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Abstract

A standard question in the study of geometric quantization is whether symplectic reduction interacts
nicely with the quantized theory, and in particular whether “quantization commutes with reduction.”
Guillemin and Sternberg first proposed this question, and answered it in the affirmative for the case
of a free action of a compact Lie group on a compact Kéhler manifold. Subsequent work has focused
mainly on extending their proof to non-free actions and non-Kéahler manifolds. For realistic physical
examples, however, it is desirable to have a proof which also applies to non-compact symplectic
manifolds.

In this thesis we give a proof of the quantization-reduction problem for general symplectic mani-
folds. This is accomplished by working in a particular wavefunction representation, associated with
a polarization that is in some sense compatible with reduction. While the polarized sections de-
scribed by Guillemin and Sternberg are nonzero on a dense subset of the Kéahler manifold, the ones
considered here are distributional, having support only on regions of the phase space associated with
certain quantized, or “admissible”, values of momentum.

We first propose a reduction procedure for the prequantum geometric structures that “covers”
symplectic reduction, and demonstrate how both symplectic and prequantum reduction can be
viewed as examples of foliation reduction. Consistency of prequantum reduction imposes the above-
mentioned admissibility conditions on the quantized momenta, which can be seen as analogues of
the Bohr-Wilson-Sommerfeld conditions for completely integrable systems.

We then describe our reduction-compatible polarization, and demonstrate a one-to-one corre-
spondence between polarized sections on the unreduced and reduced spaces.

Finally, we describe a factorization of the reduced prequantum bundle, suggested by the structure
of the underlying reduced symplectic manifold. This in turn induces a factorization of the space of
polarized sections that agrees with its usual decomposition by irreducible representations, and so
proves that quantization and reduction do indeed commute in this context.

A significant omission from the proof is the construction of an inner product on the space of
polarized sections, and a discussion of its behavior under reduction. In the concluding chapter of

the thesis, we suggest some ideas for future work in this direction.
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Chapter 1

Introduction

1.1 The motivation for geometric quantization

Geometric quantization has its conceptual roots in two distinct lines of thought. The first line
is the notion of constructing irreducible representations of Lie groups using the tools of complex-
analytic and differential geometry, such as complex line bundles, connections etc. This approach
began with the Borel-Weil Theorem for compact Lie groups [Ser95], which considers the space of
holomorphic sections of a certain homogeneous line bundle, and the natural group action on this
space. The technique was later significantly generalized and given a symplectic interpretation by
Kirillov, Kostant, and others, leading to the so-called orbit method [Kir04] [Kos70] [AKTI].

The second line of thought is the attempt to extend the well-studied canonical quantization of
R?" to more general phase spaces. Segal [Seg60] considered the case of the cotangent bundle of an
arbitrary configuration manifold, and introduced a quantization scheme by extending the traditional
canonical quantization conditions on R2" to this case. Ultimately Segal’s work was subsumed by
that of Kostant and Souriau [Kos70] [Sou97]. Implementing Dirac’s assertion that quantization of
observables should take Poisson brackets to commutators, they introduced the modern notion of
geometric quantization for general symplectic manifolds. In the case when the symplectic manifold
is a coadjoint orbit of a Lie group, geometric quantization reduces to the method of orbits described
above.

The first step in the geometric scheme is called geometric prequantization.

1.2 Geometric prequantization

We begin with a classical system, described by a symplectic manifold (M, w), and its corresponding
classical observables, described by the algebra of smooth real-valued functions C*°(M, R) on M.

From these, geometric prequantization aims to construct a Hilbert space (H, (-,)), and a “quanti-



zation” map

Q.: C®(M, R) — iu(H),

where 7u(H) denotes the algebra of self-adjoint operators on H, and describes the quantum observ-
ables of our system. By analogy with canonical quantization, the main properties we would like Q.

to satisfy are as follows.
(i) The mapping f — Qy is linear.

(ii) [Qy, Q¢] = thQqy, 4y, where [-,-] is the commutator and {f, g} is the Poisson bracket on
C>(M).

(iii) @1 = idy, where 1 is the constant function with value 1 on M.

The solution to this problem was proposed independently by Souriau [Sou97] and Kostant
[Kos70]. We take a line bundle L, a covariant derivative V on the space of smooth sections I'(L),
and a V-invariant Hermitian form H on L (see Chapter [3| for full definitions of these terms). The

Hermitian form induces an inner product

(5. 1) = /M H(s(x), 1(z)) w"

on I'(L), where n = 1 dimg M. H is taken to be the completion of I'(L) with respect to this inner
product, and the quantization QQ; : H — H of the classical observable f is defined to be

Qf = fihVXf + f,

where Xy denotes the Hamiltonian vector field for f, defined by the relation ix,w = df. In order for
Q. to satisfy the condition [Qy, Q4] = ihQyy, 41, the covariant V must be chosen to have curvature
%w, meaning that for any vector fields X, Y € T'(T M),

i .
[V, Vy] = Vix v = z0(X, V)idy.

Such an L and V exist if and only if 7 integrates to an integer over any closed 2-surface in M.

1.3 Geometric quantization

Applying the geometric prequantization procedure to R2™ with its standard symplectic structure
w=>"d¢'Adp;, where (¢*,...,q", p1,...,pn) denote the coordinates on R*", does not agree with
the standard canonical quantization prescription. Roughly speaking, the problem is that sections

in T'(L) depend on “too many” coordinates. In the position representation, canonical quantization
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yields a Hilbert space L?(R™), with wavefunctions depending on the position coordinates ¢* only. By
contrast, the line-bundle sections in geometric prequantization depend on the full set of coordinates
(q%, p;j). In general, we would like the sections of our line bundle to depend on a complete set of
Poisson-commuting coordinates (in a local sense at least), and they should be invariant along the
complementary directions, which also Poisson commute. It is with this reasoning in mind that the
concept of a polarization is introduced into the quantization procedure. A polarization is a smooth,
involutive Lagrangian subbundle of the complexified tangent bundle TMC, i.e., a distribution F
satisfying
w(F, F)=0, [F,F]CF, and dimcF = %dimRM.

Instead of the full space of smooth sections of L, we consider instead the space I'p(L) of covariantly

constant sections along F',
I'pr(L)={seT(L)|Vxs=0forall X e T'(F)}.

The inner product of I'r(L) must also be modified: F N F can be written as D® for some real
subbundle D of TM, and involutivity of F' implies involutivity of D (assuming dimg(F NTM) is
constant). By Frobenius’ Theorem, D is integrable, and the collection D of integral submanifolds
of D define a foliation of M. Since the Hermitian form H is V-invariant, H (s, s) will be constant

along the leaves of D, for any s € I'p(L),
X (H(s,s)=H(Vxs,s)+H(s, Vxs)=0 for any X € I'(D).

If the D-leaves are noncompact, the inner product (s, s) = [,, H(s(z), s(x)) w™ will be infinite due
to this constancy. For this reason, an inner product (s, t) is defined instead by dropping H (s, t) to
M /D, and integrating against a suitable defined measure on M/D. Construction of this measure is
somewhat involved, and requires the introduction of a metalinear structure on M associated with the
polarization F. Since the inner product will not be used in this thesis, we refer to [Sni80], [Wo092],
[AEO5], [Bla77] for a discussion of this part of the theory. Again, H is defined to be the completion
of I'p (L) with respect to the inner product.

Another issue raised by the restriction to I'r(L) is the fact that Q preserves I'p(L) if and only
if [X¢, F] C F. This limits the classical observables which can be easily quantized. To overcome
this issue, a pairing must be defined between spaces 'z (L) corresponding to different polarizations
F. This construction is known as the Blattner-Kostant-Sternberg pairing, or BKS pairing for short,
and requires the introduction of a metaplectic structure on M; again we refer to [Snig0|, [Woo92],

[AEO5], [Bla77] for details.
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1.4 Symplectic reduction and its interaction with geometric
quantization

Suppose our symplectic manifold (M, w) has a continuous symmetry, described by a Lie group G and
an action of G on M which preserves the symplectic form w. In favorable circumstances, there exists
a momentum map J : M — g* describing the conserved quantities of associated with the G-action:
it H € C*°(M, R) is a G-invariant Hamiltonian on M, then J is constant along the Hamiltonian
trajectories corresponding to H, implying that the level sets J=1(u), u € g*, are conserved under
the Hamiltonian flow due to H. Let G, denote the subset of G which also preserves J=!(u).
Given certain technical conditions on the G-action on M, the smooth and symplectic structures
I (w)

on M induce corresponding structures on the quotient space —z. This process of constructing
I

a quotient symplectic space, introduced in [MWT4], is called symplectic or point reduction, and
the quotient space %f”) is referred to as the symplectic, reduced, or Marsden- Weinstein quotient.
The physical significance of the quotient is that it factors out the motion of the system associated
with the conserved momenta, and contains only the “interesting” dynamics. It is straightforward to
reconstruct the full dynamics from that on the quotient.

On the quantum side, a G-symmetry of the Hilbert space (H, (-,-)) with Hamiltonian H corre-
sponds (assuming G is connected) to a unitary representation U : G — U(H) of the universal cover
G of G that commutes with H. If we further assume that G (and hence G) is compact, we can
decompose H into a direct sum of G- and H-invariant subspaces, each of which transforms via a

distinct irreducible representation of G. After a choice of maximal torus and positive weights, this

decomposition can be expressed in an invariant way as

H o~ P HM © (H® H)é : (%)

A dominant integral

where -G denotes invariance with respect to the diagonal G-action—see Appendix for details. This
equivalence has the effect of separating the é-action, which acts on the first factor (H*)*, and the
unitary evolution exp (—%H t), which acts on the second factor (’HA ® ’H)é. The factor (’H)‘ ® H)é
contains all the interesting dynamics, and as such is a natural candidate for the “reduced quantum
space”, the quantum analogue of the symplectic quotient %ﬁ")

Assuming the momentum map J is G-equivariant, Kostant showed that the G-action on M can
be lifted infinitesimally to L. For connected G, this infinitesimal lift exponentiates to a G-action on
L, where G denotes the universal cover of G—see Section for details. In turn this gives a G-
action on I'(L) and, assuming the polarization F' is G-invariant, on I'r(L). It therefore makes sense

to apply quantum reduction to the Hilbert space H = I'r(L) obtained in the geometric quantization

procedure.
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Since geometric quantization is tied so closely with the symplectic structure of (M, w), it is
natural to ask whether geometric quantization interacts “nicely” with reduction. In other words,

does the following diagram commute:

quantization
M >~ H

reduction reduction

J7'(u) quantization

Gu

H @ H)T .

To our knowledge, the first work to discuss reduction in the context of geometric quantization
is the paper of Reyman and Semenov-Tian—Shanskyﬂ [RSTS79]. Guillemin and Sternberg [GS82]
were the first to explicitly formulate the “quantization commutes with reduction” question, which
they proved for the case of a free action of a compact, connected Lie group on a compact Kéhler
manifold. Subsequent work in this direction has sought to relax the conditions of freeness and
Kéhlerness, with corresponding generalizations of the notion of quantization; for an overview see
[Sja96]. More recently, Landsman and his students have sought to further extend the definition of
quantization in order to cover noncompact manifolds and groups; see for example [HLOS].

Despite the progress on the mathematical aspects of quantization and reduction, applications to
systems with physical significance remain sparse. One notable exception is the case of a cotangent
bundle of a principal G-bundle, which has two distinct interpretations: (i) for G = SO(3), as the
phase space of the n-body problem [Mon02, Chapter 14], and (ii) as the Kaluza-Klein space for
the motion of a particle in a non-Abelian Yang-Mills field, moving according to Wong’s equations
[Mon02, Chapter 12]. This problem was considered by Gotay [Got86], who imposed the condition
that reduction be carried out at invariant values p of the momentum (satisfying G, = G), and by

Robson [Rob96], without this condition.

1.5 New results in this thesis

This thesis is heavily inspired by the results of Robert Filippini [Fil95]. Filippini considered the
cotangent bundle T*G of a compact Lie group G with its usual symplectic structure w = —dé,
where 6 is the canonical one-form. Taking a trivial line bundle over T*G with curvature %w7 and
defining an appropriate polarization, Filippini carried out the geometric quantization of this system,
and showed that the resulting Hilbert space is isomorphic to @, (H*)* ®H*, where X ranges over the
set of dominant integral weights. Comparing this to the usual geometric quantization with respect to

the vertical polarization, which yields L?(G), Filippini was able to give a symplectic interpretation

1This paper appears however to be little-known in the geometric quantization literature, the majority of its citations
instead coming from works related to integrable systems.
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of the Peter-Weyl Theorem, which states that

LG~ @ #HM) o H .
A di.

The results of this thesis can first and foremost be seen as an extension of Filippini’s construction
to arbitrary symplectic manifolds (M, w), yielding a symplectic interpretation of the decomposition
(ED. In order to state explicitly what is proved, we first introduce some notation. We consider a free
action of a compact connected Lie group G on (M, w), preserving w and admitting a corresponding
G-equivariant momentum map J : M — g*. Let # : M — M/G denote the projection onto
the G-orbit space of M, and O a coadjoint orbit in g*. The set J=!1(O) has a dual foliation,
by the family of constant momentum surfaces {J=(u)|p € O}, and by the family of G-orbits
{m7Y(a)|a € m(J71(0))}. The restrictions of w to J=1(O), J=(1), and 7~ 1(a) define characteristic
foliations, denoted R®, R, and R® respectively, which agree on their respective domains. According
to the general procedure of foliation reduction (Section , w induces symplectic forms on the
I7H0) I w) T *(a)

7o s and 2. As a consequence of the fact dual foliations

corresponding leaf spaces
{J7Yu) |p € O} and {7~ 1(a)|a € 7(J71(O))} are symplectic complements of each other, one can

-1 7 Ya —p
JREQO) and 722 )« JR,(L’).

define a canonical symplectomorphisms between

Turning to geometric prequantization, the prequantum geometric structures have an equivalent
description, consisting of a principal U(1)-bundle L over M and connection one-form a on L with
curvature %w. In Chapter 4| we apply foliation reduction to the connection form restricted to the
U(1)-bundles lying over J=1(0), J=1(u), and 7=1(a) respectively. The corresponding characteristic
foliations (R")©, (R")#, and (R")® turn out to be the horizontal lifts of the characteristic folia-
tions on the base space. In contrast with the base manifold case, prequantum reduction is not
always consistent, and only certain regions of the phase space are “admissible” to prequantiza-
tion reduction. A necessary and sufficient condition for this admissibility is that the leaves of the
(RM)O /(RM)* / (RM)® cover those of RC /R* /R® injectively. We prove this, and relate it to the
common notion of integrality of weights of a representation, which leads to “quantization condi-
tions” on the possible momenta of the quantized theory. These conditions can be seen analogues of
the usual Bohr-Wilson-Sommerfeld conditions for completely integrable systems. The prequantum
reduction procedure over J~!(u) proposed here agrees with that of [RSTS79] (which was discovered
after much of the work in this thesis was completed). The interpretation as foliation reduction is
new, however.

In Chapter 5] we then describe how to construct a polarization F' on M consistent with the folia-
tion reduction procedure, and show that admissibility is also a necessary criterion for the existence
of sections covariantly constant with respect to the polarization. We then demonstrate that the

polarization induces polarizations on the reduced spaces, and describe a one to one correspondence
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between polarized sections on the reduced and unreduced spaces. Even in case of compact Kéhler
manifolds, the sections so constructed differ from those in [GS82], since they are distributional rather
than full sections, having support only on admissible regions of the phase space.

Taken together, the results of Chapters [] and [5] describe the construction for admissible regions
of M of reduced U(1)-bundles L% l./;z, and L%, connections ag, aly, and %, and polarizations

FR, Fh, and F3. In Chapter@we describe a bundle-connection equivalence LG ~ L% [ L% which

-1 —1 -1
covers the canonical symplectomorphism between J REQO) and WT(@ X JTff‘) This equivalence
induces an isomorphism between the space of covariantly constant sections of the associated complex
line bundles, i.e.,

T po(LQ) = Drg (L) BT g (Lis).

Employing the Borel-Weil Theorem and Schur’s Lemma, we demonstrate how this agrees with the
result (ED obtained by quantum reduction, and thus establishes that “quantization commutes with

reduction.”

1.6 Limitations of the results

In order to define a inner product on our representation space, we must introduce a metalinear
structure on the space. In addition, most physically interesting Hamiltonians do not preserve the
polarization used in the symplectic quantization procedure. To deal with this possibility, the intro-
duction of a metaplectic structure is needed. This allows a metalinear structure to be consistently
associated with any polarization in the manifold. We do not discuss either of these structures in the
thesis, or how they interact with symplectic reduction. As such, none of the quantum representation
spaces in the thesis have an inner product. In particular, the isomorphisms from Chapter [5]should be
seen as vector space isomorphisms, rather than unitary equivalences between Hilbert spaces. There
is also no discussion of physically interesting dynamics. It is hoped these deficiencies can be dealt

with in future work.



Chapter 2

Background Material

This introductory chapter is intended to fix notation, definitions, and conventions that will be used
throughout the thesis. Much of this material can be found in [AMTS], [MMO™07], and particularly,
[OR04]. Propositions [2.8.5] (iii), [2.10.1] and [2.10.2| were derived specifically for this thesis since a

treatment in the literature could not be found, but are likely well known. In addition, the treatment
of orbit reduction is somewhat different to that in the above mentioned references. After completion
of this chapter, it was noticed that the approach shares much in common with the original conception

of orbit reduction due to Marle [Mar76], [LMS87].

2.1 Smooth manifolds and properties of mappings between

them

As usual we take a smooth manifold to be a locally Euclidean topological space with a smooth atlas of
coordinate charts. Locally Euclidean spaces are automatically 77, which implies that singleton sets
{z} are closed. Additionally, all smooth manifolds in this thesis are taken to be connected and finite-
dimensional. Lie groups are automatically Hausdorff, and connected Lie groups are automatically
second countable.

A smooth map f: N — M is called

e an tmmerston if T,,f : T, N — Ty(,,)M is injective for all n € N;

e a submersion if T),f : T,,N — T,y M is surjective for all n € N;

e an injective tmmersion if it is both an injection and an immersion;

e a regular immersion if it is an injective immersion satisfying the following condition: for

any manifold P, an arbitrary map g : P — N is smooth if and only if fog: P — M is smooth;

e an embedding if it is an injective immersion that is a homeomorphism onto its image f(N)

with the subspace topology induced by M.
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A subset N C M with its own manifold structure is called

e an immersed submanifold if the inclusion i, s : N < M is an immersion;
e an initial submanifold if iy pr : N — M is a regular immersion;

e an embedded submanifold if iy ps : N — M is an embedding.

Unless otherwise stated, all manifolds and maps discussed in this thesis (including group actions)

will be taken to be smooth.

2.2 Lie group and Lie algebra actions

Let M be a manifold, and G a Lie group, with corresponding Lie algebra g. We suppose there exists
a left G-action ® : G x M — M on M, and use the shorthand ¢ - « for ®(g,x). The conditions for
this to be a left action are g - (h-x) = (gh) - z and e -z = . We use the same notation to denote
the induced left actions on TM and T*M, i.e., g- X, = T,®4(X;) € Ty, M for X, € T, M, while
g-ay =T5,,P,1(az) € Ty, M for ap, € Ty M, where ®,(z) = ®(g,x). With these conventions, we
clearly have that g - (h - X;) = (gh) - X, and similarly for a.

Correspondingly there is a infinitesimal action of the Lie algebra g on M, given by & -z =

T.®* (&) € T, M for £ € g, where ®%(g) = (g, ). The infinitesimal generator of the left action
corresponding to £ is the vector field £y, € T'(T'M), defined by

§JM(LE) :fz

The infinitesimal generators satisfy the property

Enrs Cur] = =€, (e,

where [-,-] on the left and right sides of the equation denote the Lie brackets on M and on g
respectively. In general a map & € g — &y € I'(T'M) satisfying this property is called a left g-action
on M.

Let H C G be an arbitrary subgroup of the Lie group G. It can be shown [Bou89, Chapter 3,
§4.5] that H may be given an smooth structure induced by that on G, making H a Lie group and
an initial submanifold of G. Further, H is an embedded submanifold of G if and only if it is closed
in G |Lee03], Corollary 20.11].

The isotropy or stabilizer group G, of the action ® at x € M is the set of groups elements
that leave = invariant

Gy, ={9€Glg-z=z}.
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Note that G, = (®%)~!({x}) is a closed subset of G, and hence an embedded Lie subgroup of G.
The symmetry algebra g, is the Lie algebra of the isotropy group

gx:{€€g|f'$=OxET$M}.

Occasionally we will need to consider right actions ¥ : G x M — M also. Then we use x - g for
U(g,z). The conditions for this to be a right action are (z -g)-h = z - (gh) and x - e = x. The

obvious analogues of the left action notations apply. In this case, the infinitesimal generators
Em(@) =x-¢

satisfy

2.3 Proper group actions

A G-action ® : G x M — M is called free if ®(g, ) = = for some g € G and = € M implies that
g=ce.

We adopt the deﬁnitiorﬂ that a map f: X — Y is proper if for every sequence (z,,) in X such
that (f(x,)) converges in Y, there is a convergent subsequence (z,, ) in X.

The action ® is proper if the map d:GxM— Mx M, defined by

®(g, ) = (z, (g, x))

is proper. Explicitly, if ((gn, ,)) is a sequence in G x M such that ((z,, gn - Z,)) converges in
M x M, then (g,) has a convergent subsequence (gy, ).
Properness of an action turns out to be a sufficient condition to ensure nice analytic properties

of the quotient space M/G. In particular, we have the following important result.

Proposition 2.3.1. If G acts freely and properly on M, then M/G is a topological manifold of
dimension dim M — dim G, and can be given a smooth structure such that the projection w : M —

M/G is a submersion.
Proof. See for example [Lee03, Theorem 9.16]. O

We state some easily proved consequences of the definition of properness:

e Proper maps are closed.

11f X and Y are Hausdorff, Y is first countable, and X is second countable, this is equivalent to the more common
definition that the inverse image of any compact set in Y is compact in X.
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e If G is compact, then ® is a proper action.
e Proper actions have compact isotropy groups G, at each point x € M.

e For linear G-actions on vector spaces (e.g., the coadjoint action discussed next section), the
isotropy group of the origin is the entire group G. Hence combining the two previous properties,

it follows that linear group actions are proper if and only if G is compact.
e If & is proper, then ®* : G — M is also proper, and hence closed.

e If H C G is a subgroup of G, the left H-action (h, g) — gh~! on G is proper if and only if H

is closed.

Since the isotropy group G, of an action ® : G x M — M is closed for any « € M, the last
result and Proposition tell us that G/G, can be given a smooth structure (namely the one
making G — G/G, a submersion). Using the bijection of G/G, and the G-orbit O, = G-z through
x allows this smooth structure to be transferred to O,. It can be shown [OR04, Proposition 2.3.12]
that O, equipped with this structure is an initial submanifold of M, is closed if ® is proper, and is
embedded if ® is proper and M is second countable.

We will require the following result in our discussion of symplectic reduction.

Proposition 2.3.2. Let & : G x M — M be a smooth G-action on a manifold M, H a subgroup of
G, and S C M a H-invariant initial submanifold of M. Then the restriction ® : H x S — S is a

smooth H-action on S. If ® is proper and H is closed in G, ®' is also proper.

Proof. We have the identity

ismo® =®o (ige Xism),

where i4.p : A <= B denotes inclusion. The right hand side, being a composition of smooth maps,
is smooth, and so the initial submanifold condition for S implies that ® : H x S — S is smooth.

The properness of @ follows easily from the definition and the closedness of H. O

2.4 Hamiltonian vector fields, Poisson brackets, and sym-

plectic actions

Now suppose M has the additional structure of a symplectic manifold, with symplectic form w, i.e.,
a closed, nondegenerate 2-form on M. To any function f € C*(M), let X; € I'(T'M) denote the
Hamaltonian vector field of f, defined by

inUJ = df



12

The Poisson bracket {-,-} : C°(M) x C*(M) — C*(M) on M is given by
{f, 9} = w(Xy, Xy).
A symplectic left G-action on M is a left G-action satisfying
Plw=w.
Differentiating this symplectic condition with respect to g, we obtain
Ly, w=0.

In general, a left g-action satisfying this property is also called symplectic.

2.5 Adjoint and coadjoint actions

Let I, : G — G denote the inner automorphism I,(h) = ghg~'. Then I. defines a left action on G.

I, preserves the identity e, and so its derivative at e defines the adjoint action of G on g ~ T.G:
Adj:g—g given by Ady¢:=Tcl, C.
The dual left action on g* is called the coadjoint action of G on g*:
Adg-r:g" —g" given by Ady-1(p) :=poAdg1.
The adjoint action ad. of g on g is
ad¢ : g — g given by ade(C) == [, ]

The adjoint actions of g and of G are related by ade = (T.Ad.){, and so ad. is the g-action induced
by the G-action Ad., as considered above.

Similarly we have the coadjoint action —ad’ of g on g*:
—adg 1 g" — g" given by —adgp = —poade,

and —adg = (ToAd)E.

An easy consequence of the Jacobi identity on g is that both the adjoint and coadjoint actions
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ad. : g — End(g) and —ad” : g — End(g*) are Lie algebra homomorphisms,

adpe ¢ = adg 0 ad¢ — ad¢ o ade = [ade, ad(],
—adje ¢ = (—adg) o (—adg) — (—adg) o (—adg) = [~ad, —adZ].

It is worth noting that in terms of the left action ®,(h) = gh and right action ¥y(h) = hg, we have
that

Adgé=g-&-971,

Adg-p = g-pu-g L.

The tangent space T,,0 of the coadjoint orbit O = {Ad;—l/j/ : g € G} at p is spanned by the
vectors {—ad¢u|€ € g}. The coadjoint orbit possesses two natural symplectic forms +we, called

the Kostant-Kirillov-Souriau (KKS) forms, defined by

(Fwo)u(—adgu, —ady ) = £u([€, 1))

In terms of the above notation, the isotropy group G, and symmetry algebra g,, of the coadjoint
action on g* at u are

Gu={9€G|Adgp=p}

and

g, =1{§ €g| —adp =0}

respectively.

2.6 The momentum map

A vector field X € T'(T'M) is called locally Hamiltonian if it preserves the symplectic form w, i.e.,
Exw =0.

Using Cartan’s magic formula Lx = ix od + d oix and the fact that w is closed, we see this is
equivalent to the condition

d(ixw) = 0,

i.e., ixw is a closed one form. It is a natural question to ask whether ixw is exact. If this is the
case, then

ixw=df for some f € C*°(M).
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The definition of the Hamiltonian vector field and the non-degeneracy of w then imply that X = Xy,
and so X is Hamiltonian. This explains the terminology “locally Hamiltonian” above.

For a symplectic left G-action @, differentiation of the symplectic condition

q);w:w

with respect to g demonstrates that for any £ € g, the vector field £y, is locally Hamiltonian,
Le,w=0.
Suppose in fact £5; is Hamiltonian for each £ € g, so that there exist maps J(£) € C*°(M) with
Ev = Xy for all £ € g.

It is easy to arrange J(§) to be linear in £ (just pick a basis ey, ..., e, of g, construct maps J(e;), i =
1,...,r, and extend by linearity to all of g). Supposing such a linear map J : g — C°°(M) exists,
the map J: M — g* defined by

is called the momentum map of the action, where here (-,-) denotes the natural pairing of g* and
g. Note that momentum maps, when they exist, are not unique, since one can add any element of
g* to J to get another momentum map. For connected symplectic manifolds all momentum maps
can be obtained this way.

There is a useful criterion for deciding whether a symplectic action has a momentum map. For

convenience the proof of this standard result [OR04, Proposition 4.5.17] is reproduced below.
Proposition 2.6.1. Let (M,w) be a symplectic manifold and g a Lie algebra acting symplectically

on it. There exists a momentum map associated to this action if and only if the linear map

p:g/le. o] — H'(M,R),
[5] — [iéMW]a
is identically zero.

Proof. We must first show that p is well-defined. It suffices to show that i ¢,,w is exact, where
§, ¢ € g. Using the standard identity iy y] = Lx oiy —iy o Lx and the fact that the g-action is

symplectic,

i[§7C]MW = _i[ﬁM,CM]w
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= _(£§M o iCM - i(M 0 ‘CfM )w = _‘CSM o iCMw

_(d Olgy — iﬁM © d) 0l¢yw

= _d(iEM iCMw)’

which demonstrates that if ,,w is exact (and that [£,(Jar = Xo(er,cn))-
Now a momentum map J : M — g* exists if and only if for any € g we can write i¢,,w = d(J(£))
for some map J(§) € C°°(M). This is equivalent to [i¢,,w] = 0, which in turn can be written as

p([€]) = 0 for any ¢ € g. O

In the cases dealt with in this thesis, g will be taken to be semisimple (see discussion next
chapter). Then the First Whitehead Lemma for Lie Algebras ([Jac79], [GS84]) says that the first
Lie algebra cohomology group H'(g,R) is trivial, or equivalently g = [g,g]. It follows that map p
above is trivially zero, and hence a momentum map always exists.

Given a momentum map J, a natural question to ask is whether the map £ — J(&) defines a Lie

algebra homomorphism from (g, [-,-]) to (C*°(M), {-,-}). That is, whether

{J(£),J(O} = J([§,¢])  forall{,Ceg.

A straightforward computation shows this is the case if and only if
T,J(§ - x) = —adgJ(x).

A momentum map which satisfies this condition is called infinitesimally equivariant. As sug-
gested by the terminology, this is an infinitesimal version of the corresponding property for G-actions:

J is said to be equivariant if it satisfies the property
Jod, =Ad;-10J.
There are several situations in which an equivariant momentum map can be shown to exist. We

will simply state the results below, referring to [OR04] for proofs and definitions of relevant concepts.

Proposition 2.6.2. Let G be a compact Lie group acting symplectically on the symplectic manifold
(M,w), with associated momentum map J : M — g*. Then there exists a momentum map which is

equivariant.

Proposition 2.6.3. Let G be a Lie group acting symplectically on the connected symplectic manifold
(M,w), with associated momentum map J : M — g*. Define the map C : G — g* by

Clg) = J(®y(z)) — Ady-1 (J ().
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Then the definition of C is independent of the choice of x € M, C defines a g*-valued 1-cocycle on

G, and an equivariant momentum map exists if and only if [C] is trivial in H'(G,g").

Since we will be dealing with compact Lie groups in this thesis, the first of these propositions is
sufficient. However, if G is semisimple (which will also be the case in this thesis), then the Whitehead
Lemma for Lie Groups says that H(G,g*) = 0. So an equivariant momentum map is guaranteed

to exist in this case also, provided M is connected.

Proposition 2.6.4. If G is semisimple and M is connected, then there exists a unique equivariant

momentum map.

Proof. From the previous discussion, we already know that an equivariant momentum map J exists,
and we just need to establish uniqueness.

Suppose J' is another equivariant momentum map. Then for any & € g, d(J(§) — J'(§)) =
ig,,w—1ig,,w = 0. Since M is connected, this implies that J(§) — J'(£§) = ¢¢, a constant on M. Since
J(&) and J'(§) are linear in &, so is ¢¢, and we can write J —J' = p for some p € g*. Equivariance
of J and J' imply that u = Adz_lu for all g € G. Taking the derivative, we get —adz w =0 for all
ey

Since g is semisimple, the First Whitehead Lemma for Lie Algebras implies that g = g, g].
So every element of g can be written as a linear combination of elements [¢, ¢]. Since u([¢, ¢]) =

(adgp)(¢) = 0, p vanishes on g. Therefore = 0, and J = J'. O

2.7 Notation for projections, inclusions, and restrictions

Suppose we have a free, proper symplectic G-action on a symplectic manifold M, with corresponding

equivariant momentum map J. Define an equivalence relation R C M x M by
(r,y) € R <= y = h-x for some h € Gy(y).
The R-equivalence class containing z is just Gy, - z. Let

oc: M —

lIS

denote the corresponding quotient map. So o(z) = Gj(,) - . Also, define

M
M= —
m G

to be the projection onto the G-orbits of M, i.e., m(z) =G - x.
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For
weI(M) C g,
M
en(M)=—
aen(M) =",

O € {coadjoint orbits of J(M) C g*},
introduce the following inclusions

i© 1 J7H0O) = M,
i* I () = M,

i a) = M,
along with

"% J7H0) = J7H0),
i%9 17 (a) — J7HO).

Explicit specification of the codomain will be important when discussing smoothness of the various
inclusions.

Additionally, we introduce the following restrictions of J : M — g*,

J° 7Y 0) = 0,
J#:J () = O (which is trivial),

Je: 77 a) = O,

and restrictions of 7 : M — M/G,

7 1710) » 19,
w7y - T
7% a) = J_CE,O) (trivial).

The equivalence relation R is restricted similarly,

RO :=RN(J7HO) x I7H0)),

RE=RN (I () x I (),



18
R*:=RN (I a) x I (a)).
Since R-equivalence classes through points of J=!(u), 7=%(a), and J~1(O) are subsets of those

sets, the space M /R of R-equivalence classes restricts to J™*(u)/R*, 71 (a)/R?, and J~1(O)/R®

respectively, and the projection map

M
M= —
7 R
restricts to the projections
- J~H0)
A I (O I —Ro
I~ (p)
n. 1—1
g J (,LL) R’“‘ ’
—1
a —1 ™ (CL)
.
o7 (a) — Ra

Finally, we will occasionally denote the restrictions of the symplectic form w to J=1(0), J=1(u),

and 7~1(a) in the analogous manner,

2.8 Smooth structures on inverse images and their quotients

In this section we discuss the submanifold properties of the sets J=1(0), J=1(u), and 7= (a) and

their various quotients. The main technical result employed is the Transversal Mapping Theorem

281

2.8.1 Transversal mappings

The smooth map f: M — N is said to be transversal to the immersed submanifold S of NN if, for

every & € f~1(S) we have that (T, f)(ToM) + TS = Ty N.

Proposition 2.8.1 (Transversal Mapping Theorem). Let f : M — N be a smooth map

transversal to the immersed submanifold S of N. Then:

(i) There is a smooth manifold structure on f~1(S) with respect to which the inclusion f~1(S) <
M is an immersion and such that the map f~*(S) — S obtained from f by restriction is a

submersion.
(ii) If S is an initial submanifold of N, then f=1(S) is an initial submanifold of M.

(iii) If S is an embedded submanifold of N, then f~=1(S) is an embedded submanifold of M.
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In all three cases we have that T, (f71(S)) = (Tof) ™" (Tf(m)S) for all z € f~1(S), implying in
particular that the codimension of f~(S) in M equals the codimension of S in N.

Proof. See [OR04, Theorem 1.1.15] and references therein. O

Corollary 2.8.2. Let f : M — N be a submersion. Then for every n € N, f~1(n) is a
closed, embedded submanifold of M, with T, (f’l(n)) = ker T, f for all x € f~Y(n). In particu-
lar, dim f~!(n) = dim M — dim N.

Proof. Take S = {n} in the Transversal Mapping Theorem. Closedness of f~!(n) follows from that
fact that {n} is closed in the locally Euclidean (and hence T}) space N. O

2.8.2 Application to the momentum and projection maps

Recall that a smooth function f: M — N is said to be regular at v € M it T, f : T, M — Ty, )N

is surjective. If f is regular at every point in M, then it is by definition a submersion.

Lemma 2.8.3. Suppose we have a left G-action on a symplectic manifold, with corresponding (not
necessarily equivariant) momentum map J. Then p is a reqular value of J if and only if g. = {0}

for all x € J=Y (). In particular, if the G-action is free, then J : M — g* is a submersion.

Proof.

J is regular < T,J is surjective
e {eg[(T:I(X2),§) =0 VX, € T, M} = {0}
e {{eg|dJ(§(X:) =0 VX, € T,M} = {0}
s {Eeg|w(é o, X,) =0 VX, € T,M} = {0}
< {£e€glf-2=0}={0} (= by nondegeneracy of w)

O

Proposition 2.8.4. Let J : M — g* be a equivariant momentum map corresponding to a free

G-action on M. For arbitrary p € J(M) C g*, a € M/G, and coadjoint orbit O C g*,

(i) J=Y(p) is a closed, embedded submanifold of M ;

(ii) m1(a) is an initial submanifold of M, is closed if the G-action is proper, and is embedded if

M s second countable;

(iii) J=Y(O) is an initial submanifold of M and J© : J=Y(O) — O is a submersion. Further, if G
is compact, then J~1(O) is an embedded submanifold of M ;
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(iv) if the G-action is proper, there exists a smooth structure on % that makes 7© : J=1(O) —

1(0) a submersion
e .

Proof. (i) By Lemma J is a submersion. Then by Corollary J7 (1) is a closed,
embedded submanifold of M.

(ii) Follows from the discussion of Section

(iii) For general G-actions, O is an initial submanifold of g*. Since J is a submersion, in partic-
ular it is transversal to O and so Proposition m (i) tells us that J=1(O) can be given a
smooth structure which makes it an initial submanifold of M, and makes J© : J71(0) — O a

submersion.
O is embedded if the coadjoint action on g* is proper, which occurs if and only if G is compact.

So if G is compact, [2.8.1] (iii) tells us that J=1(O) is an embedded submanifold of M.

(iv) By part (iii) and Proposition the proper G-action on M restricts to a proper G-action
on J71(0O). Applying Proposition the result follows.
O

Proposition 2.8.5. Let p € J(M) C g*, a € %, and let O C g* be a coadjoint orbit. Then:

-1 —
i) There exists a smooth structure on *=%) that makes o : J-1 g () a submersion.
TR 1% K

m—(a)

=a @ submersion.

—1
(i) There exists a smooth structure on ﬂniy) that makes o : 7 1(a) —

—1 -1
(iii) There exists a smooth structure on Rgo) that makes 0© : J=1(O) — 2 REDO) a submersion.

Proof. (i) Proposition m (i) implies that J=1(p) is an embedded submanifold of M for every
p € J(M) C g*. Since the coadjoint isotropy group G, is closed for each p, Proposition m
guarantees the existence of a smooth structure on the quotient space % = % which

"

—1
makes ot : J71(p) — 2 RS“) a submersion.

(i) Propositionm (ii) says that 71 (a) is a closed, initial submanifold of M for any a € 2%. Tts

smooth structure is derived from that on the Lie group G via the bijection
gEG— g-x0 € a),

where zg is any element of 7~ 1(a). If J(z¢) = p, the R-equivalence class through a point
g-wo € 7 1(a) is
GJ(g»wo) *g-To = GAd;‘ilp, g To = gGu *Zo-

L ()

Since G — G/G, is a submersion, the quotient space “—,— carries a smooth structure making

1
o1 (a) = TFR*(@ a submersion.
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(iii) Let € J71(O), and write p = J(x). By part (i), o : J=Y(u) — % is a submersion,

so there exists a smooth local section ¢ : V C % — J7(u) through x € J=1(u) [Lee03,
Proposition 7.16]. Also G — G/G,, is a submersion, so there exists a smooth local section

s:U C G/G, — G through e € G. Define f : U x G, x V.= J~}(O) by
f(u, by v) = s(u) - h-t(v).

f is smooth, since it is smooth as a map to M, and J~1(O) is initial in M.

f is injective: suppose f(u, h, v) = f(u', h’, v'). Since h-t(v) and A’ - t(v') are both in J=1(p),
we must have that s(u’) = s(u)l for some | € G,,. Since s : U C G/G,, — G is a section, this is only
possible if | = e and w = «/. Then h-t(v) = h' - t(v'). Since t : V C %ﬁ“) — J71(u) is a section,
this is only possible if h = b’ and v = v'.

The point f(u, h, v) has momentum Adj,,-1J(h - t(v)) = Ad,,)-1p, with coadjoint stabilizer

GAd*( T Ad,(u)Gp- Hence the o9-fiber through f(u, h, v) is
AdyyGp - s(u) - h-t(v) = s(u) - Gy - h-t(v) = s(u) - G, - t(v) = f(u, G, v),

and so f induces a function fr : U x V — J_;SQO). By choosing coordinate charts on U C G/G,,

—1
V! R,E“ ), and a neighborhood of the identity in G, and composing their inverses with f and fz,

we can define coordinates ¢ about 2 and coordinates pr about 0@ (z) with respect to which 0© has

the representation
(pro o© o 90_1)(0'7 b, ¢) = (a, c),

-1
implying that ¢© is regular at . Since x € J~'(O) was arbitrary, 1O can be given a smooth

RO
-1
structure such that ¢© : J=1(O) — J RE?) is a submersion. O

2.9 Relationships between the inverse images

From here on we assume we have a free, proper G-action on M, with corresponding equivariant

momentum map J.

First note that for (u, a) € O x JilG(O), G-equivariance of J implies that 7=1(a) N J~1(u) # 0.

Proposition 2.9.1. Let O C g* be a coadjoint orbit, and (u, a) € O X J_IGEO). Then for any

r €7 (a) NI (p),

(i) To(371(0)) = Tu(n (@) + Tu (37 ()
(i) 72(@) NI (1) = G, - a;

(iii) the submanifolds 7= (a) and J=1 () intersect cleanly, i.e., To(m = (a)) N Tp(J~ (1)) = g, - z;
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(iv) Tp(m=(a))® = Tp(J7L(1)), where - denotes the symplectic complement;
(v) T:(J7H0)) =g - .

Proof. (i) By G-equivariance of J we have that J=1(O) = G - J=(u), which proves the inclu-
sion T,.(771(a)) + T (J (1)) C To(J71(O)). Conversely, suppose X, € T,(J~1(O)). Then
X, € (I,J)"Y(T,0) (by the Transversal Mapping Theorem , ie, T,J(X,) € T,0,
so T.J(X;) = —adgp = TpJ(§ - x) some & € g Hence X, — & -2 € kerT,J, proving
that X, = (X, —&-a2)+ &2 € ker T, J + ker Tom = Tp(J7H(p)) + Te(n~t(a)). Hence
T:(J7H0)) € Tu(r~ () + Tu (I~ (1))

(i) yen Ha)NJI Y (u) <= y=g-xforsomege Gand Ad,sp=J(g-z)=p <= y=g-x

for some g € G-

(iii) Xp € Tp(r ' (a)) N Tp(J7 (1)) <= X, =&z for some z € g and —adip = T,J(§ - z) =

0 < X, =¢ x for somex € g,.

(iv) we(§ -2, Xy)=0forall{ € g < d(J(§))(X,)=0forall{ €g — T,J(X,) =0 —
X, € To(J7H ().

(V) To(J7H(0))* = [To(n(a)) + T3~ (W))]" = Tu(m='(a))* N To(J (W) = Tu(I () N

Recall that a p-form S on a manifold S is said to be degenerate at x € S along X, € 1,5 if
ix, Bz =0.

Corollary 2.9.2. (i) (i*)*w is degenerate at x € J~'(p) along g3(z) - © = gy - .
(i) (i%)*w is degenerate at x € 7~ (a) along gy - .
(iti) (i1°)*w is degenerate at x € J=1(O) along gy () - .

Proof. The restriction of w to a submanifold S has degeneracy directions at x € S equal to 1,5 N
(T,S)*. Hence (i), (ii) follow from Proposition [2.9.1] (iii) & (iv), while (iii) follows from Proposition
2.9.1] (v). O

2.10 Preservation of submanifold properties under submer-

sions

2.10.1 Properties of immersions, embeddings, and submersions

We will employ the following results several times in the sequel.
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Proposition 2.10.1. Suppose S C T C M are manifolds.
(i) If S is immersed in M, and T is initial in M, then S is immersed in T.
(i) If S is initial in M, and T is initial in M, then S is initial in T.
(iii) If S is embedded in M, and T is initial in M, then S is embedded in T.
Proof. For A C B, let i4,p : A — B denote inclusion.

(i) S immersed in M implies that ip pr0isr = isa S — M is smooth. Since T is initial in M,

it follows that is 7 : S — T is smooth. Hence S is immersed in 7.

(ii) Let f: P — S be a map. First suppose f is smooth.Then ip asoisrof =igmof: P — Mis
smooth. Since T is initial in M, ¢grof : P — T is smooth. Conversely, suppose igrof : P =T
is smooth. Then isp o f =irpmoisro f: P — M is smooth. Since S is initial in M, it

follows that f: P — S is smooth.

(iii) 7 immersed in M implies that the T2 C Tr, while S embedded in M means T = Ts. So
iftU € Tg C'EM = U=VNnSsomeV €Ty. Since SCT,U=VnS=(VnNnT)NS.
VﬁTETTM C Tr, and so UETg. Hence Tg CTéT.

However, since i1 ar 0 is,0 = tg0 : S — M is smooth and T is initial in M, it follows that

igr : S — T is smooth. So Tg Cc Ts.

O
Proposition 2.10.2. Let p: A — C be a surjective submersion, q : B — D a smooth map, and
F: A— B a smooth map which maps p-fibers into q-fibers, i.e.,

for all c € C there exists d € D such that F(p~'(c)) C ¢~ *(d). (2.1)

Then
(i) there exists an smooth map f : C — D making the following diagram commute:

F

A B

C D

Suppose in addition F satisfies the stronger condition

for all ¢ € C there exists d € D such that F(p~*(c)) = ¢~ *(d). (2.2)
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We further have that

(i) if F is injective, then f is injective.

Suppose in addition q : B — D is a surjective submersion.

We further have that

(iii) if F is an injective immersion, then f is an injective immersion;

(iv) if F is a regular immersion, then f is a regular immersion;

(v) if F is an embedding, then f is an embedding;

(vi) if F is a submersion, then f is a submersion.

Proof. (i) Define f(c) = q(F(a)) where a is an arbitrary element of p~*(c). By condition (2.1))

(i)

(iii)

this is well-defined.

To prove smoothness of f use the fact that about ¢ € C there exists a local smooth section
s:U C C — A (see for example [Lee03, Proposition 7.16]). Then f|y = go F o s, which being

the composition of smooth maps is itself smooth.

Suppose f(c1) = f(e2). So q(F(a1)) = q(F(az)), where a; € p~!(¢;), i.e., F(a1) and F(az)
belong to the same g-fiber in B. Condition and the injectivity of F' imply that a; and as

are in the same p-fiber of A. Hence p(a;) = p(asz), i.e., ¢1 = ca.

Let ¢ € C, and suppose T.f(U.) = 0 for some U, € T,C. Take a € p~!(c) and X, €
T, A such that T,p(X,) = U.. The identity q o I’ = f o p differentiates to Tpq)q o ToF =
Tpa)f o Tap. Applying to X, gives Tp(q)q(ToF(X,)) = 0, which implies that T,F(X,) €
ker Tr(q)q = Tra)(¢~"(d)) by the Submersion Theorem, where d = q(F(a)) = f(c). Hence
Xo € (ToF) " (Tr(a) (g1 (d))), which equals T,(p~!(c)) by condition and the injectivity
of F. So X, € T,(p~'(c)) = ker T,p, implying that U. = T,p(X,) = 0. So T.f is injective,

proving f is an injective immersion.

Suppose g : N — C' is a function such that fog: N — D is smooth. We want to show
that ¢ is smooth. For any n € N pick a smooth section ¢ : V. — B about f(g(n)), and
define V' = (f o g)~%(V). Then to foglys : V' — B, being the composition of smooth
functions, is smooth, and since ¢(F(A)) = f(p(A4)) = f(C), it has image contained in F(A).
Since F is a regular immersion, the map F~*oto foglys : V' — A is smooth, hence
poF lotofogly: : V! — C is smooth. On F(A), po F~! = f~' o ¢ and so this map is

f~togoto fogl|y, which is just g|y. Hence g|y+ is smooth, and so g is smooth.
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(v) Let Ts denote the intrinsic topology on a manifold S, and let 7d' = {V N S|V € Tr} denote
the topology induced on S by the larger manifold 7' > S. We need to show that f(7¢) = 7}(0).

’T(C) C f(7¢) by the continuity of f (note f(f~1(V)) =V N f(C)).

Conversely suppose U € T¢. Then p~!'(U) € Ta. Since F is an embedding, F(p~'(U)) =
ONF(A) for some O € Tg. F(A) is saturated by condition (i.e., F(A) = ¢~ Y(q(F(A))),
and so q(F(p~1(U)))) = ¢(O N F(A)) = ¢(O) N q(F(A)). Using go F = f op, this gives
FU) =q(0)n f(p(A)) = q(O) N f(C). Since q is a surjective submersion, it is open ([Lee03]
Proposition 7.16]), and we have that f(U) € 7}’:(’6,)

(vi) Since F is a submersion, so is ¢ o F'. By commutativity of the diagram, f o p is a submersion.

Then since p is a submersion, f must be a submersion.

O

2.10.2 Application to quotient spaces under the group action

To avoid redundancy in the statement of conditions, from now on it will be assumed that any time
-1
w € g* and O appear in an expression, p € O. Likewise any time a € % and O appear, a € (O).

Proposition 2.10.3. (i) 2 fﬂ) is an embedded submanifold of R(O).

(i) R(a) is an initial submanifold of J;;EQO) , and embedded if M is second countable.

Proof. (i) Since J7!(p) is embedded in M, and J~1(0) is initial in M, Proposition [2.10.1] (iii)

implies that i##'© : J71(u) — J71(0O) is an embedding Then Proposition [2.10.2| (v) guarantees
I ) (O)

the existence of an embedding i%’o making the following diagram commute:

RH
i
I ) - J7H(0)
ot o©
17 () A (%)
RH RO

(ii) Since 7~!(a) is initial in M, and J=1(O) is initial in M, Proposition[2.10.1{(ii) implies that i%®
77 Ya) <= J71(O) is a regular immersion. Proposition [2.10.2] (iv) guarantees the existence of

a regular immersion ’L%O : % — J_l(o) making the following diagram commute:
Z’a7(9
7 (a) < - 171(0)
a? a©
™ (a) i 171(0)
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Mutatis mutandis, the argument in the second countable case is the same.

2.11 Foliation reduction

Suppose the coadjoint-action stabilizer groups G, are connected. This holds, for example, when G
is both compact and connected [DK00, Theorem (3.3.1) (ii)]. In this case, symplectic reduction can
be seen as an application of foliation reduction, which is described in this section. We adopt this
viewpoint since it will be used later to “lift” symplectic reduction to prequantization U(1)-bundles
over the symplectic manifold M, and give a quantum analogue of symplectic reduction.

The important features of foliation reduction are given by the following theorem.
Proposition 2.11.1 (The Foliation Reduction Theorem). Let 8 be a differential p-form on a
manifold S, and define the characteristic distribution N of 8 by

J\fS = {XS S TsS|iXSBs =0 and lxg(dsﬁ) = O}

for any s € S. Assume that N defines a smooth vector subbundle of TM. Then:
(i) N is involutive, and hence has defines a foliation N on S.
(i1) If the leaf space SN can be given a smooth structure such that the map 7 : S — S/N is a
submersion, then there exists a unique differential p-form By on S/N satisfying

(mA)* Bar = B

(i) If dB = 0, then dBax = 0, and By is nondegenerate.

Proof. (i) Let X, Y e I'(TN) C T(T'S). The definition of N and Cartan’s magic formula imply
that
Lxp=d(ixp)+ixdB =0,

and hence

ix,y18=[Lx,iy]3=0.

It follows that [X, Y] € I'(T'N), and so N is an involutive distribution. The Global Frobenius
Theorem [Lee03 Proposition 19.21] then says that the maximal connected integral manifolds

of N form a foliation A of S.

(ii) Define By as follows: for a collection Vi € T,(S/N) i = 1,...,p, let s € (mn)"!(u) and
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Y? € T,S such that Tymar (V) = VP (such Y's exist since mar is a submersion). Then

u

BV, VE) = By(Y2, .. YP),

We must show that By is well-defined. Suppose t € (mar) " (u) and Tympr(Z)) = Vi, i =

1,...,p. Then s and ¢ are in the same leaf of the foliation A/, and so t = ¢(s) where ¢ is a

diffeomorphism consisting of a finite composition of flows exp(X™)oexp(X" 1) o...oexp(X?)
generated by vector fields X7 € T'(T'N). As shown in part (i), each X7 satisfies £ 3, which
implies that exp(X7)*8 = 3 Vj and hence ¢*3 = 3. Also the flow ¢ preserves the leaves of A/,

and so mar 0 ¢ = mar. We then have that

58(1/513 sy Ysp) = (Qo*ﬂ)s(Y;l? ) Ysp)
= /Btp(s) (Tu‘i(p()/al)a te 7TS<)O(Ysp))

Using Ty, (syTar 0 Tsp = Ts(mar 0 @) = T, the terms in square brackets project to zero under
Timar, and so must lie in Vg, and in particular are directions of degeneracy for 3;. It follows

that
55(}/51?- o a}/;p) = Bt(Ztl’ o "th>’

proving the well-definedness of 8. The defining equation for Sy can be rewritten as

(BN)ﬂN(S) (TSWN(Y;)’ o Tma (YY) = Bs (Ysl’ cL YD),

i.e., (ma)*Ba = B. Since myr is a submersion, this identity implies that Sy must be unique.
(i) (mp)*By = B = (mn)*dBa = d(7n)*By = dB8 = 0 by assumption. Since mpr is a
submersion, it follows that dgx = 0.

Now suppose V,, € T,,(S/N) is such that iy, (Bx) = 0. Pick Y5 € TS such that Tsmar(Ys) =
V.. Then

iy, Bs = iv, ()" Ba)
=iy, (Temn))* (BN mne(5))
= (Tsmar)* (iv,, (Ba)u)

=0.

Also iy, (dsf) = 0 automatically holds since 8 is closed. Hence Y; € N, and so V,, =
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Tsma (Ys) = 0, proving Sar is nondegenerate.

2.12 The foliation-reduced symplectic manifolds

© = (i9)*w of the sym-

By the commutativity of exterior derivative and pullback, the restriction w
plectic form to J71(0O) is closed, and so its characteristic distribution equals its directions of de-
generacy. Corollary (iii) tells us that at a point z € J~1(O) these directions are precisely
9J(x) - - Assuming connectedness of the coadjoint-action stabilizer groups Gy(;), the characteristic
distribution defines a foliation of J=(0) whose connected leaf through x is Gj(x) * ©, which is the
equivalence class of z under the relation R®. We therefore use the same notation R to also denote
the foliation generated by the characteristic distribution. Similarly, since the degeneracy directions
of w* = (i*)*w and w® = *w are [2.9.2] (Corollary 2.9.2] (i), , the characteristic foliations of
these forms are denoted R* and R®.

It will also be useful to introduce a notation for the individual leaves of the foliation R®. Recall
that the leaf through a point € J~1(0) is simply Gj(z) -, and by Proposition (ii) this is the
set 77 1(a) NI~ (), where a = 7(x) and pu = J(x). So for arbitrary (u, a) € O x Jiléo), define

R = 77 Ha) NI (p).

Then R = {R+9) | (4, a) € O x 2 (0)} R1:9) can be viewed in two ways: as a subset of J71(O),

—1
J REQ ). The intended interpretation will be clear from the context.

or as a point in the leaf space
The union of R® for all coadjoint orbits O will be denoted R (again, consistent with the notation
for the equivalence relation), and will define a generalized foliation of M, in the sense that the

dimension of the leaves of R are not constant.

We have seen (Proposition m (iii)) that 2 ( ) can be given a smooth structure which makes

o® :J7H0) - J;go) a submersion. Given thls, The Foliation Reduction Theorem (Proposition

2.11.1) tells us that there exists a nondegenerate, closed 2-form wg (i.e., a symplectic form) on

J;EQO) satisfying w® = (o

O)*w%
Similar reasoning applies to the 2-forms w* = (i*)*w and w® = (i*)*w. In summary, we obtain

the following result:

Proposition 2.12.1. (i) There exists a symplectic form wg on J;;EQO) satisfying w® = (o

(ii) There exists a symplectic form wh on J;Eﬂ) satisfying w' = (o#)*wh .

L )
Ra

141) There exists a symplectic form w% on satisfying w® = (o%)*ws.
R R
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1 1
Note. We point out that since JRifL“) = G(“) the symplectic manifold ( R,(f ), why) is the usual

Marsden-Weinstein quotient (see for example [MMO™07]). Hence foliation reduction on J~!(u) is

equivalent to the usual point reduction ([MMOT0T7|) picture. We will demonstrate in Section

that foliation reduction on (J;EQO), w¥) is equivalent to the orbit reduction ([MMOT07]) picture of

symplectic reduction.

Since wg, why, and w% are obtained by “quotienting out” the same fibers R, the latter two are

restrictions of the first. Formally, we have

J_(0)

Corollary 2.12.2. (i) wi = (i%o)*wg, where iR is the embedding of R(”) into o

—1
i) w3y = (i%9)*wD, where i%° is the reqular immersion o 7(1(1) into 29
R R R R 9 R R

Proof. (i) Applying (i*©)* to both sides of (i®)*w = (¢©)*wg, we get
(1° 0 ") 'w = (69 0 " O)* WG,

Now i 0i#© = i# and consulting the commutative diagram in Proposition [2.10.3| (i) we recall

the relation 0@ o i*© = i%o o ot. So the above identity becomes

(i*)w = (7 0 o) wR.
Using (i*)*w = (o#)*wh this becomes
* 1,0
(0") wi = (0")" (i) wR.

o" being a submersion then implies the result.
(ii) Similar, using 6@ 0i%© = zRO o ¢® from Proposition [2.10.3| (ii).
O

1
Rﬁg‘”, w8) has two distinct foliations by symplectic

Oy (o),

Hence the reduced symplectic manifold (2

{w; ga)

where the symplectic form on each leaf is just the restriction of w% to each leaf. These two symplectic

submanifolds,

foliations are dual in the following sense.

Proposition 2.12.3. Let (4, a) € O x (0) for some coadjoint orbit O. Conszdermg W) g

R
ﬂ;éa) as submanifolds of J;EQO) , we have that

(i) R(a) and ]RS’L) intersect at precisely one point, namely R ;
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% at R is a direct sum of the tangent spaces to @) g J;ﬁf‘) ,

(i1) the tangent space to e

Jfl O -1 Jfl
TR < RE9 )> =Trua (WR,EG)> D TR < R/(ft)> ;

(iii) the factors in the tangent space decomposition in part (ii) are symplectically orthogonal, i.e.,

o
7 a)\“* J-1
TR(F‘&”’) ( R‘(l )> = TR(#»@) ( RE‘M)> .

Proof. (i) The set m—1(a) is foliated by R-leaves, and the set 7 (@ i5 the collection of these

i.e.,

R(l
leaves,
-1
WR((la) = {R(V’“) Ve (9}.
Similarly % can be written as
I~ () J710)
= ¢RWD) |p :
Rv e

These two sets intersect at the point R @),

(ii) Let z € J71(O) be any point of (¢@)~ (R (= R considered as a subset of J~(0)).
Proposition m (i) says that T,(J7Y(O)) = Tp(n 1 (a)) + Tp(J~(1)). Applying T,c® to
both sides yields

J~HO -1 J-1
TR e < REQ )> =Trw.a (WR((;“)> + TR (7;#)) )

and the sum is direct by part (i).

(iii) Proposition [2.9.1] (iv) says that T, (7~ !(a))® = T(J~' (1)), and since the latter is a subspace
of T,,(J71(0)), we can instead write

To(r™(a)*" =TI (1).
The result now follows easily from w® = (09)*wg and the identities

7 a 1
T,0° [To(r'(a))] = Truo (R‘(l)) and T,0© T3 ()] = Troww <J ,u)> ’
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2.13 The reduced group action, projection, and momentum
map

Equivariance of J says that for € M, J(g-2) = Adj-1J(z), and hence the coadjoint stabilizer
groups corresponding to @ and g - x are related by Gjy.0) = Gaar_ 3x) = AdgGy(z). Applying
g € G to the entire G j(,-orbit through z, we get

9 Gy - v = (AdyGy) gz = (GAd;ﬂJ(mO (g ).

These orbits are precisely the leaves of the foliation R. In other words, the G-action on M preserves

-1
R. Restricting to J=1(0), RO is preserved, and so we can drop the G-action to the space J REQO).

Denoting the G-action on J=1(O) by ®©, we have the following result.

Proposition 2.13.1. There exists a smooth, symplectic G-action fbg on (J;SQO), wg) making the

following diagram commute,

(I)O
G xJ1H0) - J7H0)
idg x o© o©
J71(0) R J7H0)
G x RO > RO

Proof. As previously discussed, since J~1(0O) is initial in M, the smooth action ® restricts to a
smooth action ®°© on J~1(O). The existence of % follows from Proposition (i) and the fact
that ®9 preserves RC.

The action properties of ®9 follow from the action properties of ®°, and commutativity of the
diagram.

The symplectic property follows from the symplectic property of ®©
((bé(?)*w(’) — w(’)’

the identities 0@ 0 9 = (@), 00 and w® = (6°)*wR, and the fact that ¢© is a submersion. [

Note that the diagram in Proposition expresses the G-equivariance of ¢© with respect to
the unreduced and reduced G-actions ®© and @%. Also note that unlike the unreduced action, the
reduced action is not free: any element of Gy, will act trivially on the RO leaf G J(z) + T through
r € JHO).

Since we have a smooth G-action on the reduced space J;(@O), it is natural to consider the

J;SQO) by G. Since the “points” of % are themselves orbits of a subgroup of G in

quotient of
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-1 : T B (%)
J71(0), this space agrees with 5=, and we have

fs , ot 0.1 0 _, J71(0) -
Proposition 2.13.2. The reduced G-action has a projection map 73 : —xo—+ — “—¢— making the

following diagram commute,

J71(0)

(2.3)

Further, w% 18 a surjective submersion.

Proof. Proposition says that 7€ : J71(O) — % is a submersion. Then applying Propo-
sition [2.10.2 (vi) with F' = idy-1(¢), and noticing that each leaf of RC is contained in a G-orbit in

J71(0), we get the existence of the submersion 7%, which is surjective since 7© is surjective.
-1
For a € JT(O)

the second-to-last line following from the surjectivity of 0. Since wo_l(a) is a G-orbit in J=1(0),

— — —1
and 0@ is G-equivariant, it follows that 7% 1(a) =09(x® 1(a)) is a G-orbit in 2 RSQO). O

Note. In particular, we have that Wg_l(a) = ao(wo_l(a)) =09 (a)) = ”_nga).

-1 -1
Proposition 2.13.3. 71'7(% restricts to a diffeomorphism mly : JREL”) - 2 GEO) which makes the

following diagram commute,

I~ ()
o’ ™ (2.4)
I () S (%)
RH (7.‘.%)—1 G

Proof. By G-equivariance of J, J71(0) = G - J71(n). So n(J71(n)) = 7(J7H0)) = %,
demonstrating that 7# is surjective. 7€ : J=1(0) — % is a submersion (Propositionm (iv)),
and for any z € J71(u), T,(J71(0)) = Tu(m"1(a)) + To(J~ (1)) = ker Ty + T,(J71(p)), where
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a = m(x) (Proposition m (1)), so 7@ remains a submersion when restricted to J=1(p), i.e., 7 is

a submersion. The fiber of 7# through z € J=1(u) equals
G, r=7n"a)NJ (u) = Ra)

where a = m(x). This agrees with the fiber of o# : J=1(u) — % through x. Hence both

surjective submersions in Diagram have the same fibers. Applying Proposition [2.10.2 (vi) with
F =idj-1(,), in both directions, implies the existence of the submersion mf and its inverse. Hence

/s is a diffeomorphism. Comparison with Diagram makes it clear that 7/ is the restriction of

—1
-1
Also since we have a G-action on the reduced symplectic manifold (J REQO), w%), it is natural to

ask whether there is a corresponding momentum map, and whether it is equivariant with respect to
the G-action. The answer to both questions is yes.

—1
Proposition 2.13.4. The reduced G-action has an equivariant momentum map J% . RE?) Y

making the following diagram commute,

Further, J% is a surjective submersion.

Proof. Existence of a submersion J§ satisfying the commutative diagram follows from Proposition
(vi) with F' = idj-1(¢), and the fact that each RO-leaf is contained in some level set J~1(u)
of the momentum map. Since J© is surjective, so is J%.

The G-equivariance of 0© implies that for £ € g, the infinitesimal generators £;-1(0) on J71(O)

and &5-1(0y/ro on J7HO)/RC are o-related, i.e.,

TUO Ongl(o) = ngl(O)/Ro ] O'O.

Hence we have that

o0 . ] : @] (@}
(0)" (i€,-100)m0@R) = i€y-10) (07) R
s (@)
= 15.]71(0)(.0
=d(J°, ¢

=d(JR 00®, ¢)
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=d((c9)"(JR, ©)
= (09)"d{JR, &)

(@]

Since o% is a submersion, it follows that

: [ [
1€J71(o)/RowR = d<JR’ £>’

implying that J is the momentum map for the reduced action.

Finally, G-equivariance of J% follows from the G-equivariance of J and ¢©, and the fact that

o9 is a surjection. O

Note. In particular, we have that J%fl(ﬂ) = UO(Jofl(u)) =9I Y p) = J;Ef‘).

m_(a)

ma— — O making the following

Proposition 2.13.5. J% restricts to a diffeomorphism J%

diagram commute,

7 (a)
/ \ (2.6
7 1(a) J% 2o
s (%)

Proof. The argument is similar to that in Proposition and so the details are omitted. [
Corollary 2.13.6. In terms of the notation for individual R-leaves,

(i) the reduced G-action satisfies g - R\ = R A1) ;

(ii) the reduced projection satisfies TS (RW)) = a;
(iii) the reduced momentum map satisfies JQ(R*)) = p.

Proof. (i) The action of g € G on the leaf space is

g RO = g (m7Ha) NI (1)) = 77 (@) N (A ) = RS-,

(ii) Considered as a subset of J~'(0), any point of € R#*® has 7°(2) = a. Therefore

TQ(RWD) = q.

(iii) Considered as a subset of J~'(0), any point of x € R"*% has J9(x) = u. Therefore
JRR®) = pu.
O
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2.14 The canonical symplectomorphism
In this section, we glve a proof that (- 7;590), w¥) is canonically symplectomorphic to the cross

(a) W
’Ru

product ( , wh @ why) of any two of its transverse symplectic submanifolds. This is

accomplished by demonstrating that both manifolds are symplectomorphic to the manifold O x
D(%)
G

, with a suitably defined symplectic form. We follow this line of proof in order to make
contact with the orbit reduction picture of symplectic reduction. Later in Section [6.1.1] we give

another “direct” proof, which can then be lifted to the prequantum U(1)-bundles.

Using the diffeomorphism J3 : W;(Ea) — O, the symplectic form w$ can be pushed forward

—1 1
to a symplectic form on O. Similarly, using 7l : J Rff‘ ) 2 Ggo), why can be pushed forward

M () I_H0)
G G

to
171(0)
(1, @) € O x —=.

. It turns out that the resulting symplectic forms on O and are independent of

Proposition 2.14.1. (i) (J%).w% = (J%).wh for all a, be 242

(ii) (7l )swh = (1% )w% for all p, v e O.

Proof. (i) At any point R e T 7o, . Je (¢ RE) = —adf(J%(R™)) = —adfv.

Therefore

(J%)wh), (—adiv, —adfv) = (Wh)gw.e (5 SR ¢ R(y,a))
= (@A) g (¢ ROV)
= (Tren IR (¢ R&), €)
< ad? (T (RW®)), §>
= & <)

— (wo)(—ady, —adfv),

where wp is the KKS form, introduced in Section So (J%)«w$ = we, independent of

()
a € remt

(ii) Let g € G be such that v = Adj-1p. Then g- RE“) = J;l(,u) and g- w9 = wg together imply

that g-wh = w%. Applying (7% ). to both sides, and using the fact that 7% o o(®9), |J—1(u)/7€l" =

mly yields the result.

We denote the common pushforward 2-form from [2.14.1} (i) as wj-1(0)/g. We have that

e J% is a symplectomorphism from (”;CE“), w%) to (O, we), and

e 7y is a symplectomorphism from (J;Ef‘), w%) to (JAGSO), UJJ—l(O)/G).
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For a Cartesian product A x B, let p4 : A X B — A denote projection onto the first factor, and

similarly for pp. Define

*

wi G wy 1= (Pwﬂ(a)) wk + (Prlm) W
Ra R
and similarly for wo @ wy-1(0)/g- Then the two statements above can be combined to say

Corollary 2.14.2. J% x wh is a symplectomorphism from (% X m, wh @w%) to

RH
-1
(O X J G(¢O), wo @WJ—I(O)/G).

-1
We wish to demonstrate that the latter space is symplectomorphic to (J RSQO), wg) To this

end, consider the map qb% defined by

7o)
RO G '’

gbg = (Jg X 7'(‘7(%) OA%Z

where AQ : J_;SP) — J;EQO) X ‘]_;go) is the diagonal inclusion AQ (R = (R®?), R("b)). Being
the composition of smooth functions, A% is itself smooth. We will demonstrate that QS% is the
required symplectomorphism.

We first prove the following lemma:

s J710) _ ) J7 ')
Lemma 2.14.3. In terms of the decomposition T ..v) =0 =Trew =5 ST R =
(Proposition (1)),

TR(u,b) (157(% = (TR(zl,b) Jlfk) D (TR(,,,bﬂTffz) .

-1
Proof. For any curve 7 in = ngb),

oR(v(1) = (JR((1), 7R (4(1))) = (JR(+(2)), b),

which implies that

TR<V,b) ¢7(%‘T = (TR(u,b) J%’a) @ 0.

==1(b)
R(u,b)( =P )@{OR(u,h)}

Similarly
=0 (TR(V,E,) W%) .

TR(y/,b) (bg‘ _
{0 (.0) YT, (v.1) (J le/”))

Combining, we obtain

TrondR = (TronIi) ® Tronmh).

Proposition 2.14.4. (i) ¢% is a bijection.

(ii) ¢9 is a diffeomorphism.
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(iii) ¢Q is a symplectomorphism.

Proof. (i) % consists of points R(*?), where (v, b) € O x Jigo), and we have that

ORRUY) = (JRRED), 7QRW)) = (v, b).

So ¢ is a bijection.

(ii) Since 7% is a diffeomorphism (Proposition [2.13.3)), T'n% : T (J;SV)) - T (%) is in-

vertible at every point. Similarly, J% is a diffeomorphism (Proposition [2.13.5), so TJ%’2 :

T (”;;E”)) — TO is invertible at every point. Lemma [2.14.3 says that Tip b (;57(% can be

expressed as

—1(b J-1 J-1(o
(TR(u,b)J}';a) D (TrenTh) : Trow <7T ( )) DB TR ( (V)) — T, 00T, ( ( )) .

Rb RY G

It follows that T¢% is invertible at every point. The Inverse Function Theorem implies that

¢% is a local diffeomorphism, and part (i) implies it is a global diffeomorphism.

(iii) We first note that since T’z (.1 (J_;OO)) =Trob (77_7211517)) & Trb (J;,(,")),

(WR)rew = (Wh)Rwsn B (Wh)Rws -

Note, the decomposition is pointwise: w% cannot be expressed globally as the direct sum of

two symplectic forms. Meanwhile

((¢%)*(WO @ WJ—l(O)/G))R(V,w = (wo @ wJ—l(@)/G)(u, b) © (TR<u,b> (J%) & Trom (W?a))
(wo)v © Trow (J%)) & (Wi-1(0)/6)6 © Trovw (%))

(J%)*WO)R@M ® ((W%)*WJ”(O)/G)wu,b)

= (Wr)rown ® (Wh)R0w
= UJ702
Hence

(6R)" (wo @ wi-1(0y/6) = W,

1 —1
ie., ¢ : 2 REQO) —O0x? GEO) is a symplectomorphism as claimed.

Composing the symplectomorphisms J% x 7k and ¢O_17 we now obtain
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Corollary 2.14.5. For any (u, a) € O x %, the map

%_10(J%X7r%):7r X —

is a (canonical) symplectomorphism.

Proof.

(687" 0 (0% x 7)) wf = O x wh)” ((687) w8)

= (J% x 7R)" (wo ® wy-1(0)/c) (Proposition [2.14.4] (iii))
= ((Jr)"wo) @ (%) ws-1(0)/6)
= wh B wh (Proposition 2:.14:1)).

The correspondence between the three spaces

7 'a) I (W) J~H0) J7H(0)
Re TRe "Ox =g " RO
is given by
Ja % 1% JO O AO
(R("’“)7 RW’)) m R (v, b) = Wi X i) 2 B - R,

2.15 Relationship to orbit reduction

In order to describe the relationship to the orbit reduction picture, consider the function

171(0)

$© :JHO) = O x o

given by
¢O _ (JO % 7.[.(9) OAO7

where A€ : J7HO) = J71(0) x J71(O) is the diagonal map A®(x) = (z, z). Being the composition

of smooth maps, ¢© is itself smooth, and it is easily seen that ¢© fits into the following commutative
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diagram,
J7H0)
2 ¢° (2.7)
J-1(0) R, 17O
RO TR ¢
Now

(0°)* (wo & wy-1(0y,6) = (¢°)* ((po)*wo + (Ps-1(0)/G) Wi-1(0)/G)
= (po © ¢°)*wo + (py-1(0)/c © $°) wi-1(0)/a

= (J9)*wo + () wi-1(0)/G-

Alternatively, since ¢© = ¢% 0 09,

(¢°)* (wo @ wy-1(0)/G) = (09) ((fﬁ%*(wo D wi-1(0)/6))

= (09)w8 (Proposition [2.14.4] (iii))
=w® (Proposition [2.12.1] (1))
= (io)*w

Equating these, we obtain the familiar orbit reduction result ([MMO™07, Theorem 1.2.4 (ii)])

Proposition 2.15.1. There exists a symplectic form wy-1(0);q on J_ngo) such that
( -0

i) 'w = (J9)*wo + () ws-10y/c

where wo s the positive KKS form on the coadjoint orbit O.
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Chapter 3

Prequantization

In this chapter we assume that the G-action on the symplectic manifold (M, w) has a corresponding
equivariant momentum map J. Most of the results in this chapter are standard, and derived from
[Kos70]. The sole exception is Proposition which generalizes [Kos70, Theorem 4.5.1] to the

case when the group G is not necessarily simply connected.

3.1 Geometric structures on complex vector bundles

3.1.1 Notation for left modules and their quotients

Suppose G and H are Lie groups, S is a smooth left G-module, T' is a smooth left H-module,
and p : G — H is a amooth group homomorphism. Let [s, ] o denote the equivalence class of
(s, t) € S x T under the equivalence relation (s, t) ~ (g-s, p(g)-t), and left the space of equivalence
classes in S x T" be denoted by S x, T,

Sx,T={[st],|s€S teT}
Finally, let C2°(S, T') denote the set of smooth G-equivariant maps from S to T,
CrS,T)={f:5=>T|f(g-s)=plg)- f(s)}

3.1.2 Connections and curvature

Let (L, 7, M) be a (right) principal U(1)-bundle over M, and let (L, 7, M) be the corresponding
associated line bundle. Thinking of L as a left U(1)-module under the action p + p-w~! for

w € U(1), the associated line bundle is

L:indU(l)Cz{[p, z] |pe P, zeC},

idU(l)
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-1

where [p, 2] is the equivalence class of (p, z) under the equivalence relation (p, z) ~ (p-w™!, wz),

idy )
and the induced projection 7 : L — M is simply

([P, 2liay,,) = 7(P)-

The fibers L, and L, above 2 € M are defined respectively as (7)~'(z) and 7~ (z). By definition

of a principal U(1)-bundle, L, is homeomorphic to U(1), while L, has a natural vector structure

ALps Z1liag,, A2 ) 22liay o, = [P Az + Aezaligy s

and is (non-canonically) isomorphic to C.
A connection on L is a u(1)-valued 1-form « with the properties that
o U¥ o =q forall we U(1), and
o a,(cj(p) =ap(p-e)=cforallpe L, ecu(l),

where ¥ is the right U(1)-action on L, and ¢ j, is the infinitesimal generator of ¥ corresponding to
e € u(1). Vectors in L of the form p - ¢, e € u(1), are called vertical vectors, while vectors in the
kernel of « are called horizontal vectors. Any vector in L can be uniquely decomposed into a

horizontal and vertical part.

Proposition 3.1.1. There exists a closed, u(1)-valued 2-form Q% on M such that
da = (7)*Q.

Proof. The result is a consequence of two properties.
(i) iw,(dpa) = 0 for any vertical vector A, € T,L.
Since A, is vertical, A, = ¢; (p) for some € € u(1). But by Cartan’s Magic Formula
i.;da= L., a—d(i.,a) =0,
the first term vanishing since o is U(1)-invariant, and the second term vanishing since i., o =
a(e;) = € = const.
(ii) de is U(1)-invariant.

This follows from the fact that for w € U(1)

), (da) = d(¥}0),

w

and the U(1)-invariance of a.
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Then Q¢(X,, Y,) is defined by lifting X,., Y, to arbitrary vectors A,, B, for p € (7)~!(z), and
calculating d,a (Ap, Bp). Properties (i) and (ii) ensure that the result is independent of the lift or
the point p. Since now we have that da = (7)*Q%, apply d to both sides to get 0 = (7)*dQ“. Since
7 is a surjective submersion, this implies that dQ2%* = 0.

O

0% is called the curvature of the connection o.

The space of smooth sections of L,
I'(L) = {smooth s : M — L|70s=1id},
is in one-to-one correspondence with the space
fffu(l)(L, C) = {smooth § : L — C|5(p-w) = w'$(p) for all w € U(1), p € L}
of smooth U(1)-equivariant functions from L to C. Explicitly this correspondence is

se (L) «— 50y, (L, C),

s(x) = [p, s’(p)]idu(l) for any p € L,.
Given X € I(T'M), let X denote the horizontal lift of X, i.e., the vector field on L satisfying
T,7 (X)) =Xy and  ap(X)) =0.

for all p € L. The equivariance of the connection under the right U(1)-action ensures that that X™ is
invariant under this action. If s € I'(L) and § € o) (L, C) is the corresponding U(1)-equivariant

function, it is easily checked that the mapping
p— X;; S

is also in 7y (L, C) (under the canonical identification of T 5(p)C with C), and so defines a section

Vxs of L. In other words

(Vxs)(x) = [p, Xp3] for any p € L,,

idU(l)

or equivalently

(Vxs)(p) = X]s.

Vxs is called the covariant derivative of s with respect to X. It is clear from the definition that



43

(Vxs)(z) depends only on the value of X at x, and the germ of s at 2. The following properties of
V are easily checked. For f,g € C*°(M, C), X, Y e T'(TM), s,t € T'(L),

(i) Vixtgvs = fVxs+gVys;
(ii) Vx(s+1t) =Vxs+ Vxt;
(iii) Vx(fs) = (Xf)s+ fVxs.

For X € ['(TM), we say that A € T(TL) is -related to X if
Ty (Ap) = Xe(p)

for all p € L, and denote this property by A ~; X. In particular, X" ~; X.

For £ € u(1), the induced infinitesimal action of € - z = %exp(ta)zhzo can be viewed as an
element of C via the canonical isomorphism 7.C ~ C. Given this, u(1) also has a natural action on
L, given by

e-[p, vliay,, =Py el

idU(l) idU(l) :

We are now in a position to prove the following result and its corollary.

Proposition 3.1.2. For vector fields X, Y € T'(T M), the following identity holdsﬂ:
X Y - (XY= - (Q¥(X, Y) o 7); .

Proof. We have that X" ~; X, Y! ~. Y, and [X, Y]! ~; [X, Y], and a standard result (see e.g.
[AMRSS] Proposition 4.2.25) implies that [X", Y] ~; [X, Y]. So

Tro (X", Y"] — [X, Y]") = [X, Y]o7 — [X, Y]o 7 =0.
Hence [X®, Y1) — [X, Y] is a vertical vector field, and so is given by

(XM Y - X Y] = (o [X YR - X YY),

= (a([X™, Y™); .

1Here given f : L — u(1), (f); denotes the vector field whose value at p € Lis (f() ().
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But
a([X" Y1) = =X (a(Y™) + Y (a(X™) + a((X", Y])
= —da(X", V")
= —((1) Q) (x", Y")
=-Q*X,Y)or,
using the fact that X", Y are horizontal vector fields. The result follows. O

Corollary 3.1.3. Given a section s € I'(L) and vector fields X, Y € I'(T M),
([Vx, Vy] = Vix,y]) s = Q%(X, Y) - s.
Proof. The result to be proved is equivalent to the statement that
(X", YP - [X, Y] $ = (Q¥(X, Y)o7)- 5.
By Proposition [3.1.2]

([Xh7 Yh} - [Xa Y]h)s = (QQ(X’ Y) 07.—)['1 $
— (Q%(X, Y)o7)- 5.

the last equality following from the U(1)-equivariance of . O

3.1.3 Connection-invariant Hermitian forms

Let L x s L denote the set

LxyL={(rs)eLxLir(r)=7(s)} = |J Lu x La.
rzeM

The standard inner product on (z1, z2) = Z1 22 on C induces a corresponding Hermitian structure
H:LxyL—C

defined by
H([p, Zl]idU(1> » [ps Z2]idU(1)) = (21, 22).

The U(1)-invariance of (-,-) ensures that H is well-defined.
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Proposition 3.1.4. The Hermitian structure H is a-invariant, i.e.,
X (H(s, t)) = H(Vxs, t) + H(s, Vxt)

for all X e T(TM), s,t € T'(L).
Proof. For z € M, let o : (—¢, €) — M be a curve through x with ¢/(0) = X,. Then

X (H(s, 1)) = < H (s(o(u)), t(o(u))).

du u=0

Then for any path y : (—¢, €) — L through p € L covering o, s(o(u)) = [y(u), ‘é<7<u))]idU(1) (and

similarly for ¢) and so

X, [H (s, 8] = (31 (), £ ) umo
= (U4, H0)) + (50), Uy )

= H (I, Upslig, [0 i0) gy )+ H (I 500y, 2 Unila, )

where U, = ~+/(0). In particular, by choosing 7 to be the horizontal lift of o through p € L, we have
that U, = X;l, Up$= XZI,‘S = (V:Xs)(p), and so

Xo (s, 0) = ([0 (TxoW)] 0 )+ (1050 [ (Tx00)] )

= H(Vxs(z), t(z)) + H(s(z), Vxt(z)),

idU(l)

as claimed. O

3.1.4 Equivalence classes of bundle-connection pairs with given curvature

Given two bundle-connection pairs (L1, a1) and (Lg, a2) over the same base manifold M, we say
they are equi’ualent if there exists a U(1)-equivariant diffeomorphism F : L, — Ly which covers
the identity, i.e., such that

7.'20F:7.'1,

and for which

(F)*Oég = Q7.

A criterion for the existence of a bundle-connection pair with specified curvature goes back to

Weil [Wei58], and a full characterization of such bundles was given by Kostant [Kos70].

2See Appendix for further discussion of equivalence of bundle-connection pairs.
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Proposition 3.1.5. Let (L%,M) be a principal U(1)-bundle. Let €y denote the positive gener-
ator of the kernel of the exponential map exp : u(l) — U(1) (so g9 = 271'%, where 0 is the
usual angular coordinate on U(1)). Then a connection on L of curvature Q) exists if and only if
[%] € H2 ppom (M, R) is integral, i.e., lies in the image of the homomorphism iy : H%ech(M, Z) —
HE  (M,R) ~ Hipgp.m(M,R) induced by the natural injection i : Z — R. Moreover for M
connected, inequivalent bundle-connection pairs (L, «) with the same curvature Q% = Q are charac-

terized by elements of the character group m (M)* = Hom(my(M),U(1)) of the fundamental group
of M.

Essentially, every bundle-connection pair can be obtained from a specific one by tensoring with
a flat U(1)-bundle, and such bundles are in one-to-one correspondence with the character group of

7T1(M).

3.2 The prequantization procedure

The ultimate goal of the quantization procedure is to associate with a symplectic manifold (M,w)
a Hilbert space H, and to associate with some subset of the classical observables C*(M, R) a
corresponding subset of the quantum observables Ob(H) (the set of self-adjoint operators on H).

The first step in this procedure is prequantization.

3.2.1 The prequantization of classical observables

The setup for geometric prequantization is as follows: starting with a symplectic manifold (M, w),
we take a principal U(1)-bundle (7, L, M) with connection a of curvature 2w (h being Planck’s
constant), and corresponding associated line bundle (L, 7, M) and a-invariant Hermitian form H.
From Proposition these structures exist if and only if [] is integral. Geometrically this means
that w integrated over any closed 2-surface in M gives an integral multiple of h [Wo092]. The
choice of a bundle-connection pair which satisfy these conditions is called the prequantum data or
prequantum geometric structures over (M, w).

Consider the space I'(L) of C* sections of L. For any classical observable f € C°(M), let
Qs :T'(L) — T'(L) be the operator

Q= —ihVx, + f.

The motivation for picking a connection on L with curvature 2w is the following theorem:

Proposition 3.2.1. For any f,g € C*(M),

[Qf, Qyl = ihQyy, g},
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where [Qf, Qq] = Qf 0 Qy — Qg0 Q-
Proof.
Qy, Qg] =(=ihVx, + [)(=ihVx, + g) — (=ihVx, + g)(=ihVx, + [)
= {(—ih)*Vx,Vx, —ih(Xf(9) + 9Vx,) — ihfVx, + fg}
—{(=ih)*Vx,Vx, —ih(Xy(f) + fVx,) = ihgVx, + gf}

:(—ih) [VXf,ng} — ith(g) + Zth(f)

. £ .
=(—ih)? (V[Xf,xg} +w(Xy, X,) ﬁo ) + 2ihw(Xf, X,)
:(—zh)Q (—VX{M} + w(Xf,Xg)h> + 2ihw(Xy, Xy)

=ih (_mvx{f,g} + {f,g})
=ih Qf.,g}-

3.2.2 Geometric interpretation of the prequantized observables

The real function f generates a Hamiltonian flow ¢§c : M — M, with generator X (unless otherwise

stated, we assume that the flow is complete). Let Ay € I(T'L) be the vector field
=310 (3)
f f (f o T) h i )
and let ch : L — L be the ﬂovv generated by Ay. Since A is U(1)-invariant, so is w},
wtf(p cw) = w}(p) Sw for all w € U(1),

and clearly w} covers ¢,

To 1/1} = qﬁ’}
For any section s € I'(L), let § € ClodoU(l) (L, C) be the corresponding equivariant function. Define
the operator U’ : o (L €)= G (L, C) as

(U} 5) (p) = $(; " (p))-

3 1/13, exists for all t if and only if d)? exists for all ¢, and the two flows are related by

90 = @) -0 (—1 [ F@5GEN s ) = @) 0)-exp (1 FGGNE)  (using £ o6 = ),

where (d)?)h is the horizontal lift of ¢’} to L.
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Then

m% (U;3)| = —ih(Af3)(p)

t=0

€o

— —ih (Xj}s' —(fo#) <3)L s) ()
= —ih (X;‘s +(foT) ;s> (p) using the U(1)-equivariance of $

= (—ih X}s+ (fo7)$) (p).
In terms of the original section s € I'(L), the right hand side is just
Qfs=—ihVx,s+ fs,
and UJE corresponds to the exponentiated operator
U]tc $ <—> exp (;Qf t> s.
The U(1)-equivariance of w} allows us to define a flow ¢} in L via
P Ziage,) = [950), 2]

In terms of this flow

[exp (—;Qf t) } (2) = ¥4 (s(67" ().

3.2.3 Closedness of the lifted vector fields under the Lie bracket

The family of vector fields {Af | f € C°°(M)} have the following nice property.
Proposition 3.2.2. For f,g € C>*(M)

[Afs Agl = A_yy,9y-
Proof. Since Ay = X}‘ —(fo7) (%)L,
T,7 (Ar(p)) = X;(7(p),

and so Ay ~; Xy. We have that ([AMRSE| Proposition 4.2.25)

Ap ~p Xy, Ag i Xg = Ay, Ag] ~r [ X7, Xl = = X103,
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ie.

Tp7 ([Ay; Agl(p) = = X5,y (7(D)-

So the horizontal part of [Ay, A,] is —X?ﬁg}. The vertical part is calculated from

a([Ay, Ag]) = —da(Ag, Ag) + A5(al(4y)) — Ag(al(47))
= —(1)" (Sw) (A5, Ag) + Ar (g0 1)) = 4y (~(F0 )2
= — 22w o F)(TH(Ag), TH(Ay)) + (T7(Af) (~2g) = (T7(4,)) (=)
- _%O(M o) (Xjot, Xy07) — %’(Xf o #)g+ %O(XQ o#)f
= —Dw(Xg, X,) 0 F = (Xpg) 07 + (X f) 0
= —2{f ghor+ 2 ghor+ S g} ot

:%{f,g}oi'.

So the vertical part of [Ay, Ag]is ({f, g} o7) (5*);. Altogether,

. 3
[Ap Al = =XJy y + (£ gboP) (), = =Agg

O

The Lie algebra of a-preserving vector fields on L can be considered as a u(1)-central extension

of the Lie algebra of Hamiltonian vector fields on M (see Appendix |A| for notation and details):

TV. = (-); . .
0, Ham(L, o) — Ham(M,w) —— 0.

0 = u(l)

The u(1) freedom in choosing a lift of a Hamiltonian vector field is manifest in the fact that for

beR, Xpyp = Xy but Aerb:Af—b(‘%O)L.

3.2.4 The lifted Lie group and Lie algebra actions

Now consider the case where we have a G-action on M, and a corresponding infinitesimally equiv-

ariant momentum map J. Then we have that

[Ase)s Asol = A, 10y = —Ase )

and so the family of vector fields {A ;) |& € g} form a finite-dimensional Lie algebra of vector fields
under the Jacobi-Lie bracket. In other words, the left g-action on M lifts to a left g-action on L.

In general, the infinitesimal g-action on L cannot be integrated to a G-action on L, and we must
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pass instead to the universal cover G of G. We will call this the lifted é-action, and denote the

action of g € G on p € L by §-p. The infinitesimal generator of the action on L is

&= Aso =&~ (1O (),

U(1)-invariance of the fields A; ensures that the lifted G-action is compatible with the right U(1)-

action on L, in the sense that
ﬁ(Pw):(gp)w fOI‘pGL,gGé,’LUGU(l),
and we can just write g - p - w without confusion. The corresponding lifted G-action in L is

g' [p’ ZLdU(l) = [gpv Z]idu(l) :

The above mentioned U(1)-equivariance of the G-action on L ensures that this is well-defined.
Let mz_, , denote the standard projection of G onto G. Since the G-action on L covers the

G-action on M, an element of ker(7_, ) ~ 71 (G) maps each fiber L, to itself.

Proposition 3.2.3. For any ke ker(ﬂ'é_@) and p € L
k-p=p-x(k),

where x : ker (7‘(‘6_)0) — U(1) is a representation of ker (71'@_@) ~ 1 (G).

Proof. In Appendix [A]it is demonstrated that L4,a = 0 for any f € C°°(M). In particular, the
vector fields {; = A (), § € g, preserve the connection a, and so g-a = «a for any g € G. Choosing
k € ker (T& ), the map

pr—k-p

is a U(1)-equivariant connection-preserving diffeomorphism which covers the identity map on M.
Since M is connected, Proposition [A.2:2]implies that this map must be a global right multiplication

by an element of U(1), i.e.,

kep=p-x(k)

for some x(k) € U(1).
If %1,}52 € ker (Wéac)v then

El : (Ez p)= El “(p- X(Ez))
= (k1 - p) - x(k2)
= (p-x(k1)) - x(k2)
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=p- (x(k1)x(k2)),

while

(%1%2) P=D- X(%1E2)'

The group action property K - (%2 ‘p) = ('151%2) - p proves that y is a representation.
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Chapter 4

Reduced prequantization

In this chapter we discuss reduction of the prequantum structures. This is accomplished by lifting

the foliation reduction procedure on J=*(0) to the part of L lying above J~1(©). In order to do this

-1
in a manner consistent with foliation reduction of the classical reduced space J REQO), and so induce

. I Yo . . . ..
appropriate prequantum structures over REQ ), certain “quantization” conditions on @ must be

satisfied, and we will outline what these are.
The construction of the reduced U(1)-bundle % outlined in this chapter agrees with that
proposed in [RSTS79]. There, a sufficient condition was given for the existence of a smooth structure

on ﬁ The condition, suitably generalized to include the case when the G-action on M lifts to a
G-action on L, agrees with the one given here (Proposition . We further demonstrate that this
condition is not only sufficient, but necessary (Section , and give an interpretation of reduction
of the U(1)-bundle in terms of foliation reduction, which serves to unify reduction of the symplectic

manifold (M, w) and bundle-connection pair (L, a) into the same conceptual framework.

4.1 Lifted notations

We lift the superscript conventions to the bundles L and L over M as follows: let L*, L%, and L®

denote the subsets of L lying above J™' (1), 771 (a), and J=1(O) respectively,

L= L|J71(H) ~ (i")*L,

iv= i (Y1,

“1(a) =

‘o Ok
L*Y = L|J*1((’)) ~ (i°)*L,
and I ®, I ¢ and I° the respective inclusion maps,

i ir s I

I*:L*— L,
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I1°:10° < L.

For maps on L, restriction to L*, L%, and L® will also be denoted by the corresponding superscript.
So for example,

IR A B(@)

is the restriction (1°)*# = 7 0 I© of the U(1)-bundle projection 7 to L°.
It is not difficult to show that the U(1)-bundle structure on (L, 7) induces U(1)-bundle struc-
tures on (L, ##), (L%, 7), and (L2, 7©), and that moreover with respect to these structures, the

maps I#, I*, and I© have the same properties as their base manifold counterparts i, i*, and i

(Proposition [2.8.4), namely:

e LM is a closed, embedded submanifold of L;

e L%isinitial in L, closed if the G-action on M is proper, and embedded if M is second-countable;
e L© is initial in L, and embedded if G is compact.

We use the superscipt notation to denote restrictions of forms also. For example,

a® T L = u(1)

is the restriction (fo)*a =T*I° 0 a0 I? of the connection a to L°.

Similar conventions apply to the associated line bundle L, with inclusion maps
IM:L* < L, I L% < L, I°:1° < L.

Let R = T'R denote the tangent distribution to the generalized foliation R C TM, and R" C TL
its horizontal lift to L. If £ - p denotes the horizontal lift of & -z to p € (7)~!(z), then

Ry =0930) and RZ})’ = 951(35) - p.
Following the above convention, let R® denote the restriction of R to J=1(0), (R")® the restric-

tion of R" to L2, and similarly for R*, (R")*, R*, and (R")*.

4.2 Properties of the universal cover of a compact semisimple
Lie group

We recall here some standard properties of compact semisimple Lie groups G and their universal

covers é, and indicate where proofs can be found in the literature.
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If G is compact and connected, then

e the exponential map expe : g — G is onto [Sep07, Theorem 5.12 (b)];

e the coadjoint stabilizer group G, is connected [DKO00, Theorem 3.3.1 (ii)].
If in addition G is semisimple, then

its universal cover G is compact [Sep07, Corollary 6.33 (a)];

combining the previous two points, (G),, is connected,;

ker(rs_,.) C Z(G) C (é)u [Sep07], Corollary 6.33 (c), and the fact that (é)# contains a

maximal torus];

o (ta.,0) NGy = (G)uker(rs ;) = (G), by the previous point.

4.3 Foliation reduction of the prequantum data

We now apply the foliation reduction technique to each of the bundle-connection pairs (L”, at),
(L%, a®), and (L®, a®). In the case of admissible momenta/G-orbits/coadjoint orbits, this foliation

reduction will cover symplectic reduction on the base spaces, and enable the construction of reduced

-1 -1 -1
U(1)-bundles over the spaces J Rfﬂ ), z Ri“), and 2 RSQO), and corresponding reduced connections.

4.3.1 The characteristic distributions of the restricted connections

Recall the definition of the characteristic distribution of a differential p-form 3 on a manifold S
Ny ={X; € T,S|ix.fs = 0 and ix_(ds5) = 0}.

Proposition 4.3.1. The characteristic distributions of a*, a®, and a© are (R*)*, (R")®, and (R")©

respectively.

Proof. We prove the a® case. The other cases are identical.

Let p € LO. The first condition iXpaf = af(Xp) = 0 tells us that X, must be a horizontal

vector. Using the curvature condition da® = (79)*w?, the second condition ix, (d,a®) = 0 tells
us that T,79(X,) lies in the characteristic distribution of w® = (i°)*w at = 7(p), which is
O(z) " T = RY. So the characteristic distribution of a® at a point is the set of horizontal vectors

covering R, i.e., (R")°. O

By the Foliation Reduction Theorem [2.11.1] (i), the distributions (R®)®, (R®)*, and (R™)* are
all involutive, hence integrable. Consistent with the notation on M, we denote the corresponding

foliations (R™)©, (RM)* and (R™)?, and the generalized foliation of the entirety of L as R".
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4.3.2 Consistency of foliation reduction and the notion of admissibility

The foliation R* on J~1(u) consists of G,-orbits. Being the horizontal lift of R* = TR, the
involutive distribution (R")* is generated by the vector fields {{2 |€ € g}, with value fg (p)=¢&"p
at p e L*. In general, therefore, (R®)* will integrate to a horizontal action of the universal cover
é\; of G, on L*. Since this é\;—action covers the free G-action on J=!(u), the horizontal @;-
action restricts to a keI‘(’lTé”“ HG“)—action on each U(1)-fiber. The Foliation Reduction Theorem
2.11.1| guarantees that o* is conserved along (R"), and so each element of ker(ﬂé;%GM) is an
at-preserving vertical isomorphism (i.e. an equivalence) on L*. Proposition demonstrates
that such isomorphisms are global right multiplications by elements of U(1), and so each element of
ker(Wé; _)G“) acts uniformally on the U(1)-fibers of L*. Hence we can restrict our attention to one
U(1)-fiber.

In order for the quotient space ﬁ to have a U(1)-bundle structure induced from that on L*,
this action must be discrete, hence finite (by compactness of U(1)), and must equal the action of
the nth roots of unity for some n. Equivalently, the leaves of the foliation (R")* must intersect a

U(1)-fiber at most a finite number of times.

Assuming that the quotient space % can be given a smooth structure such that the quotient

n

map 2 : LM — (RL#), is a submersion, the Foliation Reduction Theorem [2.11.1{ (ii) guarantees the

existence of a form a“R such that

ot = (2“)*@%.

Suppose now a leaf of (RM)* intersects a U(1)-fiber at n points. X# restricted to the U(1)-fiber
covers the reduced U(1)-fiber n to 1, and so maps the vertical vector p - €, € € u(1), on the fiber to

nq - ¢ on the reduced fiber, where ¢ = 2“(]9). As a consequence

(o), (ng-2) = (aR)g(T,5(0-2)) = ((SR)°ak) (0-€) = (@)y(p-2) =,

implying that

(o)alg-€) = =

Thus a/; is not a connection unless n = 1. Of course for n # 1, we could just multiply o/ by n,
but this would imply that the curvature of the reduced connection is n%ow% (see Proposition
and note that its proof does not involve the equivariance of ZO), whereas it needs to be %"w% to
allow for geometric quantization of the reduced space.

Since each leaf of (R")* intersects each U(1)-fiber at most once, ker(ﬂ'é‘; _)G“) acts trivially on
each U(1)-fiber, and so the horizontal C?;—action on L* drops to a horizontal GTA/ ker(ﬂGNMHGu) ~ Gy

action.

In summary, we have the following theorem.
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Proposition 4.3.2. A necessary condition for the prequantum geometric structures (L, a) to induce

via foliation reduction appropriate prequantum geometric structures (ﬁ, 0/72) over the reduced

—1 .
space (J Rff”), w%) is that the leaves of the horizontal foliation (RM)* of L* intersect each U(1)-
fiber of L* at most once. This condition is equivalent to the existence of a horizontal G -action

everywhere on LF.

Much of the rest of this chapter will be devoted to showing that this is also a sufficient condition
for reduction of the prequantum structures. We first point out some properties of the horizontal
G -action when it exists, and then explain what conditions existence of the horizontal G, action

imposes on the possible values of p.
Proposition 4.3.3. If a horizontal G ,-action exists on L*, then it acts freely and properly on e,

Proof. Freeness of the action follows from the fact that the horizontal G,-action on L* covers the
G -~action on J7!(p), and the freeness of the G,-action on J=!(u).

Let ((hn, pn)) be a sequence in G, x L* such that ((p,, b - p,)) converges in L* x L*. By
continuity and G-equivariance of 7, ((zp, hy - 2,)) converges in J='(u) x J7' (), where z,, =
7#(pn). G, is closed in G and J~!(u) is embedded in M, so the G ,-action on J~*(p) is also proper
(Proposition , which then guarantees the existence of a subsequence (g, ) of (g,) convergent
in G. O

Proposition 4.3.4. If a horizontal G ,-action exists on L*, then a horizontal Gy -action exists on

LY for any v in the coadjoint orbit containing .

Proof. Since p and v lie in the same coadjoint orbit, there exists g € G such that Ad;_l W= v.
Take g € G such that & o(9) = g. The the map p — g - p maps L* to L¥. Since the G-action
on L preserves the connection «, it takes horizontal submanifolds to horizontal submanifolds. Also
p+— g-p covers g — g-x, which maps G ,-orbits in J™* (1) to G,-orbits in J=*(v). Hence the integral
submanifolds of (R")* get mapped to the integral submanifolds of (R")”, and so a horizontal G-

action exists on L”. O

In cases where this horizontal action exists on LO, we will henceforth refer to it as the horizontal
Gj-action or G3-action. The foliation (R")© defined by the integrable distribution (R")© then
consists of these horizontal G -orbits.

Values of p for which L* supports a horizontal G -action are called admissible momenta.
Similarly, admissible coadjoint orbits O are defined as those for which L© support a horizontal

Gj-action. In light of the Proposition

1 € O admissible = O admissible
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(and the reverse implication is trivially true).
When the horizontal Gj-action exists on L, it is compatible with the G-action in the following

sense.

Lemma 4.3.5. For orbits O such that the horizontal Gy-action exists on LO, it commutes with the

é-actz’on, in the sense that for any g € é, pE LM and h € G,
~ _i\h o~
g- (" -p)=(ghg™")" - (3-p),

where g = m5_, +(9)-

Proof. We prove this by looking at the infinitesimal action, i.e., the horizontal gj-action. The result
then follows by the connectedness of G, for each u € g*.

Let g € G and ¢ € gy If €' p denotes the infinitesimal horizontal G ,-action, then the fact that
G- a = o implies that g - (&" - p) is horizontal. Since it is a vector at g - p which covers the vector

g-&-x=(Adg&) - g-x where z = 7(p), we get that
g- (" p) = (Adg &)™ (7-p)-
This is the infinitesimal form of the required relation. O

4.3.3 A characterization of admissible momenta

We now give an equivalent criterion for the existence of the horizontal G -action on L* in terms of

the value of the momentum p. First note that the mapping

5
_ﬁoﬂ gp —u(l)

is a Lie algebra homomorphism, since

€0

— 2l = =S adgi € = 0= [ =22, €, =0 )]

for all &, ¢ € gu.

We can now state the criterion.

Proposition 4.3.6. A horizontal G -action on L* exists if and only the Lie algebra homomor-
phism —S2u : g, — u(l) ewponentiates to a character xR (CNTY)H — U(1) that agrees with
X :ker(ng_, ) — U(1) onker(ng_, ) C (é)# In this case, the horizontal G,,-action (h, p) — h™ - p
is related to the G-action by

W p=h-p-x"EE(R)Y,
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where h € G is any element such that 77@_>G(7L) =h.

Proof. Suppose first that —<2u exponentiates as described. Consider the (G),-action

(h, p) = hop X" (R)7L,
The action property is easily verified. For £ € g,,, the infinitesimal form of this action is

(&) > & p—p- (-22u9)
=& p— W)L O (), 0+ 1 O (), @)

= Eh e
so it is a horizontal action. Finally for k € ker(mz_, ),

(kyp) = k-p-x 74 (k)!

= (p-x(k)) - x " (k)!

=D,

and so the (é)u—action drops to a (é)u/ker(wé_@) = G, action.

Conversely, suppose a horizontal G ,-action (h, p) — h" - p exists on Lr. Let h e (é) u, and write
h= W@HG(}VL). For any p € L*, k™ - p and h - p both cover h - 7(p), and so lie in the same U(1)-fiber
of L*. Write

hep=h"-p-A(h, p),

where A(h, p) € U(1). Since (é)u is compact and connected, exp(g) g — (é)u is surjective
(Section , so there exists £ € g, such that exp(a)“f = l~z, which implies that eXpGug = h.
Writing h; = exp G, (&), hy = expg, (t€), and Ay = A(h¢, p), we have that

Et ‘P = (ht)h P Ay
which upon differentiation gives

E-hy-p=E"(h)" p- At (he)" - p- N,

— & ep— {1 &) (), (o) =€ ()" p- M+ (A7) ()" - Ao),

ie.,
€0

AT == )77 €u(1).
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Integrating and using the initial condition A\g = 1,

7

= o (<t ©F) e (<1500 6))

and A(h, p) = A = exp (— & (p, £)) is in fact independent of p. From

h-p=h"-p-Ah)

it is then straightforward to check that A : (G) u» — U(1) is a representation, and we have shown
above that its derivative at the identity is —S2u. Finally, if ke ker(ms_, ), the defining equation
for A says that

k-p=p- k).

From k-p = p - x(E) it follows that A\ must agree with x on ker(ns_, ). Hence X is the required

representation x’%” in the statement of the theorem. O

. -1
Corollary 4.3.7. If a horizontal Gj-action exists on L* for some a € JT(O), then it exists on the

entirety of LC.

Proof. Examination of the proof of Proposition4.3.6|makes it clear that the existence of a horizontal
G.-action on the bundle L@ lying over R(*#*) = 7=1(a) N J~ (1) is enough to guarantee the
existence of the character X’%“, which in turn guarantees the existence of the horizontal action on
all of J=!(u). By hypothesis, the action exists on all of L*, hence on L") for all u € O, hence on
L* for all 4 € O, hence on the entirety of LC. O

We define admissible G-orbits a € % to be those for which L® supports a horizontal
Gj-action. In light of Corollary [£:3.7]

IO

a € admissible = O admissible

(and the reverse implication is trivially true).
Proposition [4.3.6] implies that the set of admissible coadjoint orbits form a discrete set in g*.
Hence the requirement that the prequantum geometric structures reduce via foliation reduction leads

to a quantization condition on the coadjoint orbits.
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4.3.4 Foliation reduction of the bundles

The foliation (R")® defined by the integrable distribution (R") allows the construction of the

quotient space %, and similarly for (R")* and (R")?. In analogy to the submersions

i () N S () . 1(0)
ot I N ) — T o a) = T AT I (O) I =0
we define the maps
. . L+ . . Le . . Lo
D3 R 308 5 e »0:0° 5 ——.
NGO R DR

In general, the quotient spaces cannot be given a smooth structure. For admissible momenta p/G-
orbits a/coadjoint orbits O, however, they can. The proof of the following theorem mimics closely

that of Proposition [2.8.5

Proposition 4.3.8. (i) For admissible p € J(M) C g*, % can be given a smooth structure

making the quotient map Y* : L — % a surjective submersion.

M L°

(ii) For admissible a € &, mme can be given a smooth structure making the quotient map %% :

LY — (757“)“ a sujective submersion.

(i) For admissible O C J(M) C g*, (RL% can be given a smooth structure making the quotient

. . o L )
map X : LF — (RLW a surjective submersion.

Proof. (i) For admissible 1 we have that

i i
(R~ Gl

Proposition guarantees that the horizontal G -action on % is free and proper, and so
by Proposition the result follows.

(i) Let p € L*, and write u = J(#(p)). Construct a local section 5 : U — G of G — é/(é)u
through & € G of the bundle G — é/(é)# Define a function F: U x G, x U(1) — L® by

F(u, hy w) = 35(u) - h" - p - w.

F is smooth since it is smooth as a function to L, and L is initial in L.
F is injective: suppose F(u, h, w) = F(u', B, w'). h-p-w and A’ -p-w' are both in L*, which
implies that 5(u) = 5(u/)l for some [ € (é)u Since 5 is a section of G — é/(é)u, this can only

occur if I = € and hence u = v’. Then hh - p-w = (W) -p-w', ie., (W R - p=p- (ww).
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Since each horizontal G,-orbit intersects a U(1)-fiber of L* precisely once, this implies that

h=~h and w=w'.

The point F(u, h, w) lies over 7*(F(u, h, w)) = s(u) - h -z € 7~ 1(a), where z = 7%(p) and
s =Ta_q©°s: U — G. This point has momentum J*(s(u) - h - p) = Adg,)-1p1, and so the
»efiber /horizontal Gy-orbit through F(u, h, w) is

h
(GAds(u),w) -F(u, h, w) = (Ads(u)G#)h Su) A pow

=3(u) -G B pow by Lemma [4.3.5

Hence F induces a map Fr : U x U(1) — (7%7:)“ and as in Proposition F and Fr can

be used to construct local coordinate systems about p € L* and Za(p) € such that 3¢

La
(Rh)a
is regular at p, Since p was arbitrary, we obtain a smooth structure on % which makes

Yo . L* — (éT)a a submersion.

(iii) Now take p € LO, and write u = J(7(p)) as before. Define 5 as in part (ii), and define

t: V — L* to be a local section of ¢ : LH — % through p, which exists by part (i). The

function F from part (ii) can be extended to F : U x G, x V x U(1) — L©, defined by

F(u, h, v, w) = 5(u) - k" - t(v) - w.

A similar proof to part (ii) demonstrates that F' induces a map Fr : U x V x U(1) — %,
and it follows that % can be given a smooth structure which makes € : LO — % a
submersion.

O

4.3.5 The bundle structure of the reduced spaces

Since the connection a® is U(1)-invariant, the foliation (R®)? is also U(1)-invariant. Also U(1)
acts freely on the leaves of (R")? by the admissibility condition. It follows that a free U(1)-action

can be defined on the reduced space % which makes the quotient map $° : LY — % U(1)-

equivariant. The same holds for the quotient maps S+ and $¢. This U(1)-action gives % the

structure of a principle U(1)-bundle, as the following theorem demonstrates.

Proposition 4.3.9. (i) There exists a map 75 : % — J;SQO) making the following diagram
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commaute,

(ii) 7S is smooth.

(i4i) 7S is a surjective submersion.

(iv) The fibers of 75 are precisely the U(1)-orbits of the previously defined U(1)-action on %

()

(v) 78 has the local triviality property, and so defines % as a U(1)-bundle over o .

Proof. (i) We recall that the fibers of ¥ are the Gi-orbits in L, while the fibers of 0@ are the

(i)

(iii)

(iv)

Gj-orbits in J71(0). 7© maps the former fibers to the latter, which implies the existence of a

map 7"76-2 making the diagram commute. Explicitly, for p € LC and 2 = +© (p),

R (20(17)) =0%x), or ig (G?(x) 'P) =G) T

Given a point in %, construct a local section t : U — LY of € through the point. Then
7"7(3|U = 0% 079 0 5, which being the composition of smooth maps is itself smooth. So 7"7(% is
smooth at the point, hence smooth.

Let R0 € %, and pick z € R™? c J71(O) and p € (+©)~!(x). Then

R (29(p)) = 09 (#9(p)) = 0 () = R™Y,
o

50 T 18 SuI‘JeCthG.

(@]

Differentiating the commutivity relation 7"% 030 = 59070 yields

T78 o TYC = To® o T7°,

from which it follows easily that 7"7(-2 is a submersion.

Suppose we have two points q1, g2 € (7%% such that 75 (q1) = 7% (g2). Take pi, ps in Lo
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such that ¢; = Eo(pl), g2 = Eo(pg). Then

= (59 (p1)) = 71 (3 (p2))
0.0 _ _0/:0 . .
= 0" (77 (p1)) = 0~ (77 (p2)) by commutativity of the diagram
— 79(p1) = h-79(po) = 7O (A" - py) for some h € Gyii(p,))
—p1=h"py-w for some w € U(1)

= 1 =3%p1) = X" - po-w) =2 (p2) w = g2 - w,

using U(1)-equivariance of 3¢ in the last identity. Hence ¢y, g2 lie in the same U(1)-orbit, so
the fibers of 7 lie in the U(1)-orbits. The reverse implication essentially reverses the above

argument.

()
RO

To prove local triviality about a point of , construct a section ¢t : V — J71(O) of ¢©
about this point. By taking V smaller if necessary, there exists an open set V' C J=1(O)
containing (V) and a local trivialisation 1 : (7€)~ (V') — V' x U(1) of L°. Define X :
V xU(1) = (7)1 (V) by

Mo, w) = (%~ (t(v), w)).

Being a composition of smooth maps, A is smooth. Since ¢! and X© are U(1)-equivariant, A

is itself U(1)-equivariant. Also

R\, w)) = (7R 0 X) (¥~ (t(v), w))
= (090 79) (¥ (t(v), w))

@ (t(v)) since 9 is a local trivialization

=0 since ¢ is a section of ¢©.

This property combined with U(1)-equivariance of 2O is enough to prove bijectivity of .
AL (79)7H(V) — V x U(1) works as the required local trivialization.

O

By restricting to either L* or L® in LY we of course obtain the corresponding commutative
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diagrams,

TH — and Te

4.3.6 The reduced connections and their curvatures

Now that we have demonstrated the quotient map 3© is a submersion, the Foliation Reduction

Theorem [2.11.1{ guarantees the existence of a reduced 1-form % : T (%) — u(1) on the quotient
space satisfying

a® = (29)%ag.

Proposition 4.3.10. a% defines a connection on the reduced space (RL'hO)o .

Proof. We must verify the two defining conditions of a connection (see Section |3.1.2)).

e Since a© is U(1)-invariant, and %© is U(1)-equivariant, a® = (£°)*a$Q implies that a9 is

also U(1)-invariant.

e The U(1)-equivariance of ¥ implies that T,%°(p- &) = X°(p) - € for € € u(1). From a® =
(X9)*aQ it follows that (a9),(q-¢) = ¢ for any q € % Hence o defines a connection on

the U(1)-bundle o

O

The curvature of the reduced connection a% is related to the reduced symplectic form w% in the

required way.

Proposition 4.3.11. The curvature of o is %w%, i.e,

daf = (iR)" (L wR)-
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Proof.

(39)"daf = a((3°)"aR)

=da? using o = (29)*a$
€ €
= (19)* (ﬁo wo) using the fact that the curvature of « is ﬁo w
= %0(7"0)* (09)wR) using w® = (69)*w$
= %0 (18 0 29)*wg using 0@ 079 = 75 0 ¢

3 * . « (€0
=) (R (FR))-
Since 3© is a submersion, this gives the required relation daf = (79)* (%0 w%) O

I3 a : L* L
The same arguments show that o, and of, are reduced connections on o and Riye respec-

tively, and that
.k (€0 a a \* a
daoly = (7h) (H w%) and  da% = (75) (ﬁ wR) :

4.4 The reduced lifted group action

We have seen that the G-action on J~1(0) induces a reduced G-action on LEDO) (Section [2.13)). In

- ~ . S0 . ~ . o ..
a similar manner, the G-action on L? induces a reduced G-action on (7517)0 This is a consequence

of the fact that

e the G-action on L° preserves the connection a®, and hence the horizontal distribution on LO;
e the G-action covers the G-action on J=(0);

e the G-action on J~!(O) preserves the foliation R®.

1

Combining these three properties, we see that the G-action preserves the lifted foliation (Rh) t

r O
1

therefore drops to the reduced space (7@7)@, and we have an analogous result to Proposition [2.13.1
Denoting the G-action on L by d:GxL— L,

Proposition 4.4.1. There exists a smooth, a%-preservmg G-action @7(% on (%, a%) making

the following diagram commute,

G x i ®° . o
idg x 90 0
~ Lo ®9 Le
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Note. The commutative diagram in Proposition expresses the fact that 2© is é-equivariant

with respect to the unreduced and reduced G-actions on LC and % respectively.

Similar results hold for the G-invariant bundle L% and its reduced space %

We also have the analogous result to Proposition [2.10.3]
Proposition 4.4.2. (i) ﬁ is an embedded submanifold of %.
1 % is an initial submanifold of %, and embedded if M is second countable.
(R™) (R™)

Proof. (i) L* is embedded in M, and L is initial in M. So Proposition [2.10.1 (iii) implies that
L* is embedded in L°. The result now follows from Proposition [2.10.2 (v).

(i) L is initial in M, embedded if M is second countable, and L is initial in M. So Proposition
2.10.1{ (ii) implies that L% is initial in L, and embedded in L? if M is second countable. The

result now follows from Proposition [2.10.2] (iv) and (v).
O

-1
We recall that in the case of the reduced G-action on JTEQO), G, acts trivially on points in

-1 -1 ~ "
Jniff‘) C JTEQO) The (G),-action on %, however, is non-trivial:

Proposition 4.4.3. Forh € (é)u and q € (RL.%)“,
heq=q-x"""(h).
Proof. Let p € (°)71(¢q) € L®. Proposition says that

hep=h"-p-x ##(h),

where h = Wé%G(E). Applying 29 to both sides of the above equation, and using the fact that »o
is both U(1)- and G-equivariant, we get



67

Chapter 5

Quantization

The space of sections obtained in prequantization is too large to be useful. Roughly, we would like
our wavefunctions to depend on a maximal set of Poisson-commuting coordinates in the symplectic
manifold (M, w). This is accomplished by the introduction of a polarization F on (M, w), and by
only considering sections of L which are covariantly constant along directions in F. This places
restrictions on the class of classical observables which can be quantized via f ~ @, since such
observables must now preserve the space of covariantly constant sections of L.

The novel part of this chapter is contained in Sections and where we construct
a polarization on M which is “compatible” with the reduction of the bundle L discussed in the
previous section. This compatibility allows the polarization to be dropped to the reduced space, and
guarantees a one-to-one correspondence between covariantly constant sections of the unreduced and

reduced spaces.

5.1 Polarizations

A polarization F on M is a subbundle of the complexified tangent bundle TM® = TM ®g C of
M with the following properties:

(i) F is isotropic i.e. wy(Yz, Z) =0 VY, Z, € F,.
(ii) dime F = § dim M.
(iii) F is involutive, i.e., [F, F] C F.
(iv) dimg(F NTM) is constant.

Let D and E be the real distributions such that D¢ = F N F and E® = F + F (conjugation
taken with respect to the natural complex structure on TM®). Note that condition (iv) says that
dimg D = constant, and hence dimg E = constant, while condition (iii) implies that D is integrable.

In addition to the above conditions, we usually require that:
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(v) F + F is involutive (and hence E is integrable).

F is said to be totally complex if D = {0}. In particular this implies that, TM® = F @ F = EC.

5.2 The use of polarizations in quantization

Let F be a polarization on (M, w), and (L, a) a U(1)-bundle over M with curvature Yo, and
associated Hermitian line bundle (L, H). We denote the space of sections of L covariantly constant

along directions in F by I'p(L)
IF'r(L)={seT(L)|Vxs=0forall X €T'(F)}.
For an observable f € C°°(M), we define the corresponding quantum operator as before
Qf = —ihVx, + f.

Now, however, we require that @Q; preserves the space I'r(L), ie., if Vxs = 0 VX € I'(F), then
Vx(Qrs) =0VX € I'(F). Using Corollary (with Q% = %0w), we have that for any vector field
X in T'(F) and section s € I'p(L)

VX(QfS) = —ith(VXfS)-i-V)((fS)
= —ih (fo(vxs) + Vix, x5 + %w(X, Xf)s) +(Xf)s+ fVxs

= —ihVx, x,5 — df (X)s + (X [)s

= —ZIHV[X’ X;]5-
The condition that this be zero for all sections s implies that f must satisfy

Lx . X = [Xf, X] GF(F)

f

for all vector fields X € T'(F'), or equivalently

(¢%)F = F,

where ¢% : M — M is the Hamiltonian flow generated by X.
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5.3 A polarization on coadjoint orbits

In this section we construct a totally complex polarization which exists on the coadjoint orbits of

all semisimple compact Lie groups.

5.3.1 The structure of simple Lie algebras

In order to define the above mentioned polarization on the coadjoint orbits of a semisimple Lie group
G, a brief review of the structure theory of complex semisimple Lie algebras is useful. A standard
reference for the following material is [Hum'72].

A simple Lie algebra is a Lie algebra which possesses no non-trivial ideals. A semisimple Lie
algebra is a Lie algebra which possesses no abelian ideals. It can be shown that a semisimple Lie
algebra can be written as the (Lie algebra) direct sum of simple Lie algebras, so it entails no loss of
generality to restrict our attention in this subsection to simple Lie algebras. The group G is called
simple if g is simple, and similarly for semisimple.

Let ¢ be a complex simple Lie algebra. A Cartan subalgebra b of £ is a nilpotent subalgebra
of ¢ which equals its normalizer in €. For semisimple (and hence simple) €, this characterization
is equivalent to saying that fh is a maximal commutative subspace of £ such that ad, : € — £ is
diagonalizable for all n € b.

Define the Killing form k: € x t — C by

k(&, ) = Traceg (adg o adc).
The homomorphism property of ad. gives that

r(ade(n), ¢) = —k(n, ade(C))-

Since ad,, is diagonalizable for each 1 € b, and [ad,,,ad,,] = ad; =0 Vn,n2 € b, we see that ¢

n1,m2]
can be decomposed into simultaneous eigenspaces of the adjoint actions ad,, : € — &, n € . For a

vector in such a simultaneous eigenspace we can write

ad, (§) = a(n) €

for some a € h*. The nonzero as are called the roots of the Lie algebra, and the collection of roots
is denoted A. Notice that the eigenspace corresponding to @ = 0 is just b itself. Then £ has the

following root space decomposition

E:b@@jaa

ac€A
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where j, is the a-eigenspace.

The following facts are standard.

e dimcj, =1 forall a € A.

e spancA = h*.

e x and k|pxp are nondegenerate.

e k(h,)o) =0, and K(ja,js) = 0 unless a = —f.

Since x and |y« are nondegenerate, they define isomorphisms f.¢" > tand ™ : h* — b via

(W€ =v(§) Veet

and

k(a®,n) =a(n) Vneb.

% induces an bilinear form (-,-) : h* x h* — C, given by
(o, B) = K(a', B%).

(+,+) is real-valued and positive definite on spangA C h*, and so defines an inner product on this
space.

Let ad-stabg(¢) denote the stabilizer of ¢ € ¢ under the adjoint action,
ad-stabe({) = {£ €t |ade(() =0}

(also called the centralizer of ¢ in ), and ad*-stabe(p) denote the stabilizer of p € € under the
coadjoint action,

ad*-stabe(4) = {€ € ¢ | —adf(u) = 0}.
Given « € £, the easily proved identity
—ad,:¢ = (—adfa)?

makes it clear that
ad-stabg(af) = ad*-stabg ().
5.3.2 Construction of the polarization

Now restrict to the case where G is compact and semisimple (so G has a discrete, hence finite,

center). Since G is compact, there exist Ad-invariant inner products on g (e.g., let (-,-) be an
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arbitrary inner product, and define ((-,-)) = [;(Ady(-), Ady(-))dg, where dg is the Haar measure on
G). Therefore ade, § € g, is skew-symmetric with respect to some inner product on g, and so can
be represented in an orthogonal basis by a skew-symmetric matrix A¢. It follows that the Killing

form is negative-definite on g, since

—k(£,€) = —Trg (adg 0 ade) = —Tr(AeAe) = Tr(ALAe) =Y ((Ae)i)? >0 forall £ et
ij
and in fact —k provides an example of an Ad-invariant inner product on g.
Let g© denote the complexification of g. The bilinear inner product —& on g induces a Hermitian
inner product on g€ in the usual way. ad¢ : g — g extends to a skew-Hermitian linear map on gC.
It follows that ade : g® — g, € € g, is diagonalizable, with pure imaginary eigenvalues.

Let u € g*, and G, C G be the stabilizer group of u under the coadjoint action, defined as
G.={g9€G|Ad;-.p=0}.
Denote the Lie algebra of G, by g,,. Explicitly, g, is given by
9, = (€ € g| - adgy = 0},

As mentioned above, —ad,;: : g€ — g€ has pure imaginary eigenvalues. The result from the previous
section

ad—stabgc(pu) = ad*-stabge (1)

tells us that the 0-eigenspace is just gE. Let nlf be the (direct) sum of the eigenspaces corresponding
to eigenvalues along the strictly positive imaginary axis, and n likewise for the strictly negative
axis. We have the decomposition

“=n,egen.

The Jacobi identity implies that

_adu# [67 d = [_a‘du#€7 C] + [ga _adu#d'

From this it is easily seen that both n, and nlf are subalgebras of g€, as are the parabolic subal-
gebras p, = gg ©n, and pf = gE @ nf associated to p € g*.

The polarization on O at y is then given by

Py= {~adiu|€ € nf).
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Clearly dim¢P = 3dimg 7O and P NTO = {0} = dimg(P NTO) = 0 = constant.
Proposition 5.3.1. P is Ad"-invariant, smooth, and isotropic on (O, we).
Proof. e Ad*-invariance.
If € € nf, it is easily shown that Ady¢ € nXd;,lu (with the same eigenvalue as £ € n}), and so
7adzdg£(Ad;71u) € PAd;,lﬂ'
But —adjg,¢(Ady-1p) = T,Ady-(—adgp) ~ Adj-.(—adgp), demonstrating that P is Ad”-
invariant.

e smoothness on O.
Ad* is smooth on g*, and hence on O, since O is an initial submanifold. The result then

follows from the Ad*-invariance of P.

e isotropy.

Let € € nj; and apply p to both sides of the eigenvector equation
—ad, 1§ = i\E, A€ (0, 00).
We get

iAp(E) = p(—ad,: §) = r(pf, —ad,: §) = k(ad,: (u), §) = 0.

Since A # 0 this tells us that M'n:[ = 0. It follows that for &, ¢ € n/‘f,

(wo)u(—adgp, —adep) = u([€, ¢]) =0,
since [¢, ¢] € nf. Hence P is isotropic.
[

The only property of a polarization left to demonstrate is involutivity. To do this, we will need

the following lemma.

Lemma 5.3.2. Let m : N — B a submersion. Let S be a complex distribution on B, and define

R = (T7)~1(S). Then S is involutive if and only if R is involutive.

Proof. Suppose S is involutive. For py € N, pick a section s : U — N about 7(pg) and a basis of
vector fields X* for R along s(U). Define the (linearly dependent) vector fields Y on U by

Y'(b) = Ty (X' (s(p))) -
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As a consequence of the Local Onto Theorem ([AMRSS, Theorem 3.5.2]), the X* can be extended
to a linearly independent set in a neighborhood of py € s(U) which are w-related to the Y¢, and
hence form a basis of R. It follows that [X?, X7] and [Y?, Y] are 7-related, i.e.,

TPW ([Xl’ XJJP) = [Yiv Yj}ﬂ(l))'

Since S is involutive, [Y?, Y], (,) € Sx(p), so from R = (T'r)~!(S) we see that [X*, X7], € R,,. Since
the space of vector fields in R on 7~ 1(U) form a C°° (7 ~1(U))-module, with basis X, it follows from
properties of the Jacobi-Lie bracket that R is involutive.

Conversely, suppose R is involutive, and let Y, Y’ be vector fields in S on some neighborhood of
B. For similar reasons to above, Y and Y can be lifted to vector fields X and X’ in a neighborhood

of N in such a way that X ~; Y and X’ ~, Y. Tt follows that
(X, X'] ~r [V, Y].

Since R = (T'w)~%(S), X and X' are sections of R, and so [X, X'] € T'(R) since R is involutive.
Hence [Y, Y'] € T'(S) =T(Tw(R)). So S is involutive.
O

Proposition 5.3.3. P is involutive.

Proof. For a € LGSO), J¢: 771 (a) — O is a submersion. Take o € 7 *(a) such that J(xg) = p.

The fiber of J* through and arbitrary point g - z¢ of 7=1(a) is Gigao) 9 %o =Gada*_ g To =
g- G, - xo. Recalling that P, = {—ad{v|£ € n}}, it is clear that

(Tg~x0Ja)71(PJ(g-a:0)) = p:]‘r(g.xo) : (g ' xo) = g ' p; : zO’

where pf = g @ nf is the positive parabolic subalgebra of g associated to v € g*. This lifted
polarization is spanned by global vector fields of the form Y¢(g-x¢) = g-& -z, € € pf{. Since
V€, V¢ = YI&d and pl‘f is a subalgebra of gC, it is integrable. It follows from Lemma m that
P is involutive.

O

5.3.3 Connection with the root space decomposition

The eigenvectors of —ad,: may be described in terms of a root space decomposition of gC, giving
an alternative construction of P. We explain the connection for the case where g is simple. The

semisimple case is easily extrapolated by decomposing g into its simple ideals.
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If T is a maximal torus of G (i.e., a maximal commutative connected subgroup of G), with
corresponding Lie algebra t, then h = (€ is a Cartan subalgebra of £ = g€, and the corresponding

root space decomposition is

g(c:t(c@®ja-

a€A
The fact that the eigenvalues of ad,, n € t, are pure imaginary means that the roots A take pure
imaginary values on t. It is a standard theorem that every element of GG is contained in some
maximal torus 7, implying that every element of g is contained in some maximal commutative
(real) subalgebra t.
For a point 4 in the coadjoint orbit O C g, extend u linearly to an element of (g&)*. Let t be a
maximal commutative subalgebra containing u* (note that u* € g C g%, since p is real valued on g).
By the general theory in Section m #ule € spangA.

In the root space decomposition of g, —ad,s acts as

0 cett
_adu“(f) = ) >
—a(pf)E=ih () € €€ja

where for simplicity, we write % 1 instead of %mfc in the second case. Hence the zero eigenspace,

which we recall is just gg, is given by

=t P jn

(f10)=0

while the negative and positive eigenspaces n,; and nl“; defined in the previous section are given by

(%,u,a)<0 (%,u,oz)>0
The form % 1 defines a set of positive roots

A+:{a€A’ <;,u,a)>0},

with respect to which it is dominant.

5.4 A polarization compatible with foliation reduction

We now describe how induce a generalized polarization F' on M which is compatible with foliation

reduction, and allows reduction of the covariantly constant sections on L° to the reduced bundle L%
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when O is admissible. F' is a generalized polarization in the sense that it is not necessarily smooth,
nor does it necessarily satisfy dimg(TM N F) = constant. However it does obey these properties

when restricted to each J~(0), which is sufficient for later purposes.

For a given coadjoint orbit O, let Qj-1(0)/¢ be any polarization on Jilcgo), and let P be the
polarization on O described in the previous section. We recall the definition of ¢© : J=1(O) —

171(0)
0 x 119

(bO — (JO % 7_[_0) OAO,

where A© : J71(O) — J71(0) xJ~1(O) is the diagonal map z + (x, x). We define the a polarization
F© on J71(0O) by
FY = (To0%) " (Pia) © Q) for z € J7HO).

Note that FC C T, (J71(0))C by its definition.

-1
By picking a polarization @) on each symplectic manifold J GEO) and constructing F© on each ini-

tial submanifold J=1(0), we build up a generalized distribution F' on the entire symplectic manifold

M.
Proposition 5.4.1. F is a generalized G-invariant polarization on M.

Proof. e F is smooth and involutive on J~1(0).
This follows from the fact that P & @ is smooth and involutive on O X %, the fact that
#° : J7H0) = O x % is a submersion, and Lemmam

e F' is isotropic.

Let X,, X| € F,. Then T,J°(X,), T,J°(X,) € Py, so
(w3-1(0)/6) 30y (T2I9(Xo), ToIO (X)) = 0,
while 7,79 (X,), T,m°(X}) € Qr(s), 50
(WO) () (To® (X)), Tom® (X)) = 0.

The result then follows from (i°)*w = (J)*wo + (7°)*wj-1(0)/¢ (Proposition [2.15.1)).

o dimcF = 1dimpM.
Let dimpM = 2n, dimrG = g, dimrG,, = g,. Since ¢© defines a G ,-fibration,

dimcF' = dimc P 4 dimc @ + dimp G/,

1. 1. J YO .
= 5dlm]RO + idlmR (5 ) + dimpG,
1 1
=59—9.)+52n— 94 —9) + g

2 2
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e F' is G-invariant

Let X, € F,. Then T,J°(X,) € Py, so

Tg-w‘]o(g X)) = Tg-wJO (Tw(q)o)g(Xw)) = Tw(JO © (q)o)g)(Xw)
= To(Ad) 1 0 J9)(Xy) = Ty(n)Ady—1 (T (X,))

€ Ty@Adg-r (Piw) = Paa:_, 1) = Pigga)-
Also T,7°(X,) € Qr(x), 50

Tym©(g- Xo) = Tpoom© (To(89)4(X,)) = T(n® 0 (39),)(X.,)

= Tu7°(X2) € Qr(z) = Qn(ga)-
Overall,
Tyat(9- Xo) = (Tg0I9(9 - Xa), Tya® (9~ X)) € Pi(ga) © Quigoa)-
It follows that g X, € Fy, = (Ty0°)! (PJ(g.x) &) Qﬂ(g,w)), from which we conclude that

g-Fp=Fg,.
O

For a € ﬂ%, the intersection of F© with T'(7m~'(a))® will be denoted F,
F® = F, N Ty(7m(a))® for all z € 7 !(a),

while for pu € O, its intersection with T'(J~!(1))€ will be denoted F*,
Fr=F,NT,(J ' (u)®  forallz e J (u).

From F = (T¢®)~1(P @ Q) and the definition of ¢© it is not difficult to show that

F*=(TJ*)"%P) and  F*=(T7") Q).

Proposition 5.4.2. R® C F, where R = TR is the tangent distribution to the generalized foliation

R, and R® denotes its complezification.
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Proof. As previously discussed, the fibers of ¢© : J=1(0) — O x % are the foliation R. Since
F = (T¢®) " (P Q) C T(J7HO))C, this implies that R® C F. O

Combining F'® = (TJ*)~1(P), the definition of P, the equivariance of J, and the previous theorem

gives the following explicit expression for F'*:

F* = (g(JC(m) @ nJJr(I)) .= p}L(I) -z,

5.5 Admissibility and covariantly constant sections

Proposition 5.5.1. For L? to support sections which are covariantly constant along F©, © must

be admissible.

Proof. Let s € T'po(L®), with § € %OU(l)(LO, C) its corresponding U(1)-equivariant function.
Since R C F, it follows that s must be covariantly constant along the leaves of the foliation R®. So
over each J=1(u) c J71(0),

Veus=0 forall{eg,,

or equivalently,

=0 forallécg, .

The latter condition implies that $ is constant along the leaves of (R")* . Suppose such a leaf
intersected a U(1)-fiber of L* at two distinct points, p #p/ = p/ = p-w for some w € U(1) with
w # 1. Since § is constant along the submanifold, we have that

1.

5(p) =50p") = 5(p-w) =w "5(p),

the latter equality a consequence of the U(1)-equivariance of §. Since w # 1, the only way this is
possible is if § is zero along the submanifold. Therefore for each p € O, the leaves of (R")* must

intersect each U(1)-fiber at most once. By definition this means that O is admissible. O

The admissible coadjoint orbits are quantized. Hence the relevant representation space for quan-

tization is

P Tro(L°).

O admissible
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5.6 The reduced polarizations

The final structures required for geometric quantization of the reduced spaces are the polarizations.

Define the distributions

FR :=Ts° (F°),
FL :=To" (F"),

Fp :=To" (F?).

Lemma 5.6.1. (i) FS is a polarization on (J;(Oo), w%)

—1
(ii) Fk is a polarization on (J Rff‘), w%)

—1
(i11) F§ is a polarization on (WR£G)7 w%)
Proof. We will just prove part (i), the other parts being similar.

e Smoothness: follows from the smoothness of F© and the fact that ¢© is a submersion.

O)* O

e Isotropy: follows from isotropy of F© and the identity w® = (09)*wg.

e Involutivity: Since the tangent spaces to the fibers of ¢© : J71(0O) — J71(O)/RC are
contained in F©, we have that F© = [To®]7'FS. Then involutivity of FS follows from

involutivity of F© and Lemma [5.3.2]

e Dimensionality: let dimg M = 2n and g, = dimgr G, for any p € O. By the Transversal
Mapping Theorem codimg J71(0) = codimg O = g,,. Hence dimg J~'(O) = 2n — g,,,

and dimg % = 2n—2g,. On the other hand, dimc FO = % dimg M = n. Since the tangent
space to the fibers of € are contained in F©, dim¢ F© =n — Gy = % dimg J;go) , as required.
Parts (i) and (iii) follow similarly, using dim¢ F* = g, + 1 dimg TIGSO) =n— 3(g— gu) and
dime F* = g, + 5 dimg O = 3(g + g,.), where g = dimg G. O

Combining the result F? = (g(f]:(w) @ nj'(x)) -z of Section and the definition F§ = To®(F®)

gives the following explicit expression for F3:

(F/]%)R(}L,a,) = n;r . R(u,a)'
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5.7 The relationship between covariant sections on the re-

duced and unreduced bundles

Let us employ the compact notation L% for %, and denote the line bundle associated to L% by
L%. The connection oz% on L% induces a covariant derivative Vg on L%.

The set of sections of LY which are covariantly constant with respect to F© is denoted I' po (L?),
Tpo(L9) ={seT(L9)|(V®)xs=0forall X eI (F°)},
and the covariantly constant sections on the reduced bundle are denoted likewise,
Pro(LQ) = {t € D(LY)|(V)yt = 0 for all Y € T (ES)}.

Proposition 5.7.1. I'ro (LY) is canonically isomorphic to T po (L°).

Proof. Recall that a section s € I'(L?) is equivalent to a U(1)-equivariant complex function § €
Civey (L9, C), and under this equivalence, the covariant derivative (V©)xs € T'(L?) corresponds

to the function X"s € O (L9, C).
1dy(1)

Suppose s € I'po(LP). Then in particular (V) xs = 0 for X a vector field in the characteristic
distribution R® = TR® c F®. Hence X"5 = 0 for such X, implying that § is constant along
(RM)©. This is precisely the fiber of the submersion »O0 .10 - L%, and so § : LY — C descends to
a smooth function s : LY — C (satisfying 5 = §g 0%?). Since 5 and ¥© are both U(1)-equivariant,
and 29 is surjective, $x is also U(1)-equivariant, implying that it corresponds to a section of LY.

Since 5 is constant along the horizontal lift of F©, and
FQ =To® (FO) and a© = (5°)"aQ = F" =T%° (Foh) ,

$r is constant along the horizontal lift of FS, and so corresponds to an element of I’ Fe (LY).
Conversely, suppose t € T’ FQ (Lg) Then i o € satisfies all the properties to correspond to an

element of T'po (L), and i + £ 0 $° is an inverse to the map § — é described above. O

Employing identical arguments, we likewise have canonical isomorphisms

Tpa (L%) ~ Tpa(L?) and Lpu (L) =~ Tra(LY).

5.8 Connection with the Borel-Weil Theorem

The left G-actions on L% and L% induce corresponding é—representations on the isomorphic spaces

Ppa(L?) and I'pg (L% ) of covariantly constant sections. In this section, we demonstrate that these



80

spaces form an irreducible G-representation, characterized by the coadjoint orbit J(7~1(a)). The
proof of this result is essentially the classical Borel-Weil Theorem adapted to the constructions in

this thesis.

5.8.1 Equivalence of the unreduced and reduced representations

We first demonstrate that the é—representations on the spaces of sections I'pa(L?) and I'pa (L%)
are equivalent. Interpreting such sections as U(1)-equivariant functions, the é-representations are
simply

Uz 3)(p) =3 -p) and (Vai)(g) =i(g~" - q),

forpe L% qe L% If § and ¢ are equivalent sections under the isomorphism T'ga (L) ~ T’ Fg (L%)

discussed in Section (so§=to S“), we see that

Uzs(p) = 3(37"

“p)
= (=" -p))
=G " -2%p)) by é—equivariance of 1¢

= (V30)(2°(p)),

ie., Ug(toX%) = (Vaf) o %% and so the isomorphism T'pa(L%) =~ ['re (L%) intertwines the two

é—representations U and V. Hence they are equivalent.

5.8.2 The correspondence between polarized sections and functions on

the group

We intend to demonstrate that the é—representations on 'pa (L) and I'pg (L ) are irreducible. The
demonstrated equivalence of the previous section means we need only consider one of the spaces; we
will concentrate on I'pe (L% ), although the proofs below apply with appropriate modifications for
Tpa(L*) also.

The space I'pg (L% ) of covariantly constant sections is equivalent to the subset of o) (L%, C)
which satisfy Y"i = 0 for all Y € T'(F4). Let o be an arbitrary element of L%, and let 7% (qo) =

R We have the following result.

Proposition 5.8.1. (i) There is a one-to-one correspondence, dependent on qq, between the sets
%, (. ©) and

c*, (G, C)= {r G C ‘ #(Gh™Y) = x4 (R) #(g) for all h € (é)u}.

X~ RY
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(i) There is a one-to-one correspondence, dependent on qo, between the sets

{t‘ €0, (L%, ©) ‘ Y =0 for all Y € r(p;g)}

and

{f eCc>, (G, 0 ‘ (G- &F=0forall¢ ent, e é}.
X h

Proof. (i) Given i € C% (L%, C), define 7 : G — C by #(g) = (j - qo). Using Proposition

ldU(l)

4.4.3] we see that

i ~ ~

FGh™) =G (h™' - q0)) = (G- qo - x 7*(h7Y) = x 7 (R) (G - q0) = x "7 (h) #(7),

SO T € C;i%“(é, 0).

Conversely, suppose 7 € Coi%u(é, C), and define (g - qo) = #(g). ¢ will extend to a U(1)-
equivariant function on L‘%: provided (g’ - qo) = w (g - qo) when ¢’ - qo = G- qo - w. The
latter condition occurs if and only if §~1§' = h € (é) u- Proposition m then implies that

w = x~##(h), and using the (é)ﬂ—equivariance of 7,

i@ - q0) = #(@) = #(gh) = x (R 7(G) = x 4 (h) LG - qo)-

The above described maps between C’i‘fi"U(l)(L'%, C) and C* , (G, C) are clearly inverses of
x

one another, and so define a one-to-one correspondence as claimed.

The reduced polarization at a general point gR#*® of % is (Section

(F&)griee =g (F&)pume = g-nf - RED,

Hence the polarized sections of C'*° ; (L‘%z7 C) are those satisfying (g - £ - R#*®))ri = 0 for all
X h

“w

§ent, g€ G. The relationship CL-% = Cl;,l(a) — (J% (&) o) (2 coupled with the fact

)L't;2

that M’“I = 0 (isotropy in Proposition |5.3.1)), tells us that (g - £ - R(“’a))g_qO =g-&-qo for

e nf[, from which it follows that that the space of polarized sections is
{i eCy,, (L%, ©) ] (§-€-qo)i=0forallEcnf,Ge G}.
Via the correspondence from part (i), this clearly translates into

{7'”6000

X

@, (C)’(ﬁ-f)?’ﬂ:()for all Eenf,ge é}
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Note. Given py € L, and gy = Za(po) € L?@ we have the pg- and go-dependent bundle isomorphisms
Lo ~,, G x, U(1) and L% =~ G X 4 U(1).

Proposition m (i) can also be seen as a consequence of the second isomorphism, since then

9 = L% i, C g (G X i U(1)) Xidom, C=Gx__1, C.

X

5.8.3 Highest Weight Theory and the Peter-Weyl Theorem

Since I'(L%) as complex-valued functions on G, we can invoke some standard results from the
representation theory of compact Lie groups. We summarize these results here for convenience.

Let T be a maximal torus of G contained in (é)#, t its Lie algebra, A the set of roots of g©
with respect to the Cartan subalgebra t©, and AT = {& € A|(£u,a) > 0} the choice of positive
roots (cf. Section . A representation of G on a Hilbert space H can be decomposed into a
direct sum of joint eigenspaces of t€. Such a joint eigenvector v satisfies n - v = \(n)v (where -
denotes the representation action) for all n € t© and some A € (t©)*. The element A is called a
weight of the representation, and the corresponding eigenspace is denoted Ey(#H). The compactness
of G allows us to put a G-invariant inner product on H that makes the representation unitary,
which in particular implies that weights A are pure imaginary on t (so A € it*). From the identity
[0, &] = a(n)é for £ € ju, n € t, it follows that & - Ex(H) C Exya(H). A highest weight X is one for
which £ - Ex(H) = {0} for all £ € ,ecn+jq- For an irreducible representation the highest weight A
is unique, and dim¢ Fy(H) = 1.

Recall that an element A\ € it* is said to be dominant if (A, &) > 0 for all « € AT, and integmﬂ
if A :t— {R exponentiates to a character x* : T — U(1). The Highest Weight Theorem ([Sep07,
Theorem 7.3]) asserts that the irreducible representations of G are in one-to-one correspondence
with the dominant, integral elements of it*, which occur as highest weights for the representation.
We denot the irreducible é—representation corresponding to highest weight \ € it* by H*.

The Peter-Weyl Theorem ([Sep07, Corollary 3.26]) asserts that

L*(G) ~ b (HM)* @ H .

A dominant integral

Under the equivalence, a®v € (H*)*®@H* corresponds to the map g + a(g-v) in C (CNJ, C) c Lz(é).

1Since @ is simply connected, the concepts of algebraic and analytic integrality agree, and are not distinguished
here.
2This notation is however imperfect, since it does not make reference to the choice of maximal torus 7' containing

pt.
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5.8.4 Irreducibility of the representation

We are now in a position to demonstrate the irreducibility of the é—representation on I'pa (L%).
From Proposition (i) it is clear that the G-representation on I (L%) is equivalent to the G-
action on C*° #(é, C) induced by left multiplication on G,

X R

~—1~7

(G-M@)=7g 9

Under the Peter-Weyl correspondence, the (G) u-equivariance condition #(Gh) = x" i (h=1) i (g) =

X%u(ﬁ) 7(g) tells us that 7 corresponds to an element of

A d.i.

(le,a®@ve@d, 4, (H) ® E%“(HA) implies that a(gh - v) = x##(h) a(g - v)). Restricting now to
7 € I'pg (L% ), we see that the corresponding function on G satisfies (§-&)i = 0 for all £ € nhge G.

Recall that nf[ = ®(%uva)>0j°‘ (Section [5.3.3). Also, for a € A satisfying (%p, a) =0, u(¢) =0 for
¢ €jq (Section , implying that X%”(expé(g)) =1 and 7(gexps(¢)) = 7(g). Overall,

G-9i=0 forall (€ @B ja

(##,2)>0

which tells us that % 1 is a highest weight, and so under the Peter-Weyl correspondence, 7 corresponds
to an element of (H##) ® {v}, where v is a highest weight vector in ###. We finally conclude that
as a é—representation,

I'pg (L) =0 (H")7,

and hence is irreducibleﬁl

“Ha)
R(l

Using the polarization F%, we can give the reduced space = the structure of a complex
manifold. The space of sections I'rg (L% ) can then be interpretated as the space of antiholomorphic

sections of L% . See Appendix |E| for details.

5.8.5 Application to the cotangent bundle of a Lie group

As an application of this construction, consider the case of M = T*G with the usual left G-action,
and symplectic form w = —df, where 6 is the canonical 1-form 0,,(Xs,) = a(Tam(X,)) for 7 :
T*G — G the natural projection. One possible U(1)-bundle-connection pair over T*G is the trivial

U(1)-bundle L = T*G x U(1) with connection o = —0770 + 776(1)@&(01), where @ﬁ(cl) denotes the

3The dual G-representation on (7—[%“)* is irreducible with highest weight wo(f%u), where wo denotes the longest
element of the Weyl group—see [Sep07, Lemma 7.5] for details.
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Maurer-Cartan form on U(1). The lifted G-action on T*G x U(1) is simply § - (a, z) = (ma_a(9) -
a, 2), and x(k) = 1 for all k € ker(mgz_, ;). Admissible momentum p € g* are those which the
Lie algebra homomorphism —%2 4 : g — u(1) exponentiates to a Lie group homomorphism X’%“ :
(é)u — U(1) that agrees with x : ker(rz_, ) — U(1) on ker(rs_, ) (Proposition . Since in
this case y is trivial, X_%“ factors to a Lie group homomorphism X’_%" G, — U(1).

Proposition [3.1.5] tells us that all other compatible bundles are characterized by elements of the
character group of the first fundamental group 7 (T*G)* ~ m1(G)* ~ mi(ker(7g_,,)). Hence all
possible holonomies of ker(n5_, ,)-action can be achieved by different choices of bundle.

In particular, for the familiar case G = SO(3), 71 (SO(3)) = Zy. The trivial bundle corresponds
to the integral spin representations, while the Zs-twisted bundle corresponds to the half-integral spin

representations. Either integral or half-integral representations occur in the geometric quantization

of (T*SO(3), —d#), but not both.
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Chapter 6

Factorization of the reduced
representation space

A Lie group of symmetries G acting on a quantum system, described by a Hilbert space H and Hamil-
tonian H, corresponds to a representation U of the universal cover G of G on H which commutes
with H. Given such a group of symmetries, it is natural to decompose H into U- and H-invariant
subspaces which transform via the irreducible representations (p*)* of G. This is accomplished using
the operators P* = d* [ Tr [p*(g)] U(g) du(g) (see Appendix [C| for details). Each of the reduced
spaces can be further factorized as (H*)* @ (H* @ ’H)é in such a way that U acts on the first factor,
and H on the second. Following [TT00], we propose this as a natural definition of quantum reduction.
To goal of this chapter is to show how this factorization can be accomplished at the symplectic level,
and so demonstrate that “quantization commutes with reduction”.

To our knowledge, all of the results in this chapter are new.

6.1 An isomorphism of the reduced bundle-connection pairs

For admissable O, the bundle % has a connection a% with curvature w% while the bundl

(7%)& O % has a connection o B oy with curvature w$ @ wh,. Corollary [2.14.5| establishes that

the symplectic manifolds

mla) I . I7H0) o
( T X "7 ,wRGBwffz> and ( 20 ,wR)

— —1 -1
are symplectomorphic (via the canonical symplectomorphism ¢$Q s (J% x 7h) ”Ria(a) X ]Ril(“) —

_ . — -1
J 7;590) ). Using this symplectomorphism to pull (%, a%) back to % X JTS“), we have two

—1 -1
U(1)-bundle-connection pairs over ”T@ X JTff‘) with the same curvature w$ @ w%. Proposition

establishes that these two bundle-connection pairs must be equivalent up to a flat bundle-

1See Appendix [B| for definition of the bundle product [ and associated connection.
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connection pair, and so (% ] (7%7:),“ o, B a%) and ((7%%, a%) are isomorphi up to a flat

bundle-connection pair. In fact, these two are isomorphic, and we establish this fact in this section.

6.1.1 The symplectomorphism between the reduced spaces revisited

We give here a different proof of Corollary [2.14.5] which will then be ‘lifted’ to the reduced U(1)-

bundles to establish the corresponding result on these bundles. To establish this proof, we reinterpret

-1
the canonical symplectomorphism as follows: recall the notation for points in 2 REQO) (i.e., Gy-orbits)

R = 7= a) NI (p).

-1
For (i, a) € O x JT(O), the canonical symplectomorphism

S ) ) IO)
S o (I x mh) "a X @i T RO

satisfies

(697 0 (3 x wp)) (R, R®D) = 627w, ) = ROD

(Section|2.14)). As described in Section the (free) G-action on M drops to a (non-free) G-action

on J;EQO), and ”;215“) is the G-orbit of R(#%) under this action. Recalling that g-R(*?) = RAdG 1)

(Corollary [2.13.6[ (1)), the canonical symplectomorphism can now be expressed as

(687" 0 (35 x 7)) (g R, ROD) = g RUD).

Let
a ma) 7 a) (BN (%)
D% 1 G % a7 e and  ®f : G x o R0

()
RO

denote the obvious restrictions of the (smooth) reduced G-action ®9 on

P% are smooth since ’T;Ea) and ‘];E” ) are initial and embedded in J;EQO)

2.10.3| (ii), (i)). The above expression for the canonical symplectomorphism can now be written

. The maps ®% and

respectively (Proposition

-1 a a (p,a)
(627" 0 (% x 7)) (@82 (9), RUD) = (g, ROD),

where we recall that (®%)R"" (g) = ®% (g, R*®) = g- RU=®). This fact motivates the following
construction of the canonical symplectomorphism, which will be “lifted” to a U(1)-bundle-connection

isomorphism in Section

a -1 -1 -1
Proposition 6.1.1. (i) (@%)Rw' "% id,-1g, G x JRfL“) — ”Ria) X ‘]Rf‘“) is a surjective
R

submersion.

2See Appendix for definition of bundle-connection isomorphism.
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-1 —1
(ii) % : G x JRiﬁﬂ) — JTEQO) is a surjective submersion.

(iii) There exists a diffeomorphism e®" : ”sz‘) X J;,(f‘) J;EQO) making the following diagram
commute:
I ()
G x o
a (p,a) .
(‘I)R)R X ld'];if/‘) L
™ a) I () 171(0)
Ra R (ea,u)—l RO

Ezplicitly, the diffeomorphism e®" can be expressed as
aH (Q Rma), R(u,b)) — g R,

(@]

(iv) e®* is a symplectomorphism, i.e., (e™")*wg = wh G wh.

Proof. (i) Since G-R) = ”;E“), (@%)me is clearly surjective, and hence so is (@%)R(“’a) X

i1 .
RHE

Proposition m (ii), together with the correspondence of the smooth structures on 7~!(a)

R (k)

N (wa) . . . .
and G, implies that (®%)®"" is a submersion, and hence so is (®%) x id RIAY

-1 -1
(ii) Since G- JT,E“) =1 REOO), % is clearly surjective.

Proposition [2.12.3| (i) says that for any R*?) € Jt,;ggO)7

e (52) < () e (52)

. J71(0) : (v,b) (v,b)
So any vector in Tp,n RO can be written as £ - R\"? + Yy for some £ - RW¥Y) €

TR (ﬂ;ng)) and Ypows € TR (J;l(,”)). Taking g € G such that Ad;—l/.l/ = v, we get

that g7 - Yrws € Troun (Jil(“)) Since by definition ®% (g, R*Y) = g- R we have

RH
ue R(w))q’%(ﬁ 9,97 Yrow) =69 - RUD 49 (g7 Yrow) =& RUVD 4+ V).

So @ is a submersion.

(iii) The fibers of (@%)R(Wl) x id;-1(, and ®% through (g, R*Y) € G x % agree, both being
RH
gG, x {RWH}. Applying Proposition [2.10.2[ (v) with F = id,, s-14y In both directions
R

implies the existence of smooth e®* and (e®*)~! satisfying the commutative diagram. This

further implies that e®* is a diffeomorphism.
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The explicit expression for e®* follows by noting that, for example,

((@gz)nmm « id) (g, R(u,b)) _ (g,R(ﬂ,a)’ R(W’)),

Hence commutativity of the diagram implies

b (g . R(/t,a)7 R(lhb)) — (I)?Ha(g’ R(/t,b)) =g- R (1)

DlﬁCI‘CHtl&tln thC lantlty Ba o () X ld J—1 =0 at g, R( ’b) in thC dircction
g (1) R
R

(€9, Yrun) € TGP Triuw ( £ )> implies

Ty R R0 e (5 - R(/ua)7 an(u,b)) =¢-g- Rb) 4 G- Y.

Taking any other vector pair (¢ g - Rma) Yé(“‘b)) € Ty rua (”;a(“)) D Trub) (J;,(ﬂ)),

we get
( ) (g-R () R(k,b)) ((5 g R(Hﬂ)a YR(/M))) s (f g- R(H a) R(u b)))
(w%)g R (5 g R 4 g Vi, & -g-RWY 4 g. Yfaw,b))
(w%)g R(:b) (g *g- R(p”b)? gl *g- ROL’b)) + (w'g)g.n(u,b) (g : YR(IM”)’ g- Y’/lz(u,b))

<Ad 1, f 6 ]> (wR)R(l‘ b) (YRW b)y YR(# b))
= (wx

g~
w )q R(w,a) (g g- R wa) 5 g R(# a)) (w%)R(u,b) (YRW»b)r Y7,2(u-,b))

= (Wk ® WR) (R0, Rk ((f Lg-RWY, YR(M-ﬁ)) ; (5/ Lg-RW, lezm,b))) ;

the second equality following from Proposition [2.12.3[(iii), and the third from properties of the
momentum map J% for the first term, and G-invariance of w% for the second term. Therefore
(e™M)*ws = wh B wh, as claimed.

O

6.1.2 The lifted construction

We define now a bundle-connection isomorphism from (% ] (7{.‘%, of, | a%) to (%, a%)

which covers the symplectomorphism e®* : ( (a) #, wh @w%) — (‘];gj), w%) Note
that for any bundle-connection isomorphism, composition with right multiplication by an element
of U(1) also yields an isomorphism. So we do not expect our construction of an isomorphism to be
canonical, as e** is. However, it will be canonical up to global U(1)-phase.

The submanifolds (a) and - ,(fL) intersect at the point R(** (Proposition [2.12.3| (i)), and




89

(RL:)Q and Rh)u intersect in the U(1)-fiber lying over R(**) . Let g be any point in this fiber. The
arbitrary choice of gy will correspond to the U(1)-arbitrariness of the isomorphism mentioned in the
previous paragraph.

As in Section let <I>7(% -G x (Rh)@ — (Rh = denote the reduced G-action on (7%;9)@. In

addition, let

Le Lo .~ LM Lo
d HL . —
(Rbye  (Rb)a an r G X (REy:  (REYO

@%:éx

denote the obvious restrictions of this action. Since (RL;)G and (Rh)u are initial and embedded in
(Rh)@ respectively (Proposition m (ii), (i), these restrictions are also smooth. We are now ready
to state the lifted version of [6.1.1}

Proposition 6.1.2. (i) (®%)®[0id ;x . G x Rh - — (7%:)@ O (RLI,“)H is a surjective submersion.
(REYH

.y -~ a [ K . . . .
(i) ¥ G x e — (R.LT)H is a surjective submersion.

(RE)m
(i4i) There exists a diffeomorphism Ea (RL:)G (7%:)“ — (RL},O)O making the following diagram
commaudte,
~ )z
G x Ry
a \qo 1 .
(P%) Dld( y W\z
I 7 Eg io
R RV a1 (RO
0

where <(<I>“ )0 Hid ju > (9,9) = (g-q) dq. The diffeomorphism E;ﬁ;“ can be expressed

(RB)K

explicitly as
Bt ((§-90)Ba) =3-q.

. - a, . . . . . . . . . - a, * O _
(iv) Eg* is a bundle-connection isomorphism, i.e., is U(1)-equivariant and satisfies (EgH) ap =
a H
o, Hoag.

Proof. (i) We have (RL—:)Q = G-qo-U(1). By absorbing the U(1) factor into (Riihu)#, we see that an

arbitrary element of (Rh)a B % can be written (in general non-uniquely) as (g - qo) [J ¢ for

some § € Gand g € (Rh)u. This is just ((q)a )9 Bid _pu > (3, q), and hence (%)% Hid_ 1,

(Rhym (REYR

is surjective.

By the same reasoning, an arbitrary element of T(3.4,)m4 (% ] %) can be written as (&-

g-qo)BVy, where { € gand V, € T, ((R“ ) Since this equals T(g.q,)m4 ((@ Y90 Hid  ju > (&

(Rh)m



(iii)

90

9, V), (#%)% Hid ;u  is a submersion.

(Rhym

Since G - (Rh)u = %7 @% is clearly surjective.
The tangent space T, (%) equals g- ¢+ T, (( Ry ) where v = JO(79(q)). So any vector
in T, ((R:;O> can be written as £ - ¢ + Vg, where £ € g and V, € T} ((73“)”) Let g € G be

such that Ad}lu =v. Then (5 g, 9L V:I) €Tig,5-1.9) (G X 7(7211)”), and
TG19®e (€00 V) =630 +3-@ Vo) =6-q+V,

Hence <I>“R is a submersion.

From Proposition|4.4.3) we see that the maps 'l> xid i and <I>ﬁ}2 have the same fiber through

‘R, H

(9,9 € G x 'R-h)“’ namely {(gh q-x" ﬁ“ ) ‘h € u}' Applying Proposition [2.10.2

(v) with ' =idg, i«  in both directions implies the existence of smooth Eg(;“ and (Eg[;“)*l
(R

satisfying the commutative diagram. This further implies that Eg[;“ is a diffeomorphism.

An arbitarary (g-qo) Dq € (Rh)a Gl (%h)u is the image of, for example, (g, q) € G x (RL%)#

under <I>” xid ju . Hence by commutativity of the diagram
(Rhyw

Egt((d-q0)Bq) = (9, ) =3 a.
For arbitrary (g-qo) g € % O % and w € U(1),
Egt (- q0)Ba) - w) = Byt (G- 90) D (q-w)) =g+ (¢-w) = (§-9) - w = Eg*((§-g0) D) -w

Hence Eg[;“ is U(1)-equivariant.

Differentiating the identity Eg(;“ o ((<I>“ YO Did_ju ) = @), at (g, q) in the direction (£ -

(RBYm

3, V) eT:GaT, (é%)“) implies
T(gqo)Dq( V€ g q)BVy) =E-g-q+3g- V.

Hence for arbitrary vector (£-g-qo) BV € T(5.40)mq ( e U (RLh)#) and taking g = 75 _, 5(9)

and y = TO(Q), Yo =T ((Jo)7

(BgryaR) o (€T 0)BV) = (0R)gq(€ 54 +5Vy)

= (0R)54(E- G- @)+ (0R)5.4(F - Vq)

—(J(g-y), &)+ (a%)q(Vq) by G-invariance of a9
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=—(J(g-y0); &) + (aR)q(Vy)  since J(y) = I(yo) = p
= (R)g.40(§ -G q0) + (g )q(Vy)

= (aR BaR)((£-9- q0) BVy).

This proves that (E&4)*aQ = o, B a%.

[
Note. Fi its definiti Ean . Le Bl * Le learl ap . T_'(a) D))
ote. From its definition, Eg# : iz B i — o clearly covers e Z2= x =2 —
ME(%)
RO

6.1.3 The polarization isomorphism

As might be expected, the canonical symplectomorphism

a -1 (qa mla) I I7HO)
eVt =p% o (Jk x mh): 7e X @mu T RO

also relates the reduced polarizations to one another.
Lemma 6.1.3. T (68" o (J% x 7)) (F & Ff) = FS.

Proof. Recall the relations (Section [5.4)
FO = (169 (P& Q), F*=(TJ)(P),  F*=(Tr") Q).
Since ¢©, J*, and 7 are submersions, these imply
T¢® (F°)=PoQ, TI*(F*)=P,  Ta"(F")=Q.
Referring to Diagrams and
#° = ¢Q 00, J*=7J% o0?, =l oot
and so

P®Q=T(¢%00°) (F°)
= T3 (FR))
= FR =(T¢R) " (PoQ)

~T(¢% ) (PoQ).
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Similarly
TI% (Fg)=P and Trlhs (F&) = Q.

Combining, we get

T (62 "o (U x 7)) (Fg @ Fjp) = T(6R ) (TI%(FR) & Trly(FR)) = T8 (P @ Q) = FR.

6.2 The lifted dynamics and group action under the decom-
position

Dynamics under a G-invariant Hamiltonian preserves the level sets of the momentum, and so drops
J (W)

to the reduced spaces ——;=". We describe here how this dynamics appears under the decomposition
—1 -1 —1 .

J RSQO) ~ “R,E“) x 2 Rﬁ“ ) and how the lifted dynamics appear under the decomposition % ~
Le L*

e O

6.2.1 The relation between unreduced and reduced flows

Suppose H € C*°(M, R) is a G-invariant function, serving as the Hamiltonian of the system. Let

HO denote its restriction to J~(0). The G-invariance of H® guarantees the existence of a reduced

—1
Hamiltonian Hg on J Rg‘”, characterized by the commutative diagram

(@)

0.(9 HO

() HR
RO ’

and as usual by Proposition [2.10.2| (i), HS is smooth.
Let X§ be the restriction of the Hamiltonian vector field Xz to J=!(0). Then clearly

ixow? = dHO.

-1
On the reduced space J REQO) we have a Hamiltonian vector field X H corresponding to H%

ix,owh = dHR.
R
From the relation w® = (0©)*wg it is straightforward to check that X and XH% are 0-related

X§ ~go XH% or To® o X§ = XH% 009,



93

This implies that the restricted Hamiltonian flow (¢%;)© and reduced Hamiltonian flow (b’}lg are

related by

79 o (¢7)° = ¢tH7c€ 0.

Since the Hamiltonian flow ¢, preserves J~!(u), similar remarks apply to the restriction X trof Xp
to J~1 ()

Xy ~on X and ot o (¢hy)H = (b?{% ooh.

6.2.2 Group invariance and decomposition

G-invariance of both H® and HS (under the unreduced and reduced G-actions respectively—see
Section [2.13)) and symplecticity of the unreduced and reduced G-actions (Proposition [2.13.1)) implies

G-invariance of the respective vector fields X§ and X HE»

X7(g-2)=g- Xg(x), Xpe(g-y)=9- Xno(y),

and G-equivariance of their flows (¢%;)¢ : J71(0) — J71(0) and ¢§{% : J;EQO) — %,

(05)° (9 2) = g~ (&) (@), Oue(9-y) =g dyo(v).

-1 -1 -1
The canonical symplectomorphism e®* : WR(EG) x 2 R/(ﬂ ) 3 REQO) is given by

s (g Rwa) R(u,b)) — g RBY),
As a consequence

el (g . R(u,a)7 ¢3{% (R(u,b))) =g- Qg?}{% (R(Hvb))
=g-dlo (R(/ub))
= Blyo (g . R(m))

= do (ew (g R R(mb))) ’

by G-equivariance of the flow

that is,

) i t — At ;
em o (1d,,_1(a) X ¢H“) = @0 0eh.
—Ra R R

We see that the flow in % appears as a flow solely along the second factor under the decompo-

1740) o nMa) | I

sition —¢ o =
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6.2.3 The lifted dynamics under the decomposition

Recall the discussion from Section the lifted flow (¢/%;)© on LC is generated by the vector field
A9. The reduced Hamiltonian H% generates a reduced vector field A HE and reduced flow 1/121% on

%, which is related to those on L via 29,
AR ~so Agg and 390 ()7 = e 0 2°.

A% and Apo both being (right) U(1)-invariant, (¢t)© and wf‘{g are (right) U(1)-equivariant.

Again all of the above also applies for the flow wfw on %
R

Since for any £ € g,
[AF, Eio] = [AT, A(Jo(g)] = —A?H, JE)) = —AF =0,
the vector field A is G-invariant,
AG(G-p) =g AR (D),
and (¢%,)© is G-equivariant,
W)@ -p) =3 W5)° @)
Similarly A HO is G-invariant (with respect to the reduced G-action—see Section ,

AHg@' 9)=9- AHg(Q)a

and 1/1272 is G-equivariant,

¢§{g(§'Q) :§'¢§{g(9)-

: e Sa,p . L L Le .
The isomorphism Eg:# : R (] Riyr RO 18

Bt ((9-90)Eq) =7 q.
Composition with the lifted flow yields

B (5 00) Dy (@) = G+ by 0)
=g- 1/’317(3 (Q)
= z/JtH% @G-q by é—equivariance of the lifted flow

= Ve (E5(G-20) B 9).
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that is,

Eglto <id 1o [ %R) =g 0BGl

(Rh)a

The lifted flow on % decomposes into the identity times a flow on % under the decomposition
L° L*
(R]})O —_ (Rh)a D (Rh);t N

6.2.4 The lifted group action under the decomposition

~ . ~ —1
By constrast, the G-action on % restricts to a G-action on %p) We have that

B3 (7 (- 00) B q) = ES" (77 - 20) D q)
=(9'9)-q
=919

=g - By (G- q0)Ba),

and so the left G-action on (Rh)@ translates into a left G-action on (7%:)& and an identity map on

under the decomposition (%h)o =~ (Rh)a O o

L+
an (RAy

6.3 Decomposition of the space of covariantly constant sec-
tions

We have demonstrated (Section i the existence of a bundle-connection isomorphism E’g{;“ cov-

ering e®*,
I L [0
(RM)* = (RM)m = (Em (RM)©
7% B 7 #Q
mla) I L 17(0)
Re Re T (e%H) 1 RO ’
with
(Ea’“) af =a% Bak
covering

(e“’“)*wg = wh G wh.

Again denote the U(1)-bundles (RLho)O, (RL:)M and (Rh) by L%, LR, and L“R respectively, and
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their associated bundles by Lg, L%, and L% respectively. Using the natural identification (Ll ]
Lg) xya) C ~ Ly W Ly (see Appendix , Eg[;“ induces a line bundle isomorphism Eg:# of the

associated line bundles mapping the corresponding induced covariant derivatives to each other:

Eg"
L% R LY - L9
(g™
% X 7h i
) I (W) e . 1710)
R Re (ea,,u)—l RO

We denote the corresponding isomorphism of sections using the same symbol for convenience
T o
Egt T (L% X L%) —T (LR) .

Proposition 6.3.1. Eg:" preserves the covariant derivatives, i.e, for s Xt € I'(Ls ®LE) ~
(L%) R (L) and (X, Y) € T( <“>) X T(J’TW)

(VR)Tea (X, Y) {EsH(s®t)} = (VR B v%)(x,y) {sXt}.
Proof. This is essentially an unpacking of definitions:

5 v, 7b o , v, ,b
(o (s 1) (R, RED) = Bt (s R 1) (R, R1D))
=i (90 GOHEO),,,)

— [Ef}d“(p Hq), 0L Q)} idy()

= [r 5D ()]

. )
ldU(l)

where p,q, and r are any elements of the U(1)-fibers over R R and R respectively.
Thus the U(1)-equivariant function corresponding to E&F(sXt) € D(LY) is (§[H1) o (E’gc;“)_l. This

implies that the U(1)-equivariant function corresponding to (VR) . ... X.7) {Een(s®t)} is

(e (X, V)P {588 o (Bg) ™ | = TEgr (X, V)") { B o (g~}
since TE;‘(;“ preserves horizontal vectors
= (X"BY"){sOi}

= (X"$)Di+4 50 (Y ).
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The last expression is the U(1)-equivariant function corresponding to

{(VR)x s} Rt +sR{(VR)y t} = (Vi B v%)(x,y) {s®t},

so we are done.

O

In addition, we have shown (Lemma that T'e®* is an isomorphism of reduced polarizations,
Te“" (F @ Fh) = FR.
Combining everything, we have an isomorphism
Byt : Tragps (L B L) — Tpo(LR),
or, using g gp, (L1 W Ly) =T, (L1) K TR, (La) (see Appendix ,
Egt: Tpg (L%) R Tpp (L) — Tro (LR).

The discussion of the previous section tells us that through the decomposition (E.g(;“)*l, the
G-action and lifted flow @[J;{% act separately on the spaces L% and Lé‘z respectively, and these induce
corresponding actions on the spaces of sections I'pg (L% ) and I'pr (L% ). Our discussion of the Borel-
Weil theorem (Section ) tells us that I'pe (L% ) is an irreducible representation of G. Hence we
have separated the space of sections I FQ (Lg) into a part on which the dynamics acts trivially, but
which transforms under the G-action via an irreducible representation, and a part where all the

dynamics takes place, but which transforms trivially under the G-action.

6.4 Commutativity of quantization and reduction

Recalling that the overall representation space is @, ['ro (LC) ~ @, I'ro (LY), where the sum is

over all admissible orbits O, the results of the previous section tell us that

@ FF;Q (L%) = @ Lpg (L%) X FF;;(L%),
O admissible O admissible

where in the second sum, we pick one (arbitrary) representative a € m(J=1(0)) and p € O for each

admissible coadjoint orbit @. Our final task is to show that the above isomorphism has the form

H ~ 4 HY) © (H H)é,

A dominant integral
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this being the decomposition of the vector space H obtained by quantum reduction (see Appendix
. Doing so will prove that “quantization commutes with reduction.”

First fix a maximal torus 7 C G and corresponding set of positive roots, and choose p in each
admissible coadjoint orbit O such that %u is dominant in ¢t*—this can always be arranged as a
consequence of standard theorems on maximal tori in compact simple Lie groups. The discussion of
the Borel-Weil Theorem in Section [5.8| tells us that I'ra (L% ) 24, (H#1)* (where o € L% lies above
R, Define Hy by

- Dpu (L) if A= #u for some admissible 4
{0} otherwise

Then our representation space is

@) i
He P Tre(R)= P HIM) @Tp(Lh) = P HY) @ H,.
O admissible p© admissible A d.i.
%p dominant

The following proposition completes the proof.

Proposition 6.4.1. Let H be a vector space carrying a representation of é, and suppose there exists
an isomorphism

H ~ @ (HM* @ Ha,

A d.i.

such that through the isomorphism, the representation acts via the irreducible representation (’H)‘)*

on the first factor, and trivially on the second factor. Then
Hy ~ (H* @ H)C.

Proof. Given the hypothesis, we can say

G ~

é ’ ’ G

HoH) ~ (H*@(EB(’HA )*@HX>> ~ P (H*@(HA)*) ® M.
PUFRS A did

Via the canonical homomorphism V* ® W ~ Hom(V, W), the space of linear maps from V to W,

we have

(HA ® (HA’)*)é ~ Hom ((HA)*’ (HA’)*)

where Homg (('H’\)*, (7—[’\/)*) is the space of é—equivariant linear maps, or intertwiners, between

the irreducible representations (#*)* and (H*)*. Schur’s Lemma tells that this is nonzero if and
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only if A = A, in which case it is one dimensional,
Hom ((7—[’\)*, (H )*) = PV Clid - },

and we can write

(1 e H)" ~ @) N Clidgp)} & HY ~ K,

M di.
proving the assertion. O

For completeness, a “symplectic” proof that Homg (("H)‘)*7 (HX)*) = (SA)\I(C{id(’HA)*} is pro-
vided in Appendix [D] following ideas from [GS82].
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Chapter 7

Conclusion

Previous discussions of geometric quantization and its interaction with symplectic reduction have
tended to focus on the complex line bundle/covariant derivative picture. This can obscure the
geometric significance of various constructions. By contrast, in this thesis we deal mainly with
the U(1)-bundle/connection prequantum structures, and have proposed a notion of “prequantum
reduction” of these structures. It is hoped that the advantages of this approach are now apparent.

To summarize:

(i) Prequantum reduction and symplectic reduction can be given a satisfying unification within

the framework of foliation reduction.

(ii) The quantization conditions on “admissible” momenta appear at the prequantum stage as con-

sistency relations on the reduced prequantum structures, without reference to a polarization.

(iii) These quantization conditions can be given a geometric interpretation, namely that the leaves

of the lifted foliation (R")? injectively cover those of R®.

(iv) The factorization of the space of polarized sections coming from quantum reduction (Appendix

is seen to be induced by a corresponding factorization on the reduced U(1)-bundles, which

-1 -1 -1
in turn covers the canonical symplectomorphism J REQO) ~ T R{Sa) x REL“ ) of the base manifold.

As stated in the introduction, one glaring omission in the treatment of geometric quantization in
this thesis is the definition of an inner product on the space of polarized sections, and corresponding
discussion of its behavior under reduction. More generally, in order to quantize those classical
observables whose flows do not preserve the polarization, one must construct a nondegenerate pairing
(the so-called Blattner-Kostant-Sternberg or BKS pairing) between spaces of sections covariantly
constant with respect to different polarizations. Construction of this pairing can be achieved using
a metaplectic structure on the symplectic manifold—see [Bla77] or [GS90] for a discussion. For
many classical systems, the obvious polarizations are not preserved by most physically interesting

Hamiltonians (typically those quadratic in momentum), and so this omission is significant. It is
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surprising that after over forty years of geometric quantization, no complete treatment of as basic
an example as the symmetric rigid body existﬂ The phase space for the symmetric rigid body is

T*SO(3) with its usual symplectic form, and Hamiltonian

1 Is—1

H(I) = 5T = S,

where I; and I3 are the principal moments of inertia, and IT is the angular momentum in the body
frame. The Marsden-Weinstein quotient of the system is symplectomorphic to a coadjoint orbit in
50(3)*. In the standard treatment of this system (see for example [LL77, Section 103]), the quantum
mechanical eigenstates of this system agree with the (body) angular momentum eigenstates. It
would seem like a useful exercise to reproduce this result in the geometric quantization framework.
At a point p-g € T*SO(3), the polarization employed by Filippini in [Fil95] (and generalized in this

thesis) is

Fug=(}p-g)@ (g p-g) @@ n,  g).

The Hamiltonian flow due to H does not preserve this polarization, and so consideration of an
appropriate metaplectic structure on 7*SO(3) and its behavior under symplectic reduction is crucial.
The topic of metaplectic reduction appears to be little explored in the literature; particularly relevant
to the presentation in this thesis is the work of Robinson [Rob92]. The applicability of Robinson’s
results remains unclear. Perhaps a consideration of metaplectic reduction within the context of

foliation reduction could provide some clues to an appropriate treatment.

IRobson [Rob96]| considers cotangent bundles in general, but the quantized Hamiltonian is constructed by consid-
erations outside geometric quantization.
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Appendix A

Prequantization and central
extensions

The results of this appendix are adapted from [Kos70]. We remind that we are restricting to the

case where the manifold M is connected.

A.1 Definitions

Let (L1, 71, M1), (La, 72, M) be two (right) principal U(1)-bundles with respective connections a;.
Denote the corresponding associated line bundles by L;, and «;-invariant Hermitian structures by
H;. An isomorphism of (L1, a1) and (Lo, ap) is a U(1)-equivariant diffeomorphism F': L1 — Lo
such that

(F)*Oéz = Q1.

The U(1)-equivariance ensures that F maps fibers to fibers, and so there is a map F' : My — M,

which makes the following diagram commute,

E

L, Ly
T1 T2

My ——— M

F is said to cover F. F induces a corresponding isomorphism F': L1 — Ly (also covering F),

F(Ip: Fiayy) = [F @),

idU(l)

The U(1)-equivariance of F' ensures that F is well-defined. An immediate consequence of the def-

inition is that for € My, F maps (L1), isomorphically to (Lz)p(m), and it is easily checked that
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F*Hs; = Hy. So F defines an isometry between these fibers. If M7 = My = M, say, an isomorphism
of (Ll, a1) and (Lg, ap) which covers the identity map idy; : M — M is said to be a vertical
isomorphism, and (Ll, 1) and (Lg, ay) are said to be wertically isomorphic or equivalent.

Given a bundle L over M and a diffeomorphism p : M — M, we can define the pullback bundle
p*L to be the set

{(z,p)|z € M, pe L, p(z) =7(p)},

with projection 7,(z,p) = x. In other words, p*L is the bundle over M with fiber L over the

p(x)

point « € M. We can define a diffeomorphism @p : p*L — L by

eﬁ(‘r»p) =D-

©, is then an isomorphism of (p*L, (T,)*a) and (L, ) which covers p. The Hermitian forms

associated with (p*L, (©,)*a) and (L, «) are related by

as is easily checked.

We define the isotropy group Isot(l./, o) of (L, a) to be the group of diffeomorphisms p : M —
M such that (p*L, (6,)*a) and (L, a) are equivalent, i.e., related by a vertical isomorphism. We
define the isomorphism group Isom(L, o) of (L, a) to be the group of isomorphisms of (L, «)

with itself.

A.2 The isomorphism group as a Lie group central extension
of the isotropy group
Proposition A.2.1. The map *: E — E maps Isom(L, o) into Isot(L, c).

Proof. Let Ee Isom(L, «). Then we have the following commutative diagram,
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The diffeomorphism (E)~! 00 : (E)*L — L covers idys, and

since £ € Tsom(L, a). Tt follows that ((E)*L, (©z)*a) and (L, a) are vertically isomorphic, i.e.,
E € Tsot(L, a). O

Proposition A.2.2. The sequence

U(1) — Isom(L, a) — Isot(L, «) 1

is exact, making Isom(L, o) a U(1)-central extension of Isot(L, o) (as before, W. is the right U(1)-

action on L).

Proof. V. is clearly injective. To show surjectivity of 7, let p € Isot(L, a), and let F:L— p*L be

a vertical isomorphism between (L, a) and (p*L, (©,)*@). Then we have the commutative diagram

F .. ©, .
L - 'L .- I
T Tp T
id
MM P Ly

The diffeomorphism Op o F': L — L covers p: M — M and
(@p oF)*a = (F)*(Qp)*a = a,

SO @p o F'is an element of Isom(L, o) covering p, and hence maps to p under .
It is clear that Im(¥.) C ker[7].

Finally, suppose G € ker[7]. Then G = idys, so G must be of the form
G(p) =p-w(p) for all p € L,

for some w : L — U(1). U(1)-equivariance of G implies that w(p) is constant along each fiber, i.e,
w(p) = w(7(p)) for some w : M — U(1). It is then easily checked that

1
(G)'a=a+ —duw.
w

Since G € Isom(L, @), (G)*a = «, so dw = 0. Connectedness of M implies that w = constant on L.
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So G =W, € Im(V.).

A.3 The lifted Hamiltonian vector fields as a Lie algebra cen-

tral extension of the Hamiltonian vector fields

In the case when (M, w) is a symplectic manifold, and (L, «) is a U(1)-bundle over M with curvature
Q% = 2w, proposition has a corresponding infinitesimal version. Let Ham(M,w) denote the
set of Hamiltonian vector fields on M, and let Ham (L, a) denote the set of lifted Hamiltonian vector

fields, defined by
Ham(i, o) = {A, — X} —(for) (%")L ‘f € C"O(M)} .
The vector fields in Ham(L, o) preserve the connection a (see proof of Proposition (1)).
The covering projection * induces an analogous projection for U(1)-invariant vector fields on L.

Proposition A.3.1. The sequence

TV = (.): . b
g, Ham(L, a) — Ham(M,w) — 0

0 > u(l)

18 exact.

Proof. TV. is clearly injective, and * is clearly surjective. If T7(Af) = 0, then Xy = 0, implying
that f = constant. So Ay = —constant x (52);, which is true if and only if A; € Im(T'V.). O

A.4 Relationship between the central extensions
We now demonstrate why Proposition is the infinitesimal version of Proposition
Proposition A.4.1. (i) The Lie algebra of Isom(L, ) is Ham(L, o).

(ii) The Lie algebra of Tsot(L, a) is Ham(M,w).

Note on Proposition here we are totally ignoring the technicalities associated with infinite-
dimensional Lie groups. If necessary, the obvious modified proposition can be taken to hold for

arbitrary finite-dimensional subgroups of Isot(L, ) and Isom(L, ).

Proof. (i) Ay € Ham(L, ) is U(1)-invariant, so it generates a one-parameter group of U(1)-
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equivariant diffeomorphisms of L. Also

La;a=d(is;0) +ia,da
=d(=(fon)) +ia () (F)

€o

= —2(#)df + () (ix,w)

:O7

so the diffeomorphisms preserve . Hence, the one-parameter subgroup lies in Isom(L, Q).

Conversely, let F, be a one-parameter subgroup of Isom(L, o). Let A be the U(1)-invariant
vector field generated by F}, i.e, A, = %Ft(p)h:o. The U(1)-invariance properties of A and «

tell us that a(A) is constant along the fibers of L. Since a is u(1)-valued we can write
a(4) = —(f o 1)
for some f € C*°(M). Finally
(F)*a=a = Laia=0.
Using Cartan’s magic formula £4 = doig +i4 o d this becomes

d(a(A)) +isgda =0
= d (—(foi-)%o) +ia(7)" (E*OW) =0

= (7)*df = (7)" (izw).
Since 7 is a surjective submersion, this tells us that
df = iAw,

ie. , A= Xy. Then

ie. , A€ Habm([./7 a).

(ii) Let X € Ham(M,w). Then X = X for some f € C*(M). For this f, part (i) demonstrates
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that Ay generates a one-parameter subgroup of Isom(L, «). By Proposition this projects
to a one-parameter subgroup of Isot(I.J7 «). This is precisely the one-parameter subgroup

generated by X = X (i.e., the Hamiltonian flow of rj)? of f).

Conversely, let p; be a one-parameter subgroup of Isot(L, ). By Proposition for each
t there is a E, € Isom(L, «) covering p;. We can arrange for E, to depend smoothly on t.
Ey 0By, 0(Ey, 14,) " is an element of Isom(L, o) covering idys, so again by Proposition
for each t1, to € R there is a £(¢1, t2) € u(1) such that

E;, o Etz = Et1+t2 st t2)

1

Associativity of function composition and equivariance of the F; impose the following (cocycle)

condition on &
§(tr, ta) +&(t1 + Lo, t3) = E(ta, t3) +&(t1, ta + 13) Vt1, ta, t3 € R.

Let x(t) = —&(t,0) + fot &a(s, 0)ds (where & denotes derivative with respect to the second
variable), and let F; = E; - eX(®) € Isom(L, a). Then

Ftl o th = Ft1+t2 . €t ta)—(x(t1+t2) —x(81) —x(t2))
But

X(t1 +t2) — x(t1) — x(t2) = — &(t1 +t2,0) + £(t1,0) + (2, 0)
t1+t2 ta
+/ &a(s, 0)ds 7/ &a(s, 0)ds

t1 0

= —&(t1 +t2,0) + £(t1,0) + £(22,0)
ta

+ {&a(u+t1, 0) — & (u, 0)} du.
0
Differentiating the cocycle condition with respect to t3, and evaluating at t3 = 0, gives

Ea(ty +t2, 0) = &a(t2, 0) + &a(te, t2),

so the above integral becomes

to

&a(ty, u) du = £(t1, t2) — &(t1,0).
0
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It follows that

X(t1 +t2) — x(t1) — x(t2) = =&(t1 + t2,0) +&(t2,0) + &(t1, t2)

= &(t1,t2) by the cocycle condition with ¢35 = 0,

and so

. . . T
Ftloththl-i-tz'

We now have a one-parameter subgroup of Isom(L, o) which, by part (i), is generated by a
vector field Ay for some f € C°°(M). Then p; = F} is generated by A = X; € Ham(M,w).
O

IThis result can be summarized by saying that the second group cohomology of R is trivial—see for example
[dAT95).
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Appendix B

The exterior products of circle
bundles and their associated line

bundles

The aim of this appendix is to introduce the exterior product [J on principal U(1)-bundles and its
relation to the exterior tensor product X on complex line bundles, and to prove that if Ly and Lo
are complex line bundles over M7 and Ms respectively, and F; and F5 are distributions on M; and

Ms>, then the following identity holds

Pror(Li X Ly) =TF (L) MR, (L2).

B.1 The exterior product on circle bundles

Suppose that L; is a (right) U(1)-bundle over M, and Ly is a U(1)-bundle over My, with corre-

sponding projections 7y, 7o, where My # Ms in general. Defining the equivalence relation
(p1, p2) ~o (p1-w, p2-w™") for all w € U(1),
on Ly x Lg, we define the exterior product Ly [ Ly to be the space of equivalence classes of ~,
LB Ly ={[p, p2lo [P € Li,ppely}.
and denote the projection by [J : Ll X Lg — Ll L] Lg,

p1Ups = [p1, p2].. -
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Then L; [ Ly is a right principle U(1)-bundle, with right U(1)-action
(p1Ep2) - w = (p1-w) Opz = p1 O (p2 - w),
and projection 7, [ 75 : Ly 3 Ly — My x My,
1 72 (p1 U p2) = (71(p1), T2(p2))-

B.2 The exterior tensor product on line bundles

For the associated line bundles L, Lo, their standard exterior tensor product L, X Ly can be

constructed as the quotient of L1 x Lo under the equivalence relation
(u1, uz) ~g (c-ui, ¢t -uy) for all ¢ € C — {0},
with quotient map X : Ly X Ly — L1 X Lo,
uy Mug = [ug, uQ]Ng .
L; X Ly has a left (C — {0})-action,
¢ (up Mug) := (c-uy) Mug = ug K (e ug),
and a projection 7y X 75 : Ly X Lo — My X Ms, given by

71 W7o (ug Wug) = (11(u1), 72(uz)).

L1 X Ly can be thought of as the line bundle associated to Ly B Ly via the natural isomorphism

I|Z| : Ll X L2 — (Ll [ LQ) xidU(l) C given by
In ([pl, %y, B P2, ZQ]idU(l)) = [p1 O pa, 2122]iq,,, -
With this identification, the induced Hermitian forms

Higo @ (L1 X La) X (ar, xar) (L1 W L) — C,
H1 1L1 X My L2—>(C,

Hs : Lo XM2L2—>C,
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on Ly ¥ Ly, Ly and Ly are related as follows: given pairs (uy M ug,v1 K va) € (L1 X La) X (ar, x a,)

(L1 ® Lo), write the elements of L; as

ur = [p1, y1] v = [p1, 2]

idU(l) ? idU(l) ?

and the elements of Ly as

uz = [p2, Yalia,, ) » V2 = [P2; 22liqy, -

Then

Hipp (u1 Kug, v1 Kv2) = Higo ([Pl M p2, y1yaliay,,, » 1 D pe, 2122}101[}(1))

= Y1Y22122
= 7 2)(7 )
=y (I, Wiy, » 21 2kages, ) Hz (192 vl 20 22liag,)

= Hq(u1, v1) Ha(uz, v2).

B.3 The connection on the exterior product and its curva-

ture

Given U; € Tp1L1 and U, € szLg, we define a vector Uy B U € T),,mp, (L1 O L2) as follows: let
i : (—€, €) = Ly, i = 1,2, be such that ~/(0) = U;. Define

U1 EH U2 = (’)/1 B’yg)/(O)

Since every curve v : (¢, €) — Ll ] Lg has a representation v = 71 [y, every vector on Ll [l Lg can

be written in this form. From the definition it follows that
UiBU, + Vi BV, = (U + V1) B (Uy + Va).

If Uy BU, = 0p, B0, then (y1E7y2)(t) = 71 (£)H2(t) = p1Eps, so v () = p-w(t), v2(t) = p2-w(t) ™

for some w : (—¢, €) = U(1), and so
Ur=pi-e, Ux=-pa-g,

where ¢ = w'(0).
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Given connections aq, ag on Ll, Lg, we define a connection «q H oy on Ll L] Lg by
(o B 2) pyp, (U B U2) = (01)p, (U1) + (02)p, (U2).-
Since
(cr B a2)p,mp, (p1 - € B (=p2 - €)) = (1), (1 - €) + (@2)p, (—p2 - €) = €+ (=€) =0,

the connection aq H ag is well-defined.
From the definition of vy Has it is not difficult to show that it satisfies the two defining properties

of a U(1)-bundle connection, namely

(al &) a2)p1|ﬂp2((p1 DP2) : 5) =€ for e € 11(1), D1 Epo S Ll G L27 and
Uk (o Bag) =a; Bay for w € U(1).

Denote the curvature of connection a; by €;, i.e.,
dOél = (Tl)*Ql and dOZQ = (TQ)*QQ
Using the obvious extension of B to u(1)-valued 2-forms, we have that

d(()él H 042) = dOél H dOéQ
= (71)"Q B (72)" Qs

= (11 O 72)" ((par,) " + (par,)"Q2),
the latter equality following from T}, @y, (71 & 72) (Uy B U2) = (Tp, 71 (Ur), Tp,72(Uz)). Hence

curvature of a3 Bag = (pay) " + (Par,) Qe = Q1 @ Qo.

B.4 The induced covariant derivative on sections of the ex-
terior tensor product of line bundles

For sections sy, s of Ly, La, define the section sq X s5 of L1 K Ly by

(81 X 82)(x17 1’2) = 81(1'1) X SQ(.’EQ).
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We wish to derive an expression for the covariant derivative of s; K s along a vector field (7, Z3) €
T(T (M x My)) = T(TM;) x T(TMy). Under the identification of Ly K Ly with (L1 [ L) Xja,,,, C
discussed in Section

(51 80 52)(2) = 1(2) B3 (2)
= [ph 'él(pl)]idU(l) & [pQ’ ‘éQ(pQ)]idU(l)

= [p1 L po, 5'1(p1)52(p2)}1dw1) )

and therefore the complex-valued equivariant function on L1 ] Lg corresponding to s; X so is

(s1 = s2)(p1 D p2) = 31(p1)$2(p2)-

Suppose X; € T,,, My, Xy € T,., M5. From the definition of a; Bas, the horizontal lift of (X7, X5)
to Ll L] LQ is
(X1, X2)M®2(py O pa) = X1 (p1) B X32(p2),

for p1 € (71) 7Y (x1), p2 € (72) " '(a2). If v; is a curve corresponding to tha then

(X1, X2)™MB2(p; O po) (51 M s2) = % [(81 X s2) (1 & 72)(0)}

_ % [51(71(8)) 82 (2(D))] 1o

= (Xin (p1) 51) $2(p2) + $1(p1) (X;‘Q(pQ) 52) )

t=0

Hence the induced covariant derivative in the direction (X, X3) is given by

p1 D pa, (X1, X2)™M52(py Hps) (51 X 82)]
L idU(l)

= [p1 T pe, (X2 00)81) 8200) + 5100) (X2 (2) )],

= |Pv X1 (p1) 51} X [p2; $2(P2)]iay,, + [P1 $1(P1)]iay ) B {Pza X322 (p2) 42

idU(1> idU(l)

= (V&lsl) (21) R sa(22) + s1(21) K (V§(232) (22)
= ((Vﬁ(lsl) X So + 81 X (V2X282)) (1’1, {EQ).

We denote this covariant derivative by V! B V2, i.e.,
(V' B V?)(x,, x5 (51 K s2) = (V, 51) B so + 51 ¥ (V5 52) -

This demonstrates in particular that if F; and F5 are distributions on M; and Ms respectively,
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then
1_\1‘_’1691‘_‘2(111 X L2) = FFl (Ll) X FF2(L2)'
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Appendix C

Quantum reduction

The aim of this appendix is to demonstrate the isomorphism

H o~ B e enC,
A dominant integral
which serves to separate the symmetry and dynamical actions on the Hilbert space H. The discussion
here is derived from [TI00].

Let G be a compact, connected, semisimple Lie group which acts as a symmetry on the Hilbert
space H, i.e., G maps rays to rays, and commutes with the Hamiltonian H € iu(H) of the system.
The symmetry defines a projective representation of G on H, which can be lifted to a proper
representation U : G — U(H) of the universal G of G. G is also compact (Section .

Picking a maximal torus T in G, the Highest Weight Theorem labels the irreducible represen-
tations of G by elements of it* that are both dominant (with respect to some choice of positive
roots) and integral—see Section for a discussion. For a given dominant integral weight A, let
p* : G — U(H?) denote the corresponding unitary irreducible representation, (p*)* : G — U((H*)*)

its dual representation, and d* the dimension of H*. Define operators P* : H — H by
P [ T 0 @) U@ dula)

where du denotes the Haar measure on G, normalized so that Jzdu(@) = 1. Let {e;|i=1,...,d"}
be an orthonormal basis for H?*, and {p;\J |i,j =1,...,d"} the matrix elements of p* with respect

to this basis. The Schur orthogonality relations are

— o . = \ - - 1 /
/@ P3G )P (9) dua(9) = /@ P2y (0)Pmn (@) A(G) = 3 6™ Gim .

Using these, and invariance of the Haar measure, it can be shown that

PP =Pr and  (PY) =P,
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i.e., the P* are orthogonal projections mapping to mutually orthogonal subspaces of H.

H commutes with the representation U, and hence with the P*. U is also easily seen to commute
with the P*. Therefore each ImP?> is both U- and H-invariant.

We can factorize the subspace ImP? in a manner which explicitly separates the U- and H-actions.

Let L* : H — U(H*) ® H be the mapping

W/ 9) @ U(g) du(3).

Via the canonical isomorphism gl(V) ~ V* ® V, L* can be considered instead as an operator

A H = (HN* @ HY @ H. Explicitly
A= Vd*/é > p3i(@) e’ ®e; © U(g) du(g),
ij

where {e’ | i = 1,...,d"} is the dual basis in (H*)* to {e; | i = 1,...,d*}. The expression is of
course independent of the choice of the e;.

Invariance of the Haar measure shows that (p*(g) ® U(g)) L* = L*, and so in fact
K H— (1Y) o (W oH)©

where (V1 ® Vg)é denotes the invariant part of the diagonal representation on V; ® V5.
It can be checked that
KAPYN — g KA
and that K* is an isometry from ImP* to (H*)* ® (H* ® H)G

Since H commutes with U,
K H = (idyr- @ idyp @ H) K.

So through the isometry K?*, the Hamiltonian H acts on the second factor only.

It can also be verified from the expression for K* that
KMUG) = (01 (3) @ i g0 ) VD),

and so through K*, the representation U acts on the first factor (as the irreducible representation
(0*)%)-
Overall

P rrH— P HY) e o (1 oH)°,

A d.i. A d.i.
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provides a isometry of the Hilbert space H which separates out the U- and H-actions on H.
Note. The isometry K* : ImP*» — (H*)* ® (H* ® ’H)é implicitly depends on the choice of max-

imal torus H C é, mimicking the go-dependence of the decomposition (Eg(;“)_1 : I‘Fg (L%) —
Trg (L%) KT pp (Lf) (Section [6.3).
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Appendix D

A symplectic proof of Schur’s
Lemma

’ ’ é
In this appendix we present a “symplectic” proof that Hom g ((7—[’\)*, (HA )*) o~ (7—[)‘ ® (HA )*) =
6™ C{idya }. We do this by using the fact that Lre (L) g (H7##)*, and considering the space
of G-invariant covariantly constant sections of (L%’z)* X L%. The ideas in the proof developed here

come from [GS82].

D.1 Complex structures

Let (M, w) be a symplectic manifold. An almost complex structure is a field of linear maps

Tz TpyM — T, M such that for every x € M
(i) Tz = —idz, a3
(11) Wy (jT(Xx)7 jr(Yw)) = Wa:(X.'ca Yx) for any X, Y, € T, M.

Let F be a totally complex polarization on M, so TMC = F @ F. Define «71(? : TM® — TMC by

c Y YeF
jF (Y) = 0
—iY YeF
and extended by linearity to all of TMC. Since J, 29 commutes with complex conjugation, it restricts

to a linear map Jg : TM — T M. Then F can be written as
F={X—-iJrpX|X € TM}.

Since (J5)? = —idppye, it follows that J2 = —idras. Also, F is Lagrangian, and so for real
vectors X, Y at a point of M, w(X —iJrX,Y —iJrY) = 0. The real part of this condition then

implies that w(JrX, JrY) = w(X, Y). Therefore Jr is an almost complex structure.
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The involutivity of F' implies M can be given the structure of a complex manifold in such a way

that Jr agrees with holomorphic complex structure, described in any system of complex coordinates

0 0 0 0
Jhol (W‘) = Thol (3@/“) = " 5ga’

(see for example [KN96], Chapter IX Theorem 2.5]). In this case, Jr is called a complex structure,

2% =% 4 y* as

and F' = spanc {6%}.

Since F' is maximally isotropic and totally complex, —iw(Z, Z) # 0 for all nonzero Z € F, and so
is either always positive or always negative. Suppose we have prequantum data (L, a) over (M, w).
If M is compact, sections of the associated line bundle L covariantly constant with respect to F'
exist only if

—iw(Z, Z) >0 for nonzero Z € F

(see for example [GH94, Chapter 1, Section 2]). Such a polarization is referred to as a strictly
positive polarization. Using the characterization F' = {X —iJpX, | X € TM} of the polarization,
strict positivity of F' implies that

w(X, JrpX) >0 for all nonzero X € T M,

and correspondingly we say that Jr is strictly positive. For strictly positive complex structures,
the real-valued nondegenerate bilinear form ¢(X,Y) := w(X, JrY) (which is easily shown to be
symmetric from properties of the complex structure) defines a Riemannian metric, called the Kdhler

metric on (M, w) corresponding to Jr.

D.2 The complexified group action

Suppose (M, w) is a symplectic manifold with a (not necessarily free) symplectic G-action, corre-
sponding equivariant momentum map J, and totally complex G-invariant polarization F'.

Since G is compact and semisimple, there exists a unique (up to isomorphism) group, called
the complezification GC of G, whose Lie algebra is g @ ig and which contains G as a maximal
compact subgroup. Moreover, ker(WCTC_}GC) = ker(m5_, ) = K, say, implying that G® ~ Cf}’vC/K just
as G ~ é/K Also, (é)(C = c?@ since they are both simply connected Lie groups with the same Lie
algebra g @ ig.

We first demonstrate that the G-action on M can be extended to an F-preserving GC-action by

means of the complex structure Jp. For a vector field X € I'(T'M),

X preserves F' <— LxF C F
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— [X,Y —iJpY]| €(F) for all Y e I'(TM)

e [X, JpY] = Jp[X, Y] for all Y € D(TM).
Since F is involutive, [X —iJpX, Y —iJrY] € T'(F) for all X, Y € T'(F), implying that
(X, TrY ]+ Tr X, Y] = Tr (X, Y] = [TrX, TrY)).
If X preserves F, the previous result tells us that [X, JrY] = Jr[X, Y], and so
[(JrX, Y] =-Tr[JrX, JrY] or [(JrX, JrY]| = Jr[JrX, Y].
So JrX also preserves F. Finally if both X and Y preserve F', then
[TrX, TpY] = JplX, Y] = —[X, Y].

For f € C*°(M, R), define Y; = Jy Xy, where X is the Hamiltonian field corresponding to f.

If Xy preserves F', so does Yy. If X, is another Hamiltonian vector field preserving F', we get

[va Xg] = *X{ﬁg}’
[Xf: Yg] = jF[va Xg] = _jFX{ﬁg} = _Y{ﬂg}’

Yy, Yol = =[Xy, X4l = X(5, gy

For i{ € ig, define the vector field (i€)as to be Yjey = Jpénm. F is G-invariant, so £y preserves
F, implying that (:£)as does also. Taking f = J(£), g = J((), the above results give

[Ems Cu] = —[€, (I,
(a5 (iQ) ] = = (i€, CDar = =€, i€l
(i) ar, (1Q)m] = [€, Clar = —[i€, i€l

This defines the structure of an infinitesimal g®ig-action on M, which exponentiates to a GC-action.
Since it restricts to the G-action, K = ker (wé _)G) acts trivially, and from G© ~ GC /K we see that

the GC-action drops to a GC-action on M.

D.3 Lifting of the complexified action

Now let (L, o) be a prequantum structure over (M, w). In order to lift the GC-action on M, we need

to construct the“complexified” bundle LE = L Xidyqy C*; where C* = C — {0} ~ U(1)C, considered
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as an abelian group. The injection I€ : L < L given by I¢(p) = [p, 1]idU(1) induces a line bundle
isomorphism I : L Xidy ) C — LC Xid,, C, given explictly by
C _ |7C —
d ([p, Z]idu(m) N [I (), z] idex N {[p, 1]idU(1) 07 idex

o= (I ©)*aC uniquely defines a T;C* ~ C-valued 1-form o on LC, whose curvature is also w, and
7€ ([p, Z]idcx> = 7(p) is the projection on LC.

Additionally, I€ induces and isomorphism between the set C’i‘fo(l) (L, C) of equivariant functions
on L and the set C’i"doCX (LC, C) of equivariant functions on L¢ (by equivariant extension in one direc-

tion, restriction in the other), and clearly covariantly constant sections of L go over to covariantly

constant sectios of LC.

For f € C*(M, R), define the vector fields

. € .
Af:XJ}}—fOT(C (WO)LC (asin L),

By = (JpX)h — foiC (jcx %0)

ie’

where Jex denotes the usual complex structure on C* (corresponding to multiplication by ).
By some tedious but straightforward computations, we can check that when X; and X, preserve

F', the analogous structure to that on M holds, namely

[Af, Ayl = —Agr, 91
[Afv Bg] = _B{f;!]}7

[Bf, Bol = Agy, g3
and defining (i€) jc = B(e),

[€ics Ciel = —[& Cljes
[€ics (i€) pe] = =€, il e,
[(i€) e (C) pe] = i€, iC] je-

Again we have an infinitesimal g @ ig-action, which exponentiates to a (é)c — GC-action on LC.

Now suppose s is a section of L = L€ x¢x C covariantly constant with respect to F, and
s € O (LE, C*) is the corresponding equivariant function. Then for any Hamiltonian vector field
X we have that (X; —iJrX;)"s = 0, or equivalently (JpX)hs = Z(X}ls) Hence

. vhey 1 Cys . .c (€ C 4
Bys ZZ(X?S) - ﬁ(fOT(C)S =1 (X;i1 — foi® (ﬁo)m) §=1Ays.
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Taking f = J(§) for £ € g, we obtain in particular that
(i)hrs =i(€hr5)  and  (i€)fes = i(§ze8) =0,

The second condition implies that a G-invariant covariantly constant section is automatically GC-
invariant. Since the GC-action covers the GC-action on M , it is completely determined over the
GC-orbit of a point & € M by its values on the fiber (7¢)~!(x), and due to C*-equivariance along

the fiber this is characterized by an element of C.

Note. In general, a line bundle L over connected M supports nonvanishing G-invariant sections only
if the G-action on I reduces to a G-action. To see this, let s be such a section, § the associated
U(1)-equivariant functions, and = € M a point at which s(z) # 0. Then for any p € L, = (7)"'(z)
and k € ker(mz_, ),

8(p) = 8(k-p) = 3(p- x(k)) = x(k)"*4(p).
Since $(p) # 0, it follows that x (k) = 1 for all k € ker(ms_, ). Since M is connected, ker(rs_, ) acts
uniformly on L (Proposition, implying that the G-action on L reduces to a G [ker(rs_, ) ~ G-

action.

We now state an important necessary condition on the existence of nonzero G-invariant covari-

antly constant sections of L over compact manifolds M.

Proposition D.3.1. Suppose M is compact, and s € T'r(L) is nonzero and G-invariant. Then the
Hermitian norm (s, s) of s achieves its mazimum on the set J~(0). In particular, O is in the image

of the momentum map.

Proof. Let s be such a section, and z € M a point at which (s, s) achieves its maximum. The

g

condition of G-invariance says that Veus=—3J(§) s for all £ € g. It follows that

(i) n(s,8) = (Viieya 55 8) + (5, Viig)n 5) by a-invariance of (-, )

= (iV¢,y s, s) + (s, iVe¢,, s) by the covariantly constant condition
2 ~
= ﬁJ(f) (s, s) by G-invariance of s.

Evaluating this identity at z, and using the fact that (i€)a(x)(s, s) = 0, we have that J(&)(z) =0
for all € € g, i.e., J(x) = 0. O
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D.4 The complex structure on the reduced group orbit

m—'(a)
Rﬂ,

' (a)

Ra associated with

We now consider the reduced G-orbit , and the complex structure on

F&. First recall the definition of F3:
(FR)RMw = nj R ()

where n: is the span of the eigenvectors of —ad s : g® — g© corresponding to eigenvalues i\ for
A € (0, o0). Similarly, n, is the span of the eigenvectors of —ad,: with eigenvalues lying on the
negative imaginary axis. Since uf € g C gC, n: and n, are complex conjugates of one another. It
follows that

Fr N F = {0},

-1
i.e.,, F} is a totally complex polarization. Since WTL@ is compact, a necessary condition for the
existence of nonzero covariantly constant sections of L% is that F3 is a strictly positive polarization.

We first verify that this is the case.

Proposition D.4.1. F} is a strictly positive polarization, i.e., —iw%(Z, Z) > 0 for all nonzero

Z € Fg.

Proof. For arbitrary & - R(® ¢ . R € T 0 (ﬂ_Rlia)) (where &, ¢ € g),

(W )R (& R, ¢ Ry = g (RU-D)([€, ¢]) = u((€, <)),

and by complex extension this holds for &, ¢ € g€ also.
Now take nonzero £ € n;l} so &R ¢ (F3)R(ua - By definition, ¢ satisfies —ad,:§ = iA¢ for

some A € (0,00). Then

(W) rona (€ RU, € RUM)) = —ip([€, €])
= —ir(u¥ [€, &) by the definition of *

= ir([¢, 1¥], €) by properties of the Killing form
=i K(iXE, €)
=-A H(Ea 2)7

and the latter expression is strictly positive, since A > 0 and the Killing form is negative definite on

g. O

m_(a)

Since Fg is strictly positive, it induces an almost complex structure Jrs on ~—a

1 a
. Since F

is integrable, Jpa is a complex structure, and allows the construction of a holomorphic atlas of
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“Ha)
RG/

. T
complex coordinates on

fields.

, with respect to which I'(F'%) is the set of antiholomorphic vector

©(a)
RU,

Now let R(#%) be an arbitrary point in

7! (a)
Ra

. The stabilizer group of the (reduced) G-action on

is G, and there is a smooth diffeomorphism between G/G,, and % (indeed, the smooth

m—(a)
Ra,

Proposition [2.8.5] (ii)). We have

structure on was defined by transferring the smooth structure on G /G, via this mapping—see

7 1(a) N G

“Ra SR& Giu
Now consider the embedding G' < G*. This embedding induces a mapping G/G, — G(C/P#_7 where
P, is the Lie subgroup of G® with Lie algebra equal to the parabolic subalgebra p, = g(g ®n,. It
can be shown ([Sep07, Theorem 7.50]) that G€/ P possesses a differentiable structure which makes
this mapping a diffeomorphism. An arbitrary element of Tyq, (G/G ) has the form g - (£ + &) -G,
where £ € nf. The derivative of G/Gu — G®/P, maps this vector to g - ¢ - P € T,p- (GE/P).

Note here that g - £ - P, is an element of the real tangent space to G/ P . Overall we have

), G G°
Re UG, T B

Since both G and P, are complex manifolds, their quotient G°/ P, possesses a complex struc-

ture, which just corresponds to multiplication by ¢,
g-&- Py g- (i) - Py

(where again g- (i€) - P, is a element of the real tangent space Typ, (GE/P;)). Taking g € G C GF,

7

-1
the corresponding element in 7).z (:.0) (w REa)) is

g-((6+i8)-R¥WY =ig-¢- RWY —ig-& RWY = (Trg)groen (9 e RW g-E'RWIU :

the second equality a consequence of g - £ - R+ ¢ (F%)gru.a and g LE-RW) ¢ (Fifé)g,nw,a) for

—1
¢ € nf. Hence the complex structure Jpa on r )

L )
Ra

is just the one induced by the usual complex

structure on G¢/ P, under the diffeomorphism

! (a)
Ra

o () g—f. Looking back at the definition of
©

the GC-action on

, we see that it simply corresponds to the natural left GC-action on G€/ P

under the above diffeomorphism.

D.5 Schur’s Lemma

We now apply the results of the previous sections to give a “symplectic” proof of Schur’s Lemma.

Recall first the result of Section for admissable a € %, the natural é—representation on the
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. —1
space of sections Ipa (L%) is irreducible. Choosing ¢, € L% over Rw-a) ¢ Lc(,,a), T a maximal
torus in G, and a choice AT of positive roots determined by % 1, the irreducible é—representation

Ipa (L% ) is the dual of that with highest weight Ly,
rg (L) ~q, (7).

-1
We also apply the geometric quantization procedure to the symplectic manifold (= R,Eb), —w%),

where b is an admissible element of % The momentum map corresponding to the reduced G-

actions is now —J 32- The polarization @ is a totally complex and strictly positive, and determines

w1 (b)
Rb

a complex structure J- = —J Fp 0N . This complex structure is the one induced by the series
R

of diffeomorphisms
7 1(b) N G G°© G°©
Nl S v

(recall, the momentum of R®D) is now —v), where P} is the positive parabolic subgroup of G€,

()

=D with connection of

which has Lie algebra pf = g @ n}. There exists a U(1)-bundle over
curvature —52 wi. The associated line bundle is (L%)*, the dual to the usual one; this can be
seen by the Chern-Weil correspondence, since the extra minus in the symplectic form corresponds
to transition functions which are inverses of those on L%. Taking ¢; a point in this bundle over

R¥b) ¢ ”;b(b) and following through the Borel-Weil argumen we obtain

T (LR)7) =g HA".

We are interested in calculating Hom (1" Fb (L%), Trg (L%)), the set of G-intertwiners between
the irreducible representation spaces T’ F%(L%) and I'pa (L% ). Under the canonical isomorphism

Hom(Vy, Vo) ~ Vi* ® V4, this is the same as

(g ()Y BT e (18)) = Tpy e (L) 825

the space of G-invariant sections of (L%)* ¥ L% which are covariantly constant with respect to the

N —1 -1
polarization F% & F4. The space © Réb) x T RE“) is compact, and so using Proposition we can

straight away express a necessary condition for the existence of nonzero G-invariant sections.

Corollary D.5.1. The space of G-invariant sections T ((L%’z)* X L%)G is nonzero only if the

-1
J GEO) for some coadjoint orbit O.

b
FroFy

G-orbits a and b both belong to

7 '(b)
Rb

" (a)
Ra

X

Proof. The momentum map on is Jbop 14, —J&0p,—1, . For nonzero G-invariant
“Rb —Ra

1Here it is convenient to take the Peter-Weyl equivalence as “a ® v € (’HA)* ® H> corresponds to the map

~ ~ 7 *

g a(@ ! v) in C®(G, C) C L?(G).” The convention from Section [5.8.3[ yields - (L)) ~ (7—[“’0(*%”)> ,
R

where wy is the longest element of the Weyl group, though the latter space is isomorphic to HEY.
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sections to exist, the image of this map must contain 0, implying that ”;LEb) X ”;;56‘) contains a
point of the form (R*® R#) for some pu € g*. The G-orbits a and b both intersect J~'(u) in
the unreduced space M, and therefore are subsets of J=1(O), where O is the coadjoint orbit through

- O

Now restrict to the case a,b e 119 g6 take points Rw®) e T aa and Rwb) ¢ T (b) (note

these are labeled by the same u € g ), and combine the previously discussed diffeomorphlsms,

') 7 '(a) _ Gt G°
Rb X Ra (R R(ra)) PTT X E

We are interested in the orbits of the diagonal GC-action in this space. A general GCorbit can be
written as

G- (ePf, gP))

for some g € GC. To find explicitly what these orbits look like, we employ the generalized Bruhat
decomposition (see for example [BLO0, Chapter 1]). This characterizes the orbits of the space G©/ P
under the natural left Plj‘ -action, the so-called Schubert cells. Choosing a maximal torus T' C G,
(implying TC C Pui), the decomposition says that within each orbit P;“ -orbit, there exists a point
nP,, where n € G® is an element of the normalizer of 7C. In particular, Pj gP, contains a
point ngP,~, where n, normalizes TC, and so gives a corresponding element wy of the Weyl group
W = Nge(TC)/TC = Ng(T)/T. In general, for the case when G, is larger than the maximal torus
T, there are several n,’s and several wg’s in the Pj -orbit through gP, —see [BLOO] for a discussion.
The orbits

Gt (ePlj'7 gPM_) and G©- (eP;, ngPM_)

agree, since P,j‘ acts trivially on the eP,j‘ . The stabilizer group of the diagonal GC-action at the
point (eP,5, ngP, ) is

Pfn(ngP n,')=PfNPy. ,=PInkp,

© Y Wg-p*
g

This stabilizer group is of smallest dimension when w, = id, corresponding to g = e. In that case,
we get PHNP, = G‘S, and the corresponding orbit G© - (ePr,eP;) C GC/P;r X GC/P; is largest.

The real dimension of the orbit is

€ G
dimp — = 2dimp —
1R GE 1R GM,

—1 1 C
which is the dimension of T (b) X (“) 2 (RGmb) Rwa)) % X g—f itself. Hence the GC-orbit is
[

through (R R is open in (b) X 7215“)
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It can be shown that the other GC-orbits have complex codimension > 1 in =0 =a

is particularly clear for the case when G, is a torus T', since then any nontrivial element w of the
Weyl group will cause the initially completely disjoint root spaces of p; =+{C @"Z and p, = € én,
to overlap between pl‘f and p;f. . in at least one root space, which has complex dimension 1. Since

this represents the stabilizer of the GC-orbit, the statement follows.
A GC-invariant section s over the orbit G€-(R®:?) R(ma) ¢ % X % is determined by its
value at (R(#0) R(ma)), Propositiondemonstrates that s is bounded on GC - (R(b) R(a)),
(b) 1 (a)

and so it can be extended uniquely to the rest of the % 7o since the union of the remaining

orbits has complex codimension > 1. Hence the space of sections Fﬁ@ Fa (L) & L%)G is one
complex dimensional.

Tracing through the use of the Peter-Weyl and Borel-Weil theorems, we can say that a general
section in F@ oFs ((L%)* ) L% ), expressed in terms of the corresponding U(1)-equivariant function,

is a complex linear combination of sections of the form

k(ﬁa 'qz Bgy-q) = %(ga T)

. v) a(gp - v
extended by U(1)-equivariance), where o is a lowest weight vector in H#M)* (of weight — & , ol
1 g g M

is a highest weight vector in ###, and o € (H##)*, v € H## are arbitrary.
F(Ga- a5 DG @) = Z%@a_l cei)e' (G- v) = ay(get g,
i

where ¢; is a basis for H##, and ¢’ is the corresponding dual basis in (’H%“)*.

Returning to the form Homg (F P (L%), Tpa (L‘;z))7 we get the space of all complex multi-
ples of the following map: given g, € (#%)7}H(RW1), ¢, € (#%)"H(RW), and a section 4 €
G (L%, C), the image section i% € C’i%oum(L%, C) is defined by

9(G 4o - w) == t% (G- q - w)

for all g € é, and w € U(1). In other words, it is the map induced by the bundle-connection

isomorphism LY =~ L%, dependent on g, and g,.
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