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Abstract:

In the following we describe a method for expanding the beam

-cross section in a storage ring by coupling the betatron oscillations

and damping* the synchrotron oscillations.

*Translator's note: Undamping?

It is shown that in the case of resonance

Qz - QX = 1nteger

the vertical beam expansion is increased and the horizontal expansion

decreased if coupling of the betatron oscillations is introduced.

In connection with coupling a further enlargement of the beam
cross section in the x-direction, as well as in the z-direction, occurs
by damping of the synchrotron oscillations.

Rotation of the beam at the crossing points generated by
coupling, which could give rise to additional coupling, does not

appear if

1) Qz - OX is an odd number;

2) the rotated quadrupole which produces the coupling is

precisely in the middle between the interaction sections.



The expansion of the beam cross section leads to
1) balancing of the strong vertical and the relatively
weak horizontal space-charge forces and

2) weakening of the space-charge forces.
In this way the limit of luminosity due to the space-charge effect is
raised.

Equations to determine the beam cross section and the Q-shift
induced by the beam—-beam interaction are derived and evaluated numerically

for the case of the DESY storage ring.
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I. Introduction and Statement of the Problem

In the present work we describe a method for considerably

expanding the beam in the interaction regions with a view to raising

the luminosity limit given by the Amman-Ritson effect. This is achieved

by coupling of the betatron oscillations and a shift in the damping

constants for betatron and synchrotron oscillations.

First we consider the coupling alone. We see how the beam cross

section can be altered, with the aid of a rotated quadrupole which causes

a coupling of the betatron oscillations, in such a way that the beam

expands in the vertical direction at the expense of its comparatively

large width.

Such deformation of the beam cross section leads to a balancing

of the strong vertical space-charge forces and the relatively weak

horizontal ones in the interaction regiomns.

A measure of the strength of the space-charge forces is the

Q-shift caused by the Amman-Ritson effect. Experience has shown that

this shift must be smaller than 0.025 in the x- and z-directions if the

beam is to remain stable. The beam expansion in the z-direction caused

by coupling works in such a way that, for a constant beam current I,



adjustments in the Q-shifts AQI and AQII occur for both forms of
oscillation, such that the smaller shift grows and the larger decreases.
In consequence, the luminosity limit due to the Amman-Ritson effect
is found to rise. The most favorable distribution of the space-charge forces,
at which both forms of oscillation are influenced by the beam-beam interaction
in the proper manner relative to the focussing power, is attained precisely
when AQI and AQII assume equal values.

Our task, therefore, is first to determine the Q-shift that
occurs upon switching on of the coupling and the related change in the
luminosity limit. We shall also give the general conditions for coupling
strength and the machine parameters that must be fulfilled if the luminosity
limit is to be appreciably raised.

Following the study of beam expansion by coupling, we shall show,
by means of the general equations for the beam cross section, that a
further magnification of the beam size is possible. This is done by
simultaneously switching on the coupling in the x- and z-
directions, whereby the betatron oscillations are undamped, by the installa-

tion of a FODO channel, and the synchrotron oscillations are simulta-
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neously damped « This additional expansion of the beam by means of

a shift of the damping constants is only limited by the size of the

vacuum chamber. The effect is to further weaken the space—charge forces

in the z~direction as well as in =x-direction, so that a further rise in

the luminosity limit of the space-charge effect is produced.

The beam expansion is of importance for the storage ring

planned at DESY, particularly in the energy region

E £ 2 GevV,

where the lifetime of the beam is essentially determined by the

Amman-Ritson effect.

II. The General Equations for the Beam Cross Section and the

Amman-Ritson Effect in a Coupled Machine-

To calculate the beam expansion and the shift of the luminosity
limit due to the space-charge effect in the presence of coupling, we begin
with the general equations for the beam cross section and for the Amman-
Ritson effect in a 'coupled" machine(z’ 3, 4).

We designate the eigenvectors of the circulation matrix

m (s + C, s) (C is the orbit circumference) by:
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If the normalization conditions

are fulfilled, the following equations should hold:

Damping constant for synchrotron oscillations:
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n, = field index; (i = x, z)

Ki = curvature

Di = dispersion

E = particle energy

W o= average energy loss for a particle

Damping constants for betatron oscillation:

: \-; L. - » s
£ = —"— K {1 ¢ W J(Cov,, + (v )
" 1E-<'kl'.> < ( i 1 3

{m ~ I, T) :
Emittances:
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‘I S ‘E (2.8)
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gemi—axes of the elliptical beam cross section:

1 1 L ,;
64,1. b Z§[c£f°z] 1
(2.12)
2 1 : ‘*Gl
: [ % & ] ’ 10 L : L34 %
with | AR .}
o ) i ) _ )
s * ot Re § viovssd } voEge Re t vay V12 [ (2.13)
Rotation angle of the beam:
2.,
ty 26 = ———2—
-3 X X
&, - 0,
(2.14)
lc
b = 22 .
yfc“-ci"ll + Hcllt
Q=shift by space-charge forces in the interaction zone:
0, « L S wb « hoaatol it
4 n 2 W + . I~ . U“1|
Yn
_ 2
t ! ” .
[ h, 1 b6 + hL w 0 ] | Vol (2.15)
B % -
bR fu, v 0t (h- k) w20 T
(n- I I)
with
- Ly N
&1' C1 = hl' bl > .! ' (2,16)
. ‘}}(C,rl.?‘)
N = number of particles
" 4 = number of bunches

(the crossing angle is neglected in Equation 2.16.)
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We assume that the following relations hold for the DESY

storage ring:

K <D = K-*D = 0
Z X X z
. ' - . 1 =

Kz D Kx D 0
D «»D = 03
X z
D D' = D+D' = 0; (2.17)
X z 2 X
D! - D' = 0;

4
K « K =0

Then Equations (2.3), (2.7), and (2.9) simplify further to:

R ~ 2 A . L

R { NS L 2 H*g (2.3a)
where

B, = <% (4 -1,
s - (2.3b)

Beo= <K (A-10,0D,0

2 ~_\-l'____ . 5 <’k‘> 4 <-k3 .
1E. <‘kl> X (1 -I“A)DA' h ‘ivwn vhkzz

(2.7a)
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To evaluate Equations (2.1-2.16), we still require the
eigenvectors of the circulation matrix M (s + C, s) for the coupling
of the betatron oscillations by a rotated quadrupole. They are calculated

in the following section.

III. The Eigenvectors of the Circulation Matrix for Coupling of the

Betatron Oscillations by a Rotated Quadrupole

To determine the eigenvectors, imagine that the rotated

quadrupole is replaced by a thin lens with the transfer matrix

1 0 0 0
0 i ) 0
m = .
L 0 0 1 0 (3.1
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and denote the lens center by s = sp Then the complete matrix will

have the form:

) (3.2)

{

.m(erC,sL') = M, - W (s, C, s. )

where O(sL + s, s.) stands for the transfer matrix of an ideal

L

machine (no coupling). For the eigenvectors

w0, (a1 = M, (s,5.) %, (s) (3.3)
we obtain the equation(z)
A -i. ad
Cm, m (s +C 5.0 - e SRR I T V| B C IS

If we then write
M, (5,50 = (0], 19,0, wy Lo, M 06 ) (3.5)

where we define

7_._,( B i wo Ly (s} - (50) + 2,05 9% [o(s1- cr‘(s,_)-],}

' p.( 5

1 g [a,0s) = 1, (1) m[q, 080 - ¢ (50]) -
.'-a:(sl-) {ﬁA(” 7

- L[ 14 + e(‘('s‘_'lutl(s)]‘ Ym [‘f‘(” - "fx(‘tll'}
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the following equation follows from Equations (3.1-3.5), if we also

use the normalization conditions (Equation 2.2) (n = I, II) (5):

0 ‘ .
n,m w [0 - £,(50] ¢ atx(s,_]'h'-.[ufats\ - «rztsu]'f
“3;(5;1 e
i Cayls) = 4,013 o [opals) -, 08001 -

-
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-lni,
' - I - im
G = W [~Fh = ‘fk_(sd-\ +t - [“Ph’ ‘f,_“l.\l‘ £ Lk ) (3.7a)
" I~ K
H‘n.k = - ( I [fk- ’-fA(SLT.l t d}_' w-s[tfh - ?A(iL]]) 4
-1. 108, (3.7b)
. I
+ ( ) [*fk - ‘-{’h(s‘_\-] - AL, I [“?h - nﬂ_(si_\—_\' e = b
I~ p, o oxe1 ‘
NI w Inldy Lx !
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i
- -1
N a J Tm Ad g , x .
B I Ln QE 1x !
. . A ] A7 - o, ) .
w ln a.t =71 (ap, v wp] + L (ap, Mal X,
(3.9)

4 1
(AnLTIuE = -i- (UQ}L‘4L/43)A}) - -II\'MA‘A' (M),z').;, ;
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A = 5c4ﬁJﬁjVﬂAd? i (3.10)

2 . .
A = e I
X - V»1 + o Wiaok (3.11)
*

y .
(ap, - wry)
Here the sign of QI and QII is to be determined by Equation (2.2),

SO that the following relations are satisfied:

-~ 2nd
_ﬁ“_iJ_L >0,
M oy
(3.12)
me Ln lp % -1 > & i 2n A 50
Y g Lx LAl

~IV. Beam Expansion by Coupling

A) General Case (QX, Qz are arbitrary).

With the help of Equations (3.6-3.11) we are now able to
calculate the beam expansion and the corresponding shift of the luminosity
limit of the Ritson-Amman effect for the case in which the coupling of
the betatron oscillations is brought about by a rotated quadrupole.

First we insert the expressions Equations (3.6-3.8) in Equatioms

(2.7a, 2.9a, 2.8, and 2.11), and obtain the following for the damping
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constants (5) :

& .__lv_——-}vk‘)—"” ho- =t 1
ok 1. <k lx Cdx (4.1a)
w -4 1 ‘
K,n = W 5("%2) - KZ H’( = xz Bi :
LE- <% x
- (4.1b
A, = L X204 - )DL 0> (4-10)

H, = { %, (1 20 I D

and for the quantities Vi and Yi ¢

a,
EL Q1%

g s e )
"Y1

;

P pi

')A;}Aa ) [< Kl L 4‘}1 2D D.:'a( . D:l‘rsi
+ hlna lx ! 2 2 2 )>

+ (xid): tm”;::’“l) <|“K\ 1) {; r 20,085, *D p,T j}’g
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For the emittances,we have:
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(4.6a)

(4.6b)

(4.7)



Finally, for the average beam size

*x ¢ 14
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where

U = wlen-qgs] om0 - 9,001 -

Xa

- e [ ) - (0w [ 1 - (5]
Tm Jo g
(4.9b)
V,, = o= [q.la - 7,50 o Do, (s - 4,050 ] -

P S T RN A A RSN A O ATAN
Eial

(The quantity O n determines the rotation angle of the beam cross

section, by Equation (2.14) ).

B) General Requirements for Beam Expansion

Equations (4.8) and (4.9) determine the beam cross section at
every position s of the ring, particularly in the interaction regiomns,
if the position s = Sy, of the lens that causes the coupling, and the

lens power & are given. For the case § =0 (or A = 0) these

equations simplify to the well-known equations for an uncoupled machine:
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(4.10)

%z °© 0

According to the program set out in the introduction, we must now
determine whether the beam cross section can be expanded in the vertical
direction at the intersection points, in order to weaken the space-charge
forces in this direction and thereby stabilize the betatron oscillations.

The following conditions are generally set for such beam
expansion:

(I) The Q-shift (Qx’ Qz) > (QI’ QII) caused by coupling must

remain sufficiently small so that the operating point (QI’ QII) does
not reach a stop band.

In other words, the conditiomns of stability of the beam steering must

be fulfilled ™) :

s Qp T m

g

(4.11)

where n 1is an integer.
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(II) The beam expansion must occur for the smallest possible
lens power §.

(III) When the coupling is introduced, the dispersion orbits Dx(s),
Dz(s) may not be disturbed. The lens must be positioned at a

point s = s such that DX and Dz vanish:

L

"D}'c(sL) = D,(s;) = 0 . (4.12)
(Iv) Since space-charge forces arising from the interpenetration of
two rotated beams act, in a linear approximation, as a quadrupole lens
rotated through the same angle, the beam's rotation in the interaction
region must be so small that the additional coupling caused by the
beam-beam interaction does not noticeably affect the beam cross section.
Such additional coupling must be negligible compared to that arising

from the quadrupole lens.

C) The Resonance Condition
In order to fulfill the requirements (I-IV), we first consider
that, in accordance with Equations (3.10) and (4.8), the average beam

dimensions in the x- and z-directions change appreciably only if
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*
the following relationships hold :

sinux - simy, > 0 : (4.13)

2 . : . > - 2
A sinu__siny, (cosux cosuz) (4.14)

On the other hand, it follows from Equation (3.9) that the
quantity x (and correspondingly the coupling strength of the lens A )
may not be arbitrarily large. Otherwise the quantity

LmAan“, (n = I, II)
from Equation (3.9) would exceed unity, Qn would be complex, and the

),

beam would be unstable

cos2nQ < 1 (n=1I, II);
| N 3 ); 4.15)

(condition of stability).
All three conditions (4.13, 4.14, 4.15) are simultaneously satisfied

only if we pass to the resonant case:

Q- Q = n+8Q;
' n = integer; (4.16)

lsQ| << 1

The case sinuX sinuz < 0 has an unfavorable effect on the Amman-
Ritson effect, and we do not consider it. Besides, requirement (IV)

cannot be fulfilled in the case sinuX sinpz < 0 (see Equation 4.18).
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Actually, the requirement (4.13) is automatically fulfilled with:

sinu sinind
X ) <

= sin (200, +» + 5Q)

z sin InQ, = 9w,
Further, we have from Equation (4.14):
42 >> (2m-8Q)2 . (4.17)

For |8Q| << 1, this condition can be satisfied with relatively small
coupling strength A , without violating the conditions of stability
(4.15). These may now be written in the form:

fwlanl | <4, | wint | <1 (4.18a)

where
W)lﬂar = wm # (x-‘l)-'nJJQ-’M;)L‘
(4.18b)
mlnly = Gap, - (xed)ne 0l omp
It is clear from the above that with the resonance condition (4.16)
alone the requirements (I) and (II) can be satisfied.
In order to show that the requirements (III) and (IV) can also

be fulfilled, we choose for the planned DESY storage ring the lens

position

. -C
4

(C = orbit circumference),
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so that the rotated quadrupole is exactly in the middle between the two

interaction regions. The following relationship then holds for the DESY

storage ring, in agreement with requirement III:
C, C

Dy @ =0, @ =0

We require further that the difference between the Q-values (QX -Q)

Z

is nearly an odd number:

Q= Q, = (m+1)+6Q;
m = integer.
Then, considering the phase difference (which is determining for the

quantity GXZ):

a¢ (st = [ 03]

‘.r‘(s‘_)') - [ﬁ(al - ‘f,(s‘l.]

at the intersection points s = 0, £ where

2
‘f“(‘)] - ?x(s‘].g B _4‘(— LRQ,‘ T —Z—‘ug ‘
?, 01 = (s - -f-‘— Lng, » - o0,
o [ C w s 1 1. . Xa
G IEI AR Lol = - 2m2 = 0 ;
. (C | 1 n
"t‘;(-%)’ ‘fz(“_) = —z- Zn Qz- -:— Zth » 2 az

We shall have
p Cor L -:
a0l "zf“x“m‘ '27.'“””4)*1,.&{'

ag(£) - - agter,
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For the factor cos(A¢) in Equation (4.9a), we have
w(ag) ~ - (-n™. %.sa -

As a consequence, we can maké the quantity Oy arbitrarily small
as required by condition (IV), by adjusting to a narrow resonance
({6Q| << 1) . This quantity, according to Equation (2.14), determines
the rotation of the beam and therefore the rotation angle O in the
interaction regions.

In the following section we determine the beam cross section
(oX, oz, and OXZ) that is produced at the intersection points at

resomnance.

D) Beam Cross Section at Resonance

The quantities O O, and Oy ? which characterize the beam
size, may now be calculated for the case of resonance from the general
formulae,; Equations (4.8) and (4.9), taking into account the following
relation, obtained from the resonance condition (4.16):
- (m/u; = unlnd‘ - g 1n tat* n o+ 58] =2 z".'aQ‘m)‘)\'(4.l9)

In principle, we are now in a position to determine the beam cross
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section for an arbitrary coupling strength A, if the beam cross section
"detuning" 6Q 1is specified.

However, Equations (4.8) and (4.9) can still be appreciably
simplified if the following assumptions are made. These assumptions
apply largely to the case of the DESY storage ring, or are realizahle in
this case (by adjusting to sharp resonance |6Q| << 1 and relatively

weak coupling):

z x 1 ’ E;‘ << T, . (4.203a)
oo 0800 - = - JE | << €, (4.20b)
B Fa 3NN C
1 | 8@} K ]T'”l << 4 for -3 0, -i i (4.20¢)
a - 1341 - x _"‘2_\ << 4 . (4.20d)
T py
With these assumptions we have
'J":“}‘x ’k ')’;“L/“t x 4
7'\ML lﬂQI 9»\:." lnal
and all the terms in Equations (4.6) and (4.8) which contain ¢ E

2 A @

as a factor may be ignored in these equations. Therefore, we obtain from

Equation (4.8) the following expressions for the beam cross section at

resonance, with the aid of (4.6):
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6, = p.- F (x) | (4.21a)

6,0 = P, Filx) | (4.21b)

6y = {Ts y ﬁt ’ sz (%] (4.21c)

where

. (‘x'»“l (1(‘> - nx
Fx(k) £ ° 5 Y . (RS - x 44 - x -1 . '
lx ! Ix 2
4,22
. et (K> - B, : (4-222)
4 5t N Y '
- AED Lk s lx ¥
4 L)
w'-4 %S - B,
Fplxl £ Y x* ' { (udy - Xl L k1 ﬂ*+
I I P I
N (4.22b)
4K -0y, %
+ '
(wy - 2o xlg

Iw I
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(m)‘x'm)‘l)
x € - i x4 (xS - Ay +
X
| 1 RN 3 B L.
(xS ™ H, I H,
*3‘_4‘ (.kl)"n, };
Lx *ty - K- okt
{ . B, . R,
{
F“u(x) = ndQ «x
FYRCYY
x X
. ]
fmh-un)a,\fJ1 + ,A'me»:
h (O‘n)"x’w)"t)
x 1x iy O X1 e k-4
{5 ix R, 13 hy
° C(xeatt (XY - R, }{
. lk 1 »x -1 el
- —"n - A
AL 1x Lo et

X gw, Lo (- g ls)]) o [falnr - g, (5] -

- L8 g [, st - (3] 2 [y ls) - %(s‘ﬂ}-
I oy
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(4.22c)
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In order to put conditiong (4.20) in a form more convenient for

- {
evaluation, we put from the Eqs. (4.3, 4, 5, 7) for £, e-d (T.‘ z)

seq, ¢
"t
~ ~ (4 wr pm ~ {2 i i
e = g ——. € ; (4.23)
' I pmy
tn UM, 2 1) . Y
T;l; * TX 2 ’ Tx.a [ it s 0, 7 ) (4.24)

where we have

: o 3 ¢ R Ve ' "
yon | 5Tkey’ (e (o) B 20,0, - 87« DB T

EY
X

e (XYY - W

X
(v = 1,2.);

RN = - i wn L, - 7 a0 = dy- 0 [ - xﬁts,)]}x

# Yo Do - v GaY t d-wa [ - 0507

o 2
R = - J Dy - ntnl - & w L, - 01
| (4.25)
: ( - 1.8 2
5+ [ - qal - Joas Dy -qal« L wlsg - 4],
S A AT B N E AT AT BV S AR AERIY J

T = 2le - g 0601 wwly - 0]

rr‘ll'l - - .”;Z' ['fx - \ﬁ.(ﬂ)] )

sz PN [‘fa' ‘fz(si.]]' wn [‘f,_ - “f)z(i;)'] )

(AR [, - fls0
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as well as

(i . - MI - -2 .. .
(T, S 7 o~ (&)
b3
ur . i o1 . I
G NG T S PR S
e (4.26)
“ - - i » I . .
(’T; )S:b (T‘ ]" g 2 ’)Mx(ai H) . |
2
() . (21 . - 1 .
(T‘ )Sau ' (T‘ )S?Q i (ai ?.) '
: | 1
Then from Equation (4.20b) we have the conditions
In - 30 - x - lf?““l << € (4.27a)
- ~ ¢ m”’l
In - J0 - w - Le™M - ‘<<i‘
X Yo Jog A (4.27b)
and from Equation (4.20c)
n-oldel -ox o loam (a0 << 4y (4.28a)

n .
1 -l ok - ' -M‘"”“i(a"l‘i)“43<4.28b>
J“F"

L Moy

I Mg

n .+ ol - ke -

s ’ML (ng_'} e 1, (4.28c)

of which Equations (4.28b, c¢) along with Equation (4.20d) are

automatically fulfilled.
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If we also have the following inequalities

~ (1l|

I €, << €,

(4.29)
R ACHEEI.

which hold for the DESY gtorage ring, we may ignore Equation (4.27a),
and Equation (4.27b) becomes identical to Equation (4.20d). Altogether,

we thus arrive at the following requirements which are equivalent

to Equations (4.20):

1) €, << €, |€1] << ¢

L] n- 00 x o o (0,m)) << 4, (4.20")

1) Um. s ok o [ 2R oy

P pax i

These are to be satisfied, together with Equation (4.29), for

the equations (4.21) and (4.22) for the beam cross section to be

valid. A suitable shift of the operating point may be required.
For the DESY storage ring (without FODO channel), we may

subsequently use the following to determine the beam cross section:

{x'> - B,
(RS - LI I T k-1, (4.30a)
1x T

F g3 :
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<‘KL> - n‘ 4
1k e 1
This is because we have
I 0, IR << <%'> (4.31)
so that Equation (4.22) goes over into
w® v 1
Fla) = g« —— | (4.32a)
1x'
Z B
Fa(k) _3 x -1 .‘ | (4.32b)
Lx
Footel = £, -n.38Q « ’
a. 1":")*1
£ X
L e - '
(w#‘ - “’#A)A{A' + A 2 M 14&)‘1
( g, - wp,) (4.32¢)

" {’(‘4]”‘- —:;- *
v 2. [ w (g, Ust= @ (5)) 2 (051 = g, (50) -

e o) s il
Iy

2 . . .
If k" >> 1, we have a nearly circular beam cross section, particularly

in the interaction regions where we have BX = Bz (for the DESY gtorage

ring).
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The radius is given by

‘f"a—"_y?,‘_{ﬁ—‘-‘

X

In the case of decoupling (# = 1), we have from Equations (4.22) and

(4.32): v
FA) = e
F() = 03
sz(l) = o

That is, the beam height vanishes. In practice, however, there is a

small vertical expansion due to scattering on gas:

3

620 = p:" (sa)c‘“ ¢
We have ignored this expansion in calculating the beam cross section
(Equations 4.8 and 4.9). 1In order that Equations (4.22) and (4.32)

remain valid, we must assume a coupling sufficiently strong for the

following to hold:

F, (] >> (f']cu (4.33)

In Section VB, we shall estimate more accurately the remaining

coupling due to the space-charge forces together with a small beam

rotation 0(0) or O(g) . This coupling is determined by the quantity
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Oy, ©OF by sz . Before that, we shall determine the Q-shift caused

by the Amman-Ritson effect.

V. Amman-Ritson Effect with Coupling

A) The Q-Shift

The Amman-Ritson effect is in general described by Equatiomns
(2.15) and (2.16) which give the shift of the operating point due to
the beam-beam interaction for an arbitrary rotation angle © . As
we have seen in Section IV, one can set © = 0 as an approximation in
the case of resonance (if QX = QZ 2m + 1 is valid). If the
relations given by (3.6), (3.7)’and (3.8) are taken into consideration,

we have, from Equations (2.15) and (2.16):

N ‘ . .
B v I
AQ, = N 5..'._._1_1_'- .,__‘_’_IzL};
2ag y- (e, + ;) " s
(5.1a)
L X
r. - N ' vl | vg
A QF . e ' 1 R g3l } ;
: & c

£ 3

re = classical electron radius
4 = number of bunches
N

= number of particles
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where

2 . D px . ®+1 i 54
’)anur lr

&
-

[J
=
»n

SR TR SN PRI

Im My k-1 { i
. . I ln‘SQ«lkr'ﬂ-T}
P mlnl. Lk :

.
i

(5.1b)

2 I pu, x -1 : : -
lv. | = . LI -g4-ln'50'()uﬂ'l ;
I ﬁi ’M;‘anE lx ‘}

L a % o 4
lvr;| - Iyt 3 2 )‘2 . k* . i 4 - ln'sa' (7{-1]- Tz }‘.
mwlnly lx '

where the functions Tx(s) and Tz(s) are to be taken from Equation
(4.5).

Equations (5.la, b) are valid for arbitrary lens coupling strengths
(arbitrary k), assuming that the Oy and o, are given. In particular,

for « =1 Equations (5.la, b) yield the following well known relations

for a decoupled machine (o << ¢
z0 X0

.- N B e - N
Al - — B
lng}- Cxo( Cyp * Gzo) Lng y - €,
(5.2)
r, N. Te-N-p, .
A Ql = £ p‘ ® : )
l"‘?}‘czu(axo*cw) l"qk'czouio
g = beam half width
X0
decoupled
o_ = beam half height

z0
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Fur further analysis of these equations we again assume that
the conditions given in Equation (4.20) are fulfilled.

By inserting Equation (4.21) in Equation (5.1), we obtain:

B T im« b x - 1 “‘}
) ’ ‘ r — (5.3a)
ln?}-(cx+cﬂ 2x 9 Lx C;
. r.. N . §'x 1 ’_EL , -1 .]’_EL },
gy (Vp,r Vg, F) L2 DR b BRS
LY N _Exw,lh*xm 'B.}
ln‘fa'-(G)(sz) Lk c"‘ Lk Ci
(5.3b)

x

S eV '.EM.]{& __1},_5_7
tng ¥ (V. F, vYp,F) 2 x F Lx I'Fa

with the functions Fl(K) and FZ(K) given in Equations (4.22) and

(4.32).
For the special case

lH‘l‘ IR, | << €%
we have from Equation (4.32)

AQI = a0

. * | X
) '{{B_‘l"V&‘M + \(E:-\}n‘%
(5.4a)
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X

X :
E ‘ ﬂi-‘h‘m e Ypo Yukon (5.4b)
X E jrﬁﬁ .._3£:L1__ + -¥7§: ) x v 1 : } .

Klf1 xl-‘l

Here the condition given by (4.33) is to be observed. This condition
restricts the validity of Equations (5.3) and (5.4) to values of «k that

satisfy the relation:

€, >> 6, =x _U(ﬂ] C Y,

bus

It follows from these equations that when the coupling is
introduced, an equalization of the space-charge forces takes place,
as stated in the introduction. This is because the quantities AQI and
AQII approach each other with increasing coupling strength, and become
2
equal for «x >> 1.
The factor by which the Amman-Ritson luminosity limit is

raised with this new and more favorable distribution of the space—charge

forces is given by the ratio:
aQ,
AQI *

For the case

I, 1, 1B << <% >,
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Equations (5.2) and (5.4) give the following expression for this ratio:

\[I_)-:Jn‘w[ *'ﬁdkl-'l .
k
Y x' -1
m-(xoﬂ‘vx‘-4 -fm-(xr1)JhLe4 ‘

P
B,

(5.5)
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Numerical Example:

l - 0. 60 m (Lens distance)
[

R = .‘0‘ 045~1\-L

(Lens power)

B Cs) = 20w

Pyls) = 3335 ™

1

$ IS'LL = 0‘00'7 ‘h.-

{(5‘(5‘_] {52(5‘_; 2 49,071 w

a = 5'1/{)‘('5,_)_[5}(5‘}' = 01312

A
1]
]
*
"
r

The difference (AQII - AQI) is now only
80 - 2@ = 013 aQ,

The luminosity limit is raised by the factor:

Aai - ozq .630
AQE o}ﬂ
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In this discussion, we have gtill not taken into account the

requirement (IV) of Section IVB for coupling caused by the space-charge

forces. This requirement, together with

lae 1 £ 0025

gives rise to an additional restriction on the luminosity limit.

shall consider this in the following section.

B) Estimate of the Coupling Caused by Space-Charge Forces

We

It was mentioned in Section IVB that the space-charge forces

of a rotated beam act, in linear approximation, as a thin lens which

is rotated by the same angle as the beam. These forces thereby

provide a coupling that is superimposed upon that from the built-in lens.

The effect of the lens action of the space-charge forces can be

mathematically described by the transfer matrix:

1 g ¢ ) 4 ¢ 6 v
(hy a6 v by 2'0) 1 0 oot g, 0
] 6 1 0 6 o6 1 0
0 b (koo Lkmlo} 1 b, U 0 4
L. A

(5.6)

Transf er matrix of a rotated quadrupole
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with the coupling term

§, = Ch, - b, ) 2a20 (5.7)

and coupling strength

Ay, - 5w'ﬂ.(5u’f"e(‘ﬂ ;

(5.8)

i Intersection points),

(skfd,

rs|m

where the quantities h1 and h2 as well as the rotation angle 6 can

be obtained from Equations (2.12)-(2.16).
The following must hold if the beam is not to be appreciably

disturbed by the coupling term:

T . &

A\d I pey 0«;)“ < < (w)/u.‘ - m,.,‘) ’ (5.9)
or, at resonance
2 o :
Aw << | 2a.0Q) . (5.10)
This is because the quantity,
A ¢ . ' l
X - 14 W ' Py Iy \ (5.11)

( ‘40}4‘ - My )L

which according to Equations (3.11) and (4.8), is a measure of the effect
of coupling on the beam, does not significantly deviate from unity, the

value assumed by «k for vanishing coupling.
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By inserting Equations (2.14) and (2.16) in Equation (5.7),

and taking Equation (2.12) into account, we obtain

L 1.1s,, 1. N
Lo, 1 = Y0500 pats,) - A 12 'L' T . (5.12)
6,6, (cy1+0,) Y |

Under the assumptions given by Equation (4.20), together with the

following:

C,

ILd
)
.S
S
"
'
o

B Cs,1 = foUsy) (5.13)

a0, » v N ,(;x,(_k_lj__.*_h_i_%)
' 2n€r)v(61+171] Ix Lq :\ L 2
|
I
x e N b, xla ral tlo-q) (5.14)
Ing }- (e ve) Iw - c,6,
Z ____rs__-.._N— cp‘ . 4 '
bng } 64 €,
Therefore, we may write in place of Equation (5.13):
2' |F,}'

A, 1 % 81;4\()-—2—'—'—513-'——=817'116\E . (5.15)

1 ('c;iczll'

(VE TR )
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Using the beam cross section given by Equations (4.22) and

(4.32) (we restrict our discussion to the case IG‘I‘ 'P;' << (K*)‘),

the preceding yields:

[~
3
2
O
=3
[
2>
=4
2
oy
=>
~
4
(<
3
—

y .4
A S

(227

\ -1 220 i [, G-, 50) e [o 0 - 5]
P poy

3] . e
a2 = LwleGl-gs0] et =007,

With this, the following is valid:

-(Nl;ﬂ\ - (H(ﬂ)

$a g X2 3 = % ;
{2y | - _ I (2)
(Nx} ,S’d ) (HXL )ga—cl'; .

As we wish to obtain a minimal degree of perturbation, we assume

that the operating point (QX, Qz) is so adjusted that the following

quantity

{n

[M“ + M,,;”] or A
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. . . . C
vanishes at the first crossing point (at s =0 or s = 5), and as

a consequence the coupling due to the space-charge forces appears only in

the second interaction region. For the DESY storage ring we have:

Lows o w0 > 05

| & 3 G

and for AW from Equation (5.15):
lay b, % 8. laggl- 085.n- (82l
Lay, 1,

If we further consider that AQII can assume at the most a value of

0.025, we finally obtain:

lAwl 3 UfS-a’-!Nl,

$20

Therefore the condition (5.10) is satisfied, and the coupling of the

betatron oscillations caused by the space-charge forces can be neglected,

even at the Amman-Ritson luminosity limit.
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VI. Beam Expansion by Shifting the Damping Constants

A) The Damping Constants for Synchrotron and Betatron Oscillations

It was shown in Sections IV and V that through coupling alone
only the beam height is increased (if Ox > Oz holds for no coupling)
while the beam contracts horizontally. The vertical beam expansion
through coupling therefore results at the expense of the beam width.

If the coupling is strong enough (Kz >> 1) , the horizontal beam dimension
decreases according to Equations (4.21) and (4.32) by the factor L s
and the beam cross section itself becomes almost circular in the
interaction region.(if BX = Bz).

It was mentioned in the introduction that as a result of coupling
of the betatron oscillations a further beam expansion in the =x- and 2z-
directions (with decoupling,however,only in the x- direction), can be
simultaneously obtained by damping the synchrotron oscillations and
undamping the betatron oscillations. In particular, one can restore the
beam width to its original value (the decoupled value) with this method.

In the casevyhere the betatron oscillations are coupled by means

of a rotated quadrupole, the damping constants Qs O, and apy are
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given by Equations (2.3) and (4.1). By means of these equations, one

can easily confirm the relationship proven in general by K. W. Robinson

d + 4 } ol » 2'

. : I , (6.1)

mlt‘l

This equation shows that the damping of synchrotron oscillations and
undamping of betatron oscillations (or damping of the betatron and
undamping of the synchrotron oscillations) are interdependent.
The following is valid for the DESY storage ring:
IR, | << 1B, 1 6.2)

so that we can write instead of (2.3) and (4.1):

L = _\”’ : § L'y o+ 47”*} ; (6.3a)
E- ¢x%
{; S 2 ® d %. 2
O A Ky - S (6.3b)
I LE. (D 1% \ J
_ l
W g 2 » -1 (6.3c)
d - —X . (v - —— 1 2
T 2 tn F

A shift of the damping constants in the direction corresponding to
an expansion of the beam therefore means that the machine-dependent
constant

R, (% (1-120D)

is increased. Such a change in AX can be achieved with a FODO channel(l).
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B) Calculation of the Beam Cross Section
To calculate the new beam cross section that appears
when the betatron oscillations are undamped we have only to examine
the way in which the quantities Ops O, and Oy which determine the
beam expansion, depend on the constant Ax'

For this purpose, we consider that the product

s
X : (6.4)
: ) A ‘ ;
<’\kx,'»(sz'% t 1D D, ay t D:l'ﬂ")>

<K

is independent of AX since, according to Equation (4.7), the factor

(<> - R,

cancels out with the denominator of £, As a result, the quantity LR
defined by Equation (6.4) remains unchanged following a shift of
the damping constants Ogs  Op» and orge

Therefore, according to Equations (4.21) and (4.22) and taking

Equation (6.2) into account, we may write:
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2 (x+1t ) (k¥
b » A €o 5 ’:. ) +
Y oa <Akl> x + 1 n
(6.4a)
. (n-1° (x> z =
. — - - '
ALY 476 W LAY )
Ixn
2 K -1 x5 {xH
6'1 = P’l G‘D M i + " g’ (6.4b)




6., = Vp,pl CE, M

s

A

x

Y pay

(m}*,{.' Wp;.){1 +

- .
a I pa %)Ai

( l'vb‘)y»‘ - Uhk‘]

] n (21
X (M‘z + N!i ) :
(&1 ~
P A
¥ -+ 1 (x> +
1)‘ :kz - i
, K1 V4 T8 z
Lr (K - 2t
1K
_i (‘n»ﬂli kY _
13( (kl) - x +1 H
' : ix *
_(x-1t Lk zd
Lx vy o ko1
(kD o
W My

X

I pas

{ %

iy 2
N“ . 5’ ()uﬂ,

e (xty. Ky
1x

(x-1f,

LK

Ix

>

where
(M) = (W

(M3, -

{4
§e0 = (Nn )s,_c_

)

(KD -

f =

£
i

*
4

x-1
dx R

X

1.

7)) [q‘,ls) - :.(‘(5‘_)'], 10 [ufl(ﬂ - «h{s‘_ﬂ
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(6.4c)

- W [q»l(,-)- ‘f',ls‘d]' awl['f,ls) S tsa],
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The dependence of the beam cross section on the parameter A.x ,

which also determines the size of the damping constants, is therefore

characterized by the factors

< x> " {%*>
1 and N x-1 .
ty _ ks - K - =T
x> - A= h (K> - =R

It follows from Equation (6.4) that the beam width in the interaction
: ') . .
region (ﬁ; =P is always larger than the beam height:
G > 6, .

%L 2

However, for « >> 1 , we have an almost circular beam cross section

of radius

r =

x> i
px EXo‘ { I (6.5)

A
VT (1(1>_jini

as long as the assumption of Equations (4.20) hold.
If the beam half-width o alone shrinks after switching on
coupling of a given strength A , and the original width J ﬁx 'J €0

is to be restored, the following relation must hold:

(o)’ Cuty . -t LK .
Hat Ckiy - Xl Yxt LK - X1 g
' * 2

lx
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This relation follows from Equation (6.4a). From it we may calculate

A as follows:
X

C) Q-Shift

If the assumptions of Equation (4.20) are correct, we may
use Equation (5.3) to calculate the Q-shift that appears due to
space~charge forces following the additional beam expansion from the
undamping of the betatron oscillations. The quantities I and o,
appearing in Equation (5.3) should then be taken from Equation (6.4).
Since the beam size is increased when the damping constants are shifted,
the luminosity limit is again raised.

Together with Equation (5.3) there remains the relation given by
(5.15), which sets an upper bound for the permissible coupling strength
arising from the beam-beam interaction.

In order to keep the coupling caused by rotation of the beam

as small as possible, it is useful to choose QX and Qz such that
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the following holds:

N[O

Under theseconditiong Aw vanishes at the crossing point s =

If we put

40, =~ «. 0,015,

Equation (5.3) provides an estimate of the factor o as well as of
the maximum possible Q-shift for which the beam remains stable:

AR -« -0,025'
Consequently, the maximum luminosity limit connected with the Amman-
Ritson effect with AQII = 0.025 can only be achieved if Equation

(5.3) can be satisfied with o =1 .
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Numerical Example:

We put «k = 2 .
In order to achieve the original value for the beam width
6)" hsxo-vpx i
A= 0,5. <% ; .
we must choose My _ : , according to Equation (6.6).
From this we have the corresponding damping constants according

to Equation (6.3):

-~

-

We obtain the beam half-height from Equation (6.4b)
¢ = 0,%2- ¢, ,
and Aw vanishes at the crossing point s = g— if the following

values are chosen:
R, = 413
YRR

The factor appearing in Equation (5.15)

2' 'axil

(6; + a:)l

C
assumes the following value at s =3

2‘ 'c".

(6, + 641 8- - 130
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so that the condition given by (5.15) may be considered to be
satisfied.
Finally, we have from Equation (5.3) that the luminosity

limit is raised by a total factor of

i_qﬂ.. » _G_XB_ 1,15 .
a4 6:,

i
Therefore, after the undamping of the betatron oscillations

the luminosity rises 407 more than in the case of coupling alone

(see Section VA).

I wish to thank Dr. A. Piwinski and Dr. H. Wiedemann for helpful

and stimulating discussions.
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