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Abstract In this work, we have developed an elegant algo-
rithm to study the cosmological consequences from a huge
class of quantum field theories (i.e. superstring theory, super-
gravity, extra dimensional theory, modified gravity, etc.),
which are equivalently described by soft attractors in the
effective field theory framework. In this description we have
restricted our analysis for two scalar fields — dilaton and Hig-
gsotic fields minimally coupled with Einstein gravity, which
can be generalized for any arbitrary number of scalar field
contents with generalized non-canonical and non-minimal
interactions. We have explicitly used R? gravity, from which
we have studied the attractor and non-attractor phases by
exactly computing two point, three point and four point
correlation functions from scalar fluctuations using the In-
In (Schwinger—Keldysh) and the SN formalisms. We have
also presented theoretical bounds on the amplitude, tilt and
running of the primordial power spectrum, various shapes
(equilateral, squeezed, folded kite or counter-collinear) of
the amplitude as obtained from three and four point scalar
functions, which are consistent with observed data. Also
the results from two point tensor fluctuations and the field
excursion formula are explicitly presented for the attractor
and non-attractor phase. Further, reheating constraints, scale
dependent behavior of the couplings and the dynamical solu-
tion for the dilaton and Higgsotic fields are also presented.
New sets of consistency relations between two, three and
four point observables are also presented, which shows sig-
nificant deviation from canonical slow-roll models. Addi-
tionally, three possible theoretical proposals have presented
to overcome the tachyonic instability at the time of late time
acceleration. Finally, we have also provided the bulk interpre-
tation from the three and four point scalar correlation func-
tions for completeness.
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1 Introduction

The inflationary paradigm is a theoretical proposal which
attempts to solve various long-standing issues with standard
Big Bang cosmology and has been studied earlier in various
works [1-12]. But apart from the success of this theoretical
framework it is important to note that no single model exists
till now using which one can explain the complete evolution
history of the universe and also one is unable to break the
degeneracy between various cosmological parameters com-
puted from various models of inflation [13-33]. It is impor-
tant to note that we have the vacuum energy contribution
generated by the trapped Higgs field in a metastable vacuum
state which mimics the role of an effective cosmological con-
stant in effective theory. At the later stages of the universe
such a vacuum contribution dominates over other contents
and correspondingly the universe expands in an exponen-
tial fashion. But using such metastable vacuum state it is
not possible to explain the tunneling phenomenon and also
impossible to explain the end of inflation. To serve both of the
purposes the effective potential for inflation should have a flat
structure. Due to such a specific structure the effective poten-
tial for inflation satisfies the flatness or slow-roll condition
using which one can easily determine the field value corre-
sponding to the end of inflation. There are various classes
of models in existence in the cosmological literature where
one has derived such a specific structure of inflation [14,34—
39]. For example, the Coleman—Weinberg effective potential
serves this purpose [40,41]. Now if we consider the finite
temperature contributions in the effective potential [42,43]
then such thermal effects need to localize the inflaton field
to small expectation values at the beginning of inflation. The
flat structure of the effective potential for inflation is such
that the scalar inflaton field slowly rolls down in the valley of
potential during which the scale factor varies exponentially
and then inflation ends when the scalar inflaton field goes to
the non-slow-rolling region by violating the flatness condi-
tion. At this epoch inflaton field evolves to the true minimum
very fast and then it couples to the matter content of the uni-
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verse and reheats our universe via subsequent oscillations
about the minimum of the slowly varying effective poten-
tial for inflation. This class of models is a very successful
theoretical probe through which it is possible to explain the
characteristic and amplitude of the spectrum of density fluc-
tuations with high statistical accuracy (20 CL from Planck
2015 data [44-46]) and at late times these perturbations act
as the seeds for the large scale structure formation, which we
observe at the present epoch. Apart from this huge success
of the inflationary paradigm in the slowly varying regime it
is important to mention that these density fluctuations gener-
ated from various classes of successful models were unfortu-
nately large enough to explain the physics of standard Grand
Unified Theory (GUT) with well-known theoretical frame-
works and also it is not possible to explain the observed
isotropy of the Cosmic Microwave Background Radiation
(CMBR) at small scales during the inflationary epoch. The
only physical possibility is that the self interactions of the
inflaton field and the associated couplings to other matter
field contents would be sufficiently small to possibly satisfy
these cosmological and particle physics constraints. But the
prime theoretical challenge at this point is that for such a
setup it is impossible to achieve thermal equilibrium at the
end of inflation. Consequently, it is not at all possible to local-
ize the scalar inflaton field near zero Vacuum Expectation
Value (VEV), (¢) = (0]¢|0) = 0, where |0) is the corre-
sponding vacuum state in quasi-de Sitter space time. There-
fore, a sufficient amount of expansion will not be obtained
from this prescribed setup. Here it is important to note that,
for a broad category of effective potentials, the inflaton field
evolves with time very slowly compared to the Hubble scale
following slow-roll conditions and satisfies all of the obser-
vational constraints [44-46] computable from various infla-
tionary observables from this setup. However, apart from the
success of the slow-roll inflationary paradigm the density
fluctuations or more precisely the scalar component of the
metric perturbations restricts the coupling parameters to be
sufficiently small and allows huge fine-tuning in the theoret-
ical setup. This is obviously a not recommendable prescrip-
tion from a model builder’s point of view. Additionally, all
these classes of models are not ruled out completely by the
present observed data (Planck 2015 and other joint data sets
[44—47]), as they are degenerate in terms of the determina-
tion of inflationary observables and associated cosmological
parameters in precision cosmology. There are various ideas
existing in the cosmological literature which can drive infla-
tion. These are:

e Category I: In this class of models, inflation is driven
through a field theory which involves a very high energy
physics phenomenon. Example: string theory and its
supergravity extensions [13,15-17,19,22,23,25,48-82],
various supersymmetric models [14,34-39], etc.
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e Category II: In this case, inflation is driven by chang-
ing the mathematical structure of the gravitational sector.
This can be done using the following ways:

1. Introducing higher derivative terms of the form of
f(R), where R is the Ricci scalar [83-86]. Exam-
ple: the Starobinsky inflationary framework, which
is governed by the model [83] f(R) = aR + bR,
where the coefficients a and b are given by a = Mlz7
andb = 1/6M? . Ifweseta = Oandb = 1/6M? = «
then we can get back the theory of scale free gravity
in this context. In this paper we will explore the cos-
mological consequences from the scale free theory of
gravity.

2. Introducing higher derivative terms of the form of
Gauss—Bonnet gravity coupled with a scalar field in
a non-minimal fashion, where the contribution in the
effective action can be expressed as [87,88]

SGp = fd4xv —8 f(¢)[R;wotﬁRuva'B

— 4R, R + R, (1.1)

where f(¢) is the inflaton dependent coupling which
can be treated as the non-minimal coupling in the
present context. This is also an interesting possibility
which we have not explored in this paper. Here one
cannot consider the Gauss—Bonnet term in the gravity
sector in 4D without coupling to other matter fields, as
in 4D the Gauss—Bonnet term is a topological surface
term.

3. Another possibility is to incorporate the effect of non-
minimal coupling of the inflaton field and the grav-
ity sector [89-91]. The simplest example is f(¢)R
gravity theory. For Higgs inflation [89], f(¢) =
(1 + £¢?), where £ is the non-minimal coupling
of the Higgs field. Here one can consider a more
complicated possibility as well by considering a
non-canonical interaction between inflaton and f(R)
gravity by allowing an f(¢)f(R) term in the 4D
effective action [92]. For the construction of the effec-
tive potential we have considered this possibility.

4. One can also consider the other possibility, where
higher derivative non-local terms can be incorporated
in the gravity sector [93—102]. For example one can
consider the possibilities Rfi (L) R, R, fo(CHRMY,
Riuvep 1OV RMP Rf4()V, YV, Vo Vg RIVP, Ry
S5OVa VgV, Vo ViVy RIPYY - RIVP fo([) Vg
VﬂVUV,LVAVyV,,VgR)‘V”‘E, where [ is defined as
0= ﬁaﬂ[\/—_g ghva,]; it is the d’ Alembertian
operatorin4D andthe f;(J)Vi =1, 2, ..., 6areana-
lytic entire functions containing higher derivatives up
to infinite order. This is itself a very complicated pos-
sibility which we have not explored in this paper.

e Category III: In this case, inflation is driven by chang-
ing the mathematical structure of both the gravitational
and the matter sector of the effective theory. One of the
examples is to use Jordan—Brans-Dicke (JBD) gravity
theory [103,104] along with extended inflationary mod-
els which includes non-canonical interactions. By adjust-
ing the value of the Brans—Dicke parameters one can
study the observational consequences from this setup.
Instead of Jordan—Brans—Dicke (JBD) gravity theory one
can also use non-local gravity or many other complicated
possibilities.

In this paper, we consider the possibility of the soft infla-
tionary paradigm in an Einstein frame, where a chaotic Hig-
gsotic potential is coupled to a dilaton via exponential type
of potential, which is appearing through the conformal trans-
formation from Jordan to Einstein frame in the metric within
the framework of scale free o R? gravity. Here it is impor-
tant to mention that, in the case of a soft inflationary model,
the dilaton exponential potential is multiplied by a coupling
constant of the Higgsotic theory which mimics the role of
an effective coupling constant and its value always decreases
with the field value. One can generalize this idea for any
arbitrary matter interactions which is also described by gen-
eralized P (X, ¢) theory [105,106] (see Appendix 10.1 for
more details). In this context also it is important to specify
that one can treat the field dependent couplings in the simple
effective potentials or maybe in generalized P (X, ¢) func-
tionals, entailing a decaying behavior with dilaton field value
as it contains an overall exponential factor which is coming
from the dilaton potential itself in an Einstein frame. This
is a very interesting feature from the point of view of RG
flow in QFT as the field dependent coupling in an Einstein
frame captures the effect of field flow (energy flow). In this
context instead of solving directly the RGE for the effective
coupling, we solve the dynamical equations for the fields
and the effective coupling for power-law and exponential
attractors. Due to the similarities in the two techniques here
one can arrive at the conclusion that in cosmology solving a
dynamical attractor problem in the presence of effective cou-
pling in an Einstein frame mimics the role of solving RGE in
QFT. Thus due to the exponential suppression in the effec-
tive coupling in an Einstein frame it is naturally expected
from the prescribed framework that for suitable choices of
the model parameters soft cosmological constraints can be
obtained [107, 108]. As in this prescribed framework the dila-
ton exponential coupling plays a very significant role, one
can ask the very crucial question of its theoretical origin.
Obviously there are various sources in existence from which
one can derive exponential effective couplings or more pre-
cisely the effective potentials for dilaton. These possibilities
are:

@ Springer
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observation (Planck
and other joint data

observation (Planck

at UV cut-off of
and other joint data)

Effective theory

(unstable) attractor

Consistent with Stability from String Theory, Consistent with
reheating and late |4 non-minimal coupling and reheating and late ﬁ Dynamical non attractor
time acceleration contribution from mass time acceleration solution

(a) Diagrammatic representation of attractor phase of soft (b) Diagrammatic representation of non-attractor phase of
Higgsotic inflation. In this representative diagram we have soft Higgsotic inflation. In this representative diagram we
shown the steps followed during the computation. have shown the steps followed during the computation.

Dynamical dilaton Fixed dilaton

Inflation from soft
Higgsotic sector
coupled with
dilaton
(in Einstein frame)

Nonr
attractor
phase

New consistency Old consistency relation
relations for NG+ PGW for NG+ New consistency
for two attractors relation for PGW

(¢) Diagrammatic representation of attractor and non-attractor dynamical
phase of soft Higgsotic inflation which is coupled with dilaton in Einstein
frame.

Fig. 1 Representative schematic diagram of attractor and non-attractor phase of soft Higgsotic inflation

e Source I: One of the sources for dilaton exponential the theory in the Einstein frame via conformal transfor-
potential is string theory, appearing in the Category L. mation one can derive the dilaton exponential potential.
Specifically, superstring theory and low energy super-
gravity models are the theoretical possibilities in string In Fig la—c, we have shown the diagrammatic represen-

theory [109-118] where dilaton exponential potential  tation of attractor and non-attractor phases of soft Higgsotic
appears in the gravity part of the action in a Jordan  inflation. In these representative diagrams we have shown the
frame and after a conformal transformation in the Ein-  steps followed during the computation. In this work we have
stein frame such dilaton effective potential is coupled  addressed the following important points through which it is
with the matter sector. The most important example is  possible to understand the underlying cosmological conse-
the a-attractor which mimics a class of inflationary mod- ~ quences from the proposed setup. These issues are:

els in N' = 1 supergravity in 4D. For details see Refs.

[119-129]. e Transition from scale free gravity to scale dependent
e Source II: Another possible source of the dilaton expo- gravity have discussed and its impact on the solutions

nential potential is coming from a modified gravity the- in the attractor and non-attractor regime of inflation have

ory framework such as f(R) gravity [83-86], f(¢) f(R) also discussed.

gravity [89-92] and Jordan—Brans-Dicke theory [103, e Explicit calculation of the SN/ formalism is presented

104] in the Jordan frame, which appear in the Cate- by considering the effect up to second-order perturba-

gory II (1 and 3) and Category III. After transforming tion in the solution of the field equation in attractor

@ Springer
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regime. Additionally deviation in the consistency rela-
tion between the non-Gaussian amplitude for four point
and three point scalar correlation function a.k.a. Suyama—
Yamaguchi relation is presented to explicitly show the
consequences from attractor and non-attractor phase.
Additionally, new sets of consistency relations are pre-
sented in attractor and non-attractor phases of inflation
to explicitly show the deviation from the results obtained
from a canonical single field slow-roll model.

Detailed numerical estimations are given for all the infla-
tionary observables for attractor and non-attractor phases
of inflation which confronts well Planck 2015 data. Addi-
tionally, constraints on reheating is also presented for
attractor and non-attractor phase.

Bulk interpretation are given in terms of S, 7 and U
channel contribution for all the individual terms obtained
from three and four point correlation function.

Scale dependent behaviors of the non-minimal coupling
between inflaton field and additional dilaton field are
given in an Einstein frame for power-law and exponential
types of attractor.

Three possible theoretical proposals have presented to
overcome the tachyonic instability [130—134] at the time
of late time acceleration in a Jordan frame and due to this
fact the structure of the effective potentials changes in an
Einstein frame as well. These proposals are inspired by:

— L. Non-BPS D-brane in superstring theory [23,135—
140].

— II. An alternative situation where we switch on the
effects of additional quadratic mass term in the effec-
tive potential.

— III. Also we have considered a third option where we
switch on the effect of non-minimal coupling between
scale free e R? gravity and the inflaton field.

consider a most generalized version of P (X, ¢) models,
where X = — % 8"V 0,¢0,¢ and the effective sound speed
cs < 1 for such models. For example one can consider
the following structure [56, 105]:

1 1

PX,¢) = ———+/1-2X — —V(p),

(X, ) 7@ f(¢)+f(¢) (@)
(1.2)

which is exactly similar to the DBI model. But here
one can implement our effective Higgsotic models in
V (¢) instead of choosing the fixed structure of the DBI
potential in UV and IR regime. Here one can choose
[56] f(¢) ~ £, which is known as the throat factor in
string theory. In string theory g is the parameter which
depends on the flux number. But other choices for f(¢)
are also allowed for the general class of P(X, ¢) theo-
ries which follows the above structure. Similarly one can
consider the following structure of P (X, ¢) for tachyon
and Gtachyon models given by [23,141]

For Tachyon: P(X,¢) =—-V(p)v1—-2Xeo', (1.3)
For GTachyon: P (X, ¢) = —V(¢)(1 —2Xa')?
1/2<g<2), (14

where o’ is the Regge slope. Here we consider the most
simple canonical form, P(X,¢) = X — V(¢), where
V (¢) is the effective potential for the monomial ¢* model
considered here for our computation.

. As a choice of the initial condition or precisely as the

choice of vacuum state we restrict our analysis using
Bunch-Davies vacuum. If we relax this assumption, then
we can generalize the results for « vacua as well.

. During our computation we have restricted ourselves up

to the minimal interaction between the o R? gravity and

Now before going to the further technical details let us clearly matter sector. Here one can consider the possibility of
mention the underlying assumptions to understand the back- non-minimal interaction between « R? gravity and matter
ground physical setup of this paper: sector.

6. During the implementation of the In-In formalism [2]

1. We have restricted our analysis up to monomial ¢* to compute three and four point correlation function we

model and due to the structural similarity with Higgs
potential at the scale of inflation we have identified
monomial ¢* model as Higgsotic model in the present
context.

. To investigate the role of scale free theory of gravity, as
an example we have used o R? gravity. But the present
analysis can be generalized to any class of f(R) gravity
models.

. In the matter sector we allow only simplest canonical
kinetic term which are minimally coupled with o R? grav-
ity sector. For such canonical slow-roll models the effec-
tive sound speed cs = 1. But for completeness one can

have use the fact that the additional dilaton field W is fixed
at Planckian field value to get the non-attractor behavior
of the present setup. One can relax this assumption and
can redo the analysis of the In-In formalism to compute
three and four point correlation function without freezing
the dilaton field W and also use the attractor behavior of
the model to simplify the results.

. During the computation of correlation functions using a

semi classical method, via the A formalism [23,142—
146], we have restricted up to second-order contributions
in the solution of the field equation in FLRW background
and also neglected the contributions from the back reac-

@ Springer
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tion for all type of effective Higgsotic models derived in
an Einstein frame. For completeness, one can relax these
assumptions and redo the analysis by taking care of all
such contributions.

. In this work we have neglected the contribution from the
loop effects (radiative corrections) in all of the effective
Higgsotic interactions (specifically in the self couplings)
derived in the Einstein frame. After switching on all such
effects one can investigate the numerical contribution of
such terms and comment on the effects of such terms in
precision cosmology measurement.

. We have also neglected the interactions between gauge
fields and Higgsotic scalar field in this paper. One can
consider such interactions by breaking conformal invari-
ance of the U(1) gauge field in the presence of time
dependent coupling f (¢ (1)) to study the features of pri-
mordial magnetic field through inflationary magnetoge-
nesis [147-149].

The plan of this paper is as follows:

e In Sect. 2, we start our discussion with f(R) = aR>
gravity where a scalar field is minimally coupled with
the gravity sector and contains only canonical kinetic
term. Next in the matter sector we choose a very simple
monomial model of potential, V (¢) = f‘—ﬁb“, which can
be treated as a Higgs like potential as at the scale of infla-
tion, the contribution from the VEV of Higgs is almost
negligible.

Further, in Sect. 3, we provide the field equations in a Jor-
dan frame written in a spatially flat FLRW background.
Next, we perform a conformal transformation in the met-
ric to the Einstein frame and introduce a new dilaton field.
Further, we derive the field equations in an Einstein frame
and try to solve them for two dynamical attractor features:
apower-law solution, and exponential solution. However,
the second case give rise to tachyonic behavior which can
be resolved by considering-1. non-BPS D-brane in super-
string theory, II. via switching on the effect of quadratic
term in the effective potential and III. by introducing a
non-minimal coupling between matter and o R* gravity
sector.

Next, in Sect. 4, using two dynamical attractors, power-
law and exponential solution, we study the cosmologi-
cal constraints in the presence of two fields. We study
the constraints from primordial density perturbation, by
deriving the expressions for two point function and the
present inflationary observables in Sect. 4.2. Further, we
repeat the analysis for tensor modes and also comment on
the future observables — the amplitude of the tensor fluc-
tuations and tensor-to-scalar ratio in Sect. 4.3. Addition-
ally, in Sect. 4.4, we study the constraint for the reheating
temperature. Finally, in Sects. 5.1 and 5.2, we derive the
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expression for the inflaton and the non-minimal coupling
at horizon crossing, during reheating and at the onset of
inflation for the two above mentioned dynamical cosmo-
logical attractors.

Further, in Sect. 6, we have explored the cosmological
solutions beyond attractor regime. Here we restrict our-
selves at spatially flat FLRW background and made cos-
mological predictions from this setup in Sect. 7.1. To
serve this purpose we have used the ADM formalism
using which we compute two point functions and associ-
ated present observables using the Bunch—Davies initial
condition for scalar fluctuations in Sects. 7.2.1 and 7.2.2.
Further, in Sects. 7.3.1 and 7.3.2, we repeat the procedure
for tensor fluctuations as well where we have computed
two point function and the associated future observables.
We also derive a few sets of consistency relations in this
context which are different from the usual single field
slow-roll models. Further, in Sect. 7.4, we derive the con-
straints on reheating temperature in terms of observables
and the number of e-foldings.

Next, in Sects. 8.1.1 and 8.1.2, as a future probe, we com-
pute the expression for three point function and the bis-
pectrum of scalar fluctuations using the In-In formalism
for the non-attractor case and the SN formalism for the
attractor case. Further, we derive the result for a non-
Gaussian amplitude Il]olf for equilateral and squeezed
limit triangular shape configuration. Also we give a bulk
interpretation of each of the momentum dependent terms
appearing in the expression for the three point scalar cor-
relation function in terms of S, 7 and U channel con-
tributions. Further, for the consistency check we freeze
the additional field W in the Planck scale and redo the
analysis of the SA/ formalism. Here we show that the
expression for the three point non-Gaussian amplitude
is slightly different as expected for the single field case.
Further, in Sects. 8.1.1 and 8.1.2, we compare the results
obtained from the In-In formalism and § A/ formalism for
the non attractor phase, where the additional field W is
fixed in Planck scale. Finally, we give a theoretical bound
on the scalar three point non-Gaussian amplitude.
Finally, in Sects. 8.2.1 and 8.2.2, as an additional future
probe, we have also computed the expression for the four
point function and the trispectrum of scalar fluctuations
using the In-In formalism for the non-attractor case and
SN formalism for the attractor case. Further, we derive
the results for non-Gaussian amplitude g% and 7S¢ for
equilateral, counter-collinear or folded kite and squeezed
limit shape configuration from the In-In formalism. Fur-
ther we give a bulk interpretation of each of the momen-
tum dependent terms appearing in the expression for the
four point scalar correlation function in terms of S, 7' and
U channel contributions. In the attractor phase follow-
ing the prescription of NV formalism we also derive the
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expressions for the four point non-Gaussian amplitude
gl and 7)5°. Next we have shown that the consistency
relation connecting three and four point non-Gaussian
amplitude aka Suyama—Yamaguchi relation is modified
in the attractor phase and further given an estimate of the
amount of deviation. Further, for the consistency check
we freeze the additional field ¥ in Planck scale and redo
the analysis of the SN formalism. Here we show that the
four point non-Gaussian amplitude is slightly different
as expected for the single field case. Finally, we give a
theoretical bound on the scalar four point non-Gaussian
amplitude.

2 Model building from scale free gravity

To describe the theoretical setup let us start with the total
action of f (R) gravity coupled minimally along with a scalar
inflaton field ¢:

jay
S= f d*xy/—g [f(R) -~ %(am(am) -~ V(¢>} @2.1)

where in general f(R) can be an arbitrary function of the
Ricci scalar R. For example one can choose a generic form
given by [150,151]

fR)=)a,R", 2.2)
n=1

where a, Vn are the expansion coefficients for the above men-
tioned generic expansion. Here one can note down the fol-
lowing features of this generic choice of the expansion:

1. If we set a; = M12,/2, a, = 0Vn > 1, then one can
get back the well-known Einstein—Hilbert action (GR) in
Jordan frame: f(R) = MIZ,R /2. In this particular case
Jordan frame and Einstein frame are exactly the same
because the conformal factor for the frame transforma-
tion is unity. This directly implies that no dilaton potential
appears due to the frame transformation from Jordan to
Einstein frame. But since in this paper we are specifi-
cally interested in the effects of modified gravity sector,
the higher powers of R are more significant in the above
mentioned generic expansion of f(R) gravity.

2. If weset,a; =a = M12,/2, a=b=uo, a, =0Vn > 2,
then one can get back the specific structure of the very
well-known Starobinsky model: f(R) = aR + bR*> =
M[27R/2 + aR?. Here one can treat the « R? term as an
additional quantum correction to the Einstein gravity.

3. One can also set a; = a = MIZ,/2, a, = avVn > 2,
then one can get back the specific structure f(R) =
MIZ,R /2 + aR", which describes the situation where the
Einstein—Hilbert gravity action is modified by the mono-

mial powers of R. Here also one can treat the « R” term as
an additional quantum correction to the Einstein gravity.

4. In our computation we set a; = a = 0, ap = b =
o, ap, = 0Vn > 2, which is known as scale free gravity
in a Jordan frame: f(R) = aR?, where « is a dimen-
sionless scale free coefficient. For this type of theory if
we perform the conformal transformation from Jordan
to Einstein frame then we will induce a constant term in
the effective potential and this can be interpreted as the
4D cosmological constant using which one can fix the
scale of the theory for early and late universe. But in our
computation we introduce an additional scalar field in the
action in a Jordan frame, which we identified to be the
inflaton. After a conformal transformation in an Einstein
frame we get an effective potential which is coming from
the interaction between the dilaton exponential potential
and the inflationary potential as appearing in a Jordan
frame. We will show that here the two fields, dilaton and
inflaton form dynamical attractors using which one can
very easily solve this two-field complicated model in the
context of cosmology.

Next we will discuss the structure of the inflational as appear-

ing in Eq. (2.1). Generically in 4D effective theory the effec-
tive potential can be expressed as

Vi)

00 ¢5
Vren(¢) + Z ]5(8)?

Renormalizable part §=5

Non-renormalizable part
o 8
¢
E Cs(8) =2
5=0 p

where Js5(g) and Cs(g) are the Wilson coefficients in effective
theory. Here g stands for the scale of theory and the depen-
dences of the Wilson coefficients on the scale can be exactly
computed for a full UV complete theory using renormaliza-
tion group equations. In this paper a similar scale depen-
dence on the couplings we will calculate using dynamical
attractor method in an Finstein frame, which exactly mim-
ics the role of solving renormalization group equations in
the context of cosmology. As written here, the total effective
potential is made by renormalizable (relevant operators) and
non-renormalizable (irrelevant operators) part, which can be
obtained by heavy degrees of freedom from a known UV
complete theory. In our computation we just concentrate on
the renormalizable part of the action, which can be recast as

2.3)

4 ¢5
V) =3 Cre)—s. 2.4)
P M,

Next to get the Higgslike monomial structure of the potential
we set C3(g) = 0, as in this paper our prime motivation is
to look into only Higgsotic potentials. Consequently we get
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V(@) = Co+ C2(e) M9 + Ca(g)9™. (2.5)

To get the Higgsotic structure of the potential one should set

A
Co(g) = ~v*,

0 2.6)

P A
Ca(g) = —5v% Cy(g) = rh

Here v is the VEV of the field ¢. Consequently, one can write
the potential in the following simplified form:

A
V(p) = Z(qsz — v 2.7)

Now we consider a situation where scale of inflation as well
as the field value are very much larger than the VEV of the
field. This assumption is pretty consistent with inflation with
Higgs field. Consequently, in our case the final simplified
monomial form of the Higgsotic potential is given by

A4
Vig) = 24" 2.8)

Further varying Eq. (2.1) with respect to the metric and using
Egs. (2.2) and (2.8) the equation of motion (modified Einstein
equation) for the o R? scale free gravity can be written as

G/w = Ol[{le + 2(g,uv|:| - V;va)} + GMU]R = T/w
2.9)

where the D’Alembertian operator is defined as [0 =
PV, Vg = gV, = ﬁaag/_—gg“ﬂaﬁ) and the
energy-momentum stress tensor can be expressed as

2 3(/—8Lm)
NETEER T L

1 s Aoy
= 0updvd — guv 58 3a¢3ﬂ¢+1¢ . (2.10)

Ty = —

Here it is important to note that the Einstein tensor is defined

as Guy = Ry — %VR. Now after taking the trace of
Eq. (2.9) we get RLIR = %, where the trace of the

energy-momentum tensor is characterized by the symbol
T = T,f . In this modified gravity picture we have V# G wy =
4a[V,,OJR # 0 where we use VAR, = #V“ R, which
directly follows from the Bianchi identity V# G, = 0. Now
varying Eq. (2.1) with respect to the field ¢ we get the fol-
lowing equation of motion in curved space-time:

1
Op = —V'(¢p) = —1p> —— 0y (vV/—58%d
¢ @) =19’ = ——= (vV=25*"9p9)

= —Ag°. (2.11)

Further assuming the flat (k = 0) FLRW background metric
the Friedmann equations can be written from Eq. (2.9) as

.2 .
R (R

(%) =2 2 _(3)n,
a 6aR 2 R

@ Springer

(2.12)

: > i a\?
2H+3H " =2(—- )+ |-
a a
R R R
2aR R R 4
where we have assumed the energy-momentum tensor can be
described by a perfect fluid as 7,/ = diag(— 0é> Dbs P> Pp)

where the energy density pg and the pressure density py can
be expressed for the scalar field ¢ as

> Ay [
P¢=7+Z¢, P¢=7—Z¢~

(2.13)

(2.14)

Similarly the field equation for the scalar field ¢ in the flat
(k = 0) FLRW background can be recast as

b +3Hd+rp> =0. (2.15)

In the flat (k = 0) FLRW background we have the following
expressions:
R=06(H+2H?, R=6(H+4HH),

R=6(H+4H> +4HH). (2.16)

Substituting these results in Eqgs. (2.12) and (2.13) the Fried-
mann equations can be recast in the Jordan frame as

P¢

2H(H +3HH) — H> = =2, (2.17)
18«

OH(H + H?) + 6HH + fi = —g—“’. (2.18)
o

In the slow-roll regime (¢2/2 < %4)4) the energy density pg
and the pressure density py can be approximated by py ~
%d)“, Do R —%¢4. Consequently Egs. (2.15), (2.17) and
(2.18) can be recast as

3H¢ + rp> ~ 0, (2.19)
2H(H +3HH) - H> ~ M, (2.20)
18«
9H(H + H*) + 6HH + H ~ _M, (2.21)

6a

where V(¢) = %¢4. Further combining Egs. (2.20) and
(2.21) we get H = 3H(3H? — 4H). For further analysis
one can also define the following sets of slow-roll parame-
ters in a Jordan frame:

H H €H 2
H=gr =T =\ )

H
Further using these new sets of parameters in Egs. (2.20) and

(2.21) can be recast into the following simplified form:

V@) e
18a H* TRaH*

ve 21
W+ ey &
H+12+4EH

(2.23)
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However, solving this two-field problem in the presence of
scale free gravity is itself very complicated for the following
reasons:

e Complication I: First of all, for a given structure of infla-
tionary potential in a Jordan frame (here it is the Higgsotic
potential as mentioned earlier) it is impossible to solve
directly the dynamical equations (2.20), (2.21) and (2.23)
due its complicated coupled structural form.

e Complication II: One can use various solution Ansatzes
to get approximated numerical results, but this is also
dependent on the structure of the inflaton potential in a
Jordan frame and how one can able to implement initial
condition (starting point) of inflation for arbitrary struc-
ture of the effective potential.

e Complication III: In connection with the implementation
of the initial condition and to check the sufficient con-
dition for inflation in this complicated field theoretical
setup one needs to define the expression for number of
e-foldings in terms of effective potentials. But this cannot
be very easy in the present context as the field equations
are coupled.

Due to these huge number of difficulties in a Jordan frame
we transform the total action into the Einstein frame using
a conformal transformation. After transforming the Jordan
frame action into the Einstein frame in the present context we
need the solve a two interacting field problem in the presence
of Einstein gravity. There are several ways one can solve this
problem. These possibilities are:

e Solution I: the first solution to this problem is to follow
the well-known approach to solving two-field models of
inflation by following the method of curvature and isocur-
vature perturbation in the semiclassical SN formalism.
For more accurate results one can also solve directly the
Mukhanov—Sasaki equation for this two-field model and
directly treat fluctuations quantum mechanically. Since
this methodology has been discussed in various earlier
works, we will not discuss this issue in this paper. See
Refs. [152—-156] fore more details.

e Solution II: a second way of solving this problem is to
use dynamical attractor mechanism in the present con-
text where the two fields are connected through specific
relations, which can be obtained by solving dynamical
field equations in cosmology. This is equivalent to solving
renormalization group equations in the context of quan-
tum field theory as the dynamical attractor solution of two
fields captures the effects of all the energy scale. In our
computation we explore the possibility of two dynamical
attractors:

1. Power-law attractor
2. Exponential attractor

Here they have different cosmological consequences. But
they originate from the Higgsotic structure of the effec-
tive potential which we will discuss in the next section in
detail.

Solution III: a final possibility is to freeze the dilaton
field in the Planck scale or in the vicinity, so that one
can absorb it in the effective couplings in the Higgsotic
theory. This is identified as the non-attractor phase in the
context of cosmology. The physical justification for such
possibilities can also be explained from the UV behavior
of the 4D effective theory, which is known as the UV
completion of the effective theory. According to this pro-
posal we have two sectors in the theory:

1. Hidden sector: the hidden sector is made up of a heavy
field (in our case dilaton) which lies around the UV
cutoff of the effective theory, which is the Planck
scale. We are not able to probe directly this sector.
But we can visualize how its imprints on the low
energy effective theory.

2. Visible sector: the visible sector is made up of a
light field (in our case inflaton) which one can probe
directly. For present discussion the visible sector is
important to explain the cosmological evolution.

Usually in such a prescription one integrates the heavy
fields and finally gets an effective theory in the vis-
ible sector. Here we use the fact that such a proce-
dure mimics the role of freezing the heavy dilaton field
near the Planck scale. The only difference is that in the
case of freezing the dilaton field we only concentrate
on the Higgsotic potential. But the integration of the
heavy field allows for all relevant and irrelevant oper-
ators. However, by applying a similar argument one can
look into only the renormalizable Higgsotic part of the
total effective potential. Additionally, it is important to
note that at late times the dynamical picture is com-
pletely opposite where the inflaton field freezes in the
vicinity of the Planck scale and the dynamical contri-
bution for late time acceleration comes from the dila-
ton field. In a simpler way one can interpret this phys-
ical prescription as the competitive dynamical descrip-
tion of the two fields. During inflation the Higgsotic
field wins the game and at late times the dilaton serves
the same purpose. More precisely, within this prescrip-
tion dynamic features transfer from dilaton to Higgsotic
field (or any scalar inflaton) during inflation and at late
times a completely opposite situation appears, where
a similar transfer takes place from inflaton to dilaton
field.

In this paper we explore the possibility of Solution II and

Solution III in detail in the next section. For completeness
we briefly review also Solution I in the appendix.
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3 Soft attractor: a two-field approach

In the present context let us introduce a scale dependent mode
W, which can be written in terms of a no scale dilaton mode
® as

2 W
© = f(RIM,> = 2aR M;? = e\/;MP 3.1)

which mimics the role of a Lagrange multiplier and arises
in the Jordan frame without space-time derivatives. In terms
of the newly introduced no scale dilaton mode ® the total
action of the theory (see Eq. (2.1)) can be recast as

/d“x\/_{

g

2 4
p@R p@Z
8a

(au¢)(3v¢) - —¢ } (3.2)

To study the behavior of the proposed R? theory of gravity
here we introduce the following conformal transformation
(C.T.) in the metric from Jordan frame to the Einstein frame:

CT. .
v — uv = Q? 8uvs

N e B e

which satisfies the condition g,,,g" = g,mgkﬂ = 55. In the
present context the conformal factor €2 is given by

V2 v
QL=+v0O =e2v3Mp,

With this proposed C.T. in the metric the Ricci curvature
scalar in the Jordan frame (R) is related to the Einstein frame
(R) as

g S g =7,

(3.3)

(3.4)

R = QR +600In Q — 63""3,In Q 3,In Q] (3.5)

50 and Oln @ = \/L__gaa(, /—2g*PdgIn Q).
After doing C.T. the total action can be recast in the Einstein

where 3, =

N 2 gw
S C.T, S:/d4x —§[—”R+g2 5, Wd,w
g“”
0u0up — W (6, W) (3.7

! Here we apply Gauss’ theorem to remove the following contribution
in the total effective action:

3. 3 __
/d4x\/—g\/;MpD\IJ - \/;Mp/d4x b (V=28 050)
_ 7§ @x (VEEP %) ne = 0. (3.6)
IM

where M represents the boundary of the 4-volume and ng is the unit
normal.

@ Springer

where after applying C.T. the total potential can be recast as

A3t 4 age 20 (W)
Wip, ) = = |1+ 2
p

(3.8)

where Vy = M;‘,/ 8a exactly mimics the role of the cosmo-

logical constant and the effective matter coupling (A(W)) in
22 v

the potential sector is given by A(¥) = @ = e V3 Mp,
Now varying Eq. (3.7) with respect to the metric the field

equations can be expressed as

Guv = (R,W - gg”zé) = Tl W) (3.9)

where the energy-momentum tensor Tw(gb, W) for the
dilaton—inflaton coupled theory can be expressed as

) 8(V-ELe.w)
V=g e

_ I 2
— 3,030 + 3 VI — G <§gaﬁaa¢aﬂ¢

Tu(p, W) = —

gz -
+ 58 AT+ W W) ).

Here for the matter part of the action the following property
holds between the Einstein frame and Jordan frame energy-

. fo— 2 dW—gLw
momentum tensor: 1y, (¢, ¥) D T, = T
= g‘{ , which implies that using the perfect fluid assump-

tion one can write T\ = diag(—py, Py, Pg> Pp) =
. H .

édlag(—p@ Dés Po> Do) = %. Assuming the flat (k = 0)

FLRW background metric in an Einstein frame the Fried-

mann equations can be written from Eq. (3.9) as’:

- dlna\? 0
H? = — ) ==, 3.10
( dz ) 3M3 (3.10)
dH | -, (d%a (h+3p)
— tH == )= 3.11
di + (dﬂ) 6M? 1D

where the effective energy density (o) and the effective pres-
sure (p) can be written in an Einstein frame as

5= (Y 2+ dé 2+W v
7= () + (&) +wew

_ (AN (de)\? 6w
r=(5) (&) ~rew

Additionally, the Hubble parameter in the Einstein frame
(H) can be expressed as its Jordan frame (H) counterpart

(3.12)

2 It is important to mention here that the time interval in an Einstein
frame d7 is related to the time interval in a Jordan frame dt as d7 = Q dr.
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1 v

7o 1 1din@*| _ .~ 5w,

as H = [H+2 0 ]—e 6 Mp H+fM,,}
the Klein—Gordon field equations for the inflaton field ¢ and
the new field ¥ can be written in the flat (k = 0) FLRW

background as

. Also

) de

=t 3H— i dpW(p, W) =0 (3.13)
d2w ~dw ~

i — +3H— i + o W(p, V) =0. (3.14)

Now in the slow-roll regime the field equations are approxi-
mated by

do

3151? +A(W)p> =0 (3.15)
_dw A(\V)¢4 B

3 o, = (3.16)
., W(p, ¥ Vi 20A (U

A% = ;i}g ) _ 31\?@ [1 “M(é )¢4] 3.17)

To study the behavior of the proposed model let us consider
two cases, where the dynamical features are characterized by

1. Case I: power-law solution,
2. Case II: exponential solution.

which we discuss in the next subsection.

3.1 Case I: Power-law solution

We consider here large o, small V(& 0) with A > 0 with
effective potential

- Q% A 22w
W(p, W) ~ %(p“ = e gt (for Case D).
(3.18)
Consequently the field equations can be recast as
~-d _2V/2 W
3Hd—(? +ae” V3 g3 =0, (3.19)
Ay gt 2o v
;Y M R o, (3.20)
oM,
- A 22w
H> = — ¢ V3 Mgt 3.21
12M12)€ ¢ (3.21)

This is the case where the cosmological constant V() or more
precisely the parameter o will not appear in the final solution.
The cosmological solutions of Eqs. (3.19)—(3.21) are given
by?:

3 Throughout the paper the subscript ‘0’ is used to describe the infla-
tionary epoch.

Case I
2V2M, ( a ) V3M, ( t )
v — Yy~ In|f — ) = In( —
A "\ 72 \&
9 2 2
= — — , 3.22
VoM, (@° — ) (3.22)
£ \34
a = a (—) , (3.23)
1o
¢ V) ¢
N - N - 5 d = =
() (¢0) M2 Jy, ¢ %7 (@) 8012
5 a 5 t

3.2 Case II: Exponential solution

We consider small «, large Vy with A < 0 with effective
potential

. M3 W)
Wi(p, V) ~ S—’J + ——2¢*
(07
M4 a if
=—L_Ze¢ VMgt (forCasell).  (3.25)
8a 4

Here to avoid any confusion we have taken out the signature
of the coupling X outside in the expression for the effective
potential for A < 0O case.

Finally the field equations can be expressed as

dp . 2w

3H$ —e V3Mgd=0 (3.26)
~ d\y APt _no v
3H ¢ Vi =, (3.27)
\/_M
~ M2 A 22w
H?> =L — e 3 Mgt (3.28)
24a  12M2

The cosmological solutions of Egs. (3.26)—(3.28) are given
by

Case 11
N 2\/§Mp a Mlz,
U — Yy~ 7 ln<%) 3\/_(t—to)
S S (3.29)
2/6M,

a ~ agex [M” (t—t):| (3.30)
0 €Xp 2\/@ 0 ) .
L[ Vg

N(@) —N(po) = — | dp—
UM g 0,V (9)

M 11
T 1AW \ g ¢
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Potential for Case I
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(a) Case I : Power-law behavior.

Fig. 2 Behavior of the inflationary potential fora Vo ~ 0 and > > 0
(CaseI) and b Vjy # 0 and & < 0O (Case II). In a the inflaton rolls down
from a large field value and inflation ends at ¢y ~ 1.09 M. On the
other hand in b the inflaton field rolls down from a small field value

Mf, 1
— _ 1 —
160 (V) g3 _ 8%,% In (i>
0 o
M4
s (3
201 (V) ao
5
7). (3.31)

~ —P(t —
40320(W) Vo4

This is the specific case where the cosmological constant
is explicitly appearing in the potential. To end inflation we
need to fulfill an extra requirement that A < 0 and this will
finally led to massless tachyonic solution. In Fig. 2a, b we
have shown the behavior of the inflationary potential for the
twocases, I. Vo & 0and A > 0,2. Vg #0Oand A <O.

Figure 2a implies that the inflaton rolls down from a large
field value and inflation ends at ¢y ~ 1.09 M. Also the
potential has a global minimum at ¢ = 0, around which
field is start to oscillate and take part in reheating. On the
other hand in Fig. 2b the inflaton field rolls down from a
small field value and the inflation ends at the field value
¢ = 2.88 a'/® M,, where the lower bound on the param-
eter « is, @ > 2.51 x 107, which is consistent with Planck
2015 data [44-46]. Within this prescription it is possible to
completely destroy the effect of cosmological constant at the
end of inflationary epoch. But within this setup to explain the
particle production during reheating and also explain the late
time acceleration of our universe we need additional features
in the total effective potential in scale free « R? gravity theory.
It is a general notion that the reheating phenomenon can only
be explained if the effective potential has a local minimum
and a remnant contribution (vacuum energy or equivalent to

@ Springer

Potential for Case 11
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(b) Case II : Tachyonic behaviour.

and the inflation ends at the field value ¢y = 2.88 «!/® M, where the
lower bound on the parameter « is o > 2.51 x 107, which is consistent
with Planck 2015 data [44-46]

cosmological constant) in the total effective potential finally
produce the observed energy density at the present epoch as
given by4 Prow ~ 10~%7 GeV*, which is necessarily required
to explain the late time acceleration of the universe. Now here
one can ask a very relevant question: if we include some addi-
tional features to the effective Higgsotic potential, which also
can be treated as a massless tachyonic potential, then how
one can interpret the justifiability as well as the behavior
of effective field theory framework around the minimum of
the potential which will significantly control the dynamical
behavior in the context of cosmology? The most probable
answer to this very significant question can be described in
various ways. In the present context to get a stable minimum
(vacuum) of the derived effective Higgsotic potential in an
Einstein frame here we discuss a few physical possibilities:

e Choice I: The first possible solution of the mentioned
problem is motivated from non-BPS D-brane in super-
string theory. In this prescription the effective poten-
tial have a pair of global extrima at the field value,
Pextrema = ¢ = F¢y for the non-BPS D-brane within
the framework of superstring theory [23,135-140]. Addi-
tionally, it is important to note that here a one parameter
(y) family of global extrima exists at the field value,
¢ = ¢y eV for the brane—antibrane system. Here ¢y
is identified to be the field value where the reheating
phenomenon occurs. At this specified field value of the
minimum the brane tension of the D-brane configuration
which is exactly canceled by the negative contribution as

4 For Einstein gravity one can write the observed energy density at the
present epoch in the following form: ppow & S'Hg M%, where Hj is the
Hubble parameter at the present epoch.
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appearing in the expression for effective potential in an
Einstein frame. Here for the sake of simplicity we relax
a little bit the constraints as appearing exactly in Case II.
To explore the behavior of the derived effective poten-
tial here we have allowed both of the signatures of the
coupling parameter A. This directly implies the following
constraint condition:

A 22 W

—Ze fMPqSV—i—G)p—O (for A < 0), (3.32)
A 22w
e ¢ +©, =0 (for A > 0), (3.33)

where @, is the above mentioned additional contribution
and in the context of superstring theory this is given by

_ \/E(er)_pgs_1 for non-BPS Dp-brane,
P 2(27r)_1”gs_l for non-BPS Dp— Dp brane pair,

(3.34)

with string coupling constant gs. This implies that the
inflaton energy density vanishes at the minimum of the
tachyon type of the derived effective potential and in this
connection the remnant energy contribution is given by
Vo = M;‘, /8, which serves the explicit role of cosmo-
logical constant in the context of late time acceleration of
the universe. In this case considering the additional con-
tribution as mentioned above the total effective potential
can be modified as

1: W(p, ¥) = My 3o fil g
vl: W(g, )—8—a—Ze @* — o)
(for A < 0), (3.35)
My A _apwo
v2: W(p, V) = +4e V3 Mr (9" — oY)
(for A > 0). (3.36)

Here to avoid any confusion we have taken out the sig-
nature of the coupling A outside in the expression for the
effective potential for the A < O case.

In the present context the field equations can be expressed
as

d 2V2
For v1: 3Hd—¢—ke V3 Mp¢3 =0, (3.37)
dU APt —o¢t) _ni
3H— + —— "V @ —dv = Wt AT =0, (3.38)
dr VoM,
- M? A 2B
H>=_2 _ V3 Mp (p* —
24q 12M2 P@" =)
(3.39)
~d¢ 22w
For v2: 3HE+)L6 V3 M 3 =0, (3.40)

dv At —ot) 22w
3H ((b—¢e

— By =, (341
dr VoM,
- M? A ,Mi
H2 — )4 3 M _
24 + 12M1% 7@ = ).
(3.42)

The solutions of Egs. (3.37)—(3.42) are given by

Choice I(v1)

NZﬁMp a M?
¥ — Yy = NG 1n<%) 3f(t—t0)

1 1
SR |

(3.43)
a = a exp[ M,y (t — to)] , (3.44)
24/60
¢ V()
N(@) —N(py) = — [ dp—=
UM gy V(@)
o (M eV (L1
160A (W) ~ 8M2 ) \ g2 ¢?
M4 4
A ( + ¢—>1 (—) (3.45)
200 (V) @2 ao
Choice I(v2)
- ZﬁMp a MIZ,
U — Py~ 7 ln<%) 3[(t—t0)
@ =D+ 0Y -
= 2J6m, T e 92|
(3.46)
a = a exp[ My (r — to):|, (3.47)
2\/6_
¢y
N(@) = N(po) = do (@)

M2 s V()

AV
T\ 16an(w) smz )\ g2 ¢2
M4 4
~ ( P _ 41) In <i> . (3.48)
200 (W) ¢ ap

In Fig. 3a, b we have shown the variation of the potential
with respect to the inflaton field for both cases. For Fig. 3a
the inflaton can roll down in both ways. Firstly, it can roll
down to a global minimum at the field value ¢y = 0
from higher to lower field value and take part in parti-
cle production procedure during reheating. On the other
hand, in the same picture the inflaton can also roll down
from higher to lower field value in an opposite fashion.
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Modified potential for Case II with choice I(v1) Modified potential for Case II with choice I(v2)
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(a) Choice I(v1) : Modified potential from superstring the- (b) Choice I(v2) : Modified potential from superstring the-
ory with A < 0. ory with A > 0.

Fig. 3 Behavior of the modified effective potential for case II with a Choice I(vl): Vy # 0, 2 < 0, b Choice I(v2): Vy # 0, A > 0, where
M, =2.43 x 10'8 GeV

In that case the inflaton goes up to the zero energy level o> % |m¢|. After inflation when reheating starts, the
of the effective potential and cannot explain the thermal
history of the early universe in a proper sense. It is also
important to note that in this picture the position of the ¢ = % Im¢| the remnant energy Vo = M: /8a serves
maximum of the effective potential in the Einstein frame
is around the field value, ¢y = 0.42 M. Figure 3b is
the case where the signature of the coupling A is positive.
Also the behavior of the effective potential is completely

field satisfies ¢ < li—||mc|. Finally at the field value

the purpose of explaining the late time acceleration of the
universe. In the present context the field equations can be
expressed as

opposite compared to the situation arising in Fig. 3a. In _de , s 2R
this case the inflaton field can be able to roll down to For v1: 3H$ + (mip —rp e V3 Mr =0, (3.51)
higher to lower field value or lower to higher field value. m o a4
But in both cases the inflaton field settles down to a local - dw 2V2 (Tc‘ﬁ -3¢ ) _ % a A
minimum at, ¢min = ¢y = 0.42 M, and within the vicin- 3Hﬁ - AM e Vit =0,
ity of this point it will produce particles via reheating. In (3.52)
the two situations the lower bound on the parameter « is '

m
fixed at, @ > 2.51 x 107, which is perfectly consistent ~5 M% (76452 - %454) N
with Planck 2015 data [44-46]. B =t 2 ¢ "

e Choice II: It is possible to explain the reheating as well r (3.53)
as the light time cosmic acceleration once we switch on d 3 ’
the effect of mass like quadratic term in the effective Forv2: 3 ﬁif — (mz(p — )L¢3)C_TMT> =0, (3.54)
potential. In such a case the modified effective potential dr )
in an Einstein frame can be written as _dv 22 ("%q&z — %¢>4) s w

3H_[~ + f € 3 My =0,
~ M} m? A _2V2 3Mp
vl W(p, W) = —L 4+ =<¢?> —Z¢*)e V3 (3.55)
8 2 4 o a
2 Mep2 _ &
(form2 > 0, % < 0), (3.49) g M ( 25 )e—Z—?M%
= 5 )
) MY m? o, A\ e 2 3M;,
. __r - 2 4 .
v2: W(p, V) = e 7‘(;5 - Zd) )e V3 My (3.56)
for m? < 0,1 > 0). 3.50 . :
(form; < >0 ( ) The solutions of Egs. (3.51)-(3.56) are given by
Here to avoid any confusion we have taken out the sig- Choice II(v1)
nature of the coupling A outside in the expression for 2 /IM Y
the effective potential for A < 0 case. In this context U — Wy~ 7 L (ﬁ) = #(; —19)
3 ao o

during inflation the inflaton field satisfies the constraint
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Modified potential for Case II with choice II(vl)
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(a) Choice I(vl) : Modified potential from superstring the- (b) Choice I(v2) : Modified potential from superstring the-
ory with A > 0.

ory with A < 0.

Fig. 4 Behavior of the modified effective potential for case II with a Choice II(v1): Vo # 0, & < 0,m2 > 0 and ¢ <

Vo#0,A>0,m? <0and ¢ <

___ 1 (¢? _¢)+7L] M
- 2J6M, 0 m2 -2 )|’

(3.57)
a =~ agy exp [ZA\//Ing (t— to)] , (3.58)
N @) =N o) = 16m/\%4(;4,w)a " (Z;E:i - iﬁi)
I [1- 2 ()] on2 - 0y

I 3 n
16m2(¥)a (m%

_A¢%|:1 85; 1n<ao)]>

(3.59)
Choice II(v2)
2V2M M3
U — Yy~ ﬁpln<%> SI(I—ZO)
! 2o me . (me =g
= — — —1 B — s
2\/5Mp |:(¢ ¢0) + X n (m% - )»(]5(%
(3.60)
~ Mp
a ~ ap exp [2@(1 to)] , 3.61)

M ¢G(m2 — 19?)
N@) = N@o) = ——L—In [ S02
(®) (90) 16mg(‘~lf)0! n <¢2(m% _ )qu(z)
I | Gt K ) )
e 3 n
16m2 (W) [1 N 824212) In (ao)] (m? —2¢)
0
(3.62)

The behavior of the effective potential in an Einstein
frame is plotted in Fig. 4a, b, where the inflaton field
is rolling down from a large field to lower value or the
lower to larger field value and after inflation take part in

ylmel, where M, =2.43 x 10'8 GeV

1lmel, b Choice I(v2):

particle production and reheating. Here the two situations
both are completely equivalent to the previous choice of
the effective potentials as discussed earlier. Here the only
difference is the scale of inflation, which is surely dif-
ferent compared to the previously mentioned scientific
scenario. Additionally, it is noted that for both cases the
effective potential can be able to generate VEV at the field
value ¢ = 2.5 M, which will finally take part to explain
the particle production and reheating mechanism. In both
of the situations the lower bound on the parameter o of
the scale free gravity is fixed at, « > 2.51 x 107, which
is perfectly consistent with Planck 2015 data and other
available joint constraints [44—46].

Choice III: In third option it is also possible to explain
the reheating as well as the late time cosmic acceleration
once we switch on the effect of non-minimal coupling
between, f(R) = aR? gravity sector and the matter field
sector. In that case the total effective action is modified
in a Jordan frame as

/ dm/—[ (1 + 67 R + (am(am)

A
_ Z(¢2 _ ¢%/)21| (3.63)

where & represents the non-minimal coupling parameter
and ¢y represents the VEV of the field ¢ in this context.
After performing conformal transformation, the effective
action in the Einstein frame can be written as

S C.T, S':/d“x\/ [ —LR+

g"”

g -
5 ERERY

3;L¢3u¢> W9, ‘P)} (3.64)
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Fig. 5 Behavior of the
6.3%107° —

Modified potential for Case II with choice III

modified effective potential in
presence of non-minimal
coupling in R? gravity for

case II with Choice III: Vp # 0,
A>0,& = M,? (red),

1078 M2 (blue), where

M, =243 x 10'® GeV

6.29%10~° [
6.28 <10~ [

6.27x107° |

V(g)(in M,)

6.26x10~° [

6.25x107° |

co bl b b b b

where after applying C.T. the total modified effective
action can be written as

47 —

$y)° 2o
(It E¢22 ©

4
W(p, W) = 8—”+ 3 M (3.65)

In the present context the field equations can be expressed

as
2 2 2
1t UL EN@ =) 2z
di (1+£¢2)3
(3.66)
~dw Me? — ¢7)? _ML
3H— 3 My =), 3.67
ai oM, (1 + 6427 eon
2 My 5@ )} 22w
2_ P 4 My
= 3M2(1+é¢2)2 3 (3:68)
The solutions of Egs. (3.66)—(3.68) are given by:
Choice III
22M), a M2
U — Yy~ \/5 In (%) 3\/» 10)
i [@ - (145 @+ 63 -208)) + 263 (2)]
T 2Jem, (1+£67) ’
(3.69)
a = a exp[ My (r — to)j|, (3.70)
2+/6a
L[ V)
N(@) —N(py) = — [ dp——=
UM g V(@)
_ M; (9897 — ¢
16p70A(W)(1 +£7)  \ ¢2(0f — 67)
_ M;
C16¢2an(W)(1 + £¢2)
(6] n()]-4)
X In , (3.71)

[1——Pl( )] 03 -08)
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In Fig. 5, we have shown the behavior of the effec-
tive potential with respect to inflaton field in the pres-
ence of non-minimal coupling parameter, £ = M;z and
£=10"% M;z depicted by red and blue colored curves,
respectively. For both of the cases we have taken the self
interacting coupling parameter A > 0. Also it is impor-
tant to mention here that if we decrease the strength of
the non-minimal coupling parameter then the effective
potential becomes steeper. For both situations the infla-
ton field can roll down from higher to lower or lower
to higher field values and finally settle down to a local
minimum at ¢y = M,,.

4 Constraints on inflation with soft attractors

Here we require the following constraints to study the infla-
tionary paradigm in the attractor regime:

4.1 Number of e-foldings

To get a sufficient amount of inflation from the proposed
setup (for both Case I and Case II), necessarily

<a—f>' > 50 — 70.
ao

which is a necessary quantity to be able to solve the horizon
problem associated with standard big-bang cosmology. The
subscripts ‘f” and ‘0’ physically signify the final and initial
values of the inflationary epoch. Further using Egs. (3.24) and
(3.31) the field value at the end of inflation can be explicitly
computed for the above mentioned two cases as

V(o) = N(¢p)| ~ |In 4.1

,1/2
b0 |:1 - 48((;jzwpi| for Case |
0
B 4.2)
" W for Case II.
[1+%]
Mp

Here it is important to mention the following facts:
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e For Case I the expression for the field associated with
the end of inflation ¢y is completely fixed by the value
initial field value ¢g. Here no information for the field
dependent coupling A(¥y) = A(Y = W) is required
for this case as the expression for ¢ ¢ is independent of
the dilaton field dependent coupling.

e For Case Il the expression for the field associated with the
end of inflation ¢ 7 is fixed by the value initial field value
¢o as well as by the field dependent coupling A(Yf) =
AW =Wy).

4.2 Primordial density perturbation
4.2.1 Two point function
The next observational constraint comes from the imprints of

density perturbations through scalar fluctuations. Such fluc-
tuations in CMB map directly implies that’:

S _ (5—p> = /Ag ~ 1077
cr

o o

(4.3)

measured on the horizon crossing scales, where §p is the
perturbation in the density p. Additionally, it is important to
note that Ag, represents the amplitude of the scalar power
spectrum. Also in the present context for both cases one can
write

N
o—| =|o—

IO [1 IO [2
where the parameter o is the parameter in the present context,
which can be expressed in terms of equation parameter as,
o=1+ m w = %. It is important to note that (71, #7)
represent the times when the perturbation first left and re-
entered the horizon, respectively. At time 71, Eq. (3.12) per-
fectly hold good in the present context. On the other hand
at time t = 1 the representative parameter o take the value,

= 3/2 and ¢ = 5/3 during the radiation- and matter-
dominated epochs, respectively. For the potential dominated
inflationary epoch, w ~ —1 and consequently one can write
the following constraint condition:

(5),=((=3)%)
o) o) )y
Further using Eq. (3.12) and approximated equation of

motion in slow-roll regime of fluctuation in the total energy
density or equivalently in the scalar modes can be written as

4.4)

(4.5)

5 Here one equivalent notation for the amplitude of the scalar per-

turbation used as /Pemp = /P Nemp), which we have used in the
non-attractor case.

30 = pop + WY — 3H (¢pd¢ + WsW)
~ —2H ($8¢ + o). (4.6)
where we use the symbol as = = d /df and one can write
down, 8¢ ~ Hép, sW ~ HSW, 8¢ ~ H, ¥ ~ H, and
finally the fractional density contrast can be expressed as

<8_p) H2(I9] + 1)),
p 5] ¢2 +\I’[2 f

with the following constraint on the parameter C as given by,
C ~ O(1) and it serves the purpose of a normalization con-
stant in this context. Then we get the two physically accept-
able situations for both of the cases which can be written
as

4.7

RegionT: (9] < |¥] = 2~ 20 VWb g
egion 1: < _— —_— .
& T 2\/_M2
, e e A W2
RegionIl: |¢]| > V| = — ~ — ~ ————
PRTY M3(3¢W)h
4.9)

Here one can interpret the results as

e InRegion I, the amplitude of the density fluctuation at the
horizon crossing is only controlled by the scale of infla-
tion and the magnitude of the dilaton dependent effective
coupling parameter A(Py).

e In Region II, the amplitude of the density fluctuation at
the horizon crossing is given by

(%) sn™ e ()
o Region 11 ( GW)h o RegionI.

This implies that contribution from the first slow-roll

. M2 (5, W
. — P %
parameter, as given by €, = —*

(4.10)

, controls the

magnitude of the amplitude of density perturbation apart
from the effect from the scale of inflation and the magni-
tude of the dilaton dependent effective coupling param-
eter A(Pyp).

4.2.2 Present observables
Further using the approximate equations of motion the frac-

tional density contrast for the above mentioned two cases can
be written as
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2
o [an) [1 2/6M, (W — \1/0)} for Region I

5p amzyV 2 995
Case . — ~ 32 4.11)
3
foy j;; ) [1 - 2“9;’;4” (W, — \110)} for Region II.
, )71/2
e |1+ Ry lTh) {1 - 2fMP (W — \po)} for Region I
8p P
Case II. — ~ 3 (4.12)
p L 7 for Region II.
A(\vh)<8a>3/2¢3[1—2{5#%—%)}
0
Here one can interpret the results as o
This implies that for A = 1 we get
e InRegion I and Region IT of Case I, the amplitudes of the
density fluctuation at the horizon crossing are related by Ja > 8p
— 2| — . (4.16)
o Region II p Region 1
(™ 7, (2)
P ) Region 11 V2 My \ P/ Region 1 In this case for Region I we get
1/2
2/6M
x {1 Y (W — ‘1’0)] (8—") ~22 %1077, 4.17)
0 o Region I
S
~ %0 (—p> . (4.13) _
V2M p» \ P /Region T then for Region II we get
This implies that if we know the field value at the start- 3p - _9
ing point of inflation then one can directly quantify the 7 Region I 222x1077 (4.18)

amplitude of density perturbation. Most importantly, if
inflation starts from the vicinity of the Planck scale
ie. ¢o ~ \/EM,, ~ O(M,) then by evaluating the
amplitude of the density perturbation in Region I one
can easily quantify the amplitude of the density per-
turbation in Region II. In this setup within the range
50 < Ny < 70, we get

5 5
(—p> ~ (—p) ~22%x107°,  (4.14)
o Region I o Region II

which is consistent with Planck 2015 data. But if infla-
tion starts at the following field value, ¢pg = v2A M P
where the parameter A 2 1 then one ca write the fol-
lowing relationship between the amplitude of the density
perturbation in Region I and Region II as

8 8
(), (®)
o Region II o Region I

12
X |:1 — V6 (P — \I‘o):|

9A2M

)
~ A ( P ) . (4.15)
p Region I

@ Springer

This implies that for A = 1 in Region II we get tightly
constrained result for the amplitude for the density per-
turbation.

In Region I and Region II of Case II, the amplitude of the
density fluctuation at the horizon crossing are related by

5 M; 5
(_p) N <_”> . (4.19)
O/ Region 1I \/ga)b(q/h)(bo P/ Region 1

This implies that if we know the field value at the starting
point of inflation, the dilaton field dependent coupling at
the horizon crossing A (W) and the coupling of scale free
gravity «, then one can directly quantify the amplitude of
density perturbation. Most importantly, if inflation starts
from the vicinity of the Planck scale i.e. ¢ ~ O(M),)
and we have an additional constraint:

then by evaluating the amplitude of the density perturba-
tion in the Region I one can easily quantify the amplitude
of the density perturbation in Region II. Here one can also
consider an equivalent constraint:
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Table 1 Inflationary

-9 -3 -5
observables and model Nin As (x1077) s Ps (x107) ks (x107%)
constraints in the light of Planck Case | Case II Case [ Case IT Case [ Case II Case | Case IT
2015 data [44—46] for the
dynamical attractors considered 50 0.941 0.940 1.16 1.20 —4.56 —4.80
in Case Tand Case II 60 22 23 0.951 0.950 0.80 0.83 261 —276
70 00.958 0.957 0.59 0.62 —1.65 —1.78
é 1 13 Y @21 In this context the scalar spectral tilt can be written at the
0 VBaA (W) P ' horizon crossing as®
——3 _ forCasel
For both situations in the present setup within the range s—1= dinAs ~ Nynt1)
50 < Ny < 70, we get df Ju - for Case II.
fIh g Nen

8 1
<_P> N <_"> ~23x 107, (4.22)
o Region 1 o Region II

which is also consistent with Planck 2015 data. But if
inflation starts at the field value ¢g = A M), where the
parameter A 2 1, and we define

1
Fr=(——), 4.23
(Jﬁax(wh)A3) @2

where the parameter I' 2 1, then one can write the fol-
lowing relationship between the amplitude of the density
perturbation in Region I and Region II as

3 3

<—p> =T (—p) . (4.24)
o Region II o Region I

This implies that for A 2 1 and I" 2 1 we get
3 3

(—p) > <—p> . (4.25)
o Region II p Region 1

In this case for Region I we get
3

(—p) ~23 %107, (4.26)
o Region I

then for Region II we get
3

(—p> >23x 1072 4.27)
o Region I

This implies that for A 2 1 and I" 2 1 in Region II we
get a tightly constrained result for the amplitude for the
density perturbation.

(4.29)

Further using Eq. (4.29) the running of the scalar spectral tilt
can be computed as

3
—= i |
dns WD) or Case I,
Bs=|—-—F) =~ 3 (4.30)
df Ju e for Case I,
fin
and
6
———=2>—— forCasel
dBs Woety' e
df /u -3 for Case II.
fih

Finally combining Egs. (4.29), (4.30) and (4.31) we get the
following consistency relation for both Case I and Case II:

(s =D 3 (ks 2/3
== =5)
This is obviously a new consistency relation for the present
Higgsotic model of inflation and it is also consistent with
Planck 2015 data [44-46]. In Table 1 we have shown the
numerical estimations of the inflationary observables for the
Higgsotic attractors depicted in Case I and Case II within the
range 50 < Ny, < 70.

InFig. 6, we have plotted the running of the spectral tilt for
scalar perturbation (ks = d%ng/d?Ink) vs. spectral tilt for
scalar perturbation (ng) in the light of Planck 2015 data along
with various joint constraints. Here it is important to note that
for Case I and Case II the Higgsotic models are shown by the
green and pink colored lines. Also the big circle, intermedi-
ate size circle and small circle represent the representative
points in (ks, ns) 2D plane for the numbers of e-foldings
Ny = 70, Ny = 60 and Ny, = 50, respectively.

Bs (4.32)

6 Here we use a new symbol /\/'f/h, which is defined as

Nyp = (4.28)

In (%)‘ = IV (¢n) — N(¢7)] ~ 50-70,
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Fig. 6 Plot for running of the

running of spectral index

ks = d?ns/d? Ink vs. running
of the spectral index

Bs = dng/dIn k for scalar
modes. Here for Case I and
Case II we have drawn green
and pink colored lines. We also

T T
s Planck+WP+BAO: ACDM + dns/dIn k+ d?ns/d?In k

T T T T

draw the background of the
confidence contours obtained
from various joint constraints
[44-46]

Running of Runnig Spectral Index (dn/e? Ink)
004 -0.02 000 002 004 006 008
|

To represent the present status as well as statistical signif-
icance of the Higgsotic model for the dynamical attractors as
depicted in Case I and Case II, we have drawn the 1o and 2o
confidence contours from Planck+ WMAP+BAO 2015 joint
data sets [44—46]. It is clear from Fig. 6 that, for Case I we

cover the range 0.59 x 1073 < g = &S < 1.16 x 1073

and —1.65 x 107 > xg = S8 > 456 x 1075
the (ks, Bs) 2D plane. Similarly for Case II we cover the
range 0.62 x 1073 < Bg = ¥~ 120 x 1073 and

dInk
—1.78x 107 > kg = dz'[’ls > —4.80x 10" 1nthe(/<s,ﬂs)

2D plane.

4.3 Primordial tensor modes and future observables

In terms of the number of e-foldings (N') the most useful
parametrization of the primordial scalar and tensor power
spectrum or equivalently the tensor-to-scalar ratio can be
written near the horizon crossing M, = N (¢y) as

V(N) == i d—¢ ’ = r(Nh)e(N_M){AhJ’_Bh(N_Nh)}
m2 \av

(4.33)
where in the slow-roll regime of inflation the tensor-to-scalar

ratio 7 (N},) can be written in terms of the inflationary poten-
tial as

v 2 IZZJZW‘?’ for Case I,
=)~ 8 <VE> B 5122{2)»2(‘1’h)¢6
Th for Case 11,
(4.34)

and the symbols Ay, By, and Cy, are expressed in terms of the
inflationary observables at horizon crossing as Ay = nt —
ns+1, By, = % (BT —Bs)- Inthe above parametrization Ay, >
By ie. Bs — 2(ns — 1) > Bt — 2nt is always required for
convergence of the Taylor expansion. Using this assumption
the relationship between field excursion, A¢ = ¢, — ¢ and
tensor-to-scalar ratio r (Nj,) can be computed as

@ Springer

—0.045 —0.030—0.015 0.000 0.015 0.030 0.045 o0.060
Running Spectral Index (dns/d In k)

|A¢| /V( 2
A | B
— erfi <\/2hTh 3 Nf/h)

Now the scale of inflation is connected with the tensor-to-
scalar ratio in the following fashion:

e 3 1/4
1A <§7T2Asr(fh))

My ~79x107° M, x (

(4.35)

1/4
rii h)> . (4.36)

0.11

Substituting Eq. (4.36) in Eq. (4.35) we compute the rela-
tionship between field excursion and the scale of inflation
as

Al
M, 6JTM;Ath

A2
Vi e 2By

=

()

Ap By

Also using Eq. (4.36) the tensor-to-scalar ratio can be written
as

4
% for Case I,
r=r\y) = ! (4.38)
1
m for Case II.

Further using Egs. (4.34) and (4.38) we get the following
constraints from the primordial tensor perturbation:

0.17M,

) XA for Case I, w0
h = .
4-25M, for Case II.

a2 3500y
Consequently the model parameters of the prescribed theory
can be recast in terms of the tensor-to-scalar ratio as

r 3

A(WL) = 9.358 x 10715 x (ﬁ) for Case I,  (4.40)
r -

« = 2.740 x 107 x <T> for Case Il (4.41)
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Fig. 7 Variation of the tensor-to-scalar ratio r with respect to a coupling parameter A (W) (Case I) and b scale free parameter « (Case II). For both
plots the dotted region is disfavored by Planck 2015 data along with BICEP2+Keck Array joint constraint [44—46]
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Fig. 8 r vs. ng plot for Case I and Case II in the background of confidence contours obtained from Planck TT+low P, Planck TT+low P+BKP,

Planck TT+low P+BKP+BAO joint data sets

To satisfy the upper bound of the tensor-to-scalar ratio as
obtained from Planck 2015 + BICEP2 + Keck Array i.e.
r ~ 0.11 [44-46], Egs. (4.40) and (4.41) give the upper
bound of the model parameters A (W) and «, respectively.

In Fig. 7a, b, we have shown the variation of tensor-to-
scalar ratio r with respect to field dependent coupling param-
eter A(\Wy,) for Case I and scale free parameter « for Case I1.
For both plots the dotted region is disfavored by Planck 2015
data along with BICEP2+Keck Array joint constraint.

In Fig. 8, we have plotted the tensor-to-scalar ratio () vs.
spectral tilt for scalar perturbation (ng) in the light of Planck
data along with various joint constraints. Here it is impor-
tant to note that for Case I and Case II the Higgsotic models
are shown by the green and pink colored lines. Also the big
circle, intermediate size circle and small circle represent the
representative points in (r, ng) 2D plane for the numbers of

e-foldings, N/, = 70, N/, = 60 and Ny, = 50, respec-
tively. To represent the present status as well as the statistical
significance of the Higgsotic model for the dynamical attrac-
tors as depicted in Case I and Case II, we have drawn the 1o
and 20 confidence contours from Planck TT+low P, Planck
TT+low P+BKP, Planck TT+low P+BKP+BAO joint data
sets [44-46] in Fig. 8. It is clearly visualized from Fig. 8
that for Case I we cover the range 0.941 < ns < 0.958
and 0.07 < r < 0.11 in the (r, ng) 2D plane for the effec-
tive field dependent coupling constrained within the win-
dow 5.956 x 1071 < A(¥y) < 9.358 x 10~13. Similarly
for Case II we cover the range 0.940 < ng < 0.957 and
0.056 < r < 0.09, in the (r, ns) 2D plane for the effec-
tive scale of the Higgsotic potential constrained within the
window 5.382 x 107 > o > 3.349 x 107. Additionally, it is
important to mention here that the area bounded by the paral-
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lel vertical green lines and the pink lines represent the allowed
parameter space in the (r, ng) 2D plane for the two Higgsotic
dynamical attractors as depicted in Case I and Case II.

4.4 Reheating

To get successful amount of reheating from the proposed
setup we consider the fact that reheating to commence at the
end of slow rolling of the inflaton, é ~ 3H¢. This condition
translates into the following physical constraint for Case I
and Case II:

390 (\/W) - 237%\/%

Further using this constraint in Eq. (4.2) the inflaton field
value at the end of inflation can be computed for Case I and
Case II as

6
Jem,
~ o

27002 117
[57]
My

(4.42)

for Case I,

o for Case II. (4.43)

Additionally, it is important to mention here that the slow-roll
approximation in Egs. (6.3)-(6.5) is only valid when the fol-
lowing constraint is satisfied, w > B‘”—ZVM - For our present

setup this condition translates into the following constraint
for Case I and Case II:

24/6
Case I it > %_ M,, (4.44)
1/3
42
Case II:  ¢inr < (m> M,, (4.45)

where @iy represent the field value of the inflaton during
inflation. Here it is important to note that, once the qb term
becomes dominant, the slow-roll condition is not valid. In
such a case we need to solve the equation of motions with
large inflaton kinetic terms where |¢3/3I-? ¢3| ~ O(1). This
also implies that when the ¢2 contribution is dominant in the
energy density, the slow-roll approximation for the inflaton
field completely breaks down and reheating starts.

Further we assume that to occur successful reheating in the
proposed framework it is important to convert energy from
the potential energy density to radiation. Consequently one
can write the following expression for the reheating temper-
ature:

300\ (300,\ "
TRy = ( 2pf> A (2—f) > TRH,min ~ € GeV
T8 T8

(4.46)
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where g, is the effective number of particle species and £ is a
parameter which is different for different models of inflation.
In this context successful reheating does not require instant
transition to a radiation-dominated universe after inflation.
The inflaton decay can occur much later than the end of
inflation, and formation of a fully thermalized radiation bath
can take even longer. This implies that very large value of
£ is not allowed in the present context, which is consistent
with various supersymmetric models of inflation. Equiva-
lently Eq. (4.46) can be translated for Case I and Case II
as

_2/2Yf 5120,.84
CaseI: A(Wy)=2Le 3 My o (i)

54
x (4.12 x 107194, (4.47)
. 15 —19\—4
Casell: o < (471,’2—g*54> X (412 x 10 ) . (448)

One can interpret the results obtained in this section as fol-
lows.

e For Case I we get a lower bound on the field dependent
coupling A (W r), which is expressed in terms of the effec-
tive number of particle g, and the parameter .

e Similarly for Case II we get an upper bound on the scale
free gravity coupling ¢, which is also expressed in terms
of the effective number of particle g, and the parameter
E.

e Foragiven value of g, and £ one can explicitly determine
the respective bounds on the coupling parameters. For an
example one can fix g, ~ 100 in the present context.

5 Cosmological solutions from soft attractors
5.1 Solutions for the inflaton

To study the inflationary constraints and the cosmological
consequences from our proposed setup here we first express
the value of the inflaton field at the onset of inflation, the hori-
zon, reheating and including the density perturbation condi-
tions as given by

Case |
6 5 172
¢O>¢h:\/;Mp |:l+ﬁ./\/f/hi| , 5.1
21 (Wo)\
0 < ¢rRH = TRH,min X (‘giﬁT) , (5.2)
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2 1/2
) 2 320 :
2M,, [(f)cr o t (2‘1’7017 5 — 9N for Region I,
$0 > ¢p = 2/3 2 1/2 (5.3)
S 1 [ 3 20 :
2Mp [(ﬁ)cr W + (ﬁ) 10 — 3Nf/hi| for Reglon H,
Case II
2 1/2
¢
(%)
$o > ¢n = M, Y +8Ny/n , (5.4
0
14270 (42
1/4
4 ”zg* TRH, min 4 1
=M, * : - — , 5.5
b0 > drRH p‘,)\'(\po)|: 30 ( M, ) ™ (5.5
1/2
2 12 270(4’—0)4
S p\T Mp _ .
M, [m {6401 ( ! )Cr 1} + 1+270(,[’;—°)2 16N ¢/n for Region I,
$o > ¢p = <¢0 )4 r 1/2 (5.6)
—1 270( 17~
M,| —L—— (8—p> o) 16N for Region II
p |:(80l)3/2)»(\1’h)</€](;) P Jer 1+270(%>2 I/
The physical interpretation of the obtained results are
given now: (@D)Region 11
2/3
For Case I the field value at the hori ing i =2M 1 al )"
e For Case I the field value at the horizon crossing is com- =Y | Gl -~
. . o h)) 2M p i
pletely specified by the number of e-foldings, which is V2 P Region I
lying within the window, 50 < Ny/p = Newp < 70. . , 12
On the other hand for Case II field value at the horizon + <W) (5.7
crossing is specified by two parameters — (A) the number 2M)

of e-foldings and (B) the field value at the starting point
of inflation (initial condition).

For Case I the field value during the time of reheating is
specified by three parameters — (A) the minimum value
of the reheating temperature, (B) the value of the field
dependent coupling parameter at the starting point of
inflation, and (C) the effective number of degrees of free-
dom g... For Case Il to determine the field value at the time
of reheating we need to know additionally the numerical
value of the scale free gravity parameter «.

For Case I the field value during the density perturba-
tion is specified by four parameters — (A) the value of
the density contrast or more precisely the amplitude of
the scalar perturbation, (B) the value of the field depen-
dent coupling parameter at the horizon crossing and at
the starting point of inflation, and (C) the number of e-
foldings. For Case II to determine the field value during
the density perturbation we need to know additionally
the numerical value of the scale free gravity parameter
«. For Case I one can express the solution for Region II
in terms of Region I as

—1

Similarly for Case II one can express the solution for
3p
Region I

Region II in terms of Region I as
(%)
1

+ ((¢D)Region 1)2 .
V2ah (W)

MP
1/2
x {640[( ) —1” . (5.8)
Region I

5.2 Solutions for field dependent coupling A (V)

1 ¢

(¢D)Region n= ZMP |:805_1/2M_127

8p2

0

Now let us describe the behavior of the running or the scale
dependence of the field dependent coupling A(W¥) in the
above mentioned two cases as

Case I

1
= A(Wp)e ™7

2

2V2
/2 0

A(W) = A(Wg)e V3Mp

o 2
= A(Vo) (7) ;

(¢*-95)

(W—Wo)

(5.9)
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Case II
- 3, (629
A(W) = A(Wg)e Fidy =) = A )eMI’( i)
My
— A(Wp)e A T (5.10)

Further using Eqgs. (4.39), (5.1) and (5.4) we get the following
constraint on the field dependent coupling A(\¥}) at horizon
crossing:

_2/2 % -5
re V3 My = _LaxI07 for Case I,
[l+%a//h]
— _2/2 W
AWh) =1 303 — _ 777M” 37. for CaseIL.
0\
a2 (M”) > +8a s/
1+270(,$—‘l‘))
(5.11)

Similarly using Eq. (5.11) the field dependent coupling A (\Vy)
can be expressed in terms of the number of e-foldings as

¢2
_2/2 Y s S| 5
re V3 Mp — Laxi07xe il 37“//”] M3
[H%af/h]
()
A(Wo) = Py
23 W - 1+27o<%) :
e VBMp — _LMpXC > e
(%)
Dt3/2|: pd) 2+801f/h
£0
1+270(Mp)

v +3qu’ + 0 W(p, W) =0
ar a v -

d>w _dU A(D)p*

— — - = 6.2
= 5n + i oM, (6.2)

Now in the slow-roll approximation regime the field equa-
tions are approximated by

d¢

3133 +A(W)p® =0 (6.3)
4

31511\? ’\}yjj =0, (6.4)

~ W(p, ¥ Vi 204 (W

During the non-attractor phase of inflation we assume that
the ¢ field is the only dynamical field controlling the scenario
and at that time the W field freezes at the Planck scale. On the
other hand, at late times the dynamical contribution comes

for Case I,

(5.12)

for Case II.

Additionally, we get the following constraint condition on
the ratio of the couplings at the horizon crossing and at the
starting point of inflation:

e%[H%aﬂh]

2 for Case I,
A(¥L) o7
( h)e3M12’ — (,?,’,i)z (5.13)
A(Po) i %Jr&wh
20
Hm(’”l’) for Case II.

6 Beyond soft attractor: a single field approach

In this section our prime objective is to analyze the non-
attractor phase of inflation. For this purpose let us start with
the Klein—Gordon field equations for the inflaton field ¢ and
dilaton field ¥, which can be written in the flat (k = 0)
FLRW background as

d’¢ dg

4+ 3H— 4+ 9, W ) =0
d+ d+¢(¢>)

2
=>d—¢+3H—"f + A1) =0,

i & 6.1
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from the W field and the inflaton field ¢ freezes at Planck
scale. Assuming this fact the general behavior during the
inflationary epoch is governed by

a=a exp|: (@’ —b3) — % {Erf [¢}

20M3 V3M,

bi
_Erf|:ﬁij|}j|, (6.6)
a3 | ¢ |- ¢
o zW[ = o)
5M5 @° —m} (6.7)

where the ‘i’ subscriptis used to describe the boundary/initial
condition within the prescribed setup. It is important to note
that in Eqs. (6.6) and (6.7) we introduce the new symbol A,
which signifies the value of the self coupling at the freez-
ing value of the dilaton field ¥ ~ O(M,) during inflation,
ie.

2v2 (6.8)
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On the other hand at late time the inflaton field get its VEV
at ¢ ~ O(M)) and correspondingly the self coupling A at
late time is defined as
- M4

A= —q5 (6.9)

Here the obtained results can be interpreted as follows:

e The solution for the scale factor a(¢) and inflaton field
¢ (t) admits a quasi de Sitter behavior in the presence of
an additional contribution coming from error functions.

e For the large value of the product oA one can further
neglect the contributions from the error function. In that
case one can get back the exact de Sitter behavior in the
present context.

For further analysis let us introduce the following Hubble
flow functions in an Einstein frame:

~ d2
1 dA 1[G

“ma W
dt

(6.10)

M
X

The flow functions in the Einstein frame can be expressed in
terms of the Jordan frame Hubble flow functions as

- 1 d21n92+ 1 din®Q? 1 (dnQ? 2
2H?ey  dr? Hey dt 4 dr
€EH — €H B )
| 4 L din@?
2H  dr
1 dinQ?
I:l + 2Hng dt :I

1 dn@2] °
[1+ﬁ gt]

Further we introduce potential flow functions in an Einstein
frame for the Higgs field ¢ as

6.11)

M?2 _ 27246
&y = (0 In W@, W))? = 320°0°9° 612
M[(J) |: 2a)\¢4i|
5 5 s W (), W) 24arp?
e = M> = , (6.13)
A R M;[ 4 20 ¢4}
52 _ gyt QoI WG, 9)) Dy W (9. W)
W (W(o, ¥))?
232 44
_ 384’2 5 6.14)
M; [ 20!)»(1)4}
3 6 (0 In W (¢, ¥))2 (9ppgp W (¢, ¥))
o M
W (W(g, ¥))3
3y3.6
_ 307207079 6.15)

3 k
Mg [ 20!)» ¢4}

where we assume that the dilaton field W freezes at the field
value ¥ during inflation. For further numerical estimation
during inflation we fix the freezing value of dilaton field ¥ ~
O(M ). During inflation the potential is characterized by

200(¥)
W(p, W) =UW) + V() = 1+ 7 ¢
p

Aoy
=W+ Zd) . (6.16)
On the other hand in an Einstein frame the potential and
Hubble flow functions are connected through the following
relations:

. N 3202 22¢0
€H ™ € = 2°
M167 [ 20[)\ ¢4]
B B B 24arp? 3202020
NH =~ Ny — €y = - .
|: 20()\ ¢4] Mg |: 20{A ¢4]
(6.17)

7 Constraints on inflation beyond soft attractor
7.1 Number of e-foldings

In the present context the total number of e-foldings is defined
as

fe
Niotat = N (te, ;) =/ H dt = Newp + AN (7.1)
1

where M., and AN are defined as

te
Ncmb = N(té’v tcmb) = H dt,

temb

temb

AN = N(temp, ti) = H dt. (7.2)

fi

Further substituting the explicit form of the potential pre-
sented in this paper, the number of e-foldings can be recast
as

be W
J\ftmal%—]v%%7 A %d
_ 1’2@ {# - d)iz} _ @@3 —ed. (13
1 (% W, W)
2
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Table 2 Inflaton field value at the end, horizon crossing and starting point of inflation

Nemb Notal Nieh AN AN ¢e (in Mp) Pemp (in Mp) @i (in Mp) Pren (in Mp) [AG| = |pemp — Pil (in Mp)
50 60 51 14.1 15.5 1.4
60 70 61 10 9 3\/§ 15.5 16.7 2 1.2
70 80 71 16.7 17.9 1.2

Table 3 Inflationary observables and model constraints in the light of Planck 2015 data

Nemp PsWNemp) (n 107) nsWNemp)  BsNemp) (in 1073) ks (Nemp) (n 107°)  r(Nemp) A (in 10713) & (in 107)  Tiep (in 1073 M),)
50 0.94 12 —48 <1.49 >3.48 <3.17
60 2207 0.95 0.8 28 <011 <1.13 >3.48 <3.17
70 0.96 0.6 ~18 <0.89 >3.48 <3.17

where superscript e, cmb and i denote the values of the infla-
ton field evaluated at the end of inflation, horizon crossing
and starting point of inflation, respectively.

In the present context the field value of the inflaton at the
inflation is determined from the condition €y (¢,) = 1 =
[ny7 (¢e)|. Further substituting Egs. (6.12) and (6.13) in the
inflaton field value at the end of inflation can be computed
as ¢ = 32 M p- Now the expression for the inflaton field
value at the horizon crossing is given by

1
= 2
M S8aA
¢cmb:_p Ac_r—nb|:l+ I+ (; ]
A
cmb

2 ar

M, [2Acmp
2

(7.5)

where we use the following constraint condition:

1+ng ~ 1+f\‘i‘x +oo~ O asar/ A2, < 1.
cmb cmb

Here the parameter A, is defined as

Acmp = ok (16Ncmb +36)

_ 9 _
= 16aANomp [1 + m} ~ 160Ny, (7.6)

Similarly using Egs. (7.5 and (7.6) in Eq. (7.3) the expression
for the inflaton field value at the starting point of inflation is
given by

1
= 2
M . SaA
¢ = == Ato—tdl|:1+ 1+ (21 i|

2 o total
M, [Au

~ =L TS~ My N (7.7)
2 ar

where we use a similar constraint to the one mentioned above,

ie. [14 3¢k ~ g deh oL O()asad/AL, < 1.
Atolal 'Au)tal

Here the parameter Ao is defined as

@ Springer

Asotal = o (16Motal + 36)

- 9
= 16aANotal |:1 +

4/\/total

In Table 2 we have given an estimate of the inflaton field value
at horizon crossing (¢¢mp) and starting point of inflation (¢;)
for different values of AV/,,,,, within the window 50 < N p <
70 (Table 3).

] ~ 160iNigw.  (18)

7.2 Primordial density perturbation

In the present context it is important to note that the pertur-
bations to the homogeneous FLRW metric are described by
the well known ADM formalism. The line element in the
ADM formalism after cosmological perturbation takes the
following simplified form:

ds? = N2dr? + gi; (dx' + N'dr)(dx/ + N/ dr), (7.9)
where g;; is the induced spatial metric on the three surface
labeled by time coordinate ¢, and N, N; are the time depen-
dent lapse and shift functions, respectively. To do further
analysis in the present computation one needs to make a
proper choice of gauge to fix the diffeomorphism invariance
of the theory of soft inflation originating from extended theo-
ries of gravity. A convenient choice is the synchronous gauge,
defined by imposing the conditions N = 1, N' = 0. The
perturbed metric in synchronous gauge has the mathematical
structure g;; = a2n[a +2¢(t,x)8; +vijl, vii = 0, where
¢(t,x) and y;; are the scalar and tensor perturbations in the
metric, respectively. Here to proceed we need to make a spe-
cific gauge choice to fix the diffeomorphism invariance of
the inflationary theory. Additionally, it is important to men-
tion here that, for the computation the inflationary correla-
tion functions, it is more convenient to choose the gauge,
3¢ (t,x) = 0, where the inflaton is homogeneous and the
scalar perturbations are also appearing in the metric. Our
focus will be on computing the two and three point func-
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tions for the scalar fluctuation at late time, when the modes
of interest have exited the horizon.

7.2.1 Two point function

To compute the two point function for the scalar fluctuation
we start with the second-order action for the curvature per-
turbation as given by
. 1
s& ~ /d4x a® Mie [ 2 - —z(ai;)z} : (7.10)
a

Next we introduce a new variable v(7, X), which is defined
as v(n,X) = z £(n,x) Mp. In general the parameter z is

defined as z = a+/2¢. Now in terms of v(n, X) the second-
order action for the curvature perturbation can be recast as

/ 1
SP ~ / d*x dn [v2 = @)~ @i0)? —méffm)vz],

(7.11)
where the effective mass parameter mef(17) is defined as
mgff(n) = —%%. During inflation the scale factor and the

parameter z can %e expressed in terms of the conformal time

— 1 _ _ .
nas,a(n) = ~ and z = a+/2e = —+/2¢/Hn where € is
the Hubble slow-roll parameter defined earlier. But for sim-
plicity one can neglect the contribution from € in the leading
order for the quasi-de Sitter case as it is sufficiently small in
the slow-roll regime. Now further taking the Fourier trans-
form,

(1. %) / Lk e e (7.12)
v(n,x) = | ——= v e, .

n )3

one can write down the equation of motion for the scalar
fluctuation as

vy + (k% + mE(m)vk = 0. (7.13)

Here it is important to note that for the de Sitter and quasi-
de Sitter case the effective mass parameter can be expressed
as mgff(n) = _17_22' Finally, considering the behavior of the
mode function in the subhorizon regime and superhorizon
regime one can write the expression in the de Sitter case with
Bunch-Davies vacuum as

w(n  iH
My 2 M, Jep k2

t(n.k) = e €t (1 4 k).

(7.14)

Atthe horizon crossing taking the late time limit one can write
down the following expression for the two point function for
scalar fluctuation:

1
(@ (q) = )38k + q) P, k)3 (7.15)

where P (k.) is known as the power spectrum at the horizon
crossing for scalar fluctuations and it is defined as

2

e = ey
p

(7.16)

For simplicity one can further define the amplitude of the
power spectrum Ps(N.,;5) at the horizon crossing as

H2

= — (7.17)
872 M,z,e};

1
Ps(Nemp) = 271_2P§ (k)

7.2.2 Present observables

Applying slow-roll approximation in the present context the
inflationary observables i.e. power spectrum, spectral tilt,
running and running of the running of the tilt for scalar modes
from our model at horizon crossing (N' = N_;5) can be com-
puted as

W (pemp. W
PsNemp) = %ﬁ;ﬁ%
B 393216n21a3;zN63mb (1 4+ 322aN2,, 1%,
(7.18)

nsNemp) = 1 + (%)Nmb ~1— Aﬁ (7.19)

d 3
as(Nemp) = ((j’%)/\cmb ~ o

d 6
ks (Nemp) = (ﬁ)Nmb ~ _m, (7.20)

where W represents the freezing value of W field at Planck
scale.

InFig. 9, we have plotted running of the running of spectral
tilt for scalar perturbation (ks = d?ng /d2 Ink) vs. running
of the spectral index s = dng/dInk in the light of Planck
data along with various joint constraints. Here it is important
to note that for the non-attractor phase of inflation the Hig-
gsotic models are shown by the blue colored line. Also the
big circle, intermediate size circle and small circle represent
the representative points in (s, 8s) 2D plane for the num-
bers of e-foldings Nemp = 70, Nemp = 60 and Ny = 50,
respectively. To represent the present status as well as the
statistical significance of the Higgsotic model for the non-
attractor phase of inflation, we have drawn the 1o and 20 con-
fidence contours from Planck+ WMAP+BAO joint data sets
[44-46]. Tt is clear from Fig. 9 that for the non-attractor phase

of inflation we cover the range 0.6 x 1073 < g = ddln_nsk <

12x 10 and —1.8 x 1075 > ks = 475 > 4.8 107
in the (s, Bs) 2D plane.
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Fig. 9 Plot for running of the

running of spectral index

ks = d?ns/d? Ink vs. running
of the spectral index

Bs = dng/dIn k for scalar
modes. Here for the
non-attractor phase of inflation
we have drawn a blue colored

T T
s Planck+WP+BAO: ACDM —+ dns/dIn k+ d?ns/d?1In k

line. We also draw the
background of confidence
contours obtained from various
joint constraints [44—46]

Running of Runnig Spectral Index (oo In k)
-0.04 002 0.00 002 004 006 008
I

B i _

7.3 Primordial tensor modes
7.3.1 Two point function
To compute the expression for the two point function for the

tensor fluctuation here we start with the second-order action
for the spin-2 graviton:

2
SO~ | d*xa® L My (3 )?
Y 3 Vzﬂ/lj 2 mVij .

In terms of conformal time in the present context the second-
order action for the tensor fluctuation can be recast as

S)(/Z) ~ /d3x dn a’

(7.21)

My [ = @urp?]. (1.22)

In Fourier space one can further decompose the graviton
vij(n,Xx) as

vij (0, %) = Z/

A=X,+

e, (k) vo.(n, k) e’ (7.23)

where e)‘ isthe polarization tensor, Which satisﬁes the follow-
ing property: €; = k'e}; =0, Y, ; e}l = 28, Similar
to the scalar ﬂuctuatlon here we also deﬁne a new variable
u; (n, k) in Fourier space as u) (1, k) = f My v (n, k) =

_fz_Hn M, v,.(n,K). Using u; (n, K) one can further write

down the second-order action for the graviton as

2 (2
X [ux (1. k) <k ) (ux(n, k) ] (7.24)

From this action one can find the mode equation for the tensor
fluctuation as

"
" 2 a —
u; (n, k) + <k - 7) u.(n, k) = 0. (7.25)
It is important to mention here that for the de Sitter case

we have ©© = 2. Further considering the behavior of the
a 7 g
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solution in the superhorizon and subhorizon regimes for the
Bunch-Davies vacuum we get
e 1K1+ (1 4 ikn).

u;(n, k) = (7.26)

1
3
in\/z k2
Atthe horizon crossing taking the late time limit one can write
down the following expression for the two point function for
scalar fluctuation:

(h(n, K)h(n, @) = Z(hx(n, K)hy (n, q))

A

= 27)38% (k + q) Pu(k, ), (7.27)

where P (k) is known as the power spectrum at the horizon
crossing for tensor fluctuations and it is defined as

4H?

Pa(ky) = % (7.28)

For simplicity one can further define the amplitude of the
power spectrum Pr(Npp) at the horizon crossing as

2H?

72 2 M2
MI’

PT(Ncmb) = Ph(k*) = (7.29)

7.3.2 Future observables

Applying slow-roll approximation in the present context the
future inflationary observables i.e. power spectrum, spectral
tilt, running and running of the running of the tilt for tensor

modes from our model at horizon crossing (N = N¢p) can
be computed as
2W (Pemp» W)
PrN, =
T( Cmb) 37T2M?7
_ T A2
= —r [1+32a302,,] (7.30)
dInP 64aI N
nTNemp) = ( dNT> = —_Cms,
N(.‘mb [1 + 320{)‘Ncmb:|
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Fig. 10 r vs. ng plot for the non-attractor phase of inflation for Higgsotic model in the background of confidence contours obtained from Planck
TT+low P, Planck TT+low P+BKP, Planck TT+low P+BKP+BAO joint data sets

. (130D

Ly 6o [1 - 32aiM~2mb]
a1 (Nemp) = (d/\/)Mmb - [1 + 320‘}_‘/\/3”17]

T Nomp) = (%T)N = 20480272 N

cmb

Nomp [1 + 320N 2

cmb

2
252 a74
| +4[1- 10240222073, ]

- [1+ 32ai/\/fmb]4 ’
(7.32)
PN = EemE) _ e 38N (7.33)
s WNemb) " [1+32a302,,

In Fig. 10, we have plotted the tensor-to-scalar ratio (r)
vs. spectral tilt for scalar perturbation (ng) in the light of
Planck data along with various joint constraints. Here it is
important to note that the non-attractor phase of inflation
for Higgsotic model is shown by the green and pink colored
lines. Also the big circle, intermediate size circle and small
circle represent the representative points in (r, ng) 2D plane
for the number of e-foldings, Neyp = 70, Newp = 60 and
Nemp = 50, respectively. To represent the present status as
well as the statistical significance of the Higgsotic model
in its non-attractor phase, we have drawn the lo and 20
confidence contours from Planck TT+low P, Planck TT+low
P+BKP, Planck TT+low P+BKP+BAO joint data sets [44—
46] in Fig. 10. It is clear from Fig. 10 that we cover the range
094 < ng < 0.96 and 0.06 < r < 0.11 in the (r, ng) 2D
plane.

Now to derive the constraints on the model parameters «
and A we use Eq. (7.18) and Eq. (7.33), which can be recast
as

1
~ - 7.34
& 9672 Ps Nomp)) 3523 X 16Ny’ 739
= o 2 rNemp) 177
A~ (967 Ps(Nemp)) I:—IZSJ\/Lmb} . (7.35)

Further substituting Eq. (7.35) on Eq. (7.34) finally we get

1

N 2Py Nom)r Namp) (7.36)

In terms of the number of e-foldings (N') the most useful
parametrization of the primordial scalar and tensor power
spectrum or equivalently for the tensor-to-scalar ratio can be
written near the horizon crossing N' = N as

PrOV
V) = PEE N; = r(Nomp) XPL — N (AN
+ BWNemp) N = Nemp) + CNemp) N = Nomp) 1

(7.37)

where the symbols A(Npp), B(Nemp) and C(Ngpypp) are
expressed in terms of the inflationary observables at hori-
zon crossing as A(Nemp) = ntNemp) — nsNemp) +
1, BWNemp) = 3(@rWNemp) — asWNemp))s CNemp) =
%(KT(./\[Cmb) — ks(Nemp)). In the above parametrization,
AWNemp) > BNemp) > C(Nemp) is always required for
convergence of the Taylor expansion. For the time being to
make the computation simpler let us assume that the term
involving the coefficient of the quadratic term B(N_,;;) and
cubic term C(Ngypp) is negligibly small compared to the
leading-order term A(MN.yp) as appearing in the exponent
of the above mentioned parametrization. Using this assump-
tion the relation between field excursion and tensor-to-scalar
ratio can be computed as

@ Springer



469 Page 30 of 82

Eur. Phys. J. C (2017) 77:469

A 2 r(Nemb) [ _AN(A(szh))}
~ 1—e
MP A(Mmb) 8

~ /r(jvgcmb)AN

and finally using the above relation from our R? gravity
model we get

(7.38)

2
~ A z ~ [V:;tota - V:;cmb
r(Ncmb)’\’8<MpAN> ’\'32< AN
32
= 5. (7.39)
[\/:Ctotal +\/:;cmb]

For our prescribed model [A¢| ~ 1.2 M), and AN = 10 is
fixed by Planck 2015 observation. Substituting these values
in the relation stated in Eq. (7.39), the upper bound of the
tensor-to-scalar ratio at the scale of horizon crossing com-
puted from our setup as 7 (Nemp) < 0.11. Now in the present
context using Eq. (7.19) we can express the number of e-
foldings at the horizon crossing as

3

Mo = s Mo

(7.40)

and substituting in Eq. (7.20) we get the following sets of
consistency relations for scalar modes from our analysis:

(1 — ns(Nemp))?

as(Nemp) ~ 3 ; (7.41)
s o) — =15 W) (7.42)
and combining Egs. (7.41) and (7.42) we finally get

1 = nsWonp) + 23Nemt) (7.43)

205 Nemp)

Similarly from tensor modes we get the following sets of
consistency relations from our model:

88473602 )2

(1 = nsNemp))? [ 1+
8847360202

r(Nemp) =~ 16€ =
o w 288ai ]2
(1—nsNemp))?

- - 2
Gars Noms)) ¥ [1+ 258 |

1966080222

= 2
288ax -
{—%KS(M-mb)}
2413 (Nemp)

= —. 7.44
1 - nS(Ncmb) ( )

s (Nemb) |:1 +

It is important to mention here that in the present context the
usual consistency relation for single field slow-roll inflation,

@ Springer

r(Nemb) = —8n1(Nemb) (7.45)
violates and after doing the analysis we found a completely
new consistency relation as presented in Eq. (7.44). In the
case of usual slow-roll single field inflationary setup the
tensor spectral tilt, nT(Nemp) < O always. But for the pre-
scribed setup Eq. (7.31), Eq. (7.35) and Eq. (7.36) suggest
that A > 0, > 0 always imply np(Nemp) > 0. Further
using Eq. (7.39) in Eq. (7.44) we get the following constraint
relationship:

lizfl ~ 2 [N = v N

3
- V1- ns(/\fcmb)nT(Ncmb)

X |:~/vtota1 -

3
_. 7.46
1 - nS(-/vcmb):| ( )

7.4 Reheating

The above results provide limits on the reheating temperature
Tren, defined as the initial temperature of the homogeneous
radiation dominated universe. In general, the reheating tem-
perature Trep is related to the energy density pren through the
following expression:

2

T
Preh = % getf (Tren) Trih = Tren

_ < 30 >1/4 /A
72 geit (Treh) reh

N < 30 )1/4 /4
72 geft (Treh) reh

where gefr (Tren) is the effective number of relativistic degrees
of freedom present in the thermal bath at the temperature

(7.47)

T = Tien and Viep represents the scale of reheating at
¢ = ¢ren given by the expression Vieh = V(P = ¢ren) =
Vol|l+ Mq&feh . Counting all degrees of freedom of the

M
Standard Model and the dilaton degrees of freedom, one has
getf (Tren) = 107.75. To find the reheating constraint from our
prescribed setup let us introduce the number of e-foldings at
the time of reheating defined as

fe
Hdr = -A/total - AN
Ireh
1 (% W(p, ¥
oLt e
M, Jgen 3p W (e, W)

1‘42 1 1 1
RN R R U B R v
T 16ar {(]562 ¢2 } M2 (¢e ¢reh) . (7.48)

reh 14

Meh =
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For the sake of clarity let us express the interval AN as

le fe Ireh

AN = H dt — Hdt = H dt
t freh t
= A/total - Meh = AN - (Mch - Ncmb)
= AN - AN = Afreh - -/\[cmb
M2 1 1 1
_ p _
" 1607 {¢3m Dren } TH )

(7.49)

Finally using the last step of Eq. (7.49) the field value during
reheating can be expressed as

—1
¢reh—A§ A;l;eh [1+ 1+fj}jh} fw% %
R 2Mpy[ (AN — AN) ~ 2Mpy/Noeh = Noms
(7.50)
where
Mieh = ah [16 (AN — AN) + 8Ny | — 4Nlcmb
~ 16ak (AN — AN). (7.51)

Using Eq. (7.51) finally we get the scale of reheating in terms

of the number of e-foldings as

Vieh ~ Vol1 4 3204 (AN — AN)?
= VoIl + 3202 (Nieh — Nomp)*1.

Further substituting Eq. (7.52) in Eq. (7.47) the reheating

temperature can be expressed in terms of the number of e-

foldings and scale of inflation in the context of our proposed
model as

T A < 30
h~\ "5 <
re ﬂzgeff(Treh)

(7.52)

1/4
) Vo /*11 4+ 32ah(AN — A2/
30 1/4 1 B 1/4
= — 4 4% (Noeh — N, )2> M
(JT 2geff(Trch)> (30! reh cmb p

1/2
_ |:45712773(Ncmb)r(./\/'cmb) {1 2 |: r (Nemp) i| /

geft (Treh) 12803

cmb

1/4
X (-N’reh _-/\/cmb)2 }j| Mp- (7.53)

8 Future probe: primordial non-Gaussianity
8.1 Three point function
8.1.1 Using the In-In formalism

Here we discuss the constraint on the primordial three point
scalar correlation function in the non-attractor regime of soft

inflation. In general one can write down the following expres-
sions for the three point function of the scalar fluctuation:
[2,157-169]:

£k (k)¢ (k3)) = (27) 8 (ki +ko + k3) B(k1, ka, k3).
(8.1)

In our computation we choose the Bunch—Davies vacuum
state and for single field soft slow-roll inflation we get the
following expression for the bispectrum:

W2 (Gemp, W)
288(e: )2 M5 (kikoks)?

3
DN
i=1

B(ky, ko, k3) ~

3
* * 3 *
x | 26, —nt) Y K + e,
i=1

3

+ )k

ij=Li#j

Z k| |

1] 1,i>j

(8.2)

where K = k| + ko + k3 = Zj: | ki,and the potential flow
functions in an Einstein frame can be expressed in terms of
number of e-foldings N,,;, as

M? -
[7”@, In W (g, \1:))2}
¢ ¢(mb

&y =
3 32a2X2¢§mb _20487A2NG 83
2(xk 2 [l + 320()_\./\[02},”]7]2 ’ .
¢cmh
ﬁVV — M2 a¢¢iw(¢’ ) — 2405)‘¢cmb
Lwe.w |, [ + b}
cm

96« ;«Afcmh

T [+ 320N2,] ®5

In the present context one can parameterize non-Gaussianity
phenomenologically via a non-linear correction to a Gaussian
perturbation ¢ in position space as [2]

e+ -+, (8.5)

LX) = ge(¥) + ¢ fl‘”[;g (x) —
where --- represents higher-order non-Gaussian contribu-
tions. This definition is local in real space and therefore called
local non-Gaussianity. In the case of local non-Gaussianity,
the amplitude of the bispectrum from the three point function
is defined as [2]

free(ky, ka, k3)
B é B(ky, k, k3)
6 [Pr (k1) Py (ko) + Pr (ko) Py (k3) + Pr (ki) Pe(k3)]
(8.6)
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Further substituting the expression for the bispectrum and
power spectrum the non-Gaussianity amplitude can be
expressed as

5 1
loc ~ * % 3
fNL (k1, ko, k3) ~ 12 237 kl-3 2(3€W Uw) § ki

3
* 3
+ep | — Z ki +
i=1 i j=1,ij i j=1,i>j

8.7

To give the bulk interpretation of the obtained results for
scalar three point correlation function here we start with the
graviton propagator which can be computed from the second-
order fluctuation in g, for the canonical scalar field action
minimally coupled with Einstein gravity. In this context we
choose a gauge dg,;, = 0 = §g;;, which is equivalent to
choosing N i = 0,N = 1 in the ADM formalism. After
choosing this gauge we get

Giinl . )= &’k elk-(y1—-y2)
l_];kl Zl7y17Z27 y2 - (27_[)3

/-oo ; J%(qm)J%(qzz)
y IR D
0 154 22122

where A;jy; is defined as A;jy = Pig Pj; + Pi P — Pij Py.
Here P;; is the projection operator in momentum space,
which is defined as P;; = (§;; + kikj/qZ). Further one can
also write down the expression for the transverse part of the
graviton propagator from this computation:

Ajjki s (8.8)

Gijii (21, Y15 22, ¥2) =/(i3—keik'(yl_yz)
Js o1y ’ ’ (27[)3

oo J%(qm)J%(fIZz)A .
X/ qaq zm ijkls ( . )

where Aijkl is defined as Aijkl = Pik Isjl + Isillsjk - 13,'1' Pkl-
Here f_’ij is the transverse part of the projection operator in
momentum space, which is defined as P; = (8ij—kik;/ qz).
Similarly the longitudinal part of the graviton propagator can
be expressed as

éij;kl(ZL Y1522, ¥2) = Gijik(z1, ¥15 22, ¥2)

—Giji(z1,¥15 22, ¥2)- (8.10)

Consequently in the bulk the on-shell action can be written
as a sum of transverse and longitudinal contributions as

2
SB ulk

on-shell = _Z_Ap(ztr + Ziong)s (8.11)

where A is the cosmological constant. In this context the

transverse contribution Z; and longitudinal contribution
Zjong are defined as

@ Springer

Zy = /dZ1dZ2d3Y1d3)’2Tmn(Zl,Y1)

X Gunkt (21, Y15 22, Y2) T (21, Y1), (8.12)
dz 3 -2
Ziong = — 2 Ay [ Tox (2, ¥)0 " Tk (2, y)
z -2
+ Easzk(Z’ YO T, (z,y)
1 _
+ 70Tk (2, )0 2>2amsz(z,y>]. (8.13)

Finally one can write down the following simplified expres-
sion:

3M2 3
Sontshenl = — 1V 2€m)*8P (k1 +ka +k3) [ ] dothkn)

n=1

3 3 3
8
§ 3 2 : 2 2 : 27,2
i=1 i,j=1i#] i,j=Li>j
(8.14)

Further taking the derivatives with respect to the background
field value ¢ and choosing the gauge { = —Hd¢ /¢, one
can write down the following expression for the scalar three
point function:

(k1) (k)¢ (k3)) = 27)*8P) (k; + ko + k3)
H* 1
" 322 ME (kikaks)?

3
2065 =M YK

i=1

3 3 3
8
te |-kt D kGt D KK
ol ijeLis ij=Li=]
(8.15)

which can be expressed in terms of the effective potentials
using the Friedman equations and using the relation between
Hubble and potential dependent slow-roll parameters. The
representative S, 7 and U channel Feynman—Witten dia-
grams for bulk interpretation of the three point scalar corre-
lation function in the presence of graviton exchange is shown
in shown in Fig. 11a—c. In these diagrams we have explic-
itly shown that the graviton is propagating on the bulk and
the end points of the scalars are attached to the boundary at
z = 0. Additionally, it is important to note that the dashed
line represents background denoted by d.¢ in all of the rep-
resentative diagrams. Here ¢ is the background field value.
More precisely the wavy line denotes the bulk-to-bulk gravi-
ton propagator, the solid lines represent the bulk-to-boundary
propagators for the scalar field. In our computation all the rep-
resentative diagrams are important to explain the total three
point scalar correlation function.

To analyze the shape of the bispectrum here we further
consider two limiting configurations — the equilateral limit
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| ks |

[T ——tq ><
\ z = U 1

e | T |

(a) S channel diagram.

Fig. 11 Representative S, 7 and U channel Feynman—Witten diagram
for bulk interpretation of three point scalar correlation function in the
presence of graviton exchange contribution. In all the diagrams the
graviton is propagating on the bulk and the end points of the scalars

Foo
v

(b) T channel diagram.

——

(¢) U channel diagram.

are attached to the boundary at z = 0. More precisely the wavy line
denotes the bulk-to-bulk graviton propagator, the solid lines represent
the bulk-to-boundary propagators for the scalar field and the dashed
line denotes background represented by 9,¢

Table 4 Constraint on scalar three point non-Gaussian amplitude from equilateral and squeezed configuration

Scanning region Bound on X

equil sq
f NL f NL

I 0.0001 < & < 0.001

II 0.00001 < a2 < 0.0001

I 0.000001 < & < 0.00001
v 0.0000001 < A < 0.000001
[+10+ 10 +1V 0.0000001 < ai < 0.001

0.06 < fe < 0.11

0.01 < £ - 0.08

—0.004 < £ < 0.02
—0.0001 < 2 < _0.0029
—0.0001 < M < 0.11

0.09 < fyi. < 0.16

0.01 < fyi. <0.12

-0.01 < fyi < 0.03
—0.0005 < fyi < —0.006
—0.0005 < fy; <0.16

and the squeezed limit. In these limits, the final simplified
results are appended below:

1. Equilateral limit configuration: For this case we have
k1| = |kz| = |k3| = k and the bispectrum for scalar
fluctuation can be written as

W2 (@emp, ¥) 1

Bk, k, k) ~ S —
288(e5)> M k

[296;%/ . 6rr;~v] . (8.16)

In this case the non-Gaussian amplitude for bispectrum
can be expressed as
q ' ~ 5
eauil _ ploe(p g k) &~ — [296*‘;? _ 6n>;~v].

v (8.17)

2. Squeezed limit configuration: For this case we have k1 ~
kao(= kL) > k3(= ks), where k; = |ki|Vi = 1,2, 3.
Here k1, and kg represent momentum for long and short
modes respectively. Consequently the bispectrum for
scalar fluctuation for arbitrary vacuum can be expressed
as

W2 (Gemp, W) 1

288(e7, )2MS k3 k3

ks \
X |:4(4E:v - rf%/) + IOE:%/ <E)

k 3
e (3) ]

B(ky, ki, ks) ~

(8.18)

In this case the non-Gaussian amplitude for bispectrum
can be expressed as

5
N = AL, kL ks) ~ o |:4(4E;%] -

2 3
+ 10€% sy (2n% —€X) ks .
W\ & W\

(8.19)

In Table 4, we give the numerical estimates and constraints
on the three point non-Gaussian amplitude from equilateral
and squeezed configuration. Here all the obtained results are
consistent with the two point constraints as well as with the
Planck 2015 data.

In Fig. 12, we have shown the features of non-Gaussian
amplitude from three point function in equilateral limit con-
figuration in four different scanning regions of the product
of the two parameters aA in the ( fﬁcﬁml, aX) 2D plane for the
number of e-foldings 50 < N, < 70. Physical explanation
of the obtained features are appended following:

e Region I: Here for the parameter space 0.0001 < oA <
0.001 the non-Gaussian amplitude lying within the win-
dow 0.06 < f;’,iml < 0.11. Further if we increase the
numerical value of o), then the magnitude of the non-
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Fig. 12 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters aA in four different regions for

Nemp = 50 (red), Nepp = 60 (blue) and Ngyyp = 70 (green)

Gaussian amplitude saturates and we get the maximum
value for Nopp = 50, | f2 | pax ~ 0.11.

e Region II: Here for the parameter space 0.00001 < oA <
0.0001 the non-Gaussian amplitude lying within the win-
dow 0.01 < fl\e]iml < 0.08. In this region we get the

maximum value for MVg,;, = 50, | fl\e](ﬂuﬂ|max ~ 0.08.
Additionally, it is important to note that in this case
for A = 0.00004 the lines obtained for N, = 50,
Nemp = 60 and N, = 70 cross each other.

e Region III: Here for the parameter space 0.000001 <
aX < 0.00001 the non-Gaussian amplitude lying within
the window —0.004 < f¢™' < 0.02. In this region we
get the maximum value for N, = 70, | ]‘I\e](;“llll|max ~
0.02. Additionally, it is important to note that in this case
for 0.000003 < ai < 0.000006 the lines obtained for
Newmp = 50, Ny = 60 and N, = 70 cross the zero
line of non-Gaussian amplitude and a transition takes
place from negative to positive values of Isiml

e Region IV: Here for the parameter space 0.0000001 <
aX < 0.000001 the non-Gaussian amplitude lying within

the window —0.0001 < S < —0.0029. In this region

@ Springer

we get the maximum value for N, = 60, | fI\eI%uﬂ

0.0029.

| max

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the three point non-Gaussian amplitude in the equi-
lateral limit configuration:

Region I 4 Region II + Region III 4 Region IV:

—0.0001 < £ < 0.11 (8.20)
for the following parameter space:
Region I 4+ Region II + Region IIT + Region I'V:
0.0000001 < a2 < 0.001. (821

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration as given by

il
|f13(]1m [max ~ 0.11.

To visualize these constraints more clearly we have also pre-
sented ( fIEqul, a, 1) 3D plot in Fig. 13a, b, for two different

angular orientations as given by Angle I and Angle II. From

(8.22)
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Fig. 13 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters  and A for Ay = 60 in two

different angular views
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Fig. 14 Representative diagram for squeezed non-Gaussian three point amplitude vs. product of the parameters oA in four different regions for

Nemp = 50 (red), Neyp = 60 (blue) and N,y = 70 (green)

the representative surfaces it is clearly observed the behavior
of three point non-Gaussian amplitude in the equilateral limit
for the variation of two fold parameter « and A and the results
are consistent with the obtained constraints in 2D analysis.
Here all the obtained results are consistent with the two point
constraints and the Planck 2015 data.

In Fig. 14, we have shown the features of non-Gaussian
amplitude from three point function in squeezed limit con-
figuration in four different scanning regions of the product
of the two parameters a2 in the ( f;‘]{, a) 2D plane for the
number of e-foldings 50 < N, < 70. Physical explanation
of the obtained features are appended following:
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0.00006
0.00004

A 0.00002

(a) Angle 1.

(b) Angle II.

Fig. 15 Representative 3D diagram for squeezed non-Gaussian three point amplitude vs. the model parameters « and A for N, = 60 in two

different angular views

e Region I: Here for the parameter space 0.0001 < ai <
0.001 the non-Gaussian amplitude lying within the win-
dow 0.09 < fl\SICI" < 0.16. Further if we increase the
numerical value of @A, then the magnitude of the non-
Gaussian amplitude saturates and we get maximum value
for Nomp = 50, | fxt Imax ~ 0.16.

e Region II: Here for the parameter space 0.00001 < aA <
0.0001 the non-Gaussian amplitude lying within the win-
dow 0.01 < f;;i < 0.12. In this region we get the
maximum value for M., = 50, |f§%|max ~ 0.12.
Additionally, it is important to note that in this case
for h = 0.00004 the lines obtained for Ny, = 50,
Nemp = 60 and M, = 70 cross each other.

e Region III: Here for the parameter space 0.000001 <
aX < 0.00001 the non-Gaussian amplitude lying within
the window —0.01 < f;;i < 0.03. In this region we
get the maximum value for N, = 70, | f;filmax ~
0.03. Additionally, it is important to note that in this case
for 0.000003 < ai < 0.000006 the lines obtained for
Nemp = 50, Nep = 60 and No,,p = 70 cross the zero
line of non-Gaussian amplitude and a transition takes
place from negative to positive values of f;ﬁ{.

e Region IV: Here for the parameter space 0.0000001 <
aX < 0.000001 the non-Gaussian amplitude lying within
the window —0.0005 < fyi < —0.006. In this region
we get the maximum value for NV, = 60, | f§%|max ~
0.006.

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the three point non-Gaussian amplitude in the
squeezed limit configuration:

Region I 4+ Region II + Region III 4 Region IV:

—0.0005 < fyj. <0.16 (8.23)
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for the following parameter space:

Region I 4+ Region II + Region IIT

+Region IV: 0.0000001 < aA < 0.001. (8.24)

To visualize these constraints more clearly we have also pre-
sented ( f;}%, o, X) 3D plot in Fig. 15a, b, for two different
angular orientations as given by Angle I and Angle II. From
the representative surfaces it is clearly observed the behavior
of three point non-Gaussian amplitude in the squeezed limit
for the variation of two fold parameter o and A and the results
are consistent with the obtained constraints in 2D analysis.
Here all the obtained results are consistent with the two point
constraints and the Planck 2015 data.

8.1.2 Using SN formalism

A. Basic methodology: In this section our prime objective is
to use 8V formalism to compute the three point and four point
correlation functions in the attractor regime. Here NV signifies
the number of e-foldings as we have defined earlier. In this
formalism the dominant contribution comes from only on
the perturbations of the scalar field trajectories with respect
to the field value at the initial hypersurface ¢, ¥ and the
velocity ¢, W. This can be realized by providing two initial
conditions on both of them on the initial hypersurface. More
specifically, in the present context, we have assumed that
the evolution of the universe is governed in a unique fashion
after the value of the scalar field achieved at ¢ = ¢, and
¥ = Y., where it mimics the role of a standard clock in
inflationary cosmology. Here the value of its velocity ¢, and
W, is completely insignificant. Let us mention that only in
this case SN is equal to the final value of the comoving
curvature perturbation ¢, which is conserved at the epoch
t > t,. In Fig. 16, we have shown the schematic diagram of
the SN formalism.
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Fig. 16 Diagrammatic Time
representation of § N formalism arrow
ot

For further computation we assume that on large scales the
dynamical behavior which permits us to ignore time deriva-
tives appearing in the cosmological perturbation theory, the
horizon volume will evolve in such a way as accords with a
perfectly self contained universe. As a result the scalar cur-
vature perturbation can be expressed beyond linear order in
cosmological perturbation theory as

=8N = [./\/:¢5¢ +N\p5qf] + % [/\/:¢¢3¢5¢
+ (Ngw + Nwg) $¢8W + N gy s W]
1
3 [NVppsd030¢ + (Npvw + Nwpw

+ -/\[,\I/\I/qb) SPpSWSW
+ (Ngpw + N gwp + N wgpg) 555w

Final uniform energy
density hypersurface

QD)

N(t) + SN(D)

SN(t.)
Initial flat
hypersurface

=t

in attractor regime both the fields ¢ and W are connected with
each other, which we have already pointed out earlier in this
paper.

Further the curvature perturbation can be recast as

V/
¢ =8N =2Ny4¢ + {2-/\/,¢¢ V(((f)) Nqs} ¢3¢
4 V@)
+ {§M¢¢¢ eS o Noo
5V 1V(9)
- — - Nt 5pspsp + - - -,
(3 Vi) 6 vig) ) 0[O0

(8.31)

+ NuwwpdWswow] + .-, (825 which implies that if we compute N.g, Ngp and N 43¢,
where we use the following notations for simplicity: then one can determine the curvature perturbation and also
Ng =N, Ny =N (8.26) compute the three and four point functions using Eq. (8.31).
N ' g /\/'7 N 2/;[ The detailed computation of the field derivatives of N are
wp =GN Noww = R[N, explicitly given in the Appendix for all the derived effective
Ngw = dpde N, Ny = dudpN, (8.27)  potentials.
Ngop = 8; N, Nyyy = 8\31, N, B. Generalized convention for field solution: In § N formal-
N opw = 850500 N. N pwp = 05000\ (3.28)  ismtocompute N4, N gp and N 444 we start with the back-
) ) ground equation of motion for the ¢ field:
M\p¢¢ = 8\.1/3¢3¢N, M¢\qu = 8¢3\p3\p/\/, (8.29)
N = dgydpdu N, N = dy Ay dpN. 8.30 - ~ ~
el = WOV e = VTR0 (8.30) b +3Hé + 0, W (g, ¥) =0, (8.32)
Here we use the notation, 9y = 9/d¢ and dy = 9/0V to
denote the partial derivatives. But here we have to point that where the effective potential W(p, W) is given by
N
%e V3 Mp for Case I
4 N
% — %e ﬁ My for Case II
4
% —Le” e (¢* — o) for Case II + Choice I(v1)
- 4 _22 v
W, W) = | 32 + e V3 W (g% — g for Case II 4+ Choice I(v2) (8.33)

2
8a 2 4
M m2 5 A .4 _2/2 v
B (T”‘P —z‘P)e 3

M“ LgP—gy ) —P2 L
4\ vy
T T agep ©

for Case II 4+ Choice II(v1)
»  for Case II + Choice II(v2)

for Case II 4+ Choice III.
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Here it is important to note that the exact connecting rela-
tions between the W field and the inflaton field ¢ is given by

9($? — ¢3)
(¢ — ¢3)

(@* —05) + oy (# - q%)

\I’OZ— X

2/6M,

(1+£¢2)
2 ¢
+2¢2 In ( ¢O)]

in the present context we only look into Aj and Ay, which
are the general linearized and second-order solution within

for Case |
for Case II

for Case II + Choice I(v1)
for Case II + Choice I(v2)
for Case II + Choice II(v1) (8.34)

for Case II 4+ Choice II(v2)

[0 - 0d) (14 5@ + 6 —200)

for Case II 4+ Choice III.

Itis obvious from the structural form of the effective potential
for all these cases that the general analytical solution for the
inflaton field ¢ is too much complicated. To simplify the job
here we consider a particular solution of the following form:

p=¢L xexp(YHt) (ie. ¢ = dpLN) =0, exp(—=YN)).
(8.35)

Here we assume that )/ is a time independent quantity. Fur-
ther our prime motivation is to obtain a more generalized
version of the solution for FLRW cosmological background
up to the consistent second order in cosmological perturba-
tions around the prescribed particular solution. During our
computation we also assume that the boundary between the
attractor phase and the non attractor phase is determined by
the field value ¢ = ¢y = P (Nemp) = Gemp, Which in cos-
mological literature identified to be the field value associated
at the pivot scale.

To proceed further here we define a theoretical perturba-
tive parameter which accounts the deviation from the actual
inflaton field value compared to the field value after pertur-
bation:

Apt =¢—do—dL =Y _ Ay, (8.36)

n=1
where in general ¢ is the VEV of the inflaton field ¢. Here we
assume that the parameter can take into account the difference
between the true FLRW background solution and the pro-
posed reference solution to solve the background Eq. (8.32)
in the physical domain where cosmological perturbation the-
ory is valid. Additionally we claim that to validate the cosmo-
logical perturbation theory in the preferred physical domain,
the infinite series sum should be convergent. Consequently
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cosmological perturbation theory for the background field
equations. We also neglect all the higher-order contribution
in the perturbative regime of the solution as they are very
small.

C. Linearized perturbative solution: Before proceed further
in this section let us clearly mention that here we use the
following Ansatz to derive the results for linearized solution
in the perturbative regime.

In this case we assume that at the equation of motion level
in the linear regime of perturbation theory there is no con-
tribution from effective potential which contains quadratic
structure or more complicated than that in terms of field ¢.
In our calculation we treat all such contributions to be the
back reactions and in the linear perturbative regime of the
solution our claim is such effects are small and largely sup-
pressed. In this paper the derived effective potentials for all
these cases are also complicated and to get a preferred ana-
lytical solution in the linearized perturbative regime we use
this Ansatz. Here we get

(9 Wlp=go+¢L+a1 ~ 0. (8.37)
which is valid for all types of derived potentials in the present
context. Now let us consider the linearized perturbative solu-
tion A1 in this section. Consequently in the leading order of
cosmological perturbation the background linearized version
of the equation of motion takes the following form using the
prescribed Ansatz:

Ay +3HA, + ¢ {y2H2 (1 =2 Hep) — 2V H?y

+ 3H2Y( — tHeH)} =0, (8.38)
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where €y is the Hubble slow-roll parameter, ey = —H /H 2,
The exact analytical solution of the Eq. (8.38) is given by

_ _ L —3Ht HYt
A =Dy 3HD1€ +—y(3+y)2¢*e
X[-VG+ W) +en(—9+Y3B+Y)

x{=24+ HG+2))})]. (8.39)

Here D and D, are dimensionful arbitrary integration con-
stants which can be determined by imposing the appropriate

3((A+¢1)% -9

the contribution from the slow-roll correction, the perturba-
tive second-order background equation of motion takes the
following simplified form:

Ay +3HA, + ¢ {Y*H*(1 — 2tHey) — 2V Hey

+3H?Y(1 —tHep)} = Zs. (8.40)

Here it is important to note that in Eq. (8.40), Xg is the
source contribution which is coming from the linear-order
perturbation Aj. In this paper Xg can be expressed for all
derived effective potentials as

Ace V5 (A +¢r)* for Case I

o3 (A+¢1,)°-0))

A M (Ap+eu) for Case I

2_42 4 1 1
M’; _((A1+¢L) *¢0)+¢V(W*g>_
=~ Ace M (AL + L)t — ) for Case II 4+ Choice I(v1)
2_42 4 1 1

M3 _((A1+¢L) *¢0)+¢V<W*%>_

8—02 + Ace M (A1 + ¢L)* — 97) for Case II + Choice I(v2)

M 2
Bs = w o+ (5 A1+ 602 (8.41)

[((Al+¢]_)2—¢%)+¢ 1n<L3*AZ<A1 +§>L)2
’"L‘_)Ld’()
—A(A + ¢L)4) e 3M3 for Case II + Choice II(v1)
My ( m? 2
T (2Mp(A1 +¢L)
[<<A1+¢L)2*¢3>+m7% 1H<L’%—AZ<A1+gL)2
mcf)ubo
—Ac(Ar+ o)) e My for Case II 4 Choice 11(v2)
[((A. +912 -0 (14§ (A1 +9L 2 +03-260) ) 4207, m(%)]

M) Ac((Ai+¢L)>—03)? M3 (1107 :

Zp 4 AcAITOL) —Py) (14607

2w + e o002 i v for Case II 4 Choice 111,

where we define a new parameter:

boundary condition. Additionally, it is important to note that N 203
in the present context this solution is valid in the case of the Ap= ——e V3 M, (8.42)
quasi-de Sitter case also where the Hubble parameter H is M)

not exactly constant.

D. Second-order perturbative solution: Here we have con-
sidered the effect from the second-order cosmological per-
turbation, A,. It is important to note that during the compu-
tation here we also follow the same Ansatz, which we have
already introduced in the last section. As a result, including

From the complicated mathematical structure of the source
function Xg it is clear that, using it, it is not possible to solve
second-order perturbation equations. To solve this problem
one can simplify the source function in the following way:
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Acqb]‘i (1 + 4A—L1> for Case I
B — Acqu (1 + 4%) for Case II
B — A, (¢§ (1 n 4%) - ¢;‘,) for Case II + Choice I(v1)
S~ 1 B+ A, ( ﬁ( 4A1) ¢;‘,) for Case II + Choice I(v2) (8.43)
B+ (Mr¢]% (1 +2A1) — c¢ﬁ (1 —{-4%)) for Case II 4+ Choice II(v1)
(waf (1 1 2A1) — A (1 + 4%)) for Case II + Choice II(v2)
B+Te{1+0:5] for Case IT + Choice TII,

where B, M, and T, are defined as

3
g Mo gy _me
S8u Mp
Te = Ac(¢f — ¢3)* (1 + 2601,

1
O =442 £+ 5—— (8.44)
¢ — oy
The representative solutions of Eq. (8.40) for various sources
are given in the Appendix.

D. Implementation of §\ at the final hypersurface: Using the
results derived in the previous two sections here our prime
objective is to explicitly compute the expression for the cos-
mological scalar perturbations in terms of the number of e-
folds, 8/, which we have already introduced earlier. In the
present context the truncated version of the background solu-
tion of the inflaton field ¢ corrected up to the second-order
cosmological perturbations around the reference trajectory,

P x e N or L o< eVH s generically given by for all
the various physical cases are
P«
pN) = ¢o + < -
1+ AN =0)+ AN =0)
x (N 4 A W) + AV, (8.45)
or equivalently one can write
¢
(1) = ¢o + ~ -
I+ A1t =0)+ A =0)
x (e H 4+ Ay(t) + Aq(2)). (8.46)

But for the sake of simplicity we use Eq. (8.45) as we want
to implement the methodology of the SN formalism. Addi-
tionally, it is important to mention that the symbol "is intro-
duced in the present context to rescale the integration con-
stants and the perturbative solutions by the field value ¢, i.e.
Al = d)*A] , Ay = ¢y Ag. Expressions for the perturbative
solutions A1 (N = 0) and Ay (N = 0) are explicitly written
in the appendix.

In the present context all of the sets of scaled integration
constants parameterize different trajectories and for our com-
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putation we set ¢ (0, Wk) = ¢4, where Wk is defined as the
collection of all 1ntegrat1on constants in a spemﬁc situation as
defined as Wk = [W],Wz,W3,W4] [D],Dz,D3,D4]

Further inverting Eq. (8.45), for a specified set of values of
the constants Wy, we have obtained the following simplified
expression for A/ as an implicit function of the inflaton field
#, the additional field ¥ and Wy:

SN (P, U, Wi) = N (¢ + 8¢, ¥ + 8W, Wy) — N(¢, U, 0)
4
=222 i O W (@, 00} S W
a=1 k=0 n,m

(8.47)

For this computation we have introduced the shift of the
inflaton field ¢, additional field ¥ and the number of e-
foldings N as ¢ — ¢+8¢p, ¥ — WU, N — N+8N,in
the two sides of Eq. (8.45), to compute the analytical expres-
sion for SV in an iterative way from our present setup. Addi-
tionally, it is important to note that in this present context
¢ field and W field are not independent. They are related
via Eq. (8.34), as we have already mentioned earlier. In the
present setup, we have already obtained the second-order
perturbative solutions of the scalar inflaton field trajectories
around the particular reference solution, ¢, = ¢*ey Ht —
PeY N , as we have already pointed out earlier. Additionally
important to note that if we neglect the sub dominant contri-
bution of the form A; o< eYH! | then the analysis only holds
true only at the sufficiently late time epochs. This directly
implies that in this computation if we use such assumption
then we choose the initial time in such a way that it is very
close to the final time for the number of e-folds AV < 1. To
serve this purpose the simplest possibility is to choose the
initial time epoch is infinitesimally close to the time scale at
¢ =y = ¢(Mmb) = Gemb-

For the sake of simplicity one can further assume that
the final expression for curvature perturbation in A for-
malism is independent of the coefficients W at N =
for which the following constraints holds true perfectly,
8'" N =0 Vm = 1,...,00. Consequently we get the

followmg simplified expression:
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2
1
(=8N =30 ) 0 N (¢, 00} 3¢

a=1 n
V/
= 2/\/:¢8¢ + {2M¢¢ — V(((Z))) }5¢5¢
ﬂ B V//¢
+{3N,¢>¢¢ V) N
5V29)  1V'(9)
N SPSPs
(3 Vig) 6 wig) )00

(8.48)

where the function V(¢) we have explicitly defined earlier
for all the derived effective potentials. Here - - - corresponds
to the higher-order contributions, which are very much small
compared to the leading-order contributions appearing from
cosmological perturbation theory for scalar fluctuations.

Next we take the derivatives of both sides of Eq. (8.45) and
further set the following two constraints, ' = 0, Wk =
0 Vk, at the final stage of the calculation. Our next task is
to derive the analytical expression for the inflaton fluctua-
tion §¢, and the coefficients W, which are generated via
quantum fluctuations on the flat slice of §¢. To implement
this computational technique let us consider the evolution of
fluctuation in the inflaton field §¢ on super horizon scales.
The field fluctuation or more precisely the shift in the inflaton
field ¢ can be expressed as

2 2
=Y 86N = Y A (W),

i=1 i=1

8¢ (N) (8.49)

where the subscript “1” and “2” signify the linear and second-
order solution appearing from cosmological perturbation.
Additionally, it is important to note that both the solutions
A1(N) and A, (N) contain the growing and decaying mode
characteristics. Further imposing the appropriate boundary
condition from the end of the non-attractor region, where
the number of e-folds N = 0, we get the following expres-
sion for the shift in the inflaton field from linear-order and
second-order cosmological perturbation at ¢ = ¢, as

2 2
D 8¢is = 0x Y Ai(0)
i=1 i=1

= ¢.(A1(0) + A2(0)).

S = 8¢(0) =

(8.50)

See the appendix for more details. Now in the present context
as we have started our computation from the reference solu-
tion ¢ e~ YN , using this relationship one can write down
the explicit expression for the number of e-folds in terms
of the inflaton field value as N (¢) = % In (%*) which is
consistent with the boundary condition that at ¢ = ¢, the
number of e-folds is A/ = 0 in the present case. Using these
result at ¢ = ¢, one can write down the following expression

for the curvature perturbation using the SN formalism as

; = 5./\/ = A(¢*)8¢* + B(¢*)5¢*5¢*

+C($4)8PsSs8Ps + -+ -, (8.51)
where A(y), B(¢x) and C(¢y) is defined as
Algs) = —i (8.52)
-l (o) s e
el = { Lﬂ v”(¢>)> 1 (5 (V’2(¢)>
Vo33 V(¢> Ver \3\ V@ ),

V" (¢) 1
(). v @3
Explicit forms of B(¢,) and C(¢,) are written in the appendix
for all the derived effective potentials.

Next we decompose the product of the fluctuation in the
inflaton field §¢.0¢, and ¢.5¢.5¢, into two parts which
comes from linear and second-order cosmological perturba-
tion in the following way:

2 2
= Z 28¢i*8¢j*

i=1j=1

3¢ = 8¢ (0)84(0)

22: 22: i(0)A;(0), (8.55)
8¢+8¢:S¢ = 5¢(0 l:)5¢:(0)5¢(0)
= i i Y 501008k
- 2: 2: 2
=) Y Y > AOA;0)AL©0),  (856)

i=1 j=1k=1

and we write down the following expression for the curvature
perturbation using the S formalism:

2
¢ =8N =¢.Alp) Y Ai(0)

i=1

2 2
+9IB(¢) ) Y AiA;(0)
i=1 j=1

2 2 2

+IC(P Y Y DY A

i=1 j=1k=1
= 9.A@.) (A10) + A2(0))

+62B(9.) (A30) + A30) +24,0)A2(0))

/(0)A;(0)Ar(0) + -

+¢2C(@2) (A?<0> +A30) + 383 0)A20)

+3A,(0)A (0)) (8.57)
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Further using a local configuration in momentum space one
can define the non-Gaussian amplitude associated with the
three point function using the SN formalism as [142]:

flOC _ é B(kla k2’ k3)
6 [ P (k1) P (k2) + Py (k) P (k3) + Py (k3) Py (k1)]
_SNNIN
6 WkNg)?' (8.35)

Here B(k1, k2, k3) is the bispectrum and P (k) is the power
spectrum for scalar perturbations. Here I, J, K are the field
configuration indices i.e. I, J, K = ¢, V. In terms of the
inflaton field ® and additional field W we get the following
simplified expression for the non-Gaussian amplitude asso-
ciated with the three point function:

we have done both calculations for three point function for
scalar curvature fluctuation by following semi classical and
quantum mechanical techniques. In the case of the In-In for-
malism we have computed the results we use two physical
shape configurations or templates- equilateral and squeezed
to analyze the non-Gaussian amplitude obtained from the
three point function for scalar curvature fluctuation by freez-
ing the value of the additional W field at the Planck scale.
Now to implement the equality between two results at the
horizon crossing we have to fix the value of the additional
field ¥ in the SN formalism also. After freezing the value
of W in all derived effective potentials we get the following
result for curvature perturbation in terms of A at ¢ = ¢,:

NL —

N gN.g + N uNy)?

e _ 5 [M¢¢M¢N,¢ + N NNy + WVpw + Nug) NgNw
6

] ) (8.59)

Now as the W field can be expressed in terms of ¢ field, using
this crucial fact we get the following result of non-Gaussian
amplitude in the attractor regime as

2 L1 Vi)
floe 3 (1 tTyig Tt V4<¢>> Nos v3<¢> 1
6 1 2 N2 ( ) N,
(1 + v2<¢>) 0 L+ 3)

(8.60)

Further substituting the explicit form of the function V(¢)
and Vg, N g4 for all derived effective potentials at ¢p = ¢
we get

loc 5 y

NL = [G1(9:) + G2(Ps)Px] (8.61)

where the functions Gj(¢,) and Gy(¢) are defined in the
appendix.

Here it is important to note that the exact momentum
dependence will not be calculable using the semi classical
techniques used in N formalism in the attractor regime of
cosmological perturbations. But to know the exact momen-
tum dependence of the non-Gaussian amplitude obtained
from the three point function of the scalar curvature fluc-
tuation it is always useful to follow exact quantum mechan-
ical techniques used in In-In formalism as discussed ear-
lier part of this section. In the case of the In-In formalism
we freeze the value of the additional field W at the Planck
scale and perform the calculation in the non-attractor regime
of perturbation theory. But to get the correct estimate one
can claim that the results obtained using the two techniques
should match at the horizon crossing iff we freeze the value
of the W field at the Planck scale in the SN formalism. This
is also a strong information from the observational point of
view, as by Planck and the other future observations trying to
probe the value of non-Gaussianity at this scale. In this work,
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2
¢ =8N = D) Y Ai(0)

i=1

2 2
+PIE(P) Y Y Ai0)A;(0)

i=1 j=1
2 2 2 A R )
+ ¢ F () Z DD T A(O)A;(0)AL(O) + - -
i=1 j=1k=1
= .00 (A10) + A20)) + #2E(6)
x (A30) + A30) + 24104, 0))
+ 6270 (A0 + A30)
+3A1 040 +3A10A30) +
(8.62)

where the new functions D(¢y), £ (ps) and F (¢ ) are defined
as

1
2992
(8.63)

. E(Py) =

b
33

Ngg), =

N =

Digw) = W), = ~Yon

I
F@s) = ¢ Wppg), = =

After freezing the value W in the Planck scale in the non-
attractor regime of cosmological perturbation theory we get
the following expression for the non-Gaussian amplitude
from three point scalar curvature fluctuation:

N 5
loc __ PP 2
N6 [N¢] =6

Now further we use the general momentum dependent result
at the horizon crossing and also use two different templates

(8.64)



Eur. Phys. J. C (2017) 77:469

Page 43 of 82 469

to equate with the results obtained from A formalism and
finally we get the following expression for the unknown fac-

tor V:

3 3
1
VA ——— |26, —ni) Y K +es [ - DK
221‘:1 ki i=1 i=1
3 8 3
+ Y kil + e > Kk (8.65)
i,j=1,i#j i,j=1,i>j

However, it is crucial to note that without freezing the value
of the addition field ¥ in the Planck scale in the non-attractor
regime of cosmological perturbation theory one can perform
the exact quantum mechanical In-In calculation where the
solution of the W field is related to the inflaton field ¢ and
finally match with the results obtained from the SN formal-
ism. In this paper we have not computed this in the case of the
In-In formalism and we also hope to generalize this method-
ology in the attractor regime as well in the near future.

Next we use the two physical templates for the shape con-
figurations — equilateral and squeezed — to determine the
functional form of the unknown factor )/, which is appearing
in the S formalism. In this context we get

1. Equilateral limit configuration:

~ 1 * *

Y~z [296W - 6%] . (8.66)
2. Squeezed limit configuration:

~ 1 * * * ks ?

Y& 5 |:4(46W — nw) + 106v~v <E>
ks'\?
* *
— (277W - 6W) <E> :| > (8.67)

which are correct results of the unknown factor ) at the
level of three point function computed from scalar curvature
perturbation.

8.2 Four point function
8.2.1 Using the In-In formalism

Here we discuss the constraint on the primordial four point
scalar correlation function in the non-attractor regime of soft
inflation. In general one can write down the following expres-
sions for the four point function of the scalar fluctuation [170—
175]:

(k) (k)¢ (k3)¢ (ka)) = 27) 8P (k) + ko + k3 + ka)
x T (ky, ko, k3, kg). (8.68)

In our computation we choose Bunch—-Davies vacuum state
and for single field soft slow-roll inflation we get the follow-
ing expression for the trispectrum:

W @emp, ¥) 1
216M1172(€%/)2 (k1kaksks)3

T(ky, ko, k3, kg) ~

x [ 65 (K1 ko, ks, ke) + G i K Ko, )

+ G5 (ky, kg, k3, ko) — WSk, ko, ks, kyg)
— WSk, ks, ko, k) — WS (ky, kg, ks, ko)
—2 { RS ki Ko, ks, ko) + RS K, Ko, Ke)

+ RS (k). ks, k3. kz)}] , (8.69)

where the momentum dependent functions Gs(kl, ky, k3,
ka), WS (ki, ko, k3, k) and RS (ky, ko, k3, ky) are defined
in the appendix.

Here it is important to mention that our derived result
consists of the three following parts:

1. First of all, we have the contribution from contact inter-
action term RS, which appears due to the longitudinal
graviton S-channel propagator:

RS(k1, ko, k3, ky) = 16(27)38P (k1 + ko + k3 + k)

4
x []_[ d)(h)} RS (ky, ko, k3, Kg). (8.70)

I=1

2. Next we have the contribution from the terms like WS,
which comes from the contribution which appears due to
the transverse graviton propagator:

W = /d21d3X1/dzzd3X2Ti'jf(Zl,X1)5i/i8j/j

X Gij,kl(ZL x1; 22, X0)8 8! T (22, %0),
8.71)

where the transverse graviton Green’s function G;;j
(z1,X1; 22, X2) is given by

- $Bk . 00
Giju(z1,X1322,X0) = | ——x e®@ 7X2)/ dp?
0

2m)?
1| J3(pz1)J3(p22) 5B L BF. PR
XZ —W( ik Pji + Py Pjx — Pij kl) .

(8.72)

Here FN’,-]- is the transverse traceless projector onto
the directions perpendicular to k as given by P;; =

(8,7 - %) ,and J3 (x) is the Bessel function with char-
2
acteristic index 3/2, which can be expressed in terms of

@ Springer



469 Page 44 of 82

Eur. Phys. J. C (2017) 77:469

the following simplified form:

2 (sinx
Ja(x):,/—( —cosx)
2 TX X

_ [2 (4 —ix) e”‘—‘(1+ix) e_““ 8.73)
TX 2ix

Additionally in the present context the expression for
the stress tensor 7;;(z, X) in terms of scalar field inflaton
fluctuation §¢ (z, x) is given by the following simplified
expression:

Tij(z,x) = 2(3;8¢)(98¢)

— 8118:80)° + 0 (39 (@189)].  (8.74)
Here it is important to mention that two different inser-
tions of the stress tensor correspond to two different val-
ues of the radial variable z = (z1, z2), which we finally
integrate out. Finally, for the S-channel contribution sub-
stituting for §¢ in Fourier space we get the following
expression for the transverse graviton propagator:

WSk, ko, k3, ka) = 16(27)383 (k| + ko + k3 + ka)
4
X |:l_[ d’(kl)} X kﬁkékéké (P,'kPj[ + P Pjx — P,'ijl)
=1
xO(ky, ko, k3, kg), (8.75)

where O (ky, k2, k3, k4) and the transverse projector
along with the appropriate index contraction in momen-
tum direction is defined as

O k1, ko, k3, ka)
2kika (ki + k)2 (k1 + ko) — k3 — kg — 4k3ka)
(K —2(k3 + ka))2K2((ky + k2)* — K7)

3 1 1 k1 + ko
) (2<k1 Tk R R -2tk 2kk
k1 + ko k1 + ko
KZ— (ki +k)? K3 +K2 +dksky — (k) + k2>2>
+ (1,2 < 3,4)

K3 (K2 — k3 — k3 — 4k ko) (K2 — k3 — k3 — 4k3ks)
(K} — k2 — k3 — 2kiko)2(KZ — k3 — k3 — 2k3ka)?
(8.76)

Kik3 k5Kl (P Py + P Py — Prj Pry)
(kp.(ky + ko)) (k3.(k3 + k4))]
ki +ka|?
(ka.(ky +k2))(kyg. (k3 + k4))}
ki + ko|?
(kp.(ky + k2))(kg.(k3 + k4))]
ki +ko|?

= |:k1.k3 +

X |:k2.k4 +

+ |:k1.k4 +
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[ (k. (k; +k2)) (k3. (k3 + Kkyg)) ]

ky .k
et PR ]

i (. g + k) (ka3 +K4)) T
— | ki.ky — 3

L lk; + ko i

[ (k3.(kj +k2))(kg.(k3 +Kq)) ]|

k3. kg4 — . 8.77
x| kaka K F ol | 8.77)

where K is defined as the norm of the total momentum
required for graviton exchange in S-channel, Ky = |kj +
ko| = | — (k3 + k)| = |k3 + Ky

Finally substituting all these expressions in Eq. (8.75) we
get the following simplified expression for the S-channel
contribution in transverse graviton propagator:

WS ki, ko, k3, ka) = 1627)383) (k| + ko + k3 + ka)

4
x [1‘[ ¢(k1>} WS (k1. Ky, K3, Kg),

I=1
(8.78)
where Ws(kl, k>, k3, ky) is defined as
WKy, ko, k3, Ke) = ki KEKY (Pt Pj1 + Py Py
— Pj PO k1, k2, k3, ka).
(8.79)

Here it is important to note that the contribution from
the 7 and U-channel can be obtained by replacing the
following momenta:

T-channel: k; < k3, (8.80)

U-channel: k, < k4. (8.81)
The representative S, 7 and U channel diagrams for bulk
interpretation of the four point scalar correlation function
in presence of graviton exchange is shown in shown in
Fig. 17a—c. In these diagrams we have explicitly shown
that the graviton is propagating on the bulk and the end
points of the scalars are attached to the boundary at z =
0. In or computation all the representative diagrams are
important to explain the total four point scalar correlation
function.

3. Additionally, the extra contributions GS appear due to
integrating out the metric perturbation.

In the present context, including the contribution from
four point function one can parameterize non-Gaussianity
phenomenologically via a non-linear correction to a Gaussian
perturbation ¢ in position space as

3
€00 = 6,00 + 2 5 [ 20 — (6200

9
N (8.82)

25
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\:fﬂ

(a) S channel diagram.

(b) T channel diagram.

(¢) U channel diagram.

Fig. 17 Representative S, T and U channel diagram for bulk interpretation of four point scalar correlation function in the presence of graviton
exchange contribution. In all the diagrams the graviton is propagating on the bulk and the end points of the scalars are attached to the boundary at

z=0

where --- represents higher-order non-Gaussian contribu-
tions. In the case of local non-Gaussianity, the amplitude of
the bispectrum from the three point function is defined as
[159,170]

T(kikp k3 ka) = [T D Pplkij) Pr(kj) Py (kp)
J<p.i#j.p
54
+ 558 N Py (ki) Py (k) Pe (Kp) | .
i<j<p
(8.83)
where rll\ﬁf = tll\%f(kl ko, k3, kg) and glOC = gIl\?f

(k1, k2, k3, k4). Here additionally it is important to note that
the connecting relation between the non-Gaussian parameter

loc loc
N1, and gy can be expressed as

loc

SNL = NNORMTII\JL, (8.84)

where NMNorwM is defined as the appropriate normalization
factor. In general the values of the normalization factor are
different in different shape configurations. Further using
Eq. (8.84) in Eq. (8.83) we get the following simplified
expression for the non-Gaussian parameter rll\?f and gllfff as

obtained from the four point scalar function:

T (ky, ko, k3, ks)

loc

which is commonly known as the Suyama—Yamaguchi con-
sistency relation. If this relation perfectly holds true in the
present context, then one can easily gets

3

* * 3

7 va—— 2(36W—nW)Zki
Zi:lki> i=

Z kk2+— Z k2k2

i,j=1i#j t/lt>]

2

(8.88)

from which one can find the following expression for the
normalization factor:

25

NNORM = 54

25T (k1,kp, k3, k.
[W - Zj<p,i7£j,p Pz(kij)PC(kj)PI(kp)}

8 > i i=p Peki) Pe (k) Py (k)

(8.89)

Here it is very easy to observe that the normalization factor
is different for different shapes.

Butin general always the connecting relationship between
the non-Gaussian parameters 1:10C and f© loc or more precisely
the Suyama—Yamaguchi consistency relatlon does not per-

rloe — (8.85)
[ <piesp Pelkis) Pk Pe () + 3ENNORM X< < p P ()P () Pe )|
NnormT (ki ka, k3, ka)
gloe — NORM (8.86)

[ <piesp el Pekp) Py (k) + FENNORM X, Pe ki) Py () Pe ) |

Additionally, it is important to note that in the non-attractor
regime of soft inflation the model exactly similar to the single
field slow-roll model of inflation, where it is a well-known
fact that the non-Gaussian parameter rlOC and f\1° lo¢ are con-
nected via the following constraint relatlonshlp.

10c loc
= 8.87
INL = 53 (f (8.87)

fectly hold true as the cosmological perturbation during the
inflationary epoch is subject to quantum mechanical inter-
ference effects at the time of horizon crossing and such pre-
scriptions does not satisfy a simple type of parameterization
in terms of momentum independent-coefficients in Fourier
space. In that specific case one can write down the connect-

ing relation between the non-Gaussian parameter Tll\IO]S and
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loc
8N as

9% = flki, ka, k3, ka, k12, k14, k13) TS, (8.90)

where one can choose the momentum dependent function
f ki, ko, k3, ka, k12, k14, k13) as

flki, k2, k3, ka, k12, k14, k13)

64 1
=— kK3 ( ) ,
K3 2 kK k?m

i<jm#i,j

(8.91)

which is motivated from the choice of the shape function for
trispectrum.

In this situation we get the following simplified expression
for the non-Gaussian parameter rll\}’f and gl"C as obtained

from the four point scalar function:

loc

1. Equilateral limit configuration: For this case we have

ki|=k|=1|ks|=k=4k Vi=1,23,4(8.100)

and this implies

kij = |ki + kj| = v2k\/T+ cos 6;;
= V2ky/1 + cos b,
VG, j=1,2,3,4) withi < j,a=1,2,3.
(8.101)

Additionally in the equilateral limit configuration, 6 =
0V = 1, 2, 3. Further using the constraint condition as
stated in Eq. (8.105), we get

T (ky, ko, k3, kg)

o = , (8.92)
I:Zj<p,i7éj,p Py (kij) Py (k) Py (kp) + 33 f (ki ko, ks, ka, ki, kg, kiz) Y2y Po(hki) Py (k; )P{(kp)]
loc f(klykz,k3,k4,k12,k14,k13)T(k1 ko, k3, k)
I:Zj<p,i;éj,p Py (kij) Py (k) P (kp) + 3% f (k1. ko, k3, ks, ki, kig, ki3) Yicj<p Pe(ki) Pr(kj )P;(kp)]
In this context we denote the angle between two momen- cosf = cosf; = _% Vi=1,23, (8.102)

tum vectors as

cos 012 = cos O34 = cos b3, (8.94)
cos 63 = cos B4 = cos by, (8.95)
cos 613 = cos g = cosbr, (8.96)

. . . .. 4
which satisfy the constraint condition ) ;_;_; cost;; = —2

and can be equivalently written as ZZ: 1 €086y = cosf +
cos B + cos 93 = —1. This is an outcome of conservation of
momentum. Additionally here,

k1 + k4| = ko + K3
= \/kf+k£+2k1k4cos01

k14 = k3 =

= JK2 418 + 2kaks cos 61, (8.97)
ko = ki3 = |ka + ka| = [k + k3|

= \/k% + ki + 2koky cos 6y

= S+ 13 + ks cos b,
kg = k12 = |k3 + k4| = |k; + k|

= \/kg + kﬁ + 2k3ky cos 63

(8.98)

= J& + 13 + 2k cos 3. (8.99)

Let us now concentrate on the following limiting configura-

tions for the trispectrum to analyze the shape properly from
the obtained results:

@ Springer

and further using these results the trispectrum for scalar
fluctuation can be written as
3H®

Tk, k k k) ~ S

[G(kkkk)

— WS (k,k,k, k) — Zlés(k, k, k, k)] ,
(8.103)
where the momentum dependent functions GS k, Kk, Kk,

K), W5 (k, k, k, k) and RS(k, k, k, k) in the equilateral
limit configuration are defined as

GS(k,k, k. k) =0, (8.104)
. 1
RSk, Kk, k, k) = ——Kk°, 8.105
( ) 13 ( )
WSk, k, k, k) =0, (8.106)

where we use K = 4k. Also the momentum dependent
functions Aj(k, k, k, k), Ax(k, k, k,k) and Az(k, Kk,
k, k) are defined as

= _lk“
247

7
As(k, Kk, k, k) = §k6.

A1k, Kk, k, k) Ak, Kk, Kk, k) = —

(8.107)

Substituting Eqs. (8.104) and (8.105) and Eq. (8.106) in
Eq. (8.103), we get the following simplified expression
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(¢) Rangle III. (d) Range IV.

Fig. 18 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters a2 in four different regions for
Nemp = 50 (red), Neyp = 60 (blue) and Ngyp = 70 (green)

for the trispectrum for scalar fluctuation: Consequently the non-Gaussian parameter gll\?f can be
expressed as
HY 1 W @emp, ¥) 1
T(k,k,k, k)= — & _. et
( )= G i 1728MJ2(e% )2 K [—W]z ~ %y
. 29¢% —6n*
(8.108) gsdil w__W , (8.111)
9v3 | 162 9¢ky _ 93
. . equil 8 + 25 2 8
Now if we assume that the non-Gaussian parameter 7y [295&/ —6n’%, ]
and fﬁguﬂ are connected through the Suyama—Yamaguchi
consistency relation, then in the equilateral limiting con- or equivalently one can write the expression for the non-
figuration we get the following expression for the four Gaussian parameter gl as
point non-Gaussian parameter:
equil 1 % 9\/3 * % 2
| ) aNL N 3g 9€W e 296W — 617W , (8.112)
equil % * *
e~ 5 [296W 6nW] . (8.109)
as we have assumed the Suyama—Yamaguchi consistency
In this llmltlng conﬁguration the normalization factor relation perfecﬂy holds true. Here it is important to
NNorwm, which connects the two non-Gaussian param- mention that the results obtained from Egs. (8.111) and
eters 709 and glo°¢, computed from four point function (8.112) are perfectly consistent as in the leading order
is the two predict similar magnitudes, proportional to the
slow-roll parameter €}, or €. .
* In Figs. 18 and 22, we have shown the features of the
9¢y; 93 . . .
NNORM ~ ~ 3 (8.110) non-Gaussian amplitude from the four point scalar func-
[296;‘%, - 677:},] tion t;%ull and gf(f}:“l in the equilateral limit configuration
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equil
TNL

equil

T 2x107?

(a) Angle I.

Equilateral non—-Gaussianity
T T

0.0005 |- ]

0.0004 [ ]

0.0003 [ ]

0.0002 [ — Nemb=50 ]
[ — Ncmp=60

0.0001 - = Nc¢mb=70 ]

0.0000 [ 1
L L L L L L

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
al
(a) Range 1.

Equilateral non-G. ianity
T T

0.00014 |-

0.00012 - Nemb =50

0.00010 |- — Ncmp=60
~ Nemb=70
0.00008 -
0.00006 -
0.00004
0.00002}

0.00000

o 2.x1076 4.x1076 6.x10-6 8.x1076 0.00001
ai
(¢) Rangle III.

in four different scanning regions of the product of the
two parameters oA in the (tﬁ]{ml, o) and (g;}lm, aA) 2D
plane for the number of e-foldings 50 < ANgup < 70
(Figs. 19, 20, 21, 22, 24). The physical explanation of
the obtained features are:
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(b) Angle II.

Fig. 19 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters  and A for Ay, = 60 in two
different angular views
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Fig. 20 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters oA in four different regions for
Nemp = 50 (red), Nemp = 60 (blue) and Neyp = 70 (green)

e Region I Here for the parameter space 0.0001 <
ol < 0.001 the non-Gaussian amplitude lying within
the window 0.006 < 7o' < 0.016, —0.004 <

gle\%?ﬂ < —0.023. Further if we increase the numer-

ical value of aA, then the magnitude of the non-
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Fig. 21 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters o and A for NV, = 60 in two
different angular views
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Fig. 22 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters a2 in four different regions for
Nemp = 50 (red), Nemp = 60 (blue) and Neyp = 70 (green)

Gaussian amplitude saturates and we get the max-
imum value for NV, = 50, |t§%uﬂ|max ~ 0.016,
gl ~ 0.023.

e Region II: Here for the parameter space 0.00001 <
a) < 0.0001 the non-Gaussian amplitude lies within

the window 0.001 < o' < 0.009, 0.002 <

equil
8NL :
mum value for Ny = 50, [ [max ~ 0.009,
|g§1(}inl|max ~ 0.011. Additionally, it is important to
note that in this case for A = 0.00004 the lines
obtained for Neymp = 50, Neymp = 60 and Nopmp = 70

cross each other.

—0.011. In this region we get maxi-
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Fig. 23 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters o and A for NV, = 60 in two

different angular views
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Fig. 24 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters a2 in four different regions for

Nemp = 50 (red), Nemp = 60 (blue) and Neyp = 70 (green)

e Region III: Here for the parameter space 0.000001 <
ai < 0.00001 the non-Gaussian amplitude lies

within the window 0.00002 < 7o' < 0.00062,
0.0001 < g;(}lnl < 0.0017. In this region we get

) il
the maximum value for NVoyp = 70, |7y Imax

0.00062, [gs!| 0 ~ 0.0017. Additionally, it is
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important to note that in this case for 0.000003 <
ak < 0.000006 the lines obtained for Ny, = 50,
Nemp = 60and NV, = 70 cross each other and then
show increasing behavior.

e Region IV: Here for the parameter space 0.0000001 <
a’ < 0.000001 the non-Gaussian amplitude lies
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within the window 1076 < 2! < 0.000012,
2x107% < gequ11 < 0.00011. In this region we get
the maximum value for Aoy, = 60, |1y eqml

0.000012, |23 | 4x ~ 0.00011.

lmax ~

Further combining the contribution from Region I,
Region II, Region IIT and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian ampli-
tude in the equilateral limit configuration:

Region I 4+ Region II + Region III + Region IV:
107 < 5 < 0.016, —0.023 < g23"' < 0.002
(8.113)

for the following parameter space:

Region I 4+ Region I + Region III 4+ Region I'V:
0.0000001 < ax < 0.001. (8.114)

In this analysis we get the following maximum value of
the three point non-Gaussian amplitude in the equilateral
limit configuration:

ot Imax ~ 0.016,  [g5d lmax ~ 0.002.  (8.115)

To visualize these constraints more clearly we have
also presented (tﬁ%ﬂll, @, 2) and (g;({m, a, 1) 3D plots
in Figs. 19a, b, 23a, b for two different angular orien-
tations: Angle I and Angle II. From the representative
surfaces the behavior is clearly observed of three point
non-Gaussian amplitude in the equilateral limit for the
variation of two fold parameters o and A and the results
are consistent with the obtained constraints in 2D analy-
sis. Here all the obtained results are consistent with the
two point and three point constraints as well as with the
Planck 2015 data [44-46].

But as we have already pointed that if we relax the
assumption of holding the Suyama—Yamaguchi consis-
tency relation in the present context of discussion, then
using Eq. (8.105) one can write down the expression for

. 2 2
momentum dependent function f(k, k, k, k, fk fk

%k) in the equilateral limiting configuration as,

f (k,k,k k, 2 =k, 2 =k, 2 k) ‘2@, using which we

V3BT B
get the following 51mphﬁed expressmn for the non-
Gaussian parameter Ty q "l and geqlll as obtained from
the four point scalar functlon in equilateral limiting con-

figuration:

Jeauil _ sof soﬁe*
NL 6507 €~ 6507 W’

gl o 2 e v 2 (8.116)

In Figs. 20 and 24, without assuming the Suyama—
Yamaguchi consistency relation we have shown the fea-
tures of non-Gaussian amplitude from four point scalar
function T;qLuﬂ and g;qul in equilateral limit configura-
tion in four different scanning region of the product of
the two parameters oA in the (tlzcim ,aA) and (g;(}f”l, al)
2D plane for the number of e-foldings 50 < N pp < 70.

Physical explanations of the obtained features are:

e Region I: Here for the parameter space 0.0001 <
ak < 0.001 the non-Gaussian amplitude lies within
the window 0.00028 < £ < 0.00052, 0.0022 <
gﬁf}fll < 0.004. Further if we increase the numerical
value of @A, then the magnitude of the non-Gaussian
amplitude saturates and we get the maximum value
for Nomp = 50, [Tt Imax ~ 0.00052, |1 Imax ~
0.004.

e Region II: Here for the parameter space 0.00001 <
a) < 0.0001 the non-Gaussian amplitude lies within

the window 0.00005 < 5" < 0.00042, 0.0005 <

gﬁ%ﬁm 0.0033. In this region we get the maxi-

mum value for Ny = 50, [T5 | pax ~ 0.00042,

| g‘“‘q“”|max ~ 0.0033. Additionally, it is important
to note that in this case for @A = 0.00004 the lines
obtained for Ny = 50, Nep = 60 and Noppp = 70
cross each other.

e Region III: Here for the parameter space 0.000001 <
ai < 0.00001 the non-Gaussian amplitude lying
within the window 0.00001 < =o' < 0.00014,
0.00008 < g;‘{“‘ < 0.0014. In this region we get

. il
the maximum value for NV, = 70, |t§?‘ul |max ~

0.00014, [gS") .. ~ 0.0014. Additionally, it is
important to note that in this case for 0.000003 <
aX < 0.000006 the lines obtained for N,y = 50,
Nemp = 60 and N, = 70 cross each other and then
show increasing behavior.

e Region IV: Here for the parameter space 0.0000001 <
ai < 0.000001 the non-Gaussian amplitude lying

within the window 10~7 < ‘L';?‘ml < 7 x 107°,

5x1078 < g;qul < 0.000052. In this region we get
the maximum value for NV, = 60, |t§%UIl|maX ~

7 x 1076, |gsd] 0 ~ 0.000052.

Further combining the contribution from Region I,
Region II, Region IIT and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian ampli-
tude in the equilateral limit configuration:
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(a) Angle I.
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gri“Yo02 2

0.001 |

£
v
0.000

(b) Angle II.

Fig. 25 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters - and A for N, = 60 in two

different angular views

Region I + Region II 4+ Region III + Region IV:

equil

-7 equil
107" < og

<0.00052, 5x1078 < gnL < 0.004

(8.117)

for the following parameter space:

Region I 4 Region II + Region III 4- Region IV:
0.0000001 < aA < 0.001. (8.118)

In this analysis we get the following maximum value of
the three point non-Gaussian amplitude in the equilateral
limit configuration:

o) e ~ 0.00052, g0 ~ 0,004, (8.119)

To visualize these constraints more clearly we have
also presented (rﬁ%ull, o, 1) and (gf(%l"l, a, 1) 3D plot in
Figs. 21a, b, 25a, b for two different angular orienta-
tions: Angle I and Angle II. From the representative sur-
faces it is clearly observed the behavior of three point
non-Gaussian amplitude in the equilateral limit for the
variation of two fold parameter o and A and the results
are consistent with the obtained constraints in 2D analy-
sis. Here all the obtained results are consistent with the
two point and three point constraints as well as with the
Planck 2015 data [44-46].

2. Counter-collinear or folded kite limiting configuration:
For this case we have the situation where the magnitude
of the sum of the two momenta is taken to be zero, which
implies

kij = Wi + k| = \Jk? + K2 + 2kik j cos 03 — 0,
V@i, j=1,2,3,4) withi < j, (8.120)

@ Springer

S k3 +k3 o
which implies cos6;; — —%,V(z,] = 1,2,3,4)
iKj
L s 4 (kF+k3)
withi < j, and this satisfies > ;_;_, k,—kjj — 4. In the

present context, we identify this situation as the counter-
collinear limiting configuration as in this case for each
momentum there is another associated momentum which has
equal magnitude along with opposite direction. In this spe-
cific case one can construct a quadrilateral which is formed
by the momentum vectors participating in this limit using
two fold ways. From the analysis it is observed that if by our
choice on the momenta they are of the same order in magni-
tude then the counter-collinear configurations are adjacent.
Sometimes in the literature this is identified as the folded kite
limiting configuration. On the contrary, here one can also
choose the momenta in such a way that the counter-collinear
configurations are on the opposite sides of the quadrilateral
formed in the present context. But both situations are specif-
ically dual configurations to each other. Consequently, the
mathematical structure of the local trispectrum for scalar
fluctuation simplifies in the counter-collinear or folded kite
limiting configuration. In this limit here we actually take

k1o K ki ~ kp, k3 ~ ky. (8.121)

Consequently we have cos 1 = cos 6, cos 83 = —1. In this
case the trispectrum for scalar fluctuation can be written as

W3 (bemp, ¥) 1

T(ki, ki, k3, k3) ~
(kt. ki ks, k3) 216M 2 (€% )2 (kiks)®

9Kk ., .,
X 10 sin“ oy sin“ @3z cos2x1234 + -+ |, (8.122)
12

where in the counter-collinear or folded kite limiting config-
uration contribution from the momentum dependent func-
tions WS(ky, ko, k3, ks) and RS(ky, ko, k3, k4) are finite
but the contributions are sub dominant for which one can
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easily neglect this part compared to the graviton exchange
contribution. Here the graviton exchange contribution in
the counter-collinear or folded kite limiting configuration is
defined as

G (k1. k. k3, ky)

9Kk .,
= ZkT sin alsm Ot3COSZX12 34+ - (8.123)
12

where in counter-collinear or folded kite limiting configura-
tion we have used additionally the following results:

3 3
—kl, —ks,

S(ki, ko) ~ S(k3, k4) ~ (8.124)
and for the polarization sum we use
D € (ki)ep, (kagkikKAK]!
s=-+,X%
= k}k3 sin® ap sin® @3 cos 212,34 (8.125)

W3 (Pemp, W) (k3 +k3)?

9 kiky .2 :
|:Zk_ sin o] SIn

a3 oS 2x12,34 + - - }

limiting configuration we get the following expression for
the four point non-Gaussian parameter:

1 36 1
,L,toldklte ~

3
144 (263 + 13)? [2(36 ~ Rk )

+e (—(2/«% +K3) + 2(k7 + kiks (ki + k3))

82 ?
+m( 1 +2k3)>] (8.136)

In this limiting configuration the normalization factor
NNorM, Which connects the two non-Gaussian parameters

rIfI"lekite and gt"ldk“e computed from four point function, is
25 — Ay
Ny — |, 8.137
NORM = = |: A } ( )

where the momentum dependent factors Ay, A, and A3 are
defined as

54M12(6 )2 (kik3)®
Al ~ - (8.138)
3 3 3 3 3 8k3 (k2+243)
[2(36;%/— ) (26 + &3) + W( (27 +K3) + 2 (k§ + kiks (k1 +k3)) + —Hples™
Here we have to mention that Ay = Z Py (kij) Pr(kj) P (kp)
<,
G;Zaia]‘—ﬁiﬁj, 6;; = a;a; + a;a;, (8.126) ]<~Pl nr
‘ P . . W3 (Gemp. ¥) 4 1 3 1
€5 (ki)kiky = kika sina sinaz cos(B1 + B2),  (8.127) ~ 17281‘;1";@)3 oo oo\ te
T L om . . P\ 128173 1383 \ K] 3
€ (k34)k3k4 = kaks sinaz sinog cos(B1 + B2)  (8.128) 5
€ (klz)k‘ > = kikzysinay sinap sin(B1 + B2),  (8.129) + k% (k% + ki3> , (8.139)
€75 (ka) K3k} = ksky sinas sinag sin(B1 + B2),  (8.130) AT
sinay ki - sin o4 ]ﬁ ~1 .131) A3 = Z P (ki) Py (kj) Py (kp)
sina ko sin o3 ky ’ i<j<p
Bo—PBr=m, Pa—PB3=m  pi1—B3=X1234 Wi, W) 1 1 N 1 (8.140)
(8.132) 864M}2(ex ) Ik \ky K3 ) '

and we use the following coordinate to parameterize the
momentum vector:

k; = k; (sin; cos B;, sin; sin B, cosa;) Vi = (1,2,3,4),

(8.133)
where

o; = cos (ki kip) Vi=(1,2,3,4), (8.134)
Bi = cos ' (ki.a) Vi=(1,2,3,4). (8.135)

Now if we assume that the non-Gaussian parameter rll\?f and

NG loc are connected through the Suyama—Yamaguchi consis-
tency relation, then in the counter-collinear or folded kite

Consequently the non-Gaussian parameter glOC can be
expressed as

foldkite 25 |:A1 A2:| 1
NE 2060 A3 ] @K +i2)?

x |:2(36 S = M) 2k] + k)
+e, (_(2k% +k3) + 2(k3 + kiks(ky + k3))

8k? ?
26D || . (8.141)

(2ky + k3)
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Fig. 26 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters a2 in four different regions for

Nemp = 50 (red), Newmp = 60 (blue) and Ny = 70 (green)
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Fig. 27 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters  and A for Aoy, = 60 in two

different angular views

In Figs. 26 and 28, we have shown the features of non-
Gaussian amplitude from four point scalar function rlf]"lekite
and gl‘i}’ﬂdki‘e in the folded kite limit configuration in four dif-
ferent scanning regions of the product of the two parame-

ters oA in the (759Kt ¢2) and (gfodki® ¢/ 2D plane for

@ Springer

the number of e-foldings 50 < Ny < 70 (Figs. 27, 29).
Physical explanation of the obtained features are appended
following:

e Region I: Here for the parameter space 0.0001 < ai <
0.001 the non-Gaussian amplitude lying within the win-
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Fig. 28 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters «A in four different regions for
Nemp = 50 (red), Nemp = 60 (blue) and Neyp = 70 (green)
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Fig. 29 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters  and A for Ay, = 60 in two
different angular views

dow 0.0025 < t{fﬂdkﬁe < 0.0085, 0.014 < glf\}’idkite < e Region II: Here for the parameter space 0.00001 < oA <
0.038. Further if we increase the numerical value of A, 0.0001 the non-Gaussian amplitude lying within the win-
then the magnitude of the non-Gaussian amplitude sat- dow 0.0002 < zigdkite < 0.0048, 0.001 < gloldkite ~
urates and we get the maximum value for AV, = 50, 0.023. In this region we get the maximum value for
|7 max ~ 0.0085, 51" max ~ 0.038. Nemp =50, 17§ max ~ 0.0048, [g{G™ " Imax ~
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0.023. Additionally it is important to note that in this
case for aA = 0.00004 the lines obtained for Ny, = 50,
Nemp = 60 and N, = 70 cross each other.

e Region III: Here for the parameter space 0.000001 <
al < 0.00001 the non-Gaussian amplitude lying within

the window 0.000018 < zfoldkit 0,001, 0.0001 <
gloldkite - — 0,001 In this region we get the maxi-

mum value for Noyp = 70, [gigde| . ~ 0.00062,
|gloldkite| .x ~ 0.001. Additionally, it is important to
note that in this case for 0.000001 < ax < 0.000006
the lines obtained for Nypup = 50, Newp = 60 and
Nemp = 70 show increasing, decreasing and further
increasing behavior.

e Region IV: Here for the parameter space 0.0000001 <
a < 0.000001 the non-Gaussian amplitude lying within
the window 1076 < ¢fgldkite < 0.000014, 2 x 1076 <
glf\}’ldkite < 0.000066. In this region we get the maxi-
mum value for N, = 60, [gigdie] .. ~ 0.000014,
|gtoldk1te|maX ~ 0.000066.

Further combining the contribution from Region I, Region II,
Region III and Region IV we finally get the following con-
straint on the four point non-Gaussian amplitude in the equi-
lateral limit configuration:

Region I 4+ Region II + Region IIT + Region I'V:

To visualize these constraints more clearly we have also
presented (zf99 o X) and (gloldkite o, 2) 3D plot in
Figs. 19a, b, 23a, b for two different angular orientations:
Angle I and Angle II. From the representative surfaces it
is clearly observed the behavior of scalar four point non-
Gaussian amplitude in the folded kite limit for the variation
of two fold parameter  and A and the results are consis-
tent with the obtained constraints in 2D analysis. Here all
the obtained results are consistent with the two point and
three point constraints as well as with the Planck 2015 data
[44-46].

But as we have already pointed that if we relax the assump-
tion of holding the Suyama—Yamaguchi consistency relation
in the present context of discussion, then using Eq. (8.105)
one can write down the expression for momentum dependent
function f (ky, k1, k3, k3, k12, k13, k23) in the equilateral lim-
iting configuration as

fki, ki, k3, k3, k12, k13, k23)

_ 8 (k6+k) 1 1
Tk + k)’ A VEREN

NpYEr Y IR (8.145)
BTNy '

1076 < gfgldkite < 0,016, —0.023 < glldkite — 0,002 , _ o .
NL = SNL using which we get the following simplified expression for
(8.142)  the non-Gaussian parameter tt‘ﬂdk‘te and gf‘)ldklte as obtained
from the four point scalar function in equilateral limiting
configuration as
W3 (emp, ¥ k3
i 216%)2{2*‘. >)2 (k]llc3)6 [3 1233 sin® g sin® 3 cos 212,34 + - }
kit ~ u : (8.146)
|:A2 + 25 k1 +k )3 {(kl +) (kz + T) + 2kik3 ( + é + %)} A3:|
W3 (pemp W) _ 1| 9Kik3
W (k1k3)0 [Zk_ sin? oy sin® 3 €08 212,34 + - }
% ;
g ~ (8.147)
Ar i|
8 6 p0y( L 1 33 24 L4
(k1 +k3)3 {(k‘ +k3)<k%3 +k%3 >+2k‘ ks <kf2 +k%3

for the following parameter space:

Region I 4+ Region II + Region IIT + Region I'V:

0.0000001 < aX < 0.001. (8.143)

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration as given by

|71{1(;_1‘dkite|max ~ 0016, |gf01dk1te|max ~ 0002 (8144)

@ Springer

3. Squeezed limiting configuration: For this case we have
ki ~ ko ~ k3(= kL) > ka(= kg), where k; = [k;|Vi =
1,2, 3. Here ki and kg represent momentum for long
and short modes respectively. In this case one can write,
cosf; = —% (l + ,]z—i , Vi =(1,2,3), which gives an
estimate of the factor kg/kr in the squeezed limit con-
figuration and this estimate we will use for future com-
putation.
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In this case the trispectrum for scalar fluctuation can be writ-
ten as

W (@emp, ¥) 1
216M 2 (el )? kS i

T (ky, ki, ki, ks) ~

; sin® o] sin’ 03 COS2X12,34 (8.148)

3

—
—_—
|
Tl
N—"
[N}

where in the squeezed limiting configuration contribution
from the momentum dependent functions wS k1, ko, k3, ky)
and RS (k1, ko, k3, ks) vanishes in leading order in slow-roll
and negligibly small but finite contribution comes from the
graviton exchange term. Here the graviton exchange contri-
bution in squeezed limiting configuration defined as

916

G5 (k1. kp. k3. kg) = —E— sin

(-
(8.149)

where in squeezed limiting configuration we have used addi-
tionally the following results:

2 o sin? a3 €08 2X12,34,

3
S(ky, kp) ~ EkL ~ S(k3, k4), (8.150)

and for the polarization sum we use the same results that we
have used in the case of counter-collinear limit. Additionally
here we have

sinoy kg ~ 1

(8.151)

— R

sino; kg

Now if we assume that the non-Gaussian parameter rll\?f and

f]lIOLC are connected through the Suyama—Yamaguchi consis-
tency relation, then in the case where k1 ~ ky ~ k3 =~ ki, we
get the following expression for the four point non-Gaussian
parameter:

1 2
LN 3 [29e*w _ 6n’;~v] . (8.152)

In this limiting configuration the normalization factor NNoRrMS

which connects the two non-Gaussian parameters tl{}’f and

gll\‘fﬁ, computed from four point function, is

25[ A1 —A
NNORM = — [¥}

8.153
54 A3 ( )

where the momentum dependent factors Ay, A, and A3 are
defined as

25T (ky, ki, k3, k3)
36( faoe)2

W3 Gemp¥) 1|9 1 Y BN
Z sin“ ¢1 sin” @3 cos 212,34
12 2 1613 3 s
6M[*(ex)? kkg | 4 (1_55)7

L

[296*W - 617’&/}2

Al =

1%

(8.154)

Ay= Y

J<p.i#j.p

Py (kij) P (kj) Py (kp)

W3(¢C7ﬂba‘l’) 6 1 1 1
SmsMPEe ) w\k TR) g (8.155)
1—E)
Ay = ) Poki)Pe(kj)Pe(kp)
i<j<p
W3(¢rmb,‘l’) 1 1 3
= Tmsmre e \e T 8.156
1728M 2 (53 ke \ K k3 ( )
Consequently the non-Gaussian parameter g%\?ﬁ can be
expressed as
25 A] - A2 [ 2
sq N .
~ =2 | [29€5 -6y | 8.157
SNL 1944[ As ] w Oy (8.157)

In Figs. 30 and 32, we have shown the features of non-
Gaussian amplitude from four point scalar function ‘L'If;}‘ and
sq . .. . . .
gn in squeezed limit configuration in four different scan-
ning regions of product of the two parameters o) in the
(t&i, o)) and (g;qL, aA) 2D plane for the number of e-
foldings 50 < N¢pp < 70 (Fig. 31). Physical explanations
of the obtained features are:

e Region I: Here for the parameter space 0.0001 < ai <
0.001 the non-Gaussian amplitude lying within the win-
dow 0.01 < 7] < 0.021, 0.05 < gt < 0.095. Further
if we increase the numerical value of A, then the magni-
tude of the non-Gaussian amplitude saturates and we get
the maximum value for NV, = 50, |T§%|max ~ 0.021,
|gNL lmax ~ 0.095. )

e Region II: Here for the parameter space 0.00001 < aX <
0.0001 the non-Gaussian amplitude lying within the win-
dow 0.002 < 73y < 0.017, 0.01 < gy < 0.075.
In this region we get maximum value for AV, = 50,
[Tt Imax ~ 0.017, [gX} Imax ~ 0.075. Additionally, it is
important to note that in this case for i = 0.00004
the lines obtained for Nypup = 50, Newp = 60 and
Nemp = 70 cross each other.

e Region III: Here for the parameter space 0.000001 <
ak < 0.00001 the non-Gaussian amplitude lying within
the window —0.0008 < 7oy < 0.0042, —0.0008 <
gls\?L < 0.02. In this region we get the maximum value
for Nomp = 70, |73) Imax ~ 0.0042, gyt Imax ~ 0.02.
Additionally, it is important to note that in this case
for 0.000001 < ai < 0.000006 the lines obtained for
Nemp = 50, Nep = 60 and N, = 70 show increas-
ing, decreasing and further increasing behavior.

e Region IV: Here for the parameter space 0.0000001 <
a < 0.000001 the non-Gaussian amplitude lying within
the window —0.00005 < 75 < —0.00058, —0.0001 <
gls\?L < —0.0027. In this region we get the maximum
value for NVoymp = 60, |73 |max ~ 0.00058, |gxt [max ~
0.0027.
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Fig. 30 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters «A in four different regions for

Nemp = 50 (red), Nemp = 60 (blue) and Ny = 70 (green)

(a) Angle I.

(b) Angle II.

Fig. 31 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters o and A for N, = 60 in two

different angular views

Further combining the contribution from Region I,
Region II, Region III and Region IV we finally get the fol-
lowing constraint on the four point non-Gaussian amplitude
in the equilateral limit configuration:

Region I 4 Region II + Region III 4 Region IV:
107 < 73] <0.016, —0.023 < g} < 0.002
(8.158)
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for the following parameter space:

Region I 4+ Region II + Region IIT + Region I'V:

0.0000001 < a2 < 0.001. (8.159)

In this analysis we get the following maximum value of the
three point non-Gaussian amplitude in the equilateral limit
configuration:
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Fig. 32 Representative diagram for equilateral non-Gaussian three point amplitude vs. product of the parameters a2 in four different regions for

Nemp = 50 (red), Neyp = 60 (blue) and Ny, = 70 (green)

ITat Imax ~ 0.021,  |gxt Imax ~ 0.095. (8.160)

To visualize these constraints more clearly we have also pre-
sented (ty; , &, &) and (gnt , @, &) 3D plotinFigs. 31a,b, 33a,
b for two different angular orientations: Angle I and Angle II.
From the representative surfaces it is clearly observed the
behavior of scalar four point non-Gaussian amplitude in the
squeezed limit for the variation of two fold parameter « and
) and the results are consistent with the obtained constraints
in 2D analysis. Here all the obtained results are consistent
with the two point and three point constraints as well as with
the Planck 2015 data [44—46].

For the sake of simplicity one can further neglect all the
contribution from the very small factor ks/k;. and finally
write the following expression for the trispectrum in the
squeezed limiting configuration as

54
T (ke kL. ki, ks) ~ 3 (r&‘{ + Eg?&) Py (ks) P (L),
(8.161)

which implies that in the squeezed limiting configuration if
we neglect the contribution from very small term kg / k1, then

the trispectrum contributes equally to the four point non-
Gaussian parameter tﬁ’f and gll\‘ff So if we now assume that
the Suyama—Yamaguchi relation perfectly holds true in the
present context i.e. Eq. (8.152) is completely correct then
using Eq. (8.161) one can find the following expression for

the four point non-Gaussian parameter g%\?f:

g;?L A 66;%/ sin® a; sin? a3 cos 2X12.34

! 29¢% — 61 ’
=36 (24 — o |
where we have used the approximation, (1 + cos6#3) =
L1 - k) ~
2 ki,
ratio ks/kr, as it is much smaller than unity.

But as we have already pointed that if we relax the assump-
tion of holding the Suyama—Yamaguchi consistency relation
in the present context of discussion, then using Eq. (8.105)
one can write down the expression for momentum dependent
function in the squeezed limiting configuration as

(8.162)

%, due to the smallness of the momentum
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Fig. 33 Representative 3D diagram for equilateral non-Gaussian three point amplitude vs. the model parameters  and A for Ajyp = 60 in two

different angular views

ks ks ks
f(kL,kL,kL,kS,kL\/l_E,kL\/l_E,kL\/l_E>
128 K
5 <1+kﬁ) 1
~ 3 3
ks ks )2
(1+5) (1-8)

using which we get the following simplified expression for

the non-Gaussian parameter ‘Ell\?f and g%f,’f as obtained from

Sq IaA
ENL

, (8.163)

2 2

3 03 .
w (¢cmbs‘1’) LSIII o4 [9 o sin

T L Z sin
216M11’2(€*W)2 kﬁ sind a3 L4 s

9 54
[mAZ + 3A3]

a3 cos 2X12,34]

)

(8.167)

where the momentum dependent factors can be approximated
by

128

the four point scalar function in squeezed limiting configu- f Gk, ky, ky, ks, k., k., k) ~ 5 (8.168)
ration as
W3(¢cmb ¥ 1 sin’ ay | 9 1 ) )
g = z sin” a1 sin” o3 cos 2
206M P ()7 k] sindas | 4 (1—5?““3)% 1 3 X12,34
Sq ~ SlllDt4
N , (8.164)
a3
Ao+ HIB (14 ) L1
e (1 m ) (1 s )3
4 SlﬂDt4
w3 (Pemb.¥) 1 sin® a4 | 9 1 ) .2
D s 7 sin” vy sin” a3 cos 212,34
216M1172(€:T/)2 k]?, sin3 a3 4 ( B s@na3 )% X
gli%‘ ~ = (8.165)
Ay ﬂA
128 sin a3 1 | + 5543
9 I+ sin3 ay sin o 3 ] 3
(1+35ma4) (17%%)2

Further if we neglect the contribution from very small term
ks/ ki then the four point non-Gaussian parameter Ti& and
gIS\?L can be expressed as

2 2

773 3 .
W (Gemp,¥) 1 sin” ay [9 aj sin

= 7 sin
216M 2 ()7 &y sin® a3 L4 s

[Az + %%M]

3 cos 212,34

El

sq
INL

(8.166)
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aye W W) 6 (1 1) 1
1728M 23 ke \ kg K (_k_s)%’
(8.169)

W3 @emp, ¥) 3

Az = T (8.170)
1728M (%) kS kS
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Table 5 Constraint on scalar
four point non-Gaussian
amplitude from equilateral,
folded kite and squeezed

Scanning region

equil
INL

equil
8NL

I

0.006 < 7o' < 0.016

—0.004 < gt < —0.023

configuration with assuming 1l 0.001 < 72! < 0.009 0.002 < gt < —0.011
Suyama—Yamaguchi equil equil
consistency relation 1 0.00002 < 5" < 0.00062 0.0001 < gsd' < 0.0017
v 1076 < 2 < 0.000012 2% 1076 < g2 < 0.00011
1+ 10+ M0 +1V 1076 < ' < 0.016 2 x —0.023 < g2 < 0.002
Scanning region gfoldkite gloldkite
I 0.0025 < fgdkitt < 0.0085 0.014 < gloldkit < 0 038
i1 0.0002 < igldkic < 0.0048 0.001 < gloldkie 0,023
11 0.000018 < z9ldkite < 0,001 0.0001 < gloldkite < 0,001
v 1076 < gfldkite < 0.000014 2 x 1076 < gloldidte - 0. 000066
I+ + I +1V 1076 < fgldkit < 0,016 —0.023 < gfoldkite < 0.002
Scanning region ‘L’i;}‘ gi?L
I 0.00028 < £ < 0.00052 0.0022 < g2 < 0.004
| 0.00005 < s < 0.00042 0.0005 < g2 < 0.0033
il 0.00001 < £ < 0.00014 0.00008 < gs" < 0.0014
v 107 < £ <7 x 1076 5% 1078 < g2 < 0.000052
T+ 10+ 10+ 1V 1077 < 7' < 0.00052 5x 1078 < g2 - 0.004

Table 6 Constraint on scalar

four point non-Gaussian Scanning region

equil
8NL

amplitude from equilateral
configuration without assuming

I 0.00028 < 5" < 0.00052

0.0022 < g < 0.004

Suyama-—Yamaguchi 1l 0.00005 < s < 0.00042 0.0005 < g2 < 0.0033
consistency relation equil equil
il 0.00001 < 7o' < 0.00014 0.00008 < gt < 0.0014
v 1077 < 5 <7 x 1076 5x 1078 < gt < 0.000052
T+ 10+ 0+ IV 1077 < £ < 0.00052 5x 1078 < g1 < 0.004

InTable 5, we give the numerical estimates and constraints
on the four point non-Gaussian amplitude from equilat-
eral configuration with assuming Suyama—Yamaguchi con-
sistency relation. Also in Table 6, we give the numerical
estimates and constraints on the four point non-Gaussian
amplitude from equilateral configuration without assum-
ing Suyama—Yamaguchi consistency relation. Here all the
obtained results are consistent with the two point and three
point constraints as well as with the Planck 2015 data [44—
46].

8.2.2 Using SN formalism

In this section using the prescription of S formalism in the
attractor regime of cosmological perturbation we derive the
expression for the non-Gaussian amplitudes associated with
the four point function of scalar curvature fluctuation as

NN Jxk NN
e = LR IE 8.171)

(MmN )

P éN’”KN"N”ﬁv*K. (8.172)
M (MmNom)

Further writing the expressions for the non-Gaussian ampli-
tudes in terms of the inflaton field ¢ and the additional field
U we get

loc 1
T =
i (N pNg +NyNy)
X [(NgpNgp + NwpN wg) Ny Ny
+ NewNww +NgoNgpo) NoN g
2 (NppNgw + NwwNwg) NpNw], . (8.173)
e 25 1
SNL = —
NS (N + NN ).

X [N gpopN g N oN.p + N www N wNw Ny

+ (Nogw +Nugp + Nopug) NgNoN o

+ WNpww + Nuwg + Nwgw) NN oNy], .
(8.174)
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Now we already know that in the attractor regime cosmolog-
ical perturbation, solution for the additional field W can be
expressed in terms of the inflaton field ¢ and using this fact
the expression for the non-Gaussian amplitudes associated
with the four point function of scalar curvature fluctuation
can be recast as

Npo, N,
™ = |:X1(¢) —(NW 28+ Xo(0) 5

WNg) Ny
+ X3(¢) ml g @175
= 5 ot  mori
+ X6(¢)WL : (8.176)

where the new functions X{(¢), ..., X¢(¢) are defined as

2 1
X = I+ + + ,
1) = f(d) < V) V6(¢))

V2($)
Vi) V@)
X = -3
29) = =3/@ (v3<¢> MYS (¢>)>
V2 VZ¢)
X =
3(@) f(¢)<v6(¢) %)

3 3 !
X = 1+ + + ’
4(@) = f(9) < V) | V) V6(¢))

(V@ V@ V@)
K0y ==30@ <v7<¢> " 556) v3<¢>)>
V@) V@) V@) Vi)
X = — -3 -5 .
o)== (¢)<v3<¢> Vig) VB v%))
(8.177)
-3
where f(¢) = (1 + 97 ¢)) . Further substituting the

explicit form of the function V(¢) and N4, N p¢, N.gee
for all derived effective potentials at ¢ = ¢, we get

A = V2 X180 + X2@0ds + Xa@)92],  (B.179)
25
o = 507 [2X4(00) + X5 + Xs(0)02
(8.179)

Now we comment on the consistency relation between the
non-Gaussian parameters derived from four point and three
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point scalar correlation function in the attractor regime
of inflation. To establish this connection we start with
Egs. (8.64), (8.178) and (8.179) and finally get new set of
consistency relations:

W = 2 [X160) + X909 + Xs992).

(8.180)
S = 22 R [2X400) + X506 + X606
(8.181)

e _ 125 10 [2X4(00) + Xs(@)¢s + Xo(00)¢%]

SN T 286 N [2X4 () + X5 (@0 + Xs(@0)2]
(8.182)

It is a very well-known fact that in the non-attractor regime,
where the additional field W is frozen in the Planck scale
Suyama—Yamaguchi consistency relation [176-178] holds
true, which states:

IOC _ _(flOC (8183)

Further using this results one can estimate the deviation in
the Suyama—Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of cosmological per-
turbation as

1 1 1
|ATI\?1?| = |[T§f|n0n-attractor - f§ﬁ|attract0r]
1
(f OC) [non-attractor [{1 — Qcorr},

where the correction factor Q.o can be written as

(8.184)

(f NL )2 |attractor

Qeorr = (X166 + X206, + X300)97 .

(8.185)

(f ) ‘non attractor

Here we need to point out a few crucial issues:

e First of all, to estimate the magnitude of the deviation
factor Qcorr We need to concentrate on two physical situ-
ations, I. Super Planckian field regime and II. Sub Planck-
ian field regime.

e In the super Planckian field regime the deviation factor
Qcorr can be expressed as
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18 M2 72M* 3888 M8
P )4 P
(1 ~ B2 o361¢d  Boseraigd T ) for Case I
18M2  72M%  3888M8
(1— ¢§p - ¢i” =¥ L —i—) for Case II
18M2 M} 3888 M5 .
- v e s+ for Case II 4 Choice I
a(-%)  w(-%) e(-%
o ¢l o2
_ 18 M2 72M* 3888 M8 .
Qeorr = Af % - E—= - E—= - s for Case I 4 Choice II (8.186)
2(1__ "¢ 4(q__ m¢ gf1__ m¢
2(m) o) 202
2 4
. 18M2 - 7204 .
a(1ve0r-+ ) at(1ve02-0h+ %)
3888 M8 .
- . R +ee for Case II 4 Choice III.
¢§(1+§<¢§—¢%>+é>

where the factor A ¢ is defined as

_ (f ]110[? ) 2 | attractor

= . (8.187)
(A 111(;? ) 2 [non-attractor

Now to give a proper estimate of the deviation in the magni-
tude of the amplitude of non-Gaussian parameter computed
from four point function in terms of the three point non-
Gaussian amplitude for the time being we assume that the
results obtained from the attractor and non-attractor formal-
ism is almost at the same order of magnitude. In that case we

18M2
812 T

18M2  72M;  3888M3
o7 T T T

2M}
65619

3888 M5
4304672193

18M2 2M} 3888 M5
4\ 2 + 4\ 4 + 4\8 +
¢2(1_¢l> ¢4(1_¢l) 8(1_&)
U ef U ed U e
2 4
18M3 i 72M; i
2 2
2( 11— L I —
Jeorr ~ i (1 m%—)\@%) 2 (l m%*)\(ﬁ%)
3888 M5
—2 3 + .
A(-a)
U omEoag?
18 M2 72M*
P 5 + P

2 2\ 4
¢£(1+s<¢£—¢6>+%) ¢i(1+§<¢%—¢5>+%)

8
3888M8

2\ 98
¢§<1+$(¢5—¢2V)+ ‘Z—g)

have Ay ~ O(1). Consequently the deviation factor can be
recast as

Ocorr ~ Af(l — Jeorr) ~ 1 — Jeorr

where the correction factor J.or < 1 is highly suppressed
in the super Planckian region of the perturbation theory, but
those small corrections are important as precision measure-
ment is concerned in the context of cosmology. In the case of
our derived effective potentials we get the following approx-
imate expressions for the correction factor:

(8.188)

for Case |

for Case II

for Case II 4+ Choice I

(8.189)

for Case II 4+ Choice II

for Case II 4+ Choice III.
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Further using this results one can estimate the deviation in
the Suyama—Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of cosmological per-
turbation as

e In the sub Planckian field regime the deviation factor
Qcorr can be expressed as

(1 + % ¢* + - ) for Case 1
(l + ﬁ ¢*(‘)6 + - ) for Case II
MP
1+ L% — i for Case II 4 Choice I
Ocorr = Af X 216 M§ o (8.192)
1 ¢S 6 .
1+mM—g< proam )\45*) + - for Case II 4 Choice II
. 6
1+ 5he 22 (1 FE@E -+ % ) +--- ) for Case Il + Choice III.
p
|Atll\§’f| = —(floc) [non-attractor {1 —Ap(1— Jcorr)} | where the factor A ¢ is defined earlier, whichis Ay ~ O(1).

(8.190)

1
_(f OC) |n0n attractor|Jcorr|

Also the fractional change can be expressed as

A.L,loc
L = |1_Af(1_Jcorr)|N|Jcorr|-
>M,,

loc
(TNT.)non-attractor

(8.191)

Ceorr ~ Ay %

L2 2
6
216 17

6
1+ E@2 - ¢%>+%) +>

Consequently the deviation factor can be recast as
Ocorr ~ Ar(1+ Ceorr) ~ 1+ Ceorrs (8.193)

where the correction factor Ceorr < 1 is suppressed in the
sub Planckian region of the perturbation theory, but those
small corrections are important as precision measurement
is concerned in the context of cosmology. In the case of our
derived effective potentials we get the following approximate
expressions for the correction factor:

for Case I

for Case II
for Case II + Choice I (8.194)

for Case II 4+ Choice II

for Case II 4+ Choice III.

So it is clear that | Joorr| captures the effect of the deviation in
the Suyama—Yamaguchi consistency relation which are very
small and highly suppressed in the super Planckian regime
of inflation. But as far as precision cosmology is concerned,
this small effect is also very useful to discriminate between
all derived effective models considered in this paper. If in the
near future Planck or any other observational probe detects
the signature of primordial non-Gaussianity with high statis-
tical significance then one can also further comment on the
significance of attractors and non-attractors in the context of
early universe cosmology.

@ Springer

Further using this results one can estimate the deviation in
the Suyama—Yamaguchi consistency relation if we go from
attractor regime to non-attractor regime of the cosmological
perturbation as

|A locl _(floc) |non dttmctor|{1 - Af(l + Ccorr)”

1
s (f Oc) |non attractor | Ccorr |

(8.195)
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Also the fractional change can be expressed as
A.L,loc
NL =1 _Af(l+ccorr)| ~ |Ceorrl-

(TIOC) non-attractor
NL kM,

(8.196)

Soitis clear that | Corr | captures the effects of the deviation in
the Suyama—Yamaguchi consistency relation which are very
small and suppressed in the sub Planckian regime of inflation.

e From the study of sub Planckian and super Planckian
regime it is evident that when Ay ~ O(1) i.e. the non-
Gaussian amplitude obtained from three point function
in attractor and non-attractor regime for all the derived
effective potentials are of the same order then the devi-
ation from Suyama—Yamaguchi consistency relation is
very small. The only difference is in the sub Planckian
case this correction is greater than unity and on the other
hand in the super Planckian case this correction factor is
less than unity. But since we are interested in the preci-
sion cosmological measurement, such small but distinc-
tive corrections will play a significant role in discriminat-
ing between the classes of effective models of inflation
derived in this paper.

e Finally, if we relax the assumption that the deviation fac-
tor, Ay # 1, then one can consider the following two
situations-

1. First we consider, Ay > 1. In this case in the
super Planckian and sub Planckian regime we get the
following results for the deviation in the Suyama—
Yamaguchi consistency relation:

36
|Af11\10f|¢*>>Mp = g(f[l](ic)z|n0n—attract0r|Af(1 - Jcorr)|~
(8.197)
loc _ ﬁ locy2 .
|AINL|¢*<<M,, = 25 (fNL) Inon—attractorIAj 1+ Ccorr)|~

(8.198)

Also the fractional change in the Suyama—Yamaguchi
consistency relation can be expressed as

Atloc
NL
e =121 = Joorr)l,
NL /non-attractor $e>M,
ATIOC
NL
o = A7 (1+ Ceorr)l-
NI /non-attractor buM,,

(8.199)

In this specific situation the deviation factor is
large and consequently one can achieve a maximum
amount of violation in the Suyama—Yamaguchi con-
sistency relation. Here the results of the super Planck-
ian and sub Planckian field values differ due to the

presence of the correction factors Jeorr and Ceorr. Here
both Jeorr < 1 and Ceorr < 1, but for model discrim-
ination such small corrects are significant as men-
tioned earlier.

2. Next we consider, Ay <« 1. In this case in the
super Planckian and sub Planckian regime we get the
following results for the deviation in the Suyama—
Yamaguchi consistency relation:

AT g, 5m, = %(f&"f)2|mamm|l — Ayl
(8.200)

|ATNE g, = %(fﬁ;f)2|manrm|1 — Ayl
(8.201)

Also the fractional change in the Suyama—Yamaguchi
consistency relation can be expressed as

loc
Aty - A
(.L.IOC) . - fh
NL /non-attractor Be>M,
A.Cloc
% =1—Agl (8.202)
TN, /non-attractor B M,

In this specific situation deviation factor is small
and consequently one can achieve very small amount
of violation in Suyama—Yamaguchi consistency rela-
tion. Here the results of the super Planckian and sub
Planckian field value are almost the same as we have
neglected the terms A fJeorr < 1 and A Ceorr < 1.

Now to derive the results of non-Gaussian amplitudes in
the non-attractor regime using the /" formalism we need to
freeze the value of the additional field W in the Planck scale.
If we do this job then the expression for the four point non-
Gaussian amplitude computed from scalar fluctuation can be
expressed as

Lloc _ [/\/,w/\/,w] _ 32,

NL —
(NpNg)?
loc_§|: '/V:¢¢<P ]_EZ
L= 55 [ NN ), ~ 08 (8209

In this case we also derive the modified consistency relation
between the four point and three point non-Gaussian ampli-
tude for scalar fluctuations as

loc 25 loc loc

972 ocun
ENL = Jpg™NL» NL = E(fN(LC) : (8.204)
This implies that the well-known Suyama—Yamaguchi con-
sistency relation also is violated in this context and the

amount of violation is given by
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1 1 1
IATNT | = [(tND)sA — (N ) In-In

36
= g((fllﬁ‘c)z)ln-ln

2w, 1 (8.205)
250 T '

where the factor Wy is defined by

(floey2yspr

Wp= """, (8.206)
T (A
Also the fractional change is given by
A loc 27
ki P T 1‘. (8.207)
(TNL)In-In 25 -

Now if we claim that at the horizon crossing non-Gaussian
amplitudes obtained from the " and In-In formalism are of
the same order then in that case we get W, ~ O(1). Conse-
quently the deviation in the Suyama—Yamaguchi consistency
relation can be recast as

72
ATE] = (NN = (NIl ~ = (N D intn:
(8.208)
loc
Consequently the fractional deviation is given by (Tﬁ:;\m ~
NL/In-In
2
25°

9 Conclusion

To summarize, in the present article, we have addressed the
following points:

e Firstly we have started our discussion with a specific class
of modified theory of gravity, aka f(R) gravity where a
single matter (scalar field) is minimally coupled with the
gravity sector. For simplicity we consider the case where
the matter field contains only canonical kinetic term. To
build effective potential from this toy setup of modified
gravity in 4D we choose f(R) = aR? gravity.

e Next to start with in the matter sector we choose a very
simple model of potential, V (¢) = %(}54, where ¢ is a
real scalar field and A is a real parameter of the monomial
model. This type of potential can be treated as a Higgs like
potential as the structure of Higgs potential is given by
V(H) = %(H"H—V?), where 1 is Yukawa coupling, H
is the Higgs SU(2) doublet and (0| H|0) = V ~ 125 GeV
is the VEV of the Higgs field. Now one can write the
Higgs SU(2) doublet as H = (¢ 0) and the correspond-
ing Higgs potential can be recastas V (¢) = % (9> =V?)2.
Now at the scale of inflation, which is at (9(1016 GeV),
contribution from the VEV is almost negligible and con-
sequently one can recast the Higgs potential in the mono-
mial form, V(¢) =~ %454. The only difference is in the
case of Higgs where A is the Yukawa coupling and in the
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case of a general monomial model A is a free parame-
ter of the theory. Due to the similar structural form of
the potential we call the general ¢* monomial model as
Higgsotic potential.

Further, we provide the field equations in a spatially flat
FLRW background, which are extremely complicated to
solve for this setup. To simplify, next we perform a con-
formal transformation in the metric and write down the
model action in the transformed Einstein frame. Next, we
derive the field equations in a spatially flat FLRW back-
ground and try to solve them for two dynamical attractor
features: 1. a power-law solution and II. an exponential
solution. However, the second case gives rise to tachy-
onic behavior which can be resolved by considering the
non-BPS D-brane in superstring theory, considering the
effect of mass like quadratic term in the effective poten-
tial and considering the effect of non-minimal coupling
between f(R) = aR? scale free gravity sector and the
matter field sector.

Next, using two dynamical attractors, a power-law and
an exponential solution, we have studied the cosmologi-
cal constraints in the presence of two fields in an Einstein
frame. We have studied the constraints from primordial
density perturbation, by deriving the expressions for two
point function and the present observables-amplitude of
power spectrum for density perturbations, correspond-
ing spectral tilt and associated running and running of
the running for inflation. We have repeated the analysis
for tensor modes and also comment on the future observ-
ables — the amplitude of the tensor fluctuations, associ-
ated tilt and running, and the tensor-to-scalar ratio. We
also provide a modified formula for the field excursion in
terms of the tensor-to-scalar ratio, scale of inflation and
the number of e-foldings. Further, we have compared our
model with Planck 2015 data and constrain the parame-
ter « of the scale free gravity and non-minimal coupling
parameter A (W ). Additionally, we have studied the con-
straint for the reheating temperature. Finally, we derive
the expression for the inflaton and the coupling parameter
at horizon crossing, during reheating and at the onset of
inflation which are very useful to study the scale depen-
dent behavior. Most importantly, in the present context
one can interpret such scale dependence as an outcome
of RG flow in the usual Quantum Field Theory.

Further, we have explored the cosmological solutions
beyond attractor regime. We have shown that this pos-
sibility can be achieved if we freeze the field value of
the dilaton field in Einstein frame. This possibility can
be treated as a single field model where an additional
field freezes at a certain field value, which we fix at
the reduced Planck scale. To serve this purpose we have
used the ADM formalism and computed the two point
function and associated present inflationary observables
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using Bunch—Davies initial condition for scalar fluctua-
tions. We have repeated the procedure for tensor fluctu-
ations as well. In the non-attractor regime, we have also
derived a modified version of the field excursion formula
in terms of the tensor-to-scalar ratio, scale of inflation
and the number of e-foldings. We have also derived few
sets of consistency relations in this context which are
different from the usual single field slow-roll models.

For example, instead of getting r = —8nT here we get

24n? . . .
r= 1= nTs at horizon crossing scale. Further, we derive

the constraints on the reheating temperature in terms of
inflationary observables and the number of e-foldings.

Next, as a future probe, we have computed the expression
for three point function and the bispectrum of scalar fluc-
tuations using the In-In formalism for the non-attractor
case and 8N formalism for the attractor case. Follow-
ing the fact that the local Ansatz for curvature pertur-
bation perfectly holds true, we have derived the results
for non-Gaussian amplitude llﬁf for equilateral limit
and squeezed limit triangular shape configuration. We
also give a bulk interpretation of each of the momentum
dependent terms appearing in the expression for the three
point scalar correlation function in terms of S, T and U
channel contributions. It is important to note that in the
attractor phase, since we have started with various pro-
posals of the effective potentials, as mentioned earlier,
we have found various non-trivial features up to second-
order perturbation in the SV formalism. Further, for the
consistency check we freeze the dilaton field in the Planck
scale and redo the analysis of SN formalism. By doing
this we have found that the expression for the three point
non-Gaussian amplitude is slightly different as expected
for the single field case. Further, we compare the results
obtained from the In-In formalism and SN formalism for
the non-attractor phase, where the dilaton field is fixed in
Planck scale. Here, finally, we give a theoretical bound on
the scalar three point non-Gaussian amplitude computed
from equilateral and squeezed limit configurations. The
obtained results are consistent with the Planck 2015 data.
Finally, as an additional future probe, we have also com-
puted the expression for the four point function as well as
the trispectrum of scalar fluctuations using the In-In for-
malism for the non-attractor case and the N formalism
for the attractor case. We have derived the results for non-
Gaussian amplitude g%\?f and tll\%f for equilateral limit,
counter-collinear or folded kite limit and squeezed limit
shape configuration from the In-In formalism. Further we
have given the bulk interpretation of each of the momen-
tum dependent terms appearing in the expression for the
four point scalar correlation function. We have identified
the S, T and U channel contributions in momentum space
from our computation. In our computation we have con-

sidered the contribution from contact interaction term,
scalar and graviton exchange. In the attractor phase fol-
lowing the prescription of the N formalism we also
derive the expressions for the four point non-Gaussian
amplitude g}fj’f and rll\%f Next we have shown that the
consistency relation connecting three and four point non-
Gaussian amplitude aka Suyama—Yamaguchi relation is
modified in the attractor phase and further given an esti-
mate of the amount of deviation. Further, for the consis-
tency check we freeze the dilaton field in the Planck scale
and redo the analysis of the SV formalism. By doing this
we have found that the expression for the four point non-
Gaussian amplitude is slightly different as expected for
the single field case. Next we have also shown that the
exact numerical deviation of the consistency relation is of
the order of 2/25 by assuming non-Gaussian three point
amplitude for attractor and non-attractor phase are of the
same order of magnitude. Further, we compare the results
obtained from the In-In formalism and § A/ formalism for
the non-attractor phase, where the dilaton field is fixed
in the Planck scale. Here, finally, we give a theoretical
bound on the scalar four point non-Gaussian amplitude
computed from equilateral, folded kite and squeezed limit
configurations. The obtained results are consistent with
the Planck 2015 data.

The future prospects of our work are appended below:

We have restricted our analysis up to monomial ¢* model
and due to the structural similarity with Higgs potential
at the scale of inflation we have identified monomial ¢*
model as Higgsotic model in the present context.

To investigate the role of scale free theory of gravity, as
an example we have used o R> gravity. But the present
analysis can be generalized to any class of f(R) grav-
ity models and other class of higher derivative gravity
models.

In the matter sector for completeness one can consider
most generalized version of P (X, ¢) models, where X =
—%g“"BMqﬁBU(b. DBI is one of the examples of P (X, ¢)
model which can be implemented in the matter sector
instead of simple canonical kinetic contribution.

In this work, we have not given any three point com-
putation and found point scalar correlation function and
representative non-Gaussian amplitudes using the In-In
formalism in the attractor regime in the presence of both
fields, ¢ and W, for all classes of Higgsotic models. In
near future we are planning to present the detailed calcu-
lation on this important issue.

Generation of primordial magnetic field through infla-
tionary magnetogenesis is one of the important issues in
the context of primordial cosmology, which we have not
explored yet from our setup. One can consider such inter-
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actions by breaking conformal invariance of the U (1)
gauge field in the presence of time dependent coupling
f(@(n)) to study the features of primordial magnetic
field through inflationary magnetogenesis. We have also
a future plan to address this issue.

e In this work we have restricted our analysis within the
class of Higgsotic models. For completeness in the future
we will extend this idea to all class of potentials allowed
by the presently available observed Planck data. We
will also include the effects of various types of non-
minimal and non-canonical interactions in the present
setup.

e In the same direction one can also carry forward the
present analysis in the context of various types of higher
derivative gravity setup and comment on the constraints
on the primordial non-Gaussianity, reheating and gen-
eration of primordial magnetic field through inflationary
magnetogenesis for completeness. Also one can consider
the possibility of non-minimal interaction between o R>
gravity and matter sector. In future we will investigate the
possibility of appearing new consistency relations in the
presence of higher derivative gravity setup and will give
proper estimate of the amount of violation from Suyama-—
Yamaguchi consistency relation.

e During the computation of correlation functions using
semi classical method, via the §N formalism, we have
restricted up to second-order contributions in the solu-
tion of the field equation in FLRW background and also
neglected the contributions from the back reaction for
all type of effective Higgsotic models derived in an Ein-
stein frame. For more completeness, one can relax these
assumptions and redo the analysis by taking care of all
such contributions. Additionally, we have a future plan
to extend the semi classical computation of the N for-
malism of cosmological perturbation theory in a more
sophisticated way and will redo the analysis in the present
context.

e In this work, we also have not investigated the possibility
of getting dark matter and dark energy constraints from
the present up. Most importantly the present structure
of interactions in the Einstein frame shows that the two
fields, ¢ and W, are coupled and due to this fact if we want
to explain the possibility of dark matter and dark energy
together; from this setup it is very clear that they are
coupled. But this is not very clear at the level of analytics
and detailed calculations. Here one can also investigate
these possibilities from this setup.

e In this work we have not investigated the contribution
from the loop effects (radiative corrections) in all of the
effective Higgsotic interactions (specifically in the self
couplings) derived in the Einstein frame. After switch-
ing on all such effects one can investigate the specific
numerical contribution of such terms and comment on
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the effects of such terms in precision cosmology mea-
surement.

e Here one can generalize the results for & vacua and study
its cosmological consequences for all types of derived
potential in the present context.

e In the present context one can also study the quantum
entanglement between the Bell pairs, which can be cre-
ated through the Bell inequality violation in cosmology
[179-181].
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10 Appendix

10.1 Effective Higgsotic models for generalized P (X, ¢)
theory

In this section, to give a broad overview of the effective Hig-
gsotic models let us start with a general f(R) theory in the
gravity sector and generalized P (X, ¢) theory in the matter
sector. The representative actions in a Jordan frame is given
by

S = / d*xy/=g [f (R) + P(X, 9], (10.1)
where P (X, ¢) is a arbitrary function of single scalar field ¢
and the kinetic term X = —%g“”auqsauqb. In general f(R)
is any arbitrary function of R. But for our purpose we choose
f(R) = aR? to study the consequences from scale free
gravity. From this representative action one can write down
the field equations in a spatially flat FLRW background as

SN2 .
a o R R
H=(-) =2 +=-—(=)H, 10.2

<a> 60{R+2 (R) (10.2)
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woow () (0)

a
a

R

- 2aR <) __+Z

where for generalized P (X, ¢) theory pressure pg and den-
sity pg can be written as

pp = P(X,9), pp =2XPx(X,¢)— P(X,9).

Here the effective speed of sound parameter cg is defined as

(10.3)

(10.4)

. — Px(X, )
STV PX(X. ) +2XP xx(X. )

If we choose the following functional form of P (X, ¢):

P(X.¢) = ——— /T Ly 10.6
(0:4 @) 2Xf(9) +f(¢) (¢), (10.6)

as pointed out earlier, then we get the following simplified
expression for pg and density pg:

(10.5)

1
p=——0—cs)—

Vv )
) @)
1 1
= — [ ——1 \% . 10.7
"= T (Cs ) V@ (100

Also one can consider any arbitrary slow-roll effective poten-
tial but for our purpose we choose monomial Higgsotic
model, V(¢) = %¢4 in the Jordan frame.

In the present context let us introduce a scale dependent
mode W, which can be written in terms of a no scale dilaton

\/E v
mode © as © = f'(R)M,* =2aR M,* = eV " = Q2
which plays the role of a Lagrange multiplier and arises in
the Jordan frame without space-time derivatives. Here Q2 is
the conformal factor of the conformal transformation that we
perform from Jordan frame to Einstein frame.

In terms of the newly introduced no scale dilaton mode ®
the total action of the theory (see Eq. (2.1)) can be recast as

2
_ 4, /= MPH
S= [ d'xv/—g > ®OR

After doing C.T. the total action can be recast in the Einstein
frame as

M4
- 2%+ P(x, ¢)} . (10.8)
8a

S C.T.

—

/d4xr|: —L2R+G(X, 9, \y)} (10.9)

where after applying C.T. the functional G(X, ¢, W) is
defined in an Einstein frame as

|:P(X ¢) — ” fM,,] (10.10)

Here X is the kinetic term after a conformal transformation,
which is defined as X = —%g“”8M¢8v¢. Now in the case of

G(X,¢,¥) =

the specific form of P(X, ¢) as stated in Eq. (10.6) after a
conformal transformation we get

1 / 1
—V(p) — /’ [Mp:|,

Here the total potential can be recast as

~ 1
G(X,¢,‘I’)=§[—

(10.11)

4 2\11

AV + 7

94
o e (v + L) Fi
0 M3 10 ’

where V) = Mg /8, exactly mimics the role of cosmological
constant as mentioned earlier.

In the case of Higgsotic model we can rewrite the total
potential as

W(p, V) =

(10.12)

M4 2 /2 W
: M gty L
W, w) = oL
20A (W) 1 229
=v0[1+ T V3 Wy
; f@°

(10.13)

Here the effective matter coupling (A(\W)) in the potential
sector is given by

A -
AW) = o = A€
The rest of the computation is exactly similar to what we
have performed earlier, only the structure of the total effective
potential changes.

Here it is important to note that apart from f(R) gravity
one can consider various other possibilities. To give a clear
picture about various classes of two-field attractor models
one can consider the following 4D effective action in an Ein-
stein frame:

/d4x\/_|:

where J(X,Y, ¢, V) is the general functional of the two
fields ¢ and W: the following specific mathematical struc-
ture:

(10.14)

2
LR+ X, Y, 0, q/)] (10.15)

v

JX,Y, 0, W) =¢ M X +Y — W, V). (10.16)

Here ¢ and ¢, characterize the effective coupling constant in
4D, which are different for various types of source theories. In
the EFT setup these are identified as the Wilson coefficients.
Additionally, it is important to note that the kinetic terms for
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the ¢ and W field are defined as X = —g—g”aﬂqbam andY =
—%"aﬂwav\p. Here W (¢, W) is the 4D effective potential,
which is given by the following expression:

¥

W(p, W) =¢ " V(p). (10.17)

This is a non-separable form of the two-field effective poten-
_a¥
tial where one can treat V (¢) as usual inflaton fieldande ™»
as the dilaton exponential coupling.
This type of effective theory can be derived from the fol-

lowing class of models:

1. Type I: Consider an action in a Jordan frame where the
scalar field ® is non-minimally coupled with the gravity
sector as given by

S = fd“xv—g [/1(@)R — fo(®)g""9, D3, P

—U@®@) + X — V(g)]. (10.18)

Here f1(®) is the non-minimal coupling and f>(®) is the
non-canonical interaction. This type of theories include
the following subclass of models:

e Jordan Brans Dicke (JBD) theory: In this case we

have
®
f1(<1>)=ﬁ, fz(¢)=m, U@®) =0,
cl:%{ ¢ = /_2w8+3, (10.19)
W= by ot (_) (1020)
2 \2m2

Here w is the JBD parameter and for power-law infla-
tionw > 1/2.
e Induced gravity theory: In this case we have

fi(®) = <1>2 fr(®) = =
U(d) = g(cbz — g%,
16
=2, o= 81 (10.21)
2 6g1 + 1
1 [}
V=M, [6+—In <*/g_—1) . (10.22)
81 Mp

Here g1 and g, are coupling constants. For power-law
inflation g; < 1/2.
e Non-minimally coupled theory: In this case we have

M2
Ay =L 20 p@=1 U@ =0,
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02 3EM3
-2 — P 10.2
“ SR 26EM3+ 1) (10.23)
Vo, |t o Jeew
6s+ 2)<1>2 1
V= - 1
6+ — | P f 1/6
SMz sin™ |: (é M%) :| oré #1/
2P gin~! [«/6%] for& =1/6.
P
(10.24)

After doing the conformal transformation in an Einstein
frame one can derive the required form of the effective action
from all these models.

2. Type II: Consider an action in a Jordan frame where the
scalar field ® is minimally coupled with the f(R) gravity
sector as given by

S = fd4x¢fg[f(R) +X - V(). (10.25)

Here f(R)is an arbitrary functional of the Ricci scalar R.
After doing the conformal transformation in an Einstein
frame one can derive the required form of the effective
action.

3. Type III: Consider a 4 4+ D dimensional Kaluza—Klein
theory with an additional scalar field. This type of theories
includes the following subclass of models:

e Extra dimensional theory-I: In this case the inflaton
is introduced in the 4D effective action in a Jordan
frame:

e fonia [ enns()

x g"9, 90,0} —U(P) + X — V(¢):| .

(10.26)
In this case we have
e _ [0
D+2
v=M,]|2 (1 + %) In(®). (10.27)

But from this type of model no power-law inflationary
solutions are possible.

e Extra dimensional theory-II: In this case the inflaton
is introduced in the 4 + D dimensional action in a
Jordan frame as given by
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2
2630 p

S= / d*Px/~gaip [¥R +X - V(¢>>} :
(10.28)

Here g4y p is the determinant of the 4 4+ D dimen-
sional metric and K42 p is the 4 + D dimensional
gravitational coupling constant. In this case also we
have

c1=0, =

D+2

=M, |2 (1 + %) In(®).

From this type of model power-law inflationary solu-
tions are possible for all extra D dimensions.

(10.29)

4. Type IV: Consider an action in a Jordan frame from
superstring theory in 10 dimension with fixed Kalb—
Ramond background. In this case the scalar field @ is
non-minimally coupled with the gravity sector:

S = /d“x./—g [e‘“’R +4gM 9, 0, + X — V(¢)] .
(10.30)

In this case @ is known as the dilaton field. But from
this type of model no power-law inflationary solutions
are possible. Here additionally we have two classes of
the solutions:

Class I:

@
=2 6=2v2. w="2(6mb-~).
2 2
(10.31)

sl

Class II:

®
c1 =ca, czz—«/g, Y = p(Zlnb—i—E).

(10.32)

sl

10.2 Dynamical dilaton at late times

After the completion of the phase of reheating, the total sys-
tem enters the radiation dominated stage, at the beginning of
which the total energy density is governed by Eq. (7.47). At
that stage, the scalar inflaton fields have almost settled down
in one of the potential valleys of the derived EFT potentials
and get its VEV for the proposed model in R? gravity setup
in an Einstein frame. To make the computation simpler we
also assume that at the level of perturbations the dilaton field
W is almost decoupled from the Standard Model fields and
the only dynamical field present in the model at late times.

Henceforth, we will treat W as a dynamical field minimally
coupled to the R? gravity in a conformally transformed Ein-
stein frame and also assume that the W field is non-interacting
with other matter degrees of freedom and radiation content of
the universe at late times. During this epoch the total potential
is characterized by the following expression:

p

N 201 (W) -,
W@ W) = Vo | 1+ =4

10.33
3 W, e

Dominant at late time

A 2V2 v
= Vo + Aexp |:—i—:|,

where V) is defined as V() = /g—j, and the VEV of the inflaton
field ¢ is denoted by the symbol qAﬁ Here one can set (ﬁ ~
O(M ) for the proposed model at late time scale.

Once the contribution of the inflaton scalar field ¢ gets
its VEV the corresponding energy density o, = pp =
Constant. Now in the present context to characterize the fea-
tures of late time acceleration of the universe let us introduce
equation of state parameter wx (= wy ), which is defined as

P
X () )

(10.34)

and the continuity equation in the present context can be
written as

dpx ~

a0 +3H(1 4+ wx)px = 0. (10.35)
For the qualitative analysis of the prescribed system in the
Einstein frame and in order to compare with present day
observations, we introduce the following sets of dimension-

less density parameters and shifted equation of state param-
eter:

oX Pm
QX = v = = 5 Q = Q = — ,
sz T T 3R M
Q = (10.36)
3H2M?
Ax=Ay =14+ wy =14+ wx,
Am=Ap=1+uws=1+wp. (10.37)

In order to transform the cosmological equations into a sim-
plified autonomous system, we define the following dimen-
sionless auxiliary variables for the study of present dynamical
system at late time scale:

¥ W, W)
V6HM,’ V= V3HM,’
O = —M,dy In W(p, V),
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W(d, W)ogy W (h, ¥)

Y = —— (10.38)
Dy W (g, ¥))?
which can be recast in the autonomous form as
dx X 3x3 \/?
—— = 2(Q, —=3y? =3+ — +,/2y?6,
aN 2( r y )+ 5 + y
dy 'y . 3y
— = =3x = +V6x® +3+Q,) — —
G 2( X V6x0® +3 + r) 2
de N
— = ——0(Z — Dx,
dN p O
dQ
v = =30y -,
FIa Qi B(x™ — y7) + ), (10.39)

together with an additional constraint condition, Qy + €2 +
Qn = x2 + y2 + Q2 + Q- = 1. Also using these dimen-
sionless variables Egs. (10.34) and (10.36) can be recast as

px _x1—y? _x—y?  wen— ¥

wxy =-— = — 7 = = )
ox X4y Qyx Qy

Qx = X =242 (10.40)
3H2M2

One can also define the total effective equation of state as

9
Case . SV = _«/6(1?/1 8¢, (10.42)
p
CaseIl: §¥ = _\/Ed)M 8¢, (10.43)
p
Case II 4+ Choice [(vI&v2):
B 4
SW = _«/5¢M Sp|1— Z—Z:| , (10.44)
P L
Case II + Choice II(v1&v2):
¢ [ m?
W = — Sp |1 — ————— |, 10.45
Jom, P T 2= wz)} (1043
Case II + Choice III:
¢ § .2 2 2
NS —[6—% 8| 14507+ ¢ —2¢y)

(10.46)

2
+§(¢ —¢o)+(§)2j|

Combining all these possibilities one can write the follow-
ing expression:
SV =V(¢) 89, (10.47)

where we introduce a function V(¢), which can be written
as

9 for Case I
1 for Case II
B 4
s - f;_g] for Case IT + Choice I(v1&v2)
V(p) = — x 4L (10.48)
\/BMP 1— m—ﬁ] for Case II + Choice II(v1&v2)
2 2
(mz—A¢~)
B 2
1+ 5% + ¢ —20%) + 5@ — D) + ‘Z—g] for Case II 4 Choice III
et DX+ Dm A+ Dr This a.dditiontally implies that one can write down the fol-
Weff = —— =~ — lowing differential operator for the W field:

Peff PX + Pm + pr
_plIl+P¢+pr_x2_ 2 &

(10.41)
pw + py + pr 3

For an accelerated expansion effective equation of state sat-
isfy the following constraint, werf < —1/3. Using this
methodology mentioned in this section one can study the
constraints on the model from late time acceleration which
is beyond the scope of our discussion in this paper.

10.3 Details of the SN formalism
10.3.1 Useful field derivatives of N
To simplify the calculation for SA/ let us consider all these

possibilities to write down the infinitesimal change in W field
in terms of the inflaton field ¢:

@ Springer

P B 82:[ 1L, Vi) ]
YT V@) P T V) T Vi) ?
| V() V2()
93 — 93 — 97 +3 3 |,
VT V@ T Vi) b+ 350 "’}
(10.49)
[ V@ _ 1 »
W0 =35, % "2 ¢], Ws =gy %
(10.50)
1 gY@
Dodedu = | 5y %~ 2ya(g) U
V') V2$)
Vi) V)
1 V@)
0p0pdy = |:V(¢) (:; V2(¢) ] (10.51)
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Dy dpdy = % 03,
it = s 555 4+ g
) (10.52)
i = s 4254+ g |
Dy dydy = :Vzl((p) 3 - 53((‘;’))) ;], (10.53)
where ' is defined as the partial derivative with respect to the
field ¢ i.e. = 9.
Consequently one can write
Mo = ]/<1¢) YN = v<1q>> Ng:
Noww = _V21<¢> i 112)3((?) a"’}
[ ve] e
Vo =557 8~ gy ]
- /
= %(/)) Ny = % ¢>]
Nug = %@ PN = %d)) N gg (10.55)
o = gy =55y g
= _Vgl((p) Noop — V‘/‘((Z)) Ngo + 1;52((2)) N¢}
i (10.56)
Vo= [t 4-13553
/" /2
(T v ) ) ¥
= L,(l@ Nggo — :,)2((2)) Ngo
(oo e
Mowe = 51g3 %~ g 4]
=[%@M¢¢¢—%M¢¢]’ (10.58)
Nowgs = %@ P3N = %{p) N pos. (10.59)
oo = [ -2y 02
= [Vzl(d)) R :3((2)) N.gg

+3 Vj(((f)) Nqs} (10.60)
Novow = :v21<¢> B2 442 vj((Z:)) 3“’}/\/
= Vzl(d,) bod 5;((2)) Noo
+2 v42(($)) N¢} (10.61)
Nouve = :v21(¢) - 53(((2 83’]
N = v%(m Nogg — 5;(((2)) ,¢¢]- (10.62)

10.3.2 Second-order perturbative solution with various
source

If we neglect the quadratic slow-roll corrections then the
solution of Eq. (8.40) takes the following form for all different

cases considered here:

For Case I:

Ay =Dy + (-Y3+))?

27H3 | V23 + )3
X 4Ach + H2 V(B + )
e (4Achd (=18 + V3B + V) (=6 + Hi (3 +2))))

+H>YB4+I)(=94 Y3+ V) (=24 Ht (3 +2YV)}
+9H2 AP 1(pr +4Dy)

1 |:27¢*HeH t

+e @A (1 +3HND; — 9H2D3)] (10.63)

For Case II:

1 | 27¢.HeHYV!
Ay =Dy + [ O

27H3 | Y23+ V)3

x {-YG+ V72 (—4nchl + HVG+D))

ten (—4AC¢E(—18 + VG + V) (=64 Ht(3 +2Y)))
FHYG+ D)9+ VG + V)2 + Hi (3 +20)) |

+9H% (,B — Act? (9L + 4D2))

e3H1 (4AC¢E(1 +3HOD| + 9H2D3) } . (10.64)

For Case II 4+ Choice I(v1):
1 | 27¢.HeHY!
27H3 | Y23+ )3

[-yG+ 3 (-4cd] + HYG + D))

ten (—4Ach] (—18+ VG + V)(—6+ HI(G +2)))

Ay =Dy +

FHYG+ D)9+ VG + )2+ Hi G +2)) |
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+9H? (,B + Acdd — AP (9L + 41)2))

—e 31 (4AC¢E(1 +3HH)D; + 9H2D3) } : (10.65)

For Case II 4+ Choice I(v2):
1 |:27¢*H6Hy’
27TH3 | Y23 +))3
x [=Y@B+ )2 (4Acp + HYB+Y))
ten (4Aci (—18 + V(B + V) (—6 + Hi (3 +2))))
+H?YGB+ W) (=9 + VB + V) (=2 + Ht(3 +2Y))))}
FIH?1 (B — Act + Acti (¢r + 4D2))

Ay =Dy +

+e M (4A.47 (1 + 3HND) — 9H2D3)} : (10.66)

For Case II + Choice II(v1):

1 |:54¢*HeHy’
S4H3 | D23 +))3
x {=YB+ W) (McpL — 4Ac¢7 + HY(3+))
ter ((AAcH] — McpL)(18 — V(3 + V)(—6 + Ht (3 +2))))
+H*YGB+ V(=9 + VB + V(=2 + Ht(3 +2)))))}
F9H?1 (2B + ¢L(Mc(dr + 2D2) — Ao (p1. + 4D2)))

Ay =Dy +

+e 3 (2¢L (M. — 4Acp)(1 +3HDD; — 18H2D3)} )
(10.67)

For Case II 4+ Choice II(v2):
1 |:54¢*HeH i

Ar =D
2= S | G 1)

(VG + V) (~Mcgr + 4Ach} + H2Y (B + D))

+en ((—4Acp] + Mepr)(18 — V(3 + V) (=6 + Hi (3 +2))))
+H?YGB+ V(=9 + VB + V) (=2 + Ht(3 +2V))))}
FIH?1 (28 + dL(—Mo (P + 2D2) + Acdf (¢, + 4D2)))

—e 3 (29L(M, — 4Ac0)(1 +3HND; + 18H2D3)} :

(10.68)

For Case I11I:

1 27¢, HeflY!
Ay =Dy + |: O

27TH3¢L | V23 + )3

x [=V3B+Y)? (M0 + H*¢L Y3 +Y))

+en (Te®e (=18 + Y3+ V) (=6 + Ht (3 +2))))

FH QLY B+ V(=9 + V(3 + V) (=2 + Ht (3 +2)))}
+9H?t (¢L(B + T¢) + e O Dy)

431 (Fg®s (1 +3HNHD; — 9H2¢LD3):| .

Here D3 and D4 are dimensionful arbitrary integration con-
stants which can be determined by imposing the appropriate
boundary condition.
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(10.69)

10.3.3 Expressions for perturbative solutions in final
hypersurface

Neglecting the contribution from the quadratic slow-roll term
and taking up to linear-order term in slow-roll we get the
following result:

[—y(3+y)2
(10.70)

AN =0)=D;, - 3—HD1+W¢*
—2eg (=9+ Y3+ I)].

Similarly if we neglect the quadratic slow-roll corrections
then the solution of A (N = 0) takes the following form for
all different cases considered here:

For Case I:

27¢.H
AN =0) =Dy + ¢

1
27H? [y2(3 +)3
x |-V3+2)7 (44c6 + HYG + V)

ten (—40c4 (184 6Y(3+I))
~HYG 4O +2Y6+ )]

T (4AC¢ED1 - 9H2D3> } . (10.71)
For Case II:

27¢.H
AN =0) =Dy + ¢

1
271 [y2<3 + )
x |-VG 4+ (~4nc] + HVG+ D))

ten (40c91 (18 +6Y(3 + V)
—HYG+MO+256+ )]

- (4AC¢ED1 + 9H2D3> } . (10.72)

For Case II 4 Choice I(v1):
1 27¢p.H
27H [ Y23+ D)3

x {—y(3 + )2 (—4AC¢E + H?>Y(3 + y))

AN =0) =Dy +

ten (40ch7 (18 + 63 + )
—HYG+MO+25G+ )]

- (4AC¢ED1 + 9H2D3) } . (10.73)

For Case II 4+ Choice I(v2):

1 |: 27¢.H
27TH? [ V*(3+ )3
x |-VG+ V7 (40 + HYG + )

A (N =0) =Dy +

Fen (—4Ac¢ﬁ(18 +6Y3B+ D))
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—HYG+2)0+2YG+)]

+ (4AC¢ED1 - 9H2D3> } . (10.74)

For Case II 4 Choice II(v1):
1 S54¢.H
54H3 [ V*(3+ V)3

« |-G+ 22 (Meb — 40c0] + HVG + )

A (N =0) =Dy +

e ((4Ach] — Mcp) (18 +6YG + )

—HYG+)0+2YG+ )}

T (2¢L(MC — 47 $P)D; — 18H2D3) ] .

For Case II 4 Choice I1(v2):
1 54¢.H
54H3 [ V*(3+ V)3

v {_y(3 +))? (—Mc¢L +4A.p + H* Y3 + y))

(10.75)

A (N =0) =Dy +

e ((—4Ac] + McgL)(18 + 6V (3 + )
—HVG+ MO +226+D))]

- (2¢L(Mc - 4AC¢E)D] + 18H2D3> :| . (10.76)

For Case III:
AN =0) =Dy +

1 [ 27¢« H
27TH3 ¢ [ V23 + )3

x |-¥G+ ) (Te0c + H2pLYG+ )
tep (~TeO (18 + 6Y(3 + V)
—HLY(G+ )0 +2YG+ )]

+ (rs @:D; — 9H2¢LD3) } . (10.77)

10.3.4 Shift in the inflaton field due to SN

Analytical expression for the shift in the inflaton field from
linear-order and second-order cosmological perturbation the-
ory can be written up to considering the contributions from
the first-order slow-roll contribution as

SP1N = 0) = 8¢1. = P A1 (N = 0) = ¢, Dy

S S TN
31,1,D1+y(3+y)2[ YGE+Y)

+en (9+YB+ M {2+ HGB+2Y)h]. (10.78)

For Case I:

82N = 0) = 8¢ = P Ao (N =0)
— o b b 27H
= 0Dt [y2(3 1)

x {~YG+ V7 (4007 + HVG + )
+en (—4A42 (18 +6V(3 + V)
~HY(3+Y)0+2Y3+)]

+ (4Ac¢ﬁf)1 - 9H2ﬁ3) } . (10.79)
For Case II:

82N = 0) = 8¢ = p Ao (N =0)

s 27H

27H3 [y2(3 + )3

x {—y(3 + )2 (—4Ac¢ﬁ +H*Y(3 + y))

= ¢*f)4 +

ten (40c91 (18 + 6V + )
—HY(3+Y)0+2Y3+))]

- (4Ac¢ﬁf)1 + 9H2ﬁ3) } . (10.80)

For Case II + Choice I(v1):

8¢ (N = 0) = 8¢ = pAa(N = 0)
s 27H

27H3 [Jﬂ@ + )3

x {—y(3 +)? (—4Ac¢>ﬁ +HYG+ y))

= ¢*f)4 +

ten (40c47 (18 + 63 + )
—HVG+ )0 +2YG+)]

- (4Ac¢ﬁf)1 + 9H2f)3) } : (10.81)
For Case II + Choice I(v2):

8o (N = 0) = 8¢ = ¢ As(N = 0)

P+ 27H

27H3 [yz(s +))3

x {—y(3 +)? <4AC¢E +HYG + y))

= ¢*f)4 +

ten (—4AcH1 (18 + 6 (3 + 1))

—HY(3+Y)0+2Y3+))]

+ (4Ac¢ﬁf)1 - 9H2ﬁ3) } . (10.82)
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For Case II + Choice II(v1):

_ Px 54H _ 2 _ 3, 2
AN =0) = gDy + s [W [~y +2)? (Mep — 4807 + HVG+D)

ter ((4AchE — MgL)(18 + 6V (3 + D)) = HYG+ 2O +2VG + I )| + (200(M. — 48,411 — 1817D3) } . (1083)
For Case II + Choice II(v2):

N 54H
592N = 0) = 32 = 9o Do (N = 0) = 9Dy + o [W [-Y6+ 97 (~Mepr + 4088 + HYG +))
e ((—4Ach] + McgL) (18 +6YG + ) — VG + MO +20G + ) | = (260 (M. — 48 41)D1 + 18HD; ) ] . (1084
For Case III:
R R s 27H 5 5
32N =0) =60 = peBaW = 0) = 6Dy + oo | 57 [-¥3+27 (e + HayG+»)
x e (~TeO: (18 + 6V + V) — H2GLYG + )0+ 203 + W) | + (Te@:D) — 924 Ds) } : (10.85)

10.3.5 Various useful constants for SN

For the derived effective potentials B(¢,) and C(¢,) can be recast as
for Case [ & 11

for Case II + Choice I(v1&v2)

B(¢s) = (10.86)

1 2)m2 2 .
5543 — = for Case II + Choice II(v1&v2)
y¢* (m2 )\¢ )2(1_ 2 >

* (m 2—A¢2)

) 14+ G0 —03) =% ,

Yo 24— 5 for Case II + Choice III,
: 1+s<¢f¢%>+¢—2
~ 3 3 for Case I &II
4 4\2
2<1+2Z—‘1> <1+3‘;—X>
_ y;)* % + 5 ) % ¢4* 5 for Case II 4+ Choice I(v1&v?2)
(-%) ( 7)
2<1 m[2 _ 2Amc¢* )

! 8 4 m2—2g2  (m2-1¢2)2

Ye3 ] 3 m2

(1‘»»1%%3)
Clpy) ~ ( B zmg . z;mg(ng )2 ( 65,1;% gzzmg,,;g ) (10.87)
mg—. mg— 2 me—. 2 mg—. 3 .
M (m—Mi) L \Ge—3a)y  (me—dw) for Case II + Choice II(v1&v2)

+
[SS]R9))

5 N\2 + 6 2
1— e I———*5
m%f)»d)% me =i

2
2<1+5<3¢37¢€)7%)

__1 8
Vo3 3T

)l

2
1+£(@2— ¢2>+Z—g

(1+s<3¢* - ) <6s¢*+2¢7>
: pyi for Case II + Choice II1.
(1+§<¢;¢%>+g>2 (Hs@%%%é)

A=

+

Wl

Additionally the constants G| (¢,) and Go(¢s), as appearing in the expression for fﬁff, are defined as
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6M - 2M2 36M3
1+ 5752 1+ 557 + Geipe

-2
6M2 2M%  36M%
<‘+<sz) (” it ¢;">

-2

for Case 1

for Case II

1+ % |+ mfg S+ ’“ﬁ ; for Case IT + Choice T(v1&v2)
Gi(ps) = #(1-5%) . 2(-5%) (%) (10.88)
1+ % 1+ IZMi ; %Ma for Case II + Choice II(v1&v2)
¢£ ( m%rﬁ[}uﬁ ) lf)% (1 - nx%rﬁ(}‘\(i)z > ¢i (l_ m%lij@% )
-2
|+ LW 1+ 1241 — + oM, — | for Case Il + Choice 11
¢3(1+s(¢3—¢5>+¢—g) ¢3(1+s<¢£—¢%>+¢—g) ¢i(1+s<¢%—¢%)+¢—g)
and
2 -1 2
(1 + gl—ﬁi’;) % for Case I
2 -1 2
(1 + 63;") 62/;” for Case II
71 ¢4
612 6M,2,<1+3¢+() '
1+ E— " - for Case II 4+ Choice [(v1&v2)
2 1% 3(1_%v
Ga(ps) = ( ¢i) "’*( «»i) (10.89)
B m% Z)ng(/),%
602 6M2)<1*m2_ vy >
L — AN ST W ST 0 for Case I1 + Choice TI(v1&v2)
#(7) #(7)
-1
ot o3 (1+6C02-03)-% )
14+ L R % for Case Il + Choice IIL
¢,§(1+s<¢,%—¢é>+‘%> ¢i<1+5<¢£—¢5>+‘i—¥)
10.4 Momentum dependent functions in four point function
Momentum dependent functions Gs(kl,kz,k3, ky), WS
(k1, ko, k3, ks) and RS (K, ko, k3, ky) as appearing in four
point function are defined as
- S(k, ki, k2)S(k, k3, ky) [ { [i-(k1 + ko)1 [Ks. (ks + ka)] }
G5(ki, ky, k3, ky) = ki ks +
e fa ko) ki + kol o BECE
Y (ka.(k; + ko)] [kq.(k3 + K4)] I I (kp.(k1 + ko)] [Kq.(k3 + Kq)]
S Ik + Ko e Ik + ka2
<ok o+ [k2.(k; + ko) [ks.(ks + kg)] | K do + [ki.(k1 + ko)] [Ko.(k3 + Kq)]
2 Ik + ka2 e BECE
[k3.(ks — K4)] [Kg.(k3 — kq)]
x 1Kk3. k4 + K+ k2|2 (10.90)
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with
8 1 1L
Stk ki ko) = | K — — Zk,»kj e Hk,- (10.91)
=7 i=l1 k=—(k;+k2)
and
. S
Rs(kl,kz,k3,k4) = Z AnAn(kl,kz,k3,k4), (10.92)
n=1
where
4
K=k+hk+ks+ks=) ki=K+ks, (10.93)

i=1

Ax(ky, Kk, k3, kyg) = —[

and the momentum dependent functions Aj(Kki, ka, ks, ka),
A2(k1 s k2, k3, k4) and A3 (k] . k2, k3, k4) are defined as

(k3. k) (k1K) (K3 + K3) + 2k3K3)
8k + ko|?

Ak, ko, k3, kg) =[

+(1,2<—>3,4):|

(k2K3 (ko k3) + k7k3 (ko.ka) + k3k3 (ki K3) + k7k3 (Ko.k3))
- 20k + ko2

(k1K) (K + K3) + 2k3K3) (k3 Kka) (K3 + k3) + 2Kk3k3)
- 8lk; + ko * ’

(10.94)

kaks (ks + ka) (k1 ko) (K} + k3) + 2k}k3) (kska + ks ka) + (3,4 < 1,2)]

8lki + ka|*

21k + ko2
{ (ki .ko)
81k + ka2

(1436 (o k) a + k) + KR (o) (1 -+ ) + R3S (et K =+ Ks) + k3G K1 ) (e + Ky

[((kl + ko) (k3 kg) (K3 + k3) + 2k3k3) + kaka (ks + ky) (kaks + k3-k4))] +(1,2 -3, 4)} . (10.95)

_ kikaokska (ki + ko) (k3 + ka) (k12 + Ky Ko) (ksks + k3 k)

Az(ky. ko, k3. ky) = 4Kk, + ko

_ kikaoksky(kika (Ko K3) + kik3(ka.kg) 4 koka (K1, k3) + koks (ki, kg))

ki + ka|?

N

kaka(kz + ka) (k1. ko) (kT + k3) + 2k3k3) (ksks + k3.ks) + (3.4 < 1,2)]

2|k + ko|?
+3k1k2k3k4(k1k2 + Kki.Kkp) (k3ks + k3.Ky)
41k; + ko|? '

WS (k. k3, ko, ky) =

(10.96)

kika (ki 4+ k2)*((ky + k2)? — k3 — kF — ksks)

2lki + ko PGSk, ks, ko, ka)
S(k, ki, k2)S(k, k3, ka)

ki + ko

(K —2(ks + ka))2K2((k1 + k2)? — |k1 + kao|?)
k1 + k2

_kitk +
2kiky k3 + kG + dksks — (ki + ko)?
1 1 3

-
K -2k +k) K 2ki+k)

ki + ko (ki + ko> — kf — k5 — dkiko) (ki +ko|* —k

7+—>+(1,2<—>3,4)}

2 — k3 — dksky)

ki + ka|? — (ki + k2)?

2(ky +ka|2 — k7 — k3 — 2kik2) (kg + Ko |2 — k3 — k3 — 2k3ks)
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