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Gauge theories in two-space one-time dimensions invol@ngrn-Simons (CS) term coupled
to matter fields describe excitations with fractional st#ts [1]-[18]. Very recently we have studied
the instant-form (IF) quantization (IFQ) [15] of this thgdn the presence of the Higgs potential
on the hyperplanes® =t = constant, in the so-called symmetry phase (SP) of the Higtenfial
[15]. The IFQ of this theory has also been studied by us [18hé&so-called broken (or frozen)
symmetry phase of the Higgs potential [14, 15, 16, 17]. Is thaik [18], | would consider the
Hamiltonian [19, 20], path integral [21, 22] and BRST [23, 25] formulations of this theory
using the light-front (LF) dynamics [26, 27](on the hypenpés defined by the LC timér = x" =
(Xojgl) = congtant) [26, 27] in the symmetry phase of the Higgs potential. Thelstof a theory
using the IFQ as well as the LFQ determines the constrainedrdics of the system completely
[26, 27]. Also, different aspects of this theory have beernlistd by several authors in various
contexts[1]-[18]. We first consider the LF [26, 27] Hamiltan and path integral formulations of
this theory (in the so-called symmetry phase of the Higgsmtl) [16] under appropriate gauge-
fixing. The Chern-Simons-Higgs theory in two-space onestdimensions is defined by the action
[1]-{18]:

S = / L1(D, D", AH)dPx (1a)

Z = ge“‘”‘AudvA)\+(I5,1d>*)(D“CD)—V(\d>\2) (b)

V(%) = ao+ az|®* + as|®|* = A (|0F — D§)%, Do #0 (1c)
. - . 0

Dy = (du+ieAy), Dy=(0y—ieAy), K:(Z—n?) (1d)

" = diag(+1,-1,—-1), u,v=0,1,2, %=gy,=+1 (le)

Here 6 is the Chern-Simons parameter. The Higgs potential is kaper general, without
making any specific choice fo r the parameters of the poteetieept that they are chosen such
that the potential remains a double well potential viith# 0. The LF Lagrangian density of the
theory reads:

. K

“ =1z

[A+ 0, A —A 0 A+ A 52A+ —A" dzA_]

—%A2(0+A+ COA) 4 (0. 0F)I_ D+ (0_D)O, D
+ieATdd, O —ieAT P 9, d — (3,D%) 3P
+ieA ®d_ " —ieA D9+ 2°ATA D' D
+ieA®* 9o — A DA, + EAZD D —V (|D|?) 2)
The theory is seen to possess five primary constraints:
K K
X1:n+%o, Xzz(ni—l—EAz)%O, X3:(E—§A+)%0 (3&)
Xa=[—-0 @ +ieATd~0, x5=[1"-9 ©—ieA"d|~0 (3b)

Wherell,*, M+, M~ andE (:= MN?) are the momenta canonically conjugate respectively, *, A~ A"
andA,. After including these primary constraints in the canohldamiltonian densitys# with
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the help of the Lagrange multiplier fieklu, v,w andz the total Hamiltonian density#s could be
written as :

M = (I'I*)s+(|'|—d_db*+ieA+<D*)W+(I'I*—d_dJ—ieAﬂD)z—i—(l'l’+%A2)u

+(E— gA+)V—|— g[A_d_Az —A LAY +ATHLA — Azd_A_]
—ieA" PI_P" +ieA P I D — 2PATA D D+ (3,0%) 3,
— AP D" +ieAoP* 0P — AP D+ V (|D?) (4)

Demanding that the primary constraigi be preserved in the course of time, one obtains the
secondary Gauss-law constrain = [ie(®d_®* — d*9_®d) + 2e?ATd* D] ~ 0 The preservation
of X2, X3, X4 andxs, as well as ofyg for all times does not give rise to any further constraintee T
theory is thus seen to possess only six constrgintd he constrainty(s, xs and xg could now be
combined to give a new constrair2 = [ie(M® — M*®*)] ~ 0 yielding the new sebf constraints
of the theory asin1 = X1, N2= X2, N3 = X3, Na= Q. Further, the matrix of the Poisson
brackets among the constraimts, with (i = 1,2,3,4) is seen to be a singular matrix implying that
the set of constraintg; is first-class and that the theory under consideration iggamvariant (Gl).
The divergence of the vector gauge current density of theryheould now be easily seen to vanish
satisfying the continuity equatiord, j* = 0 , implying that the theory possesses at the classical
level, a local vector-gauge symmetry. The action of thethéindeed seen to be invariant under
the local vector gauge transformations:

5P — iBD, SD* — —iBD*, SA ——0.B8, OAr——P (5a)
SAT — —9_B, SM*—o, OE— %Ka_[;, SN = gdzﬁ (5b)
M = [-iB0_®" — eBAT D" +i(e— 1)D*I_B], Os=—0,0,8 (5¢)
5M* = [iB0_®—eBATd—i(e—1)3_B], Su——a,0_p (5d)
SW = (iBd, ®+idd, B), 62— (—iBd,d* —id*d, B) (5e)
SV = —0,3B, OMs=5My= My = dMy=M,=0 (5f)

whereB = B(x",x~,x?) is an arbitrary function of its arguments. Dirac quantiaatof the theory
under the gaugeV; =d=~0 and W,=A" =0 yieldsthe non-vanishing equal light-cone-time
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commutators of the theory as:

iPp*

(X" X ), MO X )] = 8K —y7)30e —2) (62)
M (x, X, %), M(XT, X", %)] = _i“*a(x*—y*)a(xz—yz) (6b)
[ (<X %), T (xF, X 30)] = 18(¢ —y7)8(x —2) (6¢)
AT (XX, %), Aa(XT X, xe)] = _7'5({ —y)E(% — ) (6d)
A (XX, %) s M (X7, %, %0)] = %5(( Y )(%e—v2) (6e)
Ao(X" X %), T(X", X, %)) = %5(( Y )X —y2) (67)
M6 X 0) , B X)) = — 80—y )80 ~ve) (69

Where® =~ 0 represents the Coulomb gauge #nd= 0 represents the light-cone coulomb gauge.
In the path integral formulation, the transition to quanttimory is made by writing the vacuum
to vacuum transition amplitude for the theory called theegeting functionalZ[J] of the theory
[16, 17, 18, 21, 22] under the gauge-fixing under considamatin the presence of the external
sources) as:

Z[)] = /[du]exp[i/d3X[Jk¢"+ Mo, ®4+MN*9, " +MTa, A" +M a,A"

+Ed. Ao+ N0 s+ Myd u+ Ny, v+ Nydyw+My0,. 72— jﬁ] ] 7)

Here, the phase space variables of the theory @fe= (®,®*,A~, A", Ay, s,u,v,W,2) wi th the
corresponding respective canonical conjugate momeéhtas (M, N*, N+, N~ E,

Ms, My, My,MNy,Mz). The functional measurfyu] of the generating functionat[J] under the
above gauge-fixing is obtained as :

[du] = [(iexk®)3%(x” —y ) 8% (xe — ¥2)][d][d* ] [dA" | [dA~][dAp][ds][du][c]
[dw] [dZ[d][dM ] [dM™][dN ] [dE][dMs) [d] [dy] [dMw] [d]

SN ~ 0J5((N + 5 Ag) ~ OJ5[(E ~ SA") ~0)

S[(ie(NMd — M*®*) ~ 0]5[d ~ 0]5[A~ ~ 0] (8)

For the BRST formulation of the model, we rewrite the themyaajuantum system that possesses
the generalized gauge invariance called BRST symmetry. tiisr we first enlarge the Hilbert
space of our gauge-invariant theory and replace the nofi@awge-transformation, which shifts
operators by c-number functions, by a BRST transformatihich mixes operators with Bose
and Fermi statistics. We then introduce new anti-commutergable ¢ and (Grassman numbers
on the classical level and operators in the quantized themmg a commuting variable such
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that[23, 24, 25]:

5P = ich, SP* = —ich*, OA = -d,Cc, OAr=—0d,C (9a)
SAT = —d.c, dN*—o, OSE= —%d_c, dn- = gdzc (9b)
5N = [—icd_®* —ecAT®* +i(e—1)®*d_c], Sv=—0d, dc (9¢c)
SN* = [icd_d—eCATd—i(e—1)PI_¢], Os=—0,0,C (9d)
ow = (icd, d+iPad,c), Oz=(—icd,P" —idP*d,c) (9e)
du=—0d,9.c, oMNy=0aMNy,=0oMy=20oM,=0dMs=0 (9f)
dc=0, 8C=h, 6b=0 (99)

with the property32 = 0. We now define a BRST-invariant function of the dynamicaiables to
be a functionf such thaid f = 0. Now the BRST gauge-fixed quantum Lagrangian deng#ysr
for the theory could be written as:

K

> [-A 0_Ax+ /6\70215\+ —ATOA + A0_A" ]

LoRsT 1=
+ieA P9_ O —ieA” D' 9D+ 2°PATAT D D — (3, ) 3,
+ieA D3, D" — ieAD* 0 ® + PAZD* D + 9D 9,
40,0 D—ieAt D 9, B+ ieAt dI, b — %A26+A+

FEAT0 A V(OP) ~ 8[E0, A~ 3b) (10)

The last term in the above equation is the extra BRST-inmaugauge-fixing term. Proceeding
classically, the Euler-Lagrange equation foreads: b = (d;A~) and the requiremenfﬁb =0
then implieséb = [3(0+A‘)] leading finally tod, d, c = 0. In introducing momenta one has to be
careful in defining those for the fermionic variables. Wedhlefine the bosonic momenta in the
usual manner so that:

|_|+ = %XBRQ =—b (11)
but for the fermionic momenta with directional derivatives set
— —
Me = %4 L:d(? I‘If::L,ﬁf =d.C (12)
c BRST@((LC) + L C d(0+(_:) BRST +

implying that the variable canonically conjugatedds ( d, c) and the variable conjugate tis
(d.c€). The guantum BRST-Hamiltonian density of the theory is :

Harst = |Ns0y s+ MNydiu+Myd v+ Myd W+ MN,0, 72— €AD* D

+g A0 Ay — A" GoA" + ATO,A — Agd_A"]

—ieA” DI D +ieA DD — 2PATA D D + (D) (F2D)
1

2(I‘I+)2++I'ICI'I5 (13)

—ieA DI D* + ieAyd* 30D + V (|D|?)
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In generalc andc are independent canonical variables and one assumes that
{Me,Ney ={c.c} =d.{c,c} =0, {d.cc} =(-1){d;c,c} (14)

Here{ , } means an anti-commutator. We thus see that the anticonwraiiatthe above equation
are non-trivial and need to be fixed. In order to fix these, waalal that c satisfy the Heisen-
berg equation:[c, #grsr] = id,c and using the propertg? = ¢ = 0 one obtaingc, . #grsr] =
{0;.c,c}d; cleading eventually to:

(0.6} = (~1){0sc, 6} = (15)

The minus sign in the above equation is nontrivial and ingaiiee existence of states with negative
norm in the space of state vectors of the theory. The BRSTgehaperatoQ is the generator of
the BRST transformations. It is nilpotent and satisf@s= 0. It mixes operators which satisfy
Bose and Fermi statistics. The BRST charge operator of #ept theory can be written as:

K

SR -AT)]|(18)

Q= /dx*dxz [—ec(l'ld)— M*®*) —id, c[(NT+N~+E)+
This equation implies that the set of states satisfying thestraints of the theory belong to the
dynamically stable subspace of statgs> satisfyingQ|y >=0, i.e., it belongs to the set of BRST-
invariant states. Further the theory is seen to possessiveegarm states in the fermionic sector
and the existence of these negative norm states as fres sfatiee fermionic part of#Zgrst is
irrelevant to the existence of physical states in the omihad) subspace of the Hilbert space. The
Hamiltonian is also invariant under the anti-BRST transfation given by:

5 = —iED, B —ich’, SA =0,C OAy= T (17a)
SAt — .G Mt —0, omn — —%azc‘, 5E — ga,c‘ (17b)
3N = [ic0_ "+ GAT D" —i(e— )9 F, d5=0,0,C (17¢)
SM* = [~ico_ P+ ecAT D +i(e—1)PI_c], Ov=0,0C (17d)

oW = (—iC0, ®—i®,C), bz=(iCO,P" +iD*9.C) (17€)

ou=0,0_C OMNs= oMy =35M,=3dMy=25M,=0 (17f)
5¢=0, dc=-b, éb=0 (179)

with generator or anti-BRST charge
Q- /dx‘dxz [eanqa— M*®*) +id,g(M* + N~ +E) + g(Az ~AY)] (18)

We also have7+Q = [Q, HBRST] =0 and 0+(5: [(5, HBRST] = 0 with HBRST = f dedXZ%Rgr.
We further impose the dual condition that b&andQ annihilate physical states, implying that:
Q¢ >=0 and (5|1,U >=0. The states for which the constraints of the theory holtisfyaboth
of these conditions and are in fact, the only states satigfigbth of these conditions.

Now becaus®)|y >= 0, the set of states annihilated Qycontains not only the set of states
for which the constraints of the theory hold but also addiilostates for which the constraints
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of the theory do not hold in particular. This situation iswewver, easily avoided by additionally
imposing on the theory, the dual conditio®{( >= 0 and Q| >= 0. Thus by imposing both
of these conditions on the theory simultaneously, one findsthe states for which the constraints
of the theory hold satisfy both of these conditions and, ot,fthese are the only states satisfying
both of these conditions because in view of the conditiontherfermionic variables andc one
cannot have simultaneousty, 4, c andc, d, c, applied to|yy > to give zero. Thus the only states
satisfyingQ|y¢ >= 0 and (5\41 >= 0 are those that satisfy the constraints of the theory angd the
belong to the set of BRST-invariant as well as to the set ofBIRST-invariant states.
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