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Abstract

The goal of this thesis is the acceleration of numerical calculations of QCD observables,
both at leading order and next-to-leading order in the coupling constant. In particular,
the optimization of helicity and spin summation in the context of VEGAS Monte Carlo
algorithms is investigated. In the literature, two such methods are mentioned but without
detailed analyses. Only one of these methods can be used at next-to-leading order.

This work presents a total of five different methods that replace the helicity sums with
a Monte Carlo integration. This integration can be combined with the existing phase space
integral, in the hope that this causes less overhead than the complete summation. For
three of these methods, an extension to existing subtraction terms is developed which
is required to enable next-to-leading order calculations. All methods are analyzed with
respect to efficiency, accuracy, and ease of implementation before they are compared with
each other. In this process, one method shows clear advantages in relation to all others.

Zusammenfassung

Ziel dieser Arbeit ist es, die numerische Berechnung von QCD Observablen sowohl auf
tithrender Ordnung als auch auf nichst-fithrender Ordnung in der Kopplungskonstante
zu beschleunigen. Konkret wird eine solche Optimierung im Gebiet der Helizitats- und
Spinsummen im Zusammenhang mit dem VEGAS-Monte-Carlo-Algorithmus untersucht.
In der Literatur werden zwei solcher Methoden erwidhnt, jedoch ohne detaillierte Analysen.
Nur eine dieser Methoden ist auf die nichst-fiihrende Ordnung anwendbar.

Diese Arbeit stellt insgesamt fiinf verschiedene Methoden vor, welche die Helizitéts-
summen durch eine Monte-Carlo-Integration ersetzen. Diese kann mit dem existierenden
Phasenraumintegral kombiniert werden, in der Hoffnung dass dies einen geringeren
Mehraufwand als die vollstandige Summation bietet. Fiir drei der Methoden wird eine
Erweiterung von existierenden Subtraktionstermen entwickelt, die auf niachst-fithrender
Ordnung benétigt wird. Alle Methoden werden analysiert im Bezug auf Effizienz, Genau-
igkeit und Implementierbarkeit, und anschlief3end verglichen. Dabei zeigt eine Methode
klare Vorteile vor allen anderen.
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Introduction

Since the discovery of the Higgs boson announced on July 4th, 2012 and its subsequent
honor in terms of 2013’s Nobel prize, there is no doubt that the LHC has fulfilled what
the general public perceives as the purpose it was built for. Of course, discovering the
last remaining building block of the Standard Model of particle physics is only one of
main goals physicists had when designing the 27 km radius machine. First of all, merely
discovering the Higgs boson does not answer all questions about its properties and its
production and decay channels—this is ongoing research. Apart from the Higgs boson, it
is also clear that the Standard Model is not the final answer to all open questions in particle
physics. High energy physicists all over the world are waiting to find signs of so-called
“physics beyond the standard model”.

One might think that with the huge amount of data that the LHC collects during
every minute of its runtime one should have discovered many new phenomena by now.
However, reality is much more complicated than just the amount of data that is gathered
per time. Due to the hadronic nature of LHC particle collisions in combination with the
unprecedented high energies it is running at, the final states are populated by a large
amount of QCD radiation that can easily obfuscate signals of new particles or phenomena
that one wants to discover. An example which is taken from [1] is shown in figure 1.1. It is
indispensable to have a very good knowledge of so-called background processes in order to
be able to filter them out and reveal possible so-called signals.

The problem with knowing the background well is that QCD calculations quickly
become very involved as one requires more precision. In the Standard Model which QCD
is a part of, one performs calculations for high energy observables (high energy meaning
with scales much larger than Aqcp » 1GeV, which is certainly the case at colliders such as
the LHC) by means of perturbation theory which is essentially a series expansion of the full
expression in the coupling constant of the theory. Leading order QCD calculations of this
expansion are considered a solved problem since the end of the 20th century at least; there
exist many automated numerical programs that can compute in principle any process that

'8 TeV in 2012; an upgrade to 13 TeV is currently worked on and expected to be finished in early 2015,
with its final center-of-mass energy of 14 TeV to be reached some time later.
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Figure 1.1: The left diagram shows a so-called signal process for gluino production with
subsequent decay into quarks and neutralinos, which is the process one wants to
investigate. In an experiment, shown in the second graph, the quarks are detected as
QCD jets while the neutralinos cannot be detected directly and only appear in terms
of missing energy, Er. The two right hand diagrams show a corresponding background
process, which is a Standard Model QCD process with the production of a Z boson; it
decays into neutrinos. The QCD partons again appear as jets in the detector while we
have missing energy from the neutrinos. Thus, the two are virtually indistinguishable.
Picture taken from [1].

one desires. At the LHC’s energies, however, leading order calculations are not enough to
describe the processes accurately enough. During the last decade, many physicists have
worked at devising methods to bring numerical QCD calculations to next-to-leading
order, which is a big step up from leading order calculations as we will illustrate in this
thesis. Part of the problem has been solved in the late 1990’s by Catani and Seymour
with their so-called dipole formalism that is almost ubiquitously used nowadays to cancel
infrared divergences. This method is based on a more fundamental idea, the so-called
subtraction method which we will detail in the thesis.

The remaining half of the problem, diagrams with loops that give rise to the virtual
contributions are not so easily dealt with. By now, several groups have established different
methods to perform such computations and it is sometimes even said that next-to-leading
order QCD is on the verge of becoming a solved problem. Probably the most well-known
of these groups is the BlackHat collaboration (see for example [2-6]) that uses unitarity
methods, which in a very basic sense means decomposing amplitudes into known master
integrals so that they only have to compute the coeflicients to these integrals. Other
groups that use (slightly) different methods are e.g. OpenLoops ( [7], a more traditional
approach related to Feynman diagrams combined with tensor reduction), GoSam ( [8,9],
also Feynman diagrams and reduction methods), and NJet ( [10,11], similar to BlackHat).

In the last few years, another contender was born in the same group where this work
was performed. It avoids the use of precomputed master integrals and extends the so-
called subtraction method that forms the basis of the dipole formalism to the ultraviolet
divergences of the virtual contributions; an introduction can be found in this thesis.

A problem that all of these methods share is the complexity of the calculations. Some




groups such as BlackHat do not worry much about the necessary time it takes to produce
proper data by generating a large amount of very general samples once and then distributing
them to interested experimenters; this has the disadvantage that the files they have to
transfer are huge, O (TB) per process, which approaches the limit of modern hard disks.
The method developed in the group of S. Weinzierl, on the other hand, aims at performing
these calculations on demand. Experimenters download the (small) source code, install
the program and run it with their choice of experimental parameters. Here, complexity
and computation time are major concerns, but if tackled properly the user can obtain
precise results tailored to his needs in short time.

This is where this work comes into play. A full next-to-leading order calculation
consists of many building blocks, each providing room for optimization and acceleration
of the calculation. In this thesis we investigate the treatment of helicities* as a possible place
for optimization. The classical way of dealing with helicities of particles is to sum over all
final state helicities and average the initial ones, since usually colliders cannot distinguish
different helicities, neither in the beam nor in the detectors. Given that every QCD particle
has two helicity settings, this amounts to a sum of 2" terms where 7 is the total number of
particles in the process. In numerical calculations, for reasons that will be detailed in this
thesis, this amounts to the computation of 2" squared amplitudes, which are by far the
most involved quantities in these calculations. The goal is to reduce this growth as much as
possible and thus decrease computation time, especially for high multiplicity observables
which are increasingly important at high energies.

In this thesis, we illustrate three methods to reduce the number of helicity amplitudes
down to one. Two of them can be implemented in two different ways, which in turn
can have a large effect on their respective efficiency, as will become clear. All of these
methods are simple to use for leading order calculations, while the subtraction method
requires special attention at next-to-leading order. For half of the methods we present,
the necessary so-called subtraction terms already exist and we will introduce the reader to
these methods. For the other half, we develop new subtraction terms that enable the usage
of the helicity methods also at next-to-leading order.

All but one of the helicity methods have been mentioned in the literature, but apart
from definitions and short descriptions, there is not much information available. This
thesis aims at providing a detailed description and analysis of these methods, which is
completed by a comparison of their performance.

The thesis is structured as follows:

o First, we delve a bit deeper into the Standard Model, perturbation theory and the
theoretical basics of QCD calculations to give the reader the necessary theoretical
understanding.

o Then in chapter 3, we detail the realization of these calculations in terms of numerical

*Note that for massive particles, one usually uses the word spins instead of helicities. However, we will
use helicities to avoid unnecessary distinction; a more detailed explanation and clarification on this follows
in chapter 4.
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algorithms that can be implemented in a computer program, such as color decom-
position, recursive methods, spinor helicity methods, Monte Carlo integration, etc.
Techniques presented there will be the backbone for all methods that are explained
in the subsequent chapters.

o Chapter 4 presents the “classical” method of computing the helicity sum in numerical
programs. We highlight the disadvantages of the method and present the subtraction
terms of Catani and Seymour’s dipole formalism that enables next-to-leading order
computations.

o In chapters 5 to 7, we present different helicity methods that avoid the helicity sum.
While subtraction terms exist for the first method, those presented in chapters 6 and 7
require new subtraction terms. The next-to-leading order method of chapter 6 has
largely been developed in collaboration with C. Schwan and S. Weinzierl, whereas
the adaptation of the method in chapter 7 is the work of the author of this thesis.
For each method, we present all necessary terms to perform both leading order and
next-to-leading order computations. Each method is analyzed with respect to the
Monte Carlo integration algorithm.

« Chapter 8 compares the different methods and attempts to recommend a helicity
method that yields the best results.

o Finally, we conclude all our findings in chapter 9 and give an outlook on what can
be researched further in the area of helicity methods and numerical algorithms.




Principles of QCD and Collider
Physics

Before we go into the details of the techniques employed in this thesis, we introduce the
basics of particle physics and detail the fundamental building blocks this work is built upon.
We start with the QCD Lagrangian and touch on all theoretical concepts that go into the
calculation of observables. Since our code operates at the level of hard scattering, we focus
on partonic cross sections. Note that most of this chapter is based on the introductory
texts [1,12].

2.1 The QCD Lagrangian and Feynman Rules

At the heart of the strong interactions lies the QCD Lagrangian

_ 1
Laco = 45 (1}9’— mf) qf—Zgw s (2.)
Therein, we find quark and antiquark fields with an explicit flavor index f which represents
either an up-type flavor (up, charm, top) or a down-type flavor (down, strange, bottom)
where each flavor has its own mass 1. Also, we find the covariant derivative

DF = 0" +ig,T* Al (2.2)

which couples quarks to gluons given by the field A, with the coupling strength g,. The
second term contains the kinetic term for the gluon fields where

B = 0FAY - 9" AL — g fTALAY (2.3)

and A, are the eight gluon fields (a = 1,.. ., 8; adjoint representation of SU(3)). Note that
we omitted color information for the (anti-)quarks: they carry one of three (anti-)colors
usually denoted by the letters i and j (fundamental representation of SU(3)). T¢ as it
occurs in the definition of the covariant derivative is one of eight color matrices which are
usually given by the well-known Gell-Mann matrices divided by two, T = /2. Pictorially
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speaking, these matrices only allow for certain color combinations of quarks and gluons
to be coupled to one another. The same is true for the third term in the gluon field
strength tensor, equation (2.3), where f%¢ is the SU(3) structure constant that determines
what happens when gluons with different colors a, b and ¢ interact. This is the term that
differentiates QCD from Quantum Electrodynamics (QED) the most. It is only there due
to the non-abelian nature of SU(3) and causes gauge boson self-interactions in terms of
three-gluon and four-gluon vertices which are not present in QED.

The fact that QCD is a SU(3) gauge theory becomes apparent when we look at the
associated transformations of the quark and gluon fields:

8
qs — exp (izea(x)T“)qu Ugqy (2.4a)
a=1
Af = APTY S UARUT - U U, (2.4b)
Js

Therein, ,(x) are eight functions of the space-time coordinate x which parameterize the

SU(3) transformation. The QCD Lagrangian is invariant under these transformations.
From QCD’s Lagrangian, one can derive the corresponding Feynman rules which

are then used to compute amplitudes for QCD processes. The first term of equation (2.1)

where we only consider the partial derivative of the covariant derivative yields the quark

propagator:

o idl S8

i i p-my+io

—
A A

(2.5)

Herein, we explicitly gave the quark and antiquark different flavor and color indices; note
that this rule tells us that a free propagating quark can neither change its color nor its
flavor. The symbol p denotes the momentum of the (anti-)quark.

Similarly, from the kinetic term for the gluon fields without the f%¢ term (see equa-
tion (2.3)) we obtain the gluon propagator

a k b —idab
000000000 ™ =
Y v k? +1i0

(2.6)

ktkY )
k2+i0/°

(g’” +(§-1)

Here, k is the momentum of the gluon. ¢ is an (arbitrary) gauge parameter; a frequent
choice is the ’t Hooft-Feynman gauge ¢ = 1.

In diagrams with loops, we also need so-called ghost loops where an unphysical particle
propagates to cancel superfluous degrees of freedom. These particles have the propagator

a b igab

RO e (2.7)

The more interesting part of the Feynman rules are the interactions. From the quark
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term together with the second part of the covariant derivative, we obtain the interaction
vertex of two quarks and a gluon:

a,
= —ig, 0/ (T*) Tyt (2.8)
fri fi

Analogously, if we now consider all terms of the gluon piece that contain the f%¢ term, we
obtain gluon self-interactions, as discussed above:

=9 f"[g" (ki = ko) + g% (ko = k3)* + g (ks = k)], (2.99)

fabefcde (gypgvo _ gyagvp)
= —igl| +fecefrie(grgrr —grog”) | (2.9b)
+fudefbce(g;wgpa _ gypgva)

G p d,o

All rules that we discussed so far concern the internal structure of an amplitude; for
example, propagators describe internal particle lines whose momenta are in general off
shell momenta. External particles, on the other hand, are on shell (p?> = m?) and are
described by polarization vectors and spinors:

k * — P — P _

[ZAVAVAVAVIV R 62 (k), ——— = MA(p), — < = V)L(p), (2.1oa)
k — _ N

VW U zeﬁ(k), o—)p— =uA(p), .—<p— =V)‘(p). (2.10b)

The upper row shows the case of ingoing particles while the lower row shows outgoing rules.
Note that these rules apply generally to bosons (hence the wiggly line) and to fermions.
Each external leg depends on the spin or helicity A of the particle which we have indicated
by a superscript. This is the information that this thesis is focused on. Note, however, that
we will start discussing spins and helicities only from chapter 4 on; we first present all
other fundamental aspects in order to simplify the discussion later on.

These rules are the necessary tools to build diagrams which are a pictorial representation
of QCD amplitudes. It is clear that using the above set of rules, one can draw an infinite
set of diagrams for any given number of external particles (i.e. lines where only one end
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of the leg is connected to a vertex while the other one points outwards). To solve QCD
one would indeed have to calculate exactly this infinite amount of diagrams, which is
impossible in practice. This is where perturbation theory comes into play. Perturbation
theory is based on an expansion of an observable into a series in the coupling constant
g= VAna. As an example, one could write the full hadronic cross section o, as follows:

Ot = 0000 + 010: + 002 + 0300 + ot + ..., (2.11)

where the coefficients depend on the specific process considered.! Provided that the QCD
coupling is a small constant, & << 1, it is safe to approximate the full cross section by the
first one or two terms in the above series and ignore the remaining terms since they should
be much smaller.

2.2 'The Strong Coupling Constant «;

In fact, neither of the coupling constants of the Standard Model or any quantum field
theory are really constant, as is well-known (see for example [1,12,13] and many others).
Depending on the energy scale y of the problem at hand, the value of the coupling constant
changes, i.e. we will write « = a(u?). This change is governed by the so-called beta function
via the renormalization equation

da(u?) da(u?
’ d(;; ) - dh(f;z) = /3(“(‘“2))’ ﬁ(“) = “(bo + b+ bya® +.. ) (2.12)

which is given here for a general coupling (for example, this could be the QED or the QCD
coupling; however, each coupling has it’s own beta function coefficients b;). While QED
exhibits a positive beta function meaning that the coupling increases with growing scale y,
QCD has the peculiar feature that the overall beta function is negative which becomes
obvious when we look at the first two coefficients:

b ICx - 4ToNy (11 Nf)
0~ 127T a 47T 67T ’ (2 13)
- 17C —10TCaNy - 6 TrCeN; 153 - 19N '
e 2472 B 2412

The above formulas require some explanation concerning the different symbols that appear
within. C,, Cr and Ty are the usual Casimir operators of the group SU(N). In QCD,
N = N = 3 (N, represents the Number of Colors) and we find

Ne-1 4

Ca=N.=3, Cp=
A c F ZNC 3

%. (2.14)

"Hadronic cross sections start at & while electron-positron annihilation processes also have non-zero
0y and o; coeflicients.
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Figure 2.1: The running of «; as given by equation (2.16).

Ny stands for the number of quark flavors whose mass is below the scale u. Inserting these
values, one can read off of the leading coefficient b, that the beta function has a positive
sign if Ny is at least 17 (while the Standard Model contains only six quark flavors in total).
Thus, it is clear that the QCD beta function has a negative sign.

This means that the coupling decreases as the energy scale increases while for small
energies the coupling becomes large. Theories with this feature are called asymptotically
free since the coupling approaches zero with high energies and quarks and gluons become
increasingly “free”. Assuming that we know the value of «; at one scale p, we can obtain
the value at another scale y by solving equation (2.12):

as(4g)
1+ by () In & + O (a2)

a(y?) = (2.15)

Experimentally, it is well-known that the coupling becomes non-perturbative at scales
below Aqcp ~ 200 MeV which determines the scale at which the coupling diverges. Setting
po = Aqcp, we can re-write the above equation into

1

2
boln =L
0 AéCD

a,(p?) ~ (2.16)

which gives us the behavior shown in figure 2.1. Note that this plot only gives a qualitative
result since it is based on a perturbative calculation which should not be trusted in low-
energy regions where the coupling becomes non-perturbative.

Now let us apply these observations to what happens at a collider, let us specifically
consider the LHC where protons collide at some large center-of-mass energy of the order
Q ~ 1TeV. According to our previous observations Q is well within the perturbative




2. Principles of QCD and Collider Physics

region. However, protons are no elementary particles but bounded QCD states that are
essentially made up of three so-called valence quarks, two up quarks and one down quark.
While these three constituents predict the total charge of the proton,ie. 2 x Q, +1x Q, =
2x (fze) +1x (-1/3e) = le, they cannot predict the mass of the proton. In fact, the
constituents’ masses only make up about 1% of the proton’s total mass m, ~ 938 MeV [14].
Note that this mass is of the same order as the scale Aqcp we defined earlier. This makes
the proton a strongly bound non-perturbative object. At this energy, the valence quarks
interact with one another via gluon exchange and vacuum fluctuations that contain quark-
antiquark pairs (so-called sea quarks) which in total forms a highly complicated dynamical
system. It is this phenomenon that accounts for most of the mass of the proton.

2.3 Factorization

What happens when two protons collide? A feature called factorization allows us to separate
the calculation of observables into two parts: the non-perturbative hadronic part and a
short distance part that describes the interactions of the constituents of the hadrons.

Due to their high energies, the particles taking part in the scattering are the so-called
partons, i.e. quarks and gluons that make up the proton.? This interaction, the so-called
hard scattering happens at some fraction of the total collision energy.

Let us denote the partons in the first proton by an index a and those from the second
proton by an index b. For the above example of the center-of-mass energy Q =1TeV the
protons each carry momenta p, and p, corresponding to the energies E, = E;, = 500 GeV.
The interacting partons of these protons then each only carry a fraction of these total
momenta which we parameterize by the parameters x, and x; as follows:

Ph=XaPas Pl =xppes  x€[0,1]. (2.17)

Having introduced this notation, we can write the total hadronic cross section as

1 1
0= Zl; f dxa fa(xm ﬂF) / dxb fb(xb> [uF) 6'ab(xapas xbpb;‘“F)- (2-18)
40 0 0

In order to take all possible interactions into account we have to sum over all possible
partons inside the protons, a and b. Based on the same argument, we also have to integrate
over all possible momentum fractions x, and x; of the two partons. The cross section
Gap is the so-called partonic cross section which describes the hard scattering part of the
two partons a and b. Of course, we cannot entirely rid ourselves of the fact that protons

A more thorough explanation for this phenomenon is given in [15] where the authors use the example
of deep inelastic scattering (i.e. e” + p — X) to explain that the proton underlies both Lorentz contraction
and time dilation in the center-of-mass frame so that the lifetime of a proton state is much longer than the
time it takes the electron to travel through the proton. Hence, the proton appears to be some fixed state of
partons for the electron which means that the electron only interacts with a parton which it passes at a close
distance of O (1/q*) due to the uncertainty principle.

10
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are non-perturbative objects. All remaining information on the protons is encoded in
the so-called parton distribution functions (PDFs) f;(x, ur). These distributions give the
probability of finding a parton of type i with the momentum fraction x inside a hadron.
Note that each hadron has its own set of parton distribution functions which can be
indicated by an additional index identifying the hadron type; since we only refer to protons
in the following, we we leave this information out. PDFs are measured quantities that are
usually extracted from deep inelastic scattering, the details of which are not relevant for
this thesis.> However, note that in our notation above we introduced one further argument
to the PDFs, the so-called factorization scale ug. It is the scale that determines the point of
separation of the hadronic part from the partonic cross section. It is an unphysical, and
essentially arbitrary scale which the final result of any computation should not depend on.
In practice, this is not the case and one varies this scale (typically between /25 and 2pux)
to estimate theoretical errors of a calculation. The dependence of the parton distributions
on the factorization scale have to be understood as follows: the PDFs contain all kinds of
QCD bremsstrahlung of partons that occurs at scales up to pyr (to be specific, they contain
a resummation of all bremsstrahlung contributions). Everything above that scale has to be
taken care of by the partonic cross section. In conclusion, even though the factorization
scale is in principle arbitrary, it still affects the calculation and the results. In fact, there
are publications that are only concerned with choosing a proper value for the scale, one
example is given by [17]; however, in the scope of this thesis we do not concern ourselves
with the choice of this scale.

2.4 Perturbation Theory and Hard Scattering

Let us talk about some problems in the practical realizations of such computations of
cross sections and similar observables. The perturbative partonic cross section 6, can be
written as follows:

1
N c
2sngny

A

Ogb

f d@(pa> pv; P1s - - - ) MA(Pas Pos Prs - - - Pu) (2.19)

In this formula, we find several constant factors. 2s is the (inverse) flux factor where
s = Q? is the squared (partonic) center-of-mass energy, n¢ 1 18 @ color averaging factor
for the initial state parton a or b; since there is no way to measure color, we have to take
all possible colors into account which we do by averaging over them.# The important
quantity in equation (2.19) is the so-called (squared) matrix element or (squared) amplitude
|A(p1, ..., pn)|*> which depends on all final state momenta py, ... p,, as well as the initial
state momenta p, and p;,. For the fotal cross section, we have to integrate over all of final

3The interested reader can find many detailed and thorough discourses on PDFs in the literature. For
example, basic introductions can be found in [1,12,13] and other summary publications or textbooks. Readers
desiring a more comprehensive treatment might want to take a look at the exhaustive report on an updated
PDF set from the MSTW group [16].

A similar factor exists for spin averaging. However, we postpone any discussion of spins and helicities
until chapter 4.
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2. Principles of QCD and Collider Physics

Figure 2.2: Example for two contributions to the total matrix element for the process
qq9 — q'q’; the left hand example is the lowest order possible, O (g2) since it contains
two vertices. The right hand example, on the other hand, is very complicated and of
order O (g8).

state phase space which is denoted by the integral over @. This integration depends on
the momenta p, and p,, of the initial-state partons due to momentum conservation, i.e.
DPa+ Db : p1+ pa+ -+ pn. Let us return to the squared amplitude, or to be more specific
to the amplitude itself which is a complex-valued quantity: an amplitude has a definite
amount of external particles, i.e. both initial and final state particles which is #n + 2 in this
case. In principle, an amplitude is given by all the diagrams that one can construct with
the previously given Feynman rules (equations (2.5) - (2.9)) where there are (in our case)
n + 2 external particles.

How many diagrams are there for a given number of external particles? The answer
is: infinitely many. By introducing loops into the internals of diagrams they can become
arbitrarily complicated, see for example the process qq — q'q’ (where the prime denotes
that the quarks in the final state have a different flavor than those in the initial state) in
figure 2.2. This is the place where perturbation theory kicks in: decomposing an amplitude
into separate diagrams exposes the perturbative expansion directly. From the Feynman
rules it becomes obvious that all vertices are proportional to some power of the strong
coupling constant g,. All three-particle vertices have g; while the four-gluon vertex has
g2. This makes it very simple to count the power of the coupling in each diagram and
assign them to the proper order of the expansion. We already argued that the scale of
the hard process is such that we are in the perturbative region of QCD, so it is justified
to only calculate the lowest orders in g;. This means that we can avoid the calculation
of the complicated right hand diagram in figure 2.2. Another way to increase the power
of the coupling is to add more external particles, we will consider an example below. In
any squared amplitude |A]>? = A*A we will of course have squared diagrams as well as
interference terms where different diagrams are multiplied. We can count the powers of
the respective squared amplitudes by simply adding the powers of the two underlying
diagrams.

If we gather all the information on perturbation theory that we have encountered so
far, we can put it into a graphical form as shown in figure 2.3. Therein, we have written the

12



2.4 Perturbation Theory and Hard Scattering
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Figure 2.3: Diagram that shows the perturbative expansion in terms of loops € and extra

legs k. The contribution 00(0) marks the most basic process which is a 2 - 2 process.

The red dashed lines indicate those contributions which are of the same order in the
coupling constant. At next-to-lowest order, for example, we find two contributions,
one with an extra leg, one with a loop.

expansion as follows:s

b=0"+0+. 1o+ 4. .= ¥ o) (2.20)
ke

The expansion starts from the simplest of all processes which is a 2 — 2 + k process. This
means that k is the number of additional external particles. The number of loops within
the squared amplitude is given by £. Let us stress that this means that for example 00(1) is
made up of the amplitudes

AP AD + AP A = 2 [ AP AP (221)

i.e. there is only one loop amplitude instead of both amplitudes containing a loop. As
will become clear below, this also means that aél) and 01(0) are of the same power in
as. Generally, if oéo) is of order O (ocf ), olfe) will be of order O («f 41} such that all
contributions to the same power 7 lie on a straight line from (k= 0,€=7) to (k= 7,£ =0)
in figure 2.3.

Let us examine this a little further by looking at electron-positron collisions into
hadrons.® Usually, electron—positron collisions are investigated at the energies that the
LEP collider operated at, i.e. typically one chooses Q = m  ~ 91GeV [14]. There are five
quark flavors with masses below this scale; these masses are so small compared to Q that
one typically neglects them and treats all partons as massless. The top quark cannot be
produced at these energies, which is why we can ignore it here and in any further analysis
performed in this thesis.

Note that the quantities a,fe) in this expansion are not the same that appear in equation (2.11). However,

their relation will become clear on the following pages.
8This paragraph closely follows Salam’s “Elements of QCD for hadron colliders” [1].
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2. Principles of QCD and Collider Physics

(a) (b) (©

Figure 2.4: Leading and next-to-leading order diagrams for the process e'e* — gg;
we ignore electroweak coupling through a Z boson and only consider the coupling
through a photon for simplicity. Note that diagram (b) represents two diagrams where
either the upper or the lower gluon is present.

We start with the lowest order contribution which is shown in figure 2.4(a). This dia-
gram makes up the contribution 00(0) since there are obviously no loops in the diagram and
it contains the minimum number of external legs possible (total momentum conservation
prohibits less than four particles). We are not interested in the exact expression of the
amplitude at this point; let us simply denote the squared matrix element by |Az[*. To

ol

compute the full cross section g, ’, we have to integrate the matrix element over final state

phase space, which we shall denote by d®; so that
dO'(SO) = do'qq R |Aq§|2d(pq§- (2.22)

(Note that we omitted constant factors for simplicity.) We can integrate this contribution
without any troubles; due to momentum conservation, both the quark and the antiquark
momentum will be back to back and of the same size which is given by the center-of-mass

energy Q.

What happens if we go one order higher in perturbation theory? One way to increase
the power of a is to add an external particle after which we end up the contribution 01(0).
Figure 2.4(b) shows us the two diagrams that contribute: a gluon is emitted either from
the quark or from the antiquark line. Let us not take into account the full expression in the
following but use an approximation instead: we are going to assume that the momentum k
of the gluon is soft, i.e. k << p,, pz where p, and p7 are the quark and antiquark momenta.

We then obtain the following expression for the squared matrix element:

2p4Pq
(pak)(pzk)

It turns out that in the soft limit the contribution from the additional gluon factorizes. For

the cross section 01(0) we again have to add the integral over phase space. We can make use

of the fact that phase space factorizes, i.e. we can add a soft gluon by simply multiplying a

\Agzel” = [Agg|* x 4ma,Cr (2.23)
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2.4 Perturbation Theory and Hard Scattering

one-particle Lorentz invariant phase space measure:

d3k
d(qug ~ d@lﬁ m (2.24)
The cross section then reads
dal(O) = dogge » [Agge*d Py » [Aggl*d D 7dS = dao(o)d& (2.25)

where we have again neglected constant factors. The soft gluon element dS can be written

as
&k 2p,p7  20,CedE d6 d¢

9= a2 S G (pak) T 7w E sinf2n

(2.26)

where we re-expressed the phase space measure in terms of spherical coordinates. Note
that upon integration this formula exhibits two different divergences:

E-0 soft divergence (2.27a)

00,7 collinear divergence. (2.27b)

Even though we originally restricted the calculation to electron positron collisions this
observation is valid for QCD in general.

Note that this can be generalized to momentum invariants s;; = (p; + p;)* = 2pips
where the last expression is only valid for massless particles, i.e. p? = 0, p? = 0. Within
tree-level squared amplitudes, we usually find terms that are of the form [18]

1

_ (2.28)
$12523" S (n-1)n

plus similar terms for permutations of the particles. This yields singularities for collinear
partons,

pillp;
Sij —%o, (2.29)
and for soft partons,
pj—0
S,'ijk — 0. (2-30)

We will look at these cases in more detail later on.

The previous observation raises a new question: if the three-particle phase space
integral is divergent, it seems like the cross section is not well-defined. However, note that
we have not taken into account all contributions to O («). We still lack the contribution
00(1) which is the above discussed interference term, more specifically the product of
diagrams 2.4(a) and 2.4(c) as specified in equation (2.21). Without writing down explicit
expressions, let us discuss a few important details about this contribution. The detail that
sets this contribution apart from the previous ones is that momentum conservation is not
sufficient to fix all momenta in the one-loop diagram 2.4(c). One of the propagators taking
partin the loop will have an undefined momentum ¢ which we have to integrate over. When
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2. Principles of QCD and Collider Physics

performing this integration, one finds that the integral diverges for £ — oo, we encounter
so called ultraviolet singularities. It turns out that one can avoid these singularities by
generalizing the loop integral from four to D = 4 - 2¢ dimensions, a procedure which is
called dimensional regularization [19,20]. Subsequent renormalization then renders the
integral finite also in four dimensions.” More important for the purpose of our discussion
is the fact that the loop also exhibits singular behavior when the gluon propagator becomes
soft, i.e. when the loop momentum goes to zero, or when two loop propagators are collinear.
It is the remarkable discovery of Kinoshita [21], Lee and Nauenberg [22] that all infrared
(meaning soft and collinear) singularities cancel order by order in perturbation theory.
Therefore, both 01(0) and O‘él) are divergent in the soft and collinear limits, however, their
sum will lead to a cancellation of all divergent pieces so that the total cross section will be
finite.

Our above discussion contained hints to a very important problem that we still face:
as we increase the order in the strong coupling, not only does the complexity of the
diagrams increase, but also their number. At lowest order, we found only one diagram
while at next-to-leading order we had to face three diagrams already. One can easily
imagine that with growing number of k and/or € the combinatorial possibilities of adding
another particle or of placing the loops inside the diagram increase strongly. In fact, if one
considers the number of external particles for gluon-only processes at tree-level (no loops),
ie. 0,50) the growth in the number of diagrams is worse than O (k!) [23]. This clearly limits
the number of contributions we can compute. In fact, the current state of the art is the
calculation of a one-loop function with eight particles and even this calculation includes
some approximations which we will detail later.?

2.5 Exclusive Cross Sections and Infrared Safety

So far, we have considered the total cross section which is an inclusive quantity, i.e. in
the above calculation we considered both the contributions of two and three final state
particles. Another class of observables that we will mainly deal with in this thesis is the
class of exclusive cross sections, i.e. cross sections with a fixed number of final states. Let
us once again consider the example of electron-positron collisions, more specifically the
exclusive cross section with three particles in the final state. Obviously, our lowest order
or Born contribution, 0'1(0) is then given by the two diagrams 2.4(b) which were formerly
part of the next-to-leading order contribution. In the case of the inclusive cross section
the soft and collinear divergences cancel against the one-loop contribution Uél). However,

this contribution does no longer fit our definition of the exclusive cross section since it

"Note that this is closely connected to the running of the coupling constant we discussed earlier. We will
not go into further details because the procedure of ultraviolet renormalization does not play a crucial role
for this thesis.

8This was first accomplished for electron—positron collisions by the group of Stefan Weinzierl in [24]
with some algorithms detailed in this thesis. In 2013, the BlackHat collaboration presented a computation
of pp - W +5 jets [6] which is also a one-loop function with eight external particles. The approximation
mentioned above is the so-called leading color approximation which will be explained in section 3.1.4.
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2.5 Exclusive Cross Sections and Infrared Safety

only has two final state particles. Can we obtain a finite result at all?

The answer is that the way we regarded our exclusive cross section is not sufficient to
make it an observable. The real class of observables that we are looking for are infrared
safe which means they should be insensitive to the emission of soft or collinear partons or,
as defined in [25], they

“...must be invariant to the branching
Pi~ pj+ P
whenever p; and py are parallel [collinear] or one of them is small [infrared].”

To avoid any confusion, note that the quote uses the word infrared for soft emissions only;
nowadays, it is common to refer to both soft and collinear emissions with the term infrared,
which is what we do in this thesis.

Throughout this work, we will use the symbol J,,(p;, ... p,) to denote a so-called jet
observable that fulfills the requirements of infrared safety [26]. The index n indicates the
number of external particles that it acts on. If we compute an n-jet observable, then J,,
has the following two properties for all m > n:

]m+1(P1,.. HpPj= /\q,. . -Pm+l) - ]m(pl,. . .,%,. .. >Pm+1) (2.31a)

if p; is soft, i.e. A = 0, and

Jniat(P1s -« s Pis- o s Pioevvs Pme1) = Jn(Prs oo 5 (PsPT) = P e o Pns1) (2.31b)

if p; and p; are collinear, i.e. p; > zp and p; — (1 - z) p. Furthermore, we require

Ju(P1>-- s pu) =0 (2.31¢)

)

if any particle invariant goes to zero, p; - p; — 0. This last property ensures that 01(0 in our

above discussion yields a finite and well-defined result if we make use of our jet observable:
(dal(O) )excl N |Aq§g|2 ]3(Pq) Pﬁs Pg) dq)qﬁg (2-32)

where we neglected constant factors once again.

Let us try to make some more sense of the term jet that we introduced earlier by
looking at an actual event detected by the ATLAS experiment at the LHC, figure 2.s5.
Obviously, we find many detected particles in the detector. However, the energy deposition
in the calorimeters (red and green) is concentrated around two sharp peaks which are
diametrically opposed. Each of these structures is called a jet—a cone-like structure inside
which partons radiate other partons that are preferably soft and collinear to the original
parton. The large amount of radiated partons then hadronizes into colorless particles
which are detected by the detector. It turns out that if we describe a jet as the energy flow
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2. Principles of QCD and Collider Physics

erey Run Number: 160858, Event Number: 23181152
Date: 2010-08-08 13:57:31 CEST

':ATLAS‘ |

1A EXPERIMENT

Figure 2.5: Event display of a dijet event detected by the ATLAS experiment at the LHC in
August of 2010. The colored lines in the central gray areas show reconstructed particle
traces while the dark green and dark red bands around them show the deposited energy.
In the left hand plot the beam axis is perpendicular to the image while in the upper right
image the beam axis is horizontal. Especially from the lower right plot it is obvious
that there are two distinct particle jets that are made up of many individual particles
each. Source: http://atlas.ch/photos/events-collision-proton.html.

into a cone, we end up with an infrared safe observable since neither collinear emissions
nor soft emissions change the overall direction of and energy flow into the cone.

So far, our definition of a jet is still rather abstract. What we need is a prescription, a so-
called jet algorithm, for turning final state particles into well-defined jets. There are many
ways to realize such an algorithm, however, each depends on at least one free parameter,
the jet resolution parameter y, which describes the “size” of a jet. In the following, we
restrict ourselves to exclusive jet algorithms where each final state parton belongs to exactly
one jet.> More specifically, we consider sequential recombination algorithms which consist
of three simple steps. First, one defines the size y., of the jet. Then one computes the
resolution variable y;; for each pair of final state momenta (p;, p;). Finally one picks the
two particles i and j that yielded the smallest y;; < y., and combines them into one jet
using a algorithm-specific recombination prescription. This procedure is repeated until no
more momentum pair has a resolution below y.. At this point all remaining final state
momenta describe a single jet each.

We have not yet detailed the resolution variable and the recombination prescription. A
comprehensive description of available jet algorithms is given in [27]. We will only make

There are also inclusive jet algorithms where each final state parton belongs to either exactly one jet, or
to not jet at all. These algorithms are not considered in this thesis.
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(b)

Figure 2.6: Examples for jets. The left hand diagram shows a three-jet final state where
each particle corresponds to one jet (indicated by dashed cones). The right hand side
illustrates a real emission event, i.e. a three-jet final state with four particles in the
hard scattering where two are soft or collinear with respect to the jet definition.

use of the Durham algorithm [27-29] which is given by the resolution variable

2min(E}, E7)(1 - cos 6;))
Yij = RE (2.33)

where E;/; is the energy of the parton i/j and 8;; is the angle between the momenta p;
and p;. The related recombination prescription is the so-called E-Scheme which conserves

both energy and momentum, but does not yield massless recombined momenta even if
the original final states were massless:*°

pij = Pi + P (2.34)

Note that the Durham algorithm is specifically suited for electron-positron annihilation
which we will consider in this thesis.

We can conclude from the above discussion that at leading order in perturbation theory,
each such jet is described by exactly one parton. Returning to our example of the exclusive
jet rate (01(0) )exdl from above, this means that we integrate over all of phase space but those
regions where any of the three partons is “too close” to another parton, governed by the jet
algorithm and the resolution y.—all of which is encompassed in our jet observable J;
This is shown in figure 2.6(a). In practice, the jet algorithm acts as a cut-off for soft and
collinear partons in the leading order contribution to the exclusive three jet cross section
and equation (2.32) gives a finite result.

What happens if we want to compute the next-to-leading order correction to this
exclusive cross section? Again, we find two contributions: the one-loop interference term
with three final states, 01(1), and the contribution with one more particle, 02(0). Both fit the
order in ay, but the second contribution has to be considered a bit more carefully: (72(0)
has four final state particles now. Since we want to obtain the three jet cross section, we

1°Tt is possible to make the recombined momentum massless, however this comes at the cost of either
violating energy conservation (P-scheme) or momentum conservation (Eo-scheme).
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I

PDFs Hard scattering Parton shower ~ Hadronization
and decay

Figure 2.7: Rough pictorial representation of the four steps involved in a full computation
of a hadron-hadron cross section.

have to pay special attention to the jet function J,. This is where equations (2.31b) and
(2.31¢) enter. We can only allow final states where the momenta are such that the resulting
number of jets is again three. This means that the additional fourth particle has to be a soft
or collinear particle in such a way that the jet algorithm assigns the particle to the same jet
as one of the other particles, see figure 2.6(b).

If we go to higher orders in a; in the above example, we obviously still have to describe
three jets, meaning that all additional partons have to combine with others into jets such
that we find exactly three jets.

A generalization to other jet numbers is straight forward.

2.6 Parton Showers and Hadronization

We now know how to compute exclusive observables, but the full description of a particle
collision process is still far from done. Say we only compute the leading order contribution
where each jet is described by one parton. One parton is hardly sufficient to describe the
abundance of final states we saw in figure 2.5. Indeed, the whole process necessary to
describe such a process in its entirety is pictured in figure 2.7. So far, we discussed PDFs
and the hard scattering performed in terms of perturbation theory. There are two more
steps which we only mentioned shortly since they are not dealt with in this thesis.

The first is the so-called parton shower which makes sure that we are actually able
to describe jets more accurately. In principle, it describes a cascade of soft and collinear
emissions of the partons inside the jets. Without going into details, it is possible to derive
a formula for the probability that no gluon is emitted above a certain momentum scale.
From this, one can then use numerical methods to randomly generate branchings of the
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2.6 Parton Showers and Hadronization

partons inside the jets, thereby adding more final states to the hard scattering. Note that
this process is still perturbative: it starts roughly at the scale Q (i.e. the scale of the final
state partons after the hard scattering). From there the cascade starts, reducing the scale
with every splitting until the non-perturbative scale Aqcp is reached.

This is where the last piece, hadronization enters. Hadronization is strongly non-
perturbative and cannot be computed from first principles. Instead, one uses models, some
of which take into account that the partons emerging from the parton shower are colored
objects while hadrons are color neutral. The model then gathers partons in some way that
creates clusters of partons that can then form colorless hadrons.

Basic reviews of parton showers and hadronization can be found in the already men-
tioned introductory texts [1,12]. A more detailed introduction to parton showers for
next-to-leading order calculations is given in [30].
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Numerical Techniques

To analyze the data they gather at colliders, experimentalists need to have reliable predic-
tions tailored to the specific problem they are looking at (certain sets of phase space cuts,
jet definitions, etc.). These predictions are usually obtained from numerical computer
programs, so-called event generators. A full-fledged event generator is a tool that performs
the computation of all four steps described in figure 2.7 automatically.! Examples for
complete generators are for example SHERPA [31], PYTHIA [32,33] and HERWIG++ [34].

Since parton showers are perfectly suited for automated calculations, event generators
originally were mostly focused on them instead of the hard matrix element. In fact,
the manual of the current PYTHIA version? states that PYTHIA includes a “reasonably
complete setup of all 2 — 1 and 2 — 2 processes within the Standard Model, plus some
examples of processes beyond that, again for low multiplicities”. All higher multiplicities
are generated using the parton shower instead of the hard matrix element. While this is
possible, the parton shower is an approximation for soft and collinear emissions and thus
increasingly unreliable for harder emissions.

This approach works reasonably well for some observables, but the jet multiplicity in
the days of O (TeV) colliders is much higher than at previous colliders requiring more
precise calculations. Furthermore, leading order QCD calculations are very sensitive to
scale variations. The usual test to determine the uncertainty of a theoretical prediction by
varying the factorization scale yr shows that going to next-to-leading order reduces this
dependence greatly. An example for this is given in figure 3.1. Additionally, next-to-leading
order phase space is different from the leading order phase space which leads to different
normalizations of cross sections. Results of leading order generators thus have to be fitted
to data from which one extracts a so-called K-factor, a factor that is multiplied to the cross
section to make the leading order result at all usable.

Thus, there are plenty of reasons why next-to-leading order calculations with high

'In fact, current event generators include even more effects that we have not even mentioned before,
such as the interaction of two or more partons within the same proton (multiple interactions) or of partons
within two or more proton-proton pairs (pile-up).

*See http://home. thep.lu.se/~torbjorn/pythia81html/Welcome.html, “Process Selection” sub-
page (last visited on 05/04/14).
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3. Numerical Techniques

6
o[pb] pp — tt+jet+X

5 Vs = 1.96 TeV
PT jet > 20GeV

——  NLO (CTEQ6M)
LO (CTEQ6L1)

0 Il
0.1 1 10
i/ my

Figure 3.1: Example of scale dependence for top pair plus one jet production. Both the
factorization and the renormalization scale are chosen to be equal to y. While both
the leading and next-to-leading order results show a dependence on the scale y, the
next-to-leading order result clearly shows a less pronounced dependence. Plot taken
from [35].

particle multiplicities are a necessity and not just a desirable upgrade.

In this thesis, we will discuss the hard scattering part of such an event generator. This
chapter presents the underlying concepts and methods that enable numerical calcula-
tions and the implementation in terms of computer programs. Note that the contents
of section 3.1 have already been discussed in an earlier thesis by the author [36] and cor-
responding code has been implemented and extensively tested. Section 3.2 serves as an
introduction to the subtraction method needed at next-to-leading order and provides a
basis for developing methods for different helicity methods. All remaining sections are
concerned with technical details concerning phase space integration and approximations
that are used to speed up the computations.

3.1 Numerical Tree-Level Diagram Techniques

This section resembles many parts of chapter 2 of [36]. Its purpose is to recall and summa-
rize the basics of the numerical techniques that underly the computation of amplitudes.
For more information, we refer the interested reader to [36], references therein, and some
references we give in the text. Also note that a very good review of many of the techniques
we use and similar ones can be found in [37].

When thinking about implementing the calculation of a typical QCD amplitude in
terms of numerical code, one is faced with three orthogonal mathematical structures given
by Minkowski space (Lorentz indices), Dirac space (given by the four components of
spinors and the 4 x 4 gamma matrices), and color space given by the SU(3) generators
T; and the structure constants f%<. In the following, we present techniques that allow a
simple treatment of this apparently complicated situation.
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3.1 Numerical Tree-Level Diagram Techniques

3.1.1  Color Decomposition

The first method is called color decomposition [38]. It decomposes an amplitude A into a
sum over color factors times kinematical quantities A called partial amplitudes or color
ordered amplitudes. One frequently cited version of color decomposition is given by [39]:

A(g, g5 8n) = Z Te {TT*- T} A(g1, L5+ > &n)- (3.1)

snfl

Note that this decomposition is only valid for gluon amplitudes; including quarks, leptons,
and photons is possible and is discussed extensively in [36] and references therein. We
restrict ourselves to gluon amplitudes here for readability, and because they cover all
relevant aspects. The sum in equation (3.1) runs over all non-cyclic permutations of all
gluons, i.e. the ordering of particle indices on the right hand side matters and is different
for every term in the sum. The trace contains all color factors while the partial amplitude A
contains all kinematical information of the corresponding Feynman diagrams. Our code
uses a different version of color decomposition, the so-called color-flow decomposition [40]
which makes use of the Fierz identity

1 1
TiTh = 5 (aieajk - ﬁcaijakg) (3.2)
to re-write equation (3.1) into
A g5 8n) =D 8ijy 8ijy 0y A(1> 825+ - > 8n)- (3.3)
Snfl

Since there is no more color information in the partial amplitudes, they have to be for-
mulated using so-called color stripped or color ordered Feynman rules. These rules can be
found in [40]; a derivation of these rules is given in [36], where they are also presented
using the Weyl-van der Waerden formalism which we use for our implementation (see the
section on spinor helicities below). It is important to note that the partial amplitudes are
gauge invariant quantities, just like the full amplitudes, and thus replacing the polarization
vector of any gluon with its corresponding four-momentum yields zero.

Obviously, the quantities we are interested in are squared amplitudes. To investigate this,
let us write the color delta string in terms of a color index c,, where m is the permutation
given by the sum. We can then write equation (3.3) as

A=Y cnAm (3.4)
from which follows:

|-A|2 = Z A:nCIn ® c A, = Z Ainczn Pc,A, = ZALC,WA,, = ATCA (3.5)

The actual implementation in our code is given by the vector-matrix-vector multiplication
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Figure 3.2: Visual representation of the Berends—Giele recursion for gluon amplitudes.

on the right hand side. The object C is the color matrix which is given by the product of
the color strings c}, and c,,. This contraction is performed using color projection operators
which implicitly realize the summation over color. For each parton, we have one of the
following projection operators:

Py=8.,8 — 8,06

i NS0 P8 Pp=8 (3.6)

ii
where the indices with bars are those from the color factor ¢}, while those without bars
are those from c,. The color factors ¢, and ¢, together with the projectors P give rise
to traces over the color deltas §;; which obey §;; = N, hence the color matrix acts as a
color-weighting function for interferences between different partial amplitudes. This color
matrix is process-specific, but entirely independent of phase space and kinematics. Thus,
it can be computed once at the initialization phase of the program and never has to be
evaluated again, which saves a lot of computation time.

Note that we will later deal with color correlated amplitudes, for example A*T, T,A
instead of | A[?. These correlations can be computed by replacing the normal projectors for
partons x and y with a corresponding correlation operator that depends on the type of the
partons. Let us give one example for the case where x and y are both quarks. The usual
projector has to be replaced as follows:

1 1
6@:1}( 6?;11';/ — E (61}( iy 6;},1.)5 B ﬁc(s;x i 8iyiy) (37)

Note that we will not require these correlation operators explicitly, which is why we refer
the reader to [41] where a full list of all color correlations has been derived.

3.1.2 Berends-Giele Recursion

Having dealt with color information, we now turn to the computation of the partial
amplitudes A. An efficient way is to use recursive relations that have originally been
developed by Berends and Giele [42] which are best explained in terms of diagrams, as
shown in figure 3.2. The diagram on the left is a so-called off shell current. Its upper particle
an off shell leg which corresponds to an internal, virtual particle in the desired amplitude.
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3.1 Numerical Tree-Level Diagram Techniques

All lower particles are external on shell particles described by polarization vectors. The
gray blobs denote unknown parts of the amplitude which are recursively determined by the
following procedure. Starting from the off shell leg, one inserts a color ordered Feynman
rule which splits the off shell leg into two or more particles. The resulting particles again go
into gray blobs with less external particles each. We call these sub-currents. Note that we
have to sum over all possible distributions of external particles among the sub-currents; for
a partial amplitude, the particle order is fixed, thus it is sufficient to sum over all possible
splitting positions given by j (and k in the case of the four gluon vertex). Each sub-current
can be evaluated with the same recursive formula. Doing so reduces the amount of external
legs with each recursion. The recursion ends once we find a sub-current with only one
outgoing particle; this is the recursion start which is given by the corresponding particle’s
polarization vector (or spinor in the case of quarks).

A full amplitude has no external off shell legs, thus we have to ask question of how
we can use this formalism to compute amplitudes. If we compute the current where the
external particles 1,. .., m are given by all particles of the desired amplitude but one (let
us call it ), momentum conservation will ensure that the oft shell leg is in fact described
by the on shell momentum of particle #. We can thus obtain the full amplitude from this
expression by leaving out the propagator and replacing it with the polarization vector (or
spinor) of particle n.

We already hinted at the fact that these relations can be extended to include quarks, pho-
tons, and leptons. The thesis [36] was devoted to this and contains extensive information
as well as tests that verify the resulting algorithms.

Note that during the computation of partial amplitudes, many sub-currents will appear
more than once; especially those with few external legs. If we approach the recursion
naively, we will compute all sub-currents when they are needed and neglect any information
on them afterwards. It is much more sensible to store the results of all sub-currents in
memory and only compute them if they have not been computed before. We will not go
into the details here, but refer once again to [36] where an efficient method for gluonic
amplitudes has been discussed.

3.1.3 Spinor Helicity Formalism

The starting point for the Berends-Giele recursion is given by the polarization vectors for
the external partons. This poses the question of how we can parameterize them numerically.
It turns out that we can write them in terms of spinors [43-46]:

{q+]yulp+)

(q-1yulp-) (pa) = e
u(p:q) NATIrS L (g (8

A TP

Therein, |p+) are Weyl spinors given by

p) = Paa(p) = 5 (1 75) u(p) 69)
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where P, are the chirality projectors. Note that the polarization vectors depend on two
momenta: p is the four-momentum of the particle; g is an auxiliary or reference momentum
which is an arbitrary light-like four-momentum with the restriction that it may not be
parallel to p since this would make the denominator vanish. One can show that changing
the reference momentum amounts to a gauge transformation and we find the following
useful relations:

pre(pg) =0,  q"e;(p,q)=0. (3.10)

Furthermore, one can show that the polarization sum results in the expression

Pudv + quPv

a (3.11)

ek el =g+
A=+
which corresponds to an axial gauge. Note that when choosing the reference momenta
for the particles, we are free to select one fixed reference momentum for all particles or to
choose each one differently. While there are many choices that are convenient in different
situations, we choose the reference momentum such that the spatial component is opposite
to the four-momentum of the particle [23]

9 = (sign(po)V/IpP.-p). (3.12)

For massless momenta the time-component is equal to po. We need the sign of the original
momentum’s energy component since we calculate all processes internally by moving all
initial state particles into the final state by virtue of crossing symmetry. In the process of
crossing momenta, they acquire an overall minus sign such that initial state particles have
negative energies. Note that this choice of reference momenta has the advantage that the
denominator of the polarization vector only vanishes if the momentum p becomes soft.
Since the numerator vanishes with the same power, one would expect this not to pose a
problem. Contrary to this expectation, the soft limit will actually pose some problems in
chapter 6.

Let us now discuss the way we parameterize the spinors. We choose light-cone coordi-
nates where

P+ = Po £ P3» pL=pr+ipa. (3.13)
The Weyl spinors are then given by [47]

5 (- ¢t (p-
pry =S ( ) (p- - ( )
p+| \ P+ \/|P+| P

M ) (3.14)
(p+ = e|p|(—pmp+), p-) = e|p|(p+,pi)-

Note that we can also define massive spinors with the help of a reference momentum. We
use the reference momentum ¢q to promote a massive four-momentum p to a light-like
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four-momentum p*:
2
p

qu (3.15)

PZ =Pu—
where p? = m? and p** = 0. The reference momentum has to be light-like, too, which is
the reason why we did not simply define the energy component in equation (3.12) as po;
the above version will also work properly for massive spinors. We can then define massive

spinors by
oy __prm o+ B S
() = sy ) (pra) = 0¥l oy o
'Vq: :—p_m V:F = —p_m .
(p’q) (P"i|q:F) |q:F>’ (p’q) (q:F| <q:F|P"i).

All spinors defined above obey the Dirac equation, the orthogonality relations

ot = 2mdy, P = =2méyv, (3.17)
and the completeness relations

ZuAEA:p+m, kavth—m. (3.18)

A=+ A=+

On a technical side, note that we implemented all spinors as four-component objects
even though one can implement Weyl spinors only as two component spinors which might
prove a bit faster. However, most of the helicity methods we are going to present in this
thesis are based on linear combinations of helicity eigenstates so that we need all four
components anyway. The advantage of such an implementation is that we can treat all
spinors on the same footing. In addition, we also use the Weyl-van der Waerden formalism
(see [48-50], the specific details on our implementation can be found in [36]) to turn the
polarization vectors into 2 x 2 matrices, i.e. a total of four components. In summary, we
can describe both polarization vectors and fermion spinors by four-component objects.
We exploit this to define a single spinor class in our code that contains four complex
components plus an information on the spinor type it describes. By defining a spinor
multiplication function that is sensitive to the spinor types, we can code many operations
very generally without having to distinguish between particle types: the spinor class will
make sure that the spinors are multiplied in the correct way. This avoids duplicate code in
many places and makes it easy to maintain an error-free code base.

3.1.4 The Leading Color Approximation

The color-flow decomposition exhibits a simple structure for the color factors in terms
of Kronecker deltas which, as we saw, comes at the cost of a more complicated color
projection operator

1
Pg = 8;1» }j - ﬁc&j 85 (3.19)
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which has to be applied to each external gluon in the process. This gives rise to additional
terms in the amplitude that are of order O (Nl), hence the amplitude can be written as

A= Al 4+ Ak (3.20)

where A€ is the so-called sub-leading color contribution that encompasses all terms that
are of order O (Nlc) with respect to the leading color amplitude .A'. Empirically, it has been
verified time and time again for different processes that the sub-leading color contributions
amount to only a few percent of the total amplitude (i.e. up to approximately /N2 ~ 10 %).

Within the context of color decomposition it is especially simple to extract the leading
color contribution: if one looks at the full expression for the squared amplitude,

|A|2 = Z AInCmnAn) (3.21)

one can see that the leading color factors which are encoded in the color matrix C,,, are
just the diagonal elements C,,,,, i.e. the leading color squared amplitude is given by

|'Alc|2 = ZA:nCmmAm (3.22)

The color matrix can be written such that C,,,, is a constant for all m such that it can be
dragged out of the sum and we are left with

|v41c|2 = Cyo Z |Am|2- (3.23)

In the special case of electron-positron annihilation where the initial states are given
by colorless non-QCD particles, we can simplify this even further. Upon integration
over phase space, we note that if all particles are massless, the ordering of particles is not
important since we integrate each particle over the same phase space volume. Taking this
into account, we can simply replace the sum over m by a factor that is equal to the number
of terms in the sum to obtain the integrated version of any leading order matrix element.

Let us stress that this is a remarkable simplification of the original full color decompo-
sition: instead of computing O (n!) (where 7 is the number of external particles) partial
amplitudes, we only have to compute one to obtain a physically reasonable result.

In addition, there is another benefit that enters through the leading color approxima-
tion which has to do with the processes that contribute to the desired observable. The
tests and analyses we will perform in this thesis are done for exclusive cross sections for
electron—positron annihilation into n QCD jets. If we consider the example of four jets,
there are two basic processes that contribute to the full observable at Born level:

ee — {qggjg_, (3.24)
9494 -
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Those quarks with a prime represent quarks that can have the same or a different flavor with
respect to the first quark pair. In the leading color approximation, we can drop the latter
processes (i.e. all contributions with more than one quark pair) since they are sub-leading
with respect to the color information of the first process. Independent of the number of
jets, the leading color process for electron-positron annihilation is always given by

ee” >qq+(n-2)g. (3.25)

An indication for the reason can be found in the color structure of gluons versus
quarks, see for example the color projectors in equation (3.6). Quarks have one color line,
indicated by a single color delta (or basically, one index i or j, while gluons come with
two color lines (or two indices i and j; the reason being that they transform according to
the adjoint representation). Looking at the leading color contribution for a given process,
we find eventually that each color line gives rise to a factor of v/N..3 Thus, each gluon
contributes N. to the overall color factor, while each quark only contributes \/N. (or,
equivalently, each quark pair contributes N,). This makes it easy to see that the leading
color contribution of the process with only two quarks is of a higher color order than the
leading color contribution for any process with multiple quark pairs.

Note that with the above information, it is also easy to derive the color factor Cy, for
electron—positron annihilation at leading color:

ng 1+ng

ng
Coo = N2 ™ = N.™, (3.26)

where 7, = 2 is the number of quarks and antiquarks (thus ”4/2 = 1 is the number of quark
pairs) and n, is the number of gluons in the process. The electron-positron pair obviously
does not contribute to the color information.

The code used for this thesis is especially optimized for leading color electron-positron
annihilation. The plot in fig. 3.3 shows that the program used for the present work performs
optimally: shown is the computation time for one phase space point of the Born process
ete” - njets,ie.ete” > qq+ (n—2)g. As derived in [23], the naive recursive approach
should give a 4" scaling behavior, while the current memory that we discussed earlier
reduces the scaling down to n* which is due to the four-gluon vertex. The plot shows that
our implementation provides the desired scaling. In fact, it is even a little better since the
four-gluon vertex only comes into play if there are at least three gluons in the process
which is true for five jets and above. Below that the scaling is dominated by the three-gluon
vertex giving a n® behavior, which is reflected in the fit value.

3Let us stress that this is only valid for leading color contributions. The calculations to see this are not
difficult, but they require some more information than we have given here; hence, we do not perform them
here. To that end, we refer the reader to [36, 40, 41] where color calculations in the color-flow decomposition
are described in great detail.
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Figure 3.3: Scaling behavior of leading color Born amplitudes for e et - gq + (n —2)g.
The red line and corresponding dark gray dots show the data points and fit taken
for the time it takes to evaluate an integrand at one phase space point. Note that the
expected O (n*) behavior is due to the four-gluon vertex which can appear only for
five jets or more. The fit was done for all values starting with four jets; this explains
why the fit result is slightly better than n*.

3.2 Next-To-Leading Order: Coping with Infinities

So far, we have discussed methods to compute tree-level amplitude such as they appear in
the Born contribution and for the real emission matrix element. As we already saw in the
previous chapter, next-to-leading order calculations pose a wholly different problem of
infrared and ultraviolet divergences. As we will see, the numerical treatment of divergences
is very different from analytical methods and requires special attention. While we briefly
discuss a method to tackle the ultraviolet divergences numerically, we first put special
emphasis on removing infrared poles from our calculations.

3.2.1 The Subtraction Method

Let us begin by formalizing some things we have established about next-to-leading order
calculations in chapter 2. To this end, we will first restrict ourselves to observables with non-
hadronic initial states (e.g. electron—positron collisions) and we only consider massless
partons, i.e. quark masses are set to zero. We will relax both restrictions later on.

First, let us introduce a new notation for cross sections that will simplify the discussion.
We will write any leading—order or Born cross section as

GLO:/doB (3.27)

where n now indicates the number of final state particles, as opposed to the total number
of particles. The integrand, the phase space measure, and the jet function are contained in
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do®:
do® < dd, | AP, (3.28)

(we left out averaging factors and constants as usual).

At next-to-leading order, we find the following contributions:

GNLO:fd0R+fd0V (3.29)

n+l n

where we denoted the real corrections by do® and the virtual corrections that contain
an additional loop (whose integral we have hidden—that is, we assume that the virtual
contributions are already regularized and renormalized) by doV. These contributions are
given by

do™ oc A1 |4 T, (3.302)

n+l

doV o< do, 29%{(A,(10))*A,(11)} e (3.30b)

As we mentioned in chapter 2, both of these contributions are singular with respect to
soft or collinear external partons in the case of the real correction and soft or collinear
loop particles in the case of the virtual correction. As stated before, one performs an
analytical continuation of the integral to D = 4 —2¢ dimensions in an analytical calculation
where all singularities manifest themselves as poles at D = 4 < € = 0 in both the real and
virtual corrections. Upon summation of the two contributions, one finds that these poles
cancel exactly: both do® and d¢V have terms proportional to 1/ and /e that only differ
by their relative sign. What remains after the summation are terms that are of order €° or
higher—setting D = 4 < € = 0 then yields a finite result.

Automated numerical calculations exhibit a problem at this point: obviously, it is
impossible to perform a calculation in non-integer dimensions and thus to extract the pole
behavior from a numerical value. If one naively integrates for example the real correction
using Monte Carlo methods, the poles reveal themselves in terms of huge matrix elements
when the phase space configuration is rather soft or collinear, compared to those of harder
configurations. Of course, the Monte Carlo integration will not converge in such a case
but approach (negative) infinity.

What can be done about this? Integrating both contributions “together” is not an
alternative since their phase space elements do not match, which is already obvious from the
fact that the real corrections have an additional external parton. What we have to achieve
instead, is a local or point-wise (i.e. per phase space point) cancellation of divergences.

One ubiquitously used method to do this is called the subtraction method (first detailed
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in [51]) and can be written as follows:

aNLO:f[doR—doA]Jr/daAJr/daV

n+l n+l n

_ f [do™ - do*] + f ldav+ 1/ daA]

n+l n

(3.31)

In principle, this is the same equation as (3.29) with an added zero in the form of the
new auxiliary contribution do#. As the integral reveals, this new term is formulated for
the (n + 1)-particle phase space of the real emission contribution. In order to make the
integration finite, it has to fulfill a couple of requirements:

o do* has to be formulated such that it matches all poles of do® locally for each phase
space point. If this requirement is met, the left hand integral in equation (3.31) has
no poles in € and is integrable in four dimensions by construction.

o The two right hand integrals in the first line of equation (3.31) are still divergent.
However, we know that do# contains the same poles as do® and thus, due to the
KLN theorem, the same poles as doV with a negative sign. While this seems to be no
better than the original problem, it is in fact possible to formulate the auxiliary term
such that its (n + 1)—particle phase space factorizes with respect to the additional
parton. One can then perform the integration over the extra particle analytically
(once and for all) and find that the resulting poles in € cancel the infrared poles from
the virtual contribution exactly—provided that do* has been constructed correctly.
Then, one cancels the poles analytically and performs the Monte Carlo integration
over the remaining finite terms in four dimensions, which is stated in the right hand
integral of the second line of equation (3.31).

Having such a do at hand will not help if the term is hopelessly complicated, which would
make any implementation in a numerical program an arduous and error-prone task and
which could also possibly lead to a very slow performance. In other words: we also require
that the auxiliary term is “easily” implementable in a numerical program and suited for
Monte Carlo algorithms. The above discussion suggests the natural requirement of making
the auxiliary term as independent as possible; in fact, the term we will construct will be
independent of the jet observable that we use. Furthermore, the term will be designed
such that it can be implemented in an automated way such that it automatically works for
any QCD process.

The question that remains is how to formulate this new auxiliary term. Note that we
will have to construct different terms for different helicity methods, thus we present only
those aspects that are common to all methods in this section. Our starting point for this
discussion will be going back to the beginning and re-capitulating what it is exactly that we
have to capture inside do. In the following let us discuss the computation of an exclusive
e’e™ — n jet cross section where our leading-order result is given by a partonic event
with n massless final state particles that all describe separate jets with respect to the jet
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Figure 3.4: The external-leg insertion rule says that all soft and collinear poles of a (n +
1)-parton amplitude can be approximated by inserting leg j as a correlation over
all possible pairs i and k. The graphs show the squared amplitudes graphically in
terms of the amplitudes and their complex conjugates (the conjugation is not specially
indicated). The dashed lines illustrate non-QCD particles (e.g. e"e* in the initial state).
The lines with arrows illustrate how external QCD lines are connected between the
amplitudes. Original picture from [26,52].

(@) g~ qg (b) g—¢q (c) g~ g¢g (d g—qq

Figure 3.5: All possible splittings for the insertion of an extra soft or collinear parton. The
gray blob denotes the remaining n-parton amplitude.

resolution y... We will later review the whole procedure and generalize it to massive
quarks and initial state partons, see chapter 4.

The real emission contribution do® captures the addition of a parton to the lead-
ing-order result in such a way that the number of jets that we produce is unchanged, i.e.
we still describe 7 jets. By virtue of the jet algorithm, this means that the added parton
will be part of the same jet as one of the other partons—we denote the pair by the in-
dices (i, j)—and thus j will be soft or collinear to i. We have already discussed the soft
and collinear singularities arising from the emission of an extra gluon in section 2.4. In

fact, this behavior is universal in the sense that we do not need to consider the specific
(0)

n+l

this universality can be expressed in terms of the external-leg insertion rule which tells
us that we can extract all poles from |.»4,(1(_)31|2 by looking at the corresponding tree-level

amplitude |A£l0) ? and inserting the additional leg j as shown in figure 3.4. On the level of a

structure of the real emission amplitude |.A, " |? to describe its singular behavior. Instead,

single amplitude (as opposed to the squared amplitude), we see that the new external leg j
appears as a splitting of a three—particle vertex (ij) — i + j, where we denoted the particle
that splits—the splitting particle—by (ij). Depending on the types of the partons i and
j, there are four possible splittings: ¢ - g¢, 9 > q¢, 9 = g9, and g — qq, see figure 3.5.
We can easily see that it is in fact these splittings that cause soft and collinear poles. The
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propagators for any of the four splittings are proportional to

111
(pi+pj)? 2pip; sij

(3-32)

The numerator vanishes both in the soft limit, p; — 0, and in the collinear limit, (p;+p;)* -
pi; =0

To determine an actual form of the auxiliary term do* we need to know the two limits
better. Let us therefore analyze these in more detail.

3.2.2 The Soft Limit of an Amplitude

We start from a leading-order amplitude A, to which we add a soft gluon j with momentum
pj. Note that we drop the superscript (0) from now on for all amplitudes to improve
readability; unless an amplitude has an explicit superscript (1), we understand it to be a
tree-level amplitude. We parameterize the momentum of the soft gluon as follows:

P;l = Asofrky> Asoft - 0. (333)

It is well-known that this limit can be written as [26, 47, 52]

Asloigo Api1(P1s - s Pust) = Gt Gy(Pj) ]#(Pj) Au(prs- .. >P{> cevs Prst) (3.34)
where the coupling is equipped with the usual scale factor u¢ to keep it dimensionlessin D =
4 - 2¢ dimensions. We write the n—parton amplitude on the right in terms of the momenta
of the (n + 1)-parton amplitude and simply remove the soft parton j. Furthermore, we
have the polarization vector €(p;) of the soft gluon and the eikonal current or soft gluon
emission current

n+l H

J =T = TR (p)),JH(py) = 0 (3.35)
i1 PiPj
i*j

which describes the emission of the soft gluon p; oft all other final state partons and which
is conserved with respect to the momentum of the soft parton.

Since subtraction works at the level of integrands, i.e. squared amplitudes, we have to
square the above expression:

nmo\Amf = 4o A e (p)e,(p) T T A, (3.36)

soft ™

Using color algebra and some sum acrobatics we can re-formulate the product of the
eikonal currents into

n+1 Uy Uy Uy
, pip! pipL+ pip!
=Y 1T (— + ) (3.37)
,-,kzzl “\ (i) (pxp))(pip; + prp;)

i+k#j
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which looks more complicated than the simple product but which will serve well as a
common starting point for the discussion of different helicity methods.

Looking at equation (3.37), it is clear that the poles come from the numerators of the
eikonal currents. Inserting equation (3.33), we find that both terms are of order /32, which
is exactly the pole we have to subtract.

Any further analysis depends on the parameterization of helicities that we use for
€(p;); we continue the discussion when we detail the real subtraction for the respective
helicity methods.

Before turning to the collinear limit, let us make one more remark concerning equa-
tion (3.36). In the literature, this formula is often called a factorization formula into the
n—parton squared amplitude and soft eikonal factor. This is not strictly true and equa-
tions (3.36) and (3.37) expose the reason for this. We cannot write the two leading-order
amplitudes as a squared amplitude since their color structure is altered: the eikonal cur-
rents introduce color correlations between the amplitudes through the color factors T;Ty.
These can be computed using the aforementioned method of replacing the appropriate
color projectors.

3.2.3 The Collinear Limit of an Amplitude

Let us now turn to the collinear limit. Just like we did for the soft case, we try to find
a simplified expression for the amplitude. To this end, we again re-parameterize our
momenta. Since the two momenta p; and p; become collinear, we have to parameterize
both of them with what is called the Sudakov parameterization [53-55]:

k2 n#
f=xpt + k- —
Pi pCOH = X Z(f’lpcoll) (3 38)
o E [ kll _ k_Jz-n—# |
P =XPeon — K1 X 2(npeon)

This parameterization introduces several new variables:

o peon is the unified collinear momentum of the two particles in the sense that the
vector sum of the two momenta p; + p; is equal to p.y plus a remainder of order

O (k?):

2
k*  n#

Pij = P+ Pj = Peot ) phy+O (k7). (3.39)

XX 2( n pcon
Peoll is a light-like four-vector p? | = 0.
o x is a real value between zero and one that contains the energy fraction of particle i

with respect to the collinear momentum py. If particle i is soft x is very small, if
particle j is soft x is close to one.

o X =1-xisthe corresponding energy fraction for particle j. We use the “bar” notation
frequently to indicate that the quantity below the bar has to be subtracted from one.
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Figure 3.6: Pictorial representation of how one splits the (n + 1)-parton amplitude into
three separate parts that make up the decomposition in equation (3.41). Note that
lines with arrows indicate partons in general (not just fermions, possibly also gluons)
while thin lines without arrows only illustrate connections, not actual polarization
vectors or spinors.

o k, is the important quantity that distinguishes the two momenta from the collinear
direction. It is a space-like momentum, k? < 0 which is perpendicular to the
collinear direction, p.oy - k; = 0 and, in the collinear limit, goes to zero. To analyze
the collinear limit, we set

kf = /\coll kH, Acoll - 0. (340)

o Finally, a third quantity # is introduced which is an arbitrary light-like four-vector
n? = 0 which is perpendicular to k,, k, - n = 0 and necessary to determine the final
configuration uniquely.

In this limit, we can write the amplitude as

limOAn+1(p1> B Pn+1)

/\coll_’
. ideer (pi;) (3.41)
= GgsH T(ij)—’i+jy(£ij)—>i+ijjin (p1>---> (}){,P{) = Pijre - s Pnst)-

This equation introduces quite a few new symbols and requires some explanation. The
situation is sketched in figure 3.6. The amplitude on the right is again an n—parton am-
plitude where the collinear particles i and j have been replaced by the splitting parton
(ij). However, the amplitude is not a scalar but it lacks the usual polarization vector or
spinor for the splitting particle (ij) and therefore has an open index &'. This open index is
a generalized index which can either be a Lorentz index or a Dirac index, depending on
whether parton (ij) is a gluon or a quark. Henceforth, we will denote such an incomplete
amplitude with the term open amplitude.

The fraction inside equation (3.41) is the propagator of the splitting particle. To make
this more concrete, we have to distinguish between gluons and quarks:

Gluons: With our parameterization of polarization vectors (see equation (3.8)), we auto-
matically work in axial gauge. In this gauge the polarization sum of a particle with

38



3.2 Next-To-Leading Order: Coping with Infinities

momentum p and helicities A reads

punty + 1, Py B PuPv n?
pn (pn)?

duw(p) = Zeﬁ*eﬂ = —guw+ (3.42)
B

(where the last term vanishes with our choice that 7 is light-like). At the same time,
the gluon propagator (without color information) in axial gauge reads

phvtiupy — Pupv

. p .
1(_g”" T (pn)? nz) _ ld.uV(P)
P2 +i0 pr+i0’

Gu(p,n) = (3.43)

i.e. we can write the propagator in terms of the polarization sum.

Quarks: Even simpler, the fermionic spin sum is already of the form that we require to
rewrite the propagator Fg:

dap(p) = ; uh iy = (P+m)ug (3.44)
i(p+m)apg  idap(p)

pP-m2+i0  p2-m2+i0’

Fop(p,m) = (3.45)
Here, we neglected both color and flavor information. We indicated the Dirac
structure explicitly with the Dirac indices « and f3 to be able to write it in the same
form as the gluon propagator, which we will make use of below. Note that this
formula is obviously also valid for m = 0.

Finally, we find the pieces that together make up the splitting of particle (ij) to i and j:
Y(El.j)_)ﬂj( pi» pj) which is essentially the kinematical part of the splitting vertex times its
color factor T(;j);.; and the coupling.

Squaring the amplitude, we obtain the total expression

’ dg deer ’

. _ 2e 2
llmo An+1(p1, e pn+1) = 47'[0(5‘1/1 T(ij)—>i+j zplp] zplpj

)Lcoll_)
where we omitted some indices and arguments for better readability. Again, we find
no true factorization since the amplitude’s open indices are connected with the splitting
functions and thereby introduce spin correlations. In order to develop this formula further,

we need to define these splittings ¥{ more closely. The exact definition will again

i) i]
vary depending on the splitting (ij) — i + j but also on the helicity method that we use.

Before we start constructing the subtraction terms from the two limits we discussed so
far, let us clarify a little further how these limits are connected with do#. Both equations
(3.36) and (3.46) are only valid in the respective strict limit. Consider the soft limit, which is

only valid if parton j is truly soft, i.e. Ao = 0. In any other case, momentum conservation

*We will rarely give an exact definition for Y(;y_;, ;. Instead, we will define other symbols that contain
the splittings. The purpose of introducing the symbol Y{ is to provide a means of comparing the
definitions for different helicity methods.

i)t
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will either be violated for the n—parton amplitude on the right side of equation (3.34), or
the (1 +1)-parton amplitude on the left side, depending on how the momenta are defined.
The same applies to the collinear limit. For our numerical computation, however, we
need to approach these limits smoothly, something which is not possible with the above
formulas. Nevertheless, our subtraction term must match the soft and collinear limits so
these serve both as a check and also as a means of constructing do* as we will see.

There are several methods on the market that realize proper subtraction terms. In
principle, these methods only differ by some finite remainders that they contain. Since we
effectively add zero when performing the subtraction, we can basically include as many
finite terms as we want in do”. In practice, the specific parameterization of these methods
varies greatly. We restrict ourselves in this thesis to the dipole formalism by Catani and
Seymour [26,56] which is probably the most-used and best studied of all algorithms.

3.2.4 Virtual Corrections

The subtraction we described previously takes care of the infrared singularities that occur
both in the real emission and in the virtual contribution. However, it assumes that the
ultraviolet divergences that occur for large loop momenta in the virtual corrections have
already been regularized and renormalized. As a matter of fact, this regularization and
renormalization is once again a highly non-trivial step.

The analytical method is comprised of going to D dimensions and extracting poles
in terms of € = 4~ D/2. The reason for these poles is given by the fact that the coupling
constants, masses, and the wave function normalizations that appear in the Lagrangian
are not actually the quantities that are measured, but are bare quantities which neglect
vacuum fluctuations in the form of loop corrections that screen the bare quantities in an
actual measurement. The solution is to absorb these ultraviolet poles into a redefinition of
the couplings, masses and wave function normalizations by virtue of a renormalization
scale pg.

In practice, one uses renormalized perturbation theory, where for each order in the
coupling one defines so-called counter term Feynman rules that have to be applied in
addition to the normal Feynman rules. These counter term rules then render the virtual
corrections ultraviolet finite. In terms of our symbolic notation, the ultraviolet finite virtual
contribution can be written as follows:

[ do" = f f doy,. +dagy |- (3.47)
n n 14

Note that while being ultraviolet finite, this contribution is still infrared divergent, which is
the reason why we have to add the integrated subtraction term in the subtraction method.
The index “bare” represents the virtual contribution computed “naively” with the normal
Feynman rules; we indicated the integration over the loop momentum ¢ explicitly. The

>Other methods are for example FKS subtraction [57,58] or Nagy-Soper subtraction [59, 60].
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3.2 Next-To-Leading Order: Coping with Infinities

right hand contribution is obtained from also using the counter term Feynman rules.

Once again, this cannot be easily computed numerically. The point is that, similar to
the problem with infrared divergences, both the bare and the counter term are divergent
on their own. The sum cannot be formed in a numerical program since the integration
dimensions are once again different: the bare contribution has four additional dimensions
for the loop momentum.

This is the place where the different methods that were mentioned earlier diverge
strongly in the way they overcome this problem. One conventional method is to realize
that all divergent diagrams can be reformulated in terms of a fixed set of so-called master
integrals that are computed once analytically and whose results can be implemented in
numerical programs. The numerical code is then left with evaluating coefficients to these
integrals that are process dependent, but finite quantities.

The method we illustrate in the following is very different; it has been developed in the
group of Stefan Weinzierl [24, 61-66], but was not directly worked on in the context of
this thesis. Since it still forms a part of the framework that this thesis contributes to, we
present an introduction to the basic ideas. It aims at performing the integral over the loop
momentum numerically, using the same Monte Carlo integration that we perform the
phase space integral with (this will be explained in detail in sections 3.3 and 3.4).

The basic idea is to introduce a new subtraction term do' which is formulated on the
level of the loop integrand (i.e. it has to be integrated over the loop momentum). Similar
to the infrared subtraction term do, it has to be analytically integrable over the loop
momentum. This term subtracts all poles, both infrared and ultraviolet, from the bare
one-loop contribution, rendering the loop contribution finite. As a consequence, we now
have three contributions to the full next-to-leading order cross section which reads as
follows:

O_NLO:/[dO-R_dO-A]+[|:do'ggre—do‘l‘]+/ dagT+fd0L+/d0A . (3.48)
7 1

n+l n+¢ n

The first integral is the known real emission contribution with the subtraction term. The
second contribution is now only comprised of the bare one-loop integrand and the new
subtraction term; we stated above that this yields a finite result by construction. The last
integral gathers all “leftovers” and is called insertion term. We have the counter term do;
which contains the global ultraviolet poles, the integrated loop subtraction term which
is both ultraviolet and infrared divergent, and the integrated infrared subtraction term.
Note that all poles in the insertion term are known analytically and can be canceled before
performing a numerical integration. For this to work, the ultraviolet counter term and
the integrated loop subtraction term have to use the same renormalization scheme, which
influences the construction of dot.

Let us comment shortly on the construction of the loop subtraction term do'. The bare

integrand is singular for soft and collinear configurations (i.e. when the loop momentum
becomes soft or when two loop propagators become collinear) and for ultraviolet configu-
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rations. In practice, each of these three cases is treated with a separate local subtraction
term whose derivations are explicitly shown in [61]:

d4€ * *
[ 4ot~ do*] = [ do, 7 2R[ A0 G - A0 (G5 + G0 + G |1 (a9)

n+¢

where G(V denotes the integrand of the amplitude,

d*¢
AW = f (2n)4g(1)’ (3.50)

for the bare contribution and the ultraviolet (UV), soft, and collinear (coll) subtraction
terms. It turns out that the soft and collinear poles can be written as an n-parton tree-level
amplitude times some factors, where the external particles of the amplitude are the same
as those of the original loop amplitude. The ultraviolet term is given through local counter
term Feynman rules on the level of the loop momenta (this is not to be confused with those
counter term Feynman rules from renormalized perturbation theory which are global, i.e.
not depending on the loop momentum). These can be incorporated into a Berends-Giele
like recursion formula. Note that again, the external particles are unaffected. Furthermore,
the bare integrand is also computed using recursion relations that include rules for loops
(see [61, 62]); its external particles are also unaftected by the loop since it is an internal
structure of the diagram.

We stress the fact that the external particles are unaffected by the subtraction formalism
since this will enable a straight forward use of the various helicity methods we present in
this thesis.

The details on the construction of the subtraction terms are not important in the
context of this thesis. Instead, let us take a short look at another feature of the method
which is contour deformation. Even after rendering the integration finite with respect to
ultraviolet and infrared divergences, the loop momentum can still become on shell (after
all, the integration is over all possible configurations of the loop momentum, not only off
shell momenta). In this case, we find a pole due to the fact that the corresponding loop
propagator vanishes. This problem can be overcome by deforming the integration contour
into the complex plane. A simple example is Wick rotation; generally, the integrands are
much more complicated than those examples where one uses Wick rotation. What is done
in practice, is a so-called direct deformation of the loop momentum [61, 62,64, 65,67]. After
subtraction, the loop integrand in general has the following form:

&e f(o)
(2 T1,(€ - m2)

(3.51)

where the product runs over all momenta ¢; of the loop propagator. In the case where any
E? = mjz., we find a pole. The basic idea of the direct deformation is to re-parameterize the

loop momentum by ¢ = ¢ +ix (%), where « is a function that has to be chosen appropriately.

42



3.3 Monte Carlo Integration and VEGAS

This transforms the integrand into

d+e
_/ (2m)*

In order to match the sign of the usual i0 prescription (e.g. the gluon propagator in

f(e®)

Hj(é—mf—ic2+2i’£7k'1c)'

Ry
YA

(3.52)

equation (2.6)) we choose x small, such that x¥? = 0, and then we find for the propagators:

€;-x>0. (3.53)

This restricts the choice of x, which is vital for the performance of the integration. Proper
choices are discussed in detail in the aforementioned publications.

Combining the contour deformation with the virtual subtraction terms yields a finite
overall result. The method has been verified in [24] for electron-positron annihilation
into QCD jets.

The biggest virtues of this method are that it is very general in the sense that once all
necessary subtraction terms have been derived, it is independent of the observable. In
the case of electron-positron annihilation to jets, changing the number of jets is just a
matter of changing a single variable # in the numerical code. Furthermore, the method is
very fast and scales in the same way as a computation of leading order contributions; in
particular, the leading color contributions have been shown to scale as 4, equal to the
Born contribution [24].

3.3 Monte Carlo Integration and VEGAS

One of the most important building blocks in the numerical calculation of observables is
the integration over final state phase space.

While there are several methods for numerical integration available®, our method of
choice is Monte Carlo integration along with an optimization called VEGAS. We will first
discuss the basic idea of Monte Carlo and justify why Monte Carlo algorithms are generally
best suited for high energy phase space integrals. Then, we will shed some light on the
VEGAS optimization and its requirements regarding the integrand. Finally, we detail the
specific phase space generator that is used for the analysis in the present thesis.

3.3.1 Basic Monte Carlo

Let us begin by specifying what we want to achieve: in general, we have a function g(y) =
£(y1, ¥2> - .., ya) which we want to integrate over some set of limits [a;, b;],i =1,...,d.

First of all, we can simplify this to a problem that is integrated over the d-dimensional

8Several examples are discussed in [18].
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hypercube [0,1]¢ by transforming the integrand. Setting x; = #—

-, we find

by

f.../bgddyg()?) f fld x det[J(x1, %2, ..., x4)] g() (3.54)
b 0

ai

where the inverse of the transformation, y; = a; — (b; — a;)x; (no sum convention!), has
to be used for y in the function’s argument for each component. The determinant of the
Jacobian matrix, det[J(x;, x, ..., X4)], reads

d
det [J(x1, %2, ..., xa)] = [ [(bi — as). (3.55)

i=1

With the above in mind, let us re-state the problem: our goal is the numerical compu-
tation of the integral

I- [ dx £(%). (3.56)
[0,1)¢

The basic idea of Monte Carlo integration is to approximate or estimate the value of I as
the mean value of a sample of the integrand using random numbers. Let us therefore first
define the term random variable [68]. A random variable X (possibly multi-dimensional,
we drop the vector notation from now on) can generally take several values (either discrete
or continuous) that are random in the sense that they cannot be predicted. Each such
variable is distributed in some way which we describe by a probability density function
p(x) with the usual constraint that the total probability is unity:

Y p(x) =1 (discrete)

xeX

/ dxp(x) =1 (continuous), (3.57)

xeX

where X denotes the set of all values the random variable X can take. Then, we can express
the expectation value of a function f with respect to the random variable X as [69]

E[f(X)]= ) f(x)p(x (3.58)

xeX

if the random variable is discrete, and as

E[f(0) = [ dx f(x)p(x) (3:59)

xeX

if it is continuous.

If we now consider a continuous random variable that takes values in the d-dimensional
hypercube which are uniformly distributed, i.e. p(x) =1, we see that the expectation value
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is formally identical to the result of the integral I we defined above:

E[f(X)]= /dxf(x p(x) = [dxf(x) I. (3.60)

xeX [0,1

Let us now consider a discrete sample of the function f(x) for N uniformly distributed
and continuous random variables (u;, u,, ..., uy) € X and compute the average:

ex[f(X)] = 3 flu (.60

i=1

en[f(X)] is the so-called Monte Carlo estimate. Using the (weak) law of large numbers
we find

lim P(len[f(X)] - E[f(X)][2¢€) =0 (3.62)

where € is arbitrarily small. This tells us that for large N the estimate ey[ f(X) ] approaches
the expectation value E[ f(X)] so that we can write

lim e [£(0)] = lim 3 () = ELF(X)) =1 (.63

where we used equation (3.60). We can conclude that the Monte Carlo estimate is indeed
an estimate for the true value of the integral. Hence, a basic Monte Carlo algorithm does
exactly what (3.61) requires: it samples a large amount of random numbers, calculates the
integrand function for each of them and averages over their sum.

An estimate for an integral is no use without providing some information on its error.
Let us therefore introduce the variance S$? of the function f:

2
= fdx (f(x)-1)". (3.64)
We can use this to calculate the variance of our Monte Carlo estimate where we find

ey~ S

N (3.65)

Since the error of our integral behaves like the square root of the variance, S[ey ], we see
that for Monte Carlo integration it scales like 1/\/N which is independent of the dimension
d of the integral. This is what distinguishes Monte Carlo methods from other numerical in-
tegration methods, which all scale with the dimension (i.e. the higher the dimension of the
integral, the worse the scaling). Since the integrals we will perform are high-dimensional
(see section 3.4) this is a very important feature.

In practice, however, we cannot use the above definition of S?[ey] to obtain an error
for our Monte Carlo integration since we typically want to compute integrals whose result
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I we do not know. Instead of I, we can always use the estimate that we have computed:

i(f(” ) (eN[f])z- (3.66)

i=1

S*[ex] = —— i(f(u )—enlf )

-1

Z|~

With this definition, the error that we obtain for our estimate is only a probabilistic error so
that it will never indicate how far the result is actually off the “true” result I but it will only
indicate how reliably the estimate was reached during the sampling of the N integrands.

Furthermore, note that the whole procedure of defining a variance and thus an error
requires that the function is square integrable. If it is not, the estimate will still be reliable,
however, the error might be completely unreliable which can manifest itself in a growing
error with the number of integrand evaluations, for example.

3.3.2 The VEGAS Algorithm

While the basic Monte Carlo algorithm is sufficient for basic tasks, most integrands require
more sophisticated methods. Consider, for example, an integrand function with some peak
structures that exhibit differences in function values of the order of several magnitudes.
Clearly, a uniformly distributed Monte Carlo algorithm will find a large variance and thus
a large Monte Carlo error. In fact, our phase space integral over the squared amplitudes,
equation (2.19), shows this behavior due to the soft and collinear enhancements.

What can we do to improve this situation? There exist several so-called variance
reduction techniques that can be used, an overview is given in [18]. Let us focus on one
technique here which is called importance sampling. The basic idea is to move away from
uniformly distributed random numbers, but use a probability distribution that is suited
for the integrand, instead. In essence, this corresponds to a change of variables:

fdxf(x)z[dxp(x)’;gi; zfdP(x)% (3.67)

where we defined dP(x) = p(x)dx. If p(x) is not uniformly distributed, we have to change

our definition of the Monte Carlo estimate and variance, as follows:

(X)) = i / (” (3.682)

2
2
) (eN[f]) . (3.68b)
The question that remains is: how do we choose p(x)? One can show that the optimal

o) - |f (%)
p(x) Tdx[f ()] (3.69)

which yields a zero variance S? = 0, meaning that we would find the correct value of the

probability function is

integral I after only one sampled point. However, this also means that we need to know
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the behavior of the function we integrate as well as possible. In practice, we integrate
functions whose behavior do not know in advance, hence applying this method does not
seem feasible.

In 1977, G. Peter Lepage came to the rescue by developing an adaptive algorithm that
realizes importance sampling without requiring knowledge of the integrand beforehand [7o,
71]. Basically, the algorithm superimposes a grid onto the integration axis that subdivides
the integration range into B “bins”. At the start of the integration, each of these bins have
equal width Ab; =1/,i =1,..., B. The integration itself is then subdivided into separate
iterations where each consists of a certain amount of integrand evaluations or calls. During
each iteration, each bin receives the same amount of integrand evaluations. After each
iteration, the data generated in each bin can be used to describe an approximate, discretized
version of the integrand function f(x). This is then used to resize and move the bins (the
Ab;) such that during the next iteration, most points are thrown into regions where the
integrand is largest.” With each iteration, the grid adjusts more to the actual form of the
integrand so that each successive iteration yields a smaller variance. An “optimal” grid
that does not change much anymore is usually found after a few iterations—as we will see,
our integrations generally require around five iterations.

Dividing the integration into iterations obviously requires us to obtain an estimate ey,
and a variance S7 for each iteration j. These are given by equations (3.68) where the sums
run over all samples of the respective iteration. The final integration result is not obtained
by using these formulas for all samples, but by combining the results of each iteration into
a cumulative estimate:

m N -1 m N )
ecum[f<X)]=(ZS—;) > j;N’, (3.70)
J J

1 =

where Nj is the number of calls in iteration j and m is the total number of iterations.
Furthermore, VEGAS provides us with a check for the consistency of the integration which
is given by the x? value per degrees of freedom:

XZ _ 1 i (eNj - ecum)2

= 71
P — 5 (3.71)

j=1
For all our integrations, we verify that this value does not deviate too strongly from one,
which indicates that the cumulative estimate can be trusted.

Let us discuss the VEGAS grid and its adaptation a little further. The probability
distribution that VEGAS models is given by

1

p(x) = BAD. (3.72)

7Let us remark that the technical realization of this algorithm is neither important at this point (since we
use existing libraries [72-74] that provide working and tested VEGAS implementations) nor are the formulas
illuminating. Hence, we refer the interested reader to the original publication [70].
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Figure 3.7: Example for a VEGAS grid with five bins in one dimension. The left hand
diagram shows the grid before and during the first iteration—the bins are of equal
size, thus the grid has no effect and mimics a plain Monte Carlo setting. The right
hand diagram depicts the grid after adjustment. Since every bin receives the same
amount of integrand evaluations on average, those regions where the bins are the most
narrow receive more evaluations than those with wide bins. Thus, regions where the
integrand is large are most thoroughly checked.

where i is the number of the bin that x corresponds to. This exposes the fact that the
algorithm models a discretized probability distribution.

A pictorial representation of the grid and the adaptation is given in figure 3.7. Note that
this example is given for a one-dimensional integral. The algorithm has specifically been
developed for higher-dimensional integrals for which the above description still applies.
However, note that each integral dimension has exactly one set of bins that has to be valid
independently of all other dimensions. In other words, the VEGAS algorithm requires that
the probability function factorizes with respect to the different dimensions:

p(x) = p(x) = pi(x1) pa(x2)--pa(xa)- (3.73)

Since the optimal probability density is strongly coupled to the integrand function f(x)
itself, see equation (3.69), a good grid adaptation can only happen if the integrand itself
factorizes well enough. This is illustrated and explained further in figure 3.8.

3.4 Phase Space Generation

In this section, we discuss the generation of phase space in general and describe an
algorithm that is suitable for the VEGAS algorithm as well as two algorithms that we need
to test our subtraction terms later on. The discussion is mostly based on [18,75,76]. Unless
otherwise noted, we restrict ourselves to massless particles.

In general, the phase space integral for one physical particle is simply given by the
integral over all four components of the Minkowski momentum vector (four-momentum).
Since we integrate over a physical particle, we have to impose the necessary constraints
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(a) (b)

Figure 3.8: Example for a VEGAS grid with five bins in two dimensions. x and y are the two
random numbers. The function value is sketched in terms of gray scale shading: white
indicates a small function value (e.g. zero) while darker shades indicate larger function
values. The left hand diagram shows a superposition of two Gauss-like functions, one
on the x-plane, the other on the y-plane. This is a situation that is perfectly suited for
VEGAS, as is indicated by the red superimposed grid. The right hand diagram again
depicts a Gauss-like function which is, however, not aligned with either of the axes
and thus does not factorize. VEGAS has no chance of adapting well to the function. As
an example, consider fixing y to a low value, e.g. y = 0, for which the appropriate grid
in x-direction would roughly match the one depicted in figure 3.7(b). If the integrand
was suited for VEGAS, this grid would have to be valid for any y, however, if one
chooses for example y = 1, the optimal x grid would be exactly the opposite as for

y=0.

that the particle is on the mass shell, i.e. p? = m?, and that its energy is positive, E = po > 0:

d3p

do, =
b (27)32E

B (@n)s(p> - m*)6(E) =

(2 )i (3.74)
Phase space for more than one particle can then be described as a product of one particle
phase space elements. Note, however, that for any physical application such as collider
physics, we always have conservation of total energy and momentum, which we have to
include in the phase space measure. This total momentum conservation is governed by
the center-of-mass energy of the reaction, namely by Q. We can write

(3.75)

00,(Q.prve ) = T1| §55 G031 - mo(s)| ry'a* (@5
11

d3 ; 4o n
i-1 [(2”)1;2]5:'] @n)’e (Q ) ;pi)'
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Phase space has the general property of factorization which manifests itself in the relation

dp?
d®n(Q:P1,- . )pn) = Ein(Papla v >pi)d®n—i+1(Q)P>pi+l’- . )pn)>

i (3.76)
where P=) p;.
=1

3.4.1 A Generator for QCD Antennas

The first algorithm we will consider generates QCD antennas and adapts especially well
to the integrand in combination with the VEGAS algorithm. It is almost identical to the
approach mentioned in [75, 76] which we will explain in detail while emphasizing the
differences to our algorithm.

By using the phase space factorization relation (3.76) recursively, we can build the full
phase space starting from just the center-of-mass energy of the process and sequentially
adding or inserting more and more momenta until we have » final states. The first step in
this process is to generate two opposite momenta which is the most basic final state one
can construct due to the conservation of momentum.® One can show that the two-particle
phase space is given by

1 /A(Q% pi, p3) 1

(2m)? 8Q? ¢z dcos 62 = 8(2m)?2

d®,(Q, p1, p2) = d¢, dcos 0, (3.77)
where the Killén function A(a, b,c) = a? + b> + ¢* — 2(ab + bc + ca) was calculated in
the second step (due to the masslessness we find A(Q?, p?, p3) = A(Q?,0,0) = Q*). Note
that we only integrate over two angles instead of the naive count of eight for the four
components of each of the two momenta. This is a result of the energy-momentum
relation

E?= p2+ m? 25 7 (3.78)
that reduces the degrees of freedom per momentum by one, leaving six variables. However,
the total conservation of momentum fixes the momentum of one particle (above p,) as
the opposite of the other momentum (p,), and it also determines the energy and thus also
the spatial norm of p,, leaving just two degrees of freedom. Hence, we can provide a very
simple algorithm for the creation of these two momenta:

1. Choose two random numbers u; and u, and set

¢, = 2muy, cos 0, = u, (sin 0, = \/1- cos? 92) (3.79)

$The algorithm described in the following is based on the “sequential approach” from [18] with the
additional restriction to only two (massless) particles.
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3.4 Phase Space Generation

2. Set the spatial norm of p, to

AMQ% p1p3) meo Q.

|pa| = 20 5 (3.80)
3. Set the momenta to
£ (e S B IENES
|p2| cos 0, —|p2| cos 0,
4. Set the weight of the generated configuration to
\ D w1 o

Wy =
27 (2n)? 8Q2 8(2m)?
which is identical to the factor we found in equation (3.77).

The above algorithm generates only the first two momenta. Let us now consider
inserting the remaining four-momenta into this event, and let us do this in such a way
that the algorithm is suited for VEGAS.

To this end, we have to think about where our integrand, i.e. the squared amplitude,
exhibits large variations. We have already discussed the soft and collinear singular behavior

of our squared matrix element. In terms of invariants s;; = (p; + p;)? LNy pip;j> we find
the following general behavior of leading order and leading color amplitudes, as we saw
before:?

JA(P1 P25+ s )| o S(pi P2 pn) (3.83)

$12523834"*S(n-1)n

At leading order, we said that the singularities arising from these invariants are cut oft
through the jet algorithm. However, we still see that the integrand grows strongly with
shrinking invariants and, depending on the cut parameter y., the amplitudes with small
jet resolution parameters are still much larger than typical hard amplitudes with moderate
or large resolution parameters. Furthermore, as we have briefly addressed before and will
discuss in detail in the following chapters, the real corrections at next-to-leading order
describe one jet by two particles so that again invariants become small and yield huge
matrix elements. In summary, the structure of the squared amplitude as we saw above
is very common and it is a good idea to construct the phase space generator based on
invariants.

Starting from the two momenta we obtained using the algorithm above which we
will denote by p, and p;, let us now consider the insertion of a third soft or collinear
parton p, between them while keeping the total momentum conserved. This will force a

To support this statement, one can take a look at the specific example of Parke-Taylor formulas for
maximally helicity violating amplitudes [42,77].
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modification of the two original hard momenta which we will denote by a prime. We now
find the following invariants:

Sas = (PL+ )% S =(ps+Pp)% sa=(Patpu)’=(py+ps+py)’.  (3.84)

Note that from now on, we directly assume all momenta to be massless. In order to describe
this situation we use the phase space factorization formula (3.76) as follows:

dp? , ,
d®,.,; =do, (.. ')E do;(P, pl, ps» ) (3.85)

This formula is already a generalization to # partons: it assumes that we start with n partons
and then insert one more parton. For this to be evident, we re-express the three-particle
phase space by

dsasdssbd¢s
(D P) ,) s> )= — (D P) as .
d®s(P, po, pss py) 1(21) 5 d®,(P, pa, pv) (3.86)
to obtain ds,. ds,y do
Sas ASsp s
do,.,=dd, ——. .8
1 4(2ﬂ)35ab (3 7)

We now have to choose the invariants s,;, and sy, such that their sum is not larger than s,

Sas + Ssb < Sap. (388)

Up to this point, the description correlates with section 5.3.3 in [18] and with [75,76].
The algorithm described there relies on some technical cut off s,,;, that neither s, nor s,
falls below. Both invariants are parameterized by

uy uz

B Smin _ Smin

Sas = Sab > Ssb = Sab (3-89)
Sab Sab

where u; and u, are random numbers with u;, u, € [0,1]. It is clear that for example
Uy = u, = lyields s, + 5o = 25, > 5,5 Which violates equation (3.88). In this case, the event
has to be rejected.

In this thesis, however, we want our phase space generator to always yield a valid
configuration of momenta. Any technical cuts will be performed outside the generator, if
necessary at all; this will be discussed again in section 4.3. Thus, we use a different—and also
numerically faster since exponentiation is computationally expensive—parameterization
for the invariants:

Ssb = SabUz,  Sas = (Sap — Ssp) U1 = Sap (1 — 1) uy. (3.90)

Note that the special definition of s,; which depends on both random numbers ; and
u, ensures that equation (3.88) is always valid. Unlike during the generation of the first
two opposite momenta where total momentum conservation fixed the energy of both
momenta, the insertion of an additional momentum is not so restricted. Hence, we need a
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3.4 Phase Space Generation

third random number u; to fix an angle, as one can see in equation (3.87):
¢s = 27us. (3.91)

The creation of the soft insertion is very similar to the one presented in [18,75,76] and
requires only minor modifications due to the changed parameterization of the invariants:

1. Starting from an n-particle configuration, choose two momenta p, and p,,. Using
three random numbers uy, u, and us, set s, = (P, + py)? and choose s, s and ¢,
as given in equations (3.90) and (3.91).

2. We assume that s, < sy, otherwise exchange a and b in the following equations. Set

Sab — Ssb Sas T Ssb Sab — Sas
E,=———, E,=—, E,=—— .92
2\/55,1, 2\/561;j b 2\/5ab (39 )
Sab — Sas — Ssb Ssb
0, = arccos (1 - “—) , B, =arccos (1 - ) .
b 2L, b 2EE, (3.93)

In the center-of-mass frame of p, + p;, where we choose p; to be along the +z axis,
the above definitions can be used to easily set the momenta. We indicate quantities
in this system by a tilde:

Pl = Ea(l, sin 84, cos(¢s + 1), sin O, sin( ¢ + 1), cos Gab),
P, = Es(l, sin Oy, cos(¢s), sin O, sin( ¢ ), cos Gsb), (3.94)
P, = Ea(l, sin 4, cos(¢s + 1), sin O, sin( ¢ + 1), cos Gab).

The relation between the momenta p and p is given by

p= AboostAxy(¢)AxZ(0) Z’l (3.95)

for all three momenta. The explicit expressions for the transformation can be found
in appendix A.

3. Finally, using ds,s = (Sap — $s)duy, dsg, = spdu, and d¢ = 27, the total weight for
the new configuration reads

(Sab = Ssb)Sap2m . Sab = Ssb
4(2m)3s, " 4(2m)?

(3.96)

Wntl = Wy

where w, is the weight obtained from the original n-particle configuration.

The parameterization in terms of invariants ensures that changing one random number
in the integration acts as a direct scaling of the respective invariant. Furthermore, since
we always scale invariants with respect to the new momentum p; (as opposed to s, for
example which would directly modify one of the previously set momenta p, and p;) we
ensure the highest degree of independence between the different random numbers possible.
In conclusion, this generator is perfectly suited for the VEGAS integration procedure.
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One last remark regarding the total integration dimension of our phase space integral
is in order. We already explained that creating the first two momenta only requires two
random numbers while each additional momentum requires three random numbers. If
we denote the total number of final state particles by n, we find for the total dimension

nps=3(n—2)+2=3n-4. (3.97)

As an example, consider a six jet exclusive jet rate at leading order. In this calculation, we
find n = 6 final state partons resulting in nps = 14 integral dimensions, which is certainly
high-dimensional, as promised before.

3.4.2 Generating Soft Configurations

In the course of this thesis, we will introduce different subtraction terms for the real
emission contribution, where each is suited for a specific helicity configuration. In order
to test the subtraction terms, we need to be able to generate phase space configurations
where one momentum is soft while having full control over the softness via a parameter
/\SOﬁ.

It turns out that we can use the algorithm presented above and tune it by choosing the
random numbers in a specific way to obtain a soft configuration. Consider equation (3.92)
together with equation (3.90) which gives us the following result for the energy E; of the
inserted momentum:

E. = Sas t Ssp _ \/ Sab
NG 2

where the last result is valid for small random numbers. By choosing for example u; =

\V Sab

(lzll + Uy — Hluz) i (ul + Mz) > (398)

Uy = Asoft> We have control over the softness of the inserted parton. To make sure that this
control is not spoiled by insertions of further momenta (consider equation (3.92) once
more, where the energies of partons a and b are re-parameterized), we modify only the
random numbers of the last inserted momentum.

Thus, to approach the soft region of a momentum configuration, we use the following
algorithm:

1. Create a set of (3n — 4) random variables, (uy, Uz, ..., Usy_4).

2. Change the two variables that govern the invariants of the last inserted parton as
follows:

Uzp-6 = Asofb Uzp—s5 = )Lsoft (399)

where An << 1is the softness of the final inserted parton.

3. Let the QCD antenna generator from section 3.4.1 create a phase space configuration
with the previously determined “random” numbers u;.
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3.4 Phase Space Generation

By repeating step 2 for different values of A, but for the same set of random numbers
otherwise, we can probe how squared amplitudes behave in the soft limit.

Note that with this method, momentum conservation will always be fulfilled. Thus,
changing the value of A, will also affect the momenta of all other partons. However, since
we choose Ao to be very small, the effect of this can be neglected.

3.4.3 Generating Collinear Configurations

In addition to the previous section, we also need to test the collinear region to ensure
that our subtraction terms work. In order to have full control over the collinear limit, we
need to be able to create phase space depending on the parameter A, or, equivalently, the
square of the transverse momentum k2 (see section 3.2.3). The easiest way to do this is to
control the virtuality of the propagator that splits into the collinear partons i and j which
is given by
1 2xx 1
ppy B R (3:100)

coll
where we inserted the Sudakov parameterization.

We can achieve this by again creating phase space sequentially, using the following
algorithm:

1. Choose a phase space generator that can create massive momenta. We use the
RAMBO generator [78] which creates uniformly distributed momenta with respect
to the total phase space volume.

2. Choose a set of random numbers suited for the generator such that » momenta can
be produced. In the case of RAMBO, we need four random numbers per momentum
amounting to a total of 4n random values.

3. Have the phase space generator create a configuration of (7 — 1) massless momenta
and one momentum with the mass m = A.. This momentum represents the parton
that splits into the collinear parton pair (i, j). By setting its mass, we automatically
set its virtuality to m provided that we treat the parton as massless in the following.

4. Finally, use the two particle decay algorithm described in equation (3.77) and the
text following this formula. Setting Q = m = A replaces the massive momentum
by two massless collinear momenta (as guaranteed by momentum conservation).
The mass of the mother particle gives us control over the collinearity.

Again, we can probe the collinear sector by repeating steps 3 and 4 with different values
of A.. Furthermore, momentum conservation once more results in a correction of all
momenta when changing A..;. Just like in the soft limit, the collinear limit is probed by
choosing small values A, << 1 so that this effect can be neglected.
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Helicity Summation

This chapter presents the “classical” method to perform the helicity summation in nu-
merical calculations which is based on helicity amplitudes. Using this method, we detail
the dipole formalism by Catani and Seymour [26] and we explain its massive general-
ization [79, 80]. Finally, we explain our implementation in terms of leading color elec-
tron—positron annihilation and we analyze some results; this will serve as a basis for the
analyses of the forthcoming chapters.

4.1 Helicity Amplitudes

Measurements taken at colliders such as the LHC, or its predecessor LEP are normally
insensitive to the spins and helicities of particles. This has to be reflected in any theoretical
prediction used for data analysis. Naturally, each ingoing particle has a fixed spin while
for the outgoing particles, each spin setting is possible. Thus in a computation one takes
the average over the spins of the initial state particles and sums over the spins in the final
state. The unpolarized squared matrix element then reads

— 1
\A(pi» pr) = - {;} {;}LA({F:', A Aps AP (4.1)
S i f

where quantities with an index i denote initial state particles while those with index f
denote final state particles. The second sum is the spin sum in the final state. The first sum
including the factor 1/x, originates from averaging in the initial state. 1, is a product of the
discrete number of spin settings that each initial state particle has, i.e. one can write #n; as

ni
ns = H Sa (42)

a=1
where the index a runs over all particles in the initial state (n; = 2 at colliders) and s,
denotes the number of spin settings for the particle. For almost all Standard Model particles,

s, = 2 since all fermions have spin 12 and thus two spin settings, and all massless vector
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4. Helicity Summation

bosons (gluons and photons) also have two states. Note that massive spin one vector
bosons such as the W* or the Z bosons have three spin settings, spin 1, 0 or -1, which
means s, = 3. Since we discuss QCD in this thesis, we restrict ourselves to cases with s, = 2.
Thus, the factor for all processes we examine in this thesis will be n, =2-2 = 4.

These spin sums are performed using two identities we already came across in chapter 3:

dug(p) = Z ul(p)ﬁ)‘(p) =p+m (fermions) (4.3a)
B

Puqv + quPv
p-q

du(p) =Y €n (p)e)(p) = —guw + (bosons). (43b)
A

Let us stress again, that the fermion relation also applies for m = 0, and that g is the same
reference momentum that is used in the spinor helicity formalism, i.e. for €(p, ), see
equation (3.12).

How do the above equations relate to equation (4.1)? Every physical amplitude contains

. . * .
one polarization vector €*,e*” or spinor u*

,u", v}, v* for each external particle according
to the Feynman rules. The squared amplitude | A|* = A* A is computed by multiplying the
complex conjugate amplitude with the normal amplitude. Complex conjugation of the
amplitude swaps the types e} <> €, u* < u", and v* & ¥, respectively.! Thus, we end
up with spinor products and products of polarization vectors that have the same basic
structure as equations (4.3). The right hand side of equation (4.1) is made up of many sums,
one sum per particle to be specific. If we now match the spin or polarization products

with the corresponding sum, we obtain one relation as in equation (4.3) per particle.

Example: Gluon Amplitudes

We can illustrate this by looking at a helicity summed gluon amplitude:

n
% k=11 [z] Ao,
n

Ayeeisd m=1{ A,

The product runs over all external gluons; each gluon thus contributes a polarization sum as in
equation (4.3b) to the squared helicity summed amplitude. By M we denoted all internal parts
of the diagram, i.e. vertices and propagators.

Distinguishing helicities/spins and polarizations/spinors only matters when one has to
compute these quantities directly. For a general discussion, this distinction is cumbersome.
We will henceforth only refer to particle polarizations and helicities with the understanding
that this applies to both boson polarizations and helicities as well as fermion spinors and
spins.

'Of course, spinors and conjugated spinors are not related via complex conjugation on their own. Only
the conjugation of full fermion lines effectively leads to this, e.g.

(u(p) y* v(p2))" =v(p2) y* u(p).
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4.1 Helicity Amplitudes

In a numerical program we cannot deal with analytic expressions such as equation (4.3).
All building blocks are given by numbers—although we arrange them in terms of vectors
or matrices, the calculation still boils down to multiplications of numbers. How do we
perform the helicity sums in this case? The “traditional” method is to use helicity amplitudes:
instead of using analytic formulas to perform the sum, we simply calculate all squared
amplitudes for the different helicity eigenstates of the external particles and sum them up
afterwards. The unpolarized amplitude then reads

— 1 1
|A[P = — Z Al = . (|~'4++...+|2 AL P A Pt |-A——...—|2) . (4.4)

S Aseeordn s

Here, we modified our notation with respect to equation (4.1): for clarity, we dropped the
momentum arguments and denoted helicities as subscripts of the amplitude, one helicity
per particle. We also no longer distinguish between initial and final states.

In addition, let us make another remark on the terminology we use: throughout this
thesis, we will frequently refer to helicity configurations by which we denote elements of
the set $),, of all helicities of the external particles, i.e.

.‘7)”:{()&1,,/\,1)|)L,€ilv l} (45)

Equation (4.4) can then also be seen as a sum over all helicity configurations. As an
example, A, ,_,_ is a helicity amplitude with the helicity configuration (+, +, —, +, —) € 9.

Let us discuss the method of helicity summation a bit further in the context of a
numerical algorithm. Formula (4.4) is very simple to implement, but it also has some
serious drawbacks which we will elaborate on in the following. To this end, let us shed
some light on the computational cost of this method. In the context of our color ordered
recursive formalism (see section 3.1) it is reasonable to assume that each helicity amplitude
takes the same CPU time to compute since the recursive tree required is exactly the same for
each amplitude, only the numerical values of the building blocks change. Performing the
helicity sum according to equation (4.4) requires the computation of 2" helicity amplitudes
where 7 is the number of external particles with two spin states.? Hence, the computation
of the helicity summed amplitude takes 2" times as long as a single squared amplitude.
Consider the example of nine external particles (e.g. the leading order contribution to
ete” — 7 jets process) which has 2° = 512 helicity amplitudes. Since all helicity amplitudes
have to be evaluated for each phase space point, this is a serious slow down factor in
numerical computations.

Can we do anything to reduce this number? In fact, there are several possibilities.

1. If we only take parity conserving interactions into account such as they occur in
QCD and QED, any helicity amplitude can be related to its counterpart with opposite

?Again, we assumed that all particles have two spin settings. In the general case, where massive vector
bosons could be present in the final state, one has to distinguish between particles with two and three spin
states. If we denote the number of particles with two and three spin states by n, and n3, respectively, the
total number of helicity amplitudes is 2" - 2™,
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helicities by the relation [23]
Arody = =AD e (4.6)

Thus, we only need to evaluate half of the helicity amplitudes, 277!, to get the full
information. Let us stress, however, that once electroweak interactions enter the
game, e.g. due to a Z boson as intermediary particle in the process e*e” — jets, this
relation is lost.

2. It is well-known (analytically) that some helicity amplitudes vanish. Examples are
the Parke-Taylor formulas or the fact that fermion-boson vertices vanish if the
fermion helicities do not match. This can be included in the algorithm to avoid costly
computations of zero. However, one should note that this is process-dependent in
general and can thus harm the generality of the code.

3. The third method is directly related to the current memory discussed in chapter 3. If
the current memory is made sensitive to the helicities of particles, one can remember
currents across all helicity amplitudes per phase space point and re-use sub-currents
with the same helicity configurations. As an example consider the helicity amplitudes
A, ..+ and A,_,,_ which only differ by the helicity of the last particle. All sub-
currents containing only the first four particles will be identical in both helicity
amplitudes and do not have to be recomputed.

In the program written for this thesis, we employ methods 1 and 3 where applicable.

But even with the use of the above methods, helicity summation still has an inherent
O (2") growth which we aim to reduce to O (1) in this thesis.

Before we go on to describe the methods that enable us to reach this goal, let us first
look at helicity summation at next-to-leading order. There is no conceptual difference in
computing an n—parton amplitude for the Born contribution, an (7 +1)-parton amplitude
for the real corrections—which is simply a tree-level amplitude with one more external
leg—or the interference of a n—parton Born amplitude and the one-loop matrix element
with the method of helicity amplitudes. The only difficulty arises from the fact that the
next-to-leading order contributions are infinite and that we have to cancel poles with
the subtraction method. The subtraction terms have to match the pole structure of the
helicity summed real and virtual contributions and have to be constructed to be suitable
for helicity summation. This was done in the 1990’s by Catani and Seymour in the form of
the dipole formalism.

4.2 Real Emission and the Dipole Formalism

Having already discussed the basic ideas of the subtraction method in section 3.2.1, we
now turn to the specific formulation of the dipole formalism. As stated before, the poles
that the subtraction term has to match are those that the real emission amplitude exhibits
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in the soft and the collinear limit. Before discussing the details of the dipole formalism
itself, we will first continue the discussion of the soft and the collinear limits in the case
where we sum over all external helicities.

Note that we restrict ourselves to massless partons and to final state radiation at the
beginning which is applicable for electron—positron collisions at the LEP collider, for
example. In sections 4.2.5 and 4.2.6 we will lift these restrictions.

4.2.1 The Soft Limit

In order to sum over all helicities, we change the soft limit from equation (3.36) to the
following:

im Y Al = drag® Y A; (I")T(Zei"*(pj)eﬁj(pj))lvfln
Aj

soft—>0 {/\}n+1 {)L}n

= drau® {Z}: A (I“)T du(pj) T A,
Abn

! (4.7)

Therein, we introduced a new notation for helicity sums. The sum over }y),  denotes
a summation over all helicities of the (n + 1)-parton event, i.e. (AsAp,A1,..., A1)
including the initial state helicities A, and A,. Equally, }°1,, sums over all helicities of
the n—parton amplitude. Note that this does not include parton j whose sum we wrote
separately. Using equation (3.42), we can perform the contraction of the eikonal currents
with j’s polarization sum. Due to the fact that the current is conserved with respect to
particle j and since the gauge terms in d,,,(p;) are either proportional to (p;), or (p;).»
we immediately know that only the metric part of the polarization sum survives and we

can write
(1) du 7 = -(7*) g 7 = -(J*)'1... (4.8)
This contraction can be easily obtained from equation (3.37):
n+l 2
Pi PiPk
)= Y TT (— +2 ) (4.9)
)1, %:1 “\ ip)? “(pips)(pip; + prpy)
ik#j

where the first term drops out, p? = m? = 0, since we are discussing massless partons at
the moment. Altogether, we find the following expression in the (massless) soft limit:

fim 3 Al = e SIS g, (o)
w0 g, U S & ppreer & '

A i=1
i£j k+i+j
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4.2.2 The Collinear Limit

The collinear limit with helicity summation can be written as follows:

4o, p* '
lim Y Al = AL () Py An ().
pillp; {%:H : pipj {A%:H\ nzn: (=i (4.11)
{AiAs}

This formula looks very different from the general case in equation (3.46), however, we will
show below that it is just a different formulation. The factor in front contains all constants,
as well as one propagator denominator from equation (3.46). We have explicitly written
down all helicity summations that occur. The first sum denotes the sum over all helicities
of the (n + 1)-parton amplitude except those of particles i and j: these are included in the
definition of P(;j)_;.j, as we will see below. The second sum over # and #’ contains both
summations of the polarization sums d;¢(p;;) we found in equation (3.46); we renamed
them to avoid any confusion with regard to the external particles of the process. Both
the amplitudes and P ;;)_.;,; depend on these helicities. This is obtained from the general
collinear limit by decomposing the propagators into their components

du(pij) _ Xy € € or dap(Pij) _ Ly ”Zﬁz

(4.12)
2pip; 2pip; 2pipj 2pip;

and then redistributing them as follows. The sum is pulled out as discussed above. One
polarization or spinor is included in the corresponding amplitude—hence the dependence
of the amplitude on the helicity—while the other one is included in P;j)_;, ;. As mentioned
above, one propagator denominator is pulled to the front (without the factor 2) while the
other is also included in Py;jy_,;,;. Thus, we end up with the following definition:

2 *p . i
' _ T(ij)—>i+j €y Y(ij)—>i+j Y(,-j)_,,-ﬂ- €y (gluons)
(ij)~i+j = W — y (4.13)
SRR U I:Y(ij)—>i+j:|a [Y(ij)—>i+j]ﬁ Ug (quarks)

(and similar for antiquarks). Therein, the splittings ¥{;;)_.; are given by the kinematical
part of the respective Feynman rule (i.e. we strip the Feynman rule both of its color
information and of the coupling constant, which instead resides in the factor 47a).

Example: Splitting Y, ;¢
An example for the splitting g - gqg will clarify this:
—\ Aj
[Ygaglp = =itk (p1) Vg € (P))- (4.14)

The kinematical part of the vertex rule, see equation (2.8), is just (—iy*) while the remaining
parts are the spinors and polarizations for partons i and j.
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The squared color factors again depend on the splitting and are given by

Teoge=Ca Togg=Too Toge=Ce=To g (4.15)

One piece of information is not indicated in equation (4.13): the dipole formalism as

originally formulated by Catani and Seymour also requires the P;jy_;.; to be evaluated

in the limit k, — 0, i.e. we insert Sudakov’s parameterization (3.38) and then drop all

terms starting with O (k). If we do this, the final P(;j)_, ;. are identical to the well-known
Altarelli-Parisi splitting kernels [26, 81]:

X _ k
Pgigg =2Cy [—guv ( — ) 2(1-¢€)xx ( l)kg o)y 6,16,1, , (4.16a)
P - T —— W4 4xx kiki ehery (4.16Db)
g-qq  R[T& k2| 4
1+x2  _
Pgiqg Cr = - ex] Syt (4.16¢)
' [1+%°
Pgigq = Cp . ex] Sy (4.16d)

They have a couple of features that are worth discussing:

o From the last two lines, we can directly read off that the ¢ - qg and g — gq kernels
are related by exchanging x <> x. Hence, we will only talk about the g — gg splitting
from now on.

« Equations (4.16a), (4.16¢) and (4.16d) have poles in the limits x - 0 and/or x - 0
which are the limits where either particle i or j becomes soft. Note that these singu-
larities overlap with the soft divergences we discussed in the previous section 4.2.1.
Obviously, this overlap is the case where we find a collinear parton pair where one
is soft, in addition. When formulating do*, we have to be careful to avoid double
counting of any poles.

« In the previous item we omitted the kernel for the splitting g - qg, equation (4.16b),
which has no such soft divergence. This is a general feature: soft quarks are not
singular enough to produce a divergence. It is also the reason why we only treated
the insertion of soft gluons when analyzing the soft limit.

o Lastly, note that neither of the splitting kernels has a pole in A.oy. These poles reside
solely in the denominator of the factor in equation (4.11) which becomes obvious
after inserting the Sudakov parameterization:

1 2xx 1 2xx ( )
= - = ) 1
pipj ki /\goll k? 7

Note that equation (4.11) only describes the behavior of two specific partons i and j
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becoming collinear. To obtain all collinear poles of the (n + 1)-parton amplitude, we have
to sum over all parton pairs (i, j) in the final state. In the soft case, this is implicit since
the eikonal current J* already contains the sum over all possible partons. We will omit
that sum in the collinear limit to avoid cluttered notation—as we will see, this is sufficient.

4.2.3 The Dipole Formalism

With the results from the previous two subsections, we can now go further and formulate
the subtraction term.3 In order to do so, we have to overcome two shortcomings of our
preceding analysis of the soft and collinear limits:

1. both limits have to be approached smoothly, i.e. we require a parameterization that
obeys momentum conservation everywhere;

2. we have to avoid double counting of poles in the soft and collinear limit.

The first item is achieved by treating the universality of the divergences as we did in the
discussion of the collinear limit where we factorized the (n + 1)-parton amplitude into
a splitting (ij) — i + j times an n—parton amplitude. However, we parameterize the
momenta in a different way. In order to keep momentum conservation implemented
exactly at all points, i.e. also away from the collinear or soft limits, we define new momenta
as follows:

Bl=ple pt - 2 pts

y
1 (4.18)
~ U

= — ‘u.
Pk 7Pk

Therein, all momenta on the right hand side and without a tilde sign are those of the
(n +1)-parton amplitude. The variable y is given by

Pipj
pipjt+PiPx + ppi’

PjPk + Pkpi
PiPj* PjPk + PkPi

Y= Yijk = y=E1=yijk= (4.19)
It tends to zero in the soft or collinear limit (while y obviously tends to one). The new tilde
momenta on the left hand side will be denoted as dipole momenta and they belong to the

following partons:

« Parton ij, the so-called emitter parton, takes the role of the splitting parton (ij):
it is the intermediary particle that splits into partons i and j. In terms of parton
types and possible splittings, it is identical to the splittings we discussed before (see
figure 3.5).

« Parton k is the so-called spectator parton which we require to implement momentum
conservation; it takes up “recoil” momentum from the emitter. It has the same
particle type, flavor and helicity as parton k of the (n + 1)-parton amplitude.

3Note that the rest of this section is based on [26,79].
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4.2 Real Emission and the Dipole Formalism

One can easily verify that exact momentum conservation is guaranteed everywhere:
S N N AN ( )
Pij TPk =P tP; P 4.20

In particular, both p;; and p are also (massless) on shell momenta: f)f] =0, f)i = 0.

Item 2 from the list above is achieved by merging both the soft and collinear poles
into one term. To see this, let us first discuss the final form of the subtraction term do*.
Afterwards, we will analyze this term in the soft and collinear limit which matches the
expressions we developed in the former two subsections.

The dipole formalism approximates all poles of the real emission matrix element in
terms of a sum over dipoles D;j x,

Al = Z Dijk(P1s- - - pus1) + finite terms, (4.21)
(i.))
k+i,j
where each dipole is explicitly formulated for partons i and j (which also determines the
emitter parton) and a parton k which is the spectator. The sum runs over all pairs (i, j) and
all possible spectators, ensuring that all poles of the real emission amplitude are covered.
The total subtraction term can be written as

do? oc d®,,, Z Dk (P1>---Prs1) T (f?ij,f?k) (4.22)
&

where we omitted the usual factors which are the same as for the real emission contribution
doR. Note that the jet definition acts on the underlying n—parton event: the n jets must
be described by one hard parton each which are exactly those of the n—parton amplitude.
In order to perform a proper subtraction of all poles, they have to be under total control
meaning that they always have to appear inside the splitting ij — i + j. If the jet definition
acted differently, dipoles would be computed where soft or collinear poles could possibly
reside in the amplitude which would destroy the subtraction. Each dipole is given by

1

T,-T
Dij,k(Pb---an) =- T

R ( T v;v;k) 4G 2
PiP;j {A3ne\ m1’ ij
{145}

If we compare this definition to our final results for the soft and collinear limits, we find
the familiar propagator factor !/p,p; in front. In addition, we find two n-parton amplitudes
with some correlation terms in between. The color matrices T« - Tii/1?, for the emitter and
spectator partons realize the color correlations in the soft limit, while the spin-correlation
matrix V'« captures all kinematic information that we found in the soft and collinear

limits, as we will see below.

65



4. Helicity Summation

In order to construct the spin—correlation matrices for the different splittings, let us
define some more variables:

PiPk - PiPk

S 4 . S— = _— (4.24)
PiPk * PPk

Z = Zjjk z=1-z;x =

" PiPk* PPk
These have a special meaning in the soft limit of particle j where z — x and thus z — x.
In that sense, they provide a generalization of the Sudakov symbols x, x. With this, the
spin-correlation matrices are given by

! 1 1 1— € 7%

ng,k = 47ras[,426(4CA) [-gw (1 25 + I~z - 2) + ITPK“KV] EZ(-:Z , (4.25a)
iy

4 6 v 2 Y %
Vgg,k = 47'[065#2 (2TR) |:—g!" — pl_pJKHK ] ezez , (425b)

’ 2 _
Ve = 4masp*(2Cr) [ﬁ -(1+2) - GZ] Oy (4.25€)

where
_ H_ oK
K* = zp; zZp;. (4.26)

Note that the spin correlation is due to the terms K#K" and is only present in the splittings
(4.25a) and (4.25b) where the emitter is a gluon. The matrix for the splitting g - gq can
be obtained from V , by exchanging z < z.

Using equations (4.22), (4.23) and (4.25a) — (4.25¢) (plus the definitions for the neces-
sary variables within), we can construct the full subtraction term for electron-positron
annihilation processes. To prove this, let us now consider the soft and collinear limits of
the dipoles. A table in appendix B shows these limits for many variables and terms which
can be used to re-write the dipole terms. As an example, we only consider the case of the

splitting ¢ - gg.
The Soft Limit of the Dipoles

First, let us consider the spin-correlation matrix. Using the formulas in the aforementioned
appendix (and dropping all non-leading terms as soon as they become obvious), we obtain

MV e
(4.27)
i 1-¢ 1%
= 4ra u*(4C [— ”V(A+l—2)+—zz # f] el(pi)el (pi).
SR R s pop;” Pipi | eulpi)er (p2)

Note especially that p;; - p; which affects the momentum arguments of the polarizations.
The second term in the bracket vanishes since p,e#(p) = 0 and the terms (+1 - 2) can
be neglected since they are also sub-leading with respect to the first term in the round
braces (which is of order /1.,). We also know that Cy = T = T}; = T}. And finally, the
Minkowski product of the polarization vectors yields zero for unlike helicities and one for
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4.2 Real Emission and the Dipole Formalism

1 = n’, so we can rewrite this product into —4§,,,. We are then left with

PiPk S
ij
PiPj+* PkpPj

11m v

Voo = = 4o u* (412

(4.28)

We find the same for the splitting (4.25c) while splitting (4.25b) vanishes entirely due to
pue”(p) = 0. The total dipole contribution then reads

hm Z Dz]k
)
k+i,j

Ty T;; AT%p; Pk (4.29)

Aoy ~

= 5 ZAZ(ZJ:k)(
G 2Pl iy T?j PP]+P1<P;
k#i,j {A,,/\J}

)A (ij, k)

Note that also in the amplitudes px — pi and p;; - p;. We can do the same for the helicity
sum over # and #’: one of them can be performed along with the Kronecker delta, the
other one can be renamed to A; so that we can write

Z Z Oy = Z : (4.30)

{’1}"\ ’7”7’ {A}n
{AiA)}
We then end up with
PiPk .
lim ) Djix = -8ma,u*™ A (i, k) T T A, (i, k) (4.31)
=0 (,Z]:) » Z; Pj ; PiPj+ PkPj {%:n
k+i,j i#j ki#j

which is the same as equation (4.10)—hence the dipole subtraction term matches the soft
singularities of the real emission amplitude.

The Collinear Limit of the Dipoles

Now we repeat the above steps for the collinear limit. With the help of the relations in the
appendix, we find

1 1 1-
lim V" = dmau®(4C,) [ g (r — - 2) ]
pillp; 4k X x k2 (4.32)

X 6# (pCOH) 62,* (pcoll)

An explanation for the apparent replacement K, - (k, ), in the second term is in order.
Actually, we find

lim K* = lim (zp% —zp") = (zx —zx)p"  + ki. (4.33)
pillp; pillp; /
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4. Helicity Summation

However, the first term proportional to p., gets contracted with its polarization vector and
thus the contribution vanishes. Furthermore, we can re-write the term in round brackets,

X

X
-2==+—, (4.34)
X X

+

Rl =
R | =

so that we can re-write the result in terms of the corresponding Altarelli-Parisi splitting
kernel:

lim V",
pilp; 8%

= 8ma,u*(2Cy) [—g”” (% +

_ 2 pit’
=8mapu™ Pg. gq.

% | =l

) a ll;ezx)?kf k]}_] €Z (pcoll) 63/* (pcoll) (4-35)
L

Similar relations can be found for all other splitting matrices. Let us now consider the full
dipole (i.e. not the sum, but only one dipole):

Ty -
T

)

. 4dma,p* el
lim Dk L > ZAn(Ij,k)(
/1P PiPj oy mn

{AiAj}

Tii ..
2 ]Pgigg)An(lJ’k)- (4.36)

Again, we find similar results for all types of splittings, hence this formula can be general-
ized to all kinds of dipoles and we find for the full sum:

4o yZE Tk . T," ’
I U] L i PO
pillp; (lz,]:) / plp] {A}Znﬂ\ ’%:, T12] (ij)—i+j

k+i,j {AiAj}

(4.37)

When we examine this relation more closely, we find that the only quantity depending on
the summation index k is the color matrix Tj.# With respect to the n—parton amplitude,
we can once again make use of color conservation and re-write the generator and the sum
as follows:

Z Tk = _Tij- (438)

k+i#j
Then, the total result
4oy s / ..
lim Z Dijx = il Z Z Ax(ij, k) P! A, (ij, k) (4.39)

lm - (ij)—i+j
P1||PJ (i,j) p’pJ {A}n+l\ 1’
k#i,j {AiAs)

is equal to the collinear limit of the real emission amplitude, equation (4.11), and thus the
subtraction term also matches these poles exactly.

“Note that while the amplitude depends on particle k, it is not affected by the sum. The fact that the
index appears in the amplitude is an artifact of our notation: we wrote it that way to indicate the dependence
on the momenta and helicities; in this case we used it to distinguish between the dipole momentum py and
the unaltered momentum py.
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4.2 Real Emission and the Dipole Formalism

In the previous discussion, we did not construct the dipole formulas—we merely gave
their results and showed that they do what we want them to do. How can one construct
or derive those terms? There is no simple scheme to follow which will guarantee proper
dipoles at the end; in principle, one has to find terms that match the desired expressions
in the two limits. To this end, the variable y plays a crucial role in connecting the soft and
collinear limits: it behaves like /\3011 in the collinear limit and A, in the soft limit and thus
helps combining both limits in a single spin-correlation matrix. The fact that deriving
these terms is all but a straight forward exercise is one of the reasons why the derivation of
subtraction terms for random polarizations, see chapter 6, looks very different from the
derivation here.

4.2.4 The Integrated Subtraction Term

Using the formulas we derived so far, we can render the real emission contribution finite.
However, we have not yet derived the integrated subtraction that will cancel the poles of
the virtual contributions; recall the next-to-leading order contribution (second term in

the right bracket):
oNEO = f[daR - daA] + ]ldov + f daA]. (4.40)
n 1

n+l

In the following, we will illustrate that the dipole formalism enables us to factorize phase
space such that we can perform the integral over the one unresolved particle separately.
Furthermore, we give the final integrated term and sketch its derivation. Note that for the
purpose of this work, it is sufficient to know that the integrated term exists. Hence, we
do not put too much emphasis on it but refer the interested reader to [26] where a more
thorough derivation is presented.

First, let us re-write phase space so that we actually have a factorized one-particle
integral. To this end, let us consider the three-parton contribution for particles i, j, and k
of the total (n + 1)-parton phase space which we directly perform in D dimensions:

do5(Q, pi» pj» px)

__d%ps dPpy i (4.41)
"GPl +(P)(2 )Dl +(PJ)(2 1% (p) (2m)° 8(Q = pi = pj = px)-

There, the §, -distribution also includes the positive energy restriction which we indicated
by an additional function 0(p,) earlier on. Our goal is to re-write this phase space element
into the momenta p;;, px, and p; so that we can perform the integral over p; once and for
all. Using factorization, the phase space element reads

d(D3(Q)Pispj>Pk) = dq)z(Qj:‘pf’k) dPi(lN?ij’lN?k) (4.42)

Therein, we can express the one—particle phase space element for p; in terms of the new
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4. Helicity Summation

dipole momenta and the corresponding Jacobian 7 (p;, pij» px) as follows:

~ o~ dei 5 ~ o~
<mxmpm):6;ﬁ:64ﬂ)50mpmpw
_ dzdydQP-?
1672 (2)D-3

(4.43)
(yzz)’*? 37 0(22) 6(yy)

This reveals the factorization: the two-particle phase space element d®,(Q, p;j, px) de-
pends on neither of the quantities z, y or QP~* (which is the solid angle element for
momentum p;).

Using this relation, we can integrate the dipole subtraction term separately over dp;.
The final result can be written as follows:

fdaA= fdaB®I(e) oc deD,, (A I(e)A,) T (4.44)

n+l n

where the tensor product ® denotes color correlations between the matrix elements. Let
us stress that the basic amplitudes in that formula are Born amplitudes and thus easily
computable with the methods from section 3.1. We introduced a new operator I(¢), the
so-called insertion operator which is formulated in D = 4 — 2e dimensions and explicitly
depends on the dimension parameter. It is given by

a 1 Amy? :
I = - — Vi TIT > *
(e) 2nT(1-¢) Z,: T%V () ; ¢ (2Pipk) (445
where
=1 (5-%)+ Lk 00 (4.46)
T T\ 3 e Vit ’ 4
and
§C 1= ,_
Vi:{fl - 9 (4.47)
ECA_ETRNf 1=g

2 —
(5-%)Cr i=4.9 (4.48)
(F-%5)Ca-9Ns i=g
These formulas are sufficient to implement the integrated subtraction term. To understand
where they come from, let us re-write V;(¢) into a different form which depends on yet
another set of functions V;;(e):

V,oo(€) i=q,q9
Vi(e) ={ i ' : (4.49)
%Vgg(e) +NiViz(e) i=g
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4.2 Real Emission and the Dipole Formalism

This is where the dependence on the different splittings becomes obvious. In fact, the
V;i(€) are directly related to the spin averaged spin correlations V;; x:

—1-2¢

1 1
dz i
Vii(e =f — fd —Viik- (4.50)
i(€) y (ZZ)EO yyHe ok

Note that after spin averaging, they are no longer matrices and thus no longer mediate
spin correlations. They are obtained from

— 1 - 2 ij=q.q
Vijk = N > V?j’?k oM, N= { D—2) Fie (4.51)
wo ( ) ij=g.

Also note that the above definition of V;;(¢) includes parts of the phase space measure dp;
we discussed in equation (4.43). The reason for this is that if we integrate a single dipole
over the unresolved phase space, we obtain

/ dPi(}N?ip}N?k) Dij,k

1 oo T Tij ~ =
[ T T A (S ) 4G
j {{f,-,}f,.\} o ij (4.52)
o 4mu? )E =TTy~ ~
= - — V,"(G .AZ 1)k) An ij, k).
27TT(1—€)(2Piij 1) {AZ}n\zn: ¥ i ()
{AiA)}

To verify that the integral over all dipoles actually yields the insertion term requires some
careful rearrangement of the sums which is presented in detail in [26] and which we do
not repeat here.

We mentioned earlier that V;;(e) only depends on the spin averaged correlation func-
tions V;;x. Let us illustrate why we do not have to integrate the full spin-correlation
matrices. To this end, let us consider only those terms from the V;; that actually con-
tribute a spin correlation. These are given by

KK, (zp}-zp;)(zp} - zp})

(4.53)
PiPj Pipj
in equations (4.25a) and (4.25b). One can show that
f)f;KM =z-z2-(22-72°)=0 (4.54)

so that the spin—correlation terms are perpendicular to f)f] and f),v] Also, due to Lorentz
invariance the integral of the subtraction term can only depend on the momenta p;; and
Pk Using these two arguments, we find that the result of the integration over dp; will give
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a term with the following Lorentz structure:

N‘lA,N
i

p PZ + f)“]:i)?]

Ag'"+B
PijPk

+ Cpyipy;- (4.55)

Since this will be contracted with polarization vectors of the emitter partons ij (again,
see (4.25a) and (4.25b)) the terms with coefficients B and C vanish due to gauge invariance.
The contraction of the polarizations with g#’, however, is no spin correlation but simply
leads to a spin summation. If we now average the spin-correlation matrices over their spins,
we obtain exactly the term A g#”. This is why we can restrict the problem to integrating
the spin averaged correlation functions.

4.2.5 Extension to Massive Quarks

So far, we restricted our discussion to massless partons. The inclusion of massive partons
has first been discussed and derived in [80] and formulated in a more general way in [79].
This section presents the general ideas and results from the latter publication.

In general, including massive partons merely complicates the involved kinematics
since the square of parton momenta do not vanish any longer, for example

2 2 2 2 2 2 2 2

pi=my, pj=mj,  pp=myg, Py =my; (4.56)
where the mass depends on the flavor of the respective parton. Since the mass serves the
purpose of a regulator, there are in principle no new infrared divergences that we need
to take care of. While not being divergent, the infrared contributions yield for example
logarithmic contributions of the type

2
f do® = In Q—2 + finite terms (4.57)
m

n+l

where Q is the hard process scale and m is the mass of a massive parton in the process. The
above equation is valid in cases where the two scales vary greatly, i.e. Q > m, resulting in a
large logarithm. This logarithm is again canceled by an equal contribution from the virtual
corrections doV with opposite sign. Thus, this poses no conceptual problem. In numerical
calculations, however, these logarithms can create problems. Q > m means that both the
real emission contribution and the virtual corrections are large numerical values which,
after summation, result in a much smaller total next-to-leading order cross section. If we
do not subtract these logarithms separately for both contributions (i.e. as part of do*), the
numerical program might experience numerical instabilities. Since computers can only
store a limited number of decimal digits for any numerical values, the subtraction of two

>Normally, one uses double-precision floating-point variables that occupy 64 bits or 8 bytes in computer
memory. Such variables are usually implemented according to the IEEE 754 floating-point standard [82]
which yields roughly 16 significant decimal digits.
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4.2 Real Emission and the Dipole Formalism

almost equal numbers (i.e. almost all leading digits are equal) will result in a much smaller
number of significant decimal digits. This creates instabilities in the actual results and can
seriously harm the convergence of the Monte Carlo algorithm.

Thus, to ensure that the Monte Carlo integral evaluates properly, we impose the follow-
ing requirement:

}r}il’(l) [daR(m) - daA(m)] = /[daR(m =0)-do®(m = O)] (4.58)

where we denoted the mass dependence explicitly (and where m can refer to one or more
massive partons). It enforces a smooth parameterization of the massless limit.

As anext step, let us consider the soft and collinear limits of an (#+1)-parton amplitude
with massive partons. The above condition affects our parameterization of the collinear
limit, as we will see.

The Soft Limit for Massive Amplitudes

Since only gluons yield contributions to the soft limit, the soft limit is almost identical to
what we derived earlier in section 4.2.1. The only difference comes from the fact that in
the contraction of the eikonal currents, equation (4.9) on page 61, the first term no longer
vanishes since p? = m?. We thus obtain

lim Z |~An+1|2

soft =0 {)t}n+1

n+l ] n+l m2 Pipk ) (4.59)
= 8o’ ) — (_ P 1 AL TiTi A,
“ ,‘Z;pipj ; 2pipj  pipj+ Prpj {%:n ‘

i#j k+i#j

A

The Quasi-Collinear Limit for Massive Amplitudes

To ensure that the smoothness condition (4.58) is fulfilled, we have to investigate the
so-called quasi-collinear limit [83] which generalizes the collinear limit. Here, we not only
let the transverse momentum approach zero, k, — 0, but also the parton mass m — 0 in
such a way that |k.|/m stays constant:

kl = /\collk> my = Acolln’lx (x = i,j, (l])) (4.60)

In this way, the logarithmic contributions discussed before are treated as if they were
divergent similar to the massless case, thus guaranteeing their subtraction later on in do.

The Sudakov parameterization for the emitter and spectator momenta, equation (3.38)
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now becomes
. _— ki +x’mi—mi e
Pi =XPeont K1~ >
1 «© X 2(npcoll)
2 4 52,2 2 (4'61)
v — kt+x"mi—m;  pu
pj:xpcoll_kl_ = .
X 2(npcoll)

Here, pcon is not light-like but a massive four-momentum with p? , = 2 . The invariant
that carries the singular behavior now reads

2 2 mz.
k i + —]) . (4.62)

+ = -—— + —
(pl p]) coll ( xx x X
However, since the emitter parton is generally regularized by the parton’s mass, the actual
propagator is not divergent as the quasi-collinear limit of the amplitude shows:

lim Z |~/4n+1|2
Acoll >0 {/l}n-#l
4o e (m), (4.63)
Ax() PO A ().
(Pt +pj) - mu {/\%:H\ '1211: (=i
Aih;

This expression contains re-derived Altarelli-Parisi splitting kernels that are obtained like
in the collinear limit, but with the appropriate Feynman rules for massive particles (i.e.

spinors):
Y
(m).ny’ v kJ.kJ- Y xv
P, =Tx [—g” +4—] €,€.7, (4.64a)
849 (pi+p))?| "1
m l+x* _ m?
P - G l —ex - —] Sy (4.64b)
x iPj

The kernel for the splitting ¢ — gg is unaffected since all partons are gluons and thus
always massless, it is given by equation (4.16a) on page 63.

Dipoles for Massive Partons

Let us now turn to the dipoles themselves. The definition of the dipole is almost identical
to the previously given form, equation (4.23):

Dij,k(pla o Pne1)
1 -~
= A* ij, k ”V””) (i, k). (4.65)
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However, the momentum parameterization obviously differs from what we had in the
massless case and so do the spin-correlation matrices. The momenta now read

= bl

VA () B P, e
2
VA (pr )2, m) ”’

where P is the total momentum of the dipole momenta

pic =

Pt = pl + plt+ ph = By + Py (4.67)
and A is the Killén function we saw before,
AMx,y,z) =x*+ y* + 2% - 2(xy + yz + 2x) (4.68)

which often occurs in phase space factorization formulas with massive partons. The
momenta are chosen such that all momenta are (massive) on shell momenta obeying

2_ .2 2_ .2 2 _ .2 ~2 9 22 _ 9
pi=my, py=mi, P =M, Py =My, P =M. (4.69)

The spin-correlation matrices themselves are more complicated due to the complicated
kinematics arising from the masses. Like in the massless case, they depend on the variables
z, z, y, and y whose definition is unaltered. However, they also depend on several other
variables that vanish in the massless limit. These are listed in table 4.1. Therein, we find a
definition for normalized masses ., some definitions for relative velocities v, , between
partons x and y that are equal to one for massless particles (the tilde version v;; x refers
to the dipole momenta p; jand Px), and a massive variant of the variables z and z which
carries an additional superscript (). Lastly, the range of values that z and z can take is
no longer given by the interval [0, 1] but by [z_, z, ] in the massive case which is important
for the limits of the integral over the unresolved phase space, but also in the definition of
the spin—correlation matrices. These matrices are finally given by

' 1 2-KzZ,Z_
VT = dmagu®(4Cy)| -g* + *

1-¢ v r*
+ WK(m)VK(m) ]Ezez , (4'703)
/ 2T, 2K m?
v _ g4 264 R | v 1- == St S
apk ~ K Vijk & 1—e\™* (pi+pj)?
4 v r*
G
i TPj
7777, B 2e 2 1'\/lij,k mlz — 6
ng,k = 47'[063[4 (2CF) ﬁ - Tjk (1 + Z) + ITPJ + €z ' (4-7OC)
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My m—0 o -~
#x:‘/Pz', —0 (x_l’]’k’l])
—\2
@+ (=== )y) - aud -y
Viik = - -
! (1=}~ w5 =)y
vij,k =1_Vij,k ’"_"0)0
i CNTENTS o
Vijk= T3 5 -
1- P’%j - 4
VU2 =2 =)~ o
v..) —_ —
N e R
1 o
Z(m) =Z- Evij,k —0> z
Smy 1 -
(m) _—_ ik LN
. 2ui + (1- i — w3 — )y Qavpv) 220 {1 +
L= ij,i Vijk -
2(p; + 3+ (L= pf — 3~ ) y) ney 0 -

Table 4.1: New variables for massive final state dipoles along with their corresponding
limits in the case where all masses go to zero.

with the spin correlation
KOmY = 20 ph %(m)pj‘ (4.71)

and an arbitrary parameter ¥ which controls the distribution of finite pieces among
the terms. With the help of table 4.1 one can easily see that if all masses are zero, the
spin-correlation matrices are equal to the ones we defined earlier, equations (4.252) to
(4.250).

Of course, these new spin-correlation matrices yield a new integrated subtraction
term. In order to derive it, one first has to factorize phase space such that the unresolved
particle can be integrated over. Just like the formulas above, this is very technical and
involved and copying the formulas here will not serve any purpose in the scope of this
thesis. Hence, we refer the reader to the detailed explanations in [79].

4.2.6 Initial State Hadrons

So far, we have merely discussed the treatment of final state radiation which is sufficient
if we compute observables for electron—positron collisions. If we look at LHC physics,
however, we also have initial state partons in the partonic cross section that can either
radiate further partons (i.e. it can be an emitter parton) or take part as a spectator parton.
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4.2 Real Emission and the Dipole Formalism

() Dijx (b) D, (©) DY (d) Db

Figure 4.1: The different types of dipoles. Blobs denote n-parton amplitudes; external lines
to the left of plots are initial state partons, lines to the right are final state partons. From
left to right the following emitter—spectator cases are shown: final-final, final-initial,
initial-final, initial-initial. Picture adapted from [26, 79].

In total, there are four types of dipoles that we have to deal with. They can be categorized
by the channel (i.e. initial or final state) of the emitter and the spectator parton. Figure 4.1
shows the four contributions pictorially. Our naming convention follows [26] and is used
in any publication that we will refer to in this thesis: initial state partons are labeled a
and b while final state particles have indices i, j, and k. Depending on the channel of the
emitter and the spectator, the indices are given as superscripts in the initial state and as
subscripts in the final state (as in our previous discussion).

Our discussion so far was limited to non-hadronic initial states, hence we only dis-
cussed final-final dipoles. Deriving the other dipoles is very similar® although the treat-
ment of an initial state emitter bears some new complications, not only in terms of its
formulation but also conceptually. We discussed factorization shortly in chapter 2 and
initial state radiation is where it practically enters our discussion. In order to obtain a
finite cross section, we have to alter equation (3.29) such that it reads

ONLO:fd(TR—I—deV-i-/dO'C(‘MF), (4-72)

n+l n

where do€ is the so-called collinear counterterm. The reason for its existence is that collinear
divergences stemming from initial state partons are not canceled by equivalent poles from
the virtual contributions, unlike those from final state partons. Instead, these collinear
emissions have to be regarded as part of the parton distribution functions which they
should be absorbed into—as we discussed before, this is the reason for the existence of
(and for do®’s dependence on) the factorization scale py. In numerical calculations, this is
done the other way around: instead of absorbing the collinear divergences into the PDFs,
they are still contained in do® (otherwise, do® would depend on the factorization scale
and they would have to be filtered out). The re-definition of the PDFs, on the other hand,
is given explicitly in terms of the collinear counterterm do“. It contains divergences which
are exactly canceled by the initial state collinear divergences of do®. do® can be written
as a convolution of a process-independent factor I'(x, x’, yr) and a leading—order cross

°Tn principle, we have to analyze the soft and collinear limits once more for each case, derive new
subtraction terms that match in those limits, obtain the integrated term, etc.
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section:

1 1
[ do(uz) = / dx f dx’ / do®(xpax'py) T'(x, X', ug). (4.73)
n 0 0 n
The process-independent I'(x, x’, ur) is proportional to the Altarelli-Parisi splitting func-
tions (which is expected since the Altarelli-Parisi equations mediate parton evolution)
plus a term that depends on the factorization scheme that is used (e.g. MS scheme); we
are not interested in the exact form here. The two integrals force the Born cross section to
be integrated over the initial state momenta intervals [0, p,/s].

The next-to-leading order cross section now reads

oNEO = f[daR - daA] + f[dav +do® + f daA] (4.74)
1

n+l n

where both square brackets are integrable in four dimensions. In the right hand bracket,
we find the following structure

do© + f do* =de® ® (I+P +K) (4.75)
1

where I is the insertion operator that contains all poles which are canceled by the virtual
corrections doV. The other two operators are finite remainders of the cancellation of
the initial state collinear divergences: P corresponds to the piece proportional to the
Altarelli-Parisi functions while K results from the term that depends on the factorization
scheme, both of which were mentioned before in the context of I'(x, x', ). The tensor
product again represents color correlations between the amplitudes in do®.

Let us now discuss the structure of the subtraction term do*. With two partons in
the initial state, we have to add the remaining dipoles such that our new subtraction term
takes the form

do’ésochnH(ZDij,k]n(i)ij:IN)k)"' Z prj]n(i)ij;i)a)

() ce{ab) (1))
" (4.76)
+ Z Z D;J]”(ﬁk;i)fj)-i- Z ZDCj’d]n((Dn;i)cj)pd))
ce{a,b} (j.k) c,de{a,b} j

ctd

as opposed to equation (4.22). Each new term contains a sum over both initial state partons
which essentially means that each new dipole term has to be applied for each parton. The jet
functions J, obviously always act on all final state momenta. However, having initial state
emitters and spectators means re-parameterized momenta and thus a different process
scale. We indicate this by initial state momenta that follow a semicolon in the argument
list of the jet function. The last dipole case even contains a re-parameterization (Lorentz
transformation) of all final state momenta, indicated by ®,. Note that we indicated the
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4.2 Real Emission and the Dipole Formalism

subtraction term with a subscript “CS” that stands for Catani-Seymour. The reason is that
we will use this subtraction term in the following chapters where we will usually talk about
the full massive term including initial state radiation.

In the following, we will discuss each of the remaining cases briefly where we focus
on the differences to the already discussed final-final case. For more details, we refer the
reader to [26] and [79] where all terms are carefully worked out. Since the formulas for
massless dipoles can always be obtained by letting m — 0 in the relations for massive
dipoles, we directly present the massive versions.

With respect to parton masses, one more remark is in order. The factorization theorem
only holds provided that any incoming partons are massless, or can be treated as such (i.e.
their masses are small and can be neglected in a theoretical calculation). The cancellation
of soft divergences is guaranteed by Bloch-Nordsieck procedure, originally formulated
in 1937 when QCD was not yet known, which says that electrons are “unaffected by the
interaction with radiation” [84]. The generalization is that in QCD, poles due to soft gluons
cancel—a fact we have exploited many times in this thesis. However, this is no longer valid
if incoming partons are massive which leads to divergent contributions proportional to the
mass m of the ingoing parton, see for example [85-88]. Even though these violations only
start appearing at two—loop order which is next-to-next-to-leading order, they prevent a
general formulation of the factorization theorem for massive initial state partons. Thus,
no formulation of the dipole formalism exists for this case.

In the following discussion, we give the subtraction terms, but not their integrated
versions and the factorization of phase space into n—parton times unresolved contribution.
Since these steps are performed in great detail in [26, 79], we refrain from copying the
formulas which would exceed the scope of this thesis. Furthermore, the focus in this work
lies on the subtraction terms and not on their integration, for reasons that will become
obvious in chapters 5 to 7.

Final State Emitter and Initial State Spectator

First, we deal with the case where an initial state parton can take the role of the spectator
parton which is depicted in figure 4.1(b). This case is analogous to the final-final case but
depends on a different momentum parameterization and slight modifications. For the
momenta, we use

Py =pi+p-xph, Ph=xph (4.77)
where we defined the symbol
_ PiPat pipa = pipj+ 5 (miy - mi - mj)

X = Xjjg = , X =1- Xjjas (4.78)

PiPa +Pjpa

which takes the role of y and y from the final-final dipoles. Note that this variable should
not be confused with the energy fraction x we used for the Sudakov parameterization (see
equations (3.38) and (4.61)); in the context of initial state dipoles, we will henceforth use x
in the above sense.
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The dipole definition is also slightly altered with respect to D;; x:

1 ~
D = - A (i o Ty vy ).An ij;a). (4.79)
ij (p: +p])2—m {A%:H\%: JA)( ( ) (ij;a)
hid}

where the factor !/x is due to the initial state spectator. The spin-correlation matrices are
given by the following relations

1 1 1 — € 7%

’1’1 2¢ v v ,1
Vggk = 4maspu*(4Cy) [ g ( % + % 2) + —p Iy KK ] €, >, (4.80a)
V= dnap(2Tx) [—g’” ] (4.80b)

ik (pi+pj)>? p])2

! 2

o _ 2¢ _ =

ng,k - 47-[“5!'[ (ZCF) |:1 74X (1 + Z) €Z:| 61111" (480C)

Note that they are significantly shorter than the ones for the massive final-final case,
equations (4.70a) to (4.70c), for two reasons. First, the free parameter x has been set to zero
and second, since the spectator is in the initial state and thus massless, the velocities v;; , and
Vi j.a are equal to one (see table 4.1). Hence, z and 7 are defined as in the massless final-final
case with the exchange k — a (i.e. z = z;j,, see equation (4.24)). Furthermore, the
spin-correlation K* is exactly the same as in the massless final-final case, equation (4.26).
Due to the change of the spectator parton into the initial state, we have the following
replacement with respect to the final-final case:

1 1 1
—

1
— = =, — —, (4.81)
l-zy 1-z+x l-zy 1-z+x

(this affects only two of the three matrices). One can easily check that this new parametriza-
tion leads to the same collinear and to a similar soft limit (one has to include initial state
partons in the definition of the eikonal currents) we derived earlier for the final-final case.

Initial State Emitter and Final State Spectator

In the case where an initial state parton becomes an emitter, the kinematical situation is
different than before. Since the initial state emitter momentum p,,; is the one that describes
the “remnant” parton that goes into the hard scattering and parton j actually radiates oft
of p, (compare figure 4.1(c)), the kinematic situation is as follows:

Paj=xph,  Pi=ph+pi-%ph (4.82)
where o e ‘
PP <l ] O S PR - (4.83)
PjPa+ PkPa PjPa+ PkpPa
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4.2 Real Emission and the Dipole Formalism

.2 2 o
Here, only the spectator can be massive, p; = m;, since initial state partons have to be
massless as we discussed before.

The dipole then reads

DZj(pl>~--pn+l)

1 a
= Gl R O PR
2papj x ?}Zﬁl}\ ﬂZﬂ: TS,
Aash

Let us now discuss the spin—correlation matrices by clarifying the differences between final
and initial state emitters, first. For final state emitters, the parton ij couples the two final
state partons i and j to the matrix element. The fact that both i and j were external particles
in the final state meant we did not have to distinguish between the splittings ¢ - qg and
q — g9, for example. In the case where the emitter is in the initial state, however, we
actually describe the splitting @ — aj + j. The matrix character of the spin—correlation
matrices is now due to the helicities of particle aj which, from the perspective of the
splitting, is an outgoing parton as opposed to ij which is ingoing in terms of the splitting.
If we compare the splittings ¢ — q¢ and g — gq in the initial state, we find that we have to
distinguish between the two since the splitting parton is a quark and a gluon, respectively.
This affects the definition of the spin-correlation matrix and we end up with a total of four
terms:

, 1 X
(VEEYM = dma ™ (4Ca ) [—gﬂ”(l_— —1+xx) (1—6)——LﬂL ]

X+u X DiPk
el (a8sa)
’ [ x 2 u r*
(VI = 4magu® (2C) | -g""x + X MY pupy €€y (4.85b)
! X PiPj
(VSO = dmagpu®(2Tx) [1- € — 2x%] 8y (4.85¢)
) 2 _
(VY = 4ma u* (2Ck) I (1+x)- ex] St (4.85d)
where the spin-correlation is given by
u
b B (4.86)
u u
and .
- PiPe , G=l-u=— PP (4.87)
PjPa* PkPa PjPa* PkPa
which takes the role of z.

In order to verify that the above dipoles yield the proper soft and collinear description
of all poles, one has to re-calculate the Altarelli-Parisi splitting functions (see equations
(4.16a) to (4.16d)) for the splitting a — (aj) + j of an initial state parton. This requires the
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4. Helicity Summation

use of a slightly altered Sudakov parameterization. We do not present these terms and the
momentum parameterization here, both can be found in section 4.3 of [26].

Initial State Emitter and Initial State Spectator

While the two previously discussed cases have to be applied to both deep inelastic scatter-
ing (one initial state hadron) and Tevatron/LHC physics (two initial state hadrons), the
initial-initial case in figure 4.1(d) is only applicable when there are two hadrons in the
initial state. Furthermore, this case will be treated for massless partons only due to the
aforementioned fact that the factorization theorem no longer holds if there are two initial
state massive partons.

We parameterize the emitter parton by

Pl =xph (4.88)

where we define

PaPv—PjPa— PjPv —_

_ _ PjPa+ PjPo
X =Xjab = > x=1- Xjab =" -

(4.89)
PaDb PaPo

In contrast to all other cases, we do not re-parameterize the spectator parton in this case,
but we perform a Lorentz transformation on all final state momenta (which includes final
state leptons, weak bosons, etc, not just partons) to compensate. The transformation is

given by
+K)H (K +K) K"
AMV = Mv -2 (K ~ = " .90
g (x+ %) 2 (4.90)
where x and « are the sums of the dipole momenta:
Kb = PZ + PZ - p’;, k= IN)Z] + p’;. (4.91)

Once again, momentum conservation is fulfilled (albeit not as obviously as before; we do
not verify this here).
The dipoles are given by

Daj’b(Pb .. -Pn+1)

1 1
= - — A (D a Loy yarb ””)A D, a (4.92)
sy 2 DA ) (v ) A )

Aok

Like in the initial-final case, we find four spin-correlation matrices which read

(VEEYI = 4o 2 (4C,) [ g“”( + xx) (1- e)% u M“M”] 6,4€v , (4.933)

(qu)b)fm’ = dra,u*(2Ck) [ gx + 2— u M“M”] eﬂev , (4.93b)
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(ng’l’)””' = 4mop* (2TR) [1 - € - 2x%] 8,y (4.93¢)

(VI < 4 (2Ge) [ 2 - (10 x) = 5| Sy, (493d)

1-x
where the spin-correlation is given by

Pipa

M¥ = p* —
pi Popa

Pl (4.94)

and

u = PaPo )
(pipa)(pipy)

One can verify the correct description of the collinear limit by these dipoles using the

(4.95)

Altarelli-Parisi kernels for the splitting a — (aj) + j mentioned above.

This concludes our discussion of the “classical” dipole formalism by which we mean
its formulation for helicity summed matrix elements. There are some more features and
publications that we have not discussed but which deserve to be mentioned briefly for
the interested reader. Note that this work focuses on jet production in QCD which is the
reason why we do not discuss the following items here.

The original publication by Catani and Seymour [26] also deals with identified partons
which require parton-to-hadron fragmentation functions. These are treated separately
from non-identified partons as they occur in jet production and thus require extra dipoles.

As we mentioned briefly, QED also experiences singular behavior due to photon
radiation off of fermions which can also be treated within the dipole framework. Extensions
of this kind have been proposed in [89,90].

4.3 Implementation for Leading Color e"e* — n Jets

The general implementation of the summation procedure using helicity amplitudes is
straight forward. The numerical calculation of amplitudes is based on the parameteri-
zations of the particle polarizations € (p, q) and e~ (p, g) and corresponding spinors we
gave in chapter 3. Agreement between the long established program MadGraph (current
version [91]) and our color ordered recursive approach has been extensively tested and
confirmed in [36], both for massive and for massless amplitudes. Thus we can safely as-
sume that the evaluation of Born amplitudes works properly and produces correct results.
Instead, we will focus on the implementation of the dipole subtraction procedure for the
real emission contribution which has not been discussed in [36].

We have implemented both the Born algorithm and the dipole formalism for e’e™ — n
jet production in the leading color approximation and for five massless quark flavors (i.e.
for massless up, down, strange, charm, and bottom quarks; as stated before we ignore the
top quark). The only partial amplitude we have to evaluate is A(q, g1, €2, > gn-1- 3 € > €1).
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Figure 4.2: Example for the leading color dipoles for e"e* — 4 jets.

Since the ordering of particles is fixed, the only invariants that can yield soft or collinear
poles are those of neighboring partons. This allows us to restrict the dipoles that we
compute to those where all three indices i, j, and k are direct neighbors, reducing the total
number of dipoles from O (n?) to (2n - 2) dipoles for # jets:

Dy Dugs Duss Dxnis oo Du-ayin-ng Dgn-1).(n-2)- (4.96)

Note that the order of the emitter partons is not relevant. Furthermore, there is no
dipole Dz since the underlying Born amplitude would then be given by the process
eet - g14,---g, which is not a physically possible process at tree-level. The apparently
unintuitive backwards order of every second dipole (e.g. D, ,) is due to a very simple
algorithm that can be used to generate the dipoles for an arbitrary number of jets. If we
label the quark with the number 0 and the antiquark with 7, i.e. the final state partons are
labeled from 0 to 7 in the above order, we can use the following pseudo-code to generate
the indices of all dipoles:

Algorithm: Generation of Leading Color Dipoles

for (unsigned a = 1; a < (n + 1); ++a) {
unsigned i = a - 1;
unsigned j = a;
unsigned k = a + 1;
// (ij, k) is the first dipole.
// (kj, i) is the second dipole.
}

A pictorial example for this is given in figure 4.2.

Implementing the Kinematical Parts of the V;;

When we calculate only those dipoles with neighboring partons, we also have to make sure
that we adapt our spin-correlation matrices to this case. In order to get the soft limit right,
we can only allow for parton j in the above dipoles to be treated as soft, otherwise we would
obtain terms where non-neighboring partons are described by dipoles.” We can achieve

’Confer equation (4.27) on page 66 and the following description together with the external-leg insertion
rule, figure 3.4 on page 35.
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this by shifting terms that are singular in the soft limit of parton i (like 1/1-z7) between
dipoles—thereby turning into parton j in the context of another dipole—so that all poles
are accounted for by the soft singularity of parton j. The end result of this procedure is
that we essentially “remove” all terms of the form !/i - zy from the dipoles and compensate
for them by multiplying a factor two to the singular term !/1 - z5 for parton j. Furthermore,
due to the color flow decomposition, our definition of the coupling changes from 4ma;
to 27a,. Taking everything together, the implemented spin-correlation matrices in four
dimensions read

1 x
- 2) + —K“K”] €xey (4.97a)
pipj

' 2
Vzg,k = Znas(ZCp) lﬁ - (1 + Z)] 6,1,7/. (497b)

e (2

Note that the g — gg splitting leads to an underlying Born amplitude with two quark pairs
which is sub-leading in terms of its color structure and which we thus drop. We now have
to determine how to implement these formulas most efficiently. The basic kinematical
structure of a dipole is in a symbolical notation given by

Do S ANV AL
i (4.98)
= AT VIALF AT VA ATVIAL ATV A

where the amplitudes depend on the emitter helicities # and #’ but are otherwise summed
over all helicities. We realize this by first computing an open helicity summed amplitude
A, where the emitter polarization or spinor is missing. We then use this to obtain the
amplitudes

Ay = Aner(piy) and A, = Ave, (b)) (4.99)

(for gluon emitters; analogously for fermion emitters) which are complex numbers that can
be simply conjugated to obtain the corresponding 4. This means we only calculate one
(open) amplitude instead of two. There are three cases to consider for the spin-correlation
matrices which we now re-write into a form which makes use of the amplitudes in equa-

tion (4.99):3

« The splittings where the emitter parton is a quark are proportional to §,,,. The above
sum then trivially reduces to

Doc 3 AL 8y Al = AL AL+ AL AL (4.100)
n.n'

1%
« In the case of gluon emitters we have one term proportional to —g#'eje, . We find

$Note that these three cases have been presented before in a similar form in [41,76].
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for the full structure
Doy AL el (By) (=g el (b€l (bip)) € (biy) A3 (4.101)

where we can replace the two left hand polarizations and the two right hand polar-
izations by the polarization sum, see equation (3.42). The gauge terms vanish when
contracted with the amplitude and we are just left with the metric tensors:

P * _ p *
D o< ~Ay goug" gvos An. = A goo Aj,. (4.102)
Using the polarization sum for -g,, and gauge invariance once more, we can write

Doc YA€) (Biy) €l (Pij) AG = A" As + A" A (4.103)

n

« Finally, the gluon emitter has the spin correlation which is given by

D o< 3 A€} (py) (cb(Buy) (2p! ~2p)
.1’
x (zp} —EP;)"?Z, (f’ij))‘fg’(f’ij)AZ
= S AVEET AL (4.104)
'
=AE'ETA+ AEYETT AL + ACETEYV AN+ ACETETT A,
= |[E* A} + E" A

where we defined
E* =¢€;(pi) (zpi —2p}),  E"=e,(pij) (2p} ~2pj) =E"" (4.105)
which can be easily implemented in the spinor helicity formalism.

This enables us to implement the kinematical parts of the dipoles.

Implementing Color Correlations

We still have to take care of the color correlations. A general algorithm for computing
the color correlations in the framework of color-flow decomposition has been detailed
in [41]. However, as we already mentioned in section 3.1.4, we can avoid the computation
of the color matrix in the case of leading color amplitudes and simply use the color factor
NZ# 2 for the corresponding squared amplitude where 7, is the number of gluons in
the process and 7, is the number of quarks and antiquarks. For the real emission matrix
element of electron-positron annihilation, this is given by

(Apal? o< N2 (4106)
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where n equals the number of jets. In the case of the dipoles, we have a more complicated
color structure:

T;;- Tk
2
T

~ AT T ® A,

Dij,k ~ A; ® Vij,k ® An

(4.107)

where we used the fact that for leading color calculations, we only require the splittings
q — q8.9 —~ g9-and g — gg for which we can write V;; ; o< T?j and thus this factor cancels
the denominator in the above equation.® The color correlation can now be computed in
several ways. One way is to use the color-flow basis together with the correlation operators
given in [41] to determine the effects. After dropping all sub-leading color contributions,
it becomes obvious that the color correlations for our electron—positron jet rates simplify
to a multiplicative factor —Ne/> with respect to the color factor of the uncorrelated Born
amplitude, which reads symbolically:
N, 1

Dijx ~ A, ®T;; Te® A, ~ _7|An|2 ~ 73 2. (4.108)
We do not show the computation here since it is a simple but tedious matter of reducing
strings of Kronecker deltas.*

A Technical Cut-Off to Avoid Numerical Problems

There is one more ingredient of our implementation that has not been mentioned so
far. To see its necessity, consider the strict soft limit where a parton momentum is truly
zero, p; = 0, or the strict collinear limit where two momenta point in the exact same
direction, p; = const - p;. In either of these cases any numerical calculation will come
across a numerical problem because the associated propagator, i.e. the inverse invariant(s)
connected to the soft or collinear poles, then gives a division by zero.

In the integration of the Born contribution, any invariants smaller than allowed by the
jet definition do not appear by construction so this poses no problem.

When integration the real emission contribution, however, it is possible to come across
one of these two cases. While being highly improbable since such a configuration requires
very specific sets of random numbers for the phase space generator, it turns out that in
longer integrations with many calls and iterations occasionally the program stops because
of a division by zero. This error code can be traced back to the problem described above.

We can solve this problem by introducing a second cut oft parameter ynin << Yeut
that' cuts off an event where the jet parameter of two momenta is smaller than y,, i.e.
Yij > Ymin V (i, j). Note that this is an entirely unphysical procedure whose sole purpose is

?Note that the only splitting that violates the relation V' ;. o< Tfj is the g — qq splitting; as mentioned
before, this leads to a Born process which is sub-leading in terms of its color contribution and thus does not
appear in leading color electron-positron computations.

'°The interested reader can find all the necessary details to perform these calculations in [36, 41]. Note
that a slightly different argumentation with the same outcome has been presented in [92].
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to solve the numerical problem discussed above. Hence, we have to ensure that all physical
results that we produce are independent of the parameter y,;,. It turns out that the choice

Ymin = ]-O_loycut (4'109)

is small enough to not alter the numerical results and at the same time ensure that we
circumvent the division by zero problem.

4.4 Checks and Analysis

Developing a complex numerical code such as the one we described in the previous
chapters requires extensive testing and verification with known results in order to be able
to provide reliable results. We will present checks and analyses at several points in this
thesis. After describing each helicity method and the corresponding subtraction scheme,
we verify that our subtraction terms work and we discuss some properties of the method
with respect to the VEGAS integration. A comparison of the different helicity methods
and related analyses are presented in chapter 8 where we also discuss actual numerical
results of our integrations.

In this section, we present checks and results for helicity summation. We will verify that
our implementation of the Catani-Seymour terms works as desired and we will analyze
the performance of the phase space generator described in section 3.4.1 with respect to the
VEGAS algorithm. Note that the basic algorithms for computing tree-level amplitudes have
already been analyzed and optimized in detail in [36]. Since only minor modifications
have been made to enable the calculation of electron—positron annihilation amplitudes
which do not affect the general results, we do not repeat any analyses here.

Checks of the Subtraction Terms

There are two ways of checking the correctness of the subtraction terms and their imple-
mentation. The first one is to perform an actual phase space integration over the real
emission contribution and observing whether it converges as expected. At this point, we
only state that we have performed this check for up to six jets and we observe the desired
behavior. We will return to this check in chapter 8 where we also compare the results
obtained with different helicity methods.

However, one cannot rely on this check alone since non-converging integrations
sometimes wrongly appear to give convergent results. Therefore, we implemented two
further checks that concern themselves with the behavior of the matrix elements in the
soft and collinear limits.

We saw before that the unsubtracted real emission amplitude scales like /32, or 1/a2 |
in the respective limits which gives a divergent result. Applying the dipole subtraction,
we reduce this to /A« and /A.,; which is integrable. This behavior can be investigated by
using the soft and collinear phase space generators discussed in sections 3.4.2 and 3.4.3.
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To this end, we chose the random numbers for both phase space generators such that they
generate (# + 1) momenta which describe 7 jets for all values in the ranges [A™?, Am2¥]

min ) max H :
and [AM, AM3x], given some fixed jet cut parameter y... The parameters we used are

Yeut = 0.0006,  Ago € [107°,107"],  Aeoy € [1073,10°]. (4.110)

The results are shown in figure 4.3. For each limit, we show two plots. The upper plot
shows the squared real emission amplitude; the gray data points show the behavior of the
unsubtracted matrix element while the red data points show the fully subtracted integrand
including the sum over all dipoles. Each of these data sets was fitted using the function

A, 1f(A)=a- A +b (4.111)

where x is the slope whose fit result is given inside the plots. Note that these fits are only
meant as a rough check of the slope. As one can see, the subtraction obviously works
well in both limits. In the soft limit, we can even observe that the integrable remainder
proportional to /A is very small so that the slope tends towards a constant.

As a further measure to verify the subtraction, we added the lower plots for each
limit. They display the ratio of the subtraction term, i.e. the sum over all dipoles, and the
unsubtracted real emission amplitude. As the plots show, this ratio tends to one when
approaching the soft or collinear limit, meaning that the numerical values are identical
up to a few digits. Note that this ratio can help identify wrong factors inside the dipole
contribution. If one forgot a coupling constant in the implementation, for example, the
ratio would approach this factor instead of one while the slopes for both data sets in the
upper plots would be -2.

Judging from figure 4.3, we can say that the Catani-Seymour subtraction works and is
correctly implemented.

Analysis of the Phase Space Integral

We have performed extensive phase space integrations to test both the Born contribution
and the real emission contribution with respect to the VEGAS algorithm. We do not
present any explicit results here, this will be done in chapter 8 where we compare the
different helicity methods. Let us merely state that we have verified that the numerical
results of the Born contribution agree with results published in [24]. Since we have not
implemented code for virtual corrections, we cannot compare any full next-to-leading
order cross sections or jet rates. Nevertheless, an independent implementation of the
Catani-Seymour subtraction has been performed in parallel by C. Schwan [93] which
confirms the numerical values of our next-to-leading order results.

Let us discuss the analyses we performed. One of the free parameters of the VEGAS
algorithm is the number of bins that is used per integration variable to realize the adaptable
grid. The obvious lower limit of one bin per dimension is the case of “classical” Monte Carlo
integration, often called plain Monte Carlo, where no adaptation to the integrand takes
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line) is approximately 1.
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place. There is no upper limit, on the other hand. The original VEGAS publication [70]
gives a typical number of 50 to 100 bins which “[... ] is limited by the computer storage
space available [...]”. This limit is obviously an artifact of the time of publication, 1977,
and is obsolete nowadays: we have performed integrations with up to 1024 bins where no
excessive memory consumption could be noticed. In principle, the boundaries of each bin
have to be stored as a floating point number. Assuming an integration with d dimensions,
b bins per dimension, and the use of eight byte double-precision floating point variables
results in a memory consumption of

8bd bd
VEGA tion=0b-d x 8byte= —— kB = —kB .
GAS memory consumption x 8 byte 004 8 (4.112)
purely for the storing the grid. Assuming d = 30 integration dimensions which acts as an
upper limit for all integrations that we performed, we obtain a total memory consumption

of 240 kB which is negligible on modern computers.

Thus, the question arises which choice for the number of bins should be made. hep-mc
[74] allows for an arbitrary choice in terms of a parameter of the VEGAS call. All other
codes that the author is aware of use fixed, hard-coded values; for example Cuba [72,73]
uses 128 bins while the GSL implementation [94] uses only 50 bins.

We performed several integrations with different numbers of bins. The results for
the Born integration are shown in figures 4.4 and 4.5, the results for the real emission
contribution are shown in figures 4.6 and 4.7. We first discuss the Born results. Plot 4.4
shows an integration for e’e™ — 6 jets where each sub-plot was created with the indicated
number of bins. The plots show how the VEGAS estimate and its error progress in the
course of a 10 hour long integration. All results are normalized to the weighted average
result of all plots after 10 hours of integration. It is immediately obvious that the results
with 32 and more bins agree well with the weighted average and are similar in their overall
behavior, while the result with one bin underestimates the other results by more than
11 standard deviations. This immediately proves the necessity of the VEGAS adaptation.
When analyzing the behavior for different numbers of jets (not shown here), a similar
picture emerges where the one bin result typically shows the most fluctuations and by far
the biggest error. The underestimation only becomes obvious starting from four jets, and
increases with growing number of jets. This is due to the fact that the phase space volume
grows and gets more complicated with increasing numbers of particles and thus increasing
integration dimensions; VEGAS adapts well in the sense that it finds those regions which
give the largest contributions to the integrand. Without VEGAS the algorithm pokes
randomly into the pictorial haystack, while not even looking for the needle. Figure 4.4
does not make it easy to see whether any given number of bins is preferred by the program.
Therefore, another plot is shown on the left hand side in figure 4.5 which is made up of the
same data, but this time we look at the development of the relative Monte Carlo error for
the different bin numbers. Obviously, the one bin result is far worse than all the others—as
was obvious from the previous plot. Among the other results, 32 bins stand out as a winner
while it 1024 bins seem to be least effective. We can explain this behavior by looking at the
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Figure 4.4: The graphs show the progress of an integration for the Born contribution to
the process e"e* — 6 jets. Each plot shows the Monte Carlo estimate (thick black line)
and a colored error band which displays the corresponding Monte Carlo error (i.e.
one standard deviation) after the time given on the horizontal axis. The vertical axis is
normalized to the weighted average of all bin numbers after 10 hours integration time
(i.e. the average of all values at the right ends of the plots). The result with one VEGAS
bin strongly underestimates all other integrations, making VEGAS a necessity. There
is no visible difference between bin numbers starting from 32 bins.
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Figure 4.5: Both plots display the same data as figure 4.4, but here the errors are examined.
The left hand plot shows the cumulative relative errors after the given integration time.
The right hand plot shows the local errors for each iteration; all bin numbers starting
from 32 bins show a good adaptation and thus a reduced error after only three to five
iterations.

right hand side of the figure: it shows the relative Monte Carlo error again, but this time
not the accumulated error after a given time, but the relative error for the given iteration.
In the first iteration, where the grid has not yet adjusted and which basically acts as a
plain Monte Carlo, the error should be large while one would expect the grid to adjust
and thus the error to become smaller in the following iterations until it reaches a roughly
asymptotic value. This is clearly the case in the right hand side of figure 4.5 where all data
lines approach an asymptotic value after approximately four to five iterations. Note that
the 32 bit result becomes especially small very quickly, while the 1024 bin result apparently
hits a large integration region in the third iteration that was missed during the first two.
This is the reason why the 1024 bin result has a slightly worse behavior than the others.
The right hand plot also shows nicely that without any grid adaptation, the algorithm is
subject to whatever phase space point it comes across, resulting in strongly varying errors
per iteration that are in general much bigger than with adaptation.

For other numbers of jets, the results look similar, while most checks that we performed
show even less distinguishable patterns for the different graphs of 32 to 1024 bins. Thus, we
conclude that for helicity summation, the actual number of bins is not significant provided
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4. Helicity Summation

that the grid adapts.”

Let us now turn to the real emission contribution. Figures 4.6 and 4.7 show plots
for e"e™ — 4 jets which corresponds to five QCD partons in the final state. Since we
have established already that one bin or plain Monte Carlo yields inaccurate and slowly
converging results, we do not show the results for one bin here, but for eight bins instead. In
this way, we can investigate the effect of a sparsely populated grid on a complex integrand
function. Other than the change from one to eight bins, the plots are identical. Figure 4.6
shows again that the results from 32 to 1024 bins agree well. The eight bin result, however,
has a visibly larger error band than all other plots. The left hand side of figure 4.7 supports
this statement. Judging from this picture, it is tempting to declare the higher numbers
of bins, i.e. 512 and 1024, as winners. However, a look at the error per iteration on the
right hand side shows that while we clearly see a good adaptation to the grid after four or
five iterations once more, the fluctuations afterwards are much higher than in the Born
case. This is caused by the much more complicated structure of the real emission phase
space that we integrate over. A global look at other numbers of jets (again not shown here)
reveals a similar picture.

To analyze the adaptation to the grid further, we also visualized the VEGAS grids in
the two plots shown in figure 4.8. These show the grid configuration after six integration
iterations. The Born graph 4.8(a) shows all eleven integration dimensions for e et — 5 jets
while the real emission graph 4.8(b) shows all eleven integration dimensions for e"e* — 4
jets. Recall that the first two variables, indicated by p, and p, determine the solid angle of
the initial back to back momentum configuration while the next three variables (ps, p, and
ps» etc.) add another soft parton in between the previous ones. Of the three variables for
the soft momenta, the first two determine the invariants between one existing momentum
and the newly inserted soft parton. The third variable determines the angle.>

In the Born case, we can see that all angular variable are more or less unaffected, i.e.
the grid only adapts a little. The variables determining the invariants, however, mostly
show a strong trend towards the left hand side which indicates zero as the value of the
random number. This is in agreement with our earlier statement that those regions closest
to the soft and collinear limits exhibit the largest matrix elements, which is what VEGAS
adapts to; small invariants indicate soft or collinear partons, in the end. Note that this also
proves that the phase space generator we use is well suited for an integration with VEGAS.

The real emission grid shows a similar overall performance with the same variables
pi tending to zero and thus small invariants. Across all variables, however, one can also
see apparently randomly distributed peaks where VEGAS bins are concentrated—this
emphasizes the complexity of the real emission integration once more.

In the following chapters, we will encounter similar plots for other helicity methods;
they all come with at least one additional integration dimension for the helicity. We can

"The detailed behavior of the integration also depends on the seed for the random number generator
which was chosen to be a random number itself in the plots, thus mimicking the typical use of an event
generator where the user does not necessarily want to deal with technical details such as seeds.

2This was discussed in detail in section 3.4.1.
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04 L 8 VEGAS bins )

Real emission cross section, deviation from weighted average estimate
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Figure 4.6: This plot presents results for electron-positron annihilation to four jets for
the real emission contribution similarly to figure 4.4. All results agree well while the
eight bin result has a visibly bigger error. The 128 bins result obviously faces some
difficulties below four hours; note that this is not a generic problem, but an artifact of
the specific run (seed for the random number generator).
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Figure 4.7: Similar to figure 4.5, these graphs present the errors to the real emission results
from figure 4.6. The general picture is similar to the Born result, while there are more
fluctuations, a result of the more complicated phase space structure.

use the results from this section for general comparison, but especially also to identify any
changes in the phase space adaptation caused by the changes in helicities.
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Both plots show the same basic structure where the grid adapts well to the invariants.
The real emission grid shows some apparently randomly distributed peaks around

Figure 4.8: Visualization of the VEGAS grid for 128 bins. Each row corresponds to one
which the grid is concentrated which explain the fluctuations observed in figure 4.7.
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Helicity Sampling

In the previous chapter, we discussed the classical way of dealing with helicities in numeri-
cal programs. While conceptually simple to realize, the method of summing up helicity
amplitudes comes with an inherent O (2") growth where 7 is the number of external par-
ticles. Especially for high particle multiplicities and in the evaluation of next-to-leading
order observables, this can quickly become a roadblock: the subtraction method requires
one to evaluate in general O (n*) dipoles—meaning additional n-parton squared ampli-
tudes—plus the (7 + 1)—parton real emission amplitude, all of which have to be summed
over the helicities.

This is where this thesis steps in: we find and analyze methods that reduce the overhead
created by the helicity summation. All methods that we present are governed by one central
idea.

This idea is to turn the sum over all helicities into a Monte Carlo integral which can
be combined with the existing phase space integration such that we obtain a single high
dimensional integral. There are two ways to accomplish this. One is to re-interpret the sum
as an expectation value which can be computed by a Monte Carlo integral. The second
is to not use helicity eigenstates, but re-parameterizations that depend on continuous
variables that have to be integrated over in order to obtain the helicity summed result.
All methods effectively remove the helicity sum locally, leaving just one squared helicity
amplitude to be evaluated per phase space point and thus reducing the O (2") growth
to O (1). While this sounds like an enormous speed-up, we do not get anything for free.
By re-writing the helicity sum into an integral, we add additional dimensions to the
already high-dimensional Monte Carlo integration (how many dimensions depends on
the realization of the method). This increases the volume of our integration space which
means we need to throw in more points to cover it reasonably well. We will investigate the
trade-off later on.

This chapter presents the simplest approach to getting rid of the helicity sum which
we call helicity sampling. This approach has been used for a long time, although it has not
been properly described in the literature, to the best of our knowledge. We first present
the general idea and two different ways of implementing it in practice. Then we analyze
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the compatibility with the dipole subtraction and present some necessary modifications
that have already been published in [95]. Finally, we perform a similar analysis as in the
previous chapter.

5.1 Gambling with Helicity Configurations

Helicity sampling is based on the first idea mentioned above, re-interpreting the helicity
sum as an expectation value. Suppose we want to evaluate the sum of a function f(x) over
all elements x of a discrete set of values X,

A=) f(x). (5.1)

xeX

Now let X be a random variable such that each element in X occurs with equal probability
p(x € X) = p. Wechoose p(x) suchthat }" .y p(u) = |X| p = 1, where | X| is the cardinality
of the set X'. Then we can expand the original sum as follows [69]:

S )=~ fx)p= %E[f(X)] (52)

xeX P xeX

Note that p = p(x) acts as a probability function here, which enables us to write the sum
as an expectation value. Also note that !/p is simply the number of terms in the sum (see
remark on cardinality above). The expectation value E [ f(X )] can then be performed in
terms of a Monte Carlo integral.

The next step is to apply this to the sum over all helicities of the external particles. In
the following we are going to present two ways of doing this.

5.1.1 n-Dimensional Sampling

The most direct and intuitive way to use equation (5.2) with the helicity sum is to turn each
of the n sums in equation (4.1) into a separate Monte Carlo expectation value and hence
perform it as a Monte Carlo integral. This amounts to a straight forward generalization
of equation (5.2) from one to n dimensions. The probability function per dimension is
p =1/ since each particle takes one of two discrete helicity eigenstates. For n dimensions
we thus end up with p;p,---p, = p" =12

The way we perform the summation can be written in integral form as follows:

2

> =2 f d"u [ Ay ). ) |

/\1 ----- /ln [0,1)"

(53)
When evaluating the amplitude, we use the following parameterization for polarizations:

e, (p) forue [1/2,1).
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5.1 Gambling with Helicity Configurations

In practice, we add n dimensions to the Monte Carlo integral, each of them resulting
in an additional random number u € [0,1). We then map this random number to a
discrete number and extract the corresponding helicity eigenstate by the prescription (5.4).
Effectively, we sample one helicity amplitude with randomly chosen helicity eigenstates
per phase space point, hence the name helicity sampling.

5.1.2 One-Dimensional Sampling

A second way to realize the helicity sum as a Monte Carlo integral is to re-interpret the
helicity sum as follows:
2"-1
Yo A= D MAa - (5.5)
i=0

Myeeoshn

The above is a simple technical re-write which introduces the map
A:[0,2") > 9,. (5.6)

Essentially, this means reinterpreting the sum over all helicities as one single sum over the
2" different helicity configurations by assigning a unique (but arbitrary) number to each
configuration. Note that the probability density is given by p = 1/ since the set ), has 2"
discrete elements. This is the same as the overall probability density of the n—dimensional
variant.

In terms of a Monte Carlo integral, we find

, (5.7)

which is merely a one-dimensional integral. To obtain the proper argument for A we
multiply the random number by 2” and truncate the non-integer part so that we end up
with a value from zero to 2" — 1. How do we realize the map A? It turns out that this can
be done in a simple and efficient way provided that all particles have only two helicity
states. Let us denote the truncated integer value of u - 2 by i. We now make use of the
binary representation of i which is inherent to computers and therefore easily and cheaply
accessible: each number i € [0,2") has n binary digits at maximum (or less in which case
we interpret it as an n-digit number with leading zeros) where each digit is either zero or
one. If we now assign each digit to one particle, we can re-interpret the digit as negative
(zero) or positive (one) helicity and thus choose the appropriate polarization vector for
each particle. An example for four external particles is given in table 5.1.

Note that while the method of n-dimensional sampling has been mentioned in the
literature and in personal discussions with other physicists, one-dimensional sampling
represents a new development which has not been used or at least published before, to the
best of our knowledge.
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i = 2" - u (truncated) helicity i = 2" - u (truncated) helicity

decimal  binary  configuration decimal  binary  configuration
o 0000 (-, - - - 8 1000 (+,-,—,-)
1 0001 (=== +) 9 1001 (+,=—+)
2 0010 (- -+ — 10 1010 (+, -+ -)
3 oo11 (== ++) 1 1011 (+, =+, +)
4 0100 (-+—--) 12 1100 (+,+,—,-)
5 o101 (= +,—+) 13 1101 (+,+,—+)
6 0110 (= +,+,—) 14 1110 (+++-)
7 o111 (= +,++) 15 1111 (+, +,+,+)

Table 5.1: Illustration of the assignment of helicity configurations based on integers
using the binary representation. This method is fast and efficient and used for
one-dimensional sampling.

5.2 Real Emission and Dipoles for Helicity Eigenstates

Having discussed the general method that can be applied to the Born contribution, let us
now turn to next-to-leading order. The virtual contributions generally pose no problem
since their structure with respect to the external particles is identical to the Born contribu-
tion. As we saw in the previous chapter, the real corrections and the subtraction terms
cannot be dealt with as easily.

The classical dipole formalism as discussed in the last section was designed with helicity
summation in mind. Figure 5.1 shows this based on the example of the dipoles for two jet
real emission in electron—positron collisions. In our previous discussion, the dipoles D;; «
were constructed such that they match the soft and collinear limits of the (n + 1)-parton
amplitude which were based on the helicity sum over partons i and j. With helicity
sampling, our (7 + 1)-parton real emission amplitude is based on helicity eigenstates for
all external particles. If we use the dipoles by Catani and Seymour, we will subtract poles
for the sum over all helicity configurations. Doing so will result in double counting poles or
even subtracting poles that are not present in the real emission amplitude.

The question that we will ask ourselves in this section is how can we use the method of
helicity sampling together with subtraction. Obviously, we require expressions for the soft
and collinear limits of (7 +1)-parton amplitudes that depend on the helicity eigenstates of
the partons and not their helicity sum. Fortunately, these terms have already been derived
by Czakon, Papadopoulos and Worek in [95]. As it turns out they are not that different
from what we presented in the previous section. The remainder of this section is devoted to
presenting these results and their difference to the original Catani-Seymour formulation.

Note that we directly present the massive dipoles which approach the massless limit
smoothly, in the same way as the classical dipole formalism. Also note that we do not
distinguish here between n-dimensional and one-dimensional sampling since this affects
only the realization of the sampling, not the formulation of the subtraction terms.
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(a) Z |A3|2 Z |A2|2 ® V12,3 Z |.A2|2 ® V32)1
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Figure 5.1: Example for the dipole contributions to the exclusive cross section e e™ — 2
jets. The left hand side is the real matrix element. The gluon (index 2) is the inserted
parton (otherwise the corresponding dipole D3, would be made up of the amplitude
for the process eet — gg which is not physically possible at tree-level). Thus, we
find two dipoles (right hand side). The equations in line (a) show the corresponding
expressions for helicity summed amplitudes, as treated in section 4.2 while line (b)
shows those for helicity eigenstates.

5.2.1 The Soft Limit for Helicity Eigenstates

In section 3.2.2, we derived the general singular behavior of an n-parton amplitude with
one added soft gluon. By summing over all helicities, especially the helicity of the soft
gluon, we showed in section 4.2.1 that the contraction of the soft gluon’s polarization
vectors €,(p;) with the eikonal currents J*(p;) resulted in the direct contraction of the
eikonal currents,

I”T(ZEZ(PJ)EV(PJ'))IV=—I”TIW (5.8)
Aj

due to current conservation.

One can easily show that the use of helicity eigenstates yields the same result up to a
factor [95]. In the case of definite helicity eigenstates, the above equation becomes

T o T
JVel e I =T € e; T (5.9)

where we used the fact that the parameterization we use for helicity eigenstates, equa-
tion (3.8) on page 27, obeys e** = €7. In the second line, the hermitian conjugate of the
current merely has a symbolic meaning since the kinematic part is given by real-valued
four-momenta and the color matrices are hermitian. Thus the whole second line is in fact
hermitian and we can write

(Ze/\* )L) /ﬁ+>+ +I +IyT—>x— —]

_ IyTel: ev +IyT + Iv
= ZIM(—:;* e .

(5.10)
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In conclusion, we find the identity
IMTEi* et ]v _ lIyTI ( 11)
w e =20 5.
Thus, the soft limit for helicity eigenstates is equal to the helicity summed limit, equa-

tion (4.59), up to a factor two and the sums over helicities:

lim ‘A{A}"“ 2

Asoft—0 il

n+l n+l 2 ]
:_471045#2sz 3 (_ mi . _ PiPk )AEA}”*T,'T;CA?}” (5.12)
i-1 PiPj k=1 2pip;j  pipj+ PkPj

i*]j k+i#j

where we indicated the dependence on the helicity eigenstates by the superscripts {A},.1/,.

5.2.2 The (Quasi-)Collinear Limit for Helicity Eigenstates

In the (quasi-)collinear limit for amplitudes with helicity eigenstates, we also proceed in
the same fashion as we did before. To include masses from the beginning, we use the
massive Sudakov parameterization from equation (4.61) and scale the masses together
with A, as described in section 4.2.5.

The squared amplitude in the collinear limit then reads

llm ’A{A}VHI 2

Acol1 =0 e+l

4o (5.13)

{1}, ’ (YR
:(Pi+pj)2—m%jl%:,A” (1) Py (s A3) A ().

Therein, P'g?j,)qﬂj(ki, A;) are helicity-dependent Altarelli-Parisi splitting kernels which
not only depend on the helicities of the splitting particle (ij), but also on the helicities of
the splitting products i and j which we give below. First, let us focus on the helicities that
appear in the above equation. Note that the (7 + 1)-parton amplitude on the left hand
side depends on the helicities of all external particles which is indicated by the superscript
{A},+1; this can be any one of the 2"*! helicity amplitudes obtained through the helicity
sampling procedure. On the right hand side, we use an unusual notation for helicities
whose purpose is to stress some details on the calculation. The amplitudes have a tilde
superscript mn which indicates the set of all helicities of the external particles without

those of partons i and j,

@‘V}n ={(A A5 ) \ A Ayt (5.14)

since i and j are not part of the amplitude but are included in the splitting kernels as
discussed above. Furthermore, the amplitudes have the helicities # and #’ of the splitting
particle as extra arguments. We also find that the sum over these helicities is still present.
The reason for singling out the splitting particle in this way is to stress that it is only
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5.2 Real Emission and Dipoles for Helicity Eigenstates

reasonable to replace the helicity states of external particles. Since the splitting parton is an
internal parton with respect to the (#n +1)-parton amplitude and arises from its propagator
(confer figure 3.6 on page 38 and the accompanying explanations) it is mandatory to
compute the propagator in full (i.e. with the summation) in order to obtain a proper result
for the amplitude. In that sense it is useful to regard # and #’ as parameters rather than
proper helicities.

In the following, we give the spin-dependent Altarelli-Parisi splitting kernels in four
dimensions' (first given in [95] but slightly adapted to our conventions):

' S O —
Peloe(AinA)) = 2CA|:_gHV8’1’1' (% - 28%/\1)

X
- ki)u(ky)y
- 26,1,.)‘1. x}(l)llz#‘l 65621‘}, (5.15&)
1
p" (AisA;) = Te| -g"" 8,020 + 40 —ksz
gaqq ) T IR TEE On O, W (pi+pj)?
8,,,7,{511.)” (2x6,7)“ + 29_CCSM]. - 1) (5.15b)
Spri = Oa,  Opn, = O, 2
(B ety m
X x (pi + pj)
’ 8,7A,.(x2 + 5)“,\].(1—362)) — m?
PZqu(/\z‘, Aj) = 2CF[ % =y, ‘Slfljpipj (5.15¢)
S, 811, = O Bun, < m;
- { : o -+ 5Af/\;(8f1)n - &Mj)x% O

Therein, the we applied the “bar” notation also to Kronecker deltas for the helicities,
Sah =1-34,. (5.16)

If one compares the above formulas, one notices many similarities to the helicity summed
Altarelli-Parisi kernels in equation (4.16a) to (4.16c). However, the terms in curly brackets
have no counterparts in the original kernels which is due to the fact that they are only
necessary for helicity eigenstates and vanish upon summation over the helicities of partons
i and j. In fact, one can easily verify that upon summation over these two helicities, the
above kernels match those for the case of massive quarks, see page 74.

'Note that this is sufficient since we will require them in four dimensions only, as we will see. Helicity
eigenstates always come with a chirality projector and thus with the Dirac matrix y5. This matrix is not
easy to treat in dimensional regularization and thus it is convenient to resort to four dimensions whenever
possible. Some insights on ys in dimensional regularization can be found in [96,97].
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5. Helicity Sampling

5.2.3 Dipoles for Helicity Eigenstates

Now that we analyzed the soft and collinear limits, let us take a look at the dipoles them-
selves. The subtraction is given by the same sum over dipoles we had before, compare
equation (4.76). Due to the fact that we treat a specific helicity configuration here, the
dipoles now depend on the helicity setting and lose the helicity sum:

D = _2pp ZA*{A} (ij k)( kL VI () ))«4“} (i, k). (5.17)
in

The above case is the final-final emission; we do not give the other cases explicitly since
the modifications to them with respect to the Catani-Seymour terms are similar and only
affect the helicities.

Turning the above soft and collinear limits into spin-correlation matrices is not very
difficult since we already know the helicity summed terms. Basically, we have to add some
Kronecker deltas to match the collinear limit and make use of table B.1 to find out how to
promote the new terms in curly brackets to the dipole parameterization. We then arrive at
the matrices given in [95], which we will not present here in their entirety—the interested
reader can look them up. Our implementation will only deal with the final-final case,
hence we will take a closer look at the corresponding spin-correlation matrices:
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Note that these dipoles use the same momentum parameterizations and symbols we used
for the massive helicity summed dipoles, see table 4.1 and the surrounding discussion. The
same also applies to the final-initial, initial-final, and initial-initial cases not presented
here. Hence, transitioning from helicity summed dipoles to these helicity sampled terms
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5.2 Real Emission and Dipoles for Helicity Eigenstates

in a numerical program is a simple task.

5.2.4 Remark on the Integrated Subtraction Term

In the previous discussions of integrated subtraction terms, we claimed that they are not
of great importance in the context of this work. Here, we can provide the justification for
this statement which will also hold for all other helicity methods, as we will see.

Since all dipoles now depend on helicity eigenstates the total subtraction term for
helicity eigenstates now depends on the helicities of all external particles:

dodow = dodow(As - .5 Apess Aas Ap). (5.19)

In order to distinguish the subtraction terms from those by Catani and Seymour, we use
the first letter of the names who first published these terms, Czakon, Papadopoulos, and
Worek, as the subscript CPW.

To obtain the integrated term, we first perform the helicity summation which leads to
the subtraction term of the original Catani-Seymour formulation (the massive version
of [79] to be specific; see equation (4.76) on page 78):

/ S oA o> duass Ao Ay) = f dod. (5.20)
1 /\lxn;//%nﬂ 1
a>p

The result of the integration over the unresolved phase space obviously leads to the
insertion operator we discussed previously, we denote it again with the index CS:

f dods = do® ® Ics(e) (5.21)
1

In this equation, do® contains a color-correlated squared leading—order amplitude which
has to be summed over all helicities since it is derived on the basis of the helicity summed
subtraction term. However, since the color correlations do not affect the kinematical parts
of the amplitude (i.e. kinematically, it is a usual squared amplitude), we are free to calculate
the amplitude with a helicity method of our choice.

To conclude, we can simply take the insertion operator I¢s for the helicity summed
subtraction term and calculate the full insertion term with helicity sampling:

[ dotin o d (A Tes(e) A" 7, (5.22)
1

This and the fact that the subtraction term itself does not differ much from the original
Catani-Seymour terms makes a modification from helicity summation to helicity sampling
an easy endeavor.
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5. Helicity Sampling

5.3 Implementation for Leading Color e"e* — n Jets

Again, we have implemented the integration over sampled helicities and the corresponding
subtraction terms for leading color electron—positron annihilation. Most of what we
detailed in section 4.3 is also valid here: the generation of all dipole indices, the color
correlations and respective color factors, and the technical cut-off. Since there are no new
helicity structures in the new spin-correlation matrices (i.e. only direct contraction and
the same spin correlation), the implementation of these are also the same. However, we
have to re-write them so that they are suitable for our color ordered amplitudes. Taking
the massless limit with the help of table 4.1 and re-distributing the poles as we did in
section 4.3, the spin-correlation matrices of equations (5.18) turn into:

’ 1 _
V‘Zz,k(’\i’ Aj) = ZH“S(ZCA)[_gW(SW’(anM{ﬁ +1- 22} - (Smj) (5.23a)
+ MK(W’)K(’”) 6146*2/
2pip; £ e
’ 1 _
ng,k(/\i’ /\]) = 27'[0(5(2CF)8,],7/8,1/11. lk—_ — 6/\,-/1]'(1 + Z)] . (523b)

5.4 Checks and Analysis

We perform similar checks and analyses as for helicity summation. Let us start with the
correctness of the subtraction procedure.

Checks of the Subtraction Terms

Figure 5.2 shows similar plots as the ones we analyzed in the helicity summation chapter,
the given quantities and ratios are obtained in the same way as before. The only difference
is that the underlying data were obtained for a fixed set of random numbers which this time
also encompasses the helicity variables. Obviously, some choices of random numbers lead
to helicity configurations for which the amplitudes vanish. In this case, all data points are
zero. Hence, the plots show a set of random numbers whose matrix elements are non-zero.
Both the soft and the collinear limits show the desired behavior and slopes; the ratios of
the real matrix element and the subtraction terms are again close to one. Furthermore,
the integrals also converge; we will see this partly in this chapter, but mainly in chapter 8.
Thus, we can conclude that the subtraction terms work as expected.

Note that the difference between n-dimensional and one-dimensional sampling is
of a technical nature only and does not affect the subtraction terms. Hence we did not
differentiate between the two until now. In terms of the performance with respect to the
VEGAS algorithm, however, the two are very different, thus requiring separate analyses.
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(b) Collinear limit for e” e — qg19>93918586q; The collinear pair is (gs, g).

Figure 5.2: Soft (a) and collinear (b) behavior of the unsubtracted and subtracted real
emission amplitudes for helicity sampling. The lower plots show the absolute ratio of
the unsubtracted matrix element and the subtraction term; the expectation (gray line)
is approximately 1.
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Figure 5.3: Visualization of the VEGAS grid. The red graphs show the borders between
bins for the phase space dimensions. The blue graphs are the new helicity variables.
The phase space grids look very similar to those for helicity sampling (figure 4.8). The
helicity grid shows almost no adaptation for the Born contribution and randomly
distributed points of dense bins for the real emission contribution.

5.4.1 n-Dimensional Sampling

We begin with n—dimensional sampling. Let us take a look at the grid first. Figure 5.3 shows
similar plots for the VEGAS grid with 128 bins after six iterations as those we analyzed
for helicity summation. The upper eleven (red) graphs show the grids for the random
numbers that generate phase space. A direct comparison with the helicity summation
results reveal that there is virtually no difference in grid adaptation. The big difference is
obviously given by the blue colored additional random numbers that generate the helicities
of all external particles. The grid is practically even with little adaptation, except for a few
apparently random and not strongly pronounced peak structures. These points are more
emphasized for the real emission contribution, figure 5.3(b), but the same fact holds for
the phase space part of the grid (compare figure 4.8).

To see how this rather even behavior comes about, let us look at another set of plots.
We again choose a fixed set of random numbers for both phase space and helicities. Then
we select two particles for which we vary the corresponding helicity variables in the whole
interval [0,1). The result is shown in figure 5.4 which depicts the Born contribution to
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Figure 5.4: Dependence of the squared amplitude on helicity variables u;. The shown
process is eTe” - gqgggg. The non-continuous mapping of the helicity variables
to the polarization vectors is obvious. Graph (a) violates the factorization condition
which is necessary for VEGAS to adapt.

eet - qqgggg (ie. six jets). The left hand graph shows the case for varying quark and
antiquark helicity variables, the right hand graph shows the variations of the first two gluon
variables. While case (b) shows the desired factorization (confer figure 3.8 on page 49) and
thus should work well with VEGAS, diagram (a) does not show a factorizable distribution.
In fact, these two graphs are highly dependent on the helicity variables of the remaining
particles in the process, i.e. the gluons and the electron-positron pair. Changing any of
them results in a change of the two shown diagrams. In that sense, these graphs have
to be regarded as snapshots for a specific random number configuration. The above, in
combination with the fact that the mapping of random numbers to helicities is a function
with a strong discontinuity at u = 1/, obviously results in the fact that VEGAS cannot
adapt to the helicity variables. The peak-like structures we observed before thus have to be
regarded as “accidental”

We have also performed an analysis of the Monte Carlo estimate and its error with
respect to the number of VEGAS bins. As can be expected from the previous discussion,
we can find no obvious dependence on the grid other than what we already described in
chapter 4, hence we do not display the graphs here. The quality of the integration depends
more on the seed of the random number generator than on the number of bins.

5.4.2 One-Dimensional Sampling

We now turn to one-dimensional sampling which is characterized by adding only one
helicity integral dimension that contains the full helicity information. Again, we analyze
the grid first. Since our findings are similar for both the Born and the real emission
contributions, we only show the Born grid, see figure 5.5. The grid for the 11 momentum
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Figure 5.5: Visualization of the VEGAS grid for 128 bins and for five jet production at

Born level. The red phase space variables agree well with the observation for helicity

summation. The single helicity variable in blue shows significant adaptation.

variables looks very similar to the ones we analyzed for n—dimensional sampling and for

helicity summation. The grid for the helicity variable, however, shows a very different

behavior: it adapts strongly to several peaks that are located in the approximate intervals

[0,0.25] and [0.75,1) while the range in between is empty. The reason for this can be

seen in figure 5.6, where we show the value of the squared amplitude for a fixed phase

space configuration while varying the value of the helicity variable; it is the equivalent to

28 = 256 channels (we do

figure s5.4. The helicity variable axis is subdivided into 2("+2)

not call them bins in order to avoid confusion with the VEGAS grid), each corresponding

to one helicity configuration. This can be seen in the histogram-like structure of the plot.

Among these channels are several sharp peaks, but many more configurations where

the amplitude is zero or very small. The pattern matches the one we saw for the grid

in figure 5.5; thus the VEGAS grid adjusts very well to the integrand behavior. In fact,

). With our pattern of assigning the helicities (i.e.

en+2

+
n+1°

»

. agn—l) gn) e

<«

we can even see the “zero valley” that we identified when discussing the grid. It has a
simple explanation; the helicities are assigned to the following order of particles in our

code: (4, 91> €2, 3> - -

extending table 5.1 to more particles, in the present case eight), the last two binary digits

will be mapped to a fermion pair, in our case the electron-positron pair. Figure 5.4 reveals

that neighboring fermion pairs only give a non-zero contribution for equal helicities,
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Figure 5.6: Dependence of the squared amplitude on the helicity variable for
one-dimensional sampling. The shown process is e"e* — gqgggg where the horizon-
tal axis shows different values for the overall helicity variable.

but not for opposite ones. The helicities for the electron—positron pair (e, e*) have the
following values in the given range of the helicity variable:

-,—):[0,0.25)
(+,-):[0.25,0.5)
(-, +):[0.5,0.75) (5.24)
(+,+) :[0.75,1).

Since only the first and the last contributions give non-zero amplitudes, it is clear why we
find the wide “zero valley” in between. The same argument also applies for the small gaps
in between the peaks of figure 5.6, but with respect to the quark pair and also the gluons
(Parke-Taylor formulas, etc.).

Let us now consider varying the number of VEGAS bins. Figure 5.7 shows the grid only
for the helicity variable, but obtained for different numbers of bins while keeping all other
settings identical (even the random number seed). While a number as low as eight bins
already shows some reasonable adaptation, the grid adapts increasingly better the more
bins one adds. This suggests that the Monte Carlo error should also become smaller with a
higher number of bins. Figures 5.8 to 5.11 show the corresponding plots. In fact, we find a
smaller Monte Carlo error for higher numbers of bins. All plots feature processes with
eight particles and thus 28 = 256 helicity configurations. Analyzing the Monte Carlo error
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32

§

Figure 5.7: Visualization of the helicity variable VEGAS grid for different numbers of bins
(indicated on the left) of the Born contribution to six jet production. While the 32
bin grid already shows very good adaptation, the pattern becomes increasingly better
with growing bin numbers.

in detail, see the left hand sides of figures 5.9 and 5.11, we find a small gap in between the
errors for bin numbers smaller than 256 and those larger than 256, which is the number
of helicity configurations. Furthermore, the difference in bin numbers larger than the
number of helicity configurations is small; in the case of the Born plot the errors for 512
and 1024 bins are even indistinguishable after a certain integration time.

For other jet numbers, we found a similar pattern that suggests the following conclusion.
When using one-dimensional helicity sampling, one should choose the number of VEGAS
bins such that it is twice as high as the number of corresponding helicity configuration
provided one has control over the number of bins:

b =2m where m = number of external particles. (5.25)
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Figure 5.8: Integration behavior of the Born contribution to electron—positron annihilation
to six jets for one-dimensional sampling, similar to figure 4.4. The vertical axis is
normalized to the weighted average of all bin numbers after 10 hours integration time.
The result with one VEGAS bin strongly underestimates all other integrations.
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Figure 5.9: Detailed plots of errors for the data presented in figure 5.8. A small difference
between bin numbers that are smaller and larger than 256 bins can be seen in the left

hand plot.
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Figure 5.10: Similar plot as figure 5.8 but for the real emission contribution with four jets;
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also for one-dimensional sampling. All bin numbers agree well.
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Figure 5.11: Detailed plots of errors for the data presented in figure 5.10. The right hand plot
shows the adaptation of the grid with a few bumps due to the complicated phase space
and integrand structure. On the left hand side, a separation between bin numbers
smaller (and equal) 128 and larger can be seen. 2°*2 = 128 is the number of helicity
configurations.
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Random Polarizations

In this chapter, we present a second method that avoids the computation of the helicity
sum. Instead of re-interpreting the sum as a Monte Carlo expectation value, this method
is based on a re-parameterization of the polarization vectors.

6.1 From Discrete Helicities to Continuous Angles

The basic idea is to parameterize the polarization vectors as a linear combination of the
two helicity eigenstates weighted with a complex phase factor that depends on an angle ¢
which we will refer to as a helicity angle:

e(p, ) =e?e*(p) + e (p). (6.1)

This parameterization has been mentioned in some publications so far', however without
much analysis. It requires an integration over the helicity angle of each external particle
which becomes obvious when looking at the structure of a squared amplitude, recall the
example for gluon amplitudes from section 4.1:

n

> M =T1 lzeﬁ;:ei‘::*] o MEE (6:2)
Ao

Al ..... An m=1

The crucial quantity concerning external particles in the computation of amplitudes is
the polarization sum. This means if equation (6.1) shall yield the correct helicity summed
result, it must give rise to the polarization sum as contained in equation (6.2). If we start
by replacing the helicity eigenstates with random polarizations in the computation of an
amplitude and dropping the helicity sum accordingly, then the corresponding squared

' [95,98,99] and publications as part of this work: [47,100]. In addition, the author of this work employed
random polarizations previously in [36], but not for the computation of observables (i.e. only locally for a
single phase space point).
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amplitude will contain the product of two random polarizations:

. I B o
ey €y — €i(9)e, (@) =€)€) + €, 7€, +e el e, + e, )

(6.3)
u

= > e/’ﬁ*eﬂ +e el e, + et e)
A=+
The product was calculated by inserting equation (6.1). It is clear that the first two terms
make up the usual polarization sum, just as we need it. However, we also find two more
terms with products of polarization vectors for unequal helicities. In contrast to the
polarization sum term, both of these terms depend on the helicity angle. Since they are of
vital importance for the subtraction term, we name them helicity mixing terms.
If we integrate over the helicity angle, the two superfluous terms vanish due to Cauchy’s
theorem:
1/ . .
— f 49 (e(9)) (9) = 3 (ch)"e! (6.4
The polarization sum term merely acquires a factor of 27 by the integration which we
included in the integration as a normalization factor. Note that we will include this term
in the integration measure d¢ from now on.?
The above discussion was made on the basis of boson polarization vectors. Let us stress
that random polarizations can analogously be defined for fermion spinors, even massive
spinors, for example:

u(p, ¢) =e?u’(p) +eu(p). (6.5)

In conclusion, we can use parameterization (6.1) instead of helicity eigenstates if we
replace the helicity sum by an integration over the helicity angle.

What advantages does this method bring to the table? First of all, just like helicity
sampling, we only have to evaluate one squared amplitude per phase space point. Instead of
the helicity sum, we have » integrals over the helicity angle of each particle. These integrals
can again be combined with the phase space integration to form one high-dimensional
Monte Carlo integral, analogous to n—dimensional sampling. Helicity sampling has the
property that unless VEGAS adapts really well (which is only possible for one-dimensional
sampling, as we saw), some percentage of the calculation will be spent with computing
zero in the form of vanishing helicity configurations. The method of random polarizations
circumvents this problem entirely, since the phase factor in equation (6.1) never vanishes
so that independent of the helicity angle, both helicity eigenstates contribute for each
particle. As a direct consequence, the amplitude will never be zero due to the choice of
helicity angles. Furthermore, random polarizations are continuous, smooth functions
with respect to the angle, as opposed to the parameterization used for helicity sampling.

Before we do a practical analysis of random polarizations, let us first deal with the
subtraction term for the next-to-leading order contribution.

*We do not only do this for a decluttered notation, but also because one can easily re-write the parame-
terization such that one integrates over the interval [0,1) where the factor 27 becomes equal to one. We
discuss this in section 6.3. The current notation is used to stress the interpretation of ¢ as an angle.
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6.2 Real Emission and Extension of the Catani-Seymour Method

6.2 Real Emission and Extension of the Catani-Seymour
Method

Once more, it is straight forward to calculate the Born, real and virtual amplitudes with
random polarizations due to the same arguments mentioned before. The part that requires
a special treatment is again the subtraction term that we will denote by dog), for random
polarizations.

When thinking about a subtraction term for random polarizations, a naive approach
might be to try and construct it from the subtraction terms for helicity eigenstates that
we discussed in the previous chapter—random polarizations are linear combinations of
helicity eigenstates, after all. Unfortunately, it is not that simple. In fact, it is not sufficient
to look at the parameterization (6.1) itself, but one must consider the product of random
polarizations, equation (6.3).

To see why this is the case, let us look at the collinear limit of an amplitude as generally

defined in equation (3.46). It depends on the squared splitting Y Y(ij)~i+j wherein

ij)—i+
each splitting function contains the polarization vectors for partogs i e{nd j. A graphical
representation of this situation is presented in figure 6.1 for helicity summation, sampling,
and also in parts for random polarizations. As highlighted, the new helicity mixing terms
that appear in products of random polarizations cannot be treated using the formulas
for helicity eigenstates; the subtraction terms for helicity eigenstates are formulated for
products of polarizations with equal helicities, but not for the mixing terms. Since these
terms are implicitly included in the real emission matrix element, there will be additional
soft and collinear poles that we have to subtract in order to render the integral finite.

Hence, it is clear that we need to derive new subtraction terms that match the corre-
sponding poles. However, if we try to derive terms in analogy to the previous chapters, we
soon encounter an obstacle: the soft limit does not exhibit the same structure as before.?
When we discussed helicity summation and helicity eigenstates, we made use of gauge
invariance to re-write the polarization sum of the soft gluon to —g#”. This allowed us to
contract the eikonal currents directly, see equations (4.8) for summation and (5.11) for
eigenstates. Employing the product of random polarizations to the soft gluon, we obtain
the following structure instead:

J e (¢ e(@) ] = =T T+ e e e T+ et e e T (6.6)

Obviously, the first term on the right hand side is the desired contraction that we already
dealt with while the remaining helicity mixing terms are problematic: they cannot be
re-written into a direct contraction of the currents. Even worse, the product of two
polarization vectors with different helicities is difficult to treat analytically. In any case,
the above formula exhibits a complicated structure that cannot be reduced to a simple
kinematic factor times color correlations in the same style as we did before. In Catani and

3This has already been mentioned in [95]. In fact, the authors refrained from deriving new subtraction
terms because of this.
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Figure 6.1: Illustration of the squared splitting vertices Y(ij) v Y(if)—ivj that make up the
collinear limit and thus also the spin—correlation matrices V;; . Both for helicity sum-

mation and for sampling the helicities in both the conjugated and the non-conjugated
splittings are equal. For random polarizations, this is not the case; here, the illustration
focuses on the upper parton i (¢; is a dummy which itself is a random polarization)
for which the product of the random polarization has been inserted yielding the three
terms. The first is the same as the helicity summation result while the latter two contain
the helicity mixing terms; these are not even part of the helicity eigenstate splittings.

Seymour’s dipole formulation, the development of the unified spin-correlation matrices
was possible because of the rather simple structure of the soft divergences. A structure
such as we would obtain here would probably be difficult to combine with the collinear
limit to form such a unified subtraction term. As the subjunctive formulation of the last
few phrases suggests, we are going to choose a different approach.

6.2.1 The Basic Idea

The above discussion did not only expose problems but also allowed us some useful insights.
Both equation (6.6) and figure 6.1 reveal that the soft and collinear limits of a randomly
polarized amplitude are made up of the helicity summed terms plus extra helicity mixing
terms. We will use this fact to our advantage.

The helicity summed contributions generate exactly those poles that the original
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6.2 Real Emission and Extension of the Catani-Seymour Method

Catani-Seymour terms are meant to subtract. Hence, we can make use of the Catani-Seymour
term dog, which we have to supplement with a new additional subtraction term do that
subtracts all soft and collinear poles resulting from the helicity mixing terms. Thus the
total subtraction term for random polarization reads

dod, = do; + do™. (6.7)

Note that by dof; we mean the Catani-Seymour subtraction term where the n-parton
amplitude is evaluated using random polarizations; the important quantity is V;; x and all
other spin-correlation matrices which contain the helicity summed parts for partons i
and j.

So let us define more clearly what do® has to describe. In the soft limit, this will be
the two right terms of equation (6.6) that both come with a factor e*%%;, In the collinear
limit, we gave an example for half the terms in figure 6.1. Therein, we have not yet inserted
the random polarization for particle j which is missing to describe the full picture. The
complete list of contributions is proportional to

ACHENCHEACTHEHCL)

_ At AT A
= > €, €€ €
Ai,Aj:i

).,‘* A,‘ —2i¢' + * _— +2i¢' — * 4+
+)LZ T A A (6.8)
=+

M5 A2 ko~ 42igi o~
+ Y& € (el er, + e e, "€,
Aj==

+ (e‘Zi‘/’ie;rM*e;V + e*Zi‘/’fe,TH*efv) (e‘Zi"Sf €], €, + et2i9; ejfp*e;fg) )

Note that we omitted the momentum dependence which becomes clear from looking at
the index of the helicity variables or the polarizations themselves. Only the first term on
the right hand side is described by the collinear limit for helicity summed amplitudes. All
other terms give rise to splittings that have to be described by do®. Each of these terms is
proportional to e*?¢: and/or e*?%/. We know from section 6.1 that all these terms vanish
upon integration over the corresponding helicity angle. As a consequence, the whole
subtraction term do will vanish upon integration:

[ dg: [ dg;d0* -0, (6.9)

Using this, we can argue in a similar way as in section 5.2.4 to see that the integrated term
of the additional subtraction term vanishes: to determine the integrated subtraction term
we first determine the helicity summed subtraction term by integrating over the helicity
angles:

[ d¢ dod, = f A1 do + f 41 do™ = dod (6.10)

where the integration is over the helicity angles of all particles and leads to the fully helicity
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6. Random Polarizations

summed subtraction term dof. Thus, we immediately know the integrated subtraction
term which is again given by

f dogp o< d®,, (AZ{"’}" ICS(€)A;{1¢}") Ins (6.11)
1

in analogy to equation (5.22).

Notice that this has major implications for do? which we will exploit. Since it inte-
grates to zero, we do not have to worry about the analytical integrability of the additional
subtraction term when constructing it. More specifically, this means that we are free to
include as many finite contributions as we want provided that it contains exactly those
poles induced by the helicity mixing terms. We will use this fact to formulate both the soft
and the collinear limit in a general way which requires no exact knowledge of the pole
terms.

Before we do so, let us discuss the structure of the new subtraction term do? in some
more detail. As we will detail below, it consists of a sum over new dipoles D which are for-
mulated in terms of new spin-correlation matrices V; the whole mechanism is very similar
to the Catani-Seymour structure. We will formulate the new spin-correlation matrices
V in such a way that they can be used with arbitrary parameterizations for polarization
vectors/spinors of the partons i and j. More specifically, they will be valid for random
polarizations, for helicity eigenstates and consequently also for helicity summation. It is
clear that we only need the helicity mixing terms since the helicity summed contributions
are taken care of by dg. In fact, it cannot contain poles for the helicity summed result,
see the first term on the right hand of equation (6.8), because then these poles would be
counted twice and subtraction would not work. The question arising from this argument

is how do we extract the three latter terms in equation (6.8)?

One way of doing this is calculating V manually for each of the helicity mixing config-
urations in equation (6.8) by inserting the respective eigenstates for i and j together with
the appropriate e*?%i/i factors. This is not efficient and requires some bookkeeping which
we want to avoid as much as possible.

A simpler way is to to compute the full V with random polarizations. This avoids
inserting eigenstates times the exponential factors and is thus easier to implement and
more efficient. From this we subtract the helicity summed result for our terms, which
is equivalent to computing just the first line in equation (6.8). To this end, we define an
operator R that acts on the helicity parameterization of partons i and j as follows:

Rf(hi, hy) :f(¢i’¢j)—kz;‘f(/\i,/\j)- (6.12)

Here, we use a symbolic notation that should be understood as follows. f is an arbitrary
function that depends on the polarization vectors/spinors of partons i and j (for example
V). With the arguments h; and h j» we indicate that the function is formulated for an
arbitrary parameterization of polarizations/spinors. On the right hand side, we first
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6.2 Real Emission and Extension of the Catani-Seymour Method

calculate the function using random polarizations—as indicated by the arguments ¢;
and ¢;—and then subtract the helicity summed result as indicated by the sum over the
helicity/spin settings. This guarantees that we are left with nothing but the helicity mixing
terms.

As an example, one can apply the operator to equation (6.8) and see that only the last
three lines one the right hand side survive.

Using this operator has another side effect: it provides a means to see if the V are
formulated and implemented correctly. To see this, let us divide the subtraction term do*

into several terms as follows:
do® = do? - do?. (6.13)

The left hand term, do? contains all those terms that depend directly on random polar-
izations, i.e. the first term of the R operator. The second part, i.e. the subtracted helicity
summed piece, makes up the other term do*. Using this notation, the full next-to-leading
order cross section reads

oM = f (do® - dofs - [do? - da?]) + / (d0V+/doéS+daC)
1

n+l n (6.14)
_ f (do® - dof - do? + do*) + / (daV " f dods + daC)
n+l n 1

Let us focus on the real emission integral on the left. The following statements will be
true and provide a good way of checking the correctness of the implementation and of the
terms themselves:

o do® — do? performs a full subtraction for all poles of do® and yields an integrable
result of O (VAo ) in the respective limit.

o« —dof + do* is also an integrable contribution of O (YA ). As we will see, the
additional dipoles D that we construct will match the poles of the Catani-Seymour
term exactly—they have to, because otherwise our additional subtraction term
would be wrong. However, they do not agree exactly because do? will contain
additional integrable contributions, as we stated before, i.e.

do* = doj + O ( ) . (6.15)

/\soﬁ/ coll

Later on, we will use the above two items to verify that our subtraction terms work as
expected. However, we first need to derive the new spin-correlation matrices V. To this
end, we will again examine the soft and collinear limits and re-write the general expressions
we obtained at the beginning of this chapter into a suitable form.
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6. Random Polarizations

6.2.2 The Soft Limit for Random Polarizations

We begin with the soft limit, which we write down for general polarization vectors €; =
e(p;). By general, we mean that this polarization vector can be parameterized in any
convenient way as long as it is physically correct. We will use this formula with random po-
larizations and helicity eigenstates in this chapter, but it is also valid for “linear combination”
polarizations that we will consider in the next chapter.

We start from the general soft limit we derived in equation (3.36) and use equa-
tion (3.37):

, 2
lim |An+1|

soft ™

— Zl AZTiTk((pie;)(p;ej) _(piej)(pkej)+(pke;)(piej)) n
(pip)) (pxpj)(pipj+ Pxpj) (6.16)

i,k=1
ixk#j

n+l1
= —4ma u* Z AZETiTk[Sij,k]E(Ai

ik=1
i+k+j

The last line requires some explanation. In order to be able to treat the soft and the collinear
limit on the same footing, we pulled the emitter parton’s polarization vector/spinor out of
the amplitude to create an open amplitude:

Al eﬁ" ) (p;) gluon emitter
Ay =A% Uﬁi (pi) quark emitter (6.17)
Asvyi(p;)  antiquark emitter.

Then, we defined a new tensor S;; x that encompasses both these polarizations/spinors and
the eikonal factors in between and reads

(pi€;)(pie)) ~ (pi€; ) (prej) + (pie; ) (pie;)

[Sijk]wr = ( ) €u (pi) e (pi), (6.18a)

(pip;)? (prpj)(pipj + Pxpj)
MY AR T

and similarly for the antiquark splitting.

6.2.3 The Collinear Limit for Random Polarizations

In the collinear limit, we also start from the general formula we derived at the beginning
of this chapter, equation (3.46), which we rewrite as follows:

limo |Aui1(Prs .o prst) P = dma ™ T% AiE [ Pijymini]ec A (6.19)

Acoll = l])—>l+]
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6.2 Real Emission and Extension of the Catani-Seymour Method

Therein, we defined new splitting kernels P; )_.;,; which are given by the following expres-
sions:

_ dff/ *El (/ d(((
2pip; (=i WD=itinp b

[Plijy—ivjlec

€ (D) YOl s Y arns € (P1)
17 T (ij)—>i+j T (if)—>it]j JGZ (pij) (gluons)

Zez(PiJ)

n.n’ 2p P] zpipj
(o) Y5y Ylpoins U (P)
= ul (p;;) — ’J)—”+J (i)—i+j “p Y (quarks)
24P 50, 2pip; e @
Voc’(pl]) — Yﬁ _ ’(pl]) (6.20)
va(pi U) ivj Z(ip)=iei 'f ; (antiquarks)
Z i) 200, 200, (P]) q

Zeﬂ(plj Sphtnz])ﬂﬂ Sphtn,])ﬁ,ﬂ (pij) (gluons)

ni’
- qzﬂ:ua(pw Spht Gii)mis Spht”l])ﬂﬂ 2 (pl]) (quarks)
;121: va(pij) Spht"zj)_)l . Spht"lj)_” ey V! (p; ;) (antiquarks)

Once again, it is obvious that the quark and antiquark emitter cases are related by replacing
u <> v. Notice that we defined new scalar functions Split,;) ;. ; in there. Let us first give
their full expressions:

Splity. g (1:1:) = 55— ([e(p)e(p) ] pie” (pi)]

+ [e(pj)e™ (pij)][pse(pi)]

= [e(pn)e™ (pi)][pie(p))]) (6.212)
Split; (i, 1, j) = zp o u(p) y*v(pen (piy)s (6.21b)
Split].. (i) = pj)z W)Y W p) ) (629
Splitg g (1) = p)z "<p,]>y u(p;) eu(ps)- (6.21d)

Essentially, these are the kinematical parts of the Feynman rules together with the polariza-
tions/spinors of all particles, including the splitting parton (ij). The g - gg splitting is a
re-written version of the original three gluon vertex (see equation (2.9)) where p;; = p; + p;
(up to sub-leading terms) and gauge invariance were used. Note that we explicitly gave
the g — gq splitting. Formally, it is identical with the g — gg splitting if one replaces
u < v,u < v,and i < j; we need it later on for initial state radiation. Unless we men-
tion the splitting explicitly, the reader should assume that any statements concerning the
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6. Random Polarizations

q — qg splitting that we make henceforth are also valid for ¢ — ggq with said replacements.

Furthermore, note that each Split ;) ;. ; function contains the full denominator of the

emitter propagator. Like in the soft limit, the above expressions are valid for all helicity
parameterizations.

7

In the following, we will show that the product Split'g;j)_)I.H.Split'gij)_%j is actually a
generalization of the Altarelli-Parisi splitting kernels as given in equation (4.13). To do so,
we assume that we sum over the helicity eigenstates of particles i and j in the following.
Aside from the fact that the Altarelli-Parisi kernels also contain the color factor which

is not included in the Split, function, the only other difference from a formal point

i) i4]
of view is that P(;j)_;,; contains both propagator denominators as compared to only one
for the Altarelli-Parisi kernels. When we defined the Altarelli-Parisi kernels earlier, we
stressed that during their derivation, all integrable terms of O (k, ) are dropped. This is

something that we do not do for the Split functions because to do so, we would have

i) i]
to insert specific parameterizations of polarization vectors and spinors instead of using
general ones—which we do not do here on purpose. In conclusion, the helicity summed

squared Split functions are related to the Altarelli-Parisi splitting kernels as follows:

i)=i]

1 2 /
P 4o, (6.22)

S o’ -
D SPL )i Py L1y = T2 (pi+p))* - m, (if)—>i+j

Aok (ij)=itj
In turn, this means that the full limit in equation (6.19) is a generalization of the collinear
limit for helicity summation. The fact that it contains additional integrable terms is of no
concern, since we will use the above limit only for the helicity mixing terms that integrate
to zero.

6.2.4 Construction of the Additional Dipoles

Let us think about the construction of the additional dipoles. We have to extend the
existing dipoles so that they also subtract the poles due to the helicity mixing terms. Since
this affects each dipole, our additional subtraction term has the same basic structure as
dad (we also take initial state radiation into account from the beginning):

do™ o d(D,,+1( > 5ij,k In(Pip D)+ D D, ﬁfj Ju(Pij3 Pa)

) ce{ab} (i)
- (6.23)
+ DY Ju(Ps bej) + > Zﬁcj’d]n(an;ﬁcj,pd)).

ce{a,b} (j.k) cdefa,b} j

c+d

Therein, we defined new dipoles D which in turn contain new spin-correlation matrices
V times the same color correlations that we had before since there is no change in the
color structure compared to the Catani-Seymour derivation.

Before we give the exact relation between the D and V, we will first consider the
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6.2 Real Emission and Extension of the Catani-Seymour Method

ingredients of the V. To this end, let us restrict ourselves to the final-final case first. How
do we turn the previously discussed expressions in the soft and collinear limits into a
unified spin-correlation matrix? The answer is given by the following formula:

Vit = Tyt R [Pliiivi + Sipin)] (6.24)

where P;j)_ . is the previously constructed collinear splitting kernel, see equation (6.20).
S(ij)~i+jis a yet to be determined soft function. During our initial discussion of the dipole
formalism, we discarded the possibility of simply adding the results of the two limits due
to double counting of overlapping soft and (quasi-)collinear divergences. The way that
we formulated the soft and (quasi-)collinear limits above, however, allows us to identify
such doubly counted contributions and consequently drop them. In the following, we
will construct S;j)-,j such that it contains all soft poles which are not already covered by
Plijyivj-

We do this by analyzing the soft limit of the (quasi-)collinear function P;;y_,;.; and
the (quasi-)collinear limit of the soft terms S;; x. A comparison of the two double limits
reveals terms that are counted twice so that we can subsequently drop them.

Let us begin with the (quasi-)collinear limit of the soft term S;; . The important terms
to look at are the denominators in equations (6.18). Using Sudakov’s parameterization for
the momenta, we find that (p;p;)> = O (A2,)) and (pip;)(pip; + pxpj) = O (Acon) and

thus only the first term in parentheses yields a contribution to the overlapping divergence:

. (pi€;)(pi€)) .

I}}ﬁ;}j[Sij’k}HV ) (IiTj)zjeﬂ(Pi) €y (Pi)’ (6.25a)
, (pie;)(pi€j) _

}ilﬁ?j[sij,k]ocﬂ = (}J,Tj)z]”a(pi) uﬁ(Pi)- (6.25b)

As a second step, we analyze the soft limit of the (quasi-)collinear term P;;)_.;. We
do this separately for each splitting. For the g — gg splitting, we can use the fact that
Pj = O (Asofe) aswellas p;; = p;+p; — p; which cancels some terms due to gauge invariance
so that we end up with

, (pie})(pi€j)
lim [Py ge ]y = Aok o datld

pj—0 (pip;)> eu(pi) €,(pi)- (6.26)
J iPj

Obviously, the g — gq splitting has no soft limit since soft quarks do not yield a divergence,
as we discussed before. In the case of the g — gg splitting, we can use p;; = p; + p; = p;
together with the fact that the emitter mass is the same as the mass of quark i, m;; = m;. This
enables us to use the Dirac equation in the form (g;; + m;;) u(p;) — (pi + m;) u(p;) = 0.
Other than that, some standard Dirac algebra suffices to obtain the result

. (pie; ) (pi€;)
lim [Pq_,qg]aﬁ i Lo Satia

pj—0 (pip;)? ua(pi) up(pi)- (6.27)
J iPj
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Comparing these results4, we find that the soft limit of the (quasi-)collinear expression
agrees with the (quasi-)collinear limit of the soft expression, and that the resulting term
is identical to the first term of the soft limit function S;;x. Thus, we can formulate a
subtraction term by using the (quasi-)collinear operator P;j)_;.; and supplementing it
with an additional soft function that is composed of the second term of S;; x and which
reads:

~ (pi€;)(prej) + (pie;) (pie;)

Sy v= i : i
[Sg-gelu (pep))(pip; + Pipy) eu(pi) €5 (pi)

- (pjeé ;Zﬁf;&;jpfﬁk;:;ffjel) eu(Pj) €5 (p)); (6.28a)
[Seegiluv =0 (6.28b)
(S lus = - (pi€;)(prej) + (Pkej)(Piej)ua(Pi)aﬁ(pi). (6.28)

(pxp;)(pip;j + Pxpj)

Notice that the term for the g — gg¢ splitting contains the same expression twice, with ex-
changed indices i < j. This is due to the fact that both gluons can become soft—obviously
we have to subtract the poles for both cases. Also note that we made the fact that the
g — qq splitting has no soft poles explicit by setting the corresponding function to zero.

Unfortunately, the above formulation of the soft term is not yet correct; it contains
a hidden trap which will lead to a malfunctioning subtraction. We will approach this
problem by looking again at how we initially re-wrote the eikonal currents. We started
from equation (3.36) where we we made the simplification

=T g T (6.29)
pjq;j ) 8

. =y (—g,w +
1

in equation (4.8). The gauge terms could be dropped due to current conservation. While
this is a useful simplification, it does not have to be done. In fact, when we use the helicity
eigenstates implemented in our code (see equation (3.8) on page 27) we automatically
include the gauge terms. And since our S‘E,- j)—i+j contain the polarizations explicitly,
there are additional contributions to Sv(i 7)—i+j due to the gauge terms. This is where our
Catani-Seymour like subtraction term do* differs from do/. If these terms were integrable
contributions of order O (1)), this would not be a problem. However, it turns out that
some of these contributions are actually singular in the soft limit which is an artifact
of our choice of reference momenta: the denominator of the gauge terms is p;q; which
behaves like A ; with the choice g; = (pj,-p;). Due to cancellations, the numerator
Pj,4j, A2 o kuk, does not always compensate this behavior. This creates spurious local
singularities per dipole that spoil the cancellation of dof and da*; they have to be avoided.
The only way of getting rid of these divergences is to evaluate do* analytically and

*Obviously this means comparing the total amplitudes and not just the limits of S;; x and P;j) 4 ;-
However, using color algebra one can show that the amplitudes correspond up to these two functions.
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6.2 Real Emission and Extension of the Catani-Seymour Method

comparing it to dod.. We can do this by calculating our soft and collinear operators
g(i i)—i+j and P;j)_,j for helicity summation with respect to partons 7 and j and adding
the negative Catani-Seymour term. There are two splittings with soft divergences, ¢ - qg
and g — gg, which we need to analyze separately. Since these calculations contain some
non-trivial aspects, the interested reader can find some details in appendix C. For clarity,
we only present the final results in the following.

It turns out that there is one universal term that creates a spurious soft singularity due
to the gauge terms. By universal, we mean that the term has the same structure for both
splittings. As derived in the appendix, the proper soft terms read

S l_(pie;)(pke,-) + (pxe; ) (piej) L 4(ped; -~ pig))
g—gg v (pxp;) (pip; + pep)) (pja;)(pipj + Pipk)

+l_(Pj€?)(Pk€i) + (pre)) (pjei) N 4(Pedi — pid1)
(pepi)(pipi+pipe)  (pid:)(pspi+ Pipk)

]w,-)e:(p,-)

:|€#(Pj) e, (Pj)>

(6.30a)

[Sgﬁqq] =0 (6.30b)

q—>qg

l(Pe (prej) + (Pke%)(P'Ej)jL 4(prq; - piq;)

ua(pi) u, i)>
(prpj)(pip; + pip;) (quj)(pipj+pjpk)] (pi) ug(pi)

(6.30¢)

where the second term in each square bracket is new. Instead of the functions g(,- P)—itjp WE
will use these definitions. Notice that this will affect both do?® and do* and not only do*;
if this were not the case, our additional subtraction term do would no longer integrate to
zero which would spoil our method.

We are now ready to properly formulate the dipoles.

6.2.5 Subtraction for Helicity Mixing Terms

In the following, we will specify the dipoles four all four emitter-spectator cases. For each
case, we will use exactly the same momentum parameterizations as presented earlier. As
we will see, our general definitions of the soft and collinear functions make it easy to define
proper spin-correlation matrices.

Final-Final Dipoles for Helicity Mixing Terms

In principle, the final-final case has already been discussed above. We use the exact same
momentum parameterization that has been presented in equation (4.66) which equals the
definition (4.18) in the massless case, as discussed before.

Concerning the dipoles themselves, there are only two minor differences to the original
Catani-Seymour definitions which can be inferred from our earlier discussion. The dipoles
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are defined by

= T T -Tij - -7

Diji(prs- - pun) = —4mau® A58 (ij, k) (T—zu[vij,k]ff) AL (ij, k). (6.31)
i

Compared to the original definition, equation (4.23) for the massless or equation (4.65) for

the massive case, we have not included the coupling constant inside the spin-correlation

matrices while our definition of V; i,k contains the propagator instead. Thus, one could say

that the differences reside only in the definition of the spin-correlation matrices, which in

our case are given by the previously mentioned formula

Vijk = T%ij)—>i+jR [P(ij>~i+j + S(ij)—>i+j] . (6.32)

Final-Initial Dipoles for Helicity Mixing Terms

We use the same momentum parameterization as in equation (4.77) on page 79. The dipole
is formally identical with the final-final case:

~ ~ Ta'Ti‘ =~a -~
D?j(pp---Pnﬂ)=—4ﬂasuzev425(ij;5)( Tz ][Vij]sz)Ai(lJ;ﬁ)- (6.33)

ij

However, the spin-correlation function is slightly different. Our general formulation of
Plij)—i+j and S(ij)i+; allows us to relate this function to the final-final case by a simple
manual momentum crossing:

??j(ﬁij’piapj’ Pa) = Vij,a (ZNJz'pPian’ ~Pa) (6.34)

where we explicitly gave the momentum arguments for the spin—correlation functions.

Initial-Final Dipoles for Helicity Mixing Terms

The same applies to the initial-final case where we use the momentum parameterization
from equation (4.82). The dipoles have the same form as before,

Taj'Tk
2
T2,

Do) = 4o A3 ) P Ve | A o). (o)

while the spin-correlation matrices can again be related to the final-final case:

V}?(i)ap pm Pj: Pk) = Cu,(aj) Vaj,k(_i)aja _pa)pj> Pk) (636)

Note, however, that we need to cross the emitter parton into the initial state. In the
final-initial case, it was sufficient to cross the spectator momentum by negating it since
the spectator does not appear in terms of a spinor or polarization. This is different here,
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6.3 Implementation for Leading Color e~e* — n Jets

which is why we introduced the crossing operator C; defined by

Cie(pi) =€ (pi) Cie*(pi) =e(pi)
Ciu(p;) =v(p;) Civ(pi) = u(pi) (6.37)
Ciu(pi) =v(p:) Civ(p:i) =u(p:)

which applies to the parton i. Note that we use the operator with multiple parton indices
which means that it acts on all indicated partons. Let us stress that it is important to
consider all four splittings here including the g — gq splitting so that we obtain all
four spin-correlation matrices ?‘ig, T’Zq, T’iq, and ’VZg, in analogy to the discussion in
section 4.2.6.

Initial-Initial Dipoles for Helicity Mixing Terms

In the double initial state case, we make use of the momentum re-parameterizations
starting with equation (4.88) which includes the Lorentz transformation of all final state
particles.

The dipoles read

5aj’h(p1, e pn+1)

- - T, -T
:—4nasy2€A,§E(@n;aj,Pb)( L2

2
T,

(6.38)

~aj,b ~ ~
7 ]fc)Ai(@n;ﬂbe)-

Again, the relevant information is contained in the spin-correlation matrices which are
related to the final-final case by

~ajb , ~ =~ ~
|4 ! (paj) Pa> Pj’ pb) = Ca,(aj) Vaj,h(_Paja _Pa:Pp _Pb) (6-39)

which again employs the crossing operator discussed before.
This concludes our discussion of dipole subtraction with random polarizations.

6.3 Implementation for Leading Color e"e* — n Jets

The implementation of random polarizations in a numerical program is straight forward
since they can be easily computed from helicity eigenstates. We mentioned earlier that
we actually implement a slightly different version of the parameterization, which reads as
follows:

e(p,¢) =" (p) + e (p). (6.40)

With this parameterization, ¢ takes values in the range [0, 1) and thus it is perfectly suited
for Monte Carlo integration. Furthermore, it avoids the normalization factor 1/2x that we
had to multiply the integral over the angle with.

At next-to-leading order, it is also straight forward to use the existing terms with the
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6. Random Polarizations

Figure 6.2: Real emission matrix element and leading color dipoles for e e* — 3jets. The
dipoles important for the discussion are D3, ; and Dy; 4. Note that k always indicates the
spectator. The momentum of the parton () is needed to implement the subtraction
correctly for leading color amplitudes with color decomposition, see text.
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new parameterization. The only entirely new aspect is the additional subtraction term
do?. Since we constructed all terms in a very general way—meaning that they are based
on Feynman rules and Lorentz products—they are easy to implement. However, we have
to make some changes due to the fact that we use color decomposition and only make
leading order computations.

do? explicitly contains terms for the ¢ — gg splitting that treat the case where gluon
i becomes soft. Just like for helicity summation and sampling, these terms describe soft
singularities that cannot appear in our computation (confer section 4.3). Let us consider
the example of four jet production, see figure 6.2. The two ¢ — gg dipoles are given in
black. The only soft divergences our calculation should subtract are those where j becomes
soft, i.e. where the invariant s;; goes to zero. If parton i becomes soft, we also subtract
terms where s, goes to zero; as explained in section 4.3, these are poles of non-neighboring
partons and thus they cannot appear in our real emission matrix element. Again, we have
to “shift” these terms among the dipoles, i.e. we have to subtract the associated pole, but
not in the given kinematic configuration. We can achieve this by multiplying each gluonic

dipole with the following factor:
2w (6.41)
Sik + Sje
where i and k are the indices that appear in the dipole and ¢ is a parton that does not
normally appear in the dipole: it is the spectator of the other dipole with the same emitter
pair, hence it is the parton that is a direct neighbor to the emitter pair on the other side of
the spectator. An illustration for the example of figure 6.2 can be found in the example

box on the following page.

Note that with this modification, we can completely leave out the part of the soft
function S,_, ¢, that treats the soft parton i since it gives a finite contribution anyway. Doing
so saves some unnecessary computations and thus make the algorithm more efficient.

In summary, we only have to change those dipoles that describe the splitting g — gg.
The modified spin—correlation matrix reads

-~ 25'k
_ 2 i
Vigk = Tg—>gg s

o SﬂR[Pgﬁgg + 8] (6.42)

8§88
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6.4 Checks and Analysis

where the index ¢ is given by

(6.43)

max(i, j) +1 ifk < (i,j)
min(i, j) -1 ifk> (i, ).

The modified soft function Sg’,_,gg is given by the normal soft function, equation (6.30)

without the terms for soft parton i:

[S

888

eu(pi) €5 (pi)-
(6.44)

! :[_(Pie;)(pkej)+(pkej)(piej)+ 4(prq; - piq;)
uv (pxp;)(pip; + pPipj) (p;a;)(pip;j + pipx)

This finishes our discussion of the implementation of random polarization.

Example: Leading Color Dipoles for Random Polarizations, e e™ — 3 Jets

For D3, we have € = 4 and for D53 4 we have £ = 1, they are also indicated in figure 6.2. We find
the following table of variables:

D3y Daza
Sikt S13 S24
Sjer S24 S13

Note that the invariants that appear in equation (6.41) are the same for both dipoles, but inter-
changed: s;; <> sjx. Let us now consider what happens when p;, and thus s;3 tends to zero. In
this case, we want the corresponding contribution to be subtracted by D53 4 which treats poles
coming from parton 3 being soft. Indeed, we find the following for the factor:

2513 s13—0
— 0

S13 + S24

2594 s13—>0
— 2
S24 + 513
The case where gluon 3 becomes soft is now accounted for solely by dipole D,3 4 which describes

the soft limit correctly. We find a similar picture for the case where s»4 — 0 and parton 2 becomes
soft; D3, subtracts this divergence in full.

6.4 Checks and Analysis

Random polarizations obviously also require one extra helicity variable per particle in the
process. In that sense, the method is very similar to n—dimensional sampling and we can
perform the same analyses. First, we verify that our subtraction terms work.
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6. Random Polarizations

Checks of the Subtraction Terms

Once more, we can investigate the soft and collinear limits for an otherwise unaltered
momentum configuration and for a fixed, randomly chosen set of helicity angles. The
plots are shown in figure 6.3 for the soft limit, and in figure 6.4 for the collinear limit.
The respective upper and lower graphs present the same information we also analyzed
for helicity summation and sampling, i.e. the slopes for the unsubtracted and subtracted
real emission matrix element (i.e. do® — dof, = do® — dgd - do?), as well as the ratio of
the unsubtracted term and the subtraction term. All of them show the expected behavior.
The ratios also distinctly reveal that the limits are approached smoothly: especially in the
collinear case, the ratio of the subtraction term and the unsubtracted real matrix element
approaches one more slowly than in the previous chapters.

The middle plots, however, are new. In section 6.2.1, we explained the separation of
the total real emission integrand into the four components, recall equation (6.14):

oNO = f (doR ~dofs—do? + da*) + f (dov + f doés) (6.45)
1

n+l n

(we omit do® here because we do not consider hadronic initial states at present). As
mentioned before, both the contributions do® — dg¢ and —dof + do? should be separately
integrable, i.e. of O (/A scon). We performed these two subtractions separately and plotted
the resulting graphs in the two central plots of figures 6.3 and 6.4. The fits, which have
been done using the same functions as the subtraction fits in the upper plots, reveal that
the behavior of the contributions is in fact of O (}/Asyeon)-

In conclusion, we have three pieces of evidence that the subtraction terms work as they
should. Again, we will see later on that the integration converges to a consistent value.

VEGAS Grid Adaptation and Performance

To analyze the behavior of random polarizations with respect to VEGAS, let us first look
at the adaptation of the grid. Figure 6.5 shows plots that have been performed under
the same conditions as those shown for helicity summation and sampling, but this time
with random polarizations. Both the Born and the real emission contribution plot are
practically indistinguishable from the same plots for n—dimensional helicity sampling,
see figure 5.3. Since this leads us to the same conclusions—that VEGAS cannot adapt
to the helicity variables while the adaptation to the phase space grid is not negatively
affected—Ilet us directly move on and look at the value of the squared matrix element
for a fixed momentum configuration and fixed helicity angles as we vary the value of
two particle’s helicity angles. The results are shown in figure 6.6 where the left hand plot
shows a variation of the quark pairs helicity values while the right hand side displays the
variation of the angles of two gluons. Note that the white spaces do not indicate zero as
the plots suggest, but values around 1072, so neither of the plots is zero at any point. One
can instantly recognize that we are dealing with a smooth distribution here. In fact, the
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Figure 6.3: Soft behavior for e"et — qg1£,¢321€5869 with random polarizations; the un-
resolved soft gluon is g;. The upper plot shows the unsubtracted and subtracted real
emission amplitudes. In the middle the subtraction of the components is illustrated
(see discussion in text). The lower plot show the absolute ratio of the unsubtracted ma-
trix element and the total subtraction term; the expectation (gray line) is approximately
one.
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Figure 6.4: Collinear behavior for e et — q¢1¢,93919586q With random polarizations; the

collinear pair is (g, q). The upper plot shows the unsubtracted and subtracted real
emission amplitudes. In the middle the subtraction of the components is illustrated
(see discussion in text). The lower plot show the absolute ratio of the unsubtracted ma-
trix element and the total subtraction term; the expectation (gray line) is approximately
one.
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(a) Born s Jets (b) Real emission with 4 Jets

Figure 6.5: Visualization of the VEGAS grid for 128 bins. The red phase space variables are
again very similar to those of the previous helicity methods. The blue helicity variables
show almost no adaptation, similar to what we observed for n—dimensional helicity
sampling.

plots show a sine or cosine-like superposition for the separate variables. This comes as no
surprise since random polarizations are real-valued quantities due to e* = ¢~* and we can
write the following:

e(¢) = e’ + e %" = et + cc. = 2R {ee*} = 2R {(cosp +ising)e*}.  (6.46)

Based on these plots, it is clear that we have a similar situation as for n-dimensional
sampling. While the variations of the squared amplitude are less extreme and the squared
amplitude depends on the helicity angles like a smooth function, the » helicity angles
are still interdependent and VEGAS cannot adapt to the function. However, one can
also expect this to be less of a problem than for n-dimensional sampling since the matrix
element never becomes zero and thus we do not “waste” a significant number of the VEGAS
calls.

Based on this discussion, one can already guess that the number of VEGAS bins has
no or almost no influence on the quality of the integration. Figures 6.7 and 6.8 show
the corresponding plots for the Born contribution, figures 6.9 and 6.10 those for the real
emission contribution. The Born contribution plot shows the typical underestimation of

139



6. Random Polarizations

1 8e-08 L — 2.5e-06
7e-08
0.8 0.8 2e-06
6e-08
L 06 5e-08 06 1.5¢-06
g' 4e-08 s°3
g
0.4 3008 0.4 1e-06
2e-08
0.2 0.2 5e-07
le-08
0 0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Pquark Pgq
(a) Dependence on quark and antiquark helic- (b) Dependence on the helicity variables of the
ity variables. first and the last gluon.

Figure 6.6: Dependence of the squared amplitude on helicity variables ¢;. The shown pro-
cessis ete” - uugggg. Both plots reveal continuous functions without factorization.
However, the functions are never zero so one expects that this does not matter.

the one bin result while all other results agree well, with the 32 bin result standing out a bit.
However, like before, this can be attested to the choice of the random numbers, this is no
systematic behavior.

Thus, we can conclude that random polarizations do not harm the VEGAS grid, but
they also do not make use of it. The only advantage to n—dimensional sampling is the fact
that the evaluation of vanishing helicity configurations is not present—but whether this is
really an advantage remains to be analyzed. We will do so in chapter 8.
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Figure 6.7: Dependence of the integration on the number of bins for the Born contribution
to six jet production with random polarizations, similar to figure 4.4. Like for the
other helicity methods, the one bin example underestimates the average result, while
all other bin numbers agree with each other.
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Figure 6.8: Error plots for the data in figure 6.7. All results but the one bin result are very
similar and show the usual adaptation to the grid due to the phase space variables.
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Figure 6.9: Similar figure as 6.7 but for the real emission contribution to five jet production.
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typical real emission fluctuations.
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Linear Combination Sampling

The previous chapter introduced the concept of random polarizations which “cure” the
problem of vanishing helicity amplitudes for helicity sampling. This is done by using a
linear combination of the helicity eigenstates instead of one eigenstate only. It turns out
that one can use a similar idea, which is essentially a change of basis in helicity space, to
form two orthogonal helicity states that are rotated with respect to the eigenstates. These
states can be used for helicity sampling as discussed in chapter 5. Essentially, the method
presented here is not new; however, we test this method in the hope that the number of
vanishing “helicity” configurations for the new states is smaller than for eigenstates and
thus the integration might converge faster.

7.1 Helicity States in a Rotated Basis

For this parameterization, we introduce two new helicity states that are given by a rotation
in helicity space:

1 i
e®(p)=—=(e'(p)+€ , e (p)=—=(e'(p)—€ : 1
(p) \/E( (p) +€e(p)) (p) \/E( (p) - (p)) (71)
Instead of positive and negative helicities, we call them plus and minus helicities which we
denote by the circled operators ® and .

Let us stress again that this parameterization is strictly speaking not a new development,
but merely a change of basis that is realized in terms of linear combinations of helicity
eigenstates, hence the name linear combination polarizations. At the same time, it is also
a special case of random polarizations with the choice ¢ = 0 for €® and ¢ = 7/ for €°
(compare equation (6.1)), with an additional normalization factor /v/2.
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7. Linear Combination Sampling

We can form the products of these polarizations which read

1
e* & _ +* A+ —* - +* - —* _+
€, ev—i(ﬂev+€y €, +€, € T¢€, ev),
1 (72)
e*e:_(+*+ —* = kF - +)
€ & =5 & €, t€, € —€, € —€,€).

Similar to random polarizations, we also find contributions with helicity mixing terms.
Here, however, we do not integrate over an angle but we sum over the plus and minus
helicities. Doing so, the helicity mixing terms cancel each other and the full polarization
sum yields

O* OV _ @&f @ O* O _ +* .+ - - A* A
Z €, € =€, € +€, €, =€ €v+€/4 eV—AE:EH €, (7_3)
=+

u u u 7
©0=6,0

which is the usual polarization sum.

Note that just like random polarizations, we can use similar parameterizations for
(massive) fermion spinors.

Equation (7.3) allows us to use the above parameterization as a substitute for helicity
eigenstates. As an example, we could calculate all “helicity” amplitudes for these new
polarizations and sum them up, similar to section (4.1). Of course, this will not improve
the calculation by any means since we still have to sum over two states per particle, equally
resulting in 2” terms. Instead, we will perform helicity sampling with this new parametriza-
tion. We can use the same two approaches as in chapter 5.

First, we can turn the sum over plus and minus helicities for each external particle into
a Monte Carlo integral, giving us »n additional integrals. In formulas, this is identical to
n-dimensional sampling with the replacement (+, ) — (&, ©): the integration reads

Z |A®1..‘®n 2=2" f d"u |A®1(u1)...®n(un) 2. (7.4)
Ot On [o,1)"
and uses the following parameterization for the helicity variables:
" €5 (p) forue|0,1
p)=1" [0) (7.5)

€;(p) foruce [1/2,1).

The second realization is in terms of one-dimensional sampling where we again choose
one random number which is then multiplied by 2" and truncated so that we end up with
an integer whose binary representation gives the assignment of plus and minus helicities.
In the notation of section 5.1.2, this reads

2

1
Z |A®1~~~®n|2:2nfdu |A/T(u-2”) > (7'6)
0

Olseees On
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where A now maps to the space of all plus—minus helicity configurations:

A:[0,2") > {(®,...,0,)|0;c®,0 V i}. (7.7)

What do we expect to gain from this? Essentially, we do not expect strong differences
from helicity sampling with eigenstates. However, we found that many of the helicity
configurations for eigenstates vanish (confer for example figure 5.6). In this rotated basis,
we can hope that there are less vanishing configurations due to the fact that we always have
a linear combination of eigenstates per particle. This would make the integrand flatter
with respect to variations of the helicity configurations. If these assumptions hold, one can
hope that there is less need for VEGAS to adapt while we also find less fluctuations in the
numerical values of the integrand, thus leading to a better convergence.

Before we analyze the situation in section 7.3, let us discuss the subtraction terms.

7.2 Recycling Random Polarization Dipoles

If we perform sampling for the real emission contribution, then we have to subtract local
poles that are due to fixed plus or minus helicities for the partons i and j. Thus, to determine
the pole behavior, we have to look at the square of the polarizations which was given in
equation (7.2):

1 *
S* & _ AT A +% - —% _+
€, € =3 Zeﬂ € t€, € 1€, €],
2 A
) (7.8)
or o _ A* A Ak = %t
€, ev—E(ZF,M € —€, €, —€, ev).
A

Like random polarizations, they contain both the usual polarization sum and also helicity
mixing terms. Thus, we have already solved the principal problem in the previous chapter,
meaning that we can use the same terms that doj;, is made up of to subtract the poles.
Naively, it seems that using these terms with linear combination polarizations instead
of random polarizations solves the problem. However, even though it seems to be an
inconsequential constant factor, the normalization factor 1/v2 requires some modifications
that affect the different contributions within dof, in different ways.
To see this, let us first go back and decompose doy), into its components:

dofy = dod + do™ = dod + do? - do. (7.9)

We will now discuss the application of each of the terms to linear combination sampling.

The Catani-Seymour Term doé‘s

daf is the original Catani-Seymour subtraction term where the n—parton amplitude is
evaluated using the helicity method of choice which is linear combination sampling in
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the present case. This subtracts the helicity summed parts for both partons i and j. As
equation (7.8) reveals, each of the partons polarization product contains the helicity sum
with an additional factor of /2. Since the Catani-Seymour term was derived without this
normalization factor, we have to account for it here. Both partons i and j contribute a
factor 1/2 to the splitting, thus we have to multiply the subtraction term with a factor /4 in
order to get the normalization right:

1
dofs — Zdaés. (7.10)

The Fully Randomly Polarized Term do¢

do? is the contribution given by the V evaluated using full random polarizations for
partons i and j. Obviously, we have to evaluate this using linear combination polarizations
here. Still, there is a small problem lurking inside the soft correction term. Let us re-
call the structure of the terms briefly and analyze what has to be changed. The collinear
function P(;j)_ i, j poses no problem; partons i and j are evaluated using linear combination
polarizations which already include the normalization factor. The soft function, once again,
contains a hidden trap. Let us look at the example of the g — gg¢ splitting, equation (6.30):

[Syoge)ap = _(piej)(pkef)+(pk€;)(Pi€j)+ 4(prq; - piq;) ]

(pxp;)(pipj+ Pp;) (pig;)(pip; + piPx)
x ua(pi) up(pi)-

(7.11)

The first term in brackets poses no problems; we simply insert linear combination polar-
izations for e(p;) and for u(p;) and the normalization factor is automatically taken care
of. However, the second term—the correction factor that we derived in appendix C—only
depends on u(p;) but no longer on the polarization of parton i. This is due to the fact that
this term was constructed such that the helicity summed version of the term matches the
Catani-Seymour term. Hence, the formula contains an implicit helicity summation over
parton j. With linear combination polarizations, this will only match the corresponding
Catani-Seymour term discussed above when we take the normalization of linear combi-
nation polarizations into account. Since the helicity summation therein is only over the
parton j, the additional factor we have to apply is 1/2. Note that the same argument also
applies to the other splittings, namely ¢ -~ ggand q - gq.
Before we re-define the soft term, let us discuss the helicity summed contribution.

The Helicity Summed Contribution do*

For random polarizations, do* is composed by the same terms as do¢ with the difference
that partons i and j are evaluated with helicity summation instead of random polarizations
or linear combination polarizations. Just like for Catani-Seymour term dof;, this affects
the whole contribution which we have to multiply again with a factor /4. Note that we
do not have to treat the soft correction term specially here, because all terms treat parton
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7.2 Recycling Random Polarization Dipoles

j with helicity summation; the factor 12 we have to add for do? is thus included in the
overall normalization for do?.

Summary of Modified Terms

Let us summarize our findings on additional factors with respect to the random polariza-
tion subtraction terms:

o dof acquires a factor /1.

o The soft correction term in do?¢ (i.e. the left hand side of the R operator, equa-
tion (6.12)) acquires a factor /2. All other terms in do¢ are unchanged.

o The helicity summed term do* also acquires a factor !/; the soft correction term
does not require an additional factor.

Let us wrap this into formulas. The total subtraction term reads as follows:
A 1. A A
dofig = Zd(’cs +do”. (7.12)

This contains the normalization factor for the Catani-Seymour term. The additional
subtraction term is defined by

do? o d@n+1( Z ﬁi]‘,k ]n(f)ij’i?k) + Z Z ﬁicj]n(i)iﬁf’a)

lgi,j)_ ce{ab} (ir))
i (7.13)
+ Y YD L (ub)t Y Zﬁ”‘”n(@";f’”’pd))'

ce{a,b} (j,k) c.de{a,b} j

c+d

We will deal with the final-final case only since the others follow directly by comparison
to the random polarization dipoles. The dipole is defined by

— e~ [T Tii ~ ~~
Dijk(Prs - Pun) = ~dmau® A3 (ij, k) ( sz : [Vij,k]fz) A5, (ij, k). (714)

ij

which is identical to the random polarization dipole (6.31) with the exception of the
spin-correlation matrices. These are now defined by

—

R[ LCS + SLes ] (7.15)

v — 72
Viji =T (if)=itj T C(if) =it

i)=ij

This definition contains a modified version of the R operator:

Rf(hishj, Ni) = f(©:,05,12) - i > f(AnAg0), (7.16)
by
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7. Linear Combination Sampling

This contains the normalization factor for the helicity summed part on the right. The left
hand side is now evaluated using linear combination polarizations which we denote by ©.
In addition, the operator acts on a new variable Ny, the helicity normalization. The collinear
function P(LS)SM. 41 unaffected with respect to the earlier definition in equation (6.20):
LCS

PlijyoiniChi b Ni) = Piajyoia(his hy).- (717)
Note that we explicitly gave the helicity arguments and the normalization variable that the
R operator acts on. Obviously, N}, is ignored for the evaluation of the collinear function.
The soft function, on the other hand, experiences a modification:

[‘S;E(Sgg]yv(Nh) (7.18a)
(pie;)(piej) + (pie; ) (pi€)) 4(pxq;j - piq;) ]
-~ N i) € (pi
l (pep)Pips + pep) " (pia) (pips + pipe) u(pe(p)
(pjer) (prei) + (pre; ) (pjei) 4(pxqi - piqi) ] .

— N . ),

l (prpi)(pjpi + pipi) ’ h(Piqi)(iji+PiPk) u(pi)e(py)
[S;“SZE]W(N;,) =0 (7.18b)
[SqLSng]aﬁ(Nh) (7.18¢)

(pie;)(piej) + (pie; ) (pie)) 4(prq; - piq;) ] _
-~ N alPi i

l pep) b+ o) o) (pip + pypry | P )

(As usual, the ¢ — gq splitting follows from g — gg). What is new with respect to
definition (6.30) is the normalization factor Nj,. Together with the R operator, this creates
the correct normalization for the soft correction term.

Since the dipoles for initial state radiation only differ by their momentum parameteri-
zations and the way that particle content of V is crossed into the initial state, but not by
the definitions of V themselves, it is straight forward to construct all other dipoles from
the random polarization dipoles by replacing V with V.

The Integrated Subtraction Term

Just like for random polarizations and for helicity sampling, the integrated subtraction
term is identical to the integrated Catani-Seymour term. Our total subtraction term
dof = /s dof + do? is again made up of the Catani-Seymour contribution and an
additional term that contains helicity mixing terms. Performing a Monte Carlo integration
over the plus—minus helicities yields the usual helicity summed result while the helicity
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mixing terms cancel in the sum/integration, see equation (7.3):

©=0,0

1 —~
= f d"™'udofg = fd”“u Zdaés + / d"'udo® = dods.

1 1
> dof-0 = [du [ dudot-0
0 0

(7.19)

The integrated subtraction term can thus be computed by using the Catani-Seymour
insertion operator while using linear combination sampling for the computation of the
amplitudes:

[ dofes o o, (4 Tes() AL 1, (720)
1

where the index {©}, denotes an evaluation using linear combination polarizations.

7.3 Checks and Analysis

Since the implementation of linear combination sampling is straight forward after having
detailed the implementation of helicity sampling and random polarizations', we can go
right into the analysis.

Checks of the Subtraction Terms

As usual, we begin our analysis by verifying that the subtraction terms remove the non-
integrable /a2 . terms. Since the basic structure of the subtraction terms is the same as
for random polarizations, we present similar plots, see figures 7.1 and 7.2. The middle plots
again show the subtraction of the components; just like for random polarizations, we can

decompose do® into two pieces that contain the left and right hand part of the R operator:
A o_ L.} A 1. A o_ L.
do® =do® - Zdo = dofs = Zdacs +do® - Zda . (7.21)

Due to the same arguments as for random polarizations, we expect integrable behavior of
the components:

(dods - do*) = O( ! ) and do® —do® = (’)( L ) ) (7.22)

1
4 A soft/coll ASoft/ coll

Looking at the figures, we find that all slopes are as expected and the plots show the
desired behavior. We thus conclude that the subtraction terms work and are implemented

"Note that for the implementation of the g - gg terms in do?, we require the same multiplicative factor

ZSik
Sik +Sjg

that we used for random polarizations.
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Figure 7.1: Soft behavior for e et - q¢19,939185869 With linear combination sampling;

the unresolved soft gluon is gs. The upper plot shows the unsubtracted and sub-
tracted real emission amplitudes. In the middle the subtraction of the components
is illustrated (see discussion in text). The lower plot show the absolute ratio of the
unsubtracted matrix element and the total subtraction term; the expectation (gray
line) is approximately 1.
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Figure 7.2: Collinear behavior for e'e* - qg19,¢381¢5869 with linear combination sam-
pling; the collinear pair is (g, g1). The upper plot shows the unsubtracted and sub-
tracted real emission amplitudes. In the middle the subtraction of the components
is illustrated (see discussion in text). The lower plot show the absolute ratio of the
unsubtracted matrix element and the total subtraction term; the expectation (gray
line) is approximately 1.
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N |
IR A 2 IR

(a) Born s Jets (b) Real emission with 4 Jets

Figure 7.3: Visualization of the VEGAS grid with 128 bins or n-dimensional linear com-
bination sampling. The result is very similar to the other methods with #n helicity
variables: We find hardly any grid adaptation for the helicity variables apart from the
apparently randomly occurring dense spots for the real emission contribution.

correctly.

7.3.1 n-Dimensional Linear Combination Sampling

Since we have again the two different ways of realizing the sampling, we perform two
different analyses. We begin with n-dimensional sampling, where we can once again look
at the adaptation of the VEGAS grid. It is no surprise to see that figure 7.3 shows no great
difference to the grids that we analyzed for random polarizations and for n-dimensional
helicity sampling. Figure 7.4 is more interesting: it shows the dependence of the squared
amplitude on the helicity variable of the quark pair (plot (a)) and on two gluons (plot (b)).
The structure is similar to helicity sampling, however, the shown plots do not reveal any
helicity configurations that vanish. This supports our expectation that the integrand is
distributed more evenly. Still, the general picture is similar to sampling.

Based on this and on our analyses in the previous chapters, we would expect to find that
the number of VEGAS bins does not have a strong impact on the quality of the integration.
Indeed, our integrations for different jet and bin numbers show exactly said behavior,
figure 7.5 shows one example of the errors for a 5 jet Born integration.
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Figure 7.4: Dependence of the squared amplitude on helicity variables u;. The shown
process is ete” — uugggg. While the basic structure is similar to n—dimensional
sampling, the integrand never becomes zero.

7.3.2 One-Dimensional Linear Combination Sampling

For one-dimensional sampling, the situation is quite different. If we analyze the grid, we
find a distribution as in figure 7.6. Again, the momentum variables show no difference
from any other helicity method we have seen so far. The helicity variable appears to not
have adapted at all, which verifies the expectation that the squared amplitude is more even
with respect to the helicity variable as compared to one-dimensional helicity sampling
with its strong peaks.

Figure 7.7 shows the dependence of the squared amplitude on the helicity variable u. The
distribution is in fact much more even. When trying different momentum configurations
for the creation of these plots, one finds that the structure is entirely unstable in the sense
that what one would identify as “peaks” in figure 7.7 is not a peak any more for a different
configuration—the peaks move with the random numbers. Note that while something
similar happens for one-dimensional helicity sampling, the fact that many of the helicity
channels always vanish largely reduces the locations where peaks can appear, thus enabling
the algorithm to adapt much better.

Looking at the influence of the number of bins to the adaptation, we find virtually no
difference in adaptation, see figure 7.8. Thus, one would expect no difference in the quality
of the integration with respect to different bin numbers. Figure 7.9 shows an example for a
six jet Born integration which confirms this.

It will be especially interesting to compare the integration of one-dimensional helicity
sampling to one-dimensional linear combination sampling: the former variant has sharp
peaks to which VEGAS adapts very well, as we saw, while the latter creates a much more
even distribution to which we find no adaptation. After having presented six different
techniques for implementing helicities in numerical algorithms, we finally turn to a direct

153



7. Linear Combination Sampling

Figure 7.5: Dependence of the integration error of a five jet Born contribution on the
number of VEGAS bins for n-dimensional linear combination sampling, similar to
the analyses in the last chapters, e.g. figure 6.8. The one bin result shows the slowest
convergence while all other bin numbers are almost indistinguishable.
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Figure 7.6: Visualization of the VEGAS grid for the Born contribution to five jet production.
The phase space grid is unchanged from all other helicity methods. The helicity variable
shows almost no adaptation.
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Figure 7.7: Dependence of the squared amplitude on the helicity variable for one-
dimensional linear combination sampling. The shown process is e’e* - qqgggg
where the horizontal axis shows different values for the overall helicity variable.
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Figure 7.8: Visualization of the helicity variable VEGAS grid for different numbers of bins
(indicated on the left) of the Born contribution to six jet production. Neither of the
bin numbers shows any particular adaptation.
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Figure 7.9: Dependence of the integration error of a six jet Born contribution on the
number of VEGAS bins for one-dimensional linear combination sampling. The one
bin result shows the slowest convergence while all other bin numbers are almost
indistinguishable.
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Checks, Comparisons and
Results

In the previous four chapters, we presented a total of six different methods for implementing
the summation over helicities in numerical programs. While we analyzed the behavior
with respect to the VEGAS grid, we have not yet performed a direct comparison of the
methods. This chapter will take care of this.

First, we present some results for the Born contribution that we compare to literature
values, thereby establishing that our integration yields correct results. Then, we recapit-
ulate the results of our analysis from the previous four chapters before we investigate
differences between the different helicity methods. We give results both for the Born and
the real emission contribution and show that the results for different helicity methods
agree. Afterwards, we compare the efficiency of the methods and analyze their numerical
precision. Finally, we give a recommendation as to which method is most useful in terms
of efficiency and ease of both implementation and use.

8.1 Results for Exclusive e*e~ — n Jet Production

Near the beginning of the work for this thesis, a paper [24] was published by the Weinzierl
group that presented the world’s first computation of a one loop eight-point function as
part of the computation of jet rates in electron-positron annihilation. It served as a proof-
of-concept for the method of virtual subtraction which we introduced in section 3.2.4. At
the time of publishing, the idea of using random polarizations for all contributions was
well established, but the corresponding subtraction term from chapter 6 had not yet been
developed. Hence, the real emission contribution was evaluated with helicity summation.
However, all other contributions' have been evaluated using random polarizations.

The publication presents jet rates from »n = 3 up to 7. While the results for n = 6,7 were
new, the lower jet rates were compared to existing results in order to verify the correctness
of the method. Since the results in [24] were generated using the same basic framework of

'Note that this includes the integrated subtraction term and thus the full virtual contribution and the
insertion term.
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color-flow decomposition, recursion relations, etc. it is very easy to compare the results of
our implementation with the one used for the publication; note that the two are separate
programs. We use this to verify that our integration routines work as expected.

Before we do so, let us take a closer look at how these jet rates have been calculated.
An exclusive jet rate is defined as the ratio of the exclusive cross section 62 for n jet
production and the total hadronic cross section oy,

excl
RAM=%ﬁ%%- (8.1)

Note that the jet rate depends on the renormalization scale 4 which obeys the renormaliza-
tion equation (2.12). Hence, it is sufficient to compute the jet rate at a freely chosen scale
which in our case is the center-of-mass energy which was chosen to be equal to the mass
of the Z boson, py = Q = my ~ 91.2 GeV [14]. In practice, this amounts to using the value

as = 0.118 (8.2)

for the strong coupling constant. Notice that the total hadronic cross section involves all
possible hadronic final states and thus cannot be computed in practice. But since it serves
the purpose of a normalization factor, we approximate it by the leading order contribution
to the total hadronic cross section which is equal to the exclusive two jet cross section at
Born level, i.e. the cross section for the process e et — gg:

Otot = ozB’eXd +0 (ay). (8.3)
This can be computed very precisely by our numerical code and we use the following value:

oo - (4513433 + 0.00003) pb. (8.4)

Let us turn to the numerator of the jet rate, i.e. the exclusive cross section. Since we
only compare the Born contributions of cross sections, we write

O.excl — O.B,excl +0 (an—z) . (8.5)

n n S

Note that both the results presented in [24] and the results from our work are obtained
using five massless quark flavors, Ny = 5. Naively, this would mean computing the cross
sections for all five processes e e* — q.q,g---g where f = u,d, c, s, b. However, since all
quarks are treated as massless, they only differ by their electromagnetic charges given by

+

f=u,c

des (8.6)

Qr =

W= WIN

with respect to the elementary charge e. Since this charge enters the calculation only at
one point, namely the quark-photon vertex which is proportional to the charge, we can
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write
|A(e’e™ > qqr88) = QF IMP? (8.7)

where M is the amplitude without the charge factor (or, equivalently, with charge Q =1).
We can then write

- 4+ — 2 2 2 1 ? 2 11 2
> |A(ee = q,qr8-9 =2\ 3] +3-| -3 |[MIF =5 M (8.8)
= 3 3 9

¢,s,b
Thus, we only need to calculate one process and the quark charges act as a multiplicative
factor.

With this knowledge, we can now turn to the full jet rate which we re-write as follows

R, (1) = (;"—ﬂ)A (8.9)

i.e. we write it as a coefficient times the coupling constants. The results we are going to
present below are just the coefficients A,,. Since we perform only leading color computa-
tions, we have to expand these coefficients in terms of the color factor N.:

A, = N, (NT)Z [Alg+0(Ni)]. (8.10)

C

We neglect all sub-leading contributions, as has been done in [24]. The coefficient Al
together with the color factors in front is exactly the contribution we obtain by applying
the leading color approximation according to section 3.1.4.

Let us make another remark concerning a difference in implementation of our code
with respect to [24]. In this thesis, we do not discuss electroweak bosons and thus, we
only treat the process e’et — y* — n jets, whereas [24] also takes an intermediate Z
boson into account: e et — y*/Z — n. While this changes the value of the individual
cross sections, the jet rates are not affected. The reason for this is that the basic process
e et - gq which we use for the total hadronic cross section forms the “skeleton” for all
higher jet multiplicities, meaning that additional jets (which are described by gluons) are
given as radiations off the quark legs. One can show that this leads to a factorization with
respect to the “skeleton” process. The conclusion of this is that this skeleton part always
cancels between the numerator and the denominator in the jet rate, thus the jet rates we
investigate are invariant under the addition of a virtual Z boson.

Now we are ready to compare results. Note that for the Born contribution only the
results for five, six, and seven jet coefficients A, are given in [24]. These results, along with
the ones that were obtained with our code, are presented in table 8.1. The error AR, of our
jet rate is determined by

2 2
A 0,;3, excl A O';’ excl
AR, =R, |t — (8.11)
(0% 0'2’
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LO jet rate LO jet rate
from [24] this work

0.002  5.0529 +0.0004 5.056 +0.009 10°
5 0.001 1.3291 +0.0001 1.319 +0.005 10*
0.0006 2.4764 +0.0002 2.471 +£0.007 10*

0.001 1.1470 +0.0002 1.142 +0.003 10°
0.0006 2.874 +0.002 2.88 +0.01 10°

7 0.0006 2.49 +0.08 2.42 +£0.01 106

Jets  you unit

Table 8.1: Jet rates in electron—positron annihilation. The results from this work agree
reasonably well with those from [24]. Note that the given values are actually only the
coeflicients A, as given in equations (8.9) and (8.10). The cut parameters apply to the
Durham jet algorithm.

where the cross section errors are pure Monte Carlo errors. The values for our exclusive
n jet cross sections were calculated using one dimensional helicity sampling, but we will
verify in the following section that all helicity methods yield the same results. As one can
see, the jet rates agree reasonably well.

From this, we conclude that our code yields correct jet rates and we can move on to
compare the different helicity methods.

8.2 Summary of the Analyses from the Previous Chapters

To this end, let us first summarize what we found out in the analyses of the different helicity
methods, chapters 4 to 7. First of all, we analyzed classical helicity summation where we
showed that the phase space is very well suited for the VEGAS algorithm. All following
chapters revealed that there is no recognizable change in the way the phase space part of
the VEGAS grid adapts if we use different helicity methods. We thus conclude that there is
no correlation with respect to the performance of VEGAS/ the phase space generator and
our tested helicity methods.

If we look at the adaptation of the VEGAS grid with respect to the helicity variables, we
found that only one of the tested helicity methods provides VEGAS with a possibility to
adapt its grid. All methods with # helicity integral dimensions have correlations between
the different helicity variables; random polarizations and linear combination sampling
try to reduce this effect by reducing the fluctuations of the amplitude with respect to
different helicity variables. The two methods that require only one integral dimension for
the helicity only differ by the fact that one-dimensional helicity sampling uses helicity
eigenstates, while linear combination sampling uses rotated helicity states. We found that
the difference in terms of VEGAS adaptation is enormous: the eigenstate method is zero
for a large range of values of the helicity variable. This enables VEGAS to adapt very well.
The linear combination method, on the other hand, makes the integrand more even (in
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particular, it never vanishes) such that VEGAS cannot adapt.

Finally, we also investigated the effect of the number of VEGAS bins on the performance
of the integration. We found that the grid number only matters for one-dimensional
helicity sampling where a good choice is to have more bins (e.g. twice as much) than there
are helicity configurations for the desired observable. All other methods do not show any
dependence on the bin number. The reason is clear considering the result from the last
paragraph.

Our next goal is to compare some results of integrations with different helicity methods
in order to determine how our previous findings affect the performance of the Monte
Carlo integration.

8.3 Checks and Comparison of Helicity Methods

As all of our previous discussion clearly shows, calculating observables such as cross
sections is a very complex operation requiring up to many billions of evaluations of
squared matrix elements, which in itself are complicated objects. This raises the question
of how to compare different helicity methods properly.

Obviously, amplitudes depend on physical parameters such as scales (coupling con-
stants, center-of-mass energy), jet algorithm and jet definition parameter. In order to be
able to compare the different helicity methods, those variables should be identical for all
methods. In the analyses presented in this section, we make the following choice:

1
Q =90GeV, Yeut = 0.0006, as = 0.118, o= —, (8.12)
127.9
where the jet cut is used with the Durham jet algorithm.

In the context of Monte Carlo integration, the end result depends on many more
technical parameters: the random number generator, its seed value, the number of inte-
grand evaluations (calls) per Monte Carlo iteration, to name a few. Unlike the physical
parameters, it is neither possible nor desirable to keep all of these variables constant for all
helicity methods; this is rooted in the fact that the six helicity methods we want to compare
have different numbers of integral dimensions. What we do is keep the random number
generator constant—we use the Mersenne-Twister MT 19937 [101] with both the Cuba and
the hep-mc libraries. Keeping the seed value constant is only reasonable when comparing
methods with the same number of integrand dimensions. In this case, we can investigate
the impact of the helicity variable(s) on the integration while keeping phase space exactly
identical. As for the number of calls per Monte Carlo iteration, those methods with more
integral dimensions obviously require more calls to cover the integration space reasonably
well. Thus, the number of calls has to be separately tuned for each helicity method.

As a consequence of this discussion, one might say that there is no proper way of
directly comparing different helicity methods that gives a quantifiable result as to which
method is better and by which degree. In light of this, we chose to take the approach of
the end user of an event generator. An end user does not want to concern himself with

161



8. Checks, Comparisons and Results

choosing the right set of technical parameters; we will assume that he wants to describe the
observable together with all relevant physical parameters while using the default technical
parameters. In particular, we assume that the seed value of the random number generator
will be a random number in the sense we cannot predict it.> Two typical use cases would
be then be the following:

1. The user wants to compute an observable to a given precision, for example up to
a relative error of 0.1%. Obviously, it is desirable to use the helicity method which
reaches this goal in the shortest time. This motivates the following test: set a goal for
the minimum precision of the integral result and have the Monte Carlo integration
stop upon reaching that precision. We can measure the time it takes to reach this
goal and compare it for the different helicity methods.

2. The user has a certain time frame for running the Monte Carlo simulation. Clearly,
one wants to use the helicity method that reaches the most accurate result in the
given time. A corresponding test would be to perform a Monte Carlo integration for
a given time and measuring the reached accuracy. By comparing the errors of the
different helicity methods afterwards one can determine the most suitable method.

In this section, we will display results obtained for both use cases.

Note that we still have to determine the number of calls per Monte Carlo iteration that
should be used. If this number is too small, the VEGAS grid cannot adapt properly; it
only does so when the integration space (i.e. phase space plus helicity space) have been
sufficiently covered. Evaluating each iteration with “too many” integrand evaluations, on
the other hand, does not have any bad consequences other than “wasting” integration time
with a non-adapted grid. For a Born level integration with helicity summation, we found it
sufficient to use 10° calls for the two jet result while seven jets require 5 x 107 calls. For the
real emission contribution, we analogously found 10° calls to be sufficient for the two jet
cross section with helicity summation, while we need comparatively more points for the
higher jet multiplicities: cross sections with more than four jets require at least ten times as
many calls as the corresponding Born cross section. This is partly due to the fact that the
real emission integration space includes one more particle than the corresponding Born
value, but also because of the more complicated phase space structure. All other helicity
methods obviously require more calls; we found that multiplying the helicity summation
calls by a factor of 50 or 100 (for jet numbers greater than four and for both Born and real
emission contribution) yields good results.

Let us now take a look at some results we obtained. Table 8.2 shows some results we
obtained for both Born and real emission contribution. Those tests were run according to
what we described as “use case 2” above, i.e. we specified a fixed time frame after which the

*A typical seed for random number generators is the current date and time given in terms of an integer
value.
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Jets Time Summation Sampling Rar.ldO{n L.C. Sampling
1 Polarizations n 1
) ’h 45.134 32 45.137 45.133 45.134 45.135 45.1331
+0.00003 +0.003 +0.001 +0.001 +0.001 +0.0009
3 ’h 47.825 47.825 47.827 47.828 47.824 47.825
+0.003 +0.006 +0.003 +0.003 +0.003  +0.003
4 3h 23.752 23.751 23.745 23.752 23.751 23.749
+0.005 +0.006 +0.004 +0.004 +0.004  +0.004
5 sh 7.400 7.401 7.408 7.405 7.400 7.405
+0.004 +0.004 +0.003 +0.003 +0.003  +0.002
6 3h 1.605 1.610 1.612 1.613 1.613 1.617
+0.003 +0.003 +0.002 +0.002 +0.002  +0.002
7 40h 0.255 0.2557 0.2562 0.257 0.252 0.2560
+0.002 +£0.0008  +0.0005 +0.002 £0.001  +0.0004

(a) Born contribution

Jets Time Summation Sampling Rar.ldO{n L.C. Sampling
n 1 Polarizations n 1

) ’h —48.466 —48.465 —48.469 —48.459 —48.456 —48.459
+0.003 +0.007 +0.004 +0.005 +0.006 +0.005

3 4h —-34.21 —-34.22 —34.27 —-34.25 —34.32 —34.32
+0.02 +0.03 +0.02 +0.04 +0.04 +0.03

4 16h -13.91 -13.78 -13.80 -13.8 -13.7 -13.80
+0.07 +0.08 +0.05 +0.1 +0.1 +0.06

5 - 45h -3.5 -3.6 -3.61 -3.2 -3.5 -3.74
+0.1 +0.1 +0.01 +0.1 +0.2 +0.09

(b) Real emission contribution

Table 8.2: Results for cross sections for e"e* — # jets obtained with all six helicity method
implementations. All results are given in picobarn (pb) and were obtained for Q =
90 GeV and y. = 0.0006. VEGAS was set such that it stops as soon as the first iteration
finishes after the given time. In those examples where the time has a “~” sign, the
results have to be treated carefully: due to the long durations per iteration, the actual
integration times differ by several hours for the different methods.
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integration should stop and give a result.3 All results are given in picobarn together with
the Monte Carlo error in the second line of each table row. We marked the most precise
results in red. Let us add a remark on the real emission results: the given results are those
of the fully subtracted real emission contributions. These are no physical results and taken
on their own, they have no meaning. They only become meaningful when one adds the
virtual contribution and the insertion term. However, we can use these unphysical values
to check consistency between the helicity methods and to measure their precision.

Let us first consider the Born contribution in table 8.2(a). All values show a good
agreement between the different methods from which we can conclude that each of the
methods produces valid results. Together with the comparison to literature values in the
previous section, this serves as a verification that our code yields proper integration results.
Note that the exact values and errors should not be treated too literally, they merely reflect
the general trend that we observed.4 This trend clearly shows that helicity summation is
best suited for small numbers of jets. For two and three jets, we have 24 = 16 and 2° = 32
helicity configurations, respectively. These numbers are apparently too small to be replaced
by any of the advanced helicity methods. Starting with four or more jets, it is clear that
the amount of helicity configurations that one has to sum over grows so large that the
advanced helicity methods overcome the penalty of having additional integral dimensions.
In other words, the speed up of having only one squared amplitude per phase space point
is greater than the penalty obtained from having a larger integration space. We see that
the n-dimensional version of helicity sampling is always the slowest of all methods. On
the other hand, both one-dimensional sampling methods are (among) the fastest with
linear combination sampling being apparently slightly better. As one would expect, we can
conclude that the one-dimensional methods where there are no correlations between the
helicity variables (since there is only one) create less overhead that the VEGAS algorithm
has to deal with and are thus faster.

Let us now turn to the real emission contribution. With the additional burden of
having one more external parton with respect to the corresponding Born jet cross section
plus having to compute all (21 — 2) dipoles, the integration becomes increasingly difficult
for higher jet numbers. Furthermore, technical values such as random number seeds have
a larger impact which is also due to the more complicated structure of the real emission
phase space. Still, the results presented in table 8.2(b) exhibit an even clearer pattern than
the Born results. Again, for small jet numbers helicity summation is at least as good as

3In detail, this works as follows: after every Monte Carlo iteration, a user-defined so-called callback
function is called in hep-mc. Within this function, we measured the elapsed time since the start of the
integration. Once this time is larger than the set time frame, the integration stops. Note that for small jet
numbers the given time is accurate while for larger jet numbers, especially those indicated with a “~” sign,
the times are rather rough estimates. The reason is that for higher jet numbers, the matrix elements take
longer to compute, and we also need more calls per iteration, making each iteration several hours long. Thus,
some of the actual integration times exceed the indicated times by up to a few hours.

4By this, we mean that different seeds will produce different integration results and also slightly fluctuating
errors. Thus, one should not conclude that method A will always produce a result twice as accurate as that of
method B when B’s error is twice as large as that for method A given in the table. However, one can conclude
that in general, method A yields a smaller error than B.

164



8.3 Checks and Comparison of Helicity Methods

Method Result Rel. Error [%] Time Ratio
helicity summation -3.49+0.09 25 4.19
n—dim. sampling -3.53 £ 0.08 23 5.18
1-dim. sampling -3.66 +0.07 1.9 1.00
random polarizations -3.52 +0.09 25 9.19
n—-dim. L.c. sampling  -3.48 + 0.08 23 8.63
1-dim. Lc. sampling ~ -3.75 + 0.09 2.5 2.1

Table 8.3: Results for real emission contribution to process e e* — 5 jets. The integration
was set to stop as soon as an accuracy of at least 2.5 %is reached. All values are rounded;
note that the given relative error is the one used by the integrator which is determined
by not using the rounded results. Thus, the given relative error does not always
correspond to the result obtained from the “Result” column. Instead of absolute times,
we give the ratio to the fastest method, which is one-dimensional helicity sampling.

any advanced method. For higher jet numbers, however, VEGAS seems to clearly prefer
the method of one-dimensional sampling over all other methods, also one-dimensional
linear combination sampling. Surprisingly, all three n-dimensional helicity methods (i.e.
both n-dimensional sampling methods and random polarizations) are less accurate than
helicity summation in our tests.

Finally, let us take a look at a result for the first use case from above, where a certain pre-
cision of the cross section should be reached, no matter how long it takes to integrate. The
example we show in table 8.3 is the five jet cross section for the real emission contribution
which we integrated with every one of the six helicity methods. The goal for the precision
was set to a relative error of 2.5 %. Again, the shown results are unphysical, but they allow
us to compare the values. We see that the values agree within three standard deviations, but
one notices that the one-dimensional sampling methods—especially linear combination
sampling—stand out as relatively high compared to the rest. The relative error we give in
the third column is the final error determined by the Monte Carlo integration; note that it
is calculated using the original un-rounded double-precision values of the result and thus
differ from the relative error one obtains from column two. The last column shows the
total integration time divided by the time of the fastest method, which is one-dimensional
helicity sampling. We can see that the desired precision in this case was reached more than
two times faster than the second fastest method, one-dimensional linear combination
sampling, and more than nine times faster than the slowest method, random polarizations.
Note that if this computation is performed on a single core of a modern desktop PCs the
difference between fastest and slowest method is more than five days of computation time.

Again, we find a surprisingly good result for helicity summation compared to all other
variants but the one-dimensional sampling methods, which produce by far the fastest
results.

5The PC used for the generation of all values and plots is a quad—core Intel® Core” i5 CPU 750 with
2.67 GHz.
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8.4 Numerical Precision of Different Helicity Methods

One more aspect that we can analyze is the numerical precision of the various helicity
methods; since all are based on helicity eigenstates in the end, one does not expect any
differences. However, one might expect some differences due to the different subtraction
terms that we use: the extra terms do® and do® which are based on random polarizations
and linear combination polarizations, respectively, lead to a double subtraction of large
numbers, as discussed in the corresponding chapters.

How do we go about measuring the numerical precision of the algorithm? The basic
idea is to compute the squared amplitude for two sets of momenta that are related by the
following re-scaling:

p; = 5}7: v i) (813)

i.e. we re-scale all quantities with a non-zero mass dimension by the same scale parameter
& (which in principle also includes masses; in our case they are zero, however). The squared
amplitudes of these two sets of momenta, we denote them by |.4|? and | A’[?, are then related
by

JA'P = £20D| A (8.14)

One can see this by starting from the simple process of a fermion pair to fermion pair
scattering where all possible diagrams yield a factor of £°. Adding an external fermion
pair or gluon/photon then yields an additional factor £-2, which leads to the generalized
formula above. We can then define the precision A by

A2 £2(n-4)
A= ‘L—l‘. (8.15)

AP

Analytically, the fraction is identical to one and thus A = 0. In a numerical program
however, this ratio is never equal to one but only up to a certain amount of digits. Since
the calculation uses numerically different momenta for the calculation, the deviation of
the ratio from one tells us how precise the calculation is. Note that we can also extract the
number of digits d up to which a numerical value can be trusted:

d=|-log,A|. (8.16)

Note that to obtain the correct integer value, we have to truncate the result of the logarithm
which we achieved here with the floor operation, | x| = max{y € Z | y < x}.

Figure 8.1 shows plots for ee* — 6 jets. We chose” £ = 10000 and computed both the
normal and the re-scaled squared amplitudes for 10° phase space and helicity points with
the same parameters Q = 90 GeV and y.,; = 0.0006. For each point we determined the

8See for example [7].

’Note that the exact value is not important (we verified this) since the precision does not depend on &
but it relies solely on the fact that the numerical values of the dimensionful quantities (i.e. momenta) vary
sufficiently enough when comparing the re-scaled polarizations, spinors, etc. to those that are not re-scaled.
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(truncated) precision A. Figure 8.1 shows the number of events per truncated precision;
note that we chose to display them as lines instead of a proper histogram so that the
diagram is still readable and the different helicity methods can be compared. Note that
since the maximum number of valid digits for double precision is around 16, we only show
the precision down to 107'¢ (equaling 16 valid digits). Furthermore, note that for the two
helicity sampling methods, we discarded all events where the helicity configuration led to
vanishing helicity amplitudes since this only contributes to maximum precision and thus
distorts the performance with respect to the other methods.

In figure 8.1(a), we see events for the Born contribution. Unlike our expectation that
all methods should perform equally, there is a clear difference between helicity summation
and sampling as opposed to those methods that are based on linear combinations, i.e.
random polarizations and linear combination sampling. While the eigenstate methods all
show a precision better than 1071, the linear combination methods are slightly worse with
a precision better than 10~7. We verified that this behavior is reproducible and not just an
artifact of the chosen random number seed or anything similar.

The lower plot, figure 8.1(b) shows the real emission contribution. Here, the distinction
between the eigenstate and the linear combination methods is no longer visible. Comparing
the two plots, we note that the real emission is less precise on the whole, as expected. Due
to the subtraction of large numbers that are almost equal in the context of the subtraction
method, we find a few events that expose a precision of only two or three digits. Since the
plot is doubly logarithmic, however, one has to stress that the percentage of very imprecise
events is below 1% so there is no need for concern.

8.5 Conclusion: Which Helicity Method Should Be Used?

By taking all information we gathered in this chapter as well as in the previous chapters,
we now attempt to form a conclusion as to which helicity method is best suited for Monte
Carlo integration with VEGAS.

The most important aspects of this consideration are

« speed and accuracy,
 numerical precision, and
o ease of implementation.

In terms of speed and accuracy, we found that both one-dimensional sampling methods
are superior to any other method, with linear combination sampling being slightly better
at Born level while helicity sampling proved to be the best method for the real emission
contribution.

Regarding numerical precision, we found a small difference between the linear combi-
nation methods and the eigenstate methods for the Born contribution. However, the worst
case precision of eight valid digits is still better than the precision one usually requires of
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Figure 8.1: Precision for 10° randomly chosen phase space and helicity variables for e e* —
6 jets. Since helicity configurations for which the amplitude vanishes always produce
maximum precision (i.e. 107¢), we did not count those contributions (only affects
helicity sampling).
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observables. For the real emission contribution, we found no visible difference between
the methods.

With respect to the ease of implementation, the helicity sampling methods have a
clear advantage over the linear combination methods for the real emission part since
the linear combination methods require both the Catani-Seymour terms and additional
helicity mixing dipoles, whereas the helicity sampling method is only a modification of the
Catani-Seymour terms. At Born level, there is much less of a distinction since all methods
rely on helicity eigenstates which makes all methods equally simple to implement.

In order to draw a completely proper conclusion, one would have to perform similar
tests with the virtual contribution, which is however beyond the scope of this thesis. As we
argued before, the virtual contribution should essentially behave like the Born contribution.
We will assume this for the final decision.

Culminating all information we have gathered into one recommendation, we arrive at
the conclusion that

one-dimensional helicity sampling

is the method that any developer of an event generator should put to use. For the Born
contribution alone, it is also reasonable to implement one-dimensional linear combination
sampling since it requires no more effort to implement but yields slightly better results.
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Summary and Outlook

9.1 Summary

In this work, we presented several methods to optimize the calculation of helicity and
spin sums in numerical leading and next-to-leading order calculations. All methods
require the use of Monte Carlo integration for the phase space integration in order to
be efficient; we specifically analyzed all methods with respect to the adaptive VEGAS
integration algorithm. We tested all methods separately and compared their efficiency by
calculating cross sections for electron-positron annihilation into # QCD jets.

The basic idea of all methods is to replace the helicity sum by an integral. We investi-
gated three basic ways of realizing this:

1. The summation over helicities can be re-interpreted as an expectation value which
in turn can be evaluated by Monte Carlo methods such that the continuous integra-
tion variables are mapped to discrete values for the helicities; this is called helicity
sampling. This method is known but apart from being mentioned in an abstract way
in a few publications, there is not much known with respect to its implementation
or performance. Contrary to the above, subtraction terms for infrared singularities
at next-to-leading order have been developed which can be used with the method.

2. By a re-parameterization of the polarization states in terms of a linear combination
of helicity eigenstates, each weighted by a continuous parameter (helicity angle),
one replaces the helicity sum by an integral over the continuous parameter. We call
this method random polarizations. It is mentioned in a few publications, however,
there have not been any known subtraction terms that enable next-to-leading order
calculations.! We provided a new extension of the dipole formalism that allows for
random polarizations at next-to-leading order.

'The subtraction method used in this thesis is the common dipole formalism [26,79]. Since work has
begun for this thesis, a different subtraction method was published which can treat random polarizations
without modifications [59]. A comparison of the methods proves an interesting avenue for future research.
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3. The last method is a combination of the two methods above: by fixing two helicity
angles for random polarizations, e.g. ¢; = 0, ¢, = 7/2, we obtain two polarization
states that are rotated with respect to helicity eigenstates. Summing over these states
yields the usual polarization sum. Thus, these states can be used to implement
the sampling procedure from item 1. The corresponding subtraction terms can be
constructed from those for random polarizations. We refer to this method as linear
combination sampling.

The most intuitive way of implementing all methods is to add an integration over a
new helicity variable for each particle in the desired process; i.e. the integration dimension
increases by n with respect to the phase space integration, where 7 is the number of external
particles in the process. Since these additional integrations are not specifically suited for
VEGAS, we found that they provide some speed up for more than two jets at leading order
(with methods 2 and 3 being better than method 1), but none for next-to-leading order
(in fact, they proved to be worse than helicity summation in most cases).

However, methods 1 and 3 can be implemented in a different which has a huge effect
on the performance. The helicity information for all particles can be encoded in a single
integer number which in turn can be rescaled to a decimal value between zero and one.
Thus, it is sufficient to use one additional integral for all helicities. In this context, method
1is very well suited for VEGAS since it can adapt very well to the helicity variable, while
method 3 is not suited in the sense that there is no adaptation necessary. It turns out that
both methods perform almost equally well at leading order, with method 3 yielding slightly
better results. At next-to-leading order, however, method 1 shows a better convergence,
especially for higher jet rates (we specifically investigated five jets).

In total, we found that the one-dimensional implementation of methods 1 and 3 shows
better convergence than any of the n—dimensional methods. Especially at next-to-leading
order they proved to be superior.

In addition to the performance of the methods, we also investigated the numerical
precision of the methods. At leading order, methods 2 and 3 show slightly worse precision
while still being accurate to at least seven digits which is better than the error one normally
expects from any Monte Carlo integration. Next-to-leading order shows some less precise
events which is expected due to the subtraction of large numbers . Still, the fraction of
events with small precision is low so that there is no reason for concern.

Since the implementation at next-to-leading order only requires small modifications
to the Catani-Seymour dipole terms, thus proving advantageous with respect to method 3
which requires more work, we concluded that one-dimensional helicity sampling is the
method that should be recommended in general.

9.2 Outlook

Speeding up numerical calculations will always be of vital importance. The increasing
complexity of calculations for observables with higher numbers of jets/particles and higher
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order in the coupling constant makes efficient (automated) numerical algorithms even more
important as these calculations become necessary. With next-to-leading order calculations
being on the verge of automation, the focus is shifting towards next-to-next-to-leading
order which is even more complex and requires more elaborate subtraction terms. Obvi-
ously, it is desirable to apply those methods that emerged as most efficient in this thesis to
this order, too.

In addition, there is much left that one can examine in the closer vicinity of this work:

» We have only studied the effects for electron-positron annihilation in the leading
color approximation. Although one would not expect significant deviations from
our results naively, it would still be desirable to verify our results both for initial
state hadrons and for full color calculations.

o+ The work presented in this thesis is restricted to QED and QCD processes. Obvi-
ously, processes including electroweak interactions and particles are also of vital
importance for the LHC. Thus, it would be desirable to extend the whole automated
algorithm including the helicity methods to the full Standard Model.

 This work was done with dipole subtraction in mind. We already mentioned
that there is one other subtraction scheme that allows for random polarizations
(Nagy-Soper subtraction [59]). One interesting avenue would be to compare the
performance of the two. Thinking further, one could perform a comparison of
several different subtraction schemes and analyze their behavior with respect to the
different helicity methods (which would involve modifying the subtraction terms to
make them suitable, if this has not been done yet).

« In asoon-to-be published thesis by C. Schwan [93], random polarizations are exam-
ined further: since they are purely real-valued objects, they enable one to perform
the computation of massless observables using only real numbers instead of complex
numbers, thus providing a speed up for the computation. Even though we found
that one-dimensional helicity sampling yields better results compared to random
polarizations, this speed up might make random polarizations even more feasible
than the sampling procedure.

These are just a few possibilities for future research, which goes to show that the field of
numerical calculations in high energy physics is very active and still provides lots of room
for improvement.
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Lorentz Transformation for the

Phase Space Generator

This appendix shows the explicit expressions for the Lorentz transformations that are used
in the phase space generator described in section 3.4. Note that the formulas here are
directly taken from [18, 75, 76] with slightly changed naming conventions.

In order to be easily able to parameterize the newly inserted momentum p; and its two
slightly shifted “parent” momenta p/, and p;, we transform from the existing reference
frame to the center-of-mass frame of p, + p;, (which are the unshifted momenta before the
insertion of p;) such that pj is oriented along the +z-axis. Quantities in this new frame
are denoted with a tilde. The transformation is given by equation (3.95) which we repeat
here for convenience:

P = AboostAxy(¢)sz(9) F (Al)

The formula applies to all three momenta p/, p; and p;.

First, let us define P = \/s,;, and Q = p, + p;, (note that this is the center-of-mass
momentum in our new frame and has nothing to do with the center-of-mass energy in
the collision). In the new reference frame, p,, is given by

~ Q_O o_ﬁb'é - ﬁbé _p_(l); =
Pb—(PPh P ’pb+l—P(QO+P) P]Q) (A.2)

We find the transformed angles

Po- P, ) (17?,)
0 = arccos|1- = | =arctan| =2 |. (A.3)
( i) ¢ 7,

The Lorentz transformations A,,(0) and A, (¢) are then simple rotations around these
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angles:
1 0 0 0 1 0 0 0
0 cos@ O sind 0 cos¢p —sin¢g 0
sz 0) = > Ax = . . A.
=1y o 1 o A9 =1o ging coss 0 (&.4)
0 —-sinf 0 cos6 0 o0 0 1
Finally, we need to know the boost matrix Ap,. Which takes the form
Q Q
P p
Aboost = - AT > (AS)
Q 1 QQ
—_— + e —
P P(Q"+ P)

where QQT indicates an outer product resulting in a matrix. Another way to write this
matrix is in terms of its action on a vector g, such that g’ = Ay g

(L, dQ [ dQ 24
q—(Pq+ b ’q+lP(Q°+P)+P]Q)' (A.6)
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Catani-Seymour Variables in
the Soft and Collinear Limit

In this appendix, we gather all variables (and frequently occurring combinations thereof)
that are used in the Catani-Seymour dipole subtraction framework (final-final case) and,
consequently, also in our extension to random polarizations. We analyze each of them
both in the collinear and in the soft limit so that the resulting formulas can be used to
easily determine the behavior of any subtraction term in the respective limits.

All expressions are gathered in table B.1. The first column shows the variables them-
selves and their definitions, if applicable. The two remaining columns show the terms
re-written into the collinear and soft limit. Note that we rarely give the full term, but only
up to some order in Ay Or Agof, respectively. The given precision is always sufficient to do
a proper analysis of the terms occurring in this thesis.
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B. Catani-Seymour Variables in the Soft and Collinear Limit

Variable Collinear limit Soft limit
Pt XPlgy + Acotl K + O (Agoll) Py
P? Xploy = Ao k¥ + O (’\zou) Asotek
A2 K A k
L =2D.D. - i 2D
S’J p’p] coll X} SOﬁ( Pz )
Sik = 2DiPk 2xpeonpk + O (Acon) Sik
Sik = 2Pk 2xpeotiPk + O (Acont) Asort (2kpi)
P2 = Sij + Sik T Sjk 2Pcollpk +0 (Aioll) Sik + @ (Asoﬁ)
) —)\2 k—z 4 M
y = p2 Acoll (zpcollpk)x} +0 ()Lcoll) ASO& Sik
7 = ]—y 1+O(A§oll) 1+O(Asoﬁ)
Sik
z = —— x+0 (/\ﬁou) 1+ O (Asott)
z =1-z X+0(A4) 0+ 0 (Aott)
(zpi —zp") (22 = 2%) pliy + Aean k# + O (A2) pi
2 .
g A k—— Asoﬁﬂ
y (2pconpr)xx Sik
1 p? 1 DiPk
1-zy Sij + Sk Asott (Pi + Pr)k
1 p?
— 1+0 ()Lsoft)
1-zy Sij + Sik
- 1
P = ;PZ P+ O (/\goll) P+ O (Aeott)
IN)Z =pi + P? ~ yPk Pl + 0 (A%) pi+ O (Asor)

Table B.1: Reference table for all dipole variables in the collinear and soft limits.
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Details on the Soft and
Collinear Limits for Random
Polarization Functions

This chapter details the calculations of the functions P(;j).; and S‘/(,-j)%,-+ j for helicity
summed partons i and j which exhibit spurious poles due to our choice of reference
momenta. In section 6.2.4 we only showed the results. The calculations themselves,
however, contain some non-trivial steps which we want to highlight in this chapter.

C.1  The Splitting g - qg

In the following, we treat the three relevant contributions separately. Note that to keep
them all on the same footing, we leave out all spinors of the emitter quarks that are directly
contracted with the n—parton amplitude.

The Collinear Function

In terms of the collinear function, this means that instead of the full [P,_,,, ]« definition,
it is sufficient to look at
I o it
Pip = AZA: Split], , Split] .,
i»Ajsl

c LS ) (o) [ (i) (o)) [ (p2) 7w ()] )
_(ZPin)ZMZA;,nEH Pi)ev APy LA Py) YT U P [ LM RPi) Y WE AP

Notice that this equation differs from P,_,,, not only by the missing emitter spinors, but
also by the helicity assignment. Writing the above is possible since there are no spin corre-
lations for quark emitters (see for example the spin delta in the original Catani-Seymour
definition (4.25¢) on page 66), so the end result is the same as performing the full sums in
Po—ag-

The second line in the above computation can be re-expressed using Dirac algebra, the
tull polarizations and spin sums and by inserting the dipole momentum parameterization.
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The final result which is not difficult to obtain, reads

Py Yy Piq; Y Pj4j

+0 (e) (C.2)

where P2 = 2(p;p; + pipx + pxp;) as defined in appendix B. Note that this is the full result
without any approximation. Since we evaluate these functions in d = 4 anyway, we do not
explicitly give terms that do not vanish if d # 4.

The Soft Function

We treat the soft term Eq%qg in the same vein as the collinear function by defining

Spz-3 (2" (p))) (pxe"i(p))) + (pie™” (p))) (pi€i (p)))
v (prpi)(pip; + pep))

(C.3)

without the spinors for the emitter parton. Inserting the full polarization sum for parton j
leaves one with the result

1 4zy  4piq; 4 P4 Pi4;

I
SRP__

P y(1-zy) ypigq; l-zy pjq;

(C.4)

The Catani-Seymour Term

Finally, we have to re-write the Catani-Seymour dipole term that we use for comparison is
defined such that it matches the above definitions. The relevant part is the spin—correlation
matrix V., without the color factor and the coupling constant. However, note that the
Catani-Seymour term lacks a factor !/2p;p; with respect to our definitions which is due to a
different definition of the dipoles themselves. After matching all the relevant terms, we

end up with
Vies—— |2 _(1+2)-ez (Cs)
pipil1-2y >
which can easily be re-written to read
1 4 1+z
cs = — -2 @) . C.6
CS P2 ly(l _27) y ] + (6) ( )

Analysis of the Sum

The next step is to compute the sum of the soft and collinear functions and subtracting the
Catani-Seymour dipole result. A quick calculation reveals

1]1
Prp +Spp— Vi = [— (22 -2z +0(e). (Cy)

1 @)_31)%_ 4 prdi—Pid)
P2y y j

riq;) ¥y pig; 1-zy  pjq;
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C. The Splitting g — qg¢

We now have to analyze these terms in the soft and collinear limits to find out if they are
singular in any of the limits. If our terms properly matched the Catani-Seymour terms,
they would all be finite.

First, let us verify that there are no further collinear singularities by making use of
table B.1 from appendix B. We analyze the terms separately:

1 (2z _ 22M) o=t 1 (Zx _ 2%%) -0 (C.82)
y Pidj Y XPcollq
épk% /\coll_>0 2_pkq] (C.Sb)
Y Pjdj ZPcoll g
4 P9~ Pidj deai=0 1 Pkqj = Piq; (C.80)
l-zy  pjq; X Peoll]]
It turns out that all terms are integrable.
Let us do the same for the soft limit. We find
l (22 _ zzplq]) Asoft—0 1 pipk , (C.9a)
y pjq; Asott Pik
Y P4, Aot kq;
4 pqj—Pidi hew—o 1 (Pipx)(Pxqj - piq)) (C.90)
1-zy  pjq Mo (pik + pik)(kq;)

The first two terms are integrable while the last term is clearly divergent in the soft limit.
This is the term that causes the spurious pole because of which our subtraction terms as
defined above do not work properly.

In order to get rid of the spurious singularity, we can correct our soft term Svtﬁqg with
anew term

corr _ i 4 PkCZj_Pqu‘ N .
[Sq—’qg]“ﬁ_ [PZI—Z? Pid; ]”a(pt)uﬁ(pz)

P4 — Pi4; _
-4 Ug\Pi)U i)-
[(quj)(Pin+pjpk)] (pi)up(p:)

(C.10)

There, we re-attached the spinors to make the term match the original soft term gtﬁqg. We
can now define the proper soft term S,_,,, by

— g corr
Syrqg = Sgogg + Sgae (C.11)
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C.2 'The Splitting g - gg

In the case of the gluonic splitting, we have to take a slightly different avenue. If we again
leave out the emitter polarizations that are directly contracted with the amplitude, we face
the difficult task of dealing with helicity mixing polarization products of the type

5;(1317) e, (Pij) (C12)

in the collinear function P,_,,, which is due to the non-vanishing spin correlations. Fortu-
nately, this can be easily avoided by including all emitter polarizations in our calculations.
Doing so allows us to avoid the above combinations by contracting full polarization sums
instead.

Because of this, the terms that we analyze in the following will all have two open
Lorentz indices which we will denote by p and o. These indices then contract directly into
the open n-parton amplitudes .A%” and .A9. Since the resulting quantities are symmetric
in the indices, we write

[Pio oo [P ]
[Siploo | = (guuspr + 8engp) | [Sio) (Ca3)
VCS]po [VgS]HV

and we only give results for the right hand quantities with indices y and v.
Furthermore, we define the quantity

Q! = &

* 7 pets

(Ca4)

which will shorten many expressions.

The Collinear Function

Before giving any results, let us define the basis for our calculation very clearly. We do
this for the unsymmetrized version. Using the above argument, we rewrite the collinear
function as follows:

[ﬁlll,P]Pff = Z [Pgﬁgg]w

Y
=AZ/\: €5 (D) SPlity o SPity oo €c (Py)
i»Ajs
'

1

“(pip)?

A7 (p;) d*(p;) d (biy) do® (Bij)(

gVKganiXpiw + gngTwPiij6 - g)’Kg‘SwPiXpi‘[
+ 8xx8orPjPiw T 8xx8rwlj,Ljs ~ &xx&swPj,Pis
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— 8yx8otPiyPiy — &yx8rwPiyPjs gyxgéwpixpir) (Cas)

The last line was obtained by inserting Split,_, . and re-writing the Minkowski products

into contractions using the Minkowski metric. Also note that we re-wrote all sums and
their corresponding polarization vectors into polarization sums. This form of the splitting
can be fed into FORM [102,103] along with several conditions that simplify the expression,
such as gauge invariance with respect to the emitter momentum p;;, etc. After some more
manual work, one ends up with the still long (symmetrized) result

[Pro]*”

4
= 5 (P} [+ (i) + PP (i)
1]

+ é(pé‘p}(oiaﬂ
+p’,-‘Q”((pr,~)(—(iji) -2) - (p;Qi) + (piQ)z -z + %(pkej) [(p;Qi) +1])
+pY QI ((pjQi) +1)
+P';QV(—Z+ (PiQ)) [—5— (PjQi) - %(Pin)]

+2(pjQi) [-1+ (pkQj)y] + (Pij))’)

+p5Q7(2(pjQi) +1)
- PiQ (piQ))

- g ((piQ)) + (PjQi)))

P2
+ (Q*Q"(QiQ))zzy)
- p'Q"(QiQ))z
_P?QV(Qin)E
-Q'Q;

1
+ Q”QV(—Z2+ (pin)(Pin)y( ;Z)

- (0,Q) [ (pkcz»éy] + (hQ) [i : (ka»Z—z])
Y y Yy
-4} -(ps)e- Ln)|

L QhQ? [1+ (p1Q)(1+2)+ <ka,->§].
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The Soft Function

Again, we treat the soft term :S’;_,gg in the same vein as the collinear function by defining
[glgP]Pa = Z [Svgﬁgg]fw
i
¥ (pi”"(p))) (pxei(p))) + (Pxe™ (p1)) (pi€" (p)))
(prpj)(pipj+ Pipj)
L (e () (pich (pi)) + (pke“(pi))(pje“(pi)))

(C.16)

(pxpi)(pjpi + prpi)

We can feed this into FORM once again by re-writing the term in a similar way as the
collinear function. We end up with the unsymmetrized result

(S = = ((2ij gﬂw[ = (0,00 + 2= ((71Q) - (pko>)]

+(2ptQ} g’”)[ ~(0iQ)+ == ((p Qj) - (kaj))])-

The Catani-Seymour Term

Lastly, we deal with the Catani-Seymour term which contains the same spin correlations
as the collinear function above. We have to add the same factors as for the g — gg splitting,
and we also have to add another set of polarization vectors from the amplitudes. The
Catani-Seymour spin correlation term then reads

~ 1 1 1 1-
[Veslpo = — l—gW( I 2) + —EK”KV] x

Pipj l-zy 1-zy pipj (C.17)
x Y ep (pij) ey (pip) ep(Pis) el (i)
.1’

where we again find two polarization sums for the emitter gluon. Using FORM once more,
we get

4 o _
(Ve =& (—P?P?ZZ +2p; pjaz - P?P;ZZ)
1

3 i PN e _ | _ 2 wv | _ 1 1
+ ij( 2p;Q"z(1 22)y+ij [ (1+22) +2z]+g ( 2+1—@+1—Z?))

-8Q"Q"zz.

184



C.2 The Splitting g - gg

Analysis of the Sum

Just looking at the above results reveals that there is hardly any cancellation when summing
the three terms. This does not mean that the terms do not match; instead, the cancellations
are not as obvious as before. Furthermore, the above expressions still contain many finite
terms that are not divergent in either of the limits.

Hence, we take a different route in the ¢ — gg case: this time, we evaluate each of the
three terms separately in the collinear and soft limits, drop all non-singular terms and
look at the sum of the three terms afterwards.

Let us begin by analyzing the collinear limit. Again, we can make use of table B.1 from
appendix B. However, we also need to be able to treat products of reference momenta.
Note that with our choice of reference momenta, we find q;q; = p;p;. This gives us the
relation

(a9) _ (pipj) K 1
(pia:)(pia;)  (piai)(pjq;)  2xx (piqi)(Psq;)

which is clearly not singular. Additionally, we use Sudakov’s parameterization for the

(QiQj) = (C.18)

momenta p; and p;. After a simple but lengthy computation we can drop all non-singular
terms so that we end up with

b Aeaim0 AKX 2XK 1
[Pipl 20 ik o+ g (1) + (91@)) +O (-
Ry "R k.

o0 2XX ] i
sl = B (| 252 a0+ (i) O

Sik Sj

SN—

)

| =

Neg—0 k'K s s |1 1
VE W 285 4 2L 4 2gMvxx | L2+ £ —+O(—).
Vel (G R T R V)

The total sum of these terms is of O (1/k.) = O (}/r.a) and thus integrable:

1 v Acoll = 1
[Pie)” + [Siel” = VeI 2455 0 ). (Ca9)

Hence, there are no spurious collinear poles due to gauge terms.

Let us now do the same for the soft limit. Again, we can use table B.1, gauge invariance
with respect to the n—parton amplitude, plus the fact that the momentum Q; scales like

I/Asoft:
q] /\soft_)o 1 q]

: C.
(quj) /\soft (kq]) ( 20)

Q=
We then obtain as a final result:

" Asoft =0 1 1 (PzQJ) 1
[PHp] 2o b o ()
K 2 (pi)® (kg T \X

1y Ason—0 , 1 Sik 1 (piq;) 1 s (pxaj) - (pig))
[SRP]‘M _gﬂ 2 - — —2
A L(pi+pi)k2(pik)  (pik)(kqj) P> (pi+ pi)k (kq))
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1
+0 ( )
/lsoft

Asoft=0 1

v 1 Sik +O(L)
ZAfoftg (sz) (Pi+Pk)k Asoft

[Ves]™

If we perform the sum here, we find that only the last term in the bracket of the soft
function survives:

pi—0 gt 1 Sik (Pk‘Jj)_(Pin) ( )
— +0 . (C.
N P (p+pook (kg ) EY

[Pro "+ [Sre]*" = [Vies*

If we trace this term back to its origin before taking the limit, we find almost the same term
as for the g — gg splitting:

2 .y (peg;) - (pigj)

,P,, u oL S// wv _ V” W - _ —
[Pre]*” + [Sgp]*" — [Vs] si© 1-zy  (p;q;)

+ non-singular terms.

(C.22)
The only difference is due to the additional polarization vectors which give us a g#¥ in the
formula above, and the fact that this term actually appears symmetrized, which gives us
an additional factor two after applying equation (C.13).
Hence, we proceed analogously as for the splitting g — gg. In order to get rid of the
spurious singularity, we have to correct our soft term gg%gg with a new term

P4 — Pid; %
Sccifr 5 = 4 € e ;
|: g gg]P (ij]')(Pin"‘Pij) #(p) y(p) (C2 )
Pxqi — Pjqi 23

(PiQi)(PjPi + pipk)eﬂ(pj) eﬂ(pj)'

There are two things to note about this term. First, the metric tensor is now encoded
inside the polarization vectors. In our calculation above, we implicitly showed that these
polarizations result in the metric plus gauge terms, which are not singular.! Second, the
above equation consists of two terms; we derived only the first. Since for the gluon splitting,
both gluons can become soft, the original S’:g_,gg consists of two terms: one if particle i
becomes soft, one for particle j. In principle, we have to repeat the above steps for the case
where gluon i becomes soft. This yields the same result only with i and j reversed.

Finally, we can define the proper soft term S,_, ., by

Sgrgg = Sgoge T Sgiige (C.24)

! Admittedly, this is not easy to read off of the above calculation. However, when performing the
calculation in detail, this becomes obvious immediately.
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