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Abstract

Stress-energy correlation functions in a general Conformal Field Theory (CFT) in four dimensions are
described in a fully covariant approach, as metric variations of the quantum effective action in an arbitrary
curved space background field. All Conservation, Trace and Conformal Ward Identities (CWIs), including
contact terms, are completely fixed in this covariant approach. The Trace and CWIs are anomalous. Their
anomalous contributions may be computed unambiguously by metric variation of the exact 1PI quantum
effective action determined by the conformal anomaly of (T#") in d = 4 curved space. This action implies
the existence of massless propagator poles in three and higher point correlators of T#V. The metric vari-
ations of the anomaly effective action in its local form in terms of a scalar conformalon field are carried
out explicitly for the case of the correlator of three CFT stress-energy tensors, and the result is shown to
coincide with the algebraic reconstruction of (7T T) from its transverse, tracefree parts, determined inde-
pendently by the solution of the CWIs in d dimensional flat space in the momentum representation. This
demonstrates that the specific analytic structure and massless poles predicted by the general curved space
anomaly effective action are in fact a necessary feature of the exact solution of the anomalous CWIs in any
d =4 CFT.
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1. Introduction

In the absence of a complete description of gravitation in four dimensions consistent with
quantum theory, quantum effects in gravitational fields may be studied by means of the correla-
tion functions of the energy-momentum-stress tensor 7#", which couples to the curved spacetime
metric g,,. The renormalized expectation value (T#"(x)), in metric backgrounds contains inter-
esting physical information about quantum effects in strong gravitational fields, such as those of
black holes and cosmological spacetimes. If used as a source for Einstein’s equations, this one-
point function provides the basis for a mean field approach to semi-classical gravity, upon which
most present knowledge of quantum effects and interactions in gravity, sparse as they are, are
based [1]. The two-point function (T#!"! (x1)T#2"2(x2)), contains additional information about
vacuum polarization effects in gravitational fields, and enters directly into the linear response
and stability of solutions of the semi-classical Einstein eqs. to small metric disturbances [2].

Higher point correlation functions of multiple stress tensors (TH1V1 (x) TH2V2(x)TH3V3 (x3)
...)g» containing additional non-trivial information about quantum correlations in gravitational
fields are less well studied. The three-point functions of 7#” with two vector gauge currents
(T JJ), very much analogous to the familiar chiral anomaly amplitude (AJ J) of one axial and
two vector currents, have been investigated in their exact [3,4] and broken phases [5] only rela-
tively recently. Such correlators may be relevant in classically conformal invariant field theories
(CFTs), and in phenomenological scenarios envisioning possible conformal extensions of the
Standard Model with a composite Higgs/dilaton scalar [5,6]. CFTs are of interest in their own
right, both for the important role they play at critical points in renormalization group flows and
possible application to a wide variety of many-body quantum systems, including the conformal
bootstrap program, which has seen a recent resurgence of interest [7].

Even massless or classically conformal invariant theories generally break both scale and con-
formal invariance at the quantum level. This breaking of conformal invariance is manifest by the
non-zero trace (T’; (x))g of the energy-momentum tensor in a background gauge or gravitational
field. The general form of the trace anomaly of the one-point function has been known for some
time [8], cf. Eq. (4.1). This conformal anomaly has been shown to lead to a full three-point corre-
lator (T#V J* JP) in massless QED that possesses a massless scalar pole in momentum space [3].
The three-point correlation function of stress tensors in QCD exhibits such a massless pole as
well [4]. In the Standard Model the same massless scalar pole is inherited by the dilation current
correlator [5,9], which appears also in supersymmetric theories [10]. These results naturally raise
the question if the presence of a massless scalar pole in the three-point (7T T') correlator are a
general necessary and inevitable consequence of the anomalous conformal Ward Identities of any
CFT in d =4 dimensions. This is the main question we address and answer in the affirmative in
this paper.

Three-point 7#” CFT correlators were analyzed in position space with Euclidean flat met-
ric in Ref. [11]. However the presence or absence of massless poles is associated with behavior
on the light cone, which is most clearly evident in a momentum space representation with a
Lorentzian metric. The technical tools for solving Conformal Ward Identities (CWIs) in the mo-
mentum representation have been developed in the past few years [12]. The three-point function
(T TH2V2TH3V3) has been found by solving the CWIs in d-dimensional flat Minkowski space
in the momentum representation [13]. In this approach the CWIs are treated as non-anomalous in
general d-dimensions, but when solved for general d, exhibit 1/(d — 4) divergences in the limit
d — 4. These divergences require counterterm subtractions and a somewhat involved reconstruc-
tion of the trace parts from the transverse, tracefree parts, which amounts to reconstructing the
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anomaly and anomalous contributions to (TTT) a posteriori. The momentum space massless
scalar 1/k? pole in the final renormalized correlator is somewhat concealed by the technicalities
of this method.

In this paper we take a quite different approach, focusing specifically on the contributions
to the CWIs directly required by the conformal anomaly, and directly in four dimensions, by
making use of the known form of the conformal anomaly and its one-particle irreducible (1PI)
effective action in d = 4 curved spacetime. This starting point already incorporates the neces-
sary regularization and renormalization of (T#"(x)), consistent with general covariance. Hence
no further regularization, dimensional or otherwise is required, and the momentum space pole
structure associated with the anomaly may be examined directly.

The form of the conformal anomaly determines the 1PI quantum effective action for a CFT in
a general curved space background [14,15], up to conformally invariant and purely local terms.
Any effects of the anomaly are determined by this anomalous effective action by successive
variation with respect to the arbitrary background metric g, after which the metric may be set
to the flat Minkowski metric 7,,. In particular, the presence of the massless scalar pole in the
third metric variation of this effective action shows conclusively that the massless 1/k> pole is
necessarily associated with the conformal anomaly, directly in d = 4.

We compare this direct calculation from the anomaly effective action with the method devel-
oped in Refs. [13] for reconstructing the trace contributions from the transverse, tracefree parts of
(THviTH22TH3V3) by dimensional regularization of d-dimensional flat space amplitudes, and
show that these two quite different methods yield precisely the same result for the anomalous
trace contributions in the momentum representation. Thus, the massless scalar 1/k? pole is nec-
essarily present in general CFT three-point CFT correlator, exactly as predicted by the anomaly
effective action, and as a direct consequence of the anomalous CWIs it obeys.

The outline of the paper is as follows. The covariant quantum action in curved space is defined
in Sec. 2, and the method of derivation from it of all the relevant Ward Identities for the n-point
correlators (TH1V1 (x1)TH2"2(x2) ... TH" " (x,)), given in Secs. 3-5, with explicit results for the
CWIs n =2, 3. In Sec. 6 the approach of [13] for reconstructing the trace parts of (T77) from
its transverse, traceless parts is reviewed. The effective action for a general CFT decomposed
into its Weyl invariant, anomalous and local parts, and the anomaly effective action in d =4, in
both its non-local and local form, as well as the Wess-Zumino consistency condition it satisfies
is summarized in Sec. 7. In Sec. 8 this curved space anomaly 1PI effective action is developed
in a Taylor series to third order around flat space in Sec. 9, and its contribution to (TTT) is
explicitly computed in momentum space and shown to be identical to the reconstruction method
of [13]. Both methods are shown to yield precisely the same 1/k* massless scalar pole and
tensor structure required by the conformal anomaly. We conclude in Sec. 10 with a Summary
and Discussion of the implications of the existence of a massless scalar pole as indicative of an
effective scalar degree of freedom in low energy macroscopic gravity not contained in classical
General Relativity, and sketch some directions for future work.

2. 1PI action in curved space and (T TT...) correlators
The symmetric energy-momentum-stress tensor 7%V (x) coupling to the gravitational metric

field g, (x) is defined by the metric variation

2 3Sal®, gl
v —8g(x) 8guv(x)

TH (x) =

2.1)
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where S¢j[®, g] is the classical action of the fields, denoted generically by ® = {®;}. Here
Sci[P, g] is viewed as a functional also of the general curved spacetime background metric,
denoted symbolically by g, and /—g(x) = \/ —det g, (x).

When the matter/radiation fields & in S are quantized, 7"" becomes an operator and the
fundamental quantities of interest are the n-point quantum correlation or vertex functions

SEVEtn ey Xy @) =TT T () L TR () ) Xi#Exj ¥Vi#]

(2.2)

g’

of the covariant 7*{. ..} time-ordered product of operators T#i"i (x;) at distinct spacetime points
x; in the general background metric g, (x). These correlation functions (2.2) are well-defined
when no two of the spacetime points coincide. When any of the spacetime points in (2.2) do
coincide, the correlation functions acquire contact terms which must be treated with some care.

The contact terms are most conveniently handled by defining the correlators in (2.2) in a
generally covariant way as variations of the one-particle irreducible (1PI) exact quantum effective
action S[g], defined formally by the functional integral

exp{i S[gl} = /[dCD] exp {i Sal®, g1} (23)

over all the matter/radiation fields (at all scales) in the fixed but arbitrary background metric. By
expanding this 1PI quantum action functional in a Taylor series

/d4x1 .. .d4xn \/—g(xl) . \/—g(xn)

X Syt ey X 8) By (1) Ry, (Xn) 24)

1
2" n!

Slg+hl1=Slgl+ )
n=1

around a given background metric, it becomes clear that the coefficients of this Taylor series Sy,
defined by the multiple functional variations
BV Vg C oy — 2" §"Slgl

& (61 i 8) V=gx1) .../ —g(xn) 88y (X1) ... 88,0, (Xn) @)
generate precisely the correlation functions (2.2) in the case that none of the spacetime points
coincide. Moreover this fully covariant definition of the T*" correlation functions also deter-
mines all the contact terms through the covariant Ward Identities they satisfy, as we shall show
presently. If Feynman boundary conditions are specified on the functional integral (2.3), then
Slg] is the in-out effective action, which is the generating functional of the covariant 7* time
ordered in-out connected correlation functions (2.2). Other boundary conditions (such as in-in)
may also be imposed on (2.3) to obtain the corresponding correlation functions.

Let us remark that it is important to distinguish the 1PI full quantum effective action S[g] in
(2.3), defined in the gravitational sector by integrating out all non-gravitational matter/radiation
fields at all scales, from the Wilsonian effective action in common use in high energy, nuclear
and condensed matter physics applications. The Wilson effective action is defined by integrating
out only heavy degrees of freedom above some mass scale M, and expressing the result in a local
derivative expansion up to some finite order in 1/M. Unlike this approximate Wilson effective
action, the exact 1PI action S[g], defined formally by (2.3), is generally quite non-local, as
it contains the full effects of the quantum fluctuations of light or massless fields, and is thus
applicable to Conformal Field Theories that are the subject of this paper.
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3. Conservation ward identities
3.1. Position space

For n = 1 the covariant definition of the one-point function

Y N Py _ 2 5S(gl
S =0 = s 55 3.1)
is the renormalized expectation value of 7" (x), where we assume that renormalization coun-
terterms have already been taken account of, and S[g] is the finite renormalized 1PI effective
action. If the renormalization procedure respects general coordinate invariance, then the expec-

tation value (3.1) will satisfy the fundamental Ward Identity of covariant conservation

(9 VM(TW(X)>g =0 (3.2)

with (&) V,, the covariant derivative in the general background metric g, (x).
The conservation Ward Identity (3.2) may be rewritten in the form

VE OV ), =0 (S + T, (VRS

0 3S S
=2—< Le] >+2F“M(x)< L& ):o (3.3)
dxV \ 8g,m(x) 88w (x)
by making use of the Christoffel connection
1
Fu)hv(x) = 5 I:glwl<_ Oagiv + 008va + auga)\)]x (3.4)

for the general background metric g, (x), with the subscript x indicating the spacetime point
at which the expression within brackets is to be evaluated. The last form of (3.3) is the most
convenient one for additional successive variations with respect to g,,,(x), by which conservation
Ward Identities for the higher point correlation functions may be derived.

For the two-point function, we take one additional variation of the fundamental relation (3.3),
and note that in flat space in the absence of boundaries (and in Cartesian coordinates), we may
set both the expectation value <T’“’(x))'7 and I'* 5» (X) =0, thus obtaining

dy, SYTE2 (1, x0m) =0 (3.5)

for n = 2. Likewise for the three-point function we take two metric variations of (3.3), and make
use of the first variation of the Christoffel symbol

51“‘“m1 (x1)
8g/L2v2 (-XZ)

= 77“10[1 { - 8)»1(M26v2v)1 80‘1 + 511(1M25V%x)1 a)tl + (Sa(#z(SVZ))»I 81)1 } 54()(1 —X2)
8=
(3.6)

where the derivatives of the é-functions in (3.5), (3.6) and (3.7) below are with respect to x1, and
parentheses around indices denotes symmetrization with respect to those indices. Then taking
account of the normalization in (2.5) we obtain

H1VIU2V2U3V3 .
al)l 83 ('xla-x2vx37 77):

A
{(5A1(u25v2,,), nmal aal ) 7)“1(“231)2)()»1 avl))54(x1 _ xz)} 821V1M3V3 (x1,x3:7)

] (80987 1 0y, — 20008 0, ) 8401 = k) | SR () (B)
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for the conservation Ward Identity of the three-point function of stress tensors in position space,
and in the flat space limit, setting g,,,(x) = 1, after the variations.

This variational procedure could be continued indefinitely to obtain the conservation Ward
Identities of any n-point function of T/V(x), with the conservation identities of the n-point
functions of T"V(x) involving §-function contact terms multiplying the n — 1 and lower point
functions. This procedure shows that the symmetric and covariant definition (2.5) of the n-point
functions, where all the ,/—g factors are placed to the left of the metric variation of the effective
action, yields conservation Ward Identities where all the contact terms involving derivatives of
d-functions at coincident points are determined in a completely general, geometric and theory-
independent way from the variations of the I'* 5.0 (x) symbol in the basic covariant conservation
identity for the one-point function (3.3). Thus with the definition (2.5) one never encounters ex-
plicit variations of 7#V(x) itself at coincident spacetime points (‘seagulls’), whose form may
depend upon the specific underlying field theory being considered, and which may introduce
non-covariant contact terms that would complicate the analysis considerably. This is a significant
technical and conceptual advantage of a fully covariant approach, in a curved space background.

3.2. Momentum space
The n-point functions of TV (x;) in flat spacetime may be Fourier transformed by

/d4x1 Ldhx, e A FT I )

= 2m)*8* (p1 + -+ pu) SMVI T (DL D) (3.8)

where the reduced correlation functions S, are defined only on the subspace of (p; + --- +
pn)? = 0 determined by the §-function of four-momentum conservation. Then the conservation
Ward Identities (3.5) and (3.7) for the reduced correlation functions become in momentum space

(P S22 (1, pa) =0 (3.9)

evaluated at ﬁg =— pi‘ , and

(P SRy po, p3) = —(p2)M S (py + pa, p3)
— (P3)MSS2 (py, pr + P3) + 2 (p2)a ™ 285D (p1 + pa. p3)
+2(53)a S22 (pa, pi + p3) (3.10)

evaluated at ﬁg = —(p1 + p2)*, for the n =2 and n = 3 point functions respectively.

The conservation Ward Identities for the four-point and higher n-point correlation functions
may be derived in a similar way by repeated variations of the fundamental covariant conservation
identity (3.3) with respect to the metric, setting the metric g, (x) to the flat one n,,, and then
Fourier transforming the result, evaluating on the condition of momentum conservation (p; +
-+ 4+ py)* = 0. Remembering this condition, particularly in differentiating later with respect to
the p;, so that there are in fact only » — 1 independent momenta in Sy, we shall drop the overbar
notation henceforth. Eq. (3.9) shows that the two-point function is purely transverse, whereas
the three-point and higher n-point functions contain both transverse and longitudinal terms, the
latter non-vanishing upon contraction with one of the p;, as in (3.10).
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4. Trace ward identities for CFTs
4.1. Position space

As already remarked, in order to be completely well-defined, the functional integral in (2.3)
must be regularized and renormalized, and local covariant counterterms up to dimension four (in
d = 4 spacetime dimensions) must be added to the quantum effective action in order to remove
its ultraviolet divergences. If general covariance is respected by this procedure the conserva-
tion Ward Identities of the previous section remain valid for the renormalized effective action
and its variations. However, as is well-known, any renormalization procedure respecting coordi-
nate invariance, such as the Schwinger-deWitt heat kernel method or dimensional regularization,
necessarily introduces a scale, leading to anomalous contributions to the trace identities of the
correlation functions (2.2).

These scale violations are determined by the general form of the conformal trace anomaly in
curved space. The fundamental identity is again that of the one-point function, which takes the
general form

(T40), = guulT" ), = Ta +bC* + ' (E = F00R) +b"OR+ Y _Bi L; 4.1)

in a general curved background. Here T; is the trace expected from the non-invariance of the
classical action itself

_ 280 < 5Sal®, g]>
/=g (x) aglw(x) g

absent any anomalies, and the additional finite terms in (4.1) are the quantum anomalous contri-
butions. These are given in terms of the dimension-four curvature invariants

Ta 4.2)

E = *Rugvp *R*P = Ryp R*P — 4R, R™" + R? (4.3a)
C? = CpavpC"*"P = Ryanp R*"F — 2R, R™ + 1R (4.3b)

which are the Euler-Gauss-Bonnet invariant and square of the Weyl conformal tensor respectively
(with R,y the Riemann curvature tensor, * R ,qvp its dual, R, = g% Rqup and R = g"V R,
the Ricci tensor and Ricci scalar respectively).

Additional dimension-four local invariants denoted by £; in (4.1) may also appear in the gen-
eral form of the trace anomaly, if there are couplings to additional background fields. For example
in the case of massless fermions coupled to a gauge field, there are contributions from the scalar
invariants Lr = Fy,, F*¥ of electromagnetism or from the strong or electroweak non-abelian
gauge fields Lg = Tr(G,,G*"), with coefficients S or B¢ determined by the S-function of the
corresponding gauge coupling. The anomalous contributions must take the form of this sum of
local dimension-four invariants in (4.1) for any local and covariant quantum field theory in d =4
spacetime dimensions, the only dependence upon the particular theory residing in the values of
b,b',b", B;, which are dimensionless coefficients in units of 7.

For a general discussion of CFTs in the flat spacetime limit, with no background gauge fields,
we require only the minimal coupling to the spacetime metric, necessary to obtain the covariant
definition of the three-point correlator Sy'"'"2"*#3" (x|, x3, x3; ) by metric variations, as in
(2.5). Hence for this application to CFT we set the explicit trace term of (4.1) and (4.2) Ty =0,
and also drop the possible £; anomalous terms in (4.1) depending upon background fields other
than the metric.
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We note also that the (] R term in (4.1) corresponds to a local action, since

) /dx\/—_gR2=—12DR (4.4)
8guv(x)
and hence may be removed by such a local counterterm in the action with finite b” coefficient.
Thus it is not part of the true anomaly in (4.1) which cannot be so expressed as the variation of
a local covariant action functional of the metric alone, and we may take b” to be zero, restoring
an arbitrary local [ R? term to the action at the end of the analysis. This leaves only the Weyl
squared b and Euler-Gauss-Bonnet b’ terms in (4.1), the coefficients of which are also sometimes
relabelled as ¢ and a respectively in the recent literature.

As in the case of the conservation Ward Identities, the trace identities for the n-point func-
tions may be derived by successive variation of the fundamental trace identity of the one-point
function. Retaining then only the b and b’ terms, and rewriting (4.1) in the form

8Slg]
88w (x)
we vary once again with respect to the metric to obtain

SA(x1)
6gp,2 vy (x2)

28,0 (x)

284 (x) =A==g|pCc?+v/(E-30R)], @.5)

nmvlsglvmzvz(xlv)ﬁ) =2 (4.6)

flat
for the two-point function, and

M SO (e, xz, 1) = =2{88 01— x2) + 8801 = 0p) |52 (i, x)

82 A(x1)

+4
881150, (X2)88 11515 (X3)

“4.7)

flat
for the three-point function, evaluating both at the flat space Minkowski metric 1.

4.2. Momentum space

Fourier transforming the results above gives the trace identity for the two-point function

Nenpy S5 P2 (py, pa) =2 A1 (pa) (4.8)

in the momentum representation (again evaluated at p’z‘ =— p{‘ ), and for the trace identity of the
three-point function

nalﬁlggllﬁluzvz#ws(pl’ 12, P3)
= 2823 (p1 + pa, p3) — 2852353 (pa, pi+ p3) + 4 AL (py, p3) (4.9)

where

Qm* 8 (pr -+ par)) AP (L pa)
= / d*xy .. d*x, g ePVIT AP T A (4.10)
8gu2v2 (x2) o 8gll.”+1 Vpt1 (xn-‘r]) flat
is the Fourier transform of the nth variation of the anomaly in the flat space limit. The locality of
A(x1) implies that A42"""+1"+1 js a polynomial with only positive powers of the p, contain-
ingno 1/ p? pole terms or logarithms. We note also that if »” # 0, the " [J R term may easily be

included in 4, giving an additional local contribution to fln.
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The trace identity (4.9) for the three-point function contains two terms involving S, which
would usually be considered ‘non-anomalous,” despite the fact that S, itself implicitly depends
upon the first variation of fll through (4.8). In addition (4.9) contains the explicitly anomalous
last term involving the second variation As. Clearly one may take additional variations of the
fundamental trace identity (4.5) with respect to the metric in order to obtain trace identities for
higher (n + 1)-point functions, and this pattern will continue with a hierarchy of trace identi-
ties, each implicitly dependent upon the (n — 1)th and lower variations of the anomaly through
the n-point and lower point functions in the apparently ‘non-anomalous’ part of its trace Ward
Identities, while at each order a new explicitly anomalous term involving the nth variation of the
trace anomaly enters.

5. Conformal ward identities
5.1. Position space

When the underlying QFT is classically conformally invariant, the n-point functions of the
stress tensor satisfy additional Ward Identities, namely Conformal Ward Identities (CWIs). In a
covariant geometric approach these are generated by the (partial) conservation of the conformal
currents

J(’;Q(x) = K,(x) TH (x) .1

where K, (x) are Conformal Killing Vectors (CKVs), defined by solutions of the Conformal
Killing equation
1

1
Ky = 5 (0.Ky + 0vK,) = My @3- K) (5.2)

for d dimensional Minkowski space. The conservation of J (’;() then follows from the conservation
of T#¥, provided that the trace 1, T*" = 0. This traceless condition is satisfied for a CFT, at the
classical level, absent the anomaly. Otherwise there are violations of the conservation of J(’;(),
resulting from the conformal anomaly, which one can calculate by inserting the current (5.1) into
the n-point stress tensor correlator. Thus we are led to consider total divergences of the form

{KM(X)S“”“‘”"”“"””(Lxl,...,xn)}

oxV n+1
0 1
=K, (x) axvsﬂﬁ”vl“‘“"”"(x,xl,-.-,xn) +- @ K) v Sp i (e X x)

(5.3)

where (5.2) has been used, in order to derive the CWIs for the n-point functions of the stress
tensor. If this identity is integrated over x, the left hand side gives a surface term which vanishes,
provided the correlation functions fall off fast enough at infinity, an assumption that may be
checked a posteriori. On the right hand side one may use the previously derived conservation
and anomalous trace Ward Identities for the (n + 1)-point function S,41, which are given in
terms of the n-point function S, by relations of the form (3.5)-(3.7) and (4.8)-(4.9). By inserting
the various CKV solutions of (5.2) into these relations, all the CWIs may be derived for arbitrary
n-point functions of 7#" in the covariant geometric approach.
The Dilation CWIs correspond to the one Dilational Conformal Killing vector

KPw=x,, 0-KP=d (5.4)
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whereas the Special CWIs correspond to the d Special Conformal Killing vectors in flat space

KO (x) = K9  (x) = 2x%x, — 765, 3-KOx)=@2d)x*, k=1,....d
5.5)
each of which satisfy (5.2), each of which give CWIs when substituted into (5.3).

5.2. Momentum space

When the relations above are expressed in momentum space by Fourier transforming, the
results are the CWIs for the reduced n-point correlation functions defined in (3.8). The resulting
general form of the CWIs in momentum space is [12,13]

n n—1
0 ~
ij—("—l)d—zpj'y Sttt (py, L pp) = XEEU (py L pa)
j=1 = P
(5.6)
and
n—1 2 2
d ad 3 ~
2 w_d _2pa7+p Slllvlml‘«nvn(pl’“.’p )
Z[ T A T "
n—1[ 9 9 T
i SUAV] OV iy Uy
+2Z 8’“/(8 o _n/(()lja—. ‘S}fl'“1 sy (p1’~'-apn)
j=tL  P; Pin;
n—1 B 9 9 ] p
Vi SV i By Vn
+2Z (Sj/c—/%,_nxﬁja’# Syl,“l Hibi-k (P1s---sPn)
=1 9p; vi ]
=Yttt (py, .. pa) (5.7)

where (p; + -+ + p)¥* =0, wj =d is the conformal weight of T#" in d dimensions, and
XHAPt bt and yp P are terms involving lower n-point functions, obtained by use of the
conservation and trace Ward Identities, such as (3.5)-(3.7) and (4.8)-(4.9). In precisely d =4
dimensions, w; =4, and (5.6) and (5.7) take the explicit forms

a -
[4 -p- 8—} Sy (p, —p) =4 A2 (p, —p) (5.8a)

14

|:_2p(x 82 +pK 82 }SUIV]HZVZ(I) _p)

0po Oy 0po dp* 2
ad 0 -
2 Kl _ 81( Salvlltzvz =
+ (n ap o —apm> > (p,—p)
+2(nxv1 9 Y 9 )Sltlﬂluzvz(p —p)=-8 9 jﬂlvlltzvz(p )
oppt " Prop, )72 ’ opa =

(5.8b)

for n =2, while
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3 9 ] A
[4—191 ——p2- —} S§ERISE (b py, —p1 — p2)

ap1 p2
=8 AL (b by —p1 = p2) (5.9)
is the anomalous Dilational CWI, and
Z 2 32 + K 32 Sﬂlvmzvzﬂsw( )
= - 0P ja0pji / 8pjaap7 3
+2 <nxm 9 _ 5 9 )galvluszw} (p1, P2, —p1 — p2)
ap‘l)ll o] aplﬂl 3
Kv1 0 K 0 Si1B12v2143V3
+2{n P 8%, o S5 (p1, P2, —P1 — P2)
P Vi
+2 (nkﬂz 9 — 5 9 )valazvzusw (P1, P2, —P1 — p2)
apgz o 8p2u2 3
Ko 0 K 0 SH1VIU2f213V3
+2(n P —Buzam 53 (p1, P2, —P1— p2)
P> V2
o -
=16 —— A (o ) (5.10)
op3« P3=—p1—p2

is the anomalous Special CWI satisfied by the n = 3 vertex function.

The explicit anomalous terms on the right sides of (5.9) and (5.10) are new results, the full
derivations of which are straightforward but somewhat lengthy and will be presented elsewhere,
as they are not needed for the main analysis of the trace identities and conformal anomaly con-
tribution to (TTT) in this paper. We note only that all these CWIs are finite directly in d = 4
dimensions and the right sides of (5.9)-(5.10) are completely determined by the conservation and
trace identities in the covariant approach, including all contact terms, and that in deriving (5.9)
and (5.10) the symmetry properties of S such as

SRS (b b p3) = SYRHRVII (py | ps, py) = SERVHIMIR (ps by po)
(5.11)

have been used freely.
6. Tensor decomposition and reconstruction of (77T T)

In this section we briefly summarize the approach of [13], who work in general d dimensions
in the momentum representation and project the Fourier transformed CWIs (5.6)-(5.7) onto their
transverse, traceless parts only, assuming no anomalous contributions. In this approach the inho-
mogeneous X, and Y, terms of the CWIs may be neglected since the terms on the right sides of
(5.6) and (5.7) involve only longitudinal and trace parts, which drop out of the transverse, trace-
less projection. The number of transverse, traceless tensors with independent form factors is also
much fewer than the general S, (being only five for n = 3). The CWIs for these 5 scalar form
factors may be solved explicitly in the momentum representation in general d # 4 dimensions in
terms of ‘triple-K integrals, which however contain (d — 4)~! pole singularities, so that coun-
terterms are needed to obtain a finite d — 4 limit. After their subtraction the anomalous trace
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(4.5) results. This amounts to rederiving the conformal anomaly (4.1) once again. Finally the full
solution for (TH1V1 TH2V2TH33(x3)), can be reconstructed in principle by use of the conservation
and trace Ward Identities and the limit d — 4 taken.
In order to apply this method to tensor operators, it is necessary to introduce the projection
operators
Pipy
2

Tt (p) =8, — (6.1a)

1% v 1 %
0" () =7 () 7B (P) = —— 7" (P) Tap () (6.1b)

onto transverse vectors and transverse, traceless tensors respectively, in d dimensions. One de-
fines further the longitudinal and trace projectors

1 Pap ptp”

A (p) = > {pWS”L pp+p"8"% pu — —d“_f (n“” +d=-2—3 (6.22)
T (p)

G)Waﬁ (p)= ﬁ Nap (6.2b)

such that IT+ A 4+ ® =1 is the identity. Thus given any symmetric second rank tensor 7#"(p),
one may decompose it as

TH(p) =t""(p) + A" (p) + O (p) (6.3)
where the first term is its transverse, traceless part
' (p) =", (p) T* (p) (6.4)

while the A® = A" T and O*Y = 0" 77 terms in (6.3) depend only upon its longitu-

dinal and trace contractions pg 7% and Nap TP respectively. The latter terms are called ‘semi-
local’ and denoted t”l];c by the authors of [13], so that THY = *¥ + AHY + @HY =#V 4 tMl‘:)c'
The transverse, tracefree projected correlation functions

(H)S#IVI..»MnVn (171’ e pn) = HMIV}(X“SI (p]) L H,Uvnvnanﬂn (pn)gglﬁlman/sn (pl’ e pn)
(6.5)

obey sourcefree homogeneous Special CWIs in d # 4 dimensions with no X, or Y, terms on the
right side of (5.7) [13]. In order to reconstruct the full three-point correlator use is then made of
the basic identity
DhT3=0pt3+(A+0Ontzs+H(A+0)3+ (A+0O)(A+0);
=063+ (A+ 0073+ Ta(A+0)3 — (A+0)(A+0); (6.6)

following from (6.3) for the product of two full stress tensors, suppressing indices in a symbolic
notation. Applying this identity again, it follows that the product of three full stress tensors can
be expressed
L=ttt + A+ LT3+ T1I(A+0O)nT:3+T1Th(A+0)3
—T1I(A+0)2(A+0)3 —(A+0)1To(A+0)3 — (A + O)1(A+ O)T3
+(A+0)1(A +0O)2(A +0O)3 6.7
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or more explicitly, the full three-point correlator in momentum space is given by

Sguvmzvzlth — (H)S;lemzvzusw + (A + @)Mlvl (pl)ggmﬂmzvzm‘G

a1
+ (A + @)M‘&azﬂz (p2) Séuvwzﬁzmw +(A+ ®)M3V3a3,33 (pa)géuvlusz@ﬁs

—(A+0)", o (p2) (A + )7, 5 (p3) S Pl
—(A+ O, 4 (p1) (A + )5, o (p3) 1Pt
—(A+ ®)MV10¢1/31 (p1) (A + ®)F22  (py) gglﬁlazﬂzmw

a2
H A+ O, L (p1) (A +0)"2, o (p2) (A +0)Y, o (p3) S317127205 (6.8)

o262 azfs

where we write out the indices but continue to suppress the dependence on the momenta
(p1, p2, p3) for brevity. When all the A 4+ ® longitudinal and trace terms are expanded out,
one gets from the 26 terms above (excluding (™S itself), finally 7 terms containing only the
trace over one, two or three pair of indices, viz.

(©) SHIVIH2VIUZVY __ M1V Gl B1k2V2143V3 H2V2 SH1vIa2fo43V3
83 =0 alﬂl(P1)83 + @ az/gz(pZ) 83

+ @MV (p3) gétwluzvza}/% _ ®/42V3252 (p2) ®M3U3a3,33(p3) Sétwlazﬂz%&

a3fB3

H1v U3V Sl B p2v203 B3 H1v 1753% sy Bra fapsv:
- (111,31(171)@ ’ 23/33(173)831 1RREE _ ot (lx“gl(l?l)@ g 22,32(172)331 1922
+ O 5 (P O (p2) @97 (p3) S 1PN (6.9)

an analogous 7 terms with longitudinal parts only, A replacing ® everywhere in the expression
(6.9) above, and 12 mixed terms involving both the A and ® projectors in various combinations.

The 7 longitudinal terms involving only A may be obtained from the conservation Ward
Identity because they involve contractions with one or more of the p;, and are thus given in
terms of the two-point function by (3.10), which does not involve any traces of S3. The 12 mixed
terms involve both at least one trace and one longitudinal projector. Thus from (4.9) a typical
mixed term involves

Ne (P2 aSS P2 (b1 po s p3) = =2 (p2)s SE22 (p1 + pa, p3)
=2(P2)yr Sy (2, p1 + p3) + 4 (p2) s, A2 (pas p3). (6.10)

Since as we show below in Sec. 9, the second variation of the anomaly flg is transverse, the
last term in (6.10) vanishes upon contraction with (p2),,. For this reason all 12 mixed longi-
tudinal/trace terms in the expansion of (6.8) are also independent of the second trace anomaly
variation Ay, and determined solely by the conservation Ward Identities plus the trace identities
in terms of the two-point function S. This leaves only the 7 trace terms in (6.9) which do depend
upon the trace anomaly second variation As, upon which we focus here.

Substituting the definition of ® projector (6.2b) for d = 4 enables us to write the 7 terms in
(6.9) in the form

- 1 - 1 o
(@)SéL|U1M2v2M3U3 _ gnmu] (p1) Nen By nglﬁlli2vzll3v3 + 3 Hav2 (p2) Nos s Séuvlazﬂzusw

vamzvzaaﬂa _ 1
3

5 T (P (P3) Nes s My Stvieabresfs

1
+ g Tﬂl}v} (P3) Nasz B3

1
=5 T PO T (P3) Ny Maa gy S5



316 C. Coriano et al. / Nuclear Physics B 942 (2019) 303-328

1 -
-3 MV (p) T2 (o) Ter 1 Naafn Sgtlﬁlazﬂzuws

1 ~
+ o7 T (1) T (p2) I (P3) ey M Ny Sy 102P203F3 (6.11)

containing one, two and three trace terms. Rather than explicitly adding counterterms in the di-
mensional regularization procedure of [13], in effect rederiving the conformal anomaly, we may
more directly make use of the trace Ward Identity (4.9) for the three-point function derived from
the known form of the local anomaly (4.1). From this one observes that (6.11) contains terms that
may be expressed in terms of the two-point function S, and which for present purposes may be
considered non-anomalous, and in addition, the last term of (4.9), with an explicit dependence
upon the second variation of the anomaly As. Separating out these terms in (6.11) explicitly
dependent upon A, we have

(@))Sél-l VI 2V U3V3 (p1,

4 .
P2, P3) P gn”l”l(m)Aﬁz”Zm(m,p3)
2

37 (o) AL (i, )

+ § Y (p3) A (py, pa) — g 722 (po) TV (p3) ey A5 (i, p3)
TP T (p3) ey A5 1, )
ST () R (p2) sy A5 (o, )

+ gy (p1) w22 (p2) "3 (P3) Ny B) Nea Aglﬁlam(m,m) (6.12)

27

which we shall show presently is identical to the contribution to S3 determined from the non-local
anomaly effective action of [14,15] directly.

7. Anomaly action and total effective action for CFTs
The general form of the anomalous trace (4.1) is a consequence of locality of the underlying

QFT, and the Wess-Zumino consistency condition, which amounts to the requirement that a
covariant action functional Synom[g] of the full metric g, must exist such that

Sanom[€** &1 = Sunom[&1 + Twz[5; 0] (7.1)
for arbitrary g, (x) = e20 () 8uv(x), whose conformal variation
8Sanoml[8] SSanom[ezag] lwzlg: ol
2800 (%) = L =—Yz8o
38w (x) do(x)  lg=e¥g do (x)
_ 2 2
=A=y=glpc +b/(E_§DR)”g=e%§ (7.2)

is the anomaly. The admixture of the [JR term with specific coefficient —% in (7.2) is chosen so
that both invariants in (7.2) have simple dependences upon o

J5C==5C (7.32)
V=g (E-30R)=/-g (E-30R) +4/-gA40 (7.3b)

in the local conformal parametrization g, = e 8uv-
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The fourth order differential operator
A4y =V, (VAVY + 2R — 2Rg") V, = 0> +2R*'V,,V, — 2RO+ L(VHR)V,, (74)

is the unique fourth order scalar kinetic operator that is conformally covariant

NETHVENES IV (7.5)
for arbitrary o (x) [14—18]. Because of the simple dependences (7.3), the Wess-Zumino func-
tional in (7.1) quadratic in o is easily found to be

rwz[g;a]:zb’/ dx —gaA4a+/dxza

:b’/ d'x =% [2oA4a+(E—§ER)a]+b/ dx /=520 (7.6)

by inspection, up to terms which are o independent, i.e. conformally invariant, and hence do not
contribute to the variation in (7.2). Moreover, solving (7.3b) for o by inverting the differential
operator (7.4) in favor of its Green’s function Dy(x, x") = (A;]) v’ We find

NL

Twzlg; o1=SNE (g =€ 8] — Spnoml2], (1.7)
with

1
Shomlgl = Z/d“x«/—gx (E - %DR)X

x/d“xx/—gx/D(;(x,x/)[bz/( —%DR)+bC2] (7.8)

which is a non-local form of the exact quantum 1PI effective action of the anomaly. This non-
locality in terms only of curvature invariants and arising from the Green’s function inverse of
A4 cannot be removed by any addition of local terms to the anomaly action, such as the [ R?
associated with b” term in (4.1) by (4.4).

It is possible to add to SaNngm arbitrary Weyl invariant terms (local or not) which drop out
of the difference in (7.7), but these also cannot remove the non-locality in the essential Weyl
non-invariant part of the anomaly action (7.8). In particular, if the non-local Weyl invariant term

b2

— [d*xy=g: (C?), / d*x'J=gv Da(x,x)(C?) , (7.9)

8’

is added to (7.8) to complete the square, we obtain
4 b
Sglém[g] - g/d4x v —8x /d4x/ v —8x’ [(E — %DR) + — C2]
X

x D4(x,x’)|:(E - %DR) + % C2:|
1

= @/d4X/d4X’A(x)D4(x,x’) Ax") (7.10)

and it becomes possible to recast the generally covariant non-local effective action (7.10) in local
form by the introduction of only a single new scalar field ¢, called the conformalon field [19].
Because the minimal non-local action (7.8) without the addition Weyl invariant term (7.9) is
asymmetrical in the invariants £ and C?, two scalar fields would be necessary to render (7.8)
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into a local form [20,21]. Since the anomalous effective action is determined only up to such
Weyl invariant terms in any case, adding the Weyl invariant term (7.9) does not affect the trace
anomaly or otherwise affect our conclusions on the trace terms in (77 7).

Thus, if the anomaly effective action is recast in local form

Swoml: 91 =~ / d*x =g [ (Do) ~2(R*" — Rg™) (V) (Vo) |
+%/d4x¢_—g[b/( ~30R) +5C?]y (7.11)

by the introduction of a scalar conformalon ¢, and varied with respect to ¢, the linear eq. of
motion
\/—_gA4¢=J—_g[5—@+iC2]=%A (7.12)
results. Multiplication by /—g in (7.12) is convenient because of the property (7.5). If (7.12)
is solved for ¢ by formally inverting A4 and substituting the result into (7.11) the non-local
effective action ng)m [g] (7.10) is reproduced up to surface terms. The non-locality of (7.10), or
(7.8) is thus associated with the A4 propagator of the scalar conformalon, a conformal collective
mode not present in the classical Einstein-Hilbert gravitational action.

It is clear that linear shifts in the scalar conformalon ¢ are related to conformal transforma-
tions of the spacetime metric, and indeed the Wess-Zumino consistency condition implies the
non-trivial relation

Sanomlg; @ +20] = Sanom[e_ZUg; @]+ Sanomlg; 201 (7.13)

for Sanomlg; 1. The identity (7.13) exposes the relationship of ¢ to variations of the conformal
frame of the metric, motivates the term conformalon field, and also serves to distinguish ¢ from
dilatons and dilaton-like fields that arise in other contexts. Note that although ¢ is closely related
to and couples to the conformal part of the metric tensor, ¢ is an independent spacetime scalar
field and the local action (7.11) is fully coordinate invariant, unlike I'yz in (7.6) which depends
separately upon g,, and o, and is therefore conformal frame dependent. Because of the fourth
order kinetic term the scalar conformalon ¢ has canonical mass dimension zero, which also
distinguishes it from other dilaton-like fields. It is the local form of the anomaly action (7.11)
in terms of the scalar conformalon field ¢ that we shall vary in order to obtain the anomalous
contributions to the Ward Identities of a CFT directly in four dimensions.

The exact 1PI quantum effective action for a CFT includes arbitrary Weyl invariant terms,
which are also generally non-local, as well as possible local terms. Thus the full effective action
can be written

S = Siocallg] + Sinv[g] + Sanomlg; @] (7.14)

where Siocal[g] contains the local term f R? term, whose conformal variation (4.4) is associated
with the 5”[JR term in (4.1) (as well as the local [ R? and [ C? counterterms up to dimension
four needed to renormalize the Einstein-Hilbert | R action of classical General Relativity). The
arbitrary Weyl invariant term

Sinv[€*” g1 = Sinvl 2] (7.15)

an example of which is (7.9), is responsible for the non-anomalous CWIs (5.6) and (5.7), absent
any anomalous trace terms, whereas Sanom[g; @] given by (7.11) is responsible for the anomalous
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trace (4.5). The form (7.14) of the decomposition of the quantum effective action was arrived at
in [17] by consideration of the abelian group of local Weyl shifts, and its cohomology. The local
and Weyl invariant terms are elements of the trivial cohomology of the local Weyl group, while
(7.8) or Sanomlg; @] are elements of the non-trivial cocycles of this cohomology. There are two
such cocycles in d = 4, uniquely specified by the b and b’ anomaly coefficients [15,17,22-24].

Since each term in (7.14) is invariant under general coordinate transformations, each sepa-
rately obeys the conservation Ward Identities of Sec. 3. The local and Weyl invariant terms each
separately satisfy Trace Ward Identities, with no anomalous A terms. The Weyl invariant term
likewise satisfies all the Conformal Ward Identities of Sec. 5 with no anomalous contribution.
All contributions to the Ward Identities that are anomalous can only come from Synom, Whose
anomalous contributions therefore may be considered separately from the other local and Weyl
invariant terms in (7.14).

A non-trivial test of the decomposition (7.14), the reasoning leading to it, and the correctness
of the anomaly action (7.11) is afforded by the reconstruction algorithm of [13] for (TTT) in
CFTs in flat spacetime, in that the anomalous trace Ward Identities obeyed by (TTT'), encoded
in the trace dependent contributions to its full reconstruction (©)8; of (6.8) and (6.12), must come
entirely from variations of Synom[g; ¢]. This is verified explicitly in the next several sections.

8. Variation of the anomaly effective action

In order to obtain the contributions of the anomaly effective action (7.11) to the three-point
function Sél IVIH2V2H3Y3 (e require the expansion of Sanom[g; @] to third order in deviations from
flat space. The consistent expansion of Sanom[g; ¢] around flat space is defined by the simulta-
neous expansion of the metric g, and conformalon scalar ¢

8uv = g;(LOB + gl(}‘? + g;(sz) +-=n0t h;w + h;fg +... (8.1a)
o= 0O+ o0 1@ ¢ (8.1b)

substitution of these expansions into (7.12) and identification of terms of the same order. Thus to
the lowest three orders of the expansion we have

0% =0 (8.2a)

(V=820 Ve + T2 = [J—_g (% -~ %e + 2%, C2)](l) = —% ORD  (8.2b)
(V=8ANPe? + (V=g AV + 0% = I:\/——g (% - %e + Zib, c2>r)

= %E(z’ - % [V=¢ORI? + % (€@ (8.2¢)

where [ is the d’ Alembert wave operator in flat Minkowski spacetime, and we have used the
fact that £ and C? are second order in curvature invariants while the Ricci scalar R starts at first
order.

Clearly the eq. of motion (8.2a) possesses the trivial solution ¢© = 0 in flat spacetime g,(LOV) =
v, Which corresponds to choosing boundary conditions appropriate for the standard Minkowski
space vacuum, or equivalently defining the quantum effective action such that its first variation
and the one-point function (T#"), = 0 vanishes in flat spacetime with no boundaries. With this
condition we may immediately solve the next order eq. (8.2b) to obtain
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W___L pm 8.3
¢ 35 (8.3)
and hence the solution of (8.2c) is
1 b
p? = ﬁ {(J_ AV — = RM 4~ E<2> w—_gDR1<2> + 5 [CZ]@} (84)

the latter of which contains a coincident double (]2 pole in the momentum representation to
second order in the expansion around flat space.

Next we substitute these solutions into the anomaly action (7.11), also retaining terms up to
third order in the expansion. In this way we obtain the quadratic term

@ __ V[ a mm2m Y[ e (2500 0 _Y [ a4 (pm)
Samom = d'xe ' O% + d’x ORY ) = d’x (R
2 2 3 18
(8.5)

which is purely local, since all propagators cancel. Thus the two-point correlation function of
stress tensors will contain no poles in momentum space due to the conformal anomaly, consistent
with explicit calculations [2].

The third order terms in the expansion of the anomaly action are

24 _ |
S = Efd4x {2(/;(1)52(/)(2) +<.0(1)(\/—_8A4)( )(p(l)}

v 4 2 @MY ,@ @ _ M b 4 2, M)
+2/dx{( §DR )(p +(E «/ DR) [0 +§ d"x (C)¥ ¢
(8.6)

from which we observe that the two terms involving @@ cancel, upon making use of (8.3).
Thus there are no coincident []~2 propagator terms in the anomaly action to third order in the
expansion. The remaining terms in (8.6) yield

4 1 1 1
S =15 [ @' {R<I>E(¢_—gm) ER(”}
- b—,/d4x (E— z«/—gDR)( —RW _ /d4 (¢ L g (8.7)
6 3 0 O '
the first term of which involves
1 (D) w oo\
(vV=ga4)" = (v=30%)" +20, (R* = Z0"'R) "o, (8.8)

where (7.4) has been used. With the latter term one may integrate by parts and obtain

v 1
Séﬁimz_ﬁf dx {R(l) (V=80 )“)DR(U}

b [ 4 m ! ( (v _ L m) )
- lfd“x (b E? + 1Y) ZRD + b—//d“x R
6 N 9

/
+ %/d“x R®PRM (8.9)
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which contains only single propagator poles. Finally making use of the chain rule relation
€]
1 (vV—¢D)? = 1 =
(\/—gDZ)( ):[ﬁ =2D(\/—gD)( )—(\/ —g)( )Dz (810)

we find that the first and next-to-last terms of (8.9) combine and partly cancel, obtaining finally

ng,m /d4 /d4 /fd4 "
1 1 1
9 RO — RMuv _ o pv p(1) — 9 RM .
Jorn), (5) (R0=frert) (§) @ro),
- 1/d4x/d4x/(b/ E?) 4+ b(C?) <é> RY
6 X I:‘ xx/ x

/
+ %/d“x R (2R<2> +(J—_g)<‘>R<‘)) 8.11)

where the last term is purely local. In fact, this last local third order term together with the second
order term (8.5) may be recognized as the expansion up to the third order of the covariant local
action

d*x /=g R? (8.12)

which if subtracted from Sapom in (7.11) and upon using (4.4), would cancel the —& IR con-
tribution to the conformal anomaly in (4.5) resulting from Sanom, leaving just b’ E + b C? for the
trace.

The result (8.11) for the anomaly action expanded to third order around flat space may be
derived equally well from the non-local form of the action (7.10) by variation of the Green’s
function D4(x, x’). We have used the local conformalon representation of the anomaly action
(7.11) both because of its technical advantages and to illustrate the conceptual equivalence to the
non-local form. See also [25] for comparison to the total variation of the effective action up to
third order from flat space.

We comment in passing that because the local | R? term has the conformal o dependence

_ _ 2
/d4x«/—g_R2|g:g_620 =/d4x [R — 600 — 6§’”3M03UJ] (8.13)
= [d4x\/—g {R2 +36 (0o)? +36 (3"0,00,0)* — 12R 0o

—12R 3" 8,00,0 + 72 (ia)(g“”aﬂaava)} ,

the subtraction of the particular local term (8.12) from the Wess-Zumino action (7.6) gives
_ 4 = = v ——
F'wzlg;ol— E/d“x./—ng‘g:gezq = b/ d*x v —8 C’o — E/.d“x w/—ng

b’[ d*x \/Tg{Ea —4 (R““ — %Rg“”) (0,0)(By0) — 4 (30)2(To) —2 [(80)2]2}
(8.14)

which essentially reproduces (up to some algebraic errors) the form of Wj,. of the dilaton ef-
fective action reported in [26], after identification of 0 — —7, § — g, b — ¢, ' — —a, and
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dropping the [ R? term. In this particular combination the fourth order kinetic term for o in
I'wzI[g; o] is cancelled. However the Wess-Zumino functional I'yz[g; o] is not a covariant
functional of the full physical metric g,, = P 8uv, since it was obtained from (7.3) by treating
o as a field independent of the fiducial fixed base metric g,,. The W-Z functional is more prop-
erly regarded as non-trivial cocycle of the cohomology of the local Weyl group, which is closed
but not exact [15,17,22-24]. Thus it is only a Weyl variation of some fully covariant solution
of the Wess-Zumino consistency, of which (7.8) is one representative, and which is necessarily
non-local if expressed purely in terms of the full physical metric g,,. The addition of a local
term, i.e. a trivial element of the cohomology, with any coefficient does not change the non-local
pole structure of (7.8), and (8.14) is not an acceptable frame invariant anomaly effective action,
unless one assumes that 0 — —1 is to be regarded as a completely independent dilaton field, with
its own specified transformation under local Weyl transformations, and not the conformal factor
piece of the physical spacetime metric [26]. This is quite different than the present treatment
where one straightforwardly evaluates the 1PI effective action of the conformal anomaly and its
variations in either its non-local (7.8) or local representation (7.11), and no assumptions about
any additional dilaton field(s), their interaction, or spontaneous symmetry breaking are made.
The action functional (8.11), and in particular dropping its last local term is the expression we
need in order to obtain the non-local trace anomaly pole contribution to the three-point function.
It shows that single pole terms (appearing twice, but no coincident double pole (]~ terms) are
expected for the trace anomaly contribution (9)§51"#2"2/3%3 {0 the three-point function.

9. The anomaly action contribution to (TTT')

Since by (4.3), both E and C? are second order in curvature tensors, it suffices in (8.11) to
compute the Riemann tensor to first order

1
= 5= Ouphin = B Bhap + Dol + 0pduhan | ©.D

in the metric variation /. All contractions may then be carried out with the use of the lowest
order flat space Minkowski metric n”". In momentum space

ipx p(l 1 =
/d4x e’ R;(chvﬁ (x) = [R/(wzvﬁ]ﬂwl (P) huyvy (P) ©-2)
serves to define the tensor polynomial
1 1
[Rians] " () =3 {8§ﬂ' 85 pyu pv+ 80182 po pp — 84 81 pa pu

— 8041 6V py pu} 9.3)

which has the contractions

[ROT () = n*® [Rig,s )" (p) = % [n’”“‘ P o + 81820 p? — pri st p,
— P80 p, ) 94
and
[ROT™ (p) = [RIV] (p) = pP 0™ = p™1 p™ = p> 71" (p) 9.5)

defined in an analogous fashion to (9.2).
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We also require the squared contractions

1 1
[R( ) ﬂR(l)““”ﬂ]“w'”z”z(pl,pz) [R,(uiuﬂ]m”l (pl)[R(l)uavﬂ]MVz(pz)

oy,
= (p1- p2)* 1020 2 2 (py - pa) py B2 PV py D ph2 2l N (9.6

and
[R(IU)R(I)/LU]IJ-IVIMZVZ (pl, pz) = [R(IU)]IMVI (pl)[R(l),uv]szz (pz)

1
:Zp (p2 P2 nh2v: — zpz(ul W)(WP Mz))

1
+4_1 P% (pllu pv2 v — 2 py (3 nvl)(vzp1 Mz))

1
+Zp12p an(Mz vavi 4 - (Pl p2)2 HIVipHav) 4 p(Ml p‘z’l)p p‘2’2)
1
+5(p1-pz)(pl(“ln””(”zpz“z’—n“l”lpﬁ‘“p; — 22 pit p”‘)) 9.7

With these expressions in hand, together with the simpler

[(R(l))Z]MIVIMZVZ(pl , pz) = [R(l)]ﬂlvl (p])[R(l)]MZVZ (pz) — p% p% T[Mlvl ([71) nuzvz(pz)
9.8)

we may express the third order anomaly action (8.11), and its variation and contribution WS,
to the three-point correlator in momentum space in the form

(A GV () py | p3)

= g{ﬂﬂlvl ([71) I:b/E(z) +b(C2)(2)]M2U2M3V3

(p2, p3) + (cycliC)}

_ leb/
ST (0 @ (1, pa, pa) T (p3) + (eyelio) |
16/ THIvL H2v2 n3v3
to (p) a2 (p)m (173){193171 pz+(cychc)}+(local) 9.9)

after taking account of the 2° = 8 normalization factor in (2.4) for n = 3, and where the 3 cyclic
permutations of the indices (1, 2, 3) are summed over. In Eq. (9.9)

0" (p1, p2, p3) = p1u [RM1*22(p2) p3v

{(m P2 (p2- p3) 02" + p3 p\2 p¥ — (pa- p3) p\2 p — (p1 - p2) pY p ”2)}

(9.10)
by (9.4), and
[E(Z)]Mivz'ujvj — [R(l)vﬁR(]),uotvﬂ]//-iVi,U-jVj _4 [R,l(L]v)R(])MV]Miviujvj + [(R(l))Z]MiWMjVj
o
(9.11a)

[(Cz)(Z)]mviMjVj — [R;(,LlozvﬁR(l)uavﬂ]mviujuj _9 [R;(le)R(lmv]mUi“jvj

1 N
Z (D)2 HiVilkjVj
+3 [(RD)7] (9.11b)
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are given by (9.6)-(9.8), with the corresponding momentum dependences (p;, p;) suppressed.
The last contribution labelled ‘(local)’ at the end of (9.9) refers to the third variation of (8.12),
the purely local last term in (8.11).

The explicit form of the contribution to the three-point vertex function (T7TT) from Sapom
in (7.14) is thus (9.9). We shall now verify that the contribution (9.9) of the anomaly effective
action (7.11) to the three-point correlator S3 is precisely the same as (6.12), obtained by the
general algebraic reconstruction method of Sec. 6.

We note first that (9.9) contains no coincident double pole terms of the form ( pl.z)_2, and it
also contains no cubic single pole terms of the form ( p% p% p%)’1 , since the polynomial of the last
term in brackets of (9.9) contains at least one power of p%, p% or p%. However recalling (6.1a),
(9.9) does contain both single pole and quadratic single pole terms of the form ( p]2 p%)_1 etc.
from the product of 7#!V1 (p1)w"3V3(p3). It is a straightforward exercise in tensor algebra using
(9.4)-(9.8) to verify that all these pole terms cancel upon taking one trace of (9.9) so that

(A)Sgtlﬁwzvzmm (1,

Nay By P2, P3)’

p3=—(p1+p2) -
8b[(CHP]2"3 (py, p3) + 86 [E@ ]2 (o, p3) = 4 AL (pa, p3)  (9.12)

yields back the second variation of the trace anomaly, consistent with the explicitly anomalous
contribution to the trace identity (4.9), provided again that the contribution from the local term
(8.12) and IR in the anomaly is neglected, and account is taken of the combinatoric factor from
the two possible metric variations of the second order C2 and E terms in the trace anomaly. Since

P2, QM2 (p1, p2, p3) =0 (9.132)
Paus [(CHP]235 (py, p3) =0 (9.13b)
Pouy [EP T (p2, p3) =0 (9.13¢)

both the second variation of the anomaly .A42"2#3"* and the anomaly contribution to the three-
point function (A)Sg IVIH2V2I3Y are transverse, and hence make no contribution to the longitudi-
nal terms in any of the Ward Identities, as claimed in Sec. 6 and needed for the vanishing of the
last term in (6.10).

Taking an additional trace of (9.12), we find that the b term has zero trace and there remains
only

[E(2)]M2 V2033

Ny B1 Moz B3 (A)nglﬂmszy% (p1, p2, P3)| =80 Nas B3 (p2, p3)

p3=—(p1+p2)

= 165 Q" (py. pa. p3)| + 8003 (4 o1 p2) T (p) (014)

p3=—(p1+p2)

in the double trace. Thus in the first line of (9.9) we may substitute (9.12), and in the second line
use (9.14) to eliminate the Q22 terms and its three cyclic permutations. Lastly computing the
triple trace

(A)S§1ﬁ1a2ﬂ2a3ﬂ3 (p1,

Noy B Nz fa N3 B3 P2, P3)’p3=_(pl+p2) =16/ [P% P% —(p1- p2)2]

(9.15)

we find that we can write (9.9) in the form
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(A) GHIVIH2V213VS 1
3 =

3 v (1) Nows i (A)Sgllﬂmzwmw

(A) Sétlvlazﬁzusw + (A Séilvmzl’zouﬁa

1
+= 722 (p2) Ny

1
3 §7TM3V3(P3) Nasz B3

1
) Tt (pr) 33 (p3) Ny B Moz B3 “ St311/31u2v2053ﬁ3

1
=5 T (P2)T (p3) Ny VS

1
=5 T (POT P (p2) 1y sy A5 2P

1
+E TV (Pl)ﬂgzvz(])2)7{“3‘)3 (P3) Nay 1 Neta o Ntz B (A)Sgllﬂlazﬂzd3ﬁ3 . (9.16)

Using (9.12) once more to express all traces in terms of Az and comparing the result with (6.12),
we see that they coincide, and thus we have proven that

Oy (pr pa, pa)| = DSy, o, p3) (9.17)
2
since each is determined completely by the same single trace anomaly A; terms.

The contribution from the [ R term in the trace anomaly and variation of the local term (8.12)
with arbitrary coefficient is easily included in A, if desired, which being local does not in any
way affect the non-local 1/ p? poles in (9.16) or (9.17). Thus the curved space anomaly effective
action (7.11) expanded to third order in variations around flat space (8.11) yields precisely the
same anomalous trace parts and non-local propagator pole structure of the three-point (T7TT)
correlation function of stress tensors for a CFT in d = 4, obtained by the anomalous trace Ward
Identities and general algebraic reconstruction algorithm of [13] in flat space.

10. Summary and Discussion

The principle results of this paper are Eqs. (5.8), (5.9), (5.10) for the covariant renormalized
CWIs in d = 4; Eq. (9.16) with (9.12), (9.14) and (9.15) for the specifically anomalous con-
tributions to (T'TT); and its complete equilvalence (9.17) with (6.12) which was obtained by
application of the quite different methods of Refs. [13]. In particular, exactly the same anomaly
massless scalar pole is obtained from solution of the CWIs in d = 4 in either approach. We
have emphasized that variation of the covariant action functional in a general curved space back-
ground makes possible the most compact and geometrically transparent derivation of the CWIs
(5.8)-(5.10), including all contact terms for any CFT in d = 4. The general form of the exact 1PI
quantum effective action (7.14) for a CFT in d = 4 in the geometric approach also allows a clean
separation between the contribution to the action specifically due to the conformal anomaly,
Sanom 1n any of its forms (7.8), (7.10) or (7.11), distinct from the Weyl invariant Si,y or local
terms Sjocal. As a non-trivial cocycle of the local Weyl group of conformal transformations of
the spacetime metric, one may always add Weyl invariant terms such as (7.9) to Sanom, but such
additions cannot change its conformal dependence in 'z of (7.6), nor its pole structure in
momentum space, required by solving (7.3b) for o, incorporating the Wess-Zumino consistency
condition on the covariant effective action (7.13). It is clear that adding covariant local terms such
as (8.12) also cannot change the pole structure of the anomaly action. The presence of the scalar
D4(x, x") propagator in (7.8) and (7.10), and the single (D);xl, propagator pole in (8.11) are ir-
reducible necessary consequences of general covariance, the CWIs, and the conformal anomaly.
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Conversely, the derivation of (7.11) and the decomposition (7.14) also show that the anomaly
action Sypom certainly does not determine the Weyl invariant terms. This is a significant dif-
ference from the d = 2 case, where all metrics are locally conformally flat, and there are no
undetermined Weyl invariant terms. In the special case of d =2 CFT, the non-local anomaly
effective action is of the form [dx [dy R(x) (O~ yyR(y) [27], with R the d = 2 scalar cur-
vature and (]! the Green’s function inverse of the covariant wave operator, showing that the
effect of the conformal anomaly involves an intermediate massless scalar exchange, or isolated
pole in momentum space. This pole may be interpreted as that of a propagating scalar field ¢
which we have termed the conformalon field, introduced to cast the anomaly action in an equiva-
lent local form. Its propagator gives rise to a massless pole in all the higher point vertex functions
(THIVI(x1)TH22 (x2) TH3Y3 (x3)...) o of multiple energy momentum tensors, obtained by varying
the effective action in d = 2 with respect to the metric multiple times [28]. This massless scalar
exchange may be seen as an effective correlated two-particle O state of the underlying quan-
tum theory, similar to a Cooper pair of electrons in superconductivity, but appearing here in the
Lorentz invariant vacuum state. The presence of a massless scalar pole in the three-point function
(9.9) shows that this occurs in d = 4 as well.

What the anomaly effective action does determine are all the anomalous contributions to the
higher point stress tensor correlation functions, since the exact 1PI quantum action (7.14) is
precisely the generating function for these connected correlation functions in an arbitrary fixed
background, and Sypom is the only term responsible for anomalous contributions in the trace Ward
Identities. In this paper we have calculated the contribution of Sypom to the three-point function,
given explicitly by (9.9), by three variations of the general curved space anomaly action. The
equality (9.17) shows that this is precisely the same result as that obtained for the anomalous trace
parts by the method of [13] of solving first the exact CWIs for the projected transverse, traceless
parts of the correlator directly in d-dimensional flat space, then reconstructing the full (T7T)
by restoring the longitudinal and trace parts by use of the conservation and anomalous trace
Ward Identities in the d — 4 limit. This is an explicit verification of Sypom for the anomalous
trace parts of the full (777T) in any d =4 CFT, including the presence of multiple pole terms
in all the external invariants, predicted by the anomaly action. In the approach of [13] these
multiple pole contributions are just a consequence of the transverse projection operators (6.1)
in the reconstruction formula (6.11) for the trace parts of the three-point function. These trace
contributions, in complete agreement with the variation of the anomaly action, have the correct
analytic structure to satisfy the anomalous CWIs of a CFT in the physical d = 4 dimensions.

It is clear from this derivation and the equivalence (9.17) that the massless pole contributions
are unambiguously fixed and determined by the anomaly effective action, as a necessary con-
sequence of the anomalous Trace and Conformal Ward Identities. That anomalies are generally
associated with massless poles in d = 4 has taken some time to recognize, although the prototype
example was already provided by the d = 2 Schwinger model and Polyakov action decades ago
[28]. Massless poles in (7T T) imply that there are long range effects of stress tensor correlations
on lightlike separated spacetime points [3,4], similar to those already noted in the case of the chi-
ral anomaly [3,29,30]. In the supersymmetric case this behavior is present in all the components
of a superconformal anomaly multiplet [10]. This light cone behavior is most clearly seen in a
Lorentzian momentum space representation.

Because of the coupling to 7%V, massless poles on the light cone lead to novel scalar gravita-
tional effects on macroscopic scales, not described by Einstein’s classical theory [2,19,20,31]. In
particular, the appearance of a propagating effective massless scalar degree of freedom in d =4,
explicitly represented by the local conformalon field ¢ in (7.11) has implications for gravity at
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low energies and at macroscopic scales [20], including the existence and propagation of scalar
gravitational waves not present in classical General Relativity [19]. Further implications of this
effective light scalar in the Effective Field Theory of four dimensional gravity and propagator
poles in higher point stress tensor correlation functions are under investigation.
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