ∂φW̃ (φ,�) = 0, (8.32)

where the effective potential W̃ (φ,�) is given by

W̃ (φ,�) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ
4 e

− 2
√

2√
3

�
Mp φ4 for Case I

M4
p

8α
− λ

4 e
− 2

√
2√
3

�
Mp φ4 for Case II

M4
p

8α
− λ

4 e
− 2

√
2√
3

�
Mp (φ4 − φ4

V ) for Case II + Choice I(v1)
M4

p
8α

+ λ
4 e

− 2
√

2√
3

�
Mp (φ4 − φ4

V ) for Case II + Choice I(v2)
M4

p
8α

+
(

m2
c

2 φ2 − λ
4 φ4

)
e
− 2

√
2√
3

�
Mp for Case II + Choice II(v1)

M4
p

8α
−
(

m2
c

2 φ2 − λ
4 φ4

)
e
− 2

√
2√
3

�
Mp for Case II + Choice II(v2)

M4
p

8α
+ λ

4 (φ2−φ2
V )2

(1+ξφ2)2 e
− 2

√
2√
3

�
Mp for Case II + Choice III.

(8.33)
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Here it is important to note that the exact connecting rela-
tions between the � field and the inflaton field φ is given by

� − �0 = − 1

2
√

6Mp
×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

9(φ2 − φ2
0) for Case I

(φ2 − φ2
0) for Case II[

(φ2 − φ2
0) + φ4

V

(
1
φ2 − 1

φ2
0

)]
for Case II + Choice I(v1)

[
(φ2 − φ2

0) + φ4
V

(
1
φ2 − 1

φ2
0

)]
for Case II + Choice I(v2)

[
(φ2 − φ2

0) + m2
c

λ
ln

(
m2

c−λφ2

m2
c−λφ2

0

)]
for Case II + Choice II(v1)

[
(φ2 − φ2

0) + m2
c

λ
ln

(
m2

c−λφ2

m2
c−λφ2

0

)]
for Case II + Choice II(v2)

1
(1+ξφ2

V )

[
(φ2 − φ2

0)
(

1 + ξ
2 (φ2 + φ2

0 − 2φ2
V )
)

+2φ2
V ln

(
φ
φ0

)]
for Case II + Choice III.

(8.34)

It is obvious from the structural form of the effective potential
for all these cases that the general analytical solution for the
inflaton field φ is too much complicated. To simplify the job
here we consider a particular solution of the following form:

φ=φL ∝ exp(YHt) (i.e. φ = φL(N )=φ∗ exp(−YN )).

(8.35)

Here we assume that Y is a time independent quantity. Fur-
ther our prime motivation is to obtain a more generalized
version of the solution for FLRW cosmological background
up to the consistent second order in cosmological perturba-
tions around the prescribed particular solution. During our
computation we also assume that the boundary between the
attractor phase and the non attractor phase is determined by
the field value φ = φ∗ = φ(Ncmb) = φcmb, which in cos-
mological literature identified to be the field value associated
at the pivot scale.

To proceed further here we define a theoretical perturba-
tive parameter which accounts the deviation from the actual
inflaton field value compared to the field value after pertur-
bation:

�part ≡ φ − φ0 − φL =
∞∑

n=1

�n, (8.36)

where in general φ0 is the VEV of the inflaton field φ. Here we
assume that the parameter can take into account the difference
between the true FLRW background solution and the pro-
posed reference solution to solve the background Eq. (8.32)
in the physical domain where cosmological perturbation the-
ory is valid. Additionally we claim that to validate the cosmo-
logical perturbation theory in the preferred physical domain,
the infinite series sum should be convergent. Consequently

in the present context we only look into �1 and �2, which
are the general linearized and second-order solution within

cosmological perturbation theory for the background field
equations. We also neglect all the higher-order contribution
in the perturbative regime of the solution as they are very
small.
C. Linearized perturbative solution: Before proceed further
in this section let us clearly mention that here we use the
following Ansatz to derive the results for linearized solution
in the perturbative regime.

In this case we assume that at the equation of motion level
in the linear regime of perturbation theory there is no con-
tribution from effective potential which contains quadratic
structure or more complicated than that in terms of field φ.
In our calculation we treat all such contributions to be the
back reactions and in the linear perturbative regime of the
solution our claim is such effects are small and largely sup-
pressed. In this paper the derived effective potentials for all
these cases are also complicated and to get a preferred ana-
lytical solution in the linearized perturbative regime we use
this Ansatz. Here we get

[∂φW̃ ]φ=φ0+φL+�1 ≈ 0, (8.37)

which is valid for all types of derived potentials in the present
context. Now let us consider the linearized perturbative solu-
tion �1 in this section. Consequently in the leading order of
cosmological perturbation the background linearized version
of the equation of motion takes the following form using the
prescribed Ansatz:

�̈1 + 3H�̇1 + φL

{
Y2 H2 (1 − 2t HεH ) − 2YH2εH

+ 3H2Y(1 − t HεH )
}

= 0, (8.38)
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where εH is the Hubble slow-roll parameter, εH = −Ḣ/H2.
The exact analytical solution of the Eq. (8.38) is given by

�1 = D2 − 1

3H
D1e−3Ht + 1

Y(3 + Y)2 φ∗eHY t

×[−Y(3 + Y)2 + εH (−9 + Y(3 + Y)

×{−2 + H(3 + 2Y)t})]. (8.39)

Here D1 and D2 are dimensionful arbitrary integration con-
stants which can be determined by imposing the appropriate

boundary condition. Additionally, it is important to note that
in the present context this solution is valid in the case of the
quasi-de Sitter case also where the Hubble parameter H is
not exactly constant.
D. Second-order perturbative solution: Here we have con-
sidered the effect from the second-order cosmological per-
turbation, �2. It is important to note that during the compu-
tation here we also follow the same Ansatz, which we have
already introduced in the last section. As a result, including

the contribution from the slow-roll correction, the perturba-
tive second-order background equation of motion takes the
following simplified form:

�̈2 + 3H�̇2 + φL{Y2 H2(1 − 2t HεH ) − 2YH2εH

+ 3H2Y(1 − t HεH )} = �S. (8.40)

Here it is important to note that in Eq. (8.40), �S is the
source contribution which is coming from the linear-order
perturbation �1. In this paper �S can be expressed for all
derived effective potentials as

�S =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�ce

3((�1+φL)2−φ2
0 )

M2
p (�1 + φL)4 for Case I

M3
p

8α
− �ce

((�1+φL)2−φ2
0 )

3M2
p (�1 + φL)4 for Case II

M3
p

8α
− �ce

[
((�1+φL)2−φ2

0 )+φ4
V

(
1

(�1+φL)2
− 1

φ2
0

)]

3M2
p ((�1 + φL)4 − φ4

V ) for Case II + Choice I(v1)

M3
p

8α
+ �ce

[
((�1+φL)2−φ2

0 )+φ4
V

(
1

(�1+φL)2
− 1

φ2
0

)]

3M2
p

(
(�1 + φL)4 − φ4

V

)
for Case II + Choice I(v2)

M3
p

8α
+
(

m2
c

2Mp
(�1 + φL)2

−�c(�1 + φL)4
)

e

[
((�1+φL)2−φ2

0 )+ m2
c

λ
ln

(
m2

c−λ(�1+φL)2

m2
c−λφ2

0

)]

3M2
p for Case II + Choice II(v1)

M3
p

8α
−
(

m2
c

2Mp
(�1 + φL)2

−�c(�1 + φL)4
)

e

[
((�1+φL)2−φ2

0 )+ m2
c

λ
ln

(
m2

c−λ(�1+φL)2

m2
c−λφ2

0
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3M2
p for Case II + Choice II(v2)

M3
p

8α
+ �c((�1+φL)2−φ2

V )2

(1+ξ(�1+φL)2)2 e

[
((�1+φL)2−φ2

0 )
(

1+ ξ
2 ((�1+φL)2+φ2

0−2φ2
V )
)
+2φ2

V ln

(
(�1+φL)

φ0

)]

3M2
p (1+ξφ2

V ) for Case II + Choice III,

(8.41)

where we define a new parameter:

�c = λ

4Mp
e
− 2

√
2√
3

�0
Mp . (8.42)

From the complicated mathematical structure of the source
function �S it is clear that, using it, it is not possible to solve
second-order perturbation equations. To solve this problem
one can simplify the source function in the following way:
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�S ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�cφ
4
L

(
1 + 4�1

φL

)
for Case I

β − �cφ
4
L

(
1 + 4�1

φL

)
for Case II

β − �c

(
φ4

L

(
1 + 4�1

φL

)
− φ4

V

)
for Case II + Choice I(v1)

β + �c

(
φ4

L

(
1 + 4�1

φL

)
− φ4

V

)
for Case II + Choice I(v2)

β +
(

Mc
2 φ2

L

(
1 + 2�1

φL

)
− �cφ

4
L

(
1 + 4�1

φL

))
for Case II + Choice II(v1)

β −
(

Mc
2 φ2

L

(
1 + 2�1

φL

)
− �cφ

4
L

(
1 + 4�1

φL

))
for Case II + Choice II(v2)

β + �ξ

{
1 + �ξ

�1
φL

}
for Case II + Choice III,

(8.43)

where β, Mc and �c are defined as

β = M3
p

8α
, Mc = m2

c

Mp
,

�ξ = �c(φ
2
L − φ2

V )2(1 + 2ξφ2
L),

�ξ = 4φ2
L

(
ξ + 1

φ2
L − φ2

V

)
. (8.44)

The representative solutions of Eq. (8.40) for various sources
are given in the Appendix.

D. Implementation of δN at the final hypersurface: Using the
results derived in the previous two sections here our prime
objective is to explicitly compute the expression for the cos-
mological scalar perturbations in terms of the number of e-
folds, δN , which we have already introduced earlier. In the
present context the truncated version of the background solu-
tion of the inflaton field φ corrected up to the second-order
cosmological perturbations around the reference trajectory,
φL ∝ e−YN or φL ∝ eYHt , is generically given by for all
the various physical cases are

φ(N ) = φ0 + φ∗
1 + �̂1(N = 0) + �̂2(N = 0)

× (e−YN + �̂1(N ) + �̂2(N )), (8.45)

or equivalently one can write

φ(t) = φ0 + φ∗
1 + �̂1(t = 0) + �̂2(t = 0)

× (eYHt + �̂1(t) + �̂2(t)). (8.46)

But for the sake of simplicity we use Eq. (8.45) as we want
to implement the methodology of the δN formalism. Addi-
tionally, it is important to mention that the symbol ˆ is intro-
duced in the present context to rescale the integration con-
stants and the perturbative solutions by the field value φ∗ i.e.
�1 = φ∗�̂1, �2 = φ∗�̂2. Expressions for the perturbative
solutions �1(N = 0) and �2(N = 0) are explicitly written
in the appendix.

In the present context all of the sets of scaled integration
constants parameterize different trajectories and for our com-

putation we set φ(0, Ŵk) = φ∗, where Ŵk is defined as the
collection of all integration constants in a specific situation as
defined as Ŵk = [Ŵ1, Ŵ2, Ŵ3, Ŵ4] = [D̂1, D̂2, D̂3, D̂4].
Further inverting Eq. (8.45), for a specified set of values of
the constants Ŵk , we have obtained the following simplified
expression for δN as an implicit function of the inflaton field
φ, the additional field � and Ŵk :

δN (φ,�, Ŵk) = N (φ + δφ,� + δ�, Ŵk) − N (φ,�, 0)

=
2∑

α=1

4∑
k=0

∑
n,m

1

n!m!∂
n
φn

α
∂m

Ŵm
k

{N (φα, 0)} δφn
α Ŵm

k .

(8.47)

For this computation we have introduced the shift of the
inflaton field φ, additional field � and the number of e-
foldingsN as φ → φ+δφ, � → �+δ�,N → N+δN , in
the two sides of Eq. (8.45), to compute the analytical expres-
sion for δN in an iterative way from our present setup. Addi-
tionally, it is important to note that in this present context
φ field and � field are not independent. They are related
via Eq. (8.34), as we have already mentioned earlier. In the
present setup, we have already obtained the second-order
perturbative solutions of the scalar inflaton field trajectories
around the particular reference solution, φL = φ∗eYHt =
φ∗e−YN , as we have already pointed out earlier. Additionally
important to note that if we neglect the sub dominant contri-
bution of the form �1 ∝ eYHt , then the analysis only holds
true only at the sufficiently late time epochs. This directly
implies that in this computation if we use such assumption
then we choose the initial time in such a way that it is very
close to the final time for the number of e-folds N ≤ 1. To
serve this purpose the simplest possibility is to choose the
initial time epoch is infinitesimally close to the time scale at
φ = φ∗ = φ(Ncmb) = φcmb.

For the sake of simplicity one can further assume that
the final expression for curvature perturbation in δN for-
malism is independent of the coefficients Ŵk at N = 0
for which the following constraints holds true perfectly,
∂m

Ŵk
N = 0 ∀m = 1, . . . ,∞. Consequently we get the

following simplified expression:
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ζ = δN =
2∑

α=1

∑
n

1

n!∂
n
φn

α
{N (φα, 0)} δφn

α

= 2N,φδφ +
{

2N,φφ − V ′(φ)

V(φ)
N,φ

}
δφδφ

+
{

4

3
N,φφφ − 2

V ′′(φ)

V(φ)
N,φφ

+
(

5

3

V ′2(φ)

V2(φ)
− 1

6

V ′′(φ)

V(φ)

)
N,φ

}
δφδφδφ + · · · ,

(8.48)

where the function V(φ) we have explicitly defined earlier
for all the derived effective potentials. Here · · · corresponds
to the higher-order contributions, which are very much small
compared to the leading-order contributions appearing from
cosmological perturbation theory for scalar fluctuations.

Next we take the derivatives of both sides of Eq. (8.45) and
further set the following two constraints, N = 0, Ŵk =
0 ∀k, at the final stage of the calculation. Our next task is
to derive the analytical expression for the inflaton fluctua-
tion δφ∗ and the coefficients Ŵk , which are generated via
quantum fluctuations on the flat slice of δφ. To implement
this computational technique let us consider the evolution of
fluctuation in the inflaton field δφ on super horizon scales.
The field fluctuation or more precisely the shift in the inflaton
field φ can be expressed as

δφ(N ) =
2∑

i=1

δφi (N ) = φ∗
2∑

i=1

�̂i (N ), (8.49)

where the subscript “1” and “2” signify the linear and second-
order solution appearing from cosmological perturbation.
Additionally, it is important to note that both the solutions
�̂1(N ) and �̂2(N ) contain the growing and decaying mode
characteristics. Further imposing the appropriate boundary
condition from the end of the non-attractor region, where
the number of e-folds N = 0, we get the following expres-
sion for the shift in the inflaton field from linear-order and
second-order cosmological perturbation at φ = φ∗ as

δφ∗ = δφ(0) =
2∑

i=1

δφi∗ = φ∗
2∑

i=1

�̂i (0)

= φ∗(�̂1(0) + �̂2(0)). (8.50)

See the appendix for more details. Now in the present context
as we have started our computation from the reference solu-
tion φ ∝ e−YN , using this relationship one can write down
the explicit expression for the number of e-folds in terms

of the inflaton field value as N (φ) = 1
Y ln

(
φ∗
φ

)
, which is

consistent with the boundary condition that at φ = φ∗ the
number of e-folds is N = 0 in the present case. Using these
result at φ = φ∗ one can write down the following expression

for the curvature perturbation using the δN formalism as

ζ = δN = A(φ∗)δφ∗ + B(φ∗)δφ∗δφ∗
+ C(φ∗)δφ∗δφ∗δφ∗ + · · · , (8.51)

where A(φ∗), B(φ∗) and C(φ∗) is defined as

A(φ∗) = − 2

Yφ∗
, (8.52)

B(φ∗) =
{

2

Yφ2∗
+
(V ′(φ)

V(φ)

)
∗

1

Yφ∗

}
, (8.53)

C(φ∗) =
{

− 2

Yφ3∗
4

3
− 2

(V ′′(φ)

V(φ)

)
∗

1

Yφ2∗
−
(

5

3

(
V ′2(φ)

V2(φ)

)

∗

− 1

6

(V ′′(φ)

V(φ)

)
∗

)
1

Yφ∗

}
. (8.54)

Explicit forms ofB(φ∗) and C(φ∗) are written in the appendix
for all the derived effective potentials.

Next we decompose the product of the fluctuation in the
inflaton field δφ∗δφ∗ and δφ∗δφ∗δφ∗ into two parts which
comes from linear and second-order cosmological perturba-
tion in the following way:

δφ∗δφ∗ = δφ(0)δφ(0) =
2∑

i=1

2∑
j=1

δφi∗δφ j∗

= φ2∗
2∑

i=1

2∑
j=1

�̂i (0)�̂ j (0), (8.55)

δφ∗δφ∗δφ∗ = δφ(0)δφ(0)δφ(0)

=
2∑

i=1

2∑
j=1

2∑
k=1

δφi∗δφ j∗δφk∗

= φ3∗
2∑

i=1

2∑
j=1

2∑
k=1

�̂i (0)�̂ j (0)�̂k(0), (8.56)

and we write down the following expression for the curvature
perturbation using the δN formalism:

ζ = δN = φ∗A(φ∗)
2∑

i=1

�̂i (0)

+φ2∗B(φ∗)
2∑

i=1

2∑
j=1

�̂i (0)�̂ j (0)

+φ3∗C(φ∗)
2∑

i=1

2∑
j=1

2∑
k=1

�̂i (0)�̂ j (0)�̂k(0) + · · ·

= φ∗A(φ∗)
(
�̂1(0) + �̂2(0)

)

+φ2∗B(φ∗)
(
�̂2

1(0) + �̂2
2(0) + 2�̂1(0)�̂2(0)

)

+φ3∗C(φ∗)
(
�̂3

1(0) + �̂3
2(0) + 3�̂2

1(0)�̂2(0)

+ 3�̂1(0)�̂2
2(0)

)
+ · · · . (8.57)
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Further using a local configuration in momentum space one
can define the non-Gaussian amplitude associated with the
three point function using the δN formalism as [142]:

f loc
NL = 5

6

B(k1, k2, k3)[
Pζ (k1)P(k2) + Pζ (k2)Pζ (k3) + Pζ (k3)Pζ (k1)

]

= 5

6

N,I JN,IN,J

(N,KN,K )2 , (8.58)

Here B(k1, k2, k3) is the bispectrum and Pζ (k) is the power
spectrum for scalar perturbations. Here I, J, K are the field
configuration indices i.e. I, J, K = φ,�. In terms of the
inflaton field � and additional field � we get the following
simplified expression for the non-Gaussian amplitude asso-
ciated with the three point function:

f loc
NL = 5

6

[
N,φφN,φN,φ + N,��N,�N,� + (N,φ� + N,�φ

)N,φN,�

(N,φN,φ + N,�N,�)2

]

∗
. (8.59)

Now as the � field can be expressed in terms of φ field, using
this crucial fact we get the following result of non-Gaussian
amplitude in the attractor regime as

f loc
NL = 5

6

⎡
⎢⎣
(

1 + 2
V2(φ)

+ 1
V4(φ)

)
(

1 + 1
V2(φ)

)2

N,φφ

N 2
,φ

−
V ′(φ)

V3(φ)(
1 + 1

V2(φ)

) 1

N,φ

⎤
⎥⎦

∗

.

(8.60)

Further substituting the explicit form of the function V(φ)

and N,φ , N,φφ for all derived effective potentials at φ = φ∗
we get

f loc
NL = 5Y

6
[G1(φ∗) + G2(φ∗)φ∗] , (8.61)

where the functions G1(φ∗) and G2(φ∗) are defined in the
appendix.

Here it is important to note that the exact momentum
dependence will not be calculable using the semi classical
techniques used in δN formalism in the attractor regime of
cosmological perturbations. But to know the exact momen-
tum dependence of the non-Gaussian amplitude obtained
from the three point function of the scalar curvature fluc-
tuation it is always useful to follow exact quantum mechan-
ical techniques used in In-In formalism as discussed ear-
lier part of this section. In the case of the In-In formalism
we freeze the value of the additional field � at the Planck
scale and perform the calculation in the non-attractor regime
of perturbation theory. But to get the correct estimate one
can claim that the results obtained using the two techniques
should match at the horizon crossing iff we freeze the value
of the � field at the Planck scale in the δN formalism. This
is also a strong information from the observational point of
view, as by Planck and the other future observations trying to
probe the value of non-Gaussianity at this scale. In this work,

we have done both calculations for three point function for
scalar curvature fluctuation by following semi classical and
quantum mechanical techniques. In the case of the In-In for-
malism we have computed the results we use two physical
shape configurations or templates- equilateral and squeezed
to analyze the non-Gaussian amplitude obtained from the
three point function for scalar curvature fluctuation by freez-
ing the value of the additional � field at the Planck scale.
Now to implement the equality between two results at the
horizon crossing we have to fix the value of the additional
field � in the δN formalism also. After freezing the value
of � in all derived effective potentials we get the following
result for curvature perturbation in terms of δN at φ = φ∗:

ζ = δN = φ∗D(φ∗)
2∑

i=1

�̂i (0)

+φ2∗E(φ∗)
2∑

i=1

2∑
j=1

�̂i (0)�̂ j (0)

+φ3∗F(φ∗)
2∑

i=1

2∑
j=1

2∑
k=1

�̂i (0)�̂ j (0)�̂k(0) + · · ·

= φ∗D(φ∗)
(
�̂1(0) + �̂2(0)

)
+ φ2∗E(φ∗)

×
(
�̂2

1(0) + �̂2
2(0) + 2�̂1(0)�̂2(0)

)

+φ3∗F(φ∗)
(
�̂3

1(0) + �̂3
2(0)

+ 3�̂2
1(0)�̂2(0) + 3�̂1(0)�̂2

2(0)
)

+ · · · ,

(8.62)

where the new functionsD(φ∗), E(φ∗) andF(φ∗) are defined
as

D(φ∗) = (N,φ

)
∗ = − 1

Yφ∗
, E(φ∗) = 1

2

(N,φφ

)
∗ = 1

2Yφ2∗
,

F(φ∗) = 1

6

(N,φφφ

)
∗ = − 1

3Yφ3∗
. (8.63)

After freezing the value � in the Planck scale in the non-
attractor regime of cosmological perturbation theory we get
the following expression for the non-Gaussian amplitude
from three point scalar curvature fluctuation:

f loc
NL = 5

6

[N,φφ

N,φ

]
∗

= 5

6
Y . (8.64)

Now further we use the general momentum dependent result
at the horizon crossing and also use two different templates
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to equate with the results obtained from δN formalism and
finally we get the following expression for the unknown fac-
tor Y:

Y ≈ 1

2
∑3

i=1 k3
i

⎡
⎣2(3ε∗

W̃
− η∗

W̃
)

3∑
i=1

k3
i + ε∗

W̃

⎛
⎝−

3∑
i=1

k3
i

+
3∑

i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎞
⎠
⎤
⎦ . (8.65)

However, it is crucial to note that without freezing the value
of the addition field � in the Planck scale in the non-attractor
regime of cosmological perturbation theory one can perform
the exact quantum mechanical In-In calculation where the
solution of the � field is related to the inflaton field φ and
finally match with the results obtained from the δN formal-
ism. In this paper we have not computed this in the case of the
In-In formalism and we also hope to generalize this method-
ology in the attractor regime as well in the near future.

Next we use the two physical templates for the shape con-
figurations – equilateral and squeezed – to determine the
functional form of the unknown factor Y , which is appearing
in the δN formalism. In this context we get

1. Equilateral limit configuration:

Y ≈ 1

6

[
29ε∗

W̃
− 6η∗

W̃

]
. (8.66)

2. Squeezed limit configuration:

Y ≈ 1

2

[
4(4ε∗

W̃
− η∗

W̃
) + 10ε∗

W̃

(
kS

kL

)2

− (2η∗
W̃

− ε∗
W̃

)

(
kS

kL

)3
]

, (8.67)

which are correct results of the unknown factor Y at the
level of three point function computed from scalar curvature
perturbation.

8.2 Four point function

8.2.1 Using the In-In formalism

Here we discuss the constraint on the primordial four point
scalar correlation function in the non-attractor regime of soft
inflation. In general one can write down the following expres-
sions for the four point function of the scalar fluctuation [170–
175]:

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉 = (2π)3δ(3)(k1 + k2 + k3 + k4)

× T (k1, k2, k3, k4). (8.68)

In our computation we choose Bunch–Davies vacuum state
and for single field soft slow-roll inflation we get the follow-
ing expression for the trispectrum:

T (k1, k2, k3, k4) ≈ W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1

(k1k2k3k4)3

×
[
ĜS(k1, k2, k3, k4) + ĜS(k1, k3, k2, k4)

+ ĜS(k1, k4, k3, k2) − Ŵ S(k1, k2, k3, k4)

− Ŵ S(k1, k3, k2, k4) − Ŵ S(k1, k4, k3, k2)

− 2
{

R̂S(k1, k2, k3, k4) + R̂S(k1, k3, k2, k4)

+ R̂S(k1, k4, k3, k2)
}]

, (8.69)

where the momentum dependent functions ĜS(k1, k2, k3,

k4), Ŵ S(k1, k2, k3, k4) and R̂S(k1, k2, k3, k4) are defined
in the appendix.

Here it is important to mention that our derived result
consists of the three following parts:

1. First of all, we have the contribution from contact inter-
action term R̂S , which appears due to the longitudinal
graviton S-channel propagator:

RS(k1, k2, k3, k4) = 16(2π)3δ(3)(k1 + k2 + k3 + k4)

×
[

4∏
I=1

φ(kI )

]
R̂S(k1, k2, k3, k4). (8.70)

2. Next we have the contribution from the terms like Ŵ S ,
which comes from the contribution which appears due to
the transverse graviton propagator:

W̃ =
∫

dz1d3x1

∫
dz2d3x2Ti ′ j ′(z1, x1)δ

i ′iδ j ′ j

× G̃i j,kl(z1, x1; z2, x2)δ
kk′′

δll ′′ Tk′′l ′′(z2, x2),

(8.71)

where the transverse graviton Green’s function G̃i j,kl

(z1, x1; z2, x2) is given by

G̃i j,kl(z1, x1; z2, x2) =
∫

d3k
(2π)3 eik.(x1−x2)

∫ ∞

0
d p2

×1

4

[
J 3

2
(pz1)J 3

2
(pz2)√

z1z2(k2 + p2)

(
P̃ik P̃jl + P̃il P̃jk − P̃i j P̃kl

)]
.

(8.72)

Here P̃i j is the transverse traceless projector onto
the directions perpendicular to k as given by P̃i j =(
δi j − ki k j

k2

)
, and J 3

2
(x) is the Bessel function with char-

acteristic index 3/2, which can be expressed in terms of
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the following simplified form:

J 3
2
(x) =

√
2

πx

(
sin x

x
− cos x

)

=
√

2

πx

(1 − i x) ei x − (1 + i x) e−i x

2i x
. (8.73)

Additionally in the present context the expression for
the stress tensor Ti j (z, x) in terms of scalar field inflaton
fluctuation δφ(z, x) is given by the following simplified
expression:

Ti j (z, x) = 2(∂iδφ)(∂ jδφ)

− δi j [(∂zδφ)2 + ηkl(∂kδφ)(∂lδφ)]. (8.74)

Here it is important to mention that two different inser-
tions of the stress tensor correspond to two different val-
ues of the radial variable z = (z1, z2), which we finally
integrate out. Finally, for the S-channel contribution sub-
stituting for δφ in Fourier space we get the following
expression for the transverse graviton propagator:

W̃ S(k1, k2, k3, k4) = 16(2π)3δ(3)(k1 + k2 + k3 + k4)

×
⎡
⎣ 4∏

I=1

φ(kI )

⎤
⎦× ki

1k j
2 kk

3kl
4
(
P̃ik P̃jl + P̃il P̃jk − P̃i j P̃kl

)

×�(k1, k2, k3, k4), (8.75)

where �(k1, k2, k3, k4) and the transverse projector
along with the appropriate index contraction in momen-
tum direction is defined as

�(k1, k2, k3, k4)

= −2k1k2(k1 + k2)2((k1 + k2)2 − k2
3 − k2

4 − 4k3k4)

(K̂ − 2(k3 + k4))2 K̂ 2((k1 + k2)2 − K 2
s )

×
(

3

2(k1 + k2)
− 1

K̂
− 1

K̂ − 2(k3 + k4)
− k1 + k2

2k1k2

+ k1 + k2

K 2
s − (k1 + k2)2

− k1 + k2

k2
3 + k2

4 + 4k3k4 − (k1 + k2)2

)

+ (1, 2 ↔ 3, 4)

+ K 3
s (K 2

s − k2
1 − k2

2 − 4k1k2)(K 2
s − k2

3 − k2
4 − 4k3k4)

(K 2
s − k2

1 − k2
2 − 2k1k2)2(K 2

s − k2
3 − k2

4 − 2k3k4)2
,

(8.76)

ki
1k j

2 kk
3kl

4
(
P̃ik P̃jl + P̃il P̃jk − P̃i j P̃kl

)

=
[

k1.k3 + (k1.(k1 + k2))(k3.(k3 + k4))

|k1 + k2|2
]

×
[

k2.k4 + (k2.(k1 + k2))(k4.(k3 + k4))

|k1 + k2|2
]

+
[

k1.k4 + (k1.(k1 + k2))(k4.(k3 + k4))

|k1 + k2|2
]

×
[

k2.k3 + (k2.(k1 + k2))(k3.(k3 + k4))

|k1 + k2|2
]

−
[

k1.k2 − (k1.(k1 + k2))(k2.(k3 + k4))

|k1 + k2|2
]

×
[

k3.k4 − (k3.(k1 + k2))(k4.(k3 + k4))

|k1 + k2|2
]

. (8.77)

where Ks is defined as the norm of the total momentum
required for graviton exchange in S-channel, Ks = |k1 +
k2| = | − (k3 + k4)| = |k3 + k4|.
Finally substituting all these expressions in Eq. (8.75) we
get the following simplified expression for the S-channel
contribution in transverse graviton propagator:

W̃ S(k1, k2, k3, k4) = 16(2π)3δ(3)(k1 + k2 + k3 + k4)

×
⎡
⎣ 4∏

I=1

φ(kI )

⎤
⎦ Ŵ S(k1, k2, k3, k4),

(8.78)

where Ŵ S(k1, k2, k3, k4) is defined as

Ŵ S(k1, k2, k3, k4) = ki
1k j

2 kk
3kl

4(P̃ik P̃jl + P̃il P̃jk

− P̃i j P̃kl)�(k1, k2, k3, k4).

(8.79)

Here it is important to note that the contribution from
the T and U -channel can be obtained by replacing the
following momenta:

T -channel: k2 ↔ k3, (8.80)

U -channel: k2 ↔ k4. (8.81)

The representative S, T and U channel diagrams for bulk
interpretation of the four point scalar correlation function
in presence of graviton exchange is shown in shown in
Fig. 17a–c. In these diagrams we have explicitly shown
that the graviton is propagating on the bulk and the end
points of the scalars are attached to the boundary at z =
0. In or computation all the representative diagrams are
important to explain the total four point scalar correlation
function.

3. Additionally, the extra contributions ĜS appear due to
integrating out the metric perturbation.

In the present context, including the contribution from
four point function one can parameterize non-Gaussianity
phenomenologically via a non-linear correction to a Gaussian
perturbation ζg in position space as

ζ(x) = ζg(x) + 3

5
f loc
NL

[
ζ 2

g (x) − 〈ζ 2
g (x)〉

]

+ 9

25
gloc

NLζ 3
g (x) + · · · , (8.82)
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Fig. 17 Representative S, T and U channel diagram for bulk interpretation of four point scalar correlation function in the presence of graviton
exchange contribution. In all the diagrams the graviton is propagating on the bulk and the end points of the scalars are attached to the boundary at
z = 0

where · · · represents higher-order non-Gaussian contribu-
tions. In the case of local non-Gaussianity, the amplitude of
the bispectrum from the three point function is defined as
[159,170]

T (k1, k2, k3, k4) =
⎡
⎣τ loc

NL

∑
j<p,i �= j,p

Pζ (ki j )Pζ (k j )Pζ (k p)

+ 54

25
gloc

NL

∑
i< j<p

Pζ (ki )Pζ (k j )Pζ (k p)

⎤
⎦ ,

(8.83)

where τ loc
NL = τ loc

NL(k1, k2, k3, k4) and gloc
NL = gloc

NL
(k1, k2, k3, k4). Here additionally it is important to note that
the connecting relation between the non-Gaussian parameter
τ loc

NL and gloc
NL can be expressed as

gloc
NL = NNORMτ loc

NL, (8.84)

where NNORM is defined as the appropriate normalization
factor. In general the values of the normalization factor are
different in different shape configurations. Further using
Eq. (8.84) in Eq. (8.83) we get the following simplified
expression for the non-Gaussian parameter τ loc

NL and gloc
NL as

obtained from the four point scalar function:

τ loc
NL = T (k1, k2, k3, k4)[∑

j<p,i �= j,p Pζ (ki j )Pζ (k j )Pζ (kp) + 54
25NNORM

∑
i< j<p Pζ (ki )Pζ (k j )Pζ (kp)

] , (8.85)

gloc
NL = NNORMT (k1, k2, k3, k4)[∑

j<p,i �= j,p Pζ (ki j )Pζ (k j )Pζ (kp) + 54
25NNORM

∑
i< j<p Pζ (ki )Pζ (k j )Pζ (kp)

] . (8.86)

Additionally, it is important to note that in the non-attractor
regime of soft inflation the model exactly similar to the single
field slow-roll model of inflation, where it is a well-known
fact that the non-Gaussian parameter τ loc

NL and f loc
NL are con-

nected via the following constraint relationship:

τ loc
NL = 36

25
( f loc

NL )2, (8.87)

which is commonly known as the Suyama–Yamaguchi con-
sistency relation. If this relation perfectly holds true in the
present context, then one can easily gets

τ loc
NL ≈ 36

144

1(∑3
i=1 k3

i

)2

⎡
⎣2(3ε∗

W̃
− η∗

W̃
)

3∑
i=1

k3
i

+ ε∗
W̃

⎛
⎝−

3∑
i=1

k3
i +

3∑
i, j=1,i �= j

ki k
2
j + 8

K

3∑
i, j=1,i> j

k2
i k2

j

⎞
⎠
⎤
⎦

2

.

(8.88)

from which one can find the following expression for the
normalization factor:

NNORM = 25

54

×

[
25T (k1,k2,k3,k4)

36( f loc
NL )2 −∑

j<p,i �= j,p Pζ (ki j )Pζ (k j )Pζ (kp)

]
∑

i< j<p Pζ (ki )Pζ (k j )Pζ (kp)
.

(8.89)

Here it is very easy to observe that the normalization factor
is different for different shapes.

But in general always the connecting relationship between
the non-Gaussian parameters τ loc

NL and f loc
NL or more precisely

the Suyama–Yamaguchi consistency relation does not per-

fectly hold true as the cosmological perturbation during the
inflationary epoch is subject to quantum mechanical inter-
ference effects at the time of horizon crossing and such pre-
scriptions does not satisfy a simple type of parameterization
in terms of momentum independent-coefficients in Fourier
space. In that specific case one can write down the connect-
ing relation between the non-Gaussian parameter τ loc

NL and
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gloc
NL as

gloc
NL = f (k1, k2, k3, k4, k12, k14, k13)τ

loc
NL, (8.90)

where one can choose the momentum dependent function
f (k1, k2, k3, k4, k12, k14, k13) as

f (k1, k2, k3, k4, k12, k14, k13)

= 64

K̂ 3

∑
i< j,m �=i, j

k3
i k3

j

(
1

k3
im

+ 1

k3
jm

)
, (8.91)

which is motivated from the choice of the shape function for
trispectrum.

In this situation we get the following simplified expression
for the non-Gaussian parameter τ loc

NL and gloc
NL as obtained

from the four point scalar function:

τ loc
NL = T (k1, k2, k3, k4)[∑

j<p,i �= j,p Pζ (ki j )Pζ (k j )Pζ (kp) + 54
25 f (k1, k2, k3, k4, k12, k14, k13)

∑
i< j<p Pζ (ki )Pζ (k j )Pζ (kp)

] , (8.92)

gloc
NL = f (k1, k2, k3, k4, k12, k14, k13)T (k1, k2, k3, k4)[∑

j<p,i �= j,p Pζ (ki j )Pζ (k j )Pζ (kp) + 54
25 f (k1, k2, k3, k4, k12, k14, k13)

∑
i< j<p Pζ (ki )Pζ (k j )Pζ (kp)

] . (8.93)

In this context we denote the angle between two momen-
tum vectors as

cos θ12 = cos θ34 ≡ cos θ3, (8.94)

cos θ23 = cos θ14 ≡ cos θ1, (8.95)

cos θ13 = cos θ24 ≡ cos θ2, (8.96)

which satisfy the constraint condition
∑4

i< j=1 cos θi j = −2

and can be equivalently written as
∑3

α=1 cos θα = cos θ1 +
cos θ2 + cos θ3 = −1. This is an outcome of conservation of
momentum. Additionally here,

k14 = k23 = |k1 + k4| = |k2 + k3|
=
√

k2
1 + k2

4 + 2k1k4 cos θ1

=
√

k2
2 + k2

3 + 2k2k3 cos θ1, (8.97)

k24 = k13 = |k2 + k4| = |k1 + k3|
=
√

k2
2 + k2

4 + 2k2k4 cos θ2

=
√

k2
1 + k2

3 + 2k1k3 cos θ2, (8.98)

k34 = k12 = |k3 + k4| = |k1 + k2|
=
√

k2
3 + k2

4 + 2k3k4 cos θ3

=
√

k2
1 + k2

2 + 2k1k2 cos θ3. (8.99)

Let us now concentrate on the following limiting configura-
tions for the trispectrum to analyze the shape properly from
the obtained results:

1. Equilateral limit configuration: For this case we have

|k1| = |k2| = |k3| = k = ki ∀i = 1, 2, 3, 4, (8.100)

and this implies

ki j = |ki + k j | = √
2k
√

1 + cos θi j

= √
2k
√

1 + cos θα,

∀(i, j = 1, 2, 3, 4) with i < j, α = 1, 2, 3.

(8.101)

Additionally in the equilateral limit configuration, θ =
θα∀α = 1, 2, 3. Further using the constraint condition as
stated in Eq. (8.105), we get

cos θ = cos θi = −1

3
∀i = 1, 2, 3, (8.102)

and further using these results the trispectrum for scalar
fluctuation can be written as

T (k, k, k, k) ≈ 3H6

8M6
p(ε

∗
W̃

)2

1

k12

[
ĜS(k, k, k, k)

− Ŵ S(k, k, k, k) − 2R̂S(k, k, k, k)
]
,

(8.103)

where the momentum dependent functions ĜS(k, k, k,

k), Ŵ S(k, k, k, k) and R̂S(k, k, k, k) in the equilateral
limit configuration are defined as

ĜS(k, k, k, k) = 0, (8.104)

R̂S(k, k, k, k) = − 1

48
k3, (8.105)

Ŵ S(k, k, k, k) = 0, (8.106)

where we use K̂ = 4k. Also the momentum dependent
functions A1(k, k, k, k), A2(k, k, k, k) and A3(k, k,

k, k) are defined as

A1(k, k, k, k) = − 7

24
k4, A2(k, k, k, k) = 1

4
k5,

A3(k, k, k, k) = 7

3
k6. (8.107)

Substituting Eqs. (8.104) and (8.105) and Eq. (8.106) in
Eq. (8.103), we get the following simplified expression
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 18 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

for the trispectrum for scalar fluctuation:

T (k, k, k, k) = H6

64M6
p(ε

∗
H )2

1

k9 ≈ W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)2

1

k9 .

(8.108)

Now if we assume that the non-Gaussian parameter τ
equil
NL

and f equil
NL are connected through the Suyama–Yamaguchi

consistency relation, then in the equilateral limiting con-
figuration we get the following expression for the four
point non-Gaussian parameter:

τ
equil
NL ≈ 1

36

[
29ε∗

W̃
− 6η∗

W̃

]2
. (8.109)

In this limiting configuration the normalization factor
NNORM, which connects the two non-Gaussian param-
eters τ loc

NL and gloc
NL, computed from four point function

is

NNORM ≈

⎧⎪⎨
⎪⎩

9ε∗
H[

29ε∗
W̃

− 6η∗
W̃

]2 − 9
√

3

8

⎫⎪⎬
⎪⎭ . (8.110)

Consequently the non-Gaussian parameter gloc
NL can be

expressed as

gequil
NL ≈

{
9ε∗

W̃[
29ε∗

W̃
−6η∗

W̃

]2 − 9
√

3
8

}
ε∗

H

[
9
√

3
8 + 162

25

{
9ε∗

H[
29ε∗

W̃
−6η∗

W̃

]2 − 9
√

3
8

}] , (8.111)

or equivalently one can write the expression for the non-
Gaussian parameter gloc

NL as

gequil
NL ≈ 1

36

{
9ε∗

W̃
− 9

√
3

8

[
29ε∗

W̃
− 6η∗

W̃

]2
}

, (8.112)

as we have assumed the Suyama–Yamaguchi consistency
relation perfectly holds true. Here it is important to
mention that the results obtained from Eqs. (8.111) and
(8.112) are perfectly consistent as in the leading order
the two predict similar magnitudes, proportional to the
slow-roll parameter ε∗

H or ε∗
W̃

.
In Figs. 18 and 22, we have shown the features of the
non-Gaussian amplitude from the four point scalar func-
tion τ

equil
NL and gequil

NL in the equilateral limit configuration
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Fig. 19 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 20 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

in four different scanning regions of the product of the
two parameters αλ̄ in the (τ

equil
NL , αλ̄) and (gequil

NL , αλ̄) 2D
plane for the number of e-foldings 50 < Ncmb < 70
(Figs. 19, 20, 21, 22, 24). The physical explanation of
the obtained features are:

• Region I: Here for the parameter space 0.0001 <

αλ̄ < 0.001 the non-Gaussian amplitude lying within
the window 0.006 < τ

equil
NL < 0.016, −0.004 <

gequil
NL < −0.023. Further if we increase the numer-

ical value of αλ̄, then the magnitude of the non-
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Fig. 21 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 22 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

Gaussian amplitude saturates and we get the max-
imum value for Ncmb = 50, |τ equil

NL |max ∼ 0.016,

|gequil
NL |max ∼ 0.023.

• Region II: Here for the parameter space 0.00001 <

αλ̄ < 0.0001 the non-Gaussian amplitude lies within
the window 0.001 < τ

equil
NL < 0.009, 0.002 <

gequil
NL < −0.011. In this region we get maxi-

mum value for Ncmb = 50, |τ equil
NL |max ∼ 0.009,

|gequil
NL |max ∼ 0.011. Additionally, it is important to

note that in this case for αλ̄ = 0.00004 the lines
obtained forNcmb = 50, Ncmb = 60 and Ncmb = 70
cross each other.
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Fig. 23 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 24 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lies
within the window 0.00002 < τ

equil
NL < 0.00062,

0.0001 < gequil
NL < 0.0017. In this region we get

the maximum value for Ncmb = 70, |τ equil
NL |max ∼

0.00062, |gequil
NL |max ∼ 0.0017. Additionally, it is

important to note that in this case for 0.000003 ≤
αλ̄ ≤ 0.000006 the lines obtained for Ncmb = 50,
Ncmb = 60 andNcmb = 70 cross each other and then
show increasing behavior.

• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lies
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within the window 10−6 < τ
equil
NL < 0.000012,

2 × 10−6 < gequil
NL < 0.00011. In this region we get

the maximum value for Ncmb = 60, |τ equil
NL |max ∼

0.000012, |gequil
NL |max ∼ 0.00011.

Further combining the contribution from Region I,
Region II, Region III and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian ampli-
tude in the equilateral limit configuration:

Region I + Region II + Region III + Region IV:
10−6 < τ

equil
NL < 0.016, −0.023 < gequil

NL < 0.002

(8.113)

for the following parameter space:

Region I + Region II + Region III + Region IV:
0.0000001 < αλ̄ < 0.001. (8.114)

In this analysis we get the following maximum value of
the three point non-Gaussian amplitude in the equilateral
limit configuration:

|τ equil
NL |max ∼ 0.016, |gequil

NL |max ∼ 0.002. (8.115)

To visualize these constraints more clearly we have
also presented (τ

equil
NL , α, λ̄) and (gequil

NL , α, λ̄) 3D plots
in Figs. 19a, b, 23a, b for two different angular orien-
tations: Angle I and Angle II. From the representative
surfaces the behavior is clearly observed of three point
non-Gaussian amplitude in the equilateral limit for the
variation of two fold parameters α and λ̄ and the results
are consistent with the obtained constraints in 2D analy-
sis. Here all the obtained results are consistent with the
two point and three point constraints as well as with the
Planck 2015 data [44–46].
But as we have already pointed that if we relax the
assumption of holding the Suyama–Yamaguchi consis-
tency relation in the present context of discussion, then
using Eq. (8.105) one can write down the expression for
momentum dependent function f (k, k, k, k, 2√

3
k, 2√

3
k,

2√
3

k) in the equilateral limiting configuration as,

f
(

k, k, k, k, 2√
3
k, 2√

3
k, 2√

3
k
)

= 9
√

3
2 , using which we

get the following simplified expression for the non-
Gaussian parameter τ

equil
NL and gequil

NL as obtained from
the four point scalar function in equilateral limiting con-
figuration:

τ
equil
NL = 50

√
3

6507
ε∗

H ≈ 50
√

3

6507
ε∗

W̃
,

gequil
NL = 25

241
ε∗

H ≈ 25

241
ε∗

W̃
. (8.116)

In Figs. 20 and 24, without assuming the Suyama–
Yamaguchi consistency relation we have shown the fea-
tures of non-Gaussian amplitude from four point scalar
function τ

equil
NL and gequil

NL in equilateral limit configura-
tion in four different scanning region of the product of
the two parameters αλ̄ in the (τ

equil
NL , αλ̄) and (gequil

NL , αλ̄)

2D plane for the number of e-foldings 50 < Ncmb < 70.
Physical explanations of the obtained features are:

• Region I: Here for the parameter space 0.0001 <

αλ̄ < 0.001 the non-Gaussian amplitude lies within
the window 0.00028 < τ

equil
NL < 0.00052, 0.0022 <

gequil
NL < 0.004. Further if we increase the numerical

value of αλ̄, then the magnitude of the non-Gaussian
amplitude saturates and we get the maximum value
for Ncmb = 50, |τ equil

NL |max ∼ 0.00052, |gequil
NL |max ∼

0.004.
• Region II: Here for the parameter space 0.00001 <

αλ̄ < 0.0001 the non-Gaussian amplitude lies within
the window 0.00005 < τ

equil
NL < 0.00042, 0.0005 <

gequil
NL < 0.0033. In this region we get the maxi-

mum value for Ncmb = 50, |τ equil
NL |max ∼ 0.00042,

|gequil
NL |max ∼ 0.0033. Additionally, it is important

to note that in this case for αλ̄ = 0.00004 the lines
obtained forNcmb = 50, Ncmb = 60 and Ncmb = 70
cross each other.

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lying
within the window 0.00001 < τ

equil
NL < 0.00014,

0.00008 < gequil
NL < 0.0014. In this region we get

the maximum value for Ncmb = 70, |τ equil
NL |max ∼

0.00014, |gequil
NL |max ∼ 0.0014. Additionally, it is

important to note that in this case for 0.000003 ≤
αλ̄ ≤ 0.000006 the lines obtained for Ncmb = 50,
Ncmb = 60 andNcmb = 70 cross each other and then
show increasing behavior.

• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lying
within the window 10−7 < τ

equil
NL < 7 × 10−6,

5 × 10−8 < gequil
NL < 0.000052. In this region we get

the maximum value for Ncmb = 60, |τ equil
NL |max ∼

7 × 10−6, |gequil
NL |max ∼ 0.000052.

Further combining the contribution from Region I,
Region II, Region III and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian ampli-
tude in the equilateral limit configuration:
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Fig. 25 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

Region I + Region II + Region III + Region IV:
10−7 < τ

equil
NL < 0.00052, 5 × 10−8 < g

equil
NL < 0.004

(8.117)

for the following parameter space:

Region I + Region II + Region III + Region IV:
0.0000001 < αλ̄ < 0.001. (8.118)

In this analysis we get the following maximum value of
the three point non-Gaussian amplitude in the equilateral
limit configuration:

|τ equil
NL |max ∼ 0.00052, |gequil

NL |max ∼ 0.004. (8.119)

To visualize these constraints more clearly we have
also presented (τ

equil
NL , α, λ̄) and (gequil

NL , α, λ̄) 3D plot in
Figs. 21a, b, 25a, b for two different angular orienta-
tions: Angle I and Angle II. From the representative sur-
faces it is clearly observed the behavior of three point
non-Gaussian amplitude in the equilateral limit for the
variation of two fold parameter α and λ̄ and the results
are consistent with the obtained constraints in 2D analy-
sis. Here all the obtained results are consistent with the
two point and three point constraints as well as with the
Planck 2015 data [44–46].

2. Counter-collinear or folded kite limiting configuration:
For this case we have the situation where the magnitude
of the sum of the two momenta is taken to be zero, which
implies

ki j = |ki + k j | =
√

k2
i + k2

j + 2ki k j cos θi j → 0,

∀(i, j = 1, 2, 3, 4) with i < j, (8.120)

which implies cos θi j → − (k2
i +k2

j )

2ki k j
,∀(i, j = 1, 2, 3, 4)

with i < j, and this satisfies
∑4

i< j=1
(k2

i +k2
j )

ki k j
→ 4. In the

present context, we identify this situation as the counter-
collinear limiting configuration as in this case for each
momentum there is another associated momentum which has
equal magnitude along with opposite direction. In this spe-
cific case one can construct a quadrilateral which is formed
by the momentum vectors participating in this limit using
two fold ways. From the analysis it is observed that if by our
choice on the momenta they are of the same order in magni-
tude then the counter-collinear configurations are adjacent.
Sometimes in the literature this is identified as the folded kite
limiting configuration. On the contrary, here one can also
choose the momenta in such a way that the counter-collinear
configurations are on the opposite sides of the quadrilateral
formed in the present context. But both situations are specif-
ically dual configurations to each other. Consequently, the
mathematical structure of the local trispectrum for scalar
fluctuation simplifies in the counter-collinear or folded kite
limiting configuration. In this limit here we actually take

k12 � k1 ≈ k2, k3 ≈ k4. (8.121)

Consequently we have cos θ1 = cos θ2, cos θ3 = −1. In this
case the trispectrum for scalar fluctuation can be written as

T (k1, k1, k3, k3) ≈ W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1

(k1k3)6

×
[

9

4

k3
1k3

3

k3
12

sin2 α1 sin2 α3 cos 2χ12,34 + · · ·
]

, (8.122)

where in the counter-collinear or folded kite limiting config-
uration contribution from the momentum dependent func-
tions Ŵ S(k1, k2, k3, k4) and R̂S(k1, k2, k3, k4) are finite
but the contributions are sub dominant for which one can
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easily neglect this part compared to the graviton exchange
contribution. Here the graviton exchange contribution in
the counter-collinear or folded kite limiting configuration is
defined as

ĜS(k1, k2, k3, k4)

=
[

9

4

k3
1k3

3

k3
12

sin2 α1 sin2 α3 cos 2χ12,34 + · · ·
]

(8.123)

where in counter-collinear or folded kite limiting configura-
tion we have used additionally the following results:

S(k1, k2) ≈ 3

2
k1, S(k3, k4) ≈ 3

2
k3, (8.124)

and for the polarization sum we use∑
s=+,×

εs
i j (k12)ε

s
lm(k34)k

i
1k j

2 kl
3km

4

= k2
1k2

3 sin2 α1 sin2 α3 cos 2χ12,34. (8.125)

Here we have to mention that

ε+
i j = ai a j − āi ā j , ε×

i j = ai a j + āi ā j , (8.126)

ε+
i j (k12)k

i
1k j

2 = k1k2 sin α1 sin α2 cos(β1 + β2), (8.127)

ε+
i j (k34)k

l
3km

4 = k3k4 sin α3 sin α4 cos(β1 + β2) (8.128)

ε×
i j (k12)k

i
1k j

2 = k1k2 sin α1 sin α2 sin(β1 + β2), (8.129)

ε×
i j (k34)k

l
3km

4 = k3k4 sin α3 sin α4 sin(β1 + β2), (8.130)

sin α2

sin α1
= k1

k2
≈ 1,

sin α4

sin α3
= k3

k4
≈ 1, (8.131)

β2 − β1 = π, β4 − β3 = π, β1 − β3 = χ12,34,

(8.132)

and we use the following coordinate to parameterize the
momentum vector:

ki = ki (sin αi cos βi , sin αi sin βi , cos αi ) ∀i = (1, 2, 3, 4),

(8.133)

where

αi ≡ cos−1(k̂i .k̂12) ∀i = (1, 2, 3, 4), (8.134)

βi ≡ cos−1(k̂i .a) ∀i = (1, 2, 3, 4). (8.135)

Now if we assume that the non-Gaussian parameter τ loc
NL and

f loc
NL are connected through the Suyama–Yamaguchi consis-

tency relation, then in the counter-collinear or folded kite

limiting configuration we get the following expression for
the four point non-Gaussian parameter:

τ foldkite
NL ≈ 36

144

1

(2k3
1 + k3

3)2

[
2(3ε∗

W̃
− η∗

W̃
)(2k3

1 + k3
3)

+ ε∗
W̃

(
−(2k3

1 + k3
3) + 2(k3

1 + k1k3(k1 + k3))

+ 8k2
1

(2k1 + k3)
(k2

1 + 2k2
3)

)]2

. (8.136)

In this limiting configuration the normalization factor
NNORM, which connects the two non-Gaussian parameters
τ foldkite

NL and gfoldkite
NL , computed from four point function, is

NNORM = 25

54

[
�1 − �2

�3

]
, (8.137)

where the momentum dependent factors �1, �2 and �3 are
defined as

�1 ≈
W̃ 3(φcmb,�)

54M12
p (ε∗

W̃
)2

(2k3
1+k3

3)2

(k1k3)6

[
9
4

k3
1k3

3
k3

12
sin2 α1 sin2 α3 cos 2χ12,34 + · · ·

]

[
2(3ε∗

W̃
− η∗

W̃
)
(
2k3

1 + k3
3

)+ ε∗
W̃

(
− (2k3

1 + k3
3

)+ 2
(
k3

1 + k1k3(k1 + k3)
)+ 8k2

1(k2
1+2k2

3)

(2k1+k3)

)]2 , (8.138)

�2 =
∑

j<p,i �= j,p

Pζ (ki j )Pζ (k j )Pζ (kp)

≈ W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)3

⎡
⎣ 4

k3
12k3

1k3
3

+ 1

k3
13k3

3

(
3

k3
1

+ 1

k3
3

)

+ 1

k3
23

(
1

k3
1

+ 1

k3
3

)2
⎤
⎦ , (8.139)

�3 =
∑

i< j<p

Pζ (ki )Pζ (k j )Pζ (kp)

≈ W̃ 3(φcmb,�)

864M12
p (ε∗

W̃
)3

1

k3
1k3

3

(
1

k3
1

+ 1

k3
3

)
, (8.140)

Consequently the non-Gaussian parameter gloc
NL can be

expressed as

gfoldkite
NL ≈ 25

216

[
�1 − �2

�3

]
1

(2k3
1 + k3

3)2

×
[

2(3ε∗
W̃

− η∗
W̃

)(2k3
1 + k3

3)

+ ε∗
W̃

(
−(2k3

1 + k3
3) + 2(k3

1 + k1k3(k1 + k3))

+ 8k2
1

(2k1 + k3)
(k2

1 + 2k2
3)

)]2

. (8.141)
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 26 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

Fig. 27 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

In Figs. 26 and 28, we have shown the features of non-
Gaussian amplitude from four point scalar function τ foldkite

NL
and gfoldkite

NL in the folded kite limit configuration in four dif-
ferent scanning regions of the product of the two parame-
ters αλ̄ in the (τ foldkite

NL , αλ̄) and (gfoldkite
NL , αλ̄) 2D plane for

the number of e-foldings 50 < Ncmb < 70 (Figs. 27, 29).
Physical explanation of the obtained features are appended
following:

• Region I: Here for the parameter space 0.0001 < αλ̄ <

0.001 the non-Gaussian amplitude lying within the win-
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 28 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

Fig. 29 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

dow 0.0025 < τ foldkite
NL < 0.0085, 0.014 < gfoldkite

NL <

0.038. Further if we increase the numerical value of αλ̄,
then the magnitude of the non-Gaussian amplitude sat-
urates and we get the maximum value for Ncmb = 50,
|τ foldkite

NL |max ∼ 0.0085, |gfoldkite
NL |max ∼ 0.038.

• Region II: Here for the parameter space 0.00001 < αλ̄ <

0.0001 the non-Gaussian amplitude lying within the win-
dow 0.0002 < τ foldkite

NL < 0.0048, 0.001 < gfoldkite
NL <

0.023. In this region we get the maximum value for
Ncmb = 50, |τ foldkite

NL |max ∼ 0.0048, |gfoldkite
NL |max ∼
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0.023. Additionally it is important to note that in this
case for αλ̄ = 0.00004 the lines obtained forNcmb = 50,
Ncmb = 60 and Ncmb = 70 cross each other.

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lying within
the window 0.000018 < τ foldkite

NL < 0.001, 0.0001 <

gfoldkite
NL < 0.001. In this region we get the maxi-

mum value for Ncmb = 70, |τ foldkite
NL |max ∼ 0.00062,

|gfoldkite
NL |max ∼ 0.001. Additionally, it is important to

note that in this case for 0.000001 ≤ αλ̄ ≤ 0.000006
the lines obtained for Ncmb = 50, Ncmb = 60 and
Ncmb = 70 show increasing, decreasing and further
increasing behavior.

• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lying within
the window 10−6 < τ foldkite

NL < 0.000014, 2 × 10−6 <

gfoldkite
NL < 0.000066. In this region we get the maxi-

mum value for Ncmb = 60, |τ foldkite
NL |max ∼ 0.000014,

|gfoldkite
NL |max ∼ 0.000066.

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the four point non-Gaussian amplitude in the equi-
lateral limit configuration:

Region I + Region II + Region III + Region IV:
10−6 < τ foldkite

NL < 0.016, −0.023 < gfoldkite
NL < 0.002

(8.142)

for the following parameter space:

Region I + Region II + Region III + Region IV:
0.0000001 < αλ̄ < 0.001. (8.143)

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration as given by

|τ foldkite
NL |max ∼ 0.016, |gfoldkite

NL |max ∼ 0.002. (8.144)

To visualize these constraints more clearly we have also
presented (τ foldkite

NL , α, λ̄) and (gfoldkite
NL , α, λ̄) 3D plot in

Figs. 19a, b, 23a, b for two different angular orientations:
Angle I and Angle II. From the representative surfaces it
is clearly observed the behavior of scalar four point non-
Gaussian amplitude in the folded kite limit for the variation
of two fold parameter α and λ̄ and the results are consis-
tent with the obtained constraints in 2D analysis. Here all
the obtained results are consistent with the two point and
three point constraints as well as with the Planck 2015 data
[44–46].

But as we have already pointed that if we relax the assump-
tion of holding the Suyama–Yamaguchi consistency relation
in the present context of discussion, then using Eq. (8.105)
one can write down the expression for momentum dependent
function f (k1, k1, k3, k3, k12, k13, k23) in the equilateral lim-
iting configuration as

f (k1, k1, k3, k3, k12, k13, k23)

= 8

(k1 + k3)3

[
(k6

1 + k6
3)

(
1

k3
13

+ 1

k3
23

)

+ 2k3
1k3

3

(
2

k3
12

+ 1

k3
13

+ 1

k3
23

)]
, (8.145)

using which we get the following simplified expression for
the non-Gaussian parameter τ foldkite

NL and gfoldkite
NL as obtained

from the four point scalar function in equilateral limiting
configuration as

τ foldkite
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
(k1k3)6

[
9
4

k3
1k3

3
k3

12
sin2 α1 sin2 α3 cos 2χ12,34 + · · ·

]
[
�2 + 54

25
8

(k1+k3)3

{
(k6

1 + k6
3)

(
1

k3
13

+ 1
k3

23

)
+ 2k3

1k3
3

(
2

k3
12

+ 1
k3

13
+ 1

k3
23

)}
�3

] , (8.146)

gfoldkite
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
(k1k3)6

[
9
4

k3
1k3

3
k3

12
sin2 α1 sin2 α3 cos 2χ12,34 + · · ·

]
⎡
⎣ �2

8
(k1+k3)3

{
(k6

1+k6
3)

(
1

k3
13

+ 1
k3
23

)
+2k3

1k3
3

(
2

k3
12

+ 1
k3
13

+ 1
k3
23

)} + 54
25�3

⎤
⎦

. (8.147)

3. Squeezed limiting configuration: For this case we have
k1 ≈ k2 ≈ k3(= kL) � k4(= kS), where ki = |ki|∀i =
1, 2, 3. Here kL and kS represent momentum for long
and short modes respectively. In this case one can write,

cos θi = − 1
2

(
1 + kS

kL

)
, ∀ i = (1, 2, 3), which gives an

estimate of the factor kS/kL in the squeezed limit con-
figuration and this estimate we will use for future com-
putation.
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In this case the trispectrum for scalar fluctuation can be writ-
ten as

T (kL, kL, kL, kS) ≈ W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1

k6
Lk3

S

×

⎡
⎢⎢⎣9

4

1(
1 − kS

kL

) 3
2

sin2 α1 sin2 α3 cos 2χ12,34

⎤
⎥⎥⎦ . (8.148)

where in the squeezed limiting configuration contribution
from the momentum dependent functions Ŵ S(k1, k2, k3, k4)

and R̂S(k1, k2, k3, k4) vanishes in leading order in slow-roll
and negligibly small but finite contribution comes from the
graviton exchange term. Here the graviton exchange contri-
bution in squeezed limiting configuration defined as

ĜS(k1, k2, k3, k4) =
9
4 k6

L(
1 − kS

kL

) 3
2

sin2 α1 sin2 α3 cos 2χ12,34,

(8.149)
where in squeezed limiting configuration we have used addi-
tionally the following results:

S(k1, k2) ≈ 3

2
kL ≈ S(k3, k4), (8.150)

and for the polarization sum we use the same results that we
have used in the case of counter-collinear limit. Additionally
here we have

sin α2

sin α1
= kL

kL
≈ 1,

sin α4

sin α3
= kL

kS
� 1. (8.151)

Now if we assume that the non-Gaussian parameter τ loc
NL and

f loc
NL are connected through the Suyama–Yamaguchi consis-

tency relation, then in the case where k1 ∼ k2 ∼ k3 ≈ kL, we
get the following expression for the four point non-Gaussian
parameter:

τ
sq
NL ≈ 1

36

[
29ε∗

W̃
− 6η∗

W̃

]2
. (8.152)

In this limiting configuration the normalization factorNNORM,
which connects the two non-Gaussian parameters τ loc

NL and
gloc

NL, computed from four point function, is

NNORM = 25

54

[
�1 − �2

�3

]
, (8.153)

where the momentum dependent factors �1, �2 and �3 are
defined as

�1 = 25T (k1, k1, k3, k3)

36( f loc
NL )2

≈

W̃ 3(φcmb,�)

6M12
p (ε∗

W̃
)2

1
k6

L k3
S

⎡
⎣ 9

4
1(

1− kS
kL

) 3
2

sin2 α1 sin2 α3 cos 2χ12,34

⎤
⎦

[
29ε∗

W̃
− 6η∗

W̃

]2

, (8.154)

�2 =
∑

j<p,i �= j,p

Pζ (ki j )Pζ (k j )Pζ (kp)

= W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)3

6

k6
L

(
1

k3
L

+ 1

k3
S

)
1(

1 − kS
kL

) 3
2

, (8.155)

�3 =
∑

i< j<p

Pζ (ki )Pζ (k j )Pζ (kp)

= W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)3

1

k6
L

(
1

k3
L

+ 3

k3
S

)
. (8.156)

Consequently the non-Gaussian parameter gloc
NL can be

expressed as

gsq
NL ≈ 25

1944

[
�1 − �2

�3

] [
29ε∗

W̃
− 6η∗

W̃

]2
. (8.157)

In Figs. 30 and 32, we have shown the features of non-
Gaussian amplitude from four point scalar function τ

sq
NL and

gsq
NL in squeezed limit configuration in four different scan-

ning regions of product of the two parameters αλ̄ in the
(τ

sq
NL, αλ̄) and (gsq

NL, αλ̄) 2D plane for the number of e-
foldings 50 < Ncmb < 70 (Fig. 31). Physical explanations
of the obtained features are:

• Region I: Here for the parameter space 0.0001 < αλ̄ <

0.001 the non-Gaussian amplitude lying within the win-
dow 0.01 < τ

sq
NL < 0.021, 0.05 < gsq

NL < 0.095. Further
if we increase the numerical value of αλ̄, then the magni-
tude of the non-Gaussian amplitude saturates and we get
the maximum value for Ncmb = 50, |τ sq

NL|max ∼ 0.021,
|gsq

NL|max ∼ 0.095.
• Region II: Here for the parameter space 0.00001 < αλ̄ <

0.0001 the non-Gaussian amplitude lying within the win-
dow 0.002 < τ

sq
NL < 0.017, 0.01 < gsq

NL < 0.075.
In this region we get maximum value for Ncmb = 50,
|τ sq

NL|max ∼ 0.017, |gsq
NL|max ∼ 0.075. Additionally, it is

important to note that in this case for αλ̄ = 0.00004
the lines obtained for Ncmb = 50, Ncmb = 60 and
Ncmb = 70 cross each other.

• Region III: Here for the parameter space 0.000001 <

αλ̄ < 0.00001 the non-Gaussian amplitude lying within
the window −0.0008 < τ

sq
NL < 0.0042, −0.0008 <

gsq
NL < 0.02. In this region we get the maximum value

for Ncmb = 70, |τ sq
NL|max ∼ 0.0042, |gsq

NL|max ∼ 0.02.
Additionally, it is important to note that in this case
for 0.000001 ≤ αλ̄ ≤ 0.000006 the lines obtained for
Ncmb = 50, Ncmb = 60 and Ncmb = 70 show increas-
ing, decreasing and further increasing behavior.

• Region IV: Here for the parameter space 0.0000001 <

αλ̄ < 0.000001 the non-Gaussian amplitude lying within
the window −0.00005 < τ

sq
NL < −0.00058, −0.0001 <

gsq
NL < −0.0027. In this region we get the maximum

value for Ncmb = 60, |τ sq
NL|max ∼ 0.00058, |gsq

NL|max ∼
0.0027.
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 30 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

Fig. 31 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

Further combining the contribution from Region I,
Region II, Region III and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian amplitude
in the equilateral limit configuration:

Region I + Region II + Region III + Region IV:
10−6 < τ

sq
NL < 0.016, −0.023 < gsq

NL < 0.002

(8.158)

for the following parameter space:

Region I + Region II + Region III + Region IV:
0.0000001 < αλ̄ < 0.001. (8.159)

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration:
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(a) Range I. (b) Range II.

(c) Rangle III. (d) Range IV.

Fig. 32 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters αλ̄ in four different regions for
Ncmb = 50 (red), Ncmb = 60 (blue) and Ncmb = 70 (green)

|τ sq
NL|max ∼ 0.021, |gsq

NL|max ∼ 0.095. (8.160)

To visualize these constraints more clearly we have also pre-
sented (τ

sq
NL, α, λ̄) and (gsq

NL, α, λ̄)3D plot in Figs. 31a, b, 33a,
b for two different angular orientations: Angle I and Angle II.
From the representative surfaces it is clearly observed the
behavior of scalar four point non-Gaussian amplitude in the
squeezed limit for the variation of two fold parameter α and
λ̄ and the results are consistent with the obtained constraints
in 2D analysis. Here all the obtained results are consistent
with the two point and three point constraints as well as with
the Planck 2015 data [44–46].

For the sake of simplicity one can further neglect all the
contribution from the very small factor kS/kL and finally
write the following expression for the trispectrum in the
squeezed limiting configuration as

T (kL, kL, kL, kS) ≈ 3

(
τ

sq
NL + 54

25
gsq

NL

)
Pζ (kS)P2

ζ (kL),

(8.161)

which implies that in the squeezed limiting configuration if
we neglect the contribution from very small term kS/kL then

the trispectrum contributes equally to the four point non-
Gaussian parameter τ loc

NL and gloc
NL. So if we now assume that

the Suyama–Yamaguchi relation perfectly holds true in the
present context i.e. Eq. (8.152) is completely correct then
using Eq. (8.161) one can find the following expression for
the four point non-Gaussian parameter gloc

NL:

gsq
NL ≈ 6ε∗

W̃
sin2 α1 sin2 α3 cos 2χ12,34

− 1

36

[
29ε∗

W̃
− 6η∗

W̃

]2
, (8.162)

where we have used the approximation, (1 + cos θ3) ≈
1
2

(
1 − kS

kL

)
≈ 1

2 , due to the smallness of the momentum

ratio kS/kL as it is much smaller than unity.
But as we have already pointed that if we relax the assump-

tion of holding the Suyama–Yamaguchi consistency relation
in the present context of discussion, then using Eq. (8.105)
one can write down the expression for momentum dependent
function in the squeezed limiting configuration as
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Fig. 33 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters α and λ̄ for Ncmb = 60 in two
different angular views

f

(
kL, kL, kL, kS, kL

√
1 − kS

kL
, kL

√
1 − kS

kL
, kL

√
1 − kS

kL

)

≈
128
9

(
1 + k3

S
k3

L

)

(
1 + kS

3kL

)3

1(
1 − kS

kL

) 3
2

, (8.163)

using which we get the following simplified expression for
the non-Gaussian parameter τ loc

NL and gloc
NL as obtained from

the four point scalar function in squeezed limiting configu-
ration as

τ
sq
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
k9

L

sin3 α4
sin3 α3

⎡
⎣ 9

4
1(

1− sin α3
sin α4

) 3
2

sin2 α1 sin2 α3 cos 2χ12,34

⎤
⎦

⎡
⎣�2 + 54

25
128

9

(
1 + sin3 α3

sin3 α4

)
1(

1+ sin α3
3 sin α4

)3
1(

1− sin α3
sin α4

) 3
2
�3

⎤
⎦

, (8.164)

gsq
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
k9

L

sin3 α4
sin3 α3

⎡
⎣ 9

4
1(

1− sin α3
sin α4

) 3
2

sin2 α1 sin2 α3 cos 2χ12,34

⎤
⎦

⎡
⎢⎢⎢⎣

�2

128
9

(
1+ sin3 α3

sin3 α4

)
1(

1+ sin α3
3 sin α4

)3
1(

1− sin α3
sin α4

) 3
2

+ 54
25�3

⎤
⎥⎥⎥⎦

. (8.165)

Further if we neglect the contribution from very small term
kS/kL then the four point non-Gaussian parameter τ

sq
NL and

gsq
NL can be expressed as

τ
sq
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
k9

L

sin3 α4
sin3 α3

[ 9
4 sin2 α1 sin2 α3 cos 2χ12,34

]
[
�2 + 54

25
128

9 �3

] ,

(8.166)

gsq
NL ≈

W̃ 3(φcmb,�)

216M12
p (ε∗

W̃
)2

1
k9

L

sin3 α4
sin3 α3

[ 9
4 sin2 α1 sin2 α3 cos 2χ12,34

]
[

9
128�2 + 54

25�3

] ,

(8.167)

where the momentum dependent factors can be approximated
by

f (kL, kL, kL, kS, kL, kL, kL) ≈ 128

9
, (8.168)

�2 = W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)3

6

k6
L

(
1

k3
L

+ 1

k3
S

)
1(

1 − kS
kL

) 3
2

,

(8.169)

�3 = W̃ 3(φcmb,�)

1728M12
p (ε∗

W̃
)3

3

k6
Lk3

S

, (8.170)
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Table 5 Constraint on scalar
four point non-Gaussian
amplitude from equilateral,
folded kite and squeezed
configuration with assuming
Suyama–Yamaguchi
consistency relation

Scanning region τ
equil
NL gequil

NL

I 0.006 < τ
equil
NL < 0.016 −0.004 < gequil

NL < −0.023

II 0.001 < τ
equil
NL < 0.009 0.002 < gequil

NL < −0.011

III 0.00002 < τ
equil
NL < 0.00062 0.0001 < gequil

NL < 0.0017

IV 10−6 < τ
equil
NL < 0.000012 2 × 10−6 < gequil

NL < 0.00011

I + II + III + IV 10−6 < τ
equil
NL < 0.016 2 × −0.023 < gequil

NL < 0.002

Scanning region τ foldkite
NL gfoldkite

NL

I 0.0025 < τ foldkite
NL < 0.0085 0.014 < gfoldkite

NL < 0.038

II 0.0002 < τ foldkite
NL < 0.0048 0.001 < gfoldkite

NL < 0.023

III 0.000018 < τ foldkite
NL < 0.001 0.0001 < gfoldkite

NL < 0.001

IV 10−6 < τ foldkite
NL < 0.000014 2 × 10−6 < gfoldkite

NL < 0.000066

I + II + III + IV 10−6 < τ foldkite
NL < 0.016 −0.023 < gfoldkite

NL < 0.002

Scanning region τ
sq
NL gsq

NL

I 0.00028 < τ
equil
NL < 0.00052 0.0022 < gequil

NL < 0.004

II 0.00005 < τ
equil
NL < 0.00042 0.0005 < gequil

NL < 0.0033

III 0.00001 < τ
equil
NL < 0.00014 0.00008 < gequil

NL < 0.0014

IV 10−7 < τ
equil
NL < 7 × 10−6 5 × 10−8 < gequil

NL < 0.000052

I + II + III + IV 10−7 < τ
equil
NL < 0.00052 5 × 10−8 < gequil

NL < 0.004

Table 6 Constraint on scalar
four point non-Gaussian
amplitude from equilateral
configuration without assuming
Suyama–Yamaguchi
consistency relation

Scanning region τ
equil
NL gequil

NL

I 0.00028 < τ
equil
NL < 0.00052 0.0022 < gequil

NL < 0.004

II 0.00005 < τ
equil
NL < 0.00042 0.0005 < gequil

NL < 0.0033

III 0.00001 < τ
equil
NL < 0.00014 0.00008 < gequil

NL < 0.0014

IV 10−7 < τ
equil
NL < 7 × 10−6 5 × 10−8 < gequil

NL < 0.000052

I + II + III + IV 10−7 < τ
equil
NL < 0.00052 5 × 10−8 < gequil

NL < 0.004

In Table 5, we give the numerical estimates and constraints
on the four point non-Gaussian amplitude from equilat-
eral configuration with assuming Suyama–Yamaguchi con-
sistency relation. Also in Table 6, we give the numerical
estimates and constraints on the four point non-Gaussian
amplitude from equilateral configuration without assum-
ing Suyama–Yamaguchi consistency relation. Here all the
obtained results are consistent with the two point and three
point constraints as well as with the Planck 2015 data [44–
46].

8.2.2 Using δN formalism

In this section using the prescription of δN formalism in the
attractor regime of cosmological perturbation we derive the
expression for the non-Gaussian amplitudes associated with
the four point function of scalar curvature fluctuation as

τ loc
NL = N,J IN,J KN,IN,K(N,MN,M

)3 , (8.171)

gloc
NL = 25

54

N,I J KN,IN,JN,K(N,MN,M
)3 . (8.172)

Further writing the expressions for the non-Gaussian ampli-
tudes in terms of the inflaton field φ and the additional field
� we get

τ loc
NL = 1(N,φN,φ + N,�N,�

)3
∗

× [(N,φφN,φφ + N,�φN,�φ

)N,φN,φ

+ (N,��N,�� + N,φ�N,φ�

)N,�N,�

+2
(N,φφN,φ� + N,��N,�φ

)N,φN,�

]
∗ , (8.173)

gloc
NL = 25

54

1(N,φN,φ + N,�N,�

)3
∗

× [N,φφφN,φN,φN,φ + N,���N,�N,�N,�

+ (N,φφ� + N,�φφ + N,φ�φ

)N,φN,φN,�

+ (N,φ�� + N,��φ + N,�φ�

)N,φN,�N,�

]
∗ .

(8.174)
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Now we already know that in the attractor regime cosmolog-
ical perturbation, solution for the additional field � can be
expressed in terms of the inflaton field φ and using this fact
the expression for the non-Gaussian amplitudes associated
with the four point function of scalar curvature fluctuation
can be recast as

τ loc
NL =

[
X1(φ)

N,φφN,φφ(N,φN,φ

)2 + X2(φ)
N,φφ

N 3
,φ

+ X3(φ)
1

N,φN,φ

]

∗
, (8.175)

gloc
NL = 25

54

[
X4(φ)

N,φφφ

N,φN,φN,φ

+ X5(φ)
N,φφ

N,φN,φN,φ

+ X6(φ)
1

N,φN,φ

]
∗
. (8.176)

where the new functions X1(φ), . . . , X6(φ) are defined as

X1(φ) = f (φ)

(
1 + 2

V2(φ)
+ 2

V4(φ)
+ 1

V6(φ)

)
,

X2(φ) = −3 f (φ)

( V ′(φ)

V3(φ)
+ V ′(φ)

V5(φ)

)
,

X3(φ) = f (φ)

(
V ′2(φ)

V6(φ)
+ V ′2(φ)

V4(φ)

)
,

X4(φ) = f (φ)

(
1 + 3

V2(φ)
+ 3

V4(φ)
+ 1

V6(φ)

)
,

X5(φ) = −3 f (φ)

( V ′(φ)

V7(φ)
+ 2

V ′(φ)

V5(φ)
+ V ′(φ)

V3(φ)

)
,

X6(φ) = − f (φ)

(
V ′′(φ)

V3(φ)
− 2

V ′2(φ)

V4(φ)
− 3

V ′2(φ)

V8(φ)
− 5

V ′2(φ)

V6(φ)

)
.

(8.177)

where f (φ) =
(

1 + 1
V2(φ)

)−3
. Further substituting the

explicit form of the function V(φ) and N,φ , N,φφ , N,φφφ

for all derived effective potentials at φ = φ∗ we get

τ loc
NL = Y2

[
X1(φ∗) + X2(φ∗)φ∗ + X3(φ∗)φ2∗

]
, (8.178)

gloc
NL = 25

54
Y2
[
2X4(φ∗) + X5(φ∗)φ∗ + X6(φ∗)φ2∗

]
.

(8.179)

Now we comment on the consistency relation between the
non-Gaussian parameters derived from four point and three

point scalar correlation function in the attractor regime
of inflation. To establish this connection we start with
Eqs. (8.64), (8.178) and (8.179) and finally get new set of
consistency relations:

τ loc
NL = 36

25
( f loc

NL )2
[

X1(φ∗) + X2(φ∗)φ∗ + X3(φ∗)φ2∗
]
,

(8.180)

gloc
NL = 10

27
( f loc

NL )2
[
2X4(φ∗) + X5(φ∗)φ∗ + X6(φ∗)φ2∗

]
.

(8.181)

gloc
NL = 125

486
τ loc

NL

[
2X4(φ∗) + X5(φ∗)φ∗ + X6(φ∗)φ2∗

]
[
2X4(φ∗) + X5(φ∗)φ∗ + X6(φ∗)φ2∗

] .
(8.182)

It is a very well-known fact that in the non-attractor regime,
where the additional field � is frozen in the Planck scale
Suyama–Yamaguchi consistency relation [176–178] holds
true, which states:

τ loc
NL = 36

25
( f loc

NL )2. (8.183)

Further using this results one can estimate the deviation in
the Suyama–Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of cosmological per-
turbation as

|�τ loc
NL | = |[τ loc

NL |non-attractor − τ loc
NL |attractor]

= 36

25
( f loc

NL )2|non-attractor|{1 − Qcorr}|, (8.184)

where the correction factor Qcorr can be written as

Qcorr = ( f loc
NL )2|attractor

( f loc
NL )2|non-attractor

[
X1(φ∗) + X2(φ∗)φ∗ + X3(φ∗)φ2∗

]
.

(8.185)

Here we need to point out a few crucial issues:

• First of all, to estimate the magnitude of the deviation
factor Qcorr we need to concentrate on two physical situ-
ations, I. Super Planckian field regime and II. Sub Planck-
ian field regime.

• In the super Planckian field regime the deviation factor
Qcorr can be expressed as

123



Eur. Phys. J. C (2017) 77 :469 Page 63 of 82 469

Qcorr = � f ×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 − 18M2

p

81φ2∗
− 72M4

p

6561φ4∗
− 3888M8

p

43046721φ8∗
+ · · ·

)
for Case I

(
1 − 18M2

p

φ2∗
− 72M4

p

φ4∗
− 3888M8

p

φ8∗
+ · · ·

)
for Case II

⎛
⎜⎝1 − 18M2

p

φ2∗
(

1− φ4
V

φ4∗

)2 − 72M4
p

φ4∗
(

1− φ4
V

φ4∗

)4 − 3888M8
p

φ8∗
(

1− φ4
V

φ4∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice I

⎛
⎜⎝1 − 18M2

p

φ2∗
(

1− m2
c

m2
c−λφ2∗

)2 − 72M4
p

φ4∗
(

1− m2
c

m2
c−λφ2∗

)4 − 3888M8
p

φ8∗
(

1− m2
c

m2
c−λφ2∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice II

⎛
⎜⎝1 − 18M2

p

φ2∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2 − 72M4
p

φ4∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)4

− 3888M8
p

φ8∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice III.

(8.186)

where the factor � f is defined as

� f = ( f loc
NL )2|attractor

( f loc
NL )2|non-attractor

. (8.187)

Now to give a proper estimate of the deviation in the magni-
tude of the amplitude of non-Gaussian parameter computed
from four point function in terms of the three point non-
Gaussian amplitude for the time being we assume that the
results obtained from the attractor and non-attractor formal-
ism is almost at the same order of magnitude. In that case we

have � f ∼ O(1). Consequently the deviation factor can be
recast as

Qcorr ∼ � f (1 − Jcorr) ∼ 1 − Jcorr, (8.188)

where the correction factor Jcorr � 1 is highly suppressed
in the super Planckian region of the perturbation theory, but
those small corrections are important as precision measure-
ment is concerned in the context of cosmology. In the case of
our derived effective potentials we get the following approx-
imate expressions for the correction factor:

Jcorr ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
18M2

p

81φ2∗
+ 72M4

p

6561φ4∗
+ 3888M8

p

43046721φ8∗
+ · · ·

)
for Case I

(
18M2

p

φ2∗
+ 72M4

p

φ4∗
+ 3888M8

p

φ8∗
+ · · ·

)
for Case II

⎛
⎜⎝ 18M2

p

φ2∗
(

1− φ4
V

φ4∗

)2 + 72M4
p

φ4∗
(

1− φ4
V

φ4∗

)4 + 3888M8
p

φ8∗
(

1− φ4
V

φ4∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice I

⎛
⎜⎝ 18M2

p

φ2∗
(

1− m2
c

m2
c−λφ2∗

)2 + 72M4
p

φ4∗
(

1− m2
c

m2
c−λφ2∗

)4

+ 3888M8
p

φ8∗
(

1− m2
c

m2
c−λφ2∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice II

⎛
⎜⎝ 18M2

p

φ2∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2 + 72M4
p

φ4∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)4

+ 3888M8
p

φ8∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)8 + · · ·
⎞
⎟⎠ for Case II + Choice III.

(8.189)
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Further using this results one can estimate the deviation in
the Suyama–Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of cosmological per-
turbation as

|�τ loc
NL | = 36

25
( f loc

NL )2|non-attractor|
{
1 − � f (1 − Jcorr)

} |

∼ 36

25
( f loc

NL )2|non-attractor|Jcorr|. (8.190)

Also the fractional change can be expressed as∣∣∣∣∣
�τ loc

NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |1 − � f (1 − Jcorr)| ∼ |Jcorr|.

(8.191)

So it is clear that |Jcorr| captures the effect of the deviation in
the Suyama–Yamaguchi consistency relation which are very
small and highly suppressed in the super Planckian regime
of inflation. But as far as precision cosmology is concerned,
this small effect is also very useful to discriminate between
all derived effective models considered in this paper. If in the
near future Planck or any other observational probe detects
the signature of primordial non-Gaussianity with high statis-
tical significance then one can also further comment on the
significance of attractors and non-attractors in the context of
early universe cosmology.

• In the sub Planckian field regime the deviation factor
Qcorr can be expressed as

Qcorr = � f ×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + 19683

8
φ6∗
M6

p
+ · · ·

)
for Case I

(
1 + 1

216
φ6∗
M6

p
+ · · ·

)
for Case II

(
1 + 1

216
φ6∗
M6

p

(
1 − φ4

V
φ4∗

)6

+ · · ·
)

for Case II + Choice I

(
1 + 1

216
φ6∗
M6

p

(
1 − m2

c
m2

c−λφ2∗

)6 + · · ·
)

for Case II + Choice II
(

1 + 1
216

φ6∗
M6

p

(
1 + ξ(φ2∗ − φ2

V ) + φ2
V

φ2∗

)6

+ · · ·
)

for Case II + Choice III.

(8.192)

where the factor � f is defined earlier, which is � f ∼ O(1).
Consequently the deviation factor can be recast as

Qcorr ∼ � f (1 + Ccorr) ∼ 1 + Ccorr, (8.193)

where the correction factor Ccorr � 1 is suppressed in the
sub Planckian region of the perturbation theory, but those
small corrections are important as precision measurement
is concerned in the context of cosmology. In the case of our
derived effective potentials we get the following approximate
expressions for the correction factor:

Ccorr ∼ � f ×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
19683

8
φ6∗
M6

p
+ · · ·

)
for Case I

(
1

216
φ6∗
M6

p
+ · · ·

)
for Case II

(
1

216
φ6∗
M6

p

(
1 − φ4

V
φ4∗

)6

+ · · ·
)

for Case II + Choice I

(
1 + 1

216
φ6∗
M6

p

(
1 − m2

c
m2

c−λφ2∗

)6 + · · ·
)

for Case II + Choice II
(

1
216

φ6∗
M6

p

(
1 + ξ(φ2∗ − φ2

V ) + φ2
V

φ2∗

)6

+ · · ·
)

for Case II + Choice III.

(8.194)

Further using this results one can estimate the deviation in
the Suyama–Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of the cosmological
perturbation as

|�τ loc
NL | = 36

25
( f loc

NL )2|non-attractor|{1 − � f (1 + Ccorr)}|

∼ 36

25
( f loc

NL )2|non-attractor|Ccorr|. (8.195)
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Also the fractional change can be expressed as
∣∣∣∣∣

�τ loc
NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |1 − � f (1 + Ccorr)| ∼ |Ccorr|.

(8.196)

So it is clear that |Ccorr| captures the effects of the deviation in
the Suyama–Yamaguchi consistency relation which are very
small and suppressed in the sub Planckian regime of inflation.

• From the study of sub Planckian and super Planckian
regime it is evident that when � f ∼ O(1) i.e. the non-
Gaussian amplitude obtained from three point function
in attractor and non-attractor regime for all the derived
effective potentials are of the same order then the devi-
ation from Suyama–Yamaguchi consistency relation is
very small. The only difference is in the sub Planckian
case this correction is greater than unity and on the other
hand in the super Planckian case this correction factor is
less than unity. But since we are interested in the preci-
sion cosmological measurement, such small but distinc-
tive corrections will play a significant role in discriminat-
ing between the classes of effective models of inflation
derived in this paper.

• Finally, if we relax the assumption that the deviation fac-
tor, � f �= 1, then one can consider the following two
situations-

1. First we consider, � f � 1. In this case in the
super Planckian and sub Planckian regime we get the
following results for the deviation in the Suyama–
Yamaguchi consistency relation:

|�τ loc
NL |φ∗�Mp = 36

25
( f loc

NL )2|non-attractor|� f (1 − Jcorr)|.
(8.197)

|�τ loc
NL |φ∗�Mp = 36

25
( f loc

NL )2|non-attractor|� f (1 + Ccorr)|.
(8.198)

Also the fractional change in the Suyama–Yamaguchi
consistency relation can be expressed as∣∣∣∣∣

�τ loc
NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |� f (1 − Jcorr)|,
∣∣∣∣∣

�τ loc
NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |� f (1 + Ccorr)|.

(8.199)

In this specific situation the deviation factor is
large and consequently one can achieve a maximum
amount of violation in the Suyama–Yamaguchi con-
sistency relation. Here the results of the super Planck-
ian and sub Planckian field values differ due to the

presence of the correction factors Jcorr and Ccorr. Here
both Jcorr < 1 and Ccorr < 1, but for model discrim-
ination such small corrects are significant as men-
tioned earlier.

2. Next we consider, � f � 1. In this case in the
super Planckian and sub Planckian regime we get the
following results for the deviation in the Suyama–
Yamaguchi consistency relation:

|�τ loc
NL |φ∗�Mp = 36

25
( f loc

NL )2|non-attractor|1 − � f |.
(8.200)

|�τ loc
NL |φ∗�Mp = 36

25
( f loc

NL )2|non-attractor|1 − � f |.
(8.201)

Also the fractional change in the Suyama–Yamaguchi
consistency relation can be expressed as∣∣∣∣∣

�τ loc
NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |1 − � f |,
∣∣∣∣∣

�τ loc
NL

(τ loc
NL)non-attractor

∣∣∣∣∣
φ∗�Mp

= |1 − � f |. (8.202)

In this specific situation deviation factor is small
and consequently one can achieve very small amount
of violation in Suyama–Yamaguchi consistency rela-
tion. Here the results of the super Planckian and sub
Planckian field value are almost the same as we have
neglected the terms � f Jcorr � 1 and � f Ccorr � 1.

Now to derive the results of non-Gaussian amplitudes in
the non-attractor regime using the δN formalism we need to
freeze the value of the additional field � in the Planck scale.
If we do this job then the expression for the four point non-
Gaussian amplitude computed from scalar fluctuation can be
expressed as

τ loc
NL =

[
N,φφN,φφ(N,φN,φ

)2
]

∗
= Y2,

gloc
NL = 25

54

[ N,φφφ

N,φN,φN,φ

]
∗

= 25

108
Y2. (8.203)

In this case we also derive the modified consistency relation
between the four point and three point non-Gaussian ampli-
tude for scalar fluctuations as

gloc
NL = 25

108
τ loc

NL, τ loc
NL = 972

625
( f loc

NL )2. (8.204)

This implies that the well-known Suyama–Yamaguchi con-
sistency relation also is violated in this context and the
amount of violation is given by
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|�τ loc
NL | = |(τ loc

NL)δN − (τ loc
NL)In-In|

= 36

25
(( f loc

NL )2)In-In

∣∣∣∣27

25
W f − 1

∣∣∣∣ , (8.205)

where the factor W f is defined by

W f = ( f loc
NL )2)δN

(( f loc
NL )2)In-In

. (8.206)

Also the fractional change is given by∣∣∣∣∣
�τ loc

NL

(τ loc
NL)In-In

∣∣∣∣∣ =
∣∣∣∣27

25
W f − 1

∣∣∣∣ . (8.207)

Now if we claim that at the horizon crossing non-Gaussian
amplitudes obtained from the δN and In-In formalism are of
the same order then in that case we get W f ∼ O(1). Conse-
quently the deviation in the Suyama–Yamaguchi consistency
relation can be recast as

|�τ loc
NL | = |(τ loc

NL)δN − (τ loc
NL)In-In| ∼ 72

625
(( f loc

NL )2)In-In.

(8.208)

Consequently the fractional deviation is given by

∣∣∣∣ �τ loc
NL

(τ loc
NL)In-In

∣∣∣∣ ∼
2
25 .

9 Conclusion

To summarize, in the present article, we have addressed the
following points:

• Firstly we have started our discussion with a specific class
of modified theory of gravity, aka f (R) gravity where a
single matter (scalar field) is minimally coupled with the
gravity sector. For simplicity we consider the case where
the matter field contains only canonical kinetic term. To
build effective potential from this toy setup of modified
gravity in 4D we choose f (R) = αR2 gravity.

• Next to start with in the matter sector we choose a very
simple model of potential, V (φ) = λ

4 φ4, where φ is a
real scalar field and λ is a real parameter of the monomial
model. This type of potential can be treated as a Higgs like
potential as the structure of Higgs potential is given by
V (H) = λ

4 (H† H −V 2), where λ is Yukawa coupling, H
is the Higgs SU(2) doublet and 〈0|H |0〉 = V ∼ 125 GeV
is the VEV of the Higgs field. Now one can write the
Higgs SU(2) doublet as H† = (φ 0) and the correspond-
ing Higgs potential can be recast as V (φ) = λ

4 (φ2−V2)2.
Now at the scale of inflation, which is at O(1016 GeV),
contribution from the VEV is almost negligible and con-
sequently one can recast the Higgs potential in the mono-
mial form, V (φ) ≈ λ

4 φ4. The only difference is in the
case of Higgs where λ is the Yukawa coupling and in the

case of a general monomial model λ is a free parame-
ter of the theory. Due to the similar structural form of
the potential we call the general φ4 monomial model as
Higgsotic potential.

• Further, we provide the field equations in a spatially flat
FLRW background, which are extremely complicated to
solve for this setup. To simplify, next we perform a con-
formal transformation in the metric and write down the
model action in the transformed Einstein frame. Next, we
derive the field equations in a spatially flat FLRW back-
ground and try to solve them for two dynamical attractor
features: I. a power-law solution and II. an exponential
solution. However, the second case gives rise to tachy-
onic behavior which can be resolved by considering the
non-BPS D-brane in superstring theory, considering the
effect of mass like quadratic term in the effective poten-
tial and considering the effect of non-minimal coupling
between f (R) = αR2 scale free gravity sector and the
matter field sector.

• Next, using two dynamical attractors, a power-law and
an exponential solution, we have studied the cosmologi-
cal constraints in the presence of two fields in an Einstein
frame. We have studied the constraints from primordial
density perturbation, by deriving the expressions for two
point function and the present observables-amplitude of
power spectrum for density perturbations, correspond-
ing spectral tilt and associated running and running of
the running for inflation. We have repeated the analysis
for tensor modes and also comment on the future observ-
ables – the amplitude of the tensor fluctuations, associ-
ated tilt and running, and the tensor-to-scalar ratio. We
also provide a modified formula for the field excursion in
terms of the tensor-to-scalar ratio, scale of inflation and
the number of e-foldings. Further, we have compared our
model with Planck 2015 data and constrain the parame-
ter α of the scale free gravity and non-minimal coupling
parameter λ(�h). Additionally, we have studied the con-
straint for the reheating temperature. Finally, we derive
the expression for the inflaton and the coupling parameter
at horizon crossing, during reheating and at the onset of
inflation which are very useful to study the scale depen-
dent behavior. Most importantly, in the present context
one can interpret such scale dependence as an outcome
of RG flow in the usual Quantum Field Theory.

• Further, we have explored the cosmological solutions
beyond attractor regime. We have shown that this pos-
sibility can be achieved if we freeze the field value of
the dilaton field in Einstein frame. This possibility can
be treated as a single field model where an additional
field freezes at a certain field value, which we fix at
the reduced Planck scale. To serve this purpose we have
used the ADM formalism and computed the two point
function and associated present inflationary observables
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using Bunch–Davies initial condition for scalar fluctua-
tions. We have repeated the procedure for tensor fluctu-
ations as well. In the non-attractor regime, we have also
derived a modified version of the field excursion formula
in terms of the tensor-to-scalar ratio, scale of inflation
and the number of e-foldings. We have also derived few
sets of consistency relations in this context which are
different from the usual single field slow-roll models.
For example, instead of getting r = −8nT here we get

r = 24n2
T

1−nS
at horizon crossing scale. Further, we derive

the constraints on the reheating temperature in terms of
inflationary observables and the number of e-foldings.

• Next, as a future probe, we have computed the expression
for three point function and the bispectrum of scalar fluc-
tuations using the In-In formalism for the non-attractor
case and δN formalism for the attractor case. Follow-
ing the fact that the local Ansatz for curvature pertur-
bation perfectly holds true, we have derived the results
for non-Gaussian amplitude f loc

NL for equilateral limit
and squeezed limit triangular shape configuration. We
also give a bulk interpretation of each of the momentum
dependent terms appearing in the expression for the three
point scalar correlation function in terms of S, T and U
channel contributions. It is important to note that in the
attractor phase, since we have started with various pro-
posals of the effective potentials, as mentioned earlier,
we have found various non-trivial features up to second-
order perturbation in the δN formalism. Further, for the
consistency check we freeze the dilaton field in the Planck
scale and redo the analysis of δN formalism. By doing
this we have found that the expression for the three point
non-Gaussian amplitude is slightly different as expected
for the single field case. Further, we compare the results
obtained from the In-In formalism and δN formalism for
the non-attractor phase, where the dilaton field is fixed in
Planck scale. Here, finally, we give a theoretical bound on
the scalar three point non-Gaussian amplitude computed
from equilateral and squeezed limit configurations. The
obtained results are consistent with the Planck 2015 data.

• Finally, as an additional future probe, we have also com-
puted the expression for the four point function as well as
the trispectrum of scalar fluctuations using the In-In for-
malism for the non-attractor case and the δN formalism
for the attractor case. We have derived the results for non-
Gaussian amplitude gloc

NL and τ loc
NL for equilateral limit,

counter-collinear or folded kite limit and squeezed limit
shape configuration from the In-In formalism. Further we
have given the bulk interpretation of each of the momen-
tum dependent terms appearing in the expression for the
four point scalar correlation function. We have identified
the S, T and U channel contributions in momentum space
from our computation. In our computation we have con-

sidered the contribution from contact interaction term,
scalar and graviton exchange. In the attractor phase fol-
lowing the prescription of the δN formalism we also
derive the expressions for the four point non-Gaussian
amplitude gloc

NL and τ loc
NL. Next we have shown that the

consistency relation connecting three and four point non-
Gaussian amplitude aka Suyama–Yamaguchi relation is
modified in the attractor phase and further given an esti-
mate of the amount of deviation. Further, for the consis-
tency check we freeze the dilaton field in the Planck scale
and redo the analysis of the δN formalism. By doing this
we have found that the expression for the four point non-
Gaussian amplitude is slightly different as expected for
the single field case. Next we have also shown that the
exact numerical deviation of the consistency relation is of
the order of 2/25 by assuming non-Gaussian three point
amplitude for attractor and non-attractor phase are of the
same order of magnitude. Further, we compare the results
obtained from the In-In formalism and δN formalism for
the non-attractor phase, where the dilaton field is fixed
in the Planck scale. Here, finally, we give a theoretical
bound on the scalar four point non-Gaussian amplitude
computed from equilateral, folded kite and squeezed limit
configurations. The obtained results are consistent with
the Planck 2015 data.

The future prospects of our work are appended below:

• We have restricted our analysis up to monomial φ4 model
and due to the structural similarity with Higgs potential
at the scale of inflation we have identified monomial φ4

model as Higgsotic model in the present context.
• To investigate the role of scale free theory of gravity, as

an example we have used αR2 gravity. But the present
analysis can be generalized to any class of f (R) grav-
ity models and other class of higher derivative gravity
models.

• In the matter sector for completeness one can consider
most generalized version of P(X, φ) models, where X =
− 1

2 gμν∂μφ∂νφ. DBI is one of the examples of P(X, φ)

model which can be implemented in the matter sector
instead of simple canonical kinetic contribution.

• In this work, we have not given any three point com-
putation and found point scalar correlation function and
representative non-Gaussian amplitudes using the In-In
formalism in the attractor regime in the presence of both
fields, φ and �, for all classes of Higgsotic models. In
near future we are planning to present the detailed calcu-
lation on this important issue.

• Generation of primordial magnetic field through infla-
tionary magnetogenesis is one of the important issues in
the context of primordial cosmology, which we have not
explored yet from our setup. One can consider such inter-

123



469 Page 68 of 82 Eur. Phys. J. C (2017) 77 :469

actions by breaking conformal invariance of the U (1)

gauge field in the presence of time dependent coupling
f (φ(η)) to study the features of primordial magnetic
field through inflationary magnetogenesis. We have also
a future plan to address this issue.

• In this work we have restricted our analysis within the
class of Higgsotic models. For completeness in the future
we will extend this idea to all class of potentials allowed
by the presently available observed Planck data. We
will also include the effects of various types of non-
minimal and non-canonical interactions in the present
setup.

• In the same direction one can also carry forward the
present analysis in the context of various types of higher
derivative gravity setup and comment on the constraints
on the primordial non-Gaussianity, reheating and gen-
eration of primordial magnetic field through inflationary
magnetogenesis for completeness. Also one can consider
the possibility of non-minimal interaction between αR2

gravity and matter sector. In future we will investigate the
possibility of appearing new consistency relations in the
presence of higher derivative gravity setup and will give
proper estimate of the amount of violation from Suyama–
Yamaguchi consistency relation.

• During the computation of correlation functions using
semi classical method, via the δN formalism, we have
restricted up to second-order contributions in the solu-
tion of the field equation in FLRW background and also
neglected the contributions from the back reaction for
all type of effective Higgsotic models derived in an Ein-
stein frame. For more completeness, one can relax these
assumptions and redo the analysis by taking care of all
such contributions. Additionally, we have a future plan
to extend the semi classical computation of the δN for-
malism of cosmological perturbation theory in a more
sophisticated way and will redo the analysis in the present
context.

• In this work, we also have not investigated the possibility
of getting dark matter and dark energy constraints from
the present up. Most importantly the present structure
of interactions in the Einstein frame shows that the two
fields, φ and �, are coupled and due to this fact if we want
to explain the possibility of dark matter and dark energy
together; from this setup it is very clear that they are
coupled. But this is not very clear at the level of analytics
and detailed calculations. Here one can also investigate
these possibilities from this setup.

• In this work we have not investigated the contribution
from the loop effects (radiative corrections) in all of the
effective Higgsotic interactions (specifically in the self
couplings) derived in the Einstein frame. After switch-
ing on all such effects one can investigate the specific
numerical contribution of such terms and comment on

the effects of such terms in precision cosmology mea-
surement.

• Here one can generalize the results for α vacua and study
its cosmological consequences for all types of derived
potential in the present context.

• In the present context one can also study the quantum
entanglement between the Bell pairs, which can be cre-
ated through the Bell inequality violation in cosmology
[179–181].
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10 Appendix

10.1 Effective Higgsotic models for generalized P(X, φ)

theory

In this section, to give a broad overview of the effective Hig-
gsotic models let us start with a general f (R) theory in the
gravity sector and generalized P(X, φ) theory in the matter
sector. The representative actions in a Jordan frame is given
by

S =
∫

d4x
√−g [ f (R) + P(X, φ)] , (10.1)

where P(X, φ) is a arbitrary function of single scalar field φ

and the kinetic term X = − 1
2 gμν∂μφ∂νφ. In general f (R)

is any arbitrary function of R. But for our purpose we choose
f (R) = αR2 to study the consequences from scale free
gravity. From this representative action one can write down
the field equations in a spatially flat FLRW background as

H2 =
(

ȧ

a

)2

= ρφ

6αR
+ R

2
−
(

Ṙ

R

)
H, (10.2)
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2Ḣ + 3H2 = 2

(
ä

a

)
+
(

ȧ

a

)2

= − pφ

2αR
− 2

(
Ṙ

R

)
H − R̈

R
+ R

4
(10.3)

where for generalized P(X, φ) theory pressure pφ and den-
sity ρφ can be written as

pφ = P(X, φ), ρφ = 2X P,X (X, φ) − P(X, φ). (10.4)

Here the effective speed of sound parameter cS is defined as

cS =
√

P,X (X, φ)

P,X (X, φ) + 2X P,X X (X, φ)
. (10.5)

If we choose the following functional form of P(X, φ):

P(X, φ) = − 1

f (φ)

√
1 − 2X f (φ) + 1

f (φ)
− V (φ), (10.6)

as pointed out earlier, then we get the following simplified
expression for pφ and density ρφ :

p = 1

f (φ)
(1 − cS) − V (φ),

ρ = 1

f (φ)

(
1

cS
− 1

)
+ V (φ). (10.7)

Also one can consider any arbitrary slow-roll effective poten-
tial but for our purpose we choose monomial Higgsotic
model, V (φ) = λ

4 φ4 in the Jordan frame.
In the present context let us introduce a scale dependent

mode �, which can be written in terms of a no scale dilaton

mode � as � = f ′(R)M−2
p = 2αR M−2

p = e

√
2
3

�
Mp = �2,

which plays the role of a Lagrange multiplier and arises in
the Jordan frame without space-time derivatives. Here � is
the conformal factor of the conformal transformation that we
perform from Jordan frame to Einstein frame.

In terms of the newly introduced no scale dilaton mode �

the total action of the theory (see Eq. (2.1)) can be recast as

S =
∫

d4x
√−g

{
M2

p

2
�R − M4

p

8α
�2 + P(X, φ)

}
. (10.8)

After doing C.T. the total action can be recast in the Einstein
frame as

S C.T.−−→ S̃ =
∫

d4x
√−g̃

[
M2

p

2
R̃ + G(X̃ , φ,�)

]
(10.9)

where after applying C.T. the functional G(X̃ , φ,�) is
defined in an Einstein frame as

G(X̃ , φ,�) = 1

�4

[
P(X̃ , φ) − M4

p

8α
e

2
√

2
3

�
Mp

]
. (10.10)

Here X̃ is the kinetic term after a conformal transformation,
which is defined as X̃ = − 1

2 g̃μν∂̃μφ∂̃νφ. Now in the case of

the specific form of P(X, φ) as stated in Eq. (10.6) after a
conformal transformation we get

G(X̃ , φ,�) = 1

�4

[
− 1

f (φ)

√
1 − 2X̃ f (φ) + 1

f (φ)

−V (φ) − M4
p

8α
e

2
√

2
3

�
Mp

]
. (10.11)

Here the total potential can be recast as

W̃ (φ,�) =
M4

p
8α

e
2
√

2
3

�
Mp + V (φ) + 1

f (φ)

�4

= V0

[
1 +

(
8α

M4
p

V (φ) + 1

f (φ)

)
e
− 2

√
2√
3

�
Mp

]
,

(10.12)

where V0 = M4
p/8α, exactly mimics the role of cosmological

constant as mentioned earlier.
In the case of Higgsotic model we can rewrite the total

potential as

W̃ (φ,�) =
M4

p
8α

e
2
√

2
3

�
Mp + λ

4 φ4 + 1
f (φ)

�4

= V0

[
1 + 2αλ(�)

M4
p

φ4 + 1

f (φ)
e
− 2

√
2√
3

�
Mp

]
.

(10.13)

Here the effective matter coupling (λ(�)) in the potential
sector is given by

λ(�) = λ

�4 = λe
− 2

√
2√
3

�
Mp . (10.14)

The rest of the computation is exactly similar to what we
have performed earlier, only the structure of the total effective
potential changes.

Here it is important to note that apart from f (R) gravity
one can consider various other possibilities. To give a clear
picture about various classes of two-field attractor models
one can consider the following 4D effective action in an Ein-
stein frame:

S =
∫

d4x
√−g

[
M2

p

2
R + J (X, Y, φ,�)

]
. (10.15)

where J (X, Y, φ,�) is the general functional of the two
fields φ and �: the following specific mathematical struc-
ture:

J (X, Y, φ,�) = e
− c1�

Mp X + Y − W (φ,�). (10.16)

Here c1 and c2 characterize the effective coupling constant in
4D, which are different for various types of source theories. In
the EFT setup these are identified as the Wilson coefficients.
Additionally, it is important to note that the kinetic terms for
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the φ and � field are defined as X = − gμν

2 ∂μφ∂νφ and Y =
− gμν

2 ∂μ�∂ν�. Here W (φ,�) is the 4D effective potential,
which is given by the following expression:

W (φ,�) = e
− c2�

Mp V (φ). (10.17)

This is a non-separable form of the two-field effective poten-

tial where one can treat V (φ) as usual inflaton field and e
− c2�

Mp

as the dilaton exponential coupling.
This type of effective theory can be derived from the fol-

lowing class of models:

1. Type I: Consider an action in a Jordan frame where the
scalar field � is non-minimally coupled with the gravity
sector as given by

S =
∫

d4x
√−g

[
f1(�)R − f2(�)gμν∂μ�∂ν�

− U (�) + X − V (φ)] . (10.18)

Here f1(�) is the non-minimal coupling and f2(�) is the
non-canonical interaction. This type of theories include
the following subclass of models:

• Jordan Brans Dicke (JBD) theory: In this case we
have

f1(�) = �

16π
, f2(�) = ω

16π�
, U (�) = 0,

c1 = c2

2
, c2 =

√
8

2ω + 3
, (10.19)

� = Mp

√
ω + 3

2
ln

(
�

2M2
p

)
. (10.20)

Here ω is the JBD parameter and for power-law infla-
tion ω > 1/2.

• Induced gravity theory: In this case we have

f1(�) = g1

2
�2, f2(�) = 1

2
,

U (�) = λ

8
(�2 − g2

2)2,

c1 = c2

2
, c2 =

√
16g1

6g1 + 1
, (10.21)

� = Mp

√
6 + 1

g1
ln

(√
g1�

Mp

)
. (10.22)

Here g1 and g2 are coupling constants. For power-law
inflation g1 < 1/2.

• Non-minimally coupled theory: In this case we have

f1(�) = M2
p

2
− ξ

2
�2, f2(�) = 1

2
, U (�) = 0,

c1 = c2

2
, c2 =

√√√√ 3ξ M2
p

2(6ξ M2
p + 1)

, (10.23)

� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
6Mp

⎧⎪⎪⎨
⎪⎪⎩

tan−1

⎡
⎢⎢⎣

√
6ξ�

ξ

(
6ξ+ 1

M2
p

)
�2−1

⎤
⎥⎥⎦

−
√

1 + 1
6ξ M2

p
sin−1

[√
ξ

(
6ξ + 1

M2
p

)
�

]⎫⎪⎪⎬
⎪⎪⎭

for ξ �= 1/6

Mp√
6

sin−1
[√

6 �

M2
p

]
for ξ = 1/6.

(10.24)

After doing the conformal transformation in an Einstein
frame one can derive the required form of the effective action
from all these models.

2. Type II: Consider an action in a Jordan frame where the
scalar field � is minimally coupled with the f (R) gravity
sector as given by

S =
∫

d4x
√−g [ f (R) + X − V (φ)] . (10.25)

Here f (R) is an arbitrary functional of the Ricci scalar R.
After doing the conformal transformation in an Einstein
frame one can derive the required form of the effective
action.

3. Type III: Consider a 4 + D dimensional Kaluza–Klein
theory with an additional scalar field. This type of theories
includes the following subclass of models:

• Extra dimensional theory-I: In this case the inflaton
is introduced in the 4D effective action in a Jordan
frame:

S =
∫

d4x
√−g

[
M2

p

2

{
�2 R + 4

(
1 − 1

D

)

× gμν∂μ�∂ν�
}− U (�) + X − V (φ)

]
.

(10.26)

In this case we have

c1 = c2

2
, c2 =

√
8D

D + 2
,

� = Mp

√
2

(
1 + 2

D

)
ln(�). (10.27)

But from this type of model no power-law inflationary
solutions are possible.

• Extra dimensional theory-II: In this case the inflaton
is introduced in the 4 + D dimensional action in a
Jordan frame as given by
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S =
∫

d4+Dx
√−g4+D

[
1

2κ2
4+D

R + X − V (φ)

]
.

(10.28)

Here g4+D is the determinant of the 4 + D dimen-
sional metric and κ2

4+D is the 4 + D dimensional
gravitational coupling constant. In this case also we
have

c1 = 0, c2 =
√

2D

D + 2
,

� = Mp

√
2

(
1 + 2

D

)
ln(�). (10.29)

From this type of model power-law inflationary solu-
tions are possible for all extra D dimensions.

4. Type IV: Consider an action in a Jordan frame from
superstring theory in 10 dimension with fixed Kalb–
Ramond background. In this case the scalar field � is
non-minimally coupled with the gravity sector:

S =
∫

d4x
√−g

[
e−2� R + 4gμν∂μ�∂ν� + X − V (φ)

]
.

(10.30)

In this case � is known as the dilaton field. But from
this type of model no power-law inflationary solutions
are possible. Here additionally we have two classes of
the solutions:
Class I:

c1 = c2

2
, c2 = 2

√
2, � = Mp√

2

(
6 ln b − �

2

)
.

(10.31)

Class II:

c1 = c2, c2 = −√
6, � = Mp√

2

(
2 ln b + �

2

)
.

(10.32)

10.2 Dynamical dilaton at late times

After the completion of the phase of reheating, the total sys-
tem enters the radiation dominated stage, at the beginning of
which the total energy density is governed by Eq. (7.47). At
that stage, the scalar inflaton fields have almost settled down
in one of the potential valleys of the derived EFT potentials
and get its VEV for the proposed model in R2 gravity setup
in an Einstein frame. To make the computation simpler we
also assume that at the level of perturbations the dilaton field
� is almost decoupled from the Standard Model fields and
the only dynamical field present in the model at late times.

Henceforth, we will treat � as a dynamical field minimally
coupled to the R2 gravity in a conformally transformed Ein-
stein frame and also assume that the � field is non-interacting
with other matter degrees of freedom and radiation content of
the universe at late times. During this epoch the total potential
is characterized by the following expression:

W̃ (φ̂, �) = V0

[
1 + 2αλ(�)

M4
p

φ̂4

]

= V0 + λ̂ exp

[
−2

√
2√
3

�

Mp

]

︸ ︷︷ ︸
Dominant at late time

, (10.33)

where V0 is defined as V0 = M4
p

8α
, and the VEV of the inflaton

field φ is denoted by the symbol φ̂. Here one can set φ̂ ∼
O(Mp) for the proposed model at late time scale.

Once the contribution of the inflaton scalar field φ gets
its VEV the corresponding energy density ρm ≡ ρφ =
Constant. Now in the present context to characterize the fea-
tures of late time acceleration of the universe let us introduce
equation of state parameter wX(= w�), which is defined as

wX = pX

ρX
=
(

d�
dt̃

)2 − W̃ (φ̂, �)

(
d�
dt̃

)2 + W̃ (φ̂, �)

(10.34)

and the continuity equation in the present context can be
written as

dρX

dt̃
+ 3H̃(1 + wX)ρX = 0. (10.35)

For the qualitative analysis of the prescribed system in the
Einstein frame and in order to compare with present day
observations, we introduce the following sets of dimension-
less density parameters and shifted equation of state param-
eter:

�X ≡ �� = ρX

3H̃2 M2
p

, �m ≡ �φ = ρm

3H̃2 M2
p

,

�r ≡ ρr

3H̃2 M2
p

, (10.36)

�X ≡ �� = 1 + w� = 1 + wX,

�m ≡ �φ = 1 + wφ = 1 + wm . (10.37)

In order to transform the cosmological equations into a sim-
plified autonomous system, we define the following dimen-
sionless auxiliary variables for the study of present dynamical
system at late time scale:

x ≡ �̇√
6H̃ Mp

, y ≡
˙̃W (φ̂, �)√
3H̃ Mp

,

� ≡ −Mp∂� ln W̃ (φ̂, �),
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� ≡ W̃ (φ̂, �)∂�� W̃ (φ̂, �)

(∂� W̃ (φ̂, �))2
(10.38)

which can be recast in the autonomous form as

dx

dN = x

2
(�r − 3y2 − 3) + 3x3

2
+
√

3

2
y2�,

dy

dN = y

2
(3x2 − √

6x� + 3 + �r ) − 3y3

2
,

d�

dN = −
√

6

2
�2(� − 1)x,

d�r

dN = −�r (1 − 3(x2 − y2) − �r ),

d�m

dN = �m(3(x2 − y2) + �r ), (10.39)

together with an additional constraint condition, �X +�r +
�m = x2 + y2 + �m + �r = 1. Also using these dimen-
sionless variables Eqs. (10.34) and (10.36) can be recast as

wX ≡ pX

ρX
= x2 − y2

x2 + y2 = x2 − y2

�X
= weff − �r

3

�X
,

�X ≡ ρX

3H̃2 M2
p

= x2 + y2. (10.40)

One can also define the total effective equation of state as

weff ≡ peff

ρeff
= pX + pm + pr

ρX + ρm + ρr

= p� + pφ + pr

ρ� + ρφ + ρr
= x2 − y2 + �r

3
. (10.41)

For an accelerated expansion effective equation of state sat-
isfy the following constraint, weff < −1/3. Using this
methodology mentioned in this section one can study the
constraints on the model from late time acceleration which
is beyond the scope of our discussion in this paper.

10.3 Details of the δN formalism

10.3.1 Useful field derivatives of N

To simplify the calculation for δN let us consider all these
possibilities to write down the infinitesimal change in � field
in terms of the inflaton field φ:

Case I: δ� = − 9φ√
6Mp

δφ, (10.42)

Case II: δ� = − φ√
6Mp

δφ, (10.43)

Case II + Choice I(v1&v2):

δ� = − φ√
6Mp

δφ

[
1 − φ4

V

φ4

]
, (10.44)

Case II + Choice II(v1&v2):
δ� = − φ√

6Mp
δφ

[
1 − m2

c

(m2
c − λφ2)

]
, (10.45)

Case II + Choice III:
δ� = − φ√

6Mp
δφ

[
1 + ξ

2
(φ2 + φ2

0 − 2φ2
V )

+ξ

2
(φ2 − φ2

0) + φ2
V

φ2

]
. (10.46)

Combining all these possibilities one can write the follow-
ing expression:

δ� = V(φ) δφ, (10.47)

where we introduce a function V(φ), which can be written
as

V(φ) = − φ√
6Mp

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

9 for Case I
1 for Case II[

1 − φ4
V

φ4

]
for Case II + Choice I(v1&v2)

[
1 − m2

c
(m2

c−λφ2)

]
for Case II + Choice II(v1&v2)[

1 + ξ
2 (φ2 + φ2

0 − 2φ2
V ) + ξ

2 (φ2 − φ2
0) + φ2

V
φ2

]
for Case II + Choice III.

(10.48)

This additionally implies that one can write down the fol-
lowing differential operator for the � field:

∂� = 1

V(φ)
∂φ, ∂2

� =
[

1

V2(φ)
∂2
φ − V ′(φ)

V3(φ)
∂φ

]
,

∂3
� =

[
1

V3(φ)
∂3
φ − 3

V ′(φ)

V4(φ)
∂2
φ + 3

V ′2(φ)

V5(φ)
∂φ

]
,

(10.49)

∂φ∂� =
[

1

V(φ)
∂2
φ − V ′(φ)

V2(φ)
∂φ

]
, ∂�∂φ = 1

V(φ)
∂2
φ,

(10.50)

∂φ∂φ∂� =
[

1

V(φ)
∂3
φ − 2

V ′(φ)

V2(φ)
∂2
φ

−
(
V ′′(φ)

V2(φ)
− 2

V ′2(φ)

V3(φ)

)
∂φ

]
,

∂φ∂�∂φ =
[

1

V(φ)
∂3
φ − V ′(φ)

V2(φ)
∂2
φ

]
, (10.51)
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∂�∂φ∂φ = 1

V(φ)
∂3
φ,

∂φ∂�∂� =
[

1

V2(φ)
∂3
φ − 3

V ′(φ)

V3(φ)
∂2
φ + 3

V ′2(φ)

V4(φ)
∂φ

]
,

(10.52)

∂�∂φ∂� =
[

1

V2(φ)
∂3
φ − 2

V ′(φ)

V3(φ)
∂2
φ + 2

V ′2(φ)

V4(φ)
∂φ

]
,

∂�∂�∂φ =
[

1

V2(φ)
∂3
φ − V ′(φ)

V3(φ)
∂2
φ

]
, (10.53)

where ′ is defined as the partial derivative with respect to the
field φ i.e. ′ = ∂φ .

Consequently one can write

N,� = 1

V(φ)
∂φN = 1

V(φ)
N,φ,

N,�� =
[

1

V2(φ)
∂2
φ − V ′(φ)

V3(φ)
∂φ

]
N

=
[

1

V2(φ)
N,φφ − V ′(φ)

V3(φ)
N,φ

]
, (10.54)

N,φ� =
[

1

V(φ)
∂2
φ − V ′(φ)

V2(φ)
∂φ

]
N

=
[

1

V(φ)
N,φφ − V ′(φ)

V2(φ)
N,φ

]
,

N,�φ = 1

V(φ)
∂2
φ N = 1

V(φ)
N,φφ, (10.55)

N,��� =
[

1

V3(φ)
∂3
φ − 3

V ′(φ)

V4(φ)
∂2
φ + 3

V ′2(φ)

V5(φ)
∂φ

]
N

=
[

1

V3(φ)
N,φφφ − 3

V ′(φ)

V4(φ)
N,φφ + 3

V ′2(φ)

V5(φ)
N,φ

]
,

(10.56)

N,φφ� =
[

1

V(φ)
∂3
φ − 2

V ′(φ)

V2(φ)
∂2
φ

−
(
V ′′(φ)

V2(φ)
− 2

V ′2(φ)

V3(φ)

)
∂φ

]
N ,

=
[

1

V(φ)
N,φφφ − 2

V ′(φ)

V2(φ)
N,φφ

−
(
V ′′(φ)

V2(φ)
− 2

V ′2(φ)

V3(φ)

)
N,φ

]
, (10.57)

N,φ�φ =
[

1

V(φ)
∂3
φ − V ′(φ)

V2(φ)
∂2
φ

]
N

=
[

1

V(φ)
N,φφφ − V ′(φ)

V2(φ)
N,φφ

]
, (10.58)

N,�φφ = 1

V(φ)
∂3
φ N = 1

V(φ)
N,φφφ, (10.59)

N,φ�� =
[

1

V2(φ)
∂3
φ − 3

V ′(φ)

V3(φ)
∂2
φ + 3

V ′2(φ)

V4(φ)
∂φ

]
N

=
[

1

V2(φ)
N,φφφ − 3

V ′(φ)

V3(φ)
N,φφ

+3
V ′2(φ)

V4(φ)
N,φ

]
, (10.60)

N,�φ� =
[

1

V2(φ)
∂3
φ − 2

V ′(φ)

V3(φ)
∂2
φ + 2

V ′2(φ)

V4(φ)
∂φ

]
N

=
[

1

V2(φ)
N,φφφ − 2

V ′(φ)

V3(φ)
N,φφ

+2
V ′2(φ)

V4(φ)
N,φ

]
, (10.61)

N,��φ =
[

1

V2(φ)
∂3
φ − V ′(φ)

V3(φ)
∂2
φ

]

N =
[

1

V2(φ)
N,φφφ − V ′(φ)

V3(φ)
N,φφ

]
. (10.62)

10.3.2 Second-order perturbative solution with various
source

If we neglect the quadratic slow-roll corrections then the
solution of Eq. (8.40) takes the following form for all different
cases considered here:

For Case I:
�2 = D4 + 1

27H3

[
27φ∗HeHY t

Y2(3 + Y)3 {−Y(3 + Y)2

× (4�cφ
3
L + H2Y(3 + Y))

+ εH (4�cφ
3
L(−18 + Y(3 + Y)(−6 + Ht (3 + 2Y)))

+ H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y))))}
+ 9H2�cφ

3
Lt (φL + 4D2)

+ e−3Ht (4�cφ
3
L(1 + 3Ht)D1 − 9H2D3)

]
. (10.63)

For Case II:
�2 = D4 + 1

27H3

[
27φ∗HeHY t

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(−18 + Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}

+9H2t
(
β − �cφ

3
L (φL + 4D2)

)

−e−3Ht
(

4�cφ
3
L(1 + 3Ht)D1 + 9H2D3

)]
. (10.64)

For Case II + Choice I(v1):

�2 = D4 + 1

27H3

[
27φ∗HeHY t

Y2(3 + Y)3

{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(−18 + Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}
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+9H2t
(
β + �cφ

4
V − �cφ

3
L (φL + 4D2)

)

−e−3Ht
(

4�cφ
3
L(1 + 3Ht)D1 + 9H2D3

)]
. (10.65)

For Case II + Choice I(v2):

�2 = D4 + 1

27H3

[
27φ∗ HeHY t

Y2(3 + Y)3

× {−Y(3 + Y)2 (4�cφ
3
L + H2Y(3 + Y)

)
+εH

(
4�cφ

3
L(−18 + Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}

+9H2t
(
β − �cφ

4
V + �cφ

3
L (φL + 4D2)

)

+e−3Ht (4�cφ
3
L(1 + 3Ht)D1 − 9H2D3

) ]
. (10.66)

For Case II + Choice II(v1):

�2 = D4 + 1

54H3

[
54φ∗ HeHY t

Y2(3 + Y)3

× {−Y(3 + Y)2 (McφL − 4�cφ
3
L + H2Y(3 + Y)

)
+εH

(
(4�cφ

3
L − McφL)(18 − Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}

+9H2t
(
2β + φL(Mc(φL + 2D2) − �cφ

2
L(φL + 4D2))

)

+e−3Ht (2φL(Mc − 4�cφ
2
L)(1 + 3Ht)D1 − 18H2D3

) ]
.

(10.67)

For Case II + Choice II(v2):

�2 = D4 + 1

54H3

[
54φ∗ HeHY t

Y2(3 + Y)3

{−Y(3 + Y)2 (−McφL + 4�cφ
3
L + H2Y(3 + Y)

)
+εH

(
(−4�cφ

3
L + McφL)(18 − Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2Y(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}

+9H2t
(
2β + φL(−Mc(φL + 2D2) + �cφ

2
L(φL + 4D2))

)

−e−3Ht (2φL(Mc − 4�cφ
2
L)(1 + 3Ht)D1 + 18H2D3

) ]
.

(10.68)

For Case III:
�2 = D4 + 1

27H3φL

[
27φ∗ HeHY t

Y2(3 + Y)3

× {−Y(3 + Y)2 (�ξ�ξ + H2φLY(3 + Y)
)

+εH
(
�ξ�ξ (−18 + Y(3 + Y)(−6 + Ht (3 + 2Y)))

+H2φLY(3 + Y)(−9 + Y(3 + Y)(−2 + Ht (3 + 2Y)))
)}

+9H2t
(
φL(β + �ξ ) + �ξ�ξ D2

)

+e−3Ht (�ξ�ξ (1 + 3Ht)D1 − 9H2φLD3
) ]

. (10.69)

Here D3 and D4 are dimensionful arbitrary integration con-
stants which can be determined by imposing the appropriate
boundary condition.

10.3.3 Expressions for perturbative solutions in final
hypersurface

Neglecting the contribution from the quadratic slow-roll term
and taking up to linear-order term in slow-roll we get the
following result:

�1(N = 0) = D2 − 1

3H
D1+ 1

Y(3+Y)2 φ∗
[
−Y(3+Y)2

−2εH (−9 + Y(3 + Y))] . (10.70)

Similarly if we neglect the quadratic slow-roll corrections
then the solution of �2(N = 0) takes the following form for
all different cases considered here:

For Case I:
�2(N = 0) = D4 + 1

27H3

[
27φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

+
(

4�cφ
3
LD1 − 9H2D3

) ]
. (10.71)

For Case II:
�2(N = 0) = D4 + 1

27H3

[
27φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

−
(

4�cφ
3
LD1 + 9H2D3

) ]
. (10.72)

For Case II + Choice I(v1):
�2(N = 0) = D4 + 1

27H3

[
27φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

−
(

4�cφ
3
LD1 + 9H2D3

) ]
. (10.73)

For Case II + Choice I(v2):
�2(N = 0) = D4 + 1

27H3

[
27φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(18 + 6Y(3 + Y))
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−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

+
(

4�cφ
3
LD1 − 9H2D3

) ]
. (10.74)

For Case II + Choice II(v1):
�2(N = 0) = D4 + 1

54H3

[
54φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
McφL − 4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
(4�cφ

3
L − McφL)(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y)))
)}

+
(

2φL(Mc − 4�cφ
2
L)D1 − 18H2D3

) ]
. (10.75)

For Case II + Choice II(v2):
�2(N = 0) = D4 + 1

54H3

[
54φ∗ H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−McφL + 4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
(−4�cφ

3
L + McφL)(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

−
(

2φL(Mc − 4�cφ
2
L)D1 + 18H2D3

) ]
. (10.76)

For Case III:
�2(N = 0) = D4 + 1

27H3φL

[
27φ∗H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
�ξ�ξ + H2φLY(3 + Y)

)

+εH
(−�ξ�ξ (18 + 6Y(3 + Y))

−H2φLY(3 + Y)(9 + 2Y(3 + Y))
)}

+
(
�ξ�ξ D1 − 9H2φLD3

)]
. (10.77)

10.3.4 Shift in the inflaton field due to δN

Analytical expression for the shift in the inflaton field from
linear-order and second-order cosmological perturbation the-
ory can be written up to considering the contributions from
the first-order slow-roll contribution as

δφ1(N = 0) = δφ1∗ = φ∗�̂1(N = 0) = φ∗D̂2

− φ∗
3H

D̂1 + φ∗
Y(3 + Y)2

[
−Y(3 + Y)2

+ εH (−9 + Y(3 + Y) {−2 + H(3 + 2Y)t})] . (10.78)

For Case I:
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0)

= φ∗D̂4 + φ∗
27H3

[
27H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

+
(

4�cφ
3
LD̂1 − 9H2D̂3

) ]
. (10.79)

For Case II:
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0)

= φ∗D̂4 + φ∗
27H3

[
27H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

−
(

4�cφ
3
LD̂1 + 9H2D̂3

) ]
. (10.80)

For Case II + Choice I(v1):
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0)

= φ∗D̂4 + φ∗
27H3

[
27H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
−4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

−
(

4�cφ
3
LD̂1 + 9H2D̂3

) ]
. (10.81)

For Case II + Choice I(v2):
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0)

= φ∗D̂4 + φ∗
27H3

[
27H

Y2(3 + Y)3

×
{
−Y(3 + Y)2

(
4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
−4�cφ

3
L(18 + 6Y(3 + Y))

−H2Y(3 + Y)(9 + 2Y(3 + Y))
)}

+
(

4�cφ
3
LD̂1 − 9H2D̂3

) ]
. (10.82)
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For Case II + Choice II(v1):
�2(N = 0) = φ∗D̂4 + φ∗

54H3

[
54H

Y2(3 + Y)3

{
−Y(3 + Y)2

(
McφL − 4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
(4�cφ

3
L − McφL)(18 + 6Y(3 + Y)) − H2Y(3 + Y)(9 + 2Y(3 + Y)))

)}
+
(

2φL(Mc − 4�cφ
2
L)D̂1 − 18H2D̂3

) ]
. (10.83)

For Case II + Choice II(v2):
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0) = φ∗D̂4 + φ∗

54H3

[
54H

Y2(3 + Y)3

{
−Y(3 + Y)2

(
−McφL + 4�cφ

3
L + H2Y(3 + Y)

)

+εH

(
(−4�cφ

3
L + McφL)(18 + 6Y(3 + Y)) − H2Y(3 + Y)(9 + 2Y(3 + Y))

)}
−
(

2φL(Mc − 4�cφ
2
L)D̂1 + 18H2D̂3

) ]
. (10.84)

For Case III:
δφ2(N = 0) = δφ2∗ = φ∗�̂2(N = 0) = φ∗D̂4 + φ∗

27H3φL

[
27H

Y2(3 + Y)3

{
−Y(3 + Y)2

(
�ξ�ξ + H2φLY(3 + Y)

)

× +εH

(
−�ξ�ξ (18 + 6Y(3 + Y)) − H2φLY(3 + Y)(9 + 2Y(3 + Y))

)}
+
(
�ξ�ξ D̂1 − 9H2φLD̂3

) ]
. (10.85)

10.3.5 Various useful constants for δN

For the derived effective potentials B(φ∗) and C(φ∗) can be recast as

B(φ∗) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3
Yφ2∗

for Case I & II

1
Yφ2∗

(
3+ φ4

V
φ4∗

)
(

1− φ4
V

φ4∗

) for Case II + Choice I(v1&v2)

1
Yφ2∗

⎧⎨
⎩3 − 2λm2

cφ
2∗

(m2
c−λφ2∗)2

(
1− m2

c
(m2

c−λφ2∗ )

)
⎫⎬
⎭ for Case II + Choice II(v1&v2)

2
Yφ2∗

⎧⎨
⎩2 +

1+ξ(3φ2∗−φ2
V )− φ2

V
φ2∗

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

⎫⎬
⎭ for Case II + Choice III,

(10.86)

C(φ∗) ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 19
3

1
Yφ3∗

for Case I &II

− 1
Yφ3∗

⎧⎪⎨
⎪⎩

8
3 +

2

(
1+2

φ4
V

φ4∗

)
(

1− φ4
V

φ4∗

) − 5
3

(
1+3

φ4
V

φ4∗

)2

(
1− φ4

V
φ4∗

)2

⎫⎪⎬
⎪⎭ for Case II + Choice I(v1&v2)

− 1
Yφ3∗

⎧⎨
⎩ 8

3 +
2

(
1− m2

c
m2

c−λφ2∗
− 2λm2

cφ2∗
(m2

c−λφ2∗ )2

)
(

1− m2
c

m2
c−λφ2∗

)

+
⎛
⎜⎝ 5

3

(
1− m2

c
m2

c−λφ2∗
− 2λm2

cφ2∗
(m2

c−λφ2∗ )2

)2

(
1− m2

c
m2

c−λφ2∗

)2 + 1
6

(
6m2

cλφ∗
(m2

c−λφ2∗ )2
+ 8λ2m2

cφ3∗
(m2

c−λφ2∗ )3

)
(

1− m2
c

m2
c−λφ2∗

)

⎞
⎟⎠
⎫⎪⎬
⎪⎭ for Case II + Choice II(v1&v2)

− 1
Yφ3∗

⎧⎨
⎩ 8

3 +
2

(
1+ξ(3φ2∗−φ2

V )− φ2
V

φ2∗

)

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

+
⎛
⎜⎝ 5

3

(
1+ξ(3φ2∗−φ2

V )− φ2
V

φ2∗

)2

(1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2
− 1

6

(
6ξφ2∗+2

φ2
V

φ2∗

)
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)

⎞
⎟⎠
⎫⎪⎬
⎪⎭ for Case II + Choice III.

(10.87)

Additionally the constants G1(φ∗) and G2(φ∗), as appearing in the expression for f loc
NL , are defined as
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G1(φ∗) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + 6M2

p

81φ2∗

)−2 (
1 + 12M2

p

81φ2∗
+ 36M4

p

6561φ4∗

)
for Case I

(
1 + 6M2

p

φ2∗

)−2 (
1 + 12M2

p

φ2∗
+ 36M4

p

φ4∗

)
for Case II

⎛
⎜⎝1 + 6M2

p

φ2∗
(

1− φ4
V

φ4∗

)2

⎞
⎟⎠

−2⎛
⎜⎝1 + 12M2

p

φ2∗
(

1− φ4
V

φ4∗

)2 + 36M4
p

φ4∗
(

1− φ4
V

φ4∗

)4

⎞
⎟⎠ for Case II + Choice I(v1&v2)

⎛
⎜⎝1 + 6M2

p

φ2∗
(

m2
c

m2
c −λφ2∗

)2

⎞
⎟⎠

−2⎛
⎜⎝1 + 12M2

p

φ2∗
(

1− m2
c

m2
c −λφ2∗

)2 + 36M4
p

φ4∗
(

1− m2
c

m2
c −λφ2∗

)4

⎞
⎟⎠ for Case II + Choice II(v1&v2)

⎛
⎜⎝1 + 6M2

p

φ2∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2

⎞
⎟⎠

−2⎛
⎜⎝1 + 12M2

p

φ2∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2 + 36M4
p

φ4∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)4

⎞
⎟⎠ for Case II + Choice III

(10.88)

and

G2(φ∗) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + 6M2

p

81φ2∗

)−1
6M2

p

81φ3∗
for Case I

(
1 + 6M2

p

φ2∗

)−1
6M2

p

φ3∗
for Case II

⎛
⎜⎝1 + 6M2

p

φ2∗
(

1− φ4
V

φ4∗

)2

⎞
⎟⎠

−1
6M2

p

(
1+3

φ4
V

φ4∗

)

φ3∗
(

1− φ4
V

φ4∗

)3 for Case II + Choice I(v1&v2)

⎛
⎜⎝1 + 6M2

p

φ2∗
(

m2
c

m2
c−λφ2∗

)2

⎞
⎟⎠

−1
6M2

p

(
1− m2

c
m2

c−λφ2∗
− 2λm2

cφ2∗
(m2

c−λφ2∗ )2

)

φ3∗
(

m2
c

m2
c−λφ2∗

)3 for Case II + Choice II(v1&v2)

⎛
⎜⎝1 + 6M2

p

φ2∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)2

⎞
⎟⎠

−1
6M2

p

(
1+ξ(3φ2∗−φ2

V )− φ2
V

φ2∗

)

φ3∗
(

1+ξ(φ2∗−φ2
V )+ φ2

V
φ2∗

)3 for Case II + Choice III.

(10.89)

10.4 Momentum dependent functions in four point function

Momentum dependent functions ĜS(k1, k2, k3, k4), Ŵ S

(k1, k2, k3, k4) and R̂S(k1, k2, k3, k4) as appearing in four
point function are defined as

ĜS(k1, k2, k3, k4) = S(k̃, k1, k2)S(k̃, k3, k4)

|k1 + k2|3
[{

k1.k3 + [k1.(k1 + k2)] [k3.(k3 + k4)]

|k1 + k2|2
}

×
{

k2.k4 + [k2.(k1 + k2)] [k4.(k3 + k4)]

|k1 + k2|2
}

+
{

k1.k4 + [k1.(k1 + k2)] [k4.(k3 + k4)]

|k1 + k2|2
}

×
{

k2.k3 + [k2.(k1 + k2)] [k3.(k3 + k4)]

|k1 + k2|2
}

−
{

k1.k2 + [k1.(k1 + k2)] [k2.(k3 + k4)]

|k1 + k2|2
}

×
{

k3.k4 + [k3.(k3 − k4)] [k4.(k3 − k4)]

|k1 + k2|2
}]

(10.90)
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with

S(k̃, k1, k2) =
⎡
⎣K − 1

K

∑
i> j

ki k j − 1

K 2

3∏
i=1

ki

⎤
⎦

k̃=−(k1+k2)

(10.91)

and

R̂S(k1, k2, k3, k4) =
3∑

n=1

1

K̂ n
An(k1, k2, k3, k4), (10.92)

where

K̂ = k1 + k2 + k3 + k4 =
4∑

i=1

ki = K + k4, (10.93)

and the momentum dependent functions A1(k1, k2, k3, k4),
A2(k1, k2, k3, k4) and A3(k1, k2, k3, k4) are defined as

A1(k1, k2, k3, k4) =
[

(k3.k4)((k1.k2)(k2
1 + k2

2) + 2k2
1k2

2)

8|k1 + k2|2

+(1, 2 ↔ 3, 4)

]

− (k2
1k2

4(k2.k3) + k2
1k2

3(k2.k4) + k2
2k2

4(k1.k3) + k2
1k2

4(k2.k3))

2|k1 + k2|2

− ((k1.k2)(k2
1 + k2

2) + 2k2
1k2

2)((k3.k4)(k2
3 + k2

4) + 2k2
3k2

4)

8|k1 + k2|4 ,

(10.94)

A2(k1, k2, k3, k4) = −
[
k3k4(k3 + k4)((k1.k2)(k2

1 + k2
2) + 2k2

1k2
2)(k3k4 + k3.k4) + (3, 4 ↔ 1, 2)

]
8|k1 + k2|4

− 1

2|k1 + k2|2
[
k2

1k2
4(k2.k3)(k2 + k3) + k2

1k2
3(k2.k4)(k2 + k4) + k2

2k2
4(k1.k3)(k1 + k3) + k2

2k2
3(k1.k4)(k1 + k4)

]

+
{

(k1.k2)

8|k1 + k2|2
[
((k1 + k2)((k3.k4)(k

2
3 + k2

4) + 2k2
3k2

4) + k3k4(k3 + k4)(k3k4 + k3.k4))
]

+ (1, 2 ↔ 3, 4)

}
, (10.95)

A3(k1, k2, k3, k4) = −k1k2k3k4(k1 + k2)(k3 + k4)(k1k2 + k1.k2)(k3k4 + k3.k4)

4|k1 + k2|4
−k1k2k3k4(k1k4(k2.k3) + k1k3(k2.k4) + k2k4(k1, k3) + k2k3(k1, k4))

|k1 + k2|2

+
[
k3k4(k3 + k4)((k1.k2)(k2

1 + k2
2) + 2k2

1k2
2)(k3k4 + k3.k4) + (3, 4 ↔ 1, 2)

]
2|k1 + k2|2

+3k1k2k3k4(k1k2 + k1.k2)(k3k4 + k3.k4)

4|k1 + k2|2 . (10.96)

Ŵ S(k1, k3, k2, k4) = −2|k1 + k2|3ĜS(k1, k3, k2, k4)

S(k̃, k1, k2)S(k̃, k3, k4)

[{
k1k2(k1 + k2)

2((k1 + k2)
2 − k2

3 − k2
4 − k3k4)

(K̂ − 2(k3 + k4))2 K̂ 2((k1 + k2)2 − |k1 + k2|2)

×
(

−k1 + k2

2k1k2
− k1 + k2

k2
3 + k2

4 + 4k3k4 − (k1 + k2)2
+ k1 + k2

|k1 + k2|2 − (k1 + k2)2

+ 1

K̂ − 2(k1 + k2)
− 1

K̂
+ 3

2(k1 + k2)

)
+ (1, 2 ↔ 3, 4)

}

−|k1 + k2|3(|k1 + k2|2 − k2
1 − k2

2 − 4k1k2)(|k1 + k2|2 − k2
3 − k2

4 − 4k3k4)

2(|k1 + k2|2 − k2
1 − k2

2 − 2k1k2)(|k1 + k2|2 − k2
3 − k2

4 − 2k3k4)

]
. (10.97)
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