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Light-Front Quantization of the Chern-Simons-Higgs Theory Usha Kulshreshtha

Gauge theories in two-space one-time dimensions involvingChern-Simons (CS) term coupled
to matter fields describe excitations with fractional statistics [1]-[18]. Very recently we have studied
the instant-form (IF) quantization (IFQ) [15] of this theory in the presence of the Higgs potential
on the hyperplanes:x0 = t = constant, in the so-called symmetry phase (SP) of the Higgs potential
[15]. The IFQ of this theory has also been studied by us [16] inthe so-called broken (or frozen)
symmetry phase of the Higgs potential [14, 15, 16, 17]. In this talk [18], I would consider the
Hamiltonian [19, 20], path integral [21, 22] and BRST [23, 24, 25] formulations of this theory
using the light-front (LF) dynamics [26, 27](on the hyperplanes defined by the LC time:(τ ≡ x+ =
(x0+x1)√

2
= constant) [26, 27] in the symmetry phase of the Higgs potential. The study of a theory

using the IFQ as well as the LFQ determines the constrained dynamics of the system completely
[26, 27]. Also, different aspects of this theory have been studied by several authors in various
contexts[1]-[18]. We first consider the LF [26, 27] Hamiltonian and path integral formulations of
this theory (in the so-called symmetry phase of the Higgs potential) [16] under appropriate gauge-
fixing. The Chern-Simons-Higgs theory in two-space one-time dimensions is defined by the action
[1]-[18]:

S =

∫

L1(Φ,Φ∗,Aµ)d3x (1a)

L =

[

κ
2

ε µνλ Aµ∂νAλ +(D̃µΦ∗)(DµΦ)−V (|Φ|2)
]

(1b)

V (|Φ|2) = α0 + α2|Φ|2 + α4|Φ|4 = λ (|Φ|2−Φ2
0)

2
, Φ0 6= 0 (1c)

Dµ = (∂µ + ieAµ), D̃µ = (∂µ − ieAµ), κ = (
θ

2π2 ) (1d)

gµν := diag(+1,−1,−1), µ ,ν = 0,1,2, ε012 = ε012 = +1 (1e)

Hereθ is the Chern-Simons parameter. The Higgs potential is kept rather general, without
making any specific choice fo r the parameters of the potential except that they are chosen such
that the potential remains a double well potential withΦ0 6= 0. The LF Lagrangian density of the
theory reads:

L :=

[

κ
2

[A+∂+A2−A−∂−A2+ A−∂2A+−A+∂2A−]

−κ
2

A2(∂+A+−∂−A−)+ (∂+Φ∗)∂−Φ+(∂−Φ∗)∂+Φ

+ieA+Φ∂+Φ∗− ieA+Φ∗∂+Φ− (∂2Φ∗)∂2Φ

+ieA−Φ∂−Φ∗− ieA−Φ∗∂−Φ+2e2A+A−Φ∗Φ

+ieA2Φ∗∂2Φ− ieA2Φ∂2Φ∗+ e2A2
2Φ∗Φ−V (|Φ|2)

]

(2)

The theory is seen to possess five primary constraints:

χ1 = Π+ ≈ 0, χ2 = (Π−+
κ
2

A2)≈ 0, χ3 = (E− κ
2

A+)≈ 0 (3a)

χ4 = [Π−∂−Φ∗+ ieA+Φ∗]≈ 0, χ5 = [Π∗−∂−Φ− ieA+Φ]≈ 0 (3b)

WhereΠ,Π∗,Π+,Π− andE(:= Π2) are the momenta canonically conjugate respectively toΦ,Φ∗,A−,A+

andA2. After including these primary constraints in the canonical Hamiltonian densityHc with
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the help of the Lagrange multiplier fields,u,v,w andz the total Hamiltonian densityHT could be
written as :

HT =

[

(Π+)s+(Π−∂−Φ∗+ ieA+Φ∗)w +(Π∗−∂−Φ− ieA+Φ)z+(Π−+
κ
2

A2)u

+(E− κ
2

A+)v+
κ
2

[A−∂−A2−A−∂2A+ + A+∂2A−−A2∂−A−]

−ieA−Φ∂−Φ∗+ ieA−Φ∗∂−Φ−2e2A+A−Φ∗Φ+(∂2Φ∗)∂2Φ

−ieA2Φ∂2Φ∗+ ieA2Φ∗∂2Φ− e2A2
2Φ∗Φ+V (|Φ|2)

]

(4)

Demanding that the primary constraintχ1 be preserved in the course of time, one obtains the
secondary Gauss-law constraint:χ6 = [ie(Φ∂−Φ∗−Φ∗∂−Φ)+ 2e2A+Φ∗Φ] ≈ 0 The preservation
of χ2,χ3,χ4 andχ5, as well as ofχ6 for all times does not give rise to any further constraints. The
theory is thus seen to possess only six constraintsχi. The constraintsχ4,χ5 andχ6 could now be
combined to give a new constraint:Ω = [ie(ΠΦ−Π∗Φ∗)] ≈ 0 yielding the new setof constraints
of the theory as:η1 = χ1, η2 = χ2, η3 = χ3, η4 = Ω. Further, the matrix of the Poisson
brackets among the constraintsηi , with (i = 1,2,3,4) is seen to be a singular matrix implying that
the set of constraintsηi is first-class and that the theory under consideration is gauge-invariant (GI).
The divergence of the vector gauge current density of the theory could now be easily seen to vanish
satisfying the continuity equation:∂µ jµ = 0 , implying that the theory possesses at the classical
level, a local vector-gauge symmetry. The action of the theory is indeed seen to be invariant under
the local vector gauge transformations:

δΦ = iβΦ, δΦ∗ =−iβΦ∗, δA− =−∂+β , δA2 =−∂2β (5a)

δA+ = −∂−β , δΠ+ = o, δE =
−κ
2

∂−β , δΠ− =
κ
2

∂2β (5b)

δΠ = [−iβ∂−Φ∗− eβA+Φ∗+ i(e−1)Φ∗∂−β ], δ s =−∂+∂+β (5c)

δΠ∗ = [iβ∂−Φ− eβA+Φ− i(e−1)Φ∂−β ], δu =−∂+∂−β (5d)

δw = (iβ∂+Φ+ iΦ∂+β ), δ z = (−iβ∂+Φ∗− iΦ∗∂+β ) (5e)

δv = −∂+∂2β , δΠs = δΠu = δΠv = δΠw = δΠz = 0 (5f)

whereβ ≡ β (x+,x−,x2) is an arbitrary function of its arguments. Dirac quantization of the theory
under the gauge:Ψ1 = Φ≈ 0 and Ψ2 = A−≈ 0 yields the non-vanishing equal light-cone-time
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commutators of the theory as:

[Φ∗(x+
,x−,x2) , Π(x+

,x−,x2)] =
iΦ∗

Φ
δ (x−− y−)δ (x2− y2) (6a)

[Π∗(x+
,x−,x2) , Π(x+

,x−,x2)] =
−iΠ∗

Φ
δ (x−− y−)δ (x2− y2) (6b)

[Φ∗(x+
,x−,x2) , Π∗(x+

,x−,x2)] = iδ (x−− y−)δ (x2− y2) (6c)

[A+(x+
,x−,x2) , A2(x

+
,x−,x2)] =

−i
κ

δ (x−− y−)δ (x2− y2) (6d)

[A+(x+
,x−,x2) , Π−(x+

,x−,x2)] =
i
2

δ (x−− y−)δ (x2− y2) (6e)

[A2(x
+
,x−,x2) , Π(x+

,x−,x2)] =
i
2

δ (x−− y−)δ (x2− y2) (6f)

[Π−(x+
,x−,x2) , E(x+

,x−,x2)] =
−iκ

4
δ (x−− y−)δ (x2− y2) (6g)

WhereΦ≈ 0 represents the Coulomb gauge andA− ≈ 0 represents the light-cone coulomb gauge.
In the path integral formulation, the transition to quantumtheory is made by writing the vacuum
to vacuum transition amplitude for the theory called the generating functionalZ[Jk] of the theory
[16, 17, 18, 21, 22] under the gauge-fixing under consideration, in the presence of the external
sourcesJk as:

Z[Jk] =
∫

[dµ ]exp

[

i
∫

d3x

[

JkΦk + Π∂+Φ+ Π∗∂+Φ∗+ Π+∂+A−+ Π−∂+A+

+E∂+A2+ Πs∂+s+ Πu∂+u+ Πv∂+v+ Πw∂+w + Πz∂+z−HT

]]

(7)

Here, the phase space variables of the theory are:Φk ≡ (Φ,Φ∗,A−,A+,A2,s,u,v,w,z) wi th the
corresponding respective canonical conjugate momenta:Πk ≡ (Π,Π∗,Π+,Π−,E,

Πs,Πu, Πv,Πw,Πz). The functional measure[dµ ] of the generating functionalZ[Jk] under the
above gauge-fixing is obtained as :

[dµ ] = [(ieκΦ)δ 3(x−− y−)δ 3(x2− y2)][dΦ][dΦ∗][dA+][dA−][dA2][ds][du][dv]

[dw][dz][dΠ][dΠ∗][dΠ−][dΠ+][dE][dΠs][dΠu][dΠv][dΠw][dΠz]

δ [Π+ ≈ 0]δ [(Π−+
κ
2

A2)≈ 0]δ [(E− κ
2

A+)≈ 0]

δ [(ie(ΠΦ−Π∗Φ∗)≈ 0]δ [Φ≈ 0]δ [A− ≈ 0] (8)

For the BRST formulation of the model, we rewrite the theory as a quantum system that possesses
the generalized gauge invariance called BRST symmetry. Forthis, we first enlarge the Hilbert
space of our gauge-invariant theory and replace the notion of gauge-transformation, which shifts
operators by c-number functions, by a BRST transformation,which mixes operators with Bose
and Fermi statistics. We then introduce new anti-commutingvariable c and ¯c (Grassman numbers
on the classical level and operators in the quantized theory) and a commuting variableb such
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that[23, 24, 25]:

δ̂Φ = icΦ, δ̂Φ∗ =−ic̄Φ∗, δ̂A− =−∂+c, δ̂A2 =−∂2c (9a)

δ̂A+ = −∂−c, δ̂Π+ = o, δ̂E =−κ
2

∂−c, δ̂Π− =
κ
2

∂2c (9b)

δ̂Π = [−ic∂−Φ∗− ecA+Φ∗+ i(e−1)Φ∗∂−c], δ̂v =−∂+∂2c (9c)

δ̂Π∗ = [ic̄∂−Φ− ec̄A+Φ− i(e−1)Φ∂−c̄], δ̂ s =−∂+∂+c (9d)

δw = (ic∂+Φ+ iΦ∂+c), δ z = (−ic∂+Φ∗− iΦ∗∂+c) (9e)

δ̂u = −∂+∂−c, δ̂Πu = δ̂Πv = δ̂Πw = δ̂Πz = δ̂Πs = 0 (9f)

δ̂c = 0, δ̂ c̄ = b, δ̂b = 0 (9g)

with the propertyδ̂ 2 = 0. We now define a BRST-invariant function of the dynamical variables to
be a functionf such thatδ̂ f = 0. Now the BRST gauge-fixed quantum Lagrangian densityLBRST

for the theory could be written as:

LBRST :=

[

κ
2

[−A−∂−A2 + A−∂2A+−A+∂2A−+ A2∂−A−]

+ieA−Φ∂−Φ∗− ieA−Φ∗∂−Φ+2e2A+A−Φ∗Φ− (∂2Φ∗)∂2Φ

+ieA2Φ∂2Φ∗− ieA2Φ∗∂2Φ+ e2A2
2Φ∗Φ+ ∂−Φ∗∂+Φ

+∂+Φ∗∂−Φ− ieA+Φ∗∂+Φ+ ieA+Φ∂+Φ∗− κ
2

A2∂+A+

+
κ
2

A+∂+A2−V (|Φ|2)− δ̂ [c̄(∂+A−− 1
2

b)]

]

(10)

The last term in the above equation is the extra BRST-invariant gauge-fixing term. Proceeding
classically, the Euler-Lagrange equation forb reads: b = (∂+A−) and the requirement̂δb = 0
then impliesδ̂b = [δ̂ (∂+A−)] leading finally to∂+∂+c = 0. In introducing momenta one has to be
careful in defining those for the fermionic variables. We thus define the bosonic momenta in the
usual manner so that:

Π+ :=
∂

∂ (∂+A−)
LBRST =−b (11)

but for the fermionic momenta with directional derivativeswe set

Πc := LBRST

←−
∂

∂ (∂+c)
= ∂+c̄, Πc̄ :=

−→
∂

∂ (∂+c̄)
LBRST = ∂+c (12)

implying that the variable canonically conjugate toc is ( ∂+c̄) and the variable conjugate to ¯c is
(∂+c). The quantum BRST-Hamiltonian density of the theory is :

HBRST =

[

Πs∂+s+ Πu∂+u+ Πv∂+v+ Πw∂+w + Πz∂+z− e2A2
2Φ∗Φ

+
κ
2

[A−∂−A2−A−∂2A+ + A+∂2A−−A2∂−A−]

−ieA−Φ∂−Φ∗+ ieA−Φ∗∂−Φ−2e2A+A−Φ∗Φ+(∂2Φ∗)(∂2Φ)

−ieA2Φ∂2Φ∗+ ieA2Φ∗∂2Φ+V (|Φ|2)− 1
2
(Π+)2 ++ΠcΠc̄

]

(13)
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In general,c andc̄ are independent canonical variables and one assumes that

{Πc,Πc̄}= {c̄,c} = ∂+{c̄,c}= 0, {∂+c̄,c} = (−1){∂+c, c̄} (14)

Here{ , }means an anti-commutator. We thus see that the anticommulators in the above equation
are non-trivial and need to be fixed. In order to fix these, we demand that c satisfy the Heisen-
berg equation:[c,HBRST ] = i∂+c and using the propertyc2 = c2 = 0 one obtains[c,HBRST ] =

{∂+c̄,c}∂+c leading eventually to:

{∂+c̄,c} = (−1){∂+c, c̄}= i (15)

The minus sign in the above equation is nontrivial and implies the existence of states with negative
norm in the space of state vectors of the theory. The BRST charge operatorQ is the generator of
the BRST transformations. It is nilpotent and satisfiesQ2 = 0. It mixes operators which satisfy
Bose and Fermi statistics. The BRST charge operator of the present theory can be written as:

Q =

∫

dx−dx2

[

−ec(ΠΦ−Π∗Φ∗)− i∂+c[(Π+ + Π−+ E)+
κ
2

(A2−A+)]

]

(16)

This equation implies that the set of states satisfying the constraints of the theory belong to the
dynamically stable subspace of states|ψ > satisfyingQ|ψ >= 0, i.e., it belongs to the set of BRST-
invariant states. Further the theory is seen to possess negative norm states in the fermionic sector
and the existence of these negative norm states as free states of the fermionic part ofHBRST is
irrelevant to the existence of physical states in the orthogonal subspace of the Hilbert space. The
Hamiltonian is also invariant under the anti-BRST transformation given by:

¯̂δΦ = −ic̄Φ,
¯̂δΦ∗ = icΦ∗, ¯̂δA− = ∂+c̄, ¯̂δA2 = ∂2c̄ (17a)

¯̂δA+ = ∂−c̄, ¯̂δΠ+ = 0,
¯̂δΠ− =−κ

2
∂2c̄, ¯̂δE =

κ
2

∂−c̄ (17b)

¯̂δΠ = [ic̄∂−Φ∗+ ec̄A+Φ∗− i(e−1)Φ∗∂−c̄], ¯̂δ s = ∂+∂+c̄ (17c)
¯̂δΠ∗ = [−ic∂−Φ+ ecA+Φ+ i(e−1)Φ∂−c], ¯̂δv = ∂+∂2c̄ (17d)
¯̂δw = (−ic̄∂+Φ− iΦ∂+c̄), ¯̂δ z = (ic̄∂+Φ∗+ iΦ∗∂+c̄) (17e)
¯̂δu = ∂+∂−c̄, ¯̂δΠs =

¯̂δΠu =
¯̂δΠv =

¯̂δΠw =
¯̂δΠz = 0 (17f)

¯̂δ c̄ = 0,
¯̂δc =−b,

¯̂δb = 0 (17g)

with generator or anti-BRST charge

Q̄ =
∫

dx−dx2

[

ec̄(ΠΦ−Π∗Φ∗)+ i∂+c̄[(Π+ + Π−+ E)+
κ
2

(A2−A+)]

]

(18)

We also have∂+Q = [Q,HBRST ] = 0 and ∂+Q̄ = [Q̄,HBRST ] = 0 with HBRST =
∫

dx−dx2HBRST .
We further impose the dual condition that bothQ andQ̄ annihilate physical states, implying that:
Q|ψ >= 0 and Q̄|ψ >= 0. The states for which the constraints of the theory hold, satisfy both
of these conditions and are in fact, the only states satisfying both of these conditions.

Now becauseQ|ψ >= 0, the set of states annihilated byQ contains not only the set of states
for which the constraints of the theory hold but also additional states for which the constraints
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of the theory do not hold in particular. This situation is, however, easily avoided by additionally
imposing on the theory, the dual condition:Q|ψ >= 0 and Q̄|ψ >= 0. Thus by imposing both
of these conditions on the theory simultaneously, one finds that the states for which the constraints
of the theory hold satisfy both of these conditions and, in fact, these are the only states satisfying
both of these conditions because in view of the conditions onthe fermionic variablesc and c̄ one
cannot have simultaneouslyc , ∂+c andc̄, ∂+c̄, applied to|ψ > to give zero. Thus the only states
satisfyingQ|ψ >= 0 and Q̄|ψ >= 0 are those that satisfy the constraints of the theory and they
belong to the set of BRST-invariant as well as to the set of anti-BRST-invariant states.

I thank Dayashankar Kulshreshtha and James Vary for the collaboration. I also thank James
Vary for his kind hospitality at the Iowa State University which made this collaboration possible.
I express my heart felt thanks to Professor Vicente Vento andProfessor Joannis Papavassiliou and
all other Organizers of the Conference for providing a very stimulating environment during the
Conference. I have my very special thanks to the Gary McCartar Foundation for choosing me for
the award of "Gary McCartar Award" for the year 2010 which helped me in participating in the
LC2010 workshop at Valencia.
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